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The intrinsic Helmholtz free-energy functional, the centerpiece of classical density functional theory, is
at best only known approximately for 3D systems. Here we introduce a method for learning a neural-
network approximation of this functional by exclusively training on a dataset of radial distribution
functions, circumventing the need to sample costly heterogeneous density profiles in a wide variety of
external potentials. For a supercritical Lennard-Jones system with planar symmetry, we demonstrate that
the learned neural free-energy functional accurately predicts inhomogeneous density profiles under various
complex external potentials obtained from simulations.
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Inhomogeneous many-body systems play a profound
role in both science and technology, with examples span-
ning from p-n junctions in semiconducting solid-state
devices to phenomena like hydrogen bubbles in electro-
lyzers, or gas adsorption in porous materials [1–6]. Density
functional theory (DFT) is a powerful theoretical frame-
work to describe the thermodynamic equilibrium properties
and the structure of such systems, relying solely on the one-
body density profile ρðrÞ [7]. Classical DFT (cDFT) relies
on the existence of an excess free-energy functional
F exc½ρ�, which describes the nonideal contribution to the
total intrinsic free-energy functional F ½ρ� and encompasses
the interparticle interactions. However, the main bottleneck
of cDFT is that this functional is in general unknown, and
hence, one has to rely on developing accurate approxima-
tions for the excess free-energy functionals.
Historically, the field of cDFT has emphasized develop-

ment of analytical approximations for F exc½ρ�, often based
on thermodynamics and (direct) pair correlations derived
from approximate closures of the Ornstein-Zernike equa-
tion of bulk systems [8]. For instance, the highly successful
fundamental measure theory (FMT) for hard spheres is
deeply connected to the Percus-Yevick closure [9], and
many functionals for systems with soft van der Waals or
Coulombic interactions build on mean-field and mean-
spherical approximations [8,10].
In recent years, there has been a resurgence of

cDFT developments facilitated by machine learning
(ML) methods, which employ virtually exact thermody-
namic and structural data obtained from explicit many-
body simulations to learn data-driven representations of the

excess free-energy functional F exc½ρ�. In the classical
regime, the first machine-learned cDFTs focused on super-
critical Lennard-Jones fluids, for which explicit approxi-
mate functional forms for F exc½ρ� were fitted to density
profiles in external fields obtained from simulations, both
for 1D [11] and 3D systems in planar geometry [12].
Recent work, once again leveraging simulations of density
profiles in a variety of external potentials, has shown that a
neural approximation of the functional derivative δF exc=δρ
for hard-sphere systems outperforms FMT [13] in accu-
rately estimating inhomogeneous density profiles.
In this Letter, we introduce a neural free-energy func-

tional that we train using pair-correlation matching, a
novel optimization objective that matches the Hessian of
the neural approximation to pair correlations of particles.
We show that pair-correlation matching yields a neural
functional that accurately predicts the excess free energy
for a one-component system of interacting particles. The
differentiable nature of this neural functional allows access
to, and learning from, various structural and thermody-
namic properties by utilizing the first and second functional
derivatives of F exc½ρ�. Unlike previous ML approaches to
cDFT [11–14], our neural functional is trained by directly
learning particle correlations from radial distribution func-
tions sampled from short simulations of homogeneous bulk
systems (illustrated in Fig. 1), rather than inferring them
from a costly dataset of inhomogeneous densities. We
demonstrate that this neural free-energy functional can be
applied in the cDFT framework to achieve accurate
estimates for inhomogeneous density profiles in external
fields without ever having seen any inhomogeneous
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densities during training. Simultaneously, the neural free-
energy functional provides accurate estimates of the excess
free energy.
Central to classical DFT is the grand canonical equilib-

rium density

ρ0ðrÞ ¼
1

Λ3
exp

�
βμ − β

δF exc½ρ�
δρðrÞ

����
ρ¼ρ0

− βVextðrÞ
�
; ð1Þ

with β ¼ 1=kBT, Λ the thermal wavelength, μ the chemi-
cal potential, and VextðrÞ the external potential. This self-
consistency relation can be leveraged to find ρ0ðrÞ
through recursive Picard iteration [15–17]. Since ρ0ðrÞ is
dependent on F exc½ρ� through the first functional derivative
δF exc½ρ�=δρðrÞ, previous approaches to leveraging
machine learning for cDFT [11–13] involve training a
model to capture δF exc=δρðrÞ, which can be derived from
sampled inhomogeneous equilibrium density profiles and
employing Eq. (1).
We train a convolutional neural network to directly learn

the excess free energy F exc½ρ�, enabling the straightforward
calculation of functional derivatives by (auto)differentiating

the neural functional with respect to its inputs. We focus
on 3D systems in a planar geometry, where the excess
free-energy of a system of area A is a functional of the
density ρðzÞ, which is constant across any plane parallel to
the xy plane, i.e., ρðzÞ ¼ ρðx; y; zÞ with ρðx; y; zÞ ¼
ρðx0; y0; zÞ for all ðx; yÞ; ðx0; y0Þ within the confines of A.
We represent the excess free-energy functional F exc½ρ� as a
neural network Fð2Þ

θ ðρ1; � � � ρnÞ, with ρi the density at grid
point zi for i∈ f1;…; ng, network parameters θ, and where
the upper index “(2)” indicates that the neural network is
optimized for pair correlations of bulk systems obtained from
simulations.
The functional derivative δF exc=δρðziÞ is defined as the

limit of the partial derivative limΔz→0ð1=ΔzÞ∂F exc=∂ρi with
ρi ¼ ρðziÞ and Δz the (uniform) grid spacing. We leverage
this relationship by employing automatic differentiation
(autodiff) [18,19] to approximate the first and second
functional derivatives of F exc½ρ� on a finite grid by

ð1=ΔzÞ∂Fð2Þ
θ =∂ρi and ð1=ΔzÞ2∂2Fð2Þ

θ =∂ρi∂ρj, respectively.
Here we note that the second functional derivative of
F exc½ρ� in planar geometry is related to the laterally

integrated direct correlation function c̄ð2Þb ðjzi − zjjÞ through

FIG. 1. (a) Bulk densities in planar geometry ρðziÞ ¼ ρb and radial distribution functions gðrÞ are sampled from Monte Carlo
simulations of homogeneous bulk systems of Lennard-Jones particles. Each gðrÞ is converted to the second functional derivative of the
excess free energy δ2F exc=δρðziÞδρðzjÞ by employing the Ornstein-Zernike equation. (b) Through automatic differentiation (autodiff2),

the neural functional Fð2Þ
θ is optimized to fit the Hessian of the model output with respect to input density profiles to δ2F exc=δρðziÞδρðzjÞ.

(c) The optimized model can then be applied in cDFT to obtain nonuniform equilibrium density profiles through automatic differentiation

(autodiff) and the free energy Fð2Þ
θ for a system of Lennard-Jones particles subjected to arbitrary external potentials.
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−β
A

δ2F exc½ρ�
δρðziÞδρðzjÞ

¼ c̄ð2Þb ðjzi − zjjÞ

≡
Z

∞

jzi−zjj
dr 2πr cð2Þb ðrÞ; ð2Þ

where the direct correlation function cð2Þb ðrÞ of homo-
geneous bulk fluids at density ρb is obtained from simu-
lated radial distribution functions gðrÞ through the bulk
Ornstein-Zernike equation

cð2Þb ðrÞ ¼ 1

2π2

Z
∞

0

sinðkrÞ
kr

�
ĥðkÞ

1þ ρbĥðkÞ

�
k2dk; ð3Þ

with ĥðkÞ the Fourier transform of the total correlation
function hðrÞ ¼ gðrÞ − 1 [8]. Thus we train our neural

network such that its Hessian ∂2Fð2Þ
θ =∂ρi∂ρj represents well

the laterally integrated direct correlation function obtained
from homogeneous bulk simulations (see End Matter for
further details). We will refer to this approach as pair-
correlation matching.
We illustrate this methodology for systems interacting

with a Lennard-Jones potential truncated at rcut ¼ 4σ with
σ the particle diameter, shifted upward by ϵcut ¼ 0.98 ×
10−3ϵ with ϵ the well depth, at a temperature kBT=ϵ ¼ 2,
i.e., above the critical point. Setting Λ ¼ σ throughout, we
perform grand-canonical Monte Carlo (GCMC) simula-
tions of homogeneous bulk systems at a variety of chemical
potentials βμ∈ ½−4; 0.5�, resulting in bulk densities
ρbσ

3 ∈ ½0.02; 0.67�. We employ 109 trial moves in a cubic
box with an edge length L ¼ 10σ (hence with area A ¼ L2

and volume V ¼ L3) and apply periodic boundary con-
ditions. We sample gðrÞ and ρb and convert each gðrÞ to

c̄ð2Þb ðzÞ using Eqs. (2) and (3) with a grid spacing
Δz ¼ σ=32. We create a data set of 800 combinations of

c̄ð2Þb ðzÞ and ρb, from which we learn the parameters θ of

Fð2Þ
θ . The neural network architecture of Fð2Þ

θ is a six-layer
convolutional neural network with periodic padding [20] to
match the system’s periodic boundary conditions. Each
convolution uses a kernel size of 3 with a dilation rate of 3.
The number of channels per hidden layer is configured as
follows: ½16; 16; 32; 32; 64; 64�, such that θ consists of
24.4 K parameters (see End Matter for further details).
To evaluate the accuracy of our neural excess free-energy

functional Fð2Þ
θ , we compare it to the van der Waals-like

mean-field approximation FMF
exc, which treats the attrac-

tions of Lennard-Jones particles as a perturbation on the
hard-sphere system, as implemented in PyDFTlj [1]. We
use the White-Bear mark II version of FMT for the excess
free energy of the hard-sphere system [21]. Additionally,

we compare to Fð1Þ
θ , which is a neural free-energy func-

tional trained by minimization of the error between

ð1=ΔzÞ∂Fð1Þ
θ =∂ρi and δF exc=δρðziÞ rather than by pair-

correlation matching. This neural functional has the same

neural network architecture as Fð2Þ
θ and is trained on a

dataset of 800 nonuniform densities, subjected to the same
set of chemical potentials as before (see the Supplemental
Material, S. 2 [22]). Note that the free-energy functional

Fð1Þ
θ introduced in this Letter is different from the neural

direct correlation functional introduced by Sammüller

et al. [13], since the gradient of Fð1Þ
θ supplies a global

estimate of δF exc=δρðziÞ for all i∈ f1;…; ng, in contrast to
a local estimate at one position zi (see the Supplemental
Material, S. 8 [22]). By approximating δF exc=δρðziÞ by the
gradient ð1=ΔzÞ∂FðnÞ

θ =∂ρi for n ¼ 1 and 2, both neural
functionals are applied in Picard iterations [15–17] to
obtain DFT estimates for the equilibrium density profiles
of inhomogeneous systems according to Eq. (1).
The DFT results for an exemplary external potential at

βμ ¼ 0 are shown in Fig. 2(a). We observe that the neural

functionals Fð1Þ
θ and Fð2Þ

θ provide similar estimates that
closely agree with simulation data. For the same external
potential, we evaluate the accuracy of DFTestimates for the
free energy for a range of chemical potentials −4 < βμ < 6
[Fig. 2(b)]. We compare with the excess free energy
obtained from GCMC simulations through thermodynamic
integration (see the Supplemental Material, S. 4 [22]). We
observe that both neural functionals outperform FMF

exc within
the range of μ values in the training set, exhibiting good
agreement with simulations. The DFT estimates are shown

until the Picard iterations diverge. We observe that Fð1Þ
θ

diverges rapidly when extrapolating beyond the training

set, even earlier than Fexc
MF. In contrast, Fð2Þ

θ converges to a
solution far beyond the trained μ range.
For a more detailed comparison of the accuracy of the

free-energy functionals for various inhomogeneous sys-
tems, we performed separate DFT calculations for 150
distinct external potentials, evaluated across the range

−4 < βμ < 6. Both Fð1Þ
θ and Fð2Þ

θ functionals show excel-
lent agreement with simulated data for density estimates
[Fig. 2(c)] and free-energy estimates [Fig. 2(d)], outper-
forming FMF

exc across all evaluated external potentials.

Within the training range, Fð1Þ
θ exhibits marginally lower

prediction errors than Fð2Þ
θ , while Fð2Þ

θ demonstrates supe-
rior accuracy when extrapolating beyond the training range.
Additional experiments show that the predictive accuracy

of Fð2Þ
θ is more sensitive to highly inhomogeneous densities

compared to Fð1Þ
θ , though this effect is reduced when

incorporating higher bulk densities into the training set

of Fð2Þ
θ (see the Supplemental Material, S. 7 [22]). Although

we might expect that training on bulk data provides
significantly less information about the underlying func-
tional than training on inhomogeneous data, these results
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show that pair-correlation matching works remarkably well
in practice.
Additionally, the free-energy functionals can be applied

in a uniform density setting to obtain access to the bulk
pressure

PðρbÞ ¼
�
δF exc

δρ

����
ρb

þ kBT

�
ρb − F exc½ρb�=V; ð4Þ

and the chemical potential μ following Eq. (1). Again, we
find excellent agreement of both neural functionals with
simulations within the training set, and superior agreement

of Fð2Þ
θ at higher densities, as shown in Fig. 2(e). Lastly, we

demonstrate that Fð2Þ
θ compared to both Fð1Þ

θ and Fexc
MF

provides accurate estimates for the laterally integrated

direct correlation function c̄ð2Þb ðzÞ and the radial distribution
function gðrÞ as shown in Fig. 2(f) for ρbσ3 ¼ 0.67. Here,

we approximate c̄ð2Þb ðzÞ by ½−β=AðΔzÞ2�∂2Fθ=∂ρi∂ρj with

z ¼ jzi − zjj. To derive the radial distribution function, we

first numerically calculate cð2Þb ðrÞ from c̄ð2Þb ðzÞ using

−
1

2π

�
1

z
dc̄ð2Þb ðzÞ

dz

�����
z¼r

¼ cð2Þb ðrÞ: ð5Þ

We then obtain gðrÞ using the Ornstein-Zernike equation
[Eq. (3)]. To suppress artifacts stemming from numerical
transformations in the region for gðrÞ → 0, we apply a
noise-reducing filter (see the Supplemental Material,
S. 5 [22]).
Our results lead to the surprising observation that the

neural free-energy functional Fð2Þ
θ is robust and predicts

accurate nonuniform density profiles, even substantially
beyond its training range and solely by training on
pair correlation functions of homogeneous bulk systems.
This training on homogeneous bulk systems offers an
alternative to existing training schemes of classical DFT,
which so far have all been based on training on density

FIG. 2. Evaluation of neural free-energy functionals Fð1Þ
θ and Fð2Þ

θ , where Fð1Þ
θ is optimized by matching inhomogeneous one-body

densities and Fð2Þ
θ by pair-correlation matching in the homogeneous bulk. (a) Density profiles of a Lennard-Jones system in a planar

geometry characterized by an external potential (shown in gray) at a chemical potential of βμ ¼ 0 obtained from DFTusing Fð1Þ
θ and Fð2Þ

θ

and the mean-field approximation FMF
exc , along with the simulated density profile. (b) Comparison of the free-energy estimates using Fð1Þ

θ ,

Fð2Þ
θ , and FMF

exc for the specific external potential shown in (a), evaluated across the range −4 < βμ < 6. Inset shows the bulk excess free-
energy obtained from DFT and simulations across a range of bulk densities 0 < ρbσ

3 < 1. (c) Mean absolute error

ð1=nÞP jρsimðziÞ − ρDFTðziÞj between density profiles obtained from DFT using Fð1Þ
θ , Fð2Þ

θ , and FMF
exc and densities sampled from

simulation. (d) Absolute error of the excess free-energy from DFT and simulations. (c),(d) Data is shown for 150 distinct external
potentials, evaluated across the range −4 < βμ < 6, with steps of Δβμ ¼ 0.2. The area of the mean� standard deviation is colored. The
error is shown up to the point where the Picard iterations stop to converge to a solution within 1000 iterations. (e) The bulk pressure and
chemical potential obtained from DFT and simulations across a range of bulk densities 0 < ρbσ

3 < 1. (f) The laterally integrated direct

correlation function c̄ð2Þb ðzÞ at ρbσ3 ¼ 0.67 and the radial distribution function gðrÞ obtained from simulation and DFT.
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profiles of inhomogeneous fluids in a variety of external
fields [11–14]. For pairwise systems, this alternative could be
particularly useful if pair correlations are the only data
available (e.g., from scattering experiments on homogeneous
fluids), if the external potential leads to computationally
expensive 3D density profiles, or if spatial heterogeneity is
coupled to orientational anisotropy (e.g., in liquid crystals,
nonspherical molecules, or patchy particles [14]). The
presently proposed training on homogeneous bulk systems
can also be a computationally inexpensive addition to the
existing training protocols on inhomogeneous fluids, where
an optimal combination may be found between training on
homogeneous and inhomogeneous states. In this sense, the
present study can be seen as an extreme case of training on
pair correlations in the bulk only.
In conclusion, this Letter introduces a generic machine

learning approach to obtain classical free-energy func-
tionals through pair-correlation matching, through which
we attain a neural free-energy functional that enables
simultaneous and direct access to both the excess free
energy and the density of a classical supercritical system of
interacting particles in any external environment.
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End Matter

End matter: Details of pair-correlation matching—In
this work, we train a convolutional neural network to
directly approximate the excess free energy F exc½ρ�,
enabling the straightforward calculation of functional
derivatives by (auto)differentiating the neural functional
with respect to its inputs. Rather than approximating the
free energy directly, we train the neural functional by
optimizing an objective that matches the Hessian of the
network to a direct correlation function that is computed
from short simulations of homogeneous bulk systems.
We refer to this approach as pair-correlation matching.
We focus on 3D systems in a planar geometry, where the

excess free energy of a system of area A is a functional of
the density ρðzÞ, which is constant across any plane parallel
to the xy plane, i.e., ρðzÞ ¼ ρðx; y; zÞ with ρðx; y; zÞ ¼
ρðx0; y0; zÞ for all ðx; yÞ; ðx0; y0Þwithin the confines of A. We
represent the excess free-energy functional F exc½ρ� as a

neural network Fð2Þ
θ ðρ1; � � � ρnÞ, with ρi the density at grid

point zi for i∈ f1;…; ng, network parameters θ, and where
the upper index “(2)” indicates that the neural network is
optimized for pair correlations of bulk systems as obtained
from simulations.
The functional derivative δF exc=δρ evaluated at

zi is defined as the limit of the partial derivative
limΔz→0ð1=ΔzÞ∂F exc=∂ρi with ρi ¼ ρðziÞ and Δz the (uni-
form) grid spacing. We leverage this relationship by
employing autodiff to approximate the first and second
functional derivatives of F exc½ρ� on a finite grid by

ð1=ΔzÞ∂Fð2Þ
θ =∂ρi and ð1=ΔzÞ2∂2Fð2Þ

θ =∂ρi∂ρj, respectively.
We target the approximation of the second functional
derivative in homogeneous bulk systems with bulk den-
sities ρb as our primary optimization objective, i.e., we

minimize the difference between ð1=ΔzÞ2∂2Fð2Þ
θ =∂ρi∂ρjjρb

and δ2F exc=δρðziÞδρðzjÞjρb .
To train our neural functional according to this optimiza-

tion objective, we require ground-truth examples of
δ2F exc=δρðziÞδρðzjÞjρb . We obtain these examples by sam-
pling the radial distribution function gðrÞ from simulations of
homogeneous bulk systems and applying the Ornstein-
Zernike equation to obtain δ2F exc=δρðziÞδρðzjÞjρb from
gðrÞ. Key to this transformation is the two-body direct
correlation function, which is defined in terms of the second
functional derivative as

cð2Þðr; r0Þ ¼ −β
δ2F exc½ρ�
δρðrÞδρðr0Þ ; ðA1Þ

for systems with arbitrary geometry. In a uniform and

isotropic bulk fluid, cð2Þðr; r0Þ ¼ cð2Þb ðrÞ only depends on
the distance between two points,

r ¼ jr − r0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx − x0Þ2 þ ðy − y0Þ2 þ ðz − z0Þ2

q
: ðA2Þ

In such a system, we obtain the direct correlation
function cð2Þb ðrÞ from the radial distribution function gðrÞ
by first calculating the total correlation function hðrÞ ¼
gðrÞ − 1 and then applying the bulk Ornstein-Zernike
equation

cð2Þb ðrÞ ¼ 1

2π2

Z
∞

0

sinðkrÞ
kr

�
ĥðkÞ

1þ ρĥðkÞ

�
k2dk; ðA3Þ

with ĥðkÞ the Fourier transform of the total correlation func-
tion hðrÞ. Since we consider systems in planar geometry, we
integrate Eq. (A1) with respect to the x and y coordinates and
define polar coordinates R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx − x0Þ2 þ ðy − y0Þ2

p
to

obtain an expression for the laterally integrated direct

correlation function c̄ð2Þb ðzÞ in terms of cð2Þb ðrÞ, i.e.,

c̄ð2Þb ðjz − z0jÞ ¼ 1

A

Z
dx dy

Z
dx0dy0 cð2Þb ðjr − r0jÞ

¼
Z

∞

0

dR 2πRcð2Þb

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ ðz − z0Þ2

q i

¼
Z

∞

jz−z0j
dr 2πr cð2Þb ðrÞ

¼ −β
A

δ2F exc½ρ�
δρðzÞδρðz0Þ : ðA4Þ

Here we assume that gðrÞ has converged to unity and that

cð2Þb ðrÞ is sufficiently short ranged such that it has essentially
decayed to zero at the distance of half the box size, r ¼ L=2.
For the cubic systems with edge length L ¼ 10σ, we found
this condition to hold for bulk densities ρbσ3 < 0.67.
With Eq. (A4), we have arrived at an expression that

enables us to construct a training set, by computing

δ2F exc=δρðziÞδρðzjÞjρb from sampled gðrÞ through cð2Þb ðrÞ:

−β
A

δ2F exc½ρ�
δρðziÞδρðzjÞ

¼
Z

∞

jzi−zjj
dr 2πr cð2Þb ðrÞ: ðA5Þ

We now construct an optimization objective that mini-
mizes the distance between ð1=ΔzÞ2∂2Fð2Þ

θ =∂ρi∂ρj and
δ2F exc=δρðziÞδρðzjÞ, i.e.,

LðθÞ¼ 1

nm

Xn;m
i;j

�
c̄ð2Þb ðjzi− zjjÞþ

β

AðΔzÞ2
∂
2Fð2Þ

θ

∂ρi∂ρj

�2

; ðA6Þ

where n denotes the number of grid points and m denotes
the number of Hessian rows fitted per loss evaluation.
To reduce computational cost during training, we compute
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a uniformly sampled batch of m ¼ 10 rows of the Hessian

f½δ2Fð2Þ
θ =δρiδρj�ni¼1gmj¼1 per loss evaluation. Optimizing

for δ2F exc=δρðziÞδρðzjÞ means we lack information on
the integration constant δF exc=δρ0 ¼ C, akin to missing
the integration constant C when integrating df=dx to find
fðxÞ, e.g.,

fðxÞ ¼
Z

dx
df
dx

þ C: ðA7Þ

Therefore, we also apply an additional offset loss term
during training that minimizes the difference between the
uniform δF exc=δρðziÞjρb corresponding to bulk densities ρb
and ∂Fð2Þ

θ =∂ρijρb , given as

Loffset ¼
1

n

X
i

�
1

Δz
∂Fð2Þ

θ

∂ρi
−
δF exc

δρðziÞ
����
ρb

�2

; ðA8Þ

where n denotes the number of grid points and
δF exc=δρðziÞ is obtained from sampled bulk densities
according to Eq. (1). This implies that the neural functional

Fð2Þ
θ actually also learns the bulk density ρb (or actually its

deviation from the ideal-gas density) at given μ and is thus
expected to be able to accurately represent the bulk
relation μðρbÞ.
It is important to mention that we similarly cannot obtain

the integration constant F exc½0� ¼ C from δF exc=δρðziÞ in
the case we seek access to F exc½ρ� after training. However,
since we know the low-density limit F exc½0� ¼ 0, we can
correct the output of our neural network functional such

that Fð2Þ
θ ½ρ� − C approximates F exc½ρ�, with C ¼ Fð2Þ

θ ½0�.
The training procedure of pair-correlation matching

is summarized in Algorithm 1. Here, we represent

cð2Þb ðziÞ numerically as cð2Þb;i with cð2Þb;i ¼ cð2Þb;n−i due to
periodic boundary conditions. Similarly, we represent the
sampled bulk density ρbðziÞ numerically as ρb;i, where
ρb;i ¼ ρb;j, ∀ i; j∈ n.
We construct a dataset from simulations of 109 trial

moves in a cubic box with an edge length of 10σ subject to
periodic boundary conditions and a σ=32 grid spacing. All
simulations are carried out at distinct chemical potentials
βμ∈ ½−4; 0.5�, resulting in a maximum bulk density of
ρbσ

3 ¼ 0.67 and a minimum bulk density of ρbσ3 ¼ 0.02

within the training set. Here, we verify that cð2Þb ðrÞ has
essentially decayed to zero at r ¼ L=2 for bulk den-
sities ρbσ3 < 0.67.
We employ a convolutional neural network with periodic

and dilated convolutions, each with a kernel size of 3, a
dilation of 2, and 6 layers. The number of channels per
layer is set to Nchannels ¼ ½16; 16; 32; 32; 64; 64�, applying
average pooling with kernel size 2 after each layer. This
network takes as input an array of n ¼ 320 values of
fρigni¼1 per data point and produces a single scalar output,

Fð2Þ
θ . The model is trained for 180 epochs, taking approx-

imately ∼30 minutes on an Nvidia RTX 4070 GPU.

ALGORITHM 1. Pair-correlation matching.

Data: D ¼ ffcð2Þ;0b;i ; ρ0b;igni¼1;…; fcð2Þ;Db;i ; ρDb;igni¼1g containing D

pair-correlation functions fcð2Þb;igni¼1; D bulk density
profiles fρb;igni¼1; loss scaling factor α ¼ 1=1000; loss
scaling factor β ¼ 1=32; number of uniformly sampled
Hessian rows m ¼ 10.

Result: trained neural functional Fð2Þ
θ ðfρigni¼1Þ.

for epoch do
for each fcð2Þb;i ; ρb;igni¼1 in D do

compute NN output Fð2Þ
θ ðfρb;igni¼1Þ;

compute f∂Fð2Þ
θ =∂ρigni¼1 with autodiff;

uniformly sample batch
B ¼ f∂Fð2Þ

θ =∂ρigmi¼1 from f∂Fð2Þ
θ =∂ρigni¼1;

for each ∂Fð2Þ
θ =∂ρi in B do

compute f∂2Fð2Þ
θ =∂ρi∂ρjgnj¼1 with

autodiff;
compute fδ2F exc=δρðziÞδρðzjÞgnj¼1

from fcð2Þb;igni¼1 with Eq. (A5);
end
LðθÞ ¼
ð1=nmÞPm

i¼1

P
n
j¼1½δ2F exc=δρðziÞδρðzjÞ−

ð1=ΔzÞ2∂2Fð2Þ
θ =∂ρi∂ρj�2;

compute fδF exc=δρðziÞgni¼1 with Eq. (1);
LoffsetðθÞ ¼
ð1=nÞPn

i¼1 ðδF exc=δρðziÞ − ð1=ΔzÞ∂Fð2Þ
θ =∂ρiÞ2;

LðθÞ ¼ αLðθÞ þ βLoffsetðθÞ;
update parameters
θ ← Optimizerðθ;∇θLðθÞÞ;

end
end
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