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Introduction

A fundamental aspiration of the study of (theoretical) condensed matter physics
is to build an understanding of phases of matter. Proper understanding of these
phases of matter has paved the way for remarkable feats of engineering. The heat-
ing cycle used in heat pumps and refrigerators comes to mind as an example of
daily appliances that do work to move heat energy around by manipulating a refri-
gerant’s phase of matter in a strategic way. Although this process of evaporation
and condensation does appear to be moving as a result of a compressor in the
machine, the actual phases of matter that are observed are a result of equilibrium
physics. Simply leaving a refrigerant in an environment of a certain temperature
and pressure will ensure that it collapses into the corresponding state of matter: a
gas, liquid, solid, or perhaps even a plasma. These phases of matter are fascinating
topics of study on their own; but the topic becomes even more fascinating when one
considers the possibility of phases that arise only when something is actively being
driven, i.e., when it is out of equilibrium. And this is before the meaning of the
word ‘environment’ is considered. After all; in most theoretical physics problems,
the environment of the system in consideration is empty1.

This hugely important aspect of matter: the environment and drive, is what the
topic of driven-dissipative phases of matter covers. One of the best examples of a
driven-dissipative phase of matter would be the lasing phase of atoms. By heating
up a gas of atoms and through stimulated emission, the gas can continually output
electromagnetic radiation. This lasing phase only exists due to the interplay of
adding energy to the gas through heat; and energy escaping in the form of light.

The quantum theory of driven-dissipative phases of matter is an active area of
research. However, the title of this thesis contains one additional word: ‘dynamical’.
The point here is that the drive that is being applied to the system is time-dependent
in nature. Floquet-driven systems are a typical example of dynamically driven
systems, where the drive is dependent on some periodically repeating protocol.

Both the dynamical aspect and the driven-dissipative component introduce sig-
nificant difficulties in the theoretical study of these types of systems. Adding drive
and dissipation introduces complexity and requires one to describe not only the
system of interest, but also the environment it is embedded in. Dynamically chan-

1As in the well-known joke that theoretical solutions for physical problems only work for
spherical objects in a vacuum.
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ging said drive introduces explicit time-dependences in the theory, breaking energy
conservation2, and generally reducing one’s options to solve the Schrödinger equa-
tion. For example, the decomposition of a quantum state into energy eigenstates is
no longer an option.

Nevertheless, there are methods of dealing with these kinds of systems that al-
low for the study of dynamically driven-dissipative (quantum) systems. Regarding
the dissipation; this thesis bases itself on the Lindblad formalism. The Lindblad
formalism allows one to describe a so-called ‘open’ system (i.e. a system that is
in thermal contact with an environment - driven-dissipative) under certain condi-
tions using a convenient description in the form of the Lindblad master equation.
The time-dependent component is not so easily dealt with. However, in many
cases, when in doubt: do numerics. No matter how complex a system is regarding
drive, dissipation, and time-dependence; computers can be instructed to calculate.
Whether something can be learned from these results is not a priori clear, and thus
other methods should be considered. Usually numerics only allow one to probe a
very small, perhaps even negligible part of the Hilbert space of the theory, which
is an obvious limitation to this approach. An alternative method is using mean-
field approximations. These approximations are often possible, but not always,
and require careful considerations regarding their physical applicability. There are,
unsurprisingly, also more intriguing methods to describe time-dependent models.
A particularly beautiful approach is to utilize the underlying operator algebra of
a model. Group-theory arguments can then be used to solve the problem exactly.
This method is in this thesis referred to as ‘algebraic decomposition’ and will proof
quite useful in some systems. The downside of this method, however, is its limited
applicability. It is a combination of the methods described above that will play a
major role in the first part of this thesis.

This brings us to another approach that can be used: Integrability. Inter-
acting (i.e. non-trivial) systems are only rarely solvable. When a system is (in
theory) solvable; this system is called integrable3. This property is even rarer for
explicitly time-dependent models. Nevertheless; it turns out that there exists a
very specific class of integrable time-dependent theories derived from the so called
‘Knizhnik–Zamolodchikov’ equations. It is these integrable theories that play a
major role in the second part of this thesis.

In this chapter, the topics mentioned above will be introduced in slightly more
detail, with further in-depth details provided in the individual chapters.

2In this case energy conservation was already broken due to the interaction with the environ-
ment, but nevertheless this is usually one of the main concerns when introducing explicit time-
dependences.

3To clarify this statement: ‘solvable’ here means that a system can be solved for the wavefunc-
tions and, where applicable, eigenvalues in terms of (special) mathematical functions. ‘Integrable’
is taken to mean that, in theory, a solution should exist. For example, some system hosts an
extensive amount of conserved charges and should therefore be solvable, but it lacks a solution in
terms of (known) special functions.
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I.1 Driven-Dissipative quantum systems

The first section in this chapter will introduce the topic of driven-dissipative (also
called ‘open’) quantum systems.

As was mentioned before, dissipative or open quantum systems arise naturally
in physics. In reality; no (quantum) system is truly fully separated from an en-
vironment, despite best efforts from experimentalists all over the world. These
interactions between the environment and systems are fundamental in understand-
ing phenomena such as spontaneous decay in atoms. It is perhaps not surprising
that it was indeed the need to describe the interaction between atoms and electro-
magnetic radiation that gave rise to the formalism that will be used in this thesis:
the Lindblad Master equation [5]. The Lindblad master equation functions as a
replacement for the Schrödinger equation for open systems under a certain set of
conditions. These conditions are often naturally present in systems where light
interacts with matter. The point of the Lindblad Master equation is to provide
a uniform formalism like the Schrödinger equation that can be used to find and
describe the quantum state of a ‘open’ system. It should be noted that while the
master equation is called after Göran Lindblad, who derived the form of this equa-
tion with great mathematical rigor in 1975, the form of the equation was already
known well before by Bloch [6], Belavin [7] and of course Gorini, Kassakowski and
Sudarshan [8], who’s names are also found in the more official name of the Lindblad
equation: the GLKS equation.

At this point it is important to describe the context in which the Lindblad equa-
tion holds. Firstly; when the term ‘driven-dissipative systems’ or ‘open systems’ is
used in this thesis, it refers to a situation as depicted in Fig. I.1. Here, the open
system is the green object that is embedded in an environment (gray), also called
a ‘bath’, as is usual in thermodynamics. Open systems (i.e. the green bubble) can-
not be fully described by standard states that exist as vectors in Hilbert space. In
quantum systems the state that describes both the environment and the system it-
self is indeed a simple vector that lives in (projective) Hilbert space. The state that
describes the system alone, however, is not necessarily described by such a vector.
Indeed, tracing out the degrees of freedom of the environment (the gray region)
requires the more general description of quantum states known as density matrices.
These density matrices are usually denoted by the letter ρ. Density matrices can
generally be written as ensembles of vectors (also known as ‘pure’ states) and can
be used to describe more complicated quantum states such as ‘mixed’ states. A
density matrix is usually written as follows

ρ =
∑

i,j

ρij |ψi⟩⟨ψj | , (I.1)

where |ψi⟩ are eigenstates of some Hamiltonian H. A valid density matrix that
describes physical systems is a matrix that has unit trace, is Hermitian and is
positive semidefinite. The general time evolution of a density matrix is given by a
rather straightforward generalization of the Schrödinger equation: the Liouville-von
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Figure I.1: Schematic depiction of a driven dissipative system S (green) embedded
in an environment or bath B (gray). Both the system and the environment have
their own Hilbert spaces which is spanned by the density matrices ρi. The dissipator
D determines the interaction between the environment and the system.

Neumann equation4:
d

dt
ρ = −i [H, ρ] . (I.2)

Equation (I.2) still describes systems as a whole, i.e. it does not describe open
quantum systems where the environment is traced out. It is easy to see that the
Liouville-von Neumann equation does not break unitarity. However; thinking about
the concept of open quantum systems, it is clear that unitarity is not something
that should be conserved. After all; energy from the system in consideration can
‘leak out’ (or in). Thus, while Equation (I.2) can be used to describe environments
and systems embedded in them, it is not appropriate if one wishes to only describe
the system. This may be the case where one does not have enough information on
the environment to properly describe it, for example. Formally, to find the master
equation of driven-dissipative systems, one would start with Equation (I.2) and
trace out the degrees of freedom of the environment. This procedure is not always
possible for a number of reasons. Fortunately, as mentioned before, under certain
conditions, a general framework can be established that describes a class of open
quantum systems.

In general, the Lindblad equation assumes what’s called ‘Markovianity’. What
this means is that the time evolution of a state is only dependent on the state at the
time of evolution (hence the process is Markovian). The general master equation
under Markovianity is written as follows

d

dt
ρ(t) = Lρ(t), (I.3)

4In this thesis, ℏ = 1 unless specifically mentioned otherwise. Furthermore, the use of hats
in this thesis is suppressed as much as possible unless the chapter/section requires differentiation
between operators and (C)-numbers
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where ρ(t) is a density matrix and L is a superoperator5 known as the ‘Lindbladian’
or ‘Liouvillian’. Equation (I.3) might seem trivial, but it is really not: the dynamics
of a driven-dissipative system embedded in some environment has no reason to only
be dependent on itself at the current time. For example, energy that was leaked into
the environment may come back at some point. Therefore, Markovianity already
makes at least one assumption on the dynamics of the bath: it is static compared
to the timescales of the system [9]. This phenomenon is also known as ‘separation
of time scales’.

Markovianity, while nontrivial, is not unreasonable. Assuming that the bath
is much larger than the system, it is reasonable to assume that any energy from
the system added to the bath hardly affects the state the bath is in. Aside from
this, Markovianity also assumes a separation of time scales. After all; energy that is
added to the bath from the system should disperse quickly. To be specific: It should
disperse on timescales much shorter than the internal dynamics of the system. In
such a scenario, the bath appears to be static from the perspective of the system, as
mentioned before. Formally, one does not talk about energy dispersing, but rather
about dynamical correlation times in the bath that should decay much faster than
the fastest correlations in the system. Quantum master equations that assume
Markovianity as described here are also known as Redfield equations.

Together with the Markov property in Equation (I.3), a proper quantum master
equation should preserve the trace, positivity, and Hermiticity of the density matrix.
The positivity can be ensured by applying a so called ‘secular approximation’ that
only retains resonant interactions between the system and environment. In contrast,
the Redfield equation does not ensure positivity. Thus, under Markovianity and
the secular approximation, the general form of L takes the famous Lindblad form

Lρ(t) = −i [H, ρ(t)] + Dρ(t),

Dρ(t) =
∑

j

γj

(
Ljρ(t)L†

j −
1

2

{
L†
jLj , ρ(t)

})
.

(I.4)

The Hamiltonian H covers the internal dynamics of the system under consideration.
This Hamiltonian need not be purely constructed from the components of the sys-
tem itself: the environment (or bath) could also affect the form of the Hamiltonian.
The superoperator Dρ(t) is known as the ‘dissipator’. This superoperator describes
the interaction between the system and the bath through the operators Lj which
are known as the ‘Lindblad jump operators’. Each Lj describes a different kind of

interaction between the environment and the system. Note that
{
Ô, ρ(t)

}
denotes

the usual anti-commutator. The coupling strengths γi are positive numbers (to
ensure positivity of the density matrix) describing the decay rate of the system into
the environment. A comprehensive derivation of (I.4) can, among others, be found
in the book by Breuer and Petruccione [10].

5For clarity: a superoperator is an operator that can act from both the left and right. In other
words, it does not act only on vectors in Hilbert space, but more generally on density matrices in
Liouville space.
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Figure I.2: Example of a spectrum of a Lindbladian. All eigenvalues lie in the left
half of the complex plane or on the imaginary axis. Eigenstates with eigenvalues
with finite real part are called decay modes and always appear in complex conjugate
pairs. The NESS, or non equilibrium steady state is an eigenstate that is present in
all Lindbladians and has eigenvalue 0. The decay mode whose real part lies closest
to the imaginary line defines the dissipative gap ∆, indicated by the red dashed line.
Eigenstates with eigenvalues on the imaginary axis are called oscillating coherences.
These states do not decay, and will exhibit persistent oscillations.

I.1.1 Properties of driven-dissipative systems

Driven dissipative systems and, in particular, those described by the Lindblad equa-
tion (I.4) host some interesting properties that highlight the differences between
Hamiltonians and Lindbladians [11].

Firstly; a Lindbladian always contains what is known as a ‘nonequilibrium
steady state’ (NESS or ‘steady state’). This state is a null eigenmatrix of the Li-
ouvillian in (I.4). The steady state is mathematically a direct result of the Brouwer
fixed point theorem (proposition 6 in [11]). This theorem states that for compact
convex manifolds, smooth mappings always host at least one point that remains
invariant under this transformation: the steady state. Thus, since eLtρss = ρss,
one must have Lρss = 0. In Figure I.2, an example of a spectrum of a Lindbladian
is depicted, with the NESS indicated at the origin with eigenvalue λss = 0.

Another aspect of Lindbladians is that the spectrum always has Re(λ) ≤ 0.
This is a direct requirement of the trace-preserving property of Lindbladians. After
all; if there was a single mode with positive real part, then as t → ∞, the trace
would not be preserved. Eigenmatrices (or simply ‘eigenstates’) of the Lindbladian
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with eigenvalues lying somewhere in the left half plane are called ‘decay modes’.
These modes always come in either complex conjugate pairs, or are situated on the
real line. The decay mode (with finite real part) which is closest to the imaginary
axis defines what is known as the ‘dissipative gap’, indicated by the red dashed
line in Figure I.2. For open quantum systems, this dissipative gap fulfills the role
of the usual ‘gap’ in energy bands in unitary quantum systems: when the dissipat-
ive gap closes, relaxation times in the system become infinite, indicating possible
dissipative phase transitions. Finally, there is also the possibility for eigenstates
with eigenvalues with Re(λ) = 0, Im(λ) ̸= 0. These modes are known as oscillating
coherences and play a major role in Chapter 2.

In order to compute the spectrum of Lindbladians using numerical calculations,
one usually maps the Liouvillian to a regular matrix. This mapping is known as
vectorization, and essentially amounts to column-stacking the density matrix and
rewriting the Liouvillian acting on this vector to match the action of the superoper-
ator. Mathematically, a density matrix ρ =

∑
i,j ρij |j⟩⟨k| → |ρ⟩⟩ =

∑
i,j ρij |i⟩⊗|j⟩.

Notwithstanding any further details; this vectorization procedure implies that a su-
peroperator O = AρB can be written as a matrix A⊗BT . The vectorized Lindblad
equation can then be written as

d

dt
|ρ⟩⟩ = − i (H ⊗ I− I⊗H) |ρ⟩⟩

+
∑

j

(
Lj ⊗ L∗

j −
1

2
L†
jLj ⊗ I− 1

2
I⊗ LT

j L
∗
j

)
|ρ⟩⟩ ,

(I.5)

where I is the identity matrix. In this vectorized form, the numerics can be per-
formed as usual. However, there are some caveats to mention here. Firstly; the
scaling for the vectorized Lindblad equation is significantly worse than a regular
Hamiltonian, as the Hilbert space dimension scales exponentially as 22N , which
is worse than the usual 2N scaling. Additionally, a Lindbladian is not Hermitian.
This means that it is not necessarily diagonalizable. However; it can always at least
be brought into what is called a Jordan normal form (essentially a matrix that is
reduced to an almost diagonal one with 1s directly above the diagonal elements).
Of course, a complete eigenbasis can still be computed, but it now may contain
generalized eigenvectors. This will not be an issue in this thesis.

A small example of a driven-dissipative system and its spectrum

In order to put everything introduced in this section in perspective, it could be
worthwhile to consider a simple, yet rich example of a two-level system coupled to
a bath of photons. The quantum master equation of this system is fully derived in
many texts such as [10,12,13]. It can be written in Lindblad form as

d

dt
ρ(t) = − i [H, ρ] + Γ(n+ 1)

(
σ−ρσ+ − 1

2

{
σ+σ−, ρ

})

+ Γ(n)

(
σ+ρσ− − 1

2

{
σ−σ+, ρ

})
.

(I.6)
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Figure I.3: Parameter space of system (I.6). In the figure, the lines that form the
boundary of the shaded region coincide with an exceptional point (two eigenvalues
coalescing). The point where the two lines intersect is a triple exceptional point
where all nonzero eigenvalues become degenerate. The shaded region itself indicates
a region where all eigenvalues lie on the real axis, indicating pure exponential decay.
The white regions coincide with usual decay modes existing as those indicated in
Fig. I.2. For this figure, 2ϵ = n = 1.

Here, Γ couples between the atom and the photon bath, n is the Plank distribution
at the transition frequency of the two-level system, and σ± = 1

2 (σ1 ± iσ2) with σi
being the usual Pauli matrices. The HamiltonianH = ϵ(σz+σ0)+Ωσx where ϵ is the
magnetization and Ω couples between the ground and excited states as a standard
Rabi oscillation. The vectorized Lindblad equation is easily determined and since
this is a 4 × 4 matrix, it is possible to analytically describe the roots of the system
as well as to describe the steady state in terms of the system parameters. The
spectrum of this system can host all modes described in Figure I.2. Of course, when
Γ = 0, the system has no coupling to the bath; and reduces to a standard unitary
time evolution. All eigenvalues now lie on the imaginary axis (i.e. coherences). Of
course, this is a trivial example; but it showcases the behavior of these systems quite
well. More interestingly, however, it is possible to determine when the eigenvalues
of certain (two or more) modes coalesce; i.e. become degenerate. Such a point in
parameter space is called an ‘exceptional’ point. It turns out that the system hosts
two ‘lines’ of exceptional points in (Γ,Ω)-space and one ‘triple’ exceptional point,
where all eigenvalues coalesce onto each other (but not on the NESS). These lines
are depicted in Figure I.3. The shaded region corresponds to a purely dissipative
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regime where no oscillations at all exist: all eigenvalues lie on the (negative) real
axis.

I.2 Time-dependent Quantum theories

I.2.1 Some general considerations

The first thing that should be noted at this point, is that Equation (I.4) can be
generalized to time-dependent theories. As long as the separation of time scales is
not violated, the time-dependent Lindblad equation is written as

d

dt
ρ(t) = −i [H(t), ρ(t)] +

∑

j

γj(t)

(
Ljρ(t)L†

j −
1

2

{
L†
jLj , ρ(t)

})
. (I.7)

Time dependence in quantum theories, as mentioned, adds significant complexity
to the problem. Consider a Lindblad equation with a time-dependent Liouvillian:

d

dt
ρ(t) = L(t)ρ(t). (I.8)

The solution to this equation is formally given in terms of some exponent of
the Liouvillian L(t). However; since the Liouvillian (usually) constitutes non-
commutative elements, the exponent ought to be time ordered. This is because
the Liouvillian at different times does not necessarily commute with itself. The
solution thus becomes

ψ(t) = T
(
e
∫ t
0
L(τ)dτ

)
ψ(0). (I.9)

The time ordering operator T is virtually untractable, aside from approximation
schemes facilitated by Magnus expansions, there is little that can be done to actually

compute a time ordered operator like T
(
e−i

∫ t
0
L(τ)dτ

)
.

However, there is at least one notable exception to this statement that is worth
considering: Floquet’s theorem. Floquet’s theorem is well known in physics. It
is essentially the general variant of Bloch’s theorem that is used ubiquitously in
condensed matter physics [14] in the context of crystals where the potential of the
Hamiltonian can be represented by a periodic function in space.

Floquet’s theorem [15] states that, given a differential equation of the form

d

dtn
ψ(t) = A(t)ψ(t), (I.10)

where A(t) can be a matrix but crucially is periodic in t with periodicity T , one
has

• for a matrix that is composed of linearly independent solutions, also known
as a ‘fundamental matrix’, A(t), then A(t+ T ) is also a fundamental matrix.
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• ψ(t) can be written as
ψ(t) = B(t)eCt (I.11)

where B(t+ T ) = B(t) and notably C is independent of t.

In terms of the Schrödinger equation, Floquet’s theorem translates to a first or-
der derivative in time and a periodic in time (or space as in Bloch’s theorem),
Hamiltonian:

d

dt
Ψ(t) =H(t)Ψ(t),

H(t+ T ) =H(t).
(I.12)

The solution to this set of equations must be of the form

ψj(t) = e−iϵjϕj(t), (I.13)

where ϵj are what is known as ‘quasi’ energies and ϕj(t) are so called ‘Floquet
modes’, which are, again, periodic in time. From this, it can be concluded that one
must be able to write a stroboscopic time evolution operator

U(t0 + nT ) = e−iH
(t0,T )

F nT , (I.14)

where H
(t0,T )
F is what is called a Floquet operator. Comparing this operator with

the formal, time-ordered solution to time-dependent wave equations (i.e. (I.9) for
Hamiltonians rather than Liouvillians), and generalizing to arbitrary initial and
final times t1 and t2, one finds [16,17]

U(t1, t2) = T
(
e−i

∫ t2
t1

H(t)dt
)

= e−iK(t0,t1)

e−iH
(t0,T )

F (t2−t1)eiK
(t0,T )(t1). (I.15)

Here, the operators K(t0,T )(t) are so called ‘kick’ operators that generate intra-

periodic time evolution and H
(t0,T )
F carries time evolution across periods6.

Ultimately, Floquet’s theorem would be used to reduce the problem of a time-
dependent Hamiltonian to finding the Floquet Hamiltonian and the kick operators.
While this theorem therefore does reduce the complexity of the problem at hand,
there is still no guarantee that this Floquet Hamiltonian can be (easily) found. The
problem still translates to integrating a time-ordered exponent over one period,
which, as mentioned, remains a difficult task to perform [16, 17]. Moreover, the
discussion in this section subtly discussed time-periodic Schrödinger equations with
Hamiltonians generating time evolution. However, the topic of this thesis covers
open systems described by the time-dependent Lindblad equation (I.7). This is
where at least one major issue lies. Namely, while Floquet’s theorem absolutely
holds for time-dependent Liouvillians, including those of Lindblad form, there is no
guarantee that the resulting ‘Floquet Liouvillian’ itself can be written in Lindblad

6More formally, what is done here is that Eq. (I.15) is a gauge-independent version of Eq.
(I.14). This gauge freedom is, of course, obvious: the initial time t0 is arbitrary, and it should be
possible to relate solutions at different initial times to each other.
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form [18]. It is therefore not a priori obvious that this formalism can be used
to study time-periodic Lindblad equations. Nevertheless, it does hold true under
certain circumstances. For example, in the case of a driven-dissipative Kitaev chain
in [19].

Returning to the problem at hand: analytically computing the Floquet Hamilto-
nian. This problem concerns an entire field of study, using many different methods
such as numerics [16, 20, 21], (Magnus) expansions [22] and, where possible, fully
analytic solutions found in integrable theories [23]. One such example of Integ-
rable Floquet Hamiltonians concerns ‘Lie-algebraic integrable Floquet Hamiltoni-
ans’. The particular method there utilizes the underlying group-theoretical struc-
ture to ‘disentangle’ the time-ordered exponent into regular time-dependent expo-
nents (Hamiltonians). This method actually does not require periodicity at and
holds for arbitrary time dependence. However, it does put quite severe constraints
on the operators in the theory. It is this method that is used in the first part of
this thesis to resolve the time-ordered exponent in two particular cases. In Section
I.2.2 this procedure of algebraic disentanglement is introduced further.

I.2.2 Algebraic disentanglement

As alluded to before, under certain conditions, a time-dependent Liouvillian
(Hamiltonian) can be studied despite the difficulties introduced by the time or-
dering operator. In general, a time-dependent Lindbladian (I.7) can be written as
a sum of superoperators

L(t) =
∑

j

αj(t)Aj , (I.16)

where Aj are defined by the Lindblad Jump operators. For example, one can choose

α1(t)A1ρ(t) = α1(t)L1ρ(t)L†
1,

α2(t)A2ρ(t) = α2(t)L†
1L1ρ(t),

...

(I.17)

The trick introduced in this section is quite simple: assuming that the superoper-
ators Aj form a closed Lie-algebra, where the commutator is defined as

[Ai, Aj ] ρ = Ai [Ajρ] −Aj [Aiρ] , (I.18)

the time ordered exponent in (I.9) must be some element of the group generated
by the operators Aj . This group element must be writable as some regular product
of group elements. Thus, a time ordered exponent of a Liouvillian (Hamiltonian)
whose elements span a closed Lie algebra must be expressible as a regular product
of exponents as

T
(
e−i

∫ t
0
L(τ)dτ

)
ρ(0) =

∏

j

efj(t)Ajρ(0). (I.19)
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This procedure is what is meant by ‘algebraic disentanglement’. The proof under-
lying equation (I.19) can be found in [24–26].

Although this approach sounds quite promising; it is unfortunately only applic-
able in a limited set of theories. Not many Liouvillians span a closed Lie algebra,
and the form of the functions f(t) in (I.19) is usually given by a series of coupled,
nonlinear differential equations known as Riccati equations. The exact description
on how to obtain these functions from the Lindbladian is also described in Chapters
1 and 2, but a small example is provided here. In short, the procedure boils down to
making an ansatz for the solution of the time-dependent Lindblad equation (I.7) as
a regular product of (time-dependent) exponents as in the RHS of Equation (I.19).
Subsequently, Baker-Campbell-Hausdorff formulas are repeatedly used to massage
the resulting master equation in its original form, extracting the form of the equa-
tions for f(t) in the process. There is one final caveat that is worth mentioning at
this point: The choice of the ansatz matters. What is meant by this is that the
order of the product of exponents in Eq. (I.19) determines the ‘difficulty’ of the
differential equations that describe the functions f(t). It has been found that an
ordering based on the Cartan decomposition of the appropriate Lie group provides
the best result. That is, the order of the operators in the product (I.19) should be
a, followed by h and ã, where a (ã) are the lowering (raising) operators and h is the
Cartan subalgebra.

A small example

It may be useful to provide a relatively simple example that highlights how algebraic
disentanglement works in practice.

Consider a standard harmonic oscillator coupled to a bath [27]:

H(t) = ω(t)a†a, L− = a, L+ = a†

γ−(t) = 2γ1(t)(ñ+ 1), γ+(t) = 2γ2(t)ñ.
(I.20)

Here, ω(t), γ1,2(t) are some time-dependent functions determining the eigenfre-
quency of the oscillator and the coupling to the bath and ñ is the occupancy of the
oscillator according to the Bose Einstein distribution. From this, Eq. (I.16) can be
identified with operators Aj as:

A−ρ = aρa†, A0ρ =
1

2
(nρ+ ρn+ ρ),

A+ρ = a†ρa, Rρ = nρ− ρn,
(I.21)

where n = a†a is the usual number operator. The operators in Eq. (I.21) span a
closed Lie algebra isomorphic to su(1, 1) ⊗ u(1). Thus, the time ordered exponent
can be disentangled. In order to do this, the following ansatz is made in the
Lindblad equation (I.4) (note the order of the operators in the ansatz):

ρ(t) = ef+A+ef0A0ef−A−e−iR
∫ t
0
ω(τ)dτe

1√
2

∫ t
0
γ−(τ)−γ+(τ)dτ

ρ(0). (I.22)
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After substitution, Baker–Campbell–Hausdorff formulas are repeatedly used to
massage the wave equation in its original form, after which the following differ-
ential equations for the functions fi(t) can be identified by comparing like-terms:

ḟ+ =2γ1(f+)2(ñ+ 1) − 2f+[γ1(ñ+ 1) + γ2ñ] + 2γ2ñ,

ḟ0 =4γ1f+(ñ+ 1) − 2[γ1(ñ+ 1) + γ2ñ],

ḟ− =2γ1e
f0(ñ+ 1).

(I.23)

Firstly; it is important to notice that this technically only concerns individual
differential equations: they are not coupled, but rather layered. Unfortunately,
however, these equations are nonlinear, and often difficult, if not impossible to
solve. Nevertheless, these equations do allow one to study time-dependent Liouvil-
lians in greater detail compared to direct numerical integration. An interesting
application of precisely the disentanglement described here (for a Hamiltonian with
operators spanning the same algebra) is the famous Matthieu oscillator. The Mat-
thieu oscillator is a periodically driven harmonic oscillator, the spectrum of which
is determined by the stroboscopic eigenvalues of the Hamiltonian, determined by
equations (I.23). Three different kinds of spectra are possible, which are determ-
ined by the value of the Casimir operator, which can be positive, zero, or negative.
These different regimes form the phases of so-called heating diagrams. Although
interesting, these heating diagrams will play no role in this thesis and thus will not
be discussed further. For more information and neat examples, see [23,28,29].

I.2.3 Landau-Zener-Majorana-Stükelberg problems

Aside from algebraic disentanglement, there are, of course, other time-dependent
models that are solvable. Especially for problems of small dimensionality there ex-
ists a very well-known example: Landau-Zener (LZ) problems. Landau-Zener prob-
lems have their origin in studying the dynamics of systems with avoided crossings in
energy levels. Famously, they were studied in the context of one-dimensional, slow
atomic collisions by Landau [30] and intramolecular level transitions by Zener [31]
in 1932. In the same year, Majorana [32] extensively studied a spin-1/2 system in
a varying magnetic field, while Stückelberg [33] utilized JWKB theory to solve the
corresponding differential equations. All of them essentially set out to determine the
probability of an initial state transitioning to another eigenstate of the Hamiltonian
as a function of time. This probability is referred to as the ‘transition probability’
and was initially studied in the non-adiabatic evolution of two-level systems. The
results obtained have proven to be of integral importance for many advancements.
For instance, Majorana’s work explained the ‘holes’ in the magneto-optical traps
used in the first realization of a BEC7 [34].

It turns out that there exists an intimate connection between LZ problems and
the Knizhnik-Zamolodchikov equations (see Sec. I.2.4). This connection is actually

7The question on how to avoid these ‘Majorana holes’ was resolved by Ketterle by simply
‘plugging’ the hole using a focused laser.
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the main topic of chapter 5 and will be discussed in detail there. Before this,
however, it could be worthwhile to go over the famous 2 × 2 LZ problem solved in
1932, to see how a time-dependent Hamiltonian is treated.

The original LZ problem, as described in the paper by Zener is most easily
understood. Originally written in the form:

Hϕ1 =ε1ϕ1 + ε12ϕ2,

Hϕ2 =ε12ϕ1 + ε2ϕ2,
(I.24)

with several assumptions made on the system parameters, in particular8 ε2−ε1 ∝ t
and ε̇12 = 0.

The idea behind the setup proposed by Zener (and the others) is that an avoided
level crossing in some system may be linearizable. In other words; a one may be able
to draw straight lines across an avoided level crossing as a first-order approximation
of some physical system. In such a case, assuming that there are only two levels
involved, one could write the Hamiltonian as proposed in (I.24). A more detailed
description of this logic, as well as its shortcomings, is described in Section 5.1.
Moving away from the notation introduced by Zener (but retaining the essential
properties), the time-dependent Schrödinger equation is written as

i
d

dt

(
ϕ1(t)
ϕ2(t)

)
=

(
vt ϵ
ϵ −vt

)(
ϕ1(t)
ϕ2(t)

)
. (I.25)

Here, v is the velocity and ϵ induces mixing between the basis states ϕi. Solving Eq.
(I.25) is quite straightforward. Through standard methods, ϕ2 can be eliminated
from the first equation, resulting in a differential equation that Zener identified as
Weber’s equation. The solution to this problem is given in terms of parabolic cyl-
inder functions9. The goal, in any Landau-Zener problem, is to ultimately identify
the so-called transition probability matrix. Since the problem in this example only
has two basis states, the matrix is a 2 × 2 matrix written as

PM×M =

(
p→0 p0→1

p1→0 p1→1

)
. (I.28)

In this matrix, elements pi→j are the transition probabilities of a state ϕi at
some initial time tinit to a state ϕj at some final time tinit, that is, pi→j =

8In their paper, Zener and Fowler also put ϕ̇i = 0. This essentially demonstrates that the basis
states themselves are time-independent.

9For completeness, the solution of the problem is as follows: After eliminating ϕ2, the differ-
ential equation becomes

ϕ̈1(t) + (t2v2 + iv + ϵ2)ϕ(t) = 0. (I.26)

The solution of this equation is given by

ϕ1(t) = c1D−iϵ2/(2v)

(
4
√
−1

√
2t
√
v
)
+ c2Diϵ2/(2v)−1

(
(−1)3/4

√
2t
√
v
)
, (I.27)

where Dν(z) is the parabolic cylinder function. The solution for ϕ2(t) is then simply found from
the first line in Eq. (I.25). The requirement that at t → −∞ one has ϕ2(t) = 1 provides the

boundary conditions for c1 and c2. After normalization one can evaluate |ϕ1(t → ∞)|2 = e−πϵ2/v .
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Figure I.4: (a) depicts the adiabatic (i.e. instantaneous) energy levels of (I.25) as a
function of τ = ϵt (solid lines, labeled as E±) compared to the diabatic (eigenstates
of the time-dependent part elements of the Hamiltonian) energy levels in (dashed)
gray (labeled as |0⟩ , |1⟩). The gap between the adiabatic energy levels is highlighted
by the arrow. (b) Elements of the transition probability matrices. Solid lines
represent analytical results. The scatter plots represent numerical simulations of
pi→j at τ = 103.

|⟨ϕi(tinit)|ϕj(tfinal)⟩|2. The states in question are simply the instantaneous eigen-
states at these initial and final times. In the problems considered by Landau, Zener
and the others, the initial and final times are (−∞,∞) respectively. It is not diffi-
cult to see that, at t → −∞, the eigenstates of (I.25) are simply |0⟩ ≡ (0, 1)T and
|1⟩ ≡ (1, 0)T . The matrix elements of (I.28) were found to be [30,31]

p0→0 = p1→1 = e−π ϵ2

v , p0→1 = p1→0 = 1 − e−π ϵ2

v . (I.29)

These transition probabilities are also known as ‘Landau-Zener formulas’. The
results of Landau-Zener problems in this thesis are summarized in Figures such as
Fig. I.4.

I.2.4 Knizhnik-Zamolodchikov equations

While the methods discussed in Sections I.2.2 and I.2.1 are of the most relevance
to part I of this thesis, the remainder of this thesis relies on a slightly different
approach. The method used in Part II is derived from the integrable properties of
what are known as the ‘Knizhnik-Zamolodchikov’ (KZ) equations. The derivation of
the KZ equations is a rather comprehensive story, and is of little importance for this
thesis, aside from some introductory words given below. For further information,
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please see the ‘yellow pages’ [35] and, of course, Ginsparg’s lecture notes [36], but
most importantly the paper by Knizhnik and Zamolodchikov [37].

The story begins around 1972. Then, conformal symmetry was introduced into
quantum field theory. The reason behind this choice is well known: the one thing
that is preserved in critical systems (i.e. a system at a phase transition) is the
angle. What this means is that, at a critical point, observables are wildly fluc-
tuating at all length scales and invariant under any rotations. However, there is
no shear or anything like that present. Thus, the idea was that whatever theory
describes the critical point, it must be somehow invariant under angle-preserving
transformations. In their paper, Belavin, Polyakov and Zamolodchikov, published
in 1984 [38] thoroughly investigated this concept and showed that the correlation
functions of local fields in two-dimensional CFT’s are fully determined due to this
conformal symmetry.

However, only six months after submitting the paper with Belavin and Polyakov,
Zamolodchikov and Knizhnik submitted their paper on ‘current algebra and the
Wess-Zumino model in two dimensions’ [37]. In this paper, they derived what are
known as the Knizhnik-Zamolodchikov equations. They were derived by studying
the Wess-Zumino-Witten model, which is a theory that is invariant with respect to
the Kac-Moody (or affine current) algebra.

From the Ward identities corresponding to the conformal and gauge symmetries
of the theory the KZ equations were derived:


κ ∂

∂zi
−

N∑

j ̸=i

tai t
a
j

zi − zj


 ⟨g(z1, z̄1) . . . g(zN , z̄N )⟩ = 0. (I.30)

Here, zi are the coordinates, tai are the generators of the Lie algebra under which
the WZW model is invariant. The ⟨. . . ⟩ is the correlation function of the fields g in
the same theory. Thus, the KZ equations form a set of partial differential equations
for the correlators of the WZW model. This set of equations does not only hold for
correlators in the WZW model, but more generally holds for all two-dimensional
conformal field theories endowed with some affine Lie algebra.

The KZ equations are integrable, as shown by Babujian for the SU(2) WZW
model [39] and, more importantly for this thesis for Gaudin magnets [40]. It was
in fact Babujian that derived an isomorphism between the problem of diagonal-
izing Gaudin type Hamiltonians and finding solutions to the KZ equations. This
might not be very surprising when taking a look at the general form of Gaudin
Hamiltonians:

Hi =
∑

j ̸=i

∑d
a=1 I

(i)
a Ia(j)

zi − zj
, (I.31)

where the numerator is the generalized form of the numerator in (I.30). Here Hi

are known as the Gaudin Hamiltonians (that are mutually commutative), zi are
coordinates and {Ia} are operators forming a basis of some semisimple Lie algebra
g. Gaudin models are examples of quantum spin chains. For example, a formal
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correspondence between the KZ equations and the Gaudin models is described
in [41].

Thus, the main takeaway from this section is that partial differential equations
on correlation functions in integrable CFTs are identical to finding solutions of
Gaudin Hamiltonians, which has been done by means of an off-shell Bethe ansatz.

I.2.5 Time-dependence and Richardson-Gaudin
Hamiltonians

This section is heavily based on the derivations presented in [42]. Additionally,
the hat notation for operators is temporarily reintroduced to distinguish between
numbers and operators.

Although the Hamiltonians in Equation (I.31) are defined for any general
semisimple Lie algebra, the focus in this thesis will be on {Ia} being irreducible
representations of the su(2) algebras. In that case, the problem directly reduces
to one of spin Hamiltonians. More importantly, however, is the generalization of
the KZ equations to include the so-called ‘boundaries’ [43]. This establishes a con-
nection between the Gaudin magnets and KZ equations that can be written in the
form relevant for this thesis:

ĤG
j = 2Bŝzj −

∑

k ̸=j

⃗̂sj · ⃗̂sk
εj − εk

,
[
ĤG

i , Ĥ
G
j

]
= 0, i, j = 1, . . . , N. (I.32)

Here, B and εi are system parameters fulfilling the role of zi in Eq (I.30), and ⃗̂sj are
spins of arbitrary magnitude. The major difference between Eq. (I.30) and (I.32)
is of course the boundary term proportional to B. As described in Sec. I.2.4, the
Hamiltonians (I.32) have associated to them the ‘boundary’ KZ equations:

iν
∂

∂εj
ΨKZ(B, ε⃗) =


2Bŝzj −

∑

k ̸=j

⃗̂sj · ⃗̂sk
εj − εk


ΨKZ(B, ε⃗). (I.33)

Here, compared to the original KZ equations (I.30) κ = iν, zi = εi, the generators
t̂ai → ŝai and the correlator is replaced by the (wave)function ΨKZ(B, ε⃗).

The important observation presented by E. Yuzbashyan in [42] that will be the
starting point of Part II is that the evolution of ΨKZ(B, ε⃗) is determined by the
following Richardson-Gaudin (or BCS, in terms of Anderson pseudospins) Hamilto-
nian

iν
d

dB
ΨKZ(B, ε⃗) =ĤRGΨKZ(B, ε⃗),

ĤRG =

N∑

j=1

2εj ŝ
z
j −

1

2B

N∑

j,k=1

∑
ŝ+j ŝ

−
k .

(I.34)

In order to show this, consider the following exact solution for the KZ equations
as derived by e.g. Babujian and Sierra [39, 41]. For N spins of lengths sj and the
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z-projection of the total spin10 Sz = Mz −∑N
j szj , the solution to Eq. (I.34) is

given as

ΨKZ(B, ε⃗) =

∮

γ

dλ⃗ exp

[
− iS(λ⃗, ε⃗)

ν

] ∣∣∣Φ(λ⃗, ε⃗)
〉
, dλ⃗ =

Mz∏

α=1

dλα, (I.35)

where ε⃗ = (ε1, . . . , εN ) with ε1 < ε2 < ... < εN , λ⃗ = (λ1, . . . , λMz ),

S(λ⃗, ε⃗) = −2B
∑

j

εjsj + 2B
∑

α

λα − 1

2

∑

j

∑

j ̸=k

sjsk ln(εj − εk)

+
∑

j

∑

α

sj ln(εj − λα) − 1

2

∑

α

∑

β ̸=α

ln(λβ − λα),

(I.36)

and

Φ ≡
∣∣∣Φ(λ⃗, ε⃗)

〉
=

Mz∏

α=1

L̂+(λα) |0⟩ , L̂+ =

N∑

j=1

ŝ+j
λ− εj

. (I.37)

The minimal weight state |0⟩ is the state in which all spins point in the negative
z-direction, ŝzj |0⟩ = −sj |0⟩. The form of the closed contour γ remains an open
problem and is thoroughly discussed in Chapter 5.

Next, consider the following relation between Gaudin magnets (I.32) and the
Richardson-Gaudin model (I.34):

∑

j

2εjĤ
G
j = 2BĤRG −

(
Ŝz
)2

+ Ŝz +
∑

j

(
ˆ⃗s
)2
j
, (I.38)

where
ˆ⃗
S =

∑
j

ˆ⃗sj . In order to show that ΨKZ(B, ε⃗) is a shared solution for the KZ
equations as well as the RG Hamiltonian (I.34), apply (I.35) from the right on both
sides of Eq. (I.38). This yields

2iν
∑

j

εj
d

dεj
ΨKZ = 2iνB

d

dB
ΨKZ +AΨKZ,

A =
∑

j

sj(sj + 1) +Mz −
∑

j

sj −


Mz −

∑

j

sj




2

.

(I.39)

In order to proof Eq. (I.39), one could check this result directly from the derivation
of the solution to the KZ equation. However, an elegant method to show that Eq.
(I.39) holds was also described in [42]. By introducing the following scaling

εj → aεj , λα → aλα, B → a−1B (I.40)

10Mz can be thought of as the amount of times a raising operator ŝ+ is applied on the absolute
ground state, |0⟩
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in Eqs (I.37), (I.36) and (I.35), one finds

Φ → a−Mz

Φ, S → S +
A

2
ln(a), dλ⃗→ aM

z

dλ⃗. (I.41)

Therefore, Eq. (I.41) implies

ΨKZ(a−1B, aε⃗) = e
A ln(a)

2iν ΨKZ(B, ε⃗). (I.42)

Simply differentiating both sides with respect to a and evaluating at a = 1, Eq.
(I.39) can be shown to hold.

Thus, the main takeaway from this section is that ΨKZ(B, ε⃗) is a solution to the
RG problem (I.34).

Thus far, everything derived in this section did not consider explicit time de-
pendence. However, choosing B to be dependent on time, the Schrödinger equation
with the RG Hamiltonian (I.34) becomes

iν
d

dt
ΨKZ(B, ε⃗) = Ḃ

∑

j

2εj ŝ
z
j −

Ḃ

2νB

∑

j,k

ŝ+j ŝ
−
k . (I.43)

Choosing B(t) = νt results in the following time-dependent RG Hamiltonian

ĤRG(t) =

N∑

j=1

2εj ŝ
z
j −

1

2νt

N∑

j,k=1

∑
ŝ+j ŝ

−
k . (I.44)

In conclusion, the time-dependent Schrödinger equation with Hamiltonian (I.44)
is solved by solutions to the KZ equations (I.35). Moreover, it turns out that
small subproblems (i.e. N = 2 or 3) can be identified as a ‘hyperbolic’ (meaning
inversely proportional to time, H(t) ∝ 1/t) version of the usual Landau-Zener
problems described in Section I.2.3. Understanding these hyperbolic LZ problems
will demonstrate fundamental importance in making sense of solution (I.35) and its
applications for larger system sizes (N > 2) of the RG Hamiltonian.

I.3 In this thesis

As mentioned, this thesis is made up of two parts. Part I contains two papers and
an additional paper in preparation that are presented nearly identical to (where
applicable) the published form. This is because these papers are written to be
self-contained and are best read in this context. In these papers, a combination
of Lie-algebraic disentanglement, exact diagonalization and semiclassical analyses
are employed to study a system of translationally invariant free fermionic particles
and a system of two coupled dissipative bosons with Kerr nonlinearity. In the
former, the time-dependent solution is derived in terms of Riccati equations and
the instantaneous spectrum is studied. In the latter, due to a Kerr nonlinearity,
the full disentanglement of the Liouvillian is impossible. Nevertheless, through an
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appropriate semiclassical approximation, this system could still be disentangled and
studied for arbitrary time dependence. It turned out that a simple coherent drive
already resulted in interesting phenomena, such as time crystals. Additionally, in
the semiclassical picture, chaos emerges through a series of period-doubling bifurca-
tions observed in the particle number expectation values of the system as described
in Chapter 3.

Part II presents the results of three articles that were published, considered or
prepared at the time of compiling this thesis. Unlike in Part I, the chapters are
modified versions of the papers on which this part is based. Of course, the papers
themselves are written to be self-contained, but their length might distract from the
overarching goal of this part. Thus, the content itself has not changed much, but
rather the relevant parts to the topic of this thesis have been made more prominent.
This has, at times, required significant rewriting of the original papers. In this Part,
the KZ equations, in particular the extension described in Section I.2.5, is the main
tool that is used. While the KZ equations are usually employed (for example in
Gaudin magnets) in the context of Hamiltonians, it turns out that there is a neat
application to dissipative systems. A system of noisy, driven-dissipative spins can
be exactly described by Richardson-Gaudin Hamiltonians, whose solution is shared
with the KZ equations’ solution. The aforementioned mapping, and further details
on the applicability of KZ equations to this particular system of driven-dissipative
spins are further detailed in Chapter 4. In the other chapters of this section,
foundations are laid that are needed to ultimately resolve the dynamics of the
noisy spins in Chapter 7, starting with solving the minimally relevant hyperbolic
Landau-Zener problems in Chapter 5.

I hope you enjoy the research presented in this thesis.


