UvA-DARE (Digital Academic Repository)

Holographic entanglement entropy and gravitational anomalies
Castro, A.; Detournay, S.; Iqbal, N.; Perlmutter, E.
DOI
10.1007/JHEP07(2014)114
Publication date
2014
Document Version
Final published version
Published in
The Journal of High Energy Physics

Link to publication
Citation for published version (APA):
Castro, A., Detournay, S., Iqbal, N., & Perlmutter, E. (2014). Holographic entanglement
entropy and gravitational anomalies. The Journal of High Energy Physics, 2014(7), [114].
https://doi.org/10.1007/JHEP07(2014)114

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).
Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)
Download date:09 Jan 2023

Published for SISSA by

Springer

Received: June 22, 2014
Accepted: July 5, 2014
Published: July 23, 2014

Alejandra Castro,a Stephane Detournay,b Nabil Iqbalc and Eric Perlmutterd
a

Institute for Theoretical Physics, University of Amsterdam,
Science Park 904, Postbus 94485, 1090 GL Amsterdam, The Netherlands
b
Physique Théorique et Mathématique,
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Introduction

Holography relates gravitational physics to the dynamics of quantum field theories with a
large number of degrees of freedom. The precise mechanism governing the emergence of
an effective geometry from field-theoretical degrees of freedom remains somewhat unclear.
However, recent work has shown that the concept of quantum entanglement is likely to
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1 Introduction

play a key role in an eventual understanding of this emergence. Consider the entanglement
entropy of a spatial region X in the quantum field theory, defined as the von Neumann
entropy of the reduced density matrix ρX characterizing the spatial region. This is a
very complicated and nonlocal observable. However, in field theories with semiclassical
gravity duals governed by Einstein gravity, there exists a simple and elegant formula for
the entanglement entropy, due to Ryu and Takayanagi [1]:
SEE =

Amin
,
4GN

(1.1)

where C is a curve in the three dimensional bulk and the vectors n and ñ define a normal
frame to this curve. µ−1 appears in the coefficient of the gravitational Chern-Simons term,
and measures the anomaly coefficient in the dual two-dimensional theory.
Interestingly, just as a the length of a bulk spatial geodesic may be understood as the
action of a massive point particle propagating in the bulk, this new term may be understood in terms of the action of a spinning particle, i.e. an anyon in AdS. Boundary intuition
for this result comes from the fact that in two-dimensional conformal field theories with
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where Amin denotes the area of the bulk minimal surface anchored on the boundary of the
spatial region X. This equation relates two very primitive ideas on either side of the duality
— geometry and entanglement — and thus may provide insight into the reorganization of
degrees of freedom implied by holography.
In this paper we study holographic entanglement entropy in a different class of theories,
namely, two-dimensional conformal field theories with gravitational anomalies [2]. These
theories suffer from a breakdown of stress-energy conservation at the quantum level: this
may be understood as a sensitivity of the theory to the coordinate system used to describe
the manifold on which it is placed. The anomaly is present in any theory with unequal left
and right central charges appearing in the local conformal algebras. If such a theory admits
a gravity dual, the holographic three-dimensional bulk action will contain a gravitational
Chern-Simons term.
We have two main motivations in mind for studying entanglement entropy in such theories: from a field-theoretical point of view, we would like to better understand the interplay
between anomalies and entanglement entropy. Indeed the celebrated formula SEE = 3c log R
for the entanglement entropy of an interval in the vacuum of a two-dimensional conformal
field theory is an example of a precise relation between these two concepts, but is controlled by the conformal anomaly instead. Another motivation is holographic: as we will
see, in theories with anomalies, entanglement entropy probes other aspects of the dual
bulk geometry.
We find that the sensitivity of the field theory to its coordinate system manifests itself
holographically in an elegantly geometric way: it gives physical meaning to a normal frame
attached to the Ryu-Takayanagi worldine, essentially broadening the minimal worldline
into a ribbon. The anomalous contribution to the entanglement entropy is now given by
the twist in this ribbon:
Z
1
Sanom =
ds (ñ · ∇n) ,
(1.2)
4G3 µ C

2
2.1

Quantum entanglement in 2d CFTs with gravitational anomalies
Gravitational anomalies

We begin by recalling some basics about gravitational anomalies in 2d conformal field
theories (CFTs). More complete accounts of the subject, including generalization to higher
dimensions, can be found in e.g. [2, 10, 11].
A 2d CFT has Virasoro symmetries on the left and right that are generated by
holomorphic and anti-holomorphic components of the stress tensor, T (z) ≡ 2πTzz and
T (z) ≡ 2πTzz , respectively. The algebras take the familiar forms
cL /2 T (0) ∂T (0)
+ 2 +
+ ... ,
z4
z
z
cR /2 T (0) ∂T (0)
+ ... .
(2.1)
+ 2 +
T (z)T (0) ∼
z
z
z4
Associated to each algebra is an independent central charge. EL and ER will denote the
left and right Virasoro zero modes, respectively.
One can couple any QFT to a background metric gij which acts as a source for the
stress tensor Tij , where (i, j) run over the spacetime coordinates (z, z). In terms of the
QFT generating functional W = − log Z, the stress tensor is defined as
T (z)T (0) ∼

2 δW
Tij = √
.
g δg ij
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a gravitational anomaly, the twist fields used to compute entanglement entropy acquire
nonzero spin proportional to the anomaly coefficient. We discuss the bulk interpretation
of this action in detail, demonstrating in particular that its variation results in the usual
Mathisson-Papapetrou-Dixon equations of motion for a spinning particle in general relativity [3–5]. Thus our results may also be viewed as the construction of the worldline action
of an anyon in curved space. We anticipate further applications of this formalism.
A brief outline of the paper follows. In section 2 we use two-dimensional conformal
field theory techniques to study Rényi and entanglement entropy in field theories with
gravitational anomalies; no use is made of holographic duality in that section. In section 3
we derive the bulk result (1.2) by a careful evaluation of the action of a cone in topologically
massive gravity, following techniques developed in [6]. We also discuss its interpretation in
terms of the action of a spinning particle and the relation to the Mathisson-PapapetrouDixon equations. In section 4 we apply (1.2) to various simple spacetimes of interest,
holographically deriving results that agree with the field theory calculations from section 2.
We conclude with a brief discussion and summary of future directions in section 5. Many
important details of the derivations have been relegated to various appendices.
Appendix E presents a very different reformulation of the results of this paper, using
the approach studied in [7] to instead compute entanglement entropy from bulk Wilson
lines in the Chern-Simons formulation of topologically massive gravity.
Previous discussion of entanglement entropy in topologically massive gravity includes [8, 9]: we believe that these works are incomplete in that they do not deal sufficiently
carefully with the subtle lack of diffeomorphism invariance expected in these theories.

If cL 6= cR in a 2d CFT, one cannot consistently promote the background metric to a
dynamical field: that is, the CFT suffers from a gravitational anomaly. Examples include
theories with chiral matter and holomorphic CFTs [12, 13].
The anomaly so defined can be presented in two ways. On the one hand, it is manifest as a diffeomorphism anomaly, in which case the stress tensor is symmetric but not
conserved. Under an infinitesimal diffeomorphism generated by ξi , the metric transforms as
δgij = ∇(i ξj) .

(2.4)

On the other hand, the anomaly can appear as a Lorentz anomaly — that is, an anomaly
under local frame rotations — in which case the stress tensor is conserved but not symmetric. Working in the tangent frame, we have the vielbein eai , spin connection ω ab,i and
curvature 2-form Rab , where (a, b) are frame indices; see [10] for a fuller description of the
passage between metric and frame formulations. Under an infinitesimal frame rotation,
the vielbein transforms as
δeai = −αab ebi
(2.5)
with αab = −αba the rotation parameter. Non-invariance of the CFT generating functional
implies that this stress tensor, call it T̃ij , obeys


cL − cR ?
T̃ab − T̃ba =
Rab ,
(2.6)
48π
where ? Rab is the Hodge star of the curvature 2-form,
1
Rab = Rijkl eai ebj dxk ∧ dxl .
(2.7)
2
The presentation of the anomaly is a matter of choice: shifting from one to the other can
be done by adding a local counterterm to the CFT generating functional [14, 15].1
The anomaly presented thus far is the so-called “consistent” form, obtained from a
generating functional that satisfies the Wess-Zumino consistency conditions. There exists
a “covariant” form of the anomaly, in which covariance of the stress tensor is restored via
improvement terms,
Tbij = Tij + Yij
(2.8)
for suitably chosen Yij (the “Bardeen-Zumino polynomials”) [15]. The covariant currents (2.8) can be derived from a modified generating functional living in 2+1 dimensions. Framed as a diffeomorphism anomaly, for instance, the non-conservation equation
in covariant form becomes


cL − cR k
ib
∇ Tij =
 j ∂k R ,
(2.9)
96π
1

This is succinctly captured in the language of the anomaly polynomial. For a gravitational anomaly in
a 2d CFT, the polynomial is P4 (R) = Tr(R ∧ R) = dω3 . The choice of diffeomorphism or Lorentz anomaly
corresponds to the choice of whether to express the curvature as R = dΓ + Γ ∧ Γ or R = dω + ω ∧ ω,
respectively.
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Non-invariance of the CFT generating functional implies


cL − cR kl
i
∇ Tij =
 ∂k ∂m Γm
jl .
96π

(2.3)

where R = Rij g ij is the Ricci scalar; note the absence of explicit factors of Γ. In a
holographic context, the usual AdS/CFT dictionary identifying boundary data with sources
in the CFT generating functional naturally leads to the consistent form [16].
2.2

Rényi and entanglement entropy in the presence of a gravitational
anomaly

SEE = lim Sn = − Tr ρ log ρ .
n→1

(2.11)

This procedure involves ambiguities in principle; we will employ the naive analytic continuation, based on precedent in similar 2d CFT entanglement calculations. For further
details on this construction, we direct the reader to [17–19].
Computing entanglement entropy via the replica trick amounts to computing the Rényi
entropy for arbitrary n. The latter is equivalent to computing a QFT partition function
Zn on a branched cover of M , with branch cuts along the entangling surface. The precise
relation is
Zn
Trρn =
.
(2.12)
(Z1 )n
This technique is applicable in any state that can be defined using a functional integral. Alternatively, one can eschew this topological perspective, and instead compute
Trρn as a correlation function on M of twist operators inserted at the boundary of the
entangling region.
We focus on 2d CFTs henceforth, calling a generic CFT C. The branched covers
of M are Riemann surfaces of N - and n-dependent genus; when M = C, for example,
g = (N −1)(n−1). Rather than computing partition functions on arbitrary genus Riemann
surfaces directly, we will employ the twist field perspective [17, 20]. For N spatial intervals
bounded by endpoints {ui , vi }, one inserts N twist operators Φ+ at the endpoints ui and
N twist operators Φ− at the endpoints vi , and computes their 2N -point correlator on M :
* N
+
Y
Tr ρn =
Φ+ (ui )Φ− (vi )
.
(2.13)
i=1

C n /Zn

As the subscript denotes, the correlator is evaluated in the orbifold theory C n /Zn . Φ+
and Φ− act oppositely with respect to the cyclic permutation symmetry Zn , and have a
nontrivial OPE. The n-dependence also enters (2.13) through the scaling dimensions of the
twist operators, to be derived momentarily.
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Consider a QFT living on some Riemannian manifold M , in a state defined by some given
density matrix. One can form a reduced density matrix, ρ, by tracing out degrees of
freedom exterior to some spatial region at fixed Euclidean time. The Rényi entropy Sn is
defined as
1
Sn =
log Trρn ,
(2.10)
1−n
where n is a positive integer. In a 2d QFT, the spatial region is the union of N ∈ Z disjoint
intervals. Upon analytically continuing n to positive real values, one can take the limit
n → 1 to obtain the entanglement, or von Neumann, entropy,

maps Rn,1 7→ C, coordinatized by z. To compute the scaling weights of the twist operators,
consider the one-point functions of the CFT stress tensor components, hT (w)iRn,1 and
hT (w)iRn,1 . On one hand, one can compute the conformal transformation of the stress
tensor under the map (2.14). On the other, these expectation values can be traded for
correlation functions with twist operators in the orbifold theory, by definition of the twist
operators themselves. Recalling that hT (z)iC = hT (z)iC = 0, one finds

2
1
u−v
n−
,
n
(w − u)(w − v)


2
cR
1
u−v
=
n−
.
24
n
(w − u)(w − v)

hT (w)Φ+ (u, u)Φ− (v, v)iC n /Zn
cL
=
hΦ+ (u, u)Φ− (v, v)iC n /Zn
24
hT (w)Φ+ (u, u)Φ− (v, v)iC n /Zn
hΦ+ (u, u)Φ− (v, v)iC n /Zn



(2.15)

These equations are nothing but the conformal Ward identities for the holomorphic
and anti-holomorphic stress tensors, acting on Virasoro primary operators with scaling
dimensions




cL
1
cR
1
hL =
n−
, hR =
n−
.
(2.16)
24
n
24
n
Defining conformal dimension ∆ = hL +hR and spin s = hL −hR , we find spinning, anyonic
twist fields as advertised:




cL + cR
1
cL − cR
1
∆=
n−
, s=
n−
.
(2.17)
24
n
24
n
This derivation is a simple extension of the case cL = cR treated in [17] and elsewhere; the
key point is that the calculation holomorphically factorizes.
By deriving twist operator quantum numbers from the CFT stress tensor, this method
fully accounts for the dependence of Rényi and entanglement entropy on the gravitational
anomaly. We are implicitly working with the consistent form of the anomaly, because T (z)
and T (z) are defined through variations of the original CFT generating functional. Notice
that in computing entanglement entropy as the n → 1 limit of Rényi entropy, the twist
operators are analytically continued from anyons to spinless bosons. However, the ratio
s/∆ is independent of n.
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For a CFT with cL 6= cR , these techniques still apply. The presence of a gravitational
anomaly does not spoil the use of functional integrals; one need only be careful about their
transformation properties. This brings us to the central novelty: in a CFT with cL 6= cR ,
the twist fields Φ± have nonzero spin controlled by the anomaly coefficient: s ∝ cL − cR .
To derive this fact, following the original method of [17], it is sufficient to consider a
single interval in the ground state of a CFT C, with endpoints (u, v). Before replication, C
lives on the complex plane, M = C. The replica surface — call it Rn,1 — has genus zero
for all n, and can be conformally mapped back to the complex plane. If w is a complex
coordinate on Rn,1 , then


w − u 1/n
z=
,
(2.14)
w−v

2.3

Applications

With these results in hand we proceed to easily derive universal results for single interval
Rényi and entanglement entropy in 2d CFTs with arbitrary (cL , cR ). From (2.13), this
merely involves computing the two-point function of Φ+ and Φ− . For a CFT in its ground
state, on a circle, or at finite temperature and angular potential, the functional form of
the correlator is fixed by conformal symmetry [21]. We will also comment on more general
entanglement entropies in holographic CFTs with cL 6= cR .
We work with an interval [0, R] in a CFT on a line, with R ∈ R, unless otherwise
noted. Thus, we wish to compute

2.3.1

(2.18)

Ground state

In this case, M = C, so (2.17) and (2.18) yield


 
1 cL + cR
R
Sn = 1 +
log
.
n
12
ε

(2.19)

and the entanglement entropy is easily obtained,
SEE =

cL + cR
log
6

 
R
.
ε

(2.20)

This was first derived in [22]. The anomaly makes no contribution to (2.20). For holographic CFTs, this state is dual to Poincaré AdS.
2.3.2

Ground state, boosted interval

Now consider a complex interval [0, z], with z ∈ C somewhere off the real axis. We find


 
 
1
z
cL
z
cR
Sn = 1 +
log
+
log
.
(2.21)
n
12
ε
12
ε
In this case, we do see a contribution from the anomaly. If we define z = Reiθ , we find an
entanglement entropy
 
cL + cR
R
cL − cR
SEE =
log
+
iθ .
(2.22)
6
ε
6
This setup is just a rotation of the previous one, but in a theory with a Lorentz anomaly,
observables are sensitive to the choice of frame. Equivalently, in the language of the
diffeomorphism anomaly, observables are sensitive to the choice of coordinates used to
define a constant time slice.
As (2.22) shows, in the absence of Euclidean time reflection symmetry (z ↔ z) a
Euclidean CFT partition function need not be real.2 This is familiar from the thermal
2

In fact, the anomalous piece had to be purely imaginary on general grounds. Thinking of Tr ρn as a
CFT partition function on a Riemann surface, as in (2.12), we note that only the imaginary part of log Z
can ever receive an anomalous contribution. Thus, the frame rotation to a complex interval must lead to
an imaginary piece of the Euclidean Rényi entropy.
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1
loghΦ+ (R)Φ− (0)iC n /Zn .
1−n
We will reinstate the UV cutoff as needed for dimensional analysis.
Sn =

partition function of a non-anomalous CFT at finite temperature and chemical potential for
angular momentum. As in that case, the complexity of (2.22) is consistent with a sensible,
real Lorentzian interpretation: under the analytic continuation z = x − t, z = x + t, the
angle θ maps to a boost parameter κ as θ = iκ. Plugging this into (2.22) yields a real
contribution to the entanglement entropy due to an anomalous Lorentz boost:
 
cL + cR
R
cL − cR
SEE =
log
−
κ.
(2.23)
6
ε
6
There is a simple physical argument for this due to Wall [23], as shown in figure 1.
To understand figure 1, suppose that we have quantized our theory with respect to the
time coordinate t; thus we understand how to compute entanglement entropy on the slice
t = 0. Consider now the entanglement through the boosted interval (ending at R0 ). We
would like to relate this to entanglement computed at t = 0. We see that at t = 0 all the
left-movers that will eventually pass through the boosted interval are inside RL , whereas
all the right-movers are inside RR . Assuming factorization of left and right-movers, the
entanglement computed at t = 0 then should be




RL
cR
RR
cL
log
+
log
(2.24)
SEE =
6
ε
6
ε
If the hyperbolic boost angle is κ, then RL = Re−κ and RR = Reκ : this immediately
reproduces (2.23).
2.3.3

Finite temperature and angular potential

Consider now a spatial interval [0, R] in a general Lorentzian CFT on a line at finite
temperature, T = β −1 , and chemical potential for angular momentum, Ω. The CFT now
lives on a cylinder with a compact thermal cycle, M = S 1 ×R. For a holographic CFT, this
state is dual to the rotating, planar BTZ black hole. After Wick rotation, the Euclidean
partition function is
Z = Tr(e−βH−βΩE J )
(2.25)
where
H = ER + EL −

cL + cR
,
24

J = ER − EL +

–8–
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Figure 1. Flow of entanglement through boosted interval.

and we define ΩE to be real via the standard analytic continuation Ω = iΩE . It is convenient
to define left and right temperatures, TL 6= TR ; the respective inverse temperatures (βL , βR )
are defined in terms of (β, ΩE ) as
βR = β(1 − iΩE ) .

βL = β(1 + iΩE ) ,

(2.27)

Notice that in the ground state on the cylinder, EL = ER = 0, there is a nonzero “Casimir
momentum” J0 in addition to the usual ground state energy, E0 :
E0 = −

J0 =

cL − cR
.
24

(2.28)

This effect stems from the imbalanced chiral contributions to the Casimir energy.
To compute the Rényi entropy, we plug the universal form of cylinder correlation
functions into (2.18), which yields






1
cL
βL
πR
cR
βR
πR
Sn = 1 +
log
sinh
+
log
sinh
,
(2.29)
n
12
πε
βL
12
πε
βR
and in the limit n → 1,
SEE =

cL
log
6



βL
πR
sinh
πε
βL


+

cR
log
6



βR
πR
sinh
πε
βR


.

(2.30)

For βL 6= βR , there is an anomalous contribution that maps to a real entanglement entropy
in Lorentzian signature. The formula neatly factorizes, and yields the correct Cardy entropy
in the thermal limit R  (βL , βR ). In analogy to the case of the complex interval on the
plane, we can think of ΩE as a boost parameter, or as parameterizing passage to a rotating
frame.
From the above results, we can also compute entanglement for a CFT at zero temperature on a cylinder of size L. We can read off the Rényi and entanglement entropies
from (2.29)–(2.30) by simply taking βL = βR 7→ −iL. This case sees no anomalous contribution. For holographic CFTs, this state is dual to global AdS.
2.3.4

Holographic CFTs at large central charge

The results in this section universally apply to all CFTs with arbitrary (cL , cR ). For this
(sub)subsection, we specialize to a class of “holographic” CFTs at large total central charge
cL +cR : this should be understood as the class of CFTs which are likely to have semiclassical
gravity duals, although no use will be made of holography in this section. A constructive
definition of such CFTs was given in [19, 24]: aside from fundamental properties of unitarity,
modular invariance and compactness, their essential property is that the OPE coefficients
and density of states with ∆ . cL + cR do not scale exponentially with large cL + cR .
In anticipation of our study of holographic entanglement in TMG, this is an eminently
relevant class of theories to consider.
Recent work [19, 24–30] has shown that in such large central charge 2d CFTs with
or without gravitational anomalies, Rényi and entanglement entropies can be derived for
otherwise non-universal cases, involving higher genus manifolds M or multiple intervals

–9–
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cL + cR
,
24

SEE

X
cL + cR
=
min
log
6
(i,j)



zi − zj
ε


,

(2.31)

where {zi } label the endpoints, i = 1, . . . , 2N .

3

Holographic entanglement entropy in topologically massive gravity

We turn now to the holographic description of theories with gravitational anomalies. As
mentioned earlier, the bulk action describing such a theory has a gravitational ChernSimons term in its action. In trying to understand the anomalous contribution to entanglement, it is sufficient to work with topologically massive gravity (TMG), which couples
the Chern-Simons term to ordinary Einstein gravity. The Ryu-Takayanagi prescription for
computing entanglement entropy will require modification in this case. Roughly speaking,
just as in ordinary 3d gravity the Ryu-Takayanagi worldline can be viewed as the trajectory traced out by a heavy bulk particle, we will show that in TMG the analog of this idea
involves a massive spinning particle, whose on-shell action yields the holographic entanglement entropy. This is nothing but the extension of the twist field spin into the bulk. Thus,
our task is to construct an action for such a particle and understand its dynamics. As we
will see, our action makes satisfying contact with previous literature on spinning particles
in general relativity.
We begin this section by briefly recalling some salient features of TMG.
3.1

Gravitational Chern-Simons term

The original work on TMG dates back to [32–34]; for a more modern treatment see e.g. [16,
35, 36]. The action is the sum of the Einstein-Hilbert term and a gravitational Chern3

For larger interval sizes there may be a competing saddle, holographically manifest as the disconnected
surface contributing to the Ryu-Takayanagi formula, i.e. the “entanglement plateaux” of [31].
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N > 1. For example, one can think of (2.30) as the high temperature limit of entanglement
entropy of a single interval on a torus, M = T 2 , with complex modular parameter τ =
iβL /2π. Torus two-point correlators are non-universal. For a CFT satisfying the above
properties, however, the entanglement entropy of a single interval on the torus has been
argued to be given by (2.30) for all temperatures above the Hawking-Page transition at
leading order in large cL + cR [26, 28], provided that the size of the interval is smaller than
half of the circle.3 This provides a modest consistency check of (2.30).
As a second example, consider the Rényi and entanglement entropy of multiple intervals in the ground state. As 2N -point twist correlators with N > 1, these are non-universal
in general, but can be computed systematically in holographic CFTs in a large cL + cR
expansion [19, 24, 27, 28, 30]. This is true regardless of whether the CFT suffers from
a gravitational anomaly. At leading order in large cL + cR , the ground state entanglement entropy is simply a sum over single interval contributions (2.20) subject to a certain
minimization prescription [24]:

Simons term:
STMG

√



2
d x −g R + 2
`


Z
1
2 σ τ
3 √
λµν ρ
σ
+
d x −g Γλσ ∂µ Γρν + Γµτ Γνρ ,
32πG3 µ
3

1
=
16πG3

Z

3

(3.1)

where we have included a negative cosmological constant. µ is a real coupling with dimensions of mass. Even though the action has explicit dependence on Christoffel symbols, the
equations of motion are covariant: explicitly, they are
(3.2)

where Cµν is the Cotton tensor,


1
Cµν = µαβ ∇α Rβν − gβν R .
4

(3.3)

The Cotton tensor is symmetric, transverse and traceless,
αµν Cµν = ∇µ Cµν = C µµ = 0 .

(3.4)

Consequently, all solutions of TMG have constant scalar curvature, R = −6/`2 , and the
equations of motion can be written as
Rµν +

2
1
gµν = − Cµν .
2
`
µ

(3.5)

The Cotton tensor thus measures deviations from an Einstein metric.
It is clear from (3.3)–(3.5) that TMG admits all solutions of pure three dimensional
gravity, namely, Einstein metrics for which Cµν = 0. The theory also admits a wide class
of non-Einstein metrics which are not locally AdS3 . We briefly note that TMG can also be
cast in a Chern-Simons formulation; in appendix E we review that approach to the theory.
Many unusual properties of TMG are put into sharper focus in a holographic context. This theory has been extensively studied in the context of AdS3 /CFT2 by [16, 37–
39], among many other authors.4 Specializing for the moment to locally AdS3 solutions,
the application of Brown-Henneaux [43] for TMG shows that the classical phase space of
asymptotically AdS3 backgrounds is organized in two copies of the Virasoro algebra with
central charges




3`
1
3`
1
cL =
1−
, cR =
1+
.
(3.6)
2G3
µ`
2G3
µ`
As detailed in the previous section, the unequal central charges indicate the presence of
a gravitational anomaly in the dual CFT. This is consistent with the transformation of
the gravitational Chern-Simons term under bulk diffeomorphisms: in particular, the bulk
action is invariant up to a boundary term that captures the nonzero divergence of the CFT
4

Holography for TMG has been also the cradle of some controversy at µ = 1, the so-called “chiral point,”
which we will not discuss here. See e.g. [40–42] and references within.

– 11 –

JHEP07(2014)114

1
1
1
Rµν − gµν R − 2 gµν = − Cµν ,
2
`
µ

stress tensor in (2.4) [38]. This is the usual elegant mechanism of holographic anomaly
generation in AdS/CFT [44] as applied to a gravitational anomaly.
One can also perform a precise matching of thermodynamic observables of the bulk
and boundary theories. The presence of the gravitational Chern-Simons term generically
affects the observables in the bulk, even for locally AdS3 solutions. One intriguing example
is the introduction of nonzero angular momentum into global AdS3 : the ADM charges are
`MAdS = −

`
cL + cR
=−
,
8G3
24

JAdS = −

1
cL − cR
=
,
8G3 µ
24

(3.7)

and the equations of motion are
Rµν +

2
i
gµν = − Cµν .
2
`
µ

(3.10)

The appearance of the factor of i in (3.10) is important: for a real metric, the left and right
hand side of (3.10) must vanish independently, hence restricting the space of real solutions
to the Einstein metrics of pure gravity. Our presentation of the holographic entanglement
functional for TMG relies only on general properties of the theory, modulo some mild
assumptions; nevertheless, it is not completely obvious how to apply our result to the full
set of solutions of TMG, for which the Euclidean continuation is unclear. We will comment
on these subtleties in the Discussion section.
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which match the CFT result (2.28) for ground state energy and Casimir momentum on
the cylinder [38]. At finite temperature, the bulk admits BTZ black holes, which are dual
to thermal states in the CFT. The asymptotic density of states of the CFT is governed by
the Cardy formula [45],
r
r
cL EL
cR ER
S = 2π
+ 2π
.
(3.8)
6
6
Happily, this has been shown to equal the Wald entropy of BTZ black holes in TMG or
any covariant higher derivative modification thereof [37, 46–50].
The novel solutions of TMG are those with Cµν 6= 0, which are not locally AdS3 .
An interesting subset of such solutions, denoted “warped AdS3 ”, were constructed in [51–
53], along with warped black hole counterparts. Viewed holographically, the main feature of asymptotically warped AdS3 geometries is that they do not obey Brown-Henneaux
boundary conditions, so (3.6) is not applicable; indeed, the nature and symmetries of a
putative holographic dual CFT are not very well understood (see, e.g., [54–58] and references within).
In the following sections, we will deal with the Euclidean theory for both technical and
conceptual reasons. The gravitational Chern-Simons term is a parity odd term under time
reversal, hence a Wick rotation t → tE = it yields


Z
1
2
3 √
SEuc =
d x g R+ 2
16πG3
`


Z
i
2 σ τ
σ
3 √ λµν ρ
+
d x g Γλσ ∂µ Γρν + Γµτ Γνρ ,
(3.9)
32πG3 µ
3

3.2

Holographic entanglement entropy: Coney Island

We now want to understand how the computation of holographic entanglement entropy in
TMG reflects the gravitational anomaly of a dual CFT. In principle, there exists a perfectly
well-defined procedure for computing Rényi entropy for any n. In (2.11)–(2.12) we wrote
the entanglement entropy as
1
(log Zn − n log Z1 ) .
n→1 1 − n

SEE = lim

(3.11)

SEE = −∂n (Scone )

n=1

.

(3.12)

The Einstein-Hilbert action evaluated on this conical surplus simply measures the proper
length of C. Furthermore one finds that consistency of the bulk equations requires (in the
case of Einstein gravity) that the curve C must be a bulk geodesic, and one eventually finds
(RT)

SEE =

Lmin
.
4G3

(3.13)

This constitutes a proof of the celebrated Ryu-Takayanagi formula (RT) for the entanglement entropy [1, 59, 60], at least for the set of states that can be studied using a Euclidean
partition function.
We would now like to apply these techniques to TMG. The fact that the bulk action
is not quite gauge-invariant will play an interesting role in our analysis: the existence of
this anomaly will effectively introduce new data along the worldline, broadening the usual
Ryu-Takayanagi worldline into a ribbon. As we will demonstrate in detail, this is the bulk
representation of the anomalous contributions to CFT entanglement discussed in section 2,
a statement we will verify in a number of examples.
Consider a regularized cone in three-dimensional Euclidean space with opening angle
2π(1 + ), so that  = n − 1. The tip of this cone defines a one-dimensional worldline that
we take to extend along a spacelike direction parametrized by y. We use flat coordinates σ a
for the two perpendicular directions, and the tip of the cone is then at σ a = 0. A suitable
metric ansatz for this cone is then
ds2 = eφ(σ) δab dσ a dσ b + (gyy + Ka σ a + · · ·) dy 2 + eφ(σ) Ua (σ, y)dσ a dy

(3.14)

In this parametrization the extrinsic curvatures Ka are Taylor coefficients in the expansion
of gyy in the σ a directions, and they measure the deviation of the trajectory from a geodesic.
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Using the AdS/CFT dictionary, we interpret Zn as the gravitational partition function for a
3-manifold Mn asymptotic to a replica manifold Rn ≡ ∂Mn at conformal infinity [19, 25].
In the semiclassical limit we can approximate this partition function by computing the
action of Mn .
In [6] an efficient algorithm was developed for computing such actions in states that
admit a description involving a Euclidean partition function. We do not review details
here but just state the result: in the n → 1 limit, one can understand the action of Mn by
studying the action of a bulk geometry with a conical surplus of 2π(n−1) along a worldline
C extending into the bulk, i.e.

Although this expression was evaluated in the coordinate system given by (3.14), it is clear
that it is simply measuring the proper distance along the cone-tip worldline. In particular,
there is no obstruction to writing a fully covariant expression: parametrizing the cone tip
by X µ (s), we simply find
Z
q

Scone,Einstein = −
ds gµν (X)Ẋ µ Ẋ ν + O(2 ) .
(3.16)
4G3 C
We now attempt to repeat this calculation for the gravitational Chern-Simons part
of (3.9). A very similar calculation yields
Z
i
Scone,CS = −
dy ab ∂a Ub
(3.17)
16µG3
Obtaining this expression involves an integration by parts. The validity of this procedure
requires a careful understanding of the boundary conditions on the integral, as we discuss
in appendix B.
Now we note that the explicit appearance of the metric functions Ua (y) makes this
expression qualitatively different from (3.15): in writing down the metric (3.14) we actually
implicitly made a coordinate choice about how the transverse plane parametrized by σ a
rotates as we move in the y direction. To be more explicit, if we perform an infinitesimal
y-dependent rotation:
δσ a = −θ(y)ab σ b
(3.18)
then the curl of the vector field Ua transforms inhomogenously:


δ ab ∂a Ub (y) = 4θ0 (y) .

(3.19)

The Chern-Simons action is not invariant under this coordinate transformation. Instead it
shifts by a boundary term from the endpoints of the y integral:
δScone,CS = −

i
(θ(yf ) − θ(yi )) .
4µG3

(3.20)

This is consistent with general expectations for Chern-Simons terms. However it appears to
make it impossible to construct a local covariant expression analogous to (3.16). To proceed
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φ(σ) stores the information of the regularization of the cone: importantly, it can be picked
to fall off exponentially outside a small core.
We now compute the action of this cone (3.9) to first order in , using standard
techniques [6, 61, 62], although the generalization to TMG requires some care. We present
details of the calculation, including explicit expressions for the regulator function φ(σ), in
appendix B.
Let us recall the logic by first evaluating the Einstein part of the action (3.9). The
Ricci scalar receives contributions of the form ∇2a φ. Evaluating the integrals we find
Z

√
Scone,Einstein = −
dy gyy + O(2 ) .
(3.15)
4G3 C

we will need to introduce an ingredient that knows about the twisting of the coordinate
system as we move along the curve.
To that end, consider choosing a normal vector to the curve n1 (see figure 2). The
choice of this vector fixes the other normal vector n2 via n1 · n2 = 0.5 Still there is a
local SO(2) freedom in this choice: for our purposes, we want these vectors to store the
information of how the local coordinates change along the curve, and so we will define
them with respect to the coordinate choice of the σ a , i.e:
n1 :=

∂
∂σ 1

n2 :=

∂
∂σ 2

(3.21)

To lowest order in  these vectors have unit norm, and they are both orthogonal to the
√
tangent vector v = g yy ∂y . With this definition it is possible to write down a local
expression which reduces to (3.17):
Z
i
Scone,CS = −
ds n2 · ∇n1 + . . . ,
(3.22)
4µG3 C
where the dots denote subleading terms in (z, z) and . The symbol ∇ with no subscript
indicates a covariant derivative along the worldline:
∇V µ :=

dV µ
dX ρ λ
+ Γµλρ
V .
ds
ds

(3.23)

We emphasize that this expression is evaluated at the tip of the cone, located in these
coordinates at σ a = 0. Furthermore only the linear in  piece of the action (3.22) is
expected to have a local representation along the worldline.6
The functional (3.22) also appears to be covariant, but this is a delicate point, as in this
derivation n1 and n2 were defined in terms of the base coordinate system. Essentially the
5

Up to an overall sign related to a choice of handedness.
We briefly mention the history of the term (3.22). In three flat Euclidean dimensions this expression is
known as the torsion of a curve [63]. It is also known from the physics of anyons, where it appears along the
worldline of a massive particle with a coefficient that measures the fractional spin [64]. It is also discussed
in [65] in relation to the framing anomaly in Chern-Simons theory.
6
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Figure 2. Evolution of normal vectors n1,2 along the curve C.

where the first term is the usual Ryu-Takayanagi term and the second is the extra contribution from the Chern-Simons term. The subscript E reminds us that this whole expression
is evaluated in Euclidean signature.
Let us attempt to interpret this expression in Lorentzian signature, with the path
C spacelike. If we try to analytically continue the complex coordinates (z, z̄) via z =
x − t, z̄ = x + t, then we see from (3.21) that we can obtain two real Lorentzian normal
vectors (n, ñ) via
n := in1 = ∂t
ñ := n2 = ∂x .
(3.25)
We choose a notation that is no longer symmetric with respect to the two normal vectors,
as one of them is now timelike (n) and the other spacelike (ñ). Expressing (3.24) in terms
of these vectors we now find the following expression for the entanglement entropy:
q

Z
1
1
SEE =
ds
gµν Ẋ µ Ẋ ν + ñ · ∇n
(3.26)
4G3 C
µ
where everything is now evaluated in Lorentzian signature.
This expression is one of the main results of this paper. It is manifestly real. However
unlike the steps leading to (3.24), this analytic continuation cannot in general be justified,
as the σ a coordinate system used above is ill-defined away from a vicinity of C: certainly
there is generally no U(1) isometry along which we can continue the bulk spacetime. Rather
the relation between (3.24) and this formula is equivalent to the relation between the
(justified) Ryu-Takayanagi formula for static spacetimes and its (yet unproven) covariant
generalization [66]. Nevertheless, we will use it for the rest of the paper and find physically
sensible results.
Next, we note that this expression should be evaluated on a worldline C. As it turns
out, the correct worldline is determined by extremizing the functional (3.24). As emphasized in [61, 62], the justification of this statement is in principle a different question than
the determination of the functional itself. We present two routes to its justification in
appendix D. We show that the consistency of the TMG equations near a spacetime with
a conical defect constrains the worldline of the defect in a way that requires (3.24) to be
extremized, and we show that viewing (3.24) as a source to the TMG equations creates
the desired conical defect. We now move on to discuss the physical content of the resulting
equations of motion.
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anomaly has taken a bulk gravitational degree of freedom that used to be pure gauge and
given it life, binding it to the worldline in the form of a normal vector. As we will explore in
detail in the remainder of this paper, these normal vectors are not true dynamical degrees
of freedom, but their existence and the associated subtle non-covariance of this expression
is precisely what is needed to account for the boundary non-covariance associated with a
gravitational anomaly.
Now using the original expression (3.12) and taking the  derivative, we find the total
entanglement entropy in topologically massive gravity to be
q

Z
1
i
SEE =
ds
gµν Ẋ µ Ẋ ν + n2 · ∇n1
,
(3.24)
4G3 C
µ
E

3.3

Spinning particles from an action principle

C

with m and s real constants.
The variational principle for (3.27) should include variations with respect to both the
particle position X µ (s) and the normal vectors (n, ñ). However, our construction requires
that (n, ñ) remain normal to the curve , and so if we are to vary them then (3.27) must be
supplemented with the following constraint action:
Z


Sconstraints =
ds λ1 n · ñ + λ2 n · v + λ3 ñ · v + λ4 (n2 + 1) + λ5 (ñ2 − 1) ,
(3.28)
C

where the λi are five Lagrange multipliers that guarantee that n and ñ are normalized,
mutually orthogonal, and perpendicular to the worldline:
n · v = 0,

ñ · v = 0 ,

n · ñ = 0,

n2 = −1,

ñ2 = 1 ,

(3.29)

which also enforce that n is timelike and ñ is a spacelike vector. These are the constraints
that allow us to write (3.26) in the first place. Here v µ is the velocity vector:
v µ :=

dX µ
= Ẋ µ .
ds

(3.30)

We choose the affine parameter s of this path to be the proper length along the path and
hence we have v µ vµ = 1. The total action for the spinning particle is then
 q

Z
µ
ν
Sprobe =
ds m gµν Ẋ Ẋ + s ñ · ∇n + Sconstraints .
(3.31)
C

In addition to the particle trajectory X µ (s), it appears that we now have a dynamical
degree of freedom corresponding to the rotation of the normal frame along the worldline.
Indeed we have three independent components for each of n and ñ, and five constraints
associated with (3.28), leaving a single degree of freedom. However as it turns out this is
not a true degree of freedom, as the action is only sensitive to its variation up to boundary
terms. To see this, consider the equation of motion arising from variation of Sprobe with
respect to n:
− s∇ñµ + λ1 ñµ + λ2 v µ + 2λ4 nµ = 0 .
(3.32)
Contracting with ñµ , v µ and nµ respectively results in
λ1 = s ñ · ∇ñ

λ2 = s v · ñ ,
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Let us take a step back and recapitulate what we expect the cone action to describe in
the bulk. As articulated at the start of this section, the action (3.26) should capture the
physics of a heavy particle with mass m and a continuously tunable spin s determined by
the CFT twist operator quantum numbers (2.17): in other words, we expect an anyon in
curved space. In this section we will flesh out this interpretation, and to make it evident
in what follows we write the entanglement functional (3.26) as
 q

Z
SEE =
ds m gµν Ẋ µ Ẋ ν + s ñ · ∇n ,
(3.27)

The same analysis for δñ Sprobe = 0 gives
s∇ñµ + λ1 nµ + λ3 v µ + 2λ5 ñµ = 0,

(3.34)

and again the appropriate contractions yield
λ1 = s n · ∇n

λ3 = −s v · ∇n ,

2λ5 = −s ñ · ∇n .

(3.35)

However this is not a dynamical equation: as −n2 = ñ2 = 1, both sides of this equation
are identically zero and this is an identity. Thus (n, ñ) do not have a dynamical equation
of motion: equivalently, Sprobe is insensitive to small variations of the normal frame along
the trajectory, up to boundary terms. As we will see, these boundary terms will be very
important to us.
A more tedious task is to vary (3.31) with respect to X µ (s); details can be found in
appendix C. This variation, however, is not trivial and gives rise to
1
∇ [mv µ + vρ ∇sµρ ] = − v ν sρσ Rµνρσ ,
2
µν
where we define the spin tensor s to be
sµν = s (nµ ñν − ñµ nν ) ,

(3.37)

(3.38)

These equations are known as the Mathisson-Papapetrou-Dixon (MPD) equations, and
describe the motion of spinning particles in classical general relativity [3–5].7 In (2 + 1)
dimensions they follow from the simple and geometric action (3.31).
Next, using (3.29) we see that the spin tensor may be written in terms of the velocity as
sµν = −sµνλ vλ ,

(3.39)

indicating that the spin tensor is just the volume form perpendicular to the worldline and
does not actually carry any extra degrees of freedom.8 Note also that the normal vectors
themselves have vanished from the equations of motion: they are required only to set up
the action principle.
Thus to compute entanglement entropy in topologically massive gravity we should
solve the MPD equations (3.37) using the values of m and s inherited from (3.26):
m=

1
,
4G3

s=

1
,
4µG3

(3.41)

and then evaluate the action (3.26) on the resulting solution.
7

See as well [67–71] for a more modern treatment and further references.
In higher dimensions such a rewriting is not possible: sµν there actually carries information about the
direction of the particle’s spin. In that case the MPD equations also include a relation for the evolution of
the spin tensor,
∇sαβ + v α vµ ∇sβµ − v β vµ ∇sαµ = 0 ,
(3.40)
8

which is an identity on (3.39).
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Eqs. (3.33) and (3.35) are six equations, of which five may be satisfied by appropriate
choice of the λi . The equation that remains comes from the fact that λ1 appears in both
sets of equations, and is:
ñ · ∇ñ = n · ∇n .
(3.36)

4

Applications

In this section we finally apply our prescription to the actual computation of holographic
entanglement entropy on various backgrounds of interest. We will compare with the CFT
results found in section 2. Recall that the prescription is as follows: the entanglement
functional (3.26) is
q

Z
1
1
µ
ν
SEE =
ds
gµν Ẋ Ẋ + ñ · ∇n .
(4.1)
4G3 C
µ

and furthermore, it is clear that a geodesic
∇v µ = 0 ,

(4.3)

is a solution to (4.2). Evidently anyons moving on maximally symmetric spaces follow
geodesics.10
So all we need to do is evaluate the second term in the action (4.1) on a geodesic. We
call this term Sanom . For this purpose it will be helpful to rewrite the action in terms of a
single normal vector n using ñµ = µνρ vν nρ to find
Z
1
Sanom =
ds µνρ v µ nν (∇nρ ) .
(4.4)
4G3 µ C
We note that although the equations of motion can be entirely formulated in terms of the
trajectory X µ (s), the on-shell action itself depends on extra data, namely boundary data
of the normal vectors n(s), which for the moment we parametrize as follows:
n(si ) = ni ,

n(sf ) = nf ,

(4.5)

where ni and nf are normal vectors defined in the CFT. As discussed in section 3.3, the
action is actually insensitive to smooth variations of n(s) that leave ni and nf unchanged:
it measures only the twist of nf relative to ni .
What does this actually mean in curved space? We require a way to compare nf to ni .
To that end, consider parallel transporting ni along the curve, i.e. consider the solution to
the first-order parallel-transport11 equation
∇n(s) = 0 ,

n(si ) = ni .

9

(4.6)

This can be shown by writing the Riemann tensor in terms of the metric using (A.9).
Note that (4.2) does also have other solutions, as it is a higher-derivative equation of motion: we believe
(without proof) that they will have greater actions, and in this work we will not investigate them.
11
This construction only applies if the curve is a geodesic; in a more general case one should replace
parallel transport with Fermi-Walker transport (see e.g. [72]) to guarantee that n(s) remains normal to the
curve, but the intuition is still valid.
10
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It should be evaluated on a curve C in spacetime which is found by extremization of the
functional itself, which results in the Mathisson-Papapetrou-Dixon equations (3.37) for the
motion of a spinning particle of mass m and spin s given by (3.41).
We will limit our discussion to spacetimes that are locally AdS3 . This greatly simplifies
the analysis, as here the contraction of the Riemann tensor with sµν vρ vanishes.9 The MPD
equations then reduce to
h
i
∇ mv µ − sµνλ vν ∇vλ = 0 ,
(4.2)

This has a unique solution all along the curve, as illustrated in figure 3. However n(s)
is not equal to n(s), as it will in general not satisfy the right boundary condition at sf .
Instead at the endpoint it will be related to nf via an SO(1, 1) transformation:
n(sf )a = Λ(η)ab nbf .

(4.7)

As we now show, the integral (4.4) measures the rapidity η of this Lorentz boost Λ. This
is the generalization of the idea of “twisting” to curved space (and Lorentzian signature).
To prove this assertion, consider a vector n(s) that actually satisfies the boundary
condition (4.5). Consider also a parallel transported normal frame along the path given by
two vectors (q µ , q̃ µ ), ∇q = ∇q̃ = 0. We can expand n(s) in terms of q and q̃:
n(s) = cosh(η(s))q(s) + sinh(η(s))q̃(s)
The integral (4.4) now reduces to the total derivative
Z
1
1
Sanom =
ds η̇(s) =
(η(sf ) − η(si )) .
4G3 µ
4G3 µ

(4.8)

(4.9)

On the other hand, by its definition (4.6) we have
n(s) = cosh(η(si ))q(s) + sinh(η(si ))q̃(s),

(4.10)

i.e. its s-dependence comes entirely from the parallel transport of the normal frame and not
from any rotation of the frame itself. Comparing (4.10) to (4.8) we conclude that Sanom
measures the twist. (4.8) alone is sufficient to determine Sanom : in fact, once we find q and
q̃ we see that the total twist can be conveniently written as:


q(sf ) · nf − q̃(sf ) · nf
1
Sanom =
log
,
(4.11)
4G3 µ
q(si ) · ni − q̃(si ) · ni
Note that despite the topological character of Sanom with respect to variations of n, it
depends (through the parallel transport equation) continuously on parameters of the bulk
metric and thus on the state of the field theory.
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Figure 3. Propagating ni into n(s) (denoted in gray) along the curve by solving parallel transport
equation (4.6). In general n(sf ) will be related to nf by a boost with angle η.

Finally, we discuss the explicit choice of ni and nf . Recall from the original definition
of the normal frame back in (3.21) that the normal vectors should be defined with respect
to the coordinate system used to parameterize the bulk. At the endpoints of the interval
the coordinate system in the bulk coincides with that used to define the CFT, and so (3.25)
instructs us to take:
ni = nf = (∂t )CFT .
(4.12)

4.1

Poincaré AdS

We first study AdS3 in Poincaré coordinates, corresponding to the vacuum of the CFT2
defined on a line. The metric is
ds2 =

`2
(−dt2 + dx2 + du2 ) .
u2

(4.13)

The boundary is at u = 0. We first consider an interval at rest: that is, we want to
compute the entanglement entropy of an interval of length R in the vacuum, stretching


from (x, t) = − R2 , 0 to R2 , 0 . The geodesic equation admits the following solution:
R2
,
4

u2 + x2 =

(4.14)

The tangent vector and a parallel transported normal frame is (using (x, t, u)):
vµ =

2u
(u, 0, −x) ,
R`

1
q µ = (0, u, 0) ,
`

q̃ µ = −

2u
(x, 0, u) .
R`

(4.15)

By construction, notice that
v 2 = q̃ 2 = 1 ,

q 2 = −1 ,

q · q̃ = v · q = v · q̃ = 0

(4.16)

and
∇v = 0 ,

∇q = 0 ,

∇q̃ = 0 .

(4.17)

Furthermore, note that
q(si ) = q(sf ) = (∂t )CFT ,

q̃(si ) = −q̃(sf ) = (∂x )CFT ,

(4.18)

where (∂t )CFT points in the time direction at the boundary and it is normalized such
that q 2 = −1 with respect to the bulk metric; a similar definition applies to (∂x )CFT .
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Here (and in the following subsections) we define (∂t )CFT as a vector that points in the
time direction at the boundary, however it is normalized to ensure that n2 = −1 with
respect to the bulk metric. The direction along (∂t )CFT is interpreted as the field theory
time coordinate that is used to define the vacuum of the theory. The fact that the action
Sanom is insensitive to smooth variations of n(s) in the interior follows from the fact that
the physics is coordinate-invariant in the bulk. However it is a nontrivial fact that the
entanglement entropy now depends in a subtle way on this choice of time coordinate on
the boundary: as we saw in section 2, this is precisely what one expects from a theory with
a gravitational anomaly.
We turn now to some explicit computations.

The normal vector perpendicular to the boundary interval does not change under parallel
transport, whereas the vector that is parallel to the boundary interval rotates through π:
this is intuitively obvious from figure 4.
It is simple to evaluate (4.8): we see that q(s) already satisfies the boundary conditions (4.12). This means that a vector pointing in the time direction still points in the
time direction even after being parallel transported to the other end of the curve; there is
no twisting. So (4.8) reduces to
→

n(s) = q(s)

η(s) = 0 .

(4.19)

Thus the spin term in (4.1) does not contribute, the entanglement entropy is simply given
by the proper distance, and we find the usual CFT2 expression (2.20):
 
cL + cR
R
SEE =
log
.
(4.20)
6
ε
4.2

Poincaré AdS, boosted interval

Let us now consider the entanglement in a boosted interval (x0 , t0 ) relative to (x, t) in (4.13).
In the (x, t) coordinates we have a spacelike line stretching from
−

R
(cosh κ, sinh κ)
2

to

R
(cosh κ, sinh κ),
2

(4.21)

with κ a boost parameter. In a Lorentz-invariant theory the entanglement entropy would
be insensitive to κ. Much of the calculation can be taken over from above: we can obtain
the appropriate q, q̃ simply by boosting (4.15). Explicitly, we find
qµ =

1
(u sinh κ, u cosh κ, 0) ,
`

q̃ µ = −

2u
(x cosh κ, x sinh κ, u) .
R`

(4.22)

Importantly, however, ni = nf still points purely in the time direction of the CFT, and
thus now has a component directed along the boundary interval. Evaluating (4.11) we
now find
1
Sanom =
κ,
(4.23)
2G3 µ
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Figure 4. Evolution of normal frame vectors q(s) and q̃(s) for an interval at rest in Poincaré AdS3 .

and the total entanglement entropy is
SEE

cL + cR
=
log
6

 
R
cL − cR
−
κ,
ε
6

(4.24)

This matches the Lorentzian CFT result (2.23): the entanglement entropy depends on the
boost of the interval relative to the vacuum.
4.3

Rotating BTZ black hole

This is dual to a field theory state with unequal left and right-moving temperatures,
cf. (2.27):
2π`
2π`
βL =
βR =
.
(4.26)
r+ − r−
r+ + r−
The boundary CFT lives on a flat space with metric:
ds2CFT = −dτ 2 + dφ2 .

(4.27)

We will assume that the φ coordinate is noncompact: thus technically this is not a rotating
black hole but rather a boosted black brane, i.e. a rotating BTZ black hole at high temperature. We will consider a boundary interval of length R along the φ direction at time
τ = 0. The boundary conditions on the normal vector are defined in terms of the time
coordinate appropriate to the black hole,
ni = nf = (∂τ )CFT .

(4.28)

In this case as we parallel transport n into the bulk, we expect it to be dragged by the
boosted black hole horizon, picking up a nontrivial boost.
Rather than directly solve the differential equation (4.6) to compute this boost, we can
simplify our computation by using the fact that the BTZ black hole is locally equivalent
to AdS3 . The explicit mapping to AdS3 Poincaré coordinates (4.13) is:
s
s
2
2 − r2
r2 − r+
r+
− (φr+ +τ r− )/`
2π(φ±τ )/βR,L
x±t=
e
,
u
=
.
(4.29)
2
2 e
r2 − r−
r2 − r−
We may now essentially take over the results from the previous section. We use (4.29) to



map the endpoints of the interval (φ, τ )1,2 ≡ − R2 , 0 , R2 , 0 to the Poincaré coordinates
(x, t)1,2 . Denote by RP the length of the boundary interval in the Poincaré conformal
frame, i.e.
p
RP := (x2 − x1 )2 − (t2 − t1 )2 .
(4.30)
It is now convenient to construct a 2d normal vector pi that is parallel to the boundary
interval in Poincaré coordinates, i.e in components
pi =

1
(x2 − x1 , t2 − t2 )
RP
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We turn now to the rotating BTZ black hole, which has metric

2
2 )(r 2 − r 2 )
(r2 − r+
ds2
r2
r+ r−
−
2
2
2
=−
dτ + 2
dφ + 2 dτ
. (4.25)
2 )(r 2 − r 2 ) dr + r
`2
r2
r
(r − r+
−

where the index i runs over x and t. The q’s in (4.22) can now be written (again in Poincaré
coordinates) as
qµ =

u i j 
 p ,0
` j

q̃ µ = −


2u
λpi , u
`RP

λ2 + u2 =

RP2
4

(4.32)

βL

L

and thus the total entanglement entropy is

SEE =

cR + cL
log
12



βL βR
sinh
π 2 ε2



πR
βR




sinh

πR
βL




+

sinh



πR
βR



βR



cR − cL
  ,
log 
12
sinh πR β
βL

L

(4.34)
where we have added back the ordinary proper distance piece, first computed holographically in [66]. This agrees with the result computed from field theory in (2.30). Note that
the structure of the second term is precisely correct to allow the answer to be written as a
sum of separate left and right moving contributions.
4.4

Thermal entropies

The evaluation of the thermal entropy of a black hole in topologically massive gravity
has been studied previously [49, 73] and we would like to discuss the connection with
our formalism.
Note that if we are evaluating the action of a closed loop wrapping a black hole horizon,
there is no longer a choice of boundary conditions on the normal vectors. Any choice of
normal vectors will give the same answer, provided that it is single-valued around the
circle. A simple choice is just to take the normal frame to be constant in any convenient
coordinate system:
d µ
d
n = ñν = 0
(4.35)
ds
ds
in which case the spin term in (4.1) simply becomes
I
1
Sanom =
ds Γµαβ nβ ñµ v α ,
(4.36)
4G3 µ H
with Γµαβ the usual affine connection. This is equivalent to the expression in [48, 49, 73]. It
is gauge-invariant under coordinate changes that are single-valued around the circle. From
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Here λ parametrizes movement along the curve, essentially playing the role that x played
in (4.22), starting out at λ(si ) = − R2P at the left endpoint and ending at λ(sf ) = R2P at
the right endpoint. Note that (4.32) simply states that q remains perpendicular to the
boundary interval while q̃ has a component directed along it that switches sign as we move
from one endpoint to the other.
It is now straightforward to convert the q’s back to BTZ coordinates and compute the
inner products in (4.11) using (4.28). We find after some algebra
  

πR
sinh
βR βR
1
  ,
Sanom =
log 
(4.33)
4G3 µ
sinh πR β

our point of view it is measuring the boost acquired by a normal vector if it is parallel
transported around the horizon and then compared to itself. Note that (4.35) does not
mean that the vector is covariantly constant; the distinction between these two notions is
precisely what the spin term measures.
For concreteness, we evaluate (4.36) for the BTZ black hole. Using (4.25) and (4.35)
we have

√ 
grr
r+ r−
1
1
n= 2
∂t − 2 ∂φ , ñ = − √ ∂r , v = ∂φ .
(4.37)
`
r
grr
`r

Sanom =

πr−
.
2G3 `µ

(4.38)

After adding the contribution from the area law, this exactly reproduces (3.8). Note that
the entropy density extracted from this expression is consistent with that arising from the
R → ∞ limit of (4.34).

5

Discussion

We studied holographic entanglement entropy in AdS3 /CFT2 in the presence of a gravitational anomaly. Our main result can be easily stated. The gravitational anomaly introduces
a non-trivial dependence on the choice of coordinates when evaluating entanglement entropy. This data is transmitted into the bulk by broadening the Ryu-Takayanagi minimal
worldline into a ribbon, i.e. a bulk worldline together with a normal vector.
The resulting contribution of the anomaly to the entanglement entropy is pleasantly
geometric:
Z
1
Sanom =
ds (ñ · ∇n) ,
(5.1)
4G3 µ C
where ñ and n define a normal frame. This expression measures the net twist of this
normal frame along the worldline. In the bulk this action can be interpreted as describing
a spinning particle with a continuously tunable spin — an anyon — in (2+1) dimensions. In
particular, we showed that the minimization of the total action reproduces the MathissonPapapetrou-Dixon equations for the motion of a spinning particle in general relativity. Thus
our work can also be viewed as the construction of the worldline action describing anyons in
curved space. In the context of entanglement entropy, this anyon is the holographic avatar
of the CFT twist operator. Finally, we computed the entanglement entropy for a single
interval on various simple spacetimes to illustrate the formalism, demonstrating agreement
with a field theory analysis of CFTs with cL 6= cR .
Our prescription admits a natural extension to multiple intervals. We saw in section 2
that for holographic CFTs, the multiple interval entanglement entropy on C or S 1 × R is
universal to leading order in large total central charge. It is of course precisely this regime,
and for this class of CFTs, to which bulk calculations in TMG apply. Thus it is reasonable to conjecture the following: the bulk object that computes N -interval entanglement
entropy in holographic CFTs with cL 6= cR is a sum over N copies of our functional (3.26),
minimized over all pairings of boundary points allowed by the homology constraint of Ryu
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Strictly speaking these vectors are evaluated at r = r+ , and hence are singular; but for the
purpose of computing (4.36) this pathology drops out. We find

and Takayanagi. This is precisely analogous to the original Ryu-Takayanagi prescription
for multiple intervals, only now the functional is extended to include (5.1) for each geodesic.
In Poincaré AdS, we showed that the anomalous term (5.1) does not contribute (for spatial
intervals); however, it does in the planar BTZ case.
There are some natural directions for future research:

2. In a similar spirit as the previous point, one could consider TMG with asymptotically
flat boundary conditions at null infinity. In that case the asymptotic symmetries
consist of the so-called BMS3 algebra, which can be obtained as an ultra-relativistic
limit of the AdS3 Virasoro algebra [77]. The corresponding phase space contains the
flat limit of the BTZ black holes, which were recognized as cosmological solutions
with non-trivial Bekenstein-Hawking entropy [78, 79]. A challenge is to determine
whether a BMS3 -invariant field theory living at null infinity could in some sense be
dual to flat space in (2+1)-dimensions. Again, little is known about these putative
field theories besides specific examples (such as the one presented in [80], which is
to flat space what the Liouville CFT is to 3d gravity with a negative cosmological
constant) and general properties such as the form of correlation functions [81, 82]
or thermal entropies [78, 79]. An interesting limit of the above set up is when the
bulk theory consists only of the gravitational Chern-Simons piece. In that case,
the asymptotic symmetry algebra reduces to a chiral copy of a Virasoro algebra,
suggesting the existence of a flat version of the AdS3 chiral gravity story [83]. It
would be interesting to study entanglement entropy in these theories in order to
further probe the nature of the putative dual theory.
12

See [75] for a candidate example.
It should be noted that there are also warped AdS solutions of Einstein gravity coupled to matter,
without a gravitational Chern-Simons term. Holographic entanglement entropy was studied in that context
in [76] using a perturbative scheme that permitted application of the Ryu-Takayanagi formula. Their results
favor the hypothesis that those geometries describe states in an ordinary Virasoro CFT. The outcome of
holographic entanglement calculations in warped AdS solutions of TMG is likely to be different.
13
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1. There are other solutions to topologically massive gravity, such as warped AdS. These
geometries are thought to be dual to somewhat mysterious field theories — warped
CFTs [57, 74]. Our construction opens the door to computing entanglement entropy
in these geometries. Doing this in the field theory itself appears challenging: the
tools used in section 2 have not been generalized to warped CFTs, and there are
subtleties in calculating entropies related to the choice of ensemble. There are also
no known microscopic examples of warped CFTs, away from certain limiting cases.12
We take the view that an application of our construction to warped AdS may provide the first, albeit holographic, calculation of entanglement entropy in a theory
with warped conformal symmetry. Regardless of considerations of warped CFTs, it
seems interesting in its own right to apply our formalism to warped AdS.13 This will
be slightly more involved than the simple applications presented in section 4 (which
heavily used the fact that the spinning particle equations on a maximally symmetric space admit geodesic solutions) and will likely actually require the solution of
differential equations.

4. In 3d gravity, one can actually compute the bulk path integral Zn with replica boundary conditions at infinity in a semiclassical approximation, for any number of intervals. This was done for Einstein gravity in [25], and it would be nice to explicitly
generalize this to TMG. For locally AdS3 manifolds at least, computing Zn should
be tractable [25, 28]. This should yield the Rényi entropies discussed in section 2 for
holographic CFTs with cL 6= cR . Doing so would provide an orthogonal and complementary method to those employed herein, and comes equipped with a prescription
for computing bulk loop corrections to the classical result [30].

5. The Mathisson-Papapetrou-Dixon equations admit, in principle, multiple solutions
for the trajectory of the particle even for empty AdS3 . It is not clear if these additional saddles imply ambiguities like those found in [84]. It would be interesting to
construct these solutions explicitly and understand their role (if any). However, in
the Chern-Simons formulation there is no such ambiguity: for flat connections, the
equations of motion are first order in the momenta of the particle and the action is
primarily sensitive to boundary conditions of the probe. This is carried out explicitly
in appendix E. For this reason we expect that non-geodesic solutions to (4.2) either
don’t satisfy our boundary conditions or are subdominant when minimizing (4.1).

We hope to return to some of these issues in the future. Recently holography has permitted a refined understanding of the physical consequences of entanglement and anomalies
both: we hope that it may have something to say also about the interplay of these two
fundamental ideas in quantum field theory, and that our work may be viewed as a small
step in that direction.
14

We thank A. Wall for discussions on this point.
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3. In any dimension, the bulk object that computes entanglement entropy is codimension
2 and admits two normal vectors ñ and n. Morever, action principles for spinning
membranes have been constructed (and studied) in e.g. [71]. Thus some features of
our probe could be extended to higher dimensions: a spinning surface might have a
role to play in computing entanglement entropy in higher dimensional field-theories
with gravitational anomalies. Of course, gravitational anomalies only occur in d =
4k + 2 dimensions (k ∈ Z), so the only interesting case is d = 6 QFTs. More
interesting is the case of mixed gauge-gravitational anomalies,14 which occur in all
even dimensions d > 2. (In d = 2, the would-be anomaly polynomial, Tr F Tr R,
vanishes.) The holographic description of such anomalies is well known [44], and their
contribution to entanglement entropy can be calculated using our methods. More
speculatively still, the geometrical character of expressions such as (5.1) suggests
that there may be an interplay between entanglement and anomalies that extends
beyond holography.
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Conventions

Our conventions for the epsilon tensor µνλ in Lorentzian signature with coordinates
(t, x, z) are:
√
1
txz = −g , txz = − √
.
(A.1)
−g
Some other useful properties of the tensor are
µνλ µαβ = −δνα δλβ + δλα δνβ ,

∇µνλ = 0 .

(A.2)

When analytically continuing from Euclidean time τE to Lorentzian time t we use
τE = it .

(A.3)

This means that if ever we need to compare a Euclidean epsilon tensor with a Lorentzian
one, they are related as
µνρ E = iµνρ |L .
(A.4)
We define symmetric and anti-symmetric tensors with factors
1
a[µν] = (aµν − aνµ ) ,
2

1
a(µν) = (aµν + aνµ ) .
2

(A.5)

We define the Christoffel symbol and spin connection as
1
Γαµν = g αβ [∂µ gνβ + ∂ν gµβ − ∂β gµν ] ,
2


ω abµ = eaν ∂µ ebν + Γνµλ ebλ .

(A.6)
(A.7)

The Riemann tensor is
Rρσµν = ∂µ Γρνσ − ∂ν Γρµσ + Γρµλ Γλνσ − Γρνλ Γλµσ
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Locally AdS3 spaces satisfy
Rµνρσ = −

1
(gµρ gνσ − gνρ gµσ )
`2

(A.9)

with ` the AdS radius.
The covariant derivative along a curve X µ (s) is
∇V µ :=

dV µ
+ Γµλρ Ẋ ρ V λ ,
ds

(A.10)

∇V =

dV
+ [ω, V ] ,
ds

V = V a Ja ,

Va = Vµ eaµ .

(A.11)

where Ja ∈ sl(2, R) and
ω = ω aµ Ja Ẋ µ ,

ω aµ = −abc ωbcµ .

(A.12)

When we introduce a Lorentzian normal frame (n, ñ) to a spacelike curve with tangent
vector v µ , we pick the following handedness:
ñµ = µνρ vν nρ ,

(A.13)

where n2 = −1 and ñ2 = v 2 = 1. The spin tensor sµν is defined as
sµν = s (nµ ñν − nν ñµ ) = −s µνρ vρ .

B

(A.14)

Details of cone action

In this section we compute the gravitational Chern-Simons action


Z
2 σ τ
3 √
λµν ρ
σ
SCS := d x −g Γλσ ∂µ Γρν + Γµτ Γνρ
3

(B.1)

on a regularized cone, given by the metric (3.14), which we write as
ds2 = eφ(σ) δab dσ a dσ b + (gyy + Ka σ a + · · ·) dy 2 + eφ(σ) Ua (σ, y)dσ a dy .

(B.2)

Here the σ a are flat Cartesian coordinates on the space transverse to the cone. We denote
the total opening angle of the cone by 2πn, where we parametrize small deviations near
n ∼ 1 with  = (n − 1) and we will compute the action to first order in . φ(σ) is a
regulatory function that smoothens out the tip of the cone.
There is an important subtlety in this parametrization that is relevant for TMG: we
would like the information regarding the opening angle of the cone to be stored in the
periodicity of the coordinates σ a , and not in the metric components. If we go to complex
coordinates z := σ 1 + iσ 2 , then we have the following identification pattern
z ∼ ze2πin .
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which, in terms of the one-form spin connection ω, is


with f (r) := exp − ar . To first order in  this takes the form (B.2) with the identification
φ(z, z) = −f

√


zz log (zz) .

(B.5)

We now directly compute the action. The piece which survives in the a → 0 limit
takes the form
Z



Scone,CS =
d2 σdy (−δ ab ∂a ∂b φ)ab ∂a Ub + (∂a φ)δ ab ∂b (cd ∂c Ud ) .
(B.6)
4
In evaluating this we have neglected terms nonlinear in Ua : this is because there is no loss
in generality in taking Ua (σ = 0) = 0, and thus these terms vanish when evaluated at the
tip of the cone. We now integrate by parts on the second term, to find
Z



Scone,CS = −
d2 σdy (δ ab ∂a ∂b φ)ab ∂a Ub .
(B.7)
2
This integration by parts is justified only if φ(σ) is taken to have compact support, which
means that the  variation actually involves a variation of the periodicity of the coordinates
as in (B.3).
Using the explicit form of (B.5) we now evaluate the integral over the σ a to find
Z


Scone,CS = −2π dy ab ∂a Ub .
(B.8)
This is the result quoted in (3.17).

C

Details of variation of probe action

In this appendix we vary the action of the spinning particle (3.31) with respect to the
position of the particle worldline X µ (s) and demonstrate that the resulting equations of
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Operationally, this means that the regulator function φ(σ) falls off exponentially outside
a small core that can be taken to have size a. From the point of view of computing a
holographic partition function the asymptotic periodicity of the coordinates z ultimately
determines the periodicity of the coordinate system describing the dual CFT. To compute
the entropy we should compute the CFT partition function given an identification such
as (B.3) and then take a derivative with respect to n. In a diffeomorphism-invariant bulk
theory we are allowed to change coordinates, storing the information regarding the opening
angle instead in the metric components (for example, see (D.2) in appendix D). In TMG this
is not actually physically equivalent, and such a procedure may result in different answers.
1
We now discuss the explicit form of the regulator function. The coordinate w := z n
1
has the usual periodicity w ∼ we2πi , and so the metric dwdw̄ ∼ (zz) n −1 dzdz is regular at
the origin. We seek to interpolate between this metric and dzdz far from the tip of the
cone: a suitable 2d metric that does this is

 √

1
dzdz (zz) n −1 − 1 f ( zz) + 1
(B.4)

motion are equivalent to the Mathisson-Papapetrou-Dixon equations of motion for a spinning particle in general relativity. The action is
Sprobe = Sgeod + Sanom + Sconstraints ,

(C.1)

with

C

We will work work in a parametrization always where s measures proper distance and so
µ
2
we have v µ = dX
ds , v = 1. To simplify our results we will use the equations of motion from
the variation of the action with respect to (n, ñ), which were worked out to be:
−s∇ñµ + λ1 ñµ + λ2 v µ + 2λ4 nµ = 0
µ

µ

µ

µ

s∇n + λ1 n + λ3 v + 2λ5 ñ = 0,

(C.3)
(C.4)

We vary first with respect only to the explicit dependence on the coordinates. The contribution from the geodesic is the usual one15
q

Z
µ
ν
δX Sgeod = m
ds δX
gµν Ẋ Ẋ
C
Z
= −m
ds (∇vσ )δX σ .
(C.5)
C

For the terms involving the normal vectors we have
Z
δX Sanom = s
ds δX (gµν ñν ∇nµ )
ZC
h
i
=s
ds (∂σ gµν )ñν nµ + (∂σ Γµαβ )nα ñµ v β − ∂s (Γµασ nα ñµ ) δX σ
ZC
h
i
=s
ds (∂σ gµν )ñν ∇nµ + Rµασβ nα ñµ v β − ∇(nα ñµ )Γµασ δX σ

(C.6)

C

The variations of the constraints with respect to xµ (s) gives
Z

h
i
δX Sconstraints =
ds δx gµν λ2 nµ Ẋ ν + λ3 ñµ Ẋ ν + λ4 nµ nν + λ5 ñµ ñν
ZC
h
i
=
ds ∂σ gµν λ2 nµ Ẋ ν + λ3 ñµ Ẋ ν + λ4 nµ nν + λ5 ñµ ñν δX σ
C
Z
d
−
ds
(λ2 nσ + λ3 ñσ ) δX σ
ds
C
Z
=
ds [λ2 v ν (nµ ∂σ gµν − nα Γασν ) + λ3 v ν (ñµ ∂σ gµν − ñα Γασν )] δX σ
(C.7)
C
Z
+
ds [∂σ gµν (λ4 nµ nν + λ5 ñµ ñν ) − ∇ (λ2 nσ + λ3 ñσ )] δX σ .
C
15

We ignore total derivatives in this section.
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Z
q
Sgeod = m
ds gµν Ẋ µ Ẋ ν ,
ZC
Sanom = s
ds ñ · ∇n ,
Z C h
i
Sconstraints =
ds λ1 n · ñ + λ2 n · Ẋ + λ3 ñ · Ẋ + λ4 (n2 + 1) + λ5 (ñ2 − 1) . (C.2)

C

Next we use (C.3) and (C.4) to replace ∇n, ∇ñ for linear combinations of (n, ñ, v); the
terms proportional to λ3 cancel automatically and the remaining terms are
Z
‘unwanted0 =
ds (λ4 nµ nν + λ5 ñµ ñν )(2gαν Γαµσ − ∂σ gµν )δX σ
C
Z

+
ds λ2 v ν nµ ∂σ gµν − gαµ Γασν − gαν Γασµ δX σ
C

=0.

(C.9)

To obtain the second equality we used the definition of the Levi-Civita connection in terms
of the metric (A.6).
We thus have
δX Sprobe = δX Sgeod + δX Sanom + δX Sconstraints
Z
h
i
=
ds −m∇vσ + sRµασβ nα ñµ v β − ∇ (λ2 nσ + λ3 ñσ ) δX σ .

(C.10)

C

Our final step is to write the terms involving normal vectors as functions of the spin tensor
sµν . As in (3.38) we define
sµν = s (nµ ñν − ñµ nν ) .
(C.11)
Using (C.3) and (C.4) with the above definition, we find the following relations:
λ2 nσ + λ3 ñσ = vµ ∇sσµ ,
1
sRνµσβ nµ ñν v β = − Rσβµν sµν v β ,
2

(C.12)

and hence setting δX SMPD = 0 gives us the final equation
1
∇ [mv σ + vµ ∇sσµ ] = − v β sµν Rσβµν ,
2

(C.13)

which is the Mathisson-Papapetrou-Dixon equation.
As a final remark, one may be concerned that to demonstrate the covariance of the
equations of motion we had to use the on-shell equations of motion for (n, ñ), as surely
the full set of the equations of motion should be covariant even off-shell. In fact we have
been a bit quick. In reality a variation of the particle path also induces a variation of the
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Here we have used the fact (following from (C.3) and (C.4)) that on-shell we have λ1 = 0.
In (C.6) and (C.7) there are some non-tensorial terms which we may be justified in
labeling ‘unwanted ’. Let us now gather together these terms and show that they add up
to zero:
Z
0
‘unwanted = s
ds [(∂σ gµν )ñν ∇nµ − ∇(nα ñµ )Γµασ ] δX σ
C
Z
+
ds [λ2 v ν (nµ ∂σ gµν − nα Γασν ) + λ3 v ν (ñµ ∂σ gµν − ñα Γασν )] δX σ
C
Z
+
ds [∂σ gµν (λ4 nµ nν + λ5 ñµ ñν )] δX σ .
(C.8)

normal vectors nµ , ñ: they should be parallel transported to the new location by demanding
δX ν ∇ν n = 0, i.e.
δX nµ = −Γµαβ nα δX β .
(C.14)
By including this variation we can find a set of equations of motion that is covariant offshell and reduces to the MPD equations on-shell. However a quicker route to the MPD
equations is to note that if the equations of motion (C.3) and (C.4) are already satisfied,
then the action is already stationary with respect to any variation of n, and thus the
variation (C.14) may be neglected.

Details of backreaction of spinning particle

In this section we spell out some details on the relation between the Mathisson-PapapetrouDixon equations and the construction of bulk solutions to topologically massive gravity with
a conical defect.
1. Singular terms in TMG equations of motion: boundary condition method.
As discussed in detail in section 3.2, to compute entanglement entropy we are attempting
to construct solutions to the Euclidean TMG equations of motion
1
1
i
Rµν − gµν R − 2 gµν + Cµν ≡ Gµν = 0
2
`
µ

(D.1)

that contain a conical defect along a curve C. If we pick coordinates so that C lies along
(z, z) = 0 then the most general metric near C is of the form [61, 62]:
ds2 = e2A [dzdz + e2A T (zdz − zdz)2 ]
+(gyy + 2Kz z + 2Kz z + Qzz z 2 + Qzz z 2 + 2e2A Qzz zz)dy 2
+2ie2A (U + Vz z + Vz z)(zdz − zdz)dy + · · · ,

(D.2)

where all of the functions appearing here are allowed to depend on y, the direction perpendicular to the cone. A(ρ) is a function which regulates the tip of the cone, i.e.

A(ρ) ≡ − log(ρ2 + a2 ) .
(D.3)
2
We would now like to show that if we examine these equations of motion, they will
generically contain divergences as ρ → 0; these divergences cannot be canceled by matching
on to the rest of the geometry and we should demand that their coefficients vanish. This
constrains the set of C that can support such a singularity. In the case of pure Einstein
gravity, this procedure requires the vanishing of the traces of the extrinsic curvature and
thus requires that C be a minimal surface [6]. In TMG, we will show that it instead requires
that C satisfy (the Euclidean analytic continuation of) the Mathisson-Papapetrou-Dixon
equations (3.37), which follow from the extremization of the entanglement functional (3.24).
First we understand the geometric properties of C as encoded in the metric (D.2). The
∂
velocity vector v µ along C is v ≡ √gyyy , evaluated at ρ = 0. From this we may construct
the acceleration vector
1
aµ ≡ v ρ ∇ρ v µ =
(−Kz ∂z − Kz ∂z )
(D.4)
gyy
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and its covariant derivative, sometimes rather unfairly called the “jerk”:


1
Kz Kz
µ
ρ
µ
j ≡ v ∇ρ a = 3/2 (−∂y Kz + 2iU Kz ) ∂z + (−∂y Kz − 2iKz U ) ∂z −
∂y . (D.5)
gyy
gyy

The factors of i arise from the fact that the epsilon tensor used here is the Euclidean
signature version and our previous definition of the spin tensor was in Lorentzian signature.
Using (D.4) and (D.5) we find these equations become

√
−m gyy Kz + is ∂y Kz + 2s (Kz U − 3gyy Vz ) = 0

(D.7)

and the corresponding equation with z ↔ z. Note if the spin is taken to 0 this simply
states that Kz = Kz = 0, i.e. the geodesic equation.
Next, we simply directly evaluate the left-hand side of the equations of motion (D.1)
using the cone ansatz. The zz and zz side of the equations of motion contain 1/ρ divergences, e.g.


 eiτ
1
2
√
Gzz ∼ −
Kz gyy − i ∂y Kz − (Kz U − 3gyy Vz ) + O(2 )
(D.8)
2ρ g 32
µ
µ
yy
This divergence will vanish precisely when the MPD equation (D.7) is satisfied, provided
the ratio of the mass to the spin of the probe satisfies the relation
s
1
= .
m
µ

(D.9)

Thus we conclude that if the curve C satisfies the MPD equations, then the singular part
of the bulk equations of motion vanish and a geometry can be constructed with a conical
defect along C.
2. Matching delta functions. Here we consider a different route. Consider sourcing
the TMG action with a spinning particle by studying the combined action
S = STMG [g] + Sprobe [g, X, n]
This results in the Euclidean equations of motion


1
1 µν
1 µν
i µν
µν
µν
R − g R − 2g + C
+ Tprobe
= 0,
8πG3
2
`
µ
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These expressions require us to evaluate A(0) = − log a → 0 where the last equality is
valid as  → 0. We may set  → 0 here with no loss of information as the geometric
properties of C do not depend on the strength of the singularity.
Next we note that in terms of the acceleration and the jerk the Euclidean continuation
of the MPD equations (3.37) take the form


1 β µνρ σ
σ
σµρ
ma + is  vµ jρ + v  R βµν vρ = 0
(D.6)
2

where we have defined the stress tensor of the probe by


Z
1 µν
3 √
δSprobe = d x g
T
δgµν .
2 probe

(D.12)

In this section we will show that the resulting spacetime sourced by the spinning probe
is the desired conical defect studied extensively above. The resulting equations are then
consistent only if we minimize the action of the probe over the dynamical variables X µ
and ni . To understand this consider taking the divergence of (D.11); the geometric terms
vanish as an identity, and so we find
(D.13)

This conservation law is equivalent to the MPD equations.16 Thus we need only verify that
the backreaction of the probe creates the desired singularity in the spacetime.
We will do this in two steps: first we compute the Euclidean stress tensor arising from
the probe. In Euclidean signature Sprobe takes the form
Sprobe = Sgeod + Sanom + Sconstraints ,

(D.14)

with
Z

q
ds gµν Ẋ µ Ẋ ν ,

Sgeod = m

(D.15)

ZC
Sanom = is
ds n2 · ∇n1 ,
(D.16)
C
Z
h
i
Sconstraints = i
ds λ1 n1 · n2 + λ2 n1 · Ẋ + λ3 n2 · Ẋ +λ4 (n21 − 1)+ λ5 (n22 − 1) . (D.17)
C

In this appendix some of the λi have been redefined with factors of i relative to other
sections of this paper. This metric variation can be divided into two parts, as Sprobe
depends on the metric both explicitly and through the definition of the Christoffel symbol
Γαµν . Thus consider first variations that treat them separately


Z
1 µν
µν
3 √
α
δSprobe = d y g
t δgµν + L α δΓµν .
(D.18)
2
Taking into account the relation between Γαµν and the metric
δΓαµν =


1  αβ
g ∇µ δgνβ + g αβ ∇ν δgµβ − ∇α δgµν ,
2

(D.19)

we find that the full stress tensor is


µν
Tprobe
= tµν − ∇α Lν[αµ] + Lµ[αν] + Lα(µν) .
16

(D.20)

While we have checked it explicitly in this case, the fact that the stress-tensor of a brane is conserved
if the action of the brane is extremized with respect to all dynamical variables follows from bulk diffeomorphism invariance. In this context it helps us to understand why we must vary with respect to the normal
vectors as well as with respect to the particle trajectory.
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µν
∇µ Tprobe
=0

We now need to actually construct this variation. For convenience we define the notation
Z

Z
ds ≡

ds
C

(D.21)

by constructing the tensor tµν as defined in equation (D.18):
h

i
(µ
ν)
(µ
(µ
ds mv µ v ν + i 2sn2 ∇n1 + 2λ2 n1 v ν) + 2λ3 n2 v ν) + 2λ4 nµ1 nν1 + 2λ5 nµ2 nν2
h

i
(µ ν)
(µ
(µ
ds mv µ v ν + i s∇(n1 n2 ) + λ2 n1 v ν) + λ3 n2 v ν)
h

i
(µ ν)
ds mv µ v ν + i s∇(n1 n2 ) + vα v (µ ∇sν)α
(D.22)

From the first to the second line we used the Euclidean analogs of (C.3) and (C.4) arising
from the variation of the action with respect to ni ; from the second to the third line we
used (C.12) but with the spin tensor defined as
sµν = s (nµ1 nν2 − nµ2 nν1 ) .

(D.23)

The contribution to the variation of Sprobe coming directly from explicit dependence
on the Christoffel symbol is
Z
µν
L α = is ds v µ nν1 n2α .
(D.24)
In particular we find that
µ[να]

L

i
=
2

Z

ds v µ sνα .

(D.25)

We want to evaluate the contribution of Lµνα to the total stress tensor as given by (D.20).
To start, consider the term
∇α Lαµν = ∂α Lαµν + Γααβ Lβµν + Γµαβ Lαβν + Γναβ Lαµβ .

(D.26)

The first term is
∂α Lαµν = is

Z

∂
ds v α nµ1 nν2 α
∂y

δ (3) (y − x(s))
√
g

!
.

(D.27)

Using the following identities
∂
∂y α



1
√
g



Γβαβ
=−√ ,
g



∂  (3)
∂  (3)
δ
(y
−
x(s))
=
−
δ
(y
−
x(s))
,
∂y α
∂xα

(D.28)

equation (D.27) simplifies to
∂α Lαµν = −Γβαβ Lαµν − is
=

−Γβαβ Lαµν

Z

ds nµ1 nν2

Z
+ is

ds

 1
∂  (3)
δ (y − x(s)) √
∂s
g

d µ ν
(n n ) .
ds 1 2
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and begin
Z
µν
t =
Z
=
Z
=

δ (3) (y − X(s))
,
√
g

Combining this result with (D.26) gives
α(µν)

∇α L

Z
= is

(µ ν)

ds ∇(n1 n2 ) .

(D.30)

After the dust settles, we find


ν[αµ]

∇α L

µ[αν]

+L

α(µν)

+L



Z
= is

(µ ν)
ds ∇(n1 n2 )

Z
− i∇α

(µ ν)α

ds v s

.

(D.31)

(D.32)

The conservation of this stress tensor is equivalent to the MPD equations, as one expects
on general grounds. Note that the normal vectors themselves have vanished, and the full
answer can be written in terms of the spin tensor.
We would now like to show that the backreaction of this stress tensor on the geometry
(as dictated by the TMG equations) creates a conical singularity:


1
1 µν
1 µν
i µν
µν
µν
R − g R − 2g + C
+ Tprobe
=0
(D.33)
8πG3
2
`
µ
As it is well known that the part proportional to m sources a delta function in the Einstein
tensor, we must show that the new spin-induced delta function sources the corresponding
delta function structure in the Cotton tensor. To that end we consider the regulated cone
ansatz (D.2), expanded only to first order in (z, z):
ds2 = e2A(z,z) dzdz + (gyy + Kz z + Kz z)dy 2

(D.34)

In this calculation we will construct local equations of motion evaluated at a fixed value
of y, and we can use the gauge freedom (3.19) to set U to 0 at that point. Computing its
Cotton tensor we find that the singular terms take the form

4 
2
C zy = 3 Kz ∂∂A + gyy ∂∂ A + · · ·
C zy = −(C zy )∗
(D.35)
2
gyy
where we have neglected terms that are regular at the tip of the cone or are higher order in .
Furthermore, constructing the velocity v and the spin tensor following from (D.34) and
evaluating the stress tensor (D.32), we find after considerable algebra
T zy (x)probe = −

2is 
3
2

2

Kz ∂∂A + gyy ∂∂ A



zy
zy
Tprobe
= (Tprobe
)∗

(D.36)

πgyy
Here for ease of comparison with the Cotton tensor we have chosen to represent the twodimensional delta function using the function A(z, z) defined in (D.3), i.e. we have
lim ∂∂A = −πδ (2) (z, z)

a→0
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Adding (D.22) and (D.31) gives us for the total stress tensor:
Z

Z
h
i
µν
µ ν
(µ
ν)α
(µ ν)α
Tprobe = ds mv̇ v̇ + ivα v ∇s
+ i∇α
ds v s
.



Comparing these with the equations of motion (D.11) we see that the delta function structure agrees provided that we have
1
s=
,
(D.38)
4µG3
in agreement with the previous results.
It is interesting to note that a spinning particle in TMG creates a pure (i.e. nonspinning) conical defect, provided that its spin is tuned to the Chern-Simons coupling
appropriately. Conversely, a spinless particle in TMG actually creates a spinning conical
defect geometry [85].

Chern Simons formulation of TMG

In this appendix we will construct the effective action for the spinning probe in ChernSimons language using the techniques developed in [7].17 In doing so we will show explicitly
how the Chern-Simons and gravitational prescriptions are equivalent. This will give a
different perspective on how to construct a spinning particle and, for some readers, may
clarify certain properties of the metric-like construction.
We start by writing the TMG as a Chern-Simons theory with a constraint [34, 87].
Define18




1 a
1 a ¯
a
a
AL = ω + e Ja , AR = ω − e Ja ,
(E.2)
`
`
where AL,R ∈ sl(2, R)L,R . The TMG action (3.1) can be rewritten as [88]
Z
1
1
k
STMG = (1 − )SCS [AL ] − (1 + )SCS [AR ] −
Tr(β ∧ (FL − FR )) ,
µ`
µ`
4πµ`
with F = dA + A ∧ A, and the Chern-Simons action is


Z
k
2
SCS [A] =
Tr A ∧ dA + A ∧ A ∧ A .
4π
3

(E.3)

(E.4)

The Chern-Simons level k is related to the gravitational Planck length and AdS3 radius via
k=

`
.
4G3

It is convenient to define left and right levels,




cL
1
cR
1
kL =
=k 1−
, kR =
=k 1+
,
6
µ`
6
µ`

(E.5)

(E.6)

where (cL , cR ) are the Brown-Henneaux central charges (3.6).
17
18

See also [86] for an different (but compatible) approach to this subject.
Our conventions for sl(2, R) are [Ja , Jb ] = abc J c and in the fundamental representation
"
#
"
#
"
#
1/2 0
0 0
0 1
J0 =
, J+ =
, J− =
.
0 −1/2
−1 0
0 0
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In this notation, β is a one-form that enforces the “torsion free” condition FL =
FR . The addition of this constraint is not just a matter of aesthetics: the Lagrange
multiplier β is the massive degree of freedom that characterizes TMG. Without it, the
theory remains a topological, parity-odd Chern-Simons theory of gravity with no local
degrees of freedom [89, 90].19
1. Wilson lines.

Following the work of [92–94], in [7] it was argued that the Wilson line


Z
WR (C) = trR P exp
A .
(E.7)
C

1. We need a representation that carries the data of a massive and spinning particle in
AdS3 . The natural unitary representations for the probe are infinite-dimensional. In
particular the highest-weight representation of SL(2, R), defined in the via a highestweight state |h, h̄i satisfies
J1 |h, h̄i = 0 ,

J0 |h, h̄i = h|h, h̄i ,

J¯1 |h, h̄i = 0 ,

J¯0 |h, h̄i = h̄|h, h̄i ,

(E.8)

Here J0,±1 ∈ sl(2, R)L and J¯0,±1 ∈ sl(2, R)R . There is an infinite tower of descendants
created by (J−1 )n (J¯−1 )n̄ . In this notation, the mass and spin of the probe are
`m = h + h̄ ,

s = h̄ − h .

(E.9)

The construction in [7] took s = 0. One of the purposes of this appendix is to show
how to account for non-trivial spin in the representation.
2. One can interpret R as the Hilbert space of an auxiliary quantum mechanical system
that lives on the Wilson line. This auxiliary system can be constructed as a path
integral over some fields U which have a global symmetry group G: we will pick the
dynamics of U so that upon quantization the Hilbert space of the system will be
precisely the desired representation R. More concretely, we replace the trace over R
by a path integral,
Z
WR (C) =

DU exp[−S(U ; A)C ] ,

(E.10)

where the action S(U ; A)C is design that G is a local symmetry of the probe U along
the curve C.
19

There exist proposals for theories of topologically massive higher spin gravity, see e.g. [88, 91] . These
furnish a dual description of the currents in holographic CFTs with cL 6= cR and an extended conformal
symmetry. Higher spin TMG actions are known in closed form only in first-order formulation: namely, they
are identical to the first-order action (E.3) of ordinary TMG, only with fields now valued in a higher spin
algebra G ⊃ sl(2, R). The analysis in this appendix in principle extends in a straightforward manner to
compute holographic entanglement entropy for these theories.
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correctly captures the dynamics of a massive particle in AdS3 when A ∈ so(2, 2) ∼
sl(2, R)L × sl(2, R)R , with an appropriate choice of representation R for the gauge group
G = SO(2, 2).
Our goal is to construct a massive and spinning probe in the Chern-Simons language
and show that it captures the same physics as the MPD equations. We specialize to flat
connections, i.e. locally AdS3 geometries. For present purposes we highlight the following
properties of (E.7):

For more details on this construction, we refer the reader to [7].
To construct a Wilson line in the representation (E.8) it is useful to treat the connections AL and AR separately, i.e.

where

WR (C) = WL (C)WR (C)

(E.11)


 Z
Z
WL (C) = trR P exp
AL = DUL exp[−SL (UL ; AL )C ]

(E.12)

C

C

which is invariant under
UL → L(s)UL ,

PL → L(s)PL L−1 (s) ,

AL → L(s)(AL + d)L−1 (s) ,

with L(s) ∈ SL(2, R). The action for the “right movers” in WR (C) is
Z


SR =
ds Tr PR UR−1 DR UR + λR (Tr PR2 − c̄2 ) , DR UR = ∂s UR − UR AR ,

(E.14)

(E.15)

C

and the local symmetries are given by
UR → UR R(s) ,

PR → R−1 (s)PR R(s) AR → R−1 (s)(AR + d)R(s) ,

(E.16)

where R(s) ∈ SL(2, R). Here PR and PL are elements of the algebra and correspond to the
conjugate momenta to UR and UL , respectively. The information about the representation
R is encoded in the quadratic Casimirs via
c2 = 2h(h − 1) ,

c̄2 = 2h̄(h̄ − 1) .

(E.17)

And for P = Pa J a , we have
Tr(P 2 ) = 2P02 − (P−1 P1 + P1 P−1 ) .

(E.18)

From the actions (E.13) and (E.15), the equations of motion are
UR−1 DR UR + 2λR PR = 0 ,

∂s PR + [AR , PR ] = 0

(E.19)

DL UL UL−1 + 2λL PL = 0 ,

∂s PL + [AL , PL ] = 0

(E.20)

Integrating out PL and PR gives the following equations for UL and UR

d  −1
UR U̇R − AR − [UR−1 U̇R , AR ] = 0 ,
ds

d 
U̇L UL−1 + AL − [U̇L UL−1 , AL ] = 0 .
ds
20

(E.21)
(E.22)

In what follows AL,R are understood to be the pullback of the connections along C, i.e. A = Aµ ẋµ .
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and an analogous definition for WR (C). The effective actions for each Wilson line are as
follows. The action for our “left movers” in WL (C) is20
Z


SL =
ds Tr PL DL UL UL−1 + λL (Tr PL2 − c2 ) , DL UL = ∂s UL + AL UL , (E.13)

A. Wilson lines and MPD equations. To see that the dynamics of UL,R are equivalent
to those of the MPD particle, it is convenient to write the MPD equations in a way that
makes explicit the SL(2, R) structure. We start by rewriting the MPD equations in terms
of the momenta of the particle,
∇pµ =

1 ν ρσ µ
v s R νρσ ,
2

∇sαβ + v α pβ − v β pα = 0 ,

(E.23)
(E.24)

1
sc := abc sab ,
2

S := Jc sc ,

(E.25)

where Ja ∈ SL(2, R) and sab = eaµ ebν sµν . Then contracting (E.24) with abc J c we get
∇S + abc J c v a pb = 0 ,

(E.26)

and using [Ja , Jb ] = abc J c gives
∇S + [e, P ] = 0 ,

(E.27)

where we introduced the notation
P := Ja pa ,

e := Ja v a = Ja eaµ ẋµ .

(E.28)

Next, consider (E.23) for spacetimes that are locally AdS3 . We find
1
∇pµ = − v ν sρσ Rµνρσ = v ν sµν ,
2

(E.29)

where we used (A.9). An equivalent rewriting of (E.29) using tangent space indices is
∇pa + v b abc sc = 0 .

(E.30)

∇P + [e, S] = 0 .

(E.31)

Multiplying by Ja we get
Summarizing, the MPD equations (E.23) and (E.24) are equivalent to
∇P + [e, S] = 0 ,

∇S + [e, P ] = 0 .

(E.32)

Emphasis should be placed on the fact that this is only valid for spacetimes that are
locally AdS3 .
With this notation it is straight forward to compare with the Chern-Simons formulation. The equations of motion for the left and right moving momenta are given by (E.19)
and (E.20). In terms of covariant derivatives, as defined by (A.11), we can write these
equations as
∇PR − [e, PR ] = 0 , ∇PL + [e, PL ] = 0
(E.33)
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where the canonical momentum is given by pµ = mv µ + vρ ∇sµρ . Next, define

where we used (E.2). Comparing (E.33) with (E.32) we identify21
P = PR + PL ,

S = PR − PL .

(E.34)

This proves that the conservation equations of the left and right moving momenta associated to the Wilson lines are equivalent to the MPD equations, provided the connections
AL,R are flat.





1
1
S =i 1−
SCS [AL ] − i 1 +
SCS [AR ] + SL (UL ; AL )C + SR (UR ; AR )C , (E.35)
µ`
µ`
where SCS is given by (E.4), and the probe is described by the actions SL,R in (E.13)
and (E.15). If we vary the action (E.35) with respect to the gauge fields AL and AR
we obtain


Z
k
1
dxρ
1−
FL,µν (x) = i ds
µνρ δ (3) (x − x(s))PL ,
2π
µ`
ds


Z
k
1
dxρ
1+
FR,µν (x) = i ds
µνρ δ (3) (x − x(s))PR .
(E.36)
2π
µ`
ds
In Euclidean signature it is convenient to introduce complex coordinates z and z̄ for
the field theory coordinates t and φ by
z̄ = φ − itE .

z = φ + itE ,

(E.37)

In this appendix we use ρ as the Fefferman-Graham radial cordinate. Our probe should
be parameterized (at least close to the boundary) by ρ(s) = s. Thus PL (s) and PR (s) are
independent of s which have to satisfy
Tr(PL2 (s)) = c2 ,

Tr(PR2 (s)) = c̄2 ,

(E.38)

which is, for example, achieved by
PL (s) =

√

2c2 J0 ,

PR (s) =

√

2c̄2 J0 .

(E.39)

In order to solve (E.36) we introduce aL,source and aR,source by
AL = LaL,source L−1 + LdL−1 ,

L = e−ρJ0 e−J1 z ,

AR = R−1 aR,source R + R−1 dR ,

R = e−J−1 z̄ e−ρJ0 ,

21

(E.40)

Note that this identification is not unique; the normalizations and relative signs are not fixed. This is
simply because we have not specified how the Chern-Simons variables map to spacetime variables.
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B. Backreaction of Wilson lines. To fix the Casimirs relevant for computing entanglement entropy, we consider the backreaction of our probe on the gravity background. We
switch to Euclidean signature and consider the action

where the gauge functions (L, R) generate the asymptotics, whereas the coupling to the
source is taken into account by
r


c2
1
dz dz̄


aL,source =
−
J0 ,
2 k 1− 1
z
z̄
µ`
r


c̄2
1
dz dz̄


aR,source =
−
J0
(E.41)
2 k 1+ 1
z
z̄
µ`

(E.42)

Moreover, the antisymmetric epsilon tensor in the coordinates (ρ, z, z̄) is normalised
such that
i
ρz z̄ = .
(E.43)
2
Let us now calculate the metric associated to the solution. It is convenient to write




√
√
1
cL
1
cR
2c2 = αk 1 −
=α ,
2c̄2 = ᾱk 1 +
= ᾱ
.
(E.44)
µ`
6
µ`
6
For the purpose of computing entanglement entropy (and hence mimicking the correct
replica geometry at the boundary), the effect of the Wilson line should be to create a
conical defect on the boundary metric. This is simply achieved by setting α = ᾱ: this sets
aL,source = aR,source and the corresponding conical metric reads

ds2
= dρ2 + e2ρ dr2 + r2 (α − 1)2 dθ2 .
2
`

(E.45)

Here we have introduced polar coordinates (r, θ) on our Euclidean CFT spacetime by
z = reiθ and z̄ = re−iθ . The strength of the conical singularity is governed by α which
should be identified with n (or ) in the main text. In the limit n → 1 we find
√
√
cL
cR
2c2 =
(n − 1) + O(n − 1)2 ,
2c̄2 =
(n − 1) + O(n − 1)2 .
(E.46)
6
6
This fixes the Casimirs. As expected, they reproduce the values of mass and spin in (3.41)
upon using (E.9).
2. Holographic entanglement entropy. Having constructed independent left and
right Wilson lines, we can compute holographic entanglement entropy. Following the logic
in [7] we postulate that
1
log (WR (C))
n→1 1 − n
1
1
log (WL (C)) + lim
log (WR (C)) ,
= lim
n→1 1 − n
n→1 1 − n

SEE = lim

(E.47)

when the endpoints of the curve C are at the boundary of AdS3 . In the following we will
explicitly evaluate (E.47) in a semiclassical approximation.
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This is indeed a solution to the equations (E.36) because
 
 
1
1
∂z
= ∂z̄
= πδ (2) (z, z̄) = πδ(tE )δ(φ).
z̄
z

A. Open path. Consider first evaluating the action of the probe for an open interval
in any locally AdS3 background.22 The path xµ (s) = (ρ(s), x± (s)) that characterizes C
satisfies the following boundary conditions
ρ(s = sf ) = ρ(s = 0) ≡ ρ0 ,

x± (s = sf ) − x± (s = 0) ≡ ∆x± ,

(E.48)

Here s is the parameter along the path, varying from s = 0 to s = sf .
We start by solving for the dynamics of UL in (E.13). The solution with AL = 0 is
UL,0 (s) = exp (−α(s)PL,0 ) u0 ,

(E.49)

(E.50)

C

Since AL is a flat connection, to construct solutions with AL 6= 0 we can gauge-up
from AL = 0 to
 Z x

−1
±
i
AL = LdL , L(x , ρ) = exp (−ρJ0 ) exp −
dx ai .
(E.51)
x0

We have made a particular and conventional gauge choice for the ρ-dependence. Under (E.51) our probe will transform as
UL (s) = L(s)UL,0 (s) ,

(E.52)

where L(s) ≡ L(x± (s), ρ(s)), which is a solution to the equations of motion (E.22). The
appeal of this approach is that (E.50) is still a valid expression when AL 6= 0, so the task
at hand is to compute ∆α for the set of backgrounds (E.51).
To do so we impose boundary conditions on (E.52); in particular, combining (E.52)
with (E.49) we find
e−∆αPL,0 = L(sf )−1 UL (sf )UL (0)−1 L(0)

(E.53)

where ∆α ≡ α(sf )−α(0). Equation (E.53) determines ∆α in terms of AL and the boundary
data for UL . More explicitly, taking the trace of (E.53) gives
 r 

c2
= Trf L(0)L(sf )−1 UL (sf )UL (0)−1 .
(E.54)
2 cosh ∆α
2
For the right invariant action the logic goes exactly the same with the appropriate
replacements: provided a background connection of the form
Z x

−1
±
i
AR = R dR , R(x , ρ) = exp
dx āi exp (−ρJ0 ) ,
(E.55)
x0

a solution to the equations of motion (E.21) is
UR (s) = UR,0 R(s) ,
22

UR,0 = u0 exp (−ᾱ(s)PR,0 ) ,

2
TrPR,0
= c̄2 .

(E.56)

We remind the reader that we will be rather brief here. Details of the technique can be found in [7].
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with ṖL,0 = 0, and the on-shell action is given by
Z
2
SL,on−shell = −
ds α̇(s) Tr PL,0
= −c2 (α(sf ) − α(0)) ≡ −c2 ∆α .

The right moving action (E.15) is simply
Z
2
˙
SR,on−shell = −
ds ᾱ(s)
Tr PR,0
= −c̄2 ∆ᾱ .

(E.57)

C

Analogously to (E.53)–(E.54), we solve for ∆ᾱ from the equation
r !

c̄2
2 cosh ∆ᾱ
= Trf R(0)−1 R(sf )UR (sf )−1 UR (0) .
2

(E.58)

B. Thermal entropy. To end this appendix, we will compute WL,R (C) for a closed
spatial curve; using (E.46) and (E.47) the closed Wilson loop will reproduce the thermal
entropy of the solution. Again, most of the derivations here follow from [7].
The main difference with respect to the open interval derivation is that U(s) has to be
a periodic function, Ui = Uf , and we take ∆φ = 2π. Then using (E.49) and (E.52) we have
exp (∆αPL,0 ) = L(sf )−1 L(0)
= exp(2πaφ ) ,

(E.59)

where we used that for a closed loop the combination L(0)−1 L(sf ) is the holonomy around
the spatial cycle φ ∼ φ + 2π. Defining λL and λφ as the diagonal matrices whose entries
are the eigenvalues of PL and aφ we find
− ∆αλL = 2πλφ .
And using trf (λL J0 ) =

p c2
2

(E.60)

gives
r
∆α = −2π

2
trf (λφ J0 )
c2

On the right, one proceeds analogously; the result is
r
2
∆ᾱ = 2π
trf (λ̄φ J0 ) .
c̄2

(E.61)

(E.62)

where λ̄φ is the diagonal matrix whose entries are the eigenvalues of āφ . The total action
is the sum of (E.50) and (E.57),
Sthermal = SL,on−shell + SR,on−shell
cL
cR
= 2π trf (λφ J0 ) − 2π trf (λ̄φ J0 )
6
6
For cL = cR this yields the formula for the thermal entropy in [95].
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To summarize, given a pair of flat connections in the gauge (E.51), (E.55), one computes the single interval entanglement entropy as follows. Equations (E.54) and (E.58) can
be solved for ∆α and ∆ᾱ. Combined with the Casimirs (E.46), these define the on-shell actions via (E.50) and (E.57). In the semiclassical limit WL,R (C) ∼ exp (−SL,R,on−shell (C)),
the on-shell actions in turn yield the entanglement entropy (E.47).
It may be verified that when applied to the backgrounds treated in the main text
(Poincaré AdS and the rotating, planar BTZ black hole), with the appropriate choice of
boundary conditions on UL,R at s = sf , 0, this prescription reproduces our earlier results.

We can apply this formula for the BTZ black hole. The connection in this case is




EL
ER
+
a = J1 −
J−1 dx ,
ā = − J−1 −
J1 dx− ,
(E.64)
kL
kR
where kL,R are defined in (E.3)–(E.6). The identification of EL and ER with the mass M
and angular momentum J of the black hole receives corrections from the Chern-Simons
term [38]. Using the relations (E.6), the charges can be written neatly as
EL =

M −J
,
2

ER =

M +J
2

(E.65)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from AdS/CFT,
Phys. Rev. Lett. 96 (2006) 181602 [hep-th/0603001] [INSPIRE].
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