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SI. Simulation Details

All simulations are performed in a one-dimensional model system with the potential energy U(x) defined as:

U(x) =

{
0.2(x− 1)2

[
0.01(x− 1)2 − 1

]
if x < 1,

0.2(x− 1)2
[
0.16(x− 1)2 − 4

]
else

. (S1)

We impose overdamped langevin dynamics with kBT = 1 and propagate the system using

xi+1 = xi +∆tDf(x) +
√
2∆tD ζ , (S2)

where f(x) is the force at point x and ζ is a random variable drawn from a standard normal distribution. For all
simulations, we set ∆tD = 0.01. For transition path sampling, we assume a point to be in state A for x < −5 and in
state B for x > 4. We accumulate 24 independent simulations each with 5× 105 path sampling trials of which 103 are
discarded as equilibration period. Aimless and spring shooting are always performed with a maximum displacement
of ∆kmax = 25 and, for spring shooting, the spring strength is set to σ = 0.1.

SII. Extended Ensemble with additional Variables

We can derive, analogous to the derivation of the Monte Carlo procedure for sampling (X, k), a scheme for sampling
the ensemble (X, k, s), where s may describe a sign for selecting a shooting index or even a direction to integrate the
equations of motion (as for one-way shooting). First, we define an extended space as:

Y = (X, k, s) . (S3)

In each step, a new path Xn, shooting point kn and direction s is generated:

(Xo, ko, so)→ (Xn, kn, sn) . (S4)

with a generation probability

pgen
[
(Xo, ko, so)→ (Xn, kn, sn)

]
. (S5)

As for the (X, k) ensemble, we define P (X, k, s) in such a way that marginalizing with respect to k and s should yield
PAB(X):

∑

k

∑

s

P (X, k, s) = PAB(X) . (S6)
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This condition is fulfilled by:

P (X, k, s) = PAB(X)p(k|X)p(s) , (S7)

where a sum over all k and s is guaranteed to lead to PAB(X) as marginal distribution. Detailed balance for a Markov
chain Monte Carlo procedure that samples the joint probability P (X, k, s) = PAB(X)p(k|X)p(s) is given by:

PAB(X
o)p(ko|Xo)p(so)pgen

[
(Xo, ko, so)→ (Xn, kn, sn)

]
pacc

[
(Xo, ko, so)→ (Xn, kn, sn)

]
(S8)

= PAB(X
n)p(kn|Xn)p(sn)pgen

[
(Xn, kn, sn)→ (Xo, ko, so)

]
pacc

[
(Xn, kn, sn)→ (Xo, ko, so)

]
, (S9)

yields

pacc
[
(Xo, ko, so)→ (Xn, kn, sn)

]

pacc
[
(Xn, kn, sn)→ (Xo, ko, so)

] =
PAB(X

n)p(kn|Xn)p(sn)pgen
[
(Xn, kn, sn)→ (Xo, ko, so)

]

PAB(Xo)p(ko|Xo)p(so)pgen
[
(Xo, ko, so)→ (Xn, kn, sn)

] . (S10)

SIII. Reweighting Aimless Path Ensembles

In the Main Text, we showed that the path ensemble resulting from flexible length aimless shooting as proposed
in [S1] is not properly weighted. This is best illustrated in Figure 2a, where both the spring and aimless algorithms
do not recover the reference p(x|TP ) distributions.
Here, we show that this improper sampling can be easily corrected by introducing a simple reweighting factor

for each of the generated paths in the ensemble. The proper detailed balance equation with symmetric generation
probabilities is Eq. (28) in the Main Text

pacc
[
(Xo, ko)→ (Xn, kn)

]

pacc
[
(Xn, kn)→ (Xo, ko)

] = HAB(X
n)

p(kn|Xn)

p(ko|Xo)
. (S11)

However, the aimless shooting algorithm as proposed in [S1] uses a different acceptance

pacc
[
(Xo, ko)→ (Xn, kn)

]

pacc
[
(Xn, kn)→ (Xo, ko)

] = HAB(X
n) . (S12)

Clearly, this would, in general, lead to different path statistics. The simplest way to correct for this is to introduce
a constant weighting factor Ω(X) for each sampled path. This would mean that we effectively correct the aimless
acceptance criterion as if we had used the following acceptance rule

pacc
[
(Xo, ko)→ (Xn, kn)

]

pacc
[
(Xn, kn)→ (Xo, ko)

] = HAB(X
n)

Ω(Xn)

Ω(Xo)
. (S13)

The simplest way to ensure that this is identical to the proper acceptance rule in Eq. (S11) is to set the shooting
point distribution p(k|X) to

p(k|X) = Ω(X) . (S14)

Since this should be true for all values of k, we require that the marginal of PAB(X, k) in the reweighted flexible
aimless path ensemble will be equal to the marginal of PAB(X, k) in the correct ensemble That is,

PAB(X) =
∑

k

PAB(X)p(k|X) =
∑

k

PAB(X)Ω(X) = PAB(X)Ω(X)L(X) = PAB(X) . (S15)

This can only be achieved by assigning each path the statistical weight

Ω(X) =
1

L(X)
. (S16)

So, by reweighting each sampled path with a factor equal to the inverse of the length of the path, the bias in the
path ensemble can be corrected. This is only possible when the two-step shifting of the shooting point is followed
rigorously, and therefore, no reweighting factor can be derived for the original spring shooting as proposed in [S2].
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Still, when we use the corrected spring method described in the next section, and use the 1/L(X) reweighting factor,
we do obtain the correct ensemble, as shown in the Main Text.

The above derivation starts with the premise that the flexible aimless algorithm samples the wrong distribution.
However, the degree to which the distribution deviates depends on the maximum displacement ∆kmax. We noticed
that for the flexible-length aimless algorithm using a range of ∆k ∈ [−∆kmax,∆kmax]} the distribution of points on
paths converges to the reference ensemble for large ∆kmax, while it is still off for small ∆kmax.

To understand this, we construct the following argument. When doing a (small) shift in shooting point position as
one would do in aimless shooting, one will (almost) always remain on the path itself (that is, the new shooting point
lies on the path X), and one proceeds with the shooting move. However, when ∆kmax becomes sufficiently large so
that the new trial shooting point index falls outside of the path (of length L(X)), and is effectively in one of the stable
states, the entire move has to be rejected. In that case one has to recount the current path in the Markov chain.

Assuming ∆kmax larger than the path length L(X), we can argue that one is effectively choosing a random point on
a stretch of the path of length ∆p = 2∆kmax + 1. If ∆kmax is sufficiently large, the estimate for the chance of falling
outside the (flexible) path for this random move in shooting point index is the (∆p −L(X))/∆p = 1−L(X)/∆p. As
one has to reject the move, the path is recounted and the shooting point selection is repeated until one hits a trial
shooting point within the length L(X) region. The probability to reject n times in a row is (1− L(X)/∆p)

n.
The expected number of rejected moves can be computed as follows: Denoting x ≡ 1 − L(X)/∆p the expected

number of rejected moves is

⟨n⟩ =
∑∞

n=1 nx
n

∑∞
n=1 x

n
. (S17)

The geometrical sums give

⟨n⟩ =
1

(1−x)2

1
1−x

=
1

1− x
=

1

L(X)/∆p
=

∆p

L(X)
. (S18)

So in a proper sampling scheme, on average one has to recount the old path in the Markov chain ∆p/L(X) times. As
the ∆p is just a constant, this gives a relative weighting factor of 1/L(X), as expected. When one only has a small
∆p or ∆kmax, the rejection step almost never happens and all paths get the same weight. This explains why for small
(maximum) displacement in the shooting point index the weighting of the paths are not taking into account correctly,
while for larger displacement the paths ensemble converge to the correct distribution.

SIV. Symmetric Generation Probabilities in Spring Shooting

In the revised spring shooting algorithm, we first draw a displacement from the distribution:

π(∆k) =
min[1, exp(sσ∆k)]

∑∆kmax

τ=−∆kmax
min

[
1, exp(sστ)

] . (S19)

After generating the new path, we set k̂n to the index of the shooting point on the new path. This index is then
shifted a second time with a displacement given by:

π̃(∆k) =
min[1, exp(−sσ∆k)]

∑∆kmax

τ=−∆kmax
min

[
1, exp(−sστ)

] . (S20)

For given ∆k1 from π(∆k) and ∆k2 from π̃(∆k), the generation probability for the whole move is:

pgen(k
n|Xn, Xo, ko) = π(∆k1)π̃(∆k2) . (S21)

The generation probability of the reverse move is then given by:

pgen(k
o|Xo, Xn, kn) = π(−∆k2)π̃(−∆k1) , (S22)

and the ratio of generation probabilities is then:

pgen(k
n|Xn, Xo, ko)

pgen(ko|Xo, Xn, kn)
=

π(∆k1)π̃(∆k2)

π(−∆k2)π̃(−∆k1)
. (S23)
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Figure S1: (A) Convergence of flexible-length transition path sampling algorithms including uniform two-way
shooting, aimless shooting as proposed by Mullen et al. [S1], spring shooting as proposed by Brotzakis et al. [S2] and
both with the proposed corrections. We use the Wasserstein distance between the reference distribution of points on
paths pref(x|TP) and the distribution from each method at a specific trial pTP(x|TP) averaged over 48 runs. (B)
Wasserstein distance between the distributions obtained from long simulations using the unrevised spring and
aimless algorithms and the reference distribution as a function of the barrier height. Each point represents the

average distance after 106 trials from 192 simulations. (C) Wasserstein distance with respect to the reference path
length distribution for different barrier heights.

Since π and π̃ relate via

π(∆k) = π̃(−∆k) , (S24)

the generation probabilities are symmetric

pgen(k
n|Xn, Xo, ko)

pgen(ko|Xo, Xn, kn)
= 1 . (S25)

SV. Convergence of Path Sampling Algorithms

In the main text, we show that the original spring and aimless algorithms do not converge to the correct distribution
of points on paths. Here, we provide more details on the rate of convergence and the error of the unrevised methods
with respect to the barrier height for the toy system (Fig. S1). We measure convergence numerically using the
Wasserstein distance between the reference distribution of points on the paths and the distribution generated by each
method after a certain number of trials (Fig. S1A). The convergence rate of the corrected methods is slower compared
to regular two-way shooting with a uniform shooting index selection. This is, as stated in the main text, due to
the introduction of correlations in the selection process of the new shooting point. Once the old shooting point ko

fluctuates away from the top of the barrier, the acceptance rate decreases drastically and the convergence is slowed.
We see that the error of the original algorithms varies with the barrier height of the system (Fig. S1B), where for
spring shooting we see an initial increase in the error followed by a continuous decrease. For the original aimless
algorithm, the error decreases initially with barrier height, however, at high barriers the error increases and the low
acceptance rate leads to slow convergence. The error in the path length distribution continuously decreases with
increasing barrier heights (Fig. S1C), up to a point where the original algorithms produce an almost identical path
length distribution as the corrected ones.

SVI. Transition Path Sampling Algorithms

Here, we provide pseudo-code for the TPS algorithms discussed in the main text.
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Input: Initial path X0

Xo ← X0

for trial < n trials do

Draw uniform k̂o ∈ [1, L(Xo)]: return k̂o

xSP ← Xo at k̂o

X fwd ← IntegrateToState(xSP)

Xrv ← IntegrateToState(x̄SP)

Xn ← ConcatenatePath(X̄rv, X fwd)

pacc(X
o → Xn) ← HAB(X

n)min
[
1, L(Xo)

L(Xn)

]

if rand() < pacc(X
o → Xn) then

Xo ← Xn

end

Add {Xo, ko} to the ensemble
trial ← trial+1

end

Input: Initial path X0

Xo ← X0

for trial < n trials do

Draw uniform direction s ∈ {−1, 1}: return s

Draw uniform k̂o ∈ [1, L(Xo)]: return k̂o

xSP ← Xo at k̂o

if s == −1 then
X fwd ← IntegrateToState(xSP)

Xn ← ConcatenatePath(Xo, X fwd)

else
Xrv ← IntegrateToState(x̄SP)
Xn ← ConcatenatePath(X̄rv, Xo)

end

pacc(X
o → Xn) ← HAB(X

n)min
[
1, L(Xo)

L(Xn)

]

if rand() < pacc(X
o → Xn) then

Xo ← Xn

end

Add {Xo, ko} to the ensemble
trial ← trial+1

end

Algorithm I: Two-Way TPS (left) and one-Way TPS (right). The function IntegrateToState generates a trajectory
from the given point until a stable state is hit. The forward and reverse segments are fused by ConcatenatePath.
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Input: Initial path X0, initial index k0,
initial displacement direction s0,
displacement magnitude ∆k,

{Xo, ko, so} ← {X0, k0, s0}
for trial < n trials do

Draw uniform k̂o ∈ {ko, ko + so∆k}:
return k̂o

Set ŝo = −so if k̂o = ko + so∆k, else
ŝo = so

if InBounds(k̂o, L(Xo)) then

xSP ← Xo at k̂o

X fwd ← IntegrateToState(xSP)

Xrv ← IntegrateToState(x̄SP)

Xn ← ConcatenatePath(X̄rv, X fwd)

k̂n ← Index of xSP on Xn

Draw uniform ŝn ∈ {−1, 1}: return
ŝn

Draw uniform kn ∈ {k̂n, k̂n + ŝn∆k}:
return kn

Set sn = −ŝn if kn = k̂n + ŝn∆k, else
sn = ŝn

pacc(X
o → Xn) ←

HAB(X
n)min

[
1, L(Xo)

L(Xn)

]

if rand() < pacc(X
o → Xn) and

InBounds(kn, L(Xn)) then
{Xo, ko, so} ← {Xn, kn, sn}

end

end

Add {Xo, ko, so} to the ensemble
trial ← trial+1

end

Input: Initial path X0, initial index k0, spring
strength σ

{Xo, ko} ← {X0, k0}
for trial < n trials do

Draw uniform direction s ∈ {−1, 1}: return s
∆k ← SampleDisplacement(s, σ)

k̂o ← ko +∆k

if InBounds(k̂o, L(Xo)) then

xSP ← Xo at k̂o

if s == −1 then
X fwd ← IntegrateToState(xSP)

Xn ← ConcatenatePath(Xo, X fwd)

else
Xrv ← IntegrateToState(x̄SP)
Xn ← ConcatenatePath(X̄rv, Xo)

end

k̂n ← Index of xSP on Xn

pacc(X
o → Xn) ← HAB(X

n)min
[
1, L(Xo)

L(Xn)

]

∆k′ ← SampleDisplacement(−s, σ)
kn ← k̂n +∆k′

if rand() < pacc(X
o → Xn) and

InBounds(kn, L(Xn)) then
{Xo, ko} ← {Xn, kn}

end

end

Add {Xo, ko} to the ensemble
trial ← trial+1

end

Algorithm II: Aimless shooting (left) and spring shooting (right) including the corrections from the extended space
formalism. The function IntegrateToState generates a trajectory from the given point until a stable state is hit. The
forward and reverse segments are fused by ConcatenatePath. When a displacement is added to a shooting point index,
we check if 1 ≤ k ≤ L(X) using InBounds, otherwise the move is rejected. For spring shooting, SampleDisplacement
draws a ∆k according to a weight given by equation 30 in the main text.
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