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Chapter 1

Free fermionic theories with
dissipation

1.1 Introduction

Recent progress in the implementation of controllable quantum systems has opened
novel opportunities for studying complex many-body dynamics [44-50]. The pres-
ence of the interplay between driving, dissipation, and many-body effects drastically
changes the nature of many-body regimes in these systems [51]. This opens fascin-
ating prospects for providing insights about the properties of quantum matter and
generating exotic quantum phases [52-55]. Moreover, driven-dissipative many-body
systems are ideal platforms for studying non-equilibrium phase transitions that are
far less understood as compared to their equilibrium counterparts [51-58]. At the
same time, the implementation of controllable dynamics of quantum many-body
systems is key for the realization of quantum computing algorithms [53]. Clearly
any quantum computational protocol requires external driving and quantum com-
puting devices are prone to dissipation (decoherence). Consequently, understanding
the properties of driven-dissipative models plays a crucial role in exploring the po-
tential of noisy intermediate-scale quantum (NISQ) devices. This puts the research
on driven-dissipative quantum dynamics on the forefront.

However, such a rich variety of appearing physical phenomena in driven-
dissipative systems requires a proper description, which remains a challenge. Under
the assumption of Markovianity, the time evolution of dissipative quantum systems
is described by the Lindblad equation [5,8] of the following form:

dp .
where p is the density matrix, £ is the Liouvillian superoperator, H is the Hamilto-
nian responsible for the unitary time evolution, and D is the dissipator governing
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the non-unitary evolution. Eq. (1.1) has a formal solution in terms of the time-
ordered exponential:

p(t) = T exp { /0 t dTﬁ(T)} 2(0). (1.2)

In many cases of physical interest the Liouvillian has an explicit time-dependence,
for instance, when some parameters are modulated. The formal solution in
Eq. (1.2) is then very hard to deal with.

A remarkable simplification to Eq. (1.2) arises when different terms in the
Liouvillean can be identified with different (possibly non-commuting) elements of
a certain Lie algebra acting in the space of density matrices (superoperator Lie
algebra) [27]. A solution of the Lindblad equation for the density matrix can then
be converted into a product of ordinary exponentials for an arbitrary Liouvillian
time-dependence using the machinery of the theory of Lie groups [24-26,59]. Nev-
ertheless, with exception for a few examples, this approach has not been extensively
used even for quite simple models [60-66]. Thus, the problem of the extension of
this approach to relevant quantum models is of significant importance. We note
that theoretical investigation on driven-dissipative many-body quantum dynamics
has been supported by a number of experimental proposals. Examples include cold
atom setups [53,54,67-70] and quantum optical systems [71] (e.g., arrays of identical
nonlinear cavities coupled via photon tunneling). Recent findings related to these
proposals include the analysis of topological effects, which are induced/influenced
by dissipation [69,70] (in particular, in the absence of unitary dynamics [70]).

In this work, we study one-dimensional (1D) dissipative translationally-invariant
free fermionic theories with quadratic Liouvillians. This is one of the simplest yet
experimentally relevant quantum system that admits the Lie-algebraic treatment.
Although this system has been studied previously (see, e.g., [51] and references
therein), some of the important aspects still require more detailed investigation. In
particular, here we are focused on the investigation of the Liouvillian spectral prop-
erties and derive a general criterion for the closure of the dissipative gap, which
is believed to be linked with nonequilibrium dissipative phase transitions. This
simple model allows us to gain insight into a variety of interesting regimes. Here we
provide a few examples of such regimes: (i) the presence of gapless modes with a
linear spectrum for fermions with a long-range hopping, which might be related to
non-unitary conformal field theories; (ii) non-monotonic roton-like spectrum clos-
ure, which is promising for the realization of quantum computing algorithms in the
presence of noise.

Our work is organized as follows. In Sec. 1.2, we discuss the aforementioned Lie-
algebraic approach in more detail. We apply this algebraic approach to a generic
one-dimensional translationally-invariant quadratic fermionic Liouvillian and find
explicitly the density matrix at all times for an arbitrary time-dependence of the
Liouvillian. In Sec. 1.3, we consider the Liouvillian spectral properties and derive
a generic criterion for the closure of the dissipative gap. We specifically analyze a
few exotic regimes of the spectrum gap closure. We conclude in Sec. 1.4.
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1.2 Driven-dissipative fermions

1.2.1 Lie-algebraic approach: general case

Let us consider a Liouvillian that can be expressed as a linear combination of the
generators g; of some Lie algebra A:

L(t) = Z Aj(t)g;- (1.3)

The corresponding Lie group G is then nothing else but the dynamical semigroup
that governs the time evolution. Thus, the time-ordered exponential in Eq. (1.2),
being an element in the dynamical semigroup, can be written as a product of
elements in G. In other words, the density matrix at all times can be written as

p(t) = [T e % p(0), (1.4)

where a;(t) are yet unknown time-dependent c-numbers. The latter can be found
by the following algorithm. In order to find a solution of the form written above,
one should start by simply using equation (1.4) as an ansatz for the solution. Taking
the time derivative of the above expression and repeatedly using the identity

ey = (ead””y) e’ (1.5)

where z,y € A and ad, - = [z, -], one brings p to the form of Eq. (1.1), i.e., p(t) =
Lp(t), where p(t) is given by Eq. (1.4) and £ is again some linear combination of
the generators g;, with the coefficients now depending on a; and a;. Then, requiring
that £ coincides with the Liouvillian in Eq. (1.3), one obtains a system of coupled
ordinary (usually nonlinear) differential equations for the functions a;(t). For g; in
a Lie algebra, this procedure is guaranteed to work. In cases where g; generate a
more complicated algebra, e.g., polynomial, this is not necessarily true. Note that
the ordering of various exponentials in Eq. (1.4) can be arbitrary. However, the
resulting differential equations depend on the ordering. In some cases it is possible
to find an ordering that guarantees the simplest functional form for the system of
differential equations.

The crucial advantage of the outlined algebraic approach is that it can univer-
sally deal with any initial condition p(0) and any time-dependence of the coefficients
in the Liouvillian. Below we are going to apply this approach to a translationally-
invariant free fermionic model.

1.2.2 Lie-algebraic treatment for dissipative fermions

We consider the most generic one-dimensional translationally-invariant free fermi-
onic Hamiltonian:

H==>.2. (tnC;Cﬁn + MnCjCjtn + H-C-) —pny_cle, (1.6)
i

Jj n>1
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where c¢; and c;f are fermionic annihilation and creation operators, p is the chemical
potential, and the complex parameters ¢, and =, are the hopping and p-wave
pairing amplitudes, correspondingly. One can see that in the case of the nearest
neighbor hopping and pairing, Hamiltonian (1.6) reduces to the well-known Kitaev
model [72]. Under the periodic boundary conditions, Hamiltonian (1.6) in the
momentum space reads as

H=— Z (fkc;ick + iAZcT_kc;L — iAkckc,k) , (L.7)
k

where we denoted
Er=p+2 Z |tn| cos (kn + argt,),

n>1

A = Z Y, SIN kN,

n>1

(1.8)

Note that & € R, but &, # &, unless all ¢, are real. Also, one always has
A_j = —Ag and in general Ay € C. However, it can always be factorized as

Ay = sink|Ak|eiargAk, (1.9)

where A_, = Ay, € C, and the phase of A}, can be removed from the Hamiltonian
by a gauge transformation i
Cr = Cpe B2, (1.10)

However, the phase will reappear in the coefficients of the Liouvillian.
The dissipation is described by the dissipator

Dl =Y (Lot) - 5 {iLs0}). (111)

J

where {-, -} is the anticommutator and L; is the jump operator whose explicit form
depends on the specific type of the dissipation process.

Let us take the jump operator in the most general form that is compatible with
translational invariance:

L; = Z (uj_ncn + vj_nc;fl) , (1.12)

n

where u, and v, are arbitrary functions. The jump operator then has the following
Fourier components:
L, = upcy + vkcik, (1.13)

where uj and vg are the Fourier components of u, and v, correspondingly.
We then write dissipator (1.11) in the momentum space as D[p] = ), Dy, where

Dilp) =lur|* cx pcf + |vnl? 'y, pe_i + upvienpe_i + ujvrct  pef

. (1.14)
- 5 {Lszap} )
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with
LEL;C = |uk|2czck + |Uk|2 (]I — cT_kc,k) + upvic_gck + qukchT_k. (1.15)
Thus, in the momentum space the Liouvillian reads as
L :1 i Ly, (1.16)
2

k=—m

where . '
Ek = ka (Xl — Xg) —|— ’Lg_k (Xg — X4) =+ 2AZ (X5 — X6)

— 20 (X7 — Xs) + e Xo + ¢ X10 + 0 X11 + 0 X1z
+2,kX13+aikX14+ekX15 + e Xie (1.17)
-3 {llk (X1 + Xz) + a—k(XS =+ X4)

+ by (X5 + Xo) + b, (X7 + Xg) +Ak11},

and for brevity we denoted

ap = |ukl® — [v_gl?, by =ujvr — ut oy, 1.18)
o = up?, 0k = upvf, e = vl

In Eq. (1.17) we also introduced the function
Ay = |uk|2+|vk|2+|u,k|2+ |2)7k|2 (1.19)

and a set of superoperators X, which act on the density matrix p in the following

way: , X
Xi3p= (n:i:k - 2) py Xoap=p (n:tk - 2) )

Xsp=clcp, Xop=pefey,
Xrp=c_pcrp, Xgp=pc_kcCg,
Xop=cppcl, Xiop=c_ppc,, (1.20)
Xup=cipc_p, Xlzp:cT_kpC,ﬂ,
Xizp=c_ppck, X14P=CLPCT_;€7
Xisp=cl, pe_s, Xi6p =c},per,
where ng = c:gcq.
Let us note at this point that the gauge transformation (1.10) leads to
up — uke_iargé"“/z, v — vkeiargi’“m. (1.21)

Therefore, by removing the phase of the pairing amplitude Ay from the Hamiltonian
(1.7), we reintroduce it in the dissipator part of the Liouvillian via the functions
by and 0 from Eq. (1.18).

27
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Defining the commutator for two superoperators X; and X; as
(X, X5 p = Xi(X;p) — X;(Xip), (1.22)

one can show that the superoperators in Eq. (1.20) form a closed semisimple Lie
algebra isomorphic to u(1) ® sl(4,C). Their commutation relations are given in
Appendix 1.5.1. Since Liouvillian (1.17) is linear in the generators (1.20), we can
use the algebraic approach discussed in subsection 1.2.1. In particular, we can
obtain an explicit solution for the density matrix at all times, as we show in the
next subsection.

1.2.3 Explicit solution for the density matrix

We now proceed with constructing an explicit solution to the Lindblad equation of
the form as in Eq. (1.4). For this purpose it is convenient to exploit the structure
of the algebra generated by superoperators (1.20).

Firstly, one can easily check that the u(1) generator is simply the linear Casimir
invariant given by

Yo = X1 — Xo — X5+ Xu, (1.23)

which commutes with all other superoperators from Eq. (1.20). Second, for the
5[(4, C) subalgebra it is useful to choose a basis in the following way:

Y1 =X, Ys=—Xo, Y11 = Xo,

Yo=Xy3, Yr=—-(Xo+Xy), Yio=-Xi,

Ys=—-X7, Ys=X;+ Xy, Y13 = — X5, (1.24)
Yy=-Xu, Yo=—-(X1+X3), Yiu= X,

Ys = X1, Yo = —Xs, Yis = —Xis.

The above choice of basis is motivated by the results of Ref. [24]. In terms of
superoperators (1.23) and (1.24), the Liouvillian in Eq. (1.17) reads as:

A 15
j=
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where the coefficients a; are given by

ap = % (1€, — i€—k) ,

ay = —C_g, Qi1 =C, Ga5==¢_k, 0a15= —¢€k,

as = —ay = 0_g, 14 = —a12 = 0",

s = a3 = 5 (0 +420), (1.26)
a1p = ajs = % (bp™ —4Ag),

ar =ay = % (a—g + i€k + i),

ag = % (a_p —ag)

Then, the solution to Eq. (1.1) can be written as

15
p(t) = T ¢ I e p(0). (1.27)
j=0

keBZ

where the functions f(t) and ug(t) satisfy the equations

fy=-=5 aolt) = ao, (1.28)

and the remaining functions wu;(t) are the solutions to a set of nonlinear differential
equations whose general form is given in Appendix 1.5.4. The exact solution for the
system presented in this text can be found by directly plugging in the coefficients a;
from Eq. (1.26) into the differential equations presented in the Appendix 1.5.4. All
initial conditions are zero to ensure the choice for p(0). It should be noted here that
this particular theory could be solved using other methods than the one presen-
ted in this section. Since the theory is quadratic in terms of fermions, one could
represent the Lindblad equation using matrices after picking a meaningful basis
for the creation and annihilation operators (see also section 1.3), and numerically
integrating the resulting matrix equation. However, the benefit of the procedure
outlined in this text is that it is readily applicable to any Lindblad equation, as
long as all the superoperators of the theory form a closed Lie algebra. A bosonic
theory could, for example, not be tackled using matrix equations, due to the infinite
dimensionality of the Hilbert spaces involved.

1.3 Liouvillian spectrum

We now proceed to construct a faithful matrix representation for the superoperators
(1.20) in order to find the Liouvillian spectrum. For a given k > 0 the Hilbert space

29
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is four-dimensional and we choose a basis spanned by the vectors

- (1)2(4)-mar
0= (g )o () =000
o1 = (1§ ) (g ) =000
- ()e(3)-nnnor

The fermionic annihilation and creation operators for the modes k£ and —k in
this basis are represented by

(1.29)

=0 oo, C_fp=—03Q0 ,
; ) (1.30)
ck:o+®cro, C_k:*03®0+7

where ® is the tensor product, o= = (o1 & i03)/2, and o; are the Pauli matrices.
One can easily check that the matrices in Eq. (1.30) satisfy the canonical anticom-
mutation relations. Then, using the well-known vectorization property

ABC = (€T ® A) B, (1.31)

we write

—

where p'is a vector formed from the columns of p and the matrices X; are given in
Appendix 1.5.2. This gives us a matrix representation for the Liouvillian £ from
Eq. (1.17).

It is then straightforward to find the spectrum by direct diagonalization, which
yields:

1 .
)\O - 07 )\1,2 = _iAk +1 (gk - gfk) 5
Az = A1+ Ao,

1 . -
Ag5 = 1 (Ak +2i (& — &-k) £ VUR + sz> ;
Nos = (Ak =20 (& — €4) £ VT — V)
El 4 )
1 . -
Aso = —7 (3Ak =20 (& — &) VUL + ZVk) ; (1.33)

1 ‘ :
Mot =~ (3/\,c 20 (6 — €)= /Up — sz) :

1
Nizas = — 5 <2Ak + \/5\/Uk +4/U? + V,f) ,
<2Ak iz'\/i\/—Uk +/U? + V,?) ;

1 =

Al4,15 = —
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where Ay, is given by Eq. (1.19) and we denoted

Uy, = 0} + |®x|* — [4 (& +E k) + |8Ak\2] , 130
Vi = 2{2 (Ep +&—k) Ok + Im{(SAk)*q)k}}, .

with ) ) ) )
Ok = [ur|” — |vk|” — Ju—g|" + [v_k[",

Py = 2 (upvy + u—pv’y,),

and &, Ay given by Eq. (1.8).
The functions Ay, O, and @, are related to each other via

(1.35)

02 4+ |0y|* = A2 — |2, (1.36)

with
Uy =2 (uputy, — vpv’y), (1.37)

and thus Uy < A2 Taking into account that
1
Re{\/eriy} = ﬁ\/er Va4 y?,
Im{\/x + zy} = sg\r;(iy) \ —x+ 2?4y,

one finds the following relations between the eigenvalues:

(1.38)

Ay = A7, 6,7 = ALs
Ag9 = A1+ A5, A011 = Mg, (1.39)
)\12713 = QRG{)\4’5}, A14 = )\T5 = )\4 + A;
Therefore, the whole spectrum can be determined from the knowledge of \i, A4,

and A5. Moreover, the eigenvalues can be grouped into subbands by their real parts.
Denoting v; = Re{\;}/Aj, we have:

1
_ < < = — - < <0
2_V4,6_ 1’ 4_V5,7_,
3 3 1
—-1< < —— — =< < —— 1.40
> V810 > 4’ 4_V9,11_ 9’ ( )
1 1
—1§V12§—§, —§SV13S0-

Thus, we immediately see that if Ay # 0, the dissipative gap closes when
Re{Xs7} = 0, which also forces the real part of Aj3 to vanish. On the other
hand, if for some k one has Ay = 0, then Re{\;} = 0 for all j. In other words, if
there exists a momentum mode at which the dissipative gap closes, then there is
either a quadruple degeneracy, Ao = Re{A\s} = Re{A7} = Re{A13} =0, or a total
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degeneracy where at this momentum mode all eigenvalues have a vanishing real
part. As a final comment we note that the theory reduces to its non-dissipative
counterpart for choice of uy = v, = 0. This implies that Ap = 0, and that all
eigenvalues of the theory lie on the real axis, since our Liouvillian reduces to a
Hermitian operator, as can be inferred for equation (1.6).

1.3.1 Closure of the dissipative gap

Let us now analyze the dissipative gap and conditions of its closure in more detail.
As can be seen from Eq. (1.33), in the general case the gap closure condition reads

as Ay, = Re{\/Uk + in}, which yields
A} — UpA2 — V2 /4 =0, (1.41)
or, taking into account Egs. (1.34), (1.36), and (1.38),
A2 (|xpk|2+4<gk+5,k)2+|8Ak\2) = V2/4. (1.42)

In the case of purely dissipative evolution, i.e., & = Ap = 0, one has V;, = 0
and Eq. (1.42) reduces to Ay |¥x| = 0. Then, the dissipative gap closes if Ay = 0,
leading to the totally degenerate case, or if upu® ; = viv*;, leading to the quadruple
degeneracy.

In the simplest case, in which the coefficients u;_,, and v;_,, in Eq. (1.12) are
real, condition (1.42) simplifies. The Fourier components then obviously satisfy

U_p = uy, v_f = vg, (1.43)

which leads to ©; = 0 and ®, = 4Re{uxv;}. Note that property (1.43) is violated
by the gauge transformation (1.10), and for this reason the case of complex Ay
should be treated with care. Assuming that Ay is real, we have V; = 0 and the
gap closure condition (1.42) can be satisfied by

S +E k=Ar=0 and ug=vg. (1.44)

Below we consider more non-trivial cases of the gap closure.

1.3.2 Gapless modes with a linear spectrum

Let us consider fermions with zero pairing (Ax = 0) and a long-range hopping of
the following form:

“+o0
2cos kn .
G=p+ty =t 2Cia(k), (1.45)

n=1

where Ci, (k) is the Clausen function, which is related to the polylogarithm as
2Ci, (k) = Lige’®* + Lige™ ™. For 1 < a < 3 it has the following expansion for small

k:
Ciq (k) ~ ¢(a) + (1 — a)sin % k27t = ¢la— 2)’12

> (1.46)
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00 05 10 15 20 25 3.0

Figure 1.1: The dissipative gap Aq versus momentum k for the long-range hopping
model [see Eq. (1.45)] with the dissipation described by jump operator (1.47). The
dotted line shows the asymptotic linear behaviour according to Eq. (1.49). The
dissipation strength is g = 5.

where ((x) is the Riemann (-function.
For simplicity, we take a jump operator of the form

Ly =g (e +¢f), (1.47)

such that u, = vy = ,/g. This corresponds to the case described above. We have
A, = &), = 4g, O = 0. Therefore, V, = 0 and Uy, = 16(g* — £7). For U > 0 we
thus have:

1 /
Aq = Re{)\577} = 5 Re{>\13} =—g+ 92 - f,% (148)

The dissipative gap Aq closes if £ = 0. From Eqgs. (1.45) and (1.46) we immedi-
ately see that this happens at k = 0 for p = —2((«), and sufficiently close to zero
the gap behaves as |k|?(®~1) | which for o = 3/2 gives

Bam =T, n= -0/, (1.49)

This linear behaviour is demonstrated in Fig. For u < —2((3/2) the gap is open
(Aq # 0), whereas as one increases the chemical potential beyond p = —2¢(3/2),
the gap closure point at k = 0 splits in two symmetrical points at £k,, satisfying
Ciz/a(ks) = —p/2. In the vicinity of these points the gap behaviour changes from
linear to quadratic:

1 ... i . k12
Ag =~ ~2g [iLij 0€ ke _ iLiy o€ k*] (|k| — ki) (1.50)
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The function in the square brackets is non-negative for all 0 < k., < 7, and it
vanishes only for k. = , corresponding to u = (2 — v/2)¢(3/2). Thus, near the
boundaries of the Brillouin zone the gap behaves as

(0-1vD) ¢ (-)

Ay~ —
d 2%

(|k| —m)*. (1.51)

Finally, for > (2 — v/2)¢(3/2) the gap opens again.

It would be interesting to investigate whether such regimes can be related to
non-unitary conformal field theories. However, this question is beyond the scope of
the present work and we leave it to future investigations.

1.3.3 Multiple gap closure points

An interesting situation appears when the spectrum closes simultaneously at zero
and finite momenta. In these cases the Liouvillian spectrum exhibits a feature
resembling rotons, which are a special kind of elementary excitation forming a
minimum of energy at finite momentum in quantum liquids, such as *He and dipolar
quantum ensembles.

This ‘roton-like’ form of the Liouvillian spectrum can be achieved in a number
of different ways. Here we restrict ourselves to one of the simplest cases, namely,
the dissipative Kitaev model described by Hamiltonian (1.7) with

& =p+2cosk, Ap=sink (1.52)

and the following jump operator

Ly = /3 [ej +8iel + 65 (g1 + 8acl )] (1.53)
In the momentum space [see Eq. (1.13)] it has the coefficients
up = /g (1+02™),  vp = /g (61 + 0265¢™) . (1.54)
Using Egs. (1.33) one can easily show that by choosing
0 =083 =1, dy = —1, (1.55)

for an arbitrary value of the pairing amplitude v and —2 < p < 2 the dissipative gap
closes simultaneously at £ = 0 and at a non-zero momentum inside the Brillouin
zone. This is demonstrated in Fig. 1.2. In the vicinity of both gap closure points
the gap behaves as Agq ~ k2.

The configurations discussed in this subsection are promising for the realization
of quantum computing algorithms in the presence of noise.
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Figure 1.2: The dissipative gap A4 versus momentum k for the Kitaev model with
the dissipation described by jump operator (1.53). One can clearly see the ‘Roton-
like’ feature leading to the simultaneous gap closure at zero and finite momenta.
The choice of parameters corresponds to Eq. (1.55). The pairing amplitude is
v = 0.1 and the dissipation strength is g = 0.2.

1.4 Conclusion and outlook

In conclusion, we have investigated dissipative translationally-invariant free fermi-
onic theories with quadratic Liouvillians. We have demonstrated the applicability of
the Lie-algebraic approach for the description of dissipative translationally-invariant
free fermionic theories with quadratic Liouvillians. We have derived the criterion
for the closure of the dissipative gap, which is believed to be linked with nonequi-
librium dissipative phase transitions. We have also provided a few examples of
exotic regimes of the spectrum closure: (i) the presence of gapless modes with a
linear spectrum for fermions with a long-range hopping, which might be related to
non-unitary conformal field theories; (ii) non-monotonic roton-like spectrum clos-
ure, which is promising for the realization of quantum computing algorithms in the
presence of noise.

Further directions of our studies are related to including the consideration of
topological effects in the consideration. In addition, it is an interesting point to
understand the potential role of the obtained configurations with the non-monotonic
spectrum closure for quantum computing.

We expect that the predicted effects can be probed in experiments with ultracold
atomic and quantum-optical systems using currently available experimental facilit-
ies. Recently proposed setups for the realization of the Kitaev model using systems
with a sufficient degree of tunability, such as atomic quantum wires and arrays
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of identical nonlinear cavities coupled through nearest-neighbor photon tunneling.
These setups can be extended for the realization of the model, which is considered
in our work, which makes it realistic to observe predicted phenomena.

1.5 Appendices

1.5.1 Superoperator algebra

In this Appendix we present a table with the commutation relations for the algebra
generated by the superoperators defined in Eq. (1.20). Here we denoted

Xl X2 X3 X4 X5 XG X? XS X9 XlO Xll X12 X13 X14 X15 X16
X[ 0
X2 00
Xs) 0 0 0
X4 0 0 0 0
X;|-X5 0 —X5 0 0
X 0 X6 0 X¢ 0 0
X:| X; 0 Xy 0 —-A 0
Xs| 0 —Xs 0 —-Xg 0 B 0
Xo| X X9 0 0 Xpp O X 0

0 0
X5l 0 0 —X;5-X15 0 X2 Xy O 0O D 0 ~Xs—X;5 0
X16 —X16 —X16 0 0 0 —X14 —X13 0 C 0 Xg X5 0 0 0 0

0
Xlg 0 —X13 X13 0 —X16 _XIO 0 0 X7 0 0 F 0

0

0

Table 1.1: Superoperator algebra. The elements in the table are the result of
[X., X;], where X, and X, are the column and row entry respectively.

A=X1+ X3, C=X1+X2, E=X;—-Xy,

B=Xy+Xy,, D=X3+X4, F=2X5—Xs. (1.56)

1.5.2 Matrix representation

In this Appendix we present a matrix representation for the superoperators defined
in Eq. (1.20). As discussed in Section 1.3 of the main text, this matrix repres-
entation corresponds to choosing a basis (1.29) in the Hilbert space for a given
momentum mode k. Then, using Eqs. (1.30)—(1.32) one obtains
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1 1
X =0p®o09® (O‘+0'_) ® o9 — 5]1, Xy = (a"'a‘) ®oyg® oy R og — 5}1,

1 1
X3=0pR 09 QR 0y ® (O’+O'_) — 5]1, Xy =0p® (a+a_) ® o9 Q09 — 5}1,
X5:700®00®(0"‘03)(}90"‘7 X6:7(030_)®0_®00®007
Xr=00R0y® (0703) R0, Xg = (030+) R0t ® 0y oy, (1.57)
Xg=0 ®ogR0c~ ® oy, Xp=03R0 Qoz3R0 ",
X = -—03@0" @0~ @0y, Xip=-0 ®og®o3@07,
Xi3=-0"QoyQo3®0 ", Xyy=-03®0 ®o" ® o,
Xi5=0300  ®o3®07, Xig=0"®0oy®0c" @ oy,

where ® is the tensor product, o; are the Pauli matrices, 0% = (o1 & i02)/2, and
[ is the 16 x 16 identity matrix.

1.5.3 Nontrivial adjoint actions

In this Appendix we present all non-trivial adjoint actions of the superoperators
defined in (1.20). For brevity, we again use the identifications from Eq. (1.56):

Tadx, X5 — €TX5
Tadx, X7 — 6_7—X7
Tadx, Xg — e—‘ng
Tadx, Xll — 677X11
Tadx, X14 — 67‘X14
Tadx, XlG — e"XlG

Tadx, XG — €_TX6
Tadx, XS — eTXS
Tadx, Xg — e—TXg
Tadx, X12 — 67TX12
Tadx, X13 — 6TX13
Tadx, X16 — €TX16

(S I I A G I o)
DO DD DD

‘radxs X5 — BTX5
Tadx, X, =e "X,
Tadx, XlO — €_TX10
Tadx, X12 — eTX12
Tadxs X3 = €77 X3
7adxs X5 = €7 X15

Tadx4 XG — e—u4X6
Tadx4X8 =e" X5
Tadx, XlO — e—'ero
‘radx4X11 _ 6TX11
Tadx, X14 — 67TX14
Tadx, X15 — €TX15

[ I R R G R G I o)
DD DD DD

TadXSXl = X1 — TX5
7—adva)(g = X3 - TX5

Tadx5 X7 = X7 + TA — 72X5
Tadxs Xg = Xg — 7X12

Tadxs X9 = X0 + 7X14
Tadxs X1 = X117 — 7X15
Tadxs X3 = X3 + 7X16

TadXGXQ = X2 + TX6
TadX6X4 = X4 —|— TXG
Tadxs Xg = Xg — 7B — 72X,
Tadxe X1y = X11 — 17X
Tadxs X135 = X13 + 7X10
Tadxe X5 = X5 — 7X12
TadXe X6 = X6 + 7X14

[S RS I R G R G I o)
DO DD D DD

eTadX7X1 = X1 + TX7 eTadXSXg = X2 — TXS
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TadX7X3 = X3 —+ TX7
TadX7X5 = X5 —T7A— 7'2X7
T8dx7 X1y = X195 — 7 X0
Tadxr X1y = X14 + 7X10
Tadxr Xi5 = Xi5 — 7X1
Tedx7 X6 = X16 + 7X13

[T I I I o)

Tadxf)Xl = X1 +TX9
TadX9X2 = XQ + TXQ
Tadxo X5 = X5 + 7X12
Tadxy Xg = Xg + 7X11

Tadxe X3 = X153 — 7X7

Tadxo X1y = X14 — 7X6
'radng16 = X16 —7C — T2X9

O O O O O 0

Tadxn Xy = Xy +7X13
Tadn Xy = Xy — 71X
Tadxn X5 = X5+ 7X15

Tadxy, X = Xg +7X9

Tadx X9 = X190 — 7X7
Tadx11X14 = X14 —7E — T2X11
Tadxn X6 = X6 — 7X3

DD D DD DD

€TadX13X2 = X2 — TX13
8Tadx13X3 = X3 + TX13
6Tadx13X5 = X5 — TX16
eTadX13X6 = X6 — TX10
€Tadxl3Xg = Xg —+ TX7
6Tadx13X12 = X12 + TF — T2X13
e X5 = X5 + 7Xg

8Tadx15X3 = X3 — TX15
6Tadx15X4 = X4 — TX15
6Tadx15X6 = X¢ +7X12
eTadX15X7 = X7 +7X11
6Tadx15X10 = X10 + 7D — T2X15
eradX15X13 = X13 — TXs

€415 Xyy = X1y — 7X5

Tadxs Xo = Xg — 7X11

Tadxs X9 = X0 + 7X13
Tadxs X9 = X1o — 7X15
Tadxs Xy = X4 + 7X16

eTadX12 X2 = X2 + TX12

6Tadx12 X3 = X3 — TX12

6Tadx12 X7 = X7 —|— TXg

eTadxy; Xs = Xg+7X15

e X1g = X9 — 7X
eTadXUXlg = X13 —7F — T2X12
e X6 = X16 — 7X5

eTadXMXl = X1 — TX14

e Xy = Xy +7X14
eTadX14X7 = X7 — TXIO
eTadxMXg = Xg — TX16
eTadXMXg = Xg + TX6
€TadX14X11 = X11 =+ TE — 7'2X14
e X5 = X5+ 7X;

1.5.4 Disentanglement equations for s((4,C)

In this Appendix we present the general case of the disentanglement equations for
the sl(4, C) algebra. Using ansatz (1.27) for the density matrix and performing the
procedure discussed in the Introduction to the main text, one obtains the equations
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given below (see also Ref. [24]).
A set of three coupled Riccati equations:

uy = ag) + Cayua) +ugyug, - bay, (1.58)
with
Uy a —ais
ugy=| w2 |, awy=|a |, bay=| —au |, (1.59)
u3 as —a3
and
a7 + ag ag ay
C(l) = aio —a7 + ag + ag as . (160)
a12 a1l —ag + 2ag

A set of two coupled Riccati equations:
) = a@) + Cyue) + e be), (1.61)
with
Ug a4 — A13U1 —a12 + a15u3
up) = , Ao = , b= , 1.62
) < Us > ) ( a5 — a13U2 ) ) < —a11 + a14u3 > ( )
and
+ag — ag + a13uz — aisu; g — G141
Cop=( " . (163
@ ( a0 — aisu2 —ar + 2ag — ag — a14u2 + a13u3 ) (1.63)
A scalar Riccati equation

Ug = — aloug + (2a7 — ag) ug + uq (—a12u6 —a11) +u (—a15u6 —ai14)
+ us (algug + a11u6) + U2 (CL15’LL(23 + a14u6) (164)
+ us (U4 (a15ug + a14) + us (—a15u§ — a14u6)) + ag

A set of three differential equations, completely determined by solutions of the
previous six equations:

U7 = — A15U1 — A12Ug — A19UG + A15U2UE + A12US5UG

+ us (CL15U4 — a15U5U6) +ar, (1 65)
Ug = — Q15U — Q14U — A12Us — G11Us + U (@15Us + a14U5) + ag, ‘
Ug = — a15U1 — G14U2 — A13U3 + ag.

A set of two differential equations determined by the previous nine solutions:

1o =a10e®7 7" — ar5e® T "Suy — a12e®" T "Bus + a5e? T “Sugus,

. _ Qug — _ Qg —

Uy1 =aqpe” WTT2Us U 4 gl e urT2us—Uo,, (1.66)
+ us (aM (_e—u7+2us—u9) _ a15e_u7+2u8_“9u6) .

39
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And finally a set of four differential equations, completely determined by the solu-
tions to the previous eleven equations:

. __—urtug—u U u, 2u
Upg =€ 7T [6 Suyg (a11 — arqus) + a2 (€"Suguip + €*"7)
u 2u
— a1sus (" uguio + € 7)},
. 2ug—u
U3 = """ (a15ug + araus + a13),

Uiy = e W7 ST [a13€u7+uguu + a1s (e"Sug + """ uguyy )
(1.67)
+ axg ("7 usugy + 62“8)] ,

. _ _—u7r—ug+tu u7+u
Ups = e T8 [CL136 U9
2 2
+ ais (6 “Suguig + € urtus 4 €u7+u91L4U12)

2
+ a4 (e “Surg + e“7+“9u5u12)].



