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Chapter 6

Time-dependent RG
Hamiltonians

6.1 Introduction and breakdown of adiabaticity

6.1.1 Time-dependent RG Hamiltonians

In this chapter the focus will be on the general, N -site RG models with time-
dependent pairing interaction. As was discussed in the beginning of Chapter 4,
the first step of the overall plan for Part II of this thesis was to use the results
from Zabalo et al. [129], to try and find a solution to the spin-s version of the
time-dependent RG Hamiltonian, which is repeated below for convenience

Ĥ(t) = 2

N∑

j=1

εj ŝ
z
j − g(t)

N∑

j,k=1

ŝ+j ŝ
−
k , g(t) =

1

νt
. (6.1)

Again, the operators ŝz, ŝ+, ŝ− are spin-s operators which obey the usual su(2)
algebra, with each single-site Hilbert space spanned by the eigenstates of ŝz which
are {|−s⟩ , . . . , |+s⟩}. As another reminder, εj are on-site potentials that are chosen
to be non-degenerate. Note that, since (6.1) conserves the z component of the total

spin Ĵ =
∑N

k=1 ŝk, where ŝk = (ŝxk, ŝ
y
k, ŝ

z
k), [Ĥ, Ĵz] = 0.

The Hamiltonian (6.1) represents a broad class of integrable time-dependent
models, as mentioned in Chapter 5. This property provides a unique opportunity
to study an actual time-dependent many-body problem, which are exceedingly rare
in literature. This study of time-dependence in many-body problems is particularly
valuable, because, for example, in experimental settings explicit time-dependent
parameters can play a significant role [170]. Examples of such time-dependent
systems are Quantum Quenches [171], Time Crystals [104, 109, 110] or generally
any diabatic modification of Hamiltonians such as in atomic collisions [172], nuc-
lear dynamics at low energies [173] and Landau-Zener (LZ) models as described in
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Figure 6.1: Pictorial representation of combining spin-1/2 operators on a chain by
deforming their local potentials to become equal. By introducing degeneracies of
this kind, a spin-1 RG Hamiltonian can be formed out of a spin-1/2 Hamiltonian.

Chapter 5. Therefore, it is no surprise that most research on quantum computa-
tion and, in particular, initial state preparation is done on the basis of adiabatic
modulation of Hamiltonians [9, 174], which naturally avoids the issues introduced
by time-dependent driving.

The (time-independent) spin-1/2 RG model appears naturally out of the celeb-
rated BCS theory, the Hamiltonian of which is given [166,175]

H =
∑

j,σ

2εj ĉ
†
jσ ĉjσ − g(t)

∑

j,k

ĉ†j↑ĉ
†
j↓ĉk↓ĉj↑. (6.2)

Here, ĉ†jσ(ĉjσ) create (annihilate) a fermion with spin σ on site j and εj is again
the on-site potential energy. The coupling g(t) is the superconducting coupling
parameter, which is usually time-independent, but not in this work. For spin-1/2,
by means of substituting Anderson pseudospin operators

ŝzj =
1

2

(
ĉ†j↑ĉj↑ + ĉ†j↓ĉj↓ − 1

)
,

ŝ+j = ĉ†j↑ĉ
†
j↓, ŝ+j = ĉj↓ĉj↑,

(6.3)

the fermionic BCS theory can be exactly mapped to a spin Hamiltonian in terms of
the usual spin matrices (6.1). For a time-independent coupling, the spin Hamilto-
nian can be solved exactly by means of a Bethe ansatz [145]. The spin-1/2 RG
model has been thoroughly studied as the BCS theory of superconductivity in
many contexts, both theoretically and experimentally (see for example [176, 177]
and references therein). However, theoretical descriptions in the form of RG models
usually restrict themselves to spin-1/2 operators only (i.e. the BCS Hamiltonian).
That being said, one can easily imagine a situation where, by introducing degen-
eracies, the RG Hamiltonian needs to be described by higher dimensional spin
operators. A simple example of introducing these degeneracies is depicted in Fig.
6.1. Here, a regular, non-degenerate spin-1/2 RG model has the energies of every
pair of neighboring spins tuned to have the same local energy. This approach would
result in a spin-1 RG model.

This pairwise combining of neighbouring spins into higher-spin operators in a
chain has been studied in, for example, the spin-1/2 Heisenberg chain [178]. The
question can immediately be considered, is whether introducing degeneracies in this
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(or possible alternative scenarios) provides any new physics. For the Heisenberg
chain this is the case, as the spin-1 chain hosts what is known as a ‘Haldane gap’,
which is not present in the spin-1/2 counterpart. Nevertheless, through introducing
degeneracies, numerical evidence suggested that indeed the physics of the spin-1
Heisenberg chain is captured by the spin-1/2 Heisenberg chain. Thus, in order to
solve for the spin-s time-dependent RG Hamiltonian (6.1), a naive, but reasonable
approach would be to simply use results obtained from the solutions of the spin-1/2
model and modify that to higher spins, as in Fig. 6.1. Precisely this approach was
also described by Gaudin in the context of RG Hamiltonians [145]: ‘it is sufficient
to bring the ε together in packets to obtain operators ... the size of each spin
being arbitrary’. However, it turns out that this statement does not hold for time-
dependent RG Hamiltonians. The first evidence for this statement can most easily
be shown via an illustrative example, which is the first topic of this Chapter in Sec.
6.1.2.

In nature, the presence of degeneracies described here (i.e. each site hosts a
two-fold degeneracy) is not particularly rare. Graphene is an example of a mater-
ial hosting these kinds of degeneracies [179, 180]. Experimentally, higher-spin RG
models could appear in superconducting ladders [181–183] or potentially double
layer structures in the strong co-tunneling regime [184, 185]. Most readily, these
spin-s Hamiltonians could be investigated on more standard experimental plat-
forms: cavity QED and trapped ion setups. After all; in order to experimentally
probe higher-spin RG Hamiltonians, two ingredients are needed - spin-s degrees
of freedom and all-to-all interactions. Both of these properties are present in the
aforementioned experimental setups [174,186,187].

In conclusion; higher spin generalizations of RG Hamiltonians have plethora of
reasons to be studied. The examples mentioned above are general considerations.
For this thesis, however, the most important reason to study these higher spin-
generalizations, is because a spin-2s RG Hamiltonian describes a spin-s system of
noisy spins. Thus, in this Chapter, the Hamiltonian for arbitrary spin-s is studied
in great detail. Firstly, the spin-1 RG Hamiltonian is investigated, the results of
which are subsequently generalized to spin-s Hamiltonians. The physics of the RG
Hamiltonian will be studied thoroughly in this chapter, paving the way to invest-
igating time-dependent, noisy driven-dissipative spins.

6.1.2 Combining spins and non-analyticities

In order to show that the solution of a time-dependent spin-1/2 RG Hamiltonian
cannot be used as a basis for a general solution to the spin-s RG Hamiltonian, the
following example of a two-site spin-1/2 RG Hamiltonian is considered.

Ĥα(t) = 2ε1ŝ
z
1 + 2ε2ŝ

z
2 −

1

νtα
(ŝ+1 + ŝ+2 )(ŝ−1 + ŝ−2 ), (6.4)

where ε1,2 are the on-site local energies and ν > 0 is the ramp rate. Here ŝ(x, y, z) ≡
1
2σ

(x, y, z), where every σ is a Pauli spin matrix and ŝ± = ŝx± iŝy. The exponent α
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Figure 6.2: Transition probabilities of (6.5) as a function of ∆. Initial time is set
to 10−5 and final times correspond to the colors outlined in the legend. For α = 1,
there is a kink in the probabilities for any final time τ at ∆ = 0 (indicated by the
vertical, dashed line), unlike for α ̸= 1 as is seen in the upper and lower panels. For
this figure, ν = 3.0.

is a positive real number. The whole 4 × 4 Hamiltonian (6.4) is block-diagonalized
according to the total magnetization operator Ĵz = ŝz1 + ŝz2. There are three blocks
in the Hamiltonian, from which the largest sub-block is taken, which is identified
as a 2 × 2 Hyperbolic Landau-Zener problem as in Chapter 5. This sub-block can
be cast in the following form using the aforementioned Pauli spin matrices

Hα(τ) = −|∆|α−1

ντα
(σz + σ0) − sign(∆)σx. (6.5)

Here, τ = ∆t with ∆ = ε2 − ε1 and σ0 = I(2×2). Note that τ is dimensionless.
The basis states in terms of the standard basis of ŝzi operators for Eq. (6.5) are
given by {|1, 0⟩ , |0, 0⟩} where |1, 0⟩ and |0, 0⟩ are the usual triplet/singlet states
1√
2

(|↑↓⟩ ± |↓↑⟩). It is immediate that α = 1 exhibits special behaviour, especially

when ∆ goes to zero, which corresponds to the limit described in Sec. 6.1 and
proposed by Gaudin.

Consider the transition probability P|1,0⟩→|↓↑⟩, where the Hamiltonian (6.4)
evolves an initial triplet state |1, 0⟩ at t = 0+ towards |↑↓⟩ for t ≫ 1. The curves
in Fig. 6.2 exhibit a discontinuity for α = 1 at ∆ ≈ 0, while for α ̸= 1 it is not
explicitly the case. The point α = 1 corresponds to the integrable model [42]. Due
to this nonanalytic behavior, it appears that the time-dependent RG model should
be treated carefully. There are two scenarios that can be considered:
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(A) Evolve the system (6.4) and then take the limit ∆ → 0.

(B) Set ∆ = 0 in (6.4) properly and then evolve the system.

For clarity: scenario (A) coincides with the prescription outlined thus far: take
the spin-1/2 solution at some time t and transform it into spin-1. However, at the
integrable point in Fig. 6.2, this prescription clearly does not work: the point at
∆ = 0 is not continuous for any time t. Scenario (B) should then be the preferred
solution: create a spin-1 Hamiltonian and evolve this Hamiltonian individually.
This approach will provide a different result than Scenario (A). The discrepancy
here is explicitly described in Section 6.5.

6.2 Solving the spin-1 model

First, the spin-1 version of the RG Hamiltonian (6.1) is investigated. Each single-
site Hilbert space is now spanned by the eigenstates of ŝz which are {|−1⟩ , |0⟩ , |1⟩}.

Since (6.1) conserves the z component of the total spin Ĵ =
∑N

k=1 ŝk, where ŝk =

(ŝxk, ŝ
y
k, ŝ

z
k), [Ĥ, Ĵz] = 0, the Hamiltonian is block-diagonalized according to the

different Jz sectors, similarly to the description in Chapter 5. For clarity; in this
chapter, the first (second) term in (6.1) is referred to as the potential (interaction)
term respectively.

6.2.1 Formal solution of the spin-1 model

The formal solution to the spin-s time-dependent RG Hamiltonian (6.1) has pre-
viously been described in literature [39, 40, 42, 129] and has also been discussed in
the Introduction, Sec I.2.5 and Chapter 5. It is repeated here for convenience. The
general solution (up to normalization)

∣∣Ψ(s,N+)(t)
〉

with arbitrary spin-s and total
number of raising operations1 Mz = N+ is given by a N+-fold contour integral over
variables λ1 . . . λN+

∣∣∣Ψ(s,N+)(t)
〉

=

∮

χ

dλ exp

(
− iSs(λ, ε, t)

ν

)
Ξ(λ, ε), (6.6)

where ε = (ε1, . . . , εN ), λ = (λ1, . . . , λN+), dλ = dλ1 . . . dλN+ and

Ξ(λ, ε) =
∏

λr∈λ

L̂+ (λr) |⊙⟩ , L̂+(λr) =

N∑

j=1

ŝ+j
λr − εj

. (6.7)

1In this chapter, the notation Mz = N+ is introduced. The reason for this will become
apparent shortly.
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The quantity Ss(λ, ε, t) is known as the Yang-Yang action which is derived from
the off-shell Bethe ansatz equations [42] and reads

S(λ, ε, t) = 2νt
∑

α

λα + 2s

N∑

j=1

∑

α

ln (εj − λα)

−
∑

α

∑

β ̸=α

ln (λβ − λα) .

(6.8)

For the rest of this section, s = 1, and the spin-label in
∣∣Ψ(s,N+)(t)

〉
is dropped.

The choice of the contour χ in (6.6) should be such that the integrand is single
valued and

∣∣Ψ(N+)(t)
〉

satisfies the initial condition
∣∣Ψ(N+)(0)

〉
in (6.9). For an

in-depth discussion on the form of the contour, please see Chapter 5. The state
|⊙⟩ ≡ |−1⟩⊗N

is the ‘absolute ground state’.

The ground state

At the initial time t = 0+, up to a divergent multiplicative constant, the Hamilto-
nian (6.1) becomes Ĥint ∝ Ĵ+Ĵ−. After fixing the total magnetization Jz, the
lowest energy state in a given N+ = Ns + Jz (here s = 1) sector is a symmetric
superposition of all states that carry N+ raising operations on the absolute ground
state |⊙⟩. This state can be written as

∣∣∣Ψ(N+)(0)
〉
∝
(
Ĵ+
)N+

|⊙⟩

=
∑

|{α}|+2|{β}|=N+

2
N1
2 |{α}⟩ |{β}⟩ |⊘⟩ , (6.9)

where |{α}⟩ and |{β}⟩ are product states comprised from |0⟩ at positions {α} ≡
(α1, . . . , αN1

), |+1⟩ at positions {β} ≡ (β1, . . . , βN2
) and |⊘⟩ is a product of |−1⟩ for

all remaining sites. Here α1 < . . . < αN1
, β1 < . . . < βN2

and in the following the α
(β) sites are referred to as singly (doubly) raised (states/sites). The sum goes over
all possible ordered sets {α} and {β} for which N+ = |{α}| + 2 |{β}|. The sizes of
the sets {α} and {β} are also identified in number theory as partitions of N+ with a
maximum set size of N and components {1, 2}. For example, for the two-site spin-1
RG Hamiltonian, the Jz = 0 sector (which coincides with N+ = 2) is comprised
out of three states {|−1,+1⟩ , |+1,−1⟩ , |0, 0⟩}. The states {|−1,+1⟩ , |+1,−1⟩} are
both options for the set {β} because on of the quantum numbers in these states were
raised twice from −1 to +1 (and the remaining number is untouched). Conversely,
the final state |0, 0⟩ has the quantum numbers raised once and is the only option
for {α}. For this state, N+ = 2, the partitions of which are (2) and (1, 1). Thus,
there are three elements in the sum in (6.9) for this particular example: one for
{α} = {1, 1}, one for {β} = {2, 0} and finally one for {β} = {0, 2}.
Alternatively, one may write

∣∣Ψ(N+)(0)
〉

in (6.9) as a projected spin-1 BCS state of
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the form
∣∣∣Ψ(N+)(0)

〉
∝ PN+

N⊗

j=1

(
|−1⟩ +

√
2 |0⟩ + |1⟩

)
, (6.10)

where PN+
is a projector onto the states with fixed Jz. Note the

√
2, which is a

direct result of the prefactor 2
N1
2 in (6.10). In what follows, the lowest energy state

for each sector with fixed N+ is referred to simply as a ‘ground state’ (contrary to
the ‘absolute’ ground state which refers to |⊙⟩).

Saddle point analysis

From the formal solution (6.6) the long-time asymptotic wave function
∣∣∣Ψ(N+)

∞ (t)
〉

is identified. A saddle point method [188] is used to evaluate the integral (6.6)
for t → ∞+. In this limit, the integral localizes at the stationary points of the
Yang-Yang action, whose equations are given by S ′ = ∂S/∂λp = 0 and read as

νt+

N∑

j=1

1

λp − εj
=
∑

j ̸=p

1

λp − λj
, p = 1, . . . , N+. (6.11)

These equations are also known as the Richardson equations [168, 189, 190], which
appear prominently in the calculation of the exact spectrum of time-independent
RG Hamiltonians. From these equations the instantaneous spectrum at time t can
be obtained. Coming back to the matter of the shape of the contour integral, upon
inspection of Eq. (6.11) it appears that at t → 0+ all roots λp diverge as (νt)−1

[191]. From this behaviour, it appears that the contour χ must be deformed towards
infinity in order to enclose all εj without encountering any essential singularities
(see also Section 5.6.6).

The Richardson equations (6.11) can only be solved analytically for very limited
(small) models of the RG Hamiltonian such as the spin-1/2, N = 2 model. Never-
theless, in order to find a useful expression, an ansatz can be made for the solution
of the equations in the t→ ∞ limit. For large t, every λp tends towards any of the
εp such that it fulfills the constraints of the Richardson equations. Additionally, as
t → ∞, equations from (6.11) carry divergences from the νt term. The following
ansatz for the solution of λp is considered

λp = εp +
zp
t
. (6.12)

Equation (6.11) can then be solved for zp in the large time limit. Every λp corres-
ponds to a raising operation on the site p of the absolute ground state |⊙⟩ through
the action of L+(λp), where the site index is determined from the εp that it ap-
proaches. As two raising operations (|−1⟩ → |0⟩ , |0⟩ → |1⟩) are possible per site
for the spin-1 problem, maximally two λp move towards the same εp. This holds
similarly for the spin-1/2 problem where only one raising operation (|↓⟩ → |↑⟩) is
permitted and hence each λp goes to a unique εp. Thus, for the spin-1 problem,
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Figure 6.3: Simulation of the saddle point coordinates λ0,±p,q in (6.11) approaching
the poles at ε1,2, at large time, for a Hamiltonian (6.1) with N = 2, N+ = 2,
ν = 0.2, ε1,2 = {1, 2}. The color gradient in the curve represents time, and the
different color schemes highlight the different saddle points; three in this case. The
total wavefunction is given by the sum of the saddle points and their respective
basis states. For clarity: for this particular example the saddle points are given by
the coordinates (λ◦1, λ

◦
2) and (λ+1,2, λ

−
1,2).

pairings (λ+q , λ
−
q ) are first identified which converge to εq while the rest (λ◦p) con-

verge to εp. Using Eqs. (6.11) and (6.12), the large t behaviour of the saddle points
is computed, where the label p is used for singly raised basis states and q for doubly
raised states:

λ◦p = εp −
1

νt
, λ±q = εq −

(1 ± i)

2νt
. (6.13)

A simulation of these saddle points evolving in time (6.11) for a simple N = 2, N+ =
2 (note that N+ = 2 is equivalent to Jz = 0 in this case) problem is depicted Fig.
6.3. The basis states that forms its initial condition are identical to the example
outlined in the previous subsection are |1,−1⟩ , |−1, 1⟩ and |0, 0⟩. The corresponding
saddle points are thus (λ+1 , λ

−
1 ), (λ+2 , λ

−
2 ) and (λ01, λ

0
2) respectively. Note that N+

sets the length of the saddle point coordinates. Using the general form of the saddle
points from (6.13), (6.7) is evaluated for t→ ∞+ as

Ξ(λ, ε) = tN1+2N2(−ν)N1(2ν2)N2 |{α}⟩ |{β}⟩ |⊘⟩ . (6.14)

Similarly, the determinant of the Hessian matrix S ′′ = [∂2S/∂λp∂λq]
∣∣
t→∞ evaluates
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as

detS ′′ (λ, ε, t) ≈ t2(N1+2N2)(−2ν2)N1(4ν2)2N2 , (6.15)

which is approximated by neglecting terms that vanish in the infinite time limit.
In conclusion, Ξ(λ, ε)/

√
detS ′′ ∝ |{α}⟩ |{β}⟩ |⊘⟩. Up to this point there have been

several common global prefactors that are ignored in the solution, as they contribute
to the normalization only. At this point the Yang-Yang action can be evaluated at
the saddle point. By substituting (6.13) in (6.8) and neglecting terms of order t−1

one finds

S{α}{β} = 2
∑

i∈{α}

N∑

j=1
j ̸=i

lji(ε) + 4
∑

i∈{β}

N∑

j=1
j ̸=i

lji(ε)

−
∑

i,j∈{α}
j ̸=i

lji(ε) − 2
∑

i∈{α}
j∈{β}

lji(ε) − 2
∑

i∈{β}
j∈{α}

lji(ε)

− 4
∑

i,j∈{β}
j ̸=i

lji(ε) + 2νt
∑

i∈{α}
εi + 4νt

∑

i∈{β}
εi

−N1[1 + ln(νt)] −N2 ln(4),

(6.16)

where the notation lji(ε) = ln (εj − εi) is introduced and global prefactors are
dropped. The first two terms on the right-hand side of (6.16) are reduced to

2
∑

i∈{α}

N∑

j=1
j ̸=i

lji(ε) → 2
∑

k∈{α}


−ikπ +

N∑

j=1
j ̸=k

ljk|ε|


 ,

4
∑

i∈{β}

N∑

j=1
j ̸=i

lji(ε) → 4
∑

k∈{β}


−ikπ +

N∑

j=1
j ̸=i

ljk|ε|


 ,

(6.17)

where lji|ε| = ln |εj − εi|. At this point an important choice is made. The branch
of the logarithm is chosen such that ln(−1) = ln

(
e−iπ

)
= −iπ with the ikπ terms

in the above equation coming from counting the number of εj < εk. The branch
cut choice is made for the same reason as in [129], i.e. in the ν → 0+ (which
will be referred to as the ‘slow-ramp’ or ‘adiabatic’) limit, the system must remain
in the ground state as t → ∞+. Each term contributes to ln(−1) k − 1 times,
where replacing k − 1 → k contributes towards a global prefactor. The choice for
this branch cut appears solid, however as will be apparent shortly, the calculation
presented here is not complete. Nevertheless, after simplifying the remaining terms
in S{α}{β} using the same approach as (6.17) and again ignoring global prefactors
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the saddle point is evaluated to

S{α}{β} = 2νt
∑

i∈{α}
εi + 4νt

∑

i∈{β}
εi − 2iπ

∑

k∈{α}
k

− 4iπ
∑

k∈{β}
k + 2

∑

i∈{α}

N∑

j=1
j ̸=i

lji|ε| + 4
∑

i∈{β}

N∑

j=1
j ̸=i

lji|ε|

− 2
∑

i<j
i,j∈{α}

lji|ε| − 4
∑

i∈{α}
j∈{β}

lji|ε| − 8
∑

i<j
i,j∈{β}

lji|ε|

−N1 [1 + ln(νt/2) − iπ/2] .

(6.18)

A compact way to write this expression is

S{α}{β} =2νt
∑

i∈{α}
εi + 4νt

∑

i∈{β}
εi − 2iπ

∑

k∈{α}
k

− 4iπ
∑

k∈{β}
k − 2

N∑

i,j=1, j>i

ŝzi ŝ
z
j ln |εj − εi|

−N1 [1 + ln(νt/2) − iπ/2] ,

(6.19)

which is equivalent to (6.18) up to a prefactor. This prefactor is only dependent on
N and Jz and is identical for all S{α}{β} and thus is safely absorbed in the overall
normalization of the wavefunction. The asymptotic wave function is a sum over all
the stationary points

∣∣∣Ψ(N+)
∞ (t)

〉
=

∑

{α},{β}
e−

iS{α}{β}
ν |{α}⟩ |{β}⟩ |⊘⟩ . (6.20)

Using (6.18) this becomes

∣∣∣Ψ(N+)
∞ (t)

〉
=
∑

N1+2N2
=N+

e−γ×
N1

∑

|{α}|=N1
|{β}|=N2

eiΛ{α}{β}ζ{α}
{β}

|{α}⟩ |{β}⟩ |⊘⟩ , (6.21)

where,

νΛ{α}{β} = 2
∑

i<j
i,j∈{α}

lji|ε| + 4
∑

i∈{α}
j∈{β}

lji|ε| + 8
∑

i<j
i,j∈{β}

lji|ε|, (6.22a)

ζ{α}
{β}

=
∏

j∈{α}
e−2itεj− 2πj

ν −i2θj
∏

k∈{β}
e−4itεk− 4πk

ν −2iθk , (6.22b)

θk =
1

ν

∑

j ̸=k

ln |εj − εk|, (6.22c)
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Figure 6.4: Overlap of asymptotic wavefunctions, |Ψ∞(t)⟩ from (6.21), and direct
numerical simulation |Ψnum(t)⟩, for varying magnetization sectors Jz with N = 2,
ν = N , εi = i/N . As t → ∞, the overlap should converge to unity. Thus, the
asymptotic wavefunction (6.21) with (6.22d) is not correct as is. The inset shows
that the Jz = {−2,−1} sectors appear to be correct, unlike the Jz = 0 sector.
This Jz = 0 sector is precisely the sector which coincides with the roots depicted
in Fig. 6.3. All simulations are done by including an initial time tinit = 10−5 in the
interaction term, to avoid numerical singularities. Varying this initial time does not
appear to affect the qualitative results of the numerical simulations, which indicates
that this cutoff can be made safely.

γ×N1
= −N1

[
π + 2i(1 + ln ν)

2ν
+
i

ν
ln

(
t

2

)]
. (6.22d)

The Hessian arising from the integration around the stationary point is systematic-
ally absorbed in Ξ(λ, ε). The important difference from the spin-1/2 RG Hamilto-
nian’s solution [129] is the appearance of γ×N1

. In (6.21), γ×N1
brings additional

weights and phases to |{α}⟩ |{β}⟩ |⊘⟩ which depend on N1, solely2. These weights
play a crucial role in ensuring the ν → 0+ or ‘slow-ramp’ limit of the system. They
also lead to the qualitative differences from the spin-1/2 system indicated in Sec.
6.1.2, particularly in their steady state behaviour which will be discussed in detail
in Section 6.5.

2It may also depend on length of {β} since N1 = N+ − 2N2 = N + Jz − 2N2, and N + Jz is a
conserved quantity.
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Figure 6.5: Overlap of asymptotic wavefunctions, |Ψ∞(t)⟩, and direct numerical
simulation, |Ψnum(t)⟩, for varying magnetization sectors Jz and system parameters
as in Fig. 6.4. (a) similar to Fig. 6.4 with N = 2, but now with the correction γ,
Eq. (6.25), to the asymptotic wavefunction implemented. As t → ∞, the overlap
converges to unity. (b) Similar figure as (a) with N = 6. The inset shows what the
result would have been with γ×, Eq. (6.22d).

6.2.2 Correction to the asymptotic wavefunction

The saddle point calculation performed in the previous subsection turns out to
be partially incorrect. It can be (numerically) verified that the incorrect term is
given by (6.22d), i.e. the expression of γ×N1

in (6.21). This is also the reason that
the label × is added to this expression for γ in (6.22d). Computing the absolute
square of its overlap with the numerically simulated wavefunction |Ψnum(t)⟩, i.e.

|⟨Ψ∞(t)|Ψnum(t)⟩|2 for different Jz does not lead to convergence to unity for large
t, which otherwise would validate the asymptotics. This is shown in Fig. 6.4 for
N = 2, but the effect becomes more pronounced for larger system sizes as is shown
in the insets of Fig. 6.5 and Figs 6.14, 6.15 and 6.16. As mentioned: the subtle
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discrepancy lies in the form of (6.22d), which is confirmed by comparing every
term of the first summation of (6.21) against the corresponding projection of the
numerically simulated wavefunction.

By considering several simple constraints on the correct form of γN1
it can be

understood why (6.22d) fails. Consider the ν → ∞+ limit with finite N (the ‘stiff-
ramp/diabatic’ limit). In this limit, the coupling g(t) in (6.1) becomes negligible.
Hence, only the potential terms εj contribute to the evolution of the initial state.
The time evolution under such Hamiltonian results in each basis in the initial state
acquiring a phase directly proportional to time t and the energies εj . This evolution
also keeps the real-valued prefactors like 2N1/2 in (6.9) unchanged. The form of γ×N1

in (6.22d) does not recover these prefactors and leads to an incorrect asymptotic
wavefunction. The following can be therefore be deduced: (a) Any dependence of
the system size N in γN1

should only contribute to a global prefactor, (b) γN1
should

depend on ν such that in the stiff-ramp/diabatic limit it recovers the real-valued
weights that appear in (6.9).

It turns out that it is possible to analytically solve the two-site spin-1 (N =
2, s = 1) RG pairing model. This result was thoroughly investigated in Chapter 5.
Using this result, the correct expression of γN1

is obtained as follows: block diag-
onalize the (N = 2, s = 1) Hamiltonian into spin sectors Jz between −2 to 2. This
results in 5 ‘sub-problems’ of coupled (time-dependent) differential equations (see
Sec. 5.3.1). These can be solved analytically resulting in the exact wavefunctions∣∣∣ψ(s=1,N=2)

Jz (t)
〉

of the problem, which are provided in Sec. 5.6.1 (see Eq. (5.74)

and Sec. 5.6.5). The large-time asymptotics of
∣∣∣ψ(2,1)

0 (t)
〉

that is relevant to the

discussion is derived from Eq. (5.100), written in (5.103a) and are repeated below
for convenience3.

lim
t→∞

∣∣∣ψ(2,1)
0 (t)

〉
=N t

2i
ν e2i(ε1+ε2)te

6π
ν ×

[
e−

4π
ν e−4iε1t |1,−1⟩ + κ(t)e−

6π
ν e−2i(ε1+ε2)t |0, 0⟩

+ e−
8π
ν e−4iε2t |−1, 1⟩

]
,

(6.23)

where

N =
Γ
(
1
2 + 2i

ν

)
Γ
(
1 + 3i

ν

)

Γ
(
1 + i

ν

)√
6π

, (6.24a)

κ(t) = exp

[
2i

ν
ln

(
t

2

)]
2π

Γ
(
1
2 + i

ν

)2 . (6.24b)

Upon comparing (6.24b) with (6.22d) and using N1 = 2, it appears that only the
time-independent component of γN1 requires modification. From the result (6.24b)

3It is these very same asymptotes that were used to find the first row of probability transitions
in (5.104). This is precisely the crucial link between this chapter and Chapter 5.
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Figure 6.6: The probabilities |C{sz}(t)|2 of basis states |1,−1⟩ , |0, 0⟩ , |−1, 1⟩ of
a two-site N = 2, s = 1 problem with a fixed total magnetization Jz = 0, as
calculated from (6.21) with incorrect weight γ× in (6.22d) (rightmost columns)
compared to the wavefunction with the correct weight γ in (6.25) (middle columns)
evaluated at t = 104. The probabilities are calculated for different values of ν ≡ 2/η
with η ∈ {0.01, 0.1, 1}, showcasing the stiff-ramp/diabatic limit towards the slow-
ramp/adiabatic limit. The probabilities are compared against the probabilities
calculated from the ground state (6.9) (leftmost columns). In the adiabatic limit,
the saddle point calculation provides the correct results, as the specific form γ only
needs to exhibit the correct asymptotic behaviour. A discrepancy appears towards
diabatic limit where the corrected wavefunction should match the probabilities of
the ground state, which is clearly not the case for γ×. Thus, the correct form of γ
in Eq. (6.25) is required.

the correct expression for γN1
is extracted:

γN1
= −N1

{
ln

[ √
2π

Γ
(
1
2 + i

ν

)
]

+
i

ν
ln

(
t

2

)}
. (6.25)

This form of γ is numerically verified by investigating the
overlap | ⟨Ψ∞(t)|Ψnum(t)⟩ |2 for several system sizes N = {2, 6} in Fig. 6.5 and
up to N = 12 in Fig. 6.14. To further illustrate the proposed modification to γ,
the probabilities for the basis states from the correct two-site wavefunction (6.23)
are compared against those from (6.21) with the incorrect weight (6.22d) in Fig.
6.6.

While the wavefunction (6.21) always respects the slow-ramp/adiabatic limit,
the modification solves the discrepancy with the stiff-ramp/diabatic limit and vin-
dicates the corrected form of γ presented in this section. In the next section,
generalizations of the results presented in this section to higher spin-models are
presented.
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6.3 Higher spin models

In this section the general spin-s asymptotic (t → ∞) solution to Eq. (6.1) is
presented. Since the calculations are nearly identical to those performed in section
6.2, several details are omitted in this section for brevity.

6.3.1 Spin-s Ground state

The ground state, i.e. the lowest energy state in a given Jz sector, at initial time
t = 0+ is constructed similarly to (6.9). The calculations are identical to those
performed for the spin-1 case, with the difference that every site in the absolute
ground state |⊙⟩ ≡ |−s⟩⊗N

can be raised at most 2s times between |−s⟩ and |+s⟩.
Thus, at t = 0+, the general ground state of the spin-s model for the fixed total
magnetization Jz, with N+ = sN + Jz, is defined as

∣∣∣Ψ(s,N+)(0)
〉
∝
(
Ĵ+
)N+

|⊙⟩ = N+!
∑

{α}
Bα


 ⊗

{α(q)}∈α

∣∣∣{α(q)}
〉

⊗ |⊘⟩ . (6.26)

Here, {α} are all α ≡ {{α(1)}, . . . , {α(2s)}} such that
∑2s

q=1 q
∣∣{α(q)}

∣∣ = N+. Every
ordered set {αq} contains the site indices where the vacuum is raised q times. Thus,
for instance, in Sec. 6.2.1 (the spin-1 case), the sets {α(1)} = {α} and {α(2)} = {β}
are identified. Then

(⊗
{α(q)}∈α

∣∣{α(q)}
〉)

⊗|⊘⟩ is the corresponding product state

as in the spin-1 case, with |⊘⟩ being a product of |−s⟩ for all remaining, unraised,
sites. The expression of Bα is given by

∏

{α(q)}∈α

[
1

q!

−s+q−1∏

m=−s

√
s(s+ 1) −m(m+ 1)

]|{α(q)}|

. (6.27)

The terms under the square root originate from the elements of the raising operators
for spin-s representations of su(2). The factorials in the denominator are due to
overcounting the N+! term, which together are identified as multinomial coefficients

N+!∏
{α(q)}∈α q!|{α(q)}| =




N+

1, . . . , 1︸ ︷︷ ︸
|{α(1)}|

, 2, . . . , 2︸ ︷︷ ︸
|{α(2)}|

, . . . , 2s


 . (6.28)

Note that Eq. (6.27) simplifies to

Bα =
∏

{α(q)}∈α

(
2s
q

)|{α(q)}|
2

. (6.29)
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From this result,
∣∣∣Ψ(s,N+)

∞ (0)
〉

in (6.26) as a projected spin-s BCS state can be

written as
∣∣∣Ψ(s,N+)(0)

〉
∝ PN+

N⊗

j=1

(
2s∑

q=0

√(
2s
q

)
|q − s⟩

)
. (6.30)

Here, PN+
is a projector onto the states of a fixed total magnetization Jz = N+ −

Ns.

6.3.2 General spin-s asymptotics

In analogy to Eq. (6.21), the general asymptotic wavefunction
∣∣∣Ψ(s,N+)

∞ (t)
〉

of the

N site spin-s problem for a fixed total magnetization Jz is written as

∣∣∣Ψ(s,N+)
∞ (t)

〉
=
∑

(
∑2s

j=1 jNj=N+)

e−γN1,...,N2s−1

∑
∣∣∣{α(j)}

∣∣∣=Nj

eiΛζ


 ⊗

{α(j)}∈α

∣∣∣{α(j)}
〉

⊗ |⊘⟩ . (6.31)

The expressions of the sub terms in (6.31) are given below:

νΛ = 2

2s∑

q=1

q2
∑

i<j

i,j∈{α(q)}

lji|ε| + 2

2s∑

p,q=1
p<q

pq
∑

i∈{α(p)}
j∈{α(q)}

lji|ε|, (6.32a)

ζ =

2s∏

q=1

∏

j∈{α(q)}
e−2qitεj− 2sqπj

ν −i2qθj , (6.32b)

θk =
s

ν

∑

j ̸=k

ln |εj − εk|, (6.32c)

γN1,...,N2s−1 =

2s−1∑

j=1

ωj +
i

ν
ln(t)×

[
2

2s−1∑

k=2

(
k
2

)
Nk − (2s− 1)

2s−1∑

k=1

kNk

]
.

(6.32d)

These solutions are still incomplete because the general form of ωj in (6.32d)
is not yet fully determined. They form the time-independent components of the
relative weights e−γ in (6.31) for every partition of a given magnetization sec-
tor. The correct form of ωj should respect the slow-ramp/adiabatic limit and the
stiff-ramp/diabatic limit of the model as described in section 6.2.2. These limits
constrain γ to be a function of ν and Nj . Although the current saddle point calcu-
lation provides expressions for γ, they will require modifications that can be found
through, for example, the exact solution of a two-site spin-s problem. At the mo-
ment, this problem is only solved for the Jz = ±(−2s + 1) and Jz = ±(−2s + 2)
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sectors for arbitrary spin [192] (see also Chapter 5). As it turns out, the known
solutions provide enough information to solve the s = 1 and s = 3/2 problems
exactly, providing the correct expression for ωj (or γN1,N2).

6.3.3 Spin-3/2 asymptotics

From the results in section 6.3.2 the asymptotics for the spin-3/2 model can be

identified. By substituting s = 3/2 in (6.31),
∣∣∣Ψ(3/2,N+)

∞ (t)
〉

is readily derived.

The expression γ×N1,N2
, as found by the saddle point calculation, is given below for

completeness

γ×N1,N2
= −1

ν
(N1 +N2)

{
2i log(νt) + π − i

[
log

(
27

4

)
− 2

]}
. (6.33)

Conversely, the correct expression γN1,N2
is found to be

γN1,N2
= −(N1 +N2) ln

[ √
3πΓ

(
1 + 2i

ν

)
t
2i
ν

Γ
(
1
2 + i

ν

)
Γ
(
1 + 3i

ν

)
]
. (6.34)

Similarly to the spin-1 case, the correct solution (6.34) is obtained by first solving
the Jz = ±1 sectors of the corresponding (N = 2, s = 3/2) problem. The asymp-
totic solution of the differential equations of the corresponding sectors is provided
in Appendix 6.7.4. Evaluating the overlap of the asymptote against numerical
simulation reveals convergence to unity, as is shown in Appendix 6.7.6 in Fig. 6.15.

Asymptotic solutions for spin-1 and spin-3/2 are exact results. As mentioned
before, for s ≥ 2, one needs to solve larger blocks of coupled differential equations
of the two site spin-s problem. Only then can the exact expressions of γN1,...N2s

for
the general spin-s asymptotic wavefunction be written. Despite this limitation, an
appropriate guess can be made based on considerations described in section 6.2.1,
numerics and a partial solution. This result for γN1,N2,N3

for the spin-2 model is
presented in the Appendix 6.7.5.

6.4 Thermodynamic limit

In this section, local observables in large system sizes for the spin-1 problem are
investigated. The operators of interest are of the form ô1 . . . ôn where each ôj
acts on site-j and n is a fixed positive integer. They are also known as n-local
operators. As will become apparent; the expectation values of spin-1 n-local oper-
ators for the exact wavefunctions (6.21), (6.25) follow mean-field predictions in the
N → ∞ (thermodynamic) limit. This prediction does not hold true for those local
observables which involve higher (integer) powers of spin-1 operators. The same
conclusion is also argued for non-local observables. The term ‘non-local’ refers to
operators that act on multiple sites m, where m is determined by the system size
N .
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Since the same study for the spin-3/2 problem leads to equivalent results, these
considerations are not discussed in this work. For the observable ŝzj of a general
spin-s in the asymptotic wavefunction (6.31), the variance and higher moments are
also calculated. These expectation values are found to be independent of time.
Using the general computation of the moments of the observable, it is ultimately
shown that the probability distribution of the observables in the asymptotic state
approach a δ distribution in the large spin-s limit, or s≫ 1/2.

6.4.1 Projected BCS state

It is useful to rewrite the asymptotic wave-function into a projected BCS state.
Similar to (6.10). Up to a common prefactor the late-time dynamics (6.21) is
written as

∣∣∣Ψ(N+)
∞ (t)

〉
= PN+

N⊗

k=1

(
Ûk |−1⟩ + V̂k |0⟩ + Ŵk |1⟩

)
, (6.35)

with

Ûj = exp

(
− i

ν
φ̂j

)
, (6.36a)

V̂j = exp

(
−γ1 − 2itεj −

2πj

ν

)
, (6.36b)

Ŵj = exp

(
i

ν
φ̂j − 4itεj −

4πj

ν

)
, (6.36c)

φ̂j =
∑

i ̸=j

ŝzi ln |εi − εj | . (6.36d)

This result is derived by direct inspection of (6.8) (and (6.21)). Equation (6.35)
can be rewritten as

1

2π

2π∫

0

dϕ eiϕN+×

N⊗

k=1

(
Ûk |−1⟩ + e−iϕV̂k |0⟩ + e−2iϕŴk |1⟩

)
,

(6.37)

where the phase ϕ is integrated such that it only picks up the product terms which
cancel N+ from the exponent exp (iϕN+). Thus, only those terms of a fixed total
magnetization Jz = N+ − N in the integrand are considered. There is a slight
subtlety in the notation of (6.37): the operators Ûk, V̂k, Ŵk should act on the full
product of states. Thus, one would need to take the product as is written, and then
shift all operators to the left such that φ̂j acts appropriately on the total product
of basis states.
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6.4.2 Local observables

Primary considerations

In the thermodynamic limit, the potential term in the Hamiltonian (6.1) scales
as N . As the interaction term

∑
j,k ŝ

+
j ŝ

−
k scales bi-linearly with the system size,

it scales as N2. In order to ensure proper scaling in the thermodynamic limit, ν
should be proportional to the system size N . This will compensate for the scaling
of the interaction term. The following form of ν is therefore chosen

ν =
N

η
, η > 0. (6.38)

In the N → ∞ limit, ν therefore also grows towards infinity. Equation (6.38) is
also the reason for the choices of ν in the figures presented in this work. In order

to obtain properly normalized quantities, the normalization
〈

Ψ
(N+)
∞ (t)

∣∣∣Ψ(N+)
∞ (t)

〉

is computed. Since the operators Ûk, V̂k and Ŵk all commute for arbitrary sites
and

Û†
kÛk =I,

V̂ †
k V̂k =2 cosh

(π
ν

)
e−

4πk
ν I,

Ŵ †
kŴk =e−

8πk
ν I,

(6.39)

the norm is found to be4

〈
Ψ(N+)

∞ (t)
∣∣∣Ψ(N+)

∞ (t)
〉

=
1

2π

2π∫

−2π

dξ exp [NG(ξ)] , (6.40)

where

G(ξ) = iξ
N+

N
+

1

N

N∑

j=1

ln
[
1 + e−iξ

(
e

π
ν + e−

π
ν

)
e−

4πj
ν + e−2iξe−

8πj
ν

]
. (6.41)

This integral further simplifies into a summation

∑

N1+2N2
=N+

2N1 cosh
(π
ν

)N1 ∑

|{α}|=N1
|{β}|=N2

e−
4π
ν (

∑
j∈{α} j+2

∑
k∈{β} k), (6.42)

which cannot be evaluated exactly. Again, the saddle point method is employed to
compute the integral (6.40). By nature of the saddle point method, the result will
be correct up to powers of 1/N [193], and vanish as N → ∞. Hence, the evaluation

4Note the change of variables ξ = ϕ− ϕ′ where ϕ′ comes from
〈
Ψ

(N+)
∞ (t)

∣∣∣.
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at the saddle point becomes exact in the thermodynamic limit. The stationary
point of the integral (6.40) is given by

ξ
(1)
0 = i ln





1 − exp
(

2πN+

ν

)

exp
[
− 2π(2N−N+)

ν

]
− 1



 . (6.43)

Multi-site observables

In order to compute multi-site observables, the following notation is introduced

ŝpi ŝ
q
i ; p, q ∈ {0, x, y, z}; ŝ0 = I3×3. (6.44)

The n−local operator B̂ for some fixed positive integer n is written as

B̂ =

n∏

i=1

(ŝpi

i ŝ
qi
i ) , pi, qi ∈ {0, x, y, z}. (6.45)

It turns out that it does not matter which sites i are chosen to construct B̂. One
can choose, without loss of generality, an ordered set (1, . . . , n) ∋ i for convenience.
Notice that φ̂j (6.36d) in (6.35) commutes with ŝzi . Hence, direct evaluation of the
expectation values of ŝzi and (ŝzi )2 is possible. This does not hold for other local
observables, such as ŝxi . In order to resolve this, the following substitution in (6.36)
is made

ŝzi → ⟨ŝzi ⟩ , (ŝzi )2 →
〈
(ŝzi )2

〉
. (6.46)

Here, ⟨ŝzi ⟩ and
〈
(ŝzi )2

〉
are expectation values of ŝzi and (ŝzi )2 respectively. These

substitutions replace the operators ŝz and their higher powers in the wavefunction
(6.35) with scalars, which remedies the non-commutativity of local observables with
φ̂.

To calculate the general expectation value of any single-site observable ŝpj ŝ
q
j , the

overlap below is calculated

〈
Ψ(N+)

∞ (t)
∣∣∣ŝpi ŝqi

∣∣∣Ψ(N+)
∞ (t)

〉
=

1

2π

∫ 2π

−2π

dξ exp [NG(ξ)] g
(p,q)
j (ξ), (6.47)

where g
(p,q)
j (ξ) is called a g-function. These g-functions vary for different local

observables. The overlap for B̂ (6.45) is written analogously to (6.47), except that
the g-function in the integrand becomes a product

g(ξ) ≡
n∏

i=1

g
(pi,qi)
i (ξ). (6.48)

Notice further that (6.40) and (6.47) share the same stationary point ξ
(1)
0 (6.43).
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Figure 6.7: Comparison of the numerically (dashed lines) computed (evaluated at
t = 103) and asymptotically derived expectation values ⟨ŝzi ⟩ (circles) as a function
of N for Jz = 0. The parameters of this figure are as in Fig. 6.4.

This means that the expectation value of B̂ in O(N−1) can be identified as

〈
B̂
〉

=

〈
Ψ

(N+)
∞ (t)

∣∣∣B̂
∣∣∣Ψ(N+)

∞ (t)
〉

〈
Ψ

(N+)
∞ (t)

∣∣∣Ψ(N+)
∞ (t)

〉

=

n∏

i=1

g
(pi,qi)
i (ξ

(1)
0 )

=

n∏

i=1

⟨ŝpi

i ŝ
qi
i ⟩ .

(6.49)

In conclusion; n-local observables are simply products of single site observables.
Corrections to the above result are of order n/N and lower, which are suppressed
as N → ∞.
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Single-site observables

The expectation value of ŝzj with (6.35) is given by

〈
Ψ(N+)

∞ (t)
∣∣∣ŝzj
∣∣∣Ψ(N+)

∞ (t)
〉

=
1

2π

∫ 2π

−2π

dξ×

exp [NG(ξ)] g
(z,0)
j (ξ),

(6.50)

where

g
(z,0)
j (ξ) = − sinh

(
4πj
ν + iξ

)

cosh
(
π
ν

)
+ cosh

(
4πj
ν + iξ

) . (6.51)

The stationary point ξ
(1)
0 (6.43) for the saddle point analysis remains the same for

the integrals (6.40) and (6.50). Thus in the N → ∞ limit, the expectation value of
ŝzj is given by

〈
ŝzj
〉

=

〈
Ψ

(N+)
∞ (t)

∣∣∣ŝzj
∣∣∣Ψ(N+)

∞ (t)
〉

〈
Ψ

(N+)
∞ (t)

∣∣∣Ψ(N+)
∞ (t)

〉 ,

= − tanh

[
2π(j − µ(1))

ν

]
.

(6.52)

The chemical potential µ(1) is identified as

µ(1) = − iνξ
(1)
0

4π
. (6.53)

This result coincides with the mean-field results from [129] up to O(N−1), and
remains exact in the thermodynamic limit. In order to verify that the current
expression for the chemical potential is correct, it should hold that the expectation
value of

∑
j ŝ

z
j equals the overall magnetization (Jz), which is readily shown by the

following
∑

j

〈
ŝzj
〉
≈−N

∫ 1

0

tanh

(
2πηy − 2πµ(1)

ν

)
dy,

=N+ −N = Jz.

(6.54)

These results are also confirmed numerically. Figure 6.7 shows that the expectation
values as computed from the asymptotic wavefunction (6.21) coincide with numer-
ical simulations. The same numerical simulation is compared with the prediction
in the thermodynamic limit in Fig. 6.8. Finally, the scaling of the corrections to
the expression in (6.52) for increasing system size N are shown in Fig. 6.9.

A similar procedure for
〈
(ŝzj )2

〉
yields

g
(z,z)
j (ξ) =

1

1 + cosh
(
π
ν

)
sech

(
4πj
ν + iξ

) , (6.55)
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Figure 6.8: Difference of numerically computed expectation values ⟨ŝzi ⟩num (evalu-
ated at t = 103) with the asymptotic prediction in the thermodynamic limit (6.52).
The color is indicative of the height of each column. The dashed line shows the
trend in the differences for site index i = ⌊N/2⌋. The other parameters are identical
to those in Fig. 6.4.

for the g-function of the integrand in (6.50). From this, the expectation value at
the stationary point is derived to be

〈
(ŝzj )2

〉
=

1

1 + sech
[
4π(j−µ(1))

ν

] . (6.56)

Note that the above expectation value does not agree with the mean-field (or semi-

classical) predictions. In this limit,
〈
(ŝzj )2

〉
=
〈
ŝzj
〉2

, which is evidently not the
case.

The expectation values for any system-size dependent (non-local) operators can-
not be computed in the manner presented in this (sub)section. This is due to the
corrections that have been ignored in the saddle point analysis. For non-local
operators, these corrections will contribute up to O(1) corrections, making them



6

144 Thermodynamic limit

2 4 6 8 10 12 14 16 18

System size (N)

−0.8

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

10 12 14 16 18
−0.06

−0.04

−0.02

0.00

0.02

〈
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Figure 6.9: The dashed line as found in Fig. 6.8, as computed using the asymptotic
wavefunction (6.21) at t = 103 with (6.25). For completeness a 1/N line (solid
black) is drawn, as well as their (numerical) derivatives (dotted-dashed lines). The
thermodynamic limit corrections scale as ∝ 1

N . The system parameters are chosen
to be identical to those in Fig. 6.4.

relevant in the thermodynamic limit. Mean-field predictions for non-local observ-
ables often differ from quantum mechanical results. For example, the Loschmidt
echo calculated in the classical picture differs from the quantum picture [194]. Fur-
ther investigations into non-local observables (such as the Loschmidt echo) have
not been considered in this work.

Variance and higher moments of ŝzj in the thermodynamic limit

For arbitrary spin-s problems, no closed form expression for single site expectation
values is available. This is because exact expressions for ωj(ν) are available for the
spin-1 (6.25) and the spin-3/2 (6.34) problems only. However, the exact form of
ωj is known in the η → 0+ limit. For clarity; this limit is equivalent to ν → ∞
(6.38), and is also described as ‘stiff-ramp/diabatic’ (see Fig. 6.6). In this limit,
the interaction term ∝∑j,k ŝ

+
j ŝ

−
k will not have any impact on the dynamics of the

system. This means that the wavefunction will remain in the ground state at any
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finite time t. The form of ωj is then derived from (6.30) for any spin-s problem

lim
η→0+

ωj(ν) = −Nj ln

(√(
2s
j

))
. (6.57)

This expression for ωj also holds in the thermodynamic limit; the limit η → 0+

can be thought of as a limit where ν ∝ N → ∞ for fixed eta since ν = N/η. In
other words; in the thermodynamic limit, equation (6.57) can be used to compute
the expectation values of ŝzj and (ŝzj )2 for general spin-s.

〈
ŝzj
〉(s)

= −s tanh

[
2sπ(j − µ(s))

ν

]
, (6.58a)

〈
(ŝzj )2

〉(s)
= s2 +

s− 2s2

1 + cosh
[
4sπ(j−µ(s))

ν

] , (6.58b)

µ(s) = − iνξ
(s)
0

4πs
. (6.58c)

ξ
(s)
0 = i ln





1 − exp
(

2πN+

ν

)

exp
[
− 2π(2Ns−N+)

ν

]
− 1



 . (6.58d)

Since these observables were calculated at a saddle point, the (quantum) corrections
to these expressions are suppressed as 1/N . The cumulants for an observable X̂
with the state |ϕ⟩ [195] are defined as follows. Consider the below expectation value

of exp
(
sX̂
)

,

〈
ϕ
∣∣∣exp

(
sX̂
)∣∣∣ϕ
〉

=

∞∑

n=0

〈
X̂n
〉 sn
n!
, s ∈ C. (6.59)

Them-th order cumulant κm(X̂) of X̂ on |ϕ⟩ is generated by the (natural) logarithm
of (6.59)

log
[〈
ϕ
∣∣∣exp

(
sX̂
)∣∣∣ϕ
〉]

=

∞∑

m=1

κm(X̂)
sm

m!
. (6.60)

The first four cumulants are given as

κ1(X̂) =
〈
X̂
〉
, (6.61a)

κ2(X̂) =
〈
X̂2
〉
−
〈
X̂
〉2
, (6.61b)

κ3(X̂) =
〈
X̂3
〉
− 3

〈
X̂2
〉〈

X̂
〉

+ 2
〈
X̂
〉3
, (6.61c)

κ4(X̂) =
〈
X̂4
〉
− 4

〈
X̂3
〉〈

X̂
〉
− 3

〈
X̂2
〉2

(6.61d)

+ 12
〈
X̂2
〉〈

X̂
〉2

− 6
〈
X̂
〉4
.
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The first cumulant, expectation value (mean), is already evaluated as (6.58a). By
using (6.58) the second cumulant, variance Var(ŝzj ) is evaluated to be

Var(ŝzj ) =
s

1 + cosh
[
4sπ(j−µ(s))

ν

] . (6.62)

Similarly, the third and fourth order cumulants, known as skewness Skew(ŝzj ) and
kurtosis Kurt(ŝzj ) are computed below:

Skew(ŝzj ) =
s tanh

[
2sπ(j−µ(s))

ν

]

2 cosh
[
2sπ(j−µ(s))

ν

]2 , (6.63a)

Kurt(ŝzj ) =
s
{

cosh
[
4sπ(j−µ(s))

ν

]
− 2
}

4 cosh
[
2sπ(j−µ(s))

ν

]4 , (6.63b)

Since the skewness is nonzero, the probability distribution of measuring ŝzj at the
state (6.31) for general spin-s is non-Gaussian.

6.5 Steady state

In this section, the long-time behaviour of (6.1) for the spin-1, spin-3/2 and spin-
2 problems are considered. Furthermore, the steady state properties of the RG
pairing model in the N → ∞ limit are also investigated. The discrepancies in the
steady states between different spin magnitudes are highlighted to connect to the
non-analytic behaviour that was discussed in section 6.1.2.

6.5.1 Probability distribution

At large times (t ≫ 1) the interaction term in (6.1) is suppressed, which only
leaves the potential term, i.e. 2

∑
i εiŝ

z
i . The spin-s steady state of interest is the

asymptotic state (6.31), in which the basis states are rewritten as follows

⊗

{α(j)}∈α

∣∣∣{α(j)}
〉
⊗ |⊘⟩ = |{sz}⟩ , |{sz}⟩ ≡

N⊗

i=1

|szi ⟩ . (6.64)

The configuration of the on-site magnetizations {sz} ≡ {sz1, . . . , szN} for each |{sz}⟩
is determined as follows: for all m = 1, . . . , 2s with every site i ∈ {α(m)}, szi =
−s+m; then, with the sites k which are left out, szk = −s. After this, it becomes
straightforward to identify the probability distribution Ps({sz}) of the system pos-
sessing a configuration {sz} from the asymptotic wavefunction (6.31). The general
presentation of Ps({sz}) is

Ps({sz}) =
1

Z
e
−∑

j

[
4sπjszj

ν +ϱ
(s)
j (ν)

]
δ

(
Jz −

∑

k

szk

)
. (6.65)
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Here Z is the partition function and ϱ
(s)
j are additional terms that are determined

from the expression of γ (6.32d). For spin magnitudes s between 1/2 up to 2 ϱ
(s)
j (ν)

is

ϱ
(1/2)
j (ν) = 0, (6.66a)

ϱ
(1)
j (ν) = (szj )2 ln

(
2 cosh

π

ν

)
, (6.66b)

ϱ
(3/2)
j (ν) =

1

2
(szj )2 ln

[
2 cosh

(
2π

ν

)
+ 1

]
, (6.66c)

ϱ
(2)
j (ν)

?
=

[
7

12
(szj )2 − 1

12
(szj )4

]
log


3

5
2

4
5
2

sinh
(√

3π√
8ν

)

√
2 sinh

(
π
4ν

)


+

1

2
(szj )2 ln

[
1 +

sinh
(
5π
ν

)

sinh
(
3π
ν

)
]
.

(6.66d)

The result for s = 1/2 has been derived from [129]. For spin-1 and spin-3/2 (6.25)
and (6.34), respectively, were used. Finally, for s = 2 the guess of the unknown
function h(ν) in (6.100), alongside (6.99) was used. The partition function Z is
defined in the usual sense, i.e. the sum of the probabilities of all possible spin
configurations equals unity. The delta function appears in order to enforce the
conservation of the total spin of the system. In the mean-field picture, where one
directly deals with a product state, the probability is given by the same function
with the delta function dropped out.

In the thermodynamic limit, the probability distribution for both the asymptotic
solution and the mean-field solution become the same up to 1/N corrections, as is
demonstrated in Fig. 6.8 and 6.9. Solely focusing on s = 1, the distribution
becomes

P1({sz}) ≈ Cp exp



−

∑

j

[
4π(j − µ(1))s

z
j

ν
+ ϱ

(1)
j (ν)

]
 . (6.67)

Here, Cp is a normalization constant. This expression holds similarly for higher
spins, with any differences popping up in the chemical potential µ(s) (6.58c) and

the ϱ
(s)
j (ν)-terms (6.66). Finally, note that the steady state of any spin-s problem

is a gapless superconductor as similarly discussed in [129] for the spin-1/2 case.
This means that, at the thermodynamic limit, the modified superconducting order

parameter N−1
∑

j

〈
ŝ−j
〉(s)

tends to zero as 1/t when t → ∞ by the Riemann-
Lebesgue Lemma. The asymptotic wavefunction similarly exhibits superconducting

correlations such as
〈
ŝ+k ŝ

−
j

〉(s)
, yet it necessitates measurements that resolve for

local energies ε. For details, see [129].
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6.5.2 Non-GGE predictions

At t→ ∞, the eigenstate of the Hamiltonian (6.1) is given by

|ψ(t)⟩ =
∑

{sz}
C{sz}e

−iE{sz}t |{sz}⟩ , (6.68)

where E{sz} is the eigenvalue of the on-site potential term for the eigenvector |{sz}⟩.
The expectation value of any observable B̂ is written as

〈
B̂
〉

=
∑

{sz}

∣∣C{sz}
∣∣2
〈
{sz}

∣∣∣B̂
∣∣∣{sz}

〉
, (6.69)

where the diagonal ensemble
∣∣C{sz}

∣∣2 is given by Ps({sz}) in (6.65). Thus, one
requires (2s + 1)N such coefficients to determine the observable. In typical GGE-

fashion, a statistical ensemble ρ̂
(s)
st is constructed such that the system conforms

to (6.69). This ensemble involves a finite set of integrals of motion of the system,
alongside their integer powers. Focusing on the s = 1 case, they are szk and (szk)2

for every site index k. The ensemble then becomes

ρ̂
(1)
st ∝ exp

{
−
∑

k

[ϑk,1ŝ
z
k + ϑk,2(ŝzk)2]

}
, (6.70)

where ϑk,1, ϑk,2 ∈ C. In the diagonal basis, which are the eigenstates |{sz}⟩, the
diagonal elements of (6.70) are found to be

ρ
(1)
st ({sz}) = Cρe

−∑
k[ϑk,1s

z
k+ϑk,2(s

z
k)

2], (6.71)

where Cρ is a normalization constant. Note that at most 2N coefficients ϑ are

required to determine the distribution, against the (2×1+1)N coefficients
∣∣C{sz}

∣∣2
in (6.69). Comparing (6.71) with (6.67), ϑ are found to be

ϑk,1 =
4π(k − µ(1))

ν
,

ϑk,2 = ln
(

2 cosh
π

ν

)
.

(6.72)

This result is different from the case of s = 1/2 as described in [129] where it was
found that

ρ̂
(1/2)
st ∝ exp

[
−
∑

k

2π(k − µ(1/2))

ν
ŝzk

]
. (6.73)

Distribution (6.73) is indeed equivalent to the Generalized Gibbs Ensemble ρ̂GGE

for an integrable Hamiltonian Ĥ, written as

ρ̂GGE ∝ exp

(
−

n∑

k=1

λk Îk

)
,

[Ĥ, Îk] = 0, [Îj , Îk] = 0, λk ∈ C.

(6.74)
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Figure 6.10: Probability distribution of a numerically simulated wavefunction
(green bars), evaluated at times t = {0.1, 1, 1000} overlaid with the prediction of

the steady-state distribution (6.65) with ϱ
(s)
j = 0 (semitransparent yellow), where

the distribution then conforms to GGE at large N . Upper row (a) are distributions
for a spin-1 RG Hamiltonian for N = 10, Jz = 0, ν = 70, i.e. in the ‘intermediate-
ramp’ regime. Bin width = 7.9 × 10−5. Bottom row (b) is the same as the upper
row for spin-1/2. Notice how spin-1/2 is indeed conforming to a GGE distribution
in the steady state, unlike the spin-1 system. Bin width = 3.3 × 10−4.

In the spin-1/2 problem, Îk = ŝzk and Ĥ is Eq. (6.1). Note that the authors in [129]
only identify (6.73) when the system has evolved for a large time, having begun
in the ground state (6.27) (for s = 1/2) at t = 0+. Hence, they call it ‘Emergent’
GGE to highlight that it only ‘emerges’ after a long time. The crucial difference
with the spin-1 case is the appearance of the quadratic terms in (6.71). Because of
these quadratic terms, the spin-1 case no longer conforms to the form (6.74). The
exact behaviour described here is demonstrated in Fig. 6.10. The same holds for
s = 3/2 and s = 2 cases.

6.5.3 Discrepancy from the spin-1/2 problem

With the available expressions of the probability distributions Ps({sz}) for different
spin magnitudes s, the deviations that are identified between the solutions to the
spin-1/2 RG Hamiltonian and the Hamiltonians with s > 1/2 can be discussed.
For a time-independent Hamiltonian (6.1), spins can be pairwise combined as in
Fig. 6.1. Using a local Clebsch-Gordan decompositions to form a larger spin, on
each ‘pseudo-site’ (a pair of neighbouring sites) a triplet and singlet state is formed.
Since the initial state that is considered in this work is always a symmetric state,
the singlet spanning subspace need not be considered. After all; the Hamiltonian
(6.1) does not couple between these subspaces.

For an explicitly time-dependent Hamiltonian (6.1), the same considerations of
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combining neighboring sites does not hold. This becomes evident from observing
the steady state behaviour of the spin-1/2 and the spin-1 systems. For P1/2({sz}),
from (6.65) with s = 1/2 the argument in the exponent upon combining neighboring
spins is found to be

∑

j

2πjszj
ν

=
∑

k

[
2π(2k − 1)sz2k−1

ν
+

2π(2k)sz2k
ν

]

=
∑

k

4πk(sz2k−1 + sz2k)

ν
−
∑

k

2πsz2k−1

ν
︸ ︷︷ ︸

∝Jz

.
(6.75)

Apart from a common prefactor, which is proportional to the total magnetization,
only the linear component of P1({sz}) as in (6.65) with s = 1 is recovered. Besides

this, there is no way to recover the quadratic components in ϱ
(1)
j (ν) (6.66a) from

P1/2({sz}). Hence, higher spin dynamics cannot be retrieved solely through a lower
spin problems’ solution.

This discrepancy remains for any given finite time. The exact wavefunctions
of the spin-1/2 system in the end do not account for degenerate cases. One direct
consequence of this discrepancy is the non-analyticity of the probability transitions
that is described in section 6.1.2. The discrepancy is demonstrated for the two site
spin-1/2 problem in Figure 6.2. Recalling ∆ = ε2−ε1, when ∆ approaches 0, which
is to say ε2 ≈ ε1, the transition probability exhibits a discontinuity, as at ∆ = 0, a
single-site spin-1 problem is approached.

6.6 Conclusion and discussion

In this chapter the late-time dynamics of a time-dependent spin-1, spin-3/2 and
general spin-s Richardson-Gaudin pairing model with inverse time dependence for
the interaction terms has been studied. Beginning from the formal solution of the
model, a saddle point method was attempted to obtain the wavefunction. Sub-
sequently, a correction needed to be identified which was numerically verified. Pro-
ceeding into the thermodynamic limit, it is shown that all local observables follow
mean-field prediction up to 1/N corrections, while non-local observables do not ne-
cessarily follow the same pattern. The steady state of the system is demonstrated
to no longer conform to the emergent Generalized Gibbs Ensemble as was pre-
dicted for s = 1/2. The steady state also shows that the spin-s results are uniquely
different from the spin-1/2 RG models, in such a way that the solutions to the dif-
ferent spin magnitudes cannot be analytically continued towards each other. The
non-analyticity holds for any finite time and finite system sizes.

The results presented here are exact up to spin-3/2 and spin-s is correct up to
a time-independent term. The correction requires a solution to the spin-s two-site
problem, from which asymptotes can be derived and compared with the saddle
point result employed in this work. Nonetheless, it is almost possible to provide a
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Figure 6.11: Local magnetizations per site for different spin-magnitudes and
integrability-breaking parameter α, with the coupling g(t) = 1/(νtα). For α = 1,
the system is integrable, and observables do not depend on the specific choice for
ε (except for degeneracies), as seen from (6.52). In this figure, N = 10, ν = N/η

with η = 1, ε
(0)
i = i

N and ε
(1)
i = 0.49+0.002 i

N and both ε
(0)
1 = ε

(1)
1 = 0.1. The case

of α ̸= 1 shows the expectation values changing for different choices of energies.
The data points in this plot are evaluated at t = 104. For s = 1/2. See also Fig. 2
in [129].

close guess for the corrections for the spin-2 problem as is done in Appendix 6.7.5.
Whether there is a general pattern in these corrections remains an open question.

It is at this point that all necessary ingredients to study the system of noisy driven-
dissipative spins are available. The story continues in Chapter 7.

6.7 Appendices

6.7.1 Towards experimental realizations

This section has been included for illustrative purposes, but is not of main relevance
for this thesis. Nevertheless; the possible experimental avenues outlined in this ap-
pendix may be of interest to the reader.
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Here, possible pathways towards experimental realization of the Hamiltonian cent-
ral to this work are sketched. For convenience, the Hamiltonian is repeated below:

Ĥ(t) = Ĥz + Ĥint (6.76a)

Ĥz = 2

N∑

j=1

εj ŝ
z
j (6.76b)

Ĥint = −g(t)

N∑

j,k=1

ŝ+j ŝ
−
k , g(t) =

1

νt
. (6.76c)

One possibility to simulate the time-dependent Hamiltonian (6.76) is on a quantum
computer. This has been achieved in, for example, a recent experiment with super-
conducting circuits where ground states of the RG model have been prepared [196].
Given the all-to-all nature of the spin-flip interaction, other candidate platforms
are cold atoms coupled to a cavity or spin Hamiltonians engineered in trapped ion
systems. These possibilities are discussed here in some detail.

To set the stage, let us first address the question of the relevant energy and
time scales. The energy scale of the spin-flip interaction term of the Hamiltonian is
given by g(t). To describe the energy scale of the ŝz terms, consider the standard
deviation

∆ε =

[
1

N

N∑

i=1

(εi − ε̄)
2

] 1
2

, (6.77)

where ε̄ is the mean energy. For the linear dependence εi = i/N considered in this
chapter (6.77) becomes

∆ε2 =
1

12

(N + 1)N(N − 1)

N3
. (6.78)

Eq. (6.78) quickly reaches the large N limit ∆ε2 = 1/12 as N is increases. With
these definitions at hand a scaled (dimensionless) time can be defined as

t̃ =
∆ε

g(t)
= ∆ενt. (6.79)

In numerical simulations (not shown), the scaled time t̃ss after which the steady
state has been reached is observed to be, to a reasonable accuracy, only weakly
dependent on the values of ∆ε and ν such that t̃ss ≈ constant for a given N .
Specifically, for N ≲ 10, t̃ss ∼ O(100) and t̃ss increases with N . This is compatible
with the results of Ref. [129], which analyzed the spin-1/2 model in the large N - and
mean-field limit. They found that for t̃ ∼ N2 one achieves steady state predictions
for
〈
ŝzj
〉

to a very high accuracy.
Based on these estimates, the times needed to achieve the steady state (or even a

non-trivial transient dynamics) are prohibitive in the cavity setting. This is because
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cavity experiments typically feature many atoms, of order 105. This statement will
be further explained in Section 6.7.3. In Sec. 6.7.3, the possibility for using the
cavity setup to probe a macroscopic spin limit of the model (6.76) is also briefly
discussed. The remainder of this section focusses on trapped ion setups, which
allow for a controlled manipulation of 1 to ∼ 100 ions.

6.7.2 Trapped ions

One of the approaches on how to possibly implement (6.76) is using trapped ions.
To this end, three key ingredients are needed, all of which have been demonstrated
experimentally. These ingredients are

1. all-to-all equal interactions,

2. operate spin-1 qudits instead of qubits,

3. being able to simulate the evolution under the full Hamiltonian (6.76) which
contains both the spin-exchange interaction (∝ ŝ+ŝ−) and the transverse field
(∝ ŝz).

The common starting point for the derivation of effective spin Hamiltonians is
the native Hamiltonian describing the interaction of a system of N trapped ion
qubits with a laser light of frequency ωL and k-vector kL [174, 187, 197]5. This
Hamiltonian is described as

H =

N∑

i=1

Ωi cos(µt+ φi)(k⃗ · x⃗i)σi
θi , (6.80)

where Ωi is the Rabi frequency coupling the two qubit levels of the i-th ion, µ =
ωL−ω0 with ω0 the qubit transition frequency, φi is an in principle arbitrary offset
phase

σi
θi = σx

i cos(θi) + σy
i sin(θi) (6.81)

and
k⃗ · x⃗j =

∑

m

ηjm
(
a†meiωmt + ame−iωmt

)
. (6.82)

Here

ηim = |⃗kL|bim
√

1

2Mωm
(6.83)

is the so-called Lamb-Dicke parameter corresponding to the coupling of the m-th
motional eigenmode of frequency ωm of the ion crystal to the motion of the i-th
ion x⃗i. Additionally, M is the ion mass. A Magnus expansion is used to derive
the unitary evolution operator U(t) = T exp(−

∫ t
dt′H(t′)) corresponding to the

(explicitly time-dependent) Hamiltonian (6.80). After, what are by now, standard

5In this Section we use qubits for the spin-1/2 systems and qudits for higher spin systems. The
usual Pauli matrices σx,y,z used below refer to the qubit basis.
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derivations and approximations, in particular keeping only the secular terms in
U(t), in case of (6.80) this leads to [198]

Heff =
∑

i<j

Jijσ
i
θiσ

j
θj
, (6.84)

with

Jij = k2L
ΩiΩj

2M

∑

m

bimbjm
µ2 − ω2

m

. (6.85)

At this point, ingredients 1-3 of the implementation can be discussed.

1. It is well known that the range of the effective interactions Jij corresponds to a
power-law decay. I.e. Jij ∝ 1/|i−j|α, where the range 0 ≤ α ≤ 3 can be varied
simply by the laser detuning µ. Specifically, the all-to-all equal couplings, i.e.
α = 0, can be achieved when µ ≈ ωCOM is tuned in the vicinity of the so-
called center-of-mass (COM) mode as has been experimentally demonstrated
e.g. in [199].

2. In principle, the above equations (6.80) - (6.85) can be readily generalized
for qudits and, specifically, spin-1. To this end, there are active efforts to
extend the ion quantum simulation toolbox to qudits, including experimental
demonstrations of a universal gate set for qudits [200] and further theoretical
developments of qudit gates for ions [201].

3. A more subtle point regards how to engineer precisely the analog version
of the Hamiltonian (6.76). While the Magnus-expansion based derivation
of Heff closes for spin-spin interacting Hamiltonians of the form (6.84), it
includes higher-order contributions if one also includes an effective magnetic
field HB =

∑N
i=1Biσ

z
i in (6.80). Here, Bi can be achieved by additional

lasers resonant with the qubit transition [187, 197]. This would then lead to
a correction HError to (6.76) [202], the effect of which on the time dynamics
should be considered and evaluated carefully.

For this reason, a popular scheme is to implement a time evolution using
a Trotter-Suzuki (TS) expansion of the time-evolution operator. This has
the advantage that one applies a sequence of spin-exchange Hamiltonians∑

ij ŝ
+
j ŝ

−
i interlaced with the transverse field ones

∑
i εiŝ

z
i , which individually

do not suffer from the additional errors HError. Experimental demonstrations
of such a discretized time-evolution include, for instance, the implementation
of the transverse-field Ising model [203] or variational quantum simulations
in quantum chemistry [204].

Experimental estimates

For the experimental estimate, values from a recent experiment [198] for realizing an
instance of a XY Heisenberg model are used. This model, for isotropic couplings
Jx = Jy = J ≈ 2π × 100 Hz, reduces to the spin-exchange Hamiltonian H =
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J
∑

i̸=j σ
+
i σ

−
j . To reiterate: only the spin-1 situation is considered in this Section.

In Fig. 6.12(a) the Trotterized time evolution is shown according to

|Ψ(t)⟩ =

Nsteps∏

j=1

e−iĤz(tj)∆te−iĤint(tj)∆t |Ψ(0)⟩ , (6.86)

where |Ψ(0)⟩ is the initial BCS-state (6.10). For simplicity Nsteps Trotter steps of
a constant duration ∆t = t/Nsteps, such that tj = j∆t are considered. In practice,
this means that an initial time ti > 0 is implemented, such that tj = j∆t+ ti and
the step duration ∆t = (t− ti)/Nsteps. For the studied example of N = 5 spins, a
steady state is reached to a good accuracy with Nsteps ≈ 1000.

To restore the physical dimensions, note that the times t considered throughout
this chapter were implicitly expressed in energy units of εN (as εN = N/N = 1),
which corresponds (for large N) to the width of the energies Wε = εN − ε1 ≈ εN .

To make a connection with the experiment, consider a maximum duration of
T = 50 ms [205], which for Nsteps = 1000 yields a time step of ∆t = 50 µs and sets
the corresponding energy scale ϵN ≈ 2π×30 Hz, which is of the same order as J . For
the time-evolution being in the interval t ∈ [10−3, 10], which should be sufficient
to reach approximately the steady state, and taking ν = N , the corresponding
maximum required value of g(t) is g(ti) ≈ 2π × 6.4 kHz. This can be further
decreased if larger initial times ti are chosen.

Before commenting on these results, one additional scenario is analyzed. Instead
of varying g, in practice it might be preferable to tune the energies ϵi while keeping
the interaction strength g constant. To this end, let us consider the variable trans-
form t = eνλ, as presented in Chapter 5, Sec. 5.4.1. In this case the Schrödinger
equation of (6.1) becomes

i
∂ |ψ(λ)⟩
∂λ

= 2νeνλ
N∑

i=1

εiŝ
z
i −

N∑

i,j=1

ŝ+j ŝ
−
k . (6.87)

With this change, the time-dependence is effectively shifted to the potential terms
such that the interval t ∈ (0+,∞) becomes λ ∈ (−∞,∞). Similarly to the sim-
ulation (6.86), in Fig. 6.12(b) the Trotterized time evolution is considered. How-
ever, this time according to the Hamiltonian given in (6.87). The physical di-
mensions are restored as λ → λ/J , where the (now constant) interaction energy
scale is J . Considering again time evolution on the interval t ∈ [10−3, 10] and us-
ing the mapping t = eνλ, the respective dimensionful Trotter time step becomes
∆λ = span(λ)/Nsteps/J ≈ 3 µs with the total duration 3 ms. The corresponding
minimum and maximum values of εN = 2νJeνλ are 2π × 1 Hz and 2π × 10 kHz
respectively.

Based on the above estimates it appears that simulating the time evolution of
the Hamiltonian (6.1) (or its variant (6.87)) is within reach of current trapped ion
experiments. One important remark is in order. In the above analysis, a con-
stant time step is assumed, while dealing with a time-dependent Hamiltonian. One
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ΨTS, Nsteps = 500
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1− |~ω∞ − ~ωnum|

Figure 6.12: Examples of Trotter-Suzuki implementation. (a) Trotter-Suzuki (TS)
approximation of Eq. (6.86) for varying amounts of Nsteps. For comparison, the
overlap with the asymptotic wavefunction is plotted (dashed, red), indicating how
long the TS protocol should be implemented to reach a steady state. (b) TS imple-
mentation of Eq. (6.87). Since no asymptotic wavefunction has been calculated for
Eq. (6.87), we plot the quantity 1−|w⃗∞− w⃗num|, which quantifies the resemblance
of the weights of

∣∣Ψ∞(t = 103)
〉

and |Ψnum(λ)⟩ and reaches 1 when w⃗∞ = w⃗num

indicating the onset of the steady state. Here | · | stands for the vector norm and
wj = |cj |2 are the weights of wavefunction coefficients |Ψ⟩ =

∑
j cj |bj⟩ with {|bj⟩}

the set of basis states. |Ψnum(λ)⟩ is the numerically computed wavefunction of
(6.87). For these figures, N = 5 and other parameters are the same as in Fig. 6.4.

apparent consequence of this choice is the deviation from numerically solving the
Schrödinger equation with Hamiltonian (6.1) and (6.87). In the former, the fast
changes in the Hamiltonian occur at the beginning of the dynamics, while for the
latter at late times. This phenomenon is reflected in the discrepancies between
the Trotter and exact evolutions in Figs. 6.12 (a) and 6.12 (b). A significant im-
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provement in the accuracy can be achieved when using an adaptive Trotter scheme
instead, where the sampling of the time evolution and the duration of the Trotter
steps is optimized with respect to the given Hamiltonian [206, 207]. This is an
interesting opportunity which is left for possible future investigations.

6.7.3 Realizations in cavity QED

The other potential candidate to implement the model (6.1) is to use higher spin
atoms in a cavity such as in Ref. [208]. There, 87Rb atoms are being operated on

the
∣∣∣5S 1

2
, F = 1

〉
−
∣∣∣5P 3

2

〉
transition which provides access to three spin hyperfine

states, labelled by mF = {−1, 0, 1}, of the
∣∣∣5S 1

2
, F = 1

〉
manifold. Effective spin

operators are defined on the i-th atom as fαi = ψ†
i,mF

(Fα)mF ,m′
F
ψi,m′

F
, where ψ

(†)
i,mF

is an annihilation (creation) bosonic operator of an atom i in spin state mF and Fα

denote the spin-1 Pauli matrices for α = {x, y, z} [209]. In this section The notation
used in [208] is maintained for easier orientation. The effective Hamiltonian of [208]
is written as

H =
∑

i,j

χij(f
x
i f

x
j + fyi f

y
j ) +

∑

i

hif
z
i , (6.88)

where

χij = χ+
ij + χ−

ij , (6.89a)

hi = χ+
ii − χ−

ii , (6.89b)

χ±
ij = n̄(δc)ΩiΩjA(δ±)

1

κ
, (6.89c)

n̄(δc) =
|A|2

δ2c +
(
κ
2

)2 , (6.89d)

Ωi =
g2mF=−1(xi) − g2mF=+1(xi)

2∆c
, (6.89e)

A(δ±) =
δ±κ

16
[
δ2± +

(
κ
2

)2] , (6.89f)

δ± = δc ∓ ωz. (6.89g)

Here, ωz is the splitting between adjacent mF levels, δc the drive laser-cavity de-
tuning, κ the cavity decay rate and n̄ the intracavity photon number in the absence
of atoms, A the drive laser field amplitude and ∆c the detuning of the cavity mode

with respect to the
∣∣∣5S 1

2
, F = 1

〉
−
∣∣∣5P 3

2

〉
atomic transition. gmF=−1(xi) is the

single photon Rabi frequency and Ωi is the induced light shift at the position xi of

the atom (along the cavity axis). To be clear: in this notation, f
(x,y,z)
i = ŝ

(x,y,z)
i ,

hi = εi and χij plays the role of g(t), cf. below.
The complete analysis of the experiment of Ref. [208], including effects such

as the transverse and longitudinal distribution of the atoms and inhomogeneities
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in the couplings goes beyond the scope of this thesis. In particular, since both hi
and χij derive from the same quantities, according to (6.89) their spatial profile
(dependence on i and j) is dictated by Ωi = Ω(xi). Strategies on how to possibly
mitigate this issue to achieve χij = const. all the while varying hi (for instance
by making ωz also position dependent) are not discussed. For the purpose of this
analysis, note that both the spread and the mean value of Ωi are of the same
order, cf. Fig. 2b in [208] and Eq. (6.90b). For what follows and in order to
get the estimate for what experimental regimes can be achieved constant coupling
characteristics of the experiment are assumed, namely

κ = 2π × 200 kHz, (6.90a)

Ωi = Ω ≈ 2π × 20 Hz (6.90b)

A = 2π × 95 MHz. (6.90c)

For this reason the indices in the functions (6.89b), (6.89c) are dropped to simply
write h and χ. Next, while ωz is also tunable, for the estimates below the exper-
imental value ωz = 2π × 3 MHz is assumed. Furthermore, the experimental value
∆c = 2π × 10 GHz is taken when using the relations (6.89).

The dynamics of spins under the Hamiltonian (6.88) are subject to thermal
broadening and to collective dissipation with two jump operators

L± =
√
γ±F±, (6.91)

with

γ± = n̄(δc)
Ω2

16

κ

δ2± +
(
κ
2

)2 , (6.92)

where a homogeneous light field intensity Ωi = Ω is assumed and F± is considered
a weighted sum of the single atomic spin operators f±i which takes into account the
spatial inhomogeneities of the couplings to the cavity field.

Experimental estimates

To assess the feasibility of the model (6.1), recall that the times needed to reach
the steady state are supposed to scale as, cf. Sec. 6.7.1,

t̃ss = ∆ενtss ∝ Nα, (6.93)

for some α. For instance, α = 2 was discussed in Ref. [129]. Based on the discussion
above, ∆ε ∼ h and g = χ are identified. Additionally, for the duration of the
dynamics, the decay (6.91) should be negligible compared to the unitary dynamics.
Noting that the transverse field h and the spin-spin coupling χ have opposite signs
for δc < 0 (except a narrow region close to the δresc ≡ −

√
(κ/2)2 + ω2

z resonance -
which follows from the definitions (6.89)) and that for δc < 0 the decay is dominated
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Figure 6.13: Ratios r1 and r2, Eq. (6.94), as a function of the detuning δc. The
resonance at δresc /2π ≈ −3.5 MHz is a discontinuity due to sign switching of χij .

by the γ− channel, the following two ratios are defined:

r1 = −h
χ
, (6.94a)

r2 =
γ−

max(|h|, |χ|) . (6.94b)

These ratios are plotted in Fig. 6.13. Note that

|r1| =

∣∣∣∣
h

χ

∣∣∣∣ ∼ ∆ενt = t̃, (6.95)

such that one can directly read the scaled time t̃ associated to tuning δc from the
Figure. Getting back to the estimate (6.93) for the steady state time, with the
reported N ≈ 105 atoms in the cavity, it is found that t̃ss ∼ 1010, which seems way
out of reach for a realistic experiment. It appears challenging to reach an interesting
regime even when relaxing certain constraints, such as studying only the transient
instead of steady state behaviour or lowering the number of atoms N to lower the
required experimental times. This finding is the motivation to not further study
the subtleties of the presented experiment such as the role of the resonance δresc or
how to achieve constant χ and desired hi.
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6.7.4 N = 2 Spin-3/2 asymptotic solution

Given the already lengthy presentation the Jz = 0 solution to two-site s = 1
problem, only the asymptotic solutions for Jz = ±1 are presented:

lim
t→∞

∣∣∣ψ(2, 32 )
−1 (t)

〉
=N (ν)C1(t, ν, ε)×

e−γ0,1

[
e−

6π
ν e−4iε1t

∣∣∣∣
1

2
,−3

2

〉

+ e−(γ2,0−γ0,1)e−
9π
ν e−2i(ε1+ε2)t

∣∣∣∣−
1

2
,−1

2

〉

+ e−
12π
ν e−4iε2t

∣∣∣∣−
3

2
,

1

2

〉]
,

(6.96a)

C1(t, ν, ε) = t
2i
ν e2i(ε1+ε2)te

9π
ν , (6.96b)

lim
t→∞

∣∣∣ψ(2, 32 )
1 (t)

〉
=N (ν)C2(t, ν, ε)×

e−γ1,0

[
e−

15π
ν e−6iε1t−2iε2t

∣∣∣∣
3

2
,−1

2

〉

+ e−(γ0,2−γ1,0)e−
18π
ν e−4i(ε1+ε2)t

∣∣∣∣
1

2
,

1

2

〉

+ e−
21π
ν e−2iε1t−6iε2t

∣∣∣∣−
1

2
,

3

2

〉]
,

(6.96c)

C2(t, ν, ε) = t
4i
ν e4i(ε1+ε2)te

18π
ν , (6.96d)

with

N (ν) =
Γ
(
1
2 + 3i

ν

)
Γ
(
5i+ν
ν

)
√

5πΓ
(
2i+ν
ν

) . (6.97)

6.7.5 Spin-2 asymptotics

The expression for γ×N1,N2,N3
as obtained from directly calculating the saddle point

is provided in this subsection. This requires a numerical reduction of the roots of
the Richardson equation, but ultimately results in the following expression:

γ×N1,N2,N3
= − 1

ν
(N1 +

4

3
N2 +N3)

{
3i ln(νt) +

3π

2
− i [ln(32) − 3]

}

+
i

ν
N2 ln

(
81 3

√
2

64

)
.

(6.98)
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A partial solution to γN1,N2,N3
is also provided, which is obtained from available

exact results

γ
(partial)
N1,N2,N3

= −
(
N1

2
+N2 +

N3

2

)
h(ν)

− (N1 +N3)

2
ln

[
2
√

6πΓ
(
3i
ν

)
Γ
(
7i+ν
ν

)
t
2i
ν

7Γ
(
1
2 + i

ν

)
Γ
(
7i
ν

)
Γ
(
4i+ν
ν

)
]
.

(6.99)

A combination of educated guesses, combined with a numerical fit lead to the
following expression of h(ν)

h(ν) = ln


 Γ

(
1
2

)2
Γ
(
1 + 3i

ν

)2
Γ
(

i
4ν

)
t
4i
ν

Γ
(
1
2 + i

ν

)2
Γ
(
1 + 4i

ν

)2
Γ
(√

6i
4ν

)


+

i

2ν
ln

(
2

3

)
. (6.100)

The choices of the gamma functions in h(ν) are taken in such a way that they fit
a pattern with what has been identified for spin-3/2 and spin-1 cases. The function
Γ(1/2 + i/ν) in the denominator appears in all the given expressions. γN1,N2

of the
spin-3/2 asymptotics provides inspiration for the ratio of Γ(1+ia/ν) functions. The
partial solution also influences the ratio of Γ(ia/ν) functions. All integer parameters
a within the Γ functions are guessed by brute force. The appearance of

√
6 is critical

because it corresponds to the weightings in the ground state when the asymptotic
is taken to the stiff-ramp/diabatic limit (η → 0) while recalling that ν = N/η. The
second term in the expression of h(ν) is taken from (6.25), and its prefactor was
found from a numerical fit. All exponents on the gamma functions are chosen such
that the proposed guess works well for larger system sizes. This guess has been
numerically investigated and appears nearly exact, see Fig. 6.16.

6.7.6 Additional figures

In this appendix some additional figures are presented. Specifically the figures that
show that the asymptotic solution as presented in section 6.3.2 is indeed exact when
the corrective term is included.
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Figure 6.14: Overlap of asymptotic wavefunctions of the spin-1 model, |Ψ∞(t)⟩,
and direct numerical simulation, |Ψnum(t)⟩, for varying magnetization sectors Ji
with N = 12, ν = N , εi = i/N . As t → ∞, the overlap converges to unity. The
inset shows the result without the proper corrections applied.
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Figure 6.15: Overlap of asymptotic wavefunctions of the spin-3/2 model,∣∣∣Ψ(3/2)
∞ (t)

〉
, and direct numerical simulation, |Ψnum(t)⟩, for varying magnetization

sectors Ji with N = 10, ν = N , εi = i/N . As t → ∞, the overlap converges to
unity. The inset shows the result without the proper corrections applied.
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Figure 6.16: (a) Overlap of asymptotic wavefunctions of the spin-2 model,
∣∣∣Ψ(2)

∞ (t)
〉

,

and direct numerical simulation, |Ψnum(t)⟩, for varying magnetization sectors Ji
with N = 8, ν = N , εi = i/N and (6.99) As t → ∞, the overlap appears to
converge to unity. The inset zooms in on the asymptotic region close to one. (b)
Similar figure as (a) with (6.98). As t→ ∞, the overlap does not converge to unity.
The inset zooms in on the asymptotic region close to one, highlighting how the

current form of
∣∣∣Ψ(2)

∞ (t)
〉

with (6.98) gives an incorrect result.


