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Supplemental Material for
“Microscopic origin of ideal conductivity in integrable quantum models”

This Supplemental Material contains a short review of the particle content in the anisotropic Heisenberg model,
along with the description of their dressed energies and momenta, and explicit construction of the corresponding
density operators. A few additional figures, showing temperature and chemical potential dependence of the spin
Drude weight, are provided as well.

Particle content of the anisotropic Heisenberg model

The anisotropic (XXZ) Heisenberg Hamiltonian,

Ĥ =

L∑

i=1

Ŝxi Ŝ
x
i+1 + Ŝyi Ŝ

y
i+1 + ∆(Ŝzi Ŝ

z
i+1 − 1

4 ), (1)

is diagonalized by Bethe Ansatz. We first assume |∆| > 1 and parametrizing ∆ = cosh (η). Any eigenstate in a
finite system of size L is assigned a unique set of rapidities {uk}Mk=1 (equiv. a set of quantum numbers), defined from
solutions of Bethe equations

eip(u)L
M∏

k=1

S11(u− uk) = −1 for u ∈ {uk}Mk=1, (2)

where M is the number of down-turned spins which relates to magnetization Sz = L/2−M . The (complex) solutions
given by {uk}Mk=1 referred to as the Bethe roots. In the thermodynamic limit, defined by taking L→∞ and M →∞
limits (keeping ratio M/L finite), the solutions to Bethe equations organize into regular patters which indicate the
presence of well-defined particle excitations. Presently, these correspond to magnons and their bound states, known
also in the literature as the Bethe strings [1]. A ‘k-string’ solution reads

{uk,mα } =
{
ukα + (k + 1− 2m) iη

2

}
, m = 1, 2, . . . , k, (3)

where label α enumerates distinct k-strings and m runs over their internal rapidities. Scattering amplitudes associated
to magnonic particles are

Sj(u) =
sin (u− j iη2 )

sin (u+ j iη2 )
, Sjk(u) =

k−1
2∏

m=−k−12

j−1
2∏

n=− j−12

S2m+2n+2 = S|j−k|Sj+k

min(j,k)−1∏

m=1

S2
|j−k|+2m, (4)

using convention S0 ≡ 0. In the L → ∞ limit, particle rapidities become densely distributed along the real axis
in the rapidity plane. This permits to introduce distributions ρk(u) of k-string particles, along with the dual hole
distributions ρ̄k(u) (holes are by definition solutions to Eq. (2) which differ from Bethe roots uk). The quantization
condition (2) gets accordingly replaced with the integral Bethe–Yang equations [2]

ρj + ρ̄j = aj − ajk ? ρk, (5)

where the kernels are given by the derivatives of the scattering phases,

aj(u) =
1

2πi
∂u logSj(u), ajk(u) =

1

2πi
∂u logSjk(u). (6)

Here and below we use a compact notation for the convolution integral, (f ? g)(u) =
∫
R f(u− t)g(t)dv, and repeated

indices are summed over. On each rapidity interval [u, u+du] there is a macroscopic number of microstates, for which
a combinatorial entropy density per mode reads [2]

sj(u) = ρj log

(
1 +

ρ̄j(u)

ρj(u)

)
+ ρ̄j log

(
1 +

ρj(u)

ρ̄j(u)

)
. (7)
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Isotropic point. The above results are extended to the isotropic point ∆ = 1 after taking a scaling limit u→ uη,
and subsequently sending η → 0.

Gapless regime

Classification of particle types in the gapless regime |∆| < 1 can be found in [3]. Here, in addition to the magnon
type label k, an extra parity label v ∈ ± is required. Importantly, integers k now no longer coincide with the length
of a string, i.e. a number of magnons forming a bound state. Instead, the k-th particle consists of nk Bethe roots and
carries parity vk (see [3] for further details). Setting ∆ = cos (γ), where γ/π = m/` (with m, ` co-prime integers) is a
root of unity, the number of distinct particles in the spectrum is finite. Changing the parametrization u→ iu, η → iγ
and incorporating the additional parity label, the elementary scattering amplitudes and kernels read

Sk(u)→ S(nj ,vj)(u) =
sinh (u− nj iγ2 + (1− vj) iπ

4 )

sinh (u+ nj
iγ
2 + (1− vj) iπ

4 )
, (8)

whereas the full set of scattering kernels are (likewise for the |∆| > 1 case) obtained by fusion (cf. Eqs. (4) and (6)).
The Bethe–Yang equations for string get slightly modified, reading

σj(ρj + ρ̄j) = aj − ajk ? ρk, (9)

the summation is over all Np types of particles, and σj = sign(qj) depend on nj and vj , see[3].

Dressing of excitations

Besides the particle content, the hydrodynamic approach requires to extract energies and momenta of individual
particles. These are dressed by the interaction with a non-trivial vacuum (a reference macrostate). The dressed
energies ωj(u) and momenta pj(u) of excitations on top of a given macrostate are determined from

ωj = ej + Fkj ? σkekϑk, (10)

pj = θj + Fkj ? σkakϑk, (11)

where ej ' aj and θj = i logSj are the bare single particle energy and momenta, respectively, whereas ϑk =
ρk/(ρk + ρ̄k) are the filling functions pertaining to the reference macrostate. Shift functions Fkj(u, t) encode the
O(1/L) shift of a rapidity u for a particle of type k caused by the injection of a particle of type j carrying rapidity t,

u→ u− 1

L

σkFkj(u, t)

ρk(u) + ρ̄k(u)
, (12)

and obeys the following integral equation

Fjm(u, v) =
1

2πi
logSjm(u− v)−

Np∑

k=1

∫

R
dt σkajk(u− t)ϑk(t)Fkm(t, v). (13)

Particle density operators

Every particle in the spectrum is assigned a particle density operator ρ̂j(u), representing (by definition) conserved
operators whose action on thermodynamic eigenstates return Bethe root distributions ρj(u). Particle density operators
can thus be perceived as interacting counterparts of the (momentum) mode occupation numbers in non-interacting
theories [4].

In the |∆| ≥ 1 regime we put ∆ = cosh (η) = 1
2 (q + q−1). The complete set of ρ̂j(u) (j ∈ N, u ∈ R) is constructed

from commuting fused transfer operators T̂j(u), [T̂j(u), T̂j′(u
′)] = 0, constructed in the standard way,

T̂j(u) = TrVj L̂
(1)
j (u)L̂

(2)
j (u) · · · L̂(L)

j (u), (14)
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where the Lax operators read

L̂j(u) =
1

sinh (η)

(
sin (u+ iηŜzj ) i sinh (η)Ŝ−j
i sinh (η)Ŝ+

j sin (u− iηŜzj )

)
, (15)

with the q-deformed spin-j/2 generators Ŝ±j , Ŝ
z
j fulfilling the deformed algebraic relations (writing K̂j = qŜ

z
j ),

K̂jŜ
±
j = q±1Ŝ±j K̂j , [Ŝ+

j , Ŝ
−
j ] =

K̂2
j − K̂−2j
q− q−1

, (16)

acting on (higher-spin) unitary irreducible (j + 1)-dimensional Uq(sl2) modules Vj as

Ŝzj = (j/2−m) |m〉 〈m| , (17)

Ŝ+
j =

√
[j −m]q[m+ 1]q |m+ 1〉 〈m| , (18)

Ŝ− =
√

[j −m]q[m+ 1]q |m〉 〈m+ 1| , (19)

for m = 0, 1, . . . , j, and where the q-numbers [x]q = (qx − q−x)/(q− q−1) have been introduced.
Introducing a set of extensive (local) conserved operators (see [5–8]),

X̂j(u) =
1

2πi
∂u log

T̂j(u+ iη
2 )

T0(u+ j iη2 )
, (20)

defined for spectral parameter u within the ‘physical strip’ u ∈ P,

P =
{
u ∈ C; |Im(u)| < η

2

}
, (21)

the particle density operators ρ̂j(u) (j ∈ N) are given by [7]

ρ̂j = X̂+
j + X̂−j − X̂j−1 − X̂j+1 ≡ �X̂j , (22)

where X̂0 ≡ 0 and we have used the compact notation for imaginary shifts, f±(u) ≡ f(u ± iη
2 ∓ i0). Notice that

(auxiliary) higher-spin irreducible representations of Uq(sl2) (q ∈ R) are in one-to-one correspondence with the par-
ticle types. Moreover, by virtue of unitarity or Vj , the particle operators ρ̂j(u) commute with the spin-reversal

transformation R̂ =
∏
i Ŝ

x
i , [R̂, ρ̂j(u)] = 0.

Interval |∆| < 1.

The critical interval is parametrized by ∆ = 1
2 (q+q−1) = cos (γ). For γ/π = m/` being a root of unity, the particle

spectrum truncates to a finite set. Writing the (truncated) continued fraction expansion,

γ

π
=

1

ν1 + 1
ν2+

1
ν3+...

≡ (ν1, ν2, . . . , νl), (23)

the total number of distinct particle types is Np =
∑l
i=1 νi. The complete classification can be found in [3], see

also [7]. In contrast to the |∆| ≥ 1 case, the number of linearly independent unitary transfer operators T̂j(u) is now
finite, with j = 1, 2, . . . , Np − 1. Moreover, labels j do no longer directly correspond to the sizes of auxiliary spins,
but are instead non-trivially related to the string lengths and parities (cf. [7]). The mapping between the particle
density operators ρ̂j(u) and a family of (extensive) conserved operators X̂j(u) for arbitrary γ has been derived in [7].
Denoting ρ̂Np−1 ≡ ρ̂◦ and ρ̂Np ≡ ρ̂•, the density operators can be given in a covariant form

ρ̂j = �γX̂j , j = 1, 2, . . . Np − 2, (24)

ρ̂◦ − ρ̂• = �γX̂`−1, (25)
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with XNp
≡ 0, and where �γ is a γ-dependent discrete wave operator modified introduced in [7]. It is crucial

to stress that the spectra of X̂j(u), for j = 1, 2, . . . , Np − 1 only allow to determine the densities for ρj(u) with
j = 1, 2, . . . Np − 2, and the difference of the ‘boundary particles’ ρ◦ − ρ•. Therefore, in distinction to |∆| ≥ 1, the
particle content in the interval |∆| < 1 (at q root of unity) is no longer in bijection with unitary (i.e. spin-reversal
invariant) irreducible representations of the corresponding quantum symmetry Uq(sl2). In order retrieve the missing

information and obtain ρ̂◦ and ρ̂• separately, the set X̂j(u) has to be supplemented with an extra conserved operator

Ẑ(u) (cf. Eq. (29) below) built from non-unitary auxiliary irreducible representations of Uq(sl2) (with q being a root

of unity), constructed first in [9, 10] (see also [11, 12]). The distinguished property of Ẑ(u) is that it flips the sign
under spin-reversal transformation, R̂Ẑ(u)R̂ = −Ẑ(u).

For instance, in the simplest case of γ/π = 1/ν1 = 1/`, the lengths and parties of particles are

nj = j, vj = 1, j = 1, 2, . . . , ν1 − 1, (26)

nν1 = 1, vν1 = −1. (27)

Here �γ coincides with the gapped counterpart �, with the imaginary shifts given now by iγ/2. At the boundary
nodes with have [13]

ρ̂• = −1

2

(
X̂+
`−1 + X̂−`−1

)
− 1

2γ

∫ γ/2

−γ/2
dz X̂ ′(u+ iz), (28)

where

X̂ ′(u) = ∂αX̂`−1,α(u)|α=0 = Ẑ(u)− γ

2π cosh2 (u)
. (29)

Here X̂`−1,α(u) is defined as a conserved operator built from the (finite-dimensional) non-unitary irreducible repre-
sentation V`−1,α, with the action of q-deformed spin operators reading [13]

K̂`−1,α |m〉 = qm+α |m〉 , (30)

Ŝ+
`−1,α |m〉 = −[m− `+ 1 + 2α]q |m+ 1〉 , (31)

Ŝ−`−1,α |m〉 = [m+ `− 1]q |m− 1〉 , (32)

where m = − 1
2 (`−1), . . . , 12 (`−1). The upshot of this is that macrostates for which ρ◦(u) 6= ρ̄•(u) carry non-vanishing

amount of Z-charge, implying that the spin reversal operation yields a (locally) distinguishable macrostate (i.e. a
state with distinct particle densities). In the context of our application, this enables a ballistic drift of particles across
a magnetic domain wall.
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Additional plots
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FIG. 1. Rescaled spin Drude weight D̃(s) = (16/β)D(s) in the high-temperature β → 0 limit as function of anisotropy ∆, given
by analytic expression, equation (5) in the main text. The result was obtained in [10] as a lower bound for the spin Drude

weight. In the Letter we rigorously prove that the bound is optimal and coincides with the exact value of D(s) at infinite
temperature.
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FIG. 2. Rescaled spin Drude weight D̃(s) = (16/β)D(s) at β → 0 as function of anisotropy ∆ for ∆ = 0 and ∆ = cos ( π
ν1+1/2

)

with ν1 = {2, 3, . . . , 12} and ν2 → ∞ (obtained from the previous ν2-points by linear fitting), shown for various chemical
potentials µs = h.
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FIG. 3. Log-log scale: Spin Drude weight D(s)−D(s)(T = 0) as function of temperature T = β−1 at ∆ = cos (γ). For γ = π/ν1
we confirm the scaling D(s) −D(s)(T = 0) ∼ T 2/(ν1−1) found earlier in [14], while at γ/π = 1/(ν1 + 1/(ν2 + 1/ν3)) we observe

the power law D(s) −D(s)(T = 0) ∼ T 2/(γ/π−1).
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FIG. 4. Spin Drude weight D(s) as function of temperature T = β−1, shown for ∆ = cos (γ) at γ/π = 1/(3 + 1/ν2) for

ν2 = {2, 3, 4, . . .}. While in the low-T regime D(s) for ∆ = cos (π/(3 + 4−1)) ≈ 0.568 and ∆ = 0.5 are comparable to each
other, they significantly differ at higher temperatures.
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