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Exploiting symmetries in tensor network algorithms plays a key role for reducing the computational and
memory costs. Here we explain how to incorporate the Hermitian symmetry in double-layer tensor networks,
which naturally arise in methods based on projected entangled-pair states. For real-valued tensors the Hermitian
symmetry defines a Z, symmetry on the combined bra and ket auxiliary level of the tensors. By implementing
this symmetry, a speedup of the computation time by up to a factor 4 can be achieved, while expectation values
of observables and reduced density matrices remain Hermitian by construction. Benchmark results based on the
corner transfer matrix renormalization group and higher-order tensor renormalization group are presented. We
also discuss how to implement the Hermitian symmetry in the complex case, where a similar speedup can be

achieved.

DOLI: 10.1103/PhysRevB.111.045105

I. INTRODUCTION

Tensor networks offer highly accurate numerical tools for
the study of strongly correlated systems, in particular in cases
where Monte Carlo methods are ineffective due to the nega-
tive sign problem. Most notably, matrix product states have
revolutionized the study of quasi-one-dimensional systems
[1,2]. Their higher-dimensional generalization, known as a
projected entangled-pair state (PEPS) [3-5], have become
a state-of-the-art tool for two-dimensional (2D) systems,
with applications ranging from frustrated magnets to strongly
correlated electron systems (see, e.g., Refs. [6-33]). The
main idea is to efficiently represent quantum many-body
states by a contraction of tensors, where the accuracy is
systematically controlled by the bond dimension D of the
tensors.

A central ingredient to speeding up tensor network cal-
culations is exploiting global symmetries of the states, such
as the U(1) symmetry for systems that conserve the total
number of particles [34,35], or non-Abelian SU(2) symmetry
in certain spin models [36—39]. In the presence of a global
symmetry, the tensors can be written in block-sparse form,
where the blocks are labeled by the corresponding quantum
numbers (e.g., different particle number sectors), and tensor
contractions decompose into a product of several smaller
blocks, similar to the multiplication of block diagonal matri-
ces, enabling a substantial reduction in computational cost.
Another important direction is classifying exotic phases of
matter according to the symmetry properties of the tensors in
their auxiliary space [40-45].

In this paper we consider a different symmetry inherent
to standard tensor network calculations, namely the Hermi-
tian symmetry of double-layer networks representing, e.g.,
the norm of a state or a reduced density matrix (RDM) in
the physical (or auxiliary) space. An RDM computed from
a matrix product state is always Hermitian up to machine pre-
cision. However, for PEPS, since the contraction is typically
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done only approximately, the contraction error can lead to
violations of the Hermiticity of RDMs.

Here we show how to explicitly preserve the Hermiticity
by working in a symmetric basis of the combined bra and
ket auxiliary space. In the case of real-valued tensors, the
Hermitian symmetry corresponds to a Z, symmetry which can
be implemented in the standard way [34,35], or by making use
of symmetric tensor libraries [46-59].

The main benefit, besides preserving Hermiticity, is
a roughly fourfold speedup in computation time and a
twofold reduction in memory. As a proof of concept, we
present benchmark results based on two standard contraction
methods: the corner transfer-matrix renormalization group
(CTMRG) [60] and the higher-order tensor renormalization
group (HOTRG) [61]. We also discuss the complex-valued
case, which does not lead to a regular block-sparse form of
a tensor, but results in a block-sparse structure for the real
and complex parts individually. By exploiting this structure, a
similar speedup can be achieved.

II. METHOD
A. iPEPS ansatz and contraction

We consider a translationally invariant infinite PEPS
(AiPEPS) [5] which represents a 2D wave function in the ther-
modynamic limit. It consists of a rank-5 tensor A repeated
on a square lattice as shown in Fig. 1(a). Each tensor has
four auxiliary legs with bond dimension D connecting the
neighboring tensors and one physical leg with the dimension
d of the local Hilbert space of a lattice site. Combining each
tensor A with its conjugate A" into a new tensor a [Fig. 1(b)]
results in a square lattice tensor network shown in Fig. 1(c),
representing the norm of the wave function.

To approximately contract the network, we use CTMRG
[60] and HOTRG [61], where the accuracy is controlled by
the bond dimension x. In CTMRG, the system with open

©2025 American Physical Society
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FIG. 1. (a) Translationally invariant iPEPS parametrized by a
tensor A with bond dimension D. The vertical blue legs represent
the physical indices on each lattice site. (b) The double-layer tensor
a is defined as the contraction of A with A" along the physical leg.
(c) Representation of the norm in terms of the a tensors. (d) In
CTMRG the tensor network surrounding the center tensor a is ap-
proximated by four corner (C) and edge (T') environment tensors,
where the accuracy of the approximate contraction is controlled by
the bond dimension x. (e) For real-valued tensors, a is invariant
under the exchange of all ket legs with bra legs. (f) The bra and ket
indices can be combined into a bigger index of bond dimension D?.
S represents the swap operation of bra and ket legs shown in (e).

boundary conditions is grown in all four directions by it-
eratively absorbing rows and columns of the network into
the boundary tensors with bond dimension y. Each iteration
increases the boundary bond dimension by a factor D?, which
is truncated down to x based on an eigenvalue or singu-
lar value decomposition (SVD) [60]. The boundary tensors
consist of four corner tensors C and four edge tensors T,
representing a quarter infinite system or an infinite half row
or half column of tensors [see Fig. 1(d)]. For simplicity, we
consider translationally invariant states with a C4v symmetry
such that all corners and edges are equivalent. HOTRG is
based on iteratively coarse graining the lattice of tensors. At
each iteration, two neighboring a tensors are combined into
one tensor (alternating between bra and ket horizontal and
vertical direction), followed by a truncation down to the x
most relevant states based on an eigenvalue decomposition (or
SVD) [61].

B. Z, symmetry in the real-valued case

Let us consider the combined bra and ket tensor PEPS in
Fig. 1(b). If we take the tensor A to be real valued, the bra
and ket tensors are equal, i.e., A = AT, and the double-layer
tensor a;; 57 is invariant under the simultaneous exchange of

all bra and ket indices, i.e., a;;5u; = d5j7;mi» s depicted in

Fig. 1(e). The swapping of the legs can also be represented as
a swap tensor S, defined as Sz;; = §;56;;.

By combining each pair of virtual indices on the bra and
ket level into one big index of bond dimension D?, we can
represent tensor a as a four-legged tensor shown in Fig. 1(e).
In this combined basis S becomes a D*> x D? matrix acting on
a joint leg, and acting with S on all four legs of a simultane-
ously leaves the tensor a invariant [Fig. 1(f)]. Since $> =1, §
defines a Z, symmetry for tensor a.

As with other symmetries, if we represent the tensor a
in the eigenbasis of S, the tensor acquires a block-sparse
structure, where the blocks can be labeled by the eigenvalues
of S, which are either 41 (even) or —1 (odd). For example for
D = 2, starting from the combined basis of the bra and ket vir-
tual index {(11), (21), (12), (22)}, the eigenbasis of S is given
by {(11), (22), (12 + 21)/+/2, (12 — 21)/+/2}, where the first
three states belong to the even sector (eigenvalue +1) and the
last state belongs to the odd sector (eigenvalue —1). One can
easily show that for a given D the even sector has dimension
dim(even) = D + (D?* — D)/2 and dim(odd) = (D? — D)/2.
This is because there are D even basis states of the form (kk),
and half of the remaining states is a symmetric combination
(kI + 1k)/~/2, whereas the other half is an antisymmetric
combination (kI — 1k)/~/2, with k # [, respectively.

Working in the eigenbasis of S has three advantages.

(1) Thanks to the block-sparse structure of the tensors, the
computational cost to contract two tensors or to perform an
SVD of a tensor is lower than in the dense case.

(2) The block-sparse structure can also be exploited to
reduce the memory cost, by storing only the blocks which are
nonzero.

(3) The tensor a retains its symmetry also when the virtual
space is truncated to a lower bond dimension.

The latter is not the case in the nonsymmetric basis.
For example, for D =2 when keeping only the first two
basis states {(11), (21)}, the tensor a would no longer be
Hermitian. Using tensors that break the physical Hermitian
symmetry will result in nonphysical quantities, e.g., any re-
duced density matrix computed from such tensors will not be
Hermitian.

Having identified the underlying Z, symmetry of tensor a,
one can implement the symmetry as described in Refs. [34,35]
(or use a symmetric tensor library) to contract tensors and to
perform operations on tensors like an SVD or an eigenvalue
decomposition. What is different from the standard case of
a physical global Z, symmetry (e.g., in the transverse field
Ising model or parity conservation in fermionic systems) is
that the even and odd sectors can only be defined on the
combined virtual bra and ket spaces (e.g., for a), but not on the
individual bra and ket level (e.g., for A). As a consequence, for
a multiplication of, e.g., an a tensor with an A tensor, a dense
contraction has to be performed, because the A tensor is not
symmetric. Thus, for certain operations involving individual
bra or ket tensors, the Z, symmetry cannot be exploited. Still,
typically the computationally most expensive calculations in
2D contraction algorithms are those involving only combined
bra and ket spaces, e.g., the SVD in CTMRG’s renormaliza-
tion step or in essentially all steps in HOTRG (except in the
initialization step in which the a tensor is formed, which is
computationally subleading).
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The maximal gain in computational cost is a factor 4,
which is obtained if the sizes of the even and odd sectors are
equal. This can be easily seen from the multiplication of two
block-diagonal matrices of size M x M. The computational
cost of the dense multiplication scales as M>. Multiplying two
blocks of half of the size has a reduced cost of 2 x (M/2)? =
M?3 /4, hence a factor 4. For the a tensor dim(even)=dim(odd)
is asymptotically true in the infinite D limit. For the renor-
malized spaces in CTMRG and HOTRG, we will analyze
the relative sizes of even and odd sectors in the results in
Sec. I B. In practice, a factor 4 may not be achieved, even
for dim(even)=dim(odd), because keeping track of the sectors
comes with a certain computational overhead (depending on
the actual implementation), such that a factor 4 is only reached
asymptotically in the large bond dimension limit.

We note that the Hermitian Z, symmetry cannot be triv-
ially combined with a global symmetry such as U(1) or SU(2).
For example, consider the U(1) symmetry arising from con-
servation of the total S° in a spin model. Here, the swap
tensor S mixes different sectors of the total §° [62]. One
could in principle still implement the Z, for the total $° =0
block, and exploit the fact that the Z, Hermitian symmetry
results in a block-sparse structure, where the blocks in the
total S° = k can be mapped onto blocks with total $* = —k,
so that it is sufficient to keep only the positive sectors. Thus,
while profiting from the Z, Hermitian symmetry is possible in
this context, it would involve modifications in the underlying
tensor library to deal with this particular case, which is beyond
the scope of this paper.

C. Hermitian symmetry in the complex case

For complex valued tensors, A # A" and hence the a tensor
is not invariant upon exchanging all bra and ket legs. The real
part of a is invariant, but the imaginary part of a requires a
minus sign due to the complex conjugation. One can never-
theless implement the Hermitian symmetry and obtain up to
factor 4 speedup as we explain in the following.

We first recall that multiplying two complex numbers
comes with a factor 4 compared to real numbers, because it
involves four multiplications instead of only a single one, e.g.,
(a+ bi)(c + di) = ac — bd + (bc + ad)i. Now, if we repre-
sent a in the eigenbasis of S it turns out that all the blocks
in the total even sector are purely real valued, whereas all
blocks in the total odd sector are purely imaginary. Thus,
the a tensor is not block sparse, but it nevertheless has a
block structure, where each block contains either only real
numbers or imaginary numbers. As a consequence, when
multiplying two matrices (or tensors) in the eigenbasis of
S, all operations involve multiplications between purely real
numbers and/or purely imaginary numbers requiring only a
single multiplication per pair of numbers, hence there is a
factor 4 reduction in computational cost. In addition, as in
the real-valued case, working in the eigenbasis of S has the
advantage that truncations on the virtual space will preserve
the Hermitian symmetry of the tensor network.

Working with dense tensors with a block structure is typi-
cally not supported in standard symmetric libraries. However,
one can still make use of standard libraries by using the
following trick. Imagine we want to multiply two matrices (or

tensors) b which exhibit such a block structure, but which are
not block sparse. We can now add an extra leg of dimension 2
with index ¢ to each tensor, resulting in a new tensor b, with
q = 1 and 2 corresponding to the even and odd sector. We can
then store the real part and imaginary part of b in the g = 1
and 2 slices, respectively:

b(:,:, 1) = Re[b(:, )], (D
b(:,:,2) = Im[b(, )]

The new tensor b has purely real numbers and a block-sparse
structure, i.e., it can be represented using a standard symmet-
ric tensor library. The contraction of the two tensors involves
an extra tensor f which combines the real and imaginary parts
according to the multiplication rules of complex numbers, i.e.,

fa, L, H=1, f2,2,1)=-1 2)
f1,2,2)=1, f2,1,2)=1,
and the multiplication of two b tensors then reads
Cikr = Z bijpb jkq foar- 3)
irq

Converting such a real-valued tensor back to a complex-
valued one can simply be done by multiplying the extra leg
by the vector [1, i].

III. BENCHMARK RESULTS

In this section we present benchmark results for the con-
traction of the ground state of the Heisenberg model based
on the converged tensors from Ref. [22], using CTMRG and
HOTRG with and without implemented Z, symmetry. The
lowest energy states for different bond dimensions D allow
for a real-valued tensor network representation.

A. Hermitian symmetry error

As discussed in the previous section, in standard CTMRG
and HOTRG the truncation performed during the contrac-
tion may be such that the Hermitian symmetry of the tensor
network is lost, which may lead to unphysical results, such
as non-Hermitian reduced density matrices. For CTMRG we
define the following Hermitian symmetry error:

_lle =€l
lle + €11

where € corresponds to Fig. 1(d) with the tensor a removed
in the center, i.e., a one-site environment with four open
auxiliary bonds on the bra and on the ket level, respectively.
If the Hermitian symmetry is preserved during the CTMRG
iterations, we should obtain € = ¢ and hence S. = 0. To
measure the symmetry error in HOTRG, we replace one of
the a tensors in the network by another tensor » which, when
reshaped to a D* x D* matrix, has 1’s in the upper triangle
and —1’s in the lower triangle (and zeros on the diagonal). If
the environment is Hermitian, the contraction yields zero, and
hence deviations from zero imply a non-Hermitian environ-
ment. We normalize the error by a similar evaluation of the
network using |b|, i.e., with all off-diagonal elements being 1
when reshaped to a matrix.

Serr “
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40
X X X X

FIG. 2. Upper panels: Symmetry error in CTMRG as a function
of x for different bond dimensions D. Lower panels: Energy differ-
ence between the nonsymmetric and Z, symmetric implementation
of CTMRG.

Figure 2 (upper panels) shows the symmetry error for the
nonsymmetric CTMRG as a function of x and different values
of D. For small bond dimension, the symmetry error vanishes
for most values of x. An increasing number of nonvanishing
errors is obtained at larger D for specific values of yx, but their
magnitudes remain relatively small.

Figure 2 (lower panels) shows the difference in energy
between the symmetric and nonsymmetric CTMRG, AE =
|Esym — E|. We find that a finite S, induces also a difference
in energy. Sizable deviations of the order AE ~ 107#-1073
(in units of the Heisenberg exchange coupling J) can be found
at large D and small x. However, with increasing y, the
observed deviations become substantially smaller [63].

In Fig. 3 we present similar results obtained with HOTRG.
The maximal deviation AE is of similar order as in the
CTMRG case; however, symmetry errors are found to occur
more frequently. One possible reason is that in CTMRG a
new bulk tensor a, which is perfectly symmetric, is absorbed
into the environment at each iteration, which probably helps
to preserve the symmetry in the environment up to a large
extent. In HOTRG, however, only the initial tensor a in the
first iteration is perfectly symmetric, whereas at later iterations
two coarse-grained tensors are combined, such that symmetry
errors can accumulate.

D=4 D=5 D=6 D=7

FIG. 3. Upper panels: Symmetry error in HOTRG as a function
of x for different bond dimensions D. Lower panels: Energy differ-
ence between the nonsymmetric and Z, symmetric implementation
of HOTRG.

4 0.5
—F— D=4 (a) (b)
S —+—D=5 F T )
:‘;’ 3.5 T s _ 0.45
— —f+—D=7 E =
2 3 — 3 04
>
5 - =
s
25t/ 0.35
%) ‘)
T/
Y
2 0.3
20 40 60 80 20 40 60 80
X X

speedup factor

20 40 60 20 40 60
X X

FIG. 4. Speedup factor between nonsymmetric and symmetric
CTMRG (a) and HOTRG (c) as a function of x for different bond
dimensions D. The corresponding average ratio of the even and odd
sectors with the corresponding standard deviation is shown in (b) and
(d), respectively.

In both cases, implementing the Z, Hermitian symmetry
enables to keep the tensors perfectly symmetric, i.e., the sym-
metry error is zero by construction.

B. Computational speedup

In Fig. 4(a) we present results for the computational
speedup for different values of D and y, based on the average
time of a CTMRG iteration. For small D and x, the speedup
factor is smaller than at large values. This is because the
calculation with Z, symmetric tensors comes with a certain
overhead to permute and reshape the tensors. For larger ten-
sors, this overhead becomes small compared to the time of
the matrix-matrix multiplications or SVD, such that larger
speedups can be achieved. This overhead could be further
reduced by making use of a more efficient Z, tensor class
implementation.

Another factor which influences the time is the block sizes
of the even and odd sectors. In Fig. 4(b) we can see that the
size of the odd sector is increasing with x, with a value of
around 47% for D =7, x = 100 which is already close to
optimal (i.e., 50%). In Figs. 4(c) and 4(d) we present similar
results for HOTRG. Also here we observe that the speedup
factor approaches 4 with increasing x. Here, the speedup fac-
tor is essentially independent of D, because D is only relevant
in the first iteration in HOTRG.

IV. CONCLUSIONS

In this paper, we have shown how to incorporate the Her-
mitian symmetry in 2D tensor network contractions. In the
case of real-valued tensors, the double-layer tensors exhibit
a Z, symmetry which can be implemented using standard
symmetric tensor libraries. Exploiting this symmetry yields a
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speedup of up to a factor 4 in the large bond dimension limit,
and the Hermitian symmetry of reduced density matrices is
preserved by construction.

We also discussed the complex-valued case, where the
tensors exhibit a block-sparse structure for the real part and
imaginary part separately, with the real (imaginary) numbers
lying in the total even (odd) sector. Exploiting this structure
reduces the number of operations by a factor 4, because ten-
sor contractions involve multiplications between purely real
numbers and/or purely imaginary numbers, instead of a mul-
tiplication of general complex numbers.

Besides CTMRG and HOTRG, our approach can be ap-
plied in various other contexts, e.g., in other 2D [64-70]

or three-dimensional contraction algorithms [71,72], or to
preserve the Hermiticity of density matrices in single-layer
finite temperature algorithms [73] or in open-system time
evolutions [74,75].
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