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Missing top of the AdS resonance structure

I-Sheng Yang
ITFA and GRAPPA, Universiteit van Amsterdam, Science Park 904,

1090 GL Amsterdam, The Netherlands
(Received 22 January 2015; published 11 March 2015)

We study a massless scalar field in AdSdþ1 with a nonlinear coupling ϕN and not limited to spherical
symmetry. The free-field-eigenstate spectrum is strongly resonant, and it is commonly believed that the
nonlinear coupling leads to energy transfer between eigenstates. We prove that when Nd is even, the most
efficient resonant channels to transfer energy are always absent. In particular, for N ¼ 3 this means no
energy transfer at all. For N ¼ 4, this effectively kills half of the channels, leading to the same set of extra
conservation laws recently derived for gravitational interactions within spherical symmetry.

DOI: 10.1103/PhysRevD.91.065011 PACS numbers: 11.10.Kk, 12.38.Cy

I. INTRODUCTION AND SUMMARY

Anti–de Sitter space has many intriguing properties.
One of those is a strongly resonant spectrum. For any
massless field, for example gravitational waves, the eigen-
states all have integer frequencies. When there is a non-
linear (self-) coupling, for example, through gravitational
backreactions, such resonance allows energy to be trans-
ferred between different eigenstates. Thus, no matter how
small the coupling is, after a correspondingly long time, the
initial energy can end up being anywhere, leading to rich
and unpredictable dynamics.
Some authors have argued that these many channels to

transfer energy generically lead to energy cascade: starting
from a few low frequency modes, energy continuously
spreads out into higher ones. This naturally accumulates to
a significant effect at the time scale set by the inverse
coupling strength. This “resonant-cascade” theory has been
widely quoted as the explanation for a nonlinear gravita-
tional instability: black hole formation often observed in
numerical simulations at this time scale [1–5].
However, as emphasized in [6,7], the existence of these

channels is only a necessary condition for energy cascade,
and energy cascade is again only a necessary condition for
black hole formation.1 Since it is doubly insufficient, the
resonant cascade theory cannot be a good dynamical
explanation of why black hole forms in those cases. In
other words, the resonant-cascade theory only derives a
lower bound of the time scale in which a black hole can
form. It does not really explain how a black hole forms and
why, in some cases, it happens so fast, almost saturating
this lower bound. Such dynamical understanding likely
requires one to go beyond any theory in the eigenstate
spectrum and directly study the position space behavior [7].

On the other hand, since it is a necessary condition,
analyzing the energy flow between eigenstates can provide
excellent arguments against black hole formation. This has
been a fruitful line of thought. For example, it was argued
that a small modification of the AdS space makes the
spectrum only asymptotically resonant, which will not be
enough for energy cascade [8]. Later numerical simulations
indeed supported such an argument [9]. It was also
observed that half of the naïvely expected channels to
transfer energy are actually absent, which leads to extra
conserved quantities. This may explain the stable, quasi-
periodic solutions which are also often observed during
numerical simulations [6,10–12].
In this paper, we follow this fruitful line of thought.

The missing channels and the consequent conservation
laws were established within spherical symmetry, but an
explicit evaluation of several low energy eigenstates dem-
onstrated the same behavior even without spherical sym-
metry [5].2 Thus, a natural next step is to establish the
missing channels beyond spherical symmetry. We study a
massless scalar field with a general nonlinear coupling, ϕN

with N ≥ 3, and in AdSdþ1 with d ≥ 2. We show that the
missing channels are generic for AdS eigenstates, and those
missing are exactly the most efficient ones for transferring
energy into higher eigenstates.
More technically, the energy spectrum of a massless

scalar field is given by

wnl ¼ 2nþ lþ d; ð1Þ
where the radial wave number n and the total angular
momentum l are both non-negative integers. The resonant
condition is

wn1l1 ¼
XN
i¼2

�wnili ; ð2Þ

1The AdS (in)stability problem is indeed one important
motivation of this work, but many related articles are not directly
relevant for this paper. For a more complete list of references
about the (in)stability problem, please see [7].

2Although the former is done for a scalar field but the later is
for pure gravity, the general structure of the eigenstates are the
same.
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with ðN − 1Þ arbitrary choices of � while maintaining the
positivity of frequencies. Basically, the ðN − 1Þ eigenstates
on the rhs can conspire to transfer energy to the eigenstate
on the lhs if this condition is met.3 If we choose all þ signs
in this resonant condition, we get

wn1l1 ¼
XN
i¼2

wnili : ð3Þ

These channels represent the most efficient ways to
transfer energy into high-energy states if we start
with only low-energy ones. We call it the “top” of the
AdS resonance structure.
In Sec. II, we explicitly prove that these channels are

absent whenever Nd is even. In particular, when N ¼ 3, all
resonant channels take this form, so this implies no energy
transfer at all between eigenstates. The ϕ3 coupling only
introduces subleading corrections to the free eigenstates,
and any solution can still be expressed as a superposition of
these approximate eigenstates. It is rather intriguing that
such behavior is limited to even spatial dimensions.
In Sec. III we demonstrate that when N ¼ 4, this

“missing channels” property is a direct generalization of
what was previously proven within spherical symmetry for
weak gravitational self-interaction [6]. Based on the fre-
quently observed similarity between ϕ4 theory and weak
gravity, and the explicit evaluation of several coupling
terms of the gravity theory without spherical symmetry [5],
it is very likely that general gravitational interactions also
have these channels missing. As a first step toward such
generalization, we provide a slightly simpler proof of the
conservation laws recently pointed out in [11–13], such that
their nonspherically symmetric versions are obviously also
valid.
Finally, in Sec. IV, we emphasize two particular properties

which suggest that there should be a more elegant group
theory method to prove the “missing top.” For gravitational
interactions without spherical symmetry, it is probably wiser
to formulate such a method instead of trying to explicitly
evaluate the couplings between eigenstates.

II. THE MISSING TOP

A. The general proof

Consider the global AdSdþ1 spacetime,

ds2 ¼ 1

cos2x
ð−dt2 þ dx2 þ sin2xdΩ2

d−1Þ; ð4Þ

and a massless scalar field with a nonlinear self-coupling,

S ¼
Z �

gμν
2

∂μϕ∂νϕþ ϕN

N

� ffiffiffi
g

p
dVdþ1: ð5Þ

This leads to the equation of motion,

−ϕ̈þ 1

cos2x
L̂dϕ ¼ ϕN−1

cos2x
; ð6Þ

where L̂d is an effective Laplacian operator for the spatial
dimensions.4 Ignoring the coupling term on the rhs, the free
field solutions with Dirichlet boundary condition can be
decomposed into separable eigenstates [14,15]:

ϕ0ðx; t;Ωd−1Þ ¼
X
n;l; ~m

ðAnl ~me−iwnltþ Ānl ~meiwnltÞenl ~mðx;Ωd−1Þ;

ð7Þ

wnl ¼ 2nþ lþ d; ð8Þ

enl ~mðx;Ωd−1Þ¼cosdxsinlxYl ~mðΩd−1ÞPðd=2þl−1;d=2Þ
n ðcos2xÞ:

ð9Þ
Pα;β
n is the Jacobi polynomial, l is the magnitude of the total

angular momentum, ~m describes its components, and Yl ~m is
the generalized spherical harmonics. These eigenstates
form an orthogonal basis,

Z
enili ~mi

enjlj ~mj
tand−1xdxdΩd−1 ∝ δninjδliljδ ~mi ~mj

: ð10Þ

In general, the nonlinear coupling allows energy to be
transferred between these eigenstates. One can model that
by a perturbative expansion also in the eigenstate basis,

ϕ ¼ ϕ0 þ ϕ1 þ � � � ; ϕ1 ¼
X
n;l; ~m

cnl ~mðtÞenl ~m; ð11Þ

c̈n1l1 ~m1
þ w2

n1l1
cn1l1 ~m1

¼
X2≤j≤N
nj;lj

Sfnl ~mg
YN
j¼2

ðAnjlj ~mj
e−iwnjlj

t þ Ānjlj ~mj
eiwnjlj

tÞ;

ð12Þ

Sfnl ~mg ≡ Sn1l1 ~m1n2l2 ~m2…nNlN ~mN

¼
Z YN

i¼1

enili ~mi
tand−1x

dxdΩd−1

cos2x
: ð13Þ

Through the nonzero coupling coefficients Sfnl ~mg,
combinations of ðN − 1Þ zeroth-order modes source the
first-order correction in one mode.3Of course, certain angular momentum summation rules must

also be satisfied between these eigenstates, but there is a large
degeneracy involved so it can always be done, and we will ignore
such complications in this paper.

4It is not exactly the Laplacian for the spatial metric, but the
exact form does not matter too much here.
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Of course, many of these coefficients will be zero from
the integral of eigenstates. We will worry about those later.
First we should note that we do not care too much about
some of them even if they are not zero. If the resonant
condition, Eq. (2), is not satisfied, then these combinations
of ðN − 1Þ modes drive the cn1l1 ~m1

harmonic oscillator not
at resonance. If those are the only nonzero coefficients, then
for a small zeroth-order magnitude, we can have
ϕ1 ∼ ϕN−1

0 ≪ ϕ0, and the nonlinear coupling simply leads
to small corrections of the free eigenstates. Most of the
energy stays within the original eigenstates.
When Eq. (2) is satisfied, those combinations drive the

oscillator at resonance, thus leading to a secular growth of
cn1l1 ~m1

. In this case, ϕ1 will soon become comparable to ϕ0,
and the naïve perturbation theory breaks down. In other
words, a significant amount of energy is transferred from
the original eigenstates into others. Now, the interesting
question is how many of these coefficients satisfying the
resonant condition are actually nonzero? Here we will
prove that when the sign choices in the resonant condition
are all þ, namely in the form of Eq. (3), then those
coefficients are all zero.
We first rewrite Eq. (3) more explicitly as

2n1 þ l1 ¼ ðN − 2Þdþ
XN
i¼2

ð2ni þ liÞ; ð14Þ

and also the explicit integral of the coupling coefficients,

Sfnl ~mg ¼
Z �YN

i¼1

Yli ~mi

�
dΩd−1

×
Z

π=2

0

�YN
i¼1

sinlixPd=2þli−1;d=2
ni

�

× cosNd−2xtanD−1xdx: ð15Þ

The Ωd−1 integral leads to ðd − 2Þ conditions for matching
the angular momentum components and the generalized
triangular inequality for total angular momentum,
li ≤

P
j≠ilj. Neither will be very important for our main

purpose. Our proof only requires the x integral.
Changing the variable to y ¼ cos 2x, the x integral

becomes

Z
1

−1

�YN
i¼1

Pd=2þli−1;d=2
ni ðyÞ

�

× ð1 − yÞL=2þd=2−1ð1þ yÞðN−1Þd=2−1dy; ð16Þ

where L ¼ P
ili. We then use the definition of the Jacobi

polynomial,

Pðα;βÞ
n ðyÞ ∝ ð1 − yÞ−αð1þ yÞ−β dn

dyn
½ð1 − yÞαþnð1þ yÞβþn�;

ð17Þ

to write down Pn1 explicitly in the integral,

Z
1

−1

�YN
i¼2

Pd=2þli−1;d=2
ni ðyÞ

�
ð1 − yÞL=2−l1ð1þ yÞðN−2Þd=2−1

×
dn1

dyn1
½ð1 − yÞd=2þl1þn1−1ð1þ yÞd=2þn1 �dy: ð18Þ

We note that when Eq. (14) is satisfied, L and Nd must
be together even or odd. Thus, when either N or d is even,
the first line in the above integrand is a polynomial of y.
Since integration by part produces no boundary terms, the
condition for the integral to not vanish is

n1 ≤
�XN

i¼2

ni þ
li
2

�
−
l1
2
þ ðN − 2Þd

2
− 1: ð19Þ

Since this contradicts Eq. (14), we have proven that
Sfnl ~mg ¼ 0 for the resonant channels satisfying Eq. (3).

B. N ¼ 3 and other odd numbers

For N ¼ 3, every resonant coefficient is associated with
a channel of the form wn1l1 ¼ wn2l2 þ wn3l3 . By proving that
such coupling coefficients all vanish, we showed that no
energy transfer actually occurs despite a strongly resonant
spectrum.5 The original eigenstates only receive small
corrections through the coupling, and nothing dramatic
will happen given any initial condition. Note that our proof
only works when d is even. When d is odd, we explicitly
evaluated some coefficients, and they are indeed nonzero.
For larger odd numberN and in even d dimensions, these

“top” resonant channels remain missing, but lower resonant
channels, those with more “−” signs in Eq. (2), do exist. We
also explicitly evaluated some of those to confirm that. The
radial integral does not seem to give rise to other con-
straints, which agrees with our physical intuitions. Other
constraints will only come from the angular Ωd−1 integral.
This “missing top” behavior is again only true in even d.
We evaluated a few coefficients in odd d and saw that these
top channels do exist.
On the other hand, when d is odd, something interesting

already happens when limited to spherical symmetry. All
the frequencies, with l ¼ 0, are odd numbers. When N is
odd, the resonant condition, Eq. (2), involves an odd
number of frequencies and, thus, cannot be satisfied

5The coupling coefficient is invariant under any permutation of
(1), (2), and (3). The channels of the form wn1l1 ¼ wn2l2 − wn3l3
use the same coefficient as wn2l2 ¼ wn1l1 þ wn3l3 . Thus, those are
absent, too.
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independently of the those “�” sign choices. As a result,
when both N and d are odd, if we start with spherically
symmetric initial data, there is again no energy transfer at
all. These interesting behaviors related to the parity of
spatial dimensions might provide further insight to express
and prove the “missing top” and other constraints in a more
elegant formalism.6

III. N ¼ 4 AND CONSERVED QUANTITIES

A. Extra conserved quantities

For N ¼ 4, the resonant condition has two qualitatively
different forms, either “3-1” or “pairwise,”

either wn1l1 ¼ wn2l2 þ wn3l3 þ wn4l4 ; ð20Þ

or wn1l1 þ wn2l2 ¼ wn3l3 þ wn4l4 : ð21Þ
Our result shows that the 3-1 channels do not exist; only the
pairwise ones do. The same conclusion was reached in [6]
when they studied gravitational self-interactions within
spherical symmetry. More recently, combining the absence
of these channels and the symmetry properties of the
coupling coefficients, extra conserved quantities were
found [11,12]. Here we will revisit the proof of those
conservation laws and show that they are also valid in the
ϕ4 theory even without spherical symmetry.
We first follow the two-time formalism introduced in

[10]. Instead of the naïve perturbative expansion in
Eq. (11), we assume that the amplitudes of the eigenstates
are also time dependent, but evolve much more slowly,

ϕðx; t;Ωd−1Þ ¼
X
n;l; ~m

ðAnl ~mðtÞe−iwnlt þ Anl ~mðtÞeiwnltÞ

× enl ~mðx;Ωd−1Þ; ð22Þ
j _Anl ~mj2 ≪ w2

nljAnl ~mj2: ð23Þ

This assumption will not easily break down as easily the
naïve perturbation theory. The leading-order effect of the
coupling only requires us to solve

−2iwn1l1

dAn1l1 ~m1

dt
¼

X
n2l2 ~m2

X
n3l3 ~m3

X
n4l4 ~m4

× Sf1234gĀn2l2 ~m2
An3l3 ~m3

An4l4 ~m4
; ð24Þ

Sf1234g ≡ Sfn1l1 ~m1gfn2l2 ~m2gfn3l3 ~m3gfn4l4 ~m4g: ð25Þ
The solutions Anl ~mðtÞ then model how energy is being
slowly transferred between eigenstates. As the subscript
becomes too long, we will resort to the above abbreviation.

While limited to l ¼ ~m ¼ 0, in [11,12] it was shown that
the symmetry properties of S1234 ¼ S2134 ¼ S3412 lead to a
conserved “particle number,”

d
dt

X
n

wnjAnj2

¼ −1
2i

X
f1234g

Sf1234gðĀn1 Ān2An3An4 − An1An2 Ān3Ān4Þ ¼ 0:

ð26Þ
This is simply because under the exchange of f12g ↔ f34g,
Sf1234g is symmetric but the next factor is antisymmetric.
These symmetries are still there including eigenstates of
nonzero angular momenta, so it is straightforward to verify
that

d
dt

X
nl ~m

wnl ~mjAnl ~mj2

¼ −1
2i

X
f1234g

Sf1234gðĀ1Ā2A3A4 − A1A2Ā3Ā4Þ ¼ 0: ð27Þ

Combining these symmetry properties and the fact that
only pairwise channels exist, there is also a conserved
“leading-order energy,”

d
dt

X
n

w2
njAnj2

¼ −1
2i

X
f1234g

wn1Sf1234gðĀ1Ā2A3A4 − A1A2Ā3Ā4Þ

¼ −1
4i

X
f1234g

ðwn1 − wn3ÞSf1234gðĀ1Ā2A3A4 − A1A2Ā3Ā4Þ

¼ −1
8i

X
f1234g

ðwn1 þ wn2 − wn3 − wn4Þ

× Sf1234gðĀ1Ā2A3A4 − A1A2Ā3Ā4Þ ¼ 0: ð28Þ
In the third line we used the antisymmetry when f12g ↔
f34g, and in the fourth line we used the symmetry when
1 ↔ 2 and 3 → 4. Now since the coefficient Sf1234g for a
resonant channel is only nonzero when the pairwise
condition is met, the last line is zero. Even after including
eigenstates of nonzero angular momenta, exactly the same
proof goes through without change. Thus, the ϕ4 theory,
beyond spherical symmetry, also has a conserved “leading-
order energy,”

d
dt

X
nl ~m

w2
nl ~mjAnl ~mj2 ¼ 0: ð29Þ

B. Physical implications

Note that the above two quantities are only approxi-
mately conserved, namely, up to the leading-order effect

6We thank Luis Lehner for pointing out the possible con-
nection to the Huygen-Fresnel principle, although we have not
been able to make use of that further.
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of the ϕ4 coupling. Among these two approximately con-
served quantities, we think that the conserved particle
number, Eq. (28), is not very surprising. If we have a complex
scalar field with jϕj4 coupling, this becomes an exactly
conserved Uð1Þ current. Thus, the above observation means
that after being limited to the real axis, the same quantity is
approximately conserved. This is very similar to the fact that
in flat space, if a complex scalar field theory allows exactly
stable Q-balls [16,17], then the same theory limited to the real
axis allows very long-lived oscillons [18–21].
One might think that the conservation of leading-order

energy, Eq. (29), is not surprising either. It seems to follow
from the exactly conserved total energy and the fact that
energy in the coupling is further suppressed by the small
field amplitude. We would like to disagree with such
intuition. Remember that if there are n eigenstates with
nonzero amplitudes, there will only be n terms in the
leading-order energy. However, there will generically be n2

terms in the coupling energy. Thus, a conserved leading-
order energy means either one of the following:

(i) Energy does not spread out too much, n ≪ jϕ2j, so it
does not compete with the amplitude suppression.

(ii) Energy spreads out but there is a conspiracy in the
relative phases between eigenstates such that many
cross terms vanish.

We recommend [11,12] for further discussions about the
implications to the AdS (in)stability problem.

IV. DISCUSSION

We should note that the physical origin of the “missing
top” is a selection rule in the form of an inequality, Eq. (19),
which is equivalent to

w1 <
XN
i¼2

wi: ð30Þ

This immediately reminds us that a nonlinear coupling
between spherical harmonics is subjected to a similar rule

about total angular momentum: the generalized triangular
inequality:

l1 ≤
XN
i¼2

li: ð31Þ

This suggests that there should be a group theory repre-
sentation of the eigenstates such that the frequency plays
the role of total angular momentum. This, together with the
intriguing dependence on the parity of spatial dimensions,
might be useful in proving the “missing top” property, or
even in discovering further restrictions in the resonance
structure, when the ϕN coupling is replaced by something
more complicated.
For example, the explicit evaluation of the coupling

coefficients for gravitational self-interaction, despite the
simplification of spherical symmetry [6], is already much
more involved than the ϕ4 theory. A direct generalization
beyond spherical symmetry needs to include gravitational
waves [5], and it appears to be a daunting task. A group
theory method would be a much more preferable tool to
figure out the AdS resonance structure in general.
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