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CHAPTER 1

Molecular simulation techniques∗

1.1 Introduction

To study thermodynamic properties at the molecular level one needs to collect
averaged information on the positions of atoms over long times. In Molecular Dy-
namics (MD) simulations [1–3], the system evolves according to Newton’s equa-
tions of motion. This generates a trajectory that describes the positions, velocities
and forces on the molecules as they vary over time. Monte Carlo (MC) takes a
similar approach, but focuses on static properties. There is therefore no require-
ment that the system evolves in time. In MD, each state of the system depends
on the previous one, related in time as a trajectory. But in MC there is no such
connection between “snapshots” (states) of the system. Similar to MD, average
properties are computed as averages over all the states of the system [4]. The
MC method can easily be adapted to ensembles other than just the canonical
ensemble, as long as each state can be generated with the proper weight. In prin-
ciple each molecular state can be created independently. However, for efficiency
reasons, most MC algorithms base a new snapshot on modification of the current
one by performing changes called moves. Common moves are to translate and/or
rotate a molecule. Such an attempt can be accepted (in which case the state of
the system is changed) or rejected (in which case the state of the system is equal
to the old one) by an acceptance rule. All these snapshots form a chain, called a
Markov chain, and averages are computed as averages of this Markov chain. Only
static properties can be computed in MC, because there is no time involved in an
MC move. This might seem nonphysical or unnatural, but is in fact where the

∗ Based on: D. Dubbeldam, A. Torres-Knoop and K. S. Walton, On the Inner Workings of
Monte Carlo Codes, Mol. Simulat., 39, 2013, 1253-1292
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18 Chapter 1. Molecular simulation techniques

real power of MC lies. There are no constraints on MC moves other than that
they generate the appropriate ensemble. This is guaranteed by the form of the
acceptance rules. The MC algorithm should in principle allow the sampling of
all relevant states of the system (ergodic sampling) but, in addition to the moves
required for the ergodic sampling, there is an enormous opportunity to device
clever and efficient MC algorithms, sampling techniques, and MC moves. For ex-
ample, MC moves that change the composition or connectivity of the atoms can
be devised. The biggest limitation of MC methods is that they are considerably
harder to apply to chemically complex molecules than MD. The application of MC
used to be limited to reasonably small molecules, but the range of systems sizes,
molecules, and algorithms is rapidly advancing. For more details, Vitalis et al.
published an overview of the state-of-the-art MC methods designed for efficient
sampling of biomacromolecules [5].

1.2 Molecular simulations

1.2.1 Force fields

The basic ideas behind Molecular Mechanics (MM) date back to the 1930’s and
1940’s [6–8]. MM assumes that matter consists of atoms and for every set of
positions of the atoms the potential energy surface (PES) can be defined [9]. The
classical molecular energy U can be expressed as an expansion in bonds, bends,
torsions, etc. [10, 11]

U =
∑

bonds

ub (r) +
∑

bends

uθ (θ) +
∑

torsions

uφ (φ) +
∑

out-of-plane
bends

uχ (χ) +

∑
non-bonded

unb (r) +
∑

bond-bond

ubb′ (r, r
′) +

∑
bond-bend

ubθ′ (r, θ) +

∑
bend-bend

uθθ′ (θ, θ
′) +

∑
bond-torsion

urφ (r,φ, r′) +
∑

bend-torsion

uθφ (θ,φ, θ′) + . . .

(1.1)

This expansion captures all familiar entities such as atoms, bonds, angles and phys-
ical properties like equilibrium structures, vibrational spectra, etc. The cross terms
arise naturally from this expansion and are not ad hoc functions. For example,
bonds and bends interact, as the bend angle becomes smaller the bond lengths
tend to increase. Their inclusion leads to two advantages: (1) they increase the
accuracy of the simulations (especially the vibrational frequencies), and (2) they
increase the transferability of the diagonal terms ur (r) ,uθ (θ) ,uφ (φ) ,uχ (χ). In
addition to the terms in Eq. 1.1, one can add ad hoc terms, such as hydrogen
bonding, that are not adequately accounted for otherwise.
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Just because a model lacks certain key elements does not mean all results are
wrong; similarly, a more sophisticated force field does not necessarily give bet-
ter results. A well calibrated simplistic model can often produce better results
than a generic, elaborated model. The more parameters a model has to optimize,
the harder it becomes. There have been a number of approaches to parameter-
ize a force field directly from the quantum chemical calculations (see Ref. [12]
and references therein). Since the true PES can be approximated using quantum
mechanical methods, a force field can be directly fitted to a calculated QM PES
by numerically matching the gradients or energy. Although it is theoretically pos-
sible to include non-bonded interactions in the fitting, it is more common to obtain
charges and van der Waals parameters separately and use these as input.

It can be convenient to think of the parametrization process as bottom-up
(left-to-right in Eq. 1.1):

• Bonds/angles/torsion: can be obtained from gas phase quantum mechanics
and spectroscopy.

• Point charges: by minimizing the difference of the classical electrostatic po-
tential and a quantum mechanical electrostatic potential over many spatial
grid points (ChelPG methods) [13–15]; REPEAT method [16, 17]; Partial
Equalization of Orbital Electronegativity (PEOE) or the Gasteiger method
[18]; charge equilibration methods [19–21].

• Polarizabilities: from gas-phase quantum mechanical calculations or from
experiment.

• Van der Waals interactions: from Vapor-Liquid Equilibrium (VLE) curves;
inflections in isotherms [22, 23]; small noble gases like Argon from second
virial coefficients; in general, from comparison with experiments (e.g. density,
heat capacity, compressibility).

Eq. 1.1 is historically referred to as a force field. The name arose from the
lowest order approximation using only springs with force constants. Over the last
years force fields have matured. Therefore, given a force field, many different
parameters exist for a wide range of structures. These parameters are crucial and
determine the quality of the force field. A few examples of popular generic force
fields are AMBER [24–28], OPLS [29–32], AMBER/OPLS [33–36], CHARMM
[37–39], GROMOS [40–42], CVFF [43], CFF [44–46], MM2 [47–49], MM3 [50, 51],
MM4 [52–57], MMFF94 [58–63], DREIDING [64], COMPASS [65], PCFF [65],
and UFF [66].

1.2.2 The simulation cell and boundary conditions

Modeling materials by computer simulations has some practical limitations. One
is related to the number of molecules that can be efficiently stored in memory.
Although simulations of hundreds of thousands of atoms have been reported and
will likely increase by orders of magnitude in the future, this number is still far
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removed from the thermodynamic limit. In order to enhance the convergence of the
finite-size system results to macroscopic bulk values one usually employs periodic
boundary conditions [1]. Importantly, this also eliminates unwanted surface effects.
When using periodic boundary conditions, the central simulation box is artificially
replicated throughout space, including all the atoms within it [67]. For every
atom in the central cell, the periodic image positions can be calculated using
translation operators. Therefore, only the positions in the central cell need to
be stored. If a molecule leaves the central box, one of its images will enter the
box through the opposite face. To calculate the interactions between particles,
usually the minimum-image convention is used. The minimum-image is defined
as the shortest distance between two particles or any of their images. Only the
shape and orientation of periodic box have physical significance (not the boundary
itself) [3]. The use of periodic boundary conditions inhibits the occurrence of long-
wavelength fluctuations. It is for example not possible to simulate a liquid close
to the gas-liquid critical point where the range of critical density fluctuations can
extend to macroscopic length scales [3].

In general the unit cell is defined by the length of the cell edges a, b, c, the
angles between the cell edges α, β, γ, and by the fractional coordinates s of
the atoms within the unit cell. These coordinates are defined in an orthonormal
dimensionless space. The transformation from fractional space to Cartesian space
can be carried out by the matrix h:

h =

a b cos (γ) c cos (β)
0 b sin (γ) cζ

0 0 c
√

1− cos2 β − ζ2

 (1.2)

with

ζ =
cosα− cos γ cosβ

sin γ
(1.3)

This aligns the a cell vector along the x axis, b in the xy-plane. Conversely, h−1

transforms Cartesian coordinates r to fractional coordinates s. Using h the scaled
box has unit length. Force fields are defined in Cartesian space, therefore it is
convenient to store position in Cartesian space, transform them to fractional space,
apply periodic boundary conditions in s-space, and transform back to Cartesian
space to compute distances within the simulation box

s = h−1r

s′ = s− rint (s)

r′ = hs′

r =

√
(r′x)

2
+
(
r′y
)2

+ (r′z)
2

(1.4)

where the “rint”-function is defined as the rounded integer value of its argument.
The spherical cutoff (radius after which intermolecular interactions are truncated)



1.3 Long-range interactions 21

in Cartesian space has to be consistent with the minimum image convention [3].
For this, the smallest perpendicular width of the simulated periodic box must be
at least twice the spherical cutoff.

1.3 Long-range interactions

1.3.1 Van der Waals

The most common repulsion/dispersion functional forms are the Lennard-Jones
potential (see Figure 1.1)

uVDW (r) = 4ε

[(σ
r

)12

−
(σ
r

)6
]

(1.5)

and the Hill (also known as Buckingham) potential function,

uVDW (r) = a exp (−br)−
( c
r

)6

(1.6)

The Hill potential, having 3 adjustable parameters vs. 2 for Lennard-Jones (the
strength parameter ε and the size-parameter σ), might be slightly more accurate.
However, the Lennard-Jones potential is most commonly used for convenience.
The parameters for generic force fields are usually self-parameters and a mixing-
rule is needed to compute the interaction between different types of atoms i and
j. Common mixing rules are:

arithmetic (or Lorentz-Berthelot) εij =
√
εiεj σij =

σi + σj
2

(1.7)

geometric (or Jorgensen) εij =
√
εiεj σij =

√
σiσj (1.8)

sixth-power (or Waldman-Hagler) εij =
2σ3

i σ
3
j

σ6
i + σ6

j

√
εiεj σij =

(
σ6
i + σ6

j

2

)1/6

(1.9)

Many more mixing rules are given in ref. [68]. A downside of the Hill potential
is it’s divergence to large negative energies at r → 0. In MD, assuming that all
atoms initially do not overlap, the repulsive part of the potential avoids this issue.
However, in MC a move may choose a new random position near another particle’s
position. Therefore, the potential needs to be “blocked” (such a move would be
explicitly considered an overlap and rejected) or changed to a polynomial repulsion
(e.g. MM2) at short distances. To make the simulations tractable, the Van der
Waals potentials are truncated at a certain distance where the interactions are
considered sufficiently small. In MC the truncated potential can be used, and
the energy-correction due to this truncation, called the tail-correction, can be
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approximated (see Figure 1.1). The truncation distance and whether or not to
use tail-correction should be considered as part of the force field. For molecular
dynamics the truncation in the energy leads to a divergence in the forces. Common
approaches include to shift the Van der Waals potential to zero at the cutoff and
the use of a switching function where the energy is adjusted to smoothly go to
zero [69–71]

u (r) =


u (r) < ron

u (r)× (r2
off−r

2)(r2
off+2r2−3ron)

(r2
off−r

2
off)

3 ron ≤ r ≤ roff

0 r > roff

(1.10)

r

E

cutoff

tail-correctionε

21/6σ

σ

a The Lennard-Jones potential.
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Figure 1.1: The Lennard-Jones has two parameters: the “strength” parameter ε
and the “size”-parameter σ. Energy and force evaluations only take place within
the cutoff distance. It is possible to estimate the neglected energy (called the “tail-
correction, green area in the picture). For MD is customary to use “smoothing”
which makes the potential smoothly go to zero at the cutoff (red line). Alternatively,
the whole potential can be “shifted” to be zero at the cutoff. The latter leads to
continuous forces but remains divergent for higher derivatives. The tail-correction
calculation assumes that the RDF is approximately unity after the cutoff. The right
figure shows that for methane-methane interactions an arbitrary methane sees an ideal-
gas of other methane molecule at distance greater than about 12-14 Å for this system.
The RDF/tail-correction formulation breaks down inside nanoporous materials (here
methane in ERI-type zeolites) where the particles are located at adsorption sites in
a heterogeneous environment. The RDFs of methane in the fluid and in the pore of
ERI are computed at the same density (102 kg/m3).

The cutoff is usually chosen as the distance where the RDF approaches unity.
The requirements that the smallest perpendicular distance of the simulation cell
has to be larger than twice the cutoff distance rc determines the minimum amount
of crystallographic unit cells to be used in e.g. adsorption simulations. If we assume
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the RDF g (r) = 1 for r > rc, we can write

U ≈
∑
i<j

uVDW (r) +
Nρ

2

∫ ∞
rc

4πr2uVDW (r) dr (1.11)

where N is the number of particles and ρ = N/V is the average number density.
The last term in Eq. 1.11 is a tail-correction, i.e. the systematic contribution to the
energy due to truncation of the potential. Similar expressions have been derived
for the pressure and chemical potential [1]. Note that this is only possible for
potentials decaying faster than 1/r3, like the van der Waals potentials. Another
point worth mentioning is that for molecules adsorbed in a porous material the
RDF does not approach unity, not even at long distances, because it is no longer
an homogeneous system (see Figure 1.1). Analytical tail-corrections therefore do
not apply in nanoporous systems [72] and they are usually just omitted.

1.3.2 Coulombic interactions

The total electrostatic potential energy of interaction between point charges qi at
the positions ri is given by

U =
1

4πε0

∑
i<j

qiqj
|ri − rj |

=
1

8πε0

∑
i 6=j

qiqj
|ri − rj |

(1.12)

where ε0 is the electric permittivity of free space (8.8541878176 10−12 F/m). The
first form in this expression, explicitly counts all pairs of atoms, the second form
counts all interactions. In the later to compensate for double counting one needs
to divide by two.

This expression can be evaluated directly for finite systems but for a large or
periodic system, the expression is exceedingly time consuming, but more import-
antly, does not converge to the proper value. Dedicated procedures must be used
to evaluate the energy.

For a charged infinite periodic system, the energy of interaction is undefined
but for neutral systems a meaningful interaction energy can be defined by using
an Ewald summation [73–75]. The basic idea of this approach is to replace a single
divergent summation by two convergent summations. This is done by noting that

1

r
=

erf (αr)

r
+

erfc (αr)

r
(1.13)

where the error function erf(x) and its complement erfc(x) are defined as:

erf(x) =
2√
π

∫ x

0

e−t
2

dt erfc(x) = 1− erf(x) =
2√
π

∫ ∞
x

e−t
2

dt (1.14)

The error function goes to a constant
(

2α√
π

)
as r → 0, but slowly converges

as r → ∞. Its complement has a singular behavior as r → 0, but vanishes
exponentially as r →∞.
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Using this, the potential energy of interaction between point charges can be
expressed as:

U =
1

8πε0

∑
i 6=j

qiqj
erf(α|ri − rj |)
|ri − rj |

+
1

8πε0

∑
i 6=j

qiqj
erfc(α|ri − rj |)
|ri − rj |

(1.15)

The first summation is convergent and conveniently computed in Fourier space and
the second summation is convergent and usually computed in real space. More
details can be found in [1, 3].

1.4 Ensembles

To describe the microscopic state of a system, classically, at some instant of time,
we need 6N variables; for each of the N atoms we have 3 positions and 3 velocities.
This state is a point in a 6N -space, called phase-space. The state evolves through
phase-space according to the laws of mechanics. The measurements of macroscopic
variables like temperature T , volume V , pressure p involve taking time averaging
over the phase-space trajectory of the system. This is in fact the basis of the
molecular dynamics technique.

Around 1900 Gibbs introduced the concept of “ensembles”, were the time-
averaging is replaced by averaging over a group of microstates with the same
macroscopic state (e.g. N , V , T ). The ergodic principle states that this ensemble
averaging and time averaging is equivalent (when simulated infinitely long). By
employing the ergodic principle, the problem is moved from solving high dimen-
sional differential equations (classical) or eigen value equations (quantum) to for-
mulating the probability density ρ of finding the system in a specific microstate.
This is the basis of Monte Carlo simulations.

Molecular simulations are conducted under well defined thermodynamic condi-
tions, such as the number of particle, volume and temperature. These conditions
determine the “ensemble” of the system, which in turn determines the functional
form of the probability density. Each ensemble is associated with a thermody-
namic state function from which all the thermodynamic properties of the system
can be derived.

For systems with just one type of components (single components) there is one
fundamental thermodynamic function

dU (V ,S,n) = −p dV + T dS + µdn (1.16)

from which three others can be derived by a Legendre transformation [76]

dH (p,S,n) = V dp+ T dS + µdn (1.17)

dA (V ,T ,n) = −p dV − S dT + µdn (1.18)

dG (p,T ,n) = V dp− S dT + µdn (1.19)
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where the entropy is denoted by S, the chemical potential by µ, n is the number
of moles, U is the internal energy, H the enthalpy, A the Helmholtz function, and
G the Gibbs function, respectively. A system where the number of moles n varies
is called an open system. In the thermodynamic limit, all ensembles are equivalent
and it is possible to change between them by a Legendre transformation of the
chemical work term µdn.

1. Transformation of the internal energy U

L = U − µn ; dL = −p dV + T dS − ndµ (1.20)

where the function L (V ,S,µ) is known as the Hill energy.

2. Transformation of the enthalpy H

R = H − µn ; dR = V dp+ T dS − ndµ (1.21)

where the function R (p,S,µ) is known as the Ray energy.

3. Transformation of the Helmholtz function A

J = A− µn ; dJ = −p dV − S dT − ndµ (1.22)

where the function J (T ,V ,µ) is known as the grand function.

4. Transformation of the Gibbs function G

Z = G− µn = 0 ; dZ = V dp− S dT − ndµ = 0 (1.23)

where the function Z (p,T ,µ) is known as the Guggenheim function.

All seven functions H (p,S,n), A (V ,T ,n), G (p,T ,n), L (V ,S,n), R (p,S,n),
J (V ,T ,n) and Z (p,T ,n) are derivable from a Legendre transformation of the fun-
damental law of the energy conservation expressed in the internal energy function
U (V ,S,n) (see Eq. 1.16). Figure 1.2, taken from Ref. [77], shows the ensembles
and their connection to the reservoirs (or the constrains of the system).

All eight ensembles (for a single component system) may be simulated using
either MD or MC simulations. The choice of ensemble for a simulation is entirely
a matter of convenience. For MD, the natural ensemble is NVE. This is because
Newtons equations lead naturally to the conservation of energy. For Monte Carlo
simulations the different ensembles determine different functional forms of the
probability density (this will be discussed further in the next section).
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E(S,V,N)

H(S,p,N)

L(S,V,µ)

R(S,p,µ)

A(T,V,N)

G(T,p,N)

J(T,V,µ)

Z(T,p,µ)

T,p,µ
Reservoir

Walls

Pistons

Permeable
Walls

Permeable
Pistons

constant E constant T

Figure 1.2: Representation of the eight ensembles for a single component system. The
systems interact through a combined temperature, pressure and chemical potential
reservoir. The ensembles on the left are adiabatically insulated from the reservoir
while those on the right are in thermal contact with the reservoir. Pistons and porous
walls allow for volume and particle exchange. Adiabatic walls are shown cross-hatched
while diathermal walls are shown as solid lines. Ensembles on the same height are
related by Laplace and inverse Laplace transformations. The pressure stands for the
pressure and the tension. Picture taken from Ref. [77].

1.5 Methodology

1.5.1 Monte Carlo

Monte Carlo simulations are based on statistical mechanics. Statistical mechanics
formulates the following postulates [78]:

1. Postulate of ensemble averaging.
The average behavior of a macroscopic system in equilibrium is given by the
average taken over a suitable ensemble consisting of an infinite number of
randomized mental copies of the system of interest.

2. Postulate of equal a priori probabilities.
In a state of macroscopic equilibrium, all stationary quantum states of equal
energy have equal a priori probability (in the micro-canonical ensemble).

3. Postulate of equilibrium state.
Equilibrium state is the one that occupies the maximum volume in phase-
space.

The implications are:
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1. The method of calculation is statistical in nature.

2. The predictions are to be regarded as true on average rather than precisely
expected for any particular system.

3. The probability of finding a system in a given state is proportional to the
phase space volume associated with it, the most probable state would be
one that occupies the maximum volume in phase space. It follows that the
equilibrium state is the state of maximum probability.

In its simplest form, the MC method is nothing more than a computer-based
exploitation of the Law of Large Numbers to estimate a certain probability or
expectation. At the heart of the algorithm lies the “random numbers generator”
and therefore it is advisable to use a high quality generator like the “Mersenne
Twister” [79, 80]. To estimate the average properties of systems with many ac-
cessible states, the Markov Chain Monte Carlo method (MCMC) can be used
[81, 82].

In MC simulations, the system evolves from state to state (possibly the same
state) and averages of a property are computed as the average over the elements
of the Markov chain. This expression is exact for an infinite Markov chain. It
uses the fact that not the absolute probabilities of the states are needed, but
only the relative probability. To guarantee that states are visited with the correct
frequency, random trial moves are generated that take the system from the current
(“old”) state (o) to the new state (n).

The condition of detail balance (as is used in the original Metropolis scheme
[81]), is normally applied to ensure that any arbitrary initial distribution eventually
relaxes to the equilibrium distribution. If Peq (o) and Peq(n) denote the probability
of finding the system in state (o) and (n), respectively, and α(o→ n) and α(n→ o)
denote the conditional probability to perform a trial move from o→ n and n→ o,
respectively, then the condition called “detailed balance” can be written as

Peq (o)α(o→ n)Pacc(o→ n) = Peq (n)α(n→ o)Pacc(n→ o) (1.24)

In equilibrium the flow from the old state o to any other state n is exactly equal to
the reverse flow. In the Metropolis algorithm α is chosen as a symmetric matrix

α(o→ n) = α(n→ o) (1.25)

For a symmetric transition matrix

Peq (o)Pacc(o→ n) = Peq (n)Pacc (n→ o) (1.26)

which leads to
Pacc(o→ n)

Pacc(n→ o)
=
Peq (n)

Peq (o)
(1.27)

Metropolis et al. choose the following acceptance rule [81]

Pacc(o→ n) = min

(
1,
Peq (n)

Peq (o)

)
(1.28)
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Each ensemble has a characteristic probability distribution. Thus, the accept-
ance criteria will vary depending on the ensemble we are working with. The general
approach in deriving the MC method for a given ensemble is:

1. Determine the microstate probability distribution for the ensemble of in-
terest.

2. Determine the Monte Carlo moves to accomplish changes in the fluctuating
quantities in the ensemble.

3. Find the acceptance criteria.

Some of the most commonly used ensembles are the canonical ensemble, the
isothermal-isobaric ensemble, the grand-canonical ensemble, the Gibbs ensemble,
and the µ1N2pT -ensemble. In Table 1.1 the probability densities associated to
some of these ensembles are presented.

In MC simulations we are only interested on the positions, as the momenta can
be analytically integrated out by making use of

∫∞
−∞ e−x

2

dx =
√
π

∫
e
−β
(∑

i

p2
i

2mi

)
dp =

(∫
e−β

p2

2m dp

)3N

=

(
2πm

β

) 3
2N

(1.29)

The de Broglie wavelength Λ is the quantum mechanical wavelength of a gas
particle with momentum determined by the average thermal kinetic energy per
degree of freedom kB T . If we use the de Broglie relation px = h/Λ, then from
1
2p

2
s/m = 1

2kB T we have Λ = h/
√
mkB T =

√
h2/ (mkB T ). The condition for

the applicability of classical or Boltzmann statistics is equivalent to the condi-
tion Λ3/V � 1 where Λ represents the critical length scale at which interactions
are neglected. Closely related to h divided by the momentum, the de Broglie
wavelength is defined as

Λ ≡
(
h2 β

2πm

)1/2

(1.30)

The differences between the partition functions with and without explicit mo-
mentum integration are h ↔ Λ and H

(
pN , rN

)
↔ U

(
rN
)
. For example, for the

canonical partition function

1

h3N !

x
e−β H(p,r) dNpdNr =

1

Λ3N !

∫
e−β U(r) dNr. (1.31)

For ensembles where the simulation cell is allowed to change it is more conveni-
ent to redefine the positions in fractional coordinates using s = h−1r [83]. The
partition function in fractional coordinates is related to the Cartesian version by a
factor V N where U

(
sN ;h

)
means that the Hamiltonian depends on the Cartesian
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Table 1.1: Most common ensembles partition function and probability density func-
tions. The momenta have already been integrated out and fractional coordinates are
used in all cases.

Ensemble Partition function (Z) and probability density (P
(
sN ,V

)
)

Canonical Z=Q (N ,V ,T ) = V N

Λ3NN !

∫
e−βU(sN ;h) dNs

P
(
sN ,V

)
∝ e−βU(sN ;h)

Isothermal-isobaric Z=∆ (N ,P ,T ) = βP
Λ3N N !

∫
V N+1e−βpV

(∫
e−β U(sN ;h) dNs

)
dV

P
(
sN ,V

)
∝ V N+1e−βpV e−β U(sN ;h)

Grand canonical Z=Ξ (µ,V ,T ) =
∞∑
N=0

V NeβµN

Λ3N N !

∫
e−β U(sN ;h) dNs

P
(
sN ,V

)
∝ V NeβµN

Λ3N N !
e−β U(sN ;h)

positions [83], i.e. potentials are usually defined in Cartesian space as opposed to
fractional space. For example, for the canonical partition function

1

Λ3NN !

∫
e−βU(rN) dNr =

V N

Λ3NN !

∫
e−βU(sN ;h) dNs. (1.32)

The two most common MC moves are rigid translation and rotation in which
a molecule is displaced or rotated by a small modification. The modification is
usually scaled to achieve around 50% acceptance. In a strongly interacting fluid
(e.g. water) the acceptance ratio of the rigid rotation becomes low and it might be
better to do a full random rotation. The “reinsertion”-move removes a randomly
selected molecule and reinserts it at a random position. For rigid molecules it uses
orientational biasing, and for chains the molecule is fully regrown (the internal con-
figuration is modified). This will be discussed in detail in the configurational-bias
method. The reinsertion-move bypasses (free) energy barriers and is particularly
useful to redistribute molecules in cages of nanoporous materials. At high dens-
ities the acceptance ratio of the reinsertion move becomes vanishingly low. To
properly sample the internal structure (i.e. bond/bend/torsions) the “partial re-
insertion” move is useful. Several atoms of the molecules are kept fixed, while
others are regrown. Because there is already space for the atoms the acceptance
ratios are high. For mixtures, especially at higher density, the “identity-switch”
move becomes crucial. The identity-change trial move [84–87] is called semi-grand
ensemble, but it can also be seen as a special case of the Gibbs ensemble. One
of the components is selected at random and an attempt is made to change its
identity. To sample concerted motions of atoms the hybrid MC/MD can be used.
To obtain a new configuration a short NV E molecular dynamics of M time steps
is run and accepted or rejected [88, 89]. The starting velocities are chosen from a
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Maxwell-Boltzmann distribution at the desired temperature.

In Monte Carlo simulations the quantities of interest are the averages of prop-
erties over an ensemble:

〈A〉 =

∫
A
(
rN
)
P
(
rN
)

dNr∫
P (rN ) dNr

(1.33)

where P
(
rN
)

is the probability of finding configuration rN (and thus depends
on the ensemble). In general Monte Carlo simulations are divided in an initial
equilibration part, where the system is relaxed towards the states we are interested
in sampling, and a subsequent production part, where the average of properties
are computed. In both cases, the duration is measured in “MC steps” or “MC
cycles”. An MC step is one performed MC move, either accepted or rejected. The
MC moves are chosen in random order with preset probabilities. An MC cycle
takes the number of particles into account and in each cycle on average one MC
move has been attempted per particle. The reasoning behind this is that one needs
to sample longer if there are more molecules in the system. Therefore the number
of cycles is less dependent on the system size. To avoid poor sampling at low
densities the number of steps per cycle can have a set lower limit of e.g. 20. A
cycle is then for example defined as [90]: Ncycles = max(20,N)Nsteps.

1.5.2 Adsorption simulation

In adsorption studies one would like to know the amount of material adsorbed as
a function of pressure and temperature of the reservoir with which the adsorbent
is in contact. Adsorption simulations can be performed in the Gibbs-ensemble [86]
(Figure 1.3b), the µ1N2pT ensemble (Figure 1.3c) when flexible frameworks are
used and the grand-canonical ensemble [91] (Figure 1.3d). In our research we
computed the adsorption isotherms using the grand-canonical ensemble.

grand-canonical ensemble or µV T ensemble In this ensemble, the chemical potential
µ, the volume V and the temperature T are fixed. This is simulated by coupling
the system under study to an infinite reservoir which has the same µ and T , and
keeping the volume of the system fixed. The partition function is given by

Ξ (µ,V ,T ) =

∞∑
N=0

V NeβµN

Λ3N N !

∫
e−β U(sN ;h) dNs (1.34)

where sN ;h refer to the fractional positions. The probability of a particular con-
figuration is

P
(
sN ,V

)
∝ V NeβµN

Λ3N N !
e−β U(sN ;h) (1.35)



1.5 Methodology 31

a Two fluid phases with fixed total volume V
and temperature T .

b An adsorbed phase and a fluid phase with
fixed pressure p and temperature T .

c An adsorbent with fixed particle number N1

under a constant pressure p in contact with a
reservoir that imposes constant temperature
T and chemical potential µ2.

d An adsorbent with a fixed volume in con-
tact with a reservoir that imposes constant
temperature T and chemical potential µ.

Figure 1.3: Adsorption using Gibbs, the osmotic, and the grand-canonical ensemble,
(a) in the Gibbs ensemble the total volume and the total number of molecules is
fixed. The volume move makes one box bigger and the other box smaller which
leads to pressure equilibration. The exchange of particles between the boxes leads to
equal chemical potential and in both boxes the same temperature is imposed. (b)
Adsorption isotherms can be computed in the Gibbs ensemble where the fluid phase
is explicitly simulated. (c) The osmotic ensemble replaces the explicit fluid phase
by a imaginary reservoir. (d) The grand-canonical ensemble also uses the imaginary
reservoir but in addition keeps the volume fixed.

and the acceptance rules are:

particle move Pacc (o→ n) = min

(
1,

VNeβµN

Λ3N N!
e
−β Un(sN ;h)

VNeβµN

Λ3N N!
e−β Uo(sN ;h)

)

= min
(

1, e−β [Un(sN ;h)−Uo(sN ;h)]
)

insertion Pacc (o→ n) = min

1,
V (N+1)eβµ(N+1)

Λ3(N+1) (N+1)!
e
−β Un(sN+1;h)

VNeβµN

Λ3N N!
e−β Uo(sN ;h)


= min

(
1, V eβµ

Λ3(N+1)e
−β[Un(sN+1;h)−Uo(sN ;h)]

)
(1.36)
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deletion Pacc (o→ n) = min

1,
V (N−1)eβµ(N−1)

Λ3(N−1) (N−1)!
e
−β Un(sN−1;h)

VNeβµN

Λ3N N!
e−β Uo(sN ;h)


= min

(
1, Λ3 N

V eβµ
e−β[Un(sN−1;h)−Uo(sN ;h)]

) (1.37)

The pressure p in the reservoir is related to the chemical potential by

β µ = β µ0
IG + ln (βf) (1.38)

where f = φp is the fugacity, and µ0
IG is the chemical potential of the reference

state (ideal gas)

µ0
IG ≡

ln
(
Λ3
)

β
(1.39)

The fugacity is not the same as the pressure but it is closely related to it. Fugacity
is the activity of a gas and has the same units as pressure. The fugacity coefficient
φ is the exponential of the difference of the Gibbs free energy g (T , p) and the ideal
gas Gibbs free energy gIG (T , p) at the system (T , p) divided by RT [92]

φ =
f

p
= exp

[
g (T , p)− gIG (T , p)

RT

]
= exp

[
1

RT

∫ p

0

(
z − 1

p

)
T

dp

]
(1.40)

where z is the compressibility. In simulations, the chemical potential µ is imposed
which is closely related to the fugacity (see Eq. 1.38). For an ideal gas f = p and
for p → 0 every gas becomes an ideal gas. The conversion between pressure and
fugacity can be performed using an appropriate equation of state. Fugacities and
fugacity coefficients for components of mixtures can be estimated by the Lewis-
Randall rule which states that fugacity coefficient of a component i in a mixture of
real gases is roughly equal to the fugacity coefficient of the pure gas i at the tem-
perature T and (total) pressure p of the mixture [92]. There are some limitations
to this rule. Alternatively one can use an EOS with appropriate mixing rules [93].

The acceptance rules for insertion and deletion in the grand canonical en-
semble, taking into account the relationship between the chemical potential and
the pressure, are

insertion Pacc (o→ n) = min

(
1,
βV φp

N + 1
e−β[Un(sN+1;h)−Uo(sN ;h)]

)
(1.41)

deletion Pacc (o→ n) = min

(
1,

N

βV φp
e−β[Un(sN−1;h)−Uo(sN ;h)]

)
(1.42)

For mixtures, a convenient method is to first randomly choose a component. The
acceptance rules (Eqs. 1.41 and 1.42) stay the same, except that N refers to the
number of particles of the chosen component and p to the partial pressure.
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To overcome the low insertion rates at low temperature and/or high densit-
ies several advanced MC moves were developed, e.g. all the Configurational-Bias
methods based on the work of Rosenbluth and Rosenbluth [94], energy-cavity
biasing [95], Reptation move [96], aggregation-volume-bias [97], as well as MC
methods like recoil growth [98, 99], reverse MC [100], phase switch MC [101–103],
kinetic MC [104–106], rotational isomeric state MC [107], basin-hopping MC [108],
tethered MC [109], smart walking [110], self-referential method [111–113], expan-
ded ensembles [114, 115], Fragement regrowth MC [116], and Waste recycling MC
[117, 118].

1.5.3 Configurational-Bias Monte Carlo

Conventional MC is time-consuming for long chain molecules. Moreover, the
configurations of long molecules in the framework become increasingly different
from the gas phase. The fraction of successful insertions becomes too low. The
Configurational-Bias Monte Carlo (CBMC) technique was developed to increase
the number of successfully insertions. Figure 1.4 shows the definition of S2-butanol
which will be used here to illustrate the method. Instead of generating ideal gas
configurations and trying to insert the molecule as a whole, the CBMC method in-
serts chains part by part biasing the growth process towards energetically favorable
configurations, and therefore significantly reduces overlap with the framework and
other particles. The CBMC framework is based on the work by Rosenbluth and
Rosenbluth [94] and developed by a variety of researchers [119–125]. Later, CBMC
was extended to include grow paths for branched molecules [3, 72, 126–129], cyclic
molecules [130–134], and reactive CBMC [135].

Growing a chain-molecule Let’s first tackle the problem of how to generate a mo-
lecule with an appropriate intra-molecular energy (bond, bend , torsion). We can
choose any of the atoms as a start point. Let’s assume we start our growth process
from atom 4 (the labeling is defined in Figure 1.4). The starting atom is connected
to atom 0, 5, 6, and 7. One of these can be chosen randomly, for example atom 7.
The position of atom 7 lies on a sphere with a radius depending on the bond-length
distribution (Figure 1.5a), and is determined by computing a random vector on
a unit sphere adjusted in length for the bond-potential. The chosen bond-length
can either be generate using an “acceptance-rejection” scheme or using a small
MC routine. Having grown atom 4 and 7 one can continue to grow on either side
but let’s assume we continue along the atom 7 path. Atom 7 is connected to atom
4 (already grown) and atoms 8, 9 and 13. Vlugt et al. noted that atoms 8, 9
and 13 must be grown simultaneously [126, 136]. It would be wrong to first place
atom 13, next atom 8, and then atom 9. Because of the bond-bending potentials
the branches connected to the same central atom can not be added independently.
Vlugt et al. developed an MC procedure that can be used to generate the positions
of the branch atoms using the following moves:



34 Chapter 1. Molecular simulation techniques

Figure 1.4: S2-butanol: the OPLS definition has 14 bond-, 25 bend-, and 30 torsion
potentials. The chiral center is atom 7.

a Start of the growth-path b Changing bond-lengths.

c Changing bend-angles. d Changing branch-points angles.

Figure 1.5: View of (branched) molecule growth: (a) bonds are grown by choosing
random positions on a sphere; (b,c,d) bond-lengths and bend-angles between atoms
of a branch are changed by a small MC-routine that (b) atoms are displaced along
the bond vectors, (c) change of bend-angles, and (d) rotation around axis of the bond
that was already grown.

1. Changing the bond-length
One of the branch atom is randomly chosen and an attempt to change the
bond-length is made (see Figure 1.5b). The probability of generating a
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branch position b with bond-length l is given by

P (l) dl = e−βu
bond(l) db (1.43)

= l2e−βu
bond(l) dl (1.44)

and the acceptance rule for a change in bond-length of l (n) to l (o) is

Pacc (o→ n) = min

(
1,
l (n)

l (o)
e−β(ubond(l(n))−ubond(l(o)))

)
(1.45)

2. Changing the bend-angle
One of the branch atom is randomly chosen and an attempt to change the
bend-angle is made (see Figure 1.5c). The probability of generating a branch
position b with bend-angle θ is given by

P (θ) dθ = e−βu
bend(θ) db (1.46)

= sin (θ) e−βu
bend(θ)dθ (1.47)

and the acceptance rule for a change in bend-angle from θ (o) to θ (n) is

Pacc (o→ n) = min

(
1,

sin (θ (n))

sin (θ (o))
e−β(ubend(θ(n))−ubend(θ(o)))

)
(1.48)

3. Rotation on a cone
One of the branch atom is randomly chosen and rotated randomly on a cone
(see Figure 1.5d). This move changes the bend-angle between the branch
atoms. The acceptance rule for a rotation on a cone is

Pacc (o→ n) = min
(

1, e−β(ubend(θ(n))−ubend(θ(o)))
)

(1.49)

A few hundred of these moves should be sufficient to equilibrate the positions of
the branch atoms. The growing scheme of Vlugt et al. is able to handle stiff bond-
and bend-potentials. Another advantage is that it is easy to include chirality. If a
wrong chirality is detected during the small MC scheme, then two branch atoms
are switched, followed by further equilibration.

The scheme of Vlugt et al. handled torsion potentials by including the torsion
energy utorsion (φ) in Eq. 1.49. Unfortunately, this method still fails to generate the
proper distribution when there are multiple torsional angles that share the same
two central atoms because the bond bending and torsional angle distributions are
no longer independent. Vlugt et al. modified the force field for branched alkanes
such that only one torsion potential was defined over a central bond. For multiple
torsion over a central bond all of the atoms connected to those central atoms
must be generated simultaneously in order to get the correct distribution. This
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implies that the conformation of e.g. the entire 2,3-dimethylbutane molecule must
be generated in a single step in order to obtain the correct distribution. One
of the methods developed to solve this problem is the coupled-decoupled CBMC
algorithm of Martin and Siepmann[127, 129].

The bond angles are selected based solely on the bond angle energies and the
phase space terms, and then those angles are used in all subsequent selections
(torsion and non-bonded). Thus, the bond angle selection is decoupled from the
other selections. In contrast, for each non-bonded trial a full selection is done to
generate torsional angles so these two selections are coupled. Before explaining
this further, let’s see how to actually increase acceptance of insertion using more
than one set of “trail-positions”.

Trial-positions So far we have shown how to generate a molecule. In order to be
able to steer (to “bias”) the growth, at each step k sets of branch atoms called “trial
positions” are generated of which one is chosen with the appropriate probability.
The growth-control is largely based on the “external” environment of the molecule,
for example, the framework and/or other molecules that are present in the system.
In the CBMC scheme it is therefore convenient to split the total potential energy
U of a trial site into two parts:

U = U int + U ext. (1.50)

The first term U int represents the internal (bonded) potential, and is used for
the generation of trial orientations. The second term U ext represents the external
(non-bonded) potential, and is used to bias the selection of a set from the other set
of trial sites. This bias is exactly removed by adjusting the acceptance rules. In
the CBMC technique a molecule is grown segment-by-segment. For each segment
a set of k trial orientations is generated according to the internal energy U int and
the external energy U ext

i (j) of each set of trial positions j of segment i is computed.
The number of trial positions k is usually between 10 and 20. One of these trial
positions is selected with a probability

Pi(j) =
e−βU

ext
i (j)

k∑
l=1

e−βU
ext
i (l)

=
e−βU

ext
i (j)

w(i)
. (1.51)

and added to the chain. This procedure is repeated until the whole molecule has
been grown. Then the new Rosenbluth factor W new is computed for the newly
grown molecule

W new =
∏
i

w(i). (1.52)

For the computation of the old Rosenbluth factor W old, because there is already
an existing chain, only k − 1 trial positions need to be generated. Together with
the existing position, these form the set of k trial positions.
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Chemical potential reference state The excess chemical potential µex is defined as
the difference in chemical potential of the interacting chain and a chain in the
ideal gas state. The Rosenbluth weight

〈
W IG

〉
of the reference state of the ideal

gas is needed when comparing with real experimental data. When CBMC is used,

it is straightforward to show that e−β∆U has to be replaced by W (new chain)
W (IG) for

inserting a particle and by W (IG)
W (old chain) for the deletion of a particle. When W IG is

replaced by
〈
W IG

〉
, i.e. the average Rosenbluth weight of a chain in the reservoir,

detailed balance is obeyed. This means that for a given temperature and molecule〈
W IG

〉
has to be computed only once [136].

The reference state is important and enters e.g. in the acceptance rules for
CBMC insertion and deletion moves:

Pacc(o→ n) = Pacc(N → N + 1) = min

(
1,

fβV

N + 1

W new

〈W IG〉

)
(1.53)

Pacc(o→ n) = Pacc(N → N − 1) = min

(
1,

N

fβV

〈
W IG

〉
W old

)
(1.54)

It is best practice to compute
〈
W IG

〉
in advance, but for single components the

results can also be corrected afterwards for the ideal Rosenbluth weight by “cor-
recting” the fugacity. This is much more cumbersome for mixtures because both
partial fugacities are changed and the initial imposed mol-fraction is now differ-
ent, i.e. an equimolar mixture would no longer be equi-molar after correcting. For
these reasons it is important to compute

〈
W IG

〉
first.

1.5.4 Continuous Fractional Component Monte Carlo

All open-ensembles methods suffer from a major drawback: the insertion prob-
ability becomes vanishingly low at high densities. One of the schemes to remedy
this problem is the “Continuous Fractional Component Monte Carlo” (CFCMC)
method of Shi et al. [137–139]. In this method the system is expanded with an ad-
ditional molecule whose interaction strength with its surroundings is scaled using
a parameter λ, here on referred to as a fractional molecule. Other methods have
been proposed before that make use of “small” molecules to enhance the insertion
probability, for example the Inflating-Flea method by de Pablo et al. [85], but
what makes CFCMC powerful is that the transition from a fractional molecule to
a fully interacting molecule is done continuously.

Various choices for the scaling are possible, for example the Lennard-Jones and
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charge-charge interactions can be scaled as

uLJ (r) = λ4ε

 1[
1
2 (1− λ)

2
+
(
r
σ

)6]2 − 1[
1
2 (1− λ)

2
+
(
r
σ

)6]
 (1.55)

uCoul = λ5 1

4πε0

qiqj
r

(1.56)

where ε0 is the dielectric constant in vacuum, r is the interatomic distance, q is
the atomic charge, ε is the LJ strength parameter and σ is the LJ size parameter.

The modified form forces the potential to remain finite when r → 0 for λ 6= 1.
The scaled potential has the correct behavior at the limits of λ = 0 and λ = 1. Note
that only the inter-molecular energy is scaled (not the intra-molecular energy).
Many variations on the algorithm are possible. For example λ can be changed per
molecule or per atom. Both method slowly “inflate” and “deflate” the molecule
like a balloon but differently.

CFCMC uses conventional MC for thermalization (such as translation and
rotation moves, and/or MC-MD hybrid moves), but in addition attempts to change
the scaling parameter λ of the fractional molecule using λn = λo + ∆λ are used.
The ∆λ is chosen uniformly between −∆λmax and +∆λmax and scaled to achieve
around 50% acceptance. Many systems show behavior where λ-changes are hard.
In these cases, an additional bias η on λ can be used, where each λ has an associated
biasing factor η. This bias will be removed by the acceptance rules. A careful
calibration of η can make the λ-histograms flat and hence can avoid that the
system get stuck in certain λ-range. There are three possible outcomes of a change
of λo to λn:

• λn remains between 0 and 1.
The change in energy of the particle with the new λn compared to the old
energy is computed and the move is accepted using

Pacc = min
(

1, e−β[Uext(n)−Uext(o)]+η(λn)−η(λo)
)

(1.57)

There is no change in the number of particle, nor in the positions, nor in
the intra-molecular energies. Only λ and the inter-molecular energy has
changed.

• λn becomes larger than 1.
When λn ≥ 1, the current fractional molecule is made fully present (λ = 1),
and additional particle is randomly inserted with λ = λn−1. Shi et al. used
a methodology where a rigid conformation is chosen from a “reservoir” of
ideal gas molecules generated “on the fly” during the simulation.

• λn becomes smaller than 0.
When λn ≤ 0, the current fractional molecule is removed from the system
(λ = 0), and a new fractional molecule is chosen with λ = λn + 1.
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The acceptance rules for insertion and deletion depend on the ensemble. For use
in the grand-canonical ensemble the rules are given by

Pacc (N → N + 1) = min

(
1,

fβV

N + 1
eη(λn−1)−η(λo)e−β[Uext(n)−Uext(o)]

)
(1.58)

Pacc (N → N − 1) = min

(
1,

N

fβV
eη(λn+1)−η(λo)e−β[Uext(n)−Uext(o)]

)
(1.59)

where N is number of integer molecules. Hence, appropriate measured densities
and loadings should exclude the fractional molecule.

A downside of CFCMC compared to CBMC is that it takes longer to equilibrate
at lower densities. Only at λ = 0 or λ = 1 an attempt is made to delete or insert
a molecule respectively. Even when the λ moves are made equally likely using
biasing, the diffusive nature of λ in the range 0, . . . , 1 makes the insertion/deletion
rate lower. For this reason, Shi et al. used a relatively high percentage of λ-moves
in comparison to the other MC moves. A practical way of overcoming this (small)
issue is to first use CBMC or restart from a CBMC simulation.

The nature of the CFCMC algorithm can lead to blocking issues. For example,
in CFCMC the potentials are scaled such that particle can overlap. Shi et al. [137]
noted that for water models the lack of Van der Waals interaction for the hydro-
gens lead to overlap of the negatively charged oxygen with the positively charged
hydrogen. The repulsive force that normally prevents this has been reduced by
the potential scaling. A simple solution is to reject all MC moves where atoms get
closer than 1 Å [137].

Wang-Landau sampling The Wang-Landau sampling method [140–146] has the ob-
jective of making all energies equally probable. During a random walk, the weights
are iteratively adjusted using importance sampling. The weights that achieve a flat
histogram are reciprocal to the denstiy of states ω(E). The precision by which the
weights are adjusted is iteratively increased until the desired precision is reached.
The algorithm proceeds as follows:

1. Choose a set of energy ranges and set the density of states ω (E) to unity in
each.

2. Start random walk in energy space. The acceptance probability is given by:

Pacc (E1 → E2) = min

[
1,
ω (E1)

ω (E2)

]
(1.60)

The move is initially accepted with unity probability. Each time an energy
level is visited, the corresponding density of states is updated by multiplying
it’s existing value by a modification factor f > 1.

3. Do the random walk until the accumulated histogram of energy is flat.
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4. Reset the histogram and reduce the modification factor to continue and
converge the ω (E).

The main drawback of the method is that the statistics to estimate the conver-
gence of the weight update factors are iteratively obtained. If the Wang-Landau
technique is employed for systems with an infinite energy range, such as fluids,
one often has to choose a finite range of energy (cutting off the high-energy range)
either via trial and error or by calculation.

Shi et al. found that Wang-Landau sampling is very efficient in obtaining
the biasing factors for CFCMC [137–139]. The λ range is for example divided
in 10 bins. Initially all biasing factors are zero. During equilibration the bin
corresponding to the current λ is modified according to η (λj) = η (λj)−ν after an
MC move attempt, where ν is a scaling parameter initially set to 0.01. Histograms
are measured and every 10000 attempts the histograms are checked for flatness.
The histogram is considered sufficiently flat when all bins are at least 30% as
often visited as the most visited bin. If so, then histograms are set to zero and the
scaling factor is modified to ν = 1

2ν. Equilibration of η can be stopped once the
value of ν is lower than 1× 10−6.

One of the downsides of CFCMC is that molecules are randomly inserted with
configurations from the ideal gas distribution. For highly confined systems or sys-
tems with strong and directional interactions, this leads to still not high enough
insertion probabilities. For example, Shi et al. [138], found that for the simu-
lation of water in the Gibbs ensemble (at low temperatures), the exchange trial
move is accepted in only around 1% of the attempts. With this in mind, the Con-
figurational Bias Continuous Fractional Component Monte Carlo (CB/CFCMC)
method was developed [147]. In this method the stregths of CBMC and CFCMC
are combined to enhance the insertion/deletion of molecules.
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