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Abstract: Cherednik attached to an affine Hecke algebra module a compatible system of
difference equations, called quantum affine Knizhnik—Zamolodchikov (KZ) equations.
In the case of a principal series module, we construct a basis of power series solutions
of the quantum affine KZ equations. Relating the bases for different asymptotic sectors
gives rise to a Weyl group cocycle, which we compute explicitly in terms of theta
functions.

For the spin representation of the affine Hecke algebra of type C, the quantum affine
KZ equations become the boundary qKZ equations associated to the Heisenberg spin—%
XXZ chain. We show that in this special case the results lead to an explicit 4-parameter
family of elliptic solutions of the dynamical reflection equation associated to Baxter’s §-
vertex face dynamical R-matrix. We use these solutions to define an explicit 9-parameter
elliptic family of boundary quantum Knizhnik—Zamolodchikov—Bernard (KZB) equa-
tions.
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1. Introduction

In Cherednik [10] associates to an abstract affine R-matrix {Rq}, labelled by the roots
o of an affine root system, a compatible system of equations called quantum affine
KZ equations. For type A, affine R-matrices can be constructed using the braiding
of quantum affine algebras. The resulting quantum affine KZ equations become the
Frenkel-Reshetikhin—Smirnov qKZ equations [27,60]. For type C, affine R-matrices
arise naturally in the context of integrable lattice models with boundaries. The corre-
sponding quantum affine KZ equations are called boundary gKZ equations. In this case
quantum affine symmetric pairs [41] produce examples, see, e.g., [4,13]. Besides the
quantum group approach, which always leads to quantum affine KZ equations of classi-
cal type, one can attach quantum affine KZ equations to affine Hecke algebra modules.
The associated affine R-matrices are constructed using the affine intertwiners of the
double affine Hecke algebra [11].

In special cases the affine R-matrices can be obtained from both the quantum group
and the Hecke algebra construction. The underlying actions of the quantum group and
Hecke algebra are related by quantum Schur—Weyl type dualities.

In this paper we construct bases of power series solutions of quantum affine KZ
equations associated to principal series modules of the affine Hecke algebra. The bases
depend on asymptotic sectors, which are given in terms of Weyl chambers of the under-
lying root system. The connection matrices relating the bases for different asymptotic
sectors give rise to a Weyl group cocycle. We solve the connection problem by deriving
an explicit expression of the Weyl group cocycle in terms of theta functions. In addition
we study the applications to integrable lattice models with boundaries in detail.

The connection to quantum integrable models is threefold. Firstly, for arbitrary root
systems the difference Cherednik—Matsuo correspondence [11,62,64] gives a bijec-
tive correspondence between the solutions of the quantum affine KZ equations associ-
ated to principal series modules and solutions of the spectral problem of Ruijsenaars—
Macdonald—Koornwinder—Cherednik (RMKC) difference operators. The RMKC differ-
ence operators are the Hamiltonians of the quantum relativistic trigonometric Calogero—
Moser system, first introduced by Ruijsenaars [57] for type A. These quantum relativistic
integrable models are intimately related to Macdonald—Koornwinder polynomials [9].
This point of view was emphasized in [64].

Secondly, special cases of the quantum affine KZ equations for principal series
modules arise as compatibility conditions for correlation functions and form factors
of (semi-)infinite XXZ spin chains [34,35,69]. In these cases vertex operator and alge-
braic Bethe ansatz techniques have been employed to construct solutions of the quan-
tum affine KZ equations (see, e.g., [27,34,54,68] and references therein for type A,
and [4,25,26,30,35,38,40,55,65,69] for type C). These methods have the drawback
that they require additional assumptions on the associated XXZ spin chains, such as the
existence of pseudo-vacuum vectors. Our construction of power series solutions of the
quantum affine KZ equations is applicable without such restrictions.
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Thirdly, the solution of the connection problem is an explicit Weyl group cocycle
expressed in terms of theta functions. For classical type and for special classes of principal
series modules the cocycle gives rise to elliptic solutions of dynamical quantum Yang—
Baxter and reflection equations.

In Sect. 3 we treat the general theory, but we start in Sect. 2 with a detailed discussion
of the applications to integrable lattice models with boundaries. Applications to other
classes of integrable lattice models, such as quasi-periodic lattice models with quantum
supersymmetry or higher spin models, will be addressed in future work. The crucial step
in applying the general theory to integrable lattice models is to decompose the affine
Hecke algebra module underlying the pertinent integrable lattice model as a direct sum
of principal series modules. For each principal series component the general theory from
Sect. 3 can be applied to obtain an associated explicit connection cocycle of elliptic type.

We treat in full detail the spin representation of the affine Hecke algebra of type C
[29,65] encoding the affine Hecke algebra symmetries of the Heisenberg spin-% XXZ
chain with arbitrary reflecting boundary conditions on both ends. The associated quantum
affine KZ equations are boundary qKZ equations depending on 6 parameters: a repre-
sentation parameter, a bulk parameter, and two free parameters for each end of the XXZ
spin chain with reflecting ends. The associated K -matrices, encoding the integrability
at the boundary, are those first obtained in [67] by direct computations. We explicitly
apply the general theory from Sect. 3 to this context, resulting in the construction of
bases of power series solutions of the boundary qKZ equations (Theorem 2.7) and the
description of the associated connection matrices in terms of explicit elliptic solutions
of dynamical quantum Yang—Baxter and reflection equations (Theorem 2.10). It leads
to a 4-parameter family of solutions of the dynamical reflection equation with respect
to Baxter’s [5] dynamical elliptic R-matrix, with the representation parameter playing
the role of the dynamical parameter. It can be reinterpreted as a 4-parameter family of
solutions of the boundary Yang—Baxter equation for Baxter’s eight vertex face model.
Solutions to the boundary Yang—Baxter equations for the eight vertex face model, or
equivalently, by vertex-face correspondences, to reflection equations for the eight vertex
model itself, have been computed by direct computations before; see [32,33,67] from
the vertex perspective, [6, 18,43] from the face perspective, and [31] for the explicit link
by vertex-face correspondences.

The current paper thus provides a conceptual understanding of such solutions and
of their free parameters. In fact, by the difference Cherednik—Matsuo correspondence
[11,62,65], the solutions of the boundary qgKZ equations associated to the spin represen-
tation correspond to solutions of the spectral problem of the (higher order) Koornwinder
operators [46] for a special family of spectral points which are naturally parametrized
by the representation parameter of the spin representation. It results in the interpretation
of the remaining 5 free parameters of the boundary qKZ equations as the free para-
meters in the theory of Koornwinder polynomials (see [65] for a detailed discussion).
The four free parameters in the elliptic solutions of the dynamical reflection equation
obtained from the computation of the associated connection problem then correspond
to the Askey—Wilson parameters [64] in the theory of Koornwinder polynomials [46].

In [19,21] solutions of dynamical quantum Yang—Baxter equations are used to define
quantum analogs of the Knizhnik—Zamolodchikov—Bernard (KZB) equations. In the
final part of Sect. 2 we construct quantum analogs of the KZB equations in the pres-
ence of boundaries. These boundary quantum KZB equations are defined in terms of
solutions of the dynamical quantum Yang—Baxter equation and associated solutions of
the left and right dynamical reflection equations. Applied to Baxter’s elliptic dynamical
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R-matrix and the associated 4-parameter family of solutions of the dynamical reflec-
tion equation, we obtain an explicit 9-parameter elliptic family of boundary quantum
Knizhnik—Zamolodchikov—Bernard (KZB) equations. We expect that a generalisation of
the difference Cherednik—Matsuo correspondence relates their solutions to the solutions
of the spectral problem of the 9-parameter family of the elliptic Ruijsenaars’ systems of
type C, as introduced by van Diejen [14] and Komori and Hikami [42].

In Sect. 3 we construct the bases of power series solutions of the quantum affine
KZ equations associated to principal series modules. The explicit expressions of the
associated connection matrices in terms of theta functions are derived using results of
[64] (which dealt with the case of minimal principal series modules). In the last part
of Sect. 3 we explain how these results, when applied to the spin representation of the
affine Hecke algebra of type C, produce the results on integrable lattice models with
boundaries as described in Sect. 2.

2. The Connection Problem for the Spin-% XXZ Boundary qKZ Equations

2.1. The spin representation. Letn > 2 and 0 < ¢ < 1. We fix a basis {vy, v_} of C?
and represent linear operators on C? and C? ® C? as matrices with respect to the ordered
basis (v4, v—) and (v ® V4, v+ @ V_, V— ® V4, V— ® v_) respectively.

Let S, be the symmetric group in n letters and write Wy = S, x (£1)" for the
hyperoctahedral group. Let sq, . .., s, be simple reflections of Wy satisfying sl.2 =eand
the braid relations s;5;4+15; = Si+15:Si+1 (1 <0 < n), Sp_1SuSn—15n = SnSn—1525n—1 and
sisj = sjs;if [i — j| > 1, with e the neutral element of Wy. The hyperoctahedral group
Wo acts on C" by

SiZ = (215 s Zie1s Zitl> Zis Zit2s -+ Zn)s I <i<n,
SpZ = (21, .-+, Zn—1, —Zn)>
where z = (21, ..., z,). Note that Z" is Wy-stable.

The affine Weyl group of type C,, is W := Wy x Z". We write A — (1) for the
canonical group embedding Z" < W. The action of Wy on Z" (resp. C") extends to an
action of W by

TANZ:=Z2+A= (21 +Al,...,2Zn+An), A= (A1,...,Ap) €Z".
Let {e;}!'_, be the standard orthonormal basis of R" and set

50 :=T(e1)s1 " Sp—1SnSp—1--S1.

Then
soz = (1 —z1,22,...,2,)
and W is a Coxeter group with simple reflections sy, s1, . . ., s,. The associated Coxeter
graph is
O 1 2 n-2 n-1 n
Note that
T(e;) = Si—1...515081 . -Sn—1SnSn—1-..5; (2.1)

fori=1,...,n.



Connection Problems 1367

Fix parameters ¢’, k, ¢ € C. The affine Hecke algebra H = H(¢% , g%, %) of type
C,, is the unital associative algebra over C with generators T, ..., T, that satisfy the
braid relations associated to the above Coxeter graph and satisfy the Hecke relations

(To—g~)(To+4%) =0,
(T; —q " )Ti+q*) =0, 1=i<n,
(Ty — ¢~ ) (T +4°) = 0.
The spin representation [29,65] of H is defined as follows.

Proposition 2.1. There exists a unique representation ng : H — Endc (((Cz) ®n) such

that
g 0 0 0
0 0 1 0
N
T[Sf'(Tl) = 0 1 g %—g* 0
0 0 0 g~

ii+1

forl <i <nand

=t _ gt —& 0 §
sp _ (4 q q q
ng’g/(TO) = ( q‘f/ 0 )] s e, 5/(Tn) = (q_g q_g _ q;)n

Here we have used the standard tensor leg notation to indicate on which tensor legs of
the n-fold tensor product space ((CZ)®" the matrices act.

The isomorphism class of ngpé, only depends on & +&’, see [65, Prop. 3.5]. We write
@ ) for the representation 710 g2 8O that ns g = 77(,5 ) We will sometimes suppress
the representation parameter £ and write 7°7 = 71(5)

Remark 2.2. The spin representation 77°7 factorizes through a representation of the two-
boundary Temperley—Lieb algebra, see [29,65].

For generic parameters there are two natural complex linear bases of the rep-
resentation space ((C2)®” which we denote by {ve¢}e and {b¢}e, where the indices

= (€1, €2, ..., €) are running over {#1}". The first basis {v}¢ is simply defined
as
=PCre  vi=1, BV ® B,
where v41 := v4. In particular, v| = v+” forl:=(,...,1) e {£1}".

The basis elements v, can be expressed in terms of the 71”’ -action of H on the vector

®" as follows. For any w € W and corresponding reduced expression w = SiySiy v Si
(0=<ij <n)set

r

Ty:=T,T, T, € H.

The T,, € H are well defined (independent of the choice of reduced expression of
w € W). Define we € Wy for a n-tuple € = (€1, ..., €,) € {£1}" by

We 1= (S Sig+1 =+ Sn) *+* (SizSip+1 *+ Sn) (Siy Siy+1 -+ Sn) (2.2)
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where {i{,ia,...,ix} :={i | = —1}and 1 <i; < i < -+ < i}y < n. Note that
we (1) = € with respect to the action of Wy on {£1}" C Z". The following lemma is
now easy to verify.

Lemma 2.3. The elements {w¢}¢ are the minimal coset representatives of Wy/S,, and
Ve = nSp(Tws)vﬂ?".
The second basis {b¢} of (C2)®n is defined as follows. Set for i € {1, ..., n},
Yi=T7 - T7'"oTy - Ty s Ty Ty - Ti € H

(cf. (2.1)). Then [Y;, Y;] = 0 and the elements T1, ..., T,, Ylil, e Ynil algebraically
generate H. The affine Hecke algebra can be completely characterised in terms of these
generators, leading to the Bernstein—Zelevinsky presentation of H (see [49]). We write

Yr =YY v for k= (M, ..., hy) € 2

Forn = (1, n2,...,n,) € C" and a left H-module V set

Vyi={veV]|Yv=qg "v Vi}
=eV | |Yrv=¢g®My vaeZ")

for the common eigenspace of the commuting operators Y; on V with eigenvalues ¢ ",
where we have used the standard bilinear form (z, w) = Z?:l z;w; on C".

Set

y=E+m—Dr,e+(n—3)xk,.... 5+ (1 —n)x) € C". (2.3)

It follows from the fact that (Cz)®n is a principal series module of H with central char-

acter ¢ 7 (see [65, Prop. 3.5] and Sect. 3.6) that the spin representation (né”), (C2)®")
decomposes for generic parameters as

@)= D ().,

eel1)n

with the common eigenspaces ((C2)®")w y being one-dimensional. The generic condi-
tions on the parameters can be made precise, see [62, Prop. 2.12] and Sect. 3.2.
The basis element b, is a particular choice of nonzero element from (((Cz) ®") wey To

define it we need to introduce a bit more notation. Let Ry = {£e; £e;}1<izj<nU{Eei}7_,
be the root system of type B,,. We fix

{ar, ..., ap—1, a5} ={e1 —e2, ..., en—1 — ey, ey}

as basis of Ro and write R (respectively R, ) for the corresponding set of positive

respectively negative) roots in Rg. The simple reflections s, ..., s, of Wy correspond
p y neg p p
with the reflections in the simple roots «1, . .., ;. Let < be the associated Bruhat order
on Wy. Set for roots « € Ry,
(1=¢'*") : 2
| oy it lef” =2,
Ny (z) = (1—g2@) ) )
if x| =1.

g (1—g—5—¢"+@n)) (1 4g—5+¢ +(@.2))

It is easy to check that if @ € R N we_lRO_ (e € {£1}") then z — N, (z) is regular
at z = y (see also Sect. 3.2). The following lemma follows from standard techniques
involving affine Hecke algebra intertwiners (see [62, Sect. 2.5] and Sect. 3.2).
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Lemma 2.4. Fix generic parameters and fix € € {£1}". There exists a unique 0 # b, €
® .
(((C2) n)wiy satisfying

be = Neve + Z Lerve

g’e{il}":wi<w§

for certain coefficients L € C, where

Ne := H Ny (y).

aeR{Nw: ' Ry
The vectors be (€ € {£1}") forms a basis of (C2)®n.

Note that by = v&" = v;.

2.2. The boundary qKZ equations. The Baxterization [65, Sect. 4] of the representation
7P gives rise to a W-cocycle {C*(z)},ew depending on two additional parameters v
and v’, which are the two additional degrees of freedom in the CV C,, type double affine
Hecke algebra H containing H as a subalgebra. We do not recall here this construction of
the cocycle {C"(z)},ew, which uses the intertwiners of the double affine Hecke algebra
H, but instead will give the resulting explicit formulas for C*(z) directly. Details on this
Baxterization procedure can be found in [9,62,65].

The values C*(z) are Endc ((C2)®")-valued meromorphic functions in z € C" sat-
isfying

C@) =ldc2en,  C"(z) = C"@C"(u"'2)

for all u, v € W and satisfying

1
C*(z) =§1(5 —21),

Ci(z) = P, iv1Riiv1(zi —zis1), 1 <i<n, (2.4)
con (z) = Kn(zn)
with
1— q—2K+Z 0 0 0
__ ! 0 g (—q% 1—g 0
R(z) := 1—6]—_2’(“ 0 a- q—ZK)qz q—K(l _ qZ) 0
0 0 0 1— q—2K+Z
and
@ —qa7)g% + (@ —a7")g* g5 (1 —¢%)
K(z) = k() ( , 1, L ,
g (1 = q*) " —q ¢ +@" —q7V)g*

¢ _ ¢ v _ ,—U\,42 _ 2z
_ q°* —q > +(q" —q7")q l—¢q
K(z) = k(2) ( 1— q2z (qé“ — q—;“)q21 +(q¥ — q—v)qz)
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and scalar functions k(z) and k(z) given by

' ¢
q k(z) = A

k(z) == 1— q7{/7U/+Z)(1 +q*§/+v/+z)’ (1 —g=t—v+2)(1 +q—£+u+z)’

see [65, Sect. 4]. The fact that {C*(z)},ew is a W-cocycle of the form (2.4) is equivalent
to R(z) being a unitary R-matrix:

Riz(z1 — z2)Ri3(z1 — 23)R23(22 — 23) = Ro3(22 — 23)Ri3(z1 — z3)Riz(z1 — 22),
R21(2)R(—2) = lde2ge2, and K(z) respectively K(z) being a left respectively right
unitary K-matrix with respect to R(z):

R(z1 — 22Ky (2D R21(z1 + 22) K5 (22) = Ky (22)R(z1 + 22) K (1) R21 (21 — 22),

Ra1(z1 — 22)K1(z1)R(z1 + 22)K2(22) = K2(z2)Ra1 (21 + 22)K1(z1) R (21 — 22),
(2.5)

K(@)K(—z) = 1de2 = K(z)K(—z) (compare with [29, Sect. 2.3]). The equations (2.5)
are called reflection equations, or boundary Yang—Baxter equations.

A transfer operator can be associated to the data [C(z), R(z) and K(z) (see [59]). It
is the transfer operator of the finite inhomogeneous XXZ spin-% chain with arbitrary
reflecting boundaries at both ends, see [24,29,65] and references therein.

In this paper we are interested in the quantum affine KZ equations related to the
integrability data C(z), R(z) and /C(z). They are the following boundary quantum KZ
equations (cf. [10,65] and references therein).

Definition 2.5. Let f : C" — ((Cz)@n be a ((Cz)@m—valued meromorphic function on
C". We say that f is a solution of the boundary quantum KZ equations associated to the
spin representation 7°” = n(sgp) if f satisfies the difference equations

CWY@)fez—2=f@z) VrelZ. (2.6)

We write Sol), for the space of meromorphic solutions f : C" — ((C2)®" of (2.6).

Remark 2.6. (i) By the cocycle property of {C"(z)},ew we obtain a W-action on the
space of ((Cz)®n—valued meromorphic functions on C" by

(V) f)@) :=C'@) f(v 'z, veW.
The boundary quantum KZ equations (2.6) are equivalent to the equations
V(t(A) f = f forall A € Z". The solution space Soly, becomes a Wp-module by
restricting the V-action of Wy to Solg),.

(ii) The boundary quantum KZ equations (2.6) are equivalent to the equations
V(t(e;)))f = f (i = 1,...,n) which, by the cocycle property of {C*(z)},cw,
(2.4) and (2.1), take on the explicit form

C*D @) fz+e) = fm), i=1,...,n
with
C™D () = Ris1,i(zi — zie) Rin2,i (i — zi42) -+ Roni (2 — 20)Ki (20)
X Rin(zi +2n) - Riiv1 (@i + 2isDRii—1(zi—1 + 2i) - - Rin(z1 + 2i)

1
X Ei(z +2)Rii(l —z1+2i) - Ricai(1 —zica + 2D Ric1i(1 — zi1 +2i).
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It is in this form that the boundary quantum KZ equations often appear in the
literature, see, e.g., [10,25,26,30,35,40,55,69].

(iii) For special choices of the K-matrices K(z) and K(z) a vertex operator approach
leads to solutions of the associated boundary quantum KZ equations [35]. These
solutions give rise to correlation functions of the semi-infinite XXZ spin—% chain.
See [4,25,26,38,65] for other constructions of solutions for special classes of K-
matrices /C(z) and K(z).

2.3. basis consisting of power series solutions. Note that Soly), is a vector space over the
field F of scalar valued Z"-translation invariant meromorphic functions on C". We now
give, for generic parameters &, «, ¢, ¢’, v, v/, the construction of a F-basis of Sol,.
It is a special case of the construction of a basis of solutions of the quantum affine
KZ equations associated to principal series modules in Sect. 3.4 using the asymptotic
techniques from [50,51,63,64].

Let wo € Wy for the longest Weyl group element (wg = —1 in the natural action of
Wp on C" by permutations and sign changes) and define p € C" by

p=0C++n=Di,c++m =3k, ...+ +(1 —n)k).

Let p be the vector p with v and ¢’ interchanged. The role of the plane wave in the
asymptotic expansion is played by

Wiz, w) 1= g P~ W-Prwon),

Let ¢, ¢/, v, v € C. Define the associated Askey—Wilson parameters by

1

{a’ b, c, d} = {q(+v’ _qé'fv7 q2+§’+u/’ _q%+§/,u/} (27)

and the dual Askey—Wilson parameters by

~ ~ 1

{a, b,c, d} = {q§+§/’ _qffé'/’ q7+u+u/7 _q%.,_uiu/}7

cf. [64]. Note that the dual Askey—Wilson parameters are obtained from the Askey—
Wilson parameters by interchanging v and ¢’. This defines an involution on the para-
meters, which we call the duality involution.

Write

r

(12 Xmi ) = H(xi; 9 (xigq)y = H(l —q'x)
j=0

i=1
for products of g-shifted factorials and set

n

Sop@ :=[](a" " /a.q' " /b.q" " Je,q" % /d; q)

i=1

1—2k—z,+ 1—26—z,— 1—z+ 1—z,—25.
x H (q K—2Zp zs’q K—2r Zs,—q Zr ZS,—q Zr z:’q)oo

1<r<s<n
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and
SSp(Z)
Z/{(Z) =
H:’:l(ql_2zi; q) Hl<r<s<n( 227,42z q2_2zr—22J; qz)oo
_ﬁ(l /aqlzl/bqlz,/cqlzl/dq)

i=l (¢'=%i:q)

X H (ql—ZK—Zr+Zx’ ql—ZK—zr—zs; q)oo.
I<r<s<n (ql—zﬁzs’ ql—zr—zs; Q)oo

Write U (z) for U(z) with v and ¢’ interchanged (i.e. the Askey—Wilson parameters are
replaced by the dual Askey—Wilson parameters). Write Q.. for the Zx¢-linear combina-
tions of the simple roots o (1 < j < n).

Theorem 2.7. For generic parameter values we have

oy, = P Fo

ee{El}"

with ®¢ € Soly, characterised by the expansion formula

W E) € n
o,(2) = VB > Taeq™@?,  Toee(C?)® (2.8)
- Ssp@Uwey) J5 B

with the power series converging normally for z in compacta of C", with y given by
(2.3), and with leading coefficient given by

Loe := 7P (L) be.

The proof of the theorem is given in Sect. 3.6. It is obtained as a special case of
Proposition 3.13, which deals with power series solutions of quantum affine KZ equations
associated to principal series modules of affine Hecke algebras. Note that S;, (z) P (z)
is holomorphic in z € C”, i.e. the factor S;,(z) in (2.8) is singling out the singularities
of O (z).

Observe that ®(z) is the solution of the boundary qKZ equations which behaves
as the “plane wave’ (Z/{(wéy) L 7P (Twy ) be )W(z wey) when ‘R((a,,z)) — —oo for
i = 1,...,n. This power series basis thus picks the Weyl chamber C_ = {x €
R™ | (a,, ) < 0 Vi} as the asymptotic region in which the basis elements behave
as plane waves.

Remark 2.8. (i) The generic conditions on the parameters can be made precise, see
Sects. 3.4 and 3.6. _

(ii) The choice of normalisation factor ¢/ (we ¥)~!in (2.8) is motivated by duality prop-
erties of the asymptotic series solutions of quantum affine KZ equations associated
to minimal principal series representations (see [50,51,63,64] and Sect. 3.4).
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2.4. The connection problem. In this subsection we assume that the parameters are
generic. Let v € Wy. Then {(V(v)®/)(z)}¢ is a F-linear basis of Soly, with the basis
elements behaving asymptotically as plane waves for S}i((ai, v_lz)) — —oo fori =
I,....n.Let M* (-, &) € F be the unique elements satisfying

Cm;e,€

(V) D) (z) = Z M. (2, E)Pc(2)

e{£1)n

(the subindex “cm” stands for “‘connection matrix”). We single out the dependence on
the representation parameter &, because it will play the role of the dynamical parameter

when relating the M, e, e,(z; &) to solutions of dynamical quantum Yang—Baxter and

reflection equations.
Consider the corresponding 2" x 2"-matrix

( é) ( cm;e, € ( é))€ e'ef{1}"

as an Endg ((C?)®")-valued meromorphic function on C" by

@ Eve = D MY, (2, E)ve.

ee{£1}"

Corollary 2.9. The set {M?,, (2, &) }vew, of Endc ((C*)®")-valued meromorphic func-
tions inz € C" is a Wy-cocycle:

M, (2, &) =Tdcapen,  Min(z,€) = M}, (2, E) M}, (w2, )
forallu,v € Wy.

We call {M},, (z, &) }vew, the connection cocycle of the boundary quantum KZ equa-
tions associated to the spin representation nép)

Let i be the linear operator on C2 defined by hve = €ve (€ € {£1}). Write h; for the
linear operator on (C2)*" given by

h; = id((cz)®<i—|) RN id((CZ)@(n—i).

For a family S(&) of linear operators on ((C2)®n depending meromorphically on & we
write

S(E +ahj)ve := S +ae)ve.

for the associated linear operator on (C2)®n in which the representation parameter £ is
shifted according to the “weight” of the ith tensor component of v..
Write

0@t xiq) =[0G, 0Gig) =[]0 —g/01~¢"*/x)

for products of renormalised Jacobi theta functions. Set

0(aq®, bq®, cq°, dq"~*/a; q) g~ CH=EH =)

€= 0(q.dq=%: q)

(2.9)
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and write C| (z, &) for C(z, &) with v and ¢’ interchanged,
G(aqg, bqg, cqs, qu_z/a; q)
0(q%,dg%: q)

Note that C(z, &) is one-periodic in both z and &. We show in Sect. 3.6 that the connection
cocycle {M}, (z, &)},cw, is characterised by the following formulas.

5(Z, §) = q—(§+§/—2)(§+v—5)_

Theorem 2.10. We have

M2 (2,8) = PiiviRem(zi — ziv1, 26 —2kc(hy+ha+ -+ hi—1))iiv1, 1 <i <n,

cm

Mg" (2,8) = Kem(zn, § —k(hi+ha+- -+ hy—1))y

m

(2.10)

where P : C*> ® C?> — C? ® C? is the permutation operator and

1 0 0
P 0 ACm(Z’S) ch(zvé)
Rm@ &) =10 Bz, —&) Awn(z —£)
0 0 0

aem(z, ) Bem(z, &)
Bem(z, —=&)  aem(z, —§)

—_ o OO

Kem(z,8) =

with the matrix coefficients given explicitly by

0(g* 5. q7% 9) et

0™ a5 ese:
0(qg*2,q7%;q) '

Aen(z,8) = 9(q*§7q216*z;q)

Ben(z,8) =

and

Cz,8) — C(&. 2) o C@zE)
5@’ ) ) Bem(z, &) == 5(_57 2 .

Note that R, (z, &) and K, (z, &) are one-periodic in both z and &.

Aem (2, 8) =

2.5. Dynamical R- and K -matrices. The explicit form (2.10) of the connection cocycle
implies that R, (z, &) is a unitary solution of the dynamical quantum Yang—Baxter
equation and K, (z, £) aunitary solution of the dynamical reflection equation associated
to Rem (2, §). Before stating the exact result we introduce the dynamical quantum Yang—
Baxter and reflection equations in a slightly more general setting, replacing the spin
space C? by an arbitrary finite dimensional complex vector space V. Before doing so
we need to extend some of the notations introduced in the previous paragraph to this
more general context.

Leth : V — V be a semisimple complex linear operator. We write V = P, ¢ Vi
for the corresponding eigenspace decomposition, with V,, the eigenspace of h with
eigenvalue 1. Write h; : V®* — V®" for the linear operator

o 1g®U=D ®(n—i)
hi =1dy"  @h@Id, " .
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We use the shorthand notation u := (u1, ..., 4,) for a n-tuple of complex numbers ;.
Set o

VO =V ®- @V, ={ve V¥ | hiv=pv, i=1,...,n}

so that VE" = @, (VE"),,. Let S(§) be a family of linear operator on V®" depending

meromorphically on a complex parameter £ € C. For a given complex number o € C
we write & > S(& + ah;) for the family of linear operator on V®" defined by

SE +ahi)v:=SE+au)v, ve VO,

We also occasionally use the backward weight shift. To define it, let Py, : yen
(VE"), be the projection along the direct sum decomposition V" = @ (VE"),.
Then we define -

S +ah) = D P,SE+av).

It is a linear operator on V®" depending meromorphically on &.

A family (z, &) — R(z, &) of linear operators on V ® V depending meromorphically
on two complex parameters z and & is called a dynamical R-matrix if R(z, §&) satisfies
the dynamical quantum Yang—Baxter equation with spectral parameter [20]:

Ri2(z1 — 22,6 — 2h3)R13(21 — 23, §)Ro3(22 — 23, & — 2xhy)
= Ry3(z20 — 23, §)R13(z1 — 23, & —2kh2)R12(21 — 22, &) (2.11)

as a meromorphic family of linear operators on V®3 (for later purposes it is convenient
to add the factor two in the step size 2« ). The complex parameter z is called the spectral
parameter and & the dynamical parameter. The dynamical quantum Yang—Baxter equa-
tion (2.11), also known as the Gervais—Neveu—Felder equation, first appeared in [28]. It
is closely related to Baxter’s star-triangle equation, see [20, Thm. 3] and Sect. 2.7.

We say that a dynamical R-matrix R(z, §) satisfies the ice rule if

[R(z,§), A(W)] =0, (2.12)
where A(h) := hy + ho. It is said to be unitarity if
Ry (z. §)R(—z.£) =1}, (2.13)
We call R(z, &) dynamically P-symmetric if
R21(z,8) = R(z, —§ + 2k A(h)) (2.14)

as linear operatorson V @ V.

Remark 2.11. In [19] a family R(z, £) of linear operator on V ® V is said to satisfy the
dynamical quantum Yang—Baxter equation if

Ria(z1 — 22, & — kh3)Ri3(z1 — 233 & + kh2) Raz(z2 — z3; & — khy)
= Ro3(z2 — 23; € +kh1)Ri3(z1 — 23; & — kh2)Ri2(z1 — 223 & +ich3).  (2.15)

The two versions (2.11) and (2.15) of the dynamical quantum Yang—Baxter equations
are equivalent with the identification given by

R(z,§) = R(z,& —k A(h)),
provided that R(z, &) (hence also ﬁ(z, &)) satisfies the ice-rule.
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Dynamical R-matrices encode the integrable structures underlying 2-dimensional
face models from statistical mechanics with periodic boundary conditions (see, e.g.,
[5,19,20]). A well-known example is Baxter’s 8-vertex face dynamical R-matrix. We
come back to this example in Sect. 2.7.

Solutions of dynamical versions of reflection equations are related to integrable
reflecting boundary conditions for face models, see, e.g., [2,6,7,23] and Sect. 2.7. In
this paper we will use the following left and right version of the dynamical reflection
equation.

Definition 2.12. Let (z, £) — R(z, &) be a meromorphic family of linear operators on
V%2 of two complex parameters z and &.

1. A meromorphic family (z, §) — K(z, &) of linear operators on V is called a right
dynamical K-matrix with respect to R(z, &) if K(z, &) satisfies the right dynamical
reflection equation

Ry1(z1 — 22, 28)K (21, & — kh2)R12(21 + 22, 26) Ko (22,6 — khy)
= K2(22,& —kh1)Ro1(z1 +22,26)K1(21, 6 — kh2)R12(z1 — 22,28)  (2.16)

as a family of linear operators on V ® V. The right dynamical K-matrix K (z, &) is
called unitary if
K(z,§)K(—z,&) =1dy. (2.17)

2. A meromorphic family (z, &) +— K(z, &) of linear operators on V is called a left
dynamical K-matrix with respect to R(z, &) if K(z, &) satisfies the left dynamical
reflection equation

R(z1 — 22, 26+2k A(h)K | (21, E+khy) Ra1 (21 + 22, 26 +2c A(h) K 5 (22, & + Kkhy)
= K, (22, E+kh1)R(z1+22, 26 +2c A(h) K | (21, & +kh2) Ry (21 — 22, 26 +2k A(R))
(2.18)

as a family of linear operators on V ® V. The left dynamical K-matrix K (z, &) is
called unitary if K (z,&)K(—z,&) = Idy.

Remark 2.13. If R(z, £) is dynamically P-symmetric and if K (z, £) is a solution of the
right dynamical reflection equation (2.16) then

K(z,8) = K(z,—§)
is a solution of the left dynamical reflection equation (2.18) (and vice versa).

Let R(z, &) be a linear operator on V ® V and K (z, &) a linear operator on V, both
depending meromorphically on (z, £) € C2.Let P : V®V — V®V be the permutation
operator. Consider the linear operators

M (z,8) := Piiv1Rii+1(zi — 2iv1,26 — 2k (hy +ho+- -+ hi—1)), 1<i<n,
M (2, &) i= Kn(zn, & —x(h1 +ho+ -+ hy_1)).
(2.19)
on V®" depending meromorphically on (z, £) € C" x C.

Proposition 2.14. Suppose that R(z, &) : V®V — V Q V satisfies the ice-rule (2.12).
The following two statements are equivalent.
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(1) The linear operators (2.19) are part of a (necessarily unique) set {M"(z, &) }uew, of
End(c(V®")-valued meromorphic functions M"*(z, &) in (z,&) € C" x C satisfying
the cocycle properties

Mz, &) =ldyen, M"(z,&) = M"“(z,&)M"(u"'2, &)

forallu,v € Wy,
(2) R(z, &) is a unitary dynamical R-matrix and K (z, &) is an associated right unitary
dynamical K -matrix.

Proof. This follows from a direct computation. O

Consider now the special case that V = C? with basis {vs, v_} and with A the linear
operator on C? satisfying hve = €ve. Since R, (z, &) satisfies the ice-rule (2.12) we
obtain from Corollary 2.9, Theorem 2.10 and Proposition 2.14 the following result.

Corollary 2.15. R, (z, &) is a unitary dynamical R-matrix and K¢, (z, &) is a right
unitary dynamical K -matrix associated to Rey, (z, &).

In the following subsection we will constructed gauges that transform R, (z, §) into
Baxter’s [S] dynamical R-matrix associated to the eight vertex face model and K, (z, &)
into associated right dynamical K -matrices.

2.6. Gauges of dynamical R- and K -matrices. We give two types of gauge transforma-
tions for a special class of dynamical R- and K -matrices. We only consider the case that
V = C? and h is the linear operator on C? defined by hv, = ewv,.

Proposition 2.16. Suppose that

0 0
A(z,§)  B(z.§)
B(z,—§) A(z,—§)

0 0

R(z,§) =

[=NeNel S
—_ O OO

is a unitary dynamical R-matrix and that

_(a@E)  BGE
K8 := (ﬂ(z, “6) —s))

is a right unitary dynamical K -matrix associated to R(z, §). Then

0 0 0
Af(z,§)  B#(z,§) 0
B(z, =) A%(z,—§) 0

1

1
0
RE(z,6) = |
0 0 0

is a unitary dynamical R-matrix and

o @8(z,8) Bz, 8)
K8(z,6) == (,Bg(z, —£) ad(z, —5))

a right unitary dynamical K-matrix associated to R8(z, &) if
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(i) A$(z,6) = u(§)A(z, ), BS(z,§) = B(z,§) and K8(z,§) = K(z,§) withu(§) a
meromorphic function satisfying u(§)u(—§) =1,

and if

(ii) A8(z, &) = g*C~DA(z, &), BS(z,€) = ¢ P B(2, &), a8(z, &) = g% a(z, §)
and B8 (z,§) = B(z, &).

Proof. This follows by a tedious but direct computation. O

Remark 2.17. The type (i) gauge transformations for dynamical R-matrices were con-
sidered before in [16].

Baxter’s dynamical R-matrix Rp,(z, &) corresponding to the eight vertex face model
[1,5] is defined as

0 0
ABa(Z,é) BBa(Zys)

BBa(Za _S) ABa(Z, _S)
0 0

Rp,(z,§) = (2.20)

[e=NeNel S
—_ O OO

with the matrix coefficients given by

0(q7%, q**; q) Bz, £) 0(q775, 4% q)
—_— ", Bal\Z, =
0(q%, q%; q) ¢ 0(q> %, q7%; q)

Note that Rp,(z, w) is unitary, satisfies the ice-rule and is dynamically P-symmetric.

Write 5 g 5
. apa(z, Ba(2,
Kpa(2,5) = (ﬂBa(z, Z6) apaz, —s>) 21)

Apa(z,8) =

with

CG§) = CE.2)) 2
CE —2) ’

aBa(z, &) = aem(z, %_)qzzS - (
C(z, §)

C(_gv _Z)

(recall the definition of C(z, &) from (2.9)). If we need to specify the dependence of

K Ba(z, &) on the parameters ¢, ¢/, v, v’ then we write Kp,(z,&; ¢, ¢, v, V).

(2.22)
BBa(z,8) == Bem(z,8) =

Corollary 2.18. Rp,(z, &) is a unitary dynamical R-matrix and K p,(z, &) is a unitary
right dynamical K -matrix associated to Rp,(z, £).

Proof. Apply to the unitary dynamical R-matrix R, (z, &) and the associated unitary
right dynamical K-matrix K., (z, &) gauge (i) with

- 0q**,q7%:q)
ul)= ——
0(q*%,q%: q)
and apply subsequently gauge (ii). Then we obtain Rp,(z, &) and Kp,(z, &). Hence

Rpa(z, &) is a unitary dynamical R-matrix and Kp,(z, £) an associated unitary right
dynamical K-matrix as a consequence of Corollary 2.15. O
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The fact that Rp,(z, £) is a unitary solution of the dynamical quantum Yang—Baxter
equation goes back to Baxter [5] (the dynamical quantum Yang—Baxter equation in [5]
takes the form of star-triangle equations, see [19] and the next subsection for more
details on this viewpoint). The interpretation of Baxter’s solution Rp,(z, ) in terms
of connection matrices for the Frenkel-Reshetikhin—Smirnov gKZ equations goes back
to [27] (see also [44,52]). Other examples of unitary dynamical R-matrices have been
constructed in, e.g., [12,36,37,44]. Some of these examples are constructed using fusion
techniques, others by computing connection matrices. A quantum group context for
dynamical R-matrices was developed by Felder, Etingof and Varchenko, see, e.g., [16,
17,20].

Baxter’s unitary dynamical R-matrix Rp,(z, §) satisfies dynamical crossing symme-
try. In coordinates it reads

—e(l+en)? (qg+2K_62 4% q)
0(q%, 4% q)

where we have written Rpq(z, §)vs, ® vs, = > o, R;llgj (2, £)ve, ® ve,. In coordinate
free dynamical notations it reads

SR 2 (2. £) =¢q RSS2 (2K — 2,& + 2Ke2),

ety 0@ 4% q)

y T .y _
72 R 872 =4 0(q%. 472 q)

Rpa(2c —z,& +2chy))  (2.23)

where 0¥ = ( \/(1—1 - 0 -1 ) and T is transposition in the first tensor component.

In Corollary 2.18 we have constructed a 4-parameter family of unitary right dynamical
K -matrices associated to Rp,(z, &) by relating them to connection matrices of boundary
gKZ equations. Dynamical K-matrices associated to Rp,(z, &) have been constructed
before by direct computations in the study of the eight vertex solid-on-solid model with
integrable reflecting boundaries (see [32,33,67] from the vertex perspective, [6,18,43]
from the face perspective, and [31] for the explicit link by vertex-face correspondences).
In particular, see [6, Sect. 4.3] for alternative parametrisations of unitary right dynamical
K -matrices associated to Rp,(z, &) depending on four parameters. We will explain the
link to the eight vertex face model with integrable reflecting boundaries in more detail
in the following subsection.

Remark 2.19. (i) Let S be the spin-reversal operator on C2, defined as the linear map
S : C* — C? satisfying S(v;) = v_ and S(v_) = v,. Then Kp,(z, w) has the
spin-reversal symmetry

SKpa(z.£)S™" = Kpa(z, —). (2.24)
(i1) The matrix coefficient Bp,(z, §) of Kp,(z, &) decouples,
IBBa(Z, %-) = M(S)
u(—z)

with

9(aql, qu’ qu’ dqz’ Q)QZ(UZ’)Z
0(q*: q)

and with j1(z) obtained from w(z) by interchanging v and ¢’. The function u(z)
is a natural elliptic analog of the c-function associated to the Askey—Wilson

u(z) =
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polynomials [3]. It naturally appears in the study of the Askey—Wilson function
transform (see [39,63, Lem. 4.4]), as well as in Rains’ [53] difference operator
acting on BC-symmetric theta functions, which plays an important role in the study
of Rains’ interpolation theta functions.

(iii) In[23] areflection equation different from (2.16) is considered in relation to Baxter’s
dynamical R-matrix Rp,(z, &§).Itdoes notinvolve shifts in the dynamical parameter.
The one-parameter family of diagonal solutions from [23] appears to be unrelated
to the four-parameter family of dynamical K-matrices Kp,(z, £). _

(iv) The dynamical K-matrix Kp,(z, &) is anti-diagonal iff C(z,&) = C(&,z). An
explicit discrete set of parameter values for which this is the case has been derived
in [61, Sect. 3], see also [64]. In [61,64] the condition C(z, &) = C(&, z) is related
to the theory of reflectionless Askey—Wilson second-order g-difference operators
and to the theory of Baker—Akhiezer functions [8].

2.7. Face reformulation. Felder [20] observed that solutions of the dynamical quan-
tum Yang—Baxter equation satisfying the ice-rule are in one-to-one correspondence to
solutions of the star-triangle equation [5], see also [56, Sect. 3]. We recall it here, and
extend the correspondence to associated dynamical K-matrices. We will match it with
the notations from [6] in order to facilitate the comparison of our 4-parameter family of
dynamical K-matrices from Corollary 2.18 with the 4-parameter family of solutions of
the boundary Yang—Baxter equation from [6, Sect. 4.3].

In this subsection we fix a finite dimensional complex vector space V and a semisim-
ple linear operator 4 with simple spectrum / (in many examples V is the vector space
underlying a finite dimensional irreducible sl (C)-representation and /4 is the Cartan
generator of sl (C), in which case & acts semisimply on V with simple spectrum given
by {k —21}5‘:0 forsome k € N). We fix alinear basis {v,, } ./ of V satisfying hv,, = pvy,.

Suppose R(z, &) is alinear operator on V ® V depending meromorphically on (z, §) €
C? and write

R(z, S)UMI Q vy, = Z RZII‘:%Z(Z, é)vvl Q vy,

vy, el

for ju1, o € I. For p;, v; € C we set R\ 2, (z, £) = 0if (i1, o, v1, v2) ¢ 14 Note
that the ice rule (2.12) for R(z, €) is equivalent to the property that R};\,(z,&) = 0
unless w1 + up = vy +vy. Setfora, b € C,

Lo itb—aer
@=N0  ifb—agl

Define for a, b, ¢, d € C the Boltzmann weight
a b
W (c d

z, 5) = O unless A pAucApiAca = 1. By [19, Sect. 5] (see also

Z, s) = R;;’_‘;;;:?,(z,s —2ka). (2.25)

Note that W (a b
c d

[56, Sect. 3]), we have the following result.
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Proposition 2.20. Suppose that R(z,£) : V®V — V ® V satisfies the ice rule (2.12).
Then R(z, &) is a solution of the dynamical quantum Yang—Baxter equation (2.11) if and
only if the corresponding Boltzmann weights (2.25) satisfy the star triangle equations

Zg:W(Z izl—zz,s)WG iZl_Z&%—)W(]gC Zzz—zs,é‘)
=ZW(Z §12—23,5)W(£ 211—23,E)W(§ fm—Zz,S)
8

(2.26)
foralla,b,c,d,e, f € C.

Remark 2.21. Note that (2.26) is a nontrivial identity only if AgpApcAgeAcdAfeAfra =
1. Furthermore, for fixed a, b, ¢, d, e, d the left and right hand sides of (2.26) are well
defined since the summand on the left (resp. right) is zero unless g € C is in the
finite (possibly empty) set of complex numbers g satisfying A rg AgpAgy = 1 (resp.
AggAegAge = 1). With these two remarks it is clear that (2.26) coincides with the star
triangle equations for face models, see, e.g., [6, (2.3)].

Unitarity (2.13) of R(z, §) is equivalent to the inversion relation

Sw(l plee)w(l g -ae)=o

with 8, the Kronecker delta function, cf. [6, (2.13)].

Boundary star-triangle equations are defined in [6,7,48], leading to integrable face
models with boundary. We now proceed to explain its equivalence to the right dynam-
ical reflection equation (2.16). Let K(z,&) : V — V be a linear operator depending
meromorphically on (z, £) € C? and write

Kz &)v, =D K\(z,6)vy

vel

for w € I. For p,v € Cweset K (z,§) = 0if (1, v) ¢ I x I. Define fora, b,c € C
the boundary Boltzmann weight

c
a

2.€) = K0 5_ kb). 2.27)

5(r )

Note that B (b 2

by a direct computation.

z, é) = O unless Ap;Ape = 1. The following result can be checked

Proposition 2.22. Assumethat R(z,&) : VQV — VQV isadynamical R-matrix satis-

fying the ice rule (2.12). Define the associated Boltzmann weights by (2.25). Then K (z, &)
is a right dynamical K-matrix with respect to R(z, &) if and only if the corresponding
boundary Boltzmann weights (2.27) satisfy the boundary Yang—Baxter equations

%w(gf zl—zg,E)B(f‘g zl,E)W(;g zl+zz,§)B(bz zz,s)
Z%:B(di zz,é)W(Zij Z1+zz,$)3(.f; Zl,E)W(;z 11—12,5)

(2.28)
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foralla,b,c,d,e € C.

By a similar reasoning as in Remark 2.21 one shows that the equations (2.28) are
equivalent to the boundary Yang—Baxter equations [6, (2.4)]. Note that unitarity (2.17)
of K (z, &) is equivalent to the boundary inversion relation

}:B(bf Ls)B(bj —L$)=am,
d
cf. [6, (2.14)).

Solutions of the star triangle (2.26) and boundary Yang—Baxter equations (2.28)
give rise to two-dimensional integrable face models with boundary. We refer to [6,7]
and references therein for details. I will finish this subsection by giving the explicit
formulas relating Rp,(z, &) to the Boltzmann weights of the eight vertex face model
and subsequently pushing the associated 4-parameter solutions of the right dynamical
reflection equation (Corollary 2.18) to a 4-parameter family of solutions of the associated
boundary Yang-Baxter equations. So in the remainder of this section we take V = C? =
Cvy ® Cv_ and hvy = Fv4,sothat I = {—1, 1} and A,y = 1iff |a — b| = 1.

We gauge Rp,(z, £) to the unitary dynamical R-matrix Rg,sos(z, &) given by

1 0 0 0

_ 3965 [0 u®)Apa(z.&)  Bpaz.£) 0
Rsvsos(z, §) = qz—e(qzk; 0 |0 Bru -5 u(-E)Apc - 0]
0 0 0 1

with

(0@ )

u):=q K(T)2~
0(q=572¢; q)

Denote the corresponding Boltzmann weights (see (2.25)) by Wgys0s (? Z

z,é).

Then the nonzero Boltzmann weights are

[N

a a+l +30(gTTER g)
WSUSOS(a:tl u Z,§)=CI (g Ea; g

atl a 0% % q)
WSUSOS( 4 afl 2,5)—6]2m,
W a a+1 £) = K(@(q*$+2k(a71)’ q*§+2k(a+l); q))% %e(qu; q)
BSOS\ 4 F1 a Z =4 g(q—é+2ka; 6])2 G(qzl(; q) ’

which coincide with the standard weights of the eight-vertex face model. To relate it
to the notations in [6], note that it corresponds to the Boltzmann weights [6, (4.4)] by
identifying the parameters A, wo, u in [6, (4.4)] with our parameters 2«, —&, z (note
though that there is a small typo in [6, (4.4)]). The dynamical crossing symmetry (2.23)
of Rp,(z, &) corresponds to the crossing symmetry [6, Sect. 4.1 and (2.11)] of the
Boltzmann weights Wg,s0s.-
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We write Bgysos (b

2 z, & ) for the boundary Boltzmann weights associated to the
dynamical K-matrix Kp,(z, &) (see (2.27)). The nonzero values are

stsos(a z, E) = K;Fai(z, % —ka) = apa(z, i% Fka),

a*x1

a+1
(2.29)

a¥fl

a+1

‘ 2, E) = K:BFQ,:F(Z’ % - Ka) = ,BBa(Z’ ig + Ka),

stsos(a >

where ap, and B, are explicitly given by (2.22).

Corollary 2.23. Bg,sos is a 4-parameter family of solutions of the boundary Yang—
Baxter equations (2.28) with respect to the Boltzmann weights Wg,s0s.

Proof. By Proposition 2.16 the matrix K g, (z, £) is also aright dynamical K -matrix with
respect to the gauged dynamical R-matrix Rgys0s(z, £). Now use Proposition 2.22. O

Solutions to the boundary Yang—Baxter equations for the eight vertex face model,
or equivalently, by vertex-face correspondences, to reflection equations for the eight
vertex model itself, have been computed by direct means in [32,33,67] from the vertex
perspective and in [6,18,43] from the face perspective (see [31] for a discussion of the
vertex-face correspondence in this context). See [6, 4.3] for a direct derivation of the
solutions of the boundary Yang—Baxter equations for the eight vertex face model, which
are also parametrised (but in a different way) by four degrees of freedoms.

2.8. Boundary qKZB equations. A unitary solution of the dynamical quantum Yang—
Baxter equation satisfying the ice-rule gives rise to cocycles of the extended affine
symmetric group [19]. This leads to a compatible system of g-difference equations,
known as the quantum Knizhnik—Zamolodchikov—Bernard (KZB) equations, see [19,
21]. In this subsection we establish the analog of this result in the presence of boundaries,
resulting in a cocycle of the affine Weyl group of type C,, and a new type of compatible
systems of g-difference equations, which we will call boundary quantum KZB equations.

We return to the setting of Sect. 2.5.If f : C — V®" is a meromorphic V®"-valued
function then we define

(Tan; £)(E) = D fulE + o)
"

if (&) =2, fu(&) is the decomposition of f as the sum of (V®”)M—Valued mero-

morphic functions f,. In case of a meromorphic V®"-valued function f(z, §), the
parameter-shift of 7y, is in the dynamical parameter £. When n = 1 then we write Ty,
for Typ, .

Let S(z, £) be a family of linear operators on V®" depending meromorphically on
(z, &) € C" x C. Consider the associated matrix difference operator T_,, STy, , acting
complex linearly on the space M (C" x C)® V ®" of meromorphic V ®"-valued functions
on C" x C.Itis amatrix valued difference operator in the dynamical parameter &, depend-
ing meromorphically on z € C". We therefore also denote it by T_,4, S(z, ) T—cp; -
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Let K (z, £) be a linear operators on V depending meromorphically on (z, £) € C2.
Let P: V®V — V ® V be the permutation operator and consider the End¢(V ®"*)-
valued difference operator in w defined by

1
M™(z) = (T—KhK(E =21, ) Tent
1
= fohlﬁl(z =21, ) Tehy - (2.30)

Remark 2.24. Letw, : V — V,, be the projection along the decomposition V = @, V..
For f(£) € V depending meromorphically on & we have

(T—enK (2. ) Ten) £)(E) = D" Kh (2. & = kv) fu(E +x( —v))
",V

where f,,(§) 1= 7, (f(§)) and K} (z, &) := 7, K (z, §)|y,. Hence if the left dynamical
K-matrix K (z, &) satisfies
[K(z,6),h] =0 (2.31)

then M*(z) = K, (% —21, -—kh1) (which thus simply acts on the space of meromorphic
V®"_yalued functions in (z, £) € C" x C as the linear operator 51(% —z1,& —«khy)).

We have now the following affine version of Proposition 2.14.

Proposition 2.25. Let R(z, &) be alinear operatoron VQ®V and K (z, §), K (z, §) linear
operators on V, all depending meromorphically on (z, €) € C?. Suppose that R(z, &)
satisfies the ice-rule (2.12). The following two statements are equivalent.

(1) The operators (2.30) and (2.19) are part of a (necessarily unique) set {M"(z)}yew
of Endc (V®")-valued meromorphic difference operators M®(z) in &, depending
meromorphically on z € C", and satisfying the cocycle conditions

M¢(z)=1d, M"“(z) =M “(2)M"(u"'z)

forallu,v e W;
(2) R(z, &) is a unitary dynamical R-matrix, and K (z, &) and K (z, &) are associated
unitary left and right dynamical K -matrices respectively.

Proof. For v € Wy the M"(z) coincide with the cocycle values from Proposition 2.14.
The extension to the affine setup now follows by a direct computation. O

Proposition 2.25 should be compared to [19, Proposition 4.1 and Theorem 4.2]
(see also [21]), which deals with the extended affine symmetric group.

Remark 2.26. Note that the cocycle values MV(z) (v € W) are End(c(V@”)-valued
difference operators in &, depending meromorphically on z € C". For v € W, they
simply act as multiplication operators,

(M*(2) f(z, )NE) =M"(2.8)f(2§), veW,

with the linear operator M"(z, £) on V®" as defined in Proposition 2.14. In fact, if
K (z, &) satisfies (2.31) then all cocycle values MV(z) (v € W) act as multiplication
operators in view of Remark 2.24.
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Definition 2.27. Suppose that R(z,€) : V® V — V ® V is a unitary solution of
the dynamical quantum Yang—Baxter equation satisfying the ice-rule and suppose that
K(z,&) and K(z, &) are associated unitary left and right dynamical K-matrices. Let
{M"(z)},ew be the W-cocycle of difference operators in & as defined in Proposition
2.25.

A V®"_valued meromorphic function f(z, £) in (z,£) € C" x C is said to satisfy
the boundary quantum Knizhnik—Zamolodchikov-Bernard (KZB) equations if

M D@y fz—nr, )= f(z -) VireZ (2.32)

The boundary quantum KZB equations (2.32) form a compatible systems of dif-
ference equations in both z and &£. Note that the translation action on the dynamical
parameter & is hidden in the transport operators M*® (z) (A € Z").

Remark 2.28. The space of V®"-valued meromorphic functions f(z, £)in (z, £) € C" x
C satisfying the boundary quantum KZB equations (2.32) is invariant for the Wy-action

- )z &) =M@ & fv 2,8, veW.

Remark 2.29. If the left dynamical K-matrix K (z, §) satisfies (2.31), then the transport
operators of the boundary quantum KZB equations are linear operators M™® (z, £)
on V®" depending meromorphically on (z, £) (see Remark 2.26). Hence, under the
additional assumption (2.31) on K (z, &), the boundary quantum KZB equations reduce
to the compatible system

M M@ & f@-n8=f@§ Viel
of difference equations acting only on the spectral parameters z.

The boundary quantum KZB equations are equivalent to the set of equations
M D @) fz+ei, )= f(z,) i=1,...,n. (2.33)
The left hand side of (2.33) can be explicitly expressed in terms of the dynamical R-and
K -matrices using the cocycle property of {M"(z)},cw (Proposition 2.25) and (2.1). We

give the explicit expression of (2.33) for i = 1, the explicit expressions for arbitrary i
then follow from

M) (z) = M (z)MT ) (s;z) M5 (5,2 + e;)
recursively. For i = 1 the left hand side of (2.33) is

(M™V@) f(z+e1,))(E) = Rai(z1 — 22, 26) R31 (21 — 23, 26 — 2kchy)
X oo X Ry1(z1 — 20,26 =2k (ho+ -+ hp_ 1) K1 (21, —k(ho +h3 +- -+ hy))
X Riy(z1 +2n,26 —2k(ho+h3 +---+hy_1)) -~ Ri3(z1 + 23,26 — 2Kh))

1
X Ria(z1 + 22, ZE)ZK‘J]'(E +z1, 6 —kvi) fu(@+er, § +r(pr —vi)).

.Y
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In the special case that the left dynamical K -matrix K (z, &) satisfies (2.31), the left hand
side of (2.33) for i = 1 takes on the simpler form

M (2, &) f(z+e1,E) = Ryi(z1 — 22, 26) Ra1 (21 — 23, 26 — 2kchy)
X oo X Ry1(z1 — 20, 26 = 26c(ho + -+ hy— 1)) K1 (21,6 —k(ho +h3 + -+ + hy))
X Rip(z1 + 25,26 —2k(ho + h3 + -+ hy—1)) - - - Ri3(21 + 23, 26 — 2K h))

1
X Ri2(z1 + 22, 25})51(5 +21,§ —kh) f(z+e1,8)

due to Remarks 2.24 and 2.29.

We now apply the construction of the boundary quantum KZB equations to Bax-
ter’s dynamical R-matrix Rp,(z, &) and the associated 4-parameter family of unitary
dynamical K -matrices. So in the following corollary we take V = C? = Cv, @ Cv_
and hve = ev, for e € {£}.

Corollary 2.30. Let Rp,(z, £) be Baxter’s dynamical R-matrix given explicitly by (2.20)
(it depends on q and the bulk coupling parameter k). Fix four left boundary coupling
parameters &, ¢/, vy, v] and four right boundary coupling parameters ¢, ¢', v, v and
set

Kb (2,6) == Kpa(z, =& 8, ¢/, v, v)),
K;}a(za S) = KBa(Za ga {7 C/’ v, U/)

with Kga(z,€; ¢, ¢/, v, V') given by (2.21). Then K, (z,&) and K% (z,&) are uni-
tary left and right dynamical K-matrices associated to Rp,(z, &) respectively. Let
{My,(@)}vew be the associated W-cocycle of End(c(((Cz)@")—valued difference oper-
ators in & depending meromorphically on z € C" (see Proposition 2.25). The corre-
sponding quantum KZB equations

My @) f@ =)= f(z), VYiel" (2.34)

for meromorphic (C*)®"-valued functions f(z, ) in (z,&) € C" x C is a compatible
system of difference equations in z and & with elliptic coefficients that depends, besides
on q, on nine coupling parameters «, ¢, ¢/, v, v}, ¢, ¢, v, V.

Proof. The fact that K l(z, &) and K" (z, &) are left and right dynamical K-matrices
respectively follows from Corollary 2.18 and Remark 2.13. 0O

Remark 2.31. Itis natural to expect that a vertex-face transformation (cf. [31]) transforms
the nine parameter family (2.34) of elliptic boundary quantum KZB equations into a nine
parameter family of elliptic boundary qKZ equations defined in terms of the XYZ spin—%
R-matrix and its associated K -matrices. We expect that a difference Cherednik—Matsuo
type of correspondence will relate the solutions of these compatible systems of difference
equations to common eigenfunctions of the nine parameter family of elliptic Ruijsenaars’

systems of type C introduced by van Diejen [14] and Komori and Hikami [42].
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3. The Connection Problem for Quantum Affine KZ Equations

Cherednik [11, Sect. 1.3.2] introduced the Baxterization of a finite dimensional affine
Hecke algebra module using the affine intertwiners of the associated double affine Hecke
algebra. It leads to a consistent system of first-order difference equations acting on
vector-valued multivariate meromorphic functions, called the quantum affine Knizhnik—
Zamolodchikov (KZ) equations. These equations are equivariant with respect to a natural
action of the underlying Weyl group.

A natural basis of power series solutions of the quantum affine KZ equations, defined
in terms of their asymptotic behaviour deep in a fixed Weyl chamber, was constructed in
[50,51,63] in case of minimal principal series. We extend this result to arbitrary principal
series modules, and we also solve the associated connection problem. the affine Hecke
algebra of type C.

We explain how a special case of this general theory leads to the results on lattice
models with boundaries as discussed in the previous section.

3.1. Notations. We recall here some of the notations from [64, Sects. 1.1 and 2],

which are well suited to treat the twisted and untwisted Cherednik-Macdonald the-

ory at the same time (see [64,66] for details). The initial data is given by a five tuple
= (Ro, Ag, e, A, A), which is defined as follows.

The first entry Ry is a finite, reduced crystallographic root system in an Euclidean
space (E, (-, -)),irreducible within the subspace V of E spanned by the roots. The second
entry Ag = («y, ..., ®,) is an ordered basis of the root system Ry. The third entry e
equals u or 7 (“u” stands for untwisted and “” for twisted). The fourth and fifth entries
A and A are lattices that are defined as follows.

Write Rg = Rj U R,y for the decomposition of R in positive and negative roots with

respect to the basis Ag. The root system R e-dual to Ry is defined as

Ry = (@ = poa” | @ € Ry},

where oV = Ii% is the co-root of o and

. 1 ife=u,
Ho = # ife=rt.

So in the untwisted case (e = u), Ry is the co-root system Rg = {o"}eRr,, While in the
twisted case (e = 1), ﬁo = Ry. Let Wy € O(E) be the Weyl group of Ry, generated by
the orthogonal reflections s,, in the hyperplanes &~ (0) (« € Ry). It is a Coxeter group
with Coxeter generators the simple reflections s; := = So; = 83 (i=1, ,n).

Write Q and Q for the root lattices of Rg and Ry respectively. Let Qv and Qv be
the co-root lattice of Ry and Ry respectively. The fourth entry A € E in the five-tuple
D of initial data is a full lattice in E satisfying the conditions

QCA, (AQ)CZ
The fifth entry A C E is a full lattice in E satisfying the conditions

OCA, (AQ)CZ.
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We associate to D the reduced irreducible affine root system
R® = {O[(r) = Harc +Ol}rEZ,ot€R()v

where pgre + « is the affine linear function v +— uer + (@, v) on E. Let s, be the
orthogonal reflection in the affine hyperplane (a 4 ))_1 (0) C E.Then sy = t(—r)sy
with T(v') : V — V for v/ € V the translation operator v — v + v'. In particular,
the affine Weyl group W* associated to R®, which is defined to be the group generated
by the s, (@ € Ro,r € Z), is isomorphic to Wy x Q. We extend R*® to a (possibly
nonreduced) irreducible affine root system R(D) by adding to R* the affine roots 20"
forr € Z and a € Ry satisfying (A, a¥) C 27Z.

The basis Ag of Ry extends to a basis A := (ag, ay, ..., &) of R® and R(D) with the
additional simple affine root g = py ¢ —v with iy € Ry the highest (reps. highest short)
root with respect to A if ¢ = u (resp. @ = t). The basis A of R® gives a decomposition
R® = R**UR®*~ of R® in positive and negative affine roots. We write so := s, . Note
that so = T(J)Sv,. The affine Weyl group is a Coxeter group with Coxeter generators
50, 81, - - - » Sp. The corresponding braid relations are of the form

SiSj =88 - (m; jfactors on both sides)

for 0 <i # j < n, where the m;; € {2, 3, 4, 6, 0o} can be read off from the associated
Coxeter graph in the usual manner. _

The extended affine Weyl group is defined to be W := Wy x A. It acts on E by
reflections and A-translations. Its contragredient action on the space of affine linear
functions on E preserves R® and R(D). The length of w € W is defined to be

I(w) :=#R* " Nw 'R>7).

Then 2 := {w € W | [(w) = 0} is an abelian subgroup of W, isomorphic to 1~\/Q
Conjugation by €2 stabilises W* and

W~Qx We.

More precisely €2, in its action on affine linear functions on E, is preserving the set
{og, @2, ..., @y} of simple affine roots. For @ € 2 the induced bijection on the index
set {0, ..., n} will also be denoted by @, so w (&) = iy (j) for0 < j <nandw € Q.
Hence conjugation by 2 already stabilises the set {so, ..., s,} of simple reflections,

wsjw_lzsw(j), w e, jelo,...,n}.
Write
K+

min

=velA|wa)e(0,1} YaeR}).

Forv e A"

min

let u(v) € W be the element of minimal length in 7 (v) Wy. Define
v(v) = u(v)_lt(v) e Wy,
so that T(v) = u(v)v(v) and I[(t(v)) = [(u(v)) + I(v(v)). Then it is known that

Q= {“(V)}uefx;m-
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There is an involution on the collection of all initial data D = (Rp, Ao, e, A, 1~\),
mapping D to

= (Ro, Ag, 8, A, A)

where Ag := (@1, ..., &y). The (extended) affine Weyl group, affine root systems etc.,
will be denoted by addlng tildes. Note that for both the twisted and the untwisted case,
the affine simple root associated to R* is glven by o = pugc— 6 with§ € R} the highest
short root (see [64, Sect. 2.2]). In particular, 5o = 7(6)sg.

Finally we introduce multiplicity functions. A multiplicity function is a W-invariant
functionk : R(D) — R. We write k, € R for the value of k ata € R(D) and kj := kq;
for 0 < j < n. We furthermore write «,, ) 1= k ) if 20" ¢ R(D). For a finite root
o € Ry we define the Askey—Wilson parameters associated to x and « by

R Kotk Ko —K K (1)+K K —K
{aq, by, cq, do} 1= {q" ™", —g" 7" 2% gy q" e® ™20 —g,q" D " 0]},

where g := g"~. We furthermore write «; := ko, for 0 < j < n.
Given a multiplicity function « on R(D), there exists a unique multiplicity function
K on R(D) satisfying

Kag = Ko Kz = K2g, Kog = Ky, Kpg(h) = Kpg()

for all @ € Ry. We write the Askey—Wilson parameters associated to k and & € Ro by
{ay, by, Cq, dy} (We abuse notation here by writing « as sublabel instead of ). In terms
of the original multiplicity function « they are explicitly given by

~ 7~ 7 Kotk Ko —K Kog K. Koo —K
{aa, by, Cozada} = {q @) —q "‘(1)7QO¢L] 2 2a(l) —qaq 2 20‘(1)}»

+ hence they are obtained from the Askey—Wilson parameters {ay, by, Co, dy} by inter-
changing the values k2 and k). We also write kj = ng for0 < j <n.

3.2. Principal series representations.

Definition 3.1. The affine Hecke algebra H® (k) is the unital associative algebra over C
generated by 7 (0 < j < n) with defining relations

LT T;---=T1,T;T; --- (m;j factors on both sides)
forO<i#j<nand(T; —q ) (T;j+q“/)=0for0 < j <n.

We write Hy(x) for the unital subalgebra of H®(k) generated by 7; (1 <i < n).
The abelian group 2 of length zero elements in W acts by algebra automorphisms
on H®(k), with w € Q acting by Tj = Ty () for 0 < j < n. We write

H(k) = Qx H®(k)

for the corresponding crossed product algebra. We call it the extended affine Hecke
algebra associated to D and k. The additional generators in H (k) parametrized by Q2
are denoted by Ty, (o € 2). For w € W we write

Ty = Tw—lesz "'Tjr € H(k)

ifw=wsjsj s, inWwithw € Q,0=<j <nandl(w) =r.It gives a well
defined complex linear basis {7y }yew of H (k).
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Write
At =(veA|(v,a@’)=0 VaeR}
and define for v € 1~\,

YW= t(x)T;(}L) € H(k)

ifv=A—pnwithi,ue A*.The Y are well defined and satisfy

’

Yva — YU-H)/, YO — 1

for v, 1" € A. The extended affine Hecke algebra H (k) is generated by Ho(x) and the
commuting elements YV (v € A). The additional relations characterizing H (k) in terms
of the generators 7; (1 <i <n)and Y’ (v € A) are the Bernstein—Zelevinsky—Lusztig
relations

= q—Ez‘—"ZZ&[ Yﬁa")(l + q—?ﬁ'f?za[ Y*&[)
11—y B

YUTi — EYSiv + (qFI qu,')(YSiU _ Y\))

~ (3.1)
forl <i <nandv € A (see [66, (3.4)]).
Let Ec := C ® E be the complexification of E and extend the scalar product (-, -)

to a complex bilinear form on E¢. For I C {1, ..., n} write H;(x) for the subalgebra
of Hy(x) generated by 7; (i € I) and YV (v € A). Set

E(’é,l ={y e Ec| (a,y) =kg +kg, Viell.

Lemma3.2. Let I C {1,...,n}and y € E(’é Iz There exists a unique unital algebra
map

Xty Hi(k) > C
satisfying

xiy(T)=q ", Viel,

_ (3.2)
X1, (Y =g "7, VveA.

Proof. The assumption y € Eg. , ensures that the assignment (3.2) respects the crossing
relations (3.1) (we use here thatk; = «; fori = 1,...,n). O

Definition 3.3. Let / C {1,...,n} and y € Eg ;. The induced representation

. H ()
Mi(y) :=Indgy ) (Cy, )

is called the principal series representation associated to 7, with central character ¢ 7.
We write n)f for its representation map.
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Lety € E(E‘,.Forw € W set

v, () =Ty Q(H; (k). x1.,) 1 € M1(y).

The elements v. (y) (w € Wp) span M;(y).

Let Wo,; C Wy be the standard parabolic subgroup generated by the simple reflections
s; (i € I).Denote by WO’ the minimal coset representatives of Wo/ W ;. If w = uv € Wy
withu € W/ and v € Wy ; then

vl () = x1, (Tl ().

The set {vé}(y)}wewé is a linear basis of the principal series module M;(y).

In case of minimal principal series (I = () we omit / from the notations. In particular
we write 7, : H(x) — Endc¢ (M (y)) for the corresponding representation map. Note
that m,, is defined for all y € E¢.

Lety e E(’é ;- There exists a unique surjective intertwiner ¢y, : M(y) — M;(y)

of H (k)-modules satisfying for w = uv € Wo (u € Wl,v Wo.1),

b1,y Vw()) = vE () = X1,y (THVEY).

Clearly (ﬁ@,y = IdM(y).

We need generic conditions on y € E(’é ; to ensure that the principal series module
M (y) is calibrated (i.e., simultaneously diagonalisable for the action of the commuting
operators Y (v € A)), cf. [62, Sect. 2.5] and references therein. To describe the results
we first need to introduce intertwiners for minimal principal series modules.

Let y € Ec and let e € Wy be the neutral element. Set A;""(y) := Idy). For
1 <i < n define a linear map A{"" (y) : M(s;y) — M(y) by

AU (Y )vg (s17) 2= g (1 — g2 )ugg ()
+(Dg,(v) — q TR A — G () (33)
for o € Wy, where x (@) = 1if& € R, and x (@) = 0if & € R, and with
Da(y) = (1 _ q—ﬁa—?zﬁ(&,y))(l +q—fa+an+(&,V))
= (1-3,'q ") (1= by 'q ")
fora € Ro. Then Ag™ (y) : M(siy) — M(y) is an intertwiner of H (k)-modules and
AU () A (s;) = Dy, () Dy, (si7)1d )

forall 1 < i < n. More generally, if o := s;,5;, ---s;, is a reduced expression for
o € Wy then

A () = AGT DAL iy ) - AG (i - 8ip 80, V)
is independent of the choice of reduced expression and defines an intertwiner

AL () Mo y) — M(y)
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of H (k)-modules. It satisfies
AL () A (07 y) = Do () Dy-1(0 ™ y)ldpy)
with
Dy(y):= [] Daty.
GeR{No Ry
Note that
AGL (y) = AGM (DA 0 y),

. (3.4)
Dy (y) = D" (y) D™ (0™ y)
for o, T € Wy satisfying l(ot) = l(0) + (7).
Set Ré‘i = Rgt N span{a; };<7. Since
Wl ={o e Wy |o(Ry™") C RY) (3.5)
we actually have
D -i(y) = I1 Di(y) VYoe Wl (3.6)

Fe(RN\RyHNa—1Ry

Proposition 3.4. Assume that y € E(. | satisfies G2 @) £ 1 forall @ € ﬁg\ﬁé*. Set
foru € Wy,

B (1) = 1y (A e y)) € Mi ().
Then

(1) Forallu € Wyand all v € A we have

7L () = g~ b (),
) {bZ’i’f’I ()/)}er({ is a linear basis of My (y);
3) b (y) = 0 for all o € Wo\W.

Proof. (1) is trivial.
(2) By the definition of the unnormalized intertwiner we have for o € W({
o= T aFA=@ )l Y i)
&'E(Ea'\ﬁé‘+)ﬂa*1§a TGWOIZ‘[<O’

for certain coefficients ¢, ; € C, where < is the Bruhat order. By the assumption that
qz(&'y) # 1foralla e Eg \ﬁé’+ the leading coefficient is nonzero.
(3)Fixo ¢ WOI. Leti € I suchthato = o's; and [(0) = [(0') + 1 for some i € I.
Then
AL () = AU () AL (s:).

Hence it suffices to show that ¢, o A{""(y) is the zero map.
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Since y € E('é ; we have Dg, (y) = 0, hence by (3.3),
AU (e (siy) = g (1= g2 @) (v)
—q TR = @ o), T e Wo.

Suppose that T € W satisfies ta; € ﬁg (& I(ts;j) = I(r) + 1). Then vﬁsi (y) =
q " 1v{(y) = g ¥v{(y) and x(=7&;) = 1, hence ¢y, (AL (y)vz (si7)) = 0.
Suppose that T € W satisfies Ta; € R, (& [(ts;) =1(r) — 1). Then

vl (r) = g"vl(y) = ¢ vl(y) and x (—7&) = 0, 3.7)

hence also in this case

b1,y (A5 (¥)ve (siy)) = 0. (3.8)
Hence indeed ¢, o Ag""(y) fori € I is the zero map. O

Definition 3.5. Suppose that y € Ec satisfies qz(a’}’) # 1 and Dgz(y) # 0O for all
@ € R{.Leto € Wo. The normalised intertwiner A, (y) : M(c~'y) — M(y) is
defined by

Ay () = Do (y) 1A (y), o € W,.

Note that normalised intertwiners satisfy A.(y) = Idy,) and
As(P)Ar(@™y) = Age(y)  Yo.T € Wo.

Lety € Ef , be generic. Note that D, -1 (y) = 0if o € Wy is such that a; € 0’1130_

for some i € I. Since this cannot happenif o € W({ (see (3.5) and (3.6)), the normalised
intertwiner A, —1(y) is well defined for o € WO[ . Combined with Proposition 3.4 we
obtain the following corollary.

Corollary 3.6. Suppose thaty € Eg. , satisfies the (generic) conditions that g>@Y) £ 1
and Dz(y) # O forall @ € ﬁg\ﬁé*. Then

bl (y) =Dy ()T (1)

o1

= o1y (An—l (V)ve(o')/))

is well defined for all o € WOI and {bé_l (V)}aew(f is a complex linear basis of M(y)
satisfying

L (Yb! L (y) =g VB (y)  VYveR, Yo eW.



1394 J. V. Stokman

3.3. Quantum affine KZ equations. Define for a € R® the meromorphic function
cq(z;k)inz € Ec by
(1- qfl(,l*l(za+a(z))(1 +q*Ka+K2a+ﬂ(Z))

ca(Z; k) = 1 g2@)

’

where we view a = o) = pgrc + « as affine linear function on Ec by
a(z) := per + (a, 7).

We omit the x-dependence from the notation if no confusion is possible. We write
cj(z) = cu(z; k) and €j(z) = cgz()(z; k) for 0 < j < n. The following theorem
generalizes Cherednik’s [9] results on the Baxterization of affine Hecke algebra modules
to the current setting (including the twisted, untwisted and nonreduced cases all at once).
Its proof uses the affine intertwiners of the double affine Hecke algebra associated to the
data (D, k) (see [66]).

Theorem 3.7. Let v : H(x) — Endc (V) be a representation. The following formulas

v, (479 (T)) +cj(z) — g
(VY6 )@ = ( o

(VY (@) f)(@) = n(Ty) f (@ '2), weQ

)rGm, 0<j=n,

define a left W-action VV on the space of V-valued meromorphic functions f(z) in
z € Ec, where we use the natural action of W >~ Wy X A onz € E¢ by reflections and
A-translations.

Note that (VY (w) f)(z) = CY(z) f(w™'z) forw € W, with CY(z) : V — V a
linear map depending meromorphically on z € E¢ and satisfying the cocycle conditions
€Y (z) =1dy and

c@=Ccl@cYw 'z, Yuvew.

Definition 3.8. For a given representation  : H(x) — Endc (V) we say that a mero-
morphic V-valued function f(z) inz € Ec is a solution of the associated quantum affine
KZ equations if

(VY@ f)@ = f@ VieAh
We write Solg z (V) = Solgz(V; k) for the solution space.

Note that Solg 7z (V) is VV (Wp)-stable. Note furthermore that the quantum affine KZ
equations form a compatible system of difference equations. Indeed, the quantum affine
KZ equations can be written as

Cloy@f@—2) = f@@ Vireh. (3.9)

It is apparent from this form of the quantum affine KZ equations that the cocycle values
C TV( ) (z) play the role of transport operators. The compatibility of the difference equations
(3.9) in terms of the transport operators reads

Cloy@Cl @ =20 =Clo @ =Cl, @Cl,,@—p) Vi ueh,
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which is a direct consequence of the cocycle property of {C,Y (z)}uew. Finally, note
that an intertwiner ¥ : V. — V'’ of H(x)-modules gives rise to a Wy-intertwiner
Solg z(V) — Solgz(V'). We will denote this map also by .

Explicit expressions for the cocycle lel (V)(z) (w € W) are given as follows.

Proposition 3.9. Let y € Ec. Foro € Wy,

(RZsU)/) 2 (O'_IVZ)K()
M) 4 Usv,a()/) co(z) —q~ X
€ @o () =~ (e 0,
M(y) U0 (¥) ci(z) — CI_QX(_GA&")K"
G o () = 2T+ o )eo ().

CH @ () =4~ T 0y )16 ()
for1 <i <nand w € Q, where wy € Wy is the longest Weyl group element.

Proof. This follows from the explicit formulas for the action of the affine Hecke algebra
generators on the basis {vy (¥)}oew, of M(y) (see, e.g., [64] and references therein).
O

3.4. Power series solutions. We first construct a basis consisting of power series solu-
tions of Solg z (M (y)). To determine the natural normalisation we need to investigate the
dependence on y. We identify M (y) as complex vector space with V := Cug

via the linear isomorphism M (y) =V satisfying v, (y) +— v, for all o € W.

Accordingly, we interpret the cocycle values Cuﬁf[ (y)(z) T M(y) > M(y) (we W)as
linear maps

ageWy

Cyz, y): V>V

depending meromorphically on (z, y) € E¢c x Ec. In particular, for all o € Wy,

C](J’UV)US‘/,G co(z) — q—2X(071$)K0
Coo (2 )5 = +( )vo
q*0co(z) co(z)
1~
Us;o ci(z) — q_ZX(_G i)k
Ci(z,y)vs = d +( )U ,
2 V)% qici(z) ci(2) ’

Cw(2,¥7)v5 = q_(w'wogy)vv(w)‘la

forl <i <mnand w € Q.
For fixed y € E, the solution space Solg z (M (y)) thus identifies with the space of
V-valued meromorphic functions f(z, y) in z € Ec satisfying

Crn@ ) f@—hry)=fzy), VieAh (3.10)

which form half of the bispectral quantum KZ equations (see [50,51,63]); the other half
is a compatible dual system of quantum affine KZ equations acting on y.
Define the plane wave function by

Wiz, y) = q(ﬁ+w01>ﬂ*}')
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where

1 - - - -
pi=3 Z (ko +kg)a’,  pi== Z (Kg + Kzm)a .

+ +
aER; aER

In addition define S(z) = S(z; k) by

S@ =[] (a2ay'a= . 267" q @D g2c; q™ " g2dy =P q2) . (B.11)

acRy
and 5()/) = g(y; k) by

3 2~—1 —(@ 271 _—(@ 21 —@ 25-1 —(@ 2
S(y) := H (qaaa q (a,y),qaba q (a,V)’qaca q (a,}/)’qada q (a,)/);qa)oo.
aERy

Note that p and S are obtained from p and S by replacing the initial data (D, k) by
(D, k). The zero locus of the holomorphic function S(z) will give the singularities of
the power series solutions of the quantum affine KZ equations (3.10).

Write O, = ZZ()Rg . The following theorem comprises the results of [64, Sect. 3].
Special cases have been proven before in [50,51].

Theorem 3.10. There exist unique V-valued holomorphic functions I, (y) in y € Ec
(u € Q4+) such that

1 To0) = (Muery (429727 62) )vus
(2) the V-valued series

Wz y) = > Tuly)g "”
neQ+

converges normally for (z, y) in compacta of Ec x Ec;
(3) the V-valued meromorphic function ®(z,y) = ®(z,y;«) in (z,y) € Ec x E¢
defined by

bz, y) = &)

= 28T g,
s@so) &Y

satisfies _
Crn(z, )Pz —2,y)=0(@z,y) VieA (3.12)

If ® denotes the V-valued function ® with initial data (D, k) replaced by (D, %), then
O(y,2) = Dz, 7). (3.13)

Remark 3.11. It follows from (3.12) and (3.13) that ®(z, y) is a solution of dual system
of quantum KZ equations acting as difference equations on y. The quantum affine
KZ equations (3.10) together with the dual quantum KZ equations are the bispectral
quantum KZ equations from [50,51,64]. In [64] the power series solution ®(z, y) is
first constructed and characterised as power series solution of the bispectral quantum
KZ equations. The other properties, such as the duality property (3.13), the singularities
and the normalisation, are subsequently derived.
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Definition 3.12. We call y € Ef. ; generic if

(1) qua,w # Lforalle € RE\R)™:

) ¢ ¢ (@, b} foralla € R§\Ry™:

(3) ¢2@1) ¢ g2% forall a € Ry\RY™;

(4) q(a \7) ¢ {"" 1 ZZ>0 b 1 2Z>0 —quZ>0 d 1 2Z>0} forallw € RO\R(I),*

Note that these are indeed generic conditions on y € E(C ; since

Ef,C{y €Ec|q®? = Viell.

The condition (1) is to ensure that {bﬁ'ﬂ'ﬁ’]} cew! is a well defined basis of M;(y).

Condition (2) ensures that Dz (y) # Oforalla € R, +\Ré’Jr, hence the unnormalised basis
b7 »m I(V)}aeW’ of M;(y) can be turned into the normalised basis {b W, ew! and

the normalised intertwiners A, -1(y) are well defined forall o € W0 (see Corollary 3.6).
Condition (3) ensures that the leading coefficient I'g(oy) in the power series solution
of the quantum affine KZ equations is nonzero for all o € WOI . Finally, condition (4)

ensures that g(a y) #0forallo € W({.
For y € E¢ ; we write ¢})y 2V — M/ (y) for the surjective linear map defined by

¢, w) = %1, (T)VE(y)
for w = uv € Wy withu € WOI and v € Wy ;. We write qb},) = q%jy. Note that
v v
¢[,y = ¢I,)/ o ¢y .

Write F for the field of A-translation invariant meromorphic functions on E¢.

Proposition 3.13. For generic y € E¢. ; and o € WOI define

1@ y) = 1y (A 8Y, (@@ 0v)) ).

Then {dbé,l G, V)}aeWO’ is a F-linear basis of Solg z(M(y)). Furthermore,

W(z,oy) B
o (z,y)= ——"" rt _(y)g~@? 3.14
V) = s ZQj L e1()g (3.14)

with the M (y)-valued power series converging normally for z in compact of Ec and
with leading coefficient

Tyt (v) = ( I (a2q—>®; qi)oo)nmwo)b;_] 7). (3.15)

-
aERy
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Proof. Since y € Eg. , is generic, the CI>£,1 ,y) (o € W({) are well defined M;(y)-
valued meromorphic functions satisfying the quantum affine KZ equations

i @e! @-n=0! @. 1rek. (3.16)

They are F-linearly independent because their leading coefficients n}f(TwO)b(IT )

(o € W({) form a linear basis of M;(y). The solutions d>(17,1 G,y) (o € WOI) can be
used to define a fundamental matrix solution of the quantum affine KZ equations (3.16),
from which it follows that

Dimp (Solg z(M;(y))) = Dimg (M (y)).

Hence the &/ _, (-, y) (o € W{) form a F-linear basis of Solg z (M (y)) (cf. [51, Sect.
5.6], where the proof is discussed in detail for the initial data of type A and I = (). O

3.5. The connection problem and its solution. Fix genericy € E¢ ;. There exists unique
coefficients

mio (y)eF (0 € Wos 1, 12 € W)
such that
VMI(w(U)q)%l(., y)= > mho,(, y)cpil,l(., ). (3.17)
‘E]EW({

Definition 3.14. We call the #W/ x #W{ -matrices
Mbo(,y) = (mii‘frz(., y))n,rzeW({’ oeW

with coefficients in F' the connection matrices of the quantum afffine KZ equations
associated to the initial data (D, «) and the principal series representation M;(y).

The following cocycle property is immediate:
M 2, y) =M (2, y)M° (67 '2.y), 0.0 € W,
Mz, y) =1d.
To explicitly compute the connection cocycle {M'9 (z, ¥)}oew, it thus suffices to
compute M5 (z, y) (1 <i < n).

To state the result we first need to introduce some more notations. Fori € {1, ..., n}
leti* € {1, ..., n} be the index such that

—wo(@;) = a;x.
For 0,0’ € Wy let 8, be equal to one if o = ¢’ and equal to zero otherwise. For a
finite root @ € R( write
~ z ~ —x .2
e (X, y) 1= q‘zu%%”w—x)(ww——V>e(a“qy’ baq”: Caq”, dug” " /da; q"‘).
0(q%, dag=; q2)

We write ¢, (x, y) (¢ € Rp) for its dual version,

r ) — .2
T(x,y) = q‘ﬁwf«(,m—x)(wm—y)9(aaqy’baqymaqy’daq’ */aa’ 4)
o ) o ~ .
0(¢%.dug™: 42)
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Theorem 3.15. Fix generic y € E(. ; satisfying the additional conditions

q2(/§»V) ¢ qéz VB € Ry. (3.18)
Leti € {l,...,n}and rp € WOI.
(1) If si=ta & W then

1 ,8i

'L'] ‘L’z( y)_5‘51 (%) VT]GWOI.
2) If sixT2 € W({ then

mls (L) =0 if 1 ¢ (0, 5072
and

eo, (@i, 2), (@, 12y)) — ¥, (@, T2¥), (@i, 2))
Co; (@i, 2y), —(ai, 2))

e, (i, 2), — (@, T27))

T (@, 12y), — (i, 7))

1,s _
my, (2, y) =

k]

(3.19)

1,s; _
msi*l‘fz,‘fz (Z, y) -

Remark 3.16. An alternative formulation of Theorem 3.15 is as follows. Suppose that
y € E(’(‘: ; 1s generic and that (3.18) is valid. Let i € {1,...,n} and ©» € W({. If

oo ¢ W] then
VM’()/)(S[)q)Ifl('» y) = CDI,I(', )/)7
2 i)
if 5+, € W{ then

vM'<V>(sl->d>§2_.(~,y>=mg§;2< y)o! e y)y+mii @ Cy)

T2 Six

with the coefficients mgf’gz(-, v), mi.’:",z,tz(-, y) € F explicitly given by (3.19).

Proof. In[64, Thm. 1.6] the connection problem for the bispectral problem of the Ruijse-
naars—Macdonald—Koornwinder—Cherednik difference operators associated to (D, k) is
solved. Through the difference Cherednik—Matsuo correspondence it is equivalent to the
solution of the connection problem for the bispectral quantum KZ equations associated
to (D, k) (cf. the proof of [64, Thm. 1.5]). In our notations it gives the following.
View the normalised intertwiners A;(§) (t € Wp) as linear operators on V depending
meromorphically on & € Ec by identifying V >~ M (&) as vector spaces through ¢g/ .
Thenfor1 <i <nand 1, € Wy,

Cy; (2, )(A 1 (E) P (siz, 0§)) =n3 ,(2.8)(A, 1), 0§))
g, 0 0 (2, 5)( Sl E) P (2, sie12§))  (3.20)
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as V-valued meromorphic functions in (z, §) € Ec x Ec, with nsr‘1 .7, (which is denoted
by mi’;l - in [64]) given explicitly by
1 %2

eq (@i, 2), @+, 128)) — ¥ (@, 2E), (@i, 2))
T ((@ix, 28), — (i, 2))

e, (@i, 2), — (@, 128))

Co; (@, ), —(civ2))

Ny o (2, §) =

’

Mty (2, §) =

By the additional generlc conditions (3.18)ony € E(C ;» We can specialise & in the coef-

ficients n,z,f2 (-,&)and nsi*,z,,2 (-, &) to y to get coefficients n‘i"z,rz G, v), nz* nnl. V) E
F. We consider now two cases.

Case 1: s;x1) € W({.

Then in (3.20) we can specialise & to y and apply ¢>}{y to obtain

M .
"”(z)cb’fl (512, 7) = 1 0 @ IO @) + 1y o ()P (@)

as identity between M (y)-valued meromorphic functions in z € E¢, cf. Proposition
3.13. This proves (2).

Case 2: si=ty ¢ W{. Then we rewrite (3.20) as

Cs(z,8)(A, fl(E)q’(SzZ 0§)) =n}, TZ(Z,E)(AIEI(EE)‘ID(Z’ 1§))
+G(z, 5)(5(&*725)14" (f;‘)d)(z 5i+12)) (3.21)

with .
ni;*rz rz(Z &)

S(sl*rzs)D 1. 6)

Gz, &) = (3.22)

We first show that G(z, &) is regular at § = y. Since 17 € W({ and s;*1o & WOI we have
o+ = 1(B) for some B € Ré. So sg € WOI, hence

[(six12) = I(1258) = (12) +1(sp).

Consequently B = «; for some j € I and [(s;x72) = [(125;) = [(12) + 1. Hence we
have

Drz_ls,-* &)= sz—l (g)Ds;* (1&)
= szfl(é:)Daj(S)
= Drfl(é:)(l _ 1 (ot] S))(l _ b lq(a] S))

by (3.4),and D_ = (v) # 01in view of the generic conditions on y € E(’& ;- Note though

that (1 — ~]_1q(0‘f £)) will be zero when specialising £ to y € E¢ ;. We will show
though in a moment that this factor also occurs as factor in the connection coefficient
nifﬂz,m (z, &), hence they will cancel each other out in (3.22).
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Observe that
Sspmag) =8 &) (q7a; 9@, g7b; 0, g7 40, ¢3d %0 7).,
gme =[] (qza—lqm 9 g257'q @0, 25,10, q231q@9; ¢2)

aery (R}

and 8" (y) # 0 by the generic conditions on y € E(’é ;- The connection coefficient
g .ty.1, (2, ) decouples,
pa; (—(@}, §))
o (2. ) = LA AR

Pa; (—(ai, 2))
with

H(Q(qu’ boqu’ Caqx, daqx; 6]3) qM%(Ka+KW(1))x
6(¢%; 42)

Pa(X) =

and with pg(x) its dual version

9(5a61x, baq*,caq”, duq™; qa) g M = (Rg+K(1))x
6(4%: 42)

(the decoupling formula in Remark 2.19(ii) is a special case). Combining these obser-
vations we conclude that the coefficient G (z, &) (see (3.22)) can be rewritten as

pa(x) =

aigj i q—z(ajf)—%f.(‘x‘a,%&;.))(&j,s>
pi(—(i, 2))D 1 (E)S" ()0 (> ¥); 47)
x (q7ajq~ ") q7bjq~ @) Ciq™ @9 djg™ @) gf)

Gz.§) =

00"

Hence G(z, &) isregular at &£ = y.
Returning to the second term in the right hand side of (3.21), we next observe that

SornE) AL ()@, 5i028)

_ Wasimg)

5@ un”(f)(A“'i’ll( 5;€) Z Fu(Sz*Tzé)q_(“ z)) (3.23)

HEQ+

since
unn _Aunn _Aunn unn g, .
AV () = AL(6) = AL AM 556)

by (3.4). Now ‘1’}),,/ o A?]’_m (y) : V — Mj(y) isthe zero map (see the proof of Proposition
3.4), hence we conclude that

o), (SermpA™ ()o@ siny)) =0
2 Si

as M (y)-valued holomorphic functioninz € Ec.
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Thus specialising & to y in (3.21) and applying the map 4’}},;/ we obtain

M
””(z)cb’_l(s,z V)= 0@ ).

It thus remains to show that
ny @ y) =1 (3.24)
as meromorphic function in z € E¢. To prove (3.24) first note that

i (z,y) = eai((()li, z), (&]7 J/)) _Eai((&j3 J/), (a;, 2))
V)= T (@) 1), — (@, 2))

since aj = rz_l(a,-*). But j € I,hence y € E(’é ] and o; € Wy(« ;) implies that
(@, y) =Ka,; + K2z, = Ka, + K2 -
Consequently

Co; ((Oli P Z)a E&,‘ + EZ&,‘) - ED(,‘ (E&, + EZ&,‘ P (0{[ s Z))

Si —
n (z,y) = o~ =
eO{,‘ (K&l‘ + K2&,- ) _(aiv Z))

2,72

(3.25)

By a direct computation the numerator in (3.25) can be rewritten as
ea; (0, 2), Kg; +K25;) — o, (Kg; + K2z, (@, 2))
(d /a;, qz(“’ D g b ,a;Ciiq ) _ g(a q @D pg@in) o q(@i2) d gD ja;a;; q; )
( 2(wj,z) d /al ql)

(3.26)
Recall the well known theta function identity
O(xv, x/v, A, /A5 q) —O(xh, x /X, pv, w/v; q) = —%Q(xu, X/, Av, AJv; q).
(3.27)

For an exhaustive discussion of (3.27) and its origin, see [47]. Using (3.27) with
(g, x, v, A, ) specialised to

(7. civJaibi,\Ja; ' bi. Vaibig™ " aibig ")
we can rewrite (3.26) as

Ca; ((Ol[ s Z)a E&i + EZ&,‘) - Eoz,- (E&A + EZ&,‘ B (Oli P Z))

0(aig= @, big= @), ciqg~ @i Dgig= @D /g7 q?) 2. (3.28)
B 0(q* ", d; fa;: q7) o
A direct computation shows that the right hand side of (3.28) equals
E{Oll' (z&, + E2&, ) _(ai ) Z)) (329)

Hence

ny (2 y)=1

as meromorphic function in z € E¢, as desired. O
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3.6. The link to the spin—% XXZ boundary qKZ equations. We specialise the results of
the previous subsection to the initial data (D, «) corresponding to the Koornwinder (or
CY C,) case of the Cherednik-Macdonald theory. The five tuple D = (Rg, Ao, o, A, A)
is then given as follows (we choose our notations to ensure that it matches with the
notations in Sect. 2.1). Take E = R" (n > 2) with the standard orthonormal basis
{ei}?_,. The root system Ry is taken to be the root system of type B, realised by

Ro = {%(e;i L ej)}i<icj<n U{Eei}];.

As ordered basis we take

Ao =(a1,...,0—1,0y) = (€1 —€2,...,eu—1 — €y, €y).
We are considering the twisted theory e = 7, hence iy = |«|>/2 and @ = « for all
o € Ry. The lattices are taken to be as small as possible,
A=7Z"=A
(the root lattice of Rp). The affine simple root is @ = 5 — ej. The Weyl group Wy =
(St ---»81—1,Sp) 1s isomorphic to the hyperoctahedral group S,, x (£1)". Furthermore
we have so = t(e1)s,; and W = (so, ..., s,) = Wy x Z".

The affine root system R(D) associated to D has five W-orbits
Wag, W(QRag), Wai, Wa,,, W(_2ay,).

A multiplicity function « : R(D) — R thus is determined by five values, which we
denote by

(é‘v v, é‘/, U/9 K) = (Kotn s K20, s Kag s K20 K(xl)' (330)
The dual parameters are then obtained by interchanging v and ¢’. The Askey—Wilson
parameters {ay, by, co, dy} are {a, b, ¢, d} (see (2.7)) if « € Ry is short. If « € Ry is
long then {ag, by, Ca, do} = (g%, —1, ¢'**, —g}.

We take I :={1,...,n — 1}, so that
Wo.r = (s1, -+, Sn—1) = Sp.
Note that
EG, ={E+n =D, 6+ @n—=3),.... 5+ (1 —n)) | § € C).

Recall the spin representation (n&f’), (C?)®") (see Proposition 2.1) and the elements

we € Wy (€ € {£1}") defined by (2.2), which are the minimal coset representatives WOI
of Wo/ Wo,; (see Lemma 2.3). By [65, Prop. 3.5] we have

(). Mi(y)) = (w ), (CH®") (3.31)
as H («)-modules, with y € E(’é ; given by
y=E+m—Dr,E+(n—3)k,....E+ (1 —n)k). (3.32)

The isomorphism M;(y) — ((C2)®" of H(k)-modules maps the basis element

Uy, (V) € Mi(y) to v € (C2)®" for all € € {£1}" (see Lemma 2.3).

In the remainder of this subsection we assume that y € E(’{: I (see (3.32)) is
generic and satisfies (3.18) (this gives generic conditions on & and «). The isomor-
phism M;(y) = (C2)®" allows to transfer the definitions and results of this section

to the setting of the XXZ spin chain (see Sect. 2) in the following way.
Lete, ¢’ € {£1}" and o € Wy, then
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(1) The vector b; _1(y) € M;(y) (Corollary 3.6 and Proposition 3.4) is mapped to

be € (Cz)®n (I:emma 2.4);
(2) The quantum affine KZ equations associated to M;(y) (Definition 3.8) become the
boundary quantum KZ equations (2.6) associated to the XXZ spin-% chain;

(3) The power series solution d>1w _, (-, ¥) (Proposition 3.13) of the quantum affine KZ

equations become the power series solution ®,(-) (Theorem 2.7) of the boundary
gKZ equation (2.6). In particular Theorem 2.7 is a special case of Proposition 3.13.
(4) The connection coefficient m! (-, ¥) (Sect. 3.5) equals M? (-, &) (Sect. 2.4).

U)U)/ cm; €, €

We are now ready to prove Theorem 2.10 as a consequence of the explicit expressions
of the connection matrix of the quantum affine KZ equation for principal series modules
(see Theorem 3.15).

Proof of Theorem 2.10. Recall that MZ, (z, &) is the linear operator on (C2)®n defined
by

(@ e = D MG, (2, E)ve

ety
Z mw g (2, y)ve.
e(£1)"
Fixi € {1, ..., n} and note that i* = i. By Theorem 3.15 we have
M (2, E)ve = ve if sjwe & WY, (3.33)
and
M (2, E)ve = mﬁ)s/"’wé/(z, VIV +myt o, (@ y)ver if siwe € Wi, (3.34)

where €” € {£1}" is such that s;we = wer. Let Wy >~ S, x (£1)" act on {1}" by
permutations and sign changes. We need the following simple lemma. O

Lemma 3.17. Let€ € {+1}"and 1 < j < n.
(i) sjwe € WO[ < (€), €j+1) € {(+1, =1), (=1, +1)}, in which case sjwe = ws;e.
(ii) $pWe = Wy,e € WOI.

Proof. (ii) is trivial in view of the explicit expression (2.2) of w. € Wo The
explicit expression (2.2) of w, immediately implies that s;w, = Ws e if (¢j,€j41) €
{(+1, =1), (=1, +1)}. Suppose that (¢;, €j41) = (+1, +1). Then

SjWe = WeSk
forsome 1 <k < j < n since

55 (SpSpal -8 1S)_[(s,s,+1~-~sn_1s,,)sj if j+1<r <n,
JWror+l ***on—19n) —

(S78r41 - 'sn—lsn)sj—l if 1<r<j.

Hence s;w, ¢ W({.
Suppose that (€, €41) = (—1, —1). Then we need in addition the equality

8j(CsjerSjan s (8jSjar - 50)) = ((Sj41842 - $2) (S8 )1 =~ $0) ) Sn—1

in W to conclude that s jwe = wesy for some 1 < k < n, hence s;we ¢ W, O
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Continuing with the proof of Theorem 2.10, we conclude from (3.33), (3.34), Lemma
3.17 and the explicit expressions for the connection coefficients mll,,;’ w., (-, ¥) (see The-
orem 3.15) that for all € = (¢, ..., €,) € {£1}",

M, (2. &)ve = RO (i, 2)., (i, woi Y))iis1 Ve

if1 <i<nwithe'D:=(e],....¢/_;,1,—1,€,,...,€,) and
1 0 0 0
ew(x»y)fzm-()ﬁx) ey (X, y)
0 ] i ] 0
i — e (v, —x) e (—y,—x)
RO (x,y):= 0 e, (1~ ) o (9 ey (30 [
e (v, —x) e, (—y,—x)
0 0 0 1
and
an (z, S)Ue/ = K((an, z), (0, w 5/(n)y))nvg/
with €/ = (€},...,€,_y,+1) and
Ca; (X, ) =%, (¥,X) Cay, (X,))
. an (¥, —X) oy (—y,—X)
K(x,y) ~—( ) ey ()t - y,x))-
ey (¥, —X) ey (—y,—X)
If1 <i <nthen (Z, o)) = Z,so [64, (1.9) and Prop. 1.7] gives
ey 0( 2K y—X. )
eol,'(x7 y) eol,'(yvx) 9= -4 »q (2K—y)x
= ) q = Bem(x, _y),
€ (¥, —x) 0(q”, g% *; q)
eq; (X, )’) (q2K Yo Q) 2e(x=y) _ 4
~ 2 —x —y. q - Cm(x7 )’),
(v, —x) (g%, g7 q)
hence
MAI (z, %—)Ue’ = tt+1Rcm(Zz Zi+ls (0, wg’(i)y))i,Hlvg’

(see Theorem 2.10 for the definitions of A, (x, ¥), Bem(x, y) and Rey, (x, y)). Fori = n
a direct computation using (3.30) gives

ea, (X, y) = C(x, y)
(see (2.9) for the definition of C(x, y)), hence
MS" (z, E)ve’ = Kenm(zn, (0, w /(n)V))nve

(see Theorem 2.10 for the definition of K., (x, y)). So the following lemma completes
the proof of Theorem 2.10.

Lemma 3.18. Ler 1 <i <n, € € {x1}" and y € Eg | (see (3.32)).
(D) If (€i, €i41) € {(+1, —1), (=1, +1)} then

(ai, wewry) =25 —2k(er+ e+ +€-1).
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@) (n, wemy) =§ —k(e1+€2+- - +€p1).
Proof. Write Ve:={j e {l1,...,n} | e;=—1}={j1,..., j}with ji<jo<--- < jr.

(l)Supposethaf(ei, €i+1) = (+1, —1)andlet1 <t < rbetheindex suchthat j, = i+1.
Using the expression

We = (8),8j+1 -+ Sn) -+ (SjpSjp1 -+ Sn) (SjySji41 - -+ Sn)
(see (2.2)) we obtain
w (@) = we (@) = eimat + enorat.
Then

(i, W Y) = Viet+l + Yn—r+1 = 26 + (41 — 20 — )k
— 28+ 2t — 1) — 2uc(i — 1)
=2& —2k(e1+---+€_1).

If (¢;, €;+1) = (—1, +1) then we apply the result of the previous paragraphto €’ := s;€
to conclude that

(@i, weiy) = (i, Wiy V)
=26 — (€| + -+l
=2§—2K(61+-~-+6,'_1).

(2) Suppose that €;,, = +1, so that j. < n. Then

-1 —1
W ) (an) = We (an) = en—r

hence
(an, wgm))/) = Yn—r
=f+xk(l—n+2r)=&+kr—«xn—1-r)
=& —k(er+er+---+€,-1).
If €, = —1 then we apply this result to €’ := s, € to reach the same conclusion,

(ns W y) = (@p, W V)
=& —k(ej+es+-+€,_))
=& —k(er+ex+---+e€5-1).

This completes the proof of the lemma. O
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