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9
Designing dielectric resonators on substrates:
combining magnetic and electric resonances

High-performance integrated optics, solar cells, and sensors require
nanoscale optical components at the surface of the device, in order
to manipulate, redirect and concentrate light. High-index dielectric
resonators provide the possibility to do this efficiently with low
absorption losses. The resonances supported by dielectric resonators
are both magnetic and electric in nature. Combined scattering from
these two can be used for directional scattering. Most applications
require strong coupling between the particles and the substrate, which
strongly influences the resonant behavior of the particles. Here, we
systematically study the influence of particle geometry and dielectric
environment on the resonant behavior of dielectric resonators in the
visible to near-IR spectral range. We show the key role of retardation
in the excitation of the magnetic dipole (MD) mode, as well as the
limit where no MD mode is supported. Furthermore, we study the
influence of particle diameter, shape and substrate index on the
spectral position, width and overlap of the electric dipole (ED) and
MD modes. Also, we show that the ED and MD mode can selectively
be enhanced or suppressed using multi-layer substrates. And, by
comparing dipole excitation and plane wave excitation, we study the
influence of driving field on the scattering properties. Finally, we show
that the directional radiation profiles of the ED and MD modes in
resonators on a substrate are similar to those of point-dipoles close to
a substrate. Altogether, this work is a guideline how to tune magnetic
and electric resonances for specific applications.
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9 Designing dielectric resonators on substrates

9.1 Introduction

High-performance integrated optics, solar cells, sensors and many other optical
devices require the ability to concentrate, redirect and manipulate light at the sur-
face of the device, in order to optimize the coupling and trapping of light. Resonant
nanostructures can have large scattering cross sections at visible wavelengths, and
therefore are suitable candidates for this purpose. Plasmonic nanostructures have
proven to be very successful in this field, and have been used for light focusing
and scattering in sensing and imaging [35, 282], solar cells [74, 78] and light emit-
ting devices [16, 283]. However, the performance of plasmonic nanostructures is
always limited by parasitic absorption in the metal. High-index dielectric or semi-
conductor nanostructures support (Mie-like) geometrical resonances in the visible
spectral range [28, 31, 54, 284]. Unlike in plasmonic particles, these are driven by
displacement currents rather than actual currents [30]. Therefore, these resonances
are characterized by (very) low losses. Scattering from spherical dielectric particles
in a homogeneous medium has already been described in great detail using Mie
theory [29, 37, 43, 256], and particles weakly coupled to the substrate have also
been analyzed [41]. This work has shown that silicon nanoparticles support both
electrical and magnetic resonances in the visible and near-infrared spectral range
[37–39, 41, 43, 44]. Recently, it has also been shown that the interplay between
electrical and magnetic resonances can be used to control the angular radiation
pattern of the resonant cavities [30, 45, 46], and that using cylinders instead of
spheres allows for tuning of the spectral spacing between the electric and magnetic
lowest order resonances [38, 45]. For all practical applications particles are placed
on a substrate and in most cases strong coupling to the substrate is even desired
(e.g. absorption in photodiodes [15], solar cells [33, 73], etc.). This interaction with
the substrate strongly influences the resonant behavior, as well as the interaction
between the magnetic and electric resonances. So far, there has been no system-
atic study on the influence of particle geometry and dielectric environment on the
resonant properties of dielectric nanoparticles on a substrate.

Here, we use numerical simulations to systematically study the resonant prop-
erties of high-index dielectric particles in the visible spectral range for different par-
ticle geometries and dielectric environments. We show how electric and magnetic
resonances are supported, and that retardation plays a key role in the driving of
the magnetic resonances. Also, we show how varying the height and diameter of
resonant nanocylinders placed on a dielectric substrate provides the possibility to
spectrally tune the electric dipole (ED) and magnetic dipole (MD) resonances. Fur-
thermore, we study how the presence of a (high-index) substrate dramatically alters
the resonant properties, as well as the interplay between the different eigenmodes.
We show that by tuning the substrate geometry, the ED and MD resonances can
be selectively enhanced or suppressed. Also, we find that such resonators can be
used as low-loss antennas that exhibit directional emission into the substrate. Al-
together, this Chapter shows how, by engineering the particle shape and dielectric
environment, the scattering properties of single resonators placed on a dielectric
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9.2 Magnetic and electric modes in dielectric particles

substrate can be tailored for specific applications.

9.2 Magnetic and electric modes in dielectric particles

The ability to excite magnetic (dipolar) resonances in silicon particles, as well as
the driving mechanism, has been described recently [39, 41, 43]. In short, the in-
plane magnetic dipole is driven by the electric field of light that couples to dis-
placement current loops, vertically oriented in the particle (see inset in Fig. 9.1a).
This displacement current loop (orange) induces a magnetic dipole moment (blue),
oriented perpendicular to the electric field polarization. Efficient driving of this
displacement current loop requires significant retardation of the driving field (red)
throughout the particle, as the electric field should undergo a significant phase shift
in order to match the opposing electric field orientation in the top and bottom
part of the particle. The excitation of electric (dipolar) resonances on the other
hand, only requires collective polarization of the material inside the resonator by
the electric field component of the incident light.

Here, we systematically study the nature of the resonances supported by
(mostly cylindrical) nanoparticles while changing the particle height, diameter,
shape, presence and refractive index of a substrate, thickness of multi-layered
substrates and driving field. To this end, we use finite-difference time-domain
simulations [137] to calculate the normalized scattering cross section (scattering
cross section normalized to geometrical cross section) Qscat = σscat /σg eo and
modal field profiles inside the particles. A total-field scattered-field source (TFSF)
source is used, which launches a broad-band (λ = 400–1000 nm) plane wave from
the top under normal incidence and filters out all the light that has not been
scattered. Power transmission monitors are positioned around the TFSF source
to monitor the power of the scattered field, and field monitors are positioned in
and around the particle to monitor the local field intensity. Substrates (when used)
have a purely real refractive index nsub , to prevent absorption of the scattered
light before reaching the power monitors. Perfectly matching layers (PMLs) are
used to prevent any unphysical scattering from the simulation boundaries, and to
mimic semi-infinite substrates. Optical constants for Si and SiO2 are taken from
Palik [138]. Automatic non-uniform meshes are used, and a 2.5 nm refinement
mesh around the particle when monitoring the near-field intensities. Identification
of the modes (MD, ED) is done by studying the field profiles inside the particle and
identifying the corresponding current loops.

9.3 Retardation and particle height

We start by investigating the role of particle height on the excitation of resonant
modes in crystalline Si cylinders in a homogeneous air environment. We choose Si
since this is a high-index material with relatively low absorption losses in the visible
and near-IR, and has been used in most previous work on magnetic resonances
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9 Designing dielectric resonators on substrates

[30, 33, 39, 41, 43, 45]. The necessity of field retardation for the excitation of the MD
mode suggests that if the particle is shallow enough, there should not be enough
retardation to drive a displacement current loop, and therefore a MD resonance
cannot be supported. The ED mode however, does not need retardation inside the
particle: since µ= 1 both inside and outside the particle, the magnetic current loop
induced by the dipole moment can also extend outside the particle.
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Figure 9.1: (a) Qscat as a function of wavelength for a Si cylinder in air with
h = 100 nm and d = 100 nm for optical excitation under normal incidence. The
peaks correspond to the ED and MD mode, and the corresponding dipole moments
and current loops are shown. The polarization of the driving field is shown in the
top right. The inset shows the excitation mechanism of the MD mode. (b) Qscat
(color) as a function of λ and h for h = 50–250 nm. The particle geometry is shown
as an inset. The vertical white line is the crosscut corresponding to the spectrum
shown in (a). The white dots correspond to the λ - h combinations used for (c-e).
(c-e) Normalized electric field intensity |E |2 (color) and electric field lines (gray)
in vertical crosscuts through particles with h = 50 nm (c), h = 100 nm (d) and
h = 175 nm (e), parallel to the electric driving field.

To study the effect of particle height on retardation, we calculate Qscat for a Si
cylinder in air, with diameter d = 100 nm and height h = 100 nm. Figure 9.1a shows
Qscat as a function of wavelength. Two clear peaks are observed which correspond
to the ED mode at λ = 440 nm and the MD mode at λ = 503 nm. As mentioned
above, identification of the modes (MD, ED) is done by studying the field profiles
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9.3 Retardation and particle height

inside the particle and identifying the corresponding current loops. Figure 9.1b
shows Qscat spectra for particle heights in the range h = 50–250 nm. The vertical
dashed line represents the crosscut shown in Fig. 9.1a. The two maxima, labeled ED
and MD, show a clear red shift and increase in Qscat for increasing h. Note that two
peaks can be observed for the entire range of h, even down to 50 nm. Thus, even a
cylinder only 50 nm high supports a vertically-oriented displacement current loop
generating a MD resonance. The strong increase in Qscat for larger height is due
to the fact that the volume of the particle increases and thus the polarizability and
thereby σscat , while the geometrical cross section σg eo does not change. Unlike
plasmonic particles, where an increase in h gives rise to a small blue shift for an
in-plane dipole mode due to an increased restoring force, higher Si cylinders give
rise to a large red shift that saturates above h ∼ 220 nm. This can be understood
from Figs. 9.1c-e, which show vertical crosscuts parallel to the polarization of the
driving field of the normalized electric field intensity distribution |E |2 (color) for
h = 50 nm (c), h = 100 nm (d) and h = 175 nm (e). Electric field lines (gray) in
this plane at resonance are also plotted. The three combinations of h and λ from
Figs. 9.1c-e are indicated by white dots in Fig. 9.1b. In Figs. 9.1d-e, both the intensity
profiles and the field lines clearly show the loop induced by the driving field, which
in turn drives the out-of-plane MD mode. In (c) however, this loop is not clearly
visible. Detailed analysis of crosscuts through other planes (not shown here) do
show that there is a current loop. But, a large fraction of the current loop is inside
the evanescent near field in the air below the particle, where n = 1 (hence the high
field intensity at the bottom corners). As the particle gets taller, Figs. 9.1d-e, the
current loop fits better inside the particle and a larger fraction of the field is in the
high index medium, giving rise to a red shift which saturates when the current loop
easily fits inside. A similar argument holds for the ED mode, where a larger fraction
of the field is inside the cylinder for larger h, giving rise to a red shift.

Concomitant with the strong blue shift for smaller h, the index of Si also strongly
increases for smaller wavelengths (from n = 4 at λ = 550 nm to n = 5.1 at λ = 420
nm). This makes the particles “optically” higher, thus creating more space for a
current loop and as a result, the MD mode does not disappear. Note that for a non-
dispersive medium this might not be the case.

Figure 9.2a shows Qscat as a function of wavelength for a d = 250 nm cylinder in
air, made of a non-dispersive dielectric with n = 2 for different heights in the range
h = 50–200 nm. For h = 50–100 nm, one very broad peak is observed, which corre-
sponds to the ED mode. When h > 100 nm, there is enough retardation to support a
displacement current loop and the MD resonance is supported as well, which then
red shifts for larger h, as explained above. Note that the Q-factor of the resonances
is much lower than observed in Fig. 9.1a since the lower index of the particle results
in poor mode confinement and thus a large radiative loss rates γr ad . Therefore, the
ED and the MD spectrally overlap and one broad ED/MD peak is observed. Also
note that the identification of the modes is again done by studying the field profiles.
In this case however, the ED and MD modes spectrally overlap, such that in the
near-field profiles both dipolar field profiles and corresponding current loops can
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9 Designing dielectric resonators on substrates

be distinguished. The relatively sharp peak that appears in the blue spectral range
for larger heights corresponds to the magnetic quadrupole mode (MQ), as will be
shown later. Thus, in the limit that there is not enough retardation of the driving
field inside the particle (low n and h), the MD mode is not supported, whereas the
ED mode is always supported.
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Figure 9.2: (a) Qscat as function of wavelength for d = 250 nm particles made of a
non-dispersive dielectric with n = 2, plotted for heights in the range h = 50–200 nm.
The geometry is shown as an inset. The peaks are labeled according to the
resonance they correspond to (MD, ED, MQ). For h < 125 nm, no MD is supported.
(b) Qscat for the same particles as in (a), but now on a semi-infinite substrate with
n = 2 (see inset for geometry).

It has been shown that when a dielectric resonator is positioned on a substrate
with similar index as the resonator, the displacement current loop can extend into
the substrate [33] (also see Section 9.5). The substrate effectively provides addi-
tional "optical" height to the resonator, such that the MD mode can be supported
for shallow particles that do not show this resonance when positioned in air. Fig-
ure 9.2b shows Qscat for the same resonator as in (a), but now positioned on a semi-
infinite substrate with nsub = 2 (see inset). Comparison of (a) and (b) clearly shows
that all resonances have significantly broadened, due to the fact that part of the
mode profile extends into the substrate. This increases the radiative loss rate γr ad

into the substrate, resulting in a reduced resonance Q-factor. Although combining
shallow particles (h < 100 nm) with a substrate provides enough retardation and
space to support a current loop, the degree of confinement is insufficient to support
any resonance. However, as soon as resonant behavior occurs by increasing h, the
resonant peak corresponds to a combination of the ED and MD eigenmodes.

9.4 Particle diameter and higher order modes

Increasing the particle diameter d enables the excitation of resonant modes at
larger wavelengths. A rule of thumb for the resonant wavelengths of the dipolar
modes of resonant nanocylinders in air is λ/n ∼ d . Furthermore, when the
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9.4 Particle diameter and higher order modes

diameter is large enough, higher-order modes will also be supported in the visible
spectral range. In Fig. 9.3 we investigate the spectral spacing of the ED and MD
modes. Figure 9.3a shows Qscat (color) for h = 100 nm Si cylinders in air, with
varying diameter in the range d = 50–250 nm.
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Figure 9.3: (a) Qscat (color) as a function of wavelength for a h = 100 nm Si
cylinder in air, for diameters in the range d = 50–250 nm. The geometry is shown
as an inset. The peaks are labeled according to the resonance they correspond
to (ED, MD, MQ). (b) Qscat (color) for the same resonator as in (a), but now on
a semi-infinite substrate with n = 3.5 (see inset). (c) Spectra corresponding to
crosscuts indicated by white vertical dashed lines in (a) and (b) showing the spectra
for d = 175 nm, in air (red) and on a n = 3.5 substrate (blue). The labels indicate the
corresponding resonant modes. (d) Vertical crosscut through the resonator in air
(d = 175 nm, see white dot in (a)) in the plane parallel to the H-field of the driving
field for λ = 466 nm. Plotted is the normalized |H |2 (color) and the magnetic field
lines (gray), showing the MQ mode profile. The corresponding poles are labeled
with + and − signs (white).

For d < 130 nm two clear resonances are present, which correspond to the ED
and MD modes, as was observed in Fig. 9.1 where the particle height was varied. As
d increases, both modes strongly red shift and start to overlap spectrally as d > 160
nm, while the peak value of Qscat stays roughly constant (∼8). The curvature of the
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9 Designing dielectric resonators on substrates

MD branch is a result of the dispersive nature of the Si. Note that the red shift for the
ED mode with increasing d is much stronger than that of the MD mode, such that
tuning the particle aspect ratio allows for control over the spectral spacing between
the ED and MD mode. In fact, a further increase in diameter will cause the ED and
MD branch in Fig. 9.3a to cross as shown in [45]. The vertical crosscut in Fig. 9.3a
indicated by the white line at d = 175 nm, is shown as the red spectrum in Fig. 9.3c.
The spectrum shows how the ED mode appears as a shoulder on the dominant
MD resonance. Thus, in air, the ED and MD peaks are spectrally separated for
small d and spectrally overlapping for large d . A third peak is observed for around
λ= 466 nm, which also red shifts with increasing d . This peak is due to a magnetic
quadrupole (MQ) as appears from Fig. 9.3d, which shows a vertical crosscut, paral-
lel to the H-field of the driving field, of the normalized magnetic field intensity |H |2
(color) and the magnetic field lines (gray lines) in a d = 175 nm particle at the MQ
resonance wavelength (λ= 466 nm). The combination of d and λ used for this plot
is indicated with a white dot in Fig. 9.3a. The crosscut shows four bright lobes in the
corners of the particle (the bottom two overlap, giving a bright spot in the center),
corresponding to the four poles of a quadrupole. The field lines show which pole
is positive (field lines going out of the particle) and negative (field lines going in),
indicated by white + and − signs. The observed mode sequence MD-ED-MQ with
decreasing resonance wavelengths in Figs. 9.3a and 9.3c is in agreement with the
well established mode hierarchy of magnetic and electric modes in spheres [29, 41].
Note that a strong reduction in the cylinder aspect ratio can cause the MD mode to
be positioned at lower wavelength than the ED mode, thereby changing this mode
hierarchy [45].

Figure 9.3b shows Qscat for the same resonators as in (a), but now on a semi-
infinite substrate with nsub = 3.5 (roughly equal to nSi , see inset for geometry).
Comparing (a) and (b), four characteristic differences are observed. First, the ED
and MD modes in (b) are spectrally broader and overlapping, now also for small
d , which is a result of the increase of γr ad into the substrate. Second, the peak
values for Qscat are much higher for small d (∼11 instead of ∼8) and for the MQ
mode (∼7 instead of ∼5). Both the first effect (broadening) and second effect (in-
crease in Qscat ) are attributed to the increased local density of optical states (LDOS)
accessible to the resonator when located on a substrate: there are more radiative
states available to couple to, thus increasing γr ad and therefore Qscat . Third, for
d > 160 nm the ED/MD peak becomes very broad, scattering light over the en-
tire visible spectral range, since a larger fraction of the mode profile extends into
the substrate for larger λ. Figure 9.3c (blue) shows the spectrum for d = 175 nm.
Clearly, the ED/MD peak ranges all the way from λ = 400 nm up to λ = 1000 nm.
These modes can serve to achieve efficient light coupling into a high-index sub-
strate over a broad spectral range, as shown in refs. [33, 73]. Fourth, the red shift
of the ED/MD peak is more dramatic than in (a), which is a result of the fact that
a large fraction of the near-field of the resonance is inside the n = 3.5 substrate
instead of air (n = 1).
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9.5 Substrate index and particle shape

9.5 Substrate index and particle shape

Sections 9.3 and 9.4 have shown that when a cylindrical resonator is positioned
on a substrate with nsub ∼ npar t , the ED and MD resonances broaden and spec-
trally overlap. Next, we investigate the case of 1 < nsub < npar t . We study how the
spectral positions of the resonances depend on substrate index and particle shape.
Figure 9.4a shows Qscat for the same resonator as in Fig. 9.1a, a Si cylinder with
d = 100 nm and h = 100 nm, but now on a semi-infinite substrate with an index in
the range 1 ≤ nsub ≤ 3.5, varying in steps of 0.25.

Figure 9.4a shows three characteristic features. First, as was observed in
Figs. 9.2b and 9.3b, increasing nsub from 1 to 3.5 gradually broadens the resonance
peaks (due to an increase in γr ad ) and causes the ED and MD peaks to overlap
spectrally, such that the ED mode becomes a shoulder of the MD mode for high
index. For nsub > 2.25, the ED is no longer visible as a separate peak. Second, a
significant increase in Qscat is observed for increasing nsub , which is attributed to
the increase in the LDOS at the position of the particle. Third, a small red shift
is observed with increasing nsub : λMD = 499 nm for nsub = 1 and λMD = 515 nm
for nsub = 3.5. This is caused by the index experienced by the near-field of the
resonance. Note that this small shift of only 16 nm is in sharp contrast with the
dramatic 600 nm red shift observed for a plasmonic dipolar resonance of a similar
cylinder made of Ag [72]. This contrast is a direct result of the different nature
of the resonance. While in plasmon resonances most light is concentrated at the
interface (in direct contact with the substrate), in case of dielectric resonators
most light is concentrated inside the resonator, making it less sensitive to substrate
index.

To investigate the influence of particle shape, Fig. 9.4b shows Qscat as a function
of wavelength for the same cylinder as in (a) (red), a d = 114 nm sphere (green),
and a cube with sides of length l = 92 nm (blue). The particles have the same
volume, are all made of Si and the geometries are shown below (a) and (b). The
dashed lines in Fig. 9.4b correspond to particles in air, the solid line to particles on
a semi-infinite substrate with nsub = 3.5. Note that the sphere is sticking 7 nm into
the substrate (center is at 50 nm height above the substrate) to prevent unphysical
hot spots at the infinitely sharp contact area (see sketched geometry). Figure 9.4b
shows that both in air and on a substrate, the shape of the particle has only a
small influence on the resonance wavelengths of the ED and MD modes. Both
resonances are supported for all shapes, and the cylinder proves to be the most
efficient scatterer. Furthermore, for all shapes Qscat increases significantly due to
the enhanced LDOS, when put onto a substrate. However, comparing the solid
lines with the dashed lines shows that both the cylinder (red) and the cube (blue)
show the dramatic broadening of the ED and MD resonances when compared to
the case in air, causing the ED to appear as a shoulder on top of the MD mode. For
the sphere (green), the broadening is significantly less and the ED remains to be a
separate peak.

To understand this difference, we plot vertical crosscuts (parallel to the E-field
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9 Designing dielectric resonators on substrates

of the driving field) through the center of all particles on the nsub = 3.5 semi-infinite
substrate, at the MD resonance wavelength. Figures 9.4c-e show the normalized
|E |2 (color) and the electric field lines (gray), while Figs. 9.4f-h show the normalized
|H |2 (color). The magnetic field lines are not plotted because H ∼ 0 in this plane,
which is perpendicular to the H-field orientation of the driving field. Figures 9.4c-e
clearly show the displacement current loops that induce the magnetic dipole ~m of
the MD mode. Both (c) and (e) show that for the cylinder and the cube a significant
fraction of the displacement current loop extends into the substrate. For the sphere,
despite the fact that it sticks into the substrate, this effect is much smaller.

As a result, the coupling to the substrate is much weaker for the sphere than
for the cylinder and cube. This is also clearly observable in Figs. 9.4f-h, which show
that the magnetic field profile of the MD mode inside the substrate is much brighter
for the cylinder and the cube, when compared to the sphere. The contact area of
the resonator with the substrate is thus very important to get strong coupling to
the substrate and provides tunability of the radiation rate γr ad into the substrate.
Note that in Figs. 9.4c-e a second (reversed) current loop can be observed in the
substrate below the particles. We attribute this to image dipoles induced by the
dipole moments in the particles.

9.6 Selective mode enhancement with multi-layer
substrates

Based on the results from Sections 9.3–9.5 it is possible to design any resonator
geometry such that the particle is resonant at the desired wavelength. Further-
more, by tuning the diameter and height separately it is possible to either have
two spectrally separated ED/MD resonances (using a small diameter, large height)
or spectrally overlapping resonances (large diameter, small height). However, for
specific applications it may be useful to selectively select one of the two modes to
dominate the response of the resonator; the ED or the MD mode.

This may be particularly relevant if the radiation pattern of the resonator is
important, such as for example in light trapping geometries in photodiodes and
solar cells, as will be shown in Section 9.8. Here we will show that this can be done
using a multi-layer substrate. The inset of Fig. 9.5a shows the proposed geometry:
a Si cylinder with d = 100 nm and h = 100 nm is positioned on a SiO2 layer with
thickness t , which is on top of a nsub = 3.5 substrate (e.g. Si). We vary the SiO2 layer
thickness from 0 ≤ t ≤ 500 nm in steps of 20 nm and for each t we calculate Qscat .

The results are shown in Fig. 9.5a, where Qscat is shown (color) as a function of t
and λ. For t = 0, we observe one very broad peak: the resonator is strongly coupled
to the substrate and the ED and MD mode broaden and overlap as in Fig. 9.4.
However, as t increases Qscat of the MD mode and ED mode are subsequently
suppressed and enhanced. The horizontal dashed black lines indicate crosscuts
near the resonance wavelength for the MD mode (λ = 499 nm) and the ED mode
(λ= 440 nm), which are shown as blue dots in Figs. 9.5b and 9.5c respectively. Note
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Figure 9.4: (a) Qscat as a function of wavelength for a Si cylinder with h = 100 nm,
d = 100 nm, on a semi-infinite substrate with 1 ≤ nsub ≤ 3.5, in index steps of
0.25. The geometry is shown as an inset. (b) Qscat for the same cylinder (red), a
d = 114 nm sphere (green), and a l = 92 nm cube (blue) in air (dashed), all on a
nsub = 3.5 semi-infinite substrate (solid). All particles consist of Si and have the
same volume. The three geometries are sketched below (a) and (b). Note that the
sphere sticks 7 nm into the substrate to prevent an infinitely sharp contact area.
(c-e) Vertical crosscuts through the center of all three particles in the plane parallel
to the E-field of the source, showing the normalized |E |2 (color) and electric field
lines (gray). The particle surroundings and air-substrate interface are indicated
with white dashed lines. The respective geometries are shown above the figures.
The displacement current loops are clearly visible. (f-h) The same crosscuts as in
(c-e), now showing the normalized |H |2 (color) of the MD modes. The magnetic
field lines are not plotted since H ∼ 0 in this plane (perpendicular to source ~H)
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Figure 9.5: (a) Qscat as a function of wavelength and oxide thickness t , for a
d = 100 nm, h = 100 nm Si cylinder, positioned on top of an oxide layer with
thickness t , on top of a semi-infinite substrate with nsub = 3.5. The inset shows
the geometry. The horizontal black dashed lines indicate crosscuts at resonance
wavelengths: λ= 440 nm (ED) and λ= 499 nm (MD). (b,c) Blue dots show the cross
sections from (a), red lines show the fits from the interference model. The free-
space wavelengths found from the fit are shown on the bottom left of the figures.
The gray dashed lines show the peak value of Qscat for the same particle on a semi-
infinite SiO2 substrate (limit of t →∞).

that the oscillation period is different for the ED and MD modes as they appear at
different wavelengths, such that any combination of MD/ED amplitude within the
oscillation can be chosen: at t ∼ 400 nm both modes are in phase while at t ∼ 60 nm
they are out of phase. This effect is caused by constructive and destructive interfer-
ence of the incident light reflected from the SiO2 layer, resulting in strong variations
in the driving field in the resonator, as follows from a simple interference model.
Indeed, the oscillation periods found in Figs. 9.5b and 9.5c correspond to the half-
wavelength of light in the oxide layer.

To prove that this effect allows for both suppression and enhancement of one
of the modes, the gray dashed lines in (b) and (c) show the peak value of Qscat

of the same particle on a semi-infinite substrate (t → ∞) with index nsub = 1.5
(roughly equal to nSiO2 ), which is 8.8 for the MD mode and 5.9 for the ED mode.
As can be seen from both (b) and (c), the amplitude of Qscat can both be lower and
higher than these values. The modes are not fully suppressed since the amplitudes
of the incoming light and the light scattered from the Fabry-Pérot cavity do not
completely cancel each other.
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9.7 Plane wave versus dipole excitation

All the above describes the resonant behavior of cylinders, illuminated by plane-
waves under normal incidence. However, in many practical applications or experi-
ments the driving field may be light under large angles of incidence (e.g. illumina-
tion through a large NA objective [30, 41]), or even a local source like an electron
beam excitation [285], which corresponds to a vertically oriented electric dipole
[270, 271]. Therefore, we investigate the resonant behavior of cylinders excited by a
point dipole. We study the scattering cross section of a d = 100 nm, h = 100 nm Si
cylinder in air and compare the data with those for plane wave illumination from
the top (like in Sections 9.3–9.6). Efficient driving occurs when the fields of the
electric dipole source overlap those of the eigenmode. Thus, when the dipole is
positioned in an anti-node if the eigenmode field profile. Here, we average over
all dipole positions to find all eigenmodes that are efficiently excited by a vertical
dipole. Note that this experimental configuration corresponds to that of catho-
doluminescence spectroscopy, as we have recently shown for dielectric cylinders
[285]. To simulate this, a vertically oriented electric dipole is positioned in the
center of the particle, and then scanned to the edge of the particle in steps of 5 nm.
For each step, a simulation is performed and the light scattered from the particle
is collected using transmission monitors. Next, because of cylindrical symmetry,
the dataset is rotated around the axis, and the total particle spectrum is obtained
by adding all the individual spectra (using the proper Jacobian). Since the dipole
driving power and plane wave base amplitude can be arbitrarily chosen, the spectra
from both simulations are normalized for comparison. The results are shown in
Fig. 9.6a, where the blue line corresponds to dipole excitation and the red line to
plane wave excitation. Both spectra show two peaks, corresponding to the MD
mode at long wavelengths and the ED mode at short wavelengths. Interestingly,
the figure indicates that both excitation mechanisms induce a similar MD mode, at
the same wavelength, whereas the ED energies are distinctively different.

To further characterize this difference, we show in Fig. 9.6b the driving mech-
anisms of both the MD mode (top row) and the ED mode (bottom row), for the
in-plane excitation using a plane wave (left column) and vertical dipole (right col-
umn). The driving field orientations are shown on top. For the plane wave driving
field (left column), the excitation of the in-plane MD (labeled MDhor ) is a result
of the E-field of light (red) coupling to a vertically oriented displacement current
loop (orange), as was discussed in Section 9.2. The projection of the driving field
on the current loop determines the driving efficiency, which occurs on the top and
bottom of the current loop in this case. Coupling of the plane wave to the in-plane
ED (labeled EDhor ) mode (bottom left) occurs due to the in-plane polarization of
the material by the driving field. The vertically oriented dipole excitation (right col-
umn) has the E-component of the driving field in the vertical direction. However,
this driving field has good field overlap with the sides of the vertical displacement
current loop, on the left and right of the particle (see top right in Fig. 9.6a. There-
fore, the same in-plane ~m (MDhor ) can be induced with both vertical and in-plane

161



9 Designing dielectric resonators on substrates

MD

ED

in-plane vertical

m

p

H
E

k
p

driving
field

400 450 500 550 600 650 700
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

λ (nm)

no
rm

al
iz

ed
 ra

di
at

ed
 p

ow
er

(b)(a)
plane-wave
vertical dipole

MDhor

EDhor

EDvert

1

0

(c) EDvert

MDhor

Figure 9.6: (a) Normalized Qscat for a Si cylinder with d = 100 nm, h = 100 nm
in air under plane wave excitation (red), and excited by a vertically oriented
electric dipole, calculated by integrating spectra obtained from scanning the dipole
position over a horizontal crosscut through the middle of the particle (blue). The
modes are labeled in gray. (b) Excitation mechanism for the in-plane polarized
plane wave source (left column) and vertically oriented electric dipole source (right
column). The driving mechanism is shown for both the MD mode (top row) and
ED mode (bottom row). The driving field orientation is shown on top. The orange
circles indicate the displacement current loop inducing ~m, the red arrows the E-
field of the driving field (top row) and ~p orientation (bottom row). The blue crosses
indicate the out-of-plane orientation of ~m. (c) Excitation efficiency maps of the
EDver t (top) and MDhor (bottom) modes driven by a vertically oriented electric
dipole. The cross sections are taken at the particle half-height.

E-fields, which explains why the peaks occur at the same resonance wavelength
(λ= 503 nm).

The ED mode, however, is excited differently for the two cases. The ED mode
excited by the vertical dipole source is vertically oriented (EDver t ), instead of hori-
zontally. The different alignment of the dipole moment ~p within the particle causes
the eigenmode to occur at different wavelengths: EDver t (417 nm) occurs at shorter
wavelengths than EDhor (440 nm), as can be seen in (a). Note that if a horizontal
point dipole would be coupled to the particle, the EDhor mode occur at the same
resonance wavelength, while the MD mode will change. Under these conditions, an
in-plane current loop will be excited rather than a vertical one. So, the peak corre-
sponding to MDhor mode would occur in the spectrum, with a different resonance
energy.

To further corroborate the excitation mechanisms by the vertical point dipole,
Fig. 9.6c shows the excitation efficiency maps (corresponding to horizontal cross-
cuts of the mode profiles at the particle half-height) for the EDver t (top) and MDhor

mode (bottom). These maps show how much light is scattered by the particle at
resonance wavelength (20 nm bandwidth) as a function of the excitation position
(position of the dipole). This corresponds to the coupling efficiency, which is de-
termined by the field overlap of the eigenmodes and the E-fields of the dipole.
Figure 9.6c shows that the EDver t (top) is excited most efficiently when the dipole
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is positioned in the center (bright spot), which corresponds to the position of the
vertically oriented ~p (see bottom right in (a)). Note that the slightly brighter ring on
the outside is caused by inefficient coupling to the vertical component of the field
lines of the EDhor mode [67]. The MDhor mode is excited most efficiently when the
dipole is positioned in the bright ring on the edge of the particle, in agreement with
the top right sketch in (a). Note that a ring is observed because the MDhor mode is
infinitely degenerate with respect toφ, which is a result of the cylindrical symmetry
of the particle.

9.8 Radiation patterns

One of the most important characteristics of dielectric resonators is the angular
radiation pattern. As specific eigenmodes are often characterized by distinct radia-
tion profiles [285], this allows for the design of angular or spectrally sensitive pho-
todetectors, and solar cell geometries with optimized light trapping. For resonators
that are strongly coupled to a high-index substrate, a large fraction of the scattered
light is emitted into the substrate due to the enhanced LDOS [286]. Here, we use
the far-field transformation routine of Lumerical [137] to calculate the radiation
patterns of single silicon scatterers on a substrate under plane wave illumination.
We use a large (2.2 µm × 2.2 µm × 0.8 µm) simulation volume and apply the far-field
transformation to the light propagating downward into a semi-infinite substrate
with index nsub , collected by a monitor outside the TFSF source (150 nm below
the air-substrate interface). In this way, the radiation patterns only include the
scattered light and not the incident light.

Figure 9.7a shows Qscat of a Si cylinder with d = 100 nm, h = 100 nm on a semi-
infinite substrate with nsub = 1.5 (red) and nsub = 3.5 (blue). The geometry is shown
as an inset, where we define θ as the angle with respect to the surface normal point-
ing downward. For nsub = 1.5, we observe two distinct resonances due to the ED
mode (labeled 1) and the MD mode (2). For nsub = 3.5, both peaks have broadened
such that they spectrally overlap and the resonant response is dominated by the
MD mode (3).

Figure 9.7b shows the fraction of the scattered power that is scattered into the
substrate as a function of nsub , integrated over all wavelengths (red) and at the MD
resonance wavelength (blue). Both lines show an increase in downward scattering
with increasing nsub due to the increased LDOS [286]. For nsub = 3.5 (close to nSi )
more than 80% of the scattered light goes into the substrate. Indeed, arrays of Si
nanocylinders have shown to act as efficient anti-reflection coatings [33]. Surpris-
ingly, this scattering fraction is lower at resonance than it is for the total power,
which shows that the directionality is not optimum at the resonances wavelength
itself. However, the absolute power scattered into the substrate is determined by
Qscat and does peak at resonance (also see Fig. 9.8).

To show that the individual resonances can be used as directional antennas, we
show in Fig. 9.7c the angular radiation profiles into the substrate for the Si cylinder
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Figure 9.7: (a) Qscat for a Si cylinder with d = 100 nm, h = 100 nm positioned on a
semi-infinite substrate with nsub = 1.5 (red) and nsub = 3.5 (blue). The geometry
is shown as an inset. The peaks are labeled according to the corresponding
resonance (ED/MD) and numbered for reference in (c). (b) Fraction of scattered
power into the substrate as a function of nsub , at resonance wavelength (blue)
and integrated over the entire spectral range (400–700 nm). A clear increase in
downward scattered power is observed with increasing nsub , attributed to the
enhanced LDOS in the substrate. (c) Far-field radiation patterns for the numbered
peaks from (a) corresponding to the ED and MD modes of the Si cylinder (top row).
1–2 correspond to the ED and MD mode on a nsub = 1.5 respectively, 3 to the MD
mode on nsub = 3.5. The gray circles correspond to constant θ with equidistant
spacing ∆θ = 10◦. The white dashed circles correspond to the critical angle θc in
the substrate. The orientation of the ED and MD dipole moments are shown on the
left. The bottom row shows the calculated radiation patterns of the corresponding
point-dipoles (px and my ), positioned 50 nm above the substrates with nsub = 1.5
(left, center) and nsub = 3.5 (right). Note that the colorbar of the bottom row has
been saturated at 0.7 for visibility.
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(top row), as a function of azimuthal angle and zenithal angle. From left to right,
the patterns correspond to peaks 1–3 in Fig. 9.7a, respectively. Incident light is
polarized along x̂, i.e. the θ = 90◦ direction. The orientation of the ED and MD
dipole moments is shown by the gray arrows on the left. Furthermore, the critical
angle for light trapping in guided modes is plotted as a white dashed line in each
radiation pattern.

Radiation pattern 1 shows clear beaming from the ED mode into two specific
angular lobes along ŷ , close to the critical angle. The radiation pattern of the MD
mode (pattern 2) shows similar directional beaming close to the critical angle, but
now along x̂. The orientation of the radiation patterns correspond to that of an
electric dipole and magnetic dipole on a substrate, oriented in the x̂-direction (px )
and ŷ-direction (my ) respectively. To show this, we also plot the radiation pro-
files into the substrate of point dipoles (px , bottom left, and my , bottom center
and bottom right) positioned 50 nm above a substrate with nsub = 1.5 (bottom
left and bottom center) and nsub = 3.5 (bottom right). The radiation patterns are
obtained from classical theory [280, 287]. Comparing radiation patterns 1 and 2
with those of px and my we find qualitative agreement, indicating that 100 nm high
cylindrical particles at resonance have radiation patterns similar to point dipoles.
Finally, radiation pattern 3 in Fig. 9.7c shows how the radiation pattern of the ŷ-
oriented MD (MDy ) resonance is influenced by an increase in refractive index of
the substrate to nsub = 3.5. The same directional beaming is observed, but now
more pronounced (stronger beaming) and under smaller θ as the critical angle has
decreased to θc = 16.6◦. Again, good qualitative agreement is observed with the
point dipole model (bottom right).

The patterns observed in Fig. 9.7c show that selective excitation of eigenmodes
(ED or MD) allows for directional emission in the x̂ or ŷ-direction. Therefore, the
combination of spectrally separated ED/MD modes can be used for wavelength
demultiplexing of polarized light: short wavelengths are scattered along ŷ by the
ED mode, long wavelengths along x̂ by the MD mode. The height and diameter can
be tuned to obtain the desired spectral response, the index of the substrate defines
the bandwidth and scattering angle (i.e. SiO2 gives large angles). Furthermore, the
strong emission around the critical angle has direct implications for the use of such
resonators for light trapping in weakly absorbing substrates, such as solar cells.
Note that Fig. 9.7 only considers the radiation patterns of the lowest order dipolar
modes. It has been observed that higher order modes show strong beaming around
the normal [285]. Furthermore, the patterns observed in Fig. 9.7c change when the
particle gets taller. In this case, the effective dipole moments are positioned further
away from the substrate, such that a larger fraction of the emission is below the
critical angle. Simulations show that increasing the particle height from 100 nm
to 200 nm significantly changes the radiation patterns from dipolar like emission
profiles as observed in Fig. 9.7c, to strong beaming along the normal due to the
increased distance of the effective dipole moments to the substrate. Altogether,
this indicates that tuning the geometry of the resonator can give accurate control
over the radiation properties of the scattered light.
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Figure 9.8a shows a comparison of the forward (green) and backward (blue)
scattered power for a d = 100 nm, h = 100 nm Si cylinder on a substrate with
nsub = 1.5. Also shown are the ratio Pdown/Pup (red), and the spectral range of the
ED (shaded red) and MD (shaded blue) resonances. Note that the oscillations in
the red line for λ> 580 nm are due to numerical noise. The scattering ratio peaks at
14.8, which indicates strong directional scattering into the substrate. This is a result
of the interference of light scattered by the ED and MD modes, as was theoretically
predicted by Kerker et al. [288] and recently demonstrated experimentally for
spheres [30, 46] and cylinders [45]. For Si spheres, the peak ratio observed was
∼8 [30], which shows that particles that have strong coupling to a substrate can
exceed this ratio significantly.

However, in the latter case the directionality also originates from the high
LDOS of the substrate. To differentiate these two effects, Fig. 9.8b shows the ratio
Pdown/Pup as a function of wavelength for 1.25 ≤ nsub ≤ 3.5 in steps of 0.25. As was
observed in Fig. 9.4a, with increasing nsub both the ED and MD resonance peaks
significantly broaden and the total scattered power increases. The peak scattering
ratio is significantly reduced for larger nsub . Thus, the contrast from the ED/MD
interference is strongly suppressed, whereas the average value is similar (6.4 for
nsub = 3.5, 6.8 for nsub = 1.5). Therefore, this graph clearly shows the trend from
scattering dominated by Kerker-type interference (high peaks and dips, low nsub)
to scattering dominated by LDOS (flat and high response, for high nsub). The
reason for this transition can be understood from the requirements for Kerker-type
interference: as nsub increases, the overlap in the far-field radiation patterns is
reduced and the relative phase difference is less well defined. The combination
of Kerker-type interference and LDOS dominated scattering can be tuned to get
optimum directionality for one specific wavelength, or reduced directionality over
a broad spectral range. Note that the optimum in forward scattered power always
occurs at the MD resonance (see also Fig. 9.7b) [45].

9.9 Conclusions

In conclusion, we have systematically studied the influence of particle geometry
and dielectric environment on the resonant behavior of single dielectric particles,
both isolated and strongly coupled to a substrate. We found that the lowest energy
mode is an in-plane MD mode, driven by a vertical displacement current loop in-
side the particle. In the limit of low n and low h, there is not enough retardation
to form a current loop, such that no MD mode is supported. The excitation of
the ED mode is not limited by such constraints. At larger diameters, the ED and
MD spectrally overlap, and the higher order MQ mode appears in the blue spectral
range. Furthermore, we observe that strong coupling to (dielectric) substrates re-
quires a large contact area between the resonator and the substrate. This allows the
displacement current loop to extend partially into substrate, yielding high radia-
tive losses into the substrate. More complex multi-layer substrate allow selective
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Figure 9.8: (a) Back scattered power (blue), forward scattered power (green)
and forward/backward ratio (red) for a d = 100 nm, h = 100 nm Si cylinder on
nsub = 1.5. The red and blue shaded regions indicate the spectral range of the
ED and MD resonances respectively. Note that the oscillations in the red curve for
λ> 580 nm are due to numerical noise. (b) Forward/backward scattering ratio as a
function of wavelength for different nsub ranging from 1.25 to 3.5 in steps of 0.25.

enhancement and/or suppression of ED and MD modes through coupling with
a Fabry-Pérot mode in the multi-layer substrate. Also, by comparing dipole and
plane wave sources, we found that both vertical and horizontal E-fields can excite
the in-plane MD mode, whereas the ED modes have orthogonal dipole moments
and different resonance energies. Finally, by studying radiation patterns into the
substrate we found that the ED and MD modes have radiation patterns similar
to point dipoles above substrate, showing strong directional beaming around the
critical angle. Altogether, this work is a guideline for the engineering of dielectric
resonators, which allows one to use the combined scattering from ED and MD
modes to taylor the scattering properties for specific applications.
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