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I. MICROKINETIC ANALYSIS OF THE
CATALYTIC CYCLE

A. The forward cycle

Following Fig. 1 of the MT, we can decompose the
forward cycle in sub-reactions. The complete reaction
cycle is as follows:

2A + C
kon−−⇀↽−−−
koff

CA+A (1a)

CA + A
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koff

CAA (1b)

CAA
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CA2 (1c)

CA2
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kf

CA2,b (1d)

CA2,b

kd,A2−−−→ C+A2, (1e)

where we assume that the last step is irreversible. Indeed,
this system of sub-reactions adds up to the expected over-
all net reaction

2A
kcat−−→ A2. (2)

The above reaction scheme can be analyzed in the well-
stirred steady state limit. Assuming a constant concen-
tration of reactant A and total amount of catalyst Ctot,
the corresponding reaction rate equations become:

d[C]

dt
= −kon[A][C] + koff [CA] + kd,A2 [CA2,b]

d[CA]

dt
= kon[A][C]− koff [CA]− kon[A][CA] + koff [CAA]

d[CAA]

dt
= kon[A][CA]− koff [CAA]− k+[CAA] + k−[CA2]

d[CA2]

dt
= k+[CAA]− k−[CA2]− kb[CA2] + kf [CA2,b]

d[CA2,b]

dt
= kb[CA2]− kf [CA2,b]− kd,A2 [CA2,b]

d[A2]

dt
= kd,A2

[CA2,b], (3)

where the bracketed variables denote the concentrations,
and the prefactors denote the rate constants. In partic-
ular, kon, koff are, respectively, the on, off-rates for sub-
strate A and the catalyst, kd,A2 is the rate constant of dis-
sociation of the product dimer from the catalysts, k+, k−
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are the forward, backward rate constant for the dimer
formation, the kb, kf are the rate constants for breaking
and forming a bond between the dimer and the catalyst,
when the dimer is still bound to the catalyst.
In the steady state approximation, the first 5 fluxes

are set to zero, which naturally also means that the to-
tal catalyst concentration [Ctot] = [C] + [CA] + [CAA] +
[CA2] + [CA2b] is constant, as the catalyst is not con-
sumed during the reaction cycle. Solving this system of
equations analytically (e.g., using Mathematica) leads to
a solution for the steady state concentration or popula-
tion. Particularly interesting is the steady state solution
for [CA2,b], which is

[CA2,b] =
[Ctot]kbkon,A

2k+

Q
, (4)

where kon,A ≡ kon[A] and Q is given by

Q = kb
[
kd,A2

(
koff

2 + koff(kon,A + k+) + kon,A(kon,A + 2k+)
)

+ kon,A
2k+

]
+ (kd,A2 + kf)×

×
(
k−
(
koff

2 + koffkon,A + kon,A
2
)
+ kon,A

2k+
)
. (5)

Note that this solution can in principle be further reduced
by taking certain limits (e.g. taking koff ≪ kon,A, or k

−

to be very small). For completeness we keep the full
solution, as this does not change our results and is not
significantly slower to compute.
Inserting the above solution Eq. 4 into the final product

step in Eq. 3 then yields

d[A2]

dt
= +kcat[A]2, (6)

where kcat is given by

kcat =
Ctotkon

2k+kbkd,A2

Q
. (7)

It makes sense to compare the catalytic rate constant
to the rate constant of the uncatalysed reaction

d[A2]

dt
= kuon

k+,u

kuon + k+,u
[A]2 ≡ k0[A]2, (8)

where we wrote the uncatalysed rate as a product of an
on-rate kuon, and an intrinsic reaction rate for dimerisa-
tion. In the standard case we look at, the reaction is
activation limited (as opposed to diffusion limited), so
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we can assume that kuon ≫ k+,u We can thus define the
catalytic efficiency factor

η =
kcat
k0

=
Ctotk

2
onk

+kbkd,A2

Q
· k

u
on + k+,u

kuonk
+,u

≈ Ctotk
2
onk

+kbkd,A2

Q
· 1

k+,u
. (9)

We can further simplify this expression by writing
kon = kDpA→CA, where kD = 4πDσ is the diffusion lim-
ited (Smolechovski) on-rate coefficient to reach a distance
σ from the target, and pA→CA is the conditional proba-
bility to bind to the catalyst. For the intrinsic reaction
rate of the uncatalyzed reaction something similar holds
k+,u = kDpAA→A2

, were pAA→A2
is the (low) probability

of an encounter complex AA at distance σ to be reac-
tive. We can assume that the kD is (roughly) the same
for both processes and thus

η =
kcat
k0

=
CtotkDk+kbkd,A2

Q
· p2A→CA

pAA→A2

. (10)

The probability ratio is going to be very large due to the
high barrier for spontaneous dimerization, and we can
expect the efficiency to be high.

We can use equation 7 and 9 to analyze the catalytic
behavior of the cycle.

B. The reverse cycle

One could also look at the reverse cycle A2 ⇋ 2A
in which the catalyst takes a dimer that subsequently
dissociates, followed by release of the product. The sub-
reactions for this reverse cycle are then simply

C + A2

kon,A2−−−−⇀↽−−−−
kd,A2

CA2,b (11a)

CA2,b
kf−−⇀↽−−
kb

CA2 (11b)

CA2
k−

−−⇀↽−−
k+

CAA (11c)

CAA
koff−−→ CA+A (11d)

CA
koff−−→ C+A, (11e)

while the rate equations become

d[C]

dt
= +koff [CA] + kd,A2

[CA2,b]− kon[A2][C]

d[CA]

dt
= −koff [CA] + koff [CAA]

d[CAA]

dt
= −koff [CAA]− k+[CAA] + k−[CA2]

d[CA2]

dt
= +k+[CAA]− k−[CA2]− kb[CA2] + kf [CA2,b]

d[CA2,b]

dt
= +kb[CA2]− kf [CA2,b]− kd,A2

[CA2,b] + kon[A2][C]

d[A]

dt
= +koff [CA] + koff [CAA]. (12)

The steady state solution gives

[CA] = [CAA] =
Ctotkfk

−kon,A2

Qrev
, (13)

where we wrote kon,A2 ≡ kon[A2], assuming that [A2] is
held constant. Qrev is given by

Qrev = kd,A2
kminkoff + kfk

−koff + 2kfk
−konA2

+ kfkoffkonA2 + k−koffkonA2 + kfkonA2k
+

+ kb(kd,A2
+ konA2)(koff + k+). (14)

The rate of change of the final product A is then

d[A]

dt
= +k−cat[A2], (15)

with k−cat defined as

k−cat = +2koff
Ctotkfk

−kon
Qrev

. (16)

Comparing to the uncatalyzed dissociation reaction

d[A]

dt
= +k−,u[A2], (17)

we can define the reverse catalytic efficiency factor

η− = +2
Ctotkonkfk

−koff
Qrev

· 1

k−,u
, (18)

with k−,u the rate constant for the uncatalyzed dissoci-
ation reaction. We can use Eq 16 and 18 to analyze the
reverse cycle.

II. SIMULATION METHODS

A. Model

In this work we employ a simple toy model constructed
according to the scheme of Fig. 1 of the Main Text, which
is depicted in Figure 3 of the MT. The two large green
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particles of the catalyst (indices 4, 5) have fixed position
separated by 2rWCA = 2 × 21/6σ, and a radius σcat =
2σ, where σ sets the length scale. These particles have
movable patch particles (indices 2, 3) that are tethered
to a fixed position p⃗ = ûl, determined by the angle θ
with respect to the horizontal x-axis, where û is a unit
vector, and l is the length of the patch vector (see Figure
3 of the MT for a graphical representation of the model).
The tether potential is a simple harmonic potential

vtether(r) =
1

2
ktetherr

2, (19)

where r denotes the distance between the center of the
patch particle and the patch position p⃗, and ktether is
the force constant. We set ktether = 30kBT in this work
(see figure S1) to keep the patch particle close to catalyst,
while at the same time still allowing significant deviations
from it (in terms of σ). The deviation of the patch with
respect to its minimum energy position reports on the
effect of model changes, in particular that of the angle θ.

The reactant particles A interact with each other via
a potential that allows for binding, but has a (strong)
barrier towards binding, making the associating reaction
infrequent. This interaction is constructed from a piece-
wise potential based on a Lennard-Jones interaction,

vAA(r + σ) = vLJ(r)− vsh,rep r < 2
1
6σ

=
ϵ3
ϵ0

(vLJ(r)− vb,sh) + vb(r) 2
1
6 ≤ r ≤ rbc

= 0 r > rbc.
(20)

Here, the distance r is shifted with one σ, as is appro-
priate for particles of diameter σA = 2σ. The potential
cutoff is set to rbc = 2σ. vLJ(r) is the regular Lenard
Jones potential

vLJ(r) = 4ϵ0

[(σ
r

)12
−
(σ
r

)6]
. (21)
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FIG. S1. Potentials used in this work.

In addition, the barrier potential is a quartic function:

vb(r) = ϵ1

((
2r − rbc − 21/6σ

rbc − 21/6σ

)2

− 1

)2

, (22)

so that the minima of this barrier potential vb = 0 are at
the WCA cutoff rWCA = 21/6σ, and at the cutoff radius
rbc = 2σ. The constants vb,sh = vLJ(rbc) and vsh,rep =
−(ϵ3/ϵ0−1)vLJ(rWCA)+(ϵ3/ϵ0)vb,sh, shift the potentials
such that they are continuous. Figure S1 shows the form
of the AA dimer potential for the chosen settings ϵ0 =
1kBT , ϵ1 = 20kBT and ϵ3 = 10kBT .
The interaction potential between A and the smaller

patch particle p is

vAp(r +
σ

2
) =

1

2
k(r − 2

1
6σ)2 +

ϵ2
ϵ0
(vsh − 1) r < 2

1
6

=
ϵ2
ϵ0

(vLJ(r)− vsh) + vb,p(r) 2
1
6 ≤ r ≤ rc

= 0 r > rc,
(23)

where the distance r is shifted by 1
2σ (instead of 1 σ)

to account for the difference between the large and small
particles. In this work we have set ϵ2 = 20kBT and
the harmonic spring constant k = 2000kBT/σ

2. Further,
rc = 2.5σ is the standard LJ cutoff value, and vsh =
vLJ(rc). The harmonic potential at short distances is
to prevent spurious forces in the repulsive regime. In
addition, we include a small quartic barrier potential

vb,p(r) = ϵ4

((
2r − rc − 21/6

rc − 21/6σ

)2

− 1

)2

, (24)

with ϵ4 = 5kBT , that prevents very long diffusive paths
in the shallow parts of the potential.
All three potential contributions are depicted in

Fig. S1. Finally we impose standard repulsive WCA po-
tentails between the reactant A, (particle indices 0 and 1
in Figure 3 of the MT) and the catalyst (particle indices
4, 5), given by

vWCA(r) = vLJ(r) + ϵ0 r ≤ 2
1
6

= 0 r > 2
1
6 . (25)

The total interaction potential is simply the sum of
these contributions.

V (x) = vAA(r01) +

1∑
i=0

vAp(ri,i+2)+

+

3∑
i=2

vtether(ri,i+2) +

1∑
i=0

5∑
j=4

vWCA(rij), (26)

where x denotes the Cartesian position coordinates and
the distance rij = |xj−xi|. The overall six-particle model
is shown in Fig. 3 of the MT. While the model has mul-
tiple parameters that could all be adjusted, we mainly
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focus on the barrier height set by ϵ1, the patch binding
strength set by ϵ2 and the patch location determined by
θ.
Finally, for the solvated system we consider solvent

particles that interact via the WCA-potential with the
system particles and with each other.

B. Overdamped Langevin dynamics

This above-described simple model can mimic a cat-
alytic cycle of particles with attractive binding patches
diffusing around in an implicit solvent. We assume the
system evolution to follow overdamped Langevin dynam-
ics. To compute the time evolution of the system we
employ the Euler-Maruyama (EM) integrator[1]. This
integrator computes the position for the next times from
the previous timestep using the local force and a random
displacement

xi+1 = xi −
1

mγ
∇V (x)∆t+ δR, (27)

where m is the particle mass, γ is the friction and δR
is the random displacement associated with the Wiener
process. In this study, we use reduced units and set the
mass m = 1 to be constant. Further, the particle radius
σ is the unit of length, and kBT the unit of energy. In
this integration we choose γ = 25 and the time step δt =
0.005, in reduced units of mass and time.

To make the connection to a physical realization of
the system we need to know the unit of time. One way
to make this connection is to match the expected mean
squared displacement (MSD) from a random walk in the
simulation and the physical realization. That is, assum-
ing ideal diffusion the simulation would give

⟨r2⟩sim = 6Dsim∆tsim, (28)

which should match the MSD in the physical realization

⟨r2⟩real = 6Dreal∆treal. (29)

The mean squared displacements in the simulation are
measured in units of σ which are expressed in physical
units as ⟨r2⟩simσ2. Equating gives

⟨r2⟩simσ2 = ⟨r2⟩real, (30)

or

Dsim∆tsimσ
2 = Dreal∆treal. (31)

Rearranging yields for the real time step

∆treal =
Dsim∆tsim.σ

2

Dreal
. (32)

Suppose our system corresponds to a signaling pro-
tein in solution (the cytosol) in which the protein has
a diameter of 5 nm, and a typical diffusion constant

TABLE I. Mapping from reduced units used in simulations to
the SI units used in physical realizable systems (e.g. proteins
or colloids). The example is for a protein of diameter 5 nm
diffusion in the cytosol, but colloids give similar values. The
time step (ts) is matched using the mean squared displace-
ment.
name reduced units physical units

diameter particle 1 σ 5 nm

diffusion constant D 0.0002 σ2 ts−1 1 µm2s−1

time step 0.005 τ ts −1 5 ns

kD = 4πDσ 0.0025 σ3ts−1 0.0625 µm3s−1

ka(prob.) 0.02 0.02

kon = kakD 0.00005 σ3ts−1 0.00125 µm3s−1

kon,A (events per time) 1.10−10 ts−1 0.02 s−1

concentration [A] 2 · 10−6 σ−3 3 · 10−8 M

concentration [C] 1 · 10−2 σ−3 1.33 · 10−4 M

of proteins in the cytoplasm of the order of 1µm2/s.
For our settings this would mean that 1 timestep (ts)
in the simulation corresponds to 5ns in the real sys-
tem. From this the diffusion limited rate coefficient
kD = 4πDσ = 0.0025σ3ts−1 = 0.0625µm3/s follows.
This leads in turn to the correspondences for the kon,A
and the substrate concentrations in the systems[2].
However, we could as well have chosen a different map-

ping e.g. to colloidal particles of diameter σ = 400nm.
Here, the diffusion constants are typically lower, e.g. for
pure water solvent it would be D ≈ 1.1µm2/s and the
timestep would correspond to 30 µs (that the protein
system is diffusing not much faster has to do with high
viscosity of the cytosol).

C. Path sampling

The premise of this study is that we can obtain the
entire kinetic landscape for the catalytic cycle (section
IA) from a single (path sampling) simulation. That is,
we are interested in kcat and η as a function of the model
parameters a = {ϵ1, ϵ2, θ}. To compute this landscape
we base ourselves on the microkinetic expressions Eqs. 7,
and 9, which are indeed functions of ϵ1, ϵ2 and θ. The
underlying individual rate constants k+, k−, kb , kf , and
koff , and kD,A2 are thus also a function of a = {ϵ1, ϵ2, θ}.
Each of these rates are related to a different barrier cross-
ing. k+, k− denote the forward and backward catalytic
main reaction. koff kD,A2 refer to the dissociation of the
reactant A and the product A2 respectively, from the
catalyst. Finally, kb is the breaking of the first CA bond
after the product A2 has been formed, while kf is the
reverse rate constant for formation of this bond.

In principle, a straightforward MD simulation would
give the rate constants as the number of effective barrier
crossings per time unit. However, for rare events dom-
inated by high barriers this approach is very inefficient.
Many enhanced sampling methods aim to ameliorate the
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TABLE II. Stable state and interface CV definitions

rate CV definition state A state B

k+ λ = 2σ − (r01 − rWCA) λ < 0 λ > σ

∧ r02 < 2σ

∧ r13 < 2σ

k−, λ = r01 − σ − rWCA λ < 0 λ > σ

∧ r02 < 2σ

∧ r13 < 2σ

kb , λ = r13 − 0.5σ − rWCA λ < 0 λ > 1.5σ

kf , λ = 2σ − (r13 − rWCA) λ < 0 λ > 1.5σ

koff , λ = r13 − 0.5σ − rWCA λ < 0 λ > 1.38σ

kD,A2 λ = r13 − 0.5σ − rWCA λ < 0 λ > 1.38σ

inefficiency of rate constant computations [3–9]. Here we
use the framework of transition path sampling [10] and
transition interface sampling (TIS)[11], and in particular
that of the reweighted path ensemble (RPE) [12], which
can be efficiently computed with SRTIS[13].

TPS performs a random walk in trajectory space. We
define the (meta)stable states A and B using an order
parameter, or collective variable (CV), λ, with λA,B the
boundaries of the states A and B, In this work the collec-
tive variable used to define stable states and interfaces is
simply based on the distance between the particles’ cen-
ter of mass. The CVs and the stable state definitions
used are shown in table II. The values of the ranges were
chosen based on the minimum of the potentials. Note
that the precise choice of the values does not have much
influence on the rate prediction. For the k+ and k− cal-
culation an additional condition on the stable states en-
sures that the molecules are still bound to the catalyst
in the product state.

A path or trajectory is defined as an ordered sequence
of frames x = {x0, x1, ...xL}, where the subscripts denote
the time index. Subsequent frames are separated by the
time step of the integration algorithm ∆t, such that the
total duration of the path is T = L∆t.

The probability for a trajectory of length T is

P[x] =
1

Z
ρ(x0)

L∏
i=1

p(xi−1 → xi), (33)

where ρ(x0) denotes the probability density of the ini-
tial condition, usually the Boltzmann distribution ρ(x) ∼
exp(−βV (x)), with V (x) the potential energy of config-
uration x, β = 1/kBT the reciprocal temperature, T the
temperature and kB Boltzmann’s constant. p(xi → xi+1)
is a short-time Markovian probability representing the
dynamical evolution, as given by the integration algo-
rithm and thus depends on V (x). Z is a normalization
constant such that

∫
DxP[x] = 1.

In the RPE framework the rate constant is given by
the following expression

kAB = ϕA

∫
A
DxP[x]θ(λmax[x]− λB)∫

A
DxP[x]

, (34)

where
∫
A
Dx denotes a path integral over trajectories x

that leave A and traverse the barrier towards B, or return
to enter A, after which they are terminated.
The frequency with which these trajectories are sam-

pled is determined by the path probability distribution
P[x] and such a path ensemble can be obtained by e.g.
TIS[11] or the single replica version of TIS[13]. θ(x) is
the Heaviside step function and λmax[x] returns the max-
imum value of the variable λ along the path. Thus, the
fraction in Eq.34 represents the probability that paths
reach the boundary of state B. The prefactor ϕA denotes
the flux of paths leaving state A through the first inter-
face λ0.
Transition interface sampling (TIS) then samples paths

that start in A (as defined in table II) cross the current
interface and then return to A or go on to B. Repeating
this for several interface values, as listed in table III, and
subsequently applying WHAM, allows for the computa-
tion of the crossing probability P (λ|λ0) and an estimate
for the rate constant using 34. Subsequent assigning of
weights to all paths yields the reweighted path ensemble
(RPE)[12].
In this work we employ Single Replica TIS (SRITS), an

efficient version of TIS in which interfaces are allowed to
switch postions (an instance of a replica exchange move)
using an additional Monte Carlo move. The acceptance
of this trial move is governed by a bias function which
is update during the sampling, in order to achieve flat
sampling along the barrier in a manner similar to the
Wang-Landau sampling algorithm (see Ref. [13] for more
details). The advantage with respect to standard TIS is
that one single path sampling run results in the entire
RPE.

D. Expanding the kinetic landscape

To expand the kinetic landscape around the set of pa-
rameter values a used in the single path sampling run,
we need to know how the underlying individual rate con-
stants k+, k−, kb , kf , and koff , and kD,A2 depend on
these parameters a. These rate constants in turn are de-
termined by the underlying potential V (x,a), which can
be viewed as a modified or perturbed potential

V (x;a) = V 0(x) + U(x;a), (35)

where V 0(x) is the reference potential, and the perturba-
tion U(x;a) can be expressed in terms of m parameters
a = (a1, a2 . . . am). Consequently, also the path proba-
bility density at the modified potential depends on these
parameters: P[x;a].

To be able to estimate the rate constants for parame-
ters a from paths sampled at V 0(x), we express P[x,a]
using a path reweighting factor [14]

P[x;a] =
Z0

Z(a)
W [x;a]P0[x], (36)
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TABLE III. Interface placing for the 6 rate constants

k+ k− kb kf koff kD,A2

interfaces 22 30 24 19 30 30

λ0 0.02 0.06 0.10 0.00 0.08 0.08

λ1 0.02 0.06 0.10 0.00 0.08 0.08

λ2 0.06 0.08 0.12 0.04 0.10 0.10

λ3 0.10 0.10 0.14 0.08 0.10 0.12

λ4 0.15 0.11 0.16 0.12 0.12 0.14

λ5 0.20 0.12 0.18 0.16 0.14 0.16

λ6 0.22 0.13 0.20 0.20 0.16 0.18

λ7 0.24 0.14 0.22 0.24 0.18 0.20

λ8 0.26 0.15 0.24 0.28 0.20 0.22

λ9 0.28 0.16 0.26 0.32 0.22 0.24

λ10 0.30 0.17 0.28 0.36 0.24 0.26

λ11 0.32 0.18 0.30 0.40 0.26 0.28

λ12 0.34 0.19 0.32 0.44 0.28 0.30

λ13 0.36 0.20 0.34 0.48 0.30 0.32

λ14 0.38 0.21 0.36 0.52 0.32 0.34

λ15 0.40 0.22 0.38 0.56 0.34 0.36

λ16 0.42 0.23 0.40 0.60 0.36 0.38

λ17 0.44 0.24 0.42 0.65 0.38 0.40

λ18 0.46 0.25 0.44 0.70 0.40 0.42

λ19 0.48 0.26 0.48 0.42 0.44

λ20 0.50 0.27 0.52 0.44 0.46

λ21 0.55 0.28 0.56 0.46 0.48

λ22 0.29 0.60 0.48 0.50

λ23 0.30 0.70 0.50 0.52

λ24 0.31 0.52 0.56

λ25 0.32 0.56 0.60

λ26 0.34 0.60 0.65

λ27 0.36 0.65 0.70

λ28 0.38 0.70 0.75

λ29 0.40 0.80 0.80

where W [x;a] depends on the difference of the path ac-
tions and is specified below in Eq. 39. Z0/Z(a) is the
ratio of the partition function at V 0(x), and the parti-
tion function at V (x;a).

Using this reweighting it is possible to estimate rate
constants at arbitrary values of a in the neighborhood of
V 0(x). As shown in Ref. [15], the rate constants for a
transition between state A and B evaluated for arbitrary
parameter a can expressed as

kAB(a) = ϕA(a)

∫
A
DxW [x;a]P0[x]θ(λmax[x]− λB)∫

A
DxW [x;a]P0[x]

,

≡ ϕA(a)
⟨W [x;a]⟩AB

⟨W [x;a]⟩A
, (37)

whereW [x;a] is the (Girsanov) reweighting factor[14, 15]
for the path x given the parameters a, and the subscripts
to the averages denote the type of path ensemble is con-
sidered: the AB subscript refers to reactive pathways,

and the A subscript denote the ensemble of paths leav-
ing state A. Taking the logarithm yields

ln kAB(a) ≡ lnϕA(a) + ln
⟨W [x;a]⟩AB

⟨W [x;a]⟩A
. (38)

For more details we refer to Ref. [15].
For the EM integrator, the factor W [x;a] is [14],

lnW [x;a] =− 1

kBT
U(x0;a)−

n−1∑
i=0

ηi · κ · ∇U(xi;a)

−
n−1∑
i=0

1

2
· κ2 (∇U(xi;a))

2
(39)

where U(x;a) is the perturbation to the force field as de-

fined in Eq. 35, κ ≡
√
∆t/2kBTξm, ξ is the Langevin

collision rate in units of s−1 and m the particle mass,
as defined in the EM integrator. ηi is the random num-
ber used in the ith iteration of the EM integrator out
of n time steps (frames) and can be recorded during the
simulation at the reference potential V 0(x).

E. MaxCal and KL divergence

The perturbation of the potential can be done in multi-
ple ways when the number of parameters is large enough
to sustain multiple solutions to the constraint. We can
treat this multiplicity using the continuum path ensem-
ble maximum caliber approach[16, 17], which is based
on the maximum entropy principle. This principle states
that the optimal path probability distribution P[x] is the
one that maximises the path entropy or caliber, subject
to the constraint that this path ensemble leads to a target
rate constant. The path Lagrange function is

L(a) = DKL(a)− µ

(∫
DxP[x;a]s(x)− sexp

)
− ν

(∫
DxP[x;a]− 1

)
, (40)

where DKL is the Kullback-Leibler divergence

DKL(a) =

∫
DxP[x;a] ln

P[x;a]

P0[x]
. (41)

Optimization can lead to a prediction of the best model
that fulfills the target constraints, while the perturbed
path ensemble is still as close as possible to the original
path ensemble. The DKL can be evaluated from the W
function as

DKL(a) = ⟨lnW [x;a]⟩W − ln Z(a)
Z0 , (42)

where the angular brackets denote path integrals aver-
ages, of the form

⟨s[x]⟩W =
Z0

Z(a)

∫
DxW [x;a]P0[x]s[x] . (43)



7

Using the normalisation condition
Z0

Z(a)

∫
DxP0[x]W [x;a] =

∫
DxP[x] = 1, DKL can

be written purely in terms of W:

DKL(a) = ⟨lnW [x;a]⟩W − ln⟨W [x;a]⟩0. (44)

Here we use the DKL mostly as a diagnostic.

F. Expansion of ln W

The path ensembles can be expanded around the ref-
erence distribution P0[x]. For this we need an explicit
expression for the W [x;a] function based on Eq. 39. To
obtain this expression we first choose the variables a we
would like to expand in. As described above we allow
variations in the barrier height of the 2A ⇆ A2 dimerisa-
tion reaction ϵ1, the attraction between A and the patch,
ϵ2, and in the location of the patch position as encoded
by θ. So a = {ϵ1, ϵ2, θ}.
The lnW in Eq. 39 contains three therms that all in-

clude the perturbed potential

U(x;a) = V (x,a)− V 0(x). (45)

This potential is only dependent on the parameter
changes that one allows. Here, we allow changes in
ϵ1, ϵ2 and θ. The altered values are then ϵ1 + ∆ϵ1,
ϵ2 + ∆ϵ2, and θ + ∆θ, where the changes are denoted
as ∆ϵ1,∆ϵ2, and ∆θ, respectively. Below we assume
implicitly that a = a0 + ∆a with a0 = {ϵ1, ϵ2, θ} and
∆a = {∆ϵ1,∆ϵ2,∆θ}.
Using the definition of the potential Eq. 26 we obtain

U(xi;a) = ∆ϵ1vb(r
i
AA) + ∆ϵ2vLJ(r̃

i
Ap)

+
1

2
ktether((r⃗

i
Cp − û′l)2 − (r⃗iCp − ûl)2), (46)

where i denotes a particular frame in the trajectory, and
r̃Ap ≡ rAp−σ/2 is the shifted distance between particle A
and the binding patch, with rαβ = |xα−xβ | the distance
between particle α and β in terms of the coordinates, as
usual. The last term is the change in the tether poten-
tial due to the change in position of the patch p⃗ = ûl,
w.r.t. catalyst particle C. Here û′ denotes the perturbed
position of the patch. This patch position in turn is de-
pendent on θ and ∆θ. This expression reduces to

U(xi;a) = ∆ϵ1vb(r
i
AA) + ∆ϵ2vLJ(r̃

i
Ap)

− ktetherlr⃗Cp(û
′ − û), (47)

which is Eq.8 in the Main Text. Realizing û = (cos θ,
sin θ) and û′ = (cos(θ +∆θ), sin(θ +∆θ)) it follows that

û′ − û =

[
cos(θ +∆θ)− cos θ

sin(θ +∆θ)− sin θ)

]
. (48)

Using standard trigonometric expressions, we can write

cos(θ +∆θ)− cos θ = − cos θ(1− cos∆θ)− sin θ sin∆θ

sin(θ +∆θ)− sin θ = − sin θ(1− cos∆θ) + cos θ sin∆θ,

so that

û′ − û =

[
− cos θ(1− cos∆θ)− sin θ sin∆θ

− sin θ(1− cos∆θ) + cos θ sin∆θ

]

=

[
− cos θ

− sin θ)

]
(1− cos∆θ) +

[
− sin θ,

cos θ

]
sin∆θ).

Substituting this result into Eq. 47 for i = 0, gives the
expression for U(x0;a) in the first term of Eq. 39. For
the other terms in the lnW expansion Eq. 39, we need
the gradient ∇U

∇U(xi;a) = ∆ϵ1∇vb(r
i
AA) + ∆ϵ2∇vLJ(r̃

i
Ap) +∇U3

(49)

where ∇U3 = −ktetherl(û
′ − û)) turns out to be inde-

pendent of the patch position. This gradient ∇U , to-
gether with the random numbers ηi, and summed over
the frames of the trajectory makes up the second term in
Eq. 39.
Finally, the last term in Eq. 39 requires

(∇U(xi;a))
2 = (∆ϵ1∇vb(r

i
AA) + ∆ϵ2∇vLJ(r̃

i
Ap) +∇U3)

2

= ∆ϵ21∇vb(r
i
AA)

2 +∆ϵ22∇vLJ(r̃
i
Ap)

2 +∇U2
3

+ 2∆ϵ1∆ϵ2∇vb(r
i
AA)∇vLJ(r̃

i
Ap)

+ 2∆ϵ1∇vb(rAA)∇U3 + 2∆ϵ2∇vLJ(r̃
i
Ap)∇U3

where

∇U2
3 = k2tetherl

2(û′ − û)2 = 2k2tetherl
2(1− cos∆θ). (50)

Inserting these expressions in Eq 39 and summing over
the frames i of the trajectory completes the expansion of
lnW . The sums in the last two terms in Eq. 39 contain
many the same variable combinations, that can be taken
out of the sums We thus arrive at the path reweighting
factor

lnW [x,∆ϵ1,∆ϵ2,∆θ] = −β(∆ϵ1 cu0,ϵ1 +∆ϵ2 cu0,ϵ2
+ ((1− cos(∆θ))c0,cos(∆θ) + sin(∆θ)c0,sin(∆θ))

+ ∆ϵ1 cη∆ϵ1 +∆ϵ2 cη∆ϵ2

+ (1− cos(∆θ))cη cos(∆θ) + sin(∆θ)cη sin(∆θ)

−∆ϵ21c∆ϵ21
− 2∆ϵ1∆ϵ2c∆ϵ1∆ϵ2 −∆ϵ22c∆ϵ22

− 2∆ϵ2((1− cos(∆θ))c∆ϵ2 cos(θ) + sin(∆θ)c∆ϵ2 sin(θ))

− κ2k2tetherl
2(1− cos(∆θ)L, (51)

where the multiple coefficients c stand for the sums over
frames in the trajectory x. Overall, the expansion of
lnW is indeed of the form Eqn. 9 in the MT. Note that
we expanded here in sin∆θ and (1− cos∆θ) rather than
in ∆θ itself. This makes no difference for the formalism,
and in fact is more accurate than expanding in linear
and quadratic ∆θ terms. For small ∆θ the expansions
naturally coincide.

The expansion Eq. 51 is used to evaluate the path
ensembles at different values of the variables. One can
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,

choose to do this evaluation on the fly, or a posteriori.
Here, we chose to do this in post-processing, so during
the path sampling all c-coefficients for each trajectory are
recorded.

III. RESULTS FOR THE CATALYTIC CYCLE

A. Individual rate constant predictions

Figures S2,S3,S4 show the individual rate constants
predicted by path reweighting for the sub-reactions in the
catalytic cycles. The data is presented as a contour plot
as a function of the important parameters ∆ϵ1,∆ϵ2,∆θ.

For the evaluation of the efficiency η or effective rate
constant we need to know the rate constants k+u , k

−
u for

the uncatalyzed reaction. We compute this from a path
sampling simulation of the association/dissociation of a
free dimer at the reference value of ϵ1 = 20kBT , and
apply reweighting to obtain the dependence on ϵ1. At
the reference conditions, we find that k+u = 10−11ts−1σ−3

and k−u = 10−14ts−1σ−3.

B. Effective rates for different θ settings

As a consistency check we performed the path sampling
simulations for 3 different angle settings, i.e. θ = 30◦, 35◦

and 40◦. In Fig. S5 we report the effective rate constant
(scaled with the uncatalyzed rate constant) for the three
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FIG. S3. Prediction of the log of the rate constant k+, k−

and kf , kb, as a function of ϵ1, ϵ2 (left column) and ϵ2, θ (right
column). Contours are separated by 1 unit.
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angle settings as function for ∆ϵ2 and ∆θ. For different
initial settings for θ the maximum of the rates as function
of ∆θ in plots shifts, i.e., the maximum in terms of ∆θ
shifts to lower values for higher θ setting. This observed
shift in the maximum can be fully explained by the al-
tered θ angle. At the same time the ϵ2 value maximum
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FIG. S5. Contour plots of the effective rate constant as function of ∆ϵ2 and ∆θ for three different settings of θ. Top row:
forward cycle Bottom Row: reverse cycle. Note that the the shapes of the forward and reverse cycle differ.

hardly shifts. Thus, we conclude that the predictions are
consistent. We do see a small shift in the value of the
maximum rate.

Note that the reverse cycle has its maximum at a differ-
ent ∆ϵ2, θ compared to the forward cycle, caused by the
fact that the forward and backward cycles are at different
conditions. That is, for the forward cycle, the reactant A
is kept constant in concentration, while the product A2

is taken away quickly. In the reverse cycle it is the other
way around, and it is A2 that is constant, and product
A that is low. The forward cycle rate constant reaches
its maximum for θ = 35◦ and ϵ2 = 12 while the reverse
cycle reaches its maximum for θ = 35◦ and ϵ2 = 16, as
discussed in the Main Text.

In Figure S6 we plot the rate prediction as function of
ϵ1 and ϵ2. These behave similar to the ideal Arrhenius
based predictions in Fig. 2 in the MT. The forward and
reverse cycle both show a volcano type dependence on ϵ2.
Lowering ϵ2 , i.e. ∆ϵ2 < 0 first increases the rate, and,
after reaching a maximum, decreases again. The ∆ϵ2 < 0
at the maximum rate shifts to lower values for a large θ.
This is also observed in table II in the MT.

In figure S7 we plot the same data but now as the
efficiency η. This also shows similar behavior to the ideal

Arrhenius based predictions in Fig.2 in the MT. The data
shows that for larger θ the rates find their optimum at
lower ϵ2. This is of course due to the fact that the angle
is not optimal.

Finally, we plot in Figure S8 the rate prediction in
combination with the DKL. In addition, we drew curves
(guides to the eye) of how the MaxCal optimization
would provide optimal parameter settings for different
rate constant contours. Here we see that for the three
different geometries the optimization path is different, as
the baseline prior distributions are different. However,
what is clear is that a change in ϵ2 has much less ef-
fect on the DKL than the angle change ∆θ. This means
that all things being equal an optimization of the model
prefers a change in ϵ2 above a change in θ. Of course, one
could argue that by scaling the axes the DKL contours
can be made circular. However, then the rate contours
become also more slanted in the y direction, leading to
the same conclusion.

C. Validation of optimal settings

To check whether the optimized settings predicted by
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our approach are actually correct, we performed an addi-
tional validation path sampling simulation. From Table 2
in the Main Text we read off the optimal settings for the
forward cycle were ϵ2 ≈ 12, θ ≈ 35◦. Rerunning at those
settings we find an effective rate of η = 19.5, which is
consistent with the optimal values in table 2 of the MT.
Moreover the kinetic landscape shown in Fig. S9 that
the maximum is really found at ϵ2 ≈ 12, θ ≈ 35◦. We
thus conclude that the predictions by the methodology
are relatively trustworthy. We recommend to perform
this additional validation step in a future application. If
required one can perform a second iteration.

D. Solvated system

In this work we focused on a system consisting of sub-
strates, products and catalysts in an implicit solvent.
One may argue that this is already well-described by an-
alytical theories like TST or Kramers’ theory. However,
our approach can be easily extended to explicit solvent.
To show that we embedded our system in a 2D fluid
of particles interacting with a repulsive WCA potential

vWCA(r). A typical system snapshot is shown in Figure
S10. The solvent particles have also a repulsive WCA in-
teraction with the catalyst and substrate. The important
point is that this system clearly is not easily described
with an analytical theory and needs to be explicitly eval-
uated.

We performed the path sampling simulations in this
2D explicit solvent, for θ = 35◦, ϵ1 = 20, ϵ2 = 20. The
effective rate constant is shown in S11. While the ab-
solute rate values are slightly shifted, the contour plots
are clearly qualitatively very similar to those of the im-
plicit solvent S5. This indicates that the explicit solvent
does not qualitatively influence the reaction cycle in this
system, as indeed expected. However, more importantly,
it is clear from this test that our methodology does ex-
tend to explicit solvent, which is not easily treated with
approximate theory.
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IV. APPLICATION TO MINIMAL MODEL FOR
MAPK SIGNALING

As a final illustration we apply our method to
the mitogen-activated protein kinase (MAPK) cascade,
where, in each layer of the cascade, a protein is phospho-
rylated at two sites. The response of this system is depen-
dent on whether the enzymes involved react via a proces-
sive or a distributive mechanism. The MAPK pathway
has previously extensively been studied. Here, we follow
Ref[18] and show that our method can be used to pre-
dict the switch from a distributive to quasi-progressive
kinetics based on a simple particle model.

A. The reaction network

We consider one layer of the MAPK pathway[18], con-
sisting of one dual modification cycle, captured in the
reaction K −−⇀↽−− Kp −−⇀↽−− Kpp in which the substrate ki-
nase can exist in one of three states: K,Kp,Kpp, where
the subscripts ’p’ indicate the level of phosphorylation.
Phosphorylation and dephosphorylation is performed by

respectively an upstream (kinase) enzyme KK and phos-
phatase P, and proceeds via Michaelis–Menten kinetics.
The distributive mechanism, in which the enzyme after
reaction and unbinding first diffuses into the bulk, before
acting to a second binding site, is given by

KK+K
k1−−⇀↽−−
k2

KK−K
k3−−→ KK+Kp (52a)

KK +Kp
k4−−⇀↽−−
k5

KK−Kp
k6−−→ KK+Kpp (52b)

P + Kpp
k1−−⇀↽−−
k2

P−Kpp
k3−−→ P +Kp (52c)

P + Kp
k4−−⇀↽−−
k5

P−Kp
k6−−→ P +K (52d)

where the first two sub-reactions refer to the phospho-
rylation of MAPK by the MAPPK kinase (KK) and the
last two denote the dephosphorylation steps. Note that
in contrast to Ref.[18] we simplified the reaction network
by assuming that the enzymes are always in their active
state, meaning that reactivation takes places on a very
short (microsecond) time scale, much smaller than the
timescales of the involved rate constants. We take the
values of all rate constants from Ref [18]. For a discus-
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FIG. S10. Snapshot of solvated 2D
system. The catalyst is rendered with
green particles, the substrate is shown
in cyan, the binding sites in red, and
the solvent in blue.
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stant for reverse cycle performed in ex-
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ϵ2 = 20. Note that the outcome is very
similar to the implicit solvent results.

sion on further assumptions we refer to Ref.[18].

The above scheme can be turned into a (quasi)-
processive scheme by allowing for a direct rebinding after
phosphorylation from KK−K to KK−Kp and after de-
phosphorylation from P−Kpp to P−Kp. This is encoded

by the additional reactions

KK−K
k3p−−→ KK−Kp (53a)

P−Kpp
k3p−−→ P−Kp, (53b)

where the rate constants k3p denote the rates for rebind-
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FIG. S12. Graphical representation of the reaction network.
The top layer depicts the phosphorylation reaction where the
enzyme KK (blue) binds to the MAPK (green) and after re-
acting leaves a phosphorylated site (yellow patch), and dif-
fuses into the bulk with rate k3 or rebinds to the other binding
site with rate k3p. The lower row depicts the dephosphoryla-
tion reaction in which the enzyme P (red) binds and reaction
in a distributive or processive way. Note the symmetry in the
scheme.

ing. A scheme combining both the distributive and pro-
cessive mechanisms is depicted in Fig. S12.

The purely distributive scheme is recovered for k3p =
0, while the purely processive scheme is obtained by set-
ting k3 = k6 = 0. To interpolate between the two ex-
tremes we can redefine the processive rates as k3p = αk3,
and the corresponding distributive rates k3 = (1− α)k3.
We then naturally recover the purely distributive scheme
for a rebinding factor α = 0, and the purely processive
scheme for a rebinding factor α = 1. The rebinding fac-
tor can be written as α = k3p/(k3p+k3). We assume that
for both enzymes this rebinding factor is identical, and

only depending on the kinase geometry, i.e. the location
of the binding site.
Additionally, we assume the concentrations of the (ac-

tive) enzymes are effectively fixed. Under this assump-
tion the rate equations are linear and we can compute the
steady-state solution as was done for the catalytic net-
work. Denoting KK-K as CK for conciseness and P-K as
PK we can write

d[K]

dt
= −k1,KK[K] + k2[CK] + k6[PKp]

d[Kp]

dt
= k3[CK] + k5[CKp]− (k4,KK − k4,P)[Kp]

+ k5[PKp] + k3[PKpp]

d[Kpp]

dt
= k6[CKp] + k2[PKpp]− k1,P[Kpp]

d[CK]

dt
= k1,K[K]− k2[CK]− (k3 + k3p)[CK]

d[CKp]

dt
= k4,KK[Kp]− k5[CKp]− k6[CKp] + k3p[CK]

d[PKp]

dt
= k4,P[Kp]− k5[PKp] + k3p[PKpp]− k6[PKp]

d[PKpp]

dt
= k1,P[Kpp]− k2[PKp]− (k3 + k3p)[Kpp].

(54)

Here we set the rate constants k1,KK = k1[KK], k1,P =
k1[P], k4,KK = k4[KK], k4,P = k4[P], where we assume
the concentration of KK and P to be fixed, and the en-
zymes always in the active state.
Defining the state or concentration vector p =

{K,Kp,Kpp,CK,CKp,PKp,PKpp}, where we left out the
square brackets for clarity, we can write this set of ODE’s
as

dp

dt
= Kp, (55)

with the rate matrix

K =



−k1,KK 0 0 k2 0 k6 0

0 −k4,KK − k4,P 0 k3 k5 k5 k3
0 0 −k1,P 0 k6 0 k2

k1,KK 0 0 −k2 − k3 − k3p 0 0 0

0 k4KK 0 k3p −k5 − k6 0 0

0 k4,P 0 0 0 −k5 − k6 k3,p
0 0 k1,P 0 0 0 −k2 − k3 − k3p


(56)

The steady state solution can be found by setting the
derivatives to zero, and solving under the constraint that
the total amount of kinase is fixed i.e. K + Kp + Kpp +

CK+CKp+PKp+PKpp = Ktot. This leads to the solu-
tion for the relative amount of Kpp/Ktot. Setting the in-
trinsic rate constants to the values chosen in Ref[18] , i.e.
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k1 = 0.027 nM−1s−1, k2 = 1.35 s−1, k3 = 1.5 s−1, k4 =
0.056 nM−1s−1, k5 = 1.73 s−1, k6 = 15.0 s−1, and renor-
malizing the intrinsic on-off rates k1,2 and k4,5 using
1/kon = 1/ka + 1/kD and 1/koff = 1/kd + (ka/kd)/kD,
where kD is the diffusion-limited association rate (see Ta-
ble I), we arrive at

Kpp

Ktot
=

x(0.943α+ x)

1 + (0.586 + 2.046α− 0.369α2)x+ x2
, (57)

where we set the total amount of deposphatase and up-
stream MAPKK kinase to 20 nM, and the amount of up-
stream kinase to x · 20 nM, so that x denotes the enzyme
ratio [KK]/[P].

Plotting this amount as a function of the relative en-
zyme fraction x will globally show typically sigmoidal
behavior, with a low Kpp/Ktot ≈ 0 for low enzyme ratio
x and Kpp/Ktot ≈ 1 for a high ratio. The precise shape
of the response of the cascade layer is determined by the
rebinding factor α.

B. Computing the rebinding factor

The rebinding factor α describes the switching between
a distributive scheme and a (quasi)-processive scheme
and is given by

α =
k3p

k3p + k3
=

1

1 + k3/k3p
. (58)

We can compute this factor from a microscopic model
which describes both the unbinding reaction and the re-
binding to the second phosphorylation site, i.e the central
step in Fig. S12. As a simple model for this rebinding, we
can take the same model as for the catalysis cycle of the
MT, but now with only one particle (enzyme) binding to
the kinase. A schematic depiction is given in Fig. 5a of
the Main Text.

The blue particle (KK) can bind to the kinase K (green
dimer with two binding sites). After phosphorylation and
dissociation (with rate kdir ≡ k3) the blue particle can
escape to the bulk or rebind to the other phosphoryla-
tion site (with rate krebind ≡ k3p). These rates can be
computed simultaneously in a single path sampling sim-
ulation. We set the angle for the first (left) binding site
to 50◦. As order parameter λ we take the same dis-
tance as defined for koff in the model for the catalytic
cycle. The initial bound stable state is defined as λ < 0,
while the unbound state is defined as λ > 3σ. The final
state for rebinding is given by the similarly defined dis-
tance λ′ to the right side patch is λ′ < 0. The strength
of attraction between the blue particle and the patch is
ϵ2 = 12kBT , while the tether strength is ktether = 40kBT ,
a bit stronger than for the catalytic cycle, to avoid bind-
ing of the particle to two patches simultaneously.

We performed SRTIS simulations employing interfaces
at λ = {0.14, 0.14, 0.17, 0.20, 0.23, 0.27, 0.30, 0.33, 0.36,
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FIG. S13. Using the data obtained from the path sampling
at θ = 45◦ the dependence of the rebinding rate krebind with
respect to the escape rate kdir is predicted by the blue curve.
The predictions are validated by 4 other simulations at several
θ values (green squares).

0.39, 0.42, 0.46, 0.50, 0.55, 0.60, 0.65, 0.70, 0.80} with in
total 106 shooting and replica exchange moves. Shoot-
ing acceptance ranges from 0.2 to 0.4 while replica ex-
change acceptance is around 50%. Path lengths vary
from 50 time steps for the first interface to more than
1500 for the last interface, the latter caused by a large
diffusive part in the escape/rebinding process. Crossing
histograms and fluxes were treated as explained above
and in the MT. The rate of rebinding is recorded and
compared to the direct escape rate, which is found to be
kdir = 3.×10−8ts−1 ≈ 6s−1. We reweighted the obtained
path ensemble for different values of θ.

In figure S13a we show the logarithm of the ratio of
the rate for escape and rebinding as a function of the
angle θ. The blue solid line is the prediction based on
path reweighting for the reference simulation at θ = 45◦.
For comparison there are 4 additional simulation re-
sults (green squares) that reasonably agree with the path
reweighting prediction by the path. For the lowest value
of θ the prediction is underestimated, indicating the
range of the validity of the prediction. We note that
as in the catalytic cycle results the predictions are very
sensitive to changes in the angle θ. Nevertheless, it is
clear that the slope is accurate, and the prediction in the
neighborhood of the reference is rather accurate. This
curve can be transformed into the factor α as function
of θ using Eq. 58. The result is shown in Fig.5b of the
Main Text.

C. The response as function of θ

Next we can use the value of α to compute the steady
state concentration for Kpp from Eq. 57. These are plot-
ted in Fig. 5d of the Main Text as function of the enzyme
ratio [KK]/[P] for different θ, using the corresponding α
value. For low θ values the curve shows a sigmoidal shape
with a steep response to change in enzyme ratio, typical
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for a distributive mechanisms. For larger θ the response
curve becomes flatter, and approaches that of processive
curve, as encoded by the lower values of α.
In Fig. 5c of the Main Text we show the relaxation time

of the phosphorylation cycle. In a distributive scheme
for low θ this is around 9 seconds while for a large θ the
processive scheme responds twice as fast with around 5
seconds. Clearly, this is caused by the relatively fast re-
binding after the first phosphorylation, making the sec-
ond phosphorylation possible, thus speeding up the which

speeds up the whole cycle.
Note that these simulation are consistent with the find-

ings in Ref.[18], even if our assumptions are stronger, and
we do not use the sophisticated reaction-diffusion tech-
niques of that work.
Thus, we show that using the path reweighting tech-

nique we can study with only a single path sampling sim-
ulation how the response of a signaling cycle depends on
the location of a binding site, encoded by the binding site
angle in the microscopic model.
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