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If the true is
what is grounded,
then the ground
is neither true nor false

l u d w i g w i t t g e n s t e i n

Whether all grow black,
or all grow bright,
or all remain grey,
it is grey we need,
to begin with,
because of what it is,
and of what it can do,
made of bright and black,
able to shed the former ,
or the latter,
and be the latter
or the former alone.
But perhaps I am the prey,
on the subject of grey,
in the grey, to delusions

s a m u e l b e c k e t t
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Introduction

I would like to think of the articles that make up this book as contributions to a 
historical epistemology of abstraction. They raise the question of how the idea 
of a formal axiomatic system – characteristic of ‘modern’ mathematics and logic 
– that paved the way for the ‘modernization’ of probability by measure theory 
became possible. This question asks for an answer that describes not what this 
idea is, but what allowed it to become thinkable, and that understands the way 
in which this came about not from the perspective of the ‘modern’, but from 
that of the ‘non-modern’. The book, thus, investigates how this (‘modern’) idea 
could arise out of a (‘non-modern’) style of thought the limits of which made it 
as yet unthinkable. It can be read on four diferent levels. 

The detailed historical studies of the work of nineteenth-century and early 
twentieth-century ‘non-moderns’ and the general view on ‘non-modern’ proba-
bility, logic and mathematics (ca. 1830-1930) that arises from them form the first 
two levels. They are its explicit content. This introduction and the concluding 
remarks open up a third and fourth level, namely a ‘post-Kuhnian’ history of 
exact thought and a philosophical theory of the foundations of the ‘modern-
ist transformation’. These levels, thus, contain suggestions for an answer to 
the question mentioned above – suggestions that hint at a historical ‘break’ 
between a ‘non-modern’ and ‘modern’ historical a priori in which a revised a 
priori came to ground ‘modern’ exact thoughts. 

Histories of the modern

Much has been written about the ‘modernist transformation’ of mathematics.1 
Some of these accounts reflect on what it means to do history of mathematics2 
and, in doing so, consider its relation to the new historiography of science asso-
ciated with the name of Thomas Kuhn (1922-1996).3 In what is perhaps the 

1 See Gray (2008) and Mehrtens (1990). 
2 For example Grabiner (1975) has shown that and why this question has no easy 

answer. 
3 See Crowe (1975), Mehrtens (1976) and Gillies (1992). 
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most influential early ‘quasi-Kuhnian’ account of the history of mathematics, 
Corry distinguishes between the ‘image’ and ‘body’ of exact mathematical 
knowledge.4 As becomes apparent in his work, this distinction amounts to 
the claim that given the very nature of mathematics, revolutions in the phil-
osophical ‘image’ of mathematics do not imply that the ‘body’ of mathemati-
cal knowledge itself is revolutionized too. Consequently, this quasi-Kuhnian 
account shares with pre-Kuhnian accounts of the history of mathematics the 
philosophical view that in so far as revolutions are impossible in (the ‘body’ of) 
mathematics, whiggism (or a concern with our ‘heritage’ rather than its ‘histo-
ry’)5 remains inescapable with regard to this realm of thought.6 For example, 
both accounts would explain the establishment of the ‘modern’ with reference 
to the development of certain ‘modern’ ideas and then recognize or neglect 
what is not modern only in so far as some of these ideas are either included in 
or excluded by the ‘body’ of the ‘modern’. 

However, these historiographies of exact thought have several problematic 
implications. The first and most general one is that they tend to assume the exist-
ence of an already modern opposition between a self-enclosed ‘body’ (i.e. one 
having no outward reference) and a self-reflective ‘image’ (i.e. one separating 
itself from what is ‘in’ the ‘body’). From this implication it follows, secondly, that 
a change of ‘image’ cannot change the ‘body’, thirdly, that there are no parts of 
the ‘body’ that are specific to a certain ‘image’ and, fourthly, that no parts of the 
‘body’ are compatible with one ‘image’ and incompatible with another ‘image’. 

The transformation from the ‘non-modern’ to the ‘modern’ in probability 
theory, mathematics and logic calls these assumptions into question. Four exam-
ples must suhce here. Firstly, some ‘non-modern’ ideas (e.g. ‘probability theory 
as a natural science’) were destroyed by the ‘modern’ image. Secondly, the ‘mod-
ernization’ of some of the concepts found in or suggested by the ‘non-modern’ 
body (e.g. ‘logic of classes’, ‘limits’, ‘probability axioms’, ‘algebraic freedom’ and 
‘higher-dimensional geometries’) were inconceivable from within the ‘non-mod-
ern’ image. The same goes for a ‘modern’ concept like ‘measure-theoretic prob-

4 See Corry (1989) and Corry (1993). 
5 See Grattan-Guinness (2004) for a thoroughgoing analysis of the diference between 

‘heritage’ (‘how did we get here?’) and ‘history’ (‘what happened in the past?’) with 
regard to the history of mathematics. 

6 For a comprehensive defense of this statement see Fourciau (2000). 

Introduction
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abilities’ – a concept that arose in the wake of ‘non-modern’ developments, but 
that could only exist as a definition of probability within the ‘modern’ image. 
Fourthly, given that the ‘non-modern’ image had it that probability cannot, by 
its very nature, be incorporated within the ‘body’ of pure mathematics, the defi-
nition of probability in terms of already existing mathematical terms for which 
the ‘modern’ ‘image’ allowed, enlarged the scope of the mathematical ‘body’. 

A more promising post-Kuhnian historiography of exact thought that not only 
accounts for these specific examples, but also overcomes the general idea of 
an ‘inside’ and ‘outside’ of mathematics (a distinction made with reference to 
what is somehow always already included in mathematics)7 that the examples 
challenge, may be found in the confrontation of two philosophical-historical 
projects: on the one hand, the ‘historical a priori’ of (‘continental’) historical 
epistemology and, on the other hand, the ‘historicized a priori’ of the (‘analyti-
cal’) project of the dynamics of reason.8 Both projects are Kantian in an histori-
cized sense. They accept that there are a priori conditions ‘that make thinking 
this or that idea possible’9 – or, more generally, that delimit the realm of what 
can be thought, known, expressed etc. At the same time, they embrace the his-
torical contingency of such constitutive conditions – which together form a 
historical or historicized a priori –, for example with reference to Einstein’s 
rejection of Euclidean geometry in favor of (Riemannian) non-Euclidean 

7 Mehrtens, criticizing Crowe’s well-known 1975 article, wrote that ‘Crowe holds that 
there are no revolutions in mathematics […] To him “the preposition ‘in’ is crucial”. 
Unfortunately he does not explain what in mathematics means, except that nomencla-
ture, symbolism, metamathematics, methodology, […] historiography […] the general 
beliefs concerning the discipline, etc. […] are not in mathematics. Probably Crowe has 
the “contents” or the “substance” of mathematics in mind (what is this?)’ (Mehrtens, 
1976, 301-302). 

8 Where historical epistemology is associated with figures such as Edmund Husserl, 
Gaston Bachelard, Georges Canguilhem, Michel Foucault and Hans-Jörg Rhein-
berger, the idea of a relativized or historicized a priori is found in the work of Hans 
Reichenbach and further developed by Michael Friedman. For accounts of the former 
see, for example, Daston (1994), Hacking (2002, chapter 1), Rheinberger (2010) and 
Sturm & Feest (2008). For accounts of the latter see, for example, Friedman (1994), 
Friedman (2001) and Richardson (2002). Given that Canguilhem, among others, 
referred to Kuhn’s historical philosophy of science as ‘historical epistemology’ and 
Friedman understands his work as a renewal of that of Kuhn, these two positions can 
arguably be confronted as two post-Kuhnian projects. 

9 Daston (1994), 284. 
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geometry.10 But where the latter project merely concedes the historicity of the 
(‘historicized’) a priori as something a priori, the former project historicizes 
the very a priori status of the (‘historical’) a priori. That is to say that if ‘his-
toricized a prioris’ are non-empirical constitutive conditions for a certain field 
of empirical (objects of) knowledge that themselves fall outside of this field, 
historical a prioris are constitutive conditions the non-empirical character of 
which arises from within such a field itself. 

This diference can be illustrated by a statement in which Wittgenstein 
compared the non-Cartesian foundations of certain knowledge to the axis 
around which a body rotates. As he wrote, ‘this axis is not fixed in the sense 
that anything holds it fast, but the movement around it determines it as immo-
bile’.11 Both projects argue that a transcendental historical investigation can 
reveal the axes of rotation (i.e. historical or historicized a prioris) that are 
immobile (i.e. a priori constitutive) vis-à-vis the movements (e.g. knowledge) 
they make possible. But where the latter project is concerned with axes as being 
immobile relative to certain movements, the former project is concerned with 
axes as appearing as immobile given certain movements. Consequently, whereas 
the historicized a priori assumes the priority of a priori over the empirical revis-
ability of the constitutive a priori, the historical a priori presupposes (contra 
Quine) that the empirical revisability of the constitutively a priori does not 
destroy its capacity to appear as such.12 Put yet diferently, where the project 
of the dynamics of reason is committed to the view that changes in the histori-
cized a priori are of the nature of a priori revisions, the project of the historical 
epistemology holds that changes in the historical a priori may be of such a nature 
but are not necessarily so. This historical epistemological project, thus, allows 
for historical a prioris whose functioning as ‘foundational-walls […] carried by 

10 See, for example, Friedman (2009). 
11 Wittgenstein (1969), § 152. 
12 See, for example, Grozdanof (2014) who shows in what sense the ‘historicized a 

priori’ is premised on the thesis of a priori revisability and, indirectly, explains how 
the ‘historical a priori’ conflicts with ‘Quineanism’ as follows: ‘Quine took a priori 
propositions to be rationally unrevisable and since he held that “no statement is 
immune from revision” this automatically led to the thesis of the non-existence of a 
priori knowledge’ (Grozdanof, 2014, 62). 

Introduction
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the whole house’13 is characterized by the kind of a priori referred to in the 
notion of the ‘historicized a priori’.14 

These two projects have often been put to work in the context of the history of 
science or, more generally, of empirical knowledge. This book hopes to show 
the fruitfulness of such a post-Kuhnian historiography for the history of proba-
bility theory, mathematics and logic and, thereby, to problematize the received 
historiography of exact thought. The central claim to this efect is that, rather 
than as a transition from one ‘image’ to another ‘image’ of one and the same 
‘body’ of knowledge, the developments between the nineteenth- and early 
twentieth-century in these realms of thought must be understood in terms of a 
‘break’ between a ‘non-modern’ and ‘modern’ ‘a priori’. Here, the ‘non-modern’ 
indicates that the ‘a priori’ of ‘non-moderns’ such as Venn, Gregory and Von 
Mises was not constructed around the acceptance, by ‘moderns’ such as Boole, 
Hamilton, Hilbert and Brouwer, of the human mind as a source for the (justi-
fication and innovation of) a priori thoughts. At least, this is precisely what 
seems to explain the facts that some ‘non-modern’ concepts were destroyed by 
the ‘modern’ and that the ‘modernization’ of some of the concepts found in or 
suggested by the ‘non-modern’ were unthinkable for ‘non-moderns’ given their 
very existence as objects of thought. 

From ‘non-modern’ to ‘modern’ probability theory

Since the topic forms the bulk of this book, it is important to reassess the trans-
formation from ‘non-modern’ to ‘modern’ probability theory in somewhat 
more detail. 

There are several authoritative accounts of the history of probability which 
distinguish between ‘classical’ (‘non-mathematical’ or ‘real world’) probability 
(ca. 1654-1840) and ‘modern’ (mathematical) probability (ca. 1900-1950)15, and 

13 Wittgenstein (1969), § 248.
14 This point is further pursued in the concluding remarks. 
15 Doob justified this periodization by writing that because of fear-inspired resistance 

‘full acceptance of [Kolmogorov’s] mathematical probability was not realized until the 
second half of the century’ (Doob, 1996, 586). Von Plato notes that ‘as concerns the 
reception of measure-theoretic probabilities, it is a fact that textbook expositions did 
not start appearing until after the Second World War’ (Von Plato, 2005, 968). 
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subsequently explain the establishment of modern probability theory in terms 
of a process in which probability became mathematized by ‘modern’ mathemat-
ical ideas.16 For example, the American probabilist Joseph Doob wrote that the 
modern theory 

‘began, and remained for a long time, an idealization [of] certain […] phe-
nomena outside mathematics. [T]here were many important advances in 
mathematical probability before 1900, but the subject was not yet math-
ematics. [A] minimum of attention [was] paid to the mathematical basis 
of the [non-mathematical] contexts, a maximum of attention to the pure 
mathematics problems they suggested. This unequal treatment was inev-
itable, because measure theory [had] not yet been invented’.17

At least three assumptions are attached to such accounts. Firstly, the possibility 
of (‘modern’) probability theory becoming mathematical is supposed to be given 
with the existence of ‘modern’ mathematics. Secondly, the period between the 
mid- or late-nineteenth century and early twentieth-century is assumed to be 
one of an increasing ‘modernization’ of probability theory. And thirdly, the 
publication of Andrej Kolmogorov’s (1903-1987) Grundbegrife der Wahrschein-
lichkeitsrechnung (1933) is considered as the inevitable outcome of this very 
process – with its axiomatic system and the schism between this system and 
its interpretations being embraced by all philosophers, probabilists and statis-
ticians.18 What these assumptions give rise to is a history in which there is not 

16 See, for example, Daston (1988), Hacking (1975) and Hald (2003) on ‘classical’ proba-
bility theory and, for example, Hochkirchen (1999), Schafer & Vovk (2006) and Von 
Plato (1994) on ‘modern’ probability theory. 

17 Doob, 1996, 586 & 589. 
18 It is, of course, not impossible to question Kolmogorov’s axioms; see, for example, 

Lyon (2015). Also, there are competing axiomatic systems for probability and ‘it is 
not clear that we can single one of these out as the correct [one]’ (Lyon, 2010, 93). 

Introduction
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only no distinct ‘non-classical’,19 but also no distinct ‘non-modern’ probability 
tradition – a tradition which is associated, in this book, with ‘frequentism’ as 
an analysis of what has come to be called, somewhat problematically, ‘objective 
probability’.20 Although this tradition of, among others, Venn and Von Mises is 
today perhaps obsolete as a foundational orientation,21 given its probabilistic, 
mathematical and philosophical intuitions (or ‘a priori’), it can be approached 
as a more or less coherent and self-validating whole22 distinguishable both 
from the ‘classical’ and ‘modern’ tradition. On the one hand, it replaced the ‘a 
priori’ foundations and ‘subjective’ probabilities of the ‘classics’ for ‘objective’ 
(logical or natural-scientific) foundations and ‘empirical’ probabilities. And, on 
the other hand, it provided an alternative for the ‘mathematical’ foundations 
and ‘measure-theoretic’ probabilities of the ‘moderns’ by expressing its own 
foundations and probabilities in mathematical terms without, thereby, math-
ematizing them. 

However, like the seventeenth- and eighteenth-century development of 
symbolic mathematical notation, the abstract axiomatization was much more 

19 See Fischer (2011) for a treatment of what he himself, in some passages, refers to as 
the ‘non-classical’ period in probability theory (c. 1810-1930s) – a period in which the 
‘central limit theorem’, in the work of Pierre-Simon Laplace (1749-1827), Aleksandr 
Lyapunov (1857-1918), Paul Lévy (1886-1971) and many others, became ‘a mathe-
matically discrete object which was examined for its own sake’ and which ‘fulfilled 
an important integrative role in the process of developing the discipline of modern 
probability theory’ (Fischer, 2011, 6). Reflecting on Daston’s characterization of 
‘classical’ probability theory as a period stretching from about 1650 to 1840, Fischer 
also remarks that ‘Laplace had already begun to abandon the standpoint of classical 
probability […], that of viewing stochastic problems almost exclusively in terms of 
practical applicability’ (Fischer, 2011, 6). 

20 There were, of course, also other traditions with foundational aspirations in prob-
ability theory before the Kolmogorovian era; for example Charles Sanders Peirce’s 
(1839-1914) ‘objective’ probability in terms of ‘propensities’, John Maynard Keynes’s 
(1883-1946) ‘objective’ probability in terms of (pairs of) propositions and Bruno de 
Finetti’s (1906-1985) ‘subjective’ probability in terms of ‘coherent degrees of belief’. 

21 For example Gillies (1973 [2011]) and Van Lambalgen (1987) show in what sense the 
work of Von Mises remains both foundationally (or theoretically) and mathematically 
fruitful. At the same time, frequentism it is still the most widely accepted interpretation 
of (Kolmogorov’s axioms of) probability theory (e.g. Hájek, 1997). 

22 This, of course, echoes (in a new context) the famous – and what would today be 
called ‘Kuhnian’ – remark of Alexandre Koyré (1892-1964) that if Aristotelian physics 
is false, it is still a physics in the sense that it ‘forms an admirable and perfectly 
coherent theory’ (Koyré, 1943, 411). 
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than a formal achievement.23 This presents a fundamental problem for the 
three assumptions mentioned above. Even in light of David Hilbert’s (1862-
1943) call to axiomatize probability and Kolmogorov’s own work, to give the 
name ‘probability theory’ to a set of axioms and to say that ‘probabilities’ are 
numbers amounted to nothing less than a ‘bold rhetoric move’24 or, perhaps, 
an ‘epistemic action’.25 26 This move incorporated probability within the ‘a 
priori’ of ‘modern’ mathematics and, thereby, de-philosophized probability 
and disguised as mathematics, so to speak, the philosophical intuitions about 
probability and the foundations of mathematics that went into this de-philo-
sophication.27 Kolmogorov’s mathematization of probability theory, that is, his 
incorporation of the theory within the non-probabilistic discipline par excel-
lence,28 could thus be said to have crowned what Blaise Pascal (1623-1662), in 
1654, referred to as the reconciliation of contraries (that of the ‘demonstrations 

23 In her magnificent paper entitled ‘Mathematical notation as a philosophical instru-
ment’, Borrelli has shown ‘how the development of such a notation was much more 
than a purely formal achievement […] In the seventeenth and eighteenth century, 
the growing variety of mathematical symbols and rules of manipulation was a new 
medium being explored for the possibilities it ofered of producing reality and relating 
to it’ (Borrelli, 2005, 279). 

24 Schafer & Vovk, 2006, 85.
25 For example De Cruz and De Smedt write that ‘mathematical symbols are not only 

used to express mathematical concepts – they are constitutive of the mathematical 
concepts themselves’ (De Cruz & De Smedt, 2013, 3). 

26 From the fact that the idea of measure-theoretic probability is as old as measure theory 
itself, Schafer and Vovk draw a somewhat diferent conclusion than, for example, Von 
Plato as to what was novel about Kolmogorov’s Grundbegrife. Von Plato writes that 
the novelty must be sought in ‘what he achieved by its use [e.g.] the theory of condi-
tional probabilities when the condition has probability zero’ (Von Plato, 2005, 960). 
But Schafer and Vovk argue that it lies in Kolmogorov giving the name ‘probability’ to 
the abstract theory that he had sketched in a paper of 1929 in which he had considered 
probability to be an (interpretative) instance of this abstract theory (see Schafer & 
Vovk, 2006, 84-85).

27 Van Lambalgen has shown that ‘the demise of von Mises’ theory seems due to a 
diferent intuition about probability […] and the foundations of mathematics in general 
[…] getting the upper hand’ (Van Lambalgen, 1997, 348). 

28 None of the books which describe the revolutionary transformation of the modern 
natural and social sciences that accompanied their adoption of probabilistic ideas 
(e.g. Krüger et.al., 1987, Gigerenzer et.al., 1989) mention that mathematics escaped 
the probabilistic revolution – for if the ‘increasing mathematical refinement in the 
treatment of probabilities may have had some degree of influence on the gradual 
adoption of probabilistic arguments in the other sciences, […] it in no sense trans-
formed the criteria of truth for mathematics as it did for other disciplines’ (Corry, 
1993, 113). 
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of mathematics’ and the ‘uncertainty of chance’) and for which he claimed the 
‘astonishing title: the Geometry of Chance’.29 30 The foundational contribution 
of the Grundbegrife, in a sense more philosophical than mathematical, was to 
ground probability theory on abstract measure theory and to capitalize on the 
analogy between the measure of a set and the probability of an event. In brief, 
Kolmogorov gave five axioms for a set E and a finite set (Φ) of subsets A of E 
called ‘random’ or ‘chance’ events – to which is assigned a non-negative real 
number P(A) called the probability of the event A. He added a sixth axiom 
for infinite Φ about which he remarked that “it is hardly possible to explain 
its empirical meaning”.31 It was his colleague Aleksandr Ia. Khinchin (1894-
1959) who wrote that, being abstract, this formal axiomatic system “requires 
for its basis more than a mere idealization of a real subject matter”; it must 
abstract from “all the concrete properties and peculiarities of natural objects 
of the given reality”.32 

The de-philosophication of probability, that is, the disappearance of the foun-
dational role of the answer to the philosophical question of what probabilities 
are, had the following implications. Firstly, the problem-situation that had 
accompanied Hilbert’s (and, for example, Richard von Mises’s (1883-1953)) 
presentation of probability theory as an axiomatizable branch of mathematical 
physics was mathematized away. Secondly, doubts (of, for example, Von Mises 
and Émile Borel (1871-1956)) about infinite sets and sequences of events were 
instrumentally overcome such that probability theory could be generalized into 
a special case of measure theory, applicable also to non-chancy phenomena (e.g. 
the distribution of the digits of a decimal expansion).33 Taken together, for the 
‘non-moderns’, ‘modern’ probability is a tradition in which the philosophical 
decision not to have to grasp probability philosophically is made with the very 
mathematical transformation of probability into something non-probabilistic. 

29 Pascal, 1654 [1963], 102-103. 
30 Reflecting on the ‘modern’ idea that probability theory is a part of set theory, Von 

Mises remarked that ‘[t]o a logical mind this identification of two things belonging 
to diferent categories, this confusion of task and tool is something quite unbearable’ 
(Von Mises, 1936, 127). 

31 Kolmogorov, 1933 [1956], 15. 
32 Khinchin, 2004, 403-404. 
33 For accounts on the works of Von Mises and Borel on probability discussing these 

issues see, on the one hand, Siegmund-Schultze (2004) and Siegmund-Schultze 
(2006) and, on the other, Durand & Mazliak (2011) and Knobloch (1987). 
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When the ‘non-modern’ tradition is not approached as a ‘semi-mathematical’ 
obstacle to the mathematization of probability it becomes possible to recognize 
the unsolved problems related to its ‘objectivism’ and ‘frequentism’ that char-
acterize its unsuccessful history as a foundational theory. On the one hand, it 
required that there is a position from which it is possible to know that there 
exist probabilities independently from human knowledge and that (the creation 
of) this position does not undermine the possibility of the existence of objective 
probabilities. On the other hand, it had to assume that it is possible to define 
objective probability in terms of empirical frequencies without having to intro-
duce non-empirical elements within the theory. These problems are related in 
so far as that if it is the case that probabilities can only be defined as empiri-
cal frequencies on the basis of something non-empirical, objective probability 
could only be said to exist by virtue of something that has to do with the human 
mind.34 What is perhaps most striking about the history of the ‘non-modern’ 
tradition in probability is that where the ‘finite’ frequentist rejected ‘objective’ 
probability with reference to frequencies, Venn and Von Mises put forward a 
‘hypothetical’ and ‘infinite’ frequentism in which a this-worldly empiricism is 
expressed by means of other-worldly unobservables (e.g. limits) that somehow 
arise from the actual world of observation. Although his misunderstanding may 
resemble that of those mathematicians who gave an existence proof for binary 
sequences to criticize Von Mises’ notion of a collective, Francis H. Bradley 
(1846-1924) could refer to Venn’s theory as a ‘terrible piece of bad metaphys-
ics’; one that translated a mathematical notion into the real world to create 
certain phenomena that are then called physical facts…

34 Jefrey’s arguments against the frequentist interpretation of probability and Hájek’s 
fifteen arguments against, respectively, ‘finite’ and ‘hypothetical’ frequentism roughly 
fall within the scope of this problem-situation (Jefrey, 1992, Hájek, 1997, Hajek, 
2009). 

Introduction
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Structure of the book

The book consists of two parts: ‘British probability theory, logic and mathe-
matics’ (Part 1) and ‘The axiomatization of probability theory and the founda-
tions of modern mathematics’ (Part 2). Each part consists of several sections. 

Part 1 is concerned with two topics. Firstly, with the criticism of classical prob-
ability theory and the establishment of an ‘objective’ definition of probability 
on the basis of ‘frequentism’ in the works of, especially, Robert Leslie Ellis 
(1817-1859) and Venn (Section 1, 2 and 3). Secondly, with the transformation 
of a ‘symbolic’ conception of logic into an ‘abstract’ one in the works of George 
Boole (1815-1864) and Venn and with a similar transformation in algebra and 
geometry in the works of George Peacock (1771-1858), Duncan Farquharson 
Gregory (1813-1844) and William Rowan Hamilton (1805-1865) (Section 4). 
Part 2 contributes to the history of modern probability theory – which started 
with Hilbert’s 1900 Paris lecture and ended, allegedly, with Kolmogorov’s 
Grundbegrife – by discussing it in the light of the general debate about the 
foundations of mathematics that arose in the wake of the paradoxes of Canto-
rian set theory. The problem-situation of this part can be captured in the state-
ment that from Hilbert’s call to axiomatize probability theory as a branch of 
natural science it was not immediately clear either which part of the real world 
should be incorporated in the axioms or even what it meant to incorporate 
the real world in axioms. Because Borel, Von Mises, Khinchin, Kolmogorov 
and others gave diferent answers to both of these questions – answers which 
themselves went hand-in-hand with certain foundational views about mathe-
matics – the mathematization of probability was very much due to the fact that 
certain ‘modern’ intuitions about probability got the upper hand. Therefore, 
the question becomes whether Kolmogorov’s incorporation of probability into 
the realm of pure mathematics solved Hilbert’s problem of the axiomatization 
of physical probability. 

Part 2 is concerned with two topics. Firstly, with Hilbert’s and Von Mises’s 
attempts to axiomatize probability as an exact natural science (Section 1). 
Secondly, with Khinchin’s and Kolmogorov’s discussion of the relation 
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between their use of set- and measure-theory and axiomatics for the axioma-
tization, in the late-1920s/early-1930s, of probability theory and their interest 
in L.E.J. Brouwer’s (1881-1966) intuitionism and Von Mises’s frequentism 
as foundational orientations in mathematics and probability (Section 2 and 
3). The concluding remarks contain a brief reflection on the meaning of the 
content of the thirteen chapters of the book for an account of the philosophical 
foundations of the ‘modernist transformation’. 

Some of the chapters of the book have already been published: chapter 1 
(Historia Mathematica), chapter 2 (BSHM Bulletin: Journal of the British Society 
for the History of Mathematics), chapter 3 (Historia Mathematica), chapter 4 
(BSHM Bulletin: Journal of the British Society for the History of Mathematics), 
chapter 5 (History and Philosophy of Logic) and chapter 9 (Annals of Science). 
Biblio graphical information on these articles is provided at the beginning of 
every section. Other chapters have either been accepted with revision (chapter 
10, 12 and the appendix to chapter 12 (co-translated with Olga Hoppe-Kon-
drikova)) or accepted for review (chapter 6, 7 and 8). Chapters 11, 13 and the 
appendix to chapter 13 (co-translated with Olga Hoppe-Kondrikova) have not 
yet been submitted to a journal and appear here for the first time. 

Every chapter contains a bibliography of the literature referred to in the chapter 
itself. 
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part 1

British probability 
theory, logic and 
mathematics
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section 1

Logicist, idealist and 
quasi-empiricist probability

This section consists of the following two articles: 

– Verburgt, L.M. 2015. The objective and the subjective in mid-nine-
teenth-century British probability theory. Historia Mathematica, doi: 
10.1016/j hm.2015.01.003 

– Verburgt, L.M. 2014. Remarks on the idealist and empiricist interpretation 
of frequentism: Robert Leslie Ellis versus John Venn. BSHM Bulletin: The 
Journal of the British Society for the History of Mathematics, 29 (3), 184-195. 

 
The first paper (chapter 1) provides a critical discussion of the historical and 
theoretical meaningfulness of the distinction between ‘objective’ and ‘subjec-
tive’ probability, as it supposedly emerged around 1840 (according to, among 
others, Daston and Zabell), by examining whether and how it appeared in the 
work of the mid-nineteenth-century British revisionist probabilists. A detailed 
analysis of the contributions of Augustus De Morgan, John Stuart Mill, George 
Boole, Robert Leslie Ellis and John Venn to probability is put forward in order 
to show that in so far as the terms did not appear as contradictories it is not 
possible to understand or compare these contributions with reference to the 
well-known modern binary of ‘objective’ and ‘subjective’. This conclusion not 
only renders problematic the widespread use of this binary to distinguish the 
‘classical’ from the ‘modern’ period in probability theory, but also suggests 
that the connection between ‘frequentism’ and ‘objective’ probability is less 
straightforward than commonly assumed. The second paper (chapter 2) further 
pursues this latter suggestion by means of an investigation of the work of the 
two founders of ‘frequentism’, Ellis and Venn. It corrects a widespread miscon-
ception about their work, namely that it can be considered as the ‘British empir-
icist’ reaction against the rationalist traditional theory of probability theory 

part 1 | 
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and argues, instead, that there was no unified ‘British school’ of frequentism 
during the nineteenth-century: where Ellis arrived at frequentism from a met-
aphysical idealist transformation of probability theory’s mathematical calcula-
tions, Venn did so on the basis of an empiricist critique of its ‘inverse’ applica-
tion. The conclusion of the paper is that the only point of agreement between 
them seems to have been that the foundations of frequentism are the result of 
a ‘mental’ construction – the validity of which, in the case of Venn’s idealized 
‘quasi-natural series’, was premised on its conformity with actual experience 
and, in the case of Ellis’s introduction of such series as ‘universals’, was a priori. 
Section 2 and 3 provide detailed examinations of these points. 
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chapter 1

The objective and the subjective 
in mid-nineteenth-century 
British probability theory

1.  Introduction

1.1  The emergence of ‘objective’ and ‘subjective’ probability

Approximately at the middle of the nineteenth century at least six authors – 
Simeon-Denis Poisson, Bernard Bolzano, Robert Leslie Ellis, Jakob Friedrich 
Fries, John Stuart Mill and A.A. Cournot – came to distinguish ‘subjective’ 
(or epistemic) from ‘objective’ (or ontological) probability. These two kinds 
of probabilities can already be found in the seventeenth- and eighteenth-cen-
tury, but, as Ian Hacking, Lorraine Daston and others have shown, classical 
probabilists such as Jakob Bernoulli and Pierre-Simon Laplace ‘slid easily 
between sense of probabilities in states of mind and in states of the world’ 
(Daston, 1994, p. 333) (see also Daston, 1988, chapter 1 & 4; Hacking, 1975 
[2006], Zabell, 2011). Daston finds the reason for the ‘explosion of concern 
among [French, English and German] probabilists ca. 1840’ (Daston, 1994, 
p. 331) for careful distinctions within probability theory in the fact that the 
words ‘subjective’ and ‘objective’ emerged with new philosophical meanings 
around the same time.1 On the one hand, for Bernoulli, who was the first to use 
these two terms in relation to probabilities (e.g. Hacking, 1971a; Schafer, 1996; 
Schneider, 1984), ‘objective’ referred to the total certainty (certitudo) of God’s 
knowledge of the necessary causes of ‘all things under the sun, past, present 
and future’ (Bernoulli, 2006 [1713], p. 211) from which the ‘subjective’ degrees 

1 Daston writes that ‘the relationship between the philosophical and probabilistic dis-
tinctions seems to be one of a shared ontology, one which seems to have become not 
only thinkable but self-evident’ (Daston, 1994, p. 335). 
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of certainty of human knowledge difer as part to whole – such that ‘”objective 
probabilities” would have been an oxymoron’ (Daston, 1994, p. 332). On the 
other hand, while embracing Laplace’s determinism, the nineteenth-century 
probabilists, for whom ‘objective’ referred to an external reality independent 
of all minds and ‘subjective’ to internal states dependent upon individual minds, 
could grant probability an ‘objective’ ontological status by opposing it to the 
‘subjective’ idiosyncrasies of the mind. Where Hacking has famously argued 
that the general emphasis on the two-sidedness of probability is what distin-
guishes the classical or pre-modern period from the ‘non-classical’ period of 
probability, Daston has explicated in considerable detail that it was the phil-
osophical distinction between ‘objective and subjective which also emerged 
ca. 1840 [that] destroyed the plausibility of any smooth meshing between the 
world of things and the world of the mind’ (ibid., 1994, p. 341) characteristic 
of classical probability theory.

The fact that already in the nineteenth century there were several theories for 
the two kinds of probability – for example, ‘frequencies’ or ‘propensities’ for 
objective probabilities and ‘logical’ or ‘epistemic’ for ‘subjective’ probabilities 
– and several interpretations of Bernoulli’s ‘golden theorem’ is suggestive of the 
thoroughgoing ‘divergence of motivations, formulations, and consequences’ 
(ibid., 1994, p. 335) of the revision of classical probability theory. Perhaps most 
importantly, even among those revisionists who spoke the new philosophical 
and probabilistic language of objective and subjective there was no agreement 
on the question as to ‘what’, that is, to which ‘entities’, ‘objective’ and ‘subjec-
tive’ probabilities exactly referred. 

It is by means of describing how the distinction between ‘objective’ and ‘sub-
jective’ appeared in the work of mid-nineteenth-century (ca. 1840s-1860s) 
British probabilists that the present paper attempts to expose the radicalness 
of this lack of common ground within probability theory. For what an analysis 
of the views on probability of Augustus De Morgan (section 3.1), John Stuart 
Mill (section 3.2), George Boole (section 4), Robert Leslie Ellis (section 5.1) 
and John Venn (section 5.2) shows is not only the impossibility of comparing 
these in terms of the philosophical and probabilistic binary of ‘objective’ and 
‘subjective’, but also that in so far as none of them granted chance an objective 
status in the world by opposing it to a subjective mind the notion of ‘objective 
probability’ was a non-sequitur for these revisionists. 
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1.2 ‘Objective’ and ‘subjective’ in mid-nineteenth-century Britain: a brief overview

This complex situation must be understood with reference to the fact that the 
British probabilists approached probability as being a part of logic and that in 
their attempt to come to terms with Richard Whately’s (1787-1863) revival 
and revision of Aristotelian syllogistics (see McKerrow, 1987) all of them 
developed a radically diferent view of logic. There were, on the one hand, 
the ‘material’ logicians Mill and Venn – with the idealist Ellis in opposition to 
them on philosophical principles – and, on the other hand, the ‘conceptualist’ 
or ‘algebraic’ logicians De Morgan and Boole. Where for the former logic was a 
real science concerned with inductive propositions about ‘facts or things them-
selves’ (Venn, 1876, p. 46), for the latter logic was a formal science concerned 
with deductive mental operations expressed in mathematical symbols.2 At the 
same time, both Mill and Venn as well as De Morgan and Boole somehow found 
logic’s meaningfulness in its ‘objective’ reference – the former directly and the 
latter indirectly. Where Mill thought of material logic as the objective science 
of inductively inferred truths about the objective world,3 Venn thought of it as 
a partly objective and partly subjective science of inferences about the ‘sum-to-
tal of existences considered as objective’ (Venn, 1879, p. 37).4 And where De 
Morgan argued that it was guaranteed that valid interpretations could be found 
for his algebraic symbolizations of ‘ideal’5 syllogistic logical ideas in so far as the 
mind always points to some ‘objective’6 reality outside itself, Boole held that his 
algebraic symbolizations could be interpreted within a ‘universe of discourse’ 

2 The fundamental diference between De Morgan and Boole was that for the former 
‘the traditional logic, while considerably clarified, modified and generalized is still the 
central core’, for the former ‘the algebraic character of logical combinations is primary 
and the logic of the syllogism ancillary’ (Hailperin, 1986, p. 113). 

3 See Mill, 1843b, pp. 348-351, p. 363 for his references to an ‘outward objective reality’ 
and ‘subject facts’ of the mind. 

4 For a comparison of the contributions of Mill and Venn to logic see Verburgt, 2014a, 
section 2.1. 

5 In his Formal Logic, De Morgan wrote that ‘[b]esides the actual external object, there 
is also the mind which perceives it, and what (for want of better words or rather for 
want of knowing whether they be good words or not) we must call the image of that 
object in the mind, or the idea which it communicates. The term subject is applied by 
metaphysicians to the perceiving mind’ (De Morgan, 1847, p. 29). 

6 De Morgan took it ‘for granted that external objects actually exist, independently of 
the mind which perceives them’ (De Morgan, 1847, p. 29). 
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the objects of which were symbols representing (classes of) things as objects 
of the ‘non-subjective’7 human mind. 

When it comes to probability, the first central disagreement between the 
‘material’ and ‘conceptualist’ logicians concerned the question whether prob-
ability is a part of inductive logic – either as a form of reasoning within a par-
ticular method for knowledge of causes  (Mill), a statistical treatment of certain 
particular proposition that cannot be dealt with in Aristotelian logic (Venn) or a 
model of inductive reasoning that is itself premised on ideal knowledge (Ellis) – 
or that it belongs to (De Morgan) or is founded upon (Boole) deductive logic. 
The second central disagreement pertained to the foundational definition of 
probability. Mill, Venn and Ellis put forward a frequency definition of proba-
bility that criticized the classical ‘degree-of-belief’ interpretation for founding 
probability theory on a ‘subjective’ basis, but that itself did not conceive of 
‘objective’ probabilities. Where Mill reasoned that if the probability of an 
objective event depends on knowledge it is not a feature of the event itself and 
Venn, while speaking of the ‘objective’ and ‘subjective’ side of his own theory, 
dismissed the notion of an ‘objective probability’ ‘gradually […] realising itself 
in nature’ (Venn, 1866, p. 38), Ellis held that probabilities referred to certain ‘a 
priori truths’ supplied by the mind. Boole, for his part, criticized De Morgan’s 
dismissal of ‘objective’ in favor of ‘ideal’ probability with reference to the inex-
istence of the ‘objective’ knowledge necessary to conceive of a case of ‘objec-
tive’ probability, but his own theory described ‘ideal’ events as abstractions 
from the logical form of ‘actual’ or ‘material’ events. 

Before going into the contributions of De Morgan, Mill, Boole, Ellis and Venn 
it is insightful to briefly consider the introduction and early reception of prob-
ability theory into Victorian science. 

7 In the chapter of his Laws of Thought entitled ‘Constitution of the intellect’, Boole 
mocked ‘the extremely subjective tendency of much modern speculation’ (Boole, 1854, 
p. 418). 
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2. The introduction and reception of (inverse) 
probability in Victorian Britain

After the publication of Abraham De Moivre’s (1667-1754)8 Doctrine of Chances 
in 1718 ‘not much else occurred in British probability’ (Bellhouse, 2011, p. x) 
until Augustus De Morgan’s (1806-1871) book-length paper entitled ‘Theory of 
probability’ appeared in the Encyclopedia Metropolitana in 1837. Although it con-
tained no original results, the paper introduced Pierre-Simon Laplace’s (1749-
1827) ‘Mont Blanc of mathematical analysis’ (De Morgan, 1837b, p. 347), the 
path-breaking9 Théorie analytique des probabilités of 1812, in Britain and estab-
lished De Morgan as the leading representative of mainstream Laplacean prob-

8 The French-born British pure mathematician De Moivre was the leading probabilist 
of eighteenth-century Britain. Together with the work of, among others, Blaise Pascal 
(1623-1662), Christiaan Huygens (1629-1695) and Jakob Bernoulli (1654-1705) his 
De Mensura Sortis, seu, de Probabilitate Eventuum in Ludis a Casu Fortuito Pendentibus 
(‘On the measurement of chance, or, on the probability of events in games depending 
upon fortuitous chance’) (De Moivre, 1712) and Doctrine of Chances (De Moivre, 1756 
[1718]) belonged to the great treatises of classical probability theory – a branch of 
‘mathesis mixta’ consisting in the sum of its applications to physical, social and moral 
problems (see Daston, 1988). 

9 Zabell succinctly captures the status of Laplace’s work in the following passage: ‘The 
contributions of Laplace represent a turning point in the history of probability. Before 
his work, the mathematical theory was (with the exception of [Jakob] Bernoulli and De 
Moivre) relatively unsophisticated, in efect a sub-branch of combinatorics; its serious 
applications largely confined to games of chance and annuities. All this changed with 
Laplace. Not only did vastly enrich the mathematical theory of the subject, both in the 
depth of its results and the range of the technical tools it employed, he demonstrated it 
to be a powerful instrument having a wide variety of applications in the physical and 
social sciences’ (Zabell, 2005, p. 22). For biographical accounts of the development 
and content of Laplace’s work on probability see Gillispie, 1997, chapter 3, 10 & 24-26; 
Hahn, 2005, chapter 10. For a more technical account of several aspects of Laplace’s 
probabilistic work see, for instance, Fischer, 2011, chapter 2.1. 
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ability theory – with its determinist1011 understanding of probability as being 
‘relative in part to [our] ignorance and in part to our knowledge’ (Laplace, 1995 
[1814], p. 3). When expressed with reference to the famous ‘urn model’,12 the 
two parts of Laplace’s probabilistic oeuvre could be explained as follows: where 
‘direct’ probabilities reasoned deductively from (‘a priori’) causes to (‘a poste-
riori’) efects, ‘inverse’ probabilities reasoned inductively from (‘a posteriori’) 
efects to unknown, but uniformly distributed,13 causes. For De Morgan, as 
for Laplace, the ‘direct’ part consisted of reducing ‘all events of the same kind 
to a certain number of equally possible cases,14 that is to say, to cases whose 

10 Laplace famously opened his Philosophical Essay on Probabilities of 1814 with the 
following words: ‘We ought then to consider the present state of the universe as the 
efect of its previous state and as the cause of that which is to follow. An intelligence 
that, at a given instant, could comprehend all the forces by which nature is animated 
and the respective situation of the beings that make it up […] would encompass in the 
same formula the movements of the greatest bodies of the universe and those of the 
lightest atoms. For such an intelligence nothing would be uncertain, and the future, 
like the past, would be open to its eyes. The human mind afords […] a feeble likeness 
of this intelligence’ (Laplace, 1995 [1814, p. 2). Daston has shown that far from being 
an obstacle to its emergence, determinism went hand-in-hand with the establishment 
of classical probability theory (see Daston, 1988, chapter 1). 

11 It is important to emphasize that, despite his passionate commitment ‘to the separa-
tion of religious and public life […] residues of early Victorian religious preoccupation 
can be found in [De Morgan’s] work. [F]or example, he found the salient feature of 
the nonprobabilistic world hidden from our inquiring gaze to be not its mechanical 
[‘Laplacean’] determinism [but] rather its providence’ (Richards, 1997, p. 60). 

12 Where Daston refers to Bernoulli’s ‘urn model of causation’ (Daston, 1988, section 
5.2) Porter, thereby calling to mind William Stanley Jevons’s (1835-1882) ‘infinite 
ballot box of nature’ (Jevons, 1877 [1874], p. 150), speaks of the ‘urn of nature’ (Porter, 
1986, chapter 3). Daston writes that, like Bernoulli, Laplace ‘compared human uncer-
tainty regarding the connection between causes and efects to an urn in which either 
the ratio of balls of various colors (the ‘cause’) or the results of a certain number of 
drawings (the ‘efect’) is to be inferred from the other’ (Daston, 1988, p. 268). 

13 Reflecting on Laplace’s 1774 memoir, Stigler explains that ‘there [Laplace] analyzes 
a problem involving the tossing of a coin, where the probability of heads is unknown 
but is uniformly distributed over a small neighborhood of ½ rather than over the whole 
range of possible values’ (Stigler, 1986, p. 135). And in Laplace’s memoirs of the 1780s 
‘non-uniform prior distributions were allowed but unnecessary: The analysis for 
uniform prior distributions was already suhciently general to encompass all cases’ 
(Stigler, 1986, p. 136). 

14 The definition of probability in terms of equipossibility can be found in several 
places in Laplace’s oeuvre and it is commonly supposed that it originated there (e.g. 
Laplace, 1774, p. 11). However, as Hacking has shown, it not only preceded Laplace 
by a century, but it was also commonplace among his fellow classical probabilists (see 
Hacking, 1971b; Hacking, 1975, chapter 14). 
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existence we are equally uncertain of,15 and in determining the number of cases 
favorable to the event whose probability is sought. The ratio of this number 
to that of all possible cases is the measure of this probability’ (Laplace, 1995 
[1814], p. 4). De Morgan’s oeuvre also elaborated16 in detail Laplace’s revolu-
tionary work on mathematical statistics or, more in specific, ‘inverse probabil-
ity’ – the Bernoullian idea17 for which Thomas Bayes (1702-1761) and Laplace 
formulated the method18 that, by measuring the degree of certainty of a cause 
for given efects, ofered the scientist a mathematically-informed ‘way of pre-
ferring one causal hypothesis over another, and [gave] him logical grounds for 
selecting one of them’ (Hahn, 2005, p. 58). 

Because of his ‘overall hypothetico-deductive account of science’ (Strong, 
1976, p. 200), De Morgan could attempt to turn the applications of inverse 
probabilistic calculations to scientific problems into a general mathematical 
doctrine for the measurement of the ‘partial belief’ in hypotheses about causes 
that justified inductive inferences as inverse deductive reasonings. De Morgan, 
like Boole, was willing to accept that the inferences and hypotheses of science 
were, ‘in all cases, and in the strictest sense of the term, probable’ (Boole, 1854, 
p. 4) and their goal was to make this character mathematically precise. But 
the towering figures in Victorian science John Herschel (1792-1871), William 
Whewell (1794-1866) and John Stuart Mill (1806-1873) worked within the 
empiricist, albeit non-Humean,19 tradition of Bacon and Newton in which 
‘there was thought to be no significant element of uncertainty or doubt attached 
to the conclusions of […] inductive inquiry’ (Laudan, 1973, p. 429) such that 

15 This is Laplace’s ‘principle of insuhcient reason’ which became known as the 
‘principle of indiference’ with the publication of John Maynard Keynes’s (1883-1946) 
Treatise on Probability (Keynes, 1921). 

16 See, first and foremost, De Morgan, 1837a, pp. 440-464; De Morgan, 1838, pp. 165-181; 
191-197.

17 It was in part four (entitled ‘The use and application of the preceding doctrine in civil, 
moral, and economic matters’) of his Ars Conjectandi that Bernoulli showed that ‘[w]
hat cannot be ascertained a priori, may at least be found out a posteriori from the 
results many times observed in similar situations’ (Bernoulli, 2006 [1713], p. 327). 

18 See, for example, Dale, 1999, chapter 1. 
19 Perhaps the most remarkable characteristic of mid-nineteenth-century British philos-

ophy of science was its total lack of reference to David Hume’s famous critical analysis 
of causation and induction – something which may, indeed, explain the widespread 
commitment to the ‘anti-probabilistic’ idea that certain scientific inferences and 
necessary laws could result from induction. 
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the application of deductive, rationalist and mathematical probability theory to 
scientific knowledge was considered unnecessary and inappropriate.20 And it 
is true that Herschel’s first-order inductions, Whewell’s consilience of induc-
tion and Mill’s four canons of inductive inquiry were thought to ‘ineluctably 
lead to true conclusions’ (Laudan, 1973, p. 430). At the same time, it must be 
pointed out that all of them did discuss inverse probabilistic reasoning (see 
Gower, 1997) – Herschel and Whewell with regard to probable measurements 
and hypotheses and Mill with regard to the probability of causes –, albeit not 
as a way of mathematizing the non-mathematical sciences or as a mathematical 
justification of induction. Both De Morgan’s and Herschel and Whewell’s clas-
sical version as well as Mill’s revisionist version of the incorporation of inverse 
probability within a theory of scientific inference would be ‘drastically under-
mined’ (Strong, 1978, p. 32) due to the attacks of Boole, Ellis and Venn. 

3.  Probability within deductive and inductive 
logic: De Morgan and Mill

3.1  De Morgan: the mathematization of ideal (‘subjective’) probability

After his introduction, in An Essay on Probabilities, and on their Application to 
Life Contingencies and Insurance Ohces and several papers (De Morgan, 1837a; 
De Morgan, 1837b; De Morgan, 1837c), of Laplacean direct and inverse prob-
ability during the 1830s, in the 1840s-1850s De Morgan devoted himself to the 
application of the methods of probability to his newly-created algebraic system 
(De Morgan, 1846; De Morgan, 1847, see also Rice, 2003, section 3).21 This 
system was a set of new logical symbols that ‘clarified, modified and general-
ized’ (Hailperin, 1986, p. 113) classical deductive logic – all the while showing 
‘the way to move logic beyond its Aristotelian base into an ever-expanding 

20 Joan L. Richards has drawn attention to the central meaning of natural theology for 
Whewell’s and Herschel’s belief in the religious power of induction and the impor-
tance of personal knowledge, on the one hand, and their dismissal of probability 
theory as a ‘French epitome’ of the atheism attached to Continental deductive science, 
on the other hand (see Richards, 1997). 

21 Panteki writes that De Morgan first mentioned the link between algebra and logic 
that would characterize the second stage of his career (1839-1849) in the review (De 
Morgan, 1835) of George Peacock’s (1791-1858) Treatise on Algebra written in the first 
period (1828-1839) (see Panteki, 2008, pp. 382-383). 
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future’ (Hobart & Richards, 2008, p. 283). De Morgan’s own seminal contri-
bution would consist of his presentation of Aristotle’s syllogistic as a special 
case of a pure logic of relations (e.g. Hawkins, 1979; Merrill, 1990).22 

The symbolic notation introduced in De Morgan’s Formal Logic (1847) not only 
abbreviated the length of propositions and facilitated logical deductions, but 
also remedied, in the form of a numerically definite syllogism, some of the defi-
ciencies of Aristotle’s logic that this syllogism itself exposed (see Rice, 2003, 
p. 293). For example the case of the invalid deduction XY + ZY = XZ (‘Some 
Xs are Y ’s, Some Zs are Ys / Some Xs are Zs’) demonstrated that ‘any Aristo-
telian syllogism of [this] form is incapable of deducing precise quantities’ (ibid., 
p. 293). De Morgan was able to solve part of this problem via algebraic manip-
ulation. However, given the uncertainty inherent in his method, he proposed 
to rephrase the abovementioned syllogism as ‘Some Xs are Ys, Some Zs are Ys 
/ There is some probability that some Xs are Zs’ such that it is possible not to 
immediately ‘drop [it] as a fallacy’ (De Morgan, 1846, p. 385) but to ‘establish 
some little power of discriminating between various degrees of fallacy’ (ibid., 
p. 385).23 His ‘formal logic’ or ‘calculus of deductive inference’ consisted both 
of the study of necessary inferences as well as of probable inferences – for, 
as he himself explained, ‘I [De Morgan] cannot understand why the study of 
the efect which partial belief of the premises produces with respect to the 
conclusion, should be separated from that of the consequences of supposing 
the former to be absolutely true’ (De Morgan, 1847, p. v). The inclusion of 
probable inferences within deductive logic, thus, expanded classical logic – and 
this in so far as absolute truth or certain knowledge was no longer accepted as 
the only logical truth. 

Among the probable inferences were also those cases of inductive infer-
ence in which it is not possible to infer ‘a universal proposition by the 

22 As Rice explains, De Morgan ‘seems to have been the first logician to notice that rela-
tional propositions […] cannot be deduced […] by conventional syllogistic means. In 
examining this gap […] De Morgan efectively founded a new branch of the subject 
and, applying his results to classical logic, revealed that the syllogism was ‘one case, 
and one case only, of the composition of relations’ [(De Morgan, 1860, p. 331)]’ (Rice, 
2003, p. 289. 

23 In De Morgan’s own words: ‘When from ‘some Ys are Xs and some Ys are Zs’ we 
decline to admit that some Xs are Zs, what is the chance that we reject a truth?’ (De 
Morgan, 1846, p. 385). 



371 | The objective and the subjective in mid-nineteenth-century British probability theory

separate instances of all the particulars of which it is composed’ since 
‘it is […] practically impossible to collect and examine all [instances]’ 
(ibid., p. 211). Where ‘complete induction is demonstration, and strictly 
syllogistic in character’ (ibid., p. 211), ‘incomplete’ induction is one of 
(a degree of) probability and, ‘though a moral certainty […], [not] in the 
same class with that of a demonstration’ (ibid., p. 213, my emphasis). 

De Morgan’s statement that ‘it is wrong to speak of any thing being probable 
or improbable in itself’ (De Morgan, 1837a, p. 394) seems to have been implied 
in his, quite controversial,24 inclusion of the mathematical theory of proba-
bility within his overarching attempt to ‘mathematize’25 a logic that ‘consid-
ers the validity of the inference independently of the truth [of] the matter [and] 
supplies the conditions under which the hypothetical truth of the matter of the 
premises gives hypothetical truth to the matter of the conclusion’ (ibid., p. v, 
my emphasis). Given that logic does not consider empirical ‘matter’, that is, 
‘objects’ ‘[l]ooked at in the most objective point of view’ (ibid., p. 42), namely 
as individual ‘external objects […] independently of the mind which perceives 
them’ (ibid., p. 29) it follows that it does not ‘take cognizance of the probabil-
ity any given matter’ (ibid., p. v). De Morgan further elaborated this point by 
means of the application of the distinction between the metaphysically-laden 
terms ‘subjective’, or as expressed within logic,26 ‘ideal’ and ‘objective’ to prob-
ability. After having defined their relation as that of an (ideal) mental image of 
an (objective) external object, he wrote that 

24 De Morgan recognized that ‘[m]any will object to this theory as extralogical. But I 
cannot see on what definition […] the exclusion of it can be maintained [and] I should 
maintain, against those who would exclude the theory of probability from logic, that 
[…] it should accompany logic as a study’ (De Morgan, 1847, p. v). 

25 Although De Morgan, Boole and commentators such as Venn introduced the idea 
of the mathematization of logic, they themselves always remained committed to the 
somewhat more conservative view that mathematics is ‘a tool for the representation 
of the formal basis of logical inference’ (Van Evra, 2008, p. 508). For a more general 
account on this issue see, for example, Peckhaus, 1999. 

26 Where the term ‘subject is applied by metaphysicians to the perceiving mind’ (De 
Morgan, 1847, p. 29), within logic it is used in another sense: In a proposition such as 
‘bread is wholesome’, the things spoken of, ‘bread’, is called the subject of the propo-
sition […] I shall therefore adopt the words ideal and objective, idea and object, as being, 
under explanations, as good as any others: and better than subject and object for a work 
on logic’ (ibid., p. 29). 
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‘[i]t is true that we may, if we like, divide probability into ideal and 
objective [for] [i]t is perfectly correct to say ‘It is much more likely than 
not, whether you know it or not, that rain will soon follow the fall of the 
barometer […] [But] [i]t is not remembered […] that there is an ideal prob-
ability, a pure state of mind, involved in this assertion: [t]hat the things 
which have been are correct representatives of the things which are to 
be. [T]he connexion of natural phenomena will, for some time to come, 
be what it has been, cannot be settled by examination: we all have strong 
reasons to believe it, but our knowledge is ideal, as distinguished from 
objective’ (ibid., p. 172, my emphasis). 

De Morgan’s argument was that if there is always an inductive inference 
involved in the knowledge of the likelihood of a forthcoming event which itself 
has the character of an ‘ideal’ assumption, it is impossible to have the kind of 
knowledge necessary to ‘invent a case of purely objective probability’ (ibid.,  
p. 172) and, thus, to be able to ascertain frequencies. In a passage worth quoting 
in full, De Morgan used the classical example of an urn filled with black and 
white balls to philosophically justify the proposal to ‘throw away objective 
probability’ (ibid., p. 173):  

‘I put ten white balls and ten black ones into an urn and lock the door of 
the room. I may feel well assured that, when I unlock the room again, 
and draw a ball, I am justified in saying it is an even chance that it will be 
a white one […] But how many things there are to be taken for granted! 
[…] Has the black paint melted, and blackened the white balls? Has any 
one else possessed a key of the room, [and] changed the balls? We may 
be very sure [that] none of these things have happened [but] for all that, 
there is much to be assumed in reckoning upon such a result which is not 
so objective as the knowledge of what the balls were when they were put 
into the urn. We have to assume all that is requisite to make our expe-
rience of the past the means of judging the future’ (ibid., pp. 172-173). 

From the fact that it implied belief, that is, imperfect or ideal knowledge, De 
Morgan concluded that probability could not but refer to the ‘mind in a state 
of imperfect [or ideal] knowledge’ (ibid., p. 173) with regard to a forthcoming 
event, a contingent proposition or anything else on which certainty does not 
exist. The radical character of the Formal Logic was to be found not only in the 
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fact that probability was accepted alongside absolute and necessary knowledge, 
or ‘certainty’,27 as a lesser degree of knowledge, or ‘belief’, but also that these 
degrees could be measured ‘as a magnitude, in the same manner as length, or 
weight, or surface’ (ibid., p. 172).

De Morgan’s incorporation of mathematical probability theory into his mathe-
matized deductive syllogistic logic, thus, went hand-in-hand with his rejection 
of objective probability as an ‘external object’ in light of the epistemic impos-
sibility of conceiving of it. 

3.2 Mill: subjective probability versus 
non-objective scientific probability

Mill’s ultra-empiricist account of the syllogism or ‘ratiocination’ and induction 
in Book II and III of his System of Logic (1843) further developed the twofold 
criticism of classical logic of the early-nineteenth-century British logicians, 
namely that, on the one hand, if the syllogism committed a petitio principii it 
could not result in new knowledge and, on the other hand, an inductive infer-
ence could not be assimilated to a first-figure syllogism (e.g. Botting, 2014; 
Ducheyne & McCaskey, 2014). On the basis of the fundamental philosophical 
claim that ‘all meaningful statements […] ultimately derive from experience of 
particular facts’ (Ducheyne & McCaskey, 2014, p. 75) such that every (scien-
tific) inference proceeds from particulars to particulars, Mill argued not only 
that the syllogism does not involve inference, but also that, in so far as logic is 
concerned with truth, it must put sole emphasis on inductive inference.28 

27 Where absolute knowledge was defined as that kind of knowledge that ‘admits of no 
imagination of the possibility of falsehood’ (De Morgan, 1847, p. 170), namely ‘the 
existence of our own minds, thoughts and perceptions, the two last when actually 
present’ (ibid., p. 170), necessary knowledge was defined as the kind of knowledge 
arrived at ‘by process, by reflection’ (ibid., p. 171) – e.g. ‘[t]o say that two and two 
make four (which must be), and that a certain man wears a black coat (when he does 
so) both involve the pure identity that whatever is, is’ (ibid., p. 171). The feelings 
expressed in absolute and necessary knowledge De Morgan called ‘certainty’. 

28 Ducheyne and McCaskey explain Mill’s view of the relation between the syllogism 
and induction as follows: ‘Mill argued that the conclusion of a syllogism is not inferred 
from the major premise. Instead, it is inferred from the particulars of which the 
major provides a memorandum […] [H]e nevertheless maintained that [the syllogism] 
provides a very useful tool to test the validity of arguments’ (Ducheyne & McCaskey, 
2014, pp. 75-76). 
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What was especially revolutionary about the System of Logic was its incorpora-
tion within logic of the attempt to provide the rules for the discovery, from par-
ticulars, the universal statements that form the basis of syllogistic arguments – 
i.e. the rules for the establishment of real inferences. For example, De Morgan, 
who himself revised classical logic by distinguishing complete induction, which 
is demonstrative and ‘strictly syllogistic in character’ (De Morgan 1847, p. 211) 
from ‘imperfect’ induction, which demands that probability is included within 
the logic of deductive inference, maintained that scientific induction can never 
be expressed in purely logical terms (see De Morgan, 1847, pp. 215-224). But, 
notwithstanding the obvious diferences in the meaning of their deductive and 
inductive renovations vis-à-vis scientific knowledge, when compared to De 
Morgan’s Formal Logic, Mill’s System of Logic was not very radical with regard 
to the acceptance of the probable status of inductive inferences qua logical, 
rather than scientific, inferences. The reason for this conservatism seems to 
have been that Mill approached probability as a mere tool for logically guaran-
teeing the truth of certain scientific inductions. 

Book III (‘On Induction’) of the System of Logic distinguished laws of nature 
into, on the one hand, ultimate laws of causation and derivation laws for the 
uniformities generated from the ultimate laws and, on the other hand, empirical 
laws as laws with doubtful status ‘of which we cannot tell whether they depend 
‘wholly on laws, or partly on laws and partly on an collocation [or plurality]’ 
(Mill, 1843b, p. 46) of causes. These empirical laws result from the first of the 
four canons, ‘the method of agreement’, but their dependence on unlawful29 
collocations shows that in so far as the method does not prove that if two or 
more cases of phenomenon a have only one antecedent A in common, A is the 
cause of a, it cannot establish the truth of the empirical laws. Mill attempted 
to solve this problem by determining ‘after what amount of experience [this] 
connection […] may be received as an empirical law’ (ibid., p. 57, my emphasis) 
– or, vice versa and ‘in more familiar terms’ (ibid., p. 57), ‘after how many […] 
instances [it may] be concluded that an observed coincidence30 between two 

29 Mill wrote that the element in the resolution of a derivative law ‘which is not a law of 
causation but a collocation of causes cannot itself be reduced to any law’ (Mill, 1843b, 
p. 44). 

30 A coincidence was defined, by Mill, as ‘two or more phenomena […] not related 
through causation’ (Mill, 1843b, pp. 58-59). 
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phenomena is not the efect of chance’ (ibid., p. 57). This determinist-inspired31 
method of the ‘elimination of chance’ was, somewhat confusingly,32 related to 
Laplace’s inverse doctrine,33 which Mill defined as follows: ‘the probability 
that the efect [or fact] is produced by any one of [several] causes is as the ante-
cedent probability of the cause, multiplied by the probability that the cause if 
it existed, would have produced the given efect’ (Mill, 1843b, p. 77). But Mill 
dismissed the classical Laplacean way of defining probabilities as equiprobable; 
two events are not equally probable when it is known that of several events 
one and only one will occur and not known that it will be one of these events 
rather than another, but when experience has shown ‘that the two events are 
of equally frequent occurrence’ (ibid., pp. 71-72). This criticism also applied 
to those (‘inverse’) applications of probability theory in which antecedent or 
prior probabilities are approximated by means of mathematical analysis for 
these assume that it is somehow possible to derive knowledge about the world 
for something that is not given in experience (see Strong, 1978, pp. 34-35). 
Mill’s own version of inverse probabilistic reasoning was that it is possible to 
form a conjecture as to the prior probability of, say, two possible causes to a 
coincidence from observations or statistical data, but that it will be ‘impossible 
to estimate it with anything like numerical precision’ (Aldrich, 2008, p. 13). 

The role that Mill ascribed to probability seemed to have been that of an auxil-
iary tool – the aim of which was to account for the possible validity of inductive 
conclusions in the more complex cases governed by the ‘method of agreement’, 
namely those in which there is a ‘plurality of causes’ or ‘intermixture of efects’. 
Given Mill’s optimism about his four canons of induction in the first edition 

31 Mill was a convinced determinist: ‘whatever happens is the result of some [causal] 
law’ (Mill, 1843b, pp. 57-58). Also, phenomena conjoined by chance, though not 
causally connected are caused. 

32 As Aldrich has rightfully remarked, ‘Mill is so good at bringing out [the] dihculties [of 
the application of probability], that his ‘application’ of Laplace’s [inverse] principle to 
the problem of distinguishing laws from coincidences is almost a convincing demon-
stration that the principle is not applicable’ (Aldrich, 2008, p. 13). 

33 Mill wrote that ‘[t]he signs or evidences by which a fact is usually proved, are some of 
its consequences; and the inquiry hinges upon determining what cause is most likely 
to have produced a given efect. The theorem applicable to such investigations is the 
Sixth Principle in Laplace’s Essai […] which is described by him as ‘the fundamental 
principle of that branch of the Analysis of Chances, which consists in ascending from 
events to their causes’ (Mill, 1843b, p. 77). He then added that the question of the 
elimination of chance ‘falls within Laplace’s sixth principle’ (ibid., p. 83). 
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of the System of Logic, probabilities were attached not to every and not even to 
many, but to very few inferences. And even after his acknowledgement, found 
in all later editions, that if the canons only lead to provisional conclusions in 
the most simple cases it is the so-called ‘deductive method’ of the experimental 
verification of hypotheses that is ‘destined [to] predominate in the course of 
scientific investigation’34 (Mill, 1851, p. 500), probability remained a sign of 
the inferior status of the ‘method of agreement’ (e.g. Mill, 1858, p. 252). At the 
same time, under Herschel’s influence Mill tempered his radical dismissal of 
Laplace’s epistemic definition of probability as what Mill himself considered to 
be a subjective degree of (partial) ignorance in the second edition of the System 
of Logic of 1846 (see Porter, 1986, p. 83; Strong, 1978, section 3).3536 But from 
the fact that the chapter on the ‘elimination of chance’ went unchanged through 
all the editions of the book it can be seen that Mill never changed his argument 
for his specific epistemic definition of probability; in so far as probabilities are 
premised on induction and, therefore on human knowledge, they are grounded 
in experience of, but do not and cannot themselves refer to, the world of fully 
causal, that is, certain ‘objective facts’ (Mill, 1843b, p. 350). 

34 Mill wrote that, what today is called, the ‘hypothetico-deductive’ method consisted of 
three operations;, namely the ‘ascertainment of the laws of separate causes by direct 
induction’ or a ‘prior deduction’, the ‘ratiocination from the simple laws to the complex 
cases’ and the ‘verification by specific experience’ (see Mill, 1851, book III, chapter 
11). Or, in modern terminology; ‘develop an hypothesis using simplistic [i.e. ‘direct’] 
induction, deduce its implications using syllogistic reasoning [i.e. ‘ratiocination’] and 
verify or reject the hypothesis by comparison to experimental result’ (Ducheyne & 
McCaskey, 2014, p. 76). 

35 For example, in the chapter entitled ‘Fallacies of simple inspection; or a priori fallacies’, 
Mill referred to the facts of our subjective consciousness; ‘our sensations, emotions, 
intellectual states of mind, and volitions’ (Mill, 1843b, p. 348). 

36 Thus, where Mill, in the first edition, wrote that it ‘would indeed require strong 
evidence to persuade any rational person that by a system of operations upon numbers, 
our ignorance can be coined into science’, in the second edition he acknowledged that 
probability theory ‘as conceived by Laplace and by mathematicians generally, has not 
the fundamental fallacy which I had ascribed to it’ (Mill, 1974 [1846], p. 535). 
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4. Boole: logicized material probabilities 
and abstract logical probabilities 

Before considering the contributions of Boole to probability theory it is worth-
while to draw attention to the passage in the System of Logic in which Mill 
reflected on the fallacies that result from mistaking ‘subjective’ for ‘objective’ 
facts, laws or properties (see Mill, 1843b, book V, chapter 3). ‘A large propor-
tion of the erroneous thinking which exists in the world’, wrote Mill, ‘proceeds 
on a tacit assumption, that the same order must obtain among the objects in 
nature which obtains among our ideas of them’ (Mill, 1843b, pp. 350-351). 
Although Boole is nowhere mentioned in the work of Mill, it was precisely 
this assumption that formed the explicit foundation of Boole’s logical oeuvre37 
in which logic and probability – as the standards of truth in the realm of demon-
strative and probable knowledge – are founded on the laws of thought whose 
non-probable38 truth is ‘made manifest […] by reflection upon a single instance 
of its application [or] practical [verification]’ (Boole, 1854, p. 4) in the case of a 
science which has ‘external nature’ (ibid., p. 3) as its subject. 

The laws of thought and the laws of nature – or, in other words, the fundamen-
tal laws of reasoning and the ‘fundamental ideas’39 of science – are ‘neither […] 
intellectual products independent of experience nor mere copies of external 
things’ (ibid., p. 406). But if both rest upon observation or experience and 
‘require for their formation the exercise of the power of abstraction’ (ibid., 
p. 406, my emphasis), where the latter exist as general (inductive or hypotheti-

37 Boole’s oeuvre on logic is presented in two books, the Mathematical Analysis of Logic 
(Boole, 1847) and the Laws of Thought (Boole, 1854), and a paper that summarized 
the first book (Boole, 1848). 

38 Boole wrote that ‘[i]n connexion with [their] truth is seen the not less important one 
that our knowledge of the laws upon which the science of the intellectual powers 
rests […] is not probable knowledge. For we not only see in the particular example 
the general truth, but we see it also as a certain truth’ (Boole, 1854, p. 4). 

39 Here, Boole followed Whewell, whose Philosophy of the Inductive Sciences of 1847 he 
cited in the final philosophical chapter of the Laws of Thought entitled ‘On the nature 
of science, and the constitution of the intellect’. 
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cal) propositions with probable truth,40 the former exist as general propositions 
with necessary truth – ‘a truth, our confidence in which will not continue to 
increase with increasing experience’ (ibid., p. 4). 

If De Morgan’s calculus had generalized Aristotelian syllogistic logic – for 
example by incorporating probable inference for incomplete inductions, 
Boole’s calculus was able to establish what Aristotle had omitted41 by resolv-
ing the logic of the syllogism to the ‘ultimate laws’ (ibid., p. 11) of the algebraic 
theory of logic which is itself, firstly, founded upon the investigation of ‘the 
constitution of the Mind’ (Boole, 1847, p. i) and, secondly, the foundation for 
probability (see Boole, 1952 [1852]) 

Boole explained that logic concerns relations among things (‘All men are 
mortal’) and relations among facts expressed by propositions (‘If the sun is 
totally eclipsed, the stars will become visible’) as the elements of propositions 
that express these relations such that ‘we may [say] that the premises of any 
logical argument express given relations among certain elements, and that the 
conclusion must express an implied [existential] relation among [(parts of)] these 
elements [i.e.] a relation implied by or inferentially involved in the premises’ 
(Boole, 1854, p. 8). For example, the statement that ‘the fact or event A is an 
invariable consequent of the fact or event B may [thus] be regarded as equiv-
alent to the [statement] that the truth of the proposition ahrming the occur-
rence of the event B always implies the truth of the proposition ahrming the 
occurrence of the event A’ (ibid., p. 7, my emphasis). Boole included probabil-
ity theory within his account of algebraic logic, as the ‘organized expression’ 
(Boole, 1862, p. 226) of the laws of thought, because he wished to demonstrate 
that the whole of the theory is grounded on the expression of the expected 
frequency of occurrence of a particular event (‘the event whose probability 

40 Boole wrote that the ‘general laws of Nature are not, for the most part, immediate 
objects of perception. They are either inductive inferences from a large body of facts 
[or] physical hypotheses of a causal nature serving to explain phenomena [and] to 
enable us to predict new combinations of them. They are in all cases […] probable con-
clusions, approaching […] ever and ever nearer to certainty, as they receive more and 
more of the confirmation of experience’ (Boole, 1854, p. 4). 

41 Although Boole’s ‘esteem for Aristotle’s achievement [in logic] waned as [his] own 
achievement evolved, Boole never found fault with anything that Aristotle produced 
in logic, with Aristotle’s positive doctrine. Boole’s criticisms were all directed at what 
Aristotle did not produce; with what he omitted’ (Corcoran, 2007, p. 168). 
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is sought’) as a logical function of the known frequency of occurrence of any 
other events (‘the events whose probabilities are given’) (e.g. Boole, 1854, p. 13; 
Boole, 1862, p. 227).42 More in specific, Boole argued that not only all classi-
cal problems (‘Given the probabilities of independent simple events; required 
the probability of a compound event’), but also the newly formulated general 
problem of probability theory (‘Given the probabilities of any events, simple 
or compound, conditioned or unconditioned; required the probability of any 
other event equally arbitrary in expression and conception’)43 can be solved on 
the basis of a certain general method. Before analyzing the stages 1 and 2 of 
the development of this method it is important to describe the way in which 
Boole defined probability. 

Boole held that Laplace’s classical definition of probability leads to the idea 
that probabilities are expectations founded upon partial knowledge and that 
probability theory ‘contemplates the numerical measure of the circumstances 
upon which expectation is founded’ (Boole, 1854, p. 244) – such that probabil-
ities disappear and probability theory becomes redundant when perfect knowl-
edge of all the circumstances is available. Although he acknowledged that the 
expectation of an event ‘grows stronger with the increase of the ratio of the 
number of the known cases favourable to its occurrence to the whole number 
of equally possible cases’ (ibid., p. 244), Boole dismissed as the unphilosoph-
ical the idea that the ‘mental phenomenon’ of the strength of an expectation, 
viewed as an opinion or ‘an emotion of the mind, is capable of being referred to 
any numerical standard’ (ibid., p. 244). Where probability theory is founded 
not upon a calculation of ‘human hopes and fears’ (ibid., p. 245), but upon the 
assumption that the future resembles the past – an assumption testified by the 
experimental fact that events tend to recur with definite relative frequencies 
–, probability consists in the expectation founded upon the knowledge of the 
relative frequency of occurrence of events. 

42 Boole spoke of ‘the necessity of a prior method in Logic as the basis of a theory of 
Probabilities’ (Boole, 1854, p. 13). 

43 Reflecting on the known problems of probability theory, Boole wrote that beyond 
them ‘it is not clear that any advance has been made toward the solution of what may 
be regarded as the general problem of the science, viz.: Given the probabilities of any 
events, simple or compound, conditioned or unconditioned: required the probability 
of any other event equally arbitrary in expression and conception’ (Boole, 1854, p. 15). 
The new general problem was first formulated, by Boole, in Boole, 1851a; Boole, 
1851b. 
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From this interpretation of the classical definition it followed that where the 
probabilities of (combinations of) events as derived either from (i) knowledge 
of physical symmetry or ‘the constitution of things’ (ibid., p. 247) (probabili-
ties of simple events) or of (ii) frequencies (probabilities of compound events) 
constitute the data of probability theory and the probability of a (combination 
of) connected event(s) the quaesitum. Where problems involving (i) are solved 
by classical methods, problems involving (ii) demand a general method which, 
as a ‘concomitant of the old one’ (ibid., p. 248), is ‘essential to the [perfection] 
of the theory of probabilities’ (ibid., p. 247). 

1 The first stage of the development of this general method for (i) and (ii) was 
to introduce the substitution ‘for events the propositions which assert that those 
events have occurred, or will occur’ (ibid., p. 244) and for ‘the occurrence of 
the events concerning which they make assertion […] the truth of those prop-
ositions (ibid., pp. 247-248, emphases in original) as the element of numerical 
probability. Boole gave the Laplacean principles of the old method that follow 
from the abovementioned classical definition of probability (see ibid., p. 249) 
and then presented as follows the general problem-situation (data and quaesita) 
to which these principles can be applied when the numerical probabilities are 
transferred ‘from the events with which they are connected to the propositions 
by which those events are expressed’ (ibid., p. 250): Given the probabilities of n 
(compound events expressed by) conditional propositions (‘If the cause  exists, 
the event E will follow’) with mutually conflicting antecedents; required the 
probability of ‘the truth of the proposition which declares the occurrence of the 
event E [and], when that proposition is known to be true, the probabilities of 
truth of the several propositions which ahrm the […] occurrences of the causes 
A1, A2 … An’ (ibid., p. 250). Because this system lacked generality in both its 
‘material’ and ‘formal’ aspect,44 Boole doubted whether probability theory 
could be established as a completely generally applicable theory ‘without some 
aid of a diferent kind from any that has yet ofered itself to our notice’ (ibid., 
p. 252). 

44 On the one hand, ‘the antecedents of the propositions are subject to the condition 
of being mutually exclusive and there is but one consequent, the event E’ (Boole, 
1854, p. 250). On the other hand, ‘viewing the subject in its material […] aspect, it is 
evident, that the hypothesis of exclusive causation is one which is not often realized in 
the actual world’ (ibid., p. 251). 
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2 Boole demonstrated his new general method for the solution of problems in 
probability theory by deducing some five well-known ‘arithmetical’ principles 
(I-V), one principle of a diferent kind (VI) and the definition of independ-
ence from the abovementioned classical definition for the measure of probabil-
ity. The abstract method that accompanied this system was illustrated by ele-
mentary problems (ibid., chapter 18) and by sophisticated problems related to 
causes and efects (see ibid., chapter 20) and the probability of judgments (see 
ibid., chapter 21). These sophisticated problems were said to be premised on a 
derivative method determining the statistical conditions ‘among their data in 
order that they may represent a possible experience’ (ibid., p. 276) and assign-
ing the limits of their logical and algebraical solutions (see ibid., chapter 19).45 
Boole presented this derivative method as the ‘necessary supplement’ (ibid., 
p. 295) to probability in general and to the sixth principle (VI) in specific. 
This principle put forward the statement that probability is concerned not 
with the ‘real nature’ (ibid., p. 256) of events, but with events as regarded by 
the mind (see ibid., pp. 256-257), as the reduction upon which the possibility 
of the general method for the abstract system depends. In brief, the task was 
to account for to account for the ‘absolute connexion between possibility in 
the data and formal consistency […]’ (Boole, 1862, p. 228, my emphasis), that 
is, between the ‘actual universe’ (ibid., p. 228) and ‘abstract thought’ (ibid., 
p. 228). Boole formulated the principle attached to the derivative method in the 
form of a twofold process of abstraction from probabilities of events derived, 
by approximation, from actual experience as the limiting frequencies of a class 
of observed equally possible cases (see Boole, 1854, pp. 295-296): firstly, the 
probabilistic problem-situation is represented by logical symbols (e.g. ‘x’ and ‘y’ 
for individual events) in such a way that, secondly, conclusions deduced from 
the relations among quantities (e.g. n (x) and n ( y)) can somehow46 be con-
verted into conclusions into conclusions about the probabilities of the events 
represented by ‘x’ and ‘y’. Where the first abstraction is a logical ‘translation’, 

45 Dale explains that, ‘in general, Boole’s solutions contain arbitrary constants, specifi-
cation of which usually yields bounds within which the desired probability must lie’ 
(Dale, 1999, p. 379). See Pitowsky for a technical treatment of Boole’s conditions of 
possible experience (Pitowsky, 1994). 

46 As Hailperin writes, ‘relations among […] values [of quantities] lead first to relations 
among relative frequencies […] and then to probabilities by passing to the limit. 
(Boole is quite vague about this transition from relative frequencies to probabilities)’ 
(Hailperin, 1996, p. 154). 
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the second abstraction amounts to the ‘mental construction’ (Boole, 1862, 
p. 227) of a scheme of ‘ideal events which are free, and of which the probabili-
ties are such that when they [are] restricted by the same [formal] conditions as 
the events in the [translated] data, their calculated probabilities will become the 
same as the given probabilities of the events in the data’ (ibid., p. 227). Boole 
justified this fundamental correspondence with reference to an ‘ideal observer’ 
for whom what appears as logically necessary in the abstract system or scheme 
could appear as actual in the course of an ‘infinite series of observations’ (ibid., 
p. 228). Where De Morgan introduced probability theory into generalized syl-
logistic logic and upheld an epistemic definition of probabilities as measures 
of the ideal degree or strength of belief in certain conclusions from imperfect 
syllogisms, Boole founded a generalized probability theory upon a non-Aristo-
telian logical calculus and defended an epistemic definition of probabilities as 
logical relationships between propositions describing events (see Galavotti, 
2011). While this implied that Boole rejected De Morgan’s definition for its 
reference to subjective variabilities of the mind, his own definition included a 
logicized version of Mill’s idea of ascribing probabilities to events on the basis 
of knowledge derived from experience as the inductive starting point and sta-
tistical condition for a formal system of abstract thought. 

5. Frequency probability: ‘a priori’ and ‘quasi-empirical’

The contributions of Ellis and Venn embodied the first elaborate and system-
atic attempt to establish probability theory on the definition of probability 
as the limit of the relative frequency of a certain event in an infinite series of 
independent trials or observations of a certain class or group. Their so-called 
frequency theory of probability was accompanied by a dismissal not only of 
the whole of Laplacean rationalism, but also of almost all of the foundational 
notions of the classical theory – e.g. equiprobability for the definition of prob-
ability, the principle of indiference for uniform prior probability distributions 
in inverse probabilistic reasoning and the notion of objective probability (!) for 
limiting relative frequencies – when applied outside of the combinatorial realm 
of games of chance and urns. 

From the incommensurable motivations of Ellis, the mathematician and 
Kantian idealist, and Venn, the logician and Millian empiricist, for developing 
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an alternative for classical probability theory, it is to be concluded that there 
was no unified ‘Cambridge’, ‘frequency’ or ‘empiricist’ school of probabil-
ity (cf. Gillies, 2000, chapter 5; Hald, 2007, section 11.4; Verburgt, 2014b). 
Ellis, under the influence of his brother-in-law Whewell (see Verburgt, 2013), 
attempted to reinterpret the ‘fully developed’ (Ellis, 1844a, p. 1) mathematical 
theory in such a way that it is compatible with a metaphysical scientific method-
ology that recognizes ‘a priori truths’ (ibid., p. 1) and ‘ideal elements of knowl-
edge’ (ibid., p. 6) and ‘makes the process of induction depend on them’ (ibid., 
p. 6). Venn, for his part, hoped to transform probability theory into that part47 
of his system of empirical or inductive logic that concerns the ‘proportional’ 
rather than ‘universal’ propositions found in inductive generalizations – prop-
ositions which, in so far as they are ‘incurably particular’ (Venn, 1881, p. 170), 
do not belong to syllogistic logic.48

5.1 Ellis’s idealist frequentism

Ellis’s critical contributions to probability theory concerned its foundations 
(Ellis, 1844a; Ellis, 1854) and the method of least squares for the probability 
of (observational) errors as one of its applications (e.g. Ellis, 1844b). After 
having accepted the classical definition for direct probability as a result of com-
binatorics (see Ellis, 1844a, p. 1), Ellis reflected upon the classical conclusion 
that if ‘the probability of an event [is] correctly determined, the event will on 
a long run of trials tend to recur with frequency proportional to this proba-
bility’ (ibid., p. 1). He then put forward his central statement that what has 
traditionally been ‘proved mathematically’, by Bernoulli, Laplace, Gauss and 
others, with regard to this conclusion ‘seems to me [Ellis] to be true a priori’ 

47 Venn referred to probability theory as ‘one department of the general science of 
Inductive Logic’ (Venn, 1889, p. 9) in his Principles of Inductive or Empirical Logic of 
1889. 

48 Venn, in his Symbolic Logic of 1881, wrote that ‘[p]articular propositions [are] of a 
somewhat temporary and unscientific character […] Indefiniteness [in] respect of 
the predicate cannot, or need not, always be avoided; but the indefiniteness of the 
subject, which is the essential characteristic of the particular proposition, mostly can 
and should be avoided. For we can very often succeed [in] determining the ‘some’; 
so that instead of saying vaguely that ‘Some A is B’, we can put more accurately by 
stating that ‘The A which is C is B’ […] Propositions which resist such treatment […] 
are comparatively rare; their hope and aim is to be treated statistically, and so to be 
admitted into the theory of Probability’ (Venn, 1881, pp. 169-170). 
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(Ellis, 1844a, p. 1). For example, about the (weak) law of large numbers and 
the theorem of the arithmetic mean, Ellis argued that neither of these is to be 
established either as a mathematical deduction from the notion of probability or 
as a fact of experience. Instead, if the first must be accepted as a ‘fundamental 
axiom [as] supplied by the mind itself which is ever endeavouring to introduce 
order and regularity among the objects of its perceptions […] that on the long 
run the action of fortuitous causes disappears’ (ibid., p. 3) the second is to be 
thought of as being implied in this very axiom.49 

Taken together, probabilities referred not to ‘the measure of a mental state’ 
(ibid., p. 3) but to ‘the number of ways in which a given event can occur, or 
the proportional number of times it will occur on the long run’ (ibid., p. 3) – 
with the first numerical expectation being established by indiference and the 
second numerical expectation by ‘an appeal to consciousness’ (ibid., p 3)50 
that exposed the impossibility of judging otherwise: ‘When on a single trial 
we expect one event rather than another, we necessarily believe that on a series 
of similar trials the former event will occur more frequently than the latter’ 
(ibid., p. 1, my emphasis). For Ellis probabilities could, thus, not be ‘read of of 
observed frequencies’ (Daston, 1994, p. 338) and applications of inverse prob-
ability such as the probability of causes and hypotheses and the law of succes-
sion depended ‘not only on the event, but also on the [individual!] mind which 
contemplates’ (Ellis, 1844a, p. 5).51 For example, from the questions ‘A priori 
probability to what mind? In relation to what way at looking at them?’ (ibid., 
p. 5), Ellis concluded that if the number of prior probabilities was ‘infinite 
[and] indeterminate’ (ibid., p. 6) the calculations of ‘the theory a posteriori of 
the force of inductive results are illusory’ (ibid., p. 6). 

49 Ellis had it that this axiomatic conviction ‘is an immediate consequence of our confi-
dence in the permanence of nature’ (Ellis, 1844b, p. 205). 

50 Ellis argued that if the mathematical theorems of probability theory are ‘founded on 
the mental phenomenon of expectation […] expectation [itself] never could exist, if 
we did not believe in the general similarity of the past to the future, i.e. the regularity 
of nature’ (Ellis, 1844a, p. 4). 

51 For example, ‘[t]he assertion [that] ¾ is the probability that any observed event [has] 
an a priori probability greater than ½ […] seems totally to want precision. A priori 
probability to what mind? In relation to what way of looking at them?’ (Ellis, 1844a, 
p. 5). 
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Ellis’s frequency theory, thus, grounded classical probability theory on an 
idealist metaphysics and involved seemingly purely subjective considerations 
that not only reduced the whole of inverse probability to calculations flowing 
from a priori ideas, but also rendered impossible and useless the task of collect-
ing statistical data. Given his commitment to realism (see Ellis, 1854; Verburgt, 
2013), Ellis himself could understand ‘phenomena’ or ‘facts’ as approximative 
realizations of the ‘ideas’ or ‘universals’ that allow for the identification, in the 
‘ideal [and] practically unattainable’ (Ellis, 1854, p. 605) limit, of probabilities 
with frequencies. 

5.2 Venn’s quasi-empiricist frequentism

Venn opened his Logic of Chance of 1866 with the statement that with ‘what 
may be called the Material […] Logic [of Mill] as opposed to [the] Formal or 
Conceptualist [of De Morgan and Boole], – with that which regards it as taking 
cognisance of laws of things and not of the laws of our minds in thinking about 
things, – I am in entire accordance’ (Venn, 1866, p. xiii). The central aim of 
the book was defend the material logical ‘view of the nature and foundation of 
the rules of Probability’ (ibid., p. xiii) found in Mill’s System of Logic against 
De Morgan’s Formal Logic and Boole’s Laws of Thought52 in which probabil-
ity ‘is regarded very much from the conceptualist point of view’ (ibid., p. xii). 
Other, more specific, aims were to demonstrate, firstly, that classical proba-
bility theory, in so far as it is mathematical, is a formal or deductive science 
of artificial phenomena (see ibid., chapter 3-6) and, secondly, that frequentist 
probability theory, in so far as it is non-mathematical,53 belongs to the material 
science of natural phenomena (see ibid., chapter 1-2, 7, 11 and 14).54 

52 About Boole’s Laws of Thought, Venn wrote that ‘[o]wing […] to [its] peculiar 
treatment of the subject I [Venn] have scarcely anywhere come into contact with any 
of his expressed opinions’ (Venn, 1866, p. xii). 

53 For Venn’s views on the use of mathematics within the non-mathematical discipline of 
logic (and probability theory as a part of logic) see Venn, 1866, pp. 19-24; Venn, 1881, 
introduction. 

54 Venn aimed to include within one general theory ‘the ordinary problems of games 
of chance, as well as those where the dice are loaded and the pence are not ideal, and 
also the indefinitely numerous applications of statistics to social phenomena and the 
facts of inanimate nature’ (Venn, 1866, p. 32), but he admitted the ‘advantages of the 
a priori plan’ (ibid., p. 32) of the mathematical deductive part. 
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The foundation of Venn’s material logic consisted of the following idea: ‘Induc-
tive Logic gives rules for discovering […] generalizations [and] for testing their 
correctness. If they contain universal propositions it is the part of ordinary [syl-
logistic] logic to determine what inferences can be made from and by them; if, 
on the other hand, they contain proportional propositions [they] are handed 
over to Probability’ (ibid., pp. 171-172). Where in the Logic of Chance the propor-
tional propositions were presented as ‘a class of immediate inferences, unrec-
ognized indeed in Logic [of] which the characteristic is that as they increase in 
particularity they diminish in certainty’ (ibid., p. 3),55 in the Symbolic Logic they 
would be introduced as those particular propositions which cannot be turned 
into universal propositions and which are ‘to be treated statistically [in] the 
theory of Probability’ (Venn, 1881, p. 170). Given his dismissal of the idea of 
a ‘subjective […] degree of […] certainty or belief’ (ibid., p. 4) about proposi-
tions, Venn approached the proportional propositions of probability theory in 
terms of the class of things which they contemplate, namely so-called ‘series’ 
which combine ‘individual irregularity with aggregate regularity’ (ibid., p. 4), 
that is, ‘our [statistical] examination of a large number of a long succession of 
instances […] in [which] we shall find a numerical proportion [or order], not 
[…] accurate [or uniform] at first, but which tends in the long run to become 
accurate [or uniform]’ (ibid., p. 5). 

Venn distinguished between ‘artificial’ series – in which ‘the gradual evolu-
tion of [order] is indefinite, and its approach [to] perfection unlimited’ (ibid., 
p. 13) – and ‘natural’ series – in which the order ‘which is found in the long 
run […] though durable is not everlasting’ (ibid., p. 14). The somewhat unfor-
tunate problem was that if it is only in the case of series similar to the artifi-
cial series found in the classical deductive part of probability theory that it is 
possible to make scientific inferences, the natural series for his new inductive 
part were to be idealized into ‘imaginary’, ‘ideal’ or quasi-natural series with 
artificial features: ‘In examining the series of statistics which arise out of any 
of [the] natural uniformities we [find] that [the] series tend at length to lose 

55 For example, ‘[l]et me assume that I am told that some cows ruminate; I cannot infer 
logically from this that any particular cow does so, though I should feel some way 
removed from absolute disbelief […] on the subject; but if I saw a herd of cows I should 
feel more sure that some of them were ruminant than I did of the single cow, and my 
assurance would increase with the numbers of the herd about which I had to form an 
opinion’ (Venn, 1866, p. 3). 
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their regularity. But this will not suit our purpose. What we do [is] to make a 
[‘subjective’ (see ibid., p. 56)] substitution, and employ instead a series which 
shall be regular throughout. It is by this substituted series that we do in reality 
make our inferences’ (ibid., p. 23). Venn emphasized that the validity of the 
inferences drawn on the basis of these quasi-natural series depends on their 
two-sided56 (experiential and inductive) agreement with natural series. But due 
to an ‘a priori tendency’ (ibid., p. 27) arising from their undue consideration of 
games of chance and urns led the classical probabilists to erroneously assume, 
firstly, that the basis of their calculations ‘is not the [artificial] series itself but 
some a priori conditions on which the series depends’ (ibid., p. 27) (see ibid., 
pp. 28-33) and, secondly, that this is also the case for natural series (see ibid., 
pp. 33-41). Where the first assumption reduced probability theory to a non-sci-
entific psychological investigation of states of the mind, the second assumption 
attached to the theory a philosophical realism which provides a justification 
for ‘the inveterate tendency to objectify our conceptions’ (ibid., p. 36) in the 
form of an ‘objective probability’ that is ‘supposed to develop somehow into the 
sequence which exhibits the uniformity’ (ibid., p. 36). Venn argued that there 
‘really [is] nothing which we can call the objective probability’ (ibid., p. 36); for 
if this notion ‘pre-supposes a fixed type [or] an ideal something which is per-
petually striving, and gradually, though never perfectly, succeeding in realising 
itself in nature’ (ibid., p. 38, my emphasis), a type that is ‘persistent and invari-
able is scarcely to be found in nature’ (ibid., p. 16, my emphasis). Although the 
quasi-natural series are series with a ‘fixed type’ (ibid., p. 57) à la objective 
probabilities, they exist as an imaginary fiction rather than as a metaphysical 
objectification of an a priori assumption. 

After having distinguished the (‘Millian’) ‘actual series about which we reason’ 
(ibid., p. 37) from the quasi-natural series which ‘we employ in reasoning about 
it’ (ibid., p. 37), Venn wrote that, in order to use the quasi-natural series as 
a means of making inferences, it is necessary to move ‘from the objective to 
the subjective, from the things themselves to the state of our minds in contem-
plating them’ (ibid., p. 56). The core of Venn’s ‘objective’ frequentism, thus, 
consisted of a subjective mind reasoning about ‘real things’ (ibid., p. 57) on the 

56 Venn repeatedly emphasized that the quasi-natural series are obtained from ‘experi-
ence supplemented by the aids [of] Inductive Logic’ (Venn, 1866, p. 26) and that ‘an 
occasional appeal to experience therefore is necessary to test and control our conclu-
sions’ (ibid., p. 23). 
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basis of subjectively constructed series that form the foundational alternative 
for the ‘subjective belief’ of De Morgan’s classical theory –57 and this in both 
the direct and inverse case (see ibid., chapter 8). 

6. Concluding remarks

It may be clear that it is by no means straightforwardly possible to understand 
the mid-nineteenth-century contributions of the British revisionist probabilists 
in terms of the distinction between ‘subjective’ probability – as an ‘epistemic 
state of knowledge’ – and ‘objective’ probability – as an ‘objective state of the 
world’ – or of the acceptance of the objective status of chance with reference 
to the subjective variability of the mind. 

Both De Morgan, Mill, Boole, Ellis and Venn were committed to the idea that 
if it is true that ‘[t]hough there be no such thing as chance in the world; our igno-
rance of the real cause of any event has the same influence on the understand-
ing’ (Hume, 2007 [1748] p. 54) it is this ignorance that necessitates probability 
theory. At the same time, all of them thought of induction not only as being able 
to produce the knowledge of causes that could render the theory redundant, 
but also as being grounded, in some sense, on the non-inductive principle of 
the uniformity of nature. Where De Morgan and Boole held that the probable 
status of inductive inferences justified the introduction of probability within 
a deductive system of logic that then contained syllogistic induction and the 
formal rules for non-demonstrative induction, Mill and Venn agreed that in 
so far as probability is conditioned by induction it is a derivative part of the 
inductive logic of truth. When seen in light of the work of Mill, Boole and 
Venn, De Morgan and Ellis were the probabilists who referred to the subjective 
variabilities of the mind – De Morgan in calculating probability as ‘the strength 
of human hopes and fears’ (Boole, 1854, p. 245) and Ellis in making probability 
dependent on the personal knowledge involved in induction. But this criticism 
did not compel either Boole, Mill or Venn to accept objective probabilities; 
where Boole referred to relative frequencies only in order to logicize them and 

57 After admitting the twofold importance of the ‘subjective’ for his own theory, Venn 
goes on to criticize the classical ‘subjective side of Probability’ (Venn, 1866, p. 75) for 
being ‘a mere appendage of the objective’ (ibid., p. 75). 



551 | The objective and the subjective in mid-nineteenth-century British probability theory

Mill separated empirical frequencies from objective states of the world, Venn 
talked of idealized frequencies. 

De Morgan’s inclusion of classical probability within his generalized syllo-
gistic logic went hand-in-hand with an epistemic rejection of objective prob-
abilities as individual objects in experience. His fellow deductivist Boole’s 
attempt to ground probability theory on his algebraic system of logic criti-
cized De Morgan’s quantification of ‘emotions of the mind’ and put forward 
material frequencies of occurrence as the referent for the partial state of knowl-
edge to which probability refers. Because his aim was to establish an abstract 
logical system that incorporated both direct and indirect probability, Boole 
turned the relations between frequencies into logical combinations expressed 
by propositions which could then be algebraically analyzed in so far as they 
concerned interpretable ideal events. The empirical-inductivists and frequen-
tists Mill, referring to the mathematician Laplace, and Venn, referring to the 
formal logician De Morgan, criticized the classical foundational definition of 
probability for limiting the theory to the mental realm of the subjective or a 
priori. Their fellow frequentist, the Kantian idealist Ellis argued that the clas-
sical theory and all of its mathematical theorems were to be reinterpreted as 
being grounded on certain intuitive, a priori, truths – for example a ‘balanc-
ing tendency’ (Ellis, 1854, p. 607) with the characteristics of the notion of an 
‘objective probability’ which Venn ascribed to, among others, the ‘realists’ Ber-
noulli and Laplace, but which he himself expressed in the form of ‘quasi-em-
pirical’ imaginary series. The ‘version of objective probability’ (Schafer, 2001, 
p. 155) of the frequentists was, thus, one in which there were neither ‘objective 
probabilities’ of experience nor ‘objective probabilities’ found in a world inde-
pendent of human knowledge; Mill defended empirically based epistemic prob-
abilities, Ellis referred to the identification of probabilities with frequencies by 
an appeal to consciousness and if Venn accused the classical ‘subjective’ theory 
for holding on to the existence of ‘objective probabilities’ his own frequency 
theory reasoned about objective ‘external things’ (Venn, 1866, p. 72, p. 126, 
p. 319) via the subjective contemplation of subjectively created series. 

Although the probabilistic distinction between ‘subjective’ and ‘objective’ did, 
perhaps, originate in the mid-nineteenth-century, the case of British probabil-
ity suggests that there were not only several conflicting definitions of the two 
terms, but also several irreconcilable logical, philosophical and scientific view-
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points from which their relation could be negotiated. It thus seems to be the 
case not only that the statement that they appeared to ‘vacillate between the 
objective and subjective’ (Daston, 1988, p. 190) applies equally to, on the one 
hand, Bernoulli and Laplace and, on the other, De Morgan, Mill, Boole, Ellis 
and Venn. But also that the work of both the classical and the revisionist proba-
bilists becomes ‘poorly articulated […] when we attempt to classify their work 
along objective versus subjective lines’ (ibid., p. 190). At least, that is what this 
paper has hoped to make manifest. 
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chapter 2

Remarks on the idealist and 
empiricist interpretation of 
frequentism: Robert Leslie Ellis 
versus John Venn

0.  Introduction

In many accounts of the history and philosophy of probability theory one finds 
the statement that the frequency interpretation of probability – as developed by 
Robert Leslie Ellis (1817-1859) and John Venn (1834-1923) – is to be regarded as 
the British empiricist reaction against the rationalism of the traditional theory.1 
The goal of this paper is to show that this claim is misconceived and to argue, 
instead, that there was no unified ‘British school’ of frequentism during the 
nineteenth-century.2 

I have divided my arguments for this claim into two sections. In section 1, I 
indicate that neither Ellis nor Venn rejected the traditional theory of probabil-
ity in toto. Where Ellis tried to reconstruct only the metaphysical – rather than 
mathematical – part of its foundations, Venn merely objected to its ‘inverse’ 
extrapolation of the calculations of artificial events to natural events. In section 
2, I will argue that Ellis and Venn supported two irreconcilable positions vis-à-

1 See, for instance, Gillies (1873, 1), Gillies (2000, 88), Hald (2007, 77), Galavotti 
(2008, 419), Galavotti (2011, 154), Lang (1964, 298), Wall (2006a, 596), Zabell 
(2005, 186). 

2 For more or less detailed accounts of Venn’s views on probability see Keynes (1921, 
chapter 3), Kilinc (1999), Verburgt (submitted for review a), Verburgt (submitted 
for review b), Wall (2005), Wall (2006b). The only comprehensive analyses of Ellis 
available are Kilinc (2000) and Verburgt (2013). 
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vis the assumed ‘Bernoullian’ starting point of frequentism; i.e. the definition 
of probability as the limit of a relative frequency. 

1.  Traditional probability theory and frequentism

1.1  Robert Leslie Ellis on traditional probability theory

In the opening passage of his essay of 18443 ‘On the foundations of the theory 
of probabilities’ Robert Leslie Ellis wrote the following: 

‘The Theory of Probabilities is at once a metaphysical and mathematical 
science. The mathematical part of it has been fully developed, while […] 
its metaphysical tendencies have not received much attention. This is 
the more remarkable, as they are in direct opposition to the views of the 
nature of knowledge, generally adopted at present’ (Ellis 1844, 1). 

As may be clear from this passage, Ellis agreed with the calculations of tradi-
tional probability theory and objected, merely, to the metaphysical views on 
which they are based. According to Ellis, there ‘has not yet been philosophy 
enough’ (Ellis quoted in Shairp & Tait 1873, 481) to expel the influence of the 
‘school of [Étienne Bonnot de] Condillac and the sensationalists [which] were 
in the ascendant when the theory of probabilities received its present form’ 
(Ellis 1844, 1).4 The influence of this ultra-empiricist school essentially includes 
the rejection of all reference to a priori truths and the, subsequent, attempt to 
establish these truths ‘as mathematical deductions from the simple notion of 
probability’ (ibid.). Now, Ellis wants to replace these ‘sensationalist’ meta-
physical foundations of the traditional theory by foundations that are based on 
ideal elements of knowledge so as to show that the mathematical calculations of 

3 This essay was read to the Cambridge Philosophical Society on February 14, 1842 and 
published in its Transactions in 1844. 

4 For an account of the philosophical roots of Ellis’s account of probability theory see, 
for instance, Kilinc (2000) and Verburgt (2013). 
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probability are, in fact, premised on certain axioms supplied by the mind.5 That 
is to say that for Ellis, the truth of the ‘first principles’ of the theory – that the 
‘probability of an event is the number of equally possible ways in which it may 
take place, divided by the total number of ways which may occur on the given 
trial’ and that ‘if the probability of a given event [is] correctly determined, the 
event will, on a long run of trials, tend to recur with frequency proportional 
to this probability’ (ibid., 2) – is secured ‘a priori’, rather than by means of 
mathematics or with reference to external phenomena. Although both these 
principles are ‘generally proved mathematically’, it seems to Ellis that they are 
‘ultimate facts’ – ‘the evidence of which must rest on an appeal to conscious-
ness’ (ibid., 2). This statement is argued for by pointing to the impossibility of 
inventing a case in which the ‘judgment that one event is more likely to happen 
than another’ (ibid., 3) can be combined with the belief that on the long run it 
will not occur more frequently. In efect, Ellis regards as futile the mathematical 
demonstration of such propositions. The passage in which he justifies this claim 
by means of an example is worth quoting in full: 

‘A coin is to be thrown 100 times; there are 210 0 definite sequences of 
heads and reversed, all equally possible if the coin is fair. One only of 
these gives an unbroken series of 100 heads. A very large number give 50 
heads and 50 reverses; and Bernoulli’s theorem shows that an absolute 
majority of the 210 0 possible sequences give the diference between the 
number of heads and reverses less than 5. If we took 1000 throws, the 
absolute majority of the 21000 possible sequences give the diference less 
than 7 […] [a]nd so on. […] But this is not what we want. We want a 
reason for believing that on a series of trials, an event tends to occur with 
frequency proportion to its probability […] But, although a series of 100 
heads can occur in one way only, and one of 50 heads and 50 reversed in 
a great many, there is not the shadow of a reason for saying that therefore 
the former series is a rare […] event, and the latter […] an ordinary one. 
[…] [I]n Bernoulli’s theorem, it is merely proved that one event is more 

5 For instance Porter, in his The Rise of Statistical Thinking, mistakenly remarks that 
Ellis actually entertained a ‘sensational philosophy’. This may have to do with the fact 
that Ellis’s writings are, at some points, somewhat opaque – consider, in this context, 
his statement that ‘I [Ellis] shall be satisfied if the present essay does no more than 
call attention to the inconsistency of the theory of probabilities with any other than a 
sensational philosophy’ (Ellis 1844, 2). 
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probable than another, i.e. by the definition can occur in more equally 
possible ways, and that there is no ground whatever for saying […] that it 
is a more natural occurrence’ (ibid., 4, my emphasis). 

Although what is here referred to as ‘Bernoulli’s theorem’6 may be ‘true [and] 
important’ (ibid.), its essential defect lies in its inability to prove the truth of 
the undeniable proposition that an event, in the long run, occurs proportional 
to its probability. In other words, the theorem is unnecessary for ‘it leaves the 
matter just where it was before’ (ibid.). According to Ellis, the reason for this is 
twofold. On the one hand, no mathematical deduction ‘from premises with do 
not relate to laws of nature can establish such laws’ (ibid.) since, on the other 
hand, these are ‘supplied by the mind itself which is ever endeavouring to intro-
duce order and regularity among the objects of its perceptions’ (ibid., 5). His 
‘idealist’7 reconstruction of the traditional foundations of probability, thus, 
consisted of the claim that, on the one hand, its calculations are grounded on 
the mental phenomenon of expectation that, on the other, must be assumed in 
so far as it is premised on the belief in the regularity of nature that, as a ‘general 
law of nature’, cannot be deduced from calculations. For Ellis, laws of nature 
or fundamental axioms such as that ‘on the long run, the action of fortuitous 
causes disappears’ (ibid.) and the ‘idea of an average among discordant results’ 
(ibid.) cannot but be supplied by the mind. Importantly, when Ellis goes on to 
deny that probabilities are to be taken as the measure of any mental state, he is 
not embracing empiricism, but pointing to the centrality of a priori regulative 
mental principles that guide the practice of mathematical probability.8 

This is also the case in the context of Ellis’s criticism of ‘a more celebrated 
application of the [traditional] theory […] to events whose causes are unknown’ 
(ibid., 7 & 10) – that is, ‘inverse probability’. He defines this application as the 
aim to determine the ‘a priori probability’ of the cause of an event from the 
event itself. Ellis expresses the opinion that ‘in reality, the a priori probability 

6 I will return to Ellis’s views on ‘Bernoulli’s theorem’ in section 2.2. 
7 In Verburgt (2013) this characterization of Ellis’s reinterpretation of probability 

theory is qualified in light of his renovation of Bacon’s empiricist theory of induction 
– as put forward under the direct influence of William Whewell. In brief, it is claimed 
here that both Ellis and Whewell used ‘idealist’ views to supplement or perfect, rather 
than overcome or dismiss, the Baconian method. 

8 For this point see, especially Daston (1994), Verburgt (2013). 
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of a given event has no absolute determinate value independent of the point 
of view in which it is considered. Every judgment of probability involves an 
analysis of the event contemplated’ (ibid., 8). This claim is explained by means 
of the following example: 

‘Take the case of a vessel sailing up a river. The vessel has a flag. What 
was the a priori probability of this? Before any answer can […] be given 
[…] we must know (1) what circumstances the person who makes it 
rejects as irrelevant […]; (2) what circumstances constitute in his mind 
the ‘trial’ […] (3) What idea he forms to himself of a flag. […] Unless all 
such points were clearly understood, the most perfect acquaintance with 
the nature of the case would not enable us to say what was the a priori 
probability of the event: for this depends, not only on the event, but also 
on the mind which contemplates it’ (ibid., 9). 

In another example in which not one, but a succession of similar events is taken 
into account, Ellis remarks that also here the ‘expression applied to determine 
the probability of a common cause among similar phenomena’ (ibid., 11) rests 
on a ‘petitio principii’; ‘we assume that all the phenomena are allied; that they 
are the results of repetitions of the same trial, that they have the same simple 
probability [etc.]’ (ibid.). As in the case of the calculation of ‘direct’ probabil-
ities, the problem with traditional calculations of ‘inverse’ probabilities is that 
they are unable to prove these fundamental assumptions. Here it suhces to note 
that for Ellis the estimates of the ‘inverse’ application – or, as he calls it, ‘the 
theory a posteriori of […] inductive results’ (ibid.) – are illusory in so far as 
they falsely assume that it is possible to mathematically found what is, in fact, 
a truth of the mind; namely the regularity of nature. 

1.2  John Venn on traditional probability theory

In the second chapter of his Logic of Chance of 1866, Venn – reflecting on the 
classical examples of games of chance – remarks that the calculations of these 
kind of events have ‘infected the whole science [of probability] with an a priori 
tendency, which has biassed [sic] the minds of its followers in other applica-
tions’ (Venn 1866, 27). This ‘a priori tendency’ is defined by Venn as the idea 
that the basis of such calculations is formed by the ‘a priori conditions on which 
the series depends’ (ibid.) – conditions which are satisfied at the moment that 
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one is able to ascertain that the events of which the series consists are ‘equally 
likely’. But, Venn asks, ‘What is the meaning of the expression ‘equally likely’? 
To such a question […] two forms of reply are possible. The one of these would 
seek an explanation in the state of mind of the observer, the other would seek 
it in some characteristic of the things observed’ (ibid., 28). The first reply is 
dismissed not only for making probability into a branch of psychology, but also 
because of the impossibility of making sense of the notion ‘equally likely’ a 
priori. The second reply – which holds that ‘the events […] would occur with 
equal frequency in the long run’ (ibid., 29) – is embraced for its definition of 
‘equally likely’ as the result of an empirical ‘sequence of events’. Venn, thus, 
writes: ‘[W]e shall find that [the] tacit restrictions on the a priori plan are really 
nothing else than a mode of securing an experimental result [or] a compendious 
way of saying, Let means be taken for obtaining a given result. Since […] it is 
upon this result that our inferences ultimately rest, it seems to me simpler […] 
to appeal to it […] as the groundwork of our science’ (ibid., 31).

Yet, it is only after having summarized the advantages of the psychological or 
‘a priori’ approach – neatness, accuracy etc. – and having acknowledged that 
‘in many cases it would be a real hardship to be debarred from appealing to 
it’ (ibid., 32) that Venn touches upon his central criticism. This, essentially, 
concerns the application of this approach to events other than those connected 
to games of chance – events of ‘the most purely experimental character’ (ibid., 
33), namely facts of nature. Referring to a passage from Laplace’s Essai Phi-
losophique in which he, after ‘speaking of the irregularity and uncertainty of 
nature as it appears at first sight’ (ibid., 33), notes that ‘when we look closer we 
begin to detect “a striking regularity which seems to arise from design […] [b]
ut [which], on reflection, […] is soon perceived [to be] nothing but the develop-
ment of the respective probabilities of the simple events which ought to occur 
more frequently according as they are more probable’ (ibid., 34), Venn writes 
that

‘[i]f this remark had been made about the succession of heads and tails in 
the throwing up of a penny, it would have been intelligible, though […] 
not philosophically correct. It would simply mean this: that the constitu-
tion of the body was such that we could anticipate what the result would 
be when it was treated in a certain way, and that experience, in the long 
run, would justify our anticipation’ (ibid.). 
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It is this extrapolation of the (a priori) conditions connected to the calculations 
of simple events to those of natural events – or ‘objectification’ of a state of 
mind -  that Venn characterizes as ‘unmeaning’. In other words, also from his 
remark – uttered in chapter 13 titled ‘On direct and inverse probability’ – that 
the idea of so-called ‘inverse probability’ arises ‘from the attempt to force the 
Calculus of Probability upon a class of subjects which do not properly belong to 
it’ (ibid., 204), it may be inferred that Venn here criticized mainly the attempt 
to calculate the probability of an unknown cause from a known event in the 
context of natural, rather than artificial, series.9 

This criticism is argued for by means of an elaborate discussion of the dis-
tinction between these ‘artificial’ and ‘natural’ series. Although the difer-
ence between them, as Venn puts it, can only be ascertained in their ‘ultimate 
form’,10 where ‘natural uniformities at length fluctuate, those aforded by 
games of chance seem fixed for ever’ (ibid., 17). That is to say that ‘the one 
tends without any permanent variation towards a fixed numerical proportion 
in its uniformity [and] in the other the uniformity is found at last to fluctuate 
[…] in a manner utterly irreducible to rule’ (ibid.). If Venn acknowledges that 
it is only with regard to ‘artificial series’ that it is possible to make rigorous, i.e. 
mathematical, inferences, it is crucial to witness ‘the kind and extent of error 
that would be committed if in any example we were to substitute an imaginary 
series of the former [artificial] kind for any actual series of the latter [natural] 
kind which experience may present to us […] [This] substitution […] is equiv-
alent to saying, Let us assume that the regularity is fixed and permanent’ (ibid., 
18). Nonetheless, Venn – in full recognition of this error – claims that this sub-
stitution must be made in order to transform probability theory into a general 
science. He, thus, writes that even though

9 In the preface, Venn makes a similar remark when he criticizes ‘the belief that Proba-
bility is a branch of mathematics trying to intrude itself on to ground which does not 
belong to it’ (Venn 1866, vii). 

10 Venn writes that ‘[t]he diference […] between them would not appear in the initial 
stage, for in that stage the distinctive characteristics of the series of Probability are 
not apparent; nor would it appear in the subsequent stage, for the real variability of 
the uniformity has not for some time scope to make itself perceived. It would only be 
in what we have called the ultimate stage, when we suppose the series to extend for a 
very long time, that the diference would begin to make itself felt’ (Venn 1866, 18). 
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‘the process of inference is as follows;- In examining the series of statis-
tics which arise out of any of [the] natural uniformities we should gen-
erally find that as a matter of fact the series tent at length to lose their 
regularity […] this will not suit our purposes. What we do therefore is 
to make a substitution, and employ instead a series which shall be regular 
throughout. It is by this substituted series that we do in reality make our 
inferences […]’ (ibid., 23). 

In other words, Venn acknowledges the necessity of a process of idealization in 
which the ‘things’ about which probability makes inferences are brought into 
a shape ‘fit for calculation’ (ibid., 56). As Venn himself admits, this makes his 
position vis-à-vis the traditional theory somewhat difuse: he first criticizes 
it for treating natural series as if they are artificial series, but then goes on to 
argue that this substitution – underlying its ‘inverse application’ – is, in fact, 
inevitable. From his scarce remarks about ‘ideal’ (natural) series it may be 
inferred that Venn finds recourse in the claim that where he himself explicitly 
characterizes these series as ‘mere fiction’ and ‘artifice’ (ibid., 58), the tradi-
tional theory pretends as if natural series of themselves resemble – and can be 
treated as – artificial series.11 I will return to this issue in subsection 2.2. 

To conclude this section I would like to draw attention to the connection 
between the views of Ellis and Venn as discussed so far. Venn’s criticism of 
traditional probability boiled down to rejecting its assumption that it is possible 
to extrapolate the idea – connected to the mathematical calculations of games 
of chance - that events, in the long run, will occur with a frequency in accord-
ance with their (‘a priori’) probabilities to natural events, or ‘facts of nature’. 
According to Venn, this can only be done by abstracting from the empirical 
fact that where the uniformity of artificial series of games of chance is fixed, 
that of series in nature at length fluctuates. Ellis, for his part, held that the tra-
ditional calculations of simple events depend on the mental expectation of the 

11 It is all the more remarkable that, after having introduced the notion of ‘substitu-
tion’ as a necessary precondition for reasoning about series of natural events, Venn 
discusses an example where the substitution is ‘accidentally’ unnecessary – namely a 
game of chance! ‘In most cases a good deal of alteration is necessary to bring the series 
into shape, but in some – I refer of course to games of chance – we find the alterations 
[…] needless’ (Venn 1866, 58). Here, Venn, thus, treats ‘artificial’ series as less artificial 
than natural series. 
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regularity of series which, as such, cannot be proved mathematically. Where 
Ellis, accordingly, defined the fundamental principle of probability theory as 
the recognition of the a priori truth of the (non-mathematical) axiom that series 
of events tend toward regularity, Venn’s reinterpretation of probability theory 
consisted of dismissing exactly this statement as a non-empirical dogma. As I 
will argue in the following section, this disagreement between Ellis and Venn 
can only be understood with reference to their particular, ‘idealist’ and empir-
icist, position vis-à-vis ‘Bernoulli’s theorem’. 

2.  Bernoulli’s heritage: probability as 
the limit of a relative frequency

It was in Part IV of his Ars Conjectandi that Jakob Bernoulli revolutionized 
probability theory by claiming that it is possible to determine some unknown 
probabilities by experiment; this procedure consists of calculating estimates 
of the proportions within an unknown ‘probability set’ by means of repeated 
observations.12 This is commonly taken as the basic starting point of fre-
quentism – the definition of probability as the limit of a proportion within a 
sequence of trials that is to be approximated a posteriori. Now, although some 
interpreters have remarked that Ellis and Venn failed to recognize that Ber-
noulli’s ‘theorem’ was the same as theirs,13 they both principally questioned the 
foundations of the traditional theory via a criticism of its ‘inverse’ application – 
albeit, as became clear, for opposing reasons. In what follows I would also like 
to point out that neither Ellis nor Venn straightforwardly adopted Bernoulli’s 
‘frequentist’ starting point. This, in turn, is what explains their opposed posi-
tions vis-à-vis the foundations of frequentism as such. 

2.1  Ellis’s ‘semi-Bernoullian’ frequentism

In his ‘On the foundations of the theory of probabilities’ Ellis rhetorically asked 
whether ‘we [are] prepared to admit, that our confidence in the regularity of 
nature is merely a corollary from Bernouilli’s [sic] theorem? That until this 

12 For the meaning of Part IV of Jakob Bernoullis’ Ars Conjectandi for the philosophy 
of probability see, for instance, Hacking (1971), Schafer (1996) and Hald (2007, 
chapter 2). 

13 See, for instance, Hald (2007, 77). 
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theorem was published, mankind could give no account of convictions they had 
always held, and on which they had always acted?’ (Ellis 1844, 1). It has already 
been made clear in subsection 1.1 that Ellis considered ‘Bernoulli’s theorem’ 
as an a priori truth supplied by the mind itself, rather than as a result of math-
ematical demonstration. Now, in ‘Remarks on the fundamental principle of 
the theory of probabilities’ published in 1854, Ellis translates this fundamen-
tal principle of probability – i.e. that ‘[o]n a long run of similar trials, every 
possible event tends ultimately to recur in a definite ratio of frequency’ – into 
philosophical language as follows: 

‘[W]e may in the first place remark that the phrase ‘similar trials’, 
expresses the notion of a group or genus of phenomena to which the dif-
ferent results are subordinates as distinct species […] [I]t is less obvious 
how the idea expressed by a ‘long run of trials’ […] is to be expressed 
[because] its own nature is negative and indefinite [and] impl[ies] merely 
the absence of the limitations inseparable from […] any finite number 
of […] cases whether contemplated as actually existent or as about to 
be developed within definite limits of space and time’ (Ellis 1854, 605). 

According to Ellis, the problematic fact that ‘[w]hen individual cases are consid-
ered we have no conviction that the ratios of frequency of occurrence depend 
on the circumstances common to all the trials’ (ibid., 605) will only disappear 
‘when we consider the genus in its entirety [i.e.] in what may be called an ideal 
and practically impossible realization of all which it potentially contains’ (ibid., 
605-606) – that is, in the ‘limit’.  On the basis of this statement Ellis reformu-
lates the fundamental principle of probability theory as: ‘The conception of a 
genus implies that of numerical relations among the species subordinated to it’ 
(ibid., 606) and, subsequently, writes that because of this reformulation the 
traditional controversy between ‘realism’ and ‘nominalism’ is of importance for 
probability theory. As he has it: ‘[I]n what relation […] do these conceptions 
[of the ‘ideal’ and ‘impossible’ realizations of a genus, LV] stand to outward 
realities? How can they be made the foundations of a real science, that is, of 
a science relating to things as they really exist? We are by such questions led 
back to what was long the great controversy of philosophy: - I mean the content 
between the realists and the nominalists’ (ibid.). Ellis argues that in order to 
make probability theory into a science it is necessary to entertain a realist 
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position which holds that ‘universals are not mere figments of the mind, but 
[…] have a reality of their own’ (ibid.).14 

His reasons for this claim are twofold. Firstly, he contends that the nominalist 
position – according to which the ‘grouping of phenomena together is merely a 
mental act wholly disconnected from outward reality and altogether arbitrary’ 
(ibid.) – cannot even be considered as a philosophically viable option; for Ellis, 
‘man in relation to the universe is not spectator ab extra, but in some sort a part 
of that which he contemplates, and that the rebus avolsa ratio, which is […] 
the fundamental postulate of nominalism, is therefore inconcessible’ (ibid.). 
Secondly, he answers the question of why and how facts and ideas correspond 
with reference to the fact that ‘in every science […] the former is the realiza-
tion of the latter’ (ibid.). This also explains how Ellis attempts to reconcile his 
metaphysical idealist reconstruction of probability theory with his realism vis-
à-vis its philosophical foundations; facts approximately realize ‘a priori’ ideas 
which underlie experience. 

This is of crucial importance for an understanding of Ellis’s views on ‘Bernoul-
li’s theorem’. To his statement that facts are realizations of ideas, Ellis adds that 
‘as this realization is of necessity partial and incomplete […] this correspond-
ence is but imperfect and approximate. It is only when in thought we remove 
the action of disturbing causes to an indefinite distance, that we can conceive 
the absolute verification of any a priori law. Only on the horizon of our mental 
prospect […] the fact and the idea are seen to meet’ (ibid., my emphasis). That 
is also to say that it is only ‘in idea’ that it is possible to introduce the ‘tendency 
inherent in a series of successively developed results to restore the balance of 
frequency of occurrence’ (ibid., 607) – which, as such, is to be explained with 
reference to the above-mentioned ‘ideality’ of the limit connected to the ‘ideal’ 
consideration of a genus in its entirety. When Ellis, thus, concludes that ‘[t]
here is nothing absurd in the notion of a restorative and balancing tendency, 
though the grounds on which it is commonly assumed indicate much confusion 
of thought’ (ibid.) it may, by now, be clear that Ellis here aims at an idealist 
transformation of Bernoulli’s ‘frequentist’ starting point. In other words, he 
argues that the notion of a ‘limit’ can only properly be introduced, not as a cor-

14 For an account of the intricate connection between Ellis’s ‘idealism’ and ‘realism’ see 
Kilinc (2000) and Verburgt (2013). 
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ollary of ‘Bernoulli’s theorem’, but, when it is both deemed possible to have 
knowledge of the (infinitely) long run on which ‘fortuitous causes’ disappear 
as well as admitted that ideal genera of probability have a reality of their own 
in so far as they are the realizations of an idea imposed on nature. 

2.2  Venn’s ‘anti-Bernoullian’ frequentism

As pointed out in subsection 1.2, the notion of a ‘series’ – which Venn defined as 
‘a large number or succession of objects’ (Venn 1866, 6) – was of crucial impor-
tance for his renovation of probability theory. He disagreed with traditional 
probability theory mainly for extrapolating, in a non-hypothetical fashion, 
the ‘a priori’ series of artificial events to the ‘experimental’ series of events in 
nature.15 Where the first ‘tends without any permanent variation towards a 
fixed numerical proportion in its uniformity’, in the second ‘the uniformity is 
found at last to fluctuate […] in a manner utterly irreducible to rule’ (ibid., 17). 
For Venn, series of natural events can be defined as peculiar kinds of classes 
of objects of things of which it must be assumed that they combine individ-
ual irregularity with aggregate regularity in the long run.16 As Venn himself 
acknowledges, such a formulation is reminiscent of Jakob Bernoulli’s theorem 
which holds that ‘in the long run all events will tend to occur with a frequency 
proportional to their objective probabilities’ (ibid., 35). Yet, he immediately adds 
that both this theorem as well as the very accompanying notion of ‘objective 
probability’ must be rejected. 

‘This theorem of Bernoulli seems to me one of the last remaining relics 
of Realism, which after being banished elsewhere still manages to linger 
in the remote provinces of Probability. It is an illustration of the invet-
erate tendency to objectify our concepts even in the cases where the 
conceptions had no right to exist at all. A uniformity is observed; some-

15 This was, of course, exactly Bernoulli’s move when he, in a letter to G.W. Leibniz, 
argued that – put in modern terminology - there is not only a ‘fundamental probability 
set’ for games of chance, but also, for instance, for diseases. Bernoulli, thus, wrote: ‘If 
now in place of the urn you substitute the human body, young or old, which contains 
the tinder of diseases like an urn contains stones, you can in the same way determine 
how much nearer the one [the old man] is to death than the [young man]’ (Bernoulli 
quoted in Hacking 1971, 220). 

16 Recall Venn’s introduction of ‘ideal’ or ‘substituted’ natural series. 



74

times, as in games of chance, it is found to be […] connected with the 
physical constitution of the bodies employed as to be capable of being 
inferred beforehand [and] this constitution is then converted into an 
‘objective probability’ supposed to develop somehow into the sequence 
which exhibits the uniformity’ (ibid., 36). 

As in his general criticism of the traditional theory, Venn dismisses the ‘objec-
tification’ legitimized with reference to the analogy between games of chance 
and natural events –the inference from the existence of the ‘physical consti-
tution’ of artificial events (the ‘objective probability’) to the existence of the 
‘physical constitution’, capable of being known before its actual occurrence, of 
natural events. In his own words, the ‘very questionable objective probability is 
assumed to exist […] in all the cases in which uniformity is observed, however 
little resemblance there may be between these and games of chance’ (ibid.). 

Venn points out that he criticizes Bernoulli’s theorem especially for obscuring 
the following two, closely related, ‘positive truths’: ‘firstly, the gradual change 
of type, and secondly, the distinction between the actual series about which 
we reason and the substituted series we employ in reasoning about it’ (ibid., 
37). In the context of this first truth, Venn remarks that the ‘doctrine of an 
objective probability […] presupposes a fixed type. It seems merely the real-
istic doctrine of an ideal something which is perpetually striving, and gradu-
ally, though never perfectly, succeeding in realizing itself in nature’ (ibid., 38). 
According to Venn, it is this ‘realistic doctrine’ which assumes the existence of 
‘fixed types’ in nature that has been refuted by the ‘Theory of Evolution’. Thus, 
in the second edition of the Logic of Chance published in 1876 Venn writes that 

‘[n]o one who gives the slightest adhesion to the Doctrine of Evolution 
could regard the type […] as possessing any real permanence and fixity 
[…] [When] the constant [causes, LV] undergo a gradual change, or if 
the variable ones, instead of balancing one another sufer one or more of 
their number to begin to acquire a preponderating influence, so as to put 
a sort of bias upon their aggregate efect, the mean will at once being [...] 
to shift its ground. And having once begun to shift, it may continue to 
do so, to whatever extent we recognize that species are variable’ (Venn 
1876, 42-43). 
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In other words, from the theory or doctrine of evolution it can be inferred, on 
the one hand, that there are no ‘fixed types’ in nature and, on the other hand, 
that the development of (series of) events in nature cannot be understood, as 
can the (series) of artificial events, in terms of succession. This, however, is 
precisely what ‘Bernoulli’s theorem’ presumes when it claims that, in the long 
run, natural events – like artificial events – occur with a frequency proportional 
to their ‘objective probability’. 

About the second truth – the distinction between actual and substituted series 
– it suhces to say that it, as already pointed out in subsection 1.2, brought Venn 
into a somewhat uncomfortable position. The full importance of the distinc-
tion becomes apparent with reference to the definition of probability as the 
limit of a relative frequency  of an attribute in a series – which, as I mentioned 
above, is commonly taken as the traditional starting point of frequentism. 
Venn himself asks: ‘[H]ow can we have a ‘limit’ in the case of those [natural, 
LV] series which ultimately exhibit irregular fluctuations?’ (Venn 1866, 109). 
The obvious problem to which Venn alludes is that the notion of an ‘ultimate 
limit’ of a natural series necessarily involves the ‘Bernoullian’ assumption of 
an ‘absolute fixity of the type’ (ibid.)! Now, because nature does not, except in 
games of chance, ‘present us with this absolute fixity […] our only resource is to 
invent such a series, in other words, […] to substitute a series of the right kind’ 
(ibid.). That is to say that since the series ‘we actually meet with show a change-
able type and the individuals of them will sometimes transgress their licensed 
irregularity […] they have to be pruned a little into shape’ (ibid., 56). After this 
process of idealized substitution the form ‘in which the series emerges is that 
of a series with a fixed type and with its unwarranted irregularities omitted’ 
(ibid., 56-57). This indicates that Venn’s rejection of ‘Bernoulli’s theorem’ 
forced him to transform finite, ‘experimental’, series of natural events drawn 
from actual experience into infinite series of ‘quasi’-natural events drawn from 
potential experience. It also suggests that his empiricist reconstruction of tradi-
tional probability theory was premised on the creation of new, non-empirical, 
foundations.17 

To conclude this final, second, section I would like to point to the fact that 
where Venn’s reformulation of the traditional theory was premised on the 

17 For this point, see Verburgt (submitted for review b). 
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rejection of ‘Bernoulli’s theorem, that of Ellis hinged on its idealist reinterpre-
tation. In a similar vein, where Venn objected to the theorem for holding on to 
the ‘realistic’ doctrine of ‘fixed types’ in nature, Ellis considered this realism as 
an essential precondition for probability theory as such. Despite the rejection 
of the theorem, Venn was forced to acknowledge the necessity of somehow 
incorporating the notion of a ‘limit’ of a series connected to the it into his 
definition of probability; he did this by inventing, or hypothesizing, infinite 
series of ‘quasi’-natural events drawn from potential experience. Interestingly, 
Ellis legitimized a similar ‘invention’ by characterizing it as an a priori axiom 
supplied by the mind. In opposition to Venn, Ellis considered these infinite, 
potential series as existing in nature in the form of ‘universals’. 

3.  Conclusion 

My goal in this paper was to show that, contrary to received opinion, the work 
of Ellis and Venn cannot be regarded as either the empiricist reaction against 
the rationalistic foundations of traditional probability theory or as constitut-
ing a unified ‘British school’ of frequentism. As was pointed out in subsections 
1.1. and 2.1, Ellis was in total agreement with the mathematical calculations of 
(inverse) probability, but attempted to replace their ‘sensationalist’ metaphys-
ical foundations for ‘idealist’ ones. Interestingly, his work can thus be con-
sidered as the idealist reaction against what he conceived of as the empiricist 
foundations of traditional probability theory. In direct opposition Venn, Ellis 
also took a specific ‘Bernoullian’ realism vis-à-vis kinds in nature as a precondi-
tion for probability theory. In subsection 1.2, I argued that Venn, for his part, 
first and foremost criticized the traditional theory’s ‘inverse application’ for 
treating natural events and series as if they are artificial events and series. In 
subsection 2.2, it was made clear that Venn objected to ‘Bernoulli’s theorem’ 
for its reliance on the ‘realist’ objectification – under the heading of ‘objective 
probability’ – associated with this extrapolation. 

Now, much hinges on Ellis and Venn’s respective position with regard to the 
assumed fundamental principle, or ‘Bernoullian’ starting point, of frequentism: 
that of probability as the limit of a relative frequency. Venn’s empiricist rejec-
tion of the validity of this principle in the case of natural, rather than artificial, 
series went hand in hand with his acknowledgment of the necessity of embrac-
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ing it as an assumption. This, in turn, forced him to create his ‘non-empirical’ 
natural series that difered from those implied by Bernoulli’s theorem in so 
far as they are recognized as substitutions of actual, empirical natural series. 
According to Ellis, the theorem must be transformed from being a result of 
mathematical calculation into an a priori axiom. Venn and Ellis, thus, both 
treated it as the starting point of frequentism, albeit in a diferent way; where 
Venn considered it as the result of a process of idealization, Ellis made it into 
an ideal truth of the mind. Remarkably, the only point of agreement between 
them seems to be that the foundations of frequentism are the result of a ‘mental’ 
construction – the validity of which, in the case of Venn, is premised on its 
conformity with actual experience and, in the case of Ellis, is a priori. 

On the basis of these insights I would like to propose that there were, in fact, 
two, rather isolated, ‘schools’ of British frequentism – Ellis’s idealist and 
Venn’s ‘quasi’ empiricist school – neither of which can straightforwardly be 
considered as the ‘empiricist’ reaction against the whole of traditional proba-
bility theory; most importantly, because they were, actually, in direct conflict 
with each other as far as the foundations of frequentism were concerned.18 

18 My thanks to Gerard de Vries, who first suggested to pursue the research on the topic 
of this paper. 
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section 2

Robert Leslie Ellis: probability 
theory and idealism

This section contains the following two articles:

– Verburgt, L. 2013. Robert Leslie Ellis’s work on philosophy of science and 
the foundations of probability. Historia Mathematica, 40 (4), 423-454. 

– Verburgt, L.M. 2015. Robert Leslie Ellis, William Whewell and Kant: the 
role of Rev. H.F.C. Logan. BSHM Bulletin: Journal of the British Society for the 
History of Mathematics, doi: 10.1080/17498430.2015.1035582. 

 
The first paper (chapter 3) provides an extensive account of the British 
polymath and student of George Peacock Robert Leslie Ellis’s largely forgot-
ten work on philosophy of science and probability. It makes two claims: on 
the one hand, that both Ellis’s (Kantian) ‘idealist’ renovation of the Baconian 
theory of induction and his ‘realism’ vis-à-vis natural kinds were the result of 
a complex dialogue with the work of the towering figure of Victorian science 
William Whewell, and, on the other hand, that a combination of these two 
positions allowed Ellis to reformulate the metaphysical foundations of tradi-
tional probability theory. The last section of the paper introduces a topic that 
is further explored in chapter 8, namely Ellis’s so-called ‘Baconian-Lagrangian’ 
position concerning the nature of scientific and (pure) mathematical knowledge 
with which he distinguished himself from both John Herschel, Peacock and 
Whewell. After historical research I was able to fill a lacuna found in chapter 
3 with regard to the unidentified figure (H.F.C.) ‘Logan’ (see footnote 27) to 
whom Ellis referred in a journal entry in which he wrote that Whewell came 
to uphold particular Kantian viewpoints due to his influence. It is on the basis 
of this discovery that the second paper (chapter 4) develops two statements 
in light of Ellis’s early familiarity with, and later commitment to Kant. It puts 
into doubt the accepted characterization (as found, for instance, in Smith and 

part 1 | 
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Wise’s famous biography of Lord Kelvin) of the second generation of reform-
ers of British algebra as practice-oriented mathematicians (see also chapter 8) 
and, given that Logan was the correspondent of W.R. Hamilton, it re-empha-
sizes the role of Kantianism in the transition from ‘symbolical’ to ‘abstract’ 
algebra in nineteenth-century Britain (see also chapter 9). 
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chapter 3

Robert Leslie Ellis’s work on 
philosophy of science and the 
foundations of probability theory

0.  Introduction

Both Robert Leslie Ellis’s (1817-1859) work philosophy of science and the 
foundations of traditional probability as well as its complex relation with 
that of one of the towering intellectual figures in the Victorian era, namely 
William Whewell (1794-1866) (e.g. Fisch & Schafer, 1991, Fisch, 1991, Snyder, 
2006, Yeo, 1993), count as largely understudied issues in the history of nine-
teenth-century British philosophy and mathematics. The main goal of this 
paper is to fill this lacuna by explaining – what has become known as – Ellis’s 
‘frequency interpretation’ of probability (see Daston, 1994, Galavotti, 2007, 
Hacking, 1975, 127, Kiliç, 2000, Verburgt, submitted for publication-a, submit-
ted for publication, Zabell, 2005, 120-121) as the result of the complex dialogue 
with, what he took to be, the ‘idealist’ and ‘realist’ elements in Whewell’s 
thought. 

After providing, in section 1, an extensive biographical account of the life and 
‘career’ of Ellis, section 2 purports to consider Ellis’s ‘General Preface’ to 
Bacon’s Philosophical Works as the attempt to supplement the Baconian induc-
tive method with an ‘idealist’ component that closely resembled Whewell’s idea 
of ‘consilience’. In section 2.2 it is argued that both took the ‘quasi-Kantian’ 
character of their renovation of the method merely as a way to circumvent what 
they considered to be the excesses of strict Baconianism. The issue of ‘realism’ 
is discussed, in section 3, with reference to the Victorian debate on natural 
kinds and classification; more specific, it is argued that Ellis’s observations on 
bees’ cells (section 3.2) were formulated along the lines of Whewell’s particu-
lar, theologically inspired, argument for ‘(arche)types’ (section 3.1). Section 
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4 provides a lengthy analysis of Ellis’s two papers on probability theory. It is 
indicated how his critique of the metaphysical foundations of traditional prob-
ability theory can be understood as contributing to transforming them on the 
basis of his philosophical ‘idealist-realism’. The concluding remarks (section 5) 
set out to qualify this parallel by highlighting Ellis and Whewell’s disagreement 
on the nature of (pure) mathematics and its relation to scientific knowledge. 

1. Robert Leslie Ellis: ‘His intellectual faculties were 
undoubtedly his most striking characteristics’1

In the eyes of his contemporaries Ellis was ‘one who was promised to become 
a main prop’ (Gibbins, 1860, 205) and he was ‘familiar to many generations of 
Cambridge men as a prodigy of universal genius’ (Newman, 1956, 1177). From 
an early age, Ellis, who was born on August 25 1817 in Bath, was educated at 
home in classics and mathematics for several years by two private tutors and his 
father, Francis Ellis (1772-1842) (see Ellis, 1866) – whose cultivated intellect 
and fondness of speculative inquiry are said to have been of great influence on 
Ellis’s intellectual life. In his biographical memoir of Ellis, Harvey Goodwin 
(Bishop of Carlisle) wrote that ‘in the year 1827, when he [Ellis] was about ten 
years old, he was doing equations, and reading Xenophon and Virgil’ (Ellis, 
1863a, xiv). In spite of this rapid progress, due to ill health Ellis was forced to 
disrupt his studies under the physicist and astronomer Reverend James Challis 
at Papworth St. Everard in Cambridgeshire in November 1834. Although it 
is clear from the Alumni Cantabrigienses that Ellis was administrated as a pen-
sioner of Trinity College as early as July 10 1834, his matriculation, at the age of 
nineteen, at Cambridge University was delayed until October 1836 (see Venn, 
1944, 411, Panteki, 2004, Goodwin, 1863). 

It was his teacher George Peacock (1791-1858) who first discovered that Ellis 
‘was very much in advance of the men of his year in mathematical acquire-
ment […] Ellis never read with the class [and] in fact, he did not need to kind 
of lecture which was adapted to […] others; he required only that his reading 
should be arranged, and put in a form suitable for the Cambridge examina-
tions’ (Ellis, 1863a, xv). As a pupil of his tutor Peacock and coach William 

1 Goodwin (1863, xxxiii). 
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Hopkins (1793-1866) Ellis became an outstanding, but quite reserved,2 under-
graduate student whose circle of friends was limited to those in his own small 
college. After several interrupted years due to his sickliness, he was the Senior 
Wrangler from the 1840 Tripos and was elected a Fellow in the same year (see 
Venn, 1944, Warwick, 1998, 2003).3 Ellis, who never dreamt of ‘elbowing his 
way amidst the contests of professional life’ (Gibbins, 1860, 205), noted in 
his private journal how the attempts to live up to the high expectations of his 
teachers had replaced his ‘freshness and purity of mind’ with ‘vulgar and trivial 
ambition’ (Ellis in Warwick, 2003, 185).

During his career Ellis’s interests ranged from mathematics and civil rights4 to 
etymology, bees’ cells (see Glaisher, 1873, Davis, 2004) Dante, Roman Aque-
ducts, the formation of a Chinese dictionary and Danish ballads. Although ‘his 
standing at Cambridge did not enable [him] to take part in [its] origination’5 

2 As Goodwin recalled: ‘During his undergraduate career I was not intimately 
acquainted with him: probably he had no desire to increase his circle of friends beyond 
that which was naturally brought round him in his own college: and his manner was 
not such as to encourage rapid intimacy. I do not think that at this period the number 
of his intimate friends was large even within Trinity College […] Ellis was to be seen 
sometimes at the debates of the Union Society, but he seldom took any part in them’ 
(Ellis, 1863a, xv-xvi). To this Panteki (2004) adds that ‘Ellis deliberately evaded 
intimacy and his seclusion added to the depression to which he was predisposed’. At 
the same time, in Smith & Stray (2003, 10) Ellis is named on a list of, more or less, 
intimate friends of his fellow student, Alexander Chisholm Gooden. 

3 Warwick (2003) provides an apt description – based on Ellis’s own account in his 
private journal – of the ceremony in which Ellis was presented as the Senior Wrangler 
to the Vice Chancellor: ‘Having attended a special celebratory breakfast at Trinity 
College, Ellis made his way, in hood, gown, and bands, to the Senate House. There he 
was congratulated by people waiting for the ceremony to begin […]. Once everyone 
was seated in their proper places and the galleries filled with students, Ellis was led 
the full length of the Senate House by Thomas Burcham to thunderous applause […] 
Having knelt before the Vice Chancellor to have his degree conferred, Ellis walked 
slowly to the back of the Senate House – to further loud cheers – where, overcome 
with emotion, he was sat down and revived with a bottle of smelling salts provided by 
a young woman from the crowd’ (207-208). 

4 In Fritsch (1998) it is noted that Ellis was primarily interested in civil rights, but did 
not have to work as a lawyer thanks to an inheritance. 

5 This is at odds with the following remark by Panteki (2004): ‘His significant con-
tributions [to the study of mathematics, LV] date from 1837, when, together with 
D.F. Gregory, he founded the Cambridge Mathematical Journal’. There seems to be 
no evidence for this claim; Ellis, together with Walton, only assumed the direction of 
the Cambridge Mathematical Journal after Duncan Farquharson Gregory succumbed 
to his recurring illness in 1844. 
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(Gibbins, 1860, 205), Ellis was an active contributor and standby editor, from 
1844 to 1845 and together with William Walton (1813-1903), of The Cambridge 
Mathematical Journal.6 Between the years 1839 and 18547 Ellis published some 
twenty-two papers and notes on functional, algebraical and diferential equa-
tions in the Journal – 1844 being his most productive year with no less than 
nine papers. His remarks on the ‘theory of matter’, the theory of probabili-
ties and the method of least squares appeared in the Philosophical Magazine 
and Transactions of the Cambridge Philosophical Society. Despite these achieve-
ments, his obvious ‘power of genius’ (George Boole in Smith, 1984, 91), and 
the fact that his health and ‘the rules of the College permitted him to retain his 
position as a Fellow’ (Gibbins, 1860, 205) Ellis always remained a student. He 
gave several lectures on higher mathematics, was the moderator of the Tripos 
examination in 1844 and Examiner in 18458 – obligations he hoped to escape 
from – but, seemingly, did not desire to be appointed professor. After his Fel-
lowship expired in 1849 he travelled to France (Nice) and Italy as a layman to 
do research in several Continental libraries. It was on his journey along the 
Riviera that Ellis, in Mentone, became very ill and, in San Remo, was seized 

6 Ellis and Walton edited the February, May and November editions of 1844 and the 
February and May editions of 1845. Eventually, after editing the fourth volume, Ellis 
came to search for someone who could replace him as an editor. William Thomson, 
who would become Lord Kelvin in 1892, agreed to Ellis’s proposal. For accounts of 
Ellis’s editorship see Crilly (2004) and Despeaux (2007). 

7 Under the editorship of William Thomson the Cambridge Mathematical Journal was 
renamed Cambridge and Dublin Mathematical Journal in 1846. Already in July 1845, 
Thomson – after George Boole had first suggested it to him – was convinced of the 
appropriateness of this renaming. It was Ellis who asked him to have second thoughts 
before actually carrying it through. Be that as it may, on a visit to Dublin, where he 
dined with Charles Graves (1821-1899), Ellis informed Thomson that ‘he [Graves] 
thinks the introduction of the word Dublin into the title of the journal would tell very 
much here. He says many of the younger men tell him they would be happy to contrib-
ute if they could look on the journal as in any degree an organ of their university’ (Ellis 
in Crilly, 2004, 475). 

8 The three other examiners in the Tripos of 1845 were Samuel Blackall, Harvey 
Goodwin (Bishop of Carlisle) and John Sykes (see Thompson, 1910, chapter 2). 
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with rheumatic fever.9 When he returned to England in the early 1850s,10 he 
intended to enter the political life of his home town Bath. Yet, once again due 
to his ill health,11 he was forced to give up this ambition. Remarkably, and 
for unknown reasons, in a letter send on 22 January 1857, J.D. Forbes asked 
William Whewell whether ‘it [is] true that Robert L. Ellis has died?’ (Forbes, 
1857). In fact, it was only on the 12th of May, 1859 that Ellis – at the age of 
forty-one – passed away in his house in Trumpington. 

His published and unpublished works were posthumously collected in The 
Mathematical and Other Writings of R.L. Ellis – a volume edited by the Trinity 
mathematician, and intimate friend, William Walton and prefaced by Goodwin 
who here wrote that Ellis’s life was ‘quiet, uneventful, but very full of sufering’ 
(Ellis, 1863a, xii). The collection included many writings, with titles as diverse 
as ‘On the achromatism of the eye-pieces of telescopes and microscopes’ (1839), 
‘On the condition of equilibrium of a system of mutually attractive fluid par-
ticles’ (1839) and ‘Note on a definite multiple integral’ (see Ellis, 1844c), that 
had previously appeared. Some others, like the ‘Remarks on certain words in 
Diez’s Etymologisches Wörterbuch der Romanischen Sprachen’ and ‘Some thoughts 
on the formation of a Chinese dictionary’, were published for the first time. 
Despite his numerous writings and interests, Ellis is mostly remembered, and 
quoted, as one of three editors of the collected works of Francis Bacon. From 
the year 1846 he had been responsible for the philosophical volumes (see Bacon, 

9 In his biographical preface to Edward Meredith Cope’s 1877 edition of Aristotle’s 
Rhetoric H.A.J. Munro observed that ‘Whenever a friend needed care and sympathy, 
none so prompt as he to ofer them. When Robert Leslie Ellis, for whom he felt an 
unbounded admiration, was seized with fever at San Remo in 1849, of hurried Cope 
at once to render him all the assistance it was in his power to give’ (Munro, 1877, xx). 
Moreover, in a letter to J.D. Forbes of February 28, 1850, William Whewell wrote 
that Ellis ‘was obliged to stop at a little village, Saint Remo I think, on the Cornice 
Road. At his request we had his case referred to in our chapel prayers. Since then I am 
glad to hear that he is much recovered. I do not know how he has finally modified his 
plans’ (Whewell in Todhunter, 1876, 356).

10 As noted in Goodwin’s biographical memoir, it was only ‘[a]fter a residence of nearly 
three months at S. Remo [that] he [Ellis] was brought home by easy stages’ (Goodwin, 
1863, xxii). 

11 In the Alumni Cantabrigienses it is noted that Ellis returned from his journey ‘a 
complete invalid’ (Venn, 1944, 411). 
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1858, 1859a, 1859b, 1861a, 1861b)12 for which he also wrote a general preface 
(Ellis, 1858). It was for his views on the nature of Bacon’s theory induction and 
scientific discovery expressed here that Ellis was praised by William Whewell, 
one of the leading men of science in Victorian Britain, in chapter XVI of his 
On the Philosophy of Discovery, Chapters Historical and Critical (1860).13 Here 
Whewell wrote of 

‘a new edition of the works published [by Bacon, LV] with a careful and 
thoughtful examination of the philosophy which they contain, written 
by one of the editors: a person especially fitted for such an examination 
by an acute intellect, great acquaintance with philosophical literature, 
and a wide knowledge of modern science. Robert Leslie Ellis died 
during the publication of the edition, and before he had done full justice 
to his powers; but [he] has given a more precise view than any of his 
predecessors had done of the nature of Bacon’s induction and of his phi-
losophy of discovery’ (Whewell, 1860, 149-150).14

2.  Robert Leslie Ellis’s philosophy of science: 
between Whewell, Bacon and Kant

2.1  Ellis, Whewell and Bacon

Ellis’s ‘General Preface’ is not only to be regarded as the most comprehensive 
account of his own views on philosophy of science and scientific methodology. 
Similar to the authoritative edition of the collected works of Bacon as such, 

12 Ellis prepared prefaces for Bacon (1859a) and Bacon (1859b) and selected the works 
to be translated for Bacon (1861a) and (1861b), but did not live to see the publication 
of these volumes. 

13 In 1858-1860 Whewell’s seminar The Philosophy of Inductive Sciences Founded 
upon their History was republished in the form of three books: The History of Sci-
entific Ideas (1858), Novum Organon Renovatum (1858) and On the Philosophy of 
Discovery (1860). Although it is stated in the subtitle of the latter work that it includes 
‘the completion of the third edition of The Philosophy of the Inductive Sciences’ it 
is commonly agreed that the three republications essentially are a reproduction of the 
philosophical system of 1840. 

14 It may also be noted that in the Edinburgh Review of October 1857 Whewell published 
a positive review of the first three edited volumes of Bacon’s works. 
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it must also be assessed against the background of the Victorian revisionism 
with regard to the Baconian heritage. Moreover, as suggested by Whewell’s 
abovementioned comment on Ellis’s ‘thoughtful’ examination and ‘precise 
view’ of Baconian philosophy, the examination presented in the preface points 
to both the influence of Whewell’s writings on science on Ellis as well as their 
mutual agreement about the need to reform the Baconian framework without 
abandoning it.15 16 For instance, where Ellis, after having read an early manu-
script of Whewell’s The Philosophy of the Inductive Sciences in 1839, noted that 
‘[v]ery many of the views, are so far my own, that they have, more or less per-
fectly formed, passed through my mind’ (Ellis in Kiliç, 2000, 256), Whewell 
wrote that the point of Ellis’s critical remarks ‘amounts to much the same as the 
account I had given of the positive results of Bacon’s method, and the real value 
of that portion of his philosophy which he himself valued most’ (Whewell, 
1860, 151-152). Here, Whewell explicitly alluded to the following statement of 
Ellis:

‘It is neither the to the technical part of his [i.e. Bacon’s] method nor 
to the details of his view of the nature and progress of science, that his 
great fame is justly owing. His merits are of another kind. They belong 
to the spirit rather than to the positive precepts of his philosophy’. (Ellis, 
1869, 122). 

15 There are, by and large, two opposed positions in the controversy on Whewell’s views 
on Bacon. On the one hand, for instance, Fisch (1991) suggests that Whewell, during 
the early 1830s, adhered to the orthodox Baconian scheme of the inductive method, 
but eventually, by the end of the 1830s, would come to defend a non-Baconian theory 
of induction. On the other hand, for instance, Yeo (1985) has argued that Whewell 
judged Bacon’s philosophy premature and incomplete, rather than mistaken. In what 
follows, it will be suggested that - at least with regard to Ellis, but, presumably, also 
when it comes to Whewell – the second position is more plausible. 

16 Although there are some doubts about their personal relationship, several, more or 
less obvious, facts speak in favor of it. First, already in 1836 J.D. Forbes, in a letter 
to Whewell, wrote that he had heard that ‘a very engaging young man’, who he had 
met two years earlier in Bath, was to become Whewell’s student at Cambridge (see 
Forbes, 1836). Secondly, the Manuscript and University Archives at Cambridge Uni-
versity make notice of the fact that the correspondence between Ellis and Whewell 
commenced as early as April 7, 1840 – the year in which Ellis’s ‘wrangler making 
process’ ceremony took place where Whewell, who was to be appointed Master in 
1841, was present as well. Thirdly, it may also be noted that after his first wife died in 
1855, Whewell remarried Everina Frances (Lady Aieck) in 1858 – who was Ellis’s 
sister (see Todhunter, 1867, 222, Fisch & Schafer, 1991, 28) 
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This balancing between an appraisal of the ‘spirit’ of Bacon’s philosophy and 
a denunciation of its methodological principles is characteristic of the British 
reassessment of the Baconian legacy during the mid-nineteenth century – 
as initiated by, for instance, Macvey Napier’s (1776-1847) qualifications to 
Bacon’s reputation as the father of modern science in his (1818) and the publi-
cation of John Herschel’s A Preliminary Discourse on the Study of Natural Philos-
ophy17 in 1831.18 If Herschel explicitly acknowledged that many scientific laws 
and theories did not fit Bacon’s method of induction, he maintained a commit-
ment to it (see Losee, 1972, 116, Yeo, 1985, 269, Olson, 1975, 264-270). It was 
Whewell who, in reaction to Herschel’s work, came to emphasize the need 
to appropriately supplement the method so as to fully accommodate the his-
torical process by which modern scientific knowledge had emerged – or, as he 
formulated it in a letter to Herschel of April 9 1836, to reconsider it in light 
of ‘the present state of thought and knowledge’ (Whewell in Yeo, 1985, 270). 
At least prior to the publication of his The Philosophy of the Inductive Scienc-
es,19 Whewell argued that this supplementation consisted of adopting a more 
liberal, i.e. ‘quasi-Baconian’, position vis-à-vis the role of hypotheses inside 
the Baconian framework.20 Thus, Whewell wrote in his review of Herschel’s 
(1831) that induction ‘does more than Observation, inasmuch as she not only 
collects facts, but catches some connexion or relation among them […] as rep-
resented by a general law, or a single conception of the mind’ (Whewell, 1831, 
379). Importantly, not only in his review of Herschel did Whewell gave the 
impression that this combination of ‘mere phenomena, and of pure ideal con-
ceptions’ (ibid., 380) already appeared in Bacon’s work, but also, for instance, 

17 As Fisch (1991, section 2.22.), rightly, argues, given the very Baconian character 
of Herschel’s Preliminary Discourse, this work can only be taken as initiating the 
British reassessment of Bacon in so far as it made apparent the highly problematic 
aim of understanding mathematical physics – and its use of formal systems – in strictly 
Baconian terms. Consequently, Whewell’s mature philosophy of science can be 
understood as a culmination of his negotiation of this issue – which Herschel sought 
to avoid. This issue will be taken up in section 5. 

18 See, for instance, Yeo (1985) for an extensive account of mid-nineteenth century 
‘Baconianism’ in Britain and Robertson (1976) for the early-nineteenth century 
Scottish debate on Bacon. 

19 See footnote 15 for the debate on the place of Bacon in the development of Whewell’s 
philosophy of science. 

20 Fisch (1991, section 2.36.) also draws attention to the ‘non-Baconian’ character of the 
very issue of ‘determining the nature of the historical process by which present-day 
physics acquired its present form’ (75). 
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in his On the Philosophy of Discovery – published some thirty years later – did 
Whewell express his conviction that Bacon ‘held the balance […] between phe-
nomena and ideas [in so far as] [h]e urged the Colligation of Facts, but […] was 
not the less aware of the value of the Explication of Conceptions’ (Whewell, 
1860, 135). Now, a few pages later, Whewell – after remarking that ‘Mr. Ellis 
agrees with me in noting the invention of the conception by which the laws 
of phenomena are interpreted as something additional to Induction’ (Whewell, 
1860, 152) – stated that this ‘application to the facts of a principle of arrange-
ment [or] idea, existing in the mind of the discoverer antecedently to the act of 
induction’ (Ellis, 1861, 85 quoted in Whewell, 1860, 152) is, actually, ‘aimed at 
in the Baconian analysis’ (Whewell, 1860, 152). Similarly, as Ellis had it, ‘Bacon 
never, even in idea, completed the method which he proposed’ (Ellis, 1861, 84). 
This indicates that Whewell and Ellis agreed that the necessary introduction of 
mental ‘conceptions’, ‘principles’ or ‘ideas’ into the Baconian framework was 
part of the aim of completing or perfecting it. It is in this sense that Whewell’s 
so-called ‘consilience’ theory of induction in which a notion is ‘superinduced’21 
upon the facts might also be interpreted as the further development of a pre-
mature feature in Bacon’s method, rather than as a non-Baconian alternative 
tout court. Where Whewell was convinced that ‘Bacon would have been able to 
cultivate more carefully ‘the ideal side’ of his philosophy’ (Yeo, 1985, 273-274) 
if he could have drawn on the actual discoveries of modern science, for Ellis the 
neglect of the fundamental role of a general idea – not given by the facts – in the 
(Baconian) inductive process was to be seen as a result of an incomplete and 
imperfect knowledge of Bacon’s philosophy.22 

In fact, in his General Preface, Ellis set out to show that this methodological 
neglect was, actually, a result of Bacon’s own philosophy. Accordingly, by 
means of a reassessment of these philosophical views it would, in principle, 
be possible to adequately refurbish Bacon’s method. Ellis’s central claim was 

21 In his The Philosophy of the Inductive Sciences Whewell introduced this notion 
as follows: ‘The particular facts are not merely brought together, but there is a new 
element added to the combination by the very act of thought by which they are 
combined. There is a conception of the mind introduced in the general proposition, 
which did not exist in any of the observed facts’ (Whewell, 1840, 213). 

22 In his (1861) Ellis wrote that ‘[o]ur knowledge of Bacon’s method is much less 
complete than it is commonly supposed to be [so that] the idea of Bacon’s philosophy 
has generally speaking been but imperfectly apprehended’ (61). 
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that the inductive method, as it appeared in the work of Bacon, was premised 
on a kind of metaphysical realism which holds that the world is composed of a 
finite number of elementary forms. For Ellis, the perfecting of the Baconian 
method depended upon the dismissal of this ‘doctrine of Forms’ as an extra-
neous and redundant feature. In other words, Ellis maintained not only that 
Bacon’s ‘peculiar method may be stated independently of this doctrine’, but 
also that Bacon ‘himself so stated it in one of his earlier tracts’ (Ellis, 1861, 
28).23 It is of importance to recognize that Ellis did not criticize ‘Forms’ per 
se, but rather their specific role in Baconian induction as opposed to ordinary 
induction. Where ordinary induction consists of mere enumeration of particu-
lar cases, Bacon’s method proceeds by making use of exclusions and rejections 
– thereby assuming ‘that each instance in which the given nature is presented 
to us can be resolved into (and mentally replaced by) a congeries of elementary 
natures, and that this analysis is not merely subjective or logical, but deals […] 
with the very essence of its subject-matter’ from which it follows that for the 
determination of ‘the form nature among the aggregate of simple natures which 
we […] obtain, nothing more is requisite than the rejection of all foreign and 
unessential elements’ (Ellis, 1861, 80-81). According to Ellis, Bacon held that 

‘the first part of the true inductive process is the exclusion of every nature 
which is not found in each instance where the given one is present, or is 
found where it is not present, or is found to increase where the given 
nature decreases, or vice versa. And […] when this exclusion has been 
duly performed, there will in the second part of the process remain, as at 
the bottom, all mere opinions having been dissipated […], the ahrmative 
Form, which will be solid and true and well defined. The exclusion of 
error will necessarily lead to truth’ (ibid., 81-82). 

The true problem of this inductive procedure was that the doctrine of ‘Forms’ 
made ‘inventive genius’ (ibid., 82) unnecessary. Bacon’s realist position – 
which denies the real existence of anything but individual substances or simple 
natures and is founded upon the idea that ‘certain qualities of bodies are merely 
[…] phenomenal, and are to be regarded as necessarily resulting from others 

23 For an account, more or less, in agreement with the interpretation given here see, for 
instance, Pérez-Ramos (1996). Agassi (2013) argues – mistakenly, I think – that Ellis 
came to completely dismiss Bacon’s methodology. 
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which belong to substance as its essential attributes’ (ibid., 74) – makes induc-
tion into a mechanical process which requires ‘no higher faculties than ordinary 
acuteness and patient diligence’ (ibid., 82) and may thus ‘be employed with 
nearly equal success by all men who are equally diligent’ (ibid.). Firstly, this 
obscures the fact that the process of exclusion ‘cannot be satisfactory unless our 
notions of [simple, LV] natures are just and accurate’ and that in the process of 
rejection ‘some […] are ill-defined and vague’ (ibid., 83-84). Ellis argued that it 
is the removal of this defect by means of a subsidiary intellectual method that 
completes Bacon’s induction as he himself proposed it. The reason why the 
kind of realism that Bacon adhered to rendered his method practically useless 
and theoretically inadequate is that it allows him to take for granted – as a petitio 
principii – that this defect will not occur because in Bacon’s view of the subject 
‘ideas or conceptions […] reside in some sort in the objects from which we 
derive them’ (ibid., 86). Secondly, the mechanical character of Bacon’s theory 
of induction also fails to acknowledge that the process of the establishment of 
scientific knowledge essentially involves a ‘non-mechanical’ element ‘to which 
nothing corresponds in the [Baconian] tables of comparence and exclusion; 
namely the application to the facts of observation of a principle of arrangement’ 
(ibid., 85). 

In sum, Ellis’s position – as endorsed by Whewell – was aimed at perfecting 
Bacon’s method by means of adjusting its underlying philosophical assump-
tions. In other words, it was by means of the rejection of the metaphysical 
realist doctrine of ‘Forms’ – which enabled Bacon to present induction as a 
mechanical procedure – that an ‘ideal’, non-mechanical, component could be 
introduced into the Baconian framework.24 If there was a Kantian ring to this 
renovation – as is commonly suggested in the case of Whewell (e.g. Peirce, 
1865, Walsch, 1962, Yeo, 1979, Butts, 1994) – it is of some importance to 
briefly consider both Ellis’s commitment to Kant as well as the extent to which 
Ellis was responsible for the Kantian undertones in Whewell’s later works. 

24 It has been argued that this particular reading is based on a typically nineteenth-cen-
tury Victorian misinterpretation of the core of Baconian induction. See, for instance, 
Cohen (1980), Snyder (2006), Smith (1994) and Horton (1973) for this argument. 
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2.2  Ellis, Whewell and Kant

The fact that Whewell himself said of the earlier chapters of his The Philosophy 
of the Inductive Sciences that they were ‘almost literal translations of chapters in 
the Kritik der Reinen Vernunft’ (Whewell, 1860, 335) must be taken as a sign 
of the, seemingly, unequivocal ‘Kantian’ character of some of the general phil-
osophical views that he entertained during the late 1830s and early 1840s. As 
Whewell himself acknowledged, he agreed ‘with Kant in placing in the mind 
certain sources of necessary truth; he calls these Fundamental Ideas [such as] 
Space and Time’ (Whewell, 1860, 336). Although he was accused by his con-
temporaries of importing transcendental philosophy into traditional British 
empiricism, it is clear that Whewell was only a ‘quasi-Kantian’ – at least in 
so far as he merely made use of several doctrines of Kant to circumvent the 
excesses of strict Baconianism, e.g. its overlooking of ‘ideas’.25 

Interestingly, there is some reason to believe that Whewell’s appreciation of 
Kant can be ascribed to Ellis’s (indirect) influence. Ellis himself expressed this 
opinion in a journal entry of 24 June 1840 – where he, after referring to a letter 
he had received from his friend,26 the mathematician, D.F. Gregory, wrote that 
he was

‘struck in Whewell’s book with the diference between Whewell’s 
present & old views about the laws of motion, & by the curiously close 
coincidence, by which I [Ellis] too was surprized of some of his present 
notions on the first law of motion with views I have often expressed, 
viz. that time cannot be a cause – because time is only the condition of 
the existence of causes, & asks if I had been speaking to Whewell on the 

25 For instance, Whewell made no distinction between either ‘analytic’ and ‘synthetic’, 
‘forms’ and ‘categories’ or ‘intuition’ (Sinnlichkeit), ‘understanding’ (Verstand) and 
‘reason’ (Vernunft) and rejected, among other things, Kant’s notion of a ‘ding-an-
sich’. See, in this context, Snyder (2006, chapter 1), Walsch (1962) and Fisch (1991, 
section 3.1221.) 

26 Ellis wrote the biographical memoir for The Mathematical Writings of Duncan 
Farquharson Gregory, MA., Late Fellow of Trinity College, Cambridge (see Ellis, 
1865). As Goodwin noted in his (1863), Ellis and Gregory – who entered Cambridge 
in 1833 and was elected Fellow in 1840 – became very intimate while at Trinity 
College. 
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subject. I have not [but I] have often sported the idea in examinations’ 
(Ellis in Fisch, 1994, 253, f. 22). 

Now, Ellis continued by saying that ‘I caught the germ of it, viz. Kant’s view 
of time & space, from Logan27 ages ago – curious if I made my fortune with 
Whewell by so casual an advantage’ (ibid.). Here, four points are worth men-
tioning. Firstly, Ellis and Gregory argued that Whewell, in his The Philosophy 
of the Inductive Sciences, came to interpret the laws of motion on the basis of 
a Kantian definition of time. Secondly, they drew attention to the ‘curious’ 
fact that exactly this definition had already repeatedly been proposed by Ellis 
and suggest that Whewell might have drawn it from him – albeit indirectly. 
If this would point to Ellis’s influence on Whewell, it seems undeniable that 
most of Whewell’s views on Kant took shape as a result of his extensive cor-
respondence with – the outspoken Kantian – William Rowan Hamilton that 
commenced as early as 1833 (e.g. Fisch, 1991, 63-68, 88-93, Spearman, 1995).28 
Thirdly, from Ellis’s remarks it may not only be inferred that he himself was 
deeply committed to Kant, but, fourthly, also that his views where diferent 
from the – strictly non-hypothetical – ones that have been ascribed to his gen-
eration (e.g. Smith & Wise, 1989, chapter 2). 

Although it would be of great interest to both determine the intellectual roots 
and details of Ellis’s views on Kant as well as to explore his role in the Kantian 
aspect of Whewell’s thought, it, unfortunately, is impossible to carry these 
goals out – for the simple reason that the required material is lacking. Apart 
from the Kantian ring of the perfecting of the Baconian method of induction, 

27 It seems impossible to establish to whom Ellis is referring. When, arbitrarily, restrict-
ing the search to persons at Cambridge at the time of Ellis’s fellowship at Trinity 
College, there are two possibilities; Ellis was either referring to Francis Logan or 
Samuel Charles Logan (see Venn, 1951, 201). 

28 It may also be noted that Whewell’s first encounter with German idealism took place 
during his study tour through Germany in the summer of 1825. As Whewell wrote in 
a letter to his friend Richard Jones of 15 August of that year: ‘Do not go and conspire 
with Peacock or anybody else to tell our friends that I am bewildered with German 
philosophy, as you once raised an outcry with the accusation of a priori metaphysics. 
If you do so you may easily give people an impression, which you will not be able to 
remove when I have convinced you, as I certainly shall […] that everything which I 
believe is most true, philosophical and inductive’ (Whewell in Fisch, 1991, 69-70). For 
a detailed account of the introduction of Kantian philosophy in nineteenth-century 
Britain see Wellek (1931). 
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it is only indirectly – and via the work of Whewell – that the Kantian influence 
on Ellis’s philosophical views can be assessed. To anticipate the discussions of 
the following two sections, it may – at this point – already be mentioned that, 
like Whewell, Ellis, in the context of his reinterpretation of the foundations 
of probability theory (section 4), agreed with and used Kant’s critique of the 
‘sensationalist philosophy’ of figures such as Condillac, Hume and Locke. At 
the same time, on the basis of his views on natural classification (section 3) it 
can be concluded that Ellis shared Whewell’s rejection of the Kantian claim 
that human knowledge is limited to ‘categorized experience’ and followed him 
in arguing, instead, that mental ‘ideas’ or ‘conceptions’ represent objective, 
mind-independent, features of the world embodied in the mind of a divine 
creator. As will be argued in what follows, if the first one of these insights is 
indicative of the ‘idealist’ character of Ellis’s philosophy of science, the second 
one points to the rather complex and problematic connection between this 
general outlook and the peculiar ‘realist’ position that Ellis defended in the 
context of the debate on natural classification. Before showing that it was this 
tension which marks Ellis’s work on the foundations of probability theory, 
described in the next section are his ‘Whewellian’ views on natural classifi-
cation. 

3.  Robert Leslie Ellis’s views on natural 
classification: (divine) realism?

Unlike many of his contemporaries – such as J.S. Mill and Herschel (e.g. 
Towry, 1887, Hacking, 1991, McOuat, 2009, Snyder, 2005b) – Ellis agreed 
not only with Whewell’s ‘idealist’ criticism of the mechanical character of 
Baconian induction, but also with his argument for a moderate ‘realism’ in 
the context of the Victorian debate about natural classification29 (see Snyder, 
2005a, Musgrave, 1988). Obviously, it is of some importance to understand 
how Ellis and Whewell were, in fact, able to combine the idea that the estab-
lishment of scientific knowledge necessarily involves the ‘application to the 
facts of observation of a principle of arrangement’ with the anti-nominalist con-

29 In his work, Whewell did not use the term ‘natural kinds’ – which  as such, was first 
introduced in John Venn’s The Logic of Chance of 1866. Instead, Whewell spoke of 
‘natural classification’ and ‘natural group of kinds’. See Hacking (1991) for a detailed 
account of the nineteenth-century debate on this topic. 
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viction that scientists ‘seek something, not of their own devising and creating 
[…] something which is without the mind, not within’ (Whewell, 1840, 492). 
After discussing, in section 3.1, Whewell’s solution of this problem in his early 
and later work, section 3.2 presents an account of Ellis’s contributions to the 
widespread debate on natural classification. As will become apparent, Ellis 
was in agreement with Whewell’s peculiar ‘quasi-Kantian’ reconciliation of 
‘idealism’ and ‘realism’ by means of the formulation of – what  might be called 
– a ‘divine realism’ vis-à-vis natural classification. 

3.1  Whewell on natural classification

Whewell’s first work on the topic of natural groups of kinds – An Essay on Min-
eralogical Classification and Nomenclature – appeared in 1828. Written under the 
direct influence of the German crystallographer Friedrich Mohs,30 Whewell 
came to argue for the so-called ‘natural classification system’ – claiming that 
minerals are to be grouped together according to the way they are organized 
in nature, rather than according to arbitrary definitions put forward by the 
mineralogist. Also in, for instance, his Novum Organon Renovatum of 1858 
Whewell wrote that ‘there are classifications, not merely arbitrary, founded 
upon some assumed character, but natural, recognized by some discovered char-
acter’ (Whewell, 1858, 17). More in specific, in chapter I of book VIII (‘The 
idea of likeness as governing the use of common names’) of his seminal The Phi-
losophy of Inductive Sciences Whewell defined ‘kinds’ as including ‘many individ-
uals associated in virtue of resemblances, and of permanently connected prop-
erties’ (Whewell, 1840, 474). According to Whewell, it is due to an ‘Idea of 
Resemblance’ – which makes it possible to recognize similarity and diference 
between individuals – and an ‘Idea of Natural Ahnity’ – enabling the scientist 
to see that certain resemblances point to a similarity shared by all individuals of 
a certain kind – that it is possible to ascertain the existence of ‘natural groups of 
kinds’ in nature (e.g. Snyder 2006, chapter 3). Given that the limits of kinds are 
fuzzy, the properties of an individual are indefinite and variable, and not every 
resemblance is relevant to classification, Whewell held that although ‘kinds’ are 
not rigorously definable, it is not the case there are only artificial, nominally 

30 As referred to in footnote 33, Whewell made a tour in Germany from July to October, 
1825. In Todhunter (1876) it is noted that ‘in order to profit by his [Mohs’s] instruction 
Mr. Whewell went to Freiberg; he found him just about to leave in order to spend his 
vacation at Vienna, and at the professor’s invitation followed him to that place’ (33). 
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defined ‘kinds’. He was convinced of the possibility of demarcating ‘kinds’ in 
so far as certain individuals share underlying essences – e.g. the chemical com-
position both fixes the traits of minerals as well as determines their (superficial) 
properties. Yet, as said, Whewell was pessimistic about the human ability to 
actually discover these existing essential properties: ‘The nature of connexion 
of Kinds and Properties is a matter in which man’s mind is all but wholly dark 
[…] For in how few cases – if indeed in any one – can we know what is the 
essence of any Kind’ (Whewell, 1860, 469-470). 

In fact, it is only God who has immediate knowledge of the essences of ‘kinds’: 
‘Every Kind of thing, every genus and species of object, appears to Him in 
its essential character, and its properties follow as necessary consequences. 
He sees the essences of things […] while we, slowly and painfully, by obser-
vation and experiment […] make out a few of the properties of each Kind of 
thing’ (Whewell, 1860, 367). Whewell argued for this claim by presenting, 
what he called, the ‘method of types’ or ‘method of exemplars’. According to 
this method ‘Natural Groups are best described, not by any definition which 
marks their boundaries, but by a Type which marks their centre. The Type of 
any natural group is an example which possesses in a marked degree all the 
leading characters of the class’ (Whewell, 1840, xxxii-xxxiii). The idea that 
‘natural groups’ are to be unified on the basis of a ‘type’ Whewell had drawn 
from the work of his childhood friend, the anatomist, Richard Owen – who 
functioned as Whewell’s authority on anatomical and physiological matters dis-
cussed in his The Philosophy of the Inductive Sciences (see Sloan, 2003, Rupke, 
1994). It was, for instance, in his (1847) and (1860) that Whewell made explicit 
philosophical use of Owen’s scientific theory of the archetypal vertebrate as 
developed in his Anatomy of Fishes (1846), On the Archetype and Homologies of 
the Vertebrate Skeleton (1848) and On the Nature of Limbs (1849). In brief, Owen 
defined the morphological ‘archetype’ as ‘that ideal original or fundamental 
pattern on which a natural group of animals or system of organs has been con-
structed, and to modifications of which the various forms of such animals or 
organs may be referred’ (Owen in Rupke, 1993, 235). He, then, argued that 
individual vertebrate animals are to be seen as (modified) instantiations of 
archetypical forms existing in the Divine Mind. In On the Philosophy of Discov-
ery, Whewell noted that it is because ‘the human mind is a reflex of the Divine 
Mind’ (Whewell, 1860, 373) that it is possible, by means of detailed observed 
experience to approximate the archetypical ideas exemplified in nature – such 
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that ‘[s]cience advances towards the Divine Ideas’ (ibid., 372). Given that the 
world is created according to these ideas it is possible to know the world exactly 
‘because God has created us with the Ideas needed to know it’ (Snyder, 2006, 
59). For Whewell, it is not only the case that the objective, human mind-inde-
pendent, features of the world instantiate the ideas of the divine mind, but also 
that it is possible for humans to use the God-given ideas to obtain knowledge 
about these objective features. 

3.2  Ellis and bees’ cells

This ‘theological’ merger of a realism vis-à-vis ‘kinds’, or ‘types’, in nature 
with an emphasis on the ‘ideal’ character of the process by which knowledge 
about them is gained, was exemplified in two papers of Ellis with which he 
contributed to the widespread Victorian debate on natural classification. At a 
meeting of the British Association for the Advancement of Science (BAAS) 
in October 1857 Whewell spoke to the audience of the observations made by 
Ellis in his paper ‘On the cause of the instinctive tendency of bees to form hex-
agonal cells’ – to which also Charles Darwin referred in a letter of 2 October 
1858 to William Bernhard Tegetmeier (Darwin, 1858). In a posthumously 
published article, ‘On the form of bees’ cells’ – Ellis briefly touched upon the 
same topic. The much discussed problem, (e.g. Kirby, 1835, Tegetmeier, 1858, 
Wright, 1860, Wallace, 1863, Haughton, 1863), was that of explaining ‘how 
honey bees could make […] perfect hexagonal cells for housing their honey 
and larvae’ (Davis, 2004, 66, see also The Athenaeum, 1861, The American 
Farmer, 1859). For many British natural theologians the complex behavior of 
bees formed an argument for the fact that their instinctive behavior was guided 
by divine intervention – in so far as it contributed solely to their welfare. Thus, 
in their influential Introduction to Entomology William Kirby and William 
Spence wrote that ‘we may call the instincts of animals those unknown faculties 
implanted in their constitution by the Creator’ (Kirby & Spence, 1865, 537). 
In his early speculations on species Charles Darwin was heavily influenced by 
the Victorian debates on animal instincts and intelligence (see Richards, 1981, 
1983, Sloan, 2001) – especially those concerning the extraordinary behavior of 
social insects; e.g. that of a ‘slave-making instinct’ and the ‘cell-making instinct 
of the hive-bee’. With regard to the hexagonal structure of the storage cells 
in a bee-hive Darwin himself acknowledged that ‘[b]eyond this stage of per-
fection in architecture, natural selection could not lead; for the comb of the 
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hive-bee […] is absolutely perfect in economizing wax’ (Darwin, 1859, 235). 
Given that he could not ignore the ‘perfectness’ of the labor of these ‘heaven-in-
structed mathematicians’ (Cotton, 1842, 340), Darwin was forced to make his 
theory of natural selection account for it so as not to ‘leave an obvious gap in his 
arguments – one that could be used to attack his whole theory’ (Davis, 2004, 
69). In fact, in the seventh chapter of On the Origin of Species Darwin wrote 
that he considered the instincts of social insects to be potentially fatal to his 
theory. Here Darwin set out to show that natural selection, rather than the 
‘genius’ of a bee, had resulted in the skilled behavior to work out the angles 
that would make it possible to create the more or less perfect or ‘optimal’31 hex-
agonal form. Some authors have suggested that Darwin’s inability to explain 
to his own satisfaction the phenomenon of hive building by bees provides one 
possible answer to the question why he waited until 1859 before publishing 
the discovery of the theory of evolution by natural selection made in the fall of 
1838 (see Richards, 1983, Prete, 1990). In any sense, although Darwin – with 
the help of many others such as the bird expert William Bernhardt Tegetmeier 
(1816-1912), the zoologist George Robert Waterhouse (1810-1888) and crystal-
lographer William Hallowes Miller (1801-1880) – provided empirical evidence 
for his argument that the mechanism of natural selection could explain bees’ 
cell-making instinct,32 several authors were not satisfied with it. One of them 
was Ellis. 

In his two papers on bees’ cells, Ellis reasoned that the shape and size of the 
cells depend ‘on the manner in which the bees can best use the organs of their 
bodies and senses’ (Rouse Ball, 1892, 166). He suggested that the explana-
tion of ‘[o]ne of the most striking features of the cells’, namely ‘that the angle 
between every adjacent pair of planes is 120º’ (ibid.) may be found in the fact 
that bees, besides their composite eyes

31 Shanahan (2004) and Drouin (2005) provide apt accounts of problem Darwin had 
with the seeming optimality of the adaptive characteristics, or properties, connected 
to the hexagonal structure of the storage cells in a bee-hive – which he considered to 
be an example of perfect design. 

32 Darwin (2009) wrote: ‘I do not pretend that the facts given […] strengthen in any 
degree my theory; but none of the cases of dihculty, to the best of my judgment, 
anpetitioate it’ (219). 
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‘have three single eyes placed lower down and probably serving for the 
vision of near objects. Assume that the axes of these eyes diverge so as 
to be respectively normal to three ideal planes forming a solid angle, each 
dihedral angle of which is of 120 degrees. Geometry shows that every 
solid angle of the bee’s cell is precisely similar to this type, so that a bee 
looking at it with his tree single eyes, might have direct vision with each 
eye of one of the three planes of the solid angle. This direct vision may 
correspond to a particular sensation, so that a bee is not satisfied till it is 
attained’ (Ellis, 1863a, 356).

Ellis’s disagreement with the observations made by Tegetmeier (1858), who had 
argued that the hexagonal form was ‘incidental to the method of construction’ 
and whose experiments were repeated by Darwin,33 stood  in the long tradition 
of natural theologians and naturalists who saw in bees an example of God’s 
design in nature. Ellis’s argument that bees ‘were led to form hexagonal cells 
because of the positioning of their three eyes’ (Davis, 2004, 83, my emphasis) 
was an implicit rejection of an insight with which both he and Whewell felt 
uncomfortable; that bees evolved the instinct for cell making which, gradually 
and accidentally, resulted in ‘perfect’ hexagons. 

If Whewell communicated the observations done by Ellis to BAAS because 
they suited his own ideas, it is clear that the notion that the eyes of a bee were 
positioned ‘just so they could achieve the perfect hexagon straight away’ (ibid., 
84) nicely fitted Whewell’s ‘unity of plan’ view connected to the archetypical 
theory. As Whewell summarized this view in chapter VIII (‘The doctrine of 
final causes in physiology’) of the third volume of The History of the Inductive 
Sciences: ‘those who have studied the structure of animals and plants, have had 
a conviction forced upon them, that the organs are constructed and combined in 
subservience to the life and functions of the whole’ (Whewell, 1847b, 499). In 
a similar vein, Kirby, reflecting on the construction of hexagonal cells and the 
perfect physiology and behavior of bees, wrote in his 1835 contribution to the 
famous Bridgewater Treatise: ‘[this] wonder working being is so nicely adjusted, 
as to concur exactly in producing the end that an intelligent Creator intended, and 
directing each to that function and ohce which he developed upon them, and 

33 See Theunissen (2012), Davis (2004) and Secord (1981) for the intellectual interaction 
between Darwin and Tegetmeier. 
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to exercise which he adapted them’ (Kirby, 1835, xxv-xxvii). Now, Ellis and 
Whewell were in agreement about the fact that insofar as perfect adaptation 
of individual(s) (of a) species is one of the ‘evidences of Design and Purpose 
of the Creation’ (Whewell, 1855, 332), natural history, ‘when systematically 
treated, rigorously excludes all that is historical; for it classes objects by their 
permanent and universal properties’ (Whewell, 1847b, 486) (see also Ruse, 
1977). Again, also in the case of this non-nominalistic, realist, claim about the 
existence of a ‘constant taxonomy of the world’, it must be pointed out that this 
existence is derived from the view that all ‘kinds’ in nature are the objective 
realizations, or instantiations, of divine ideas – which, as such can be approx-
imated by means of scientific investigation, at least in so far as the world is 
created in accordance with these ideas. 

4.  Ellis and (mathematical) probability theory: 
between realism and idealism

4.1  Ellis, Whewell and probability theory

It was in the combination of a renovated, ‘quasi-Kantian’, Baconian philosophy 
of science with a ‘divine realist’ approach to ‘kinds’ in nature that Ellis found 
both the inspiration and ground for his attempt to redefine probability theory 
such that it would ‘cease to be, what I cannot avoid thinking it now is, in oppo-
sition to a philosophy of science which recognizes ideal elements of knowledge’ 
(Ellis, 1844a, 11). In direct opposition to other so-called ‘frequency interpreta-
tions’ – for instance the one of his contemporary, the empiricist logician, John 
Venn (see Venn, 1866, Kiliç, 1999, Verburgt, submitted for publication-a, 
submitted for publication-b, submitted for publication-c; Wall, 2006) – Ellis 
did not question the mathematical results of traditional probability theory, but 
aimed to reformulate its metaphysical foundations along the lines of an ‘ideal-
ist-realism’ (see Kiliç, 2000, Verburgt, submitted for publication-a). 

Before going into the details of his ‘On the foundations of the theory of prob-
abilities’ (1844a) and ‘Remarks on the fundamental principle of the theory 
of probabilities’ (1854), it is important to briefly consider Ellis’s reasons for 
devoting his attention to this particular theory. To begin with, Ellis found it 
remarkable that ‘its metaphysical tendencies have not received much attention’, 
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because ‘they are in direct opposition to the views of the nature of knowledge, 
generally adopted at present’ (Ellis, 1844a, 1). This claim must be understood 
with reference to the following statement of Ellis in a letter to J.D. Forbes: the 
idea that ‘chances express something mental [is] folly. [I]t belongs to the school 
of Condillac and the sensationalists - they were in the ascendant when the theory 
of probabilities received its present form, and there has not yet been philosophy 
enough to expel it’ (Ellis in Shairp & Tait, 1873/2010, 481, my emphasis). In 
order to adapt the metaphysical foundations of probability theory to the present 
views of knowledge, Ellis – following Whewell’s Kantian-inspired critique of 
the radical sensationalist, empiricist, philosophy of Étienne Bonnot de Condil-
lac34 – emphasized the fundamental role of ideal ‘a priori truths’ in the calcula-
tion of chances (see Agassi, 1966, Daston, 1988, chapter 4). In his On the Philos-
ophy of Discovery, Whewell would characterize this tradition by remarking that 
it consisted of those ‘French writers who adopted Locke’s leading doctrines 
[but] rejected the ‘Reflection’, which formed an anomalous part of his philoso-
phy, and declared [instead] that Sensation alone was the source of ideas. Among 
these writers, Condillac was the most distinguished’ (Whewell, 1860, 204). 
Importantly, if Whewell’s criticism of Condillac also included the rejection of 
his interpretation of the originality of Bacon’s theory of induction, the aim of 
Ellis’s reflections was to prevent that probability theory would be turned into 
‘the’ philosophy of science – which, for him, meant ‘to destroy the philosophy 
of science altogether’ (Ellis in Shairp & Tait, 1873/2010, 479-480). That is to 
say that Ellis feared that the possibility of assigning ‘numerical values to the 
force of belief […] touching past events [and] the force of expectation touching 
future’ (ibid., 481) would used as an argument for the validity of the (mathe-
matico-)mechanical nature of the process whereby knowledge is obtained and 
justified. Ellis communicated his idea of attacking the whole, Laplacean, tra-
dition of probability theory as early as 1840 – explicitly asking, in a in a letter 

34 Daston (1988) notes that Condillac, in opposition to – for instance – Locke’s acknowl-
edgment of the importance of both experience, ideas and reflection – attempted to 
‘reduce epistemology to a monistic system based on experience alone’ (208). Impor-
tantly, Whewell’s criticism of Condillac also included the rejection of his interpreta-
tion of Bacon as the ‘patron saint of the Enlightenment [in so far as] he was the first 
to emphasize the origin of all knowledge is in sense experience’ (Snyder, 2006, 69, 
f. 184). Instead, Whewell claimed that Bacon’s importance and originality lie ‘not in 
the claim that knowledge must be sought in experience, which many others prior to 
Bacon had professed [but] Bacon’s emphasis upon the ‘gradual and continuous ascent’ 
to hypotheses’ (ibid., 68-69). 
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dated January 10, 1842, Whewell’s approval of his view that would place him 
‘in opposition to received opinions and to the authority of great writers’ (Ellis 
in Kiliç, 2000, 257). On 8 April of that year Ellis, revealingly, described to 
Whewell the elements of his general criticism of the foundations of the tradi-
tional theory: 

‘I have been thinking of putting into the form of a little essay, some ideas 
on the application to natural philosophy of the doctrine of probabilities. 
I should attempt to point out the impossibility of a strict numerical 
estimate of the force of belief [and] make some remarks on the boundary 
between subjects capable of being treated mathematically and those 
which are not so’ (Ellis in Zabell, 2005, 135). 

Whewell, apparently, agreed with Ellis’s aim; he read Ellis’s essay before he, 
Whewell, gave it to the Cambridge Philosophical Society where Ellis presented 
it on February 14, 1842. The paper was published in the eighth volume of the 
Society’s Transactions in the year 1844. Although Ellis, after having finished 
his 1842 essay, informed Whewell that he would immediately amend it ‘[i]f 
there is any part which you would have me revise [and] if you should propose 
extensive alterations’ (Ellis in Kiliç, 2000, 257) from Ellis’s three-page remark 
on his own ‘On the fundamental principle of the theory of probabilities’, pub-
lished some twelve years later, it may be clear that this was not the case. Cru-
cially, where in his (1844a) Ellis argued that the mathematical calculations of 
probability depended on non-mathematical, ideal, intuitions, his (1854) further 
substantiated this argument by claiming that a realist, rather than nominalist, 
position vis-à-vis ‘kinds’ in nature is needed to make probability theory into 
‘a real science’. 

Taken together, if it could be said that Whewell’s philosophy of science was 
‘completely at odds with that on which probability was constructed’ (Richards, 
1997, 64) it could also be claimed that the problem which was taken up by Ellis 
in his (1844a) and (1854) was precisely that of reconciling probability theory 
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with his and Whewell’s general philosophical views by means of reformulating 
it on the basis of them.35 

4.2  ‘On the foundations of the theory of probabilities’ (1844) section 
1-10: the mathematical and metaphysical meaning of probability

In the opening passage of his (1844a) Ellis argued that probability theory ‘is at 
once a metaphysical and mathematical science. The mathematical part of it has 
been fully developed, while, generally speaking, its metaphysical tendencies 
have not received much attention’ (Ellis, 1844a, 1). From this statement it may 
seem as if Ellis ‘merely’ set out to further develop the theory’s metaphysical 
foundations by means of combining them with a ‘philosophy of science which 
recognizes ideal elements’ (ibid.). However, his real goal was not only to create 
new foundations, but also to redefine – their connection with – the mathemati-
cal calculation of probabilities:

‘As the first principles of the mathematical theory are familiar to every one, 
I shall merely recapitulate them. If on a given trial, there is no reason to 
expect one event rather than another, they are said to be equally possible. 
The probability of an event is the number of equally possible ways in 
which it may take place, divided by the total number of ways which may 
occur on the given trial […] If the probability of a given event be cor-
rectly determined, the event will, on a long run of trials, tend to recur 
with frequency proportional to this probability. This is generally proved 
mathematically. It seems to me to be true a priori’ (ibid., 1). 

In direct opposition to ‘the school of Condillac’ – which rejected all reference 
to a priori truths in so far as it deemed it possible to establish them as mathe-
matical deductions from the simple notion of probability – Ellis claimed that 
the principles of the mathematical part of probability theory were not – and 
could not – be established mathematically, but were a priori truths. That is to 
say that probability theory – as a mathematical discipline – is based on strictly 
non-mathematizable (and non-probable) foundations ‘supplied by the mind 

35 In a diary entry already mentioned in footnote 26, Ellis wrote that he asked Whewell 
‘if his work on the Philosophy of induction would interfere with it. I had a very civil 
answer today – saying he was glad to hear of my intention and wished me to persevere, 
as “he was sure I would throw light on it” […]’ (Ellis in Zabell, 2005, 135). 
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itself’.36 Ellis seemed to have argued that the ideal, a priori, principles of prob-
ability theory have gradually emerged as a result of an intuitive contemplation: 

‘Let any one endeavour to frame a case in which he may expect one event on 
a single trial, and yet believe that on a series of trials another will occur more 
frequently; or a case in which he may be able to divest himself of the belief that 
the expected event will occur more frequently than any other. For myself, after 
giving a painful degree of attention to the point, I have been unable to sever the 
judgment that one event is more likely to happen that another, or that it is to be 
expected in preference to it, from the belief that on the long run it will occur 
more frequently’ (Ellis, 1844a, 1-2, my emphasis). 

In other words, it is ‘by an appeal to consciousness [that] we are led to rec-
ognize the principle, that when an event is expected rather than another, we 
believe it will occur more frequently on the long run’ (ibid., 5). After having 
been formed as an ‘habit’ a posteriori, the judgments giving rise to this principle 
culminate into an, a priori, ‘fundamental axiom’: 

‘[We] are in the habit of forming judgments as to the comparative fre-
quency of recurrence of diferent possible results of similar trials. These 
judgments are founded, not on the fortuitous and varying circumstances 
of each trial, but on those which are permanent […] They involve the 

36 The connection between, on the one hand, Ellis’s definition of probability as a mathe-
matical discipline grounded on a non-mathematical foundation and, on the other hand, 
the nineteenth-century English views on the human understanding of mathematics 
and God (e.g. Richards, 1992, Cohen, 2008) deserve careful scrutiny. However, 
such an appraisal lies beyond the scope of the present paper – at least in so far as it 
would, for instance, necessitate a detailed account of the relation between post-New-
tonian tradition of British natural theology and the status of pure mathematics in the 
Victorian era. 
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fundamental axiom, that on the long run, the action of fortuitous causes 
disappears’ (ibid., 3).37 

It is clear from this passage that Ellis was convinced that the principles of prob-
ability theory, though disclosed in the course of ‘meditating’ on the mind’s 
experience of the world, cannot be derived from or proved by experience. 
Moreover, they do not stand in need of mathematical demonstration; the prop-
osition that ‘[i]f the probability of a given event be correctly determined, the 
event will on a long run of trials tend to recur with frequency proportional to 
this probability’ is ‘an ultimate fact […] the evidence of which [rests] upon an 
appeal to consciousness’ (Ellis, 1844a, 1). Ellis’s – even more – radical claim 
was that it is, actually, impossible to (mathematically) prove, for instance, ‘Ber-
noulli’s theorem’ (or, the ‘’weak’ law of large numbers’) which holds that ‘the 
probability that an event whose simple probability is m will recur p times on k 
trials’ (ibid., 2). The passage in which Ellis elaborates on this argument is worth 
quoting in full: 

‘A coin is to be thrown 100 times; there are 210 0 definite sequences of 
heads and reversed, all equally possible if the coin is fair. One only of 
these gives an unbroken series of 100 heads. A very large number give 50 
heads and 50 reverses; and Bernoulli’s theorem shows that an absolute 
majority of the 210 0 possible sequences give the diference between the 
number of heads and reverses less than 5. If we took 1000 throws, the 
absolute majority of the 21000 possible sequences give the diference less 
than 7 […] [a]nd so on. […] But this is not what we want. We want a 

37 Next to the principle that ‘when an event is expected rather than another, we believe 
it will occur more frequently on the long run’, Ellis also pointed to the ‘idea of an 
average among discordant results’ as associated with the axiom mentioned in the 
passage quoted. This idea was discussed as the ‘principle of the arithmetic mean’ in 
Ellis’s ‘On the method of least squares’. As Ellis had it, the ‘assumption that in a series 
of direct observations, of the same quantity or magnitude, the arithmetical mean gives 
the most probable result […] seems so natural a postulate that no one would at first 
refuse to assent to it. For it has been the universal practice of mankind to take the 
arithmetical mean of any series of equally good direct observations, and to employ 
the result as the approximately true value of the magnitude observed. The principle 
[…] seems therefore to be true a priori. Undoubtedly the conviction that the efect of 
fortuitous causes will disappear on a long series of trials, is an immediate consequence 
of our confidence in the permanence of nature. And this conviction leads to the rule 
of the arithmetical mean […] (Ellis, 1844b, 205). 
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reason for believing that on a series of trials, an event tends to occur with 
frequency proportional to its probability. […] But, although a series of 
100 heads can occur in one way only, and one of 50 heads and 50 reverses 
in a great many, there is not the shadow of a reason for saying that therefore 
the former series is a rare [...] event, and the latter […] an ordinary one. 
[…] [I]n Bernoulli’s theorem, it is merely proved that one event is more 
probable than another, i.e. by the definition can occur in more equally 
possible ways, and that there is no ground whatever for saying […] that it 
is a more natural occurrence’ (Ellis, 1844a, 2). 

Although ‘Bernoulli’s theorem’ may be ‘true and important’ (ibid., 2), it is 
unable to prove the truth of the, allegedly, undeniable principle that an event, in 
the long run, occurs proportional to its probability. In other words, the theorem 
is unnecessary for ‘it leaves the matter just where it was before’ (ibid., 3). 

Now, if it is by an appeal to consciousness that ‘we are led to recognize the prin-
ciple’ (ibid., my emphasis) – just as ‘we are in the habit of forming judgments as 
to the comparative frequency of recurrence of diferent possible results of 
similar trials’ (ibid., my emphasis) – Ellis also had it that this recognition and 
these judgments are founded ‘not on the fortuitous and varying circumstances 
of each trial, but on those which are permanent – on what is called the nature 
of the case’ (ibid.). Without reflecting on either the meaning of these terms 
or on the connection between them, Ellis argued that the undeniable principle 
that ‘when an event is expected rather than another we believe it will occur 
more frequently on the long run’ is premised on the fundamental axiom ‘that 
on the long run, the action of fortuitous causes disappears’ (ibid.). Similar to 
Whewell’s argument that the ‘necessary truths’ of science follow – and can be 
known a priori – from the ‘fundamental ideas’ of the mind (e.g. Butts, 1965, 
Walsch, 1962, Snyder, 1994), it seems that for Ellis the ‘principle’ of proba-
bility theory is not only already contained in the ‘axiom’, but also expressed 
nothing which is not already contained in it. Be that as it may, from Ellis’s 
remarks it follows that the abovementioned a priori ‘axiom’ is supplied by the 
mind ‘which is ever endeavouring to introduce order and regularity among 
the objects of its perceptions’ (Ellis, 1844a, 3). The central theorem of tradi-
tional probability theory – that of Bernoulli – is unable to establish this order 
and regularity by means of ‘mathematical deduction from the simple notion of 
probability’ (ibid., 1), for in this theorem ‘it is merely proved that one event is 
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more probable than another, i.e. by the definition can occur in more equally 
possible ways. [But] there is no ground whatever for saying […] it is a more 
natural occurrence’ (ibid., 2). In section 10 of his (1844a), Ellis thus concluded 
that ‘no mathematical deduction from premises which do not relate to laws of 
nature, can establish such laws’ (ibid., 3). However, if this seems obvious, ‘it 
is beyond doubt that Laplace thought Bernoulli’s theorem aforded a demon-
stration of a general law of nature’ (ibid.). Referring to the Essai Philosophique 
sur les Probabilités, Ellis accused the traditional probabilists of trying to derive, 
mathematically, the ‘axiom’ of the regularity of nature from a ‘theorem’ which 
even fails to prove that events, in the long, tend to occur with a frequency pro-
portional to their probability. More in specific, Ellis wrote that it ‘appeared not 
to have occurred to Laplace that [Bernoulli’s] theorem is founded on the mental 
phenomenon of expectation. But it is clear that that expectation never could 
exist, if we did not believe in the general similarity of the past to the future […] 
which is here […] considered as a ‘résultat du calcul’ (ibid., 3). In other words, 
the traditional theory of probability does neither recognize that its fundamen-
tal principle – i.e. ‘when an event is expected rather than another, we believe it 
will occur more frequently on the long’ (ibid.) – is of a ‘mental’ character nor 
that it, in turn, is premised on an a priori axiom supplied by the mind. Impor-
tantly, when Ellis claimed that the mathematical calculations of probability are 
‘not to be taken as the measure of any mental state’ (ibid., 3) he was, thus, 
not, in any sense, embracing empiricism,38 but was arguing for the regulative, 
a priori, and non-mathematizable nature of the ‘ideal’ foundations of the theory 
(see Daston, 1994). His replacing of the ‘sensationalist’ metaphysical part of 
probability theory for an idealist-inspired Baconianism which emphasizes the 
fundamental role of ideas supplied by the mind went hand in hand not only with 
a dismissal of the promise of the mathematical part of the theory to derive these 
ideas from simple calculations, but also with the rejection of the philosophy of 
science on which this promise is grounded. Unsurprisingly, in the second half 

38 As argued in Verburgt (submitted for publication-a) and Verburgt (submitted for pub-
lication-c) this shows that it is mistaken to speak of frequentism as the ‘empiricist’ 
reaction to the rationalism of the Laplacean doctrines. Moreover, it proves wrong 
those who refer to the work of Ellis and John Venn as the ‘British empiricist school of 
probability’ (e.g. Gillies, 2000, 88, Gillies, 1973, 1, Hald, 2007, 77, Galavotti, 2008, 
418, Galavotti, 2011, 154, Zabell, 2005, 32, f. 18 & 121). 
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of his (1844a) Ellis set out to argue against the model of induction that accom-
panied the so-called ‘inverse’ application39 of traditional probability theory. 

4.3  ‘On the foundations of the theory of probabilities’ (1844) 
section 11-18: ‘inverse’ probability and induction, part I

It was in section 11 of his (1844a) that Ellis claimed that although it is not legit-
imate ‘to assume that the theory is applicable wherever a presumption exists in 
favour of a proposition whose truth is uncertain’ (ibid., 3), it has ‘been applied 
to a great variety of inductive results; with what success and in what manner, 
[we] shall now attempt to enquire’ (ibid., 4). As Ellis formulated his central 
conviction about this ‘inverse’ application of probability theory – i.e. the 
so-called ‘theory of probabilities a posteriori’: 

‘Our confidence in any inductive result varies with a variety of circum-
stances; one of these is the number of particular cases from which it is 
deduced. Now the measure of this confidence which the theory pro-
fesses to give, depends on this number exclusively. Yet no one can deny, 
that the force of the induction may vary, while this number remains 
unchanged […]’ (ibid., 4). 

This was the starting point of Ellis’s argument for the fact that, because the 
foundations of the ‘inverse’ application of probability theory are ‘in opposi-
tion to the common sense of mankind’ (ibid., 5) – which, according to him, 
was captured by his own philosophy of science – its results are to be deemed 
‘illusory’. That is also to say that the ‘estimates furnished by what is called 
the theory a posteriori of the force of inductive results’ (ibid., 6) are to be dis-
missed as a model of the process of induction tout court. 

Ellis introduced these claims by means of the following problem: ‘If, on m 
occasions, a certain event has been observed, there is a presumption that it 
will recur on the next occasion. This presumption the theory of probabilities 
estimates at m +1 / m +2. But here two questions arise; What shall constitute 
a ‘next occasion’? What degree of similarity in the new event to those which 
have preceded it, entitles it to be considered a recurrence of the same event?’ 

39 See, for instance, Dale (1999) for an excellent theoretical history of the term. 
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(ibid., 4). In order to illustrate the problem Ellis gave the following example: 
‘Ten vessels sail up a river. All have flags. The presumption that the next vessel 
will have a flag is 11/12. Let us suppose the ten vessels to be Indiamen. Is the 
passing of any vessel whatever […] to be considered as constituting a ‘next 
occasion?’ or will an Indiaman only satisfy the conditions of the question?’ 
(ibid., 4). Now, although it is clear that ‘in the latter case, the presumption 
that the next Indiaman would have a flag is much stronger, than that, as in the 
former case the next vessel of any kind would have one […] the theory gives 
11/12 as the presumption in both cases’ (ibid., 4). Put diferently, ‘let all the 
flags be red. Is it 11/12 that the next vessel will have a red flag, or a flag at all? 
If the same value be given to the presumption in both cases, a flag of any other 
colour must be an impossibility’ (ibid., 4). This example is intended to show 
that – contrary to the traditional theory, which holds that ‘[w]hen any event, 
whose cause is unknown, occurs, the probability that its a priori probability 
was greater than ½ is ¾’ (ibid., 5) – it is impossible to determine the value of 
the a priori probability of events without ‘contemplation’; the a priori proba-
bility ‘has no absolute determinate value independent of the point of view in 
which it is considered. Every judgment of probability involves an analysis of 
the event contemplated’ (ibid.). Thus, in the case of the vessel sailing up a river, 
before the question of the a priori probability of the fact that the vessel has a 
flag can be answered ‘we must know 1 what circumstances the person who 
makes it rejects as irrelevant […] 2 what circumstances constitute in his mind 
the ‘trial’ [and] 3 [w]hat idea he forms to himself of a flag’ (ibid., 5). Ellis con-
tinued by suggesting that unless ‘all such points were clearly understood the 
most perfect acquaintance with the nature of the case would not enable us to 
say what was the a priori probability of the event; for this depends, not only on 
the event, but also on the mind which contemplates it’ (ibid., 5).40 The a priori 
probability of an event is not only dependent on, but relative to the mind of an 
individual; i.e. ‘a priori probability to what mind? In relation to what way of 
looking at them?’ (ibid., 5). 

40 It may here be remarked that this particular reasoning was exactly what had brought 
Augustus DeMorgan, in his (1838) and (1847), to argue for the impossibility of for-
mulating a case of ‘objective’ probability – i.e. for the necessity of adopting the tradi-
tional, so-called ‘subjective’, interpretation of probability. For this point see Verburgt 
(submitted for publication-c). 



1113 | Robert Leslie Ellis’s work on philosophy of science and the foundations of probability theory

4.3.1 Ellis, the movements of the planets and the distribution of 
stars: ‘inverse’ probability and induction, part II

In section 14 of his (1844a), Ellis turned to ‘a more celebrated application’ of the 
‘inverse’ application of probability theory – which is summarized as follows: 
‘All the movements of the planetary system, known as yet, are from west to 
east. This […] afords a strong presumption in favour of some common cause 
producing movement in that direction’ (ibid., 4). As in the example of the 
vessels sailing up a river, Ellis has it that, in the mathematical calculation of 
the ‘force’ of this presumption ‘too much is conceded for the interest of the 
theory’ (ibid., 4). For instance, ‘the rotary movements [and] those of the sec-
ondary planets’ are omitted ‘in order […] to include none but similar move-
ments’ (ibid.). Also,

‘[u]p to the close of 1811, it appears […] that 100 comets had been 
observed, 53 having a direct and 47 a retrograde movement. If these 
comets were gradually to lose the peculiarities which distinguish them 
from planets – we should have 64 planets with direct movement, 47 with 
retrograde. The presumption we are considering would […] be very 
much weakened. At present, we unhesitatingly exclude the comets on 
account of their striking peculiarities. But at what precise point of their 
transition-state are we abruptly, from giving them no weight at all in the 
induction, to give them as much as the old planets?’ (ibid., 4-5). 

This shows that – contrary to the traditional theory, which holds that ‘[w]hen 
any event, whose cause is unknown, occurs, the probability that its a priori 
probability was greater than ½ is ¾’ (ibid., 5) – it is impossible to determine 
the value of the a priori probability of events without considering, by means of 
‘contemplation’, what Ellis called, the ‘natural ahnity’ existing among them. 
Although he did not reflect on the exact meaning of ‘ahnities’ in nature, from 
the statement that the presumption of a common cause producing, for instance, 
movement ‘depends not merely upon the number of observed movements’ 
(ibid., 4) it may be concluded Ellis wished to indicate that the strength, or 
force, of an ‘inductive result’ cannot be established on the sole basis of enumer-
ative induction. Moreover, at this point, Ellis also wanted to make clear that it 
is the case that this force can change while the number of observations remains 
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unchanged – which, as such, conflicts with the foundation of the ‘inverse’ appli-
cation: 

 ‘[A]re the retained movements absolutely similar? The planets move 
in orbits of unequal eccentricity and in diferent planes; they are them-
selves bodies of very various sizes; some have many satellites and others 
none. If these points of diference were diminished or removed, the pre-
sumption in favour of a common cause determining the direction of their 
movement would be strengthened; its calculated value would [however] not 
increase, and vice versa’ (ibid., 4). 

It was in his correspondence with J.D. Forbes that Ellis, responding to the 
former’s critique of John Herschel’s endorsement of John Michell’s much 
debated use of probabilistic arguments in his essay of 1767 on the distribution 
of stars (see Forbes, 1849, Herschel, 1848/1869, Garber, 1973, Gower, 1982, 
1987, Sheynin, 1984),41 wrote that from the ‘notion that chances express some-
thing mental or subjective, is derived the assumption that the force of belief 
touching past events admits of numerical evaluation as well as the force of 
expectation touching future. If this were true, it would be a legitimate inquiry 
to try to assign numerical values to the force of belief in any given case. All 
this is folly [...]’ (Ellis in Shairp & Tait, 1873, 481). Now, if Ellis straightfor-
wardly rejected the traditional opinion that probability theory is concerned 
with the measurement of ‘mental’ states of knowledge, this did not, in any 
sense, diminish the fundamental role of the ‘mental’ in his own theory of prob-
ability; it is ‘the mind’ which makes it possible to determine, for instance, the 
simple probability common to certain phenomena in the first place. Although 
– in order to determine the a priori probability of an event – it must be known 
‘what circumstances the person […] rejects as irrelevant […] what circumstances 
constitute in his mind the ‘trial’ […] (ibid., 5), the role of ‘personal contempla-

41 Forbes’s argument, to which Ellis referred, was targeted against Michell’s aim to 
demonstrate the degree of improbability of the clustering of stars having arisen 
by chance on the basis of probabilistic calculations. In order to do so, he made use 
of Laplace’s method of ‘equiprobability’ – a method which, being premised on the 
principle of ‘insuhcient reason’, allowed him to claim that ‘there is a high numerical 
probability that the proximity of two stars is not accidental on the basis of a calcula-
tion that the probability of these two stars constituting a double star accidentally is 
very low’ (Gower, 1982, 152).
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tion’ did not give rise to the conclusion that (inverse) probability calculates 
something ‘mental’ or merely ‘subjective’. As Ellis voiced it in his (1854), since 
‘[a] mind which has fully and clearly apprehended the subject before it and to 
which therefore to have arrived at the truth and to perceive that it has done 
so as inseparable elements of the same act of thought’, intuitions cannot be 
confined to ‘the private world of the individual mind’ (Richards, 1997, 67). 
These issues will be discussed in the next section. 

4.4 ‘Remarks on the fundamental principle of the theory 
of probabilities’ (1854): realism, idealism and the 
metaphysical foundations of probability theory

In the essay of 1854 Ellis proposed to make some additional remarks on the 
foundational principle of probability theory that he had put forward in (Ellis, 
1844a) so as to ‘consider in what way […] the fundamental principle of the 
theory may be the most clearly and conveniently expressed’ (Ellis, 1854, 605). 
After repeating that he took the truth of the principle that ‘[o]n a long run of 
similar trials, every possible event tends ultimately to recur in a definite ratio 
of frequency’ (ibid.) to be an intuitive truth, Ellis wrote that, on the one hand, 
‘the phrase “similar trials”, expresses the notion of a group or genus of phe-
nomena [e.g. the throwing of a die, LV] to which the diferent results [e.g. the 
occurrence of ace or deuce, LV] are subordinated’42 (ibid.) but, on the other 
hand, ‘it is less obvious how the idea of a “long run of trials” in “definite series 
of experiments” […] is to be expressed’ (ibid.). This has to do with the fact 
that the expression ‘long run of trials’ is negative – i.e. it implies ‘merely the 
absence of the limitations inseparable from individual cases’ (ibid.) – and its 
nature indefinite – at least insofar as the cases contemplated can either be 
‘actually existent’ or ‘as about to be developed within [the] limits of space and 
time’ (ibid.). At the same time, when a limited amount of individual cases is 
considered it is impossible to develop the conviction that ‘the ratios of frequency 

42 A somewhat similar remark already appeared in his essay on probability theory of 
1844 – where Ellis noted that ‘[e]very judgment of probability involves an analysis 
of the event contemplated. We toss a die, and an ace is thrown. Here is a complex 
event. We resolve it into: (1) the tossing of the die; (2) the coming up of the ace. The 
first constitutes the ‘trial’, on which diferent possible results might have occurred; 
the second is the particular result which actually did occur. They are in fact related as 
genus and diferentia’ (Ellis, 1844a, 5). 
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of occurrence depend on the circumstances common to all the trials’ (ibid.). 
If ‘it is only in idea that we can secure the possibility of an indefinite series 
of trials’ (ibid., 607), it is when a ‘genus of cases’ is viewed ‘in what may be 
called an ideal and practically impossible realization of all which it potentially 
contains’ (ibid., 606) that this conviction can arise. From this, in turn, follows 
what Ellis introduced as the fundamental principle of probability theory: ‘The 
conception of a genus implies that of numerical relations among the species sub-
ordinated to it’ (ibid.).43 

Ellis was well aware of the questions he was now forced to answer, namely; in 
what relation do these conceptions of an ‘ideal’ and ‘practically impossible’ real-
ization of the species of a genus ‘stand to outward realities [and] [h]ow can they 
be made the foundation of a real science, that is, of a science relating to things 
as they really exist?’ (ibid.). As Ellis himself suggested, these questions must 
be understood with reference to the traditional philosophical debate on ‘natural 
groups of kinds’ or ‘natural kinds’ (see Kiliç, 2000, Verburgt, submitted for 
publication-a). It may here be noted that – due to, for instance, the work of 
Whewell and J.S. Mill (e.g. Towby, 1887, Strong, 1955, Hacking, 1991, Snyder, 
2006, chapter 3) – the controversy between ‘realism’ and ‘nominalism’ vis-à-
vis classification played a pivotal role in Victorian debates on scientific meth-

43 In his ‘Notes on Boole’s Laws of Thought’, Ellis remarked the following: ‘No doubt 
everything stands in relation to something else, as the species to its genus, and conse-
quently [such] symbolical language […] is in extent perfectly general, that is, it may 
be applied to all the objects in the universe’ (Ellis, 1863b, 391). 
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odology and knowledge.44 In line with – the discussion of his – ‘Whewellian’ 
(divine) realism, Ellis maintained that 

‘[u]niversals are not mere figments of the mind, but […] have a reality of 
their own which is the foundation of the truth of general propositions. 
To assert therefore that the theory of probabilities has for its foundation 
a statement touching genera and their species, and is at the same time a 
real science, is to take a realistic view of its nature. And this I believe is 
what […] we cannot avoid doing’ (Ellis, 1854, 606). 

Ellis criticized the nominalist view, which holds that ‘grouping phenomena 
together is merely a mental act wholly disconnected from outward reality 
and altogether arbitrary’ (ibid.), by claiming that ‘no mental act can be so’ 
(ibid.). Moreover, from the statement that the ‘thoughts we think are […] 
ours, but so far as they are not mere error and confusion, so far as they have 
anything of truth and soundness, they are something and much more’ (ibid.), 
Ellis concluded that ‘[i]n every science the fact and the idea correspond because 
the former is the realization of the latter’ (ibid.). Because these realizations are 
always partial and incomplete, this correspondence, in turn, is imperfect and 
approximate. Now, in the crucial passage following this claim, Ellis wrote that 

44 Moreover, it may be noted that the Victorian proponents of the ‘frequency interpreta-
tion’ of probability discussed the foundations of their approach almost exclusively in 
terms of ‘natural groups of kinds’ or ‘natural kinds’. For instance, in his Logic of Chance 
of 1866 John Venn observed that ‘[t]he existence of natural kinds or groups [which] 
consist of large classes of objects, throughout all the individual members of which a 
general resemblance extends seem to be [an] important condition for the applicability 
of the theory of probability to any event’ (55-56). Interestingly, although Venn and 
Ellis are commonly regarded as the two ‘British frequentists’, Venn exactly supported 
the (empiricist) nominalism vis-à-vis natural kinds and classification which Ellis 
rejected. For this point see Verburgt (submitted for publication-a). Furthermore, it 
may also be remarked that Ellis’s ‘realism’ enabled him to circumvent what in modern 
terminology is called the ‘reference class problem’ which appeared in the work of 
Venn due to his particular kind of ‘nominalism’ (see my 2013c). As Hans Reichenbach 
aptly summarized this problem: ‘[i]f we are asked to find the probability holding for an 
individual future event, we must first incorporate the case in a suitable reference class. 
[But] [a]n individual thing or event may be incorporated in many reference classes, 
from which diferent probabilities result’ (Reichenbach, 1949, 374). Because, for 
Ellis, the possibility of incorporating an ‘individual events’ (i.e. species) in a ‘suitable 
reference class’ (i.e. genus) was guaranteed by the fundamental principle of probabil-
ity theory, the problem did not appear in his work. 
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it is only ‘when in thought we remove the action of disturbing causes to an 
indefinite distance that we can conceive the absolute verification of any a priori 
law’ (ibid.). This not only explains why, what Ellis in his (1844a) termed, the 
‘fundamental axiom’ of probability – i.e. that ‘on the long run, the action of 
fortuitous causes disappears’ (Ellis, 1844a, 3) – is to be regarded as an a priori 
truth. It is also indicative of the fact that it was the combination of a philoso-
phy of science which recognizes ‘ideal elements’ of knowledge with his specific 
realism vis-à-vis natural kinds and classification that underlay Ellis’s renovation 
of the metaphysical foundations of probability theory. That is to say that, for 
Ellis, it is the existence of permanent (arche)types – or universals – having ‘a 
reality of their own’, as conceived of by the mind when considering these in 
light of the ‘ideal’ realization of the species – or particulars – they contain, that 
grounds the theory.

5. Ellis’s meta-mathematical views: 
beyond Whewell and Peacock?

It has been suggested, in the course of this paper, that Ellis carried out his ‘ide-
alist-realist’ renovation of the metaphysical foundations of traditional, mathe-
matical, probability theory in a complex dialogue with, what he took to be, the 
‘idealist’ and ‘realist’ elements in Whewell’s philosophy of science. In this last 
section it may be worthwhile to expound on this parallel by briefly discussing 
one context in which the views of Ellis were not – formulated in – agreement 
with those of Whewell, namely that of (pure) mathematics and its relation to 
scientific knowledge. Similar to Ellis’s alleged responsibility for the ‘Kantian 
ring’ of Whewell’s philosophy of science (see section 2.2), this not only adds 
to the complexity of their dialogue, but also calls into question the suggestion 
of a one-way influence from the side of Whewell. 

5.1  Ellis, Whewell, and the rise of ‘pure analysis’ 
in the Cambridge Mathematical Tripos

During the 1840s, Ellis published numerous articles on mathematics – or, 
more specifically, on what he called the ‘science of symbols’ – in The Cam-
bridge Mathematical Journal and in 1846 his voluminous ‘Report on the recent 
progress of analysis’ for the British Association appeared. Where Goodwin, 
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in his biographical memoir, wrote that this ‘department of mathematics was 
[Ellis’s] special favourite’ (Goodwin, 1863, xx), it may also be noted that under 
Ellis and Gregory’s editorship the CMJ became the primary source for the 
British importation of French ‘symbolical reasonings’ (see Koppelman, 1971).45 
As a student of Peacock46 (1791-1858) – who, together with Charles Babbage 
(1791-1871) and Herschel, founded the Analytical Society which brought Con-
tinental analytic methods and diferential notation to Cambridge (e.g. Becher, 
1980a, Dubbey, 1963, Enros, 1981, 1983, Fisch, 1994, Fisch, 1999, Wilkes, 
1990) – Ellis belonged to the second generation47 of reformers of British math-
ematics. This ‘new English school’ is commonly said to have distanced itself 
from the Society’s abstract programme in so far as it came to reappraise, what 
is called, (‘Newtonian’) geometrical analysis (e.g. Garrison, 1987) and practi-
cally oriented mathematical physics (e.g. Smith & Wise, 1989, chapter 2). Its 
reappraisal echoed Whewell’s influential defense,48 during the 1830s-1840s, 
of the eighteenth-century orthodoxy of mixed mathematics in the Cambridge 
Mathematical Tripos against the steady rise of pure mathematics (see Becher, 
1980b, Gascoigne, 1984). However, it is clear that Ellis only partly agreed with 
his institutional ‘re-geometrization’ and ‘re-Newtonianization’. When, in 1848, 
the Board of Mathematical Studies – following Whewell’s recommendations 
for and (textbook) contributions to a ‘liberal education’ (see Whewell, 1845) 
– reformed the Mathematical Tripos so that it was no longer ‘unduly fixed 
upon the dexterous use of symbols, to the neglect of natural relations in the 

45 As DeMorgan described the Journal in a letter to Herschel of 1845: ‘You should not 
forget the Cambridge ‘Mathematical Journal’. It is done by the younger men [and] full 
of very original communications. It is, as is natural in the doings of young mathemati-
cians, very full of symbols’ (DeMorgan in DeMorgan, 1882/2010, 151). 

46 Recall that, as Goodwin (1863) noted, Ellis ‘came into residence as a Pensioner of 
Trinity College, in October 1836, being entered as a pupil of the Rev. G. Peacock’ 
(xiv). 

47 Following Fisch (1994, 247-248) and Smith & Wise (1989, chapter 2), this second 
generation could be said to include those men of science who graduated or operated 
from Cambridge between 1837 and 1854 – such as Ellis and his close friends Duncan 
Farquharson Gregory and William Thomson (Lord Kelvin). 

48 For instance, Becher (1980b, 14-48), Fisch (1994, 266-276) and Fisch (1991, 22-57) 
provide accounts of Whewell’s eventual rejection, during the course of the 1830s, of 
the reforms originally proposed by the Analytical Society. 
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application of mathematics to physical subjects’ (Becher, 1980b, 40),49 Ellis, 
in his ‘The course of mathematical studies’ written for the Cambridge Univer-
sity Commission, refused to accept this contempt of analysis. His aim was the 
introduction of an even ‘freer and more liberal method’ (Ellis, 1863c, 423) of 
teaching mathematics. 

To begin with, Ellis, somewhat bitingly, observed that it ‘is common, to find 
persons in Cambridge […] who insist […] that geometry is geometry and 
analysis is analysis, but it may be doubted whether this notion of an absolute 
separation between two things is not the result of a want of familiarity with 
either’ (ibid., 41). Ellis was of the opinion that, insofar as the ‘choice of methods, 
and especially as to the preference to be given to geometry or to analysis’ (ibid., 
420) in teaching and examinations was concerned, 

‘[t]hough in mathematical investigations there is no royal road, yet 
there is a natural one, that, namely, which enables the Student, as far as 
possible, to grasp the natural relations which exist among the objects of 
his contemplation. If this route be followed, it matters but little whether 
the reasoning be expressed by one set or kind of symbols or by another 
[for] [t]o change the notation is merely to translate from one language 
into another’ (ibid., 421). 

In fact, Ellis had it that ‘[d]emonstrations may be geometrical, and yet in a high 
degree artificial; and first principles may be lost sight of in a maze of triangles, 
no less than in a maze of equations’ (ibid., 420-421). 

Ellis neither shared Whewell’s conviction that for students the ‘necessary path 
was from the particular to the general, from concrete physical problems to 
abstraction’ (Becher, 1980b, 15) nor support his discouragement, for didactical 
reasons, of the use of symbols. If Whewell maintained that, since pure analysis 
would give students ‘a disrelish for the more physical’, geometrical methods – 

49 In the period between the end of the 1810s and the 1830s, Whewell’s textbooks 
exhibit his growing opposition to and rejection of ‘Lagrangian’ formalism. For 
instance, where his first two treatises – on mechanics (Whewell, 1819) and dynamics 
(Whewell, 1823) – made use of Lagrange’s version of the calculus, in the 1833 edition 
of the Elementary Treatise on Mechanics it was replaced by the geometrical methods 
of Newton’s Principia (see Fisch, 1991, section 2.232). 
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being the more ‘natural’ form of demonstration – were to be preferred so as to 
keep them grounded in ‘physical realities’, Ellis had it that the claim that ‘our 
methods should be geometrical is not by any means essential; they ought to be 
natural, and it has been too hastily supposed that they will necessarily be so if 
symbols are excluded’ (Ellis, 1863c, 420).50 He also dismissed as ‘childish’ the 
common supposition that ‘if a mathematician treats a problem geometrically, 
he has to think about it for himself, whereas if he treats it symbolically, the 
symbols think for him’ (ibid.) – which was voiced by Whewell when writing 
– in the chapter on the ‘Foundations of the higher mathematics’ of The Philos-
ophy of the Inductive Sciences – that ‘in our symbolical reasoning our symbols 
[…] reason for us’ (Whewell,  1840, 143). According to Ellis, whatever form 
of mathematics is most natural, the emphasis must always be on ‘inquiring per-
petually into the grounds and reason of what we are doing, - by interpreting 
our symbols […], following the train of geometrical or physical conceptions 
to which their interpretation leads [and] by retracing our steps and passing 
from general considerations or purely geometrical reasoning to the technical 
language of symbols’ (Ellis, 1863c, 422). In opposition to Whewell – for whom 
the two forms were, certainly, no equal alternatives (see Fisch, 1991, section 
2.2332) – Ellis firmly believed in the ‘unity’ of the geometrical- and ‘symbolical’ 
form of analysis: ‘For as to the mind which has attained to a perfect mastery of 
the subject, and by which, therefore, the connexion of the data of the problem, 
with its solution is perceived as by intuition, all the demonstrations appear to be 
in their essence identical, – diferent modes merely of presenting the same con-
ceptions’ (ibid., my emphasis). It is ‘as a means of training and developing the 
mind’ (ibid., 417) that both forms of mathematics are to be part of the course of 
mathematical studies at Cambridge. 

Furthermore, according to Ellis, mathematics is valuable insofar as it, in the 
end, deals with necessary truth. In his own words, it is ‘after long and patient 
thought’ (ibid., 418) that the mind – which has become ‘conscious of its devel-
opment’ (ibid.) and ‘has approached towards a complete intuition into the 

50 In his own publication, Ellis explicitly put his conviction that ‘geometrical are not 
necessarily natural methods of demonstration’ (Ellis, 1863c, 423) to work. For 
instance in ‘On some properties of the parabola’, he noted that ‘[g]enerally speaking, 
the Geometrical method is more easily applied than the Analytical to these cases’ in 
which ‘properties of sections of the cone [are deduced] by considering the cone as a 
particular case of the ‘hyperboloide gauche’’ (Ellis, 1839, 204). 
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results which [it] is able to prove’ (ibid., 419) – is ‘brought into nearer, if not 
immediate, contact with necessary truth’ (ibid., 418).51 Now, because the study 
of mathematics, in general, ‘enlarges the sphere of [the Student’s] intuition, 
by giving him distinct and conscious possession of truths which lay hid in his 
conceptions […]’ (ibid., 418) it belongs to a ‘liberal education’.52 

5.2  Ellis, the ‘Baconian-Lagrangian’?

It was along the lines of these meta-mathematical views that Ellis was able to 
develop his own approach to the problematic, ‘Victorian’, issue of combining 
a ‘Baconian’ philosophy of science with, what may be called, a ‘Lagrangian’ 
formalist view of mathematics (see Fisch, 1991, chapter 1). Importantly, Ellis’s 
solution was in conflict both with that of the members of the Analytical Society 
as well as with that of Whewell. Where Peacock and Babbage had completely 
avoided such philosophical debates,53 the issue was first taken up by Herschel 
in his A Preliminary Discourse on the Study of Natural Philosophy of 1831. Herschel, 
however, failed to strike a balance between his, rather ‘naive’, Baconianism 
and his radical ‘Lagrangian’ formalism – ending up deeming mathematics, as an 
‘abstract science’ ‘independent of a system of nature […] of everything except 
memory, thought and reason’ (Herschel, 1831, 18), irrelevant and a possible 
hindrance to the ‘study of nature and its laws’ (see Fisch, 1991, 2.22, Cannon, 

51 It may be worthwhile to draw attention to the fact that Ellis’s definition of mathe-
matical truth nicely fits his particular ‘metaphysizing’ of the mathematical part of 
traditional probability theory (as discussed in section 4). This reinterpretation, 
essentially, consisted of the claim that after ‘long and patient’ contemplation it ‘could 
not be denied’ that the mathematical probability ‘theorems’ were, actually, a priori 
(necessary) truths. 

52 Or, more specific; the student’s ‘real progress […] varies […] according to the degree 
in which he has approached towards a complete intuition into the results which he is 
able to prove. I [Ellis] believe that this principle ought to be our guide in examining the 
merits and defects of a course of mathematical study intended to form part of a liberal 
education’ (Ellis, 1863c, 419). 

53 As is noted in, for instance, Fisch (1991, 29), Fisch (1999, 152, f. 46), Koppelman 
(1971, 156-157) the founders of the Analytical Society favored Lagrange’s formalist 
approach – to which they all remained faithful throughout their careers – for it 
‘provided the most powerful methods of variational analysis continental mathematics 
had to ofer’ (Fisch, 1991, 29). In turn, this made possible the development of the 
so-called ‘calculus of operations’ and ‘abstract algebra’ as developed in the work of, 
for instance, Augustus DeMorgan, George Boole, (Ellis’s friend) D.F. Gregory and 
Ellis himself. 
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1961). For this reason, Herschel eventually decided to keep ‘pure analysis’ and 
‘inductive science’ completely separated. If it is true that Whewell’s thought 
emerged as a result of dismissing this decision – i.e. ‘developed […] in the 
course of negotiating the very issues Herschel sought to avoid’ (Fisch, 1991, 36) 
– it must also be pointed out that his mature philosophical views were marked 
by the retreat from his earlier ‘Baconian’54 and ‘Lagrangian’ commitments (see 
Fisch, 1991, section 2.233, Becher, 1992). Ellis, for his part, attempted to go 
beyond Herschel’s circumvention and Whewell’s rejection of a ‘Baconian-La-
grangian’ position by reinterpreting, rather than separating or giving up, its two 
elements. 55 

On the one hand, Ellis’s ‘Baconian-Lagrangianism’ consisted of the rejection 
of Herschel’s particular kind of ‘Baconian realism’ – which not only considered 
it possible to gain insight into the real causes of phenomena solely by means of 
mechanical induction (see section 2.1), but also had it that the mathematical 
formalization of induced empirical knowledge, functioning as its organization 
and recapitulation, must ‘fully mirror its induced counterpart’ (Fisch, 1991, 
34, 42). Following his own introduction of an ‘ideal’, non-mechanical, compo-
nent into the Baconian framework (see section 2.1 and 2.2), Ellis agreed with 
Whewell’s view that an induced body of facts could be informed by a formal 
mathematical scheme. On the other hand, and in opposition to Whewell,56 Ellis 
– the ‘Lagrangian’ – also held that the ‘formal constructs’ (symbols, formulas) 
within these schemes did not have to correspond to, or represent, anything in 

54 It must here be remarked that this characterization of both Whewell’s approach to, 
and retreat from, the issue of combining a ‘Baconian’ and ‘Lagrangian’ position as 
well as its connection to Herschel and Ellis – discussed, explicitly and implicitly, 
by Fisch (1991, section 2.22 and 2.233) – hinge on an interpretation of Whewell’s 
‘Baconianism’ that has been put into question in section 2.1 of this paper. However, an 
analysis of the implications of the reinterpretation presented here for the development 
of Whewell’s views on the ‘Baconian-Lagrangian’ issue is beyond the scope of this 
paper. The same goes for its implications for the connection between Whewell and 
Ellis’s ‘solution’ of the issue. That is to say that the sole goal of this, final, section is to 
indicate – one of – the diferences between their general philosophical viewpoints. 

55 Obviously, Ellis also disagreed with Babbage and Peacock’s neglect of the whole issue. 
56 Whewell retreated from his endorsement of ‘Lagrangian’ formalism as early as the 

1820s (see Fisch, 1991, 27-57). It may also be remarked that Whewell would come to 
view all well-formed mathematical systems – in physics – as ‘Euclidean representa-
tions of the intuited and contemplated features of [...] Fundamental Ideas’ (Fisch, 
1999, 163). As can be inferred from Ellis’s disagreement with Whewell’s institutional 
reforms, he was not willing to make this concession to ‘geometrical’ analysis. 
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reality – at least not in the sense of being disclosed in the process of induction. 
Thus, where Whewell dismissed as ‘arbitrary’ those mathematical constructs 
which are devoid of physical meaning, Ellis felt comfortable to write that the 
validity – of the processes – of analysis is wholly independent of the interpre-
tation and meaning of the symbols (e.g. ‘imaginary quantities’) used (see Ellis, 
1842a, see also Bloor, 1981).57 58 This, as well as Ellis’s outline of ‘the science 
of symbols’ in his (1842b, see also Despeaux, 2007, 60-67), clearly echoed 
Peacock’s treatment of the status of negative and imaginary numbers – which, 
obviously, ‘had no place in the quantitative subject matter of mathematics, but 
[…] played important roles in the logical form’ (Richards, 1980, 345) – in his 
account of the foundations of algebra (e.g. Becher, 1980a, Dubbey, 1977, Fisch, 
1999, Gregory, 1865, Pycior, 1981).59 

According to Peacock, the restriction for arithmetic – following from the 
fact that quantity, as exhibited in reality, admits only of positive and finite 
manifestations – could be removed in passing to what he called ‘symbolical 
algebra’. After characterizing ‘arithmetical algebra’ as the ‘science of sugges-
tion’ for symbolical algebra – defined, in turn, as the ‘science of symbols and 
their combinations, constructed upon its own rules, which may be applied to 
arithmetic and to all other sciences by interpretation’ (Peacock, 1833, 194-195, 

57 In his ‘Evaluation of certain definite integrals’ of 1842 Ellis, reflecting on Laplace’s use 
of integrals in his Théorie des Probabilités, wrote that the ‘nature of what are called 
imaginary quantities is certainly better understood than it was some time since; but 
it seems to have been the opinion of […] Laplace himself, that results thus obtained 
require confirmation. In this view I confess I do not acquiesce [...]’ (Ellis, 1842a, 186). 

58 The mathematician George Boole (1779-1848) summarized this (formalist) viewpoint 
as follows: ‘They who are acquainted with the present state of the theory of Symbol-
ical Algebra are aware, that the validity of the processes of analysis does not depend 
upon the interpretation of the symbols which are employed, but solely upon the laws 
of their combination. Every system of interpretation which does not afect the truth 
of the relations supposed, is equally admissible […]’ (Boole, 1847, 3). 

59 In his biographical memoir of Ellis, Goodwin (1863) also made notice of the following 
fact: ‘[Ellis] was very much in advance of the men of his year in mathematical acquire-
ment, and had already read most of the subjects which usually occupy an undergrad-
uate’s time. He was himself much amused at the surprise expressed by his tutor, Mr. 
Peacock, when at an early stage of his College life in answer to the question, “What 
are you chiefly reading now?” he replied, “Woodhouse’s Isoperimetrical Problems” 
[which] [h]e read […] chiefly without the aid of a private tutor’ (xiv). Now, as Becher 
(1980a) has suggested, it is likely that Babbage and Peacock, in the development of 
their innovation of algebra, ‘were expanding upon ideas promulgated by Woodhouse’ 
(390). 
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my emphasis) – Peacock described the process of passing from the former 
to the latter – which included ‘such quantitative anomalies as negative [and 
infinite] numbers’ (Richards, 1980, 348) – as a ‘formal’ one. Ellis seemed to 
have agreed not only with Peacock’s statement that the nature of mathematical 
symbols such as ‘imaginary quantities’ could not be understood with reference 
to a process of generalization – i.e. as an ‘ascent from particulars to generals’ 
(Peacock, 1833, 194) – but had to be seen as an arbitrary, formal, process where 
‘one [starts] with forms […] manipulated [them] according to specific rules, and 
finally interpreted the results’ (Richards, 1980, 348). He also was in agreement 
with Peacock when it comes to the claim that it was the interpretation of the 
results of the ‘science of symbols’, or symbolical algebra, that made ‘its applica-
tions most generally useful’ (Peacock, 1833, 194, my emphasis, e.g. Ellis, 1841, 
1842b).60 In Ellis’s words, it was the interpretation of symbols that would lead 
to geometrical and physical conceptions (see Ellis, 1863c, 422).61 This belief 
in both the formal nature of ‘analysis’ as well as its usefulness – after having 
been duly interpreted – for the sciences allowed Ellis to combine his ‘Lagran-
gian’ views on mathematics with his reinterpreted ‘Baconianism’ in which the 
mind was to apply its ‘principles of arrangement’ – which, as such, could not be 
derived from inductive generalization – to the facts of observation.

Concluding remarks

This paper aimed to rediscover Ellis’s largely forgotten work on philosophy 
of science and probability theory. It was argued that the combination of his 
Kantian inspired ‘idealist’ perfecting of the Baconian theory of induction in his 
‘General Preface’ and the ‘(divine) realist’ character of his scientific observa-
tions on bees’ cells functioned as the philosophical viewpoint from which he set 

60 It is generally agreed upon that Peacock’s definition of the connection between ‘arith-
metical algebra’ and ‘symbolical algebra’ was highly problematic (e.g. Fisch, 1999, 
Pycior, 1981). Although it would be of great interest to take up, in detail, this issue in 
interpreting Peacock’s influence on Ellis, this is beyond the scope of this paper. 

61 As Boole described this approach; since the ‘validity of the processes of analysis 
[depends] solely upon the laws of their combination […] [e]very system of interpre-
tation which does not afect the truth of the relations supposed, is equally admissi-
ble, and it is thus that the same process may, under one scheme of interpretation, 
represent the solution of a question on the properties of numbers, under another, that 
of a geometrical problem, and under a third, that of a problem of dynamics or optics’ 
(Boole, 1847, 3). 
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out to both reinterpret the metaphysical foundations of traditional probability 
theory as well as ‘metaphysize’ its mathematical theorems. If Whewell played 
a pivotal role in the development of Ellis’s ‘idealist-realism’, much emphasis 
has been put on the complexity of the dialogue from which this philosophical 
outlook emerged. Most importantly, on the basis of their disagreement about 
the nature of (pure) mathematics and its connection with scientific knowledge 
it could not only be established that Ellis’s, ‘un-Whewellian’, thought partly 
matured under the influence of the work of Peacock, but also suggested that 
Ellis was able to develop a unique ‘Baconian-Lagrangian’ viewpoint. 

Obviously, much remains to be said about, for instance, the details of Ellis’s 
contributions to the ‘science of symbols’ and its interaction with Peacock’s 
‘symbolical algebra’, his views on natural history and (mathematical) truth and 
the reception of his interpretation of probability theory. Hopefully, this paper 
contributes to further research on these topics in future publications. 
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chapter 4

Robert Leslie Ellis, 
William Whewell and Kant: 
the role of Rev. H.F.C. Logan

Introduction

It was in a journal entry of 24 June 1840 that Robert Leslie Ellis (1817-1859) 
wrote of a letter that he had received from his friend, the Scottish mathe-
matician and (co)founder of The Cambridge Mathematical Journal, Duncan 
Farquharson Gregory (1813-1844) who was struck in [William] Whewell’s 
book [The Philosophy of Inductive Sciences (1840)] with the diference between 
Whewell’s present & old views about the laws of motion, & by the curiously 
close coincidence, by which I [Ellis] too was surprized of some of his present 
notions on the first law of motion with views I have often expressed, viz. that 
time cannot be a cause – because time is only the condition of the existence of 
causes, & asks if I had been speaking to Whewell on the subject. I have not [but 
I] have often sported the idea in examinations (Trinity College Library Add.
Ms.a.82, see also Fisch 1994, 253, f. 22) 

Ellis continued by writing that ‘I caught the germ of it, viz. Kant’s view of time 
& space, from Logan ages ago – curious if I made my fortune with Whewell by 
so casual an advantage’ (ibid.). In my article on ‘Robert Leslie Ellis’s work on 
philosophy of science and the foundations of probability theory’ (see Verburgt 
2013) I noted that it seemed impossible to establish to whom Ellis was here 
referring, that is, who this Logan was who first acquainted Ellis with some 
of the fundamental notions of Kantian idealism that he, like Whewell, would 
use to reform the canons of the Baconian philosophy. After reading Robert 
Perceval Graves’s Life of Sir William Rowan Hamilton and Sophia Elisabeth 
De Morgan’s Memoir of Augustus De Morgan, I was able to find out that Ellis 
referred to Reverend Henry Francis Charles (H.F.C.) Logan (1800-1884).
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Ellis and Logan in Bath and Cambridge 

Rev. H.F.C. Logan: biographical remarks

Logan,1 who was born in Poole (Dorset) on 9 September 1800, studied at 
Corpus Christi College, Cambridge, where he left without a degree in the year 
1818 only to be received into the Roman Catholic Church, in France, and the 
English College in Rome. On his return to Britain, the Cambridge convert 
‘was appointed to teach mathematics at Prior Park College, near Bath, where 
he was eventually ordained during Advent 1830’ (McGrath 2008, 704). In 
1840, the Cardinal and President of Oscott’s College, Nicholas Wiseman (1802-
1865) (Ward 1897) chose Logan as his Vice-President (see Ward 1915, chapter 
1) – a position which he occupied until 1846. One year later, in 1847, Logan 
became President, but already in September 1848 did the Bishop of Birming-
ham, William Bernard Ullathorne (1806-1889), remove him from the presi-
dency (see Cham 2006, chapter 4, Oscott Papers UC.P19.7). Upon this decree 
Logan decided to take up residence in Edinburgh where he worked for several 
years as a private tutor of figures such as John Emerich Edward Dalberg (Lord 
Acton) (1834-1902).2 From 1852 on, Logan took charge of numerous missions 
in his own country after which he was stationed in Cale Hill, Kent, between 
1855-1860 and on the Isle of Wight between 1860-1862. The last years of life 
were spent as a so-called convictor at the Catholic seminary of Ushaw College, 
Durham. 

Ellis and Logan: personal and intellectual contact

To my knowledge, there are two biographical facts that attest to the personal 
contact between Ellis and Logan. 

Ellis was born in Bath, August 25, 1817, and his youth and adolescence, thus, 
coincided, by and large, with Logan’s appointment as a mathematics teacher 
at Prior Park College. Although he ‘was never at school’, Ellis had ‘the advan-

1 There is little biographical information available on the life of Logan. The remarks 
about his life provided in this section are drawn from the following sources: Beaumont 
(2010, 261), Dessain (1961, 588), McGrath (2008, 704) and Oliver (1857, 347). 

2 See Lally (1942, 5), MacDougall (1962, 6) and Mathew (1968, 23) for the intellectual 
connection between Logan and his Edinburgh students such as Lord Acton. 
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tage of two tutors at Bath, one in classics [H.A.S. Johnstone (?-?)], the other 
in mathematics [Thomas Stephens Davies (1794-1851)]’ (Goodwin 1863, xiii) 
– of which the latter, a Fellow of the Royal Society of Edinburgh (in 1831) and 
the Royal Society (in 1833), recognized Logan as his ‘learned friend’ in several 
of his papers on ‘spherical geometry’ (e.g. Davies 1836, 188, Davies 1848, 
135). Davies provided Ellis with the literature on the diferential and integral 
calculus, but for his more general reading he, Ellis, ‘was dependent upon his 
father’s library and upon that of [‘Logan’s’] Bath Institution’ (Goodwin 1863, 
xiii). 

At the end of his life, which was ‘short, quiet, uneventful, but very full of suf-
fering’ (Goodwin 1863, xi-xii), Ellis, from 1853 to 1859, was part of a group of 
old Cambridge friends to which belonged, among others, Augustus De Morgan 
(1806-1871) and Logan (see De Morgan 1882 [2010], 103-104). Ellis, who was 
by that time an invalid, settled at Anstey Hall, Trumpington (near Cambridge) 
to spend his last days next to his close friend, the romantic and Kantian idealist 
John Grote (1813-1866) (see Gibbins 1987, 83-84, Gibbins 1998), and to his 
sister Everina-Frances Ellis (?-1865). When she left Ellis on the occasion of 
her marriage, on 1 July 1858 with Whewell, it was Logan who ‘took her place 
near the suferer and attended him with unremitting friendship and afection 
till his death’ (De Morgan 1882 [2010], 103). 

Although it is not possible to establish with exactness where, when and/or in 
what form the intellectual exchange on Kant’s views between Ellis and Logan 
took place, the available historical evidence afords the conjecture that the 
two had private conversations in Bath probably somewhere between 1827 and 
October 1834, but perhaps between late November 1834 and October 1836. 
In these two periods, Ellis lived on the Royal Crescent in Bath and Logan 
worked at Prior Park College which was only a few miles away from Ellis’s 
house. Ellis’s friend, the Rev. Harvey Goodwin (1818-1891) has noted that Ellis 
was educated by his father and two tutors from as early as the year 1827 (see 
Goodwin, 1863). This home education came to an end when Ellis, in October 
1834, became the pupil of the Rector of Papworth St. Everard in Cambridge-
shire, Reverend James Challis (1803-1882). But it was already after six weeks 
that Ellis, due to ill-health, was forced to return to his home in Bath where he 
remained until October 1836, the date on which he entered Trinity College, 
Cambridge as a Pensioner. When reflecting on the statement of the then twen-
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ty-two year old Ellis of 24 June 1840 that he ‘caught the germ of […] Kant’s 
[views] from Logan ages ago’, it seems most likely that the intellectual contact 
between Ellis and Logan dates back to the years 1827-November 1834.

Afterword

It is well-known that the majority of British philosophers were unfavorable to 
Kant’s metaphysical and epistemological ideas at least until the early-1870s.3 
Given this situation, it is all the more remarkable to observe that Kant was 
of fundamental importance for the development of British mathematics as it 
took place between the 1800s and 1840s – or, more in specific, for the transi-
tion from the second generation ‘symbolical algebra’ of Ellis and Gregory to the 
‘abstract algebra’ of William Rowan Hamilton (1805-1865) and Arthur Cayley 
(1821-1895). If the Kantian roots of the work of Hamilton and, to a lesser 
degree, Cayley, are widely acknowledged (e.g. Hankins 1980 [2004], Ohrstrom 
1985, Winterbourne 1982), the authoritative description of Crosbie Smith and 
M. Norton Wise of Ellis and Gregory as being committed to ‘geometrical 
methods’, ‘non-hypothetical theory’ and ‘practical knowledge’ has stood in 
the way of both the recognition of their idealist leanings as well as the research 
into the meaning for their view of algebra of their specific negotiation of Kant 
as compared with that of Hamilton (cf. Smith & Wise 1989, chapter 6, Fisch 
1994, Verburgt 2014). 

The introduction of Kant during the early Victorian era was premised on the 
activities of several intellectual figures who not only had knowledge of German 
idealism and, more in specific, of Kant’s transcendental idealism, but were also 
in the possession of Kant’s books – the original versions and translations of 
which were particularly hard to find in Britain (see Wallek 1931, chapter 1 & 3). 
Together with, for example, Grote, Logan, who, in the words of his ‘Kantian 
friend’ (Graves 1855, 141) Hamilton, was a man of ‘very extensive reading’ 
(ibid., 141, Hone 1939, 66) that ‘made himself [familiar] in an unusual degree 
with all the great mathematical [and metaphysical] works of these [i.e. Britain] 

3 See Mander (2014) for a recent, and Wallek (1931) for a classic account of the introduc-
tion of Kantianism in Britain and, more in specific, at Cambridge. For a more general 
analysis of the content and difusion of idealism in the early-Victorian era see, for 
example, Preyer (1981). 
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and of foreign countries’ (Graves 1855, 85, 141), was one of these figures. His 
role in the community of British algebraists is particularly interesting because 
he was the source of both Ellis’s as well as Hamilton’s and, thereby, possibly 
also partly of Whewell’s4 acquaintance with Kant’s critical works. Further 
study on the meaning of philosophical considerations for British algebra and 
analysis (e.g. Fisch 1994, Richards 1980, Richards, 1987, Pycior 1981, Pycior 
1982) will have to take into account the influence of Kantian idealism and, thus, 
also that of some of its largely forgotten disseminators such as Logan.5

4 For the influence of Kant on Whewell’s philosophy of science see, for example, Butts 
(1968) and Snyder (2006, chapter 1). 

5 I would like to thank Maite Karssenberg for her valuable historical comments and the 
referee for her/his careful reading and helpful suggestions. 
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section 3

John Venn: probability 
theory and induction

This section contains two articles: 

– Verburgt, L.M. 2014. John Venn’s hypothetical infinite frequentism and 
logic. History and Philosophy of Logic, 35 (3), 248-271. 

– Verburgt, L.M. 2015. “A modified acceptance of Mr. Mill’s view”: John Venn on 
the nature of inductive logic and the syllogism. Under review. 

 
The first paper (chapter 5) provides the first detailed reading of the whole of 
John Venn’s Logic of Chance of 1866 as a work of logic or, more specifically, as 
a specific portion of the general system of (inductive and deductive or syllo-
gistic) ‘logic’ developed in his Principles of Empirical or Inductive Logic (1889) 
(described and contextualized in the second paper (chapter 6)) and Symbolic 
Logic (analyzed in chapter 7). Perhaps the single most important statement 
from the Logic of Chance for any understanding of Venn’s probability theory 
and, in fact, of the entirety of his logical oeuvre is the following: Venn held 
that inductive logic provides the rules for generalizations (obtained partly 
from ‘things’ and partly from (Whewellian!) ‘conceptions’ about things) which 
either contain the ‘universal propositions’ for syllogistic logic or the ‘propor-
tional propositions’ of which probability theory must then determine what 
(inductive and deductive) can be made from and by them. Where chapter 5 
discusses the relation of Venn’s probability theory as a logical theory, to its 
inductive foundations, the second paper (chapter 6) describes in detail Venn’s 
renovation of Mill’s inductive logic – necessary, as it is, for his general system 
of which also ‘ordinary’ (deductive or syllogistic) logic is part (see chapter 7). 

part 1 | 
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chapter 5

John Venn’s hypothetical 
infinite frequentism and logic

0.  Introduction

John Venn’s1 (1834-1923) Logic of Chance2 (1866) is often portrayed as the first 
systematic British empiricist reformulation of the rationalist doctrines of tra-
ditional probability theory into a so-called frequency interpretation of proba-
bility.3 Furthermore, within the scholarly work on the frequency tradition, it is 

1 For a biography of John Venn see, for instance, Venn 1954, p. 248; Verburgt 2014b. 
2 The Logic of Chance went through three editions during Venn’s lifetime, Venn 1866; 

1876a; 1888. The fourth edition of 1962 is a reprint of the third edition of 1888. It is 
certainly true, as for example Sandy Zabell has suggested (see Zabell 2005, p. 122), that 
it would be a useful undertaking to study the changes between these editions. Where 
the second edition introduces discussions on ‘topics which were but little or not at all 
treated before’ (Venn 1876a, p. xiv), namely the laws of error (chapter 2), modality 
(chapter 12), the method of least squares (chapter 13), insurance and gambling (chapter 
15) and the credibility of extraordinary stories (chapter 17), the third edition includes 
several new chapters, on randomness (chapter 5) and averages (chapter 18 and 19), 
and minor alterations, most notably in chapter 8, 10, 11 and 15. At the same time, 
Venn himself wrote that his ‘general view of Probability adopted is quite unchanged, 
further reading and reflection having only confirmed me in the conviction that this 
is the soundest and most fruitful way of regarding the subject’ (Venn 1876a, p. xiii). 
Similarly, in the third edition, Venn notes that the ‘alterations do not imply any appre-
ciable change of view on my part as to the foundations and province of Probability’ 
(Venn 1888, p. xvii). Taken together, the changes in Venn 1876 and Venn 1888 do not 
impinge on the general line of argumentation of the present paper – concerned, as it 
is, with Venn’s reformulation of probability theory on the basis of the creation of its 
logical foundations. Put diferently, the papers can be read as a preliminary to an inves-
tigation of the diferences between the three editions of Venn 1866. In what follows 
references to Venn 1876 and Venn 1888 are provided when insightful. 

3 Cf. Keynes 1921, chapter 8; Gillies 1973, preface, 2000, chapter 1, 2 and 3; Kiliç 1999; 
Wall 2005, 2006, 2007. See Verburgt 2014a for a critical discussion of this characteri-
zation. The present article pursues further the argument put forward there, namely 
that Venn’s frequency approach to probability, on the one hand, is first and foremost 
critical of the traditional theory’s mathematical form, rather than its rationalism and, 
on the other, is of a quasi-empiricist logicist, rather than a straightforwardly empiricist 
character. 
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mostly, if ever, discussed in terms of its ‘actual finite’ approach4 to frequentism 
made redundant, as it was, by the ‘hypothetical infinite’ approach5 formulated 
in the work of Richard von Mises (1883-1953)6.7 The truth of both of these 
claims is premised on their neglecting of what is most striking about Venn 1866; 
namely, on the one hand, its acknowledgement of the need to recognize the 
ideal, non-empirical, character of the foundations of frequentism and, on the 
other hand, its attempt to establish these foundations on a strictly non-math-
ematical basis. It is only from the viewpoint of this reading of Venn 1866 that 
it is possible to do justice not only to the extent to which it was written with 
the intention of reformulating probability theory as a branch of what Venn, 
following John Grote’s characterization of J.S. Mill’s (1806-1873) System of 
Logic (1843), called ‘material logic’, but also to the fact that Venn’s defense of 
his non-mathematical version of the hypothetical infinite approach to the fre-
quency interpretation of probability theory must be understood with reference 
to his general views on logic and its ‘accidental’8 relationship with mathematics. 

The outline of the paper is as follows: after providing, in section 1, an account of 
the connection between the general aim and structure of Venn 1866 and Venn’s 
formulation of his system of so-called ‘material logic’, section 2 purports to give 
a detailed analysis of Venn’s treatment of the (general and special) objective 
and subjective foundational assumptions of his theory of probability with a 
special focus on the twofold role of the ‘subjective’ – namely that of the ideal-
ization of the objective assumptions and that of the drawing of inferences on 
their basis. In section 3, Venn’s somewhat idiosyncratic views on mathematics 
– as put forward, for example, in his Symbolic Logic (1881) – are discussed with 
the aim of coming to grips with Venn’s dismissal of the traditional definition 
of probability theory as a mathematical discipline and his legitimation of his 

4 In brief, this approach holds that the probability of an event or attribute is the relative 
frequency of actual trials of a finitely repeated experiment on which it occurs; in so 
far as a probability is identified with an actual frequency there is ‘no need to ‘leave the 
actual world’, for all the requisite facts are right here’ (Hájek 1996, p. 211). 

5 This approach defines the probability of an event or attribute in a suitable ‘reference 
class’ as the limit of a relative frequency in an infinite sequence of hypothetical trials 
– i.e. probability is identified with a ‘counterfactual limiting relative frequency; the 
limiting relative frequency if there were infinitely many trials’ (Hájek 1996, p. 212). 

6 Von Mises 1919a; 1919b. 
7 Cf. Hájek 1996; 2009. 
8 Venn 1881, p. ix. 
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strictly non-mathematical approach to the theory’s logical foundations. The 
section with concluding remarks briefly reflects on the complexity of upholding 
a logical version of hypothetical infinite frequentism by means of a discussion 
of a criticism of Venn’s treatment of probability by one of his contemporaries. 

1.  Probability as a branch of ‘material logic’

The central aim of Venn 1866 9 was to show, on the one hand, that probability 
theory, instead of being ‘a portion of mathematics’, is ‘a branch of the general 
science of evidence [i.e. logic] which happens to make much use of mathemat-
ics’10 and, on the other hand, that insofar as the theory ‘has been very much 
abandoned to mathematicians who […] have generally been unwilling to treat it 
thoroughly’ the ‘real principles of the science have […] been excluded’.11 Venn 
was also convinced that since ‘the science of Probability […] contains something 
more important than the results of a system of mathematical assumptions’12 
it can and ought ‘to be rendered both interesting and intelligible to ordinary 
readers who have any taste for philosophy’.13 Venn’s formulation of what he 
took to be the ‘ultimate principles’ of probability theory, thus, went hand in 
hand with his reformulating of it as belonging to ‘the province of Logic’ – a 
topic of research for which, according to nineteenth-century British opinion, 
philosophers were principally responsible.14 

Similar to the general survey of the foundations of logic carried out in the 
first chapters of The Principles of Empirical or Inductive Logic (1889), Venn 1866 
consists of a detailed analysis of the nature of the foundational assumptions 
which, taken together, create the basis of probability theory. It may also be 
noted that where Venn 1889 can be read as a systematic outline of what Venn 

9 Following the considerations put forward in footnote 1, what is said, in the present 
article, about Venn 1866, is ipso facto also attributed to Venn 1876a; 1888; 1962. As said, 
in those cases in which it is demanded, clarification is given in the footnotes. 

10 Venn 1866, p. viii. 
11 Venn 1866, p. ix. 
12 Venn 1866, p. ix. 
13 Venn 1866, pp. xiii-xiv. 
14 Cf. Gabbay & Woods 2008; Peckhaus 1999; 2003. 
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called ‘material’ logic,15 in all the editions of Venn 1866 probability theory was 
discussed as a specific portion of this comprehensive ‘Material view of Logic’.16 
More specific, the theory was defined as that part of the science concerned with 
drawing inferences of an ‘observing and thinking mind’17 about the ‘sum-to-
tal of ‘existences considered as objective’’18 which treats of those unordinary 
(‘proportional’) propositions of traditional logic in which not the predicate, but 
the subject is indefinite (‘Some A is B’) and which cannot be universalized by 
determining the ‘some’ (e.g. ‘The A which is C is B’).19

This particular definition already reflects the sense in which Venn’s treatment 
of probability theory was radically diferent from that of some of his contem-
poraries – especially of Augustus De Morgan (1806-1871) and George Boole 
(1815-1864) –; not only was it logical, rather than mathematical, it was also 
logical in a very specific ‘non-conceptualist’ way. Because Venn had it that the 
(pure) mathematician and conceptualist logician both deal with the consistency 
of necessary inferences, rather than with their truth or falsehood, this actually 
amounted to the same.20 Thus, for example in the ‘Preface’ to Venn 1866, Venn, 
referring to De Morgan’s Formal Logic (1847), emphasized that ‘his scheme of 
Probability is regarded very much from the conceptualist point of view [since] 
he considers Probability is concerned with formal inferences in which the 
premises are entertained with a conviction short of absolute [i.e. mathemati-

15 Verburgt 2014b provides a detail account of the significant diferences between Venn’s 
initial adoption of Mill’s ‘material logic’ in Venn 1866 and Venn’s renovation of it under 
the influence of the philosophy of John Grote (see Grote 1865/1900) in Venn 1889. 

16 Venn 1866, p. xiii. 
17 Venn 1889, p. 22. 
18 Venn 1879, p. 37.
19 The passage in which Venn describes the relation between the propositions of tradi-

tional logic and those of probability is the following: ‘[If] indefiniteness […] in respect 
of the predicate [in particular propositions] cannot, or need not, always be avoided 
[…] the indefiniteness of the subject, which is the essential characteristic of the par-
ticular proposition, mostly can and should be avoided. For we can very often succeed 
at last in determining the ‘some’; so that instead of saying vaguely that ‘Some A is B’, 
we can put it more accurately by stating that ‘The A which is C is B’, when of course 
the proposition instantly becomes universal. Propositions which resist such treatment 
and remain incurably particular are comparatively rare; their hope and aim is to be 
treated statistically, and so to be admitted into the theory of Probability’ (Venn 1881, 
pp. 189-190). 

20 Cf. Venn 1876 b, pp. 43-45. 



1475 | John Venn’s hypothetical infinite frequentism and logic

cal] certainty’.21 Venn not only criticized this position for assuming that ‘there 
are laws of mind as distinguished from laws of things and that [the former] can 
be ascertained and studied without taking into account their reference to any 
particular object’22 – thereby making logic into ‘a somewhat arbitrary selection 
from Psychology’23 expressed in formal terminology24 –, but also for conflating 
the very distinction between logic – concerned, as it is, with ‘taking cognisance 
of laws of things and not of the laws of our minds in thinking about things’25 – 
and mathematics – which is defined, by Venn, as the discipline which deals with 
‘questions of number, magnitude, shape and position’.26 

It may, thus, seem surprising27 that Venn was, in fact, deeply influenced28 
by a book with a title and under-title as that of Boole’s Laws of Thought, on 
Which are Founded the Mathematical Theories of Logic and Probabilities (1854 a) in 
which, as the logician W.S. Jevons (1835-1882) once put it, even ‘the simplest 
logical processes [are] shrouded […] in the mysterious operations of a math-
ematical calculus’.29 And it is true that despite his agreement with some of 

21 Venn 1866, pp. xi-xii. 
22 Venn 1866, p. 74. 
23 Venn 1876 b, p. 45. 
24 In Venn 1876 b, Venn wrote that ‘the consistent Conceptualist is under powerful 

inducements to adopt the formal view, partly on grounds of rigid sequence, but still 
more on grounds of psychological sympathy. Those who have […] determined to 
confine themselves to the manipulation of concepts will naturally recognise a deep and 
important distinction between those mental processes which do not, and those which 
do require us to go outside the concept for fresh matter in order to carry them on; that 
is, in other words, between those processes which are, and which are not, formal. Add 
to this the fact that those who occupy the conceptualist standpoint are, as a rule, those 
who believe in necessary laws of thought as an ultimate fact (a connection arising out 
of psychological grounds […])’ (Venn 1876b, p. 45). See also Venn 1876a, chapter 10. 

25 Venn 1866, p. xiii. 
26 Venn 1881, p. ix, f. 1. 
27 Verburgt 2014b shows that this is, in fact, not surprising given both the influence of the 

quasi-idealist Grote on Venn’s general views on logic as well as the particular reinter-
pretation of Boole’s work on the basis of which Venn sought to come to terms with it. 

28 Venn became acquainted with Boole 1854 a in the year 1858 through his tutor at 
Cambridge Isaac Todhunter. In his autobiographical notes, Venn writes that ‘I [Venn] 
read the book with care, and could follow the mere mechanism of his process. But to 
rationalise them was a far other business, and I did not see my way to do this till after 
the third or fourth study of the book, in 1878-9’ (Venn quoted in Cooke 2005, p. 338). 

29 Jevons 1870, p. 498. 



148

Boole’s general criticisms of traditional probability theory,30 Venn at no point 
in Venn 1866 came into explicit contact with any of the ideas that were part of 
the ‘general system of algebraic equations upon which the solution of questions 
in the theory […] depends’31 as developed, for instance, in Boole 1854 a.32 It is 
only against the background of Venn’s particular reinterpretation of Boole’s 
so-called ‘algebra of logic’ (or ‘mathematical analysis of logic’)33 that both his 
interest in the work of Boole as well as his coming to terms with the mathe-
matical theorems of probability can be fully understood. For Venn’s statement, 
in Venn 1866, that probability theory is not a portion of mathematics, but a 
branch of (material) logic ‘which happens to make much use of mathematics’34 
closely resembles his remark, in Venn 1881, that Boole 1854 must be interpreted 
as employing mathematics as the language in which the generalization of (tra-
ditional) logic is expressed, rather than as mathematizing logic. Similarly, the 
central goal of Venn 1881, namely that of the establishment of ‘every general 
[mathematical] expression and rule on purely logical principles, instead of 
looking mainly [as does Boole] to its formal justification’,35 ipso facto applies 
to Venn 1866 in which Venn not only demonstrates that traditional probability 
theory is mathematical merely in its form and expression, but also criticizes 
precisely those theorems premised on the idea of it belonging to mathematics. 

Given that Venn’s re-logicization, so to say, of probability theory – and, for that 
matter, of Boole’s ‘algebra of logic’ – is itself premised on and characterized by 
his revision of Millian ‘material logic’ the following section will be devoted to 
this topic. The aim of this analysis is to pave the way for an understanding of 

30 For the details of what Venn learned from Boole’s criticism of traditional probability 
see Verburgt 2014 c. 

31 Boole 1862, p. 412. 
32 But see also Boole 1854a, chapters 16-21; 1854b; 1854c; 1857; 1862. A terrific account of 

Boole’s work on probability theory can be found in Hailperin 1986, part 2. 
33 In Venn 1881, Venn provides a lengthy defense of the conviction that the then prevalent 

opinion about Boole that he regarded logic as a branch of mathematics and that he 
simply applied mathematical rules to logical problems is ‘a very natural mistake 
[for] the […] processes of Boole’s methods [are] at bottom logical, not mathematical 
[even though] they are stated in such a highly generalized symbolical form and with 
such a mathematical dress upon them that the reader […] may work through them 
several times before the conviction begins to dawn upon him that he had any previous 
acquaintance with them’ (Venn 1876c, p. 480, p. 484). 

34 Venn 1866, p. viii. 
35 Venn 1881, p. xxix. 
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the implications for the foundations and import of probability theory of Venn’s 
attempt to force it into the shape of this system.36

1.2  Venn’s system of ‘material logic’

In the ‘Preface’ to Venn 1866, Venn acknowledges that with ‘what may be called 
the Material view of Logic […] I am in entire accordance’.37 But already in this 
work did he declare his reservations about Mill’s account. Somewhat remark-
ably, it is only in a paper of 1879 that Venn elaborates upon the dihculties 
for material logic put forward some thirteen years earlier. In Venn 1879, Venn 
writes that even though Mill is right about the fact that ‘Material Logic […] is 
involved in every science which professes to draw inferences about external 
things’,38 Mill does not recognize that 

In every such science we must suppose a certain number of facts given 
in experience, and therefore a certain number of propositions known to 
be true […] It is true that this […] is obscured in the case of […] ordinary 
inferences […] for here the same inference which first suggests the con-
ception to us may be the very thing which assures us of its truth […] 
But whenever we are drawing conclusions about things by means of 
inductive rules […] we [must] have a multitude of [mental] conceptions 
which we should be unwilling to call imaginary, and yet which we should 
scarcely be able […] to speak of facts. (Venn 1866, p. 127, my emphasis) 

Venn eventually came to argue that in so far as the ‘objectivity’ to which 
Mill appeals so as to circumvent these ‘conceptions’ is ‘at present indefinitely 
remote’39 it is ‘better not to claim an objectivity unattainable, but to admit 
frankly that […] Logic [is] conditioned on every side by subjective consider-
ations’.40 Given this situation the task is to create a ‘third science’ that stands 
between a purely (‘material’) objective system of logic à la Mill and a (‘concep-

36 In this sense, the – commonly emphasized – ‘empiricist’ character of Venn 1866 must 
be seen as an epiphenomenon of its ‘logicist’ outline – at least in so far as the former 
feature is included or implied in the latter rather than vice versa. 

37 Venn 1866, p. xiii. 
38 Venn 1866, p. 127. 
39 Venn 1879, p. 46. 
40 Venn 1879, pp. 46-47. 
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tualist’) subjective system of logic à la William Hamilton (1788-1856), Henry L. 
Mansel (1820-1871), De Morgan or Boole. If Venn sometimes seems to suggest 
that this alternative version of ‘material logic’ is merely a temporary construc-
tion and that Mill’s ‘material logic’ remains ‘an ideal towards which we are to 
aim’,41 in Venn 1889 logic is straightforwardly defined as ‘neither a purely objec-
tive nor a purely subjective science [but one] involving both elements, consist-
ing essentially in the relation of the one to the other;42 43 on the one hand, ‘outside 
us, there is the world of phenomena pursuing its course’44 and, on the other 
hand, ‘within us, there is the observing and thinking mind’45 making inferences 
about this world. Because logic is now said to be a derivate (‘non-ultimate’) 
science lacking ‘first principles of any kind’,46 Venn maintains that its foun-
dations are decided for by several postulates derived from disciplines such as 
metaphysics, psychology, physical science and grammar. Where the (‘general’47 
(chapter 1) and ‘special’48 (chapters 2, 3 and 4)) objective postulates construct 
the world of phenomena to which the terms of the propositions of immediate 

41 Venn 1879, p. 36. 
42 Venn 1889, p. 22, my emphasis. 
43 See Verburgt 2014b, section 2, for a detailed discussion of Venn’s formulation of an 

alternative version of ‘material logic’. 
44 Venn 1889, p. 22. 
45 Venn 1889, p. 22. 
46 Venn 1889, p. 1. 
47 Venn writes that ‘[i]n order to make our subject matter capable of scientific [i.e. 

logical] treatment [...] we are forced to make assumptions as to the simplicity and 
abstract perfection of our materials which are not justified in practice; but we know 
that it is only in so far as they are [theoretically] justified that our conclusions will hold 
good’ (Venn 1889, p. 39). In Venn 1889, these postulates are those which assert, firstly, 
the existence and (sensual) recognition of a stable realm of objects and, secondly, the 
constitution of separate or distinct objects to be ascertained by means of grouping 
them in the form of definition (chapter 11), division (chapter 12 and 13), analysis and 
synthesis (chapter 16), and standards and units (chapter 18 and 19). 

48 Because the ‘overwhelmingly larger proportion of […] facts is beyond the range of our 
immediate observation’ (Venn 1889, p. 46) it is also necessary to discover, under the 
heading of special objective postulates, ‘some kind of order, arrangement, or relations 
among the cases’ (Venn 1889, p. 46) – and this is accounted for by the ‘doctrine of 
causation’ governing, as it does, the two kinds of uniformity or order in nature, 
namely sequences and co-existences. 
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and syllogistic inferences refer, the subjective postulates (chapter 5) demanded 
‘on the Mental side’ account for the possibility of inductive inferences.49

 The originality that Venn ascribed to Venn 1866 was that of its thorough elab-
oration of probability theory along the lines of this (alternative) material view 
of logic.50 Where the mathematical probabilists had traditionally treated prob-
ability theory ‘up to the point where their mathematics would best come into 
play, and that of course has not been at the foundations’,51 Venn is the first 
of those writers ‘whose main culture [is] of a more general character [and] of 
free criticism’52 to establish the theory’s ‘fundamental principles upon which 
its rules rest, the class of inquiries to which it is […] properly applicable [and] 
the relation it bears to Logic’.53 Venn set out to show not only that probability 
theory must be regarded as a portion of the material, rather than conceptualist, 
viewpoint of logic, but also how it is to be transformed when it is thus said to 
contain ‘something more important than the results of a system of mathematical 
assumptions’.54 

2.  Venn’s probability theory

The general aim of Venn 1866 can readily be ascertained when it is recalled that 
probability theory deals with proportional propositions and recognized that 
its foundations are re-established on the basis of an exposition of the general 
and special objective and subjective foundational postulates. As in the case of 

49 The objective uniformity in nature (chapter 4) is to be accompanied by a psycholog-
ical, rather than logical, belief in its existence (chapter 5) which is to be regarded as 
the single most important part of the subjective foundational assumptions which Venn 
brings to the fore.

50 In the preface to the first edition of the Logic of Chance (see Venn 1866), Venn wrote 
that ‘the only writer who seems to me to have expressed a just view of the nature and 
foundation of the rules of Probability is Mr Mill, in his System of Logic. His treatment 
of the subject is however very brief, and a considerable portion of the space which 
he has devoted to it is occupied by the discussion of one or two special examples [...] 
[However] [t]he reference to [this] work [...] will serve to convey a general idea of the 
view of Probability adopted in this Essay’ (Venn 1866, p. xiii). 

51 Venn 1866, p. ix. 
52 Venn 1866, p. ix. 
53 Venn 1866, p. x. 
54 Venn 1866, p. xiv. 
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Venn’s material logic at large, the work of the probabilist consists of the expo-
sition of the structure of making ‘subjective’ (immediate, syllogistic and induc-
tive) inferences about these foundations which, when taken together, are to be 
seen as the postulary ‘objective’ ‘universe as the probabilist regards it’.55

The general objective foundations discussed in chapters 1 and 2 and the special 
objective foundations put forward in chapters 11 and 16 together define the 
objective foundation of probability, namely that of a particular kind of series. 
Importantly, similar to Venn 1889, in Venn 1866 the notion of the ‘subjective’ has 
a twofold status – left almost entirely unexplained by Venn. On the one hand, it 
is what accounts for the issue of ‘What is to be done with [the] series? How is 
it to be employed as a means of making inferences?’.56 The ‘subjective’ is, thus, 
that of making an immediate (chapter 3), syllogistic (chapter 4) or inductive 
(chapter 6, 7 and 8) inference on the ‘objective’ basis of a ‘series’57 – just as the 
step from the latter to the former is one ‘from the things themselves to the state 
of our minds in contemplating them’.58 On the other hand, the ‘subjective’ also 
creates this very basis, namely in the form of a ‘process of idealization’59 neces-
sary in order to ‘prune […] [series] a little into shape [so that] they are capable 
of being accurately reasoned about’.60 It is this circularity, i.e. the (partially) 
‘subjective’ construction of a foundation for ‘subjective’ contemplation, that 
forces Venn to show in what sense his definition of probability as ‘a science of 
inference about real things’61 can be upheld – or, for that matter, how it can be 
prevented from being concerned with taking ‘cognisance […] of the laws of our 

55 This is an allusion to the title of the first chapter of Venn 1889, namely ‘The physical 
foundations of inference, or the world as the logician regards it: an exposition of 
the principal assumptions demanded for the establishment of a material or objective 
system of logic’. 

56 Venn 1866, p. 56. 
57 These chapters correspond to chapter 5, chapter 6 and chapter 8 of Venn 1876a and 

chapter 6, chapter 7 and chapter 9 in Venn 1888, respectively. In these editions the 
general and special objecttive foundational postulates are discussed, in Part I, under 
the header of the ‘physical foundations’ of probability theory. Part II, which includes 
the treatment of immediate, syllogistic and inductive inferences, that is, the deductive 
and inductive part of probability, is here called the ‘logical superstructure’. 

58 Venn 1866, p. 56. 
59 Venn 1866, p. 56, emphasis in original. 
60 Venn 1866, p. 56. 
61 Venn 1866, p. 57. 
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minds in thinking about things’.62 At the same time, it must be emphasized that 
what is implied in this seeming ‘circularity’ is precisely the creation of an hypo-
thetical (‘imaginary’ or ‘ideal’) foundation for the frequency theory of proba-
bility. And this is not only what distinguishes Venn’s frequentism from that of 
the ultra-empiricist Mill63 and, given his empiricist scruples, from that of the 
Kantian-idealist Robert Leslie Ellis64 (1817-1859), but also what indicates that 
the standard view of Venn 1866 as the first systematic treatment of an ‘actual’ 
and ‘finite’ (‘real world’ or ‘matter of fact’) approach to probability à la Mill is, 
to a considerable degree, mistaken.65 

2.1  The general objective foundational postulates of probability

Venn commences his treatment of the ‘objective’ arrangement and formation 
of a ‘series’ by means of an illustration of the connection between the classes of 
objects and the proportional propositions – which mostly go ‘unrecognized […] 
in Logic, but [are] constantly drawn in practice [and] of which the characteris-
tic is that as they increase in particularity they diminish in certainty’66 – with 
which probability theory is concerned: 

Let me assume that […] some cows ruminate; I cannot infer logically 
from this that any particular cow does so, though I should feel some 
way removed from absolute disbelief or […] on the subject; but if I saw 
a herd of cows I should feel more sure that some of them were ruminant 
than I did of the single cow, and my assurance would increase with the 
numbers of the herd about which I had to form an opinion. Here then 
we have a class of objects as to the individuals of which we feel quite in 
uncertainty, whilst as we embrace larger numbers in our assertions we 
attach greater weight to our inferences. (Venn 1866, p. 3)

Because Venn, at least at this point, wants to avoid any further reference to a 
‘subjective element’, he proposes to analyze in detail that particular class of 
things which forms the subject-matter of probability, namely that of a series 

62 Venn 1866, p. xiii. 
63 Mill 1843, chapters 17 and 18. See also Strong 1978. 
64 Ellis 1844; 1854. On Ellis’s account of frequentism see Kiliç 2000; Verburgt 2013 a. 
65 For this point see Verburgt 2014a. 
66 Venn 1866, p. 3. 
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defined as ‘a large number or succession of objects’67 which ‘combines individ-
ual irregularity with aggregate regularity’.68 What, Venn asks, 

is the meaning of the statement that one cow in ten fails to suckle its 
young? […] It […] contemplates our examination of a large number, of a 
long succession of instances, and states that in such a succession we shall 
find a numerical proportion, not indeed accurate at first, but which tends 
in the long run to become accurate. (Venn 1866, p. 5)

Series are, thus, classes of things or ‘events’ which combine individual irreg-
ularity, or chaos, with aggregate regularity, or order, in the long run. It must 
be clear, on the one hand, that this irregularity cannot be observed in all the 
features of individual instances and, on the other, that even in the features 
‘in which the irregularity is observed, there are […] generally positive limits 
within which it will be found to be confined’69 such that the ‘disorder […] is not 
universal and infinite [but] only prevails in certain directions and up to a certain 
point’.70 More importantly, in so far as a series, contrary to the objects of which 
it consists, are not ‘given to us in nature’71 but a result of ‘our private arrange-
ment’,72 it is also to be recognized that ‘the individuals which form the series 
are compound, each being made up of a collection of […] attributes; some of 
[which] exist in all the members of the series, others are found in some only’.73 
The distinctive characteristic of probability theory is that 

the occasional attributes, as distinguished from the permanent, are 
found on an extended examination to exist in a certain definite propor-
tion of the whole number of cases [i.e.] as we go on examining more 
cases we find a growing uniformity [or] that the proportion of instances 
in which they are found to instances in which they are wanting is gradu-
ally subject to less and less variation and approaches continually towards 
some apparently fixed value. (Venn 1866, pp. 10-11)

67 Venn 1866, p. 6. 
68 Venn 1866, p. 4. 
69 Venn 1866, pp. 7-8. 
70 Venn 1866, p. 8. 
71 Venn 1866, p. 8. 
72 Venn 1866, p. 8. 
73 Venn 1866, p. 9. 



1555 | John Venn’s hypothetical infinite frequentism and logic

Consequently, Venn concludes that the ‘ultimate basis upon which all the rules 
[of evidence] of Probability must be based’74 is that of a series defined as a suc-
cession of groups that, in turn, consists of collections of substances or ‘perma-
nent attributes’ which, when they in the long run turn out to be ‘common to the 
whole succesion [sic], [give] unity to the [series]’.75 

2.2  Venn’s general objective foundational postulates of probability 
and the two sides traditional probability theory

At this point in his discussion of the general objective foundational postulates 
of probability theory, Venn, referring to Jakob Bernoulli’s (1654-1705) famous 
theorem of his Ars Conjectandi (1713/2006),76 cautions that the uniformity, or 
aggregate order, that gradually emerges out of individual disorder ‘though 
durable is not everlasting’.77 The reason for this is that so-called ‘natural uni-
formities’ are found ‘at length to be subject to fluctuation’78 since there are 
no persistent and/or invariable types in nature. It is merely in artificial games 
of chance – the subject of the calculations presented in part I-III of Bernoulli 
1713/2006 – that it is possible to find ‘fixity in the uniformity’.79 Now, in so 
far as natural uniformities at length fluctuate and ‘those aforded by games 
of chance [are] fixed for ever’,80 it is necessary to make a distinction between 
these two kinds of series which are 

alike in [both] their initial irregularity [as well as] their subsequent reg-
ularity; it is in […] their ultimate form that they begin to diverge from 
one another [because] [t]he one tends without any permanent variation 
towards a fixed numerical proportion in its uniformity [and] in the other 
the uniformity is found at last to fluctuate […] in a manner utterly irre-
ducible to rule. (Venn 1866, p. 17)

74 Venn 1866, p. 11. 
75 Venn 1866, p. 11. 
76 For terrific accounts of Jakob Bernoulli’s contributions to probability theory see, for 

instance, Hacking 1971; Schafer 1996. 
77 Venn 1866, p. 14. 
78 Venn 1866, p. 16. 
79 Venn 1866, p. 17. 
80 Venn 1866, p. 17. 
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Before discussing the implications of this distinction for the series resulting 
from the general objective foundational postulates (see section 2.3), it is of 
some importance to show that also the two central targets of Venn’s criticism of 
traditional probability theory, namely its ‘direct’ (section 2.2.1) and ‘indirect’ 
part (2.2.2), must be understood against the background of the distinction. 

2.2.1 The traditional (‘subjective’) definition and foundation of probability 

Venn dismisses the traditional theory’s justification of the (‘direct’) statement 
that in the case of artificial series ‘we are able to know beforehand […] that 
[the] events occur, in the long run, about equally often’,81 and denies that it 
may be concluded that ‘the real basis of our calculations is not the series itself, 
but some a priori conditions on which the series depends’.82 Instead, he argues 
not only that when the notion of the ‘equi-probability’ of events accompany-
ing the statement is explained with reference to a state of the mind probability 
theory becomes a portion of psychology, rather than a science of the external 
events to which this state refers. But Venn also has it that in so far as the a priori 
conditions appearing in the conclusion ‘are really nothing else than a mode of 
securing an [empirical] result’83 they are empirical restrictions in disguise.84 
Given that it is upon these restrictions that our inferences ultimately rest’,85 
he holds that it is ‘simpler and more philosophical to appeal to it at once as the 
groundwork of our science’.86 

Venn mentions De Morgan as one of the eminent authorities who has attempted 
to formulate the foundations of probability theory on the basis of the tradi-
tional (‘subjective’) definition of probability as a ‘quantity of belief’. He, Venn, 

81 Venn 1866, p. 27. 
82 Venn 1866, p. 27. 
83 Venn 1866, p. 31. 
84 Venn writes that the ‘moment we begin to enquire […] whether the penny will 

really do what is expected of it, we shall find that restrictions have to be introduced. 
[For instance] the penny must be an ideal one, with its sides equal and fair […] I am 
convinced that […] we shall find that [the] tacit restrictions on the a priori plan are 
really nothing else than a mode of securing an experimental result. They are only a 
way of saying, Let a series […] be performed in such a way as to secure a sequence 
of a particular kind [i.e.] [l]et means be taken for obtaining a given result’ (Venn 1866, 
pp. 30-31). 

85 Venn 1866, p. 31. 
86 Venn 1866, p. 31. 
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puts forward two arguments against the very possibility of this undertaking. 
Firstly, and most generally, given that variation of belief is not confined to prob-
ability theory,87 and it is doubtful whether its variations are always governed by 
the same laws, it seems ‘in vain to endeavour to force them into one science’.88 
Secondly, even if this would be possible it is clear that the actual definition 
of science from the ‘subjective’ side hinges on two assumptions. Firstly, ‘that 
our belief of every proposition is a thing which we can […] be said to measure 
[for] [t]here must be a certain amount of it in every case, which we can realize 
somehow […] and refer to some standard so as to pronounce upon its value’. 
And secondly that the value thus apprehended is the correct one according to 
the theory, i.e. ‘that it is the exact fraction of full conviction that it should be’.89 

About the first assumption Venn remarks not only that ‘the emotional element 
is present upon […] every occasion and its disturbing influence [is] constantly 
at work’,90 but also that a belief of a proposition depends on extremely complex 
and a great variety of evidence and arguments. The second assumption is 
explained with reference to the unruly nature of (undisciplined) human minds, 
something which can be derived from the fact that convictions about single 
events are rarely, if ever, apportioned to the theoretically established quantity 
of belief.91 Venn also points out that when it is conceded – for instance, by 
William F. Donkin (1814-1869) – that ‘though people […] do not apportion 
belief in [an] exact way […] they ought to do so’,92 this exactly ‘grants all that I, 
Venn] am contending for [since] it admits that the degree of belief is capable of 
modification […] in accordance with [the] experience’93 of a series. 

87 Venn notes that it plays a role ‘in every case we extend our inferences by Induction 
or Analogy, or depend upon the witness of others, or trust to our own memory of the 
past, or come to a conclusion through conflicting arguments, or even make a long and 
complicated deduction by mathematics or logic [etc]’ (Venn 1866, pp. 62-63). 

88 Venn 1866, p. 63. 
89 Venn 1866, p. 64. 
90 Venn 1866, p. 66. 
91 Venn supports this claim by means of the example of a lottery with 100 tickers and ten 

prizes. He asks whether ‘a man’s belief that he will get a prize [is] fairly represented by 
one-tenth of certainty? The mere reference to a lottery should be suhcient to disprove 
this. Lotteries have flourished at all times, and have never failed to be abundantly 
supported, in spite of the most perfect conviction […] that in the long run all will lose’ 
(Venn 1866, p. 68). 

92 Venn 1866, p. 72. 
93 Venn 1866, p. 72. 
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Taken together, Venn’s criticism amounts to the statement that the attempt 
of the (conceptualist) mathematicians to turn the traditional ‘subjective’ defi-
nition of probability as a gradation of belief into the foundation of the theory 
at large is self-defeating. For it either detaches ‘Probability altogether from 
the study of things external to us’,94 or, if it holds that a degree of belief can 
be modified in accordance with experience, it demonstrates that ‘it is [more] 
reasonable to start from this experience, and to found the theory […] on it’.95 
Venn feels comfortable to conclude that the ‘subjective side of Probability […], 
though very interesting and well deserving of examination,96 seems a mere 
appendage of the objective, and afords in itself no safe ground for a science 
of inference’.97 

2.2.2 The place of ‘objective probability’ in traditional probability theory

Venn also dismisses the (‘indirect’ or ‘inverse’) doctrine of traditional proba-
bility theory which extrapolates its ‘a priori’ plan to examples or events other 
than those related to games of chance. Put diferently, he is of the opinion that 
this doctrine – as found, for instance, in the work of Bernoulli and P.S. Laplace 
(1749-1827) – which applies the idea that ‘in the long run all events will tend to 
occur with a frequency proportional to their objective probability’98 to both 
artificial and natural series is nothing but an attempt to ‘force the Calculus of 
Probability upon a class of subjects which do not properly belong to it’.99

The argument for this claim goes as follows. Venn not only has it that the very 
notion of an ‘objective probability’ that is ‘perpetually striving, and gradu-
ally, though never perfectly, succeeding in realising itself’100 is premised on a 
questionable extrapolation which purports that ‘just as there [is] a relation of 
equality between the two sides of the penny, so there may be something in our 
bodies in the proportion of [e.g.] 106 [males] to 100 [females] which produces 

94 Venn 1866, p. 72. 
95 Venn 1866, p. 72. 
96 To this Venn adds that ‘in many [‘artificial’] cases it would be a real hardship to be 

debarred from appealing’ to the ‘a priori plan’. 
97 Venn 1866, p. 75. 
98 Venn 1866, p. 35. 
99 Venn 1866, p. 204. 
100 Venn 1866, p. 38. 



1595 | John Venn’s hypothetical infinite frequentism and logic

[a] statistical result [of births]’.101 But he also writes that this analogy is itself 
an illustration of ‘the inveterate tendency to objectify our conceptions even in 
cases where the conceptions had no right to exist at all’.102 Taken together, the 
doctrine of ‘indirect’ or ‘inverse’ probability is said to come about as follows: 

A uniformity is observed; sometimes, as in games of chance, it is found 
to be so connected with the physical constitution of the bodies employed 
as to be capable of being inferred beforehand […]; this constitution is 
then converted into an “objective probability”, supposed to develop 
somehow into the sequence which exhibits the uniformity. Finally, this 
[…] questionable “objective probability” is assumed to exist […] in all 
the cases in which uniformity is observed, however little resemblance 
there may be between these and games of chance. (Venn 1866, p. 36)

Because the validity of the extrapolation – or, for that matter, of the objectifi-
cation of the constitution – can only be upheld when the existence of so-called 
‘fixed types’ in nature is assumed, Venn concludes that the doctrine is ‘one of 
the last remaining relics of Realism, which after being banished elsewhere, still 
manages to linger in […] Probability’.103 

Venn’s criticism of the two central doctrines of the traditional (‘subjective’) 
theory of probability can now be summed up: After having mistaken the 
‘empirical’ restrictions involved in artificial series for ‘a priori’ conditions upon 
which the probabilities somehow depend, these conditions were illegitimately 
extrapolated to natural series such that their uniformity also seemed capable 
of being determined beforehand. In other words, the traditional theory is said 
to be characterized not only by the misunderstanding of artificial and natural 
series, but also by the failure to distinguish them. 

101 Venn 1866, p. 34. 
102 Venn 1866, p. 36. 
103 Venn 1866, p. 36. 
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2.3  Substituted (natural) series versus 
the extrapolation of artificial series

The most crucial tension in those chapters of Venn 1866 dedicated to the general 
objective foundational postulates of probability theory is the following. On the 
one hand, Venn dismisses the ‘inverse doctrine’s’ notion of an ‘objective prob-
ability’, but, on the other hand, he acknowledges that it is only about series 
which exhibit a regularity that does not fluctuate that it is possible to make 
inferences. It is thus in full recognition of the ‘error which [is] committed 
[when] in any example we […] substitute an imaginary series of the [artificial] 
kind for any actual series of the [natural kind] [for this] is equivalent to saying, 
Let us assume that the regularity is fixed and permanent’104 that Venn claims 
that this ‘substitution’ must be made in order to transform probability into a 
general science of inference. That is, even though

In examining the series of statistics which arise out of any of [the] natural 
[series] we should generally find that as a matter of fact the series tend at 
length to lose their regularity […] this will not suit our purposes. What 
we do therefore is to make a substitution, and employ instead a series 
which shall be regular throughout. It is by this substituted series that we 
do in reality make our inferences. (Venn 1866, p. 23) 

Venn thus emphasizes the necessity of a process of what he calls ‘idealization’ 
in which the ‘things’ about which probability makes inference are brought into 
a shape ‘fit for calculation’.105 Although this makes his position vis-à-vis the 
traditional theory somewhat difuse – he first criticizes it for treating natural 
series as if they are artificial series, but then goes on to argue that this substitu-
tion is inevitable –, Venn defends himself by writing that where he explicitly 
characterizes these ‘substituted (natural) series’ as ‘mere fiction’ and ‘artifice’, 
the traditional probabilists pretend as if natural series of themselves are of the 
form of artificial series and they thereby obscure the distinction between ‘the 

104 Venn 1866, p. 18. 
105 More in general, Venn holds that if ‘the series be supposed terminable, or irregularly 

fluctuating, then in so far as this is the case the series ceases to be a subject of science 
[and] [w]hat we have to do under these circumstances is to substitute [or ‘invent’] a 
series of the right kind for the inappropriate one presented by nature’ (Venn 1866, p. 108, my 
emphasis). 



1615 | John Venn’s hypothetical infinite frequentism and logic

actual series about which we reason and the substituted series we employ in 
reasoning about it’.106 Importantly, Venn is of the opinion that in so far as

the series we actually meet show a changeable type, and the individuals 
of them will sometimes transgress their licensed irregularity […] they 
have to be pruned a little into shape, as natural objects always before they 
are capable of being […] reasoned about. The form in which the series 
emerges is that of a series with a fixed type, and with its unwarranted 
irregularities omitted. This […] ideal series is the basis of our calcula-
tion [but] this is [not] at variance with the assertion […] that Probability 
is a science of inference about real things; it is only by a substitution […] 
that we are enabled to reason about things. (Venn 1866, pp. 56-57, my 
emphasis) 

Now, it is about the substituted, or idealized, series resulting from Venn’s dis-
cussion of the general objective foundational postulates that the immediate and 
syllogistic inferences of probability theory are drawn. 

106 Venn 1866, p. 37. Venn illustrates this argument by means of a reflection on the (arith-
metical) mean. Referring to an example drawn from the work of the statistician 
Adolphe Quetelet (1796-1874), he writes that [i]n measuring the height of a building 
twenty times […] I may not perhaps twice find the same identical value […] because 
[this] operation [is] liable to some uncertainty. I [then] content myself […] by taking 
the average of all my results as the true height sought […] I may employ the calculation 
of the mean in another sense. I wish to given an idea of the height of the houses in a 
certain street. The height of each of them must be taken and the sum of the observed 
heights must be divided by the number of houses. The mean will [here] not represent 
the height of any particular [house]; but it will assist in showing their height in general 
[…] In the first [case] the mean represents a thing really in existence [and] in the 
second, it gives, in the form of an abstract number, a general idea of many things essen-
tially diferent’ (Venn 1866, pp. 40-41). Here Venn wishes to dismiss the extrapolation 
of the assumption, in the first case, that there is a real value to be approximated, to 
the second case in which this value is lacking so as to be able to put forward the claim 
that the actual heights are modeled upon a fixed type, or mean, somehow common 
to them. For, Venn asks, ‘what is this but the reappearance of the realistic doctrine?’ 
(Venn 1866, p. 43). In Venn 1876a, Venn dedicates one whole chapter, and in Venn 1888 
two chapters, to this discussion; see Venn 1876a, chapter 13; Venn 1888, chapter 18 and 
19. 
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2.4  The deductive part of probability theory: 
rules of immediate and syllogistic inference 

The aim of this section is to provide an account of the rules governing these 
immediate and syllogistic inferences which together form the deductive part of 
Venn’s system of probability. It is important to emphasize that this part is pre-
sented as the logical reformulation of all mathematical theorems of traditional 
probability theory – such that ‘the great body of formulae which are made use 
of in treatises upon the science’ are said to be ‘nothing else […] than applica-
tions of the […] fundamental rules’.107 If this seems an impressive achievement, 
it is to the enquiry ‘whether [or not] Probability is entirely a formal or deduc-
tive science’108 that Venn himself dedicates the bulk of Venn 1866. But before 
considering this inductive part of the theory in section 2.5, this section is ded-
icated, as said, to the rules of which the deductive part consists. 

2.4.1 Immediate (deductive) inference in probability 
and the problem of ‘substituted series’

It is in the chapters dedicated to his criticism of the traditional (‘subjective’) 
definition of probability that Venn asks what kind of inferences can be made 
about the ‘substituted’ series. His first answer is ‘immediate inferences, – infer-
ences, that is, of the type, – All men are mortal, therefore any particular man 
or men are mortal’.109 Although these are simple and obvious logical inferences, 
they require careful consideration in probability theory. The reason for this is 
that even though, on the one hand, the ‘substituted’ series arise from general 
objective postulates which idealize from individual events such that, on the 
other hand, inferences are not about ‘individuals as individuals, but about series 
or a succession of them’,110 it is impossible to neglect all consideration of ‘irreg-
ular individuals’.111 Venn recognizes this somewhat uncomfortable situation 
when observing that his treatment in the first two chapters of Venn 1866 of the 

107 Venn 1866, p. 121. 
108 Venn 1866, p. 167. 
109 Venn 1866, p. 58. 
110 Venn 1866, p. 192. 
111 Venn 1866, p. 59. 



1635 | John Venn’s hypothetical infinite frequentism and logic

general objective foundational postulates of probability ‘seem to preclude all 
enquiries of this kind’.112 

The solution which he puts forward echoes his justification of the ‘substituted’ 
series’ – and this in two respects. Firstly, if it is on the basis of the ‘substituted 
series that we […] make our inferences [and] [t]he validity of the inferences 
obtained [by means of it] depends upon there being a close agreement between 
the substituted series and the real one’,113 the ‘degree of belief [!] we entertain 
of a proposition may be hard to get at accurately, and when obtained may be 
often wrong, and need therefore to be checked by an appeal to the objects of 
belief’.114 That is, for both immediate inferences as well as the beliefs in them 
it holds that these must be justified by experience. Venn emphasizes that this 
does not suhce in order to establish the amount of (partial) belief:

I am about to toss [a penny] up, and I [thus] half-believe […] that it will 
give head. [I]f we appeal to the event […] our belief must inevitably be 
wrong, and therefore [this] test […] will fail. For the thing must either 
happen or not happen […] But whichever way it occurs, our half-be-
lief […] must be wrong. If head does come, I am wrong in not having 
expected it enough [and] [i]f it does not happen I am equally wrong in 
having expected it too much. (Venn 1866, pp. 78-79) 

Secondly, given that the very employment of probability theory postulates 
ignorance of the single event the only possible answer to this is that ‘what we 
really mean by saying that we half believe in the occurrence of head is to express 
our conviction that head will certainly happen […] every other time […] in the 
long run’.115 Venn is quick to point out that in so far as this answer undermines 
the whole question – ‘for it admits that […] partial belief does not […] apply 
to the individual event’116 – the problem can actually not be dealt with ‘on the 
theory adopted throughout this Essay’.117 After providing a lengthy psycho-
logical (!) explanation of the idea of a quantity of belief, Venn arrives at the 

112 Venn 1866, p. 59. 
113 Venn 1866, p. 23. 
114 Venn 1866, p. 75. 
115 Venn 1866, p. 80. 
116 Venn 1866, p. 80. 
117 Venn 1866, p. 80. 
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(non-psychological) conclusion that ‘we are very seldom called upon to decide 
and act upon a single contingency which cannot be viewed as being one of a 
series’.118 This statement amounts to the claim that the phenomena of human 
experience always present themselves as series – which seems not only to be a 
case of petitio principii, but also to undermine the whole idea of the series of 
probability being obtained from, rather than coinciding with, experience. It is 
no surprise that the frequency theory of probability has a great deal of trouble 
dealing with individual (or single) events. But if it may be said that Venn was 
one of the first to acknowledge this, it is all the more interesting to observe that 
he does not press the point that if his theory of probability is true, then state-
ments about the probability of single events are redundant. The reason for this 
feature of Venn’s general viewpoint is that the whole of Venn 1866 is dedicated 
to demonstrating that after probability theory has been reinterpreted as being a 
branch of (material) logic it becomes possible to formulate (non-mathematical) 
foundations that are, among other things, able to account for the traditional 
(‘subjective’) definition of probability and the assignment of probabilities to 
single events in the form of expectations and/or degrees of belief. At least this 
much is clear from Venn’s remark that his investigation of the way in which 
particular propositions can be inferred from the general propositions which 
include them, that is, of immediate inferences, has suggested that, ‘although 
this step was very far from being so simple [...] as the corresponding step 
really is in Logic, there [is] an intelligible sense in which we might speak of the 
amount of belief in any one of [the] proportional propositions, and justify that 
amount’.119

2.4.2 The general rules of (deductive) syllogistic inference in probability 

In chapter 4 (‘The rules of inference in probability’), Venn moves from the 
treatment of the tedious issue of immediate (deductive) inference to that of the 
general rules of inference in probability, namely those related to inferring one 
general proposition from another general proposition. The central goal of this 
chapter in Venn 1866 is to show, on the one hand, that ‘[f]rom the data now in 

118 Venn 1866, p. 86, my emphasis. 
119 Venn 1866, p. 112. 
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our possession we are able to deduce the rules of probability given in ordinary 
treatises upon the science’120 and, on the other, that it is 

more correct to say that we are able to deduce some of these rules, for 
[…] they are of two very diference kinds, resting on entirely distinct 
grounds. They [must] be divided into those which are formal, and those 
which are […] experimental. This may be otherwise expressed by saying 
that, from the [‘substituted’] series […] some rules will follow necessar-
ily by the mere application of arithmetic; whilst others either depend 
upon peculiar hypotheses, or demand for their establishment continually 
renewed appeals to experience, and extension by the aid of Induction. 
(Venn 1866, p. 113) 

The ‘formal’ rules are those of addition and subtraction, multiplication and 
independence.121 Firstly, if it holds that the probability of two incompatible 
events m or n is  1—m  and  1—n , the probability of the occurrence of m or n is  1—m  +  
1—n  or 

m+n—mn   – i.e. when there are ‘two distinct properties observable in various 
members of the series, which properties do not occur in the same individual 
it is plain that in any large batch the number that are of one kind or the other 
will be equal to the sum of those of the two kinds separately’122 – it is also true 
that when the probability of one or other of two incompatible events is  1—m  and 
that of one alone is  1—n , the probability of the remaining event is  1—m  −  1—n  or 

n–m—mn   . 
Secondly, in the case of two invariably connected events it is possible to make 
an inference by means of multiplication for ‘if the [probability] of one event 
is  1—m , and the [probability] that if it happens another will also happen is  1—n , the 
consequent [probability] of the latter is   

1—mn   ’.
123 Thirdly, inferences are to be 

made on the basis of the assumption of their independence in those cases in 
which it is not known whether the properties distinguishing the diferent kinds 
of events are either disconnected (i.e. incompatible) or (invariably) connected 
– and this with the proviso that the probabilities following from the rule accom-

120 Venn 1866, p. 113. 
121 The analysis of the special objective foundational postulates that determine the 

connection of probability theory with induction and function as the conditions for 
inductive inference is provided in section 2.5.2. The present sub-section confines 
itself to the description of the formal, or arithmetical, rules of inference. 

122 Venn 1866, p. 113. 
123 Venn 1866, p. 115. 
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panying this assumption, namely that ‘[i]f the [probabilities] of a thing being p 
and q [where these are independent] are […]  1—m  and  1—n , then the [probability] of 
its being both p and q is   

1—mn   , p and not q is n −  1—m  and  1—n ,  then the [probability] 
of its being both p and q is   

1—mn   , p and not q is n−1—mn , q and not p is m−1—mn , not p and 
not q is (m−1)(n−1)

mn ’,124 are related to experience. This, in fact, holds for all of the 
probabilities resulting from the arithmetical processes; [t]hese […] must first be 
re-translated into statements about the things, and then the inferences must be 
drawn from observations upon these things’.125

After having put forward the four fundamental (formal) rules of inference in 
probability, Venn asks ‘What is their relation to the great body of formulae 
which are made use of in treatises upon the science [of probability?]’.126 His 
bold answer is that in so far as these formulae ‘properly belong to the science, 
are nothing else […] than applications of [these] rules’127 and in so far as they 
make recourse to mathematics are merely ‘convenient and necessary abbrevia-
tions of [these] arithmetical processes’.128 

2.5  The inductive part of probability theory: 
rules of (inductive) inference

Because the general aim of Venn 1866 is to demonstrate that probability theory, 
being a branch of material logic, is a ‘science of real inference about things, it 
must surely give us something more than immediate [and/or syllogistic] infer-
ences’ –129 i.e. it is also to enable the logician to ‘step beyond the limits of what 
has been actually observed, and to draw [inductive] conclusions about what is 
as yet unobserved’.130 After having demonstrated that four (‘formal’) rules of 
(deductive) inference follow from the mere application of arithmetic to the 
‘substituted’ series, Venn thus shifts his attention to the (‘experimental’) rules 

124 Venn 1866, pp. 117-118. 
125 Venn 1866, p. 120. 
126 Venn 1866, p. 121. 
127 Venn 1866, p. 121. 
128 Venn 1866, p. 121. 
129 Venn 1866, p. 146. 
130 Venn 1866, p. 146. 
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which ‘demand for their establishment continually renewed appeals to experi-
ence and extension by the aid of Induction’.131

This topic is discussed in two chapters of Venn 1866;132 where chapter 6 (‘The 
rule of succession’) (see section 2.5.1) sets out to dismiss in totem the traditional 
treatment of it, in chapter 7 (‘Induction, and its connection with probability’) 
Venn describes in some detail his own account of the possibility of drawing 
inductive inferences by strict rules from proportional propositions about 
‘series’ (section 2.5.2.1). It will be made clear in the course of the following 
sub-sections how both this possibility as well as the dismissal are related to the 
subjective and special objective foundational postulates of probability theory 
(section 2.5.2). 

2.5.1 The ‘rule of succession’

The central point of Venn’s criticism of the traditional treatment of inductive 
inference in probability theory is that its ‘undue stress upon the subjective side 
of Probability, upon that which treats of the quantity of our belief’133 has pre-
vented it from recognizing that the ‘formal’ and ‘experimental’ rules ‘are of two 
very diferent kinds, resting on entirely diferent grounds’.134 This statement is 
introduced by means of the following example: 

We are [for instance] considering the prospect of a given man, A.B., 
living another year, and we find that nine out of ten men of his age do 
survive. In forming an opinion about this […] we shall find that there 
are in reality two very distinct causes which modify the strength of our 
conviction. (Venn 1866, p. 149) 

Firstly, there is ‘that which strictly belongs to Probability; that which […] 
measures our belief of the individual proposition as deduced from the general. 
[But] [g]ranted that nine men out of ten of the kind to which A.B. belongs do 

131 Venn 1866, p. 113. 
132 These two chapters correspond to chapter 7 and 8 in Venn 1876a, and chapter 8 and 9 

in Venn 1888. 
133 Venn 1866, p. 147. 
134 Venn 1866, p. 113, my emphasis. 
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live another year, it […] does not follow that he will’.135 Secondly, it is uncer-
tain whether nine men out of ten like him will actually live another year; ‘we 
know that they have in time past, but will they continue to do so?’.136 Given 
that A.B. is still alive, ‘it is plain [not only] that this proposition is […] assumed, 
or rather obtained by Induction’,137 but also that ‘[w]e cannot […] be as certain 
of the inductive inference as we are of the data from which it was inferred’.138 
Hence, there is yet another cause which diminished the belief in the propor-
tional proposition – one which the traditional probabilists confuse together 
with the former cause. Consequently, they have neglected 

[t]he [slight] step from the statement ‘all men have died in a certain pro-
portion’ to the inference ‘they will continue to die in that proportion’ 
[and] assumed that the unexamined instances will resemble the examined 
[such that] the theory of the calculation rests upon the supposition that 
there will be no diference between them. (Venn 1866, p. 150, p. 152)

The ‘rule of succession’ is that rule which considers the implications of this 
divergence of past and future experiences as its subject of calculation – i.e. it 
allows for the measurement of expectation ‘that we should have of the reappear-
ance of a phenomenon that has been already observed any number of times’. 
Although the truth of it ‘does not seem to be doubted by any of the writers 
on Probability’,139 the central point of Venn’s, somewhat opaque, examination 
seems to be that as a rule of inference it must be rejected. 

Referring to Laplace’s Essai philosophique sur les probabilités (1814/1840), he 
observes that

[o]n the one hand [Laplace] appeals to it as a valid rule of inference, but 
on the other hand he enters into decidedly psychological and even phys-
iological explanations […] [H]e does not appear to perceive the fact that 
by converting [the] formula into an ultimate principle we do in reality 
abandon it as a practical rule. (Venn 1866, p. 162) 

135 Venn 1866, p. 149. 
136 Venn 1866, p. 149. 
137 Venn 1866, p. 149. 
138 Venn 1866, p. 149. 
139 Venn 1866, p. 153. 
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Venn agrees that any rule of inductive inference is connected to psychology and 
physiology. But his opinion is that these considerations lie at ‘an immense depth 
below the surface of [the] rules of inference [of] Logic or Probability […] and 
assume a very diferent form’140 namely that of subjective and special objective 
foundational postulates. As in the case of the doctrine of ‘inverse probability’ 
(see section 2.2.2), Venn contrasts these postulates with the (‘realist’) extrap-
olation of the features of artificial series to nature underlying the traditional 
accounts of the ‘rule of succession’: 

[A]ccording to Laplace, we feel a confidence, as the sun sets, of more 
than a million to one that it will rise again […] [But] [w]hat are the data 
by which this grand generalization is drawn? […] [I]t is a bag contain-
ing balls of a black and white colour. [The] rule [is] established as to the 
surmises we may form about the proportion of diferent colours in the 
bag, after we have drawn a few, and therefore of the proportion that will 
continue to be given in future. The supposition […] slips in […] that the 
universe is constructed on the same principle as such a bag, from which 
the rule […] is supposed to follow. Venn (1866, p. 164)

2.5.2 The subjective and special objective foundational 
postulates of inductive inference in probability 

The fundamental importance of the subjective and special objective founda-
tional postulates for his probability theory can be ascertained from the follow-
ing passages:141 

140 Venn 1866, p. 162. 
141 It is in chapter 7 (‘Induction, and its connection with probability’) and 9, (‘Criticism 

of some common conclusions in probability’) 11 (‘On the causes by which the peculiar 
series of probability are produced’) and 14 (‘Causation’) that Venn puts forward the 
subjective and special objective foundational postulates of inductive inference in 
probability, respectively. These four chapters correspond to the other two editions 
of Venn 1866 as follows; where chapter 7 of Venn 1866 corresponds to chapter 8 of 
Venn 1876a and chapter 9 of Venn 1888, chapter 9 and 11 of Venn 1866 are comprised 
into one chapter, namely chapter 3 of Venn 1876a and Venn 1888. Chapter 14 of Venn 
1866 resembles chapter 9 of Venn 1876a and chapter 10 of Venn 1888, albeit these latter 
two chapters also include a discussion of theological objections against chance with 
reference to design. 
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It is [crucial] to enquire whether […] Probability is entirely a formal or 
deductive science, or whether […] we are able, by means of it, to make 
valid inferences about instances as yet unexamined. (Venn 1866, p. 167, 
my emphasis) 

‘There must be some mental link to bind together the examined and the 
unexamined cases before we can make any new inferences about the 
latter. Without such a link there could […] be no extension beyond the 
strict limits of past experience. (Venn 1866, p. 161) 

To generalize a formula so as to make it extend from the known to the 
unknown, it is clearly essential that there should be a certain permanence 
in the order of nature. (Venn 1866, p. 173) 

About the subjective foundational postulates accounting for the ‘psycholog-
ical’ grounds of induction it suhces to note that these result from a critique 
of the well-known Millian theory of induction.142 In brief, Venn argues that 
the ultra-empiricist definition of inductive inference as ‘that act of the mind 
by which, from a certain definite number of things […] we make an inference 
extending to an indefinite number of them’143 wholly neglects the creative 
role of the mind in selecting the things from which the inference starts. For 
instance, in the case of the inference ‘this A and that A, and so on, are X, there-
fore every A is X ’,144 Mill omits the dihculty involved in ‘discovering and rec-
ognizing [the] A’.145 Venn heavily insists on the fact that the ‘great ingenuity’ 
and ‘considerable efort of mind’ necessary to do so in (more) complex cases is 
a part of induction. 

Venn begins his treatment of the special objective foundational postulates by 
exposing two diferent connections between induction and probability theory. 
Firstly, if by the former 

142 For a detailed account of this critique of Venn of the Millian theory of induction see 
Verburgt 2014, section 2.2. 

143 Venn 1866, p. 195. 
144 Venn 1866, p. 195. 
145 Venn 1866, p. 195. 
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we determine, for example, whether we can safely generalize the prop-
osition that four men in ten live to be fifty; supposing such a proposition 
to be generalized, we hand it over to [the latter] to say what sort of infer-
ences can be deduced from it […] The point which we [have] reached [is] 
this: Given a series of a certain kind, we could draw inferences about 
the members which compose it. (Venn 1866, p. 173, p. 174, my emphasis)

However, in many cases there is no determinate (‘substituted’) series – such 
that, secondly, the problem of making inductive inferences mostly presents 
itself in a quite diferent form: 

Before our data were of this kind: – Eight out of ten men, aged fifty, 
will live ten years more, and we ascertained in what sense […] we could 
infer that, say, John Smith, aged fifty, would live ten years. Let us now 
suppose, instead, that John Smith presents himself, how should we in 
this case set about obtaining a series? (Venn 1866, p. 175) 

Because ‘every individual thing has an indefinite number of properties or attrib-
utes’146 and might thus be ‘considered as belonging to an indefinite number of 
diferent classes of things’147 which are ‘not necessarily conterminous with 
[each other]’,148 this is, indeed, a very complex process. It bears upon inductive 
inference since to all of the classes there correspond ‘a number of propositions 
discovered by previous observations or Inductions’149 150 which, in probability 
theory, can give rise to conflicting proportional propositions and (two kinds of) 
dihculties in drawing conclusions. The mild form occurs when the main class 
is a natural kind151 and the diferent classes corresponding to it are included one 

146 Venn 1866, p. 176. 
147 Venn 1866, p. 176. 
148 Venn 1866, p. 176. 
149 Venn 1866, p. 177. 
150 For instance, ‘Some men live to sixty. No consumptives live to forty. No pauper lives 

to fifty [etc.]’ (Venn 1866, p. 177). 
151 Venn describes the importance of natural classes for drawing inductive inferences in 

probability theory as follows: ‘In [those] examples [...] where one of the classes – man 
– is a natural kind, there is such a complete break [...] that on the one hand no one 
would ever think of introducing any reference to the higher classes with fewer attrib-
utes, such as animal or organized being. And on the other hand the inferior classes, 
such as farmer or inhabitant of Sufolk, do not difer suhciently in their characteristics 
from the class man to make it worth our while to attend to them’ (Venn 1866, p. 181). 
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within another – such that the task becomes that of balancing between taking 
too wide and too narrow a class.152 The aggravated form arises when there is 
no main class which is a natural kind and the diferent classes are not included 
one within the other – such that the inferences made in probability, namely 
those about what occurs in the average of similar cases, become problematic 
in so far as there are now several ‘aspects of […] similarity’153 introducing 
several averages. Venn resolved this situation as follows. Firstly, ‘in choosing 
a series we must seek […] the members of which shall resemble our individual 
in as many of his attributes as possible’.154 Secondly, in order to uphold that 
these members can function as exemplars, so to say, of the individual it is to be 
supposed that they continue to do so. Thus, for example:

[N]ine out of ten Englishmen are injured by residence in Madeira, but 
[…] nine out of ten consumptive persons are benefited by such a resi-
dence […] John Smith is a consumptive Englishman; are we to recom-
mend a visit to Madeira [?] When it is said that nine Englishmen out of 
ten die in Madeira, it is meant that of those who come to the [Insurance] 
Ohce […] nine-tenths die. The consumptives are supposed to go there 
just like […] any other special class [and] [t]he tables are then calculated 
on the continuance of this state of thing. Venn (1866, p. 186, p. 188) 

It is the existence of ‘a certain permanence in the order of nature’ – or, more 
specific, of the ‘set of men as much like [John Smith] as possible’155 – which 
Venn legitimizes under the header of the special objective foundational assump-

152 Thus; ‘we [always] prefer a narrower series, for the obvious reason that by so doing 
we secure our being more often right, and, when we are not right, of being less fla-
grantly in error […] [B]ut how can our class be too narrow [and] [w]hy do we also 
reject [some] narrower classes? […] It must be borne in mind […] that it is essential 
to the sort of series we want that it should contain a considerable number of terms. 
Now many of the attributes of any individual are so rare that to take them into account 
would be at variance with this fundamental position of our science, that we are […] 
only concerned with the averages of large numbers. The more special the statistics the 
better [but] [w]e are […] obliged to neglect one attribute after another, at the probable 
risk of increased accuracy, for at each step […] we diverge more and more from the 
sort of instances that we really want’ (Venn 1866, pp. 180-181). 

153 Venn 1866, p. 185. 
154 Venn 1866, p. 190. 
155 Venn 1866, p. 189. 
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tions.156 These, in brief, express the idea not only of ‘a general uniformity with 
individual variations in the objects’157 and a more specific ‘uniformity in both 
[these] objects themselves and in the agencies [or causes] to which they are 
exposed’,158 but also of there being natural classes each of which contains ‘a 
multitude of individuals more or less resembling each other’159 and the limited 
amount and stability of the intensity of agencies in nature.160 These features are 
thus to be ascribed to the ‘substituted’ series when these are made the subject 
of inductive, rather than deductive, inferences in probability. 

Venn concludes his discussion of inductive inferences in probability by means 
of a statement about the fundamental connection between induction and proba-
bility. His idea is that even though inductive logic co-operates with most of the 
inferences of probability it is nevertheless distinct from it.161 And this opinion 
clearly reflects the overarching goal of Venn 1866 which was to show that proba-
bility theory, rather than a mathematical discipline, is a branch of material logic. 

3.  The ‘province of mathematics in Probability’: 
Venn’s non-mathematical probability theory

If Venn dismisses the formalism involved in the mathematical theorems of tra-
ditional probability theory and the reformulation of these theorems by some of 
his conceptualist contemporaries, he readily admits that the theory does make 

156 It may here be insightful to refer to the way in which Venn describes the connection 
between the general and special objective foundational assumptions in Venn 1889. The 
general objective foundational assumptions create ‘an objective world capable of being 
imbued with order [which] is not yet regarded as orderly’ (Venn 1889, p. 45) – it is the 
special objective foundational assumptions which imbues ‘this chaos with order’ (Venn 
1889, p. 45). 

157 Venn 1866, p. 243. 
158 Venn 1866, p. 243. 
159 Venn 1866, p. 256. 
160 It may be noted that Venn 1888 (chapter 5) includes the assumption of (pseudo)ran-

domness, as it is characterized in Wall 2005, among the special objective foundational 
postulates. 

161 As said, Venn defines this connection as follows: ‘Inductive Logic gives rules for 
discovering […] generalizations […] and for testing their correctness. If they contain 
universal propositions it is the part of ordinary logic to determine what inferences can 
be made from and by them; if, on the other hand, they contain proportional proposi-
tions […] they are handed over to Probability’ (Venn 1866, pp. 171-172). 
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use of mathematics. This topic demands a more broader perspective on Venn’s 
views on logic and mathematics as developed in Venn 1881 and several articles 
published during the late-1870s and 1880s. 

3.1  Mathematicians and conceptualists: 
between formalism and psychology

It must be recognized that Venn, throughout Venn 1866, does not distinguish 
between the traditional mathematicians of probability theory (Bernoulli, 
Laplace etc.) and their successors (De Morgan, Boole etc.). The reason for 
this is to be sought in the fact that both are committed not only to a psycholo-
gism-inspired conceptualist belief in the existence of ‘laws of our minds in 
thinking about things’ – such that concepts can be understood as the ‘mental 
counterparts’ of the abstract terms of mathematics.162 But also to either the 
reduction of probability theory to its (‘infallible’) deductive part, all the 
while ‘sinking into the […] error […] of too readily evolving it out of our own 
consciousness’,163 or to the fallacy of ‘too freely pushing it to unwarranted 
lengths’164 by employing this purely algebraic part to explain the process of 
drawing (inductive) inferences about things. 

Venn, for his part, does not protest against the ‘algebraical’ undertakings as 
such. But about the ‘a priori’ approach to the ‘deductive’ part he argues that it 
is premised on the introduction of ‘restrictions and suppositions which were 
in reality equivalent to assuming the expected results’165 – so that, in efect, 
the real meaning of the statement ‘let a given process be performed’166 was ‘let 
a series of a given kind be obtained [such that] it is to this series […] that all 
[the] subsequent calculations properly apply’.167 This does not only indicate 
that the traditional (‘direct’) mathematical theorems actually depend on empir-

162 Venn writes that ‘the Conceptualist is under powerful inducements to adopt the 
formal view, partly on ground of rigid sequence, but still more on grounds psycholog-
ical sympathy [because] those who occupy the conceptualist standpoint are […] those 
who believe in necessary laws of thought as an ultimate fact’ (Venn 1876, p. 46). 

163 Venn 1866, p. 224.
164 Venn 1866, p. 224. 
165 Venn 1866, p. 219. 
166 Venn 1866, p. 219. 
167 Venn 1866, p. 220. 
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ical conditions,168 but also that their results are either of a merely ‘algebraical’ 
nature or, when assumed to be true of the actual behavior of things, inferen-
tially rather than mathematically obtained. He also denies that the (‘indirect’ 
or ‘inverse’) theorems ‘can be taken as authoritative about the physical facts 
to which they are applied’169 – or, more generally, in so far as they exclude any 
reference to (individual) objects he denies that they can be used for ‘making 
inferences about the actual behaviour of objective things’.170 This explains 
Venn’s often repeated criticism of the assumption that mathematical theorems 
(such as ‘Bernoulli’s theorem’ and Laplace’s ‘rule of succession’) are somehow 
‘more’ than ‘a purely arithmetical sum of combinations and permutations’.171 

3.2 ‘Remodeling mathematics so as to bring 
it into accordance with facts’

Perhaps somewhat surprisingly, Venn has it that probability theory, conceived 
as a branch of material logic, depends upon the reconciliation172 of the follow-
ing mathematical and inferential processes or positions: 

Either we may […] take a [substituted or idealized] series […] and make 
the assumption that [it] recurs in the long run with a regulated degree of 
frequency. We may then calculate their combinations and permutations 
and the consequences that may be drawn from the data assumed. This is 
a purely algebraical process; it is infallible […] Or […] we may consider 
that we are treating of the behaviour of things […] and drawing infer-
ences about them […] Now the whole theory of Probability […] depends 

168 It may be pointed out that Venn, in the entirety of his oeuvre, does not seem to have 
made up his mind as to the status of ‘mathematical truths’. This is reflected in his 
twofold criticism of the theorems of traditional probability; one the one hand these are 
dismissed in so far as their formality, so to say, prevents them from being informative 
about actual series and on the other hand they are said to be premised on an extrap-
olation of exactly such actual series. For another example of this dihculty see Venn 
1889, chapter 20 – in which Venn attempts to legitimize the a priori status of Euclid’s 
axioms from observational data. 

169 Venn 1866, 219. 
170 Venn 1866, p. 214. 
171 Venn 1866, p. 214. 
172 More precisely, Venn writes that the situation in which the distinction ‘becomes 

prominent and important, and we have to choose our side’ (Venn 1866, p. 224) must 
be circumvented. 
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[…] upon there being a close correspondence between these two views 
of the subject. (Venn 1866, pp. 223-224) 

This balancing consists of the circumvention of either having to ‘go over to the 
mathematics, and so lose all right of discussion about the things’173 or taking 
‘part with the things and so defy the mathematics’174 – which, in turn, takes 
on the form of the remodeling, without questioning the ‘formal accuracy […] 
within its own province’,175 of mathematics ‘so as to bring [it] into accordance 
with facts’.176 In other words, if scientific inferences and mathematical calcu-
lations are made by the substituted series, their validity depends on the factual 
agreement between this series and the actual one – or, for that matter, on the 
fact that there is ‘no sudden break between the objects to which the mathemat-
ics do and do not apply’.177 

Now, it must be remembered that these substituted or idealized series belong 
to the general objective foundation of probability theory and are, as such, part 
of the more comprehensive foundational system of material logic. And for this 
system it holds that even though its logical terms,178 relations and processes 
can be expressed in the symbolic language of mathematics179 – i.e. in so far as 
it is not anti-mathematical – it is only in terms of form and expression, rather 
than origin and nature, that it resembles a work of mathematics.180181 This 
position vis-à-vis the relationship between logic and mathematics can only be 
understood from the viewpoint of Venn’s particular (re)interpretation of the 

173 Venn 1866, p. 224. 
174 Venn 1866, p. 224. 
175 Venn 1866, p. 224. As indicated earlier, according to Venn, ‘mathematics’ proper 

concerns questions of number, magnitude, shape and position. 
176 Venn 1866, p. 225. 
177 Venn 1866, p. xviii. 
178 Venn ascribes to the anti-mathematical logicians the opinion that idea that even the 

use of x and y, rather than the customary X and Y is indicative of the mathematical 
character of any work of logic adopting it. See Venn (1881, p. ix). 

179 For a detailed discussion of Venn’s selecting of mathematics as the symbolic language 
for his system of material logic see Venn 1881, chapter 9. 

180 Already in the first sentence of Venn 1866 does Venn make it perfectly clear that the 
work ‘is in no sense mathematical’ (Venn 1866, p. v). 

181 Venn writes that ‘[t]here is […] some prejudice on the part of those logicians who may 
without ofence be designated as anti-mathematical, against any work professing to 
be a work on Logic, in which free use is made of the symbols + and − […]’ (Venn 1881, 
p. ix). 
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‘algebra of logic’ of Boole.182183 For Venn disagreed with the then-common 
opinion which portrayed, for instance, Boole 1847 and Boole 1854 a as works in 
which logic is regarded as a branch of mathematics and mathematical rules are 
applied to logical problems.184 Instead, Venn had it that Boole’s idea of using 
algebraic formulae to express logical relations185 was 

at bottom logical, not mathematical [even though it is] stated in such a 
highly generalized symbolical form, and with such a mathematical dress 
upon them that the reader […] may work through [it] several times 
before the conviction begins to dawn upon him that he had any previous 
acquaintance with [it]. (Venn 1876 b, p. 484)

This is reflected in Venn 1881 in which Venn symbolizes his system of material 
language by means of ordinary symbols of mathematics – the choice of which 
is justified solely on practical grounds.186 In other words, mathematics, as a 
complete and general symbolic language, instead of as the traditional corpus 
of necessary truths of geometry, arithmetic and algebra, is used to construct a 
so-called ‘logical calculus in entire independence of […] the mathematical cal-
culus’187 – such that, in the end, a generalization of traditional logic188 is carried 
out on the basis of a complete treatment of the logical compartments containing 

182 In the introduction to his Symbolic Logic, Venn, after writing that ‘this was [essen-
tially] Boole’s own view’ (Venn 1881, xvii) cites a passage in which Boole remarked 
that ‘[i]t is simply a fact that the ultimate laws of Logic – those alone upon which 
it is possible to construct a science of Logic – are mathematical in their form and 
expression, though not belonging to the mathematics of quantity’ (Venn 1881, pp. xvii-
xviii, f. 1). Whether or not Venn’s description of Boole’s views was accurate and/or 
plausible is discussed in Verburgt 2014b. 

183 For example, if it is clear that probability theory is not exhausted by arithmetically 
inferring one general statistical proposition from another, even this process itself is 
‘purely and entirely logical in [its] origin and nature’ (Venn 1881, p. x). 

184 Venn 1876b, p. 480. 
185 For accounts of the origin of this idea see, for instance, Kneale 1956; Laita 1977; 1980; 

Gasser 2000. 
186 For example, Venn, after alluding to the possibility of adopting the notation of 

chemistry (!) for the aim of symbolization, notes that ‘when the alternative is before 
us of inventing new symbols, or only assigning some new meaning to old and familiar 
ones, experience and reason seem decisively in favour of the latter plan’ (Venn 1881, 
pp. 92-93). 

187 Venn 1881, p. xiii. 
188 Venn had it that ‘the Symbolic Logic should be regarded as a Development or Gener-

alization of [Common Logic]’ (Venn 1881, p. xxvii). 
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the relations between classes of propositions.189 However, Venn warned that 
‘[a] complete enumeration of compartments is one thing, but it is quite another 
to be able to prove that there is a class of things to put into any one of them’.190 
He, thus, adopted the formal language of mathematics for the goal of the sym-
bolization of logic. But his central task was that of proving that the formal com-
partments are of a material, or ‘non-conceptualist’, nature. 

It may be argued that Venn wanted to let his ‘substituted’ series function as 
the formal or mathematical symbolical structure, so to say, allowing probabil-
ity theory to be turned into a discipline concerned with ‘strict scientific infer-
ences’191 of a truly logical nature. This could explain the fundamental remark, 
in the introduction to Venn 1866, that the viewpoint which has it that proba-
bility theory, ‘instead of being a branch of [material logic] which happens to 
make much use of mathematics, is a portion of mathematics [is] erroneous’.192 
Venn’s own probability theory makes use of mathematics in order to express 
or give form to the (general and special objective and subjective) foundational 
assumptions on the basis of which actual inferences are made while criticizing 
the opinion, entertained by mathematicians and conceptualist logicians alike, 
that the theory’s mathematical form goes hand-in-hand with its mathematical 
(‘conceptualist’) nature. It was this distinction which Venn hinted at when he, 
in the 1888 edition of the Logic of Chance, wrote that ‘though it is quite true 
that the actual calculation of every chance problem must be […] an algebrai-
cal or arithmetical process […] there is […] a broad and important distinction 
between a material science which employs mathematics, and a [conceptual] one 
which consists of nothing but mathematics. [W]e [must thus not] cut ourselves 
of from the necessity of any appeal to experience’.193

189 A discussion of Venn’s approach to the import of propositions (etc.) and its systematic 
symbolization lies beyond the scope of this paper. It is provided in Verburgt 2014b. 

190 Venn 1866, p. 111. 
191 Venn 1866, p. 109. 
192 Venn 1866, p. viii. 
193 Venn 1888, p. 219. 
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4.  Concluding remarks: A ‘terrible piece of bad metaphysics’? 
– the reception of Venn’s approach to probability

By ways of a conclusion, it is insightful to briefly discuss one of the most thor-
oughgoing, albeit misconceived, criticisms194 of Venn’s ‘metaphysics (!) of 
series’; that of F.H. Bradley’s Principles of Logic of 1883. In this book, Bradley 
writes that 

Mr. Venn, for whose powers I feel great respect […] holds that in the 
long run every chance will be realized. This “long run”, he tells us, is 
an infinite series […] and […] he goes on to call it a “physical fact”. His 
book is much injured by this terrible piece of bad metaphysics. He has 
translated a mathematical idea into a world where it becomes an absurd-
ity […] We must everywhere protest against the introduction of such 
fictions into logic, and protest especially where the ideas are not ofered 
in the shape of fictions. (Bradley 1883, p. 214)

On the basis of his statement that the ‘foundations of the theory [of probability] 
are not themselves mathematical [since] [b]efore mathematics can deal with the 
subject some assumptions are necessary’195 – assumptions, that is, which satisfy 
the condition that ‘[p]robability as such is not true of the fact, but it always has 
a reference to fact’196 – Bradley argues that it is a misunderstanding to suppose 
that probabilities can be expressed by means of a series. It is ‘monstrous [and] 
false reasoning a priori’197 that ‘if you know the chances of any set of events, 
you really know the character of the actual events which are to take place [and] 
that certain results must happen’.198 As to the reply that it is not that ‘in a finite 
series the numbers will come right [but] [t]hey will come right only if we go on 
long enough, and in the long run’199 Bradley’s response is as follows: 

194 See Kiliç 2001. Other criticisms of Venn 1866 include Edgeworth 1884; Chrystal 1892; 
Keynes 1921, chapter 5. 

195 Bradley 1883, p. 201. 
196 Bradley 1883, p. 208. 
197 Bradley 1883, p. 212. 
198 Bradley 1883, p. 212. 
199 Bradley 1883, p. 213. 



180

But what is this “long run”? […] Does it mean a finite time? Then the 
assertion is false. Does it mean a time which has no end, an infinite time? 
Then the assertion is nonsense. An infinite series is of course not possible. 
It is self-contradictory: it could not be real. And to say that something 
will certainly happen under impossible conditions, is far removed from 
asserting its reality […] You toss a coin and, the chances being equal, if 
you only go on long enough, the number of heads and tails will be the 
same. But this is ridiculous. If I toss the coin until the numbers are equal, 
of course they will be equal. If I toss it once more then, by hypothesis, 
they become unequal. (Bradley 1883, pp. 213-214)

After remarking that he is, of course, not attempting to object to the use of 
‘infinities and infinitesimals within the sphere of mathematics’,200 Bradley 
makes clear that he accuses Venn of using the mathematical notion of infinity 
that lies outside the scope of probability to solve problems internal to it – i.e. 
problems connected to finite series. In sum, Bradley sees in Venn’s account the 
willful ‘invasion of logical reason by mathematical fictions’201. 

Bradley’s criticism is a perfect example of the problems involved in discussing 
Venn 1866 without reference to Venn’s characterization of probability theory as 
a branch of (symbolized) material logic. For it is only against this background 
that it is possible to do justice to the complexity of his attempt to introduce 
a mathematical form – such as the postulated substituted or idealized series 
– while dismissing the mathematical nature of the results enabled by it – i.e. 
while upholding that these refer to actual series of events. Bradley, in failing to 
acknowledge this two-sidedness, ends up accusing Venn of what Venn himself 
took as the central position to be argued against, namely that of the traditional 
definition of probability theory as a mathematical discipline consisting of nec-
essary, or a priori, theorems which are, at the same time, true of ‘physical facts’.

Be that as it may, Bradley is prophetic for having addressed the fundamen-
tal impasse of the frequency theory of probability theory – which can, thus, 
already be found in the work of Venn. This impasse may be described as that 
of having to assume hypothetical (or counterfactual) infinite (or mathemati-

200 Bradley 1883, p. 213. 
201 Bradley 1883, p. 219. 
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cal) foundations in order to talk about actual (or factual) finite (or empirical) 
probabilities.202 If Venn tried to circumvent this situation by legitimizing these 
foundations as necessary assumptions accompanying the non-ultimate ‘science’ 
of material logic, it is clear that this forced him to negotiate, again and again, 
the ‘form’ and ‘content’ of his theory – which, to be sure, was exactly what 
probability theory, in his opinion, amounted to. 

202 Although Hájek has put forward many – fifteen in total (!) – well-taken arguments 
against actual finite frequentism, in ascribing this position to Venn he might be 
arguing against a straw-man. See Hájek 1996. 
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chapter 6 

“A modified acceptance of 
Mr. Mill’s view”: John Venn 
on the nature of inductive logic 
and the syllogism

0.  Introduction 

In his 1904 ‘Notes upon logical topics’, John Dewey (1859-1952) distinguished 
between some five positions in contemporary developments in logic: formal, 
empirical, real, mathematical and psychological. He then presented the empiri-
cal logic of John Stuart Mill (1806-1873) as the inevitable attempt of empiricism 
to dismiss the formalist cum Kantian idea of ‘a purely empty thinking process’ 
in favor a logic of experience. After observing that Mill, in his System of Logic 
of 1843, ‘repeats by his actions, if not by his words, what Kant said of Aris-
totle, that logic is henceforth complete and settled’, Dewey referred to John 
Venn’s (1843-1923) Principles of Empirical or Inductive Logic as a ‘such an inde-
pendent rendering of Mill as to be worthy of more attention than it receives in 
the current Teutophile [i.e. Germanophile] philosophy’ (Dewey, 1904, p. 58). 

Although the name ‘Venn’ is well-known to this very day due to what, since 
the publication of Clarence Irving Lewis’ Survey of Symbolic Logic of 1918, has 
become known as ‘Venn-diagrams’, John Venn’s voluminous work on logic 
never befell the honor of being read diferently than as a relic of old-fashioned 
Millianism. The aim of this paper is to contribute to this long-overdue task by 
situating within his time and intellectual surroundings the person Venn and by 
exposing the details of his ‘modified acceptance’ of Mill’s overpowering view-
points on inductive logic and its relation to the syllogism. 
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1.  John Venn: a biographical sketch – personal and intellectual 

Venn was born on August 4, 1834 in Drypool (Hull) into a family of intellec-
tuals prominent in the eighteenth-century evangelical movement within the 
church of England known as the Clapham ‘sect’ (e.g. Hennell, 1958/2002, 
Howse, 1953/1971, Hylson-Smith, 1992, chapter 5, Venn, 1904).1 He was the 
son of Henry Venn2 (1796-1873) (Venn, 1904, pp. 148-174, Venn, 1834) and 
Martha Sykes (?-1840),3 the grandson of John Venn4 (1759-1813) (see Hennell, 
1858/2002), who himself was the only son of Henry Venn5 (1725-1797) (see 
Venn, 1834, pp. 1-60) – all of whom were dedicated to both missionary as well 
as parochial work. After having attended Sir Roger Cholmley’s (or Cholmon-
deley) School in Highgate (now Highgate School), London,6 and the private 
Islington Prepatory (or Proprietary) School, Venn, representing the fifth gen-
eration of the Venn family to graduate at Cambridge, entered Gonville and 

1 The Clapham Sect, named after the village of Clapham were the group’s first members 
– e.g. Henry Thornton (1760-1815), John Shore (1751-1834) and the father of Venn’s 
cousins (James F. Stephen and Leslie Stephen) James Stephen (1758-1832) – settled 
around 1792 were part of a much broader group of Evangelicals which were dedicated 
to achieve results in social causes. 

2 The Rev. Henry Venn who matriculated at Queen’s College, Cambridge, in 1818 
where he was a fellow between 1819-1829, worked as a honorary secretary of the 
Church Missionary Society in the years 1841-1873. He published several sermons, 
pamphlets and memoirs including the Life and Letters of Henry Venn – who was his 
grandfather (see Venn, 1834). 

3 If it is unknown when Martha Sykes was born, there is also seems to be some 
confusion as to the year in which she passed away. Yet from Venn’s Annals of a Clerical 
Family it is clear that this happened on March 21, 1840 (see Venn, 1904, p. 165, p. 271). 

4 The deacon and priest, John Venn, who matriculated at Sidney Sussex College, 
Cambridge in 1786, was one of the founders of the Church Missionary Society in 1797 
and played a pivotal role in the Clapham ‘Sect’. 

5 The fellow of Queen’s College, 1749-1757, and son of his father Richard Venn (1691-
1740), Henry Venn received is M.A. at Jesus College, Cambridge in 1749 and was 
elected as a fellow of Queen’s College in 1749 – which he remained until 1757. 

6 The Venn family moved from Highgate to Highbury Crescent, near London, in the 
summer of 1848 – a change with Venn described as being ‘altogether […] a rather mel-
ancholy one’ (Venn, 1904, p. 166). 
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Caius College in October 1853 with the, predicable,7 intention of becoming a 
cleric. It was soon after ranking sixth wrangler in the Tripos of 18578 and being 
elected fellow of the college several months later that he, having already started 
his work at the ministry of the Anglican Church, became a deacon at Ely, in 
1858, and a priest, in 1859, at the church in Cheshunt, Hertfordshire, and later 
in Mortlake, Surrey (see Venn, 1954, p. 284, Wall, 2006, pp. 551-553). 

Apparently due to his close contact with philosophically-oriented, religious 
liberal and/or well-nigh agnostic figures such as his friends John Robert Seeley 
(1834-1895),9 Henry Sidgwick10 (1838-1900) (see Harrison, 2001, Schultz, 
1992) and Charles Henry Monro (1835-1908)1112 and his cousins James F. 
Stephen (1829-1894) and Leslie Stephen (1832-1904) (see Himmelfarb, 

7 Even though it is, perhaps, true that it was taken as a given that Venn would continue 
in the family tradition and become a cleric, it may be pointed out that he himself, in 
a rare reflection on his personal relation with his father Henry, noted that ‘[u]nlike 
many parents of decided evangelical opinions, he never spoke much to us about 
religion [and] [n]either he nor our dear uncle [John Venn (1802-1890) (see Venn, 1904, 
pp. 175-208), LV] ever forced religious advice upon us’ (Venn, 1904, p. 174). 

8 Venn’s classical and theological examinations took place at the end of the Lent term 
of 1857, the mathematical, in which he was sixth wrangler (the highest ranking in his 
college), at the end of the first May term (see Venn, 1913, p. 260). 

9 The essayist, historian and writer of the highly controversial, and unanimously 
published, Ecce Homo (1868) (see Rothblatt, 1968/1981, chapter 5). Seeley was 
educated at the City of London School, administered as a pensioner at Christ’s 
College where he matriculated in 1852, became a fellow of Caius largely at Venn’s 
initiative, and was the Regius Professor of Modern History at Cambridge between 
1869-1895 (see Venn, 1953, p. 458). 

10 Venn thanked his long-time friend, the utilitarian philosophers and fellow of Trinity, 
Henry Sidgwick in the preface of the Logic of Chance and the Symbolic Logic for his help 
in preparing the manuscripts and valuable suggestions and criticisms. 

11 Monro, who had a strongly ‘speculative and philosophical cast of mind’ (Brooke, 
1985, p. 231), was admitted as a pensioner at Caius College in February 1853, passed 
the Senate-house examinations in 1857 – in which he ranked first in the Classical 
Tripos (see Venn, 1898, p. 310, Venn, 1951, p. 442). In the Alumni Cantabrigienses it 
is noted that he planned, but left unpublished a complete translation of Justinian’s 
Digest. The edition, which covered the book 1-15 (the last two being completed by 
the editor William Warwick Buckland), was published, in two volumes, in 1904 and 
1909, respectively (see Monro, 1904, 1909). Apart from the historical fact that Monro 
worked as a lecturer in Roman Law from 1872 till the turn of the century (see Brooke, 
1985, p. 233), not much is known about the actual development of his intellectual 
career. 

12 Venn expressed his gratitude explicitly to Monro for his help during the process of 
writing the Symbolic Logic. 
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1952/1968, chapter 6, Stephen, 1895, Colaiaco, 1983, Smith, 1988) (e.g. Brooke, 
1985, chapter 11, Brooke, Highfield & Swaan, 1988, chapter 10, Lubenow, 2010, 
chapter 3, Turner, 1993, part 2)13 Venn came to give up his priesthood in 1862.14 
This was also the year in which he returned to Caius College to begin working 
as Lecturer in Moral Science – teaching and studying both logic, under the 

13 Venn’s son, John Archibald, notes that ‘[i]t had long ceased to be regarded as an 
anomaly for a clergyman to preach the then circumscribed evangelical creed and at 
the same time, without the slightest insincerity, to devote himself actively to philo-
sophical studies; yet, some years later […] finding himself still less in sympathy with 
the orthodox clerical outlook, Venn availed himself of the provisions of the Clerical 
Disabilities Act [of 1870, LV]’ (Venn, 1937, p. 869). It was in 1883 that Venn took 
the decisive step of separating himself from the Church of England by formally 
resigning his holy orders – this he did ‘by taking advantage of a provision of the 
[abovementioned] Clerical Disabilities Act […] which provided a mechanism for 
Anglican clergymen to renounce their clerical status in order that they might stand 
for Parliament. Venn used to Act because he could no longer agree with the literal 
interpretation of doctrines of the church expressed in the Thirty-Nine Articles [of] 
Religion’ that formed the basis of doctrine in the Church of England’ (Wall, 2006, 
p. 553). 

14 Before taking the liberal step of separating himself from the Church of England by 
resigning his holy orders in 1883 – the year in which he was elected as fellow of the 
Royal Society – Venn, shortly after the publication of his Logic of Chance, was given 
the opportunity to prepare a series of sermons dedicated to ‘the evidence for revealed 
religion, or to explain[ing] some of the most dihcult texts or obscure parts of Holy 
Scripture – or both’ (Cambridge University Calendar, 1869, p. 214) known as the 
Hulsean Lectures. The four lectures delivered, in 1869, in St Mary Great Church, 
were published the following year under the title of Some of the Characteristics of Belief, 
Scientific and Religious (Venn, 1870). In it, Venn, thereby retracing David Hume’s 
footsteps (see Hume 1748/1999, section 6 & 10, Daston, 1988, section 6.3, Gower, 
1990), primarily dealt with the struggle to reconcile ‘his very religious upbringing 
and assumed faith with the assumptions and [scientific] methodology [of probability 
theory]’ (Wall, 2006, pp. 557-558) concerning an issue that had earlier appeared in 
chapter 13 (‘On the credibility of extraordinary stories’) of the Logic of Chance, namely 
that of the belief in miracles (see Cohen, 2001, pp. 157-158).
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influence of those ‘radical’ works of Augustus De Morgan,15 George Boole16 
and, most of all, John Stuart Mill17,18 as well as probability theory, under the 
influence of Henry T. Buckle’s History of Civilization in England (Buckle, 1857, 
see also Semmel, 1976) and his re-reading of Mill’s System of Logic.19 Between 
the early-1860s and late-1880s Venn made several major contributions to the 

15 Somewhat remarkably, the Syllabus of a Proposed System of Logic (1860) is the only book 
of De Morgan appearing in the catalogue of Venn’s collection of works on logic (Venn, 
1889e, p. 33); where Venn, in his Logic of Chance (1866) and Principles of Empirical or 
Inductive Logic (1889), merely, refers to De Morgan’s Formal Logic (1847), the Symbolic 
Logic (1881) contains references to both the Syllabus, Formal Logic and Trigonometry 
and Double Algebra (1849) as well as four articles that had appeared in the Cambridge 
Philosophical Transactions, namely De Morgan (1841, 1846, 1851, 1864a or 1864b). It 
may be remarked that this seems to be at odds with John Archibald Venn’s remark that 
his father was greatly influenced by De Morgan’s treatises (see Venn, 1937, p. 869), 
such as the Treatise on the Calculus of Functions (1836), Treatise on the Theory of Proba-
bilities (1837) and, under his ‘superintendence’, Ramchundra’s Treatise on Problems of 
Maxima and Minima (1859) – although this could be explained, in turn, with reference 
to the fact that Venn, soon after finishing his degree in 1857, sold most of his books on 
mathematics (see Wall, 2008). 

16 Although Venn owned Boole’s Mathematical Analysis of Logic (1847), it was the Laws of 
Thought (1854) – with which he became acquainted in 1858 and which he read several 
times between 1861-1878/1879 – that mainly occupied his attention. 

17 Venn was in the possession Mill’s highly influential System of Logic (1843/1858) and, 
in his Principles of Empirical or Inductive Logic, repeatedly referred to the Examination 
of Sir William Hamilton’s Philosophy (1865). 

18 Venn had been introduced to these works by his ‘very industrious and systematic’ 
(Venn quoted in Barrow-Green, 2001, p. 185), albeit somewhat conservative tutor 
Isaac Todhunter (1820-1884) on which he had settled after having tried the (more) 
popular William Hopkins (1793-1866) and Francis Jameson (1828-1869) (see ibid., 
pp. 185-186, Craik, 2007, Macfarlane, 1916, pp. 134-146). Venn once remarked that 
even though Todhunter ‘was an excellent and learned mathematician, and a very 
[…] systematic thinker […] I [Venn] still feel convinced that my studies […] would 
have been far more advantageous with a teacher of another stamp. He always had the 
Tripos prominently in view, and seemed to have no sympathy with those who wished 
to turn aside to study some detached point which interested them or to speculate 
about the logical and philosophical problems that arose in the way’ (Venn quoted in 
Barrow-Green, 2001, p. 185). 

19 It is in this context that Wall refers to John Archibald Venn who once noted that 
‘it was [the] argument of historical determinism by Buckle that drove John Venn to 
re-awaken his mathematical interests and make a thorough study of chance […] [I]n 
Mill’s Logic, [Venn] found what he considered a framework for handling the incom-
plete information represented by statistics […]’ (Wall, 2008, pp. 7-8). 
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field of logic,20 e.g. the Logic of Chance (1866), on which he began to work in 
1863,21 Symbolic Logic (1881),22 the basis for which was laid in the years 1858-
1878/1879, and the Principles of Empirical or Inductive Logic (1889a),23 which, 
together with numerous articles published, for example, in the newly founded 
Mind journal, 24 aforded him the status as one of Britain’s leading logicians.25 

During these years Venn belonged to those tutors26 responsible for the further 
development of the Moral Sciences Tripos – which, together with the Natural 
Sciences, had been part of the University reforms of 1848/1850 and became 

20 Because it is not often recognized, it may here be remarked that Venn considered 
probability theory to be a portion of (material) logic – rather than mathematics (see 
Verburgt, 2013). 

21 The Logic of Chance went through three editions during Venn’s lifetime, in 1866, 
1876, and 1888 (see Venn, 1866, 1876c, 1888b). In the Preface, Venn took the oppor-
tunity to thank ‘several friends, amongst whom I [Venn] must especially mention 
Mr. Todhunter, of St. John’s College, and Mr. H. Sidgwick, of Trinity College, for 
the trouble they have kindly taken in looking over the proof-sheets, whilst the work 
was passing through the press. To the former in particular my thanks are due for thus 
adding to the obligations which I as old pupil, already owed him, by taking an amount 
of trouble, in making suggestions and corrections for the benefit of another, which few 
would care to take for anything but a work of their own’ (Venn, 1866, pp. xv-xvi). 

22 The Symbolic Logic went through two editions (Venn, 1881, 1894) – the 1971 edition 
being a reprint of the second revised and rewritten edition (Venn, 1971). 

23 Though, perhaps, a ‘seminal’ textbook (Cohen, 2005, p. 152), the Principles went 
through merely two editions – the second appearing some eighteen years after it had 
first been published (see Venn, 1889a, 1907). 

24 Between the year 1876, the year of the journal’s founding, and 1889 Venn contrib-
uted six articles (Venn, 1876a, 1876b, 1878, 1879, 1880a, 1881b, 1888a), three reviews 
(Venn, 1884a, 1884b, 1889d), nine ‘critical notices’ (one in 1878, two in 1879, one in 
1881, one in 1883, three in 1884 and one in 1889), two ‘discussions’ (one in 1888 and 
one in 1889) and one ‘notes and discussions’ (in 1877) paper to Mind. He also published 
two articles in the proceedings of the Cambridge Philosophical Society (Venn, 1880c, 
1880d), one in the Philosophical Magazine (Venn, 1880b), one in The Princeton Review 
(Venn, 1880e), one in the Journal of the Royal Statistical Society (Venn, 1891) and one 
in the Journal of the Anthropological Institute of Great Britain and Ireland (Venn, 1889c). 

25 During the period of his life in which Venn worked on his ‘trilogy’, he gradually 
acquired what today is still recognized as the largest private collection of works upon 
logic. Venn presented his collection, which consists of some 1100 books in several 
languages and covering the sixteenth-nineteenth-century, to the University Library 
at Cambridge in 1888. For the entire catalogue see Venn (1889e) and for a character-
ization of the contents and origin of the collection see Boswell (1995). 

26 The other moral science tutors at the time include both Venn’s friends Henry Sidgwick 
at Trinity College and Leslie Stephen at Trinity Hall as well as Joseph Bickersteth 
Mayor (1828-1916) and Henry John Roby (1830-1915) at St John’s. 
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institutionally and academically established through William Whewell’s (1794-
1866) campaigning (Whewell, 1845, 1850, see also Williams, 1991) in 1851 
(e.g. Anon, 1860, Palfrey, 2002, Searby, 1997, chapter 6, Winstanley, 1955, 
chapter 11 & 12). If Whewell ‘initiated the process that reformed the examina-
tion, tutoring and lecturing systems that organised the curriculum’ (Gibbins, 
2005, p. 250), Venn’s lecturing27 on moral science for the Tripos in the 1860s 
was instrumental in bringing Caius ‘into the range of influence and discourse 
of the leading minds of the University of the day’ (Brooke, 1985, p. 233),28 
including his friends Seeley, who belonged to the ‘new progressive reformers’, 
and Sidgwick and Leslie Stephen, who were part of the ‘young radicals’ (see 
Gibbins, 2001). Even though the main sources of the ‘reformers’ were, essen-
tially, the German29 and Scottish30 idealists and those of the ‘radicals’ the utili-

27 For many years, Venn was responsible for the course in elementary logic – which he, 
eventually, distilled into the Symbolic Logic (1881). As he himself wrote it in the preface 
to the book; ‘the substance of most of these chapters has been given in my college 
lectures, our present intercollegiate scheme of lecturing […] ofering great facilities 
for the prosecution of any special studies which happen to suit the taste and capacity 
of some particular lecturer and a selection of the students’ (Venn, 1881, preface). It 
may here be remarked that the very organization of inter-collegiate teaching is often 
considered to be one of his most important institutional innovations (e.g. Brooke, 
Highfield & Swaan, 1988, p. 296). 

28 The only other lecturer in the same department was the Rev. J.B. Mayor of St. John’s 
College. 

29 Gibbins, in his important study of John Grote, shows that the influence of German 
idealism in Britain was not only ‘indirect and secondary’, but also ‘absorbed by a few 
[…] through [either] British and French scholars who had imbibed the Germanic 
spirit and ethos [such as Frederick Denison Maurice (1805-1872), James Frederick 
Ferrier (1808-1864) and John Daniel Morell (1816-1891), LV] or from histories and 
secondary texts written by Germans or Frenchmen and translated into English [such 
as Tennemann (1852), Chalybaus (1854) and Cousin (1852), LV]’ (Gibbins, 1987, 
p. 139). It may here be noted that even though it is true that there was a much deeper 
knowledge of German thought amongst, for instance, philologists such as Julius Hare 
and Connop Thirlwall than philosophers, from Venn’s publications and collection 
of works on logic it can be ascertained that he, and with him the broader field of 
logic, belonged to that specialist elite with was able to read, understand and generate 
knowledge of German thought. 

30 This group of Scottish philosophers includes Thomas Reid (1710-1796), Dugald 
Stewart (1753-1828), William Hamilton (1788-1856) and James Frederick Ferrier 
(1808-1864). The major contemporary works on Scottish philosophy are Davie 
(1961/1964, 2001) and Olsen (1975). They show that the process of coming to terms 
with the very fact that during the mid-nineteenth-century Scottish philosophy (of 
science) had a powerful, albeit complex, influence on British thought on, for instance, 
philosophy, education and mathematics has only just begun. 
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tarian and empiricist works of Bentham and Mill31 (see Gibbins, 1987, chapter 
3), they were united by their progressive battle against the ‘reactionaries’32 to 
achieve a position from which the curriculum could be re-determined. Impor-
tantly, Venn, for his part, ‘sat comfortably between them’ (Gibbins, 2001, 
p. 68). That is to say that Venn, following his intellectual mentor, the succes-
sor, in 1855, of Whewell as Knightbridge Professor of Moral Philosophy, John 
Grote (1813-1866) ‘synthesized’ (see Gibbins, 1987, pp. 215-216) idealism and 
empiricism to further reform, and make into a success,33 the Moral Sciences 
Tripos (e.g. Slee, 1986, chapter 3).34 35 

Before serving, from 1903 until his death in 1923, as President of Fellows of 
Gonville and Caius College, Venn was John Ward’s (1843-1925) and George 
Frederick Stout’s (1860-1944) main contender for the newly created chair of 
Professor of Mental Philosophy and Logic in 1897. Although Venn, given his 
position as a senior authority, seemed to be the natural choice for the new pro-
fessorship, in 1903 the selection committee appointed Ward – a failure which 
Venn, despite his being ‘a kindly, friendly man [and] never ruied’ (as said an 

31 Between the 1850-1860s Mill, as the new spokesperson for the group of philosophical-
ly-minded English political liberals known as the Philosophical Radicals, attempted 
to claim victory over Cambridge studies by means of two influential, but – with a 
view on the practical issue of (re)shaping the syllabus and curriculum – quite sketchy, 
polemic works, namely Dr. Whewell on Moral Philosophy (1852) and An Examination 
of Sir William Hamilton’s Philosophy (1862). 

32 The group of ‘reactionaries’ – identified, by Cannon (1964), as the rationalist node 
of the Cambridge Network and consisting of figures such as Whewell and Adam 
Sedgwick (1785-1873) – against which both groups of reformers reacted had been the 
great liberal reformers of their time. 

33 After his election as the Knightbridge Professor of Moral Philosophy, Grote was con-
fronted with the task of saving the Moral Sciences Tripos which, to be sure, had not 
only come in ‘serious disrepute both inside and outside the University’ (Gibbins, 2001, 
p. 70), but was also widely considered a grand-scale failure. Between the 1850-1860s 
‘a yearly average of fewer than five students sat the examination [such that] [i]n their 
present state the [Tripos] [was] hardly worth preserving’ (Slee, 1986, p. 32). This 
situation was due, for example, to the fact its subject matter included examinations in 
fields as diverse as moral philosophy, general jurisprudence and (modern) history and 
it did not even lead to the award of a degree. 

34 It was in his contribution to John W. Parker’s Cambridge Essays of 1856, entitled ‘Old 
Studies and New’, that Grote, against the background of Whewell’s (1850), addressed 
the issue of how the Moral Science Tripos should be reorganized (see also Gibbins, 
1987, pp. 48-49). 

35 The intellectual connection between Grote and Venn is the topic of section 2. 
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obituary in The Times), took rather hard. In a letter to Ward, Venn even talked 
of ‘ceasing to reside in Cambridge’ (Ward quoted in Wall, 2007, p. 147). Venn 
remained at Caius, but resolutely turned away from his own field of study and 
came to dedicate himself to the subject of university history (Venn, 1897, 1898, 
1901, 1910, Venn, Roberts & Gross, 1912) – which included the meticulous 
editing of the university archives (Venn, 1910, Venn & Venn, 1913) and prepa-
ration, together with his son John Archibald Venn (1883-1958), of the mon-
umental Alumni Cantabrigienses36– and the writing of the annals of the Venn 
family (Venn, 1904).37 

2.  Venn, Grote and Mill: the foundations of material logic

In the early years of his career as a lecturer in moral science, Venn belonged to 
the inner core of what came to be known as the ‘Grote Club’, ‘Grote Society’ or 
Sabia Conversazation. This philosophical discussion group – established shortly 
after Grote’s election as the Knightbridge Professor and the only alternative to 
those debating societies with a mathematical and classicist orientation such as 
the Cambridge Philosophical Society (see Hall, 1969) and the ‘Apostles’ – met 
regularly at Grote’s house in Trumpington where he himself took on the role 
of ‘admirable moderator’ (Venn quoted in Gibbins, 1987, p. 86) (e.g. Rothblatt, 
1986/1981, chapter 4). Importantly, the philosophical work of Grote, on which 

36 The Alumni Cantabrigienses – being, as the sub-title has it, a complete ‘biograph-
ical list of all known students, graduates and holders of ohce at the University of 
Cambridge from the earliest times to 1900’ – consists of ten volumes – the first two 
of which he lived to see in print (Venn & Venn, 1922a, 1922b). 

37 Venn also published John Caius: A Biographical Sketch (Venn, 1910b), a volume con-
taining speeches addressed to his College and writings contributed to the College 
Magazine, The Caian, entitled Early Collegiate Life (Venn, 1913) (see also Craik, 2007, 
pp. 18-23) and a memoir of the life of John Caius (Venn, 1912) and his great-grandfather 
Henry Venn (Venn, 1834). In the entry on his father written for The Dictionary of 
National Biography, John Archibald Venn also refers to the fact that, by the end of 
the 1880s, Venn wrote ‘monographs upon statistical and anthropometrical subjects’ 
(Venn, 1937, p. 879). The author of this paper has not been able to either find these 
works or collect any information on them in secondary literature. 
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he began writing after his election, had not yet been published by that time,38 
and was known probably only to the society’s regular members39 – to whom, 
apart from Venn, belonged Mayor, Sidgwick and the Stephen brothers (see 
Gibbins, 1987, pp. 86-87). Given that Venn started working on what would 
become his first book – the Logic of Chance – in 1861 and he himself, in a letter 
to Mayor, noted not only that ‘[a] good deal of the substance of it was read [at] 
our meetings at Trumpington’ (Venn quoted in Wall, 2006, p. 336, f. 11), but 
also that he had talked ‘with [Grote] about […] the chapters which he looked 
over’ (ibid.), it seems likely that Venn benefited from the views presented in 
the ‘admirable and suggestive’ (Venn, 1866, p. 171) Exploratio Philosophica even 
before its actual publication in 1865. The same goes, by and large, for Grote’s 
deep personal thoughts and open conversation40 – which, to be sure, appealed 
to any ‘a young man interested in the relationship between philosophy and 
social responsibility, ethical behaviour and political [and educational] reform’ 
(Rothblatt, 1968/1981, p. 138) in the Cambridge of the (early) 1860s. 

Although Venn does not cite from any of Grote’s work in his oeuvre,41 the 
latter’s influence can be established both directly as well as indirectly. The 
present paper is devoted to showing that, and in what sense, Venn’s alterna-
tive formulation of material logic resulted from a quasi-idealist criticism of the 
‘ultra-empiricist’ Millian approach to the nature of knowledge, language and 
the syllogism (see (see Grote, 1865, Gibbins, 1987, Gibbins, 1998, Gibbins, 
2006, MacDonald, 1966, Whitmore, 1927). It could also be suggested that 
Venn’s Grotean-inspired transformation of material was also what enabled him 
to conceive of the possibility of symbolically generalizing traditional logic – or, 
more specifically, to come to terms with Boole’s ‘algebra of logic’ – without 

38 Gibbins has shown that even though Grote ‘began writing seriously only after his 
election to the Knightbridge Chair in 1855 […] we can gather from [the] list of unpub-
lished manuscripts, that he must have written profusely since this date […] he had no 
immediate intention of publication’ (Gibbins, 1987, p. 92). In fact, Grote published his 
first book (Part I of the Exploratio Philosophica) as late as in the Spring of 1865. For a 
list of works by John Grote see http://johngibbins.co.uk/works-by-john-grote.pdf. 

39 Grote’s colleague and discussant, the member of the Cambridge Philosophical Society, 
Whewell forms an exception to this ‘rule’. 

40 In a personal note to Mayor, Venn once wrote that the talks with and letters from 
Grote were ‘full of sympathy and encouragement, as everything was that came from 
him’ (Venn quoted in Wall, 2005, p. 336, f. 11). 

41 As a bibliographic aside, it may here be mentioned that Venn did not make use of 
extensive quotations anywhere in his books and articles. 
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having to commit himself to ‘conceptualism’. But this is done in another paper 
(see Verburgt, 2014). 

2.1  Venn’s Grote: knowledge, language and logic

Grote’s aim of making the meetings at his house into a place for ‘perfectly free 
discussion’, all the while allowing himself to ‘keep [it] from struggling into 
side issues’ (Venn quoted in Gibbins, 1987, p. 86), reflected his fundamental 
idea that knowledge as a whole arises from the clarification of actual linguis-
tic usage. If the clarification of language and thinking are, indeed, the same, it 
is also to be perceived that, for Grote, ‘language consists [not] in the mass of 
dictionary words [but] in the living intercommunication of thought’ (Grote, 
1874, p. 165). It was on this basis that Grote dismissed in totem the attempt – 
pursued, for instance, by ‘the empiricists’ – to solve philosophical problems 
by either formalizing language or inventing a new one. In his ‘On glossology’, 
Grote wrote that 

‘it seems to me an entire mistake to attempt to regulate our use of words 
[…] by consideration of what is, or is not, corruption […] I [Grote] am 
inclined to think that language has always prospered best when the 
attention has been […] to its essential purpose, the clear expression of 
thought’ (ibid., pp. 173-174). 

This statement led Grote to put forward the claim that ‘every language is a per-
fectly new sphere of thought’ (Grote, 1872, p. 38) or ‘separate universe’ – char-
acterized by both an internal organization of ‘elements ordered together in a 
system so that when one word is used it implies that all the other elements exist 
[etc]’ (Gibbins, 1987, p. 70) as well as common assumptions about the world 
such that there arises ‘a shared world of ‘things’ [and] ‘thoughts’’ (Gibbins, 
1987, p. 70). The fact that language does refer to the world – or, for that 
matter, that ‘the study of words is the study of things’ (Grote, 1874, p. 175) – is 
accounted for by means of the argument that words and things are ‘units’, or (as 
above) ‘elements’, of a shared world created by human thought. And this world 
‘is [a] [systematic] abstraction from the actual universe, made by man […] for 
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the purpose of translating reality into language’ (Grote, 1872, p. 65).42 Grote, 
thereby, committed himself to the view that the ‘thought side of a word, its 
[…] ‘idea’ or ‘concept’ is what is meant by [a] ‘thing’ (Gibbins, 1987, p. 77, my 
emphasis) – such that, in turn, all propositional judgments refer to facts in so 
far as these are the result of a ‘self-consistent’ (Grote, 1900, p. 169) imaginative 
(re)construction ‘from the comparison together of the information […] on our 
various senses’ (Grote, 1865, p. 13). 

It was against the background of his ordinary-language-philosophy-inspired 
‘constructive’ idealism – or, for that matter, his eclectic ‘English idealist’ middle 
position between those empiricists who declared experience to be the source of 
all knowledge and the idealists who held that a great deal of human knowledge 
is antecedent and/or independent of experience – that Grote, in his Explora-
tio, set out to systematically criticize what he perceived as the ‘exaggerated’ 
claims of the philosophers and scientists of his time. In brief, where the first 
(so-called ‘notionalist’) group – including figures such as Hamilton and Henry 
Longueville Mansel (1820-1871) – is accused of granting their metaphysical 
claims a scientific status, thereby wanting to ‘[“realise”] […] or posit in reality 
concepts or notions that are merely logical or abstract’ (Gibbins, 1987, p. 246, 
see also Grote, 1865, p. 165), the second (so-called ‘mis-‘ or ‘ultra-phenome-
nalist’) group, consisting, amongst others, of Mill, is said to confuse scientific 
findings with philosophical insights, namely by using ‘physio-psychological’ 
descriptions of the human mind to expose the process in which knowledge is 
obtained (see Grote, 1865, chapter 1, Gibbins, 1987, pp. 292-303). It is in the 
chapters dedicated to Mill (see Grote, 1865, chapter 8 & 9), that Grote extends 
his general criticism of the group of mis-phenomenalists, or, as he sometimes 
calls it, (materialist) empiricists, psychologists or positivists, to the phenom-
enalist conception of logic – as found, most famously, in the System of Logic. 
Perhaps unsurprisingly, Grote’s main point is the following: 

42 As Gibbins explains, for Grote ‘[t]hought is an abstraction from both language and 
reality. The unity lies in the triadic relationship of the three. We might [refer] to 
Grote’s [claim that] “Reality and man’s minds are made for each other”’ (Gibbins, 
1987, pp. 72-73). 
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‘Mr Mill’s book is […] a Phenomenalist Logic with a starting point 
from the Aristotelian or Formal Logic.43 It will be remembered that I 
[describe] the phenomenalist view […] to be an abstraction,44 meaning 
[…] that when we have got the knowledge, we may suppose the things 
we know to exist without any reference to our knowing them or to the 
manner in which we come to know them but that in reality the manner in 
which we come to know them is by a great deal of imagination, specula-
tion, and action of the mind’ (Grote, 1865, p. 157, emphasis in original). 

The phenomenalist logic viewpoint which holds that true propositions corre-
spond to the ‘ultimate fact[s] [found] out by physical research’ (ibid., p. 59), 
is premised on a twofold category mistake, the confusing of the phenomena 
researched by natural science for those appearing as terms in propositions 
and the deploying of the psychological phenomenon of ‘a state of belief upon 
evidence’ (ibid., p. 158) as the description of the activity of the human mind in 
forming and checking propositions. Consequently, for Mill, the sole function 
of any proposition is ‘the assisting […] by standing by or looking on at [a] […] 
natural fact, which the terms of the proposition, indicate. [It] is not the reference 
by us of a thing, nor is a judgment […] about a thing, but […] an expression of a 
natural fact’ (ibid., pp. 157-158, f. 1) – such that he, in efect, is unable to either 
account for the (traditional) logic of ‘correctness of thought’ without finding 

43 Grote summarized Aristotelian logic by means of the remark that ‘[t]here is assumed a 
subject of thought as a peg to hang predicates on, and in these predicates is knowledge; 
the subjects, in virtue of the predicates attachable to them, may be put together (as 
terms) in propositions, and the propositions again be put together in syllogisms leading 
to further propositions. Correctness of thought is in proper predication, in making 
propositions and putting them together: advance of thought is in the fruitfulness 
of such predication, making of propositions, and putting them together, in view of 
further predication’ (Grote, 1864, p. 151). 

44 Somewhat confusingly, Grote seems to argue that Mill’s phenomenalist logic is an 
‘abstraction’ from a mental process connecting ‘the remote, hidden or complicated 
phenomenon [with] human sense’ (Grote, 1865, p. 159) that itself can be described as 
a process of (constructive) ‘abstraction’. 
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recourse to psychology or expose the (‘real’)45 logic of the growth of knowl-
edge on any other than an individual level46. Taken together, Grote claims that 
he himself does ‘not admit the propriety of the [‘Millian’] process of settling 
[…] a [‘real’] logic from observation of the advance of physical knowledge (my 
‘phenomenalism’) and then at once saying, All this is applicable similarly to the 
study of [the] mind’ (ibid., p. 161). Grote has it that this central confusion is due 
to one main factor; Mill’s phenomenalist account not only avoids, but is actually 
in contradiction with ‘the logical point of view in our simpler or more immediate 
knowledge of nature’ (ibid., p. 159, my emphasis) as it can be found in ordinary 
language – going, as it does, ‘to the bottom of our mind’ (ibid., p. 154) –, namely 
that of the idealist constructing of an immediately47 sensible world by a human 
intelligence that ‘is in its very constitution social’ (ibid., p. 154). Or, put difer-
ently, Mill’s ‘confusion’ is caused by his hope 

‘that mental facts […] should [one day] be recognized and understood 
as one kind of afections […] or the organism. [But] [t]he phenomenal-
ist’s test of reality is not our feeling about anything, but things […] as 
he [individually] understands them […] And conversely the logician or 

45 Grote defined ‘real logic’ as that abstract ‘method of Logic, of any kind, which so 
far incorporates into itself the notion of actual experience as to be able to take into 
account the growth of knowledge, whether in the individual or the race’ and contrasted 
it to the ‘Aristotelian, which we may call if we like, when pure and by itself, Formal, 
and which […] running wholly on [speculation], or on [experience] only in […] 
very abstract a form […] may have various valuable applications, besides this, if we 
consider it one: as to verification, to grammar, or to digestion of argument’ (Grote, 
1865, p. 153). In the second part of his Exploratio, Grote also wrote that the subject of 
‘Real Logic, which might also be called Physical Logic or Applied Logic, in contrast 
to Pure or Formal Logic […] is the study of the actual advance of man in phenomenal 
knowledge with the view of drawing logical conclusions from it’ (Grote, 1900, p. 1). 

46 Grote wrote that ‘[t]he great mass of ‘the Philosophy of the Human Mind’ is in its 
details an attempt at a Real Logic of individual knowledge […] [W]e are [here] con-
sidering the growth of the knowledge of one mind in the midst of a quantity of others 
[…] This I believe, at bottom, is the origin of the mis-psychological error […] ‘A stone 
lies before me: I see it’ (Grote, 1865, p. 153). 

47 It may be repeated, at this point, that ‘[t]he original fact to us, the one thing of which 
we are, before all others, certain, is not the existence of a universe of which we, as 
organized beings, form a part, but the feeling, thinking, knowing, that this is so, and 
the knowing that we do know it […] or that we who know it, are anterior, in our 
view of ourselves, to it’ (Grote, 1865, p. 84). In other words, the ‘immediateness’ of 
the sensible world is the result of a primordial situation consisting of the harmony 
between thought and reality. 
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philosopher who really looks upon the ultimate test of reality, for us, as 
being our consciousness, is […] precluded by his initial view […] from 
allowing the possibility that this consciousness can, by any process, be 
proved to be only a circumstance […] of matter [for] [i]t stands to him as 
his basis for everything else that he knows, and therefore, whatever may 
be proved from this so as that he knows it, the utmost is that he must hold 
it in accompaniment with that his original thought’ (ibid., pp. 162-163). 

In sum, Grote aimed to counteract those theories of knowledge and logic which 
are in opposition to the fundamental constructive-idealist insight that ‘reality’ 
(or, in fact, existence as such), is only ‘the resultant arising from the compari-
son together of the information […] on our various senses, or […] our various 
means of communication with the external world’ (ibid., p. 13) – such that its 
knowability and the very possibility of linguistic truthfulness is guaranteed, so 
to say, by its very construction. 

2.2  Venn as a reader of Mill: a ‘disafected Millian’? 48 

It was about Mill’s System of Logic that Venn’s cousin, Leslie Stephen, once 
remarked that it became ‘a kind of sacred book for students who claimed to be 
genuine Liberals’ and was widely considered the single ‘most important man-
ifesto of Utilitarian philosophy’ (Stephen, 1900, pp. 75-76). And the System 
of Logic was, indeed, explicitly the work of a reformer aiming to defeat those 
philosophies holding that there are certain necessary truths the source of which 
is the mind rather than experience. Somewhat to Mill’s own surprise, the 
book was very successful; it went through no less than eight editions in Mill’s 
lifetime and by the time of the publication of the revised edition of 1857 it had 
already sold over forty-thousand copies. At Cambridge, the System of Logic was 
widely read – in the first place by ‘the relatively few students taking the Moral 
Science Tripos’, including Venn, ‘for whom it was required reading’ (Snyder, 
2006, pp. 99-100). It may, then, come as no surprise that Venn, in his first few 
publications, explicitly announced his agreement with the so-called material 
approach put forward by Venn (see Venn, 1866, Venn, 1876). And it may be 

48 Even though the only place where this characterization of Venn as a ‘disafected 
Millian’ can be found is in an encyclopedic entry on Venn by Eugene Seneta (see 
Seneta, 2001), it beautifully captures the underlying, and oft-forgotten, philosophical 
viewpoint of his oeuvre. 
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recalled that his becoming acquainted with the System of Logic was instrumental 
in his radical decision to turn away from the Clapham Sect and to return to 
Cambridge to devote himself to the study of logic.49 

Be that as it may, the general view of logic which Venn developed in the course 
of his oeuvre can best be understood in terms of a growing disafection with the 
fundamental pillars of Mill’s material system of logic.50 On the one hand, Mill’s 
claim that in so far as knowledge is obtained by experience alone all non-trivial 
inference is of an inductive nature is criticized, by Venn, for several reasons 
(see section 2.2.1). Firstly, for its neglect of the (preliminary) creative role of 
the mind in drawing inductive inferences which not only allowed him, secondly, 
to conceive of the misguided idea of formalizing this process, but also, thirdly, 
to reduce logic ‘to a bare statement of objective laws or regularities [i.e.] to 
the subject matter of […] the physical sciences’ (Venn, 1889a, p. 22). On the 
other hand, Venn dismisses Mill’s doctrine that the ground of logic is ‘wholly 
borrowed from psychology’ (Mill, 1865, p. 388) because his psychologistic 
justification of induction in stemming from reflection on the mind’s actual 
practices in reasoning confuses the descriptive task of psychology (‘how we 
do think’) and the prescriptive function of logic (‘how we ought to think’).51 

Now, it is precisely the ‘overobjectification’ and ‘psychologism’ inherent in 
Mill’s system of logic (see Godden, 2005) that had been criticized by Grote 
and that is transformed by Venn into an alternative (anti-psychologist) system 
that defines logic as the (non-ultimate) science premised on conventional 
objective and subjective conditions and concerned with ‘the judgments of the 
[mind] about […] the world of phenomena’ (Venn, 1889a, p. 22) (see section 
2.2.1). This transformation leads Venn to a quasi-idealist revision of the Millian 
position vis-à-vis the relation between induction and the syllogism (see section 
2.3). 

49 For a description of these personal events see section 1.
50 For accounts of the logical core of Mill’s System of Logic, namely Book I-V, see, for 

example, Stebbing (1869, pp. 3-147), Anschutz (1949), Jackson (1941), Scarre (1989), 
Skorupski (1989) and Skorupski (1998). The intellectual connection between Mill 
and Venn counts as a largely understudied topic. Yet, Buchler (1939/2000, part 3), 
and Johnson (1941, introduction) make some valuable suggestions. 

51 Given these fundamental diferences between Mill’s and Venn’s logical outlook, 
Dewey was certainly right when writing that Venn’s work was a wholly ‘independent 
rendering of Mill’ (Dewey, 1977/2008, p. 63). 
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2.2.1  Mill’s ‘over-objectification’ of logic

It is true that Venn’s research for what would become his first publication was 
spurred by his reading of the System of Logic. But already in the middle part of 
the Logic of Chance does Venn explicitly align himself with the criticism of the 
idealist, political conservative and discussant of Grote, Whewell on the Millian 
theory of induction (Venn, 1866, chapter 7, see also Laudan, 1971, Strong, 1955, 
Snyder, 2006, chapter 1-3, Walsh, 1962). Venn defines this theory as follows: 
‘”Induction is that act of the mind by which, from a certain definite number 
of things or observations, we make an inference extending to an indefinite 
number of them”. And he continues by remarking that Mill assumes

‘that the data […] are already clearly recognized. Whether we take the 
simple symbolic [formula], this A and that A, and so on, are X; therefore 
every A is X; or any special concrete instance […] all practical dihculty 
which may have existed as to discovering and recognizing our A is 
omitted from view. But though this omission is possible in examples, 
it is scarcely possible in making original inferences. The objects from 
which our inference started as its basis must have been selected […] and 
there must [thus] have been some principle of selection in our minds’ 
(Venn, 1866, p. 195). 

If this is already a far cry from Mill’s ultra-empiricism, Venn refers to Whewell 
as the author who, despite sometimes using ‘rather strong expressions to 
describe it’ (Venn, 1866, p. 195), has ‘not unnaturally attached extreme impor-
tance to this creative part of the act of Induction’ (ibid., p. 195) which is ‘intro-
duced by the mind, and is not found in the things’ (ibid., p. 195). Venn, thus, 
wishes to separate the two parts of induction. Where the first (Millian) part 
suhces in those simple cases in which the conception accounting for the basis 
of an inference is already suggested by a word in everyday language, the second 
(Whewellian) part comes into play in those more complex cases in which these 
conceptions first have to be created. And it is on the basis of an understanding 
of these complex cases that the arbitrariness involved in the simple cases can 
be exposed: 

‘It should be borne in mind that when we state the grounds of the infer-
ence [‘all men are mortal’] in the form, this man is mortal, and that man 
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is; we are presupposing that the observer has already not merely distin-
guished the class ‘man’, but distinguished it as appropriate to his imme-
diate purpose. Whereas the grounds of his inference were in reality 
certain objects. It is true that these objects belong to the class man, but 
[…] they belong also to an indefinite number of other classes as well […] 
[Even if] the observer would have been right in his inference whichever 
[…] classes and corresponding conceptions he might have selected […] 
such considerations show us that there was scope for great ingenuity and 
for considerable efort of mind in a preliminary process, which, accord-
ing to Mr. Mill, is no part of Induction’ (ibid., pp. 198-199). 

Venn’s point is not that Mill was wrong in supposing that inductive inference 
‘has to do with facts or things themselves rather than with our ideas about them’ 
(Venn, 1876, p. 44), but that his project of formalizing induction was premised 
on the neglect of the creative, non-mechanical, role of the mind. 

2.2.2 ‘The dihculties of material logic’ 

And this was exactly what led Venn to recognize the dihculties of material 
logic – as elaborated in the article, with this very title, of 1879. Here, Venn’s 
main observation is that even though ‘the view of Logic in which it is regarded 
from the objective standpoint instead of from the conceptualist is the essen-
tially sound view’ (Venn, 1879, p. 36), it is ‘an ideal towards which we are 
to aim [rather] than a goal which we can consider ourselves to have attained’ 
(Venn, 1879, p. 36). In other, more specific, words,

‘[t]hings are what they are to out faculties; their attributes are at bottom 
merely certain ways in which they afect us [such that] objectivity […] 
does not in any way imply acquaintance with more than phenomena. […] 
[Objective] knowledge […] rendered final and general is, for all practi-
cal and speculative purposes, the same thing as the sum-total of “exist-
ences considered as objective” which […] is […] the subject-matter of 
Logic. [But] [i]t is obvious enough […] that any such attainment […] is 
at present indefinitely remote [Consequently, there is] a number of [sub-
jective] assumptions, or […] conventions [...] forced upon us […] if we 
wish to render our system consistent and homogeneous’ (Venn, 1879, 
pp. 35-36, p. 37). 
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Given this situation the task is to create a so-called ‘third science’ that stands 
between a purely (‘material’) objective or (‘conceptual’) subjective system of 
logic. It may be remarked that Venn, at several points in his articles, seems to 
suggest that this ‘midway’ is not merely a temporary construction, but follows 
from the fact that it is only in speculation that 

‘we can make a clean split between the objective and the subjective, 
and set them apart over against another. [F]or if we look to the practical 
necessities of life and the actual processes of thought, we shall find that 
it is in the intermediate layer of tissue […] that all the vital processes of 
growth and organisation are going on’ (ibid., p. 46). 

And this is exactly what accounts for the abovementioned disagreement on the 
issue of the two parts of inductive inference between Mill and Venn. 

Now, the task of the creation of a ‘third science’ – to which is relegated ‘all 
that now currently goes by the name of Logic’ (ibid., p. 46) – involves the enu-
meration of the assumptions functioning as the ‘subjective’ foundations of the 
‘objective’ treatment of logic. These assumptions, essentially, concern the exist-
ence of the objects of names (ibid., pp. 37-39), class-names (ibid., pp. 39-41) and 
propositions (ibid., pp. 41-44). Venn’s general solution is to claim the following:

‘We have to rule, from time to time that such and such things do exist 
and that others do not […] That is, we have as logicians, when asked to 
declare what is the denotation of any term [class-term or proposition] 
[…] [A]ny such arrangement is altogether relative, not merely to the 
age in which we live, but in some respects to the society with which we 
happen to mingle’ (ibid., p. 39). 

This conventionalist solution enables him both to ascribe a role to ‘subjec-
tive’ assumptions without committing himself to conceptualism as well as to 
uphold the idea that logic is a science concerned with the truth and falsehood 
of statements about things while circumventing its (material) ‘objectification’. 
For example, in the case of class-terms Venn feels confident to attack the con-
ceptualist’ criterion of the logical existence of the constituents of a class, by 
writing that it neglects ‘the teachings of nature [because] he [the conceptualist] 
ought not to try to fill his class-compartments unless he can actually find the 
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wherewithal to put into them’ (ibid., p. 40). At the same time, Venn’s wholly 
negative argument for this statement is that no ‘sub-division [is] eternally 
empty. The utmost we dare say is that it is unfilled at present, and will be found 
to be unfilled [merely] within a reasonable range about the period occupied in 
time by us of the present day’ (ibid., p. 41). 

2.2.3 The complete reformulation of material logic

The transition from an initial acceptance of the Millian definition of material 
logic in 1876 to its reformulation as an ideal ‘towards which we are to aim’ 
(ibid., p. 36) in 1879 culminates in its total revision in the Principles of Empiri-
cal or Inductive Logic of 1889. For if Venn, in his article of 1879, was willing to 
acknowledge the dihculties of the material, or objective, view of logic all the 
while considering it as an ideal that was worthwhile to pursue, some ten years 
later he straightforwardly dismissed it when observing that ‘such a view […] 
is altogether insuhcient, and would […] lead to the rejection of most what has 
always been regarded as forming a part of the subject-matter of Logic. [For] 
[i]t seems obvious that any attempt to confine ourselves to a bare statement 
[…] of facts of nature must be insuhcient when what we are concerned with is 
inference about those facts’ (Venn, 1889a, p. 23). 

It is in the Principles that Venn creates an alternative system of inductive logic 
with the character of a ‘third science’. That is, Venn now maintains that the 
whole enterprise of logic is itself neither purely objective nor purely subjective 
in so far as it is premised on ‘a duality, external and internal’ (ibid., pp. 21-22) 
– on the one hand, ‘outside us, there is the world of phenomena pursuing its 
course’ and, on the other hand, ‘within us, there is the observing and thinking 
mind’ (ibid., p. 22) – and concerned with ways in which the latter makes infer-
ences about the former in the form of propositional inferences. The first five 
chapters of the book are dedicated to a detailed treatment of the foundational 
assumptions of material logic; chapters 1 to 4 put forward the ‘objective’ or 
‘physical’ foundations of immediate inference (see ibid., pp. 1-110) and chapter 5 
the ‘subjective’ or ‘mental’ foundations of inductive inference (see ibid., pp. 111-
136). It must be perceived not only that the two (‘Millian’ and ‘Whewellian’) 
parts of inferentiality are here incorporated into one system, but also that 
the first is said to be premised on conventions drawn from ‘Metaphysics […] 
Psychology, Physical Science, Grammar and so forth’ (ibid., p. 1) and that the 
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second, conditioned as it is on the ordinary powers of observation (see ibid., 
pp. 111-116), the faculty of memory (see ibid., pp. 116-118) and the belief in the 
uniformity of nature (see ibid., pp. 119-136), is presented as accounting for the 
possibility of induction. Taken together, Venn has transformed Mill’s material 
theory into a system of inductive logic in which the study of logic can only 
commence after the construction of the ‘world as the logician regards it’ (ibid., 
p. 1) and in which ‘true Inference’ (ibid., p. 112) is grounded on mental postu-
lates and carried out by a ‘thinking mind’.

2.3 Mill’s psychologism: revisiting the relation 
between induction and the syllogism

The gradual dismissal of the Millian ‘over-objectification’ of material logic went 
hand-in-hand with a gradual revision of the doctrine of the syllogism accom-
panying it. In his ‘Consistency and real inference’ of 1876 Venn wrote that if 
this doctrine is to be regarded as Mill’s ‘strongest claim to originality’ (Venn, 
1876, p. 47) it is also ‘the natural, simple, and almost necessary outcome of the 
general view of logic which he has adopted’ (ibid., p. 47) – and with which 
Venn himself, by that time, was in full agreement. Venn explained his position 
as follows: 

‘Take, for instance, the proposition “All men are fallible”; from this we 
obtain […] “Some infallibles are not men”. Now regard these proposi-
tions as judgments; that is, stop short at the mental process of framing 
the judgment instead of going on to the facts about which the judgment 
is made, and it can hardly be denied that one of them is an inference from 
the other [for] they have diferent subjects […] predicates […] quantity 
and […] quality […] But penetrate to the facts to which these judgments 
refer, and we see at once that they are identical [i.e.] that one is a portion 
of the other. The things are the same, being merely diferently grouped, 
or looked at from a diferent point of view […] The conclusion, [when] 
regarded as an objective fact, is the premisses, or […] a portion of them 
[…] Hence Mill’s view readily follows, viz.: that it is the major premiss 
which really contains the whole inference’ (ibid., pp. 47-48). 

It is in chapter 14 of the Principles that Venn returns to this very doctrine with 
the aim of ofering ‘some criticism upon it’ (Venn, 1889a, p. 372). This crit-
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icism is introduced by means of questioning Mill’s view that the syllogism 
contains a petitiio principii (e.g. Nelson, 1925, Scarre, 1989, chapter 3, Skorup-
ski, chapter 4) – i.e. ‘that it is the major premiss which really contains the whole 
inference, the remaining part of the syllogism consisting merely in identifica-
tion […] of what has gone before’ (Venn, 1876, p. 48). In other words, Mill has 
it that there is no inference within the limits of the syllogistic process itself in 
so far as, firstly, the true original premises are obtained by generalizing beyond 
the observed original facts such that, secondly, the whole inference is already 
‘secured in the act of obtaining the major premise’ (Venn, 1889a, p. 373). Con-
sequently, within Mill’s view it holds that ‘whoever asserts [e.g.] that “All M is 
Q” must know, or, if not, ought to know, that “P is Q’, because the fact that P is 
Q is simple a part of the general fact that “All M is Q”’ (ibid., p. 374). 

Venn’s main argument against this doctrine of the syllogism is that it follows 
from the ‘over-objectification’ of the ground of logic. That is, he claims that 
the Millian neglect of the role of the mind in making an inductive inference 
not only implies the neglect of the inference involved in the formulation of the 
major premise, but also results in the idea that the conclusion of a syllogism is 
a repetition (in part) of the major premise alone. 

‘I [Venn] do not think it would be possible to find any better illustration 
of this [over-objectifying] tendency than is ofered by some of Mill’s 
remarks on the subject now before us […] [His view] seems to me, I must 
confess, to involve [a] want of appreciation of the distinction between 
the objective facts and our subjective recognition of them. It is […] true that 
when we contemplate the facts out of relation to our processes of acquir-
ing them; when we think of them as they exist in nature and not as they 
come into a syllogism we see that the fact that “P is Q” is […] a part of 
the broader fact that “M is Q”. But there is a very great diference, – for 
the purposes of Logic, all the diference required, – between saying this 
and admitting that our recognition of the former is necessarily given in 
that of the latter’ (ibid., p. 374, my emphasis). 

After the ‘ultra-objective’ approach to the syllogism has been abandoned, Venn 
holds that it must be accepted that it is possible ‘for any one who has consciously 
realized that M is Q, and P is M, not to consciously realize that P is Q’ (ibid., 
p. 375). If Venn draws this possibility from the work of the conceptualist 
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Hamilton52 and explicitly rejects Mill’s criticism of it in his Examination of Sir 
William Hamilton’s Philosophy (see Mill, 1865, chapter 20-23), he also concedes 
that the impossibility of ‘realizing such a state of things […] has always consti-
tuted […] the principal dihculty in the way of accepting the Syllogism’ (Venn, 
1889a, p. 375) within a material system of logic. And this, to be sure, is pre-
cisely the general goal which Venn sets for himself. 

Venn is of the opinion that Mill’s refusal to accept the syllogism is due both 
to his over-objectification of inductive logic as such as well as to the fact that 
the theory as to the origin of knowledge underlying it, namely his psycholo-
gism (see ibid., pp. 378-379), prevents him from realizing the abovementioned 
possibility. This argument is explained with reference to the observation that 
Mill’s position seems to derive all its force from the simplicity of his examples, 
that is, from his discussing only the ordinary processes of reasoning which are 
‘extremely short’ (Venn, 1889a, p. 377). Put diferently, Mill’s assumption that 
the ‘data, viz. the limited number of things’ (Venn, 1866, p. 194) from which 
the inductive inferences providing the major premise start and on which they 
are grounded are always already clearly recognized does not sit well with those 
more complicated cases – found, for example, in mathematics and the ‘algebra 
of logic’ – that do not appear in the ordinary syllogism. For, as Venn wrote,

‘it is quite possible to suppose any one setting out from […] two 
premises, as his real starting point, and reaching a conclusion which, 
regarded as a proposition or judgment held by him, may be something 
distinctively new. If this be so it is not necessary, with Mill, to insist 
upon going behind those premises in order to enquire into their grounds; 
the customary logical process of taking them for granted, and starting 
from them as the origin of our reasoning is quite consistent. [And] [o]
ften the facts are [indeed] far too remote to be […] readily reached […] 
It [holds] that no general proposition can be a true ultimate starting point; 
but we may nevertheless admit that such propositions are often the only 
starting point from which the thinker […] did set out, and often indeed 

52 In order not to commit himself to conceptualism Venn notes that the possibility is 
merely an outcome suggested by the conceptualist theory of judgments (see Venn, 
1889, pp. 375-376). 
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the only ones from which he possibly could have set out’ (Venn, 1889a, 
p. 378). 

It is for this reason that Venn concludes that any theory of the syllogism which 
does not allow for such cases ‘is surely unfitted for the purpose of Logic’ (ibid., 
p. 379). The claim that this applies to Mill’s theory is argued for by pointing 
out that, when extended to precisely these complex reasonings, it would trans-
gresses ‘into the province of Psychology’ (ibid., p. 379). And because it would 
thus always attempt ‘to determine the ultimate sources of knowledge’ (ibid., 
p. 379) it follows that it is unwilling to account for the unordinary cases. 

As Venn himself suggests, his account of the relation between induction and 
the syllogism is a ‘modified acceptance of Mill’s view’ (ibid., p. xvi) – and this 
in two, rather profound, respects. On the one hand, it insists on the preliminary 
role of the mind in the inductive inferences which provide the major premise, 
that is, it emphasizes that there is ‘a great deal of labour and insight required 
[…] for the acquirement of our major premise in the form in which we can 
employ it’ (ibid., p. 377). On the other hand, it extends syllogistic reasoning 
to those non-trivial cases in which ‘we hold a proposition, though we cannot 
[…] and perhaps cannot at all, recall the [material] grounds on which we do 
[…] hold it’ (ibid., p. 379). These diferences can, hopefully, account for the 
truth of Dewey’s timely statement to which this paper was dedicated, namely 
that Venn’s logic was ‘such an independent rendering of Mill as to be worthy 
of more attention’. 
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section 4

British symbolic logic and 
algebra: the limits of abstraction

This section contains these three articles:

– Verburgt, L.M. 2014. John Venn on the foundations of symbolic logic: a 
non-conceptualist Boole. Under review. 

– Verburgt, L.M. 2014. Duncan Farquharson Gregory and Robert Leslie Ellis: 
second generation reformers of British mathematics. Under review. 

– Verburgt, L.M. 2015. Duncan F. Gregory, William Walton and the develop-
ment of British algebra: ‘algebraical geometry’, ‘geometrical algebra, abstrac-
tion. Annals of Science. doi: 10.1080.00033790.2015.1025844

 
The three chapters in this section explore the creation of (‘modern’) abstract 
logic and algebra from the viewpoint of (‘non-modern’) symbolic logic and 
algebra – or, put diferently, they read the work of Boole and W.R. Hamilton 
through the lens of the work of Venn and Ellis, Gregory and Walton in order 
to expose the foundations of the former by means of the limits of the latter. 
What Venn, Ellis, Gregory and Walton could be said to have in common is 
a resistance to what connected Boole to W.R. Hamilton, namely, to para-
phrase Venn, a study, not of things, but of the mind in thinking about things. 
The first article (chapter 7) provides a detailed analysis of those chapters of 
Venn’s Symbolic Logic in which he presented his so-called ‘non-conceptualist’ 
reformulation of the foundations of Boole’s extensional logic for syllogistics – 
something of which Venn himself thought as an alternative to ‘algebra of logic’ 
and Frege’s ‘mathematical logic’. The second article (chapter 8) discusses the 
contributions of Gregory and Ellis to algebra and geometry and their broader 
views on philosophy of mathematics and science with the aim of revisiting the 
characterization of the second generation of reformers of British mathematics 

part 1 | 
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found in Smith and Wise’s seminal Energy and Empire. It is argued that none 
of the features brought to the fore in their treatment of the work of Ellis and 
Gregory, namely ‘geometrical methods’ in mathematics and an ‘anti-meta-phys-
ical’, ‘non-hypothetical’ emphasis on ‘practical knowledge’ can be straightfor-
wardly upheld; Gregory’s ‘symbolical algebra’ was connected to philosophi-
cal considerations underlying the Scottish Newtonians’ ‘abstractionism’ and 
‘fluxional analysis’ and Ellis’s idealist reconstruction of Baconianism insisted 
on the central importance of ideal ‘principles of arrangement’ in the obtain-
ment of scientific and mathematical knowledge (see also chapter 3 and 4). The 
third article (chapter 9) describes, in detail, the period of the complex history 
of British algebra and geometry between the publication of Peacock’s Treatise 
on Algebra in 1830 and W.R. Hamilton’s paper on quaternions of 1843. During 
these years, Gregory and Walton published several contributions on ‘algebra-
ical geometry’ and ‘geometrical algebra’ which enabled them not only to gen-
eralize Peacock’s symbolic algebra on the basis of geometrical considerations, 
but also to initiate the attempts to question to the status of Euclidean space as 
the arbiter of valid (geometrical) interpretations. At the same time, Gregory 
and Walton were very much bound by the limits of the abstractness of symbolic 
algebra that they themselves made explicit; their work was not and could not be 
the ‘abstract algebra’ (and ‘abstract geometry’) of W.F. Hamilton and Cayley 
which, to be sure, was grounded on a conception of abstraction in which math-
ematical objects exist as generalized constructions from certain pure a priori 
intuitions rather than as abstractions from empirically grounded quantities of 
number and magnitude. 
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chapter 7

John Venn on the 
foundations of symbolic logic: 
a non-conceptualist Boole

0.  Introduction: Venn, Mill and Boole 
on induction and deduction

The English logician, philosopher and fellow of Gonville and Caius College, 
Cambridge, John Venn (1834-1923) is mostly remembered for his creation of 
what, since the publication of Clarence Irving Lewis’ Survey of Symbolic Logic 
of 1918, has become known as ‘Venn diagrams’.1 Despite the fact that these 
‘cogwheels of the mind’, which were first put forward in Venn’s paper of 1880 
entitled ‘On the diagrammatic and mechanical representation of propositions 
and reasonings’,23 are still widely used in mathematical education (elementary 
set theory) and as illustrations of (set) connections in, for example, logic, lin-
guistics and probability theory,4 almost nothing has been written on the particu-
lar approach to so-called ‘algebra of logic, or ‘symbolic logic’ as Venn himself 
preferred to call it, of which they were the graphical expression. This is all the 
more surprising because Venn, being a critical successor of George Boole (1815-
1864) standing ‘at the apogee of nineteenth century algebraic logic’5, occupied 
a highly interesting position in the Renaissance of logic in nineteenth-century 
Britain.6 Furthermore, the fact that, however close his views were to current 

1 See Lewis 1918, chapter 3. 
2 Venn 1880b. 
3 Edward notes that Venn first hit upon the idea of a ‘Venn diagram’ in a series of 

lectures at Caius College which he began in 1869 (Edwards 2004, p. 35). See also 
Venn 1880c and Venn 1880d. 

4 For accounts on ‘visual logic’ see, for example, Hammer & Shin 2007; Moktefi & Shin 
2012; Shin 1994. 

5 Van Evra 2008, p. 514. 
6 See Gabbay & Woods 2008. 
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logical theory, Venn remained committed to traditional or Aristotelian logic 
makes that a reading of his Symbolic Logic (1881) can add an intriguing new per-
spective to the (current) debate about the question of whether Boole’s ‘algebra 
of logic’ (calculus ratiocinator) or Gottblob Frege’s (1848-1925) ‘mathematical 
logic’ (lingua characteristica universalis) parented modern logic.7 

Venn’s logical oeuvre is characterized by the attempt to combine the two philo-
sophical developments spurred by the publication of Richard Whately’s (1787-
1863) Elements of Logic of 1826,8 namely the algebraic generalization of tradi-
tional logic found in the work of Boole9 and the empiricist reduction of (‘real’) 
logical inference to induction of John Stuart Mill.10 Although this fundamental 
distinction between deductive and inductive logic is reflected in his three major 
works – separating, as it does, Venn 1881 from the Logic of Chance (1866)11 and 
Principles of Inductive or Empirical Logic (1889) –, theoretically speaking, Venn 
rejected both Boole’s idea that the whole of inductive logic can be incorporated 
within deductive (syllogistic) logic as well as Mill’s idea that deductive (syl-
logistic) logic must be dismissed in favor of an inductive logic. Instead, Venn 
put forward an alternative approach to logic that occupies the eclectic middle 
ground between these two general views. 

To begin with, Venn holds, contra Boole, that (the deductive form of) the tra-
ditional syllogism is ‘circuitous and artificial; the actual inference [being] to all 
intents and purposes inductive’12 and, contra Mill,13 that there are more com-
plicated cases of deductive reasoning not appearing in the traditional syllogism 
which contain non-trivial (or ‘ampliative’) inferences. As Venn has it: 

7 See Peckhaus 2014 and Van Heijenoort 1967 for this historico-theoretical distinction. 
8 See McKerrow 1987; Peckhaus 2009 and Van Evra 1984. 
9 Boole 1847; Boole 1854. 
10 Mill 1843/1958. For accounts on Mill’s induction see, for example, Anschutz 1949; 

Jackson 1941; Walsch 1962. 
11 In direct opposition to (mathematical) tradition, Venn considered probability theory 

to be a specific portion of the system of (material) logic. The central aim of Venn 1866 
was to redefine the foundations of the theory after it has been incorporated within this 
very system. See Kiliç 1999 and Verburgt 2014a for a detailed analysis of Venn’s work 
on probability theory. 

12 Venn 1889, p. 378. 
13 See Nelson 1925; Botting 2014. 
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The common account of [the syllogistic] process seems a perfectly 
tenable one; that is, the objection that it involves [a] petitio principii, and 
only states as a conclusion what we must have known as a premise, is not 
valid [for] it is quite possible to suppose any one setting out from the two 
premises as his real starting point, and reaching a conclusion which […] 
may be something distinctly new. [But] whenever [the] original data on 
which the major premise was based are so close to hand that a moment’s 
reflection will suhce to revive them [I] think Mill’s account of the syllo-
gistic process is the simplest and the best. (Venn 1889, pp. 337-378)

Venn, pace Mill, embraced the simple cases of inference within traditional (syl-
logistic) logic – or, for that matter, recognized them as parts of a syllogistic 
process –,14 while arguing, contra Boole, that ‘the really characteristic elements 
of […] Inductive Logic are of a […] non-formal nature’.15 This does not mean 
that Venn has any Millian scruples – for the ‘creative part’ of inductive infer-
ence that is pulverized when induction is put into syllogistic form is precisely 
what goes unrecognized in Mill’s ‘mechanical’ definition of induction.16 Venn, 

14 Venn wrote that it was his contention ‘that the really characteristic elements of the 
hypothetical of common life and of Inductive Logic are of a non-formal nature. Those 
characteristic are partly material and partly psychological, and therefore the determi-
nation to force these [inductive] propositions through the forms of our [algebraical] 
system will naturally, so to say, crush all the life out of them. Such a loss as this is 
inevitable. Whenever we substitute anything resembling machine work for hand or 
head work, we find that though the former possesses vast superiority of power there 
are always some delicacies of performance in which it exhibits comparative failure. So 
it is here’ (Venn 1881, p. 341). 

15 Venn 1881, p. 243. 
16 Venn was of the opinion that Mill’s definition of induction (‘Induction is that act of 

the mind by which, from a certain definite number of things or observations, we make 
an inference extending to an indefinite number of them’) does not account for original 
inferences. Venn writes that in so far as Mill assumes ‘that the data, viz. the limited 
number of things from which the formula starts, and on which it is grounded, are 
already clearly recognized’ he omits ‘all practical dihculty which may have existed as 
to discovering and recognizing our [data]’ (Venn 1866, p. 194). Referring to the work 
of the idealist (!) William Whewell, Venn argues that ‘[t]he objects from which our 
inference started as its basis must have been selected; and since this selection was 
neither made at random nor performed for us by others, there must have been some 
principle of selection in our minds’ (Venn 1866, p. 194). Taken together, Venn accused 
Mill of neglecting the creative part of the process of induction (see Laudan 1971; 
Strong 1955; Walsch 1962). See Verburgt 2014 b for a detailed discussion of the connec-
tion between Mill and Venn.
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thus, seems to hold that an ‘inductive syllogism’ must be interpreted as a syl-
logism coming from an inductive process that itself involves an ‘unformaliz-
able’ act of the mind. At least, that is what would allow for the possibility of 
simultaneously upholding the following two ideas about a (Boolean) ‘calculus 
of deductive reasoning’: 

[I]nasmuch as it is [a] Formal Science, the resolve to fit it in with the 
problems of Induction, or to regard it as an introduction to the Principles 
of Science in general, seems to me a grave error, and to result merely 
in the attempt to combine heterogeneous materials. (Venn 1881, p. xxvi, 
p. 34) 

[T]he determination to force [inductive] propositions through the forms of our 
system will naturally, so to say, crush all the life out of them [but] [s]uch a loss 
as this is inevitable. (Venn 1881, p. 341)

The complex cases of inference that account for the fact that, on the one hand, 
the traditional syllogism does not commit a petitio principii and, on the other 
hand, there are processes of reasoning involving non-trivial (deductive) infer-
ence for which it holds that there s nothing corresponding to it in traditional 
(syllogistic) logic, explain Venn’s interest in the work of Boole. Venn was of the 
opinion that ‘algebra of logic’ ‘should be regarded as a Development or General-
ization [of] Formal, viz. Aristotelian or Scholastic Logic’17 such that it becomes 
‘more suitable for the treatment of complicated problems and broad generali-
zations [of reasoning]’.18 This position committed him to a twofold task which 
Venn himself considered original to his Venn 1881, namely the

Thorough examination of the Symbolic Logic as a whole, that is, its 
relation to ordinary Logic and ordinary thought and language [and] the 
establishment and explanation of every general symbolic expression and 
rule on purely logical principles, instead of looking mainly to its formal 
justification. (Venn 1881, p. xxix). 

17 Venn 1881, p. xxvii, p. xxvi, f. 1. 
18 Venn 1881, p. 165, f. 1. 
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The aim of the present paper is to provide a detailed analysis of the way in 
which this was carried out (section 1) and to reflect on the meaning of, on the 
one hand, Venn’s statement that Boole, despite his ‘many and serious omis-
sions’19, agreed with the non-mathematical character of logic and, on the other 
hand, Venn’s own non-conceptualist reinterpretation of ‘algebra of logic’ 
(section 2) for an understanding of the rise of modern logic during the nine-
teenth-century (section 3). 

1.  From traditional predicates to non-conceptualist 
compartments – from traditional to symbolic logic

Venn had become acquainted with Boole’s The Laws of Thought (1854) through 
his tutor Isaac Todhunter as early as in the year 1858. But it was only ‘untill 
after the third or fourth study of the book, in 1878/1879’20 that Venn felt confi-
dent enough to reflect on it and bring it into contact with his own general views 
on logic. After having devoted ‘what might seem, a disproportionate [amount] 
of time to one peculiar development of Logic’,21 namely (Millian) material logic 
and probability theory, and preparing lectures for the intercollegiate scheme 
at Caius College during the 1870s, it was in 1876 that Venn published a critical 
discussion of ‘Boole’s system of logic’.22 The substance of the chapters of what 
would become Venn 188123 appeared in some articles of the year 1880.24

Because Venn did not publish any work prior Venn 1866 and his first two articles 
only appeared in 1876,25 the theoretical path leading to Venn 1881 cannot be 
described.26 Nevertheless, when it is observed that the purpose of Venn’s ‘On 

19 Venn 1881, p. xxi. 
20 Venn quoted in Cook 2005, p. 338. 
21 Venn quoted in Cook 2005, p. 338. 
22 Venn 1876b. 
23 The book went through three editions of the which the first appeared in 1881 (Venn 

1881), the second in 1894 (Venn 1894) and the third, which was a reprint of Venn 1894, 
in 1974 (Venn 1974). 

24 Venn 1880a; Venn 1880b; Venn 1880c; Venn 1880d; Venn 1888e. 
25 Venn 1876a; Venn 1876b. 
26 For detailed accounts of the development of symbolic logic see, for example, Howson 

1997/2005; Langer 1967; Shearman 1906. 



222

the forms of logical propositions’27 of 1879 was that of finding a scheme of prop-
ositional import that could form the basis for the ‘widest extension possible of 
our [ordinary] logical processes by the aid of symbols’28 they could be recon-
structed – and it is to this task that the following sub-sections are dedicated.

1.1  ‘Non-conceptualist formalism’

Venn’s article of 1876 entitled ‘Consistency and real inference’29sets out from 
the statement that in so far as the proposition ‘by analysis leads to terms, and 
by synthesis to arguments’30 it follows that ‘what holds of the proposition holds 
equally throughout the entire field of logic’.31 It is on the basis of this statement 
that Venn uses the common definition of the proposition as being ‘a statement 
in words of a judgment about things’32 to distinguish between the ‘conceptual-
ist’ and ‘material’ accounts of logic. The first defines the judgment as consisting 
of concepts, or ‘mental representations’, standing in a certain relation to each 
other such that logic is concerned with ‘the mental order or stratum of things’.33 
The latter defines the judgment as consisting of propositions of which the terms 
refer to things such that logic, at least in Venn’s reformulation of material logic, 
is concerned with the judgment of the human mind about a world of phenom-
ena resulting from objective and subjective assumptions of reasoning. In other 
words, where the material approach to logic emphasizes the import, or truth or 
falsehood, of propositions the conceptualist approach to logic, not unlike pure 
mathematics, occupies itself with the ‘pure form’ of mental concepts. 

Venn wishes to dismiss the conceptualist notion of ‘perfect induction’ – pre-
sented, as it is, in the form of an ‘inductive syllogism’34 in which induction ‘is 

27 Venn 1879. 
28 Venn 1879, p. 337. 
29 Venn 1876a. 
30 Venn 1876a, p. 43. 
31 Venn 1876a, p. 43. 
32 Venn 1876a, 44. 
33 Venn 1876a, 44. 
34 For instance in his Elementary Lessons in Logic of 1870, William Stanley Jevons 

(1835-1882) gives the following example of such an inductive syllogism: ‘Mercury, 
Venus, the Earth etc. all move round the sun from West to East. Mercury, Venus, the 
Earth etc. are all the known planets. Therefore all the known planets move round the 
sun from West to East’ (Jevons 1870/1888, pp. 214-215). 
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performed formally and necessarily’ – not only for its neglect of the Millian, 
or material, side of induction, but also for formalizing the ‘Whewellian’, or 
mental, side of induction. As said, Venn himself is deeply committed to the 
view that inductive logic, being ‘partly material and partly psychological’35, 
is of a non-formal nature. Importantly, despite this close connection between 
‘conceptualism’ and ‘formalism’, Venn distinguishes them as follows: 

Formal and Conceptualist, […] are frequently used as […] synonyms 
[but] [t]hese terms are obviously distinct in their original significations. 
“Formal” has reference to the limits of the subject rather than its actual 
nature. It reminds us that we are confining ourselves to those mental pro-
cesses […] which are independent of the particular subject matter, that 
is […] which follow from the mere form of expression. “Conceptualist” 
[…] refers rather to the nature of our subject than to its limits; it reminds 
us that we are occupying ourselves with the consideration of concepts 
[…] as distinguished from external phenomena. (Venn 1876a, p. 46). 

Three things must be inferred from this passage. Firstly, that in so far as the 
reasonings expressing inductive inferences refer to a particular subject matter 
they are unsuitable for ‘formalization’. Secondly, that it is possible, in princi-
ple, to set out to ‘formalize’ the structure or form of non-inductive expressions 
all the while eschewing conceptualism. And thirdly, that these expressions are 
connected to a mental process diferent from the one involved in the second, 
‘Whewellian’, part of induction. For even if both processes are to a certain 
degree independent from ‘facts’ or ‘things’, it holds that where the first follows 
from the structure of an expression the second does not due to its ‘non-me-
chanical’ character. Taken together, Venn has enabled himself to formalize the 
structure of the mental processes involved in deductive expressions without 
committing himself to the ‘conceptualist’ definition of these expressions in 
terms of ‘concepts’. 

35 Venn 1881, p. 341. 
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1.1.2 The material import of formal compartments 

At this point it must be re-emphasized that the possibility of the symbolic 
extension of traditional logic first suggested itself in the context of the for-
malization of the process of the division of denotative terms – which, strictly 
speaking, does not belong to inductive logic.36 In Venn’s own words, 

the traditional logical process of Division […] did not lead to much result 
[since] it was hampered in execution owing to the fact that though it 
professed to be, and really aimed at being, a formal process, it never-
theless attended suhciently to the dictates of common sense to endeav-
our to render itself […] useful […] And in a treatise on Induction, it [is] 
somewhat of a departure from strict consistency to touch upon such a 
procedure at all. It [is] however desirable to do this, partly because the 
continuity of technical language in the subject rendered it necessary 
to give some explanation of the […] meaning of the term [and] partly 
because, by seeing what and where were the main deficiencies of the old 
treatment we may be better able to see where improvement is needed 
[…] What we [may] do is to see what comes of the attempt to develop 
[…] the formal [side] separately. (Venn 1889, p. 318). 

In traditional logic the process of division or dichotomy is dealt with along the 
lines of predication, that is, it aims to reach the particular class or individual of 
a proposition by breaking up every class into two divisions or contradictories.37 
Because the subdivisions are themselves not subjected to further analysis and, 
on the other, it is clear that ‘there is not any very rigid adherence displayed to a 
truly formal dichotomy of the X and not-X kind’.38 The field of symbolic logic 
is opened up by pursuing exactly this course, namely by dealing ‘with nothing 
but formal contradictories’39 and introducing ‘every alternative of which the 
form will admit’.40 Thus,

36 See Venn 1889, pp. 318-319. 
37 See Venn 1889, chapter 12. 
38 Venn 1889, p. 319. 
39 Venn 1889, p. 319. 
40 Venn 1889, p. 319. 
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[s]uppose that we start with a class S, and that we are concerned with 
three attributes which shall serve as the bases of division, viz. X, Y and 
Z. We divide S into X, and not-X. We then proceed to subdivide both 
of these by the introducing of Y, thus obtaining four classes. Introduce 
the third attribute Z, and make the same division again, and we get eight 
resultant classes. And this we might continue doing with any number of 
such dividing attributes. (Venn 1889, p. 319)

Venn points out that this methodological improvement of the traditional treat-
ment of division in respect of its completeness is premised on the thoroughgo-
ing, albeit purely instrumental, redefinition of the proposition as consisting of 
(formal) class-compartments rather than actual classes. The precise formula-
tion of this theory of the proposition is presented, by Venn, in his ‘On the forms 
of logical proposition’ of 1879.41 Before discussing the details of this article it 
must be emphasized that the substitution of actual classes for formal class-com-
partments allowing for the further development of the formal side of the ‘old 
problem of Division’42 is accompanied by a development ‘to the utmost [of] the 
material side’.43 

What we start with […] is a framework of class-compartments, the 
number of these being determined by the number of class-terms involved 
in the proposition or group of propositions […] If the propositions 
involved, as is the case with the common syllogism, three terms, say X, Y 
and Z, we should have eight such compartments before us [such that] all 
the possible combinations [are] exhausted. Now this being so, it may be 
shown – and this forms the basis of the whole Theory of Symbolic Logic 
– that every significant universal proposition must necessarily destroy 
some one or more of the possible classes [and] [c]onversely, whatever 
may be the number and description of empty compartments, there must 
be some corresponding proposition which will unambiguously express 
the facts. (Venn 1889, p. 320) 

41 Venn 1879. 
42 Venn 1889, p. 321. 
43 Venn 1889, p. 321. 
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For example, ‘All X is Y ’ amounts to the statement that ‘there is no X that is 
not Y ’ – i.e. that there is no class as X, not-Y. Venn thus puts ‘symbolic logic’ 
forward as an extension of traditional logic in which propositions are formal-
ized by defining them as consisting of class-compartments which themselves 
have an import in so far as they can be materially interpreted.

1.1.3 The ‘compartmental view’ of propositions

It is in his ‘On the forms of logical proposition’44 that this approach is given the 
name of the ‘compartmental view’ and in which this particular view is explicitly 
presented as the one to be preferred above the traditional ‘predication view’ 
and conceptualist45 ‘class inclusion and exclusion view’ for the purpose of 
‘securing the widest extension [of Logic] possible’.46 

The ‘predication view’ adopts the conventional ‘method of asserting or denying 
attributes of a subject, that is, of the whole or part of a subject; whence they 
naturally yield four forms – the universal and particular, ahrmative and neg-
ative’47. If this view is a more or less technical clarification of the ordinary 
pre-logical modes of linguistic expression, these forms represent ‘the most 
primitive and natural modes in which thought begins to express itself’.48 Taken 
together, even though this view and its forms are not suitable for ‘very compli-
cated reasonings’, it is ‘not likely to be surpassed […] for the expression and 
improvement of ordinary thought and speech’.49 

In order to be able to account for the purely formal side of the process of 
division, Venn observes that it is necessary to dismiss the traditional habit of 
‘translating the subject in respect of extension and the predicate in respect of 
intension’50 in favor of a scheme in which both subject and predicate are inter-
preted in respect of their (denotative) extension. Before describing in detail 

44 Venn 1880a. 
45 Venn writes that when in the class inclusion and exclusion view the predicate is quan-

tified it may as well be termed the Hamiltonian view (see Venn 1880a, p. 340).
46 Venn 1880a, p. 337, p. 345. See also Venn 1889, chapter 9. 
47 Venn 1880a, p. 337. See also Venn 1889, chapter 8. 
48 Venn 1880a, pp. 337-338. 
49 Venn 1880a, p. 338. 
50 Venn 1889, p. 228. 
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the ‘compartmental view’, Venn introduces the ‘class inclusion and exclu-
sion view’ as one in which the proposition is not regarded ‘as made up of a 
subject determined by a predicate’, but instead ‘as assigning the relations, in 
the way of mutual inclusion and exclusion, of two classes to one another’.51 
The relations between two classes can take on the following forms; the one can 
either coincide with the other (‘All X is all Y ’), include it (‘All X is some Y ’), 
be included by it (‘Some X is all Y ’), partially include and partially exclude it 
(‘Some X is some Y ’), or entirely exclude it (‘No X is any Y ’).52 Venn’s main 
criticism of this view closely resembles his dismissive characterization of con-
ceptualism in his ‘Consistency and real inference’ of 1876.53 Firstly, on the 
conceptualist view of the process of division it is confined to its formal side. 
Although it is true that division by dichotomy is formally valid, conceptual-
ism precludes the possibility of establishing whether or not the classes are 
occupied – and ‘unless we had the material information that some of them did 
possess [e.g.] X and some did not we [are] led to the absurdity of a class which 
was without any members to compose it’.54 Secondly, conceptualism makes 
‘no reference to belief [for] belief cannot but have some degree of reference to 
external objects [instead of] the […] data of thought’;55 for the ‘class inclusion 
and exclusion view’ it holds that when its forms express ‘the relations of class 
inclusion and exclusion […] we only need, or can find place for, five. Regard 
them as expressing to some extent out uncertainty about these class relations, 
and we want more than eight56’.57 

These two criticisms are circumvented on the ‘compartmental’ view; it allows 
for the expression of doubt in so far as it establishes whether propositions assert 
or deny ‘the existence of things corresponding to a certain term or combination 

51 Venn 1880a, p. 338. 
52 See Venn 1880a, p. 339 and Venn 1889, p. 228. 
53 Venn 1876a. 
54 Venn 1889, p. 320. 
55 Venn 1876a, p. 46. 
56 These eight forms follow from the extension of the five-fold arrangement by means 

of the so-called ‘quantification of the predicate’ – such that it also includes ‘Any X is 
not some Y ’, ‘Some X is not any Y ’ and ‘Some X is not some Y ’. According to Venn, 
these new three forms are ‘superfluous, or ambiguous equivalents for one or more of 
the first five’ (Venn 1880a, p. 341). 

57 Venn 1880a, p. 343. 
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of terms’58 by implication. For this reason, Venn sometimes even calls this third 
view the ‘existential’ view, which 

is still distinctly a class, rather than a predication, view; but instead of 
regarding the mutual relation of two or more classes in the way of inclu-
sion and exclusion, it substitutes a complete classification of all the sub-
divisions which can be yielded by putting any number of classes together, 
and indicates whether any one or more of these classes is occupied; that 
is, whether things exist which possess the particular combination of 
attributes in question. (Venn 1880a, pp. 345-346)

Thus, in the case of the two class terms X and Y there are four possible com-
partments ‘for everything which exists must certainly possess both the attrib-
utes marked by X and Y, or neither of them, or one and not the other. This is 
the range of possibilities from which that of actualities may fall short; and the dif-
ference between these […] is just what it is the function of the proposition to 
describe’59. For example, ‘No X is Y ’ is interpreted as unconditionally denying 
the existence of the class XY and ‘Some X is Y ’ as conditionally ahrming the 
existence of the class XY. 

If it is this ‘compartmental’ scheme that has to be employed for the purpose of 
an extension of traditional logic, the view itself ‘could never have been realised 
by any one who had not a thorough grasp of those mathematical conceptions 
[of Boole] which [e.g.] [William] Hamilton [(1788-1856)] unfortunately both 
lacked and despised’.60 61 Because

58 Venn 1889, p. 229. 
59 Venn 1880a, p. 346, my emphasis. 
60 Venn 1880a, p. 345. 
61 It may be remarked that Venn and Hamilton were in agreement on the fact that math-

ematics deals with necessary inferences, but for contrasting reasons. Where Venn 
had it that any discipline, view, author (such as Hamilton) etc. supporting the very 
idea of a necessary inference was committed to the psychologically-inspired concep-
tualist idea of the existence of laws of mind, Hamilton argued that the mathematical 
treatment of necessary inferences merely belonged to that part of ‘practical’ logic, 
instead of ‘theoretical’ logic’ (analyzing, as it does, the ‘laws of thought’), that dealt 
with necessary, instead of contingent, matter. For an account of Hamilton’s stand-
point vis-à-vis mathematics see, for example, Hamilton 1852; Stirling 1865; Laita 1979. 
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when we quit the traditional arrangement and enumeration of proposi-
tions we must call for a far more thorough revision than that exhibited 
on the [‘class inclusion and exclusion view’]. Any system which merely 
exhibits the mutual relations of two classes to one another is not exten-
sive enough. We must […] conceive, and invent a notation for, all the 
possible combinations which any number of class terms can yield; and 
then find some mode of symbolic expression which shall indicate which 
of these various compartments are empty or occupied, by the impli-
cations involved in the given propositions. This is not so dihcult as it 
might sound, since [Boole has shown that] the resources of mathematical 
notation are quite competent to provide a simple and efective symbolic 
language for the purpose’. (Venn 1880a, p. 345)

2.  Non-mathematical ‘symbolic logic’: the transformation 
of Boole’s ‘mathematical treatment of logic’

In the introduction to Venn 1881, Venn writes that he is of the opinion that Boole 
1854 embodied a systematic account of the higher generalization of logic that, 
in its purely formal shape, was complete and almost perfect.62 The fact that the 
bulk of Venn 1881 consists of the task of refinement, had given rise to communis 
opinio which holds that the book is to be approached as a popularizing defense 
of the system of Boole.63 It is undoubtedly impossible to appreciate Venn’s 
book without taking into account its deep connection with that of Boole, but 
the claim that Venn’s ‘symbolic logic’ is not more than another name for ‘algebra 
of logic’ is seriously misguided. 

Venn himself puts forward the statement that Boole’s ‘algebra of logic’ ‘still 
lies open to a good deal of explanation and justification’64 and contains ‘many 
and serious omissions’65 in order to emphasize that Venn 1881 is not occupied 
‘with going over […] the same ground as [Boole] or others have traversed’,66 

62 See Venn 1881, pp. xxix-xxx. 
63 See, for example, Barnett 2009, pp. 14-20; Craik 2007, p. 334; Hailperin 1976/1986, 

p. 126; Van Evra 2008, p. 509. 
64 Venn 1881, p. xxix. 
65 Venn 1881, p. xxix. 
66 Venn 1881, p. xxix. 
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but is ‘intended to be an independent study of the subject […] and in no sense a 
commentary […] upon Boole’.67 And Venn introduces the features character-
istic to his own account, namely those of the inclusion of the relations of the 
extension of logic ‘to ordinary Logic and ordinary thought and language [and] 
the establishment [...] of every general symbolic expression and rule on purely 
logical principles’,68 as being original to him. It is widely agreed that Venn’s 
unprecedented treatment of the contributions of post-Leibnizian logicians such 
as Johann Adreas Segner (1704-1777), Gottfried Ploucquet (1716-1790), Johann 
Heinrich Lambert (1728-1777) and Georg Jonathan von Holland (1742-1784))69 
was a milestone in the nineteenth-century reflection on the historical roots of 
the new idea of the application of mathematical signs to logic. But it is not often 
noted that this treatment enabled Venn not only to show that Boole had been 
unaware of his predecessors and that his ‘actual originality [is] by no means so 
complete as is commonly supposed’,70 but also to situate both Boole and himself 
within the (post-Leibnizian) current of the Aristotelian tradition that brought 
to use mathematical symbolism for purely logical purposes. 

Venn’s dismissal of the name of ‘algebra of logic’ in favor of ‘symbolic logic’ 
is thus not a mere quarrel over words. It rather suggests that the aim of Venn 
1881 is that of the creation of a non-mathematical and non-conceptualist system 
that completely generalizes traditional syllogistic logic, that is, a system which 
neither reduces logic to mathematics or redefines it as the formal analysis of 
‘mental concepts’. If Venn was of the opinion that Boole sometimes ‘forgot’ 
that his system satisfied the first criterion, Venn straightforwardly rejected 
what he found ‘fanciful and of little value’71 in the work of Boole, namely its 

67 Venn 1881, p. xxx. 
68 Venn 1881, p. xxix. 
69 See, for example, Capozzi & Roncaglia 2009; Gray 1978; Lenzen 2008; Peckhaus 

2012. 
70 Venn 1881, p. xxviii. 
71 Venn 1876b, p. 490. 
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conceptualist ambitions.72 Put anachronistically, given that Venn’s ‘symbolic 
logic’ was an attempt to reformulate Boole’s ‘algebra of logic’ along the lines of 
these viewpoints, his contribution to modern abstract logic is that of demon-
strating that ‘algebraic’ logic, when understood as a generalizing extension of 
traditional logic, is not modern. To the much debated question whether Boole 
is ‘really the father of modern logic’,73 Venn would have answered not only that 
Boole was actually the latest ofspring of the Aristotelian tradition,74 but also 
that the ‘mathematical dress’ of his work sometimes led him to overlook his 
own place in the history of logic. It is in this sense that Venn’s reformulation 
of Boole’s ‘algebra of logic’ can be understood as a highly sympathetic, albeit 
foundationally critical, reminder of this very fact. 

2.1 Venn’s Boole: ‘un-mathematizing’ mathematical logic

Given his equation of ‘conceptualism’ with ‘pure mathematics’ and his present-
ing of ‘algebra of logic’ as an extension of traditional logic, it should come as 
no surprise that Venn dedicated much efort to showing that the mathemati-
cal symbolism taken up to realize and describe the ‘compartmental’ scheme of 
propositions is nothing more than a ‘convenient abbreviation’ of well-known 
logical conceptions and processes. This also allows him to claim that there is 
nothing in Boole’s system ‘which can properly be called mathematical [since] it 
is simply a generalization of very familiar logical principles’.75 Taken together, 
Venn aims to demonstrate that

the nature of the characteristic processes of Boole’s method […] are 
at bottom logical, not mathematical, but they are stated in such a highly 

72 Venn writes that one of his criticisms concerns Boole’s ‘views about the constitution 
of the human intellect, a subject upon which he considered that the mathematical form 
which his system assigned to the laws of thought threw much light. [This] is decidedly 
interesting [and] suggestive […] but on the whole I must confess that it seems fanciful 
and of little value. Great as were Boole’s deductive powers […] he does not seem to 
have possessed much of that, certainly rare, metaphysical faculty which distinguished 
amongst elementary truths those which are really axiomatic’ (Venn, 1876, p. 490). It 
is highly likely that Venn thought of the romantic idealist John Grote (1813-1866) as 
one of those figures with the suggested ‘metaphysical faculty’. See footnote 141. 

73 See MacHale 1985; Peckhaus 2000; Quine 1955. 
74 See Corcoran 2003. 
75 Venn 1880e, p. 248. 
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generalized symbolical form, and with such a mathematical dress upon 
them, that the reader may work through them several times before the 
conviction begins to dawn upon him that he had any previous acquaintance 
with them. (Venn 1876b, p. 484, my emphasis)

Although Boole himself did not arrive at the method of using mathematical 
symbolism to express logical relations from, what Venn calls, ‘a logical path’,7677 
Venn argues that Boole, contrary to the then prevalent opinion about him, did 
not regard logic ‘as a branch of mathematics [but] simply applied mathematical 
rules to logical problems’78. It is certainly true that Boole conceived the idea of 
a ‘Calculus of Logic’ under the influence of George Peacock (1791-1858) and 
Duncan Farquharson Gregory (1813-1844) on the nature of algebra from whose 
work he learned not only that ‘there could be an algebra of entities which were 
not numbers in any ordinary sense [but also] that an algebra could be devel-
oped as an abstract calculus capable of various interpretations’.79 But Venn also 
argued that Boole was prevented from recognizing that nothing can be done by 
his algebraic methods ‘which could not equally be done by the […] method [of] 
the old logic […] and all that it can do can be done even by unassisted common 
sense’80 – which, to be sure, was ‘Boole’s own view’81 – because of his caring 
too much for ‘the power and completeness of his rules’.82 The legitimacy of this 
claim may of course be put in doubt; for it is far from obvious that this is what 
the algebraist Boole hinted at when he wrote that ‘the ultimate laws of Logic 
– those alone upon which it is possible to construct a science of Logic – are 
mathematical in their form and expression, though not belonging to the math-
ematics of quantity [i.e. arithmetic’.83 It must be clear that Venn’s ‘symbolic 

76 Venn 1880a, p. 484. 
77 Venn makes a distinction between arriving at the method by ‘generalising the simple 

logical conceptions […] and when [having] clothed them in their highly abstract 
symbols pulling down and throwing away the scafolding which had led [one] there’ 
(Venn 1880 a, p. 484) and by beginning ‘with pure formulae, and manipulat[ing] and 
condition[ing] them until they could fairly represent the rules and results of processes 
of thought’ (Venn 1880a, p. 484). 

78 Venn 1876 b, p. 480. 
79 Kneale 1956, p. 53. See, in this context, also Despeaux 2007; Green 1994; Hailperin 

1986, part 1; Verburgt 2014c; Verburgt 2014 c. 
80 Venn 1876 b, p. 486. 
81 Venn 1881, p. xvii. 
82 Venn 1876 b, p. 487. 
83 Boole quoted in Venn 1881, p. xviii, f. 1. 
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logic’ is more than a mere renaming of Boole’s ‘algebra of logic’ in so far as it 
is premised on both a fundamental theoretical interpretation of the connection 
between logic and mathematics as well as the assumption that Boole would have 
been in agreement with this particular interpretation. 

Venn’s presentation of the Venn 1881 as a work advocating ‘the system intro-
duced by Boole’84 seems to be a straightforward sign of his commitment to 
the ‘”mathematical” treatment of Logic’,85 or ‘algebraic’ camp in logic86 and 
dismissal of those anti-mathematical logicians87 who had pronounced ‘a work 
which makes large use of [mathematical] symbols […] to be mathematical and 
not logical’.88 But a more detailed reading of the ‘Introduction’ of the book does, 
indeed, reveal that Venn first and foremost aimed at the separation of mathe-
matics from logic – carried out by means of the establishment of an overarching 
‘Science of Symbols’ – which allowed him not only to prove the anti-mathe-
matical logicians wrong in their rejection of the employment of mathematical 
symbols in logic, but also to formulate, under the header of a ‘symbolic logic’, 
a non-conceptualist generalization of logic which makes use of mathematics 
without introducing it into logic. Taken together, if the general aim of Venn’s 
‘symbolic logic’ was to provide a systematic account of the way in which math-
ematical notions can be used to complete traditional (syllogistic) logic along the 
lines of the compartmental treatment of (the division of terms of) propositions, 
this took the form of demonstrating that all the elements of the Boolean math-
ematical analysis of logic stand ‘on a purely logical basis’89 – i.e. that they can 
be put forward in entire independence of mathematics such that they fall ‘well 
within the […] appreciation of any ordinary logician’.90 

84 Venn 1881, p. 22. 
85 Venn 1889, p. 230. 
86 The members of this ‘mathematical’ or ‘algebraical’ camp include figures such as Boole 

(even though not on Venn’s interpretation), Augustus De Morgan (1806-1871) and 
William Rowan Hamilton (1805-1865). 

87 The members of this ‘anti-mathematical’ camp include figures such as William 
Spalding (1809-1859) and Thomas Spencer Baynes (1823-1887). 

88 Venn 1881, p. ix. 
89 Venn 1881, p. xiii. 
90 Venn 1881, p. xiv. 
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2.2  The ‘principle of the transfer of signification’

It is remarkable to observe that Venn 1881 does not contain any explicit refer-
ence to the development, in the work of algebraists such as Charles Babbage 
(1791-1871),91 Peacock and Gregory, of either symbolical algebra in general 
or the so-called ‘calculus of operations’ in specific.92 For if it is what had led 
Boole to formulate his ‘algebra of logic’, it also resembles the ‘principle of the 
transfer of signification’ which Venn introduced to justify the use of mathemat-
ical symbols for logical purposes. 

In a passage worth quoting in full, Venn explains that

[t]he prevalent objections to employing mathematical symbols rest upon 
an entire misapprehension of their nature and existent range of interpre-
tation [...] The objectors who protest against the introduction “of rela-
tions of number and quantity” into logic, and who reject the employment 
of the sign (+) “unless there exists exact analogy between mathematical 
addition and logical alternation”, cannot […] get rid of the notion that 
mathematics in general are [sic] of the nature of elementary arithme-
tic. We must [...] remind the reader of the wide range of interpretation 
which already exists within the domain of mathematics: how [...] the sign 
(×) has [...] extended its interpretation; beginning with true multiplica-
tion of integers, it has embraced fractions and negative quantities [...] [s]
o that […] A × B may [also] mean [...] a certain rotation of a line through 
an angle. (Venn 1881, 89-90).93 

Similarly, to the anti-mathematical logician’s objection that the mathematical 
logician is ‘meddling with [the] actual laws of operations’94 of these signs, Venn 
replied that if it is true ‘that we do not use [the] mathematical signs consist-

91 See Fisch 1999, section 2. 
92 See, for example, Allaire & Bradley 2002; Fisch, 1999; Koppelman 1971; Pycior 1981; 

Verburgt 2014 c; Verburgt 2014 d for accounts on the development of symbolical algebra 
and the calculus of operations. 

93 It may here be noted that this is exactly how D.F. Gregory introduced and then 
extended symbolical algebra in his ‘On the real nature of algebra’ of 1840 (Gregory 
1840). 

94 Venn 1881, p. 91. 
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ently, that is, [if] we [do] put special restrictions upon their laws of operation 
which are not admitted in mathematics’,95 this can be justified when it is rec-
ognized that the same is admitted in mathematics itself. In fact, compared 
with the so-called ‘mathematical freedom’ initiated in the work of Peacock and 
Gregory and first executed in that of William Rowan Hamilton in the form 
of four-dimensional ‘quaternions’96 97 the symbolic logician ‘really shows the 
caution [and] timidity [of] an amateur’.98 It is, of course, somewhat remarka-
ble that Venn made use of new approaches to mathematics in order to be able 
to maintain that ‘far from [mathematics] being introduced into Logic […] we 
[merely] propose to carry out […] a precisely similar extension of signification 
of symbols to that […] in mathematics’.99 But it was fundamental for his obser-
vation that the anti-mathematical sentiment among the logicians of his time 
was due to their lack of recognition of the ‘principle of the transfer of significa-
tion’ – which is ‘very dihcult for any one to grasp who has not acquired some 
familiarity with mathematical formulae’.100 It is in this sense that Venn did for 
traditional logic what the British algebraists did for pure mathematics, namely 
to come to grips with the ‘anxiety’ for formal generality.101

The application of the ‘principle of transfer of signification’ to logic – depend-
ent, as it is, on some, merely practical, acquaintance with mathematics – 
remained of an instrumental character in so far as the generalization aforded 
by it ‘might conceivably [and will probably] be [...] attained within the province 
of Logic alone’.102 Or, to put it in more historical terms, there is ‘no reason 
[...] why [a symbolic logic] should not have been developed [...] before that of 
mathematics had made any start at all’.103 This explains why Venn repeatedly 

95 Venn 1881, p. 91. 
96 Hamilton 1844; Hamilton 1847; Hankins 2004; Lewis 2005. In brief, ‘quaternions’ are 

numbers that do not commute under multiplication. 
97 These developments may be said to have started evolving when algebra seized to be 

the study of operations on real numbers – or, in more positive terms, at the moment 
that operations other than the traditional ones performed on ‘mathematical entities’ 
other than real numbers were put forward were being studied. For an account of the 
complex history of these developments see Verburgt 2014 d. 

98 Venn 1881, p. 91, f. 2. 
99 Venn 1881, p. 231, p. xii. 
100 Venn 1881, p. x. 
101 See Gray 2004 for the notion of ‘anxiety’ as historiographical concept. 
102 Venn 1881, p. xii. 
103 Venn 1881, p. xii. 
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emphasizes ‘the present accidental dependence of the Symbolic Logic upon Math-
ematics’104 and it is suggestive of what he himself considers the central contri-
bution of Venn 1881; the explanation of a completely generalized logic in entire 
independence of mathematics.105 

2.3  The mathematical symbols of logical classes and operations

After repeating the conclusions of his article of 1880 entitled ‘On the forms of 
logical proposition’106 in chapter 1 (‘On the forms of logical proposition’),107 
Venn commences Venn 1881 by distinguishing, in chapter 2 (‘Symbols of classes 
and of operations’),108 between signs standing classes of things and symbols 
representing the operations performed on these signs. Further developing his 
statement, found in his article of 1880 entitled ‘Symbolic logic’,109 that ‘whereas 
the common logic [merely] uses symbols for classes […] we shall make equal 
use of symbols for operations upon these classes’,110 Venn makes the fundamental 
observation that 

a class may be almost always described as the result of an operation, 
namely of an operation of selection. The individuals which compose the 
class have been somehow taken from amongst others, or they would not 
be conceived as being grouped together into what we call a class. Sim-
ilarly what we call operations always result in classes [such that] [t]he 
mere signs of operations never occur by themselves, but only in their 
applications, so that […] we never encounter them except as yielding a 
class, and in fact almost indistinguishably merged into a class. (Venn 1881, 
p. 32) 

104 Venn 1881, p. ix. 
105 If Venn acknowledges that this ‘is one of the main objects which I have had before me 

in writing this book’ (Venn 1881, p. xiii), he also observes that, in contrast to the more 
philosophical mathematicians, no logician had ever discussed the symbolic language 
of logic. 

106 Venn 1880a. 
107 Venn 1881, chapter 1. 
108 Venn 1881, chapter 2. 
109 Venn 1880e. 
110 Venn 1880e, p. 248. 
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Venn repeatedly emphasizes that in order to develop ‘symbolic logic’ in a sys-
tematic fashion it must be separated from ‘the problems of Induction [and] the 
Principles of Science’111. It thus may seems as though Venn, in this passage, 
fails to distinguish between the material ‘operations’ of selection and the formal 
‘operation’ – thereby introducing ‘symbolic logic’ issues which, as he himself 
claims, are to be excluded from it. But what Venn here hints at is not only the 
fact that even though ‘symbolic logic’ first suggested itself in the context of the 
formal generalization of the process of division of the denotation side of tradi-
tional (see section 1.1.2), it is always to be accompanied by material considera-
tions of classification, namely because ‘conceptualism’ is unable to account for 
the very process of division (see section 1.1.3 and 1.1.4). Venn also suggests that 
the operations performed on the classes of necessity result in (sub-)classes of 
which it is possible to ascertain their material import (see section 2.4). 

2.3.1  Addition, subtraction and multiplication 

In the first chapters of Venn 1881, the general signs x, y, z (etc.) take the place of 
(denotative) classes consisting of ‘the concrete [individual] subjects and predi-
cates of [the] propositions’,112 the mathematical symbols ‘+’, ‘−‘, ‘×’ and ‘÷’ are 
used to express the (logical) operations of addition, subtraction, multiplication 
and division, respectively. It is of some interest to compare Boole’s definition 
of classes and operations as formulated in Boole 1854: ‘The literal symbols rep-
resent […] things as subjects of conceptions. [The] signs of operation […] stand 
for those operations of the mind by which the conceptions of things are com-
bined’.113 Where Boole thus allows the construction of his system to begin with 
formal definitions of a given set of signs and operations which are only later 
interpreted as having particular meaning, Venn wants to secure their logical 
meaning from the outset. In other words, Venn does 

not want […] to concern [himself] with mathematical relations and 
symbols […] but with logical relations and their appropriate symbolic rep-
resentations. Doubtless we shall […] find that [this] symbolic statement 
[…] may be conveniently carried out by the use of symbols borrowed 

111 Venn 1881, p. 34. 
112 Venn 1881, p. 33. 
113 Boole 1854, p. 27, my emphasis. 
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from mathematics. But this is a very diferent thing from starting with 
these, and trusting to being able to put some logical interpretation upon, 
say, [addition] and [subtraction], or upon the signs indicative of multipli-
cation and division. (Venn 1881, p. 38) 

This much can be observed in the case of the specific course that Venn proposes 
to adopt for the construction of his system of ‘symbolic logic’. For after exam-
ining the ‘distinct ways in which classes or class terms practically have to be 
combined with one another for logical purposes’,114 his treatment proceeds by 
discussing in each case, firstly, ‘the various words and phrases which are pop-
ularly employed to express these combinations’, secondly, whether ‘they may 
not be briefly […] conveyed by help of such symbols as those of mathematics’.115 
Already at this point does Venn insists ‘that our procedure is to be logical and 
not mathematical’116, that is, even if ‘we shall be grateful [f]or suggestions […] 
coming whether from mathematics or from any other source’,117 the determina-
tion and justification of the processes ‘must be governed solely by the require-
ments of logical and common sense’.118 Put diferently, the mathematical sym-
bolism mere function is that of being ‘an afterthought to express [that which] 
which we are already […] accustomed’119 and they are to have ‘no conventional 
interpretation other than that which has been […] originally assigned to them’.120 
This procedure is that of what Venn calls the ‘symbolic justification’ of the 
transformation of the everyday expression of the logical operations performed 
on classes into their expression in terms of mathematical symbols in which the 
meaning of the first is ‘symbolically [set] straight’121 by the latter. Thus, the 
first operation is

so naturally represented by the sign for addition [+] [that] [n]o […] 
formal or symbolic justification for it seems to be called for [...]. The 
[second operation] […] is expressed with equal convenience by aid of 

114 Venn 1881, p. 38. 
115 Venn 1881, p. 38, my emphasis. 
116 Venn 1881, p. 38. 
117 Venn 1881, p. 38. 
118 Venn 1881, pp. 38-39. 
119 Venn 1881, p. 68. 
120 Venn 1881, p. 63, my emphasis. 
121 Venn 1881, p. 36. 
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the symbol (−) so that x − y will stand for the class that remains when 
x has had all the y’s left out of it. The only point here that seems to call 
for symbolic justification is the ascertainment of the fact that the well 
known mathematical rule, about minus twice repeated producing plus, is 
secured in Logic […] The third logical operation […] may be represented 
by the sign of multiplication. The analogy here is by no means so close as 
in the preceding cases, but the justification of our symbolic usage must 
still be regarded as resting on a simple question […] i.e. do we in the per-
formance of the process […] and in the verbal statements of it, act under 
the same laws of operation in each case, logical and mathematical alike? 
(Venn 1881, p. 51, p. 53, pp. 54-55) 

The ‘symbolic justification’ of the third operation of multiplication is less 
straightforward than that of the first two operations of addition and subtraction 
in so far as it only satisfies the laws of operation governing the process corre-
sponding to the mathematical sign of multiplication up to a certain point. For if 
‘we have to make our way […] through various grammatical obstacles [and] the 
idiosyncrasies of language’122 so as to make the commutative and distributive 
law prevail in logic, ‘we depart from mathematical usage, or rather restrict the 
generality of its laws’123 in the case of the rules dealing with comparative terms. 
Where in mathematics xx or x2 is diferent from x, in logic x  must equal x x, 
xxx, etc. such that every logical statement is reduced to the first degree. 

Up to this point, Venn’s system of ‘symbolic logic’ thus includes

a direct operation closely analogous to the addition of ordinary arithmetic 
and algebra, and suitably symbolized by the familiar sign (+) […] The 
inverse operation to the above, and therefore closely analogous to sub-
traction, and which may be suitably symbolized by the sign (−) […] A 
direct operation very remotely analogous to multiplication […] which [can] 
be expressed by the usual signs for that process, viz. (×) or simple juxta-
position of the terms. (Venn 1881, p. 67, my emphasis) 

122 Venn 1881, p. 55. 
123 Venn 1881, p. 56. 
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2.3.2 Division 

Because the fourth operation of division (÷) is the operation which, in its 
‘not-yet-symbolized’ form, was the one which first introduced the very idea 
of further formalizing the process of the division of the denotative terms of 
propositions and which, in its symbolized form, is ‘the most fundamental and 
important with which we shall have to concern ourselves’,124 it is perhaps 
somewhat unfortunate for Venn to acknowledge that it ‘suggests itself [purely] 
by way of the symbols’.125 Venn admits that it was for exactly this reason that 
the ‘common people feel no want of [it], and that even the logician has not yet 
found a place for it’.126 If this explains why Venn would consider its discussion 
in chapter 13 of Venn 1889 extraneous to such a traditional treatise on logic, it 
accounts for the fact that Venn himself had dismissed the operation in his first 
article on Boole of 1876. 

And also in chapter 3 of Venn 1881 (‘Symbols of operation (continued)’)127 Venn 
forces himself to proceed with caution, for he writes that 

[w]e [must] conceive the [symbol ÷] conveying the following hint to us: 
Look out and satisfy yourselves on logical grounds whether there be not 
an inverse operation to [×]. We do not say that there is such, though we 
strongly suggest it. If however you can ascertain its existence, then there 
is one [mathematical symbol] at your service appropriate to express it. 
(Venn 1881, p. 68) 

Or, in words drawn from his ‘Symbolic logic’ of 1880:128 

We do not say, Adopt the sign of division and see if you can make any 
logical use of it. There is no need to take the initiative […] from the 
mathematicians. What we say instead is this: Keeping strictly to the field 
of logic, see if there is an inverse operation to that class restriction [or 
operation] which we denote by the multiplication sign. If there is, then 

124 Venn 1881, p. 189. 
125 Venn 1881, p. 67. 
126 Venn 1880e, p. 254. 
127 Venn 1881, chapter 3. 
128 Venn 1880e. 
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we have a sign ready at hand to denote it [...] We shall thus keep wholly 
to the sphere of logic, and though borrowing a sign for convenience from 
another science, we shall put an interpretation entirely of our own upon 
it [….]. (Venn 1880e, p. 254) 

Venn’s provisory solution to the problem of the introduction of the operation of 
division into ‘symbolic logic’ is the following. On the one hand, if it is true that 
even though ‘in common thought it does not […] present itself and even in the 
common logic we find but faint traces of it […] this […] is [merely] owing to the 
fact that […] it is by no means easy to see what it means without [the] aid […] 
of our symbols’.129 On the other hand, when the meaning of the inverse oper-
ation – i.e. that of multiplication – has been established, it may be maintained 
that also the fractional form is merely a substitute for an inverse operation 
tacitly and hardly ever made use of in ordinary language. Taken together, Venn 
suggests that ‘any scheme of thought and language which can find a rational use 
for the symbolic form  

x—y    might [then] introduce such a form […] into ordinary 
language in order to express its [new?] wants’.130 

Having introduced four symbols for the (logical) operations (addition (+), sub-
traction (−), multiplication (×) and division (÷) and the sign of equality (=), 
Venn symbolically justifies one remaining mathematical logic, namely that of 
a ‘function’ – which, even though it is ‘presumably, to the bulk of logicians, 
the most puzzling and deterrent of all the various mathematical adaptations’131 
made use of in Venn 1881, is nothing more than the general expression for, or the 
higher abstraction of, those logical classes of things found in traditional logic.132 
That is, it may, for example, stand for ‘a compound class aggregated of many 
simple classes [or class-group] [or] it may be composed of two [class-groups] 
declared equal to one another, or (what is the same thing) their diference 
declared equal to zero, that is, a logical [class-]equation’.133

129 Venn 1880e, p. 245. 
130 Venn 1881, pp. 76-77. 
131 Venn 1881, p. 296. 
132 Put diferently, ‘[w]e are doing absolutely nothing more than making use of a 

somewhat wider generalization of the same kind as those with which the ordinary 
logician is already familiar, and which form one of the main distinctions between his 
language and that of common life’ (Venn 1881, p. 86). 

133 Venn 1881, p. 87. 



242

Taken together, Venn has put forward all the elements of his ‘symbolic logic’ 
which, in so far as these elements have been justified ‘in entire independence 
of those of the mathematical calculus’,134 may now also be termed a ‘logical 
calculus’. 

2.4 Non-conceptualist ‘symbolic logic’

Having arrived at a ‘logical calculus’, Venn first touched upon the main subject 
of his Venn 1881, namely that of the logical statements or ‘equations’ (or prop-
ositions) and their interpretation (or reasonings).135 It is this treatment which 
is suggestive of the fact that Venn’s system of ‘symbolic logic’ is not only of a 
non-mathematical, but also of a non-conceptualist nature – i.e. that it is char-
acterized by a dismissal of both the reduction of logic to mathematics as well 
as the idea, as entertained by among others Boole, that logic is concerned with 
the mere (formal) logical existence of ‘mental concepts’. For his discussion of 
the interpretation of logical statements is premised on the formulation of a cri-
terion of (‘material’) existence (see section 2.4.2.1 and 2.4.2.2) on the basis of 
which the statements can be said to refer to a certain world called ‘universe of 
discourse’ (see section 2.4.2.3). 

2.4.1 Division, continued: out-Booleing Boole?

But before entering the discussion of these two topics, it is helpful to once 
more recall the process of ‘division’ which, in its non-symbolized form, brought 
with it the very possibility of the extension of traditional logic – namely via 
the formalization of the division of the denotative terms of propositions – and 
which, in its symbolized form, ‘is the most fundamental and import with which 
we shall […] concern ourselves’).136 About the fact that any assignable class 
admits of dichotomy, or division into two parts x and not-x, Venn writes that 
‘one or other of these two parts may [fail] to be actually represented, but both 
cannot [fail]; [and] these may be regarded [as] compartments into one or other 
of which every individual must fall, and into one or both of which every class 

134 Venn 1881, p. xiii. 
135 See Venn 1881, chapter 10 & 11. Here, Venn notes that the division between logical 

equations and their interpretation ‘may be said, roughly speaking, to correspond to 
that between Propositions and Reasonings in ordinary Logic’ (Venn 1881, p. 222). 

136 Venn 1881, p. 190. 
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must be distributable’.137 Importantly, whereas ‘common Logic’ stops at this 
point, it is clear that

we have [made] but a single step along a path where indefinite progress 
is possible. Each of these classes or compartments […] produced equally 
admits of subdivision in respect of y […] and so on without limit […] 
Stating the results with full generality, we see that with n terms thus 
to combine and subdivide we have a complete list of 2n ultimate classes’ 
(Venn, 1881, p. 191). This dichotomous scheme […] contains the […] raw 
materials for the statement of every purely logical proposition. (Venn 
1881, p. 191) 

It was Boole who introduced the following ‘perfectly general symbolic rule of 
operation’138 that is capable of creating the dichotomous scheme in its entirety: 

Write 1 for x all through the given [statement], and multiply the result so 
obtained by x: then write 0 for x all through it, and multiply this result by 
[not]x. The sum of these two results is the full development of the given 
[statement] with respect to x. (Venn 1881, p. 197)139

Because Boole only gave the ‘formal proofs’140 of this rule, he left unexplained 
its logical interpretation and it was for this reason that he, allegedly, failed to 
acknowledge the restrictions under which it is to be employed. For in Venn’s 
opinion, the rule is not to be applied to uninterpretable statements, ‘either at 

137 Venn 1881, p. 191. 
138 Venn 1881, p. 196. 
139 For Boole’s introduction of the rule of operation for obtaining the development see 

Boole 1854, chapter 4. Venn gives the following example of the rule: ‘Take […] a group 
of class terms [such as] x + y + xyz, and suppose we develop this with respect to x. 
The first and third of these terms remain unchanged, for since they involve x they 
cannot yield any not-x part. The second term splits up into xy and [not-]xy. The whole 
expression thus becomes x + y (x + [not-]x) + xyz. [T]he rule of formation […] in this 
case […] is this. Every term in the given [statement] which involves either x or [not-]
x is left as it stands, and every term which does not involve x is multiplied by the 
factors x and [not-]x, i.e. is subdivided into these two parts, these being then added 
together to form the result […] [T]o resolve the total class into its elementary parts 
and to retain all these parts before us, is […] the very process which we are proposing 
to carry out’ (Venn 1881, p. 196). 

140 Venn 1881, p. 197, f.1. 
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first hand or in the process of passing through such [statements]’.141 Although 
Venn himself suggests that Boole also held this opinion, he criticizes him for 
regarding the rule ‘as a sort of engine potent enough to reduce to a series of 
intelligible logical terms [statements] which as given […] had not a vestige 
of intelligible meaning to them’.142 This somewhat ambiguous approach to 
Boole’s position vis-à-vis division is, of course, characteristic of Venn’s general 
strategy in coming to terms with the latter’s work; what Venn claims, in this 
specific case, is that Boole’s ‘mysterious’143 analogical justification of the rule 
with reference to the (geometrical) interpretation of √ð−x in mathematics,144 
was ‘actually’ a slip preventing him from putting forward a proper logical inter-
pretation. 

It is this criticism of Boole which brings Venn not only to demonstrate that 
there is a symbolic justification for the specific procedure of division,145 but 
also to consider the general question concerning the ‘material reality’ of the 
classes of statements, or ‘equations’, namely whether ‘there [must] be things 
corresponding to the various class terms?’146 Here, 

we step out of formal considerations into those which are material [since] 
[w]e must […] have some kind of data to correct, or rather to limit, our 
necessary but hypothetical scheme of division. How are these data or 
conditions to be obtained[?] [T]hey are given by the premises of our 
[statement and] [t]hese […] put material conditions or limitations on the 
purely formal considerations […] and lead us in fact to all the conclusions 
which the argument admits of. (Venn 1876b, p. 481, my emphasis) 

141 Venn 1881, p. 201. 
142 Venn 1881, p. 201. 
143 Venn 1881, p. xxviii. See Hailperin 1986, chapter 1. Laita 1980 has put forward the sug-

gestion that these kind of considerations were connected to the so-called ‘extra-logi-
cal’ sources of Boole’s ‘algebra of logic’. 

144 See Hailperin 2000, pp. 68-72. For an account of the complex history of the geometric 
representation of √ð−x  in nineteenth-century British mathematics see, for instance, 
Rice 2001. 

145 See Venn 1881, pp. 201-216. 
146 Venn 1881, p. 216. 
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2.4.2 Reconciling the foundations of traditional logic with its symbolic extension: the 
‘principle of negative existential commitment’ and the ‘universe of discourse’

Venn begins his treatment, in chapter 6 of Venn 1881, on the import of state-
ments or ‘equations’ with the central remark that ‘[m]any logicians, if not a 
majority of them, have […] passed [this] subject by entirely […] This is […] 
owing to the prevalent acceptance […] of the Conceptualist theory of Logic, 
to which [it is] unfortunately somewhat alien’.147 It is insightful to observe that 
Venn himself introduces the subject by emphasizing the dihculties involved 
in the following ‘vexing question in the common [‘predication’] theory’148 of 
the proposition: Given that propositions such as the universal ahrmative (‘All 
X is Y ’) and universal negative (‘No X is Y ’) seem to imply the existence of 
X’s and Y ’s it is the case that ‘before [one] can make any assertion whatever, 
[one] must make sure not only that both subject and predicate are represented 
in reality, but also that they are not represented’.149 Venn’s argument is that the 
‘compartmental’ view rather than the conceptualist ‘class inclusion and exclu-
sion’ view of the proposition allows for the widest possible extension of tradi-
tional logic by the aid of symbols precisely in so far as it embodies the solution 
to this ‘vexing’ problem. This situation is described, by Venn, in the form of 
two postulates that ‘I [Venn] state explicitly […] because they are not familiar 
to logicians, if indeed they have ever been definitely enunciated’:150 

(1) That we must be supposed to know the nature and limits of the 
universe of discourse with which we are concerned, whether we state 
it or not […] (2) That we must become furnished with some criterion of 
existence and reality suitable to that universe. That is, all our assertion 
and denial must admit […] of verification. (Venn 1881, p. 128) 

These two postulates accompanying the ‘compartmental’ view of the proposi-
tion allow Venn to reconcile the existential demands of traditional logic with the 
formal nature of its symbolic extension. As will become clear in what follows, 
this is, essentially, the case because they provide him with an argument for the 
combining of the formal and material character of the process of the division of 

147 Venn 1881, p. 126. 
148 Venn 1880e, p. 260. 
149 Venn 1880e, p. 260. 
150 Venn 1881, p. 128. 
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classes of statements or ‘equations’ such that their (‘Boolean’) uninterpretabil-
ity is excluded by means of, firstly, a (‘negative’) reversal of the (‘Millian’) use 
of their referring to, secondly, a world constructed from their premises. Before 
discussing the notions of the ‘universe of discourse’ (section 2.4.2.3) and the 
principle of what may be called ‘negative existential commitment’ (section 
2.4.2.2) themselves it is helpful to briefly draw attention to Venn’s logical and 
conventional, rather than ontological or formal, definition of ‘existence’. 

2.4.2.1 ‘Existence’

At many points in his later oeuvre, Venn emphasizes that he wishes to discuss 
the issue of ‘existence’ entirely on logical grounds. This means that he dis-
misses Mill’s ‘ontological’ and, for example, Boole’s ‘formal’ definition. For 
where the first – confining itself to the ontological distinction between exist-
ence and non-existence – is not even able to account for the ‘formal’ side of 
the process of division of denotative terms, the second – not allowing itself 
to refer to external objects – cannot account for the ‘material’ conditions that 
are to limit the ‘formal’ scheme resulting from the performance of the oper-
ation of division upon classes, i.e. for (‘symbolic’) reasoning. Given that the 
first criticism concerns the (‘prior’ or ‘external’) issue of the creation out of an 
aspect of ‘material logic’ of ‘symbolic logic’ and the second relates to the (‘pos-
terior’ or ‘internal’) issue of the logical justification of the elements of ‘symbolic 
logic’, it should follow that Venn’s entertains a twofold approach to ‘’existence’ 
on logical ground’. But it is in fact the case that the ‘criterion of existence and 
reality’151 which Venn, in Venn 1881, introduces as being suitable for the inter-
pretative import of symbolic propositions (i.e. statements or ‘equations’) is 
premised on a (quasi-idealist)152 definition of ‘existence’, put forward in Venn 
1889. The sole, albeit fundamental, diference between Venn’s two accounts is 
that this definition, in Venn 1889, is the collective term for the ‘objective’ and 
‘subjective’ foundational assumptions of inductive (‘material’) logic, and that, 

151 Venn 1881, p. 128. 
152 Notwithstanding the accepted characterization of Venn as a Millian empiricist, in 

his logical work Venn also took, both directly and indirectly, inspiration from the 
oeuvre of the British idealist William Whewell (1794-1866) – concerning his views on 
induction – and Grote – concerning his general philosophy of logic and language. See 
Collini 1975; Dewey 1974; Gibbins 1998; Gibbins 2006; MacDonald 1996; Whitmore 
1927. This point is further developed in Verburgt 2014 b. 
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in Venn 1881 it functions as the name for the ‘universe’ resulting from the inter-
pretation of the statements or ‘equations’ of deductive (‘symbolic’) logic. Thus, 
in Venn 1889, Venn notes that the logician must regard existence as ‘supplied by 
[the reader] himself, or be gathered from the intention of the speaker, or from 
the context in which the statement occurs [such that] in every proposition […] 
the distinction between reality and unreality, between existence and non-ex-
istence, is in some signification or other taken for granted [or] already admitted 
and appreciated’.153 In his Venn 1881, Venn, after writing that ‘all our assertion 
[e.g. ‘All A is B’] and denial [‘No A is B’] must admit […] of verification […] 
without any necessary digression into metaphysics’,154 remarks that the limit 
of ‘what is meant by ‘all’ [or ‘no’] […] is a part of the [totality of the] data and 
therefore to be postulated by the logician [and] not a formal principle’.155

Taken together, the ‘principle of negative existential commitment’ and the 
notion of a ‘universe of discourse’ can be approached as a translation of a 
certain ‘material’ definition of ‘existence’ such that, on the one hand, it becomes 
amenable to ‘symbolic logic’ and, on the other, ‘symbolic logic’ can properly be 
said to form a part of traditional logic in so far as it satisfies the criterion of 
being ‘about’ the world of ordinary experience. 

2.4.2.2 The ‘principle of negative existential commitment’ 

The fundamental problem involved in the formulation of a criterion of exist-
ence for ‘symbolic logic’ is that of upholding not only the material import, or 
logical interpretability, of symbolic statements or ‘equations’, but also that of 
the idea that these statements or ‘equations’ do not aford positive knowledge 
about the world. Interestingly, it is precisely in combining these two points 
that Venn finds the solution to both this problem as well as the abovementioned 
‘vexing’ problem of traditional logic. For

if we adopt the simple [suggestion] that the burden of implication of exist-
ence is shifted from the ahrmative to the negative form; that is, that it is not 
the existence of the subject or the predicate (in afirmation) which is 

153 Venn 1889, p. 231. 
154 Venn 1881, p. 128. 
155 Venn 1881, p. 187. 
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implied, but the non-existence of any subject which does not possess 
the predicate, we shall find that […] all dihculty vanished. (Venn 1881, 
p. 141). 

In other words, where the rules of the syllogism of traditional logic imply that 
it is not possible ‘to assert […] or deny anything about X or Y unless we are 
certain […] that there are things which are X and Y [and] things which are not 
X, and not Y ’ and in ‘symbolic logic’ ‘we […] deal with a number of proposi-
tions simultaneously, involving perhaps a dozen or more of terms’,156 it holds 
that it is simply ‘impossible to tolerate a system in which either assertion or 
denial were permitted to carry along with it the [‘positive’] implication of the 
existence of things corresponding to the subject and predicate’.157 It is the prin-
ciple which shifts the burden of implication from the ahrmative to the negative 
such that it is only the non-existence of any subject which does not possess the 
predicate that is implied – i.e. the ‘principle of negative existential commit-
ment’ – which allows Venn to write the following:

Take the proposition ‘All x is y’. There being two class terms here, there 
are […] four ultimate classes […] xy, x not-y, y not-x, and not-x not-y. 
Now what […] the proposition ‘All x is y’ [does] is not to assure us as 
to any one of these classes […] being occupied, but to assure us of one of 
them being unoccupied. [For] [w]hether there be any x ’s or y’s we cannot 
tell for certain, but we […] feel quite sure that there are no such things 
existing as ‘x which is not y’ […] The [statement] ‘Al x is y’ […] for the 
purposes in hand is much better written, ‘No x is not-y’ […] that is, it 
empties the compartment xnot-y’. (Venn 1881, p. 141, p. 142)

The general claim expressed by the ‘principle of negative existential commit-
ment’ is that in respect of what statements ahrm they are to be regarded as 
‘conditional’ and in respect of what they deny statements are to be regarded 
as ‘absolute’. Thus, if the universal ahrmative (‘All x is y’, or ‘No x is not-y’) 
absolutely declares the non-existence, or ‘materially destroys’ (!) the existence, 
of things which are the combination of x and y, it ‘positively but conditionally 
[declares] that if there are such things as x, then all the x’s are y’ – and, for com-

156 Venn 1881, p. 139. 
157 Venn 1881, p. 140. 
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pleteness’ sake, it ‘does not tell us whether there is any y at all; or, if there be, 
whether there is also any x […] carefully limiting itself (so far […] as existence 
of the things is concerned) to the single negation of there being any x not-y’.158 

Venn follows Boole in proposing that it is the particular proposition which 
accounts for the familiar form ‘Some x is y’. If the formula xy = 0 expresses 
that a class is absent and xy = 1 that it is present to the exclusion of all else, 
the intermediate form xy = v – ‘where v is to stand for a class of which we 
merely know […] that it is intermediate between 1 and 0, viz. between all and 
nothing’159 – expresses that ‘xy is something’ or ‘there is xy’.160 Because par-
ticular propositions by themselves can neither destroy nor establish a class, and 
therefore have ‘no categorical information to give the world’,161 they cannot 
be symbolized.162 Or, in Venn’s own words, in so far as the particular prop-
ositions ‘Some X ’s are Y ’s’ and ‘Some X ’s are not Y ’s’ ‘extinguish no class 
and establish no class [they] slip in between […] the sort of propositions […] 
which yield two alternatives only [and] this we cannot […] represent symboli-
cally’.163 This is an uncomfortable statement – and for several reasons. Firstly, 
the point is not that particular propositions do not ahrm anything about the 
world, but rather that the way in which they actually do cannot be expressed 
by means of the ‘principle of negative existential commitment’. Secondly, it 
follows that particular propositions – not having the same ‘characteristic of 
really establishing something’164 as universal statements – are ‘about’ a kind of 
(positively implied) existence unsuitable to ‘symbolic logic’.165 This, thirdly, 
can be seen from Venn’s argument that the former cannot be deduced from the 

158 Venn 1881, p. 142. 
159 Venn 1881, p. 144.
160 Boole described the symbol v as representing the ‘operation of selecting all elements, 

V, of a nonempty subset of appropriate terms’ (Green 1994, p. 51). 
161 Venn 1881, p. 161. 
162 See Venn 1881, chapter 7. 
163 Venn 1881, p. 161, p. 163.
164 Venn 1881, p. 161. 
165 Venn writes that ‘we shall not […] make much of the symbolic treatment of particu-

lar propositions […] What Symbolic Logic works upon by preference is a system of 
dichotomy, of x and not-x, y and not-y, and so forth. The sort of propositions therefore 
that suits us best are those which yield two alternatives only, such as individual prop-
ositions: - A is B, A is not-B, and so on. But the particular proposition, in its common 
acceptation, slips in between these two and says ‘Some of the A ’s are, or are not, B’ 
(Venn 1881, p. 163). 
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latter for ‘if the [latter] destroys [xnot-y] and the [former] merely saves [xy], and 
if these two classes are entirely distinct […] then the two propositions clearly 
do not come into contact with one another at any point’.166 In other words, ‘Some 
X is Y ’ can only be inferred from ‘All X is Y ’ provided that the existence of 
X and Y is ahrmed unconditionally167 – and this, to be sure, is at odds with 
Venn’s treatment. Fourthly, in so far as Venn recognizes that at this point his 
‘symbolic logic’ comes ‘into serious conflict with well grounded [opinion]’,168 
he forces himself to argue that his system does not deal with particular propo-
sitions proper, but only with their ‘universalized’ form: ‘[W]e can very often 
[and should] succeed […] in determining the ‘some’ so that instead of saying 
vaguely that ‘Some [X] is [Y] we can put it more accurately by stating that ‘The 
[X] which is [Z] is [Y]’, when of course the proposition instantly becomes uni-
versal’.169 

Many of Boole’s successors were motivated to (re)solve the dihculty of sym-
bolically representing particular propositions170 – and Venn is no exception. It 
was his opinion that these propositions ‘in their common acceptation, are of a 
somewhat temporary and unscientific character. Science seeks for the univer-
sal, and will not be fully satisfied until it has attained it’.171 This view, on which 
v stands for a class ‘intermediate between 1 and 0’172 such that it ‘shall not equal 
nothing’,173 difers greatly from that of Boole on which v, ‘speak[ing] of it as 
if it was like any other class term’,174 functions as an ‘indeterminate’ (class)
symbol that is ‘yet to be interpreted’. Venn thus wants to universalize particu-
lar propositions, or, put diferently, give them a universal interpretation, while 

166 Venn 1881, p. 167, my emphasis. 
167 See Venn 1881, pp. 168-169. 
168 Venn 1881, p. 167. 
169 Venn 1881, p. 169. Venn continues this passage by noting that ‘[p]ropositions which 

resist such treatment and remain incurably particular are comparatively rare; their 
hope and aim is to be treated statistically, and so to be admitted into the theory of 
Probability’ (Venn 1881, pp. 169-170). It is in his famous Venn 1866 that Venn deals with 
these kind of particular propositions. For a discussion of this treatment against the 
background of the whole of Venn’s theory of material and symbolic logic see Verburgt 
(2014a). 

170 See Green 1994. 
171 Venn 1881, p. 169. 
172 Venn 1881, p. 144. 
173 Venn 1881, p. 161. 
174 Venn 1881, p. 162. 
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Boole, especially in his later works,175 attempted to give universal statements 
a material, or existential import. That Venn considered Boole’s approach to be 
a much wider departure from ‘popular speech’ and ‘common logic’ may come 
as no surprise176 for it introduces a symbol that, possibly, does not represent 
anything interpretable in logic. More in general, it is exemplary for 

the boldness […] with which [Boole] carries on his processes through 
stages which have no logical or other significance whatever – that is, 
which admit of no possible interpretation – provided only that they ter-
minate in an interpretable result […] If it be asked whether, and how 
far, such a step is capable of being justified, it is dihcult to know what 
to answer […] Boole justifies himself by maintaining that a single valid 
employment of such a step enables the mind to recognise it as intuitive 
and axiomatic [but] I [Venn] apprehend [that it] will need the occasional 
support aforded by some kind of contact with experience. (Venn 1876b, 
p. 485) 

Where Venn, in this passage from the year 1876, straightforwardly dismisses 
as ‘fanciful’177 Boole’s appeal to the ability of the human intellect to intuit the 
validity of steps without logical significance – just as he characterizes the state-
ment of Boole that mathematical laws are really laws of thought expressed in 
mathematical form178 – he has not yet arrived at a formulation of the particular 
‘kind of contact with experience’ that is to take its place as a criterion for their 
validity. But it is clear that Boole’s approach to the symbolic representation of 
particular propositions does not suit the ‘principle of negative existential com-
mitment’ first put forward some four years later in 1880.179 For if Venn’s univer-
salization of these propositions is premised on reforming them such that they, 
on the hand, yield only two alternatives, namely, on the other hand, (positive) 
conditional ahrmation (e.g. ‘There is xy’) and (negative) absolute negation 
(‘e.g. ‘There are such things as x’s which are not y’), Boole’s interpreting of 
particular propositions seems to presuppose their unconditional or absolute 
ahrmation and denial. Given that Boole, by means of his commitment to con-

175 See Grattan-Guinness 2000; Van Evra 1977. 
176 See Venn 1881, p. 166-167. 
177 Venn 1876 b, p. 490. 
178 See Venn 1876b, pp. 490-491. 
179 See Venn 1880e. 
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ceptualism, has already prevented himself from allowing to refer to external 
objects, Venn considers this conclusion to be not only ‘very awkward’,180 but 
also a clear symptom of Boole’s failure to account for the need to put ‘material’ 
conditions on the ‘formal’ scheme resulting from the operation of division. 

2.4.2.3 The ‘universe of discourse’

The notion of a ‘universe of discourse’ forms the second181 postulate which 
Venn puts forward in order to solve traditional logic’s ‘vexing problem’ of 
existence.182 Because this ‘universe’, being ‘entirely a question of the applica-
tion of our formulae [and] not of their symbolic statement’,183 only arises at 
the moment that statements or ‘equations’ are interpreted on the basis of the 
‘principle of negative existential commitment’, Venn has it that the notion is 
strictly speaking extra-logical. In other words, 

the settlement of the Universe [is] a question of application merely [and] 
it can never be indicated by our symbols, for these […] know nothing of 
any kind of limit except what is purely formal. When it is asked, What 
are the limits of not-x? the symbolic answer is invariably the same, ‘all 
that is excluded from x is taken up by not-x’. It is only when we go on to 
enquire what is meant by ‘all’ that the question of a limit comes in, and 
this is a practical matter involving the interpretation of our data. (Venn 
1881, p. 187) 

Two remarks may be made about this passage. Firstly, if Venn writes that the 
‘settlement’ of the ‘universe of discourse’ – or, for that matter, the very question 
of a limit – is a practical matter, he does put a formal restriction on the possible 
‘scope’ of this universe. That is, in so far as his strict class view of the nature of 
propositions must dismiss so-called ‘infinite’ or indefinite terms (or classes) and 

180 Venn 1881, p. 162. 
181 The first thus being the ‘principle of negative existential commitment’ which ‘fur-

nishe[s] [us] with [a] criterion of existence and reality suitable to that universe [such 
that] all our assertion and denial […] admit[s] of verification’ (Venn 1881, p. 128). 

182 Recall that this problem was that that ‘before [one] can make any assertion whatever, 
[one] must make sure not only that both subject and predicate are represented in 
reality, but also that they are not represented’ (Venn 1880 e, p. 260). 

183 Venn 1881, p. 184. 
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propositions (or statements), there is a ‘necessity of some restriction upon the 
extent of the class which we take into account’.184 In a passage worth quoting 
in full, Venn explains that

[v]erbally, of course it is easy enough to say that we must either assert 
that A is B, or deny that it is B, or […] assert that A is not-B; and we may 
readily admit that there is some […] diference of signification between 
these cases. [But] [o]n any rigid class view […] it is impossible to extract 
more than two divisions; for, that to exclude a thing from a boundary 
is to include it somewhere outside that boundary, that to deny that any 
thing has a given attribute is to assert that it has not that attribute, seems 
indubitably clear. [T]he idea underlying the distinction is this. When we 
deny that A is B we think of A as a whole, and B as an attribute and there-
fore as a whole, so that the judgment is finite in both terms. But when we 
say that A is not-B and try to consider this not-B as an attribute, we have 
forced upon our notice the vague amplitude of its extent; and therefore, 
when we do not make appeal to a limited universe, we must recognize that 
the judgment is in respect of its predicate an infinite or indefinite one. 
(Venn 1881, p. 183) 

Secondly, it is the boundaries between the ‘1’ (all) and ‘0’ (nothing), or ‘X ’ and 
‘not-X ’, of this limited (symbolic) universe which are ‘in every respect open to 
our own [free and arbitrary] choice’185 – such that ‘the real extent of that sum 
total of things which makes up our Universe’ is ‘a part of the data and therefore 
[…] not a formal principle’.186

184 Venn 1881, p. 183. 
185 Venn 1881, p. 185. 
186 Venn 1881, p. 189. 
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Venn acknowledges that it was De Morgan who originated the term ‘universe 
of discourse’ in his Formal Logic of 1847.187 But it must be noted that by repre-
senting this ‘universe’ by unity (i.e. ‘1’) Venn seems to introduce exactly that 
confusion against which De Morgan had warned,188 namely that where ‘in a 
[‘universe of discourse’] of individuals, the greatest class we can form out of 
these individuals happens to coincide with [this ‘universe’] […] when we are 
relating classes to each other, the greatest class, 1, is not [the ‘universe of dis-
course’], but […] an element in [it], just like any other class’.189 Venn, for his 
part, insists that De Morgan’s general restriction that no simple class-term is 
to be equated to ‘1’ (or ‘0’) would be ‘suicidal’.190 The reason for this statement 
also undermines the idea that Venn committed an unmistakable error. For 
it is clear that the acceptance of a ‘universe (of discourse)’ that is somehow 
independent from the classes which it includes – i.e. whose existence is purely 
formal – is premised on the conceptualist approach to (symbolic) logic which 
Venn wishes to undermine when writing that the possibility of the ‘complete 
material destruction’ (Venn, 1881, p. 145) is what the symbolic classes ‘must 
always be prepared to face as something which may at any moment be declared 
to be their lot’ (Venn, 1881, p. 146). And this is exactly what the ‘principle of 
negative existential commitment’ and the notion of the ‘universe of discourse’ 
enable him to do. 

187 Although the origin of the phrase ‘universe of discourse’ has often been found in De 
Morgan 1847 (e.g. Kneale & Kneale 1962, p. 408), this book only included references 
to the ‘universe of possible objects’ (De Morgan 1847, p. 55), ‘universe of names’ (De 
Morgan 1847, p. 149) and ‘universe of (a) proposition(s)’ (De Morgan 1847, p. 153). It 
was in his article of 1846 entitled ‘On the structure of the syllogism’ that De Morgan 
used the term ‘universe of discourse’ as a new technical term (see De Morgan 1846, 
p. 380). Boole was one of the first to take up the term in Boole 1854 (e.g. Boole 1854, 
p. 42). 

188 See Langer 1967, pp. 170-171. 
189 Langer 1967, p. 171. 
190 Venn 1881, p. 162, f. 1. 
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3. Venn and the history of (British) logic: an afterword

The central goal of this paper was to provide a detailed account of Venn’s pres-
entation of the foundations of symbolic logic. This concluding section purports 
to bring to bear its main findings upon an assessment of the place of Venn in the 
history of nineteenth-century British and modern logic. 

3.1  Venn as a successor of Boole

When seen against the background of the well-known discussion about the sig-
nificance of Boole’s ‘algebra of logic’ or calculus ratiocinator,191 in comparison to 
Gottlob Frege’s (1848-1925) ‘mathematical logic’ or characteristica,192 for the 
development of modern logic,193 it is interesting to observe what Venn himself 
considered to be the main contribution of Venn 1881 to the fundamental task of 
the symbolic transformation of (syllogistic) logic into a propositional ‘calculus 
of deductive reasoning’. The book aimed at a revision of Boole’s system that 
was to demonstrate that, in contrast to the revisions of formal logic proposed 
in the work of (the pre-Boolean conceptualist) William Hamilton (1788-1856) 
and (the post-Boolean conceptualist) William Stanley Jevons (1835-1882), the 
‘algebra of logic’ ‘should be regarded as a Development or Generalization’194 of 
traditional logic. Following the oft forgotten ‘philosophical school’ in logic,195 
Venn not only put forward the general argument that in so far as the logic 
of Aristotle provided the ‘topics’ to be dealt with by the ‘algebra of logic’ it 
belonged to this philosophical tradition, but also the more detailed claim that 
the mathematics employed to symbolically express logical relationships is 
merely a tool in the hands of the logician-philosopher (or ‘amateur symbolic 
algebraist’ (!)). Although Boole, as Venn repeatedly emphasized, would have 
agreed with the general argument,196 Venn criticized him for his ‘many and 
serious omissions’ – the supplying of which is put forward as an indication of 

191 See, for example, Irving 1918, chapter 1-3; Kneale 1956; Green 1994; Gasser 2000. 
192 See, for example, Beaney & Reck 2005; Tichy 1988. 
193 See, for example, Jetli 2011; Peckhaus 2000; Peckhaus 2004; Van Heijenoort 1967; Van 

Heijenoort 1992. 
194 Venn 1881, p. xxvii. 
195 See Peckhaus 1999. 
196 See Corcoran 2003; Peckhaus 2003, pp. 5-6; Nambiar 2000. 
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‘what may be supposed to be characteristic and original’197 in Venn 1881. And all 
these telling omissions from the side of Boole – accounting, as they do, for the 
fact that Venn published ‘an independent study [...] and in no sense a commen-
tary […] upon Boole’198 – are connected to the neglect of, firstly, comparing 
the system of ‘algebra of logic’ to the traditional system of ordinary logic and, 
secondly, establishing all of the algebraic expressions on purely logical, rather 
than formal, principles. By showing that as a logical system Boole’s system 
embodied the complete generalization of the ‘science of Formal, viz. Aristo-
telian or Scholastic Logic’,199 Venn simultaneously dismissed the attempt of 
moving beyond syllogistic logic – or, in his words, to ‘cut ourselves loose from 
the familiar forms of speech’200 – by either quantifying the predicate (Hamilton 
and Jevons)201 or introducing relational terms (De Morgan, Charles Sanders 
Peirce (1839-1914)) and rejected the claim that the ‘algebra of logic’ is a math-
ematical system.202 

Put somewhat anachronistically, Venn would also have disagreed with those 
commentators, such as Bertrand Russell (1872-1970),203 who characterize 
Boole as the ‘father’ of modern logic and this for the simple reason that, on the 
one hand, he conceived of his work as being a contribution to the calculus rati-
ocinator and, on the other, this process of accomplishing logical deductions by 
manipulation of the algebraic formulae was another name for the generalization 
of traditional syllogistic logic. Furthermore, if Venn was in agreement with the 
fact that Boole’s work occupies an important place in the history of logic, he 
would have disputed the claim that Boole was the originator of mathematical 
logic204 for the equally simple reason that his was not a mathematization of logic 
at all. Taken together, Venn applauded Boole for using mathematical algebra to 
complete traditional logic and not for surpassing it by means of making logic 
into a branch of mathematics. Venn would thus have taken the statement that 
‘Boole’s quasi-mathematical system [can] hardly be regarded as a final and 

197 Venn 1881, p. xxix. 
198 Venn 1881, p. xxx. 
199 Venn 1881, p. xxvi. 
200 Venn 1881, p. xxvii. 
201 See Bednarowski 1955; Fogelin 1976. 
202 See, for example, Jevons 1864. 
203 See Jager 1972, chapter 3. 
204 See, for example, Feys 1954. 
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unexceptionable solution of the problem of supplying a viable alternative to 
Aristotelian logic’205 as its main strength, rather than the weakness accounting 
for the fact that many historians of logic have largely ignored it206 philosophers 
of logic have repeatedly questioned its scientific value.207 

3.2  Venn’s anti-Fregeanism

Given that Venn was one of the six (!) reviewers of Frege’s Begrifschrift208 
of 1879,209 it is also possible to determine his position vis-à-vis the influential 
view which singles out Frege as the founder of modern logic.210 In his very 
hostile review Venn pointed out that he does not recognize anything novel 
in ‘Dr. Frege’s scheme’.211 The Begrifschrift is dismissed as an instance of ‘an 
ingenious man working […] in entire ignorance that anything of the kind had 
ever been achieved before’212 for ‘I [Venn] should suppose, from his [i.e. Frege] 
making no reference to [Boole], that he has not seen it [for] the merits which he 
claims as novel for his own […] are common to every symbolic method’.213 It 
was only in his Symbolic Logic that Venn came to acknowledge the fundamental 
diference between Boole and Frege – one that he described not in terms of the 
distinction between an ‘algebra of logic’ and a ‘mathematical logic’,214 but with 
reference to the distinction between an extensional generalization (calculus 
ratiocinator) and an intensional generalization (lingua characterica) of traditional 
logic. In contrast to some modern commentators who either interpret this latter 
distinction as standing for two compatible approaches to logic215 or define the 
second kind as constituting the universality of logic,216 Venn was of the opinion 
that Frege’s construction of universal language representing the structure of 
the conceptual content of expressions is ‘a hopeless one’.217

205 Stanley 1958, p. 113. 
206 See, for example, Van Heijenoort 1967. 
207 See, for example, Dummett 1959; Quine 1995. 
208 Frege 1879 [1967]. 
209 See Venn 1880f; Vilkko 1998. 
210 See, for example, Quine 1955. 
211 Venn 1880 f, p. 297. 
212 Venn 1881, p. 415. 
213 Venn 1880 f, p. 297. 
214 See Grattan-Guinness 1988. 
215 See, for example, Frege 1996; Peckhaus 2004. 
216 See, for example, Van Heijenoort 1967. 
217 Venn 1881, p. 390. 
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The argument for this claim seems to be that the very attempt to either further 
develop the traditional process of division from the connotative side or ‘inter-
pret our terms in respect of their intension, instead of regarding them […] 
extensively, viz. as merely representing classes’218 is conceptualist per se. For 
Venn not only holds that connotation, being part of the formal process of defi-
nition, ‘consists of, i.e. actually is, the attributes which we are […] proposing to 
enumerate, and which we must […] presume to be […] present to the mind of 
every one who is fully informed of the meaning of the word in question [and] 
does not stand in need of any appeal to fresh experience’.219 But he also has 
it that it must be presupposed, since this ‘does not altogether coincide with 
facts’220, that ‘all people whom we take into account [i.e. the ‘universe of rea-
soners’] are agreed as to what […] the intension, connotation, or […] meaning 
of a term […] or rather ‘concepts’, in order to use an appropriate conceptual-
ist expression, [is]’.221 The problems to which these features of the Fregean 
account give rise become apparent as soon as it is attempted to put forward a 
rigid intensive interpretation of propositions. 

For if the fact ‘one group of attributes may include or exclude another, partially 
or wholly, just as a class of concrete objects may do […] appears to aford four 
relations of the kind’222 it is clear that the intensional scheme cannot account for 
the possibility of one group coinciding with another and yet being recognized 
as distinct. Hence, whether or not this possibility is admitted ‘by those who 
speak a pure Conceptualist speech’223, feels confident to conclude that these 
logicians are unable to distinguish the not necessarily identical proposition ‘All 
X is all Y ’ from the proposition ‘All X is all X’ expressing absolute identity. It is 
situation that perverts, so to say, the whole scheme of intensionally interpreted 
propositions such that it follows that, apart from ‘verbal, necessary, analytic, or 

218 Venn 1881, p. 390. 
219 Venn 1889, p. 309. 
220 Venn 1881, p. 391. 
221 Venn 1881, p. 391. 
222 Venn 1881, p. 392. 
223 Venn 1881, p. 392. 
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essential’224 universal propositions, none of either the ordinary propositions225 
or processes226 can be expressed symbolically without ‘analysis’, on the basis 
of ‘information’, of X and Y. 

At least two remarks can be made about Venn’s dismissive treatment of Frege’s 
‘conceptualist’ Begrifschrift. Firstly, Venn insist that in so far as in traditional 
logic ‘all names […] possess both intension and extension’227 it holds that ‘we 
may conceivably examine the mutual relations of terms, and through these 
develop a system of propositions and of reasonings, from either of these two 
sides’ (Venn, 1881, p. 396). Secondly, his argument is that the intensional 
scheme – as it stands, for Venn claims that it has ‘never been fairly tried at all’ 
(Venn, 1881, p. 396) – fails precisely because it does not succeed in further 
developing traditional logic. Thirdly, given that Venn cannot but conceive that 
this is Frege’s aim, he does not recognize the newness of the Begrifschrift. He 
characterizes as ‘cumbruous and inconvenient’ (Venn, 1880f, 297) the (‘two-di-
mensional’) notation which Frege adopted not only to circumvent some of the 
features inherent in that of Boole (and Venn),228 but also to be able to create 
the logic of relations which enlarged, instead of generalized, traditional logic. 

224 Venn 1881, p. 394. 
225 For example, ‘suppose that the concepts [are] AB and AC [and] we see at once that we 

cannot with certainty conclude any ordinary proposition from this, in the absence of 
information as to the mutual relations of B and C. If B and C are really contradictory 
[…] then we conclude that No P is Q. If B includes C […] then we know that All Q is 
P, and similarly if C includes B. If however B and C are really distinct in their meaning 
[…] then no proposition whatever can with certainty be elicited out of these concepts 
AB and AC ’ (Venn 1881, p. 394). 

226 Venn writes that ‘[w]e shall see this best by examining […] the now familiar […] sign 
(+). If A and B are attributes or partial concepts, we should I presume agree in saying 
that A + B will signify those attributes ‘taken together’. But when we go on to enquire 
what is meant by taking attributes together we perceive that this is a very diferent 
thing from taking classes together. The only consistent meaning surely is that we do 
this when we construct a new concept which contains them both. But this is clearly 
the analogue not of addition but of multiplication [such that] ‘extensive multiplication’ 
corresponds to ‘intensive addition’’ (Venn 1881, pp. 396-397). 

227 Venn 1881, p. 396. 
228 One of the most important reasons for which Frege had not applied the Boolean 

notation is that here the letters always refer to extensions of class-terms and never 
to individuals. Another major reason was of a more methodological character; the 
‘method of Boolean algebraists proceeds from concepts to judgments […] whereas 
Frege’s starting point was judgments themselves’ (Vilkko 1998, p. 419) the content of 
which he expressed by means of the content stroke. 
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That is, Venn does neither realize that the notation of Frege’s ‘mathematical 
logic’ embodies not the attempt to mathematize logic, but to logicize mathe-
matics nor that it was exactly this (anti-psychologistic!) step that allowed for 
acknowledging the vagaries of ordinary language and declaring ‘the death of 
Aristotelian logic’.229

The task of determining the place of Venn in the development of modern logic 
seems to be intimately connected with the seminal question of whether modern 
logic begins with Boole or Frege. At least this much is suggested by W.V. Quine 
when writing that ‘I [Quine] have long hailed Frege as the founder of modern 
logic, and view Boole, De Morgan and Jevons as forerunners. John Venn […] 
also belong[s] back with them, though coming on the scene only after the great 
event’.230 This paper has, hopefully, made it clear that this statement is quite 
insensitive to what Venn himself considered the fundamental contribution of 
the Symbolic Logic, namely that of providing a non-conceptualist and non-math-
ematical reformulation of the ‘algebra of logic’ of Boole such that it becomes 
possible to place it squarely within the tradition of Aristotelian logic. Given 
that Venn was convinced that this aim reflected Boole’s own opinion as to the 
meaning of the enlargement of traditional by means of symbols, the book can 
be read as a lengthy rebuttal of those accounts which see Boole as the father 
of modern logic. Because Venn does not recognize the Begrifschrift as a ‘great 
event’, the same, by and large, goes for those accounts that put forward Frege 
as a candidate for this paternal role. If it is in this sense that the whole of Venn’s 
logical oeuvre crowns the late nineteenth-century attempt to save what, from 
hindsight, was already irretrievably lost, it also incorporates one of the most 
elaborate eforts, in the words of Otto Neurath, to combine an ‘interest in logic 
with an interest in empiricism’231 and to demonstrate, albeit unintentionally, 
the complexities involved in upholding this combination while recognizing and 
coming to terms with new developments. 

229 Jetli 2011, p. 111.
230 Quine 1995, p. 254. 
231 Neurath 1996, p. 325.
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chapter 8

Duncan Farquharson Gregory 
and Robert Leslie Ellis: 
second generation reformers 
of British mathematics

0. Introduction: the second generation of reformers of 
British mathematics - Smith and Wise’s thesis

It has become commonplace to explain the development of nineteenth-century 
British mathematics in terms of two main factors (see Fisch, 1994). On the 
one hand, there was the external influence consisting of the re-importation, 
adoption and dissemination of the ‘exotic’ viewpoints, methods, techniques etc. 
of Continental mathematics by the members of the Analytical Society, Charles 
Babbage (1791-1871), George Peacock’s (1791-1858) and John Herschel (1792-
1871) (Becher 1980, Becher 1995, Dubbey 1977, Enros 1981, Enros 1983, Pycior 
1981, Wilkes, 1990). On the other hand, there was the internal critical reflection 
of second-generation figures such as William Rowan Hamilton (1805-1865), 
Augustus De Morgan (1806-1871) and Duncan Farquharson Gregory (1813-
1844) on the following commitments of the first generation (Fisch 1994, Kop-
pelman 1971, Pycior 1983, Pycior 1984, Richards 1980, Richards 1987, Smith 
1981, Verburgt 2014a); firstly, to the algebraical calculus of functions and pow-
er-series of Joseph-Louis Lagrange (1736-1813), instead of the more geometri-
cally inspired calculus of limits associated with Sylvestre Lacroix (1785-1843) 
and Augustin Louis Cauchy (1789-1857) (e.g. Domingues 2008, Fraser 1987, 
Fraser 1989, Grabiner 1981, Smithies 1986) and, secondly, to Leibnizian dif-
ferential “d” notation, rather than Newtonian fluxional “dot” notation (e.g. 
Guicciardini 2003, Hall 1980) (Dubbey 1963, Fisch 1999). Where the first gen-
eration’s introduction of continental mathematical ideas into Britain is usually 
referred to as a revolutionary Cambridge story, the critical reflection upon the 
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program of the Analytical Society by the heterogeneous group of second-gener-
ation mathematical reformers has been characterized as a process of ‘singularly 
English trouble-shooting’1 (Fisch 1994, 249, my emphasis). 

Both of these descriptions have been questioned in more recent years. Firstly, 
several authors have shown that, especially, Scottish mathematicians ‘played 
a major role in the regeneration of British mathematics during the early 19th 
century, some time before a revitalized Cambridge University established its 
preeminence’ (Craik, 2000, 133-134) (Craik 1998, Craik 1999, Craik 2000, 
Craik 2012, Craik 2013, Panteki 1987, see also Gibson 1927a, Gibson 1927b, 
Guicciardini 1989, chapter 7-9, Olson 1971, Olson 1975, Schlapp 1973). For 
example, John Playfair (1748-1819) at the University of Edinburgh and James 
Ivory (1765-1842) and William Wallace (1768-1843) at the Royal Military 
College in Marlow advocated the French analysts’ calculus before the members 
of the Analytical Society. Secondly, the Scottish and Irish influence on the 
mathematical and intellectual life of Cambridge is increasingly being recog-
nized ever since the publication of Crosbie Smith and Norton Wise’s Energy 
and Empire (e.g. Mann 2011). In their seminal book, two central disagree-
ments with the first generation are put forward to account for the nature of 
the reformative work of the second generation of mathematicians. On the one 
hand, following the ‘anti-Laplacian mood’ in French physics – to be found, for 
instance, in the work of Joseph Fourier (1769-1830) – the Laplacian scheme of 
‘point-atom reductionism’ and ‘hypothetico-deductive’ physics adopted by the 
Analytical Society was abandoned in favor of a ‘macroscopic’ (Smith & Wise 
1989, 197), ‘practical’ (Smith & Wise 1989, 155, 186, 235) and ‘non-hypotheti-
cal’ (Smith & Wise 1989, 155, 161) scientific methodology. On the other hand, 
in a process of the ‘reassertion of native traditions in mathematics and natural 

1 Fisch describes this trouble-shooting process as follows: ‘Unlike the Analytical 
Society’s initial campaign to ‘re-import the exotic’ (by which they meant replacing 
Newton’s fluxions by Lagrange’s power-series version of the calculus) the algebraic 
debate prompted by Peacock’s Treatise [on Algebra (1830)] appears to have been largely 
an internal afair […] The issue for Peacock, his colleagues and adversaries [was] no 
longer the inferiority of British mathematics in comparison to continental develop-
ments, but the apparent shortcomings they detected in contemporary depictions of 
the nature of algebra […] In short, the story of early Victorian algebra was not one 
of mere import [and] dissemination of ready-made ‘exotic’ alternatives to deficient 
local thinking, but one of truly innovative and at times path-breaking and, in a sense, 
singularly English trouble-shooting’ (Fisch 1994, 249). 
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philosophy’ (Smith & Wise 1989, 150, 155) the algebraical or analytical methods 
of Lagrange that accompanied Laplace’s Physique Mathématique were replaced 
by ‘anti-metaphysical’ (Smith & Wise 1989, xxi, 178) ‘geometrical methods’ 
(Smith & Wise 1989, 150). The labels ‘macroscopic’, ‘practical’, ‘non-hypo-
thetical’, ‘anti-metaphysical’ and ‘geometrical’ are said to define the work of 
the ‘self-consciously progressive group’ (Smith & Wise 1989, 168) of ‘northern 
Whigs’2 (Smith & Wise 1989, 61, 176) and their ‘commercially oriented peers’ 
(Smith & Wise 1989, 176) consisting of Duncan Gregory, Archibald Smith 
(1813-1872), Samuel S. Greatheed (1813-1887), Robert Leslie Ellis (1817-1859), 
William Walton (1823-1901) and William Thomson (Lord Kelvin) (1824-1907). 
These young Wranglers,3 who emerged with real mathematical ambition and 
were ‘not content to conduct […] mathematical activity in a casual manner or 
for private enjoyment’ (Crilly 2004, 458), allegedly ‘strove for international 
recognition’ (Smith & Wise 1989, 150) and attempted to transform mathemat-
ics into ‘a regular profession’ (Smith & Wise 1989, 176) with their founding, in 
1837, of The Cambridge Mathematical Journal (CMJ) (Crilly 2004, Despeaux 
2007b, 50-52). 

The goal of this paper is to critically examine the labels which Smith and Wise 
adopted in their Energy and Empire to characterize the second generation of 
reformers of British mathematics associated with the CMJ. It is by means of 
a detailed discussion of the life, work and viewpoints of two of its members, 
namely Gregory and Ellis, that it is shown that at least the labels ‘geometri-
cal methods’ in mathematics and ‘anti-metaphysical’, ‘non-hypothetical’ and 
‘practical’ knowledge cannot straightforwardly be used to capture the group’s 
orientation. The paper’s outline is as follows: the first two sections describe 
the intersecting private and professional lives of Gregory and Ellis in light of 
their contributions to the CMJ. The third section reflects on the seemingly 
paradoxical fact that Gregory, as a progressive reformer, was indebted to the 
mathematical tradition of the Scottish Newtonians. It is shown that the features 

2 The members of both the first and the second generation of reformers of British math-
ematics were not only of a relatively high socio-economic origin, but also political, 
social and religious radicals (see Ashworth 1989, Becher 1995, Smith & Wise 1989, 
chapter 6).

3 Duncan Gregory was the fifth wrangler of 1837, Archibald Smith the first wrangler of 
1836, Greatheed the fourth wrangler of 1835, Ellis the first wrangler of 1840, Walton 
the eighth wrangler of 1836 and Thomson the second wrangler of 1845.
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of ‘abstractionism’ and ‘geometrical fluxional analysis’ played a crucial role in 
Gregory’s contributions to symbolical algebra. The fourth section re-reads 
Ellis’s ‘General Preface’ to Francis Bacon’s (1561-1626) philosophical works 
and his ‘Evidence’ for the Cambridge University Commission such that it 
becomes clear that he was committed to a Kantian-inspired emphasis on the 
role of a priori mental principles in the process of the obtainment of scientific 
knowledge. Given that this description of the features that characterize the 
work of Gregory and Ellis seem to challenge those of Smith and Wise, it is 
suggested, in the section with concluding remarks, that their characterization 
of the second generation of reformers needs to be revised. 

1. Duncan Farquharson Gregory and Robert Leslie 
Ellis: intersecting personal and professional lives

The Scottish mathematician and youngest son of his father, the Professor 
of Medicine and classicist James Gregory (1753-1821), Duncan Farquharson 
Gregory was born in Edinburgh on 13 April 1813.4 He was an ofspring of the 
famous Gregory family whose claim to recognition ‘in Scottish biography does 
not rest on the outstanding genius of any individual member [so] much as on 
the number of great and brilliant men belonging to it’ (Grainger Stewart, 1901, 
10). In three generations the Gregorys provided nine professors to St. Andrews 
University, King’s College (Aberdeen) and Edinburgh University. Duncan 
Gregory was the great-great-grandson of the Professor of Mathematics at St. 
Andrews and Edinburgh James Gregory I (1638-1675), the great-grandson of 
the Professor of Physics at King’s College James Gregory (?-?) and the grandson 
of John Gregory (1724-1773), the Professor of Medicine at Edinburgh and the 
cousin of the founder of the Scottish School of Common Sense Thomas Reid 
(1710-1796).5 Duncan Gregory himself entered Edinburgh Academy in October 

4 The biographical facts about Gregory can be found in Ellis (1865) and Venn (1947, 
141). They are reproduced in Allaire & Bradley (2002) and Verburgt (2014a).

5 Thomas Reid’s mother, Margaret Gregory, was the daughter of David Gregory (1625-
1729) of Kinairdy (1625-1720), the sister of the Professor at Oxford David Gregory 
(1659-1708), the Professor at Edinburgh University James Gregory (1666-1742) and 
the Professor at St. Andrews Charles Gregory (1681-1754). Thomas Reid thus was 
the grandson of the first David Gregory and the cousin of John Gregory, Duncan 
Gregory’s grandfather.
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1824 and Edinburgh University in 1826 where he became the ‘favourite pupil 
of Professor [William] Wallace [1768-1843]’ (Goodwin 1865, xi) – who, as a 
mathematician upholding the ‘traditional Scottish geometrical spirit’ (Panteki 
1987, 124), was an early exponent of Continental analysis in Britain and transla-
tor of French mathematical works (Craik 1999, Eagles 1977). Gregory entered 
Trinity College in 1833 as an assistant of the Professor of Chemistry, Rev. 
James Cumming (1777-1861), where he would rank fifth Wrangler in the Tripos 
examination of 1837. Around 1838 he rivaled with Philip Kelland (1808-1879) 
to succeed Wallace as a Professor of Mathematics at Edinburgh University, but 
despite ‘the associations of his name [and] the bent of his interests’ (Davie 1961, 
118), he lost the chair to Kelland (see Craik 2007, 101-102, Davie 1961, chapter 
5, Grabiner 1979, 406). During his tragically short life – he died on February 
23, 1844 at the age of thirty – Gregory worked as one of the Tripos moderators 
in 1841-1842, and was considered for chairs at Toronto and Glasgow, but was 
never named to a position. Gregory is best remembered as the founder, together 
with two other ambitious young wranglers Smith and Greatheed, of the CMJ. 
The journal would soon produce ‘not merely expert algebraists, but sound and 
original mathematical thinkers […] of comparatively junior standing’ (Herschel 
1845, xxix) – of which Gregory was the ‘most rising man’ (De Morgan 1882 
[2010], 151). 

His intimate friend, the English polymath and editor of the works of Francis 
Bacon, Robert Leslie Ellis was born, on 25 August 1817, as the youngest of six 
children of his father, Francis Ellis of Bath (1772-1842).6 As an undergraduate 
matriculating at Cambridge in 1836, he was a pupil of his tutor, the author of 
the Treatise on Algebra (1830), George Peacock (1791-1858) and famous coach 
William Hopkins (1793-1866). Although Ellis was the Senior Wrangler of 1840, 
was elected a Fellow of Trinity College in October of the same year and was 
the Moderator, in 1844, and Examiner, in 1845, of the Tripos, he died, in 1859, 
as a layman. Ellis edited several numbers of the CMJ and contributed some 
twenty-two papers and notes on topics ranging from functional, algebraical and 
diferential equations to magnetism and conic sections.7 ‘Today an obscure and 
largely forgotten figure’ (Zabell 2005, 120), Ellis was the editor of the philo-

6 The biographical facts about Ellis are found in Goodwin (1863) and Venn (1944, 411). 
They are reproduced in Verburgt (2013).

7 For examples of this kind of research from the side of Ellis see, for instance, Ellis 
(1839), Ellis (1840), Ellis (1842a), Ellis (1842b) and Ellis (1844b).
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sophical volumes of the collected works of Bacon and one of the earliest advo-
cates of the so-called frequency theory of probability.8 Later in his life, Ellis’s 
aim was to either enter the political life of his home-town Bath or to prepare for 
a legal profession, but he gave up these ambitions when ‘his worldly position 
was unexpectedly altered. The author of his biographical memoir in the Math-
ematical and Other Writings of Robert Leslie Ellis (Ellis 1863), the Dean of Ely 
and later Bishop of Carlisle Harvey Goodwin9 (1818-1891) explained that when 
‘[b]oth of [Ellis’s] elder brothers died, and he thus became heir in expectation 
of considerable [Irish] property, and soon by the death of his father heir in pos-
session […] he was thus deprived of the chief inducement to labour’ (Goodwin 
1863, xvii-xviii).10 It was on May 12, 1859 that Ellis, at the age of forty-one, 
passed away in his house in Trumpington, near Cambridge. 

In an obituary of 1860 published in the February edition of The Athenaeum, 
a certain J.R. Gibbins wrote that a great part of Ellis’s memoir of his friend, 
Gregory (Ellis 1865), ‘may be applied, with mere change of name, to himself’ 
(Gibbins 1860, 206); not only their ‘tastes’, ‘pursuits’ and ‘mode of life’, but 
‘unfortunately also the premature interruption by death of their usefulness’ 
(Gibbins 1860, 206) were highly sympathetic. This comparison was nuanced 
by emphasizing a diference in character: (‘[Gregory] had less charm of manner, 
but more energy of action. A shade of eccentricity was perceptible in [him], 
which in Ellis was entirely absent’ (Gibbins 1860, 206). ‘Both were endowed 
with a remarkable breadth of understanding, as Gibbins wrote, 

‘but Ellis surpassed his northern friend in delicacy of discrimination, 
and probably in the range of his resources. Gregory […], from his emi-
nently practical turn of mind, possessed more of that kind of wisdom on 
which depends success in a profession, and […] the career of scientific 

8 Ellis’s papers on the foundations of probability theory include Ellis (1844a), Ellis 
(1854) and, written from the viewpoint of the so-called method of least squares, Ellis 
(1844c).

9 Goodwin was the second Wrangler of 1840, Fellow of Gonville and Caius College 
between 1841 and 1845 and, together with Ellis, examiner in the Tripos of 1845.

10 It may be remarked that this seemingly trivial fact is the only indication of Ellis’s 
‘Northern’ background. Ellis descended from Sir Thomas Ellis or Ellys of Wyham, a 
small village near Louth in North Lincolnshire. It was his fifth son, John Ellis, who 
was the father of the first Ellis to settle in Ireland, namely Thomas Ellis of Monaghan. 
See Ellis (1866, 72-73).
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discovery. Ellis […], never compromising his convictions, might have 
exercised, had he lived, a more subtle influence on the minds of his con-
temporaries’ (Gibbins 1860, 206). 

Another diference was that Ellis, in contrast to Gregory, repeatedly embarked 
upon ‘metaphysical speculations [about] that debatable ground which lies on 
the frontiers of Mathematics and Metaphysics’ (Gibbins 1860, 206) – some-
thing which he supposedly did with ‘a remarkable degree [of] mental disin-
voltura [and] fearlessness’ (Goodwin 1865, xvi). Although they did thus not 
resemble each other in mind or manner, there was a likeness between Gregory 
and Ellis in so far as both ‘were good mathematicians, real philosophers and 
lovers of truth’ (Goodwin 1863, xviii). Despite the fact that Ellis’s ‘manner was 
not such as to encourage rapid intimacy’ (Goodwin 1863, xv) it was in 1840, 
the year in which he became Senior Wrangler and, like Gregory,11 was elected 
Fellow of Trinity College, that the two became intimate friends.12 When the 
co-founders of the CMJ Greatheed and Smith left Cambridge and Gregory, 
who by that time had already had his first attack of illness, was forced to do all 
the editing work single-handedly, Ellis,13 together with Walton, immediately 
took ohce and edited part of the journal’s third and fourth volumes14 which 
appeared in 1844-1845. After Gregory’s death in February 1844 it was Ellis who 
was involved, albeit passively due to the poor state of his health, in the broad-
ening of the journal’s readership and the appointment, at the end of June 1845, 
of Thomson as its new editor.15 

11 Although Gregory passed his examination for the B.A. degree in 1837, it was only after 
a competitive examinations in classics, mathematics, history and philosophy that he, 
in October 1840, was made a Fellow of Trinity College.

12 From Ellis’s diaries (Trinity College Library, Add.Ms.a.82) it is clear that his corre-
spondence (Trinity College Library, Add.Ms.c.67) with Gregory commenced before 
his election in October.

13 It may be noted that Ellis, in a letter of June 1845 to Thomson, wrote that ‘[y]ou 
[Thomson] know I [Ellis] only took [the editorship] as a jury mast on Gregory’s being 
obliged to give it up’ (Ellis quoted in Crilly, 2004, 471). 

14 The journal was published each term of the university’s academic year (February, 
May, November) and each volume consisted of six parts divided over two years.

15 In the same letter to Thomson, as mentioned in footnote 11, Ellis noted that ‘I [Ellis] 
do wish you [Thomson] would permit me to resign the editorship in your favour – You 
will in all probability be longer in Cambridge than I shall, & I should be so much better 
pleased to see it in your hands than in mine’ (Ellis quoted in Crilly 2006, 471). 
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2. Gregory, Ellis and The Cambridge Mathematical Journal

In the Preface, written in October 1837, to the first volume of the CMJ, 
Gregory described ‘the objects we have in view, and the means we intend to 
adopt for carrying them into efect’ (Gregory 1837a, 1) by remarking that it

‘has been a subject of regret with many persons, that no proper channel 
existed, either in this University or elsewhere in this country, for the 
publication of papers on Mathematical subjects, which did not appear to 
be of suhcient importance to be inserted in the Transactions of any of 
the Scientific Societies […] In this place [i.e. Cambridge] in particular, 
where the Mathematics are so generally cultivated, it might be expected 
that there would be an opening for a work exclusively devoted to that 
science […] Our primary object, then, is to supply a means of publica-
tion for original papers. But we conceive that our Journal may likewise be 
rendered useful in another way – by publishing abstract of important […] 
papers that have appeared in the Memoirs of foreign Academies […] We 
hope in this way to keep our readers […] on a level with the progressive 
state of Mathematical science’ (Gregory 1837a, 1-2, my emphasis). 

The CMJ was the product of a young group of high ranked Wranglers aiming to 
explore pure mathematics without the formal mandate of the Cambridge exam-
ination system that produced them and beyond the confines of the established 
Transactions of several British scientific societies.16 Its founding editors not only 
approached mathematics as a progressive subject open to the trouble-shooting 
of ‘accepted newly imported positions’ (Fisch 1994, 248) and the formulation 
of ‘novel modifications and alternatives [...] in the face of new problems’ (Fisch 

16 For these points see Crilly (2004) and Despeaux (2007a, 95-99). 
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1994, 248), by opting for the rapid publication of short papers17 and allowing 
for anonymous publication,18 they also promoted unknown junior researchers 
to pursue original work and develop new ideas. The CMJ published articles 
on pure mathematics, plane and solid geometry, (analytical) geometry of two 
and three dimensions, algebra, trigonometry, diferential and integral calculus 
and the calculus of finite diferences, the mathematical treatment of physical 
subjects (mechanics, astronomy, light, sound, heat, electricity, magnetism 
and hydrostatics) and the solutions of Tripos problems. Together with Smith, 
Walton, and Thomson, Gregory and Ellis were the main contributors to the 
first four volumes – both with more than twenty papers. However, it was 
Greatheed who, with his ‘On general diferentiation’ of 1837, initiated what was 
to become the journal’s main endeavour, namely the transmission of mathemati-
cal ideas and discussion on the so-called ‘method’ or ‘calculus’ of operations and 
the defense of its legitimacy and usefulness in pure mathematics and physical 
subjects. Also in this specific respect, Gregory and Ellis, responding to and 
making use of the findings put forward in each other’s articles, took the lead. 
It was to their conversation about the ‘calculus of operations’ that many other 
upcoming mathematicians responded by exploring and further developing the 
method – all the while creating a research area of fundamental importance to 
the development of a particularly British approach to algebra (see Despeaux 
2007b, 54-67, Koppelman 1971, 188-217). 

17 Despeaux describes the nineteenth-century publication environment for British 
mathematics by writing that the Transactions of the scientific societies ‘presented 
significant obstacles to new researchers to publish mathematics […]. For example, a 
mathematician wanting to publish in [the] society venues needed either to belong to 
the society or to have a member formally ‘communicate’ the paper’ (Despeaux 2007a, 
95). Moreover, even in the case of successful submission, it was still possible that the 
author would not see the manuscript again: ‘[i]f the paper was not accepted by the 
referees for publication, the manuscript was permanently deposited in the society’s 
archives’ (Despeaux 2007b, 50). For an example of the refereeing-process of nine-
teenth-century British scientific journals see Despeaux (2011). 

18 During Gregory’s editorship, contributors were allowed to use pseudonyms so as to 
enable undergraduates to submit controversial articles without running the risk of 
(public) controversy – something that would greatly reduce their chances of pursuing 
a professional career. This practice was later abolished when Thomson took on the 
editorship in 1845.
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2.1 The ‘calculus of operations’

The idea of the separation of symbols of operations from symbols of quantity 
had first appeared in the pages of the short-lived Memoirs of the Analytical Society 
(see Despeaux 2007b, 52-54, Koppelman 1971, 175-188). While Continental 
mathematicians such as Lagrange, Cauchy, Louis François Antoine Arbogast 
(1759-1803) and Francois-Joseph Servois (1768-1847) ‘never really trusted the 
[inductive] method’ (Koppelman 1971, 157) it was ever present in the attempts 
of the members of the Analytical Society to leave behind the Newtonian flux-
ional calculus and notation and connect with a ‘century of foreign improvement’ 
(Babbage & Herschel, 1813, xv) in the diferential calculus. After the demise 
of the Analytical Society Babbage, Herschel and Peacock turned away from 
the calculus of operations (Fisch 1999, 146-148), but it was revived by the new 
generation of mathematicians of the CMJ. The first number of the journal con-
tained a paper written by Greatheed, who, as said, also was the author of the 
first contribution to the topic since Herschel’s series of articles from 1814-1822 
(see Greatheed 1837a, Greatheed 1837b, Greatheed 1837c, Herschel 1814). In 
his ‘A new method of solving equations of partial diferentials’ of 1837, Greath-
eed wrote that the assumption that symbols of operations could be treated as 
if they were symbols of quantity has ‘so far as I know, been hitherto applied 
only to the calculus of finite diferences, and to the diferential calculus where 
both are involved. It appears to me that if any much greater eminence than that 
to which analysis has already been brought, remains to be attained by it, that 
process is the most obvious and likely path’ (Greatheed 1837a, 239). Greath-
eed’s explanation of the method ‘was a pragmatic one, that is, that it yielded a 
correct solution’ (Koppelman 1971, 189) and upon reading the paper Gregory 
soon devoted himself to its rigorous justification. The CMJ’s spreading of ‘the 
gospel of the calculus of operations’ (Despeaux 2007b, 56) took the form of 
an appeal for its applicability in both ‘mixed’ and ‘pure’ mathematics. Where 
Gregory, Walton, Smith and others showed that it could be applied to problems 
in, for example, geometry, mechanics and theories of the motion of heat and 
pendulums etc. (e.g. Gregory 1838a, Gregory 1839b, Gregory 1841, Gregory 
and Smith 1840, Smith 1840), Gregory and Ellis applied it to linear diferential 
equations with constant coehcients, finite diference equations and (partial) 
diferential equations (e.g. Gregory 1837b, Gregory 1837c, Gregory 1838b, 
Gregory 1839a, Ellis 1842a, Ellis 1842b). 
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Although he did mention the work of Herschel and Greatheed, Gregory first 
and foremost referred to Joseph Fourier (1768-1830), Siméon-Denis Poisson 
(1781-1840) and Servois for the idea that solutions to equations could be 
expressed by the separation of symbols. The fundamental diference between 
these French mathematicians was that where Fourier, Poisson and many others 
were of the opinion ‘that the expressions […] obtained as solutions might be 
conveniently expressed by separating the symbols of operations, and not that 
the symbolical expressions are the proper solutions of the equations’ (Gregory 
1838b, 62), Servois fixed ‘the principles of the method on a firm and clear basis’ 
(Gregory 1840, 7). Gregory expressed his agreement with Servois’s approach 
as follows: 

‘Servois was, I believe the only mathematician who attempted to explain 
its principles, though [Barnabé] Brisson [(1777-1828)] and Cauchy some-
times employed and extended its application; and it was in pursuing this 
investigation that he was led to separate functions into distributive and 
commutative, which he perceived to be the properties which were the 
foundation of the method of the separation of the symbols […] This 
view which […] coincides with that which it is the object of this paper 
to develop [assumes that] as these operations are all subject to common 
laws of combination, whatever is proved true by means only of these 
laws is necessarily true of all operations’ (Gregory 1840, 7). 

Gregory opened his ‘On the real nature of symbolical algebra’ with the state-
ment that the investigation of the foundation of algebra, ‘as distinguished from 
the various branches of analysis which come under its dominion, took its rise 
from certain general considerations to which I was led in following out the prin-
ciple of the separation of symbols of operation from those of quantity’ (Gregory 
1840, 1). Similarly, Ellis, in his ‘Remark on the distinction between algebrai-
cal and functional equations’, wrote that algebra, as the ‘science of symbols’, 
is ‘conversant with operations, and not with quantities; and an equation, of 
whatever species, may be defined to be a congeries of operations, known and 
unknown, equated to the symbol zero [such that] [i]f one symbol is said to be a 
function of another it is, in reality, the result of an operation performed upon 
it. [This] idea of functional dependence pervades the whole science of symbols’ 
(Ellis 1842a, 92). 



278

2.2 Symbolical algebra

Gregory and Ellis recognized Peacock as ‘the only writer in this country who 
has attempted to write a system of algebra founded on a consideration of 
general principles’ (Gregory 1840, 1). And it is true that his Treatise on Algebra 
of 1830 and ‘Report on the recent progress and present state of certain branches 
of analysis’ of 1833 were ‘jointly responsible, almost single-handedly, for the 
foundational debate on the nature of mathematics in general, and algebra in par-
ticular’ (Fisch 1999, 140) of the 1830s-1840s. Gregory’s ‘On the real nature of 
symbolical algebra’ was an attempt to synthesize and then generalize Peacock’s 
‘symbolical algebra’ and Adrien-Quentin (Abbé) Buée (1748-1826) and John 
Warren’s (1796-1852)19 geometrical representation of negative and imaginary 
(or complex) numbers on the basis of what had been written on the ‘calculus of 
operations’ by Herschel, Servois, Brisson and Cauchy. 

Peacock, who is ‘universally recognized as one of the earliest proponents of the 
symbolical approach to algebra’ (Pycior 1981, 24), had formulated his system 
of arbitrary symbols, signs and laws as a middle way between two extreme 
opposed approaches on algebra – Francis Maseres (1731-1824) and William 
Frend’s (1757-1841) ‘generalized arithmetic’ approach on the one hand and 
his friend Babbage’s ‘pure analysis’ approach on the other (see Dubbey 1978, 
93-130, Fisch 1999, 141-155, Rice 2001, 152-157). The former ‘proposed sacrific-
ing whole realms of algebraic activity for the sake of preserving for mathemat-
ics a solid, […], truth governed foundational system’ (Fisch 1999, 162) or, vice 
versa, reduced algebra to an arithmetic in which ‘symbols stood only for non-
negative numbers and signs denoted strictly arithmetical operations’ (Pycior 
1981, 28). The latter ‘insisted on draining analysis of all meaning and content 
for the sake of grounding mathematics anew by means of a system pertaining 
exclusively to pure form and process’ (Fisch 1999, 162-163). Peacock’s solution 
was to view algebra as consisting of two antithetical parts, namely ‘arithmetical 
algebra’ and ‘symbolical algebra’. Despite the fact that his aim was to establish 
symbolical algebra as a ‘science of symbols and their combinations, constructed 
upon its own rules which may be applied to arithmetic […] by interpretation’ 

19 Gregory referred to Abbé Buée’s ‘Mémoire sur les quantités imaginaries’ of 1806 
and Warren’s Treatise on the Geometrical Representation of the Square Roots of Negative 
Quantities of 1828.
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(Peacock 1833, 194-195), Peacock insisted that ‘[t]hough […] arithmetical 
algebra does not furnish an adequate foundation for […] symbolical algebra, 
it necessarily suggests its principles’ (Peacock 1833, 195, my emphasis). The fact 
that Peacock believed that ‘no views of the nature of Symbolical Algebra can be 
correct [which] makes the selection of its rules of combination […] independent 
of arithmetic’ (Peacock 1845, 453) is demonstrative of his acceptance of the 
‘watered-down, bottom-up dependency of symbolical on arithmetical algebra 
that would somehow allow to meaningfully ground the former in the latter’ 
(Fisch 1999, 166) via the notorious ‘principle of the permanence of equivalent 
forms’.20

It will be made clear in what follows in what sense Gregory’s advance towards 
abstraction21 was captured by his referring to symbolical algebra as the science 
not of the combination of symbols, but of the ‘combination of operations 
defined not by their nature, that is by what they are of what they do, but by the 
laws of combination to which they are subject’ (Gregory 1840, 2). 

3. Gregory’s symbolical algebra: the importance of geometry

Gregory opened his ‘On the real nature of symbolical algebra’ with the state-
ment that it is true that the algebraical laws 

‘have been in many cases suggested (as Mr. Peacock has aptly termed 
it) by the laws of the known operations of number; but the step which 
is taken from arithmetical to symbolical algebra is, that, leaving out of 

20 Kevin Lambert has shown that the idea of ‘suggestion’ that provided the foundation 
for the ‘principle of equivalent forms’ was inspired by Peacock’s self-constructed 
natural history of arithmetic (Lambert 2013). Where the science of counting would 
suggest arithmetic, arithmetic would suggest arithmetical algebra which, in turn, 
would suggest symbolical algebra. For the purposes of this paper it is important to 
recognize that Peacock’s neglect of geometrical considerations was, in a sense, implied 
in his idea of the (historical) foundation of algebra. It will be pointed out in section 3 
that it was precisely by introducing such geometrical considerations into the debate 
on the connection between algebra and arithmetic that allowed Gregory to further 
generalize Peacock’s account. 

21 This phrase is found in Koppelman (1971, 216). In Verburgt (2014a) it is argued that 
and shown in what sense this ‘advance’ took place within the framework of symbolical 
algebra.
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view the nature of the operations which the symbols we use represent, 
we suppose the existence of classes of unknown operations subject 
to the same laws. We are thus able to prove certain relations between 
the diferent classes of operations [and] if we can show that any opera-
tions [are] subject to the same laws of combination as these classes, the 
[algebraical] theorems are true of these as included in the general case’ 
(Gregory 1840, 2). 

Gregory’s procedure was to introduce F and f as the symbolical representa-
tion of ‘any operations whatever, the natures of which are unknown’ (Gregory 
1840, 3) and to attach these symbols ‘to any other symbols on which we wish to 
indicate that the operation […] F or f is to be performed’ (Gregory 1840, 3). In 
the remainder of his paper, Gregory postulated five classes of operations each 
of which was justified with reference to the known relations between opera-
tions that suggested them.22 For example, the first class assumes the existence 
of two classes of circulating operations, F and f, that are connected by the fol-
lowing laws:

1 F F (a) = F (a) 3 F f (a) = f (a)
2 f f (a) = F (a) 4 f F (a) = f (a)

Both ‘+’ and ‘−’, with the laws giving the rules for multiplication, as well as the 
corresponding operations of the ‘turning of a line [or] transferring of a point 
through a circumference’ and the ‘transference of a point through a semicircum-
ference’ can be given as an interpretation of F and f. Gregory concluded that 
because ‘whatever we are able to prove of the general symbols + and − from the 
laws to which they are subject […] is equally true of the arithmetical [and] of 
the geometrical operations […] described’ (Gregory 1840, 3) it holds that ‘there 
is no real analogy between the nature of the of the operations’ (Gregory 1840, 
3-4). The relation between the operations in arithmetic and geometry is due 
purely ‘to the fact of their being combined by the same laws’ (Gregory 1840, 4). 
Another significant example is that of the (unnamed) fifth class involved two 
operations related by the laws 1 a F (x + y) = F (x) f ( y) + f (x) F ( y) and 2 
a F (x + y) = f (x) f ( y) − c F (x) F ( y). About this class Gregory remarked that 

22 Allaire & Bradley (2004, 405-406) provide a detailed account of Gregory’s five classes 
of operations. 



2818 | Duncan F. Gregory and Robert Leslie Ellis: second generation reformers of British mathematics

its laws are first ‘suggested by the known relation between certain functions 
of elliptic sectors’ (Gregory 1840, 11), and that the ‘most important theorem 
proved of [it] is that {cosx + (−)½ sinx}n = cosnx + (−)½ sin nx’ (Gregory 1840, 
12) cannot receive an interpretation in arithmetic ‘as it involves the operation 
(−)½. In geometry, on the contrary, it has a very distinct meaning’ (Gregory 
1840, 12).23 

What these two examples of classes of operations demonstrate is that Gregory 
had enabled himself to argue that arithmetic ‘may be the suggesting science for 
many of the laws of combination [of operations] but [that] such is not necessarily 
the case’ (Allaire & Bradley 2004, 407); for where the circulating operations 
of the first class are suggested by both arithmetical and geometrical operations, 
the unnamed operations of the fifth class were suggested by geometry, rather 
than arithmetic, and could only be interpreted or represented in geometrical 
terms. It is thus possible to claim that Gregory was able to break algebra’s ties 
to arithmetic and, thereby, to move beyond Peacock’s system of symbolical 
algebra, by bringing on the scene geometry or geometrical considerations (see 
Davie 1961, 161-164).24 

3.1 Gregory’s abstractionism and geometrical fluxional analysis 

This, indeed, seems to resolve the paradox found in Smith and Wise’s char-
acterization of Gregory, namely that if ‘On the real nature of algebra’ earned 
him the title of forerunner of the modern abstract algebraists the paper itself 
derived its inspirations from a Northern tradition of geometrical theory. The 
following two sub-sections elaborate the further statement that Gregory was 

23 As Gregory explained, ‘if a represents a line, and a cosx represent a line bearing a 
certain relation in magnitude to a, then a {cosx + (−)½ sinx} will imply, that we have 
to measure a line a cosx, and from the extremity of it we are to measure another 
line a sin x; but in consequence of the sign of operation (−)½, this new line is to be 
measured, not in the same direction as a cosx, but turned through a right angle’ 
(Gregory 1840, 12).

24 This confirms Pycior’s claim that it was the geometrical representation of numbers 
uninterpretable in arithmetic, namely ‘imaginaries’, that ‘proved the possibility of 
developing a symbolical algebra with multiple models’ (Pycior 1983, 220). Interest-
ingly, Peacock dismissed the geometrical representation in his Treatise on Algebra (see 
Peacock 1830, xxvii) – something which could perhaps be explained with reference to 
the suggestion referred to in footnote 20. 
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able to put forward his progressive, analytical and technical contributions to 
the generalization of symbolical algebra because of, rather than despite, the 
two central features of the Scottish geometrical tradition of which supposedly 
was ‘the great hope’ (Davie 1961, 166); firstly, the abstractionist philosophy of 
mathematics (section 3.1.1) and, secondly, the notion of ‘geometrical fluxional 
analysis’ (section 3.1.2). 

3.1.1 Gregory and abstractionism

The abstractionist philosophy of mathematics resulted from Aristotle’s answer 
to the problem of accounting for the existence of mathematical objects without 
having recourse to either the Platonic theory, which holds that these objects 
inhabit a supra-sensible world of Forms, or the idea that they somehow exist as 
physical objects (e.g. Cleary 1985, Hussey 2011, Lear 1982). Aristotle’s solution 
was to claim that mathematical objects such as triangles, circles and numbers 
‘are constructed out of ordinary experience but constructed in such a way 
that mathematics does not depend on specific features of the sensible world’ 
(Jesseph 1993, 10), namely by means of abstraction from the ‘sensible qualities, 
e.g. weight and lightness, hardness and its contrary, and also heat and cold and 
the other sensible contrarities’ (Aristotle 1984, 1677). The idea that mathemat-
ics is concerned with abstractions or, more in specific, with ‘the attributes of 
things qua quantitative and continuous’ (Aristotle 1984, 1677) or, in the words 
of Thomas Aquinas (ca. 1225-1274), with quantitative mental entities result-
ing from abstractio formae (e.g. Anderson 1969, Kluge 1976, Mauer 1993), 
was almost universally accepted in the seventeenth- and eighteenth-century 
(Jesseph, chapter 1) – especially, but not solely, among British mathematics 
ranging from John Wallis (1616-1703) and Isaac Barrow (1630-1677) to Robert 
Simson (1678-1768), Colin Maclaurin (1698-1746), Playfair and John Leslie 
(1766-1832). For example, where Barrow, in his Lectiones Mathematicae of 1683, 
spoke of mathematical objects as being ‘mentally separated or abstracted from 
all specific matter, material circumstances, and accidents’ (Barrow 1683 [1685], 
29), the famous editions of Euclid’s Elements of Simson, Playfair and Andrew 
Bell (1753-1823) contained phrases about quantities ‘obtained from experi-
ence’ after a ‘process of abstraction’ that do not ‘possess a material existence’ 
(Bell 1837, i-ii, see also Simson 1756, Playfair 1795) (Davie 2001). Maclaurin’s 
argument that this process of abstraction began with vague and indistinct 
notions based on comparisons of empirical objects which progressively become 
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more definite with each new comparison is found in Simson’s famous note in 
his own Elements the aim of which was 

‘to throw light on the primitive […] distinction […] between a solid and 
its surface. By the accepted opinion, the distinction was dihcult to elu-
cidate because the solid and the surface are inseparable aspects of a body, 
which can never be observed in isolation from one another. This being 
so, it does not make sense to speak of the distinction as due simply to 
observation, and a way out […] was sought in the doctrine […] that the 
inseparable aspects are diferentiated from one another by comparing 
one’s experience of the body in one situation with one’s experience of 
it in another, and by finding it to be in a certain way unaltered, and in 
another way altered’ (Davie 1961, 133). 

Given that these and other25 philosophico-mathematical considerations of the 
Scottish mathematicians remained to be found in textbooks until the middle of 
the nineteenth-century,26 it is not unlikely that Gregory heard them discussed 
at Edinburgh or was taught about them by his mentor Wallace. This at least 
would account for the fact that it was as a result of an abstractionist process 
of reasoning that Gregory was able to define symbolical algebra as ‘the science 
which treats of the combination of operations defined not by their nature, that 
is by what they are or what they do, but by the laws of combination to which 
they are subject’ (Gregory 1840, 2). For what Gregory did in the treatment of 
the five classes of operations in his ‘On the real nature of symbolical algebra’ 
was, indeed, that of setting 

‘side by side geometrical operations and arithmetical operations, com-
paring them in respect to their likeness and their unlikeness, and finding 

25 For example, Sepkoski (2005) and Sepkoski (2007, chapter 3) contain detailed discus-
sions of the meaning of ‘nominalism’ and ‘constructivism’ within seventeenth-century 
British philosophies of mathematics. 

26 Davie writes that the Scottish doctrine of abstractionism ‘was constituted not by a 
series of elaborate treatises, written by specialists for specialists, but only by a few 
philosophical commonplaces or stock questions in regard to mathematics which 
remained constant year after year, and which a student might well hear discussed 
thrice in the course of his degree, in the mathematics class, in the logic class and in 
the ethics class, each time freshly and from a rather diferent point of view’ (Davie 
1961, 131-132). 
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that there are exact correspondences between the two in the midst of 
and in spite of their diferences. He then went on to claim that symbol-
ical algebra was concerned with what arithmetic and geometry have in 
common, and involved an abstraction whereby one left out [the] unique 
peculiarities inseparable from each, and regarded only their points of 
agreement’ (Davie 1961, 164). 

Gregory was indebted to the Northern tradition of abstractionism not only 
because of his use of the ‘abstractionist technique’ of reasoning by compari-
son ‘of Simson, of Maclaurin, and of his own kinsman Thomas Reid [(1710-
1796)]’ (Davie 1961, 164), but also in so far as his presentation of algebra as a 
further abstraction from geometrical and arithmetical operations was in perfect 
agreement with the twofold classification of mathematics into geometry, as ‘the 
science of magnitude’, and arithmetic, as ‘the science of number’ (e.g. Wallis 
1695, 19) resulting from the abstractionist theory. Where the first feature of 
Gregory’s abstractionism explains the basis of his generalization of Peacock’s 
symbolical algebra, the second feature accounts for the fact that it was impos-
sible for him to envision an algebra independent from ‘magnitude and multitude 
([or] continuous and discrete quantity)’ (Barrow 1683 [1685], 29, my emphasis).27 

3.1.2 Gregory and geometrical fluxional analysis 

Gregory opened his ‘On the elementary principles of the application of alge-
braical symbols to geometry’ of 1841 (see also Gregory & Walton 1845, Walton 
1841a, Walton 1841b, Walton 1841c, Walton 1841d, Walton 1852) with the state-
ment that in his ‘On the real nature of symbolical algebra’

‘I [Gregory] endeavoured to exhibit [the] principles on which various 
branches of science may be symbolized – that is to say, on which their 
study is facilitated by expressing the operations by means of symbols 
[…] Among the sciences whose symbolization I there considered, that of 
Geometry is the most important; and on that account I wish here to treat 
of it more at large, especially because it appears to me that the theory 
of the representation of geometrical quantities by numerical symbols 

27 See Verburgt (2014a) for a detailed elaboration of this latter statement. 
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is usually but little attended to, and some obscurity still hangs over it’ 
(Gregory 1841, 1, my emphasis). 

Gregory thus took seriously the problematic status of algebraical geometry 
which, neglected by the Cambridge analysts of the Analytical Society, ‘had 
been kept alive by the geometrical tradition, in the North’ (Davie 1961, 160) of 
Scottish Newtonians (Guicciardini 1989, Guicciardini 1993, Pycior 1997). The 
widespread image is that chauvinistic isolationism and a slavish adherence to a 
preference for geometrical demonstrations over algebraical techniques of math-
ematicians such as James I Gregory, David Gregory and John Craig(e) (1663-
1731) were responsible for the sorry state of eighteenth-century British math-
ematics.28 However, far from simply being ‘monument[s] to ancient geometry 
and [a] roadblock to progress in analysis’ (Grabiner 1979, 393) both Wallis and 
Barrow as well as Simson and Maclaurin and Leslie and Wallace attempted 
to reconcile, in the spirit of the complex Newtonian heritage, the old mathe-
matics of synthetical geometry and the new mathematics of analytical algebra 
(Craik 2000, 139), Grabiner 1979, 400, Guicciardini 2004, 236).29 The work 
of these Scottish Newtonians was, indeed, neither ancient nor modern (Hill 
1996, Mahoney 1990). 

After the publication of in 1670-1671 of ‘his masterpiece in the new analysis, the 
De methodis serierum et fluxionum’ (Guicciardini 2004, 226), Newton wrote an 
addendum, which was later reworked into the Gemetrica curvilinea (ca. 1680), in 
which he reformulated the results of the ‘analytical method of fluxions’ into a 
geometrical ‘synthetical method of fluxions’ based on axioms (e.g. Arthur 1995, 
Guicciardini 2004, Guicciardini 2009, chapter 8-9, Kitcher 1973). This meth-
odological shift towards geometry was inspired by an anti-Cartesian ‘admira-
tion of the ancients as a source of wisdom’ (Guicciardini 2004, 227) and the 
mythical belief that his new version of the calculus of fluxions ‘constituted a 

28 For accounts of the work of James I Leslie and David Gregory see, for example, 
Hiscock (1937) and Malet (1989).

29 There are, by and large, three main challenges to the received image of eighteenth-cen-
tury British mathematics; firstly, the fact that it is too ‘simplistic to define Newton’s 
mathematics as uniquely oriented towards ‘geometry’’ (Guiccardini 2004, 223), 
secondly, the Continental influence of the analytical results found in Maclaurin’s 
Treatise on Fluxions (Grabiner 1979) and, thirdly, the introduction, prior to the Ana-
lytical Society, of Continental mathematics in Britain by Wallace and others (Craik 
2000). 
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rediscovery of the hidden geometrical analytical methods’ (Guicciardini 2004) 
of the Greek geometers.30 This myth seems to have been shared by both Wallis, 
Barrow and Simson who were all convinced that the ancients ‘possessed an 
analysis equivalent to the algebraical [which they] concealed [in] order to excite 
the greater admiration of their [synthetic geometrical] inventions’ (Trail 1812, 
14-15). Newton’s renovation of his own calculus of fluxions consisted not only 
of the statement that, in contrast to Leibniz’s infinitesimals and diferentials, 
the two components of the synthetical method (‘fluents’ and ‘fluxions’) ‘have an 
existence in nature’ (Newton 2008d, 122-123) as kinematical objects generated 
in continuously flowing time. But also of the claim that in so far as it could be 
retranslated into the rigorous ontological basis of the synthetical method his 
analytical fluxional algorithm could be obtained in a manner ‘agreeable to the 
Geometry of the Ancients’. Taken together, the task that characterized most 
of the works of the Scottish Newtonians was to further develop (e.g. Maclau-
rin 1742), in the sense an abstractionist ‘natural philosophy’, Newton’s mature 
viewpoint that 

‘mathematical Quantities [are] describ’d by a continual motion. Lines are 
describ’d, and by describing are generated [by] the continuous motion 
of Points, Surfaces by the motion of Lines, Solids by the motion of 
Surfaces, Angles by the Rotation of their Legs [etc.]. These Geneses are 
founded in Nature, and are every Day enacted in the motions of Bodies, 
and paraded before our eyes […] Nature [thus] generates quantities by 
continual flux [&] the ancient Geometers admitted such a generation of 
areas & solids’ (Newton 2008a, 141 & Newton 2008d, 597-598). 

In order to come to terms with the issue of algebraical geometry, that is, to solve 
the traditional problem of the applicability of algebra to geometry, Gregory had 
recourse exactly to Newtonian geometrical fluxional analysis. It was in his ‘On 

30 For an account of the idea of Greek geometrical analysis see Behboud (1994) and 
Thiele (2003). See Pelseneer (1930) and Ramati (2001) for Newton’s reasons for 
believing that his sections 4 and 5 of his Principia led to results that ‘constituted a redis-
covery of the hidden geometrical analytical methods of the ancients’ (Guicciardini 
2004, 229, see also Gallart 2006, Pemberton 1728). In brief, as Guicciardini notes, 
Newton ‘adhered to a widespread Renaissance myth according to which the ancient 
geometers had concealed their method of discovery’ (Guicciardini 2004, 230). 
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the elementary principles of the application of algebraical symbols to geometry’ 
that Gregory, in words strikingly reminiscent of those of Newton, wrote that

‘The ideas with which we are concerned in Geometry are those of mag-
nitude and direction. The former is of three kinds – linear, plane and 
solid; and the question is, of what sort of operations these may be con-
sidered as the result. Such a one I conceive to be transference in one direc-
tion; for by proper combinations of operations of this description we can 
represent magnitudes of all kinds […]’ (Gregory 1841, 2). 

Gregory then explained how a line, a parallelogram and a parallelepiped are to 
be constructed from the transference of the geometrical idea of a point:

‘[L]et us assume a to be a symbol representing transference in one constant 
direction through a given space; then, representing the subject-point by 
the symbol (.) [i.e. a dot in brackets!], the compound symbol a (.) will 
represent a straight line as the result of transferring a point through a 
given space in a constant direction […] [W]e may [also] ask the meaning 
of such a combination as b { a (.) } or […] b (a). This [must] signify the 
transference of a line in one constant direction, that is, the line must 
move parallel to itself, by which means it will trace out a parallelogram. 
In the same way […] we may [ask] the meaning of the expression c { a 
(b) } [which] will represent the transference of a plane in one constant 
direction, that is, the transference of a plane parallel to itself, the result 
of which is a parallelopiped’ (Gregory 1841, 2-3). 

The central purpose of the construction or tracing out by continuous motion of 
a two-dimensional figure out of one-dimensional figure and a three-dimensional 
figure out of a two-dimensional figure was to remove the dihculty ‘that the 
same time algebraic[al] expression a × b was used to cover the case both of an 
expression of an arithmetical kind like 3 times 2 and an expression [of a] geomet-
rical [kind], like 3 by 2 feet’ (Davie 1961, 162). What the fluxional description of 
geometrical magnitudes as generated or nascent quantities demonstrated was 
the possibility of acknowledging that geometrical and arithmetical expressions 
were logically analogous without thereby severing the traditional distinction 
between discreteness and continuity. Gregory thus seems to have upheld 
Scottish Newtonian fluxional commitments within the framework of symboli-
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cal algebra that he himself created on the basis of an abstractionist comparison 
of arithmetic and geometry. 

4. Ellis’s idealism: Bacon and necessary truth

Although his contributions to symbolical algebra cannot be understood without 
taking into account the Scottish philosophico-geometrical background of 
which they represented a complex extension, Gregory himself rarely if ever 
abandoned himself to the type of ‘prolix metaphysical disquisitions’ (Stewart 
1829, 118) of Simson and Maclaurin. Ellis, for his part, had ‘an extreme delight 
in knowledge for its own sake’ (Goodwin 1863, xiii) and possessed ‘powers 
distinct from those of mathematical research’ (Goodwin 1863, xi) which were 
manifested most clearly in his eforts both as the editor of the philosopher 
works of Francis Bacon (1561-1626) (section 4.1) and as contributor to the 
Report of the Cambridge University Commission of 1852 (section 4.2). The 
idealist position that was elaborated in these two documents pose a challenge 
to Smith and Wise’s characterization of Ellis as defending practical knowl-
edge and an anti-metaphysical scientific method (see Smith & Wise 1989, 178, 
178-179, f. 74). 

4.1 Ellis’s Baconianism

It was the towering figure of the Knightbridge Professor of Moral Philoso-
phy and Master of Trinity College William Whewell (1794-1866) who, in his 
Philosophy of Discovery of 1860, praised Ellis for having ‘given a more precise 
view than any of his predecessors had done of the nature of Bacon’s induction’ 
(Whewell 1860, 150). Whewell also emphasized that Ellis’s view ‘amounts to 
much the same as the account I [Whewell] had given of the positive results of 
Bacon’s method, and the real value of that portion of his philosophy, which he 
himself valued most’ (Whewell 1860, 151-152). Ellis acknowledged, in turn, that 
Whewell’s aim of renovating, rather than abandoning the Baconian method 
of induction in light of the historical development of modern science was in 
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full agreement with that of his own examination in the ‘General Preface’.31 
Both Whewell and Ellis were of the opinion that their renovation consisted of 
showing not only that induction ‘does more than observation, inasmuch as she 
[…] collects facts, [and] catches some connexion or relation among them [as] 
represented by […] ideal conceptions’ (Whewell 1831, 379-380), but also that 
the ‘application to the facts of a principle of arrangement [or] idea, existing in the 
mind […] antecedently to the act of induction’ (Ellis 1858, 85) was aimed at 
but never successfully carried through by Bacon himself. Rather than rejecting 
it, Whewell and Ellis, thus, set out to perfect ‘the Baconian induction’ (Ellis, 
1858, 23).32 Where Whewell wrote that the combination of ‘mere phenomena’, 
or the ‘Colligation of Facts’, and ‘pure ideas’ or the ‘Explication of Concep-
tions’ (see Whewell 1831, 380, Whewell 1860, 135) already appeared in Bacon’s 
work, Ellis had it that ‘Bacon never, even in idea, completed the method which 
he proposed’ (Ellis 1858, 84). The reason for Bacon’s omission to ‘cultivate 
more carefully the ‘ideal side’ of his philosophy’ (Yeo 1985, 273-274) was, in 
Whewell’s opinion, his lack of knowledge of the discoveries of modern science 
and, in that of Ellis, the realism inherent in the ‘doctrine of forms’ on which 
his philosophy was grounded. Ellis’s major aim in his ‘General Preface’ was 
to demonstrate that Bacon’s ‘method may be stated independently of this 
doctrine’ and that even Bacon ‘himself so stated it in one of his earlier tracts’ 
(Ellis 1858, 28). 

Ellis introduced Bacon’s own view of the place of the doctrine of forms within 
the two parts of the inductive method as follows:

‘The first part of the true inductive process is the exclusion of every 
nature which is not found in each instant where the given one is present, 
or is found where it is not present, or is found to increase where the given 
nature decreases, or vice versa. [And] when this exclusion has been duly 

31 For the intellectual connection between Whewell and Ellis see Kilinc (2000) and 
Verburgt (2013). In Verburgt (2014c) the work of John R. Gibbins on the Knight-
bridge Professor of Moral Philosophy John Grote (see Gibbins 2007) is used to argue 
for the suggestion that the latter played an intermediary role. The issue of whether and 
how ‘Cambridge idealism’ influenced the dialogue between the widespread reforma-
tion of Baconian induction and the relationship between (pure) mathematics and the 
sciences seems worthy of further research. 

32 For more general discussions of Baconianism in nineteenth-century Britain see Pérez-
Ramos (1988) and Yeo (1985).
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performed, there will in the second part of the process remain, as at the 
bottom, all mere opinions having been dissipated […] the ahrmative 
Form, which will be solid and true and well defined. The exclusion of 
error will necessarily lead to truth’ (Ellis 1858, 35). 

The first part of the method consisted of the construction, in the sense of 
enumerative induction, of tables of presences, absences and variations of 
so-called ‘simple natures’ and the second part of the eliminative inference ‘on 
the instances in the tables to rule out possible forms that are not both necessary 
and suhcient for the appearance of the given nature’ (Snyder 2006, 72). Ellis’s 
main objection concerned not the ‘tables of appearance’, but the fact that Bacon 
assumed that the ‘method of exclusion’ 

‘requires only an attentive consideration of each ‘instantia’, in order first 
to analyse it into simple natures, and secondly to see which of the latter 
are to be excluded – processes which require no higher faculties than 
ordinary acuteness and patient diligence. There is clearly no room in this 
mechanical procedure for the display for subtlety or of inventive genius. 
Bacon’s method therefore leads to certainty, and may be employed with 
nearly equal success by all men who are equally diligent’ (Ellis 1858, 
35-36).

Ellis claimed that Bacon was well aware of the dihculties involved in the idea 
that the method of exclusion, which was based on observed instances, could 
result in unobservable forms without guesswork. ‘Bacon admits’, as Ellis 
wrote, ‘that the Exclusiva must at first be in some measure imperfect for the 
Exclusiva, being the rejection of simple natures, cannot be satisfactory unless 
our notions of these natures are just and accurate, whereas some of those which 
occur […] are [of course] ill-defined and vague’ (Ellis 1858, 37). Bacon himself 
is said to have mentioned a subsidiary method, ‘of which the object is the for-
mation of scientific conceptions’ (Ellis 1858, 37) and which he, in the Novum 
Organum (Bacon 1620 [1857]), also named induction, that is able to complete his 
inductive method by removing the defects of the method of exclusion. But ‘of 
the manner in which systematic induction is to be employed in the formation 
of conceptions we learn nothing from any part of his writings’ (Ellis 1858, 37). 
The reason for Bacon’s omission is twofold. On the one hand, it is ‘connected 
with the kind of realism which runs through Bacon’s system’ (Ellis 1858, 38) 
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which implies that ‘ideas or conceptions […] reside in some sort in the objects 
from which we derive them’ (Ellis 1858, 39) such that these not only correspond 
to ‘realities, which is of course necessary [but] may also be said adequately to 
represent them’ (Ellis 1858, 38). Because of his commitment to realism Bacon 
was unable, on the other hand, to appreciate that the ‘progress of science con-
tinually requires the formation of new conceptions whereby new principles 
of arrangement are introduced among the results which had previously been 
obtained’ (Ellis 1858, 39). Now, given that the realist doctrine of forms can be 
shown to have been ‘an extraneous part of his philosophy’ (Ellis 1858, 39),33 
Ellis was able to argue that the introduction into Baconian inductivism of the 
non-mechanical process of the formation of principles of arrangement that are 
‘superinduced’ (Ellis 1858, 42) upon the observed phenomena is not at odds 
with Bacon’s intentions. 

Both in his personal journal as well as in his contributions to probability Ellis 
made it clear that his idealist renovation of Bacon was inspired not only by 
Kantian views the germ of which he ‘caught […] from a very early age’ (Ellis 
quoted in Fisch 1994, 253, f. 22, see also Verburgt 2014c), but also by a Kan-
tianesque dismissal of the empiricist doctrine of ‘sensationalism’ found, for 
example, in John Locke (1632-1704) and Étienne Bonnot de Condillac (1714-
1780) (Agassi 1966). It is certainly true that the particular content of Ellis 
and Gregory’s correspondence seems to justify the statement that ‘Ellis, and 
perhaps also Gregory, [were] deeply committed to Kant’ (Fisch 1994, 253, f. 
22), but it should also be taken into consideration that, historically and philo-
sophically speaking, the sensationalist epistemology is closely related to the 
abstractionist account of mathematical objects (see section 3.1.1). Ellis and 
Gregory thus were willingly or unwillingly involved in reflections on the rela-
tionship of mathematical and metaphysical viewpoints. The fact that the two 
intimate friends were not in perfect agreement about the content of these phil-
osophical reflections challenges Smith and Wise’s assumption that the members 

33 Ellis noted that ‘[w]ith regard to the doctrine of Forms, it is [to] be observed that it is 
not mentioned as a part of Bacon’s system, either in Valerius Terminus or in the Partis 
secundae Delineatio, or in the De Interpretatione Naturae Sententia Duodecim’ (Ellis 
1858, 41).
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of the group of mathematicians associated with the CMJ held, by and large, the 
same (‘anti-metaphysical’) ideas.34 

4.1.1 Ellis on necessary truth 

The evidence that Ellis presented to the Cambridge University Commission 
of 1852 consisted of a brief elaboration of the statement that mathematics deals 
with necessary, rather than contingent truth – the necessity of its conclusions 
being ‘absolute’ in pure mathematics and ‘hypothetical’ in applied mathemat-
ics (see Ellis 1852, 222, f. 2). After defining propositions that are necessarily 
true as those ‘which the mind distinctly apprehends as such’ and of which ‘the 
contradictory is seen to be inconceivable’ (Ellis 1852, 222), Ellis pointed out 
that ‘when we think of any simple proposition in arithmetic or geometry we 
perceive [that] it must of necessity be [true]’ (Ellis 1852, 222). But given that 
the intuition of ‘the ablest mathematician is confined within a narrower circle 
than that of the truths which he can prove’ (Ellis 1852, 222) – or, in words 
drawn from the ‘General Preface’, given that the conceptions resulting from 
our imperfect human knowledge never ‘exhaust the essence of the realities 
by which they are suggested’ (Ellis 1858, 39) – the same cannot be said with 
respect to all demonstrable results in mathematics:

‘He may satisfy himself of the cogency of each step of the demonstra-
tion, and yet the essence of the conclusion – the fundamental principle of 
its truth – remains unseen […] In a word, his conception [is] still imper-
fect. But between his state of mind and that which is produced by the 
contemplation of any […] proposition, there is no fixed boundary […] 
After long and patient thought, the reason of the truth of a proposition 
[will] dawn upon him; the proposition thenceforth becoming [a] part of 
his own mind’ (Ellis 1852, 222-223). 

34 This particular point of criticism was suggested by one of the two anonymous referees. 
He or she also mentioned the dihculties involved in reconciling Gregory and Ellis’s 
philosophical commitments with, for example, those statements of Boole that seem to 
point to his aim of mathematizing metaphysics. The section with concluding remarks 
briefly returns to the importance of considering such complexities in future attempts 
to revise Smith and Wise’s blanket description of the ‘Northern’ mathematicians. 
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It is thus in the patient and attentive study of mathematical objects that the 
mind, conscious as it is of its own development, attains ‘immediate contact 
with necessary truth’ (Ellis 1852, 223) in the form of ‘a complete intuition into 
the results which he is able to prove’ (Ellis 1852, 223). For example, in the case 
of probability theory Ellis’s argument was that its ideal and a priori foundations 
gradually emerged as a result of an intuitive contemplation of the facts of expe-
rience (Ellis 1844a, see also Verburgt 2013, 436-438). 

For the aim of grasping the ‘natural relations which exist among the objects of 
[…] contemplation’ (Ellis 1852, 223) both geometrical and algebraical methods 
may be employed since ‘it matters but little whether the reasoning be expressed 
by one set or kind of symbols or by another’ (Ellis 1852, 223, my emphasis). 
Similar to Gregory (see section 3.1.2), Ellis attached much importance to the 
traditional issue of the connection between, on the one hand, synthesis and 
analysis as mathematical styles of reasoning (see Ackerberg-Hastings 2002) 
and, on the other hand, geometry and algebra. ‘It is common’, Ellis wrote, ‘to 
find persons in Cambridge and elsewhere who insist upon it that geometry is 
geometry, and [algebra algebra]; but [this] notion of an absolute separation [is] 
the result of a want of familiarity with either’ (Ellis 1852, 224). Ellis argued 
that if it is supposed that when ‘a mathematician treats a problem geometri-
cally [i.e. synthetical] he has to think about it for himself, whereas if he treats 
it symbolically [i.e. algebraically or analytical] the symbols think for him’ (Ellis 
1852, 224), to a mind ‘which has attained to a perfect mastery of [a] subject, 
and by which, therefore, the connexion of the data of the problem with its 
solution is perceived as by intuition, all the demonstrations appear to be in 
their essence identical’ (Ellis 1852, 224). Because the grounds of every form of 
demonstration ranging from geometrical synthesis to algebraical analysis are 
the same, that is, in so far as ‘demonstrations may be geometrical and yet in 
a high degree artificial and first principles may be lost in a maze of triangles 
no less than in a maze of equations’ (Ellis 1852, 223-224), it is superfluous to 
dismiss one of them in favor of another. Where William Hamilton (1788-1856) 
and Whewell had compared algebraical analysis to ‘running a railroad through 
a tunneled mountain’ and geometrical synthesis to ‘crossing the mountain on 
foot’ (Hamilton quoted in Davie 1961, 127), Ellis upheld that ‘in mathematical 
investigations there is no royal road, yet there is a nature, that namely which 
enables [one] to grasp the natural relations which exist among the objects of 
[…] contemplation’ (Ellis 1852, 224). Similar to Gregory, the northern Whig 
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Ellis, thus, wished to expose the common ground between algebraical analysis 
and geometrical synthesis or analysis rather than to oppose them to each other. 
But in contrast to Gregory, Ellis did this by means of developing a philosophical 
position vis-à-vis the process of the obtainment of knowledge that is necessarily 
true. 

5. Concluding remarks

This central aim of this paper was to examine and qualify those features of 
Smith and Wise’s general characterization of the second generation of reform-
ers of British mathematics that were used to describe the work of Gregory and 
Ellis, namely ‘geometrical methods’ in mathematics and an ‘anti-metaphysical’ 
emphasis on ‘practical knowledge’. After having described both the personal 
and professional lives of Gregory and Ellis as well as the background of their 
contributions to the CMJ in section 1 and 2, section 3 proposed a solution to 
the paradoxical fact that Gregory generalized symbolical algebra all the while 
upholding the ‘abstractionism’ and ‘geometrical fluxional analysis’ of the 
Northern or Scottish Newtonian tradition in mathematics. Where the first 
feature allowed him to introduce geometry into the problem of the relation 
between arithmetic and algebra such that algebra could be shown to be an 
abstraction from both of these sciences, the second feature enabled him to 
argue that geometrical and arithmetical operations were algebraically analogous 
without severing the accepted distinction between continuous and discrete 
quantities. Given Gregory’s indebtedness to these ‘natural philosophy’- or 
metaphysically-inspired features of the seventeenth- and eighteenth-century 
mathematics of his Scottish predecessors and the complexities of their negoti-
ation of the relationship of ‘old’ and ‘new’ mathematics, the label ‘geometrical 
methods’ cannot straightforwardly be used to characterize his work. In section 
4 it was shown that Ellis’s rejection of Bacon’s realist doctrine of forms neither 
gave rise to a dismissal of metaphysical and/or hypothetical knowledge in favor 
of practical and/or non-hypothetical knowledge nor challenged the importance 
of Whewellian ideas or conceptions in science. Ellis’s idealist renovation of 
Baconianism consisted of a reinterpretation of the process of induction in 
which ideal ‘principles of arrangement’ were incorporated within the funda-
mental ‘method of exclusion’. From both his personal journal, contributions to 
probability theory and evidence for the Cambridge University Commission it is 
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clear that Ellis was of the opinion that these principles result from mental intu-
ition, contemplation or, simply, the mind and can gradually take on the shape 
of a priori necessary truths. The appraisal of two of the main proponents of 
the second generation of reformers put forward in this paper has hopefully not 
only made plausible that Smith and Wise’s somewhat blanket description of 
group’s orientation is in need of revision, but also provided a contribution to 
this very task. This revision would of course also have to include detailed and 
comparative analyses of the writings on mathematics of, on the one hand, the 
Scots Smith, Greatheed and Thomson (Lord Kelvin) and, on the other hand, 
English reformers such as De Morgan, W.R. Hamilton and George Boole 
(1815-1864). Other important topics that have either not been suhciently dealt 
with or omitted in Smith and Wise’s Energy and Empire are the influence of, 
for example, religious, logical and Kantian-inspired ideas on the mathematical 
viewpoints of the members of the second generation of reformers. The incor-
poration of these and other (‘extra-mathematical’) topics within a revision 
of Smith and Wise’s account will enrich the understanding of the history of 
British mathematics and further deepen the appreciation of the fact that the 
process of its nineteenth-century reform was a less straightforward afair than 
often envisioned.
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chapter 9

Duncan F. Gregory, 
William Walton and 
the development of British algebra: 
‘algebraical geometry’, 
‘geometrical algebra’, abstraction

1. The complex history of nineteenth-century British 
algebra: algebra, geometry and abstractness

It is now well established that there were two major factors that contributed 
to the revitalization and reorientation of British mathematics in the early- and 
mid-nineteenth-century.1 Firstly, there was the external influence consisting of 
the dedication of the members of the anti-establishment Analytical Society to 
the ‘Principle of pure D-ism in opposition to the Dot-age of the University’. 
Charles Babbage (1791-1871), John Herschel (1792-18710) and George Peacock 
(1791-1858) introduced the ‘exotic’ Continental algebraic calculus of Joseph-
Louis Lagrange (1736-1813) in place of the Newtonian fluxional calculus at 

1 See Menachem Fisch, ‘“The emergency which has arrived”: the problematic history 
of nineteenth-century British algebra’, The British Journal for the History of Science, 27 
(1994), 247-276. 
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Cambridge.2 Secondly, there was the internal reflection on the foundations of 
the symbolical approach to algebra – first put forward in Peacock’s seminal 
Treatise on Algebra of 18303 – in the writings of three ‘groups’ within the second 
generation of reformers of British mathematics.4 The first group consisted of 
symbolical algebraists associated with The Cambridge Mathematical Journal 
(CMJ) of which Duncan Farquharson Gregory (1813-1844),5 as (co)-found-
ing editor, was the foremost representative. In brief, their aim was to gener-
alize Peacock’s definition of algebra as a ‘science of symbols’. Second was the 
group of critical revisionists to which belonged, among others, Augustus De 

2 See, for example, Harvey E. Becher, ‘Woodhouse, Babbage, Peacock, and modern 
algebra’, Historia Mathematica, 7 (1980), 389-400. John M. Dubbey, ‘Babbage, 
Peacock and modern algebra’, Historia Mathematica, 4 (1977), 295-302. Philip C. 
Enros, ‘Cambridge University and the adoption of analytics in early nineteenth-cen-
tury England’, in Social History of Nineteenth Century Mathematics, edited by Herbert 
Mehrtens, Henk J.M. Bos and Ivo Schneider (Boston: Birkhäuser, 1981), 135-147. 
Philip C. Enros, ‘The Analytical Society (1812-1813): precursors of the renewal 
of Cambridge mathematics’, Historia Mathematica, 10 (1983), 24-47. M.V. Wilkes, 
‘Herschel, Peacock, Babbage and the development of the Cambridge curriculum’, 
Notes and Records of the Royal Society of London, 44 (1990), 205-219. 

3 George Peacock, A Treatise on Algebra (Cambridge: J. & J.J. Deighton, 1830). For 
accounts of the work of Peacock see, Menachem Fisch, ‘The making of Peacock’s 
Treatise on Algebra: a case of creative indecision’, Archive for History of Exact Sciences, 54 
(1999), 137-179. Kevin Lambert, ‘A natural history of mathematics. George Peacock 
and the making of English algebra’, Isis, 104 (2013), 278-302. Helena M. Pycior, 
‘George Peacock and the British origins of symbolical algebra’, Historia Mathematica, 
8 (1981), 23-45. 

4 The distinction between the first and second generation of reformers of British math-
ematics was first introduced in Crosbie Smith and Norton Wise, Energy & Empire. 
A Biographical Study of Lord Kelvin (Cambridge, Cambridge University Press, 1989), 
chapter 6. A critical discussion of their characterization of the second generation is 
found in Lukas M. Verburgt, ‘Duncan Farquharson Gregory and Robert Leslie Ellis: 
second generation reformers of British mathematics’, under review. Given that the 
complex task of determining the theoretical relationship between the contributions 
of, for example, Gregory, De Morgan and Hamilton to algebra is beyond the scope of 
this paper, the distinction between three groups within the second generation is here 
presented without any detailed justification. The plausibility of the distinction will, 
hopefully, become apparent in what follows. 

5 Gregory’s contributions to symbolical algebra are discussed in Patricia R. Allaire and 
Robert E. Bradley, ‘Symbolical algebra as a foundation for calculus: D.F. Gregory’s 
contribution’, Historia Mathematica, 29 (2002), 295-426. Sloan E. Despeaux, ‘“Very 
full of symbols”: Duncan F. Gregory, the calculus of operations, and The Cambridge 
Mathematical Journal’, in Episodes in the History of Modern Algebra (1800-1950), edited 
by Jeremy J. Gray and K.H. Parshall (London: American and London Mathematical 
Societies: 2007), 49-72.
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Morgan (1806-1871)6 and George Boole (1815-1864),7 that was able to construct 
non-commutative algebra out of symbolical algebra by means of its redefinition 
as an ‘art of reasoning’.8 Third was the group consisting of abstract algebra-
ists such as William Rowan Hamilton (1805-1865)9 and Arthur Cayley (1821-
1895)10 that realized the scientific promises, in the sense of an autonomous 
abstract system, of symbolical algebra on the basis of a dismissal of its philo-
sophical foundations. 

The mathematicians of the first generation and the first two groups of the 
second generation, which together form the ‘Cambridge’ or ‘English’ school of 
symbolical algebra, have for a long time been considered as precursors to the 
modern approach to algebra as the formal study of arbitrary axioms systems 

6 For accounts of the De Morgan’s contributions to algebra see Helena M. Pycior, 
‘Augustus De Morgan’s algebraic work: the three stages’, Isis, 74 (1983), 211-226. Joan 
L. Richards, ‘Augustus De Morgan, the history of mathematics, and the foundations 
of algebra’, Isis, 78 (1987), 6-30. 

7 Boole did not write on (the ‘formalization’, in the modern sense of the term, of) 
algebra, but expressed his views on the nature of algebra and mathematics in his 
logical works, namely George Boole, The Mathematical Analysis of Logic, Being an 
Essay Towards a Calculus of Deductive Reasoning (Cambridge, Macmillan, Barclay & 
Macmillan, 1847). George Boole, An Investigation of the Laws of Thought on Which 
Are Founded the Mathematical Theories of Logic and Probabilities (London, Walton 
and Maberly, 1854). See, for example, also Theodor Hailperin, ‘Boole’s algebra isn’t 
Boolean algebra’, in A Boole Anthology: Recent and Classical Studies in the Logic of George 
Boole, edited by James Gasser (Dordrecht, Kluwer Academic Publishers, 2000), 
61-78. 

8 Given the argumentation of this paper, this second group of the second generation of 
reformers of British mathematics will not be discussed. 

9 The origin and content of the work of Hamilton are analyzed in, for example, Thomas 
L. Hankins, Sir William Rowan Hamilton (Baltimore: John Hopkins University Press, 
1980/2004). Thomas L. Hankins, ‘Algebra as pure time: William Rowan Hamilton 
and the foundations of algebra’, in Motion and Time, Space and Matter, edited by Peter 
K. Machamer and Robert G. Turnbull (Columbus, Ohio State University Press, 
1976), 327-359. Jerold Mathews, ‘William Rowan Hamilton’s paper of 1837 on the 
arithmetization of analysis, Archive for History of Exact Sciences, 19 (1978), 177-200. 
Peter Ohrstrom, ‘Hamilton’s view of algebra as the science of pure time and his 
revision of this view’, Historia Mathematica, 12 (1985), 45-55. Edward .T. Whittaker, 
‘The sequence of ideas in the discovery of quaternions’, Proceedings of the Royal Irish 
Academy. Section A: Mathematical and Physical Sciences, 50 (1944/1945), 93-98.

10 The authoritative account of the life and works of this ‘forgotten mathematician’ is 
Tony Crilly, Arthur Cayley: Mathematician Laureate of the Victorian Age (Baltimore, 
John Hopkins University, 2005). See also Tony Crilly, ‘The young Arthur Cayley’, 
Notes and Records. The Royal Society Journal of the History of Science, 52 (1998), 267-282. 
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initiated in the work of the third group.11 But it has become clear recently that 
the construction of genuine algebraical systems that are not generalizations of 
‘arithmetical algebra’ and that do not have a fixed interpretation in either arith-
metic or geometry was not accomplished by the ‘scientific symbolical algebra-
ists’ of the first generation, that is, Peacock, or by the first group of the second 
generation, that is, Gregory.12 The usual answer to the question concerning 
what separated the symbolical from the abstract algebraists is that their division 
must be sought in a fundamental diference between views of truth. Whereas 
Peacock and Gregory were committed to the traditional view, which has it that 
mathematics is concerned with an external subject matter, the second group 
entertained the view that mathematical truth can be defined as the consistency 
of an axiom system. This implies not only that for the symbolical algebraist to 
adopt the position of a modern mathematician would have required ‘a major 
change […] in the [understanding] of the nature of mathematics’,13 but also 
that formalism, whatever its precise meaning,14 is both the condition for the 
destruction of the limitations on the abstractness of mathematics and the con-
dition for the creation of new abstract algebras. These considerations have led 
Crosbie Smith and Norton Wise to claim that 

all of them [i.e. the ‘scientific symbolical algebraists’], although they 
developed algebra as a formal logic of operations, or rules of combination 
of symbols, nevertheless required that the [symbols and] operations be 
grounded in particular subject matter, in interpretation, rather than in 
internal consistency of the rules of combination alone.15

11 See, for example, Eric Temple Bell, The Development of Mathematics (New York, 
McGraw-Hill, 1954), 180. Lubos Novy, Origins of Modern Algebra. Translated by 
Jaroslave Tauer (Leiden, Noordhof, 1973), 199. 

12 See, for example, Daniel A. Clock, A New British Concept of Algebra, 1825-1850 
(Madison: University of Wisconsin, 1964). 

13 Joan L. Richards, ‘The art and the science of British algebra: a study in the perception 
of mathematical truth’, Historia Mathematica, 7 (1980), 343-365, 345. 

14 Catarina Dutilh Novaes, ‘The diferent ways in which logic is (said to be) formal’, 
History and Philosophy of Logic, 32 (2011), 303-332. See, for example, Leo Corry, ‘The 
empiricist roots of Hilbert’s axiomatic approach’, in Proof Theory. History and Philo-
sophical Significance, edited by Vincent F. Hendricks, Stig Andur Jørgensen and Klaus 
Frovin (Dordrecht, Kluwer Academic Publishers, 2000), 35-54, for a problematiza-
tion of the ‘received view’ of the formalism of modern mathematics. 

15 Smith & Wise, Energy (note 4), 171, my emphasis. 
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Although Richards and Smith and Wise are right about the reasons for the 
theoretical limits of the symbolical algebra of Peacock and Gregory, there is a 
twofold problem with their presentation of the development of British algebra 
in the 1830s-1840s in terms of a rupture between ‘pre-modern’ and ‘modern’ 
views, rather than a gradual transition.16 On the one hand, such a presenta-
tion does not recognize that Peacock formulated his symbolical approach to 
algebra in explicit opposition to Babbage’s radical formalism – or, more gen-
erally, that the members of the Analytical Society disagreed on the nature of 
mathematics.17 On the other hand, it is unable to account for the, somewhat 
ironic, fact that the first mathematician to exercise the (‘modern’) freedom of 
abstraction suggested by the (‘pre-modern’) symbolical algebraists, namely 
their abstract algebraic critic Hamilton, rejected what he perceived as the ‘for-
malism’ inherent in the work of the symbolical algebraists!18 Taken together, 
the statement that symbolical algebra ‘was not abstract algebra in the modern 
sense and never could be’19 is true, but only with the provisos that symbolical 
algebra was never meant to be modern abstract algebra and that in so far as 

16 Verburgt, ‘Gregory and Ellis’ (note 4) argues that there is also a significant problem 
with the characterization of the diferences between the first generation and the first 
group of the second generation underlying these accounts. 

17 John M. Dubbey, The Mathematical Work of Charles Babbage (Cambridge, Cambridge 
University Press, 1978) established that Peacock knew of Babbage’s ‘Essays on the 
philosophy of analysis’ of 1821. Fisch, ‘Creative indecision’ (note 3) shows not only 
that the portrayal of Peacock’s Treatise on Algebra of 1830 as an application of (Lagran-
gian) formalist views, to which he was committed during the 1810s-1820s, to algebra 
is mistaken, but also that ‘Babbage’s construal of pure analysis difered significantly 
from the system [of algebra] Peacock would eventually propose’. Fisch, ‘Creative 
indecision’ (note 3), 155. 

18 Hamilton famously dismissed both the ‘philological’ view of algebra ‘as a system of 
rules or else as a system of expressions’ and the ‘practical’ view of algebra ‘as an art 
or as a language’ and. If these two viewpoints correspond to, on the one hand, the 
first generation (Peacock, but, thus, especially Babbage) and the first group of the 
second generation and, on the other hand, the second group of the second generation, 
Hamilton himself approached algebra as ‘a system of truths’. 

19 Smith & Wise, Energy (note 4), 171. 
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the foundations of modern abstract algebra are not abstract they are, strictly 
speaking, also not modern.20 

The present paper proposes to come to terms with this problem-situation by 
finding a ‘middle way’ that combines the strong points of the ‘gradual transition’ 
and ‘rupture’ explanations of the connection between the ‘scientific symboli-
cal algebraists’ and the, equally ‘scientific’, abstract algebraists. The idea of a 
growth of mathematical abstractness in the contributions to algebra of Peacock, 
Gregory (et al.) and Hamilton (et al.), respectively, is taken up so as to show 
not only that a certain moderate level of abstractness was implied in the frame-
work of symbolical algebra, but also that the high level of abstractness of the 
abstract algebraists was premised on their rejection of a claim that accompanied 
the work of the symbolical algebraists, namely that abstractness is obtained 
by means of abstraction. These two points can be described and related pre-
cisely with reference to the fact that the symbolical algebraists insisted that the 
symbols and operations are ‘grounded in particular subject matter’.21 Firstly, it 
was because their algebra investigated the (relations between the) abstractions 
of the quantities of the sciences of arithmetic and geometry that the symboli-
cal algebraists wished to formulate the principles that would establish algebra 
as a demonstrative science. This meant that algebra was, in principle, limited 
to the treatment of abstractions from the traditional mathematico-empirical 
entities number and magnitude.22 And even though a process of abstraction 

20 This is meant as an implicit reference to the more general problems connected to those 
accounts of the history of modern mathematics and logic that equate ‘modern’ with an 
increase in ‘abstractness’ and ‘formality’ and define ‘abstract’ and ‘formal’ in terms of 
its being part of the process of ‘modernization’. Compare Herbert Mehrtens, Moderne, 
Sprache, Mathematik: Eine Geschichte des Streits um die Grundlagen der Disziplin und des 
Subjekts formaler Systeme (Berlin, Surhkamp, 1990) and Jeremy Gray, Plato’s Ghost. The 
Modernist Transformation of Mathematics (Princeton & Oxford, Princeton University 
Press, 2008) to, for example, Dennis E. Hesseling, The Reception of Brouwer’s Intui-
tionism in the 1920s (Basel, Birkhäuser, 1991/2012). The ‘debate’ between the symbol-
ical algebraists and the abstract algebraists does, indeed, foreshadow the complexities 
of the famous formalist-intuitionist debate of almost a century later – as Israel Kleiner 
has suggested. Israel Kleiner, A History of Abstract Algebra (Boston, Birkhäuser, 2007), 
151. 

21 Smith & Wise, Energy (note 4), 171. 
22 For a thorough analysis of the traditional relationship between arithmetic, geometry 

and algebra see, for example, Henk J.M. Bos, Redefining Geometrical Exactness. 
Descartes’ Transformation of the Early Modern Concept of Construction (New York, 
Springer-Verlag, 2001), chapter 6. 
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could generate, say, ‘abstract quantities’, because these, in the end, referred 
to empirical objects they could never be considered as free creations of the 
mind. Secondly, what allowed the abstract algebraists to create new algebras 
of so-called ‘quaternions’ and ‘octonions’ was their Kantian-inspired dismissal 
of the (‘abstractionist’)23 view of number and space as abstractions from obser-
vational experience in favor of the Kantian definition of physical and mathe-
matical objects as being constructed from a priori ‘intuition’.24 It was because 
the basic elements of algebra could be said to stand for something ‘real’, in 
this idealist sense, that it became possible to investigate whether higher-order 

23 ‘Abstractionism’ is the Aristotelian-Scholastic doctrine which holds that ‘mathematical 
objects are constructed out of our ordinary experience but constructed in such a way 
that mathematics does not depend on specific features of the sensible world’. Douglas 
M. Jesseph, Berkeley’s Philosophy of Mathematics (Chicago & London, The University 
of Chicago Press), 10. The doctrine was rejected by Berkeley, Kant and many other 
idealist philosophers and mathematicians; see, in this context, Margaret Atherton, 
‘Berkeley’s anti-abstractionism’, in Essays on the Philosophy of George Berkeley, edited 
by Ernest Sosa (Dordrecht, Kluwer Academic Publishers, 1986), 45-60. Carl J. Posy, 
‘Kant’s mathematical realism’, The Monist, 67 (1984), 115-134. George Elder Davie 
has made a convincing argument for the presence of this doctrine – popular, as it 
was, among eighteenth-century Scottish mathematicians such as Gregory’s teacher, 
William Wallace (1768-1843) – in the contributions of Gregory to symbolical algebra. 
George Elder Davie, The Democratic Intellect: Scotland and Her Universities in the Nine-
teenth Century (Edinburgh, Edinburgh University Press, 1961), part 2. The fact that 
‘abstractionism’, in mathematics, was closely related to Newtonian ‘fluxional method’ 
– which had been popularized, among others, by the Scottish geometer Robert 
Simson (1687-1768) – seems to support this argument. For the content and influence 
of Newtonian fluxions see, for example, Florian Cajori, A History of the Conceptions of 
Limits and Fluxions in Great Britain from Newton to Woodhouse (London, Open Court, 
1919). Philip Kitcher, ‘Fluxions, limits, and infinite littlenesse. A study of Newton’s 
presentation of the calculus’, Isis, 64 (1973), 33-49. For its presence in Scotland see 
Judith V. Grabiner, ‘Was Newton’s calculus a dead end? The continental influence 
of Maclaurin’s Treatise of Fluxions’, The American Mathematical Monthly, 104 (1997), 
393-410. These considerations will briefly be reflected upon in section 4. 

24 The Kantian nature of Hamilton’s work on algebra has been extensively studied – see, 
for example, Anthony T. Winterbourne, ‘Algebra and pure time: Hamilton’s ahnity 
with Kant’, Historia Mathematica, 9 (1982), 195-200. In his seminal Sir William Rowan 
Hamilton, Thomas L. Hankins has expressed his belief that Hamilton was able to 
establish abstract, rather than symbolical, algebra because of his ‘constructivism’. 
Hankins, Hamilton (note 9), 352. The fact that Hamilton and Cayley adhered, at least 
to a certain degree, to Kantian epistemology – see Mathews, ‘Hamilton on analysis’ 
(note 9), 192 – is briefly discussed in the section with concluding remarks. 
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elements could be constructed out of them all the while developing algebra ‘as 
a Science properly so called; strict, pure, and independent’.25 

The major benefit of this ‘middle way’ – in which the growth of abstractness 
of British algebra is attributed to a change in views about abstraction – is 
twofold. On the one hand, it approaches neither the symbolical algebraists 
nor the abstract algebraists as precursors of modern abstract algebra, thereby 
avoiding the characterization of the work of the first group ‘as a hesitant step 
in the direction of a formalist approach to algebra that [it] was incapable of 
fully seeing through’ as well as rejecting the description of the second group as 
being committed to taking this formalist step. On the other hand, it is able to 
explicate that with respect to algebra’s status as a science the two groups were 
actually more allies than either appreciated.26 Both the symbolical algebraists 
and the abstract algebraists wished to show that algebra, like geometry, could 
be a science, but where this, in the case of the first group, went hand-in-hand 
with a limitation of its abstractness to abstractions from experience, in the case 
of the second group this meant that algebra was to be developed on the basis of 
a priori intuitive principles. 

1.1 Between geometry, arithmetic and (new) algebra

This general explanation of the relationship between the scientific symboli-
cal algebraists, that is, Peacock and Gregory’s associates at the CMJ, and the 
abstract algebraists will here be presented in relation to the particular issue of 
the so-called ‘imaginary quantities’ – or, more specifically, of the attempt to 
put them on a geometrical or algebraical basis. The fact that ideas on the justi-
fication of imaginary quantities played an important part in the development of 

25 William Rowan Hamilton, ‘Theory of conjugate functions, or algebraic couples; with 
a preliminary and elementary essay on algebra as the science of pure time’, Transactions 
of the Royal Irish Academy, 17 (1837), 293-422, 295. 

26 For this observation see Fisch, ‘Creative indecision’ (note 3), 156, 145. 
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algebra has been elucidated in detail.27 But these scholarly accounts rarely28 if 
ever discuss British mathematicians and when they do, they assume, without 
further ado, that abstract algebra was created out of symbolical algebra. The 
same, by and large, holds for those, relatively few, contributions to the analysis 
of the influence of geometry – that is, of geometrical considerations about the 
representation of ‘imaginaries’ on a two-dimensional plane – on the growth of 
abstractness in algebra.29 It is because it can not only problematize such linear 
accounts of the history of British algebra, but also substantiate the one sketched 
in the foregoing sub-section that the main focus of this paper is the work of two 
representatives of the first group of the second generation of reformers, namely 
Gregory and William Walton (1823-1901), on geometry and its connection with 
algebra. 

Peacock’s Treatise on Algebra was written as a generalization of ideas put 
forward by Robert Woodhouse (1773-1827). For example in a paper published 
in 1802 in the Philosophical Transactions Woodhouse had redefined certain 
aspects of algebra so as to be able to cope with negative and imaginary quanti-

27 In chronological order: Wooster Woodruf Beman, ‘A chapter in the history of mathe-
matics’, Proceedings of the American Association for the Advancement of Science, 46 (1897), 
33-50. G. Windred, ‘The history of the theory of imaginary and complex quantities’, 
Mathematical Gazette, 14 (1929), 533-541. Ernest Nagel, ‘Impossible numbers: a 
chapter in the history of logic, Studies in the History of Ideas, 3 (1935), 429-474. Phillip 
S. Jones, ‘Complex numbers: an example of recurring themes in the development of 
mathematics’, Mathematics Teacher, 47 (1954), 106-144. Adrian Rice, ‘Inexplicable? 
The status of complex numbers in Britain, 1750-1850. In Around Caspar Wessel and the 
Geometric Representation of Complex Numbers. Proceedings of the Wessel Symposium at the 
Royal Danish Academy of Sciences and Letters Copenhagen, August 11-15 1998, edited by 
Jesper Lützen (Copenhagen, Det Kongelige Danske Videnskabernes Selskab, 2001), 
147-180. 

28 Rice, ‘Inexplicable?’ (note 27) is a valuable exception. 
29 See, for example, Nagel, ‘Impossible numbers’ (note 27). In her seminal paper, Elaine 

Koppelman has not only demonstrated the importance of the so-called ‘calculus of 
operations’ for the formation of the abstract view of algebra, but also suggested that 
this calculus ‘clearly was not the only relevant factor. One that should be mentioned, 
and which deserves further study, is the influence of new ideas in geometry’. Elaine 
Koppelman, ‘The calculus of operations and the rise of abstract algebra’, Archive for 
History of Exact Sciences, 8 (1971), 155-242, 238. She referred to a 1939 paper of Ernest 
Nagel as a starting-point for this study. Ernest Nagel, ‘The formation of modern con-
ceptions of formal logic in the development of geometry’, Osiris, 7 (1939), 142-223. It 
may be remarked that both papers ‘are marred by their treatment of the British works 
as steps toward abstract algebra in an unacceptably modern sense’. Smith & Wise, 
Energy (note 4), 171, f. 53.
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ties.30 Where several other mathematicians before him had attempted to solve 
the problem of the meaning, definition and acceptability of these quantities by 
showing that they were real in so far as a geometrical interpretation could be 
provided for them, Woodhouse rejected this justification because it relied on 
geometry as the foundation of all mathematics. It was in his Principles of Analyt-
ical Calculation (1803) that he first formulated the idea of algebra as a symboli-
cal language that consisted of pure ‘algebraic abstractions [and] mathematical 
generalizations’.31 Given the postulated independence of algebra, Woodhouse 
claimed that ‘no ‘reality’ could be ascribed to [imaginary] numbers on the basis 
of a geometrical interpretation. Rather he suggested a formal basis to their 
use’.32 Although Peacock agreed with Woodhouse,33 he seems to have been 
far less dismissive of geometry. In the Treatise on Algebra, Peacock mentioned 
not only arithmetic, but also geometry as a science ‘whose operations and the 
general consequences of [which] should serve as the guides to the assumptions 
which become the foundation of symbolical Algebra’.34 He also wrote an anon-
ymous textbook entitled Syllabus of a Course of Lectures upon Trigonometry, and 

30 Robert Woodhouse, ‘On the necessary truth of certain conclusions obtained by means 
of imaginary expressions’, Philosophical Transactions of the Royal Society of London, 92 
(1802), 89-119. On Woodhouse see Becher, ‘Woodhouse’ (note 2). Dubbey, ‘Babbage 
and Peacock’ (note 2). Christopher Phillips, ‘Robert Woodhouse and the evolution of 
Cambridge mathematics’, History of Science, 44 (2006), 1-25.

31 Robert Woodhouse, The Principles of Analytical Calculation (Cambridge, Cambridge 
University Press, 1803). Harvey Becher, ‘William Whewell and Cambridge mathe - 
matics’, Historical Studies in the Physical Sciences, 11 (1980), 1-48, 7.

32 John O’Neill, ‘Formalism, Hamilton and complex numbers’, Studies in History and 
Philosophy of Science, 17 (1986), 351-372, 357. 

33 Peacock referred to the geometrical interpretation of imaginary quantities put 
forward by Adrien-Quentin (Abbé) Buée (1748-1826) and John Warren (1796-1852) 
in the preface to his Treatise on Algebra. ‘The first attempt which I can find of an inter-
pretation of the meaning of such quantities was given by M. Buée [in] a Memoir which 
contains some original views on the use and signification of the signs of Algebra, 
though presented in a very vague and unscientific form [...] At a much later period 
[…] the work of Mr. Warren […] appeared […] Mr. Warren has completely succeeded 
in giving an interpretation of the roots of unity, when attached to symbols which 
denote lines in Geometry, or any quantities which such lines may represent: in doing 
so however he has adhered strictly to the practice of all writers on Algebra, in making 
the interpretation govern the results and not the results the interpretation’. Peacock, 
Treatise (note 3), xxvii-xxviii. 

34 See Peacock, Treatise (note 3), xxx-xxxi, xxxi. 
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the Application of Algebra to Geometry, which appears to have been published 
before 1830.35

Woodhouse and Peacock’s definition of algebra as a science of symbols to 
which also belonged the ‘imaginaries’ played an important role in freeing 
mathematics from its reliance on geometrical methods. At the same time, it 
produced ‘a conservatism concerning [imaginary] numbers, precisely because 
by denying [them] anything but a formal significance, it protected the informal 
background’, the suggesting sciences of arithmetic and geometry, ‘from critical 
examination’.36 The profoundness of this statement must be sought in the fact 
that it exposes a feature of Peacock’s symbolical algebra that can be identified 
in hindsight as contributing to the limitedness of its level of abstraction, namely 
the importance of the geometrical representation of imaginaries for the further 
generalization of algebra. 

For Gregory and Walton it proved not only that, in so far as it had at least two 
models, symbolical algebra was more than a generalization of arithmetic, but 
also that it would be arbitrary not to use  √�ð−1 as a ‘meaningless symbol with 
the understanding that its geometric[al] interpretation could follow and, to 
an extent, vindicate its [algebraical] manipulation’.37 It was against this back-

35 Peacock seems to implicitly refer to this textbook when he spoke of ‘my system of 
Algebraic Geometry’ in the preface of the Treatise on Algebra. Peacock, Treatise (note 
3), xxxiv. Although it does not mention its exact date of publication, the following 
passage from the Report of the Council to the Thirty-Ninth Annual General Meeting 
of the Astronomical Society is worth quoting: ‘[I]n 1819 Mr. Peacock was Moderator 
[of the Cambridge Tripos]. All the chief actors in producing [the change of the cur-
riculum] have lived to see their work fully done, and their country in full commu-
nication with all the world after more than a century of nearly complete exclusion. 
Mr. Peacock subsequently published an anonymous Syllabus of Trigonometry and 
Algebraic Geometry […] In 1826 he published in the Encyclopedia Metropolitana his 
historical article on Arithmetic [and in] 1830 appeared the first of his two works on 
Algebra’. Royal Astronomical Society, ‘Report of the Council to the Thirty-Ninth 
Annual General Meeting of the Astronomical Society’ (1859), 126. This historical fact 
suggests that the theoretical application of symbolical algebra not ‘back to’ arithmeti-
cal algebra, but to geometry in volume II of the second version of the Treatise of 1845 
could not have been such ‘a major step away from the Treatise of fifteen years earlier’. 
Fisch, ‘Emergency’ (note 1), 174. 

36 O’Neill, ‘Formalism’ (note 32), 358. 
37 Helena M. Pycior, Symbols, Impossible Numbers, and Geometric Entanglements. British 

Algebra Through the Commentaries on Newton’s Universal Arithmetick (Cambridge & 
New York, Cambridge University Press, 1997), 315. 
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ground that it was proposed to extend the geometrical conceptions of plane 
curves to include imaginary values as branches in planes perpendicular to the 
xy plane’.38 Euclid’s Elements was accepted as the definitive treatment of the 
subject matter of geometry,39 and Gregory and Walton were, thus, confronted 
with the awkward task of having to represent new forms – such as the imagi-
nary branches of plane curves – in terms of Euclidean space. Because the ideas 
with which geometry was said to be concerned, namely magnitude (linear, 
plane and solid) and direction, were to correspond to those of arithmetic, that 
is, could not but be of a quantitative nature, uninterpretability already occurred 
in the case of ‘a solid being extended in three dimensions’.40 Rather than accept-
ing any radical changes of classical views about space that were suggested by 
the uninterpretable new forms, Gregory and Walton expressed their hope that 
an interpretation within Euclidean space would eventually become available. 

While the role of the geometrical interpretation of imaginaries did not influence 
the early symbolical algebraists Woodhouse and Peacock, it was important to 
the abstract algebraists. As a result of his attempt to come to terms with John 
Warren’s Treatise on the Geometrical Representation of the Square Root of Negative 
Quantities Hamilton searched for the three-part numbers, or ‘triple algebra’, 
that would do for three-dimensional space what the imaginaries of ‘double’ 
or ‘coordinate’ algebra had done for two-dimensional space. The extension 
of imaginaries to three-dimensions led Hamilton to the discovery of ‘qua-
ternions’, numbers with one real and three imaginary parts which were con-

38 Joan L. Richards, Mathematical Visions. The Pursuit of Geometry in Victorian England 
(Boston, Academic Press Inc., 1988), 51. 

39 This much will be established in section 4.1 – in which their contributions to ‘alge-
braical geometry’ are scrutinized. See also Richards, Mathematical Vision (note 38), 
chapter 1. Joan L. Richards, ‘Projective geometry and mathematical progress in 
mid-Victorian Britain’, Studies in History and Philosophy of Science Part A, 17 (1986), 
297-325. For accounts of the ambivalent reception of higher-dimensional space see, 
for example, June Barrow-Green and Jeremy Gray, ‘Geometry at Cambridge, 1863-
1940’, Historia Mathematica, 33 (2006), 315-356. Amirouche Moktefi, ‘Geometry. 
The Euclidean debate’, in Mathematics in Victorian Britain, edited by Raymond Flood, 
Adrian Rice and Robin Wilson (Oxford & New York, Oxford University Press, 2011), 
321-338. Joan L. Richards, ‘The reception of a mathematical theory: non-Euclidean 
geometry in England 1868-1883’, in Natural Order: Historical Studies of Scientific Culture, 
edited by Barry Barnes and Steven Shapin (Beverly Hills, Sage, 1979), 143-166. 

40 Duncan Farquharson Gregory, ‘On the elementary principles of the application of 
algebraical symbols to geometry’, The Cambridge Mathematical Journal, 2 (1939), 1-9, 
9. 
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structed out of the (ordinal) number-couples on which he said that the science 
of algebra was grounded.41 Both features were revolutionary compared to the 
then present state of British algebra not only because the resulting algebra was 
the first example of a non-commutative system, but also because it was formu-
lated in four dimensions. Hamilton, Cayley and other abstract algebraists sub-
sequently took up the task of constructing higher-dimensional geometries and 
the numbers that were needed to represent and work algebraically with them. 
If the publication of their work was a testimony to the freedom of algebra sug-
gested, but never exercised by, Peacock and Gregory, its extreme abstractness 
was premised on a radically diferent form of abstraction, namely one in which, 
for example, imaginaries were constructed as generalizations from intuitively 
existing mathematical objects. 

The structure of the paper is as follows. A brief biographical account of 
Gregory and Walton is provided in section 2. After recapitulating, in section 
3, the central features of Peacock’s symbolical algebra – written, as it was, in 
response to the problem of negative and imaginary quantities – Gregory’s ren-
ovation of symbolical algebra is analyzed in detail in section 4. The aim of this 
central section of the paper is to show in what sense this algebraical work was 
inspired by geometrical considerations or, more specifically, how it bore upon 
Gregory and Walton’s contributions to ‘algebraical geometry’ and ‘geometrical 
algebra’.42 Section 5 returns to the historical, theoretical and methodological 
reflections presented in this long first section; it discusses the limits of sym-
bolical algebra in light of the criticism of the abstract algebraists formulated, 
as it partly was, in response to what they perceived as the shortcomings of the 
views on algebra and geometry of the (younger) symbolical algebraists. The 
paper concludes by expressing the hope that it has been able to contribute not 
only to a further exploration of the ‘English trouble-shooting’43 in the period 
between the publication of Peacock’s Treatise on Algebra in 1830 and Hamil-
ton’s construction of the first non-commutative algebra in 1843, but also to the 
demonstration of the influence of geometrical considerations on the develop-
ment of abstractness in British algebra.

41 Hamilton’s work on algebra is briefly discussed in section 5.2 
42 This distinction will be explained in the introduction to section 4. 
43 Fisch, ‘Emergency’ (note 1), 254.  
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2.  Duncan Farquharson Gregory and William Walton

2.1  Gregory and Walton: remarks on their life and work 

Gregory, the great-great-grandson of the famous James Gregory (1638-1675) 
was born in Edinburgh on April 13, 1813 as the youngest son of James Gregory 
(1753-1821) and Isabella Macleod’s (1772-1857) eleven children.44 After entering 
Cambridge in 1833, he ranked fifth Wrangler in 1837 and became a fellow of 
Trinity in 1840. All but one of his many publications on topics ranging from 
plane geometry, diferential and integral calculus, (define) multiple integrals 
and, most influentially, the ‘calculus of operations’, appeared in the journal 
CMJ, of which Gregory together with Samuel S. Greatheed (1813-1887) and 
Archibald Smith (1813-1887), was a founding editor.45 In his role as editor, 
Gregory, the mentor, was important to the early academic careers of William 
Thomson (Lord Kelvin) (1824-1907) and Boole. Gregory was considered for 
the mathematics chair at the University of Edinburgh in 1838, a professorship 
in mathematics at the University of Toronto in 1841 and, somewhat later, for 
the natural philosophy chair at Glasgow University, but he was never named to 
a position.46 After having sufered a first attack of illness in 1842, Gregory left 
Cambridge in the spring of 1843 ‘never to return again’.47 He died on February 
23, 1844 at the age of thirty. 

44 On Gregory see Robert Leslie Ellis, ‘Biographical memoir of Duncan Farquharson 
Gregory’, in The Mathematical Writings of Duncan Farquharson Gregory, edited by 
William Walton (Cambridge, Deighton, Bell and Co., 1865), xi-xxiv. John Archibald 
Venn, Alumni Cantabrigienses. A Biographical List of All Known Students, Graduates and 
Holders of Ohce at the University of Cambridge, From the Earliest Times to 1900. Part II. 
From 1752 to 1900. Volume III. Gabb-Justamond (Cambridge, Cambridge University 
Press, 1947), 141. 

45 The history of the CMJ and its role within the British mathematical community is 
described in Tony Crilly, ‘The Cambridge Mathematical Journal and its descendants: 
the linchpin of a research community in the early and mid-Victorian age’, Historia 
Mathematica, 31 (2004), 455-497. 

46 The following two accounts provide detailed descriptions of these events. Alex 
D.D. Craik, Mr. Hopkins’ Men. Cambridge Reform and British Mathematics in the 19th 
Century (London, Springer-Verlag, 2007), 101-102, 230-232. Davie, Democratic Intellect 
(note 23), chapter 7. 

47 Ellis, ‘Biographical memoir’ (note 44), xxii. 
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Around 1842, Gregory, while working as a Tripos moderator and tutor, had 
begun to write a textbook on geometry entitled Treatise on the Application of 
Algebra to Solid Geometry which, shortly after his premature death, was com-
pleted by his friend William Walton who also edited Gregory’s collected 
Mathematical Writings and Examples of the Processes of the Diferential and Integral 
Calculus.48 Walton himself had come into residence as a Pensioner of Trinity 
College in January 1831 and was the eighth Wrangler of the 1836 Tripos and 
Fellow of Trinity Hall, 1868-1885. He was the (co-)editor of several numbers 
of the CMJ in 1840 and 1844-1845 to which he contributed numerous papers. 
During his career, in which he, in his early years, worked as a private tutor and 
became an Honorary Fellow of Trinity Hall and Magdalene,49 Walton pub-
lished some five books – on theoretical and elementary mechanics, ‘plane coor-
dinate geometry’, diferential calculus and theoretical hydrostatics and hydro-
dynamics – and two so-called collections of problems – one concerning statics 
and dynamics and another on hydrodynamics and optics– designed for the 
‘candidates for honours’ at Cambridge.50 He also contributed to the volumes 

48 Duncan Farquharson Gregory and William Walton, Treatise on the Application of 
Algebra to Solid Geometry (Cambridge, Deightons, 1845). Duncan Farquharson 
Gregory, The Mathematical Writings of Duncan Farquharson Gregory, edited by William 
Walton (Cambridge, Deighton, Bell and Co., 1865. Duncan Farquharson Gregory, 
Examples of the Processes of the Diferential and Integral Calculus, edited by William 
Walton (Cambridge, Deighton, Bell and Co., 1841). 

49 On Walton see John Archibald Venn, Alumni Cantabrigienses. A Biographical List 
of All Known Students, Graduates and Holders of Ohce at the University of Cambridge, 
From the Earliest Times to 1900. Part II. From 1752 to 1900. Volume VI. Square-Zupitza 
(Cambridge, Cambridge University Press, 1954), 338. 

50 William Walton, A Collection of Problems in Illustration of the Principles of Theoretical 
Mechanics (Cambridge, Deighton, Bell and Co., 1855). William Walton, A Collection of 
Problems in Illustration of the Principles of Elementary Mechanics (Cambridge, Deighton, 
Bell and Co., 1958. William Walton, Problems in Illustration of the Principles of Coordi-
nate Geometry (Cambridge, Deighton, Bell and Co., 1851); William Walton, A Treatise 
on the Diferential Calculus (Cambridge, Deighton, Bell and Co., 1846). William 
Walton, A Collection of Problems in Illustration of the Principles of Theoretical Hydrostat-
ics and Hydrodynamics (Cambridge, Deighton, Bell and Co., 1847). William Walton, 
Elementary Problems in Statics and Dynamics. Designed for Candidates for Honours, First 
Three Days (Cambridge, Deighton, Bell and Co., publication year unknown). William 
Walton, A Collection of Elementary Problems in Hydrostatics and Optics, Designed for the 
Use of Those Candidates for Mathematical Honors, Who Are Preparing for the First Three 
Days of the Senate-House Examination (Cambridge, Deighton, Bell and Co., publication 
year unknown).
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with solutions of ‘problems and riders’ of the Senate-House examinations of 
1854 and 1857.51 

2.2 Memoirs versus the CMJ

The CMJ was founded, in 1837, with the aim of publishing both short papers 
written by upcoming mathematicians that might not otherwise find a pub-
lisher as well as translations of important papers from the memoirs of foreign 
academies.52 The editors considered mathematics to be a ‘progressive subject, 
one which was open to change, expansion, and development, rather than as a 
fossilized branch of certain knowledge suitable only for the Tripos examina-
tion’.53 Similarly to the first generation reformers of British mathematics – the 
members of the Analytical Society Babbage, Herschel and Peacock – Gregory, 
Greatheed and Smith and other regular contributors, such as the later editors of 
the CMJ, the ‘Cambridge stars’54 Robert Leslie Ellis (1817-1859) and Walton, 
disseminated their ideas through their journal and influenced the Cambridge 
curriculum in their capacity as (junior) moderators setting the ‘problem papers’. 

The method for which the CMJ became famous – that of the separation of 
symbols of operations from symbols of quantity, also known as the ‘calculus 
of operations’55 – had first appeared in the pages of the Memoirs of the Analyt-
ical Society. While French mathematicians such as Lagrange, Louis François 
Antoine Arbogast (1759-1803) and Augustin-Louis Cauchy (1789-1857) 
admired the method as ‘a tool for discovery and verification’, the members of 
the Analytical Society considered it as a rigorous technique proof and used the 
method to reach solutions to analytical problems and theorems. ‘As they had 
proven before with their adoption of the Lagrangian, algebraic[al] calculus’, 
rather than Cauchy’s limit-based calculus, ‘British mathematicians accepted 
and developed some products of French mathematics that the French […] 

51 William Walton and Charles Frederick Mackenzie, Solutions of the Problems and Riders 
Proposed in the Senate-House Examination for 1854 (Cambridge, Macmillan and Co., 
1854). William Walton and M. Champion, Solutions of the Problems and Riders Proposed 
in the Senate-House Examination for 1857 (Cambridge, Macmillan and Co., 1857. 

52 See Crilly, ‘The Cambridge Mathematical Journal’ (note 45), 464; Duncan Farquharson 
Gregory, ‘Preface’, Cambridge Mathematical Journal, 1 (1837), 1-9, 1. 

53 Crilly, ‘The Cambridge Mathematical Journal’ (note 45), 465. 
54 Crilly, ‘The Cambridge Mathematical Journal’ (note 45), 468. 
55 See Koppelman, ‘The calculus of operations’ (note 29). 
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eschewed’.56 Babbage, Herschel and Peacock turned away from further devel-
oping these meta-mathematical commitments in the course of the 1820s, but, 
even though it ‘once again left the British isolated’57 from Continental devel-
opments, the calculus of operations was revived by the new generations of 
British reformers associated with the CMJ.58 The first number contained a 
paper written by Greatheed, who had published the first paper on the topic 
after Herschel’s series of articles from 1814-1822, in which the calculus of oper-
ation was taken up in a spirit critical of Peacock’s claim that it is ‘the form of 
the formulas which is basic […] rather [than] the rules governing their laws of 
combination’.59 After having read the paper, Gregory soon devoted himself to 
spreading ‘the gospel of the calculus of operations’.60 Between the years 1839-
1841, Gregory contributed numerous papers to the CMJ in which he defended 
the legitimacy of the method. The main significance of this was that the attempt 
to generalize its algebraical properties and to put them on a logical basis led 
him to give to ‘its working-power a secure and philosophical foundation’.61 The 
promotion of the calculus of operations took the form of an appeal for its appli-
cability in pure and applied (or ‘mixed’) mathematics; Gregory showed that it 
was a useful theoretical tool for pure mathematics in so far as it allowed for the 
establishment of the ‘real nature’ of algebra, and Walton, Smith, Greatheed and 
Gregory himself applied it to problems in, for example, geometry, mechanics 
and theories of heat, electricity, magnetism and so on.62 

The ‘new English school’ not only distanced itself from the ‘Cambridge agenda’ 
of the Analytical Society as regards the utility of the ‘calculus of operations’.63 
Another, more profound, diference pertained to their views on analytic 
and synthetic mathematics. Whereas the members of the Analytical Society 

56 Despeaux, ‘”Very full of symbols”’ (note 5), 53. 
57 Niccolò Guicciardini, The Development of the Newtonian Calculus in Britain 1700-1800 

(Cambridge, Cambridge University Press, 1989), 138. 
58 As Fisch, ‘Creative indecision’ (note 3) shows, the members turned away for diferent 

reasons and in strikingly diferent ways. 
59 Koppelman, ‘The calculus of operations’ (note 29), 210-211. 
60 Despeaux, ‘”Very full of symbols”’ (note 5), 56. 
61 William Thomson, ‘Presidential address to the British Association, Edinburgh, 1871’, 

in Popular Lectures and Addresses. Three Volumes (Cambridge & New York, Cambridge 
University Press, 2011), 132-206, 139. 

62 See Despeaux, ‘”Very full of symbols”’ (note 5), 54-67. 
63 See Smith & Wise, Energy (note 4), 150. 
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dismissed the tradition of synthetic mathematics in favour of pure analytics 
and, thus, considered ‘geometry and geometrical demonstration as contrary 
to [mathematics’] ultimate objects’,64 the young mathematicians of the CMJ 
committed themselves to the task of ‘bridging the gap between the old mathe-
matics and the new’.65 More specifically, even though both generations upheld 
that algebra provided the route to a rigorous foundation of calculus, the flux-
ional notation and geometrical methods were banned in the Memoirs,66 but the 
CMJ had recourse exactly to the (quasi-analytical and non-algebraical) flux-
ional analysis – and this in two contexts. Firstly, Gregory, probably under the 
influence of the Scottish Newtonians,67 demonstrated that geometry could be 
pursued algebraically on the basis of the idea that geometrical figures are gener-
ated from the operation of transference (of a point) in one direction. Secondly, 
Gregory ‘never wrote explicitly on the foundations of calculus’, but from the 
features of his Examples in the Processes of the Diferential and Integral Calculus 
it can be inferred that he was not in full agreement with Lagrange’s algebra-
ical approach to calculus.68 In fact, given that the book was written from the 
perspective of the fluxional method and that Cauchy’s limit-based calculus 
– which, in contrast to Lagrange’s work, did not explicitly emphasize ‘the 
need to separate the calculus from geometry’69 – was formulated in terms of 

64 Enros, ‘Analytical society’ (note 2), 28. 
65 Davie, Democratic Intellect (note 23), 154. 
66 Compare Fisch, ‘Creative indecision’ (note 3). Allaire & Bradley, ‘D.F. Gregory’s con-

tribution’ (note 5). John M. Dubbey, ‘The introduction of the diferential notation to 
Great Britain’, Annals of Science, 19 (1963), 37-48. For example, Peacock had dismissed 
the method of fluxions not only for ‘introducing extraneous ideas (geometrical and 
mechanical) into the study of purely algebraic[al] problems’, but also because ‘the dif-
ferential notation is ‘equally convenient for representing both operation and quantity’. 
Koppelman, ‘The calculus of operations’ (note 29), 153.

67 See Davie, Democratic Intellect (note 23), 161-162. Smith & Wise, Energy (note 4), 
184-185. 

68 Allaire and Bradley observe that Examples ‘functioned equally well whether the 
student’s understanding of first principles was algebraic in flavor [or] used limits […] 
Indeed, someone who had learned calculus using the Newtonian doctrine of fluxions 
would have benefited from Gregory’s text’. Allaire & Bradley, ‘D.F. Gregory’s con-
tribution’ (note 5), 396. 

69 Craig G. Fraser, ‘Calculus as algebraic analysis: some observations on mathematical 
analysis in the 18th century’, Archive for History of Exact Sciences, 39 (1989), 317-335. 
For a detailed account of Cauchy’s approach to the calculus see, for example, Judith V. 
Grabiner, The Origins of Cauchy’s Rigorous Calculus (Cambridge, MA, The MIT Press, 
1981).
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Newtonian-style fluxions,70 Gregory does not seem to have straightforwardly 
opposed this approach. It is, of course, true that Gregory’s use of ‘certain alge-
braic[al] techniques, referred to [as] ‘symbolical algebra, [which] can be traced 
back to Lagrange’, suggests ‘a Lagrangian conception of first principles’.71 But 
when it is taken into account that it was by means of geometrical operations, 
treated according to the fluxional method, that Gregory distinguished algebra 
from arithmetic in the first place, it is possible to ascertain that his presentation 
of symbolical algebra as the foundation for calculus was not Lagrangian per se.72 

For the purposes of this paper, these considerations suhce as a description 
of the diferences between the mathematicians of the Analytical Society and 
the mathematicians associated with the CMJ. Their diferences clearly prob-
lematize the claim that ‘by 1830 the fluxionary notation [and method] and the 
emphasis on geometric[al] arguments in the calculus had […] disappeared’.73 It 
is interesting to observe not only that Gregory’s notion of transference (of a 
point) in one direction provided the context out of which the ‘new analytical’ 
or ‘symbolical’ geometry of the abstract algebraists emerged,74 but also that 
Hamilton himself directly referred to Newton’s fluxions to lend credence to 

70 Ivor Grattan-Guinness wrote that ‘Cauchy resurrected the Newtonian approach, 
for Cauchy’s derived function is not Lagrange’s algebraically defined object [but] a 
Newton-style fluxion’. Ivor Grattan-Guinness, ‘Babbage’s mathematics in its time’, 
The British Journal for the History of Science, 12 (1979), 82-88, 83. See also Giovanni 
Ferraro, ‘Analytical symbols and geometrical figures in eighteenth-century analysis’, 
Studies in History and Philosophy of Science, 32 (2001), 535-555, 

71 Allaire & Bradley, ‘The contribution of D.F. Gregory’ (note 5), 397. 
72 See Davie, Democratic Intellect (note 23), 164. 
73 Koppelman, ‘The calculus of operations’ (note 29), 176. 
74 For example, in his 1852 plea for the inclusion of ‘new geometry’ in the Cambridge 

curriculum, Ellis noted that it ‘seems to be little studied in the University yet the 
method of which it makes so much use, namely, the generation and transformation of 
figures by ideal motion, is more natural and philosophical than the (so to speak) rigid 
geometry to which our attention has been confined’. Robert Leslie Ellis, ‘Evidence 
on mathematical studies and examinations. Answers from Robert Leslie Ellis, Esq., 
M.A., late Fellow of Trinity College’, in Cambridge University Commission. Report of 
Her Majesty’s Commissioners Appointed to Inquire Into the State, Discipline, Studies and 
Revenues of the University and Colleges of Cambridge; Together with the Evidence, and an 
Appendix (London, W. Clowes and Sons, 1852), 222-226, 224, my emphasis. See also 
Richards, ‘Projective geometry’ (note 39). 



324

his idea of time, or ‘continuous progression’, as the basis of algebra.75 When it 
comes to the influence of geometrical considerations on the ‘post-Peacockian’ 
developments in British algebra this seems to be yet another case in point. 

3. The generalization of Peacock’s symbolical algebra

3.1  Peacock’s symbolical algebra

Peacock’s Treatise on Algebra of 1830 and his report on analysis to the British 
Association76 of 1833 were ‘jointly responsible, almost single-handedly, for 
the foundational debate on the nature of mathematics in general, and algebra 
in particular’77 of the 1830s. It is well-established that the symbolical algebra 
developed in these works was the result of an attempt to steer between two 
opposed approaches to algebra; on the one hand, the ‘generalized arithmetic’ 
approach of Francis Maseres (1731-1824) and William Frend (1757-1841), and 
on the other hand Babbage’s ‘pure analysis’ approach. 

The fact that Peacock responded to Maseres and Frend indicates that his 
system was put forward with the aim of solving the problem of negative, and 
hence imaginary, numbers and roots of equations that was widely discussed 
in the late eighteenth- and early nineteenth-century. Both writers had argued 
that the lack of a satisfactory definition of these numbers rendered algebrai-
cal results involving them meaningless and, thereby, ‘brought into question 
the very legitimacy of algebra’s standing as a science’. Maseres and Frend’s 
proposal was to exclude them completely and to reduce algebra to ‘Univer-
sal Arithmetick’ in which ‘symbols stood only for nonnegative numbers and 
signs denoted strictly arithmetical operations’.78 The most famous contribu-
tions to the defenses of negative and imaginary numbers as legitimate math-

75 Hamilton wrote that Newton ‘whose revolutionary work in the higher parts of both 
pure and applied Algebra was founded mainly on the notion of fluxion which involves 
the notion of time’. Hamilton, ‘Theory of conjugate functions’ (note 25), 5-6. 

76 George Peacock, ‘Report on the recent progress and present state of certain branches of 
analysis’, in Report of the Third Meeting of the British Association for the Advancement of 
Science (London, John Murray, 1834), 185-352. 

77 Fisch, ‘Creative indecision’ (note 3), 140. 
78 Pycior, ‘George Peacock’ (note 3), 27-28. 
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ematical entities were those of John Playfair (1748-1819), William Greenfield 
(?-1827), Adrien-Quentin (Abée) de Bueé (1748-1826) and Woodhouse.79 
While Playfair, Bueé and Greenfield claimed that these meaningless numbers 
are ‘supported, rather by induction and analogy, than by mathematical demon-
stration’, Woodhouse argued that even though they cannot be demonstrated by 
means of ‘observations made on individual objects’, the numbers are intelligible 
in so far as it is possible to extend the formal rules governing the system of real 
numbers to ‘a system of characters of our own invention’.80 

Peacock admitted that the arguments of Maseres and Frend as to the inade-
quate justification of negative and imaginary numbers are ‘unanswerable, when 
advanced against the form under which the principles of algebra were exhibited 
in the […] works of that period, and which they have continued to retain ever 
since’.81 He, thus, agreed that what he himself called ‘arithmetical algebra’ was 
‘the only form of [algebra] which is capable of strict demonstration, and which 
alone, therefore, [is] entitled to be considered as a science of strict and logical 
reasoning’.82 Together with the opponents of the numbers, Peacock found the 
root of the problematic status of algebra in the fact that it has ‘always been 
considered as merely such a modification of Arithmetic as arose from the use 
of symbolical language, and the operations of one science have been transferred 
to the other without any statement of an extension of their meaning and appli-
cation’.83 At the same time, Peacock could not agree with Maseres and Frend’s 
conclusion to dispense with the 

great multitude of algebraic results and propositions, of unquestionable 
value and of unquestionable consistency with each other which were 
irreconcilable with such a system [or] not deducible from it. [This] 
made it necessary to consider negative and even impossible quantities 

79 John Playfair, ‘On the arithmetic of impossible quantities’, Philosophical Transactions 
of the Royal Society of London, 68 (1778), 318-343. William Greenfield, ‘On the use 
of negative quantities in the solution of algebraic equations’, Transactions of the Royal 
Society of Edinburgh, 1 (1778), 99-107. Adrien-Quentin de Bueé, ‘Mémoire sur les 
quantités imaginaires’, Philosophical Transactions of the Royal Society of London, 96 
(1806), 23-88; Woodhouse, ‘On the necessary truth’ (note 30).

80 Woodhouse, ‘On the necessary truth’ (note 30), 90, 93 
81 Peacock, ‘Report’ (note 76), 189-192. 
82 Fisch, ‘Creative indecision’ (note 3), 162. 
83 Peacock, Treatise (note 3), vi.
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as having a real existence in algebra, however vain might be the attempt to 
interpret their meaning.84

Given his aim of rewriting the first principles of algebra, Peacock was faced 
with ‘a cruel dilemma’ in the years between his preparation of the English 
edition of Sylvestre Francois Lacroix’s (1765-1843) Traité Élementaire de Calcul 
Diférentiel et de Calcul Intégral (1802) in 1816 and the publication of his Treatise 
on Algebra in 1830.85 On the one hand, Peacock dismissed Maseres and Frend’s 
‘generalized arithmetic’ approach, which sacrificed the riches of traditional 
algebra ‘for the sake of preserving for mathematics a solid […] truth governed 
foundational system’. But, on the other hand, he also rejected his friend Bab-
bage’s ‘pure analysis’, Lagrangian-inspired, approach which ‘drain[ed] analysis 
of all meaning and content for the sake of grounding mathematics anew by 
means of a system pertaining exclusively to pure form and process’.86 

Peacock’s solution was to view algebra as consisting of two antithetical parts 
– one, an ‘arithmetical algebra’ that corresponded to Maseres and Frend’s 
truth-governed ‘universal arithmetic’ and, the other, a Babbagian system of 
‘symbolical algebra’ that included the negatives, imaginaries etc. The resulting 
problem of coming to terms with the relationship between the two algebras 
one again confronted Peacock with two options. Given his unwillingness to 
either view ‘arithmetical algebra’ as a ‘lower-level application of its symbolical 
counterpart’ or cut ‘symbolical algebra’ loose from such a ‘lower-level, sub-
ject-oriented’ science, Peacock opted for a twofold system in which, on the 
one hand, symbolical algebra was ‘shown to meaningfully depend upon, pertain 
to, if not actually derive from, a theory of number’ that, on the other hand, was 
to function as a ‘subordinate science’ the principles of which suggested those 
of symbolical algebra.87 Despite the fact that his central aim was to establish 
symbolical algebra as a science of ‘symbols and their combinations, constructed 
upon its own rules’,88 Peacock was forced to acknowledge the ‘watered-down, 

84 Peacock, ‘Report’ (note 76), 190-191, my emphasis.
85 Fisch, ‘Creative indecision’ (note 3), 162. Silvestre François Lacroix, An Elementary 

Treatise on the Diferential and Integral Calculus. Translated From the French. With an 
Appendix and Notes (Cambridge, Deighton and Sons, 1816). 

86 Fisch, ‘Creative indecision’ (note 3), 162–163. 
87 Fisch, ‘Creative indecision’ (note 3), 165. 
88 Peacock, ‘Report’ (note 76), 194-195. 
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bottom-up dependency of symbolical on arithmetical algebra that would 
somehow allow to meaningfully ground the former in the latter’.89 More spe-
cifically, even though the construction of symbolical algebra was to be logically 
prior to arithmetic – such that its signs, symbols and laws of combination of 
operations are arbitrary and that their interpretation could follow, but does 
not precede, algebraic manipulation – Peacock, according to Fisch, demanded 
that its rules, or principles, are ‘so constructed as to ensure in advance their 
capacity to yield their arithmetic counterparts by interpretation’.90 Because of 
his concern for the applicability of symbolical algebra, Peacock made sure, by 
means of the ‘principle of the permanence of equivalent forms’, that the rules 
of symbolical algebra are not merely suggested by arithmetical algebra, but are 
‘required a priori strictly to embody them’.91 It is this foundational principle of 
his twofold algebraical system that implied the denial of both the autonomy of 
symbolical algebra and the mathematical freedom to arbitrarily construct it that 
Peacock himself had proclaimed at the outset of his Treatise. 

Taken together, Peacock’s symbolical algebra was nothing more and nothing 
less than a generalization of Maseres and Frend’s generalized arithmetic, namely 
one in which both arithmetical operations and symbols are generalized. This 
explains why it was by the problems it was thought to pose or, more specif-
ically, by its formulation of the meta-mathematical issue of the relationship 
between arithmetical and symbolical algebra, ‘rather than by the example it was 
thought to set,’92 that the work of Peacock provoked a younger generation to 
improve upon the symbolical approach to the science of algebra. What the con-
tributions of the mathematicians associated with the CMJ made apparent was 
the possibility of generalizing Peacock’s presentation of symbolical algebra as 
a generalization from arithmetic by means of bringing geometry on the scene, 
albeit without thereby breaking symbolical algebra’s ties to these demonstrative 
sciences. 

89 Fisch, ‘Creative indecision’ (note 3), 166. 
90 Fisch, ‘Creative indecision’ (note 3), 167. 
91 Fisch, ‘Creative indecision’ (note 3), 167-168. 
92 Fisch, ‘Creative indecision’ (note 3), 140. 
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3.2 Gregory’s generalization of Peacock’s symbolical algebra

In a paper read before the Royal Society of Edinburgh on May 7, 1838 and pub-
lished in the Society’s Transactions in 1840, Gregory wrote the following: 

I cannot take it on me to say that [my] views are entirely new, but at 
least I am not aware that any one has yet exhibited them in the same 
form. [T]hey appear to me to be important, as clearing up […] the 
obscurity which still rests on several parts of the elements of symbolical 
algebra. Mr. Peacock is, I believe, the only writer in this country who 
has attempted to write a system of algebra founded on a consideration 
of general principles […] Much of what follows will be found to agree 
with what he has laid down, as well as with what has been written by the 
Abbé Buee and Mr. Warren; but [I] think that the view I have taken of 
the subject is more general than that which they have done.93 

Although his definition of symbolical algebra as ‘the science which treats of the 
combination of operations defined not by their nature, that is, by what they are 
or what they do, but by the laws of combination to which they are subject’94 
seemed strikingly similar to that of Peacock, Gregory’s reference to the com-
bination of operations, rather than symbols, enabled him to formulate a more 
refined symbolical algebra that was critical of Peacock’s account. 

[A]s many diferent kinds of operations may be included in a class defined 
in the manner I have mentioned, whatever can be proved of the class gen-
erally, is necessarily true of all the operations included under it. This […] 
does not arise from any analogy existing in the nature of the operations 
[…] but merely from the fact that they are all subject to the same laws of 
combination. It is true that these laws have been in many cases suggested 
(as Mr. Peacock has aptly termed it) by the laws of the known operations 
of number; but the step which is taken from arithmetical to symbolical 
algebra is, that, leaving out of view the nature of the operations which 

93 Duncan Farquharson Gregory, ‘On the real nature of symbolical algebra’, Transactions 
of the Royal Society of Edinburgh, 14 (1840), 208-216, 208. 

94 Gregory, ‘Real nature’ (note 93), 208. 
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the symbols we use represent, we suppose the existence of classes of 
unknown operations subject to the same law.95 

Further developing the view that the algebraical laws of combination cannot be 
regarded as the results of generalizing from the laws of combination of arith-
metical operations, Gregory assumed five classes of operations and defined 
operations as belonging to a class on the basis of ‘the laws of combination to 
which they are subject’. After having defined an algebraical theorem as the 
proof of certain relations between the diferent classes of operations expressed 
in symbols, F and f are put forward as the symbols – standing for operations of 
which the ‘nature’ is unknown – which are performed upon the symbols (a, b, 
x, y and h) for particular objects. Importantly, Gregory did not use F and f as 
notations for a function and, for him, the objects are either functions, quanti-
ties, geometrical figures or other ‘operators’. His procedure was to postulate 
the existence of certain (classes of) operations, to lay down the laws to which 
these are subject and, subsequently, to consider whether – or, actually, to show 
that – it is possible to find operations in branches of mathematics following the 
laws previously laid down. 

3.2.1 Five classes of operations

Gregory put forward five classes of operations; circulating (or reproductive) 
operations, index operations, distributive and commutative operations and two 
unnamed classes of operations. In the first class, consisting of two classes of 
circulating operations, F and f are connected by the laws 1 FF(a) = F(a), 2 
ff (a) = F(a), 3 Ff (a) = f (a), 4 f F(a) = f (a).96 An interpretation for these 
laws is found in the two arithmetical operations of addition and subtraction, 
the symbols of which are ‘+’ and ‘−’, and in two geometrical operations the 
first of which, namely ‘the turning of a line, or rather transferring of a point, 
through a circumference’, corresponds to ‘+’ and the second, ‘the transference 
of a point through a semicircumference’, corresponds to ‘−’. Gregory concluded 
that ‘whatever we are able to prove of the general symbols ‘+’ and ‘−’ from the 
[algebraical] laws to which they are subject, without considering the nature 

95 Gregory, ‘Real nature’ (note 93), 208-209. 
96 The following account draws on, and quotes from Gregory, ‘Real nature’ (note 93), 

209–215. 
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[i.e. interpretation] of the operations they indicate, is equally true of the arith-
metical operations of addition and subtraction, and of the [given] geometrical 
operations’. In a similar vein, the idea of their being a ‘real analogy’ between, 
or ‘identity of nature’ of, ‘+’ and ‘−‘ in arithmetic and geometry is dismissed in 
favor of the view that their relation is due to ‘the fact of their being combined 
by the same laws’. 

In the second class, namely that of index operations subject to the laws 1 fm(a) 
= fm+n(a) and 2 fm fn(a) = fmn(a) an interpretation is found when m and n are 
either integers or fractions. But, Gregory asked, 

[w]hat meaning […] is to be attached to such complex operations as (+)m 
or (−)m? When m is an integer […] we see […] that the operation (+)m 
is the same as +, but (−)m becomes alternately the same as + and as −, 
according as m is odd or even, whether they be the symbols of arith-
metical or geometrical operations. So far there is no dihculty. But if it 
be fractional, what does (+)m or (−)m signify? 

At this point, Gregory referred to his earlier emphasis on the diference 
between arithmetical and geometrical operations. For where, for example, 
(−)m cannot be interpreted when m is a fraction with an even denominator, 
‘geometry readily furnishes us with operations which may be represented by 
(+)1/m and (−)1/m, and which are analogous to the operations represented by ‘+’ 
and ‘−’. The one is the turning of a line through an angle equal to  1—m th of four 
right angles, the other is the turning of a line through an angle equal to  1—m th of 
two right angles’. 

Gregory introduced the third class of operations, which includes operations 
such as diferentiation and integration, by stating that they conform to, firstly, 
the distributive law 1 f(a) + f (b) = f (a+b) and, secondly, the commutative law 
2 f, f (a) = ff, (a). It is a geometrical operation of ‘transference to a distance 
measured in a straight line’that provides the interpretation for the distributive 
law; let x be the symbol for any geometrical figure and a(x) the representa-
tion of the transference of a figure, so that a(x) + a( y) = a(x + y) renders the 
operation a distributive. Similarly, for the compound, or complex, operation 
b(a(x)); let x (symbolically) represent a point, so that a(x) stands for the result 
of the operation of the ‘transference of a point to a rectilinear distance, or the 
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tracing out of a straight line’ then b(a(x)) is the ‘transferring of a line to a given 
distance from its original position’ in the form of a parallelogram. Because the 
same result is obtained, i.e. the identical parallelogram is traced out, in the case 
of a(b(x)), the operations are commutative: a(b(x)) = b(a(x)). 

The interpretation of the (unnamed) fourth class, defined as that in which the 
operations are subject to the law f(x) + f( y) = f(xy), is established on the basis 
of its correspondence with the arithmetical logarithm in the case that x and y 
are numbers. In any other case, that is, when x and y are other objects, or things, 
the function expressing the symbolical law ‘will have a diferent meaning’.

The fifth, and last, class of operations consists of two operations connected by 
the following two laws: 1 aF(x + y) = F(x)f( y) + f(x)Ff( y) and 2 af(x + y) = f(x)
ff( y) − cF(x)Ff( y). Now, if these laws only function in algebra ‘as abbreviated 
expressions for certain complicated relations between the first three classes 
of operations’, about the algebraical theorem proved of this (unnamed) class 
Gregory noted that in arithmetical algebra the expression cosx + (−)½ appearing 
in the theorem has no meaning since it involves (−)½ (Gregory’s notation for 
the imaginary operation i ). However, in geometry this operation can be inter-
preted as follows: 

If a represents a line, and acosx represents a line bearing a certain relation 
in magnitude to a, and asinx a line bearing another relation in magni-
tude to a, then a(cosx + (–)½sinx) [implies] that we […] measure a line 
acosx [and] another line asinx [which] in consequence of the […] opera-
tion (–)½ this [latter] line is to be measured not in the same direction as 
acosx, but turned through a right angle. 

3.2.2 The (new) features of Gregory’s symbolical algebra

The advance towards abstraction within the framework of symbolical algebra 
found in Gregory’s 1838/1840 article arose out of the criticism of, and improve-
ment upon, Peacock’s system that was inherent in Gregory’s treatment of the 
five classes of operations. Where his criticism took the form of an alternative 
for the ‘principle of equivalent forms’, the improvement was that even though 
the notion of a suggesting science was upheld it was not limited to one par-
ticular ‘science’. Given that what can be proved for a class generally, holds for 
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all specific operations in that class, Gregory was able to maintain two things. 
Firstly, that in so far as a theorem is a symbolized relation between diferent 
classes of operations it holds that ‘if we can show that any operations in any 
science are subject to the same laws of combination as these classes, the 
theorems are true of these as included in the general case; provided always 
that the resulting combinations are all possible in the particular operation under 
consideration’.97 Secondly he could maintain that ‘if the combination of two 
operations in a science is not possible in that science, then the previous state-
ment cannot hold, e.g. √ð− in arithmetic’.98 These two points, which together 
demonstrate that a theorem ‘carries from one science to another not because of 
any analogy between the operations nor any similarity in the operations, but 
because the operations involved are subject to the same laws of combination’,99 
are ofered as an alternative for Peacock’s ‘principle of equivalent forms’. The 
generalization from the presentation of arithmetical algebra as the suggesting 
science of symbolical algebra follows from the fact that, firstly, in the case of 
several classes (e.g. the first class) the operations are suggested by both arith-
metic and, for example, geometry and, secondly, even though √ð− and (–)½ are 
not possible in arithmetic, they can be interpreted in geometrical terms. Taken 
together, Davie seems justified in describing the ‘newness’ of Gregory’s sym-
bolical algebra as follows: 

What Gregory did was to set side by side geometrical operations and 
arithmetical operations, comparing them in respect to their likeness 
and their unlikeness, and finding that there are […] correspondences 
between the two in the midst of […] their diferences. He then went on 
to claim that symbolical algebra was concerned with what arithmetic and 
geometry have in common, and involved an abstraction whereby one left 
out of account the […] peculiarities inseparable from each, and regarded 
only their points of agreement.100 

It must be added that the introduction of geometry or, more specifically, 
geometrical operations allowed Gregory to loosen symbolical algebra’s ties to 
arithmetic. For it was precisely the fact that there are operations which cannot 

97 Gregory, ‘Real nature’ (note 93), 208. 
98 Allaire & Bradley, ‘D.F. Gregory’s contribution’ (note 5), 407. 
99 Allaire & Bradley, ‘D.F. Gregory’s contribution’ (note 5), 407. 
100 Davie, Democratic Intellect (note 23), 164. 
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be given an arithmetical meaning, but which can be interpreted in geometrical 
terms, that suggested that symbolical algebra was an abstraction from both of 
these quantitative sciences. 

Because ‘general symbolical Algebra’ resulted from the attempt to treat ‘the 
[algebraical] symbols of operation like those of quantity’, Gregory acknowl-
edged that it appeared ‘as if [they] were drawn from analogy’.101 However, 
he insisted that this ‘is not really the case, [since] the reasoning on which we 
proceed is perfectly strict and logical’.102 In his ‘On the impossible logarithms 
of quantities’, Gregory also warned his readers to ‘avoid the confusion which 
[is] caused by the introduction into general […] Algebra of symbols limited in 
their signification’,103 that is, symbols that recall arithmetical notions. Before 
the publication of the paper ‘On a dihculty in the theory of algebra’,104 Gregory 
sometimes seems to have slipped, characterizing the operations of arithmetic 
as the ‘natural’, ‘ordinary’ or ‘usual’ subject of algebra. For example, in ‘On the 
elementary principles of the application of algebraical symbols to geometry’, 
Gregory characterized his ‘On the real nature of symbolical algebra’ as a dis-
cussion of ‘the principles on which certain symbols of operation become subject 
to the same rules of combination as the symbols of numbers, which are those 
usually handled in Algebra’.105 Gregory explicitly admitted his earlier ‘Peacock-
ian doubts’ about abandoning symbolical algebra’s ties to arithmetic in a paper 
of 1843. Here, he wrote that

I have in previous paper held, in common I believe with every other 
writer, an opinion which a more attentive consideration induces me 
to think erroneous [i.e.] that the symbols ‘+’ and ‘−’ signify primarily 
addition and subtraction, and that any other meanings which we may 
attach to them must be derived from the fundamental [arithmetical] 
significations. The theory which I have now to maintain is […] that the 

101 Duncan Farquharson Gregory, ‘On the solution of linear diferential equations with 
constant coehcients’, Cambridge Mathematical Journal, 1 (1838), 22-32, 30. 

102 Gregory, ‘Linear diferential equations’ (note 101), 30. 
103 Duncan Farquharson Gregory, ‘On the impossible logarithms of quantities’, Cambridge 

Mathematical Journal, 1 (1839), 226-234. 
104 Duncan Farquharson Gregory, ‘On a dihculty in the theory of algebra’, Cambridge 

Mathematical Journal, 3 (1843), 153-159. 
105 Duncan Farquharson Gregory, ‘On the elementary principles of the application of 

algebraical symbols to geometry’, Cambridge Mathematical Journal, 2 (1839), 1-9, 1.
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symbols + and – do not represent the arithmetical operations of addition 
and subtraction; and that though they were originally intended to bear 
these meanings, they have become really the representatives of very dif-
ferent operations.106

And it is indeed the case, as Koppelman noted, that the ‘contrast between 
the work of Peacock and Gregory is well illustrated by their treatment of the 
symbols + and −‘.107 Gregory’s central argument was that the four (algebraical) 
laws of combination of the symbols + and −, namely 1 + +a = +a, 2 + −a = –a, 
3 − +a = −a, and 4 − −a = +a, do not correspond to or represent the operations 
of addition and subtraction. One of the examples that Gregory ofered is that 
these two arithmetical operations are ‘inverse operations, whereas the second 
and third of the preceding [algebraical] laws are inconsistent with the idea that 
+ and − are inverse symbols, the character of which is, that the one undoes 
what the other does’.108 As to the objection ‘that we do actually define + and 
− to be the symbols representing addition and subtraction, and therefore that 
they must represent these operations’, Gregory, referring to a work of Robert 
Murphy (1806-1843), responded by introducing wholly ‘new symbols to rep-
resent the operations of addition and subtraction’ so as to show ‘how the laws 
of combination of the operation of addition may be represented […] without 
the aid of a subsidiary symbol such as +’.109 ‘Our conceptions would be much 
clearer and our minds more free from prejudice’, Gregory concluded, 

if we never used in the general science symbols to which definite meanings had 
been appropriated in the particular science. [But] practice has […] so wedded 
us to the use of the symbols + and − that we find it dihcult to dispense with 
them, and still more dihcult [to] avoid being misled by ideas drawn from arith-
metic.110

106 Gregory, ‘On a dihculty’ (note 104), 153. 
107 Koppelman, ‘The calculus of operations’ (note 29), 216. 
108 Gregory, ‘On a dihculty’ (note 104), 154. 
109 Gregory, ‘On a dihculty’ (note 104), 154–155. Robert Murphy, ‘First memoir on the 

theory of analytical operations’, Philosophical Transactions of the Royal Society of London, 
127 (1836), 179-210. 

110 Gregory, ‘On a dihculty’ (note 104), 156. 
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This particular ‘practice’ has prevented mathematicians not only from giving to 
a symbol such as ‘+’ ‘an algebraical individuality as a symbol subject to certain 
laws of combination which [are] not those [of] the operation of addition’, but, 
thereby, also from recognizing that ‘+’ ‘can receive [an]other interpretation 
than that which was originally assigned to [it]’.111 Importantly, it was at this 
point that Gregory put forward the statement that 

there is no doubt that we can give these symbols […] a geometrical inter-
pretation, and it is the possibility of doing so which has occasioned the dif-
ficulties of the Theory of Algebra considered as something more general 
than Arithmetic, and which has led to the more extended views which in 
recent years have been taken of the subject.112

Three observations must be made in light of this crucial statement. Firstly, it 
was the introduction of geometry into the debate about the nature of symbolical 
algebra that allowed not only for the questioning of Peacock’s view of the ties 
between algebra and arithmetic but also for the development of algebra as some-
thing more than a generalization of arithmetic. Secondly, because geometry 
was itself understood as the science of measurable extension in three-dimen-
sional Euclidean space these ties were not broken, but merely loosened such 
that algebra was considered an abstraction from the similarities between 
arithmetical and geometrical operations and not as an abstract system. These 
(abstractionist- and fluxional-inspired) considerations, which formed the core 
of ‘algebraical geometry’, are discussed in section 4.1. Thirdly, when these two 
points are combined it becomes possible to grasp the central motivation for 
Gregory and Walton’s work on ‘geometrical algebra’; as Gregory wrote, once 
‘we admit anything beyond […] positive values of the variables, that is, […] 
values wholly independent of the [arithmetical] symbol + [i.e. of addition] we 
must be prepared to consider the curve as existing in several planes’.113 The 
fact that even though ‘symbolical geometry’ was suggested by the geometry-in-
spired generalization of symbolical algebra, in so far as this generalization itself 
resulted from an abstraction from the relationship between the sciences of 

111 Gregory, ‘On a dihculty’ (note 104), 157. 
112 Gregory, ‘On a dihculty’ (note 104), 155, my emphases. 
113 Duncan Farquharson Gregory, ‘On the existence of branches of curves in several 

planes,’ Cambridge Mathematical Journal, 1 (1839), 259-266. 
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arithmetic and geometry Gregory and Walton did not develop it is reflected 
upon in section 4.2. 

4. ‘Algebraical geometry’ and ‘geometrical algebra’

Before discussing their contributions to these two topics, it is worthwhile to 
draw attention to the fact that it was only sometimes that Gregory and Walton 
explicitly distinguished the Cartesian method of algebraically expressing the 
known geometrical forms (‘algebraical geometry’) from the ‘inverse’ Cartesian 
method of geometrically interpreting, in the form of representations, algebrai-
cal equations (‘geometrical algebra’). This important, but not often noted dis-
tinction demands some clarification for it is somewhat confusing – and that for 
the following reason. In many of his papers written prior to 1852,114 Walton 
gave the topic of the (‘indirect’) geometrical signification of equations the name 
‘algebraic(al) geometry’. Yet, De Morgan, in ‘On the signs + and – in geometry 
(continued), and on the interpretation of the equation of a curve’ of that par-
ticular year, proposed to call the use of geometry ‘in aid of algebra to assist in 
gaining representation of functions’ by the name of ‘geometrical algebra’ and 
reserved ‘algebraic geometry’ for the use of algebra ‘in aid of geometry to assist 
in gaining knowledge of forms’.115 Given that De Morgan’s reversal of Gregory 
and Walton’s earlier distinction was thereafter accepted by others,116 it will be 
retained in what follows. 

114 See, for example, William Walton, ‘On the general interpretation of equations 
between two variables in algebraic geometry’, Cambridge Mathematical Journal, 2 
(1840), 103-113. 

115 Augustus De Morgan, ‘On the signs + and – in geometry (continued), and on the inter-
pretation of the equation of a curve’, Cambridge and Dublin Mathematical Journal, 7 
(1852), 242-251, 243. 

116 See Richards, Mathematical Visions (note 38), 53-54. 
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4.1 The application of symbolical algebra to geometry: 
analytical or algebraical geometry 

It was in an anonymously published paper of 1838, entitled ‘On some elemen-
tary principles in the application of algebra to geometry’ and signed ‘D’,117 that 
Gregory, thereby having recourse to traditional fluxional analysis,118 defined 
the ‘object’ to be represented by the algebraical symbols ‘+’ and ‘−’ as extension 
combined with direction, that is, as ‘fluent quantity’. In his own words, ‘the 
subject represented by the algebraical symbols is not geometrical extension, 
but rather extension combined with direction. It is not the distance between 
two points, but the distance of one point rightwards or leftwards of another’. 
The reason for this is that

quantities of the […] pure geometrical kind have no opposite relation of 
plus or minus to their two extremities; subtraction [leads to] the expung-
ing of a line, and when the magnitude has once been entirely expunged, 
the operation can be carried on no longer. The negative sign cannot be 
applied to distance alone, but to distance or progress in a given direc-
tion […] We say, therefore, that the quantities we have selected for the 
application of algebraical reasoning are essentially positive and negative, 
independently of any rules of addition and subtraction.119

Where in ‘pure algebra’ it is the case that even though the negative sign of 
afection sign ‘represents something not implied in the primary arithmetical 
definition of subtraction’, it is ‘intimately connected with that operation and 
can have no meaning distinct from [it]’, in ‘applied algebra’ the case is diferent. 
Here, there are two meanings of the negative sign; firstly, ‘quantities of 

117 Duncan Farquharson Gregory, ‘On some elementary principles in the application of 
algebra to geometry’, Cambridge Mathematical Journal, 1 (1838), 74-77. 

118 See Davie, Democratic Intellect (note 23), 154, 161, 166. Smith & Wise, Energy (note 
4), 184. The Newtonian character of Gregory’s application of the calculus of oper-
ations to geometry must be sought in his treatment of the relation between process 
and operation or, more specific, of lines as being generated by moving points. Newton 
himself employed geometrical fluxional analysis precisely to treat curves as arising 
from the motion of a point and to formulate them in terms of quantities changing with 
time (‘fluents’). See note 23 for references to accounts of Newton’s mathematical 
method. 

119 Gregory, ‘On some elementary principles’ (note 117), 75. 
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specific natures’ and, secondly, ‘operations’ the rules for the performance of 
which ‘shall not be limited, as in arithmetic, by the particular relations of the 
quantities, but shall be applicable in all cases’.120 This seems to suggest that it 
is applied algebra – in which ‘the independent sign of afection is the founda-
tion, and not, as in Algebra, the consequence of the rule of operation’121 – that 
allows, in principle, for the search for rules that are independent of the relations 
between arithmetical quantities. 

Gregory’s ‘On the elementary principles of the application of algebraical 
symbols to geometry’ of 1839 opened with the statement that his ‘On the real 
nature of symbolical algebra’ was written with the goal of formulating ‘the prin-
ciples on which various branches of science may be symbolized – that is to say, 
on which their study is facilitated by expressing the operations by means of 
symbols […] Among [these] sciences […] that of Geometry is the most impor-
tant’.122 The paper further pursued the theory of the representation of direc-
tion by means of, what are now called, the symbols instead of the quantities or 
signs of afection ‘+’ and ‘−’ and introduced the ‘obscure’ and ‘little attended to’ 
theory of the representation by numbers of (linear, plane and solid) magnitude. 
Gregory, once again echoing fluxional ideas of his Scottish predecessors,123 
proposed that the three geometrical magnitudes (lines, areas and solids) could 
be conceived of as the result of specific combinations of the operation of ‘trans-
ference in one constant direction’ (or ‘a’) of a ‘(subject)-point’ (or ‘.’) in space 
– such that the compound symbol a(.) represents a straight line. Because ‘we 
have only to consider the combination of symbols of operation – the subject, 
being always the same, may be understood, and the symbol for it omitted’,124 
a represents a line of a given length and combined with another symbol b repre-
senting transference of a point in another direction a parallelogram is obtained 
as soon as b(a) is interpreted. Similarly, a ‘parallelopiped’ can be shown to 
result from the establishment of the meaning of c{a(b)}.

After discussing ‘the means of representing symbolically the geometrical ideas 
of magnitude’, that is, of ‘solid Geometry’, Gregory continued by considering 

120 Gregory, ‘On some elementary principles’ (note 117), 81–82. 
121 Gregory, ‘On some elementary principles’ (note 117), 74-75. 
122 Gregory, ‘On the elementary principles’ (note 105), 1. 
123 See Davie, Democratic Intellect (note 23), 161. 
124 Gregory, ‘On the elementary principles’ (note 105), 2. 
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the symbolization of the subject-matter of ‘plane Geometry’, namely direction, 
by means of so-called ‘rectilinear angles’

which afords us an easy means of symbolizing [for] by supposing a straight line 
to revolve round a point situate within it, we can make it generate any given 
angle. This [is] the operation which we shall express by a symbol, and the laws 
of which we are to investigate.125

Taking the ‘complete revolution of the line, or revolution through four right 
angles’126 (‘λ’) as the standard angle resulting from the operation to be symbol-
ized, Gregory showed how ‘(sub)-multiples of this angle can be produced ‘by 
performing the operation a certain number of times or by performing a certain 
part of the operation’, that is, by attaching ‘integer’ and ‘fractional’ indices to λ. 
Gregory concludes that ‘by the use of the simple algebraical notation of indices, 
joined to the geometrical operation of turning a line through a given angle, we 
are able to express the operation of turning a line through any angle whatso-
ever, and so to express all relations of directions between lines situate in a 
plane’. Although it is ‘not necessary that it should admit of any other geometrical 
interpretation’, λ can also be interpreted such that it represents the direction 
of a (two-dimensional) plane, rather than the direction of a (one-dimensional) 
line. The fundamental reason for this is that 

the operation of turning the area completely round is subject to the same 
law as that of turning the line. Hence it follows, that these two opera-
tions may be represented by the same symbol so that if in any process 
of Analytical Geometry we find the symbol […] which was originally 
applied to the symbol for a line, ultimately applied to the symbol for an 
area, we are able to interpret it.

Gregory himself explicitly acknowledged that his presentation of the ‘obscure’ 
theory of the algebraical representation or symbolization of geometry in terms 
of a one-dimensional operation is of necessity unable to account for three-di-
mensional (‘solid’) figures: 

125 Gregory, ‘On the elementary principles’ (note 105), 5. 
126 The following draws on Gregory, ‘On the elementary principles’ (note 105), 5-7. 
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If we combine more symbols than these [three], we find no geometrical 
interpretation for the result. In fact, it may be looked on as an impossible 
geometrical operation; just as √ð− is an impossible, arithmetical one. For 
a solid, having equal relations to the three dimensions of space, cannot 
have any relation with one particular direction, which refers only to one 
dimension, and direction is essentially involved in the operation we have 
been considering.

Gregory did not reflect on the limits of his algebra of two-dimensional space of 
coordinate geometry and its specific inability to ‘mathematize’ the three-dimen-
sional world. The reason for this was not only that the sole purpose of his paper 
was to symbolically express the known figures of Euclidean geometry, but also 
that the symbols representing them were formulated such that they embodied 
or ‘coincide algebraically’ with the rules of combination of the symbols for 
numbers. Because it is ‘solely from the previous knowledge which we have of 
the combinations of arithmetical symbols’ that ‘the study of Geometry may 
be facilitated by having its operations symbolized’, Gregory devoted the bulk 
of the paper to demonstrating that the symbols of algebraical geometry ‘are 
subject to the two laws of combination which characterize the symbols of 
number, […] viz. the commutative law and the distributive law’. Following his 
traditional ideas on geometry, Gregory’s ‘algebraical geometry’ was aimed at 
the reduction of ‘geometrical investigations to processes of arithmetical calcu-
lation’ – i.e. it aimed to show that geometrical ideas, all of which resulted from 
the (‘fluxional’) operations governing points moving in space, could by rep-
resented by arithmetical symbols expressing the laws of combination of sym-
bolized arithmetical operations. This did not mean, of course, that geometry 
could be reduced to arithmetic, but rather that ‘algebraical geometry’ was both 
premised on and concerned with what these two demonstrative sciences had 
in common. 

Following the communis opinio among the members of his generation of mathe-
maticians associated with the CMJ,127 Gregory emphasized that if the appli-
cation of algebra to any other science consists of symbolizing its operations 
in terms of algebraical symbols, the interpretation of the results ‘is out of 

127 See Despeaux, ‘“Very full of symbols”’ (note 5), 60-67. Smith & Wise, Energy 
(note 4), 151-168.
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the province of Algebra and belongs to the science [itself]’.128 Several points 
must be made about the operations which are said to govern the two parts of 
geometry, namely, in the case of ‘solid geometry’, ‘transference in one direction 
of a point’ and, in the case of ‘plane geometry’, ‘a straight line revolving round 
a point’. Firstly, even though Gregory introduced the question of the deter-
mination of the ‘algebraical nature’ of the symbols representing these opera-
tions as a separate topic, it is clear that these symbols are chosen so that they 
coincide algebraically with the symbols for numbers. For example, Gregory 
himself admitted that ‘[w]e might […] use symbols representing diferent kinds 
of transference [but] having done so, we should derive no assistance from any 
previous labours’129 concerning arithmetic. This suggests, secondly, that the 
limitation that accompanied his choice for the specific operations actually 
implied the geometrical uninterpretability of the combination of (more than) 
three symbols. For example, ‘expressions as +abc or −abc are […] uninter-
pretable consistently with the geometrical meaning we attach to the symbols 
+ and −’.130 Thirdly, the possibility of geometrically interpreting expressions 
currently uninterpretable was upheld such that it followed, on the one hand, 
that algebraical results were not accepted as such but connected to the farther 
progress of geometry and, on the other hand, that the idea of choosing symbols 
for geometrical operations that did not ‘coincide algebraically’ with those of 
arithmetic was hinted at, but not pursued. 

4.2  The geometrical interpretation of algebraical equations 
– including impossibles: ‘geometrical algebra’

Gregory commenced his ‘On the existence of branches of curves in several 
planes’ with the following statement: 

[i]n tracing a curve expressed by an equation […] it is customary to make 
use of negative as well as of positive values of the variables, but to reject 
those which are usually called impossible or imaginary. This practice 
was allowable so long as it was supposed that impossible quantities had 
no meaning in geometry; but if we once admit the possibility of interpret-

128 Gregory, ‘On the elementary principles’ (note 105), 2. 
129 Gregory, ‘On the elementary principles’ (note 105), 5. 
130 Gregory, ‘On the elementary principles’ (note 105), 9. 
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ing them in this science, though not in arithmetic, we are bound in strict 
logic not to neglect them.131 

Referring to Buée’s paper of 1806 in which the author had attempted to explain 
the use of imaginary quantities in geometry, that is, to provide the ‘general 
interpretation of formulae in Analytical Geometry’,132 Gregory here drew 
attention to, by and large, four points. Firstly, in, what he came to call, the 
‘geometry of Descartes’ (i.e., coordinate geometry) the geometrical equation 
involving two variables, x and y, defining a (plane) curve, namely f (x, y), can 
only have positive values as long as it is considered as an arithmetical equation: 
‘If we agree that the values of x are to represent lines measured from O along 
Ox , and values of y lines measured from O along Oy , wecan by means of the 
arithmetical values alone of x and y determine the positions of all points within 
the angle xOy ’.133 Secondly, it is clear that the equation, as a matter of arbitrary 
convention, can also be made to express a negative variable which, albeit being 
uninterpretable in arithmetic, can be interpreted, as Gregory himself had done, 
along the lines of the original definition of the symbols. Consequently, the aim 
of completely tracing a curve on a given plane includes that of extending the 
interpretation of the symbols so as to be able to let the equation f(x, y) = 0 
express the position of points in ‘all parts of the plane in which the axes Ox and 
Oy lie’. Thirdly, when, in turn, ‘−’ is not interpreted as the amount of geometri-
cal motion, i.e. the measurement of the ‘length a in a direction opposite to that 
originally taken’, but, more generally, as meaning 

that −a means that the line a is to be turned round through two right 
angles, we are led to the […] interpretation of such an expression as 
(+a n)  1—n , viz. that the line a is to be turned round through the nth part 
of four right angles. This gives […] a farther extension of the use of the 
equation f (x, y) = 0; for, as the turning of a line through a given angle is 
not confined to any one plane, we are enabled to express by the equation 
to the curve the position of a point situate[d] in any part of space.134

131 Gregory, ‘On the existence of branches’ (note 113), 139, my emphasis. 
132 Gregory & Walton, Treatise on Solid Geometry (note 48), 177. Buée, ‘Mémoire’ 

(note 79).
133 Gregory & Walton, Treatise on Solid Geometry (note 48), 175. 
134 Gregory & Walton, Treatise on Solid Geometry (note 48), 176. 
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This new interpretation is the result of an extension of the negative values 
of the variables x and y or, for that matter, of the fact that ‘once [we] admit 
anything beyond what are called positive values of the variables, that is, pure 
arithmetical values wholly independent of the symbol ‘+’, there is no [‘algebra-
ical’] reason why we should confine ourselves to − or +½’.135 The new interpre-
tation led Gregory to consider curves having existence for ‘imaginary’ values 
and, in turn, defining (i.e. interpreting) these as those curves leaving the actual 
‘plane of the axes [or] plane of reference’. At the same time, it was the recog-
nition of the existence of branches of curves in several planes that inclined him 
to renounce the word ‘imaginary’ in the first place. For, as Gregory had it, ‘the 
word imaginary [has] so frequently been applied to the symbol  √�ð(−1), that it has 
made ‘persons unwilling to believe that it could possibly admit of any interpre-
tation’.136 Given that there is a geometrical interpretation of expressions such 
as (−a 2)½, Gregory proposed to replace the notion of ‘imaginary’ quantities or 
operation for ‘impossible’ ones and to define these as being ‘uninterpretable in 
arithmetic’137 – so that, in efect, his extending of the ‘geometrical conceptions 
of plane curves to include imaginary values as branches in planes perpendicular 
to the xy plane’138 was intimately connected to the recognition of the possibility 
of giving the symbols ‘+’ and ‘−’ a meaning irreducible to that of the arithmetical 
operations of addition and subtraction. 

In order to trace a curve from its algebraical equation, Gregory’s general proce-
dure was as follows; he solved the equation ‘with respect to one or other of the 
variables, if the solution be in a form which enables us to determine readily its 
value for diferent values of the other variable’, then assigned to ‘x all positive 
values from 0 to ∞’ and marked ‘those which make y = 0 [giving the points where 
the curve cuts the axis of x)], y = ∞ [giving the infinite branches], or y impossi-
ble [showing where the curve quits the plane of reference and giving the limits 
of the curve in that plane]’.139 His ‘On the existence of branches of curves in 
several planes’ was, essentially, dedicated to solving the equations of the ellipse 
and parabola and showing that these include an ‘infinite number of curves with 
infinite branches passing through the extremities of the axes’. Gregory also 

135 Gregory, ‘On the existence of branches’ (note 113), 257. 
136 Gregory, ‘On the existence of branches’ (note 113), 259. 
137 Gregory, ‘Impossible logarithms’ (note 103), 229. 
138 Richards, Mathematical Visions (note 38), 51. 
139 Gregory & Walton, Treatise on Solid Geometry (note 48), 177. 
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briefly touched upon the more complicated curves of sines and cosines and the 
logarithmic curve so as to expose the ‘considerable interest attached to them 
in a geometrical point of view’.140 About the imaginary branches of curves 
existing outside the plane of reference he merely remarked that ‘[p]ractically 
[i.e. ‘geometrically’], little attention will be paid to [them], since the curves 
themselves do not come suhciently under our eye to attract much interest’. As 
may be expected from the considerations put forward in section 4.1, Gregory 
concluded that they ‘derive their chief value from their bearing on the General 
Theory of the Science of Symbols’.141 

4.2.1 Walton’s contributions to geometrical algebra: 1840-1841

It was Walton, the ‘diehard geometer’,142 who, in several papers published 
between 1840 and 1841, further pursued the topic first suggested by Gregory, 
namely that of the geometrical signification of algebraical equations involving 
two or three variables generally interpreted, that is, of three-dimensional forms 
resulting from equations including imaginary values for the variables. Walton 
himself summarized the central aim of his writings by remarking that even 
though it is ‘to a certain extent arbitrary what interpretation we give to our 
algebraical equations’, it is the case that ‘the greatest advantage is gained when 
we adopt the most general methods, and when every algebraical symbol has 
its appropriate geometrical representation’.143 Reflecting in somewhat more 
detail on the objective of attaining generality in geometrical algebra, he writes 
that the symbol ‘−’ may have been left uninterpreted, but that it must be clear 

how much generality might be gained by interpreting the line –a as 
of equal length, but opposite direction, to the line +a; and no curve is 
now considered as completely traced unless the negative, as well as the 
positive, values of the variables be taken into account […] [Although] [t]
his system of interpretation (viz. that given by the theory of impossibles 
[…]) is quite as legitimate an extension as that of the negative values 

140 Gregory, ‘On the existence of branches’ (note 113), 262. 
141 Gregory, ‘On the existence of branches’ (note 113), 265-266, my emphasis. 
142 Crilly, ‘The Cambridge Mathematical Journal’ (note 45), 468. 
143 William Walton, ‘On the doctrine of impossibles in algebraic geometry’, Cambridge 

Mathematical Journal, 7 (1852), 234-242, 235. 
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of the variables, and is as necessary to the thorough understanding the 
course of a curve […] is merely a matter of convention […].144 

This much is reflected in Walton’s own writings on geometrical algebra in 
which he attempted to formulate a further generalization of the tracing of a 
curve from its equation, namely one in which Gregory’s settling for the charac-
terization of ‘imaginary curves’ as those leaving the plane of reference ‘without 
much troubling himself to inquire where [they] went to’, was corrected and 
improved upon. It may be noted that this emphasis on generality, typical as it 
was for so many of the junior Cambridge mathematicians contributing to the 
promotion of the ‘calculus of operations’ in the pages of the CMJ, enabled 
Walton to further ‘release the power of symbolic[al] representation from the 
cumbrous constrictions of particular interpretations’ – and this by question-
ing the restriction of geometry to ‘our previous geometrical knowledge’145 of 
Euclidean space and, thereby, by letting new algebraical results further push 
the limits of geometrical interpretation. 

Thus, in his ‘On the general interpretation of equations between two varia-
bles’, Walton generalized the results put forward by Gregory.146 This he did 
by inferring from ‘the laws of algebraical combination and the first principles 
of geometrical interpretation’147 – that is, from the fact that while in the equa-
tions of algebraical geometry all traces are lost of any peculiar meaning it holds 
that there must always exist geometrical meanings for the equations – that the 
equation x2 + y2 = a2, according to one of an infinite number of […] impossible 
axes, represents ‘any one of an infinite number of curves of which the locus is 
a surface of the fourth degree’.148 In both this article as well as in, for instance, 
‘On the general theory of multiple points’ and ‘On the existence of possible 

144 George Salmon, A Treatise on the Higher Plane Curves. Intended as a Sequel to A Treatise 
on Conic Sections (Dublin, Hodges and Smith, 1852), 302. 

145 Salmon, Treatise on Higher Plane Curves (note 144), 303. 
146 In his articles Walton mostly referred to Gregory, ‘Linear diferential equations’ (note 

101). Gregory, ‘On the existence of branches’ (note 113). Gregory, ‘On the elementary 
principles’ (note 105). 

147 William Walton, ‘On the general interpretation of equations between two variables 
in algebraic geometry’, Cambridge Mathematical Journal, 2 (1840), 103-113, 103. 

148 Walton, ‘On the doctrine of impossibles’ (note 143), 238. 
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asymptotes to impossible branches of curves’,149 Walton’s method involved 
translating, or ‘transforming’, expressions for curves and surfaces ‘from the 
[so-called] afectional equation between […] two variables x and y to equivalent 
quantitive [sic] equations between three variables x, y, and z.150 and showing 
that, in so far as these equations are equivalent, it is possible, without thereby 
afecting the locus of the ‘afectional’ equation, to arbitrarily select from an 
‘infinite variety’ of curves which one ‘we […] regard as the companion of the 
circle’.151 This, to be sure, was considered by Walton to be the advantage of 
his approach to geometrical algebra at large; namely, its ‘natural connection with 
the system of interpretation of geometrical equations, which exhibits an entire 
correspondence between the degree of the equation in x and y and the geometrical 
characters of its locus’.152 

5. Gregory, Walton and the rise of 
abstract algebra and geometry

From hindsight, the fundamental problem of Gregory and Walton’s ‘algebraical 
geometry’ and ‘geometrical algebra’ was that their specific definition of the con-
nection between algebra and geometry could yield neither the idea of an alge-
braical representation of three-dimensional space nor a geometry that was not 
concerned with the description of the features of the empirical world. It was 
precisely the formulation and search for a solution of these two related issues 
that enabled younger contributors to the CMJ and, from 1845/1846 on, con-
tributors to the Cambridge and Dublin Mathematical Journal such as Hamilton 
and Cayley to criticize the symbolical approach to algebra in favor of abstract 
algebra. What became apparent in their work was the thoroughgoing relation-
ship between geometries of higher-dimensions and the construction of algebras 
that were genuinely independent of arithmetic. The goal of this concluding 
section is to briefly reflect on Hamilton and Cayley’s geometry-inspired crit-

149 William Walton, ‘On the general theory of multiple points’, Cambridge Mathematical 
Journal, 2 (1840), 155-167; William Walton, ‘On the existence of possible asymptotes 
to impossible branches of curves’, Cambridge Mathematical Journal’, Cambridge Math-
ematical Journal, 2 (1841), 236-239.

150 Walton, ‘On the general interpretation’ (note 147), 104. 
151 Salmon, Treatise on Higher Plane Curves (note 144), 303. 
152 Walton, ‘On the general theory’ (note 149), 165. 
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icism of symbolical algebra so as to come to terms with the limits of Gregory 
and Walton’s investigations and those of ‘scientific’ symbolical algebra at large. 

5.1  The last group of symbolical algebraists 

Before doing so it is important to remark that if it is true that the last repre-
sentatives of the Cambridge-school of symbolical algebraists, Boole and De 
Morgan, created a non-quantitative algebra both were committed to the view 
of symbolical algebra as an art of reasoning, rather than a science. For example, 
in a series of four papers ‘On the foundation of algebra’,153 Peacock’s student 
De Morgan opposed the symbolical or ‘technical’ algebra of ‘rules without 
meaning’ to ‘logical’, ‘double’ or ‘complete’ algebra defined as ‘the science which 
investigates the method of giving meaning to the primary symbols and of inter-
preting all subsequent symbolic results’.154 During the 1840s, De Morgan was 
of the opinion that, as an ‘art’ or ‘method of operation’, symbolical algebra was 
a non-mathematical step from universal arithmetic to a meaningful algebra that 
was scientific in so far as it would ‘enable us to give a meaning to every symbol 
and combination of symbols before it is used, and consequently to dispense, 
first, with all unintelligible combination, secondly with all search after inter-
pretation of combinations subsequently to their first appearance’.155 Gregory’s 
‘pupil’ Boole, who ‘did not write explicitly on the formalization of algebra, 
but expressed his view on the nature of algebra and mathematics in […] logical 
works’156 such as The Mathematical Analysis of Logic of 1847,157 was able to free 
symbolical algebra from its ties to arithmetic by putting forward the ‘laws of 
thought’, that is, the operations of the mind, as its broad suggesting science. 
This allowed for a further step in the process of the growing abstractness of 
algebra – one that, interestingly, resembled Hamilton’s radical contributions 
in terms of its ‘extra-algebraical’ motivation158 –, but it was a far cry from the 
attempt to turn algebra into a demonstrative ‘science of symbols’. 

153 Augustus De Morgan, ‘On the foundation of algebra’, Transactions of the Cambridge 
Philosophical Society, 7 (1842), 173-187, 287-300, 8 (1842), 139-142, 241-253. 

154 Pycior, ‘De Morgan’s algebraic work’ (note 6), 222. 
155 De Morgan, ‘On the foundation’ (note 153), 173. 
156 Koppelman, ‘The calculus of operations’ (note 29), 220. 
157 George Boole, The Mathematical Analysis of Logic, Being an Essay Towards a Calculus 

in Deductive Reasoning (Cambridge, Macmillan, Barclay & Macmillan, 1847. 
158 See Charlotte Simmons, ‘William Rowan Hamilton and George Boole’, BSHM 

Bulletin: Journal of the British Society for the History of Mathematics, 23 (2008), 96-102. 
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5.2  Hamilton criticism of symbolical algebra

Although Hamilton developed his work in isolation from the mathematicians 
of the Cambridge school of symbolical algebra, his Kantian-inspired ‘construc-
tivist’ or ‘intuitionist’ revision of algebra was written with the explicit hope of 
rejecting those ‘practical’ and ‘philological’ views159 ‘which regard Algebra as 
an Art, or as a Language; as a System of Rules, or else as a System of Expres-
sions, but not as a System of Truths, or Results having any other validity than 
what they may derive from their practical usefulness, or their logical […] coher-
ence’.160 Hamilton’s central aim was to demonstrate, on the one hand, that ‘if 
algebra is to be regarded as a science, then it must be the science of pure time’161 
and, on the other hand, that algebra, in so far as it is a science, consists of prop-
ositions and theorems with meaning or truth-values. 

It was in the preface to his Lectures on Quaternions that Hamilton, in a spirit 
critical of fluxional analysis, wrote the following about his position vis-à-vis 
the meaning of imaginary numbers: 

While agreeing with those who had contended that negatives and imagi-
naries were not properly quantities, I still felt dissatisfied with any view 
which should not give to them from the outset a clear interpretation and 
meaning; and wished that this should be done, for square roots of neg-
atives, without introducing considerations so expressly geometrical as 
those which involved the conception of an angle […] It appeared to me 
that these ends might be attained by our […] regard[ing] Algebra […] 
as the Science of Order in Progression. [T]he successive states of such a 
progression might (no doubt) be represented by points upon a line yet I 
thought that their simple successiveness was better conceived by compar-
ing them with moments of time divested [of] all reference to cause and efect 
so that ‘time’ […] might be said to be abstract, ideal or pure.162

159 These two views may be said to correspond to the ‘non-scientific’ symbolical algebra-
ists and ‘scientific’ symbolical algebraists, respectively. 

160 Hamilton, ‘Theory of conjugate functions’ (note 25), 5. 
161 Ohrstrom, ‘Hamilton’s view of algebra’ (note 9), 46. 
162 William Rowan Hamilton, Lectures on Quaternions (Dublin, Hodges and Smith, 1953), 

1-64, 2. 
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5.2.1  Hamilton’s ‘higher-dimensional algebra’

This statement was reflective of the first part of Hamilton’s original threefold 
argument for algebra as the science of pure time – as found in his ‘Theory of 
conjugate functions, or algebraic couples; with a preliminary and elementary 
essay on algebra as the science of pure time’, 163. The first part consisted of 
the claim that ‘the notion of Time is connected with existing Algebra’ – for 
example with that of Newton and Lagrange; 

[t]he Newtonian method […] regards the curve and line not as already 
formed and fixed, but rather as nascent, or in process of generation: and 
employs, as its primary conception, the thought of a flowing point […] 
And in one of his own most important researches in pure Algebra […] 
Lagrange employs the conception of continuous progression to show that 
a certain variable quantity may be made as small as can be desired.164 

The second claim was that the fact that the ‘notion or intuition of Order in 
Time is not less but more deep-seated in the human mind than the notion or 
intuition of Order in Space’ can be justified with reference to the ‘intuitive’ or 
‘unempirical’ truth that ‘a moment of time which we inquire, as compared with 
a moment which we know, must either coincide with or precede or follow it’. 
The fundamental third claim of Hamilton’s argument, namely that the ‘Mathe-
matical Science of Time’ is possible, was ‘a conclusion to which the author has 
been led by all his attempts [to] analyse what is Scientific in Algebra’.165 And in 
the paper of 1837 this was done by resolving the ‘old dihculties’ of the negative 
and imaginaries on the basis of his new ‘contrapositives’ and ‘couples’ which are

deduced from the Intuition or Original Mental Form of Time: the oppo-
sition of Negatives and Positives being referred [not] to the opposition 
of the operations of increasing and diminishing a magnitude, but to the 
simpler and more extensive contrast between the relations of Before and 
After, or between the directions of Forward and Backward; and Pairs 
of Movements being used to suggest [the] Conjugate Functions, which 

163 Hamilton, ‘Theory of conjugate functions’ (note 25). 
164 Hamilton, ‘Theory of conjugate functions’ (note 25), 6. 
165 Hamilton, ‘Theory of conjugate functions’ (note 25), 7. 
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gives reality and meaning to conceptions that were before Imaginary 
[or] Impossible […] because Mathematicians had derived them from 
that bounded notion of Magnitude, instead of the […] thought of Order 
in Progression.166 

Hamilton himself would later insist that ‘Kant’s Criticism of the Pure Reason 
[sic]’ had convinced him that it was possible ‘to construct, a priori, a Science 
of Time’.167 But in his early paper the definitions of positive whole numbers 
in terms of successive moments and that of imaginaries as ordered pairs (or 
‘couples’) of real numbers were put forward against the background of tradi-
tional geometrical considerations. 

At the end of the 1837 paper, Hamilton spoke not only of extending his scien-
tific time-algebra of number couples to arbitrary sets of moments in time so as to 
create higher order algebras, but also of considering whether ‘triplets [would] 
provide a new algebra of ‘real’ three-dimensional space’.168 Put diferently, 
Hamilton proposed to determine whether ‘there were number triples which 
would do for three-dimensional geometry what [the] couples and the standard 
[imaginary] numbers could do for the two-dimensional case’.169 Because he 
believed that the ‘three-dimensional numbers’ could not but possess the same 
properties as the real numbers, Hamilton ‘wanted, at first, a system which 
would form an associative, commutative, division algebra over the reals’170 for 
these specific numbers. After years of repeated failure to provide an account of 
the triplets that would preserve the operations of ordinary algebra,171 Hamilton 
found an answer, not in triplets, but in new numbers with four components 
that lacked the commutative property of multiplication, namely ‘quaternions’. 
Where the search for triplets had resulted from the attempt to provide a new 
algebra of real three-dimensional space, the quaternions dawned on Hamilton 
when he realized ‘that we must admit, in some sense, a fourth dimension of space 

166 Hamilton, ‘Theory of conjugate functions’ (note 25), 7. 
167 Hamilton, Lectures (note 162), 2, f. 2. 
168 Thomas L. Hankins, ‘Triplets and triads: Sir William Rowan Hamilton on the meta-

physics of mathematics’, Isis, 68 (1977), 174-193, 177. 
169 Rice, ‘Inexplicable?’ (note 27), 169. 
170 Koppelman, ‘The calculus of operations’ (note 29), 228. 
171 See, for example, Rice, ‘Inexplicable?’ (note 27), section 7. 
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for the purpose of calculating with triplets’.172 Hamilton concluded that in qua-
ternions he had discovered/constructed ‘not just the algebra of space, which he 
had hoped to find in triplets, but a natural algebra of space and time, since the 
three-dimensions of space plus the one dimension of time required a quaternion 
of numbers for their expression’.173 

Hamilton’s creation of a new algebra was, thus, inspired by two geometrical 
considerations that can also be found in the work of Gregory and Walton: 
firstly, the ‘old dihculties’ related to the geometrical representation of negative 
and imaginary numbers and, secondly, the notion of the generation of lines by 
the movement of points of geometrical fluxional analysis. It was on the basis of 
his idea that the principles of science are laws ‘of the mind which are correlative 
with the laws of nature but are not derived from nature’ that Hamilton was 
able to transform these considerations into constructions with an abstractness 
unreachable within the abstractionist framework of Gregory and Walton. In 
other words, abstract algebra begun at the moment that the intuitive meaning-
fulness of time, rather than abstraction from the empirical concept of motion 
in time, was said to ground algebra as an independent science. 

5.3  Cayley’s criticism

For Hamilton ‘the question of three-dimensional geometrical representation had 
been answered by quaternions’174 and since he believed that, in so far as geome-
try is the a priori science of space, no one ‘can doubt the truth of the chief proper-
ties’ put forward ‘by Euclid in his Elements’175 he continued to insist on the impor-
tance of a geometrical interpretation, in ‘geometrical algebra’, of the four-dimen-
sional quaternions that connected them back to the three-dimensional world 
described in ‘algebraical geometry’.176 Another Kantian critic of Gregory and 
Walton, Cayley, was one of the first to realize that Hamilton’s quaternions sug-
gested that other number systems in even higher dimensions were possible. 

172 Hamilton in Rice, ‘Inexplicable?’ (note 27), 23. 
173 Hankins, ‘Triplets and triads’ (note 168), 176, emphasis in original. 
174 Rice, ‘Inexplicable?’ (note 27), 173. 
175 Hamilton, ‘Theory of conjugate functions’ (note 25), 4. 
176 The three-dimensional properties of quaternions were, indeed, soon to be adopted 

for use in physics by another mathematician associated with the CMJ, James Clerk 
Maxwell (1831-1879). 
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And it was in 1847 that Cayley created an algebra with numbers with one real 
and seven imaginary components – so-called ‘octaves’ or ‘octonions’ that were 
neither commutative nor associative. His search for these numbers took place 
within the science of, what he himself came to call, ‘abstract geometry’: 

[This] science presents itself in two ways; – as a legitimate extension 
of the ordinary two- and three-dimensional geometries; and as a need 
in these geometries and in analysis generally. In fact whenever we are 
concerned with quantities connected together in any manner […] then 
the nature of the relation between the quantities is frequently rendered 
more intelligible by regarding them […] as the co-ordinates of a point 
in a plane or in space; for more than three quantities there is, from the 
greater complexity of the case, the greater need of such a representation; 
[and] this can only be obtained by means of the notion of a space of the 
proper dimensionality; and to use such representation we require the 
geometry of such a space.177 

Although Cayley did not refer explicitly to the distinction, his criticism 
of Gregory and Walton was that their work on ‘algebraical geometry’ and 
‘geometrical algebra’ implied a change of the delicate balance between the 
essential subject matter of geometry, which was Euclidean space, and the 
analytical forms used to describe it’.178 Cayley’s ally George Salmon (1819-
1904) wrote that ‘we know what a circle is before we know anything about the 
equation x 2 + y 2 = a 2 and any interpretation of this equation difering […] from 
our previous geometrical conception must be rejected’.179 Because Gregory 
and Walton’s contributions to ‘geometrical algebra’ seemed to undermine the 
geometrical ideas symbolized in ‘algebraical geometry’ these contributions 
were to be considered an ‘intrusion on the territory of geometry’.180 The 
reason for this was that reality was claimed for notions, such as ‘imaginary 
curves, which were, in fact, nothing but figures of speech – or, for that matter, 
analytical constructions. Cayley himself sometimes referred to real space of 
higher dimensionality, but from their work it is clear that ‘neither Salmon or 

177 Arthur Cayley, ‘A memoir on abstract geometry. Read December 16, 1869’, Philosoph-
ical Transactions of the Royal Society of London, 65 (1870), 51-63, 52. 

178 Richards, Mathematical Visions (note 38), 52. 
179 Salmon, Treatise on Higher Plane Curves (note 144), 303. 
180 Richards, Mathematical Visions (note 38), 52. 
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Cayley would have considered the possibility that spaces of higher dimension 
might be real in the same sense that Euclid’s was.181 If their criticism ‘eclipsed 
the kind of algebraic perspective [of] Gregory [and Walton], in which algebraic 
forms would define geometrical concepts’, that is, ‘algebraical geometry’, and 
reinforced Euclid’s Elements as the final arbiter of what was valid in ‘geometri-
cal algebra’, Cayley, Salmon and many others engendered a new debate on the 
epistemological status of higher dimensional spaces needed to interpret alge-
braical problems ‘which did not have straightforward, three-dimensional inter-
pretations’.182 Cayley’s solution, namely to accept higher-dimensional numbers 
as free mental constructions, once again demonstrated that the limitedness of 
Gregory and Walton’s symbolical algebra had to do with the empirical origins 
of the abstractions with which algebra was concerned. 

6.  Conclusion

This paper has had a specific and a more general aim. The specific aim has 
been to provide a detailed analysis of the renovation of Peacock’s symbolical 
algebra as it was carried out in Gregory and Walton’s contributions to ‘algebra-
ical geometry’ and ‘geometrical algebra’. What these contributions, first and 
foremost, made manifest was the importance of the negotiation of the connec-
tion between algebra and geometry or, more specifically, of the geometrical 
interpretation of imaginaries. Their contributions are notable not only for what 
they reveal about the increasing abstractness of symbolical algebra but also for 
their importance to the eventual establishment of abstract algebra. With regard 
to that larger process, the general aim of the paper has been to show that a 
picture of the transition of algebra in Britain from a ‘pre-modern’ to a ‘modern’ 
state is too simplistic. There was no clear rupture of that sort. Nor was there 
a straightforward gradual transition. The present paper has suggested instead 
that there is a ‘middle way’ between these views in which, firstly, symbolical 
and abstract algebraists are recognized as allies vis-à-vis the idea of algebra’s 
status as a science and, secondly, the growth of abstractness is attributed to a 
fundamental change in views about mathematical abstraction. 

181 Richards, Mathematical Visions (note 38), 55. 
182 Richards, Mathematical Visions (note 38), 55. 
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The symbolical algebraists advanced abstraction but only as abstraction from 
empirically grounded quantities of number and magnitude. The abstract alge-
braists were able to exercise the freedom of algebra suggested, but never exer-
cised by, Peacock and Gregory in so far as they adopted a conception of abstrac-
tion in which mathematical objects exist as generalized constructions from 
certain pure a priori intuitions. If it is, thus, the case that both the symbolical 
algebraists and the abstract algebraists sought to establish algebra on a scientific 
or demonstrative basis rather than on a purely formal one, the latter’s presenta-
tion of algebra as a system of meaningful truths went hand-in-hand with a dis-
missal of the former’s approach as formal. An appreciation of such conceptual 
and philosophical complexities is important not only for a more faithful account 
of the development of British algebra, but also for an acknowledgment of the 
need for a more nuanced understanding of what it means to explain the mod-
ernist transformation of mathematics in terms of notions such as ‘abstraction’ 
and ‘formalism’.183 

183 See, for example, Gray, Plato’s Ghost (note 20). Following Mehrtens, Moderne (note 
20), Gray distinguishes between ‘moderns’ and ‘countermoderns’. Where the former 
held that mathematics needs no independent referent to justify the existence of the 
objects about which it speaks, the latter argued that the existence of mathematical 
objects cannot be derived solely from their function within a formal system. Gray 
writes that ‘British algebraists of the first half of the nineteenth century can be seen as 
quite formal in their study of systems of meaningless symbols’, and then attributes the 
destruction of this ‘pre-modern’ British view to Hamilton’s ‘modernist’ formalism. 
Gray, Plato’s Ghost (note 20), 28. But this leaves unexplained not only the ground of 
the possibility of referring to diferent meanings of ‘formal’, but also that and in what 
sense there is something ‘modern’ about the work of the ‘pre-moderns’ Peacock and 
Gregory, and ‘countermodern’ about the ‘modern’ work of Hamilton. 
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section 1

David Hilbert and 
Richard von Mises: the 
axiomatization of probability 
theory as a natural science

This first section of the second part contains two articles:

– Verburgt, L.M. 2014. The place of probability in Hilbert’s axiomatization of 
physics, ca. 1900-1926. Accepted-with-revision

– Verburgt, L.M. 2015. Richard von Mises’s philosophy of probability and 
mathematics: a historical reconstruction . Unpublished manuscript. 

 
The standard story about the creation of modern probability theory – i.e. about 
its becoming an autonomous part of pure mathematics (rather than a chapter in 
applied mathematics) or, more specifically, about its becoming grounded on an 
abstract structure (rather than consisting of concepts and methods specific to 
applications) – consists of two related parts; firstly, there was Hilbert’s 1900 
call for the mathematization of probability on the basis of his own axiomatic 
method and, secondly, there was the applicability of an increasingly abstract 
measure theory (which originated as a generalization of subsets (length, area, 
volume and their analogues in higher dimensions) of Euclidean space) to prob-
ability theory. It is against this background that the abstract measure-theoretic 
axioms found in Kolmogorov’s Grundbegrife of 1933 can be understood as a 
completion of the contributions (of, for example, Rudolf Laemmel, Ugo Broggi, 
Antoni Lomnicki, Sergei Bernstein and Eugene Slutskii) to the first part, that 
is, as an answer to Hilbert’s famous problem, in terms of the contributions (of, 
for example, Borel and Fréchet) to the second part. But what the first article 
(chapter 10) suggests is that Hilbert himself came to question, from the early 
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1920s, the very possibility of achieving the goal of the axiomatization probabil-
ity in the sense described, by him, in 1900; where he first regarded the theory as 
a mathematizable physical discipline and later approached it as a ‘vague’ math-
ematical application in physics, he eventually thought of probability, first, as a 
feature of human thought and, then, as an implicitly defined concept (through 
the axioms for quantum mechanics) without a fixed physical interpretation. 
The second article (chapter 11) describes the background, content and devel-
opment of the positivist Von Mises’s proposal for an axiomatics for the natural 
science of probability that was both critical of Hilbert’s axiomatic method as 
well as dismissive of pure mathematical measure-theoretic axioms. 
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chapter 10

The place of probability in Hilbert’s 
axiomatization of physics,  
ca. 1900-1926

0.  Introduction

It has become a commonplace to refer to the ‘sixth problem’ of David Hilbert’s 
(1862-1943) famous Paris lecture of 1900 as the central starting point for 
modern axiomatized probability theory (Hochkirchen, 1999; Schafer & Vovk, 
2003; Schafer & Vovk, 2006; Von Plato, 1994, chapter 7).1 Here, Hilbert 
proposed to treat ‘by means of axioms, those physical sciences in which math-
ematics plays an important part; in the first rank [is] the theory of probabilities’ 
(Hilbert, 1900 [2000], 418). The inclusion of, on the one hand, the axiomati-
zation of physics among the other twenty-two unsolved mathematical problems 
and, on the other hand, the ‘theory of probabilities’ among the physical theories 
to be axiomatized, has long puzzled commentators. Although it has been abun-
dantly shown, in recent years, that ‘Hilbert’s [lifelong] interest in physics was 
an integral part of his mathematical world’ (Corry, 2004, 3) (e.g. Corry, 1997; 
Corry, 1999) the place of probability within his own project of the axiomatiza-
tion of physics has received comparatively little explicit attention. 

It is the aim of this paper to provide an account of the development of Hilbert’s 
approach to probability between 1900 – the year in which called for the axio-
matization of physics in his Paris address – and 1926 – the year in which he 
attempted to axiomatize quantum mechanics. On the basis of the extensive 
primary and secondary literature available, this period can be separated into 

1 See, for example, Browder (1976), Corry (1997), Gray (2000a), Gray (2000b), Reid 
(1996, chapter 10), Wightman (1976) and Yandell (2002) for accounts of the back-
ground and influence of Hilbert’s lecture entitled ‘Mathematical Problems’ (Hilbert 
1900 [2000]). 
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four partially overlapping sub-periods: 1900-1905 (section 1), 1910-1914 (section 
2), 1915-1923 (section 3) and 1922-1926 (section 4).2 From the fact that each of 
these sub-periods corresponds to a specific position vis-à-vis, on the one hand, 
the foundations of physics and, on the other hand, probability theory follows 
the paper’s main observation; namely, that there was a fundamental change in 
Hilbert’s approach to probability in the period 1900-1926 – one which suggests 
that Hilbert himself eventually came to question the very possibility of achiev-
ing the goal of the mathematization of probability in the way described in the 
famous ‘sixth problem’ (‘Mathematical treatment of the axioms of physics’). 
In brief, Hilbert understood probability, firstly, as a mathematizable and axio-
matizable branch of physics (1900-1905), secondly, as a vague statistical math-
ematical tool for the atomistic-inspired reduction of all physical disciplines to 
mechanics (1910-1914), thirdly, as an unaxiomatizable theory attached to the 
subjective and anthropomorphic part of the fundamental laws for the electro-
dynamical reduction of physics (1915-1923) and, fourthly, as a physical concept 
associated to mechanical quantities that is to be implicitly defined through the 
axioms for quantum mechanics (1922-1926). Because Hilbert tended not to 
stress the ‘state of flux, criticism, and improvement’ (Corry, 2004, 332) that 
his deepest thoughts about physical and mathematical issues were often in and 
there is, thus, a certain amount of speculation involved in connecting these four 
sub-periods, what follows is to be considered as one possible way of accounting 
for his remarkable change of mind in the period 1900-1926. 

0.1 Overview of the argument 

1 Between the years 1900-1905, Hilbert proposed not only to extend his axi-
omatic treatment of geometry to the physical theory of probability, but also to 
let this treatment be accompanied by the further development of its (inverse) 
applications in mathematical-physical disciplines (Corry, 2006c). On the one 

2 The first part begins with Hilbert’s 1900 Paris lecture and ends with the promises for 
the axiomatization of several physical disciplines in his 1905 lecture course. Following 
the fifth chapter of Corry (2004), entitled ‘From mechanical to electromagnetic 
reductionism: 1910-1914’, the second part begins with Hilbert’s lecture courses on 
mechanics and the kinetic theory and ends with his discussion of theories of matter 
and electromagnetism. The third part begins with the completion of the ‘Foundations 
of Physics’ and ends with his lectures of 1921-1923. Obviously, these parts of the period 
between 1898-1923 are not separated by clean-cut boundaries – as, for instance, Corry 
(1999b) makes clear. 
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hand, given that an axiomatization is to be carried out retrospectively, the 
suggestion that geometry was to serve as a model for the axiomatization of 
probability implied that Hilbert thought of the theory as a more or less well-es-
tablished scientific discipline. On the other hand, the fact that the statistical 
‘method of mean values’ for the kinetic theory of gases was to be rigorized by 
means of probability theory’s axiomatization pointed, firstly, to the unsettled 
of probabilistic methods in physics and, secondly, to the possibility of having 
the axiomatic method restore it. 2 The years 1910-1914 could be separated into 
three phases. Firstly, from 1910-1912/1913, Hilbert explicitly elaborated the 
atomistic hypothesis as a possible ground for a reductionistic mechanical foun-
dation for the whole of physics in the context of several physical topics based 
on it (Corry, 1997a; Corry, 1998; Corry, 1999d; Corry, 2000; Corry, 2004; 
Corry, 2006a). It was under the influence of his increasing acknowledgment of 
the disturbing role of probabilistic methods (e.g. averaging) in the mathemat-
ical dihculties involved in the axiomatization of ‘physics in general and [the] 
kinetic theory in particular (Corry, 2004, 239) from the atomistic hypothe-
sis that Hilbert, secondly, became more and more interested (from late-1911/
early-1912 on) in coming to terms with these dihculties via an investigation 
into the structure of matter (Corry, 1999a; 1999d; Corry, 2010). Thirdly, as 
a result of his consideration of the mathematical foundations of physics, in the 
sense of radiation and molecular theory as going beyond the kinetic model ‘as 
far as its degree of mathematical sophisticated and exactitude is concerned ‘ 
(Corry, 2004, 237), Hilbert eventually came to uphold Mie’s electrodynamical 
theory of matter by late-1913/early-1914 (Corry, 1999b; Mehra, 1973; section 
3.4, see also Battimelli, 2005; McCormmach, 1970). 3 The third period (1915-
1923) pivots around the appearance, in 1915, of the ‘Foundations of Physics’ 
in which Hilbert presented a unified field theory, based on an electrodynami-
cal reductionism, that combined Mie’s theory and Einstein’s (non-covariant) 
theory of gravitation and general relativity (e.g. Corry, 2004; Majer & Sauer, 
2005; Renn & Stachel, 1999; Sauer, 1999; Sauer, 2005; Stachel, 1999, see also 
Earman & Glymour, 1978; Vizgin, 2001). Hilbert’s philosophical reflections 
on his theory dealt of the early 1920s with the epistemological implications of 
general covariance such as time-reversal invariance and new conditions for the 
objectivity and completeness of physical theories based on general relativity 
and quantum mechanics. Where probability was here accepted as a subjective 
‘accessorial’ principle implied in the application of the laws of the new modern 
physics to nature, 4 in his later contributions to the axiomatization of quantum 
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mechanics empirical probabilities were implicitly defined through the axioms 
of a yet uninterpreted formalism after physical requirements had been put upon 
them (e.g. Lacki, 2000). 

1. First period. The axiomatization of probability 
as a physical discipline: 1900-1905 

Hilbert’s Grundlagen der Geometrie of 1899 resulted from his attempt to lay 
down a simple and complete system of independent axioms for the undefined 
objects ‘points’, ‘lines’ and ‘planes’ that establish the mutual relations that 
these objects are to satisfy (Hilbert, 1899 [1902], see also Hilbert, 1891 [2004]; 
Hilbert, 1894 [2004], Toepell, 1986b). In the lecture notes to a course on the 
‘Foundations of Geometry’ of 1894, Hilbert defined the task of the application 
of the axiomatic method to geometry as one of determining 

‘the necessary, suhcient, and mutually independent conditions that must 
be postulated for a system of things, in order that any of their properties 
correspond to a geometrical fact and, conversely, in order that a complete 
description and arrangement of all the geometrical facts be possible by 
means of this system of things’ (Hilbert 18943 quoted in Toepell, 1986a, 
58-59, my emphasis). 

Hilbert was of the opinion that his axiomatization of elementary geometry was 
part of a more general program of axiomatization for all of natural science (e.g. 
Majer, 1995) and that geometry, as the science of the properties of space, must 
be considered as ‘the most perfect of the natural sciences’ (Hilbert 1898/18994 
quoted in Toepell 1986a, vii, see also Corry, 2006b; Majer, 2001). The fact that 
Hilbert’s axioms for geometry were chosen so as to reflect spatial intuition not 
only indicates that the axiomatic method itself is a tool for the retrospective, or 
post-hoc, investigation of the logical structure of ‘’concrete, well-established 
and elaborated […] entities’ (Corry, 2004, 99). But it also suggests that the 
diference between geometry and, for example, mechanics pertained solely to 
the historical stage of the development of both sciences. Where the basic facts 

3 In 1894 Hilbert gave a lecture course on ‘The foundations of geometry’. 
4 In 1898/1899 Hilbert gave a lecture on ‘The foundations of Euclidean geometry’. 
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of geometry ‘are so irrefutably and so generally acknowledged [that] no further 
proof of them is deemed necessary [and] all that is needed is to derive [the] 
foundations from a minimal set of […] axioms’ (Hilbert 1898-1899 quoted in 
Corry, 2004, 90), in mechanics 

‘all physicists recognize its most basic facts [but] the arrangement [is] 
still subject to a change in perception [and] therefore mechanics cannot 
yet be [turned into] a pure mathematical discipline, at least to the same 
extent that geometry is’ (Hilbert 1898-1899 quoted in Corry, 2004, 90). 

Hilbert’s motivation for the application of the axiomatic method to physical 
theories was to create a secure foundation from which all its known theorems 
could be deduced so as to avoid the recurrent situation in which new hypotheses 
intended to explain newly discovered phenomena are added to existing theories 
without showing that the former do not contradict the latter. It is against this 
background that Hilbert’s inclusion of the axiomatization of physics in his 1900 
Paris lecture must be understood. 

1.2 The place of probability in the ‘sixth problem’ 
of Hilbert’s 1900 Paris lecture

The central goal of Hilbert’s invited lecture at the Second International 
Congress of Mathematicians, held in Paris, was to ‘lift the veil behind which 
the future [of mathematics] lies hidden’ (Hilbert, 1900 [2000], 407) by for-
mulating, for its ‘gifted masters and many zealous and enthusiastic disci-
ples’ (Hilbert, 1900 [2000], 436), twenty-three problems ‘which the science 
of today sets and whose solution we expect from the future’ (Hilbert, 1900 
[2000], 407). Following the advice of his friends Adolf Hurwitz (1859-1919) 
and Minkowski – who both saw clearly that the publication of the Foundations 
of Geometry had ‘opened up an immeasurable field of mathematical investigation 
[…] which goes far beyond the domain of geometry’ (Hurwitz quoted in Gray, 
2000, 10) – Hilbert proposed that his ‘mathematics of axioms’ (Hurwitz quoted 
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in Gray, 2000, 10) should be applied to both the ‘empirical’ and ‘pure’ part of 
mathematics:5 

‘I [Hilbert] […] oppose the opinion that only the concepts of analysis 
[…] are susceptible of a fully rigorous treatment [for this] would soon 
lead to the ignoring of all concepts arising [for instance] from [math-
ematical] physics, to a stoppage of the flow of new material from the 
outside world. [W]hat an important nerve, vital to mathematical science, 
would be cut by [its] extirpation! [I] think that wherever, from the side 
of […] geometry, or from the theories of […] physical science, mathe-
matical ideas come up, the problem arises […] to investigate the princi-
ples underlying these ideas and so to establish them upon a simple and 
complete system of axioms, that the exactness of the new ideas and their 
applicability to deduction shall [not] be […] inferior to those of the old 
arithmetical concepts’ (Hilbert, 1900 [2000], 410). 

1.2.1 The ‘sixth problem’

If Hilbert introduced the ‘sixth problem’ (‘The mathematical treatment of the 
axioms of physics’) by writing that it is suggested by the axiomatic ‘investiga-
tions on the foundations of geometry’ (Hilbert, 1900 [2000], 418), the struc-
ture of this investigation that was to ‘serve as a model’ (Hilbert, 1900 [2000], 
419) for its solution was summarized as part of the second problem (‘The com-
patibility of the arithmetical axioms’) on the list: 

5 Before presenting the problems, Hilbert made clear that it is the interaction, or ‘dia-
lectical interplay’ (Corry, 1997, 65), between the ‘empirical’ part (i.e. the natural 
sciences) and ‘pure’ part (e.g. the theory of numbers and functions and algebra) 
of mathematics that accounts for its organic development: ‘[T]he first and oldest 
problems in every branch of mathematics spring from experience and are suggested by the 
world of external phenomena [I]n the further development of a branch of mathematics, 
the human mind, encouraged by the success of its solutions, becomes conscious of 
its independence. It evolves from itself alone […] by means of logical combination, 
generalization, specialization, by separating and collecting ideas in fortunate ways, 
new and fruitful problems, and appears then itself as the real questioner […] In the 
meantime, while the creative power of pure reason is at work, the outer world again 
comes into play, forces upon us new questions from actual experience [and] opens up 
new branches of mathematics’ (Hilbert, 1900 [2000], 409). 
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‘When we are engaged in investigation the foundations of a science, we 
must set up a system of axioms which contains an exact and complete 
description of the relations subsisting between the elementary ideas of 
that science. The axioms so set up are at the same time the definitions of 
those elementary ideas; and no statement within the realm of the science 
whose foundations we are testing is held to be correct unless it can be 
derived from those axioms by means of a finite number of logical steps’ 
(Hilbert, 1900 [2000], 414). 

The ‘sixth problem’ itself was described in terms of the call for the treatment 
‘in the same manner, by means of axioms, [of] those physical sciences in which 
mathematics plays an important part, in the first rank […] the theory of proba-
bilities and mechanics’ (Hilbert, 1900 [2000], 418). After having mentioned the 
work of, on the one hand, Ernst Mach (1838-1915), Ludwig Boltzmann (1844-
1906), Paul Volkmann (1856-1938) and Heinrich Hertz (1857-1894) on mechan-
ics and, on the other hand, Georg Bohlmann (1869-1928) on the ‘calculus of 
probabilities’ as important contributions to these branches of physical science, 
Hilbert wrote that 

‘[i]f geometry [serves] as a model for the treatment of physical axioms, 
we shall try first by a small number of axioms to include as large a class 
as possible of physical phenomena, and then by adjoining new axioms 
to arrive gradually at the more special theories’ (Hilbert, 1900 [2000], 
419).6 

6 Hilbert added that ‘[t]he mathematician will have also to take account not only of 
those theories coming near to reality, but also, as in geometry, of all logically possible 
theories. He must be always alert to obtain a complete survey of all conclusions 
derivable from the system of axioms assumed’ (Hilbert, 1900 [2000], 419). It is 
about this statement that Corry has made the following lucid remark: ‘[Hilbert thus] 
suggested that from a strictly mathematical point of view, it would be possible to 
conceive interesting systems of physical axioms that […] define a kind of ‘non-Archi-
medean physics’ (Corry, 1997, 89). He did not consider such systems here, however, 
since the task was to see how the ideas and methods of axiomatic can be fruitfully 
applied to physics […] [And] [w]hen speaking of applying axiomatic ideas and methods 
to these theories, Hilbert meant […] existing physical theories. But [an important] pos-
sibility [was] suggested’ (Corry, 1997, 89-90). 
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Although the treatment of physics along the lines of an axiomatic method that 
was first applied to (Euclidean) geometry fitted naturally into Hilbert’s early 
views on the connection between (pure) mathematics, geometry and physics 
– and, in fact, had been part of ‘the evolution of Hilbert’s early axiomatic con-
ception’ (Corry, 1997, 70) –, Hilbert’s inclusion of the ‘sixth problem’ on the 
list was remarkable. Firstly, in so far as it neither satisfies his own criteria as 
to what a meaningful problem in mathematics is nor sits well with his state-
ment that a solution to a mathematical problem should be obtained in a finite 
number of steps,7 it is, secondly, better understood as a general task or research 
program. And thirdly, if ‘it is dihcult to understand the place of this project as 
part of [Hilbert’s] work [on mathematical physics] up to that time […], unlike 
most of the other [problems] in the list, [it] is [fourthly] not the kind of issue that 
mainstream mathematical research had been pointing to in past years’ (Corry, 
1997, 69). The fact that, especially, the mentioning of probability theory as one 
of the main physical sciences that are amenable to axiomatization ‘has often 
puzzled readers’ (Corry, 1997, 68), suggests that, apart from these four general 
features of the ‘sixth problem’, there are other more specific features peculiar 
to Hilbert’s treatment of this theory. 

1.2.2 Hilbert, Bohlmann and probability theory 

In his Paris lecture, Hilbert referred to Bohlmann’s ‘Über Versicherungsmath-
ematik’ (1900) for a presentation of ‘the axioms of the theory of probabili-
ties’ (Hilbert, 1900 [2000], 418). This paper reproduced several talks which 
Bohlmann delivered during the Easter vacations of 1900 in which he announced 
that his much more rigorous axiomatization of probability would appear in 

7 In his ‘Mathematical Problems’, Hilbert wrote the following: ‘It remains to discuss 
[…] what general requirements may be justly laid down for the solution of a mathe-
matical problem. I should say [that] it shall be possible to establish the correctness of 
the solution by means of a finite number of steps based upon a finite number of hypotheses 
which are implied in the statement of the problem and which must always be exactly 
formulated. This requirement of logical deduction by means of a finite number of processes 
is simply the requirement of rigor in reasoning. [Also] [t]he conviction of the solvabil-
ity of every mathematical problem is a powerful incentive to the worker […] There is 
the problem. Seek its solution. You can find it by pure reason, for in mathematics there 
is no ignorabimus’ (Hilbert 1900 [2000], 409 & 412). This last statement must be read 
as a response to Emil du Bois-Reymond’s (1818-1896) ‘ignoramus et ignorabimus’ (‘we 
do not know and will not know’) (e.g. McCarty, 2005). 
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an article on life-insurance mathematics (‘Lebensversicherungsmathematik’) 
(Bohlmann, 1901) for Felix Klein’s (1849-1925) Encyklopädie der mathematischen 
Wissenschaften.8 Given that Hilbert, who by the end of March 1900 had not yet 
‘determined the subject of his Paris talk [and] had not produced a lecture […] 
[b]y June’ (Krengel, 2011, 5, see also Reid, 1996, 70), had not shown interest in 
probability theory prior to those months it seems certain that the problem of its 
axiomatization was proposed to him by his colleague at Göttingen, Bohlmann.9 

Hilbert ‘made no secret about the fact that he had solicited various problems 
by talking to other mathematicians’ (Krengel, 2011, 5), but in light of the words 
that Bohlmann himself used to characterize his 1900 article (‘very general’, 
‘loosely formulated’), it is surprising that Hilbert decided to insist on its axio-
matization. For it may be recalled that Hilbert defined the axiomatic method 
as a post-hoc reflection on the results of well-established physical disciplines. 
Two other remarks can be made about Hilbert’s description of probability as a 
‘physical science in which mathematics plays an important part’. Firstly, in so far 
as Bohlmann’s article did not point out with which ‘physical phenomena’ the 
theory is concerned, it remained unclear how the first step of the treatment 
of its axioms, namely the inclusion of ‘as large a class as possible of physical 
phenomena [by] a small number of axioms’ (Hilbert, 1900 [2000], 419), was to 
be carried out. Secondly, if Hilbert was convinced that Bohlmann had already 
put forward the axioms of the physical discipline of probability, he empha-
sized that their ‘logical investigation’ (Hilbert, 1900 [2000], 418) was also to 
be instrumental to securing the role of the so-called ‘method of mean values in 
mathematical physics, and in particular in the kinetic theory of gases’ (Hilbert, 
1900 [2000], 418). These three points – that of the issue of its doubtful status 
as a well-established and physical scientific discipline and that of the two-sided 
importance of its axiomatization – reappeared in Hilbert’s lecture course of 
1905 entitled ‘Logical Principles of Mathematical Thinking’ (‘Logische Prinzip-
ien des mathematischen Denken’). 

8 In a footnote to his 1900 article, Bohlmann remarked that the 1901 article would 
contain a much more precise, or rigorous, mathematical formulation of the axioms of 
his treatment of life insurance. 

9 Bohlmann was the first lecturer of the new German institute of insurance science 
(‘Sterbenswahrscheinlichkeit’) at Göttingen – where he gave courses on actuarial mathe - 
matics until 1901, the year in which he became extraordinary professor of actuarial 
mathematics. 
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1.3 Probability as an application in (mathematical) physics

In the second part of this course Hilbert applied his axiomatic method to 
several physical disciplines (Hilbert, 1905; Corry, 1997, section 8; Corry, 
2004, chapter 3);10 mechanics, thermodynamics, probability calculus, the 
kinetic theory of gases, insurance mathematics, electrodynamics and psycho-
physics. This can, indeed, be considered ‘the first clear evidence of what [he] 
envisaged as the solution […] of the sixth of his 1900 list of problems’ (Corry, 
1997, 73). But Hilbert himself cautioned not only that the completion of the 
axiomatization of physics is to be understood as a research program (‘Arbeit-
sprogramm’), but also that in the individual physical disciplines mentioned it is 
merely possible to find ‘initiatives which only in some cases have been carried 
through’ (Hilbert 1905 quoted in Corry, 1997, 84).11 After discussing Bohl-
mann’s 1901 article (section 1.3.1), Hilbert also introduced three applications of 
probability: the theory of compensation of errors, the kinetic theory of gases 
and insurance mathematics (section 1.3.2). 

1.3.1 Early ‘axiomatic’ systems of probability: Hilbert and Bohlmann

The axioms for probability theory that Hilbert here presented were drawn 
from Bohlmann’s 1901 lengthy article ‘Lebensversicherungsmathematik’ – 
which ‘contained a much more precise mathematical formulation of the axioms 
underlying the mathematical treatment of life insurance, which in [his] earlier 
article [of 1900] appear[ed] as very general, somewhat loosely formulated 
assumptions’ (Corry, 1997, 129). After formulating his main claim, namely 
that the mathematical foundations life insurance ground probability theory,12 
Bohlmann – referring to Henri Poincaré’s (1854-1912) Calculus des Probabilités 
(with the telling subtitle ‘Cours de physique mathematique’) as the main source 
of his axiomatization – described probability in an axiomatic way, firstly, by 

10 The manuscript of this part of the lecture course has, unfortunately, not been 
published. 

11 ‘Ansätze dazu, die nur in ganz wenigen Fällen durchgeführt sind’ (Hilbert 1905 
quoted in Corry, 1997, 84). 

12 Bohlmann mentioned Karl Wagner (?-?), who, in his monograph entitled Das Problem 
von Risiko in der Lebensversicherung of 1898, had argued that probability theory and 
insurance are, in essence, unconnected, as an opponent of this view (Koch, 1998, 
section 2.2; Purkert, 2002). 
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distinguishing between the general axioms of probability and the specific 
axioms of life insurance and, secondly, by introducing three definitions and 
axioms for ‘the general calculus of probability’ (‘der allgemeinen Wahrschein-
lichkeitsrechnung’).13 In brief, Bohlmann defined the probability of an event E 
as a nonnegative number p(E) – 0 ≤ p(E) ≤ 1, for which it holds that 1 if E is 
the certain event, then p(E) = 1, if E is impossible, then p(E) = 0, and 2 if E1 
and E2 happen simultaneously with probability zero, then the probability of 
either E1 or E2 equals p(E1 ) + p(E2 ). Bohlmann was the first to treat probability 
as a function of an event,14 but his system contained several flaws; the notion 
of an ‘event’ E remained undefined, the requirement that p(E) is rational was 
somewhat outdated and ‘definitions and axioms […] appear intermingled in a 
way that Hilbert himself would have avoided if he [would have] systematically 
followed the model of the [Foundations of Geometry]’ (Corry, 1997, 130). 

However, Hilbert merely restated Bohlmann’s 1 and 2 using a slightly dif-
ferent notation.15 He ‘did not comment on the independence, consistency or 
completeness of these axioms [such that his] system was a rather crude one 
by [his] own criteria’ (Corry, 1997, 132). There are four remarks to be made 
about this situation. Firstly, Hilbert’s flexible treatment of the axiomatization 
of probability was at odds with the position occupied in his correspondence 

13 Bohlmann credited the first group of axioms to Emanuel Czuber (1851-1925) (Czuber, 
1900) and the second group to Ladislaus von Bortkiewicz (1868-1931) (Von Bortkie-
wicz, 1900). 

14 There is some controversy as to the historical and theoretical importance of Bohl-
mann’s contribution to probability theory. Where Von Plato writes that Bohlmann 
‘does not do much more than call some of the basic properties of probability calculus 
by the name of axioms’ (Von Plato, 1994, 32), Krengel criticizes Von Plato for having 
‘little feeling for the magnitude of [the] step [of defining probability as a function of 
an event, LV], which is even more evident if one thinks about the long time it took for 
this idea to be accepted’ (Krengel, 2011, 4). See also Hochkirchen (1999, 28-31) and 
Schneider (1988, 509) for short discussions of Bohlmann. 

15 ‘The simultaneous occurrence of two events E1, E2 is […] denoted by E1 + E2, whereas 
E1 × E2 denotes their disjunction. Two events are mutually exclusive if p(E1 + E2) = 0, 
while p(E1|E2), denotes condition probability’ (Hilbert quoted in Corry, 2004, 165). 
The following two axioms were put forward as the definition of probability theory: 
‘I. p(E1 × E2) = v(E1) + p(E2 ), if p(E1 + E2 ) = 0. II. p(E1 + E2 ) = pE1 p(E1|E2)’ (Corry, 
2004, 165). As to Hilbert’s presentation of Bohlmann’s axiomatization of probability 
theory, Corry also remarks that ‘Hilbert did not mention an additional definition 
appearing in Bohlmann’s article, namely, that two events E1, E2 independent if the 
probability of their simultaneous occurrence equals p(E1) . p(E2)’ (Corry, 2004, 165). 
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of 1897-1902 with Gottlob Frege (1848-1925) on the axiomatic method (Blan-
chette, 1996; Demopoulos, 1994; Hallett, 2010; Resnik, 1974). In a letter of 
22 September, 1900 Hilbert wrote that ‘a concept can only be logically fixed 
through its relations to other concepts. These relations, formulated in definite 
statements, I call axioms, and thus I arrive at the view that these axioms […] 
are the definitions of these concepts’ (Hilbert quoted in Hallett, 2010, 427). If 
it seems likely, secondly, that Hilbert, ‘[i]n treating the axioms of probability 
and speaking of the need to separate – rather than to combine – axioms and 
definitions, [was] stressing the early state in which the theory was then found’ 
(Corry, 1997, 131), it may also be emphasized, thirdly, that more sophisticated 
attempts at the axiomatization of probability had already been made since Bohl-
mann’s 1901 article. It was Rudolf Laemmel (1879-1962) who, in his dissertation 
of 1904 entitled ‘Untersuchungen über die Ermittlung von Wahrscheinlichkeit-
en’,16 formulated, in set-theoretical terms, two axioms (of total and compound 
probability) and three definitions. After having established their independ-
ence and suhciency, Laemmel wrote that the axioms allowed for the ‘hypo-
thetical’17 construction of a system for probability.18 Laemmel did not refer to 
Bohlmann’s articles and because it is unclear whether he was acquainted with 
Hilbert’s Foundations of Geometry it cannot be said that he intended, through his 
axiomatization, to solve the ‘sixth problem’ (Von Plato, 1994, 33). If Hilbert, 
for his part, was not familiar with Laemmel’s work, he did not seem to be very 
interested in the doctoral dissertation of his student Ugo Broggi (1880-1965) 
of 1907 entitled ‘Die Axiome der Wahrscheinlichkeitsrechnung’ in which he 
– following the criteria of Hilbert’s axiomatic method – set out to perfect the 

16 For excerpts of Laemmel’s dissertation see Schneider (1988, 359-366) and for brief 
discussions Corry (1997, 132), Corry (2004, 166), Hochkirchen (1999, 137), Schafer 
& Vovk (2006, 83) and Von Plato (1994, 32-33). 

17 Laemmel was of the opinion that in order to ‘ascertain to probabilities a greater epis-
temological value, one has to try to replace the intuitive or empirical procedure by a 
determination of probability through a process of hypotheses’ (Laemmel 1904 quoted 
in Von Plato, 1994, 32). 

18 It may be noted that Laemmel left the problem of consistency untouched and did not 
explicate the concept of independence. 
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earlier proposals of Bohlmann and Laemmel.1920 Notwithstanding his own 
acknowledgment of the early state of probability theory, Hilbert, thus, did 
neither improve upon Bohlmann’s account nor involve himself with the novel 
attempts of others to axiomatize the theory along the lines of his own frame-
work. This indicates, fourthly, that ‘Hilbert, in 1905 […] was much less inter-
ested in the calculus of probabilities as such’ (Corry, 1997, 133) – let alone as a 
physical discipline – ‘than in its [mathematical] applications’ (Corry, 1997, 133). 

1.3.2 The applications of probability theory in Hilbert’s 1905 lecture course 

The topic of the application of probability had already appeared as an aspect 
of the ‘sixth problem’ of the Paris lecture. Here, Hilbert wrote that ‘it seems 
[…] desirable’ that the ‘logical investigation [of] the axioms of the theory of 
probabilities [is] accompanied by a […] satisfactory [treatment] of the method 
of mean values in mathematical physics, and in particular the kinetic theory of 
gases’ (Hilbert, 1900 [2000], 418, my emphasis). Perhaps unsurprisingly, next 
to ‘Sterbenswahrscheinlichkeit’ (‘insurance mathematics’),21 the 1905 lecture 
course presented ‘Ausgleichungsrechnung’ (‘method of mean values’, or ‘theory of 
compensation of errors’ (TCE)) (Corry, 1997, 133-136, see also Aldrich, 2011; 
Sheynin, 1972; Sheynin, 1979) and the ‘kinetische Gastheorie’ (‘kinetic theory of 
gases’ (KTG)) (Corry, 1997, 136-152, see also Brush, 1976; Brush & Hall, 2003; 
Loeb, 1961) as the main applications of probability theory. Hilbert wanted to 
find a mathematical basis for the determination of average values which, for 
example in the contributions of James Clerk Maxwell (1831-1879) (Brush, 

19 Hilbert did not notice the falsehood of Broggi’s proof of the claim that denumerable 
or countable additivity can be derived from finite additivity. This mistake was later 
exposed by another student of Hilbert, Hugo Steinhaus (1887-1972) in his ‘Les proba-
bilités dénombrables et leur rapport à la théorie de la mesure’ of 1923 (Steinhaus, 1923, 
see also Hochkirchen, 1999, 236; Schafer & Vovk, 2006, 83, 85-86). 

20 After proposing a system of axioms for probability, Broggi showed the completeness, 
mutual independence and consistency of his axioms. His first axiom stated that the 
certain event has value 1 and the second axiom consisted of the rule of total probabil-
ity. Broggi defined probability as a ratio (in a discrete or geometric) setting and then 
verified his axioms. If Laemmel and Broggi’s proposals can be distinguished from the 
system of Bohlmann with reference to the fact that they start from set theory, Broggi 
moved beyond Laemmel by making use of measure theory as well. 

21 It may come as no surprise that Hilbert, also here, followed Bohlmann in taking 
the abovementioned axioms of probability and adding more specific definitions and 
axioms (see Corry, 1997, 152-154). 
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1958; Dias, 1994; Garber, 1970; Garber, Bush & Everitt, 1986) and Boltzmann 
(Bernstein, 1963; De Regt, 1999; Tanaka, 1999; Wilholt, 2002) to the KTG, 
were determined ‘with the help of a [so-called] probability distribution for the 
quantity considered’ (Von Plato, 1944, 33-34, see also Garber, 1973; Krajewski, 
1974; Von Plato, 1994, chapter 3) (see section 2.1).22 

It was under the influence of the views put forward in the mathematical physics 
seminar of Franz Neumann (1798-1895) and Jacob Jacobi (1804-1851) at the 
University of Königsberg (Olesko, 1991) that Hilbert had become convinced 
of the value of the exactness of measurement in physical research.23 He first 
claimed that the whole TCE could be derived from the axiom that ‘if various 
values have been obtained from measuring a certain magnitude, the most 
probable actual value of the magnitude is given by the arithmetical average of 
the various measurements’ (Hilbert 1905 quoted in Corry, 1997, 134). Refer-
ring to an article of the astronomer Julius Bauschinger (1860-1934), Hilbert, 
then, gave Gauss’s error theory and the method or principle of least squares 
as its two theorems. Because the axiom and the two theorems were entirely 
equivalent (‘vollkommen aequivalent’) – i.e. any one of them could be deduced 
as a mathematical consequence from the other two – it was arbitrary which 
one was taken as the foundation of the theory.24 The new work that was to be 
expected in this domain was to aim for the (axiomatic) reduction of these three 
statements to other axioms ‘with a more limited content and greater intuitive 
plausibility’ (Corry, 1997, 135). 

It is generally agreed that probability first entered (statistical) physics in the 
work of Rudolf Clausius (1822-1888) and Karl Krönig (1822-1879) (Garber, 

22 In section 2 it will be made clear that this endeavor became of central importance for 
his search for, and eventual commitment to, a specific theory of the structure of matter 
that could serve as the basis for the foundation of physics. 

23 Hilbert remained at the University of Königsberg between 1880-1895. It is likely 
that he participated in the seminar and, perhaps, even attended the lectures of Franz 
Neumann – who, despite his retirement in 1876, ‘was still to be seen at university 
gatherings and sometimes still lectured’ (Reid, 1996, 9) after that particular year. 

24 Hilbert wrote that ‘what one […] really […] wants to consider as the foundation when 
there are several possibilities, is also here arbitrary and dependent upon personal incli-
nations and the general state of science’ (‘[W]as man […] wirklich […] als Grundlage 
ansprechen will, wenn sich so verschiedene Möglichkeiten ergeben haben, is wie stets 
willkürlich und hängt von persönlichen Momenten und dem allgemeinen Stande der 
Wissenschaft ab’) (Hilbert quoted in Corry, 1997, 135). 
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1973) – the basis of which was the idea that even though ‘[t]he path of each gas 
atom [is] very irregular, so that it eludes calculation […] according to the laws 
of the probability calculus one may assume, instead of this perfect irregular-
ity, a perfect regularity’ (Krönig quoted in Schneider, 1988, 300) on average. 
In a paper of 1860, Maxwell combined a revision of Clausius’ concept of the 
mean free path of a molecule with John Herschel’s (1792-1871) treatment of 
the normal distribution of errors to derive his distribution law for molecular 
velocities. Maxwell wrote that ‘in order to calculate most of the observable 
properties of a gas it is not necessary to know the positions and velocities of all 
particles at a given time: it suhces to know the average number of molecules 
having various positions and velocities’ (Corry, 1997, 137). Similar to Boltz-
mann, Maxwell set out to explain the behavior of macroscopic matter in terms 
of statistical laws describing the motion of the atoms which themselves obey 
Newton’s mechanical laws of motion. 

Hilbert noted that this development had made it clear not only that probabilis-
tic assumptions had to be introduced into the description of physical systems, 
but also that probability theory was required for the mechanical treatment of 
(heat) phenomena. If he praised the theory for ‘the remarkable way in which 
[it] combined the postulation of far-reaching assumptions about the structure 
of matter […] with the use of [both] probability [and infinitesimal] calculus’ 
(Corry, 2004, 169) to produce new physical results, Hilbert also cautioned 
that since probability theory ‘is not an exact mathematical discipline’ (‘ist keine 
exakte mathematische Theorie’) it may only be used ‘as a first orientation’ (‘zu 
einer ersten Orientierung’) – and this when its results ‘are correct and in accord-
ance with the facts of experience or with the accepted mathematical theories’ 
(Hilbert 1905 quoted in Corry, 2004, 170-171, f. 158).25 The principal reason 
for this was that probability calculations could produce results that were in 
conflict with the accepted laws of mechanics – or, for that matter, with the 
observable phenomena described by (partial) diferential equations. More in 

25 In Hilbert’s own words, probability theory ‘ist keine exakte mathematische Theorie, 
aber zur einer ersten Orientierung, wenn man nur all unmittelbar leicht ersichtli-
chen mathematische Tatsache benutzt, häufig sehr geeignet; sonst führt sie sofart 
zu grossen Verstössen. Am besten kann man immer nachträglich sagen, dass die 
Anwendung der Wahrscheinlichkeit immer dann berichtigt und erlaubt ist, wo sie zu 
richtigen, mit der Erfahrung bzw. Der sonstigen mathematischen Theorie über-ein-
stimmenden Resultaten führt’ (Hilbert 1905 quoted in Corry, 2004, 170-171, f. 158). 
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specific, Hilbert observed that the abovementioned provisos were not always 
satisfied in the case of the then current KTG. For example, the application of 
probability could lead to (fallacious) conclusions that contradicted other well-
known results of the KTG, some of the results of the probabilistic version of 
the KTG conflicted with the reversibility of the laws of mechanics, and some 
of the proofs appearing in the laws of the KTG, such as those pertaining to 
average velocities instead of to velocity distributions as they ‘actually occur’, are 
in conflict with the idea of the reduction of phenomena to mechanical interac-
tions between rigid, atomic, particles. Hilbert 

‘wished to undertake an axiomatic treatment of the [KTG] not only 
because it combined physical hypotheses with probabilistic reasoning 
in a scientifically fruitful way [but] also because [it] was a good example 
of a physical theory where […] additional assumptions had been gradu-
ally added to existing knowledge without properly checking the possible 
[…] dihculties that would arise from this addition. [For example] the 
question of probability in physics was not settled in this context’ (Corry, 
2004, 168). 

It is important to emphasize that where in 1900 the project of the axiomati-
zation of probability theory was said to have to be accompanied by a further 
development of its applications, this particular topic came to determine the core 
of Hilbert’s (‘instrumental’) definition of probability theory after 1905. Rather 
than aiming for the axiomatization of the theory per se, Hilbert thus devoted 
himself to the axiomatization of the KTG and, therefore, the TCE as its main 
theoretical applications. 

Hilbert admired the KTG ‘for the way in which this theory combined the pos-
tulation of far-reaching assumptions about the [atomistic] structure of matter 
with the use of probability calculus’ (Corry, 2004, 168), but he increasingly 
came to recognize not only that the use of probabilities in the KTG and in 
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physics at large was still in need of justification.26 But also that the foundational 
questions involved in the attempt to justify the introduction of ‘not yet fully 
developed’ (Hilbert 1911-1912 quoted in Schirrmacher, 2003, 10) probabilistic 
methods in physical theories ‘required further investigation into the theory 
of matter as such’ (Corry, 2004, 284). Where Hilbert initially searched for 
another theory of matter that could function as the basis for a reductionistic 
mechanical foundation of physics in so far as it, among other things, employed 
new (non-probabilistic) mathematics, he eventually abandoned mechani-
cal reductionism as a foundational assumption as such. The electromagnetic 
reductionism that Hilbert adopted around late-1913/early-1914 left open the 
question of applying probability principles in the KTG and left unanswered 
the problems of introducing probability concepts in statistical mechanics. 
However, Hilbert’s approach to probability underwent an importance change 
under influence of his gradual adoption of this new form of reductionism. On 
the one hand, there was the so-called ‘physical viewpoint’, articulated as part 
of the search for a theory of the structure of matter that would deepen the 
atomism of the kinetic theory (e.g. Wilholt, 2002), that Hilbert put forward 
to overcome the mathematical dihculties implied by the atomistic hypothesis 
and that would ‘manifest itself in [his] reconsideration of his view of mechanics 
as the ultimate explanation of physical phenomena’ (Corry, 1999a, 14) (section 
2). On the other hand, the viewpoint was an early suggestion of both the fact 
that and the way in which his attempt to come to terms with Einstein’s new 
relativistic mechanics via electromagnetism also meant that the status of prob-
ability, rather than that of the methods of probability theory, became a central 
concern for Hilbert (section 3). 

26 Corry writes that ‘[a]lready in his 1905 lectures on the axiomatization of physics 
Hilbert had stressed the problems implied by the combined application of analysis and 
the calculus of probabilities as the basis for the kinetic theory, an application which 
is not fully justified on mathematical grounds. In his physical courses after 1910 [he] 
expressed again similar concerns. Yet, the more Hilbert became involved with the 
study of the kinetic theory itself […] these concerns did not diminish. Rather, they 
increased’ (Corry, 1999a, 13). 
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2. Second period. Beyond mechanical reductionism 
– beyond probability theory: 1910-1914 

After the 1905 lecture course, Hilbert lectured on mechanics (WS 1905/1906), 
continuum mechanics (SS 1906 and winter semester of 1906/1907), diferen-
tial equations of mechanics (WS 1907/1908) and electrodynamics (SS 1907) 
(see Sauer & Majer, 2009, 709-726; Corry, 2004, 450-452). Although he gave 
no courses on physics until 1910, Hilbert followed his friend and colleague at 
Göttingen Hermann Minkowski’s (1864-1909) implementation of the project 
of the axiomatization of physics in the context of the investigation of the role 
of the new principle of relativity in various physical theories (see Corry, 
2004, chapter 4; Corry, 2010; Galison, 1979; Walter, 1999; Walter, 2008).27 
Hilbert resumed his physical lectures in 1910 with a course on mechanics (WS 
1910/1911) and continued to expand the scope of his interest to topics such as 
continuum mechanics (‘kinetic theory of gases’) (SS 1911), statistical mechanics 
(winter semester 1911/1912), radiation theory (SS 1912) and electromagnetic 
oscillations (WS 1913/1914) in years that followed. The period between 1910-
1914 was characterized not only by a continual commitment to mechanical 
reductionism, but also by a gradual, albeit implicit, endorsement, from the 
end of 1913 on, of electromagnetic reductionism that would form the basis for 
Hilbert’s proposal for a unified foundation of physics in 1915. Hilbert remained 
committed to the general project of the axiomatization of physics of 1900, but 
under the influence of the ‘increasing mathematical dihculty that afected the 
treatment of disciplines based on the atomistic hypothesis, and above all the 
[KTG]’ (Corry, 1999a, 3),28 Hilbert became convinced these dihculty could 
only be resolved by changing the most foundational assumption behind it. This 
section describes the changes in Hilbert’s basic attitude vis-à-vis the axioma-
tization of physics from the viewpoint of the mathematical method that partly 
caused these dihculties, namely probability theory. 

27 In brief, the main goal of the contributions of Minkowski was to explore whether 
adding the new principle to the already well-established theories and principles of 
mechanics would lead to internal contradictions. 

28 Another main factor responsible for the changes in Hilbert’s views in this particular 
period was the axiomatic method itself; Hilbert seemed to have always been prepared 
to alter his foundational views, for example on the structure of matter, when the 
axiomatic method impelled him to do so. 
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2.1  The kinetic theory of gases (KTG), 1911-1912

After having expressed his support for the atomistic hypothesis as the possible 
basis for the reduction of the whole of physics to mechanics in his course on 
mechanics (WS 1910/1911) and continuum mechanics (SS 1911), Hilbert 
devoted himself to the KTG – a theory which itself seemed to give ‘addi-
tional support to the foundational role of mechanics as a unifying, explanatory 
scheme’ (Corry, 2004, 46). Hilbert taught a course on the topic in the winter 
semester of 1911/1912 and published a paper entitled ‘Begründung der kinet-
ischen Gastheorie’ in 1912 (Hilbert, 1912b).29 Both the course and the paper30 
made explicit the meaning of Hilbert’s purely analytical work on the theory 
of integral equations (Hilbert, 1912a) for the so-called Maxwell-Boltzmann 
equation, or probability distribution function (e.g. Rowlinson, 2005), and 
emphasized once more the dihcult consequences of the combined use of difer-
ential and probability calculus in the KTG (see Corry, 1999a, section 3; Corry, 
2004, 228-229 & 237-241). In brief, Hilbert searched for solutions to the Max-
well-Boltzmann equation and pursued the question whether the equation can 
be logically derived from the time-reversible equations of classical mechanics. 
Hilbert’s own negative answer gave rise to a problem that occupied his atten-
tion in the period 1915-1923, namely that of determining the objective meaning 
of irreversibility (see section 3.2.1.). 

The Maxwell-Boltzmann distribution, first described by Maxwell in a paper 
of 1860 and modified and generalized by Boltzmann in 1877 (Maxwell, 1860; 
Boltzmann, 1877 [1909]), describes the probability distribution for the number 
of molecules having any given velocity. Maxwell and Boltzmann assumed that 
‘in order to calculate most of the observable properties of a gas it is not nec-
essary to know the positions and velocities of all particles at a given time. [I]t 
suhces to know the average number of molecules having various positions and 
velocities’ (Corry, 2004, 46). Or, in words drawn from Hilbert’s 1905 lecture 
course, since it is the case that even if the exact position and velocities of the 
particles of a gas are known it is not possible to integrate all the diferential 
equations that describe the motions and interactions of these particles only the 

29 The content of this paper had been presented to the Göttingen Mathematical Society 
in December 1911. 

30 In fact, the paper first appeared as chapter 22 of the book on the theory of integral 
equations. 
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averages magnitudes, as dealt with by the probabilistic kinetic theory of gases, 
are considered. Hilbert recognized the combined use of probability calcula-
tions and diferential equations as ‘a very original mathematical contribution, 
which may lead to deep and interesting consequences (Corry, 2004, 169), but 
warned that it had not been justified as a mathematical basis for the KTG and 
could lead to results that conflicted with the laws of classical mechanics. For 
example, Hilbert, making use of Maxwell’s velocity distribution, Boltzmann’s 
logarithmic definition of entropy and probability theory, pointed out that the 
resulting law of constant increase in entropy was at odds with the idea of the 
reversibility of natural phenomena. Next to his recurrent concern about the 
reliance on averages,31 another more fundamental probability-related problem 
of the then current KTG was that 

‘if Boltzmann proves [that] the Maxwell distribution [is] the most 
probable one from among all distributions […], this theorem possesses 
in itself a certain degree of interest, but it does not allow even a minimal 
inference concerning the velocity distribution that actually occurs in any 
given gas.32 [T]he probability of occurrence of the Maxwell velocity dis-
tribution is greater than that of any other distribution, but equally close 
to zero, and it is therefore almost absolutely certain that the Maxwell 

31 Corry explains that ‘by 1912, some progress had been made on the solution of the 
Maxwell-Boltzmann equation. The laws obtained from the partial knowledge con-
cerning those solutions, and which described the macroscopic movement and thermal 
processes in gases, seemed to be qualitative correct. However, the mathematical 
methods used in the derivations seemed inconclusive and sometimes arbitrary. It was 
quite usual to depend on average magnitudes and thus the calculated values of the 
coehcients of heat conduction and friction appeared as unreliable’ (Corry, 1999a, 8). 

32 Here, Hilbert mentioned the following comparative example: ‘In order to lay bare 
the core of this question, I want to recount the following example: in a raie with 
one winner out of 1000 tickets, we distribute 998 tickets among 998 persons and the 
remaining two were give to a single person. This person thus has the greatest chance 
to win, compared to all other participants. His probability of winning is the greatest, 
and yet it is highly improbable that he will win. The probability of this is close to zero’ 
(‘Um den Kernpunkt der Frage klar zu legen, will ich an folgendes Beispiel erinnern: 
In einer Lotterie mit einem Gewinn und von 1000 Loses seien 998 Losen auf 998 
Personen verteilt, die zwei übrigen Lose möge eine andere Person erhalten. Dann hat 
diese Person im Vergleich zu jeder einzelnen andern die grössten Gewinnchancen. 
Die Wahrscheinlichkeit des Gewinnen ist fur sie am grössten, aber es ist immer noch 
hochst unwahrscheinlich, dass sie gewinnt. Denn die Wahrscheinlichkeit ist so gut 
wie Null’) (Hilbert 1911/1912 quoted in Corry, 2004, 240). 
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distribution will not occur’ (Hilbert 1911/1912 quoted in Corry, 2004, 
240, my emphasis).33

‘What is needed for the theory of gases’, Hilbert continued, is a proof of the 
fact that ‘for a specified distribution, there is a probability very close to 1 that 
that distribution is asymptotically approached as the number of molecules 
becomes infinitely large’ (Hilbert 1911/1912 quoted in Corry, 2004, 240).34 
Hilbert, thereby loosely referring to the probabilistic idea of convergence to 
the limit (e.g. Fischer, 2010; Hald, 2007), argued that in order to obtain this 
proof or, more generally, to provide a justification of probability theory in the 
KTG, it should become possible to ‘formulate the question in terms such as 
these: What is the probability for the occurrence of a velocity distribution that 
deviates from Maxwell’s by no more than a given amount? And moreover; what 
allowed deviation must we choose in order to obtain the probability 1 in the 
limit?’ (Hilbert 1911/1912 quoted in Corry, 2004, 240).35 

Hilbert also discussed additional dihculties arising from the application of 
probabilistic reasoning in the KTG. Although he suggested how these were 
to be mathematically resolved, Hilbert acknowledged that he could not yet 
give the final answers. It seems, indeed, to be the case that ‘the more Hilbert 

33 ‘Wenn z.B. Boltzmann beweist […] dass die Maxwellsche Verteilung […] unter allen 
Verteilungen von gegebener Gesamtenergie die wahrscheinlichste ist, so besitzt dieser 
Satz ja an und für sich ein gewisses Interesse, aber er gestattet auch nicht der gering-
sten Schluss auf die Geschwindigkeitsverteilung, welche in einem bestimmten Gase 
wirklich eintritt […] [D]ie Wahrscheinlichkeit für den Eintritt der Maxwellschen 
Geschwindigkeitsverteilung [ist] zwar grösser als die für das Eintreten einer jeden 
bestimmten andern, aber doch noch so gut wie Null, und es ist daher fast mit absoluter 
Gewissheit sicher, dass die Maxwellsche Verteilung nicht eintritt’ (Hilbert 1911/1912 
quoted in Corry, 2004, 240). 

34 The passage in which these phrases occur is the following: ‘Was wir fur die Gastheo-
rie brauchen, is sehr viel mehr. Wir wunschen zu beweisen, dass fur eine gewisse aus-
gezeichnete Verteilung eine Wahrscheinlichkeit sehr nahe an 1 besteht, derart, dass 
sie sich mit Unendliche wachsende Molkulzahl der 1 asymptotisch annahert’ (Hilbert 
1911/1912 quoted in Corry, 2004, 240). See also Hilbert’s ‘Vortrag über meine Gas. 
Vorlesung’ (Hilbert Cod. Ms. 588) for this point. 

35 ‘[D]ie Frage etwa so zo formulieren: Wie gross ist die Wahrscheinlichkeit dafur, das 
seine Geschwindigkeitsverteilung eintritt, welche von der Maxwellschen nur um 
hochstens einen bestimmten Betrag abweicht – und weiter: wie gross mussen wir die 
zugelassenen Abweichungen wahlen, damit wir im limes die Wahrscheinlichkeit eins 
erhalten?’ (Hilbert 1911/1912 quoted in Corry, 2004, 240). 
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became involved with the study of kinetic theory, and at the same time with the 
deep mathematical intricacies of the theory of linear integral equations’ (Corry, 
2004, 267), the more his concerns about the problems implied by the combined 
use of probability theory and analysis increased. 

2.1.1 The 1911/1912 course on KTG: three approaches to physical disciplines

In the introduction to his lecture course on the KTG of the winter semester of 
1911/1912,36 Hilbert distinguished three alternative approaches to physics. The 
first was purely phenomenological, the second assumed the atomistic hypothe-
sis, and the third aimed at a fundamental (molecular) theory of matter. 

The first approach was entertained by, for instance, Hilbert’s colleague the the-
oretical physicist Woldemar Voigt (1850-1919). Reflecting Neumann’s Königs-
berg tradition (Olesko, 1991, 387-388), Voigt upheld the view that experimen-
tally grounded physical theories should describe phenomena completely and 
in either simple, direct terms or straightforward equations that directly corre-
spond to the empirical features of the phenomena (see Corry, 2004, 79, 79-80, 
Katzir, 2006, 145-147). Given his ‘(mathematical) phenomenology’, Voigt, for 
instance in his ‘Phänomenologische und atomistische Betrachtungsweise’ of 
1915, dismissed atomistic-reductionist explanations and remained working on 
theories (e.g. piezo-electricity) related to nineteenth-century fields of research 
such as optics and crystallography from a somewhat eclectic non-mathematical, 
physical-visual perspective (Katzir, 2003; Jungnickel & McCormmach, 1986, 
chapter 19). Together with the experimental Eduard Riecke (1845-1915), Voigt 
represented the mathematical physics institute at Göttingen. But because of 
their phenomenological approach to physics both scientists were isolated not 
only from Hilbert’s circle in specific, but also from ‘the kinds of interest pursued 
by [the] colleagues in Germany and elsewhere in Europe’ (Corry, 2004, 234) at 
large. Hilbert, in his 1911/1912 lecture course on the KTG, not only criticized 
Voigt for fragmenting physics into various chapters – each of which is treated 
‘using diferent assumptions, peculiar to each of them, and deriving from these 
assumptions diferent mathematical consequences’ (Corry, 1999a, 492). But he 
also reproached him for rejecting the general idea that physics could be given 

36 This course was announced as a course on ‘continuum mechanics’, but its Ausarbeitung, 
by Hilbert’s assistant Erich Hecke (1887-1947), was entitled ‘Kinetic theory of gases’. 
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‘a substantially more thorough [treatment] on the basis of the atomic theory’ 
(Hilbert 1911/1912 quoted in Schirrmacher, 1999, 5, f. 53).37 Hilbert insisted 
that even though a phenomenological approach à la Voigt is indispensable as 
a makeshift stage on the way to knowledge, it must ‘urgently be left behind 
in order to penetrate into the real sanctuary of theoretical physics’ (Hilbert 
1911/1912 quoted in Schirrmacher, 2003, 10).38

The second, ‘atomistic’, approach to physical theories aimed for this very 
goal by means of the creation of an axiomatic system that holds for the whole 
of physics and which ‘enables all physical phenomena to be explained from 
a unified point of view’ (Hilbert 1911/1912 quoted in Corry, 2004, 236).39 
Another diference is that where the phenomenological approach solely made 
use of partial diferential equations, the atomistic approach employed mathe-
matical methods that can subsumed under the ‘entirely diferent’ and ‘not yet 
fully developed’ probability calculus (Schirrmacher, 2003, 10) – as found in 
the KTG and radiation theory (see Hilbert, 1912a, chapter 12; Hilbert, 1912b; 
Hilbert, 1912c [2009], see also Corry, 1998). Because mathematical analysis is 
‘not yet developed suhciently to provide for all [its] demands’ (Corry, 2004, 
237) the atomistic approach does not have at its disposal rigorous logical deduc-
tions and ‘must be satisfied with rather vague mathematical formulae’ (Hilbert 
1911/1912 quoted in Corry, 2004, 237).40 At the same time, the use of probabi-
listic methods did lead to interesting new results that seemed to correspond to 
the experimental facts. 

The third approach was to aim for the development of a ‘molecular theory of 
the structure of matter’ that is ‘based on atomic theory and would permit all 

37 ‘[W]esentlicht tiefer eindringend kann man die theoretische Physik auf Grund der 
Atomtheorie behandeln’ (Hilbert quoted in Schirrmacher, 2003, 5, f. 53). 

38 The full passage goes as follows: ‘Wenn man auf diesem Standpunkt steht, so wird 
man den früheren nur als einer Notbehlf bezeichnen, der nötig ist als eine erste Stufe 
der Erkenntnis, uber die man aber eilig hinwegschreiten muss, um in die eigentlichen 
Heiligtumer der theoretischen Physik einzudringen’ (Hilbert 1911/1912 quoted in 
Schirrmacher, 2003, 10). Schirrmacher’s translation has here been slightly amended. 

39 The full passage goes as follows: ‘Hier ist das Betreben, ein Axiomensystem zu 
schafen, welches für die ganze Physik gilt, und aus diesem einheitlichen Gesicht-
spunkt alle Erscheinungen zu erklären’ (Hilbert 1911/1912 quoted in Corry, 2004, 236, 
f. 30). 

40 ‘[…] sich mit etwas verschwommenen mathematischen Formulierungen zufrieden 
geben muss’ (Hilbert 1911/1912 quoted in Corry, 2004, 237, f. 32). 
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physical properties to be deduced from something even deeper than the system 
of axioms called for in [the ‘atomistic’] approach’ (Schirrmacher, 2003, 11). 
Hilbert introduced this ‘molecular’ approach as having to be accompanied by 
an advanced or novel mathematics (see Schirrmacher, 2003, 10-11) – one that 
would go beyond the atomists’ probability theory ‘as far as its degree of mathe-
matical sophistication and exactitude is concerned’ (Corry, 2004, 237) and that 
would somehow reveal the identity of the (mathematical) model and (physical) 
reality. What this third approach should look like in terms of its unifying 
power, knowledge status and mathematical method (see Schirrmacher, 2003, 
10) was not made clear in the 1911/1912 lecture course, but Hilbert promised to 
consider in detail the molecular theory in the following year, which he did in 
several courses taught, in 1912-1913, under the header of ‘mathematical founda-
tions of physics’ (see section 2.2). Both in these courses and in subsequent pub-
lications and public lectures, Hilbert put forward his theory of linear integral 
equations as the mathematical framework ‘suited to formulate and resolve 
conceptual gaps’ (Sauer & Majer, 2009, p. 439) in such fields as kinetic and 
radiation theory. 

Taken together, by 1911-1912 Hilbert seemed to have envisioned his project of 
the axiomatization of physics from the viewpoint of mechanistic reductionism 
as follows: 

After a ‘first step in understanding’ by phenomenological means [and] 
and [a] successful axiomatization ‘on the basis of the atomic theory’, 
[the] objective […] was to relate the basic notions employed in the axi-
omatization of physics to actual physical objects’ (Schirrmacher, 2003, 11, 
my emphasis). 

Hilbert himself had been aware that the justification for the belief in the validity 
of the atomistic hypothesis that, first implicitly and later explicitly, accompa-
nied his mechanical reductionism ‘was the prospect that it would provide a 
more accurate and detailed explanation of natural phenomena once the tools 
were developed for a comprehensive mathematical treatment of theories based 
on it’ (Corry, 2004, 267). After the 1911/1912 lecture course, his main task 
became that of addressing the physical domain of the molecular theory of the 
structure of matter itself – not in the least because it promised to give a math-
ematically exact description of natural phenomena as they actually occurred 
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in reality, rather than merely an approximation of their possible occurrence 
expressed in terms of averages. 

2.2 Theories of the structure of matter and relativity, 1912-1914

The 1912/1913 lecture course on ‘the molecular theory of matter’ further 
pursued the idea that the way in which the mathematical dihculties of the 
atomistic hypothesis could be resolved would be to adopt a so-called ‘physical 
point of view’. Hilbert suggested to make clear ‘through the use of the axi-
omatic method, those places in which physics intervenes into mathematical 
deduction’ (Corry, 1999a, 498-499) such that it becomes possible to separate 
three levels of any physical theory:

‘[First] what is adopted as a logically arbitrary definition or taken as 
an assumption of experience, second, what could be concluded a priori 
from these assumptions but cannot be concluded with certainty given 
current mathematical dificulties, and third, what is a proven mathemat-
ical conclusion’ (Hilbert 1912/1913 quoted in Corry, 1999a, 499).41 

The course itself also consisted of three parts; where the first part discussed 
certain properties of matter related to the state equation for a completely homo-
geneous body understood as a mechanical system of molecules, the second 
part presented more complex physical and chemical properties of matter (see 
Corry, 2004, 267-270). The third part expressed these results in the form of 

41 Corry’s translation has been slightly amended. The original passage goes as follows: 
‘[W]ir [werden] voneinander trennen, was erstens logisch willkürliche Definition oder 
Annahme der Erfahrung entnommen wird, zweitens das, was a priori sich aus diesen 
Annahmen folgern liesse, aber wegen mathematischer Schwierigkeiten zur Zeit noch 
nicht sicher gefolgert werden kann, und dritten, das, was bewiesene mathematische 
Folgerung ist’ (Hilbert quoted in Corry, 1999a, 499, f. 16). 
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new axioms.4243 Because the a priori derivation of these axioms from mechan-
ical principles was to be done in kinetic terms, it was, once again, necessary to 
have recourse to the ‘fundamental principle of statistical mechanics’,44 namely 
that the states of a physical system are equally probable. 

After his brief consideration of the molecular theory, Hilbert soon devoted 
himself to electron theory – or, more specifically, to the application of the 
kinetic theory to the study of the motion of the electron. In the summer of 1913 
Hilbert organized a series of lectures on the theory and gave a course in which 
he presented the electron theory as the ‘foundation of the whole of physics’ 
(Hilbert 1913 quoted in Corry, 2004, 271).45 The course contained an explicit 
treatment of the status of Lorentz covariance and Minkowski’s ‘word-pos-
tulate’ (Welt-postulate)46 as the fundamental principles of the new relativistic 
physics – a topic that Hilbert had already briefly touched upon in his 1910/1911 
course on mechanics. Following Minkowski’s ‘macroscopic’ (or ‘phenomeno-
logical’) approach and Max Born’s (1882-1970) ‘microscopic’ approach to estab-
lishing the validity of the basic principle of relativity (see Corry, 1999b), in 
his course Hilbert described the goal of reconstructing the whole of physics in 
terms of as few basic concepts as possible as follows: 

42 Hilbert wrote that ‘Um in einzelnen Falle die karakteristische Funktion in ihrere 
Abhängigkeit von der eigentlichen Veränderlichen und den Massen der unabhängigen 
Bestandteile zu ermitteln, müssen verschiedenen neue Axiome hinzugezogen werden’ 
(Hilbert 1912/1913 quoted in Corry, 2004, 269, f. 136). 

43 It is important to note, with Corry, that ‘Hilbert never performed for a physical 
theory exactly the same kind of axiomatic analysis he had done for geometry, though 
he very often declared this to be the case. Also, his derivations of the basic laws of the 
various disciplines from the axioms were always rather sketchy, when they appeared 
at all’ (Corry, 1999d, 15). 

44 The full passage goes as follows: ‘Um die empirisch gegebenen und zu mathematischen 
Formeln verallgemeinerten Ergebnisse […] a priori und zwar auf rein mechanischem 
Wegen abzuleiten, greifen wir wieder auf des Grundprinzip des statischen Mechanik 
zurück, von der wir bereits im ersten Teil ausgegangen waren’ (Hilbert 1912/1913 
quoted in Corry, 2004, 270, f. 141). 

45 ‘Die Elektronentheorie würde daher von diesem Gesichtpunkt aus das Fundament der 
gesamten Physik sein’ (Hilbert 1913 quoted in Corry, 2004, 271, f. 150). 

46 It was Minkowski who first referred to the principle of covariance or relativity as the 
‘word-postulate’ in his ‘Space and Time’ of 1909. Here, he wrote that ‘the postulate 
comes to mean that only the four-dimensional world of space and time is given by 
phenomena, but that the projection in space and in time may still be undertaken with a 
certain degree of freedom, I prefer to call it the postulate of the absolute world (or briefly 
the world-postulate’)’ (Minkowski, 1909 [1952], 104). 



386

‘The most important concepts are the concept of force and of rigidity.47 
From this point of view the electrodynamics would appear as the founda-
tion of all of physics. But the attempt to develop this idea systematically 
must be postponed for a later opportunity. In fact, it has to start from 
the motion of one, of two, etc. electrons, and there are serious dihcul-
ties on the way to such an understanding’ (Hilbert 1913 quoted in Corry, 
2004, 272).48 

Hilbert explained these dihculties as arising from the need to introduce 
probabilistic mathematical considerations from kinetic theory as soon as the 
description concerns the motion of and interactions between more than a 
single electron (the so-called ‘n-electron problem’).49 In other words, the sit-
uation such that because the explanation of the magnetic and electric interac-
tions among electrons in mechanical terms is only an approximation it must 
be admitted that ‘we [either] only speak […] of averages’ (Corry, 1999a, 500) 
or settle for describing the motion of one electron. Although he seems to have 
been more aware than ever of ‘the mathematical and physical dihculties […] 
associated with a conception of nature based on the model underlying kinetic 

47 At this point, it is interesting to observe, with Renn and Stachel, that ‘[i]n spite of the 
conceptual revolution brought about by special relativity concerning the revision of 
the concepts of space and time but also the conceptual autonomy of the field concept 
from that of the ether, Hilbert nevertheless continued to count on traditional concepts 
such as force and rigidity as the building blocks for his axiomatization program’ (Renn 
& Stachel, 1999, 7-8). See also footnote 59. 

48 ‘Die wichtigsten Begrife sind die der Kraft und der Starrheit. Die Elektronentheorie 
würde daher von diesem Gesichtspunkt aus das Fundament der gesamten Physik sein. 
Den Versuch ihres systematischen Aufbaues verschieben wir jedoch auf später; er 
hätte von der Bewegung eines, zweier Elektronen u.s.w. auszugehen, und ihm stellen 
sich bedeutende Schwierigkeiten in der Weg, da schon die entsprechenden Probleme 
der Newtonschen Mechanik für mehr als zwei Korper ungelöst sind’ (Hilbert 1913 
quoted in Corry, 272, 2004, f. 152). 

49 There was, of course, also a highly complex system of integro-diferential equations 
involved in the search for the equations of motion for a system of electrons. 
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theory’ (Corry, 2004, 273) and even proposed, in one specific context,50 to 
substitute the mechanical approach derived from the theory of gases by an 
electromagnetical one, Hilbert remained committed to the atomistic-mechan-
ical outlook. The 1913 lecture course on the molecular theory of matter even 
contained the statement that atomism is to be considered as a necessary conse-
quence of the principle of relativity.51

It was in his lecture course on ‘electromagnetic oscillations’ of the winter 
semester of 1913/1914 that Hilbert made explicit for the first time his view that 
the whole of physics arises from electrodynamics, rather than from mechan-
ics52 and that ‘relativistic mechanics, or four-dimensional electrodynamics’ 
was ‘on the verge’ of being ‘assimilated by mathematics’ (Hilbert 1913/1914 
quoted in Corry, 2004, 280).53 However, Hilbert also acknowledged not only 
that ‘[w]e are really still very distant from a full realization of […] reducing all 

50 Corry refers to the fact that Hilbert, ‘in order to describe the conduction of electric-
ity in metals, […] developed a mechanical picture derived from the theory of gases, 
which he then later wanted to substitute by an electrodynamical one’ (Corry, 2004, 
272). The original passage in which this idea appears is the following: ‘Unser nächstes 
Ziel ist, eine Erklärung der Elektrizitatsleitung in Metallen zu gewinnen. Zu diesem 
Zwecke machen wir uns von der Elektronen zunächst folgendes der Gastheorie ent-
nommene mechanische Bild, das wir später durch ein elektrodynamosches ersetzen 
werden’ (Hilbert 1913 quoted in Corry, 2004, 272, f. 151). 

51 ‘Es sind somit die zum Aufbau der Physik unentbehrlichen starren Körper nur in den 
kleinsten Teilen möglich; man könnte sagen: das Relativitätsprinzip ergibt also als 
notwendige Folge die Atomistik’ (Hilbert 1913 quoted in Corry, 2004, 274, f. 157). 

52 Es scheint indessen, als ob die theoretische Physik schliesslich ganz und gar in der Ele-
ktrodynamik aufgeht, insofern jede einzele noch so spezielle Frage in letzter Instanz 
an die Elektrodynamik appellieren muss’ (Hilbert 1913/1914 quoted in Corry, 2004, 
280, f. 169). 

53 ‘Nun glaube ich aber, dass es der höchste Ruhm einer jeden Wissenschaft ist, von der 
Mathematik assimiliert zu warden, und dass auch die theoretische Physik jetzt im 
Begrif steht, sich diesen Ruhm zu erwerben. In erster Linie gilt dies von der Relativ-
itätsmechanik oder vierdimensionalen Elektro-dynamik,’ (Hilbert 1913/1914 quoted 
in Corry, 2004, 280, f. 168). It may here be remarked that Hilbert also permitted 
himself to claim that ‘one could [now] divide mathematics [into] one-dimensional 
mathematics, i.e. arithmetic, then function theory, which essentially limits itself to 
two dimensions; then geometry, and finally four-dimensional mechanics’ (Hilbert 
1913/1914 quoted in Corry, 2004, 280) (‘[M]an könnte […] die Mathematik einteilen 
in die eindimensionale Mathematik, die Arithmetik, ferner in die Funktionentheorie, 
die sich im wesentlichen auf zwei Dimensionen beschrankt, in die Geometrie, und 
schliesslich in die vierdimensionale Mechanik’ (Hilbert 1913/1914 quoted in Corry, 
2004, 280, f. 169)). 
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physical phenomena to the n-electron problem’ (Hilbert 1913/1914 quoted in 
Corry, 2004, 281),54 but also that if ‘one can do little with the n-body problem, 
it is even less fruitful to proceed on the basis of the treatment of the n-electron 
problem’.55 These dihculties of the reductionist program forced Hilbert to 
make two concessions. Firstly, ‘instead of a mathematical foundation based on 
the equations of motion of the electrons, we still need to adopt partly arbitrary 
assumptions, partly temporary hypothesis [and] certain very fundamental 
assumptions that we later need to modify’ (Hilbert 1913/1914 quoted in Corry, 
2004, 281).56 Hilbert did not describe these three kinds of assumptions, but 
it seems plausible that he referred to the atomistic hypothesis and the earlier 
mentioned condition of equiprobability. Secondly, Hilbert had it that with 
regard to the n-electron problem and thus, more generally, to the further devel-
opment of electrodynamics, ‘the point for us is rather to silence [verstümmeln] 
the [problem], [to] integrate the simplified equations and to ascend from their 
solutions to more general solutions by means of corrections’ (Hilbert 1913/1914 
quoted in Corry, 2004, 281, f. 170).57 

Where the phenomenological approach and its partial diferential equations 
were merely a first step in the understanding of natural phenomena, the foun-
dational problems that accompanied the atomistic approach and its probabilis-
tic methods required further investigation into the (‘molecular’ and ‘electron’) 
theory of the structure of matter. Hilbert hoped that the novel non-probabil-
istic mathematics of this theory-of-matter-approach ‘would reveal the identity 
of the axiomatic model and physical reality’ (Schirrmacher, 2003, 11). But the 

54 ‘Von der Verwirklichung unseres leitenden Gedankens, alle physikalischen Vorgänge 
auf das n-Elektronenproblem zurückzuführen, sind wir freilich noch sehr weit 
entfernt’ (Hilbert 1913/1914 quoted in Corry, 2004, 281, f. 171). 

55 ‘So wenig man schon mit dem n-Korperproblem arbeiten kann, so ware es noch 
fruchtloser, auf die Behandlung des n-Elektronenproblemes einzugehen’ (Hilbert 
1913/1914, quoted in Corry, 2004, 281, f. 170). 

56 ‘An Stelle einer mathematische Begründung aus den Bewegungsgleichungen der Ele-
ktronen müssen vielmehr noch teils willkürliche Annahmen treten, teils vorläufige 
Hypothesen, die Später einmal begründet warden dürften, teils aber auch Annahmen 
ganz prinzipieller Natur, die sicher später modifiziert werden müssen’ (Hilbert 
1913/1914 quoted in Corry, 2004, 281, f. 171). 

57 ‘Es handelt sich vielmehr für uns darum, das n-Elektronenproblem zu verstümmeln, 
die vereinfachte Gleichungen zu integrieren und von ihren Lösungen durch Korrek-
turen zu allgemeineren Lösungen aufzusteigen’ (Hilbert 1913/1914 quoted in Corry, 
2004, 281, f. 170). 
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more Hilbert tried to come to terms with the fundamental n-electron problem, 
the more he seems to have despaired at the insurmountable role of probability 
theory, as a kind of mathematics rather than a physical discipline, and, more in 
specific, of the probabilistic method of mean values. 

3.  Third period. Probability as an anthropomorphic 
‘accessorial principle’ of human thought in 
Hilbert’s epistemological reflections on the 
‘Foundations of physics’: 1915-1923

The pre-history of Hilbert’s two notes entitled the ‘Foundations of physics’ 
of 191558 and 191759 in which he himself thought to have accomplished the 
formulation of the physics ‘in general, rather than just of a particular kind of 
phenomena’ (Corry, 2004, 33) is marked by two central events. Firstly, the 
‘belated’60 adoption of Born’s reformulation, in 1912 and 1913 (see Corry, 2004, 
309-315), of Gustav Mie’s (1868-1957) electromagnetic theory of the struc-
ture of matter in which the existence of electrons and, therefore, of atoms and 
matter in general, is mathematically61 derived from the electric field (e.g. Mie, 
1912a; Mie, 1912b; see also Born, 1914; Corry, 1999a; Corry, 1999b; Corry, 

58 The ‘First Communication’ was originally delivered (as a talk entitled ‘The funda-
mental equations of physics’) to the Göttingen Academy of Science in November 1915, 
submitted to its Proceedings on 19 November of that year and published in March 1916 
(Hilbert, 1916 [2009]). 

59 The ‘Second Communication’ underwent several major revisions before being 
submitted to the Göttingen Academy of Science on 23 December 1916 and appearing 
in 1917 (Hilbert, 1917a [2009]). 

60 As Corry has noted: ‘[T]he lecture notes of the courses Hilbert taught in the winter 
semester of 1912/1912 (‘Molecular theory of matter’) and in the following semester 
(‘Electron theory’) in spite of their obvious, direct connection […] show no evidence 
of a sudden interest in Mie’s theory or in the point of view developed in it […] Possible, 
this was connected to the fact that Mie’s strong electromagnetic reductionism was 
contrary to Hilbert’s current views, which also favored reductionism, but still from 
a mechanistic perspective at the time’ (Corry, 2004, 310). See also Renn & Stachel 
(1999, 8). 

61 Reflecting on Born’s reformulation of Mie’s theory, Corry writes that ‘[w]hereas 
Lorentz’s theory of the electron was based on certain hypotheses concerning the 
nature of matter (e.g. the rigidity of the electron) […] Mie attempted to derive math-
ematically the existence of electrons […] from a modified [i.e. ‘non-linear’] version of 
the Maxwell equations, i.e. without starting from any particular conception concern-
ing the nature of physical phenomena’ (Corry, 2004, 312). 
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2004, 298-306; Mehra, 1973, section 3.4; Renn & Stachel, 1999, 8-10; Smeenk 
& Martin, 2007). Secondly, the negotiation of Albert Einstein’s (1879-1955) 
generalization of the principle of relativity and his theory of gravitation of 1913-
1914 (e.g. Einstein & Grossmann, 1913; Einstein, 1914, see also Lehner, 2005; 
Renn, 2005; Stachel, 1989).62 Hilbert’s attempt, in the first note (Hilbert, 1916 
[2009]), at a unified field theory of electromagnetism and gravitation was a 
result of a complex ‘axiomatic synthesis’ of the speculative physical theories 
of Mie and Einstein (see Renn & Stachel, 1999; Sauer, 1999). In brief, the 
theory consisted of a generally covariant reformulation of Mie’s theory of 
matter and Einstein’s theory of gravitation such that both could be derived 
from a single variational principle for a Lagrangian and the (number of) field 
equations following from the variational principle would allow for the claim 
that electromagnetism is an efect of gravitation. Hilbert originally wanted his 
second note (Hilbert, 1917a [2009]) to be about the physical consequences of 
his own unified field theory of the first note, but, much in line with the content 
of his courses of 1916-191763, the published version solely concerned the general 
theory of relativity. Because those lectures, given between the years 1919 and 
1923, in which Hilbert would return to the status of probability (section 3.2) 
were written as philosophical reflections on issues related to one of the central 
topics with which he was occupied in 1916-1917, namely the ‘causality quanda-
ry’,64 the (background of the) second note is taken up in the following (sub-)
section. 

62 Much has been written on the priority of the discovery of the field equations of general 
relativity. Where the majority of textbooks spoke of ‘Einstein’s equations’, according 
to the commonly accepted academic view Hilbert completed the general theory of 
relativity some five days before Einstein. Corry, Renn and Stachel have shown that 
Hilbert did not anticipate Einstein because the first set of the proofs of his 1915 paper 
‘is not generally covariant and does not include the explicit form of the field equations 
of general relativity’ (Corry, Renn & Stachel, 1997). In this context see, for instance, 
also Earman & Glymour (1978), Lehner, Renn & Schemmel (2012), Mehra (1973, 
chapter 7) and Stachel (1999). 

63 Hilbert taught a lecture course entitled ‘Foundations of physics I (general relativity)’ 
in the summer semester of 1916 and one entitled ‘Foundations of physics II (general 
relativity)’ in the winter semester of 1916/1917 (see Corry, 2004, 451). 

64 Hilbert delivered a lecture with this title (‘The principle of causality’ in 1917 (Hilbert, 
1917b [2009]). 
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3.1  The ‘causality quandary’

Hilbert’s first note on the ‘Foundations of physics’ of March 1916 contained 
two fundamental axioms: ‘Axiom I: Mie’s axiom of the world-function’65 and 
‘II. Axiom of general covariance’.66 The so-called Leitmotiv67 (‘Theorem I’) of 
the theory stated that in so far as it is the case that ‘in the system of n diferential 
equations on n variables […] four of these equations are always a consequence 
of the other n – 4’68 the equations for the four electromagnetic potentials () are 
the consequence of the equations for the ten gravitational potentials (). Because 
Theorem I ‘shows that Axioms I and II can only provide ten essentially inde-
pendent equations for the 14 potentials’,69 Hilbert argued that

‘in order to keep the deterministic character of the fundamental equa-
tions of physics, in correspondence with Cauchy’s theory of diferential 
equations, the requirement of four further non-invariant equations to 

65 The first axiom consisted of a variational argument for a scalar Hamiltonian (‘H ’) 
(or ‘Lagrangian’ (‘L’)) (world)function H with space-time coordinates (or world-pa-
rameters) – i.e. (Einstein’s) ten gravitational potentials with their first and second 
derivatives and (Mie’s) four electromagnetic potentials with their first derivatives – 
determining the coordinates of a four-dimensional manifold. Hilbert used the Hamil-
tonian ’to derive the basic equations of the theory, starting from the assumption that, 
under infinitesimal variations of its parameters, the variation of the integral ∫ H√ðgdω 
[…] vanishes for any of the potentials’ (Corry, 1999a, 518). 

66 The second axiom postulated that the ‘world-function’ H (see footnote 63) is generally 
covariant – i.e. retains its form with respect to arbitrary coordinate (or ‘world-param-
eter’) transformations. 

67 In brief, Hilbert described this theorem as follows: ‘[I]n the system of n diferential 
equations on n variables […] four of these equations are always a consequence of the 
other n − 4, in the sense that four linearly independent combinations of the n diferen-
tial equations and their total derivatives are always identically satisfied’ (Hilbert, 1916 
[2009], 31). 

68 Hilbert formulated the theorem as follows: ‘Theorem I. Let J be a scalar expression of 
n magnitudes and their derivatives that is invariant under arbitrary transformations of 
the four world-parameters, and let the Lagrange variational equations corresponding 
to the n magnitudes be derived from the integral ∂ ∫ J √ðgdω = 0. Then, in the system 
of n diferential equations on n variables obtained in this way, four of these equations 
are always a consequence of the other n − 4, in the sense that four linearly independ-
ent combinations of the n diferential equations and their total derivatives identically 
satisfied’ (Hilbert 1916 [2009], 30-31, original translation). 

69 Here, ‘Hilbert, 1916’ refers to the ‘December Proofs’ of Hilbert’s first note that have 
been preserved in Hilbert’s Nachlass (DHN 634). 
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supplement [the gravitational and electromagnetic] equations is unavoid-
able’ (Hilbert 1916 quoted in Brading & Ryckman, 2007, 73). 

Although the published version of the first note assumed the possibility of using 
generally-covariant field equations not supplemented by coordinate restrictions 
in spite of Einstein’s ‘hole-argument’70 (Howard, 1992; Howard & Norton, 
1993; Iftime & Stachel, 2006),71 in this passage from the December Proofs 
Hilbert emphasized the necessity of introducing four additional non-covariant 
equations (or diferential relations) in order to obtain a unique determination 
of the evolution of all 14 variables. The Axiom III (‘Axiom of Space and Time’) 
that contained these four equations thus allowed Hilbert to extract a physically 
acceptable ‘Cauchy-determinate structure within an otherwise generally covar-
iant theory’ (Brading & Ryckman, 2012, 188). 

After the appearance of the published version of the first note, Hilbert repeat-
edly made it clear that he ‘was still in quandary about how to treat the cau-
sality issue’ (Renn & Stachel, 1999, 73). For example, in the lecture course 
‘The foundations of physics, I’ of the summer semester of 1916, Hilbert noted 
that the status of the ‘causality principle’ (Kausalitätsprinzip) within general-
ly-covariant physics was ‘not yet clarified’72 (Hilbert 1916 quoted in Renn & 
Stachel, 1999, 7) by his own unified field theory. The newly found solution to 
the problem of causality that Hilbert brought to the fore in his second note on 
the ‘Foundations of physics’ of 1917 had already appeared in his undated ‘Cau-
sality lecture’ of 1917 (Hilbert, 1917a [2009]; Hilbert, 1917b [2009]). Remarka-
bly, the solution was formulated in terms of a revision of Kantian epistemology 

70 After having realized that both the field equations as well as the law of energy- 
momentum conservation of the Entwurf theory of 1913 were not generally covariant, 
Einstein devised a highly complex argument (the ‘hole argument’) which was to prove 
that there cannot exist generally covariant field equations that completely determine 
the field. 

71 It may here be remarked that Einstein’s final presentation of his theory of gravitation 
proved that ‘generally covariant field equations do not need to be supplemented by 
additional, non-covariant, equations in order to arrive at a satisfactory theory of grav-
itation; and the same should be the case when electromagnetism is included’ (Renn & 
Stachel, 1999, 73). 

72 Reflecting on his field equations for gravitation and electromagnetism, Hilbert said 
that ‘[d]ies sind 14 Gleichungen fur die 14 unbekannten Funktionen […] Das Kausal-
itatsprinzip kann erfullt sein, oder nicht (Die Theorie hat diesen Punkt noch nicht 
aufgeklart)’ (Hilbert 1916 quoted in Renn & Stachel, 1999, 74). 
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in light of the principle of objectivity implicit in Einstein’s general relativity 
(see Brading & Ryckman, 2012, section 8.6; Hallet, 1994; Majer, 1993; Majer 
& Sauer, 2005; Majer & Sauer, 2006; Ryckman, 2008). 

3.1.1 The new solution of the ‘Causality lecture’ and 
the second note on the ‘Foundations of physics’ 

Both the ‘Causality lectures’ and the second note opened with the explicit 
statement that causality cannot be restored on the basis of the (mathemati-
cally false)73 idea of postulating four additional non-covariant equations (see 
Hilbert, 1917a [2009], Hilbert, 1917b [2009], see also Renn & Stachel, 1999, 
74-75). The starting point of the new solution was the distinction between two 
parts of the causality problem; the issue of, firstly, causal ordering (I-CO) and, 
secondly that of univocal determination (I-UD). Where the I-CO pertained 
to the fact that ‘a conflict with the [experienced] causal order [arises] if two 
world-points [Welt-punkte] lying along the same time-like curve [Zeitlinie], and 
standing in [a] relation of cause and efect, can be transformed so that they 
become simultaneous (Brading & Ryckman, 2007, 33), the I-UD amounted to 
the situation that from the knowledge of physical magnitudes in the present 
past, it is no longer possible to univocally deduce their values in the future. 
Hilbert solved the I-CO by introducing ‘proper coordinate systems’ [eigen-
tliche Koordinatensystem] the transformations among which do not reverse the 
temporal order of cause and efect (see Brading & Ryckman, 2007, section 6.5) 
and proposed to come to terms with the I-UD by means of a redefinition of 
physically meaningful statements as those statements for which it holds that 
they are generally covariant and satisfy the requirement of causality inherent 
in proper coordinate systems. 

This fundamental notion of ‘proper’ coordinate systems must be understood 
with reference to Hilbert’s new distinction between ‘being a possible object of 

73 This characterization of the ‘old’ solution can only be found in the ‘Causality lecture’. 
It does not appear in the second note or in any later publication (see Renn & Stachel, 
1999, 75). 
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experience’ and ‘being a possible object of physics’, that is, between ‘Kantian’74 
objects for which holds that they exist in space and time and satisfy the condi-
tion of causality and ‘non-Kantian’ objects for which these requirements no 
longer hold. These (‘non-Kantian’) possible objects of physics are governed by 
the new ‘superordinate criterion of physical objectivity’, namely that of general 
covariance as the regulative ideal for the search for the fundamental laws of 
physics:

‘[A] more far reaching objectification is necessary to be obtained by 
emancipating ourselves from the subjective moments of human intuition 
with respect to space and time. This emancipation, which is at the same 
time the high-point of scientific objectification, is achieved in Einstein’s 
theory; it means a radical elimination of anthropomorphic slag, and leads 
us to that kind of description of nature which is independent of our senses 
and intuition’ (Hilbert 1921 quoted in Majer, 1998b, 55). 

Hilbert was now able to argue that the conflict between general covariance and 
the experienced causal ordering of events, that is, the I-CO is only a seeming 
problem. For ‘it is not the nature of our cognitive experience […] that leads to 
the requirement [of] proper coordinate systems [and coordinate restrictions] 
– it has to do not with the possible objects of physics […] but with the possible 
objects of experience […] as these are represented standing in causal relation-
ships within spatio-temporal empirical intuition’ (Brading & Ryckman, 2007, 
35). Hilbert preserved univocal determination by means of the reformulation 
of physically meaningful statements ‘in terms of its unique determination by a 
Cauchy problem’, thereby turning the I-UD into its own solution on the basis 
of understanding it as satisfying causality as a constraint upon human under-
standing. 

Hilbert’s second note of 1917 formulated the view of physics as the project of 
providing a non-anthropomorphic account of nature – one in which general 

74 Although there is some debate as to the Kantian ‘nature’ of Hilbert’s treatment of 
the issue of causality, for example, Brading and Ryckman (2012) Majer & Sauer 
(2006, 2005) provide convincing arguments for this reading. Furthermore, Hilbert 
himself explicitly alluded to Kant at several places in his lectures of the years 1915-1923 
(Hilbert, 2009). For somewhat more general discussions of Hilbert’s views on Kant 
intuition’ see, for instance, Friedman (2012), Majer (1995), Tieszen (1989, chapter 1), 
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covariance functions as the ‘concept of reason that transcends all experience 
and through which the concrete is completed so as to form a [systematic unity]’. 
Given that this gradual emancipation from the possible objects of experience 
towards the possible objects of physics is never fully attainable, Hilbert accepts 
that ‘proper coordinate systems’ – accounting for the restoration of causal-
ity and univocal determination – ‘is a bit of ‘anthropomorphic slag’ […] that 
remains as a condition of possible physical experience [even though it] is no 
longer a condition governing the ideal conception in physics of a mind-inde-
pendent world as the object of physical inquiry’ (Brading & Ryckman, 2007, 
49). 

It is this combination of the adoption and modification of Kantian epistemol-
ogy that characterized Hilbert’s (semi-popular) contributions to the discussion 
of general relativity from a more comprehensive, philosophical, point of view 
during the years 1917-1923. There were two topics that Hilbert considered to be 
of central importance for this discussion, namely that of general covariance as 
the ‘principle of objectivity’ for physics, and that of the notion of probability. 
The link between these two topics is the problematic status of irreversibility 
(in statistical mechanics) vis-à-vis the time-reversal covariance of the funda-
mental laws of physics. Put diferently, it is that of the dihculties which prob-
ability causes for the attempt of reconciling general covariance and univocal 
determination with reference to the reformulated notion of causality. It is 
crucial to observe that Hilbert set out to circumvent this situation by means 
of approaching probability as a (non-mathematical) feature of human thought 
that accompanied his field equations as one of its anthropomorphic ‘accessorial 
principles’. 

3.2 Probability as an ‘anthropomorphic accessorial 
principle’ of the new physics, 1921-1923

The places in his oeuvre of the early-1920s in which Hilbert discussed the 
role of probability in the new physics can be divided into two parts. Firstly 
there were part two (‘Die Landläufige Aufassung von der Physik und ihre 
Berichtiging’) and three (‘Fragen philosophisches Charakters’) of his Natur 
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und Mathematisches Erkennen,75 the ‘Vortrag’ on the ‘laws of chance’ of 1920 
(Hilbert, 1920)76 and the section on ‘Die Natur der Irreversibilität’ in his ‘Vor-
lesung’ on statistical mechanics of 1922 (Hilbert, 1922, pp. 99-104)77 (section 
3.2.1). Secondly, there were (the notes of) two lectures delivered in 1921 and 
1923 ‘Natur und Mathematisches Erkennen’ (Hilbert, 1921 [2009] and ‘Grund-
sätzliche Fragen der modernen Physik’ (Hilbert, 1923 [2009]) (section 3.2.2). 

3.2.1 Hilbert’s Natur und Mathematisches Erkennen

Hilbert commenced his Natur und Mathematisches Erkennen by summarizing, 
in terms of the axiomatic method, the distinction between physical theories 
prior to and physical theories posterior to general relativity. Firstly, where the 
first provide ‘immediately discernible’ (‘unmittelbar [zu] konstatieren’) general 
descriptions of experience, the second aim to gradually turn these descriptions 
of intuitively presented facts into a logical-formal system of natural relations 
(‘Naturzusammenhänge’) that, in the end, is free of subjectivity. It is the require-
ment of general covariance that embodies the central step along the (axiomatic) 
path from the intuition of space, time and causality – which, as necessary con-
ditions of the possibility of experience, merely reflect the subjective origin 
of cognition in sensible experience (Ryckman, 2008) – toward the systemat-
ically unified and observer-free description of nature. Secondly, where physical 
theories prior to general relativity satisfied Cauchy determination in so far as, 
on the one hand, the initial data can be freely chosen without explicit regard 
to special constraints and, on the other hand, the relation of causality is fully 
determinate, for instance, because of ‘the fixed background of space, and the 
unique global direction of time’ (Brading & Ryckman, 2007, 48), this no longer 
holds in the case of in generally covariant physics (see section 3.2.2). In brief, 
Hilbert acknowledged that several assumptions have to be made in order to 
resolve this situation; firstly, that natural phenomena obey and can be described 

75 This book contains the lectures that Hilbert delivered under this header in Gottingen 
between the years 1919-1920. 

76 Hilbert delivered this lecture on ‘die Gesetze des Zufalls’ on February 2, 1920. It is found 
in Hilbert’s Nachlass, Cod. Ms. Hilbert 599. 

77 Hilbert’s ’Vorlesung’ entitled ’Statistische Mechanik’ which was held in the summer 
semester of 1922 was ’ausgearbeitet’ by Lothar Nordheim. It is found in Hilbert’s 
Nachlass, Cod. Ms. Hilbert 565. 
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by means of simple mathematical laws,78 secondly, given that ‘the simplicity of 
the laws of nature do not in any sense imply the simplicity of natural phenom-
ena’ (Hilbert, 1992, 69),79 that ‘the same happens under similar circumstances’ 
(Hilbert, 1992, 63) 80 and, thirdly, in so far as ‘the relation between cause and 
efect […] is not reflected in the mathematical equations’ (Hilbert, 1992, 71),81 
that ‘the cause of the foregoing [is] the efect of the subsequent’ (Hilbert, 1992, 
71).82 It is this last assumption that impelled Hilbert to further investigate not 
only the ‘meaning of ‘time-relationality [‘des Zeitverhältnisses’] for causality’ 
(Hilbert, 1992, 71),83 but also the question of whether physics is marked by 
a certain direction of time – and, if so, what this implies for its treatment of 
irreversible physical processes. Because these processes have ‘become actual 
in physics […] especially since the formulation of the law of increasing entropy 
by Clausius [which has been] explained […] as a […] probability law’84 (Hilbert, 
1992, 72, my emphasis), Hilbert, in chapter eight of Natur und Mathematisches 
Erkennen, returned to the issue of probability with the aim of coming to grips 
with its (conditional) meaning for physics at large.85 

3.2.1.1 Probability, irreversibility and time-reversal covariance

Reflecting on the first two of the three abovementioned assumptions, Hilbert 
remarked that even though the laws of nature – formulated, as they are, in 
terms of diferential equations – are generally covariant, they are dependent 
on ‘repetitions’ (‘Wiederholungen’) and ‘similarities’ (‘Ähnlichkeiten’) in nature. 

78 Hilbert justified these two points with reference to the widespread idea of the pre-es-
tablished harmony between being and thought (Pyenson, 1985). 

79 ‘[D]ie Einfachheit der Naturgesetze bedeutet [….] noch keineswegs die Einfachheit 
der Naturgeschehens’ (Hilbert, 1992, 69). 

80 ‘[U]nter gleichen Umständen [geschieht] stets Gleiches’ (Hilbert, 1992, 63). 
81 ‘[D]as Verhältnis von Ursache und Wirkung […] kommt ja in den mathematischen 

Gleichungen gar nicht zum Ausdruck’ (Hilbert, 1992, 71). 
82 ‘[D]ie Ursache das frühere [ist] die Wirkung das spätere’ (Hilbert, 1992, 71). 
83 ‘[Die] Bedeutung des Zeitverhältnisses für die Kausalität’ (Hilbert, 1992, 71). 
84 Hilbert spoke of the question of the (ir)reversibility of physical processes which, 

‘insbesondere seit der Aufstellung des Gesetzes von der Vermehrung der Entropie 
durch Clauius in der Physik aktuell geworden ist [und] als ein […] Wahrscheinlich-
keitsgesetz erklärt [ist]’ (Hilbert, 1992, 71). 

85 Hilbert wrote that ‘[we] have to come to a somewhat more precise understanding of 
the meaning of the notion of probability for physics’ (‘[Wir] müssen […] uns […] mit 
der Bedeutung des Wahrscheinlichkeitsbegrifs für die Physik etwas näher befassen’) 
(Hilbert, 1992, 72). 
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Hilbert then introduced the more specific distinction between ‘repetitions 
under similar circumstances’ (‘Wiederholungen gleicher Umstände’) and ‘repe-
titions of (average) sizes’ (‘Wiederholungen derselben Grössenbestimmungen’) – 
the latter of which is clarified in the following example: ‘[T]he fixed stars all 
have approximately the same size and also about the same speed; all the grains 
of sand are almost similar; bodies consist of a large amount of almost similar 
molecules [etc]’86 (Hilbert, 1992, 73). Hilbert wrote that in so far as this kind 
of repetition is wholly independent of ‘the validity and also of the criteria of 
the discoverability of the diferential equations’,87 it is to be understood as a 
‘feature of nature’ (‘Eigenschaft der Natur’) – i.e. as ‘a very special, remarkable 
fact of experience of such a fundamental character that it gives occasion for 
very new methods and theories in physics that are indispensable for the theoret-
ical mastery of the appearances’,88 namely ‘the law of chance’ (‘Das Gesetz des 
Zufalls’) of probability theory. Given that the ‘probability laws’ (‘Wahrschein-
lichkeitsgesetze’) are, thus, a necessary component of a complete description of 
reality in the form of an axiomatized ‘framework of concepts’ (‘Fachwerk von 
Begrifen’) the problem becomes that of explaining how they relate to the ‘real 
laws of nature’ (‘eigentliche Naturgesetze’). 

After discussing a rather straightforward case of equiprobability, Hilbert 
summed up the features that distinguish probability laws from the laws of 
nature. Firstly, they cannot lay claim to the ‘exceptionless validity’ that char-
acterizes the laws of nature – and this in so far as they cannot, secondly, predict 
the results to be explained, thirdly, prove that ‘what happens in almost all 
cases will actually be observed’89 or, fourthly, rule out exceptions. If Hilbert, 
notwithstanding these defects, acknowledged that the diferential equations 

86 ‘[D]ie Fixsterne haben alle ungefähr dieselbe Grösse und auch ungefähr die gleichen 
Geschwindigkeiten; die Körner des Sandes sind einander nahezu gleich; die Körper 
bestehen au seiner grossen Zah; von nahezu gleichen Molekülen [etc]’ (Hilbert, 1992, 
73). 

87 ‘[D]er Gültigkeit und auch von den Bedingungen der Auhndbarkeit der Diferential-
gleichungen’ (Hilbert, 1992, 73). 

88 ‘[E]ine ganz besondere, merkwürdige Erfahrungstatsache von so prinzipiellem 
Charakter dass sie zu ganz neuen Methoden und Theorien in der Physik Anlass 
gibt, welche für die theoretische Beherrschung der Erscheinungen unerlässlich sind’ 
(Hilbert, 1992, 73). 

89 ‘[W]as in fast allen Fällen eintritt auch tatsächlich beobachtet wird’ (Hilbert, 1992, 
75). 
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expressing the laws of nature have to be combined with probability laws, he 
is quick to point out that the ‘enormous mathematical dihculties [that this] 
engenders’ are related to the philosophical problem of the ‘fundamental per-
missibility of the probability-theoretical elucidation of physical laws’.90 Hilbert 
attempted to confront this twofold (mathematical cum physical) problem by 
distinguishing between the mathematical ‘content’ and the epistemological 
status of probability statements; these give quantitative expression to the 
assumption that ‘what almost always happens, is actually constantly found’,91 
but it simultaneously holds that probability statements in physics are neither 
of the level of objective laws of nature nor of mathematical statements that are 
presumably right (see Hilbert, 1993, pp. 76-77; Hilbert, 1920, p. 1; Hilbert, 
1922, p. 103). More in specific, there are mathematical statements, such as that 
2√2 is an irrational number, which are presumably right in the purely mathe-
matical sense of being not yet proven92 and there are probabilistic statements 
which are presumably right in a non-mathematical sense. It was on the basis of 
this distinction that Hilbert hoped to resolve the ‘unclarities’ (‘Unklarheiten’) 
and ‘mistakes’ (‘Irrtumme’) connected to the diference between those expla-
nations of nature (‘Naturerklarungen’) expressed in terms of the laws of chance 
and those expressed in diferential equations. 

It is at this point that Hilbert returned to the initial starting point for his dis-
cussion of the meaning of probability, namely that of the tension between 
the fact that, on the one hand, in so far as the principle of general covariance 
allows for coordinate transformations that correspond to the reversal of time, 
it implies time-reversal covariance of the laws of nature and, on the other 
hand, a direction of time is implied not only in irreversible processes found in 

90 The whole passages reads as follows: ‘Die enormen mathematischen Schwierigkeiten, 
welche hieraus entspringen, warden vielfach nich beachtet, und es ist eine verbreitete 
Meinung, dass die heute noch bestehende Unvollkommenheit in der Begründung der 
kinetischen Gastheorie ganz auf philosophischem Gebiet liege, nämlich die grund-
sätzliche Zulässigkeit der wahrscheinlichkeitstheoretischen Deutung physikalischer 
Gesetze betrefe’ (Hilbert, 1992, 76). 

91 ‘[D]as, was fast immer statthat, [wird] in Wirklichkeit stets angetrofen’ (Hilbert, 
1921 [2009], 389). 

92 Reflecting on the abovementioned example, Hilbert had it that ‘er ist seinem Inhalte 
nach eine rein mathematische Behauptung, die sich nur wegen der entgegenstehen-
den mathematischen Schwierigkeiten vorläufig nicht beweisen lässt’ (Hilbert, 1922, 
p. 103). 
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nature, but also in the third assumption (the causality principle accounting for 
Cauchy determination) of the new physics mentioned earlier. Hilbert solved 
the conflict between time-reversal covariance and everyday perceptions (as it 
first arose in the context of Boltzmann’s famous H-theorem) by means of the 
argument that irreversibility arises solely from them application of probabilistic 
statements and is, thus,93 not inherent in the fundamental laws of physics – i.e. 
‘not an objectively existing law in nature’ (‘kein objektives in der Natur beste-
hendes Gesetz’ (Hilbert, 1922, p. 104). On the contrary, Hilbert argued that 
irreversibility is a result of the ‘anthropomorphic point of view’ (‘antropomor-
phen Standpunkt’) connected to the selection of initial- and boundary conditions 
(‘Anfangs- und Randbedigungen’) accompanying the probabilistic description of 
the irreversible behavior observable in the (time)-evolution of macro-states.94 
Here, it is interesting to observe, with regard to both the status of ‘anthro-
pocentric irreversibility’ reflected upon in this sub-section and the content of 
the following section (section 4), that Hilbert attributed to (the new) quantum 
mechanics the achievement of guaranteeing the complete reversibility of the 
elementary processes of physics (see Hilbert, 1922, p. 104). 

3.2.2 Hilbert’s definition of probability as an ‘accessorial principle’ 

Hilbert concluded his discussion of the probabilistic origin, so to say, of irre-
versibility and the idea of a privileged direction of time with the following 
statement: 

‘[T]he fundamental principle of probability theory, [has it] that what 
almost always happens is actually constantly found […] When we look 
at this fact in this [particular] context, realized by nature, as a mark of 
a direction of time […] I would like to regard this as a feature of our 

93 Hilbert wrote that the explanations of irreversible processes on the basis of the sta-
tistical method the asymmetry concerning the past and future arise merely as a result 
of the choice of initial-states and -conditions. 

94 In line with the remark in the foregoing footnote, Hilbert, for instance, noted that 
the chosen ‘initial- and boundary conditions [are] not found in reality’ (‘Anfangs- und 
Randbedigungen [warden] nicht […] in der Wirklichkeit vorgefunden’) (Hilbert, 
1992, 81). 
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thought [or of] our comprehension instead of as an object[ive] feature 
of nature’ (Hilbert, 1923 [2009], 389, f. 44).95 

If Hilbert, in Natur und Mathematische Erkennen, had not definitely made up 
his mind as to the precise characterization of probability, in the second part 
of the 1923 lecture ‘Grundsätzliche Fragen der modernen Physik’ he wrote 
that ‘I [Hilbert] would like to call everything that has to be added to the world 
equations in order to understand the events in inanimate nature “accessorial” 
for short’96 – and, then gave, ‘constancy’ (‘Konstanz’), ‘stability’ (‘Stabilität’), 
‘periodicity’ (‘Periodicität’), and the assumption of the applicability of the prin-
ciples of probability as examples. Hilbert explained the notion of ‘accessorial’ 
by comparing its epistemological role within physics prior and posterior to 
general relativity: 

‘[That] we need initial conditions and constraints in order to obtain a deter-
minate solution of the world equations […] means that these equations 
only allow us to predict future events if we know enough about the 
present state of afairs. In this respect, the world equations resemble 
Newton’s equations […] But there is an important diference [which] 
becomes visible if we ask: Do we need accessory laws of nature? The 
answer in the case of the ‘world equations’ is that we do not, but in 
Newton’s case the answer is that we do’ (Majer & Sauer, 2006, 219). 

The reason for this diference is that the world equations – representing, as they 
do, the axiomatic foundation for all laws of nature – ‘permit propositions about 
the present state of nature without the support of accessorial laws, whereas 
Newton’s equations do not’ (Majer & Sauer, 2006, 220). 

95 ‘[Der] Grundsatz der Wahrscheinlichkeitstheorie [heisst] das, was ast immer statthat, 
in Wirklichkeit stets angetrofen wird […] Wenn wir in dieser Tatsache in diesem 
Umstande, den die Natur verwirklichte, eine Auszeihnung der Zeitrichtung erblicken 
[…] möchte [ich] darin lieber eine Eigenschaft unseres Denkens [oder] unserer Auf-
fassung als eine objekt. [sic] Eigenschaft der Natur sehen’ (Hilbert, 1921 [2009], 389, 
f. 44). 

96 ‘Ich [Hilbert] möchte Alles, was noch zu den Weltgleichungen hinzugefügt werden 
muss, um die Geschehnisse in der leblosen Natur zu verstehen, kurz accessorisch 
nennen’ (Hilbert, 1923 [2009], 408). 
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That ‘there are no real accessorial laws of nature’ (Hilbert, 1923 [2009], 415)97 
in the new physics does not mean that it does not stand in need of so-called 
‘accessorial principles’ – such as the applicability of probability. In fact, these 
principles account for the very possibility of applying the world equations to 
nature. Importantly, however, Hilbert was of the opinion that the ‘accessorial 
principles’ ‘do not have the math[ematical] character of new equations, but are 
of a general character, [and] are connected to our thinking as such and [to] our 
attitude towards nature’98 (Hilbert, 1923 [2009], 416). In other words, they 
are accessorial ideas of the human mind which belong to the ‘anthropomorphic’ 
realm of (the conditions of) possible physical experience in so far as they have 
no ‘reference in inanimate nature’ (Majer & Sauer, 2006, 220) whatsoever. 

4.  Fourth period. The implicit definition of probabilities 
through the quantum mechanical axioms

Hilbert first touched upon the ‘old quantum theory’ of, among others, Bohr in 
his 1912 course on radiation theory, but it was only some ten years later that he 
would explicitly consider this theory in his ‘Mathematische Grundlagen der 
Quantentheorie’ (Hilbert, 1922/1923 [2009]) and in a ‘Vorlesung’ on ‘Statis-
tical Mechanics’ of 1922 (Hilbert, 1922, pp. 78-96) and some fourteen years 
later that he would devote himself to the new quantum mechanics of Werner 
Heisenberg, Max Born, Pascual Jordan, Paul Dirac, Erwin Schrödinger 
and Norbert Wiener in his ‘Mathematische Methoden der Quantentheorie 
(Hilbert, 1927/1927 [2009). It is important to observe that around the year 
1922 Hilbert introduced quantum theory in the context of the ‘paradoxes’ and 
‘contradictions’ in the foundations of the statistical mechanics and the ‘discrep-
ancies with experience’ of the theories of Maxwell, Boltzmann and Willard 
Gibbs (see Hilbert, 1922, p. 78). The discovery of these problems were said to 
provide the impetus for (‘gab den Anstoss zu’ (ibid., p. 78))99 the ‘most modern 

97 ‘[E]s [gibt] keine eigentlichen accessorischen Naturgesetze’ (Hilbert, 1923 [2009], 
415). 

98 ‘[D]ass diese accessorischen Principien nicht den math. Charakter neuer Gleichungen 
haben, sondern allgemeiner Art sind, mit unserem Denken überhaupt und unserer 
Einstellung gegenüber der Natur zusammenhängen’ (Hilbert, 1923 [2009], 416). 

99 For example, Hilbert wrote that the ‘paradoxen Ergebnisse der klassischen Theorie 
[der] erste Anstoss zur Einführung der Quantentheorie’ (Hilbert, 1922, pp. 96-97). 
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extension of statistical thoughts, for quantum theory’.100 Given that the classi-
cal problems were due, first and foremost, to the assumption of equiprobabil-
ity (‘Aequipartitionssatz’), the superiority (‘Überlegenheit’) of the quantum 
theory followed from the fact that its discrete structure implied the dismissal 
of the validity of this subjective ‘Satz’. 

The 1926/1927 announced the need for an axiomatic presentation of the four 
diferent approaches to the new quantum theory as put forward in the years 
1925-1926; the matrix mechanics of Heisenberg (and Born and Jordan), the 
q-calculus of Dirac, the wave-machanics of Schrödinger and the operational (or 
operator) calculus of Born-Wiener (e.g. Lacki, 2000, section 2.2). This much 
was initiated by Hilbert in his 1928 paper ‘Über die Grundlagen der Quanten-
mechanik’, written with his physical assistants John von Neumann and Lothar 
Nordheim (Hilbert, Von Neumann & Nordheim, 1928), and further developed 
by Von Neumann in his Mathematische Grundlagen der Quantenmechanik of 1932) 
(e.g. Mehra & Rechenberg, 2000, chapter 3). Their contribution, essentially, 
consisted of the for-mal unification of several apparantly separate formulations 
of the theory by means of the application of the axiomatic method – with this 
axiomatization being a source of discovery or performative presentation rather 
than retrospective systematization of the general theory (see Lacki, 2000, 297-
298). 

The physical starting point of Hilbert, Von Neumann and Nordheim’s paper 
was the acknowledgment, put forward with reference to ‘der gewöhnlichen 
Mechanik’ (Hilbert, Von Neumann & Nordheim, 1928, 2), of the omnipres-
ence, so to say, of probability-relations (‘Wahrscheinlichkeitsrelationen’) 
within mechanical sys-tems with certain degrees of freedom. After physical 
requirements have been put upon these probabilities postulating certain 
relations between the probabilities, an analytical apparatus is sought which, 
firstly, fulfills exactly these relations and, secondly, is physically interpretably 
only by the sake of the abovementioned requirements. This process is said to 
correspond to the axiomatization of geometry in which all ‘entities’ (points, 
lines etc.) and their relations are mathematically represented by mathematical 
entities the features of which can lead to geometrical statements in so far as they 

100 ‘[D]er modernsten Weiterbildung der statistischen Ideen, zur Quantentheorie’ 
(Hilbert, 1922, p. 78). 
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are related in a way similar to the geometrical entities (ibid., 2-3). At the same 
time, the dihculties attached to quantum mechanics impelled Hilbert to recon-
sider his views on the axiomatization of physical theories in so far as in this case 
‘the formalism has to some extent to lead the way’ (Lacki, 2000, 297) and the 
axiomatization proceeds backwards. More in specific, Hilbert emphasized that 
the analytical apparatus is put forward before the presentation of the axiomatic 
system and the basic physical relations (‘physikalishen Grundrelationen’) can 
be presented only through the interpretation of the formalism. And this implies 
that if the analytical apparatus is ‘unambiguously fixed’ (‘eindeutig festliegt’) 
the physical interpretation, of necessity, can and will be adjusted with a consid-
erable amount of ‘freedom’ (‘Freiheit’) and arbitrariness (‘Willkür’). Although 
Hilbert, Von Neumann and Nordheim admitted that their theory could not 
ground a complete axiomatics (‘eine vollständige Axiomatik begründen’), they 
did claim that it is ‘through the axiomatization that formerly somewhat vague 
concepts, such as probability et cetera, lose their mystical character, since they 
are implicitly defined by the axioms’.101 Put diferently, probability was math-
ematized in the axiomatization for quantum mechanics, but what probabilities 
are, or what their physical meaning consists of, still remained an open question.

5.  Concluding remarks: brief summary of the sections 

The goal of this paper was to provide an account of the place of probability 
theory within the development of Hilbert’s project of the axiomatization of 
physics that is able to make sense of the central observation that in the period 
1900-1926 Hilbert eventually came to question the very possibility of achieving 
the goal of the mathematization of probability as a physical discipline in the 
way described in the famous ‘sixth problem’. Where Hilbert initially regarded 
probability as a mathematizable physical discipline (section 1) or a mathemati-
cal method (section 2), he eventually came to understand it as a non-mathema-
tizable feature of thought (section 3) and finally (section 4) implicitly defined it 
via the axioms for quantum mechanics, albeit without a fixed physical interpre-
tation. The paper’s analysis of Hilbert’s attempts, in the period between 1900-

101 ‘Durch die Axiomatisierung verlieren die vorher etwas vagen Begrife, wie Wahr-
scheinlichkeit und so weiter, ihren mystischen Charakter, da sie dann durch die 
Axiome implizit definiert sind’ (Hilbert, Von Neumann & Nordheim, 1928, p. 3). 
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1926, to come to terms with the status of probability theory and the meaning of 
probability can hopefully not only articulate their fundamental role in his own 
contributions to the axiomatization of physics. But it could perhaps also shed an 
interesting light on accepted ideas both on the introduction of probability, as a 
branch of mathematics and mathematical method (Garber, 1973), into modern 
physics as well as on Hilbert as the towering proponent of the axiomatization 
of probability theory.



406

Acknowledgments

I am deeply grateful to Gerard de Vries 
for having given me the opportunity to 
pursue my research at the University of 
Amsterdam and to Tilmann Sauer for his 
comments and advice. I would also like 
to thank Willemine Willems for her kind 
support and patience, Marco Tamborini 
for helping me translate several passages 
in Hilbert’s work, Ellen Garske for 
her kind assistance in obtaining some 
manuscripts from Hilbert’s Nachlass and 
the three referees for their suggestions. 
This paper was revised while in residence 
at Department II of the Max Planck 
Institute for the History of Science, 
Berlin. For this stay I received a grant 
from the Duitsland Instituut Amsterdam 
(DIA).

References

Aldrich, J. (2011). From 1809 and to 
1925. Two essays on the history of the 
theory of errors. Available from http://
www.economics.soton.ac.uk/staf/
aldrich/-aldrich-aldrich%-20errors.
pdf. Accessed 30 September 2013. 

Barbour, J.B., Vizgin, P.V. (2011). 
Unified Field Theories in the First Third 
of the 20th Century. Based: Springer. 

Battimelli, G. (2005). Dreams of a 
final theory: the failed electromagnetic 
unification and the origins of relativity. 
doi:10.1088/0143-0807/26/6/S04. 

Bernstein, H.T. (1963). J. Clerk 
Maxwell on the history of the kinetic 
theory of gases. Isis, 54, 206-216. 

Blanchette, P.A. (1996). Frege 
and Hilbert on consistency. The 
Journal of Philosophy, 93, 317-336. 

Bohlmann, G. (1900). Über 
Versicherungsmathematik. In F. 
Klein, E. Riecke (Eds.), Über 
Angewandte Mathematik und Physik 
in Ihrer Bedeutung an höheren Schulen 
(pp. 114-145). Leipzig, Berlin. 

Bohlmann, G. (1901). Lebensver-
sicherungsmathematik. In Encylopädie 
der mathematischen Wissenschaften 
(pp. 852-917). Available from: http://gdz.
sub.-goettingen.de/en/dms-/load/img/?P-
PN360504799&DMDID=dmdlog147. 

Boltzmann, L. (1877 [1909]). Über 
die Beziehung zwischen dem zweiten 
Hauptsatze der mechanischen 
Wärmetheorie und der Wahrscheinli-
chkeitsrechnung, respektive den Sätzen 
über das Wärmtegleichgewicht. In 
F. Hasenöhrl (Ed.), Wissenschaftliche 
Abhandlungen (pp. 164-223). Leipzig: Barth. 

Born, M. (1914). Der Impuls-Energie-Satz 
in der Elektrodynamik von Gustav 
Mie. Nachrichten von der Gesellschaft der 
Wissenschaften zu Göttingen. Mathema-
tisch-Physikalische Klasse, 1914, 23-26. 

Brading, K.A., Ryckman, T.A. (2007). 
Hilbert’s ‘Foundations of Physics’: 
gravitation and electromagnetism 
within the axiomatic method. 
Available from: http://www3.nd-.
edu/~kbrading/Research/Hilbert%20
Foundations%20of%20Physics.pdf 

Brading, K.A., Ryckman, T.A. (2012). 
Hilbert’s axiomatic method and his 
‘Foundations of Physics’: reconciling 
causality with the axiom of general 
invariance. In C. Lehner, J. Renn, 
M. Schemmel (Eds.), Einstein and 
the Changing Worldviews of Physics 
(pp. 175-198). New York: Springer. 

Browder, F.E. (1976). Mathematical 
Developments Arising From Hilbert Problems. 
American Mathematical Society. 



40710 | The place of probability in Hilbert’s axiomatization of physics, ca. 1900-1926

Brush, S.G. (1958). The development 
of the kinetic theory of gases. IV: 
Maxwell. Annals of Science, 14, 243-255. 

Brush, S.G. (1976). The Kind of Motion We 
Call Heat: A History of the Kinetic Theory 
of Gases in the 19th-Century. Amsterdam: 
North-Holland Publishing Company. 

Brush, S.G., Hall, N.S. (2003). The 
Kinetic Theory of Gases: An Anthology of 
Classical Papers With Historical Commentary. 
London: Imperial College Press. 

Corry, L. (1997). David Hilbert 
and the axiomatization of physics 
(1894-1905). Available from: http://
www.tau.ac.il/~corry/publications/
articles/pdf/hilbert.pdf 

Corry, L. (1998). Hilbert on kinetic 
theory and radiation theory (1912-1914). 
The Mathematical Intelligencer, 20, 52-58. 

Corry, L. (1999a). David Hilbert 
between mechanical and electromagnetic 
reductionism (1910-1915). Archive for 
History of Exact Sciences, 53, 489-527. 

Corry, L. (1999b). From Mie’s 
electromagnetic theory of matter 
to Hilbert’s unified foundations of 
physics. Studies in History and Philosophy 
of Modern Physics, 30, 159-183. 

Corry, L. (1999c). Hilbert and physics 
(1900-1915). In J. Gray (Ed.), The Symbolic 
Universe: Geometry and Physics (pp. 145-188). 
Oxford: Oxford University Press. 

Corry, L. (1999d). David Hilbert 
between mechanical and electromagnetic 
reductionism (1910-1915). Available from: 
http://www.tau.ac.il/~corry/publications-/
articles/pdf/reductionism.pdf

Corry, L. (2000). The empiricist roots 
of Hilbert’s axiomatic approach. In 
V.F. Hendricks, S.A. Pedersen, K.F. 
Jorgensen (Eds.), Proof Theory: History 
and Philosophical Significance (pp. 35-54). 
Dordrecht: Kluwer Academic Publishers. 

Corry, L. (2004). David Hilbert and the 
Axiomatization of Physics (1898-1918). 
From Grundlagen der Geometrie to 
Grundlagen der Physik. Dordrecht: 
Kluwer Academic Publishers. 

Corry, L. (2006a). The origin of 
Hilbert’s axiomatic method. In J. Renn 
(Ed.), The Genesis of General Relativity. 
Volume 4. Theories of Gravitation in the 
Twilight of Classical Physics: The Promise 
of Mathematics and the Dream of a Unified 
Theory (pp. 139-236). New York: Springer. 

Corry, L. (2006b). Axiomatics, 
empiricism, and Anschauung in Hilbert’s 
conception of geometry: between 
arithmetic and general relativity. In J. 
Gray, J. Ferreirós (Eds.), The Architecture 
of Modern Mathematics: Essays in 
History and Philosophy (pp. 155-176). 
Oxford: Oxford University Press. 

Corry, L. (2006c). On the origins of 
Hilbert’s sixth problem: physics and the 
empiricist approach to axiomatization. 
Proceedings of the International Congress 
of Mathematicians, 3, 1698-1718. 

Corry, L. (2010). Hermann Minkowski, 
relativity and the axiomatic approach to 
physics. In V. Petkov (Ed.), Minkowski 
Spacetime: A Hundred Years Later 
(pp. 3-41). New York: Springer. 

Corry, L., Renn, J., Stachel, J. (1997). 
Belated decision in the Hilbert-Einstein 
priority dispute. Science, 278, 1270-1273. 



408

Czuber, E. (1900). Wahrschein-
lichkeitsrechnung. In W.F. 
Meyer (Ed.), Encyklopädie der 
mathematischen Wissenschaften mit 
Einschluss ihrer Anwendungen. Volume 
1: Arithmetik und Algebra. Teil 2 
(pp. 733-767). Leipzig: Teubner. 

Demopoulos, W. (1994). Frege, 
Hilbert and the conceptual structure 
of model theory. History and 
Philosophy of Logic, 15, 211-225.

De Regt, H.W. (1999). Ludwig 
Boltzmann’s Bildtheorie and scientific 
understanding. Synthese, 119, 113-134. 

Dias, P.M.C. (1994). Clausius 
and Maxwell: the statistics of 
molecular collisions (1857-1862). 
Annals of Science, 51, 249-261. 

Earman, J., Glymour, C. (1978). 
Einstein and Hilbert: two months in the 
history of general relativity. Archive for 
History of Exact Sciences, 19, 291-308. 

Einstein, A. (1914). Prinzipielles zur 
verallgemeinerten Relativitätstheorie 
und Gravitationstheorie. Physikalische 
Zeitschrift, 15, 176-180. 

Einstein, A. (1916). Die Grundlage 
der allgemeinen Relativitätstheorie. 
Annalen der Physik, 49, 769-822. 

Einstein, A., Grossmann, M. (1913). 
Entwurf einer verallgemeinerten 
Relativitätstheorie und einer Theorie 
der Gravitation. Leipzig: Teubner. 

Ferreirós, J. (2009). Hilbert, logicism, and 
mathematical existence. Synthese, 170, 33-70. 

Fischer, H. (2011). A History of the Central 
Limit Theorem. From Classical to Modern 
Probability Theory. New York: Springer. 

Friedman, M. (2012). Kant on geometry 
and spatial intuition. Synthese, 186, 231-255. 

Galison, M. (1979). Minkowski’s 
space-time: from visual thinking to 
the absolute world. Historical Studies 
in the Physical Sciences, 10, 85-121. 

Garber, E. (1970). Clausius and Maxwell’s 
kinetic theory of gases. Historical Studies 
in the Physical Sciences, 2, 299-319. 

Garber, E. (1973). Aspects of the 
introduction of probability into 
physics. Centaurus, 17, 11-40. 

Garber, E., Brush, S.G., Everitt, C.W.F. 
(Eds.). (1986). Maxwell on Molecules and 
Gases. Cambridge, MA: The MIT Press. 

Gaultier, Y. (2010). Hilbert’s idea of 
a physical axiomatic: the analytical 
apparatus of quantum mechanics. 
Journal of Physical Mathematics, 2, 1-14. 

Gray, J. (2000a). The Hilbert 
Challenge: A Perspective on Twentieth 
Century Mathematics. Oxford: 
Oxford University Press. 

Gray, J. (2000b). The Hilbert 
problems 1900-2000. European 
Mathematical Society, 36, 10-13. 

Hald, A. (2007). A History of Parametric 
Statistical Inference From Bernoulli to 
Fisher, 1713-1935. New York: Springer.

Hallet, M. (1994). Hilbert’s axiomatic 
method and the laws of thought. 
In A. George (Ed.), Mathematics 
and Mind (pp. 158-200). Oxford: 
Oxford University Press. 

Hallett, M. (2010). Frege and Hilbert. 
In M. Potter, T. Ricketts (Eds.), 
The Cambridge Companion to Frege 
(pp. 413-464). Cambridge & New 
York: Cambridge University Press. 



40910 | The place of probability in Hilbert’s axiomatization of physics, ca. 1900-1926

Hallet, M., Majer, U. (Eds.) (2004). 
David Hilbert’s Lectures on the 
Foundations of Geometry, 1891-1902. 
Berlin & Heidelberg: Spring-Verlag. 

Hilbert, D. (1891 [2004]). Lectures 
on projective geometry. In M. 
Hallett & U. Majer (Eds.), David 
Hilbert’s Lectures on the Foundations of 
Geometry 1891-1902 (pp. 15-63). Berlin 
& Heidelberg: Springer-Verlag. 

Hilbert, D. (1894 [2004]). Lectures 
on the foundations of geometry. In 
M. Hallett & U. Majer (Eds.), David 
Hilbert’s Lectures on the Foundations of 
Geometry 1891-1902 (pp. 65-144). Berlin 
& Heidelberg: Springer-Verlag. 

Hilbert, D. (1899 [1902]). The 
Foundations of Geometry. Translated 
by E.J. Townsend. Chicago: The 
Open Court Publishing Company. 

Hilbert, D. (1900 [2000]). 
Mathematical problems. American 
Mathematical Society, 37, 407-436. 

Hilbert, D. (1905). Logische Prinzipien 
des mathematischen Denkens. Ms. 
Vorlesung SS 1905, annotated by E. 
Hellinger. Universität Göttingen: 
Bibliothek des Mathematischen Seminars.

Hilbert, D. (1912a). Grundzüge 
einer allgemeinen Theorie der linearen 
Integralgleichungen. Leipzig: Teubner. 

Hilbert, D. (1912b). Begründung 
der kinetischen Gastheorie. 
Mathematische Annalen, 72, 562-577. 

Hilbert, D. (1912c [2009]). 
Strahlungstheorie. In T. Sauer & 
U. Majer (Eds.), David Hilbert’s 
Lectures on the Foundations of Physics 
1915-1927 (pp. 441-506). Berlin & 
Heidelberg: Springer-Verlag. 

Hilbert. D. ? Vorlesung über meine 
Gas. Vorlesung. Hilbert Nachlass, 
Göttingen, Cod. Ms. 588. 

Hilbert, D. (1916 [2009]). Die 
Grundlagen der Physik. Erste Mitteilung. 
In T. Sauer & U. Majer (Eds.), David 
Hilbert’s Lectures on the Foundations of 
Physics 1915-1927 (pp. 28-46). Berlin 
& Heidelberg: Springer-Verlag. 

Hilbert, D. (1917a [2009]). Die Grundlagen 
der Physik. Zweite Mitteilung. In 
T. Sauer & U. Majer (Eds.), David 
Hilbert’s Lectures on the Foundations of 
Physics 1915-1927 (pp. 47-72). Berlin 
& Heidelberg: Springer-Verlag. 

Hilbert, D. (1917b [2009]). Das 
Kausalitätsprinzip in der Physik. In 
T. Sauer & U. Majer (Eds.), David 
Hilbert’s Lectures on the Foundations of 
Physics 1915-1917 (pp. 335-345). Berlin 
& Heidelberg: Springer-Verlag. 

Hilbert, D. (1920). Vortrag im Seminar, 
2.3.1920 (‘die Gesetze der Zufalls’). Hilbert 
Nachlass, Göttingen, Cod. Ms. 599. 

Hilbert, D. (1921 [2009]). Natur 
und mathematisches Erkennen. In 
T. Sauer & U. Majer (Eds.), David 
Hilbert’s Lectures on the Foundations of 
Physics 1915-1927 (pp. 382-393). Berlin 
& Heidelberg: Springer-Verlag. 

Hilbert, D. (1922). Statistische 
Mechanik. Vorlesung im S.S. 1922 
von Geheimrat Prof. D. Hilbert. 
Ausgearbeitet von L. Nordheim. Hilbert 
Nachlass, Göttingen, Cod. Ms. 565. 

Hilbert, D. (1922/1923 [2009]). 
Mathematische Grundlagen der 
Quantentheorie. In T. Sauer & 
U. Majer (Eds.), David Hilbert’s 
Lectures on the Foundations of Physics 
1915-1927 (pp. 507-601). Berlin & 
Heidelberg: Springer-Verlag. 



410

Hilbert, D. (1923 [2009]). Grundsätzliche 
Fragen der modernen Physik. David 
Hilbert’s Lectures on the Foundations of 
Physics 1915-1927 (pp. 396-432). Berlin 
& Heidelberg: Springer-Verlag. 

Hilbert, D. (1926/1927 [2009]). 
Mathematische Methoden der 
Quantentheorie. In T. Sauer & 
U. Majer (Eds.), David Hilbert’s 
Lectures on the Foundations of Physics 
1915-1927 (pp.605-706). Berlin & 
Heidelberg: Springer-Verlag. 

Hilbert, D. (1992). Natur 
und Mathematisches Erkennen. 
Boston: Birkhäuser. 

Hilbert, D., Neumann, J. v., 
Nordheim, L. (1928). Über die 
Grundlagen der Quantenmechanik. 
Mathematische Annalen, 98, 1-30. 

Hochkirchen, T. (1999). Die 
Axiomatisierung der Wahrscheinli-
chkeitsrechnung und Ihre Kontexte: 
Von Hilberts sechstem Problem zu 
Kolmogorofs Grundbegrife. Göttingen: 
Vandenhoeck & Ruprecht. 

Howard, D. (1992). Einstein and 
Eindeutigkeit: a neglected theme in the 
philosophical background to general 
relativity. In J. Eisenstaedt, A.J. Kox 
(Eds.), Studies in the History of General 
Relativity. Boston: Birkhäuser. 

Howard, D., Norton, J.D. (1993). Out of 
the labyrinth? Einstein, Hertz, and the 
Göttingen answer to the hole argument’. 
In J. Earman, M. Janssen, J.D. Norton 
(Eds.), The Attraction of Gravitation: New 
Studies in the History of General Relativity 
(pp. 30-62). Boston: Birkhäuser. 

Iftime, M., J. Stachel. 2006. The hole 
argument for covariant theories. General 
Relativity and Gravitation, 38, 1241-1252. 

Jungnickel, C., McCommarch, R. (1986). 
Intellectual Master of Nature. Theoretical 
Physics from Ohm to Einstein. Volume 2. The 
Now Mighty Theoretical Physics 1870-1925. 
Chicago: The University of Chicago Press. 

Katzir, S. (2003). From explanation 
to description: molecular and 
phenomenological theories of 
piezoelectricity. Historical Studies in the 
Physical and Biological Sciences, 34, 69-94. 

Katzir, S. (2006). The Beginnings of 
Piezoelectricity. A Study in Mundane 
Physics. Dordrecht: Springer. 

Koch, P. (1998). Geschischte der 
Versicherungswissenschaft in Deutschland. 
Karlsruhe: Verlag Versicherungswirtschaft. 

Krajewski, W. (1974). The idea of 
statistical law in nineteenth-century 
science. Boston Studies in the 
Philosophy of Science, 14, 397-405. 

Krengel, U. (2011). On the contributions 
of Georg Bohlmann to probability 
theory. Electronic Journal for History 
of Probability and Statistics, 7, 1-13. 

Lacki, J. (2000). The early axiomatizations 
of quantum mechanics: Jordan, von 
Neumann and the continuation of 
Hilbert’s program. Archive for History 
of Exact Sciences, 54, 279-318. 

Lehner, C. (2005). Einstein and the 
principle of general relativity, 1916-1921. 
In A.J. Kox, J. Eistenstaedt (Eds.), 
The Universe of General Relativity 
(103-108). Boston & Basel: Birkhäuser. 

Lehner, C., Renn, J., Schemmel, M. 
(Eds.). (2012). Einstein and the Changing 
Worldviews of Physics. New York: Springer. 

Loeb, L.B. (1961). The Kinetic Theory of 
Gases. London: Dover Publications Inc. 



41110 | The place of probability in Hilbert’s axiomatization of physics, ca. 1900-1926

Majer, U. (1993). Hilberts methode der 
idealen Elemente und Kants regulativer 
Gebrauch der Ideen. Kant Studien, 84, 51-77. 

Majer, U. (1995). Geometry, intuition 
and experience: from Kant to 
Husserl. Erkenntnis, 42, 261-285. 

Majer, U. (2001). The axiomatic 
method and the foundations of science: 
historical roots of mathematical physics 
in Göttingen (1900-1930). In M. 
Rédei, M. Stöltzner (Eds.), John von 
Neumann and the Foundations of Physics 
(pp. 11-33). New York: Springer. 

Majer, U., Sauer, T. (2005). Hilbert’s 
‘world-equations’ and his vision of a unified 
science. In A.J. Kox & J. Eisenstaedt 
(Eds.), The Universe of General Relativity 
(pp. 259-276). Boston & Basel: Birkhäuser. 

Majer, U., Sauer, T. (2006). Intuition 
and the axiomatic method in Hilbert’s 
foundation of physics. Hilbert’s idea 
of a recursive epistemology in his third 
Hamburg lecture. In E. Carson & R. Huber 
(Eds.), Intuition in the Mathematical Sciences 
(pp. 213-234). Dordrecht: Springer. 

Maxwell, J.C. (1860). Illustrations of the 
dynamical theory of gases. Philosophical 
Magazine, 19, 19-32, 21, 21-37. 

McCarty, D.C. (2005). Problems 
and riddles: Hilbert and the du 
Bois-Reymonds. Synthese, 147, 63-79. 

McCormmach, R. (1970). H.A. 
Lorentz and the electromagnetic 
view of nature. Isis, 61, 457-497. 

Mehra, J. (1973). Einstein, Hilbert 
and the theory of gravitation. In J. 
Mehra (Ed.), The Physicist’s Conception 
of Nature (pp. 92-178). Dordrecht: 
D. Reidel Publishing Company. 

Mehra, J., Rechenberg, H. 2000. The 
Historical Development of Quantum Theory. 
Volume 6: The Completion of Quantum 
Mechanics 1926-1941. Part I: The Probability 
Interpretation the Statistical Transformation 
Theory, the Physical Interpretation, 
and the Empirical and Mathematical 
Foundations of Quantum Mechanics 
1926-1932. New York: Springer-Verlag. 

Mie, G. (1912a). Grundlagen einer Theorie 
der Materie. Annalen der Physik, 37, 511-534. 

Mie, G. (1912b). Grundlagen einer 
Theorie der Materie. Zweite Mitteilung. 
Annalen der Physik, 39, 1-40. 

Minkowski, H. (1909 [1952]). Space and 
time. In A. Einstein, H.A. Lorentz, H. 
Minkowski and H. Weyl, The Principle of 
Relativity: A Collection of Original Memoirs 
on the Special and General Theory of Relativity 
(pp. 73-96). New York: Dover Publications. 

Nachlass: David Hilbert. Mathematiker, 
1862-1943. Available from: http://
hans.-sub.uni-goettingen.de/
nach-laesse/Hilbert.pdf

Neumann, J. von. 1932. 
Mathematische Grundlagen der 
Quantenmechanik. Berlin: Springer. 

Olesko, K.M. (1991). Discipline and 
Practice in the Königsberg Seminar for 
Physics. Ithaca: Cornell University Press. 

Poincaré, H. (1896). Calcul des Probabilités. 
Leçons profesées pendant le deuxiéme semester 
1893-1894. Paris: Georges Carré. 

Purkert, W. (2002). Kommentar 
zu [H 1901]. In E. Brieskorn, S. 
Chatterji, M. Epple et.al. (Eds.), 
Felix Hausdorf. Gesammelte Werke. 
Band II: Grundzüge der Mengenlehre 
(pp. 556-590). New York: Springer. 



412

Pyenson, L. (1982). Relativity in Late 
Wilhelmina Germany: the appeal to 
a pre-established harmony between 
mathematics and physics. Archive for 
History of Exact Sciences, 27, 137-155. 

Rédei, M. (1996). Why John von Neumann 
did not like the Hilbert space formalism 
of quantum mechanics (and what he liked 
instead). Studies in History and Philosophy 
of Science Part B: Studies in History and 
Philosophy of Modern Physics, 27, 493-510. 

Reid, C. (1996). Hilbert. New 
York: Springer-Verlag. 

Renn, J., Stachel, J. (1999). Hilbert’s 
Foundations of Physics: From a Theory 
of Everything to a Constituent of General 
Relativity. Berlin: Max-Planck-Institut 
für Wissenschafts-geschichte. 

Renn, J. (2005). Standing on the shoulders 
of a dwarf: general relativity – a triumph 
of Einstein and Grossmann’s erroneous 
Entwurf theory. In A.J. Kox, J. Eistenstaedt 
(Eds.), The Universe of General Relativity 
(39-52). Bosten & Basel: Birkäuser. 

Resnik, M.D. (1974). The Frege-Hilbert 
controversy. Philosophy and 
Phenomenological Research, 34, 386-403. 

Rowlinson, J.S. (2005). The 
Maxwell-Boltzmann distribution. 
Molecular Physics: An International 
Journal at the Interface Between 
Chemistry and Physics, 103, 2821-2828. 

Ryckman, T. (2008). Invariance 
principles as regulative ideals: from 
Wigner to Hilbert. Royal Institute of 
Philosophy Supplement, 63, 63-80. 

Sauer, T. (1999). The relativity of 
discovery: Hilbert’s first note on the 
foundations of physics. Archive for 
History of Exact Sciences, 53, 529-575. 

Sauer. T. (2005). Einstein equations 
and Hilbert actions: what is missing 
on page 8 of the proofs for Hilbert’s 
first communication on the foundations 
of physics? Archive for History of 
Exact Sciences, 59, 577-590. 

Sauer, T., Majer, U. (Eds.) (2009). 
David Hilbert’s Lectures on the Foundations 
of Physics 1915-1927. Relativity, Quantum 
Theory and Epistemology. Berlin & 
Heidelberg: Springer-Verlag. 

Schafer, G., Vovk, V. (2003). 
Kolmogorov’s contributions to the 
foundations of probability. Problems of 
Information Transmission, 39, 21-31. 

Schafer, G., Vovk, V. (2006). The 
sources of Kolmogorov’s “Grundbegrife”. 
Statistical Science, 21, 70-98. 

Schirrmacher, A. (1999). Hilbert 
and quantum physics. Available 
from: http://www.mzwtg.mwn.
turn.de/fileadmin/w00bmt/www/
Arbeitspapiere/schirrmacher_hilbert.
pdf. Accessed 25 April 2013. 

Schirrmacher, A. (2003). Planting in 
his neighbor’s garden: David Hilbert 
and early Göttingen quantum physics. 
Physics in Perspective, 5, 4-20. 

Schneider, I. (1988). Die Entwicklung der 
Wahrscheinlichkeitstheorie von den Anfängen 
bis 1933: Einführungen und Texte. Darmstadt: 
Wissenschaftliche Buchgesellschaft. 

Sheynin, O. (1972). On the mathematical 
treatment of observations by L. Euler. 
Archive for History of Exact Sciences, 9, 42-56. 

Sheynin, O. (1979). C.F. Gauss 
and the theory of errors. Archive for 
History of Exact Sciences, 20, 21-72. 



41310 | The place of probability in Hilbert’s axiomatization of physics, ca. 1900-1926

Smeenk, C., Martin, C. (2007). 
Mie’s theories of matter and 
gravitation. Boston Studies in the 
Philosophy of Science, 250, 1543-1553. 

Stachel, J. (1989). Einstein’s search 
for general covariance, 1912-1915. In 
D. Howard, J. Stachel (Eds.), Einstein 
and the History of General Relativity 
(63-100). Boston & Basel: Birkhäuser. 

Stachel, J. (1999). New light on the 
Einstein-Hilbert priority question. Journal 
of Astrophysics and Astronomy, 20, 91-101. 

Steinhaus, H. (1923). Les probabilités 
dénombrables et leur rapport à la 
théorie de la mesure. Fundamenta 
Mathematica, 4, 286-310. 

Tieszen, R.L. (1989). Mathematical 
Intuition. Phenomenology and 
Mathematical Knowledge. Dordrecht: 
Kluwer Academic Publishers. 

Toepell, M. (1986a). Über die 
Entstehung von David Hilberts 
“Grundlagen der Geometrie”. Göttingen: 
Vandenhoeck & Ruprecht. 

Toepell, M. (1986b). On the origins 
of David Hilbert’s “Grundlagen 
der Geometrie”. Archive for History 
of Exact Sciences, 35, 329-344. 

Vizgin, V. (2001). On the discovery 
of the gravitational field equations by 
Einstein and Hilbert: new materials. 
Physics-Uspekhi, 44, 1283-1298. 

Voigt, W. (1915). Phänomenologische und 
atomistische Betrachtungsweise. In E. 
Warburg (Ed.), Die Kultur der Gegenwart. 
Ihre Entwicklung und ihre Ziele. Volume 3, 
Teil 1 (pp. 714-731). Leipzig & Berlin. 

Von Bortkiewicz, L. (1901). Anwendungen 
der Wahrscheinlichkeitsrechnung 
auf Statistik. In W.F. Meyer (Ed.), 
Encyklopädie der mathematischen 
Wissenschaften mit Einschluss ihrer 
Anwendungen. Volume 1: Arithmetik und 
Algebra (pp. 821-851). Leipzig: Teubner. 

Von Plato, J. (1994). Creating Modern 
Probability. Its Mathematics, Physics 
and Philosophy in Historical Perspective. 
Cambridge: University Press.

Walter, S. (1999). Minkowski, 
mathematicians, and the mathematical 
theory of relativity. In H. Goenner, 
J. Renn, J. Ritter, T. Sauer (Eds.), The 
Expanding Worlds of General Relativity 
(pp. 45-86). Boston & Basel: Birkhäuser. 

Walter, S. (2008). Hermann Minkowski’s 
approach to physics. Mathematische 
Semesterberichte, 55, 213-235. 

Wightman, A.S. (1976). Hilbert’s sixth 
problem: mathematical treatment of the 
axioms of physics. In F.E. Browder (Ed.), 
Mathematical Developments Arising From 
Hilberts Problems (pp. 147-240). Providence: 
American Mathematical Society. 

Wilholt, T. (2002). Ludwig Boltzmann’s 
mathematical argument for atomism. 
In M. Heidelberger, F. Stadler (Eds.), 
History of Philosophy of Science. New 
Trends and Perspectives (pp. 199-211). 
Dordrecht: Kluwer Academic Publishers. 

Yandell, B.H. (2002). The Honors 
Class. Hilbert’s Problems and Their 
Solvers. Natick: A.K. Peters, Ltd. 



414

chapter 11

Richard von Mises’s philosophy 
of probability and mathematics: 
a historical reconstruction

1. Von Mises’s axiomatization of probability theory 

The Austrian-born applied mathematician Richard Edler von Mises (1883-
1953) published his ‘axiomatics’ for the ‘foundations of the calculus of proba-
bility as a mathematical discipline’1 in the second of two papers of 1919 entitled 
‘Grundlagen der Wahrscheinlichkeitsrechnung’.2 In the other paper of that year, 
‘Fundamentalsätze der Wahrscheinlichkeitsrechnung’,3 Von Mises had described 
the then-present situation in probability theory in the following words:

‘He who follows the development of the calculus of probability in the 
last decades cannot deny that this branch of the science of mathematics is 
behind all others in two respects. The analytical theorems […] are lacking 
– except for few works by Russian mathematicians4 – [and] there is, in 
spite of some valuable beginnings, almost no clarity over the foundations 
of the calculus of probability as a mathematical discipline; this is all the more 

1 Von Mises, 1919b, pp. 1-2 translated into the English in Siegmund-Schultze, 2004, 
p. 355. 

2 For biographical accounts of Von Mises’ life and career see Kadıog˘lu & Erginöz, 2011; 
Siegmund-Schultze, 2004; Šišma, 2002; Vogt, 2007. 

3 The ‘Fundamentalsätze’ paper ‘was concerned with the general theorem […] for which, 
a year later, Georg Pólya was to propose the now well known name “the central limit 
theorem”’ (Cramer, 1953, p. 657). 

4 Both in the ‘Fundamentalsätze’ paper and in an unpublished manuscript, entitled 
‘Erwiderung auf die Bemerkungen des Herrn Pólya zu meiner Arbeit über die Fun-
damentalsätze der Wahrscheinlichkeitsrechnung’, submitted to the Mathematische 
Zeitschrift in November 1919 (Von Mises, 1919c), Von Mises referred to Chebyshev 
and Markov (but not to Liapunov). 
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surprising as we are living not only in an age of vivid interest in ques-
tions of axiomatics in mathematics but also in a period of increasing use 
of the calculus of probability in various fields of application’.5

The main outlook of his ‘axiomatics’, which Von Mises would defend through-
out the rest of his life,6 was that as the mathematical study of ‘mass phenomena’ 
or ‘repetitive events’ probability theory is concerned with their probabilities 
as the limits of relative frequencies in so-called ‘collectives’ (‘Kollektiv’) satis-
fying two ‘postulates’ (‘Forderungen’) or axioms –7 the existence of limits and 
irregularity or randomness: 

‘Let (e) be an infinite sequence of objects of thought [‘gedachter Dinge’], 
which we will briefly refer to as ‘elements’ e1, e2, e3 … To each element 
corresponds as a ‘label’ (‘Merkmal ’) a system of values of the k real varia-
bles x1, x2 … ek, i.e. a point of the k-dimensional [real] ‘label space’ (‘Merk-
malraum’) and we assume that not all elements and not even all except 
finitely many elements have the same label.8 We call such [an infinite] 
sequence of elements ‘Kollektiv’ K, if the correspondence between the 
elements and the label satisfies the following postulates (axioms) I and 
II’:9

‘[I] (L): the existence of the limit of the sequence of relative frequen-
cies of the appearance of any subset of the label space (= probability of 
that subset), which results [i.e. is derived] from the sequence of events 

5 Von Mises, 1919b, pp. 1-2 translated into the English in Siegmund-Schultze, 2004, 
p. 355. 

6 For example, it can be found both in his Wahrscheinlichkeit, Statistik und Wahrheit of 
1928, his Wahrscheinlichkeitsrechnung und ihre Anwendungen in der Statistik und theore-
tischen Physik of 1931 and his posthumously published Mathematical Theory of Probability 
and Statistics of 1964. 

7 This means that, according to Von Mises, it is possible to speak about probabilities 
only in reference to a properly defined collective – or, as his famous (infamous?) 
slogan goes, ‘First the collective – then the probability’. 

8 In other words, ‘[t]here must be at least two labels, to both of which an infinity of 
elements is ordered’ (Von Plato, 1994, p. 183). 

9 Von Mises, 1919a, p. 55 translated into the English in Siegmund-Schultze, 2010, p. 208 
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[…],10 [II] (IR): the irregularity or randomness of the collective secured 
by stipulating that the limit (the probability as defined in (L)) will not 
change as a result of such [place-]selections of sub-sequences which [can] 
be defined without regard to the outcome (label) of the [event]’11 12

For Von Mises, a ‘collective’ represented an infinite sequence of events with 
values (labels) in some space M such that it holds that (L) each subset A of 
M appears with a certain limiting (asymptotic) relative frequency in both the 
sequence itself as well as in each sub- or partial-sequence formed (IR) without 
knowledge of its future values. Thus, ‘each collective induces a probability 
distribution13 W in the space M [and] this distribution is invariant under the 
selection of […] sub-sequences’14 by some ‘regular’ mathematical law.15 

10 Siegmund-Schultze notes that Von Mises ‘is talking about two diferent kinds of 
sequences here, the first being a (derived) sequence of numbers (relative frequencies), 
the second the ‘collective’ itself’ (Siegmund-Schultze, 2004, p. 356). 

11 In other words, if the relative frequencies of the attributes must have limiting values 
(i.e. must tend to fixed limits), these limiting values must be such that they remain 
invariant under the (place) selection of sub-sequences from a given original sequence 
(i.e. ‘if we calculate the relative frequency of some attribute not in the original 
sequence, but in a partial set, selected according to some fixed rule, then we require 
that the relative frequency so calculated should tend to the same limit as it does in the 
original set’ (Von Mises, 1928 [1981], p. 29). In modern terminology, a place selection 
is ‘a procedure for selecting a subsequence of the given sequence x in such a way that 
the decision to select a term xn does not depend on the value of xn’ (Van Lambalgen, 
1987, p. 725). Von Mises referred to this (IR) axiom in terms of the ‘Unmöglichkeit 
eines Spielsystems’ (‘impossibility of a gambling system’) (Von Mises, 1919b, p. 58). 

12 Siegmund-Schultze, 2006, p. 441. 
13 Von Mises’s definition of a ‘probability distribution’ was the following: ‘If, for 

instance, six players bet, each on one of the six diferent sides of a die, the chances 
are ‘distributed’ in such a way that the relative chance of each of the players is equal 
to the probability of the side which he has chosen. If the die is an unbiased one, all the 
chances are equal; they are then uniformity ‘distributed’’ (Von Mises, 1928 [1981], 
p. 35). 

14 Siegmund-Schultze, 2006, p. 441. 
15 The core of Von Mises’s probability theory consisted of mathematically studying 

how new collectives with new distributions are produced from given collectives with 
certain given distributions by means of the combination of four ‘fundamental opera-
tions’ (‘selection’, ‘mixing’, ‘partition’ and ‘combination’) in ways practically relevant 
for games of chance, statistics and theoretical physics (e.g. Von Mises, 1928 [1981], 
p. 38). Or, as Karl Popper succinctly put it in his Logic of Scientific Discovery: ‘The task 
of the calculus of probability consists, according to von Mises, simply and solely in 
this: […] to calculate probabilities which are not given from probabilities which are 
given’ (Popper, 1935 [2004], p. 141). 
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1.1  The non-mathematical foundations of Von Mises’s 
mathematical probability theory 

1.1.1  Von Mises’s 1912 paper

Von Mises’s ‘collective’ first appeared in a non-axiomatic way in a paper of 
191216 on Gustav Theodor Fechner’s (1801-1887) and Heinrich Bruns’ (1848-
1919) ‘Kollektivmasslehre’,17 18 the theory studying the frequency distributions 
of the values of the attributes of an unknown number of randomly varying 
‘individual specimens’ that together form a ‘collective object’ (‘Kollektivgegen-
stand’) or ‘collective’ (Kollektiv’) in so far as they are held together by a ‘kind’, 
‘species’ or ‘genus’.19 Von Mises, whose teacher at the Technische Hochschule 
(1901-1906) Emanuel Czuber (1851-1925) had developed Kollektivmasslehre from 
a Laplacian perspective (!) in the first volume of his Wahrscheinlichkeitsrechnung 
und ihre Anwendung auf Fehlerausgleichung, Statistik und Lebensversicherung of 
1908,20 followed the Machian Fechner and Bruns in several respects.21 Firstly, 
the theory of measuring ‘collectives’ is considered as an ‘empirical theory of 
chance alongside science based on causal laws’22 that is equal to or nothing other 
than probability theory, with both probabilities and ‘collective objects’ being 
applicable to mass phenomena. Secondly, it difers from these other sciences 
because its laws are ‘laws of chance’ concerned with distributions rather than 
individual cases – that is, if these laws can determine the frequency with which 
the values of individual members (‘specimens’) of a collective are distributed, 

16 In the year 1912, Von Mises worked as Associate Professor of applied mathematics in 
Strasbourg. 

17 See Von Mises, 1912. 
18 See Bruns, 1898; Bruns, 1906; Fechner, 1897. For accounts of the ‘Kollektivmasslehre’ 

see, for example, Heidelberger, 2004, chapter 8; Sheynin, 2004. 
19 A similar definition of a ‘collective’, albeit without the condition of random variation, 

in terms of ‘individuals’ of a ‘species’ was given not only by, for example, Gustav 
Rümelin (1815-1889) in 1863 (Rümelin, 1863), but also by the English logician John 
Venn (1834-1923) in his famous Logic of Chance of 1866. Stöltzner has also drawn 
attention to the fact that the Rector of the University of Vienna Franz-Serafin Exner 
(1849-1926) defended the ‘Kollektivmasslehre’ as early as in the year 1908 (Stöltzner, 
2003, pp. 214-215). 

20 Czuber, 1908. See also below (‘An afterword’). 
21 See Heidelberger, 2004, section 8.5 for a discussion. 
22 Heidelberger, 2004, p. 311. 
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they cannot determine ‘how large this or that individual specimen is’.23 Although 
they were not in full agreement about the import of ‘chance’,24 Fechner and 
Bruns both made a fundamental distinction between viewing probability laws 
as ‘descriptions of nature or as a methodical means for avoiding [observational] 
error’.25 Thus, in so far as the theory was presented, thirdly, as a generalizing 
transformation26 of the Gaussian law of normally (symmetrically) distributed 
errors of observation – with the errors being deviations from a single real value 
of a physical quantity –27 into a law of non-normal (asymmetrical) distribu-
tions of ‘objects’ as the ‘real [and] true’28 deviations from a purely mathematical 

23 Fechner 1897, p. 6. 
24 The diference in opinion will be elaborated below, namely in the context of the 

second part of the fourth respect in which Von Mises followed Fechner and Bruns. 
25 Heidelberger, 2004, pp. 302-303. 
26 See, for example, Fechner, 1897, p. vi; Von Mises, 1912, p. 9. Von Mises spoke 

of ‘einer weitergehenden Analyse der Ergebnisse wiederholter Beobachtungen’ (‘a more 
elaborate analysis of the results of repeated observations’) (Von Mises, 1912, p. 9). 
Fechner, Bruns and Von Mises followed up on the generalization of the Gaussian error 
law in the work of, among others, Friedrich Wilhelm Bessel (1784-1846) and Gotthilf 
Hagen (1798-1884) (see Fischer, 2011, section 3.2). 

27 As Fischer explains, ‘[i]n the framework of classical probability theory, the primary 
objective was to calculate probabilities of certain events, with the aim of making 
“rational” decisions based on these probabilities. Error or frequency functions only 
played the role of auxiliary subjects. This paradigm, however, would change funda-
mentally during the course of the 19th century […] In this context it was the prevailing 
opinion for a long time that almost all quantities in nature obeyed normal distributions. 
For a justification of the apparently privileged role of normal distribution, a model was 
used in most cases which had originally originated from error theory: the hypothe-
sis of elementary errors. A random quantity obeying this hypothesis was assumed 
to be additively composed of a very large number of independent elements, each of 
them being insignificant compared with the total sum […] In error calculus, the main 
object was to give an “optimal” estimate of the true value of a physical quantity and 
to minimize random deviations from this value as far as possible’ (Fischer, 2011, p. 75, 
p. 108). 

28 Fechner, 1897, p. 16. 
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mean, it has to be established as a new discipline.29 30 Given that these objects 
also had to be created, the theory was premised, fourthly, on the explication 
of two ‘axioms’ for ‘collectives’.31 On the one hand, in order to mathematically 
represent frequency distributions it must be assumed that collectives are, in 
some sense, infinitely large – which, in the case of Fechner32 meant that collec-
tives consist of an infinitely large amount of attributes and, in that of Bruns,33 
that collectives, as arithmetical counterparts of density curves,34 are described 
by an infinite series35 with successive derivations as terms. Von Mises, in 
showing the convergence (or ‘development by successive approximations’)36 
to the normal distribution of the series that Bruns had introduced in response 
to Fechner’s problem of finding distributing laws for the ‘deviations from the 
arithmetical mean exhibited by the many specimens of a collective object’,37 

29 See Heidelberger, 2004, p. 303. 
30 For example, Fechner wrote that if the distributions of (the randomly varying 

‘specimens’ of) collectives are governed by ‘the general laws of random probability 
[…] when determining dimensions in astronomy the same laws of probability are only 
used secondarily for defining the certainty of the calculated average measurements, and 
thus play a diferent and much less significant role than in the theory of measuring 
collective objects [for] the specimens of a collective object, no matter how much they 
deviate from an arithmetical average or any other main value [are] equally real and 
true, and preferring one above another for a reason that is insignificant to them all 
naturally makes no sense’ (Fechner, 1897, p. 16). Put diferently, Fechner observed 
that ‘most frequency functions encountered outside the physical sciences [e.g. in 
lotteries, anthropology, botany, and meteorology] are asymmetric and he aims at 
supplementing the classical error theory taking this fact into account’ (Hald, 2002, 
p. 24). 

31 Or, as Heidelberger puts it, ‘[t]he first important step [for the theory] consists of 
examining whether or not a given compilation of data is actually a collective object’ 
(Heidelberger, 2004, p. 303). 

32 Fechner ‘used the error-theoretic term ‘true value’ of the constant sought’ which he 
equated ‘to the limit of the arithmetic mean as the number of observations [of ‘attrib-
utes’] increases indefinitely’ (Sheynin, 2004, p. 57). 

33 Bruns, who thought that ‘a collective was an arithmetical counterpart of a density 
curve [or ‘function’] (Sheynin, 2004, p. 69), held that the application of probability 
theory ‘presupposes that objects exist that at least approximately realize the concepts 
of random events and theoretical frequency distributions’ (Hald, 2002, p. 25). 

34 See Bruns, 1898, pp. 342-343; 
35 Von Mises, in the section of coehcients of the ‘Bruns-series’, wrote of ‘formally 

writing down an infinite series’ (‘Wir schreiben […] formal die unendliche Reihe 
[…]’) (Von Mises, 1912, p. 12). 

36 Von Mises wrote of a ‘durch sukzessive Approximationen gebildete Entwicklung 
nach “Normal-funktionen”’ (Von Mises, 1912, p. 10). 

37 Fechner, 1897, p. 64. 
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assumed the ‘ideal-typical’ (‘idealen Typus’) existence of an ideal distribution 
(‘ideale Verteilung’) of values ‘with which not only the immediately given real 
distribution, but (in a certain, yet to be further specified way)* [also] the devi-
ation between reality (‘der Wirklichkeit’) and the ideal-case (‘dem Idealfall ’) can 
be compared’.38 On the other hand, in order to constitute a collective a set of 
randomly varying observational data must exhibit a ‘random variation’. Fechner 
wrote that this condition is satisfied when it can be demonstrated that the indi-
vidual elements (or ‘specimens’) ‘are not related to one another by natural law 
dependency’39 but by ‘pure randomness’ or ‘chance’. Although he developed 
several test for discovering the influence of natural laws on the individual spec-
imens,40 because he was aware of the philosophical dihculties involved in his 
understanding of chance as a an indeterminate objective phenomenon existing 
in the real world41 Fechner settled for a negative definition of the criterion of 
random variation.42 Bruns, who thought that ‘it is absolutely unnecessary to 
consider chance when calculating probabilities’, allowed for the natural-scien-
tific ‘abstraction’ of the ‘apparently random events of reality [from] the causal 
relations which actually prevail, even though we may not understand them’.43 

38 ‘Wir gehen von der Vorstellung aus, dass es irgendeine ideale Verteilung […] gibt, mit 
der nicht nur die unmittelbar gegebene wirkliche Verteilung […] sondern […] auch die 
Abweichung zwischen der Wirklichkeit und dem Idealfall zu vergleichen ist’ (Von 
Mises, 1912, pp. 9-10). 

39 Heidelberger, 2004, p. 303. 
40 The basic idea of these tests was the following: ‘Take a series of data for which we 

know that they “vary by chance” […] meaning that it is irregular (or at random). Using 
this random series, then compare the group of data to be investigated and measure the 
degree of deviation and thus also the degree of dependency or independence among 
individual specimens’ (Heidelberger, 2004, p. 304). 

41 For an account of Fechner’s views on indeterminism see Heidelberger, 1987; Heidel-
berger, 2004, section 8.1 

42 Fechner believed that in so far as the condition of randomness cannot be precisely 
defined ‘[w]e must be content to name the factual point of more negative than positive 
a nature that underlies what is to follow. By random variation of specimens I mean a 
variation that is just as independent of any arbitrariness in determining dimensions as it 
is from a natural law that governs the relations holding between dimensions. Although 
the one or the other may partake in defining the objects, the only real random changes 
are those that are independent of them’ (Fechner, 1897, p. 6). Sheynin has drawn 
attention to the fact that Fechner ‘believed that an attempt to consider randomness 
from a philosophical standpoint would bear little fruit, remarking that the random 
variation of the [collective] objects was neither arbitrary nor regular’ (Sheynin, 2004, 
p. 63). 

43 Bruns, 1906, p. 7. 
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Von Mises, for his part, did not mention the condition of random variation for 
collectives in his 1912 paper – and in light of this fact it may be observed that 
by that time Von Mises approached probability theory from the mathematical 
side, leaving the question of the direct empirical support of a condition like this 
to ‘theories of a physical nature’.44 

Where Bruns wrote of the axioms of probability calculation as ‘abstractions’ 
whose approximate validity for reality had somehow to be decided empirically, 
Von Mises aimed to introduce ‘Bruns-series’ into the measuring theory of col-
lectives ‘in a decidedly self-evident way, instead of apodictically claiming their 
applicability’.45 *He, thus, had to specify what justifies the assumption that an 
‘ideal distribution’ (‘ideale Verteilung’) (with its ‘Gaussian function’ (‘Gaussche 
Funktion’)) is comparable, in the sense of statistics, with a ‘real distribution’ 
(‘wirkliche Verteilung’) (the continuous function f (x)) and with the deviation 
between reality and the ideal-case. For this purpose, the constants cv of the 
infinite series, c1φ1 + c2φ2 + c3φ3 + … = f (x),46 that is uniformly convergent in 
the entire interval, are said to mean (‘bedeuten’) ‘moments’ (‘Momente’) of the 
function f (x)).47 Von Mises did not explicitly refer either to the analytic theory 
of moments of Pafnuty Chebyshev (1821-1894), A.A. Markov (1856-1922) and 
Thomas Johannes Stieltjes (1856-1894) or to the theory of empirical moments 
of Francis Ysidro Edgeworth (1845-1926) and Karl Pearson (1857-1936).48 

44 See Stöltzner, 2003, pp. 215-217. 
45 ‘[A]uf eine gewisse natürliche Weise enzuführen, statt ihre Anwendung einfach apo-

diktisch hinzustellen’ (Von Mises, 1912, p. 9). 
46 This is Von Mises’s notion. 
47 Von Mises also, and repeatedly, made use of ‘moments’ in his Fundamentalsätze paper 

of 1919. The important point is that in the 1912 paper ‘moments’ were introduced in 
order to justify one of the ‘axioms’ of measuring theory of collectives. 

48 For an account of the history of the analytical theory of moments and the quasi-ana-
lytical theory of empirical moments see, for example, Fischer, 2011, section 3.4.2.3, 
section 4.3-4.6. 
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Be that as it may, the mechanics-inspired49 idea of quantitative ‘moments’ was 
here put forward to account for the convergence in normal distribution of the 
series expansions by means of justifying it in terms of a sequence of moments 
with a one-to-one correspondence,50 so to say, to ‘theoretical’ moments (‘con-
stants’). 

1.1.2 Von Mises’s 1919 papers 

After having worked as the mechanics assistant of the professor of mathematics 
at the Technical University of Brünn (now Brno) Georg Hamel (1877-1954) 
between 1906-1909, Von Mises, who participated in the short-lived ‘First 
Vienna Circle’,51 was appointed ‘extraordinary’ professor of applied mathemat-
ics at the University of Strassburg (Strasbourg) – a position which he ohcially 
held until 1918, the year in which the university was returned to France. For 
a few months in the year 1919, Von Mises occupied the new chair of hydro- 
and aerodynamics at Dresden Technical College, only to hold the new chair 
of applied mathematics and to arrange for becoming the director of the new 
institute of Applied Mathematics at the University of Berlin in 1920. Together 
with his colleagues Issai Schur (1875-1941) and Ludwig Bieberbach (1886-
1982), Von Mises managed to turn Berlin, with its tradition of mathematicians 
of the stature of Karl Weierstrass (1815-1897) and Ernst Eduard Kummer (1810-

49 If this generally acknowledged in so far as ‘moments’ represent mass in mechanics, Von 
Mises himself compared ‘moments’ to coehcients in the case of spherical harmonics 
(‘Kugelfunktion’) (see Von Mises, 1912, pp. 12-13). Reflecting on Von Mises’s 1919 
papers, Siegmund-Schultze writes not only that ‘Von Mises as a theoretical mechanist 
was […] prepared to take over Stieltjes’s integrals into probability, as it had close con-
nections with moment problems in mechanics’ (Siegmund-Schultze, 2010, p. 212, f. 
26), but also that for his proof of the central limit theorem Von Mises did not make 
use of ‘continued fractions which had had a central place in the [analytic!] Cheby-
shev-Markov “moment methods”’ (Siegmund-Schultze, 2006, p. 456). Von Miself 
himself would later refer to his own methods in his early papers as being ‘roundabout’. 

50 Von Mises explained that if the constants cv ‘mean’ (‘bedeuten’) moments Mv of the 
function f(x), conversely, the moments Mv can be put forward by means of (‘durch’) 
the constants cv (see Von Mises, 1912, p. 12). 

51 In the pre-war years, Philipp Frank (1884-1966), Hans Hahn (1879-1934), Otto 
Neurath (1882-1945) and Von Mises regularly met in a Vienna cofee house to discuss 
the philosophy and scientific method of Mach and the French conventionalists, Pierre 
Duhem (1861-1916) and Henri Poincaré (1854-1912). See Haller, 1985. 
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1893),52 into a world-renowned center of mathematics that could compete, 
institutionally and theoretically, with David Hilbert’s (1862-1943) and Felix 
Klein’s (1894-1925) Göttingen.53 Von Mises himself attributed the success of 
both Göttingen and Berlin to the efort of bridging the gap between ‘pure’ and 
‘applied’ mathematics – a point which he made explicit in his contribution to 
the first issue of the journal that he himself established in 1921, the Zeitschrift 
für angewandte Mathematik und Mechanik (ZAMM).54 55 

It was shortly after the First World War, during which Von Mises had worked 
as a planner, designer, test pilot and lecturer in the Austro-Hungarian air force, 
that probability theory ‘began to be discovered as a field for ambitious analysts, 
even outside Russia’.56 Von Mises was one of the first to emphasize the need 
for the clarification of the analytical foundations of the central limit theorem 
and its classic special cases,57 so to say, by means of transforming them from a 
tool for (‘error-theoretical’) probability distributions in, for example, astron-

52 See, for example, Biermann, 1988; Rowe, 1998; Vogt, 1982 on the history of Berlin 
mathematics. 

53 See, for example, Bernhardt, 1980 on the development of Berlin mathematics during 
the 1920s. 

54 See Von Mises, 1921a; Von Mises, 1921c. 
55 Von Mises founded the ZAMM in 1921 and ‘until 1933, he was not only an editor of 

this journal, but also one of its most active contributors’ (Šišma, 2002, 180). 
56 Fisher, 2011, p. 208. 
57 Von Mises referred to ‘das Bernoullische und Poissonsche Problem und seine 

Verallgemeinerung, das Gaussche Fehlergesetz, das Gesetz der grossen Zahl […] 
das Bayessche und Laplace-Bienaymésche Problem und seine Verallgemeinerung, 
einen zweiten Satz der Fehlertheorie und ein zweites Gesetz der grossen Zahl’ and 
described the goal of the first of his two 1919 papers as that of settling ‘a large amount 
of individual problems of probability theory […] from a unified and general analytic 
point of view’ (‘eine grosse Reihe von Enzelproblemen der Wahrscheinlichkeitsrech-
nung […] von einem einheitlichen und allgemeinen analytischen Gesichtspunkt aus zu 
bewaltigen’) (Von Mises, 1919a, p. 2). 
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omy and economics, into objects within mathematics itself.58 59 And his lengthy 
Fundamentalsätze paper, submitted on 31 August 1918 and published in 1919,60 
was indeed prompted exactly by the lagging behind of probability theory in 
respect of ‘precision of formulation and proof that has become self-evident for 
long in other parts of analysis’.61 

Von Mises formulated limit theorems for distributions (‘Verteilungen’) Vx here 
introduced as so-called monotonically increasing (real) functions62 with value 
(limit) 0 when x = – and value (limit) 1 when x = + for certain linear combina-
tions of independent random variables (‘linearen Faltungen von Kollektivs’).63 64 
Referring to these distributions, Von Mises explained the use of the then rel-
atively new analytic tool of the so-called ‘Stieltjes integral’ for the representa-
tion of probabilities by writing that it was analytically ‘superior to the usual 

58 Given him being a ‘technician [whose] mathematical competence [was] recognized by 
all his colleagues in the field’ (Hamel 1912 quoted in Šišma, 2002, p. 188), this priority 
of ‘discovery’ may come as no surprise. For example, Vogt characterizes Von Mises 
as follows: Vogt characterizes Von Mises: ‘Richard von Mises was not only qualified 
as an excellent mathematician [but] [h]e had also enormous experience in solving 
practical problems, problems of mechanics and fluid dynamics, engineering problems, 
and last but not least, problems of aerodynamics and the construction of airplanes’ 
(Vogt, 2007, p. 11).

59 Hereby, Von Mises established as a fait accompli that ‘the study of limit theorems for 
probability distributions was the only aspect of the emerging [‘modern’] form of prob-
ability theory that was linked in any significant way to the results produced in the 19th 
century’ (Fischer, 2011, p. 208). 

60 This fact seems to have been important for the following reason: ‘The start of 
[Von Mises’s] more detailed studies of probability theory […] probably also owed 
something to the fact that this was an area that was relatively poorly researched from 
the mathematical point of view, so that he saw it as ofering opportunities to distin-
guish himself – as he was afraid of losing his professorship in Strassburg toward the 
end of the First World War’ (Fischer, 2011, p. 209). 

61 ‘Präzision der Formulierung und Beweisführung, die in anderen Teilen der Analysis 
längst zur Selbstverständlichkeit geworden ist’ (Von Mises, 1919a, p. 1). 

62 These are functions defined on a subset of the real numbers that preserve the given 
order between two ordered sets in such a way that if for all x and y such that x ≤ y it 
holds that f(x) ≤ f( y). 

63 See Von Mises, 1919a, p. 76. 
64 For technical discussions of the core of Von Mises’s Fundamentalsätze paper see, for 

instance, Fischer, 2011, section 5.2.2; Siegmund-Schultze, 2006. 
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one in the calculus of probability’,65 namely the mean of Bruns-series or the 
mathematical expectation of Markov.66 His ‘rigorous and general presentation 
of the analytic aspects of basic probabilistic principles’67 in terms of the then 
up-to-date standards and vocabulary of analysis seems to have been suggestive 
not only of the paper’s purely analytical aim, but also of Von Mises’s (instru-
mental)68 ‘tendency towards […] mathematics (instead of merely mechanics)’

69 
around the late 1910s. But Von Mises remained an ‘applied mathematician’, and 
he also wanted his results on the integral central limit theorem to contribute 
to the establishment of new axiomatic (albeit non-mathematical and applica-
tion-oriented) foundations for probability theory. 

The eclecticism of Von Mises’s own attitude as an ‘applied’ or ‘practical’70 
mathematician was reflected in the axioms ((L) and (IR))71 for collectives 
found in the Grundlagen paper of 1919 – a foundational system for which Bruns, 

65 ‘The notation […] which is introduced here is superior to the usual one in the calculus 
of probability such as D [φ(x)] (Mean [‘Durchschnitt’] of φ, Bruns) or m · H · φ(x) 
(mathemat. expectation of φ, Markov) because it shows explicitly the distribution, 
related to which the mean is taken. Also as to simplicity it should not be wanting 
and, above all, it is in better agreement with the notation elsewhere in analysis’ (‘Die 
hier eingeführte Bezeichnungsweise […] ist den in der Wahrscheinlichkeitsrech-
nung gebräuchlichen, wie D [φ(x)] (Durchschnitt von φ, Bruns) oder m · H · φ(x) 
(mathemat. Hofnung (mathemat. Hofnung von φ, Markof) dadurch überlegen, 
dass die Verteilung bezüglich deren der Durchschnitt gebildet wird, ausdrücklich 
angeführt erscheint. An Einfachheit dürfte sie auch nicht nachstehen und vor allem 
sich der sonstigen Schreibweise der Analysis besser anpassen’) (Von Mises, 1919a, 
p. 20, f. 3, translated into English in Siegmund-Schultze, 2006, p. 440). 

66 Fischer notes that Von Mises ‘made explicit reference to […] the work of Chebyshev 
(as described by the Chebyshev biographer Vasilev […]), and to Markov’s papers 
(as contained in the appendix of the German translation of the latter’s ‘Probability 
Theory’). However, Von Mises’s knowledge of the work of Chebyshev and Markov 
was merely superficial, as evidenced [for example] by the fact that he cited it only 
partially’ (Fischer, 2011, p. 212). 

67 Fischer, 2011, p. 217. 
68 See footnote 57. 
69 Siegmund-Schultze, 2006, p. 435. 
70 Von Mises apparently once called the author of one of the major textbooks of modern 

set-theory Felix Hausdorf (1868-1942) an ‘unpractical mathematician’ (see Sieg-
mund-Schultze, 2006, p. 442, f. 35). 

71 These axioms were given in section 1. 
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Antoine-Augustin Cournot (1801-1877)72 and Jean-Marie Le Roux (1863-
1949)73 are mentioned as ‘transitional’74 predecessors. On the one hand, Von 
Mises ‘apparently felt obliged, due to the general conditions of [mathemati-
cal] research in the post-Weierstrassian era, to strive for the utmost analytic 
rigor and generality without considering any aspects outside of mathematics’.75 
Thus, probability theory is described as a ‘branch of mathematical science’ 
(‘Zweig der mathematischen Wissenschaft’), or ‘mathematical discipline’ (‘mathe-
matischen Disziplin’), whose foundations have, surprisingly enough,76 not been 
axiomatized, whose analytic theorems lack the rigor of other parts of analysis 
and whose object of study and fundamental problem-situation (‘grundsätzliche 
Problemstellung’)77 are still ‘shrouded in darkness’ (‘in tiefel Dunkel gehüllt’).78 
Taken together, albeit all the while somewhat rephrasing the theoretical situ-
ation, if it had to be acknowledged that the theory was not yet a mathematical 
discipline,79 Von Mises attempted at its construction (‘Aufbau’)80 by means of 
an axiomatic system (‘Axiomen-system’)81 with (L) and (IR) as the axioms for a 
mathematical version (or ‘mathematische Präzisierung’) of the ‘Fechner-Brunsian 
“collective objects”’ (‘Fechner-Brunsschen “Kollektiv-Gegenstandes”),82 namely 

72 Von Mises referred to Cournot’s Exposition de la théorie des chances et des probabilités 
of 1843 – the ‘last book of moral science in the style of the Enlightenment’ (Hacking, 
1990, 96). 

73 Von Mises referred to Le Roux’s ‘Calcul des probabilités’ of 1906, a two-page article 
explaining Czuber’s work. 

74 It is not entirely correct, as, among others, Von Plato suggests (Von Plato, 1994, 
p. 183), that these figures were predecessors of Von Mises’s own foundational system. 
Rather, their work formed a bridge between (in the sense of ‘Überleitung zu’ (Von 
Mises, 1919b, p. 53)) the classical definition of probability in terms of ‘equally likely 
cases’ and the new frequency definition as found in Von Mises’s 1919 papers and 1928 
textbook. 

75 Fischer, 2011, p. 217. 
76 Von Mises was startled (he wrote ‘was um so erstaunlicher erscheint’ (Von Mises, 

1919a, p. 1)) about the fact that there was no clarity over the foundations of the 
calculus of probability in a time of such a lively interest for axiomatic questions within 
mathematics (‘in einer Zeit lebhaften Interesses für axiomatische Fragen innerhalb 
der Mathematik’ (Von Mises, 1919a, p. 1))

77 Von Mises, 1919b, p. 53. 
78 Von Mises, 1919b, p. 53. 
79 Von Mises wrote that ‘man den gegenwärtigen Zustand kaum anders als dahin ken-

nzeichnen [kann], dass die Wahrscheinlichkeitsrechnung heute eine mathematische 
Diziplin nicht ist’ (Von Mises, 1919b, p. 52, emphasis in original). 

80 Von Mises, 1919b, p. 53. 
81 Von Mises, 1919b, p. 54. 
82 Von Mises, 1919b, p. 54. 
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the ‘collective’. On the other hand, because probability theory is ‘a natural 
science, in the same way as geometry or theoretical mechanics’,83 the ‘axiomat-
ics’ was not a formal system, but a result of an idealized abstraction from the 
external world (‘Außenwelt’) that went ‘beyond’ the formal realm.84 Where the 
attempts at mathematically establishing probability of Émile Borel (1871-1956), 
Georg Bohlmann (1869-1928) and Ugo Broggi (1880-1965) remained formaliza-
tions,85 Von Mises’s own exposition (‘Darstellung’) assumed that 

‘[the] goal [of the theory] is to ‘re-present’ (‘wiederzugeben’) the inter-
relations (‘Zusammenhänge’) and dependencies of well-determined 
(‘bestimmter’), observable phenomena, not as a truthful image (‘getreues 
Abbild’) of the external world, but as its abstraction and idealization. It 
must start from logically unambiguous concept-constructions (‘Begrifs-
konstruktionen’), for whose construction it is decisive to take into con-
sideration the fact [represented] (‘darzustellende Objekt’) in the external 
world. [W]hen the construction has succeeded by means of a system of 
axioms, then the results are obtained in purely deductive ways, the prac-
tical usefulness of the theory being determined by their applicability to 
the objects of experience (‘Gegenstände der Erfahrung’)’.86

Here, Von Mises followed Hilbert not only in mentioning probability theory 
alongside geometry and theoretical mechanics and in characterizing it as a 

83 ‘[E]ine Naturwissenschaft gleicher Art wie Geometrie oder die theoretische Mechanik’ (Von 
Mises, 1919b, p. 53). 

84 Von Mises criticized the attempts at mathematically establishing probability in the 
work of Borel, Georg Bohlmann (1869-1928) and Ugo Broggi (1880-1965) for not 
having moved beyond, in some sense, the realm of the formal: ‘Die bisher unternom-
men Versuche […] (Bohlmann, Broggi, Borel) scheinen mir durchaus im Formalen 
stecken geblieben zu sein’ (Von Mises, 1912, p. 53, my emphasis)). 

85 Von Mises referred to Borel, 1909; Bohlmann, 1901; Broggi, 1907. 
86 ‘Sie hat das Ziel, die Zusammenhange und Abhängigkeiten bestimmter, beobachtbarer 

Erscheinungen wiederzugeben, nicht als getreues Abbild der Außenwelt, sondern als 
deren Abstraktion und Idealisierung. Sie muss von logisch eindeutigen Begrifs kons-
t ruk  tionen ausgehen, bei deren Aufbau die Rucksicht auf das darzustellende Objekt 
der Außenwelt maßgebend ist; ist aber einmal der Aufbau durch ein Axiomensys-
tem erfolgt, so werden auf rein deduktivem Wege die Ergebnisse gewonnen, deren 
Anwendbarkeit auf die Gegenstande der Erfahrung allein über die praktische Brauch-
barkeit der Theorie entscheidet’ (Von Mises, 1919b, pp. 53-54). Author’s translation. 
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natural or physical science,87 but also in his empiricist distinction between 
the (‘genetic’) origin and (‘logical’) use of the axioms of a system.88 At the 
same time, Von Mises was in disagreement with Hilbert and his fellow Göt-
tingen mathematicians Bohlmann and Broggi as far as the status of this origin 
and use was concerned. He dismissed the idea of ‘probabilities’ as the primi-
tive observable (or ‘intuitive’) phenomena to be expressed by a collection of 
concepts to which the inner-mathematical theorems derived from the axioms 
could later be traced back by means of interpretation. The reason for which 
was that the ontological basis for the foundational law that grounds probabil-
ity theory, namely that of large numbers, is such that this average law is only 
realized with exactness in the limit of an unobservable infinity of occurrences 
of events. Because an observable sequence of events (or ‘empirical collective’ 
(‘“empirischen” Kollektivs’))89 about which experience teaches that it is charac-
terized by two features (stability of relative frequency and a lack of order),90 91 
called the ‘Urphänomen’, is necessarily finite, in order to mathematically calcu-
late real world probabilities the sequence must first be carefully transformed 
into (or re-presented in the form of) a calculable infinite sequence (‘mathe-
matical collective’) with the two laws as axioms ((L) and (IR)). These two 

87 Hilbert’s ‘sixth problem’ of his famous 1900 lecture proposed that the ‘[t]he investi-
gations on the foundations of geometry’ suggest the problem of treating ‘in the same 
manner, by means of axioms […] the theory of probabilities and mechanics’ (Hilbert, 
1900 [2000], p. 418). 

88 Corry has shown that the ‘arch-formalist’ Hilbert actually held an empiricism position 
vis-à-vis the axiomatic foundation of the physical sciences in general and, for example, 
geometry in specific. See, for example, Corry, 2004, section 3.1. 

89 Von Mises, 1919b, p. 60. 
90 In Von Mises’s own words: ‘Die Erfahrung lehrt erstens, dass, […] die relative Häu-

figkeit jedes […] Merkmale nähernd konstant bleibt […] Die zweite Erfahrung […] 
besteht darin, dass die annähernde Konstanz der relative Häufigkeiten bei genügend 
großer Beobachtungsreihe fortbesteht, und zwar mit unveränderten Werten der Kon-
stanten […] Aber nicht nur dies, man weiß auch, dass das Häufigkeitsverhältnis zweier 
Merkmale bei einer solchen Auswahl unverändert bleibt […] Mit anderen Worten 
heißt das: die Chancen zweien Spieler, die etwa auf die Zahlen 1 und 6 setzen, andern 
sich nicht, wenn sie, ohne die Wurfergebnisse vorher zu kennen, aus der Gesamtheit 
aller Wurfe irgendeine – genügend große – Gruppe von Würfen herausgreifen’ (Von 
Mises, 1919b, p. 61). 

91 Stöltzner notes that ‘[s]till in those days [around 1919] empirical investigations into 
such simple phenomena [such as lotteries, birth rates, etc.] were very common; Frank, 
for instance, reports in detail a statistical investigation of the number of pedestrians 
within a small strip of the wide walk’ (Stöltzner, 2003, p. 217). 
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axioms for ‘mathematical collectives’, thus, arise (‘entsprechen’)92 and are valid 
(‘gelten’)93 as the exact idealizations, rationalizations or schematizations of the 
two laws governing certain ‘well-defined observable appearances’ (‘ganz bes-
timmte beobachtbare Erscheinungen’),94 namely mass phenomena. The relation 
between (‘Zusammenhang’)95 these two collectives is similar to that between 
geometrical concepts and the images of empirical space arising from them:96 
for Von Mises, the abstract representations of the natural sciences exist as 
imperfect instruments reconstructing the observable phenomena in empirical 
reality as completely and as simply as possible. Von Mises distinguished the 
two collectives as two parts or stages of a single scientific activity in which 
statements about observations (‘empirical collectives’) are turned into an 
axiomatic system (‘mathematical collectives’) from which all known laws of 
probability theory can be mathematically derived and whose applicability to 
phenomena is somehow secured by the sake of the idea that the axioms are 
‘scientific’ only in so far as they are not merely tautological but provide useful 
descriptions of phenomena.97 Von Mises dismissed the problem of the coordi-
nation of observations of mass phenomena to the axiomatics and referred to 
a ‘double transition’ (‘zweimaliger Übergang’)98 between ‘theory and reality’ 
(‘Theorie und Wirklichkeit’)99 – in brief, that of specifying probability distri-
butions and providing pre-dictions or explanations of observable phenomena 
on the basis of the results of calculation (‘Rechnungsergebnissen’)100 – the actual 
burden of which is said to fall outside the ‘”sphere of thought’” (‘Gedankenkrei-
ses’)101 of probability theory. 

92 Von Mises, 1919b, p. 60. 
93 Von Mises, 1919b, p. 60. 
94 Von Mises, 1919b, p. 60. 
95 Von Mises, 1919b, p. 60. 
96 As Von Mises wrote, ‘Der Zusammenhang zwischen unsren Definition und der 

Wirklichkeit ist derselbe wie der zwischen geometrischen Begrifen wie Körper, 
Flache, Linie usf. und den ihnen entsprechenden Gebilden des empirischen Raumes’ 
(Von Mises, 1919b, p. 60). 

97 The problem of ‘applicability’, that is that of finding out how the ‘correspondence’ 
between mathematical or logical theories and empirical reality works, would haunt 
Von Mises during his entire career. For example, in 1938 Von Mises wrote that it is ‘a 
big problem’ and concluded that ‘[b]etween the exact theories and reality there lies an 
area of vagueness and “unspeakability”’ (Von Mises, 1939 [1968], p. 123). 

98 Von Mises, 1919b, p. 63. 
99 Von Mises, 1919b, p. 63. 
100 Von Mises, 1919b, p. 63. 
101 Von Mises, 1919b, p. 63. 
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Taken together, the ‘pragmatic probabilists’102 Von Mises justified the choice 
and features of his ‘axiomatics’ not in inner-mathematical terms of formal (‘Hil-
bertian’) criteria, but with extra-mathematical reference to the fact that as the 
necessary consequence of the frequency theory (embodied in the ‘empirical 
collectives’) it is the best guarantee of their scientific description.103 The fact 
that he also allowed for deductively drawing conclusions from the more or less 
arbitrary and tautological ‘axiomatics’ that could possibly also be expressed in 
the language of set- and measure-theory explains ‘why there is no contradiction 
in the fact that [Von Mises] dismissed an exclusively formalistic [or] “modern” 
notion of mathematical fundamentals, while at the same time working [on] the 
modernization of probability’.104 105

1.1.2.1 Von Mises and set- and measure theory 

In his 1919 papers, Von Mises criticized not only the traditional Laplacean 
definition of probability as the quotient of the number of favorable cases over 
the number of all possible cases, but also Borel’s number-theoretical and Felix 

102 Hochkirchen, 1999, p. 164. 
103 On the one hand, for example Van Lambalgen writes that ‘Kollektivs are a necessary con-

sequence of the frequency interpretation, in the sense that if one interprets probability as 
limiting relative frequency, then infinite series of outcomes will exhibit Kollektiv-like 
properties. Therefore, if one wants to axiomatise the frequency interpretation, these 
properties have to be built in’ (Van Lambalgen, 1996, p. 354). It may here be remarked 
that John von Neumann put forward exactly this viewpoint in his famous 1932 book 
on the foundations of quantum mechanics – where he wrote that ‘collectives, are 
absolutely necessary for establishing probability theory as the theory of frequencies’ 
(‘Kollektive […], sind überhaupt notwendig, um die Wahrscheinlichkeitsrechnung 
als Lehre von den Häufigkeiten begründen zu können’ (Von Neumann, 1932 [1971], 
p. 298, f. 156) (Thanks to Arianna Borrelli for this reference). On the other hand, 
for example Siegmund-Schultze observes that to Von Mises ‘the axioms seemed to 
be the best guarantee of describing genuinely probabilistic situations, relevant to real 
applications’ (Siegmund-Schultze, 2010, p. 225). 

104 Fischer, 2011, p. 192. 
105 See Gillies, 2000 [2006], pp. 90-92 for a helpful diagram of Von Mises’s views on 

these connections. 
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Hausdorf’s (1868-1942) (then-recent) measure-theoretical definitions.106 
Both Borel and Hausdorf are said to ‘even further extend the notion “proba-
bility”, which is already burdened by ambiguities’,107 such that it becomes ‘too 
unspecific for a theory […] to be built upon it, because it [does] not contain a 
hint of the occurrence of events in [a] series of trials and no direct reference 
to randomness’.108 Von Mises had no ‘principled mathematical reservations’109 
against Borel’s and Hausdorf’s contributions as either, in the case of Borel, 
an investigation into ‘improper probabilities’ (‘uneigentlichen Wahrscheinlich-
keiten’)110 that is of merely mathematical interest,111 or, in that of Hausdorf, a 
specific unpractical proposal for the tautological or formal side of probability 
theory. But he emphasized that neither Borel nor Hausdorf was able to make 
their work bear upon probability theory’s scientific study of empirical reality. 

Von Mises himself did attempt to express (not define!), for the sake of conve-
nience,112 his own ‘mathematical collectives’ in set-theoretical terms and even 
‘tried to indicate the possibility of the construction of a bridge toward measure 

106 Where Borel, thus, wrote of ‘denumerable probabilities’ as an investigation of the 
asymptotic behavior of the relative frequency with which individual digits occur 
in a representation of real numbers, Hausdorf, in his Grundzüge der Mengenlehre of 
1914, defined probability as ‘the quotient of the measure of a point set divided by the 
measure of the set in which that point set is contained’ (‘den Quotienten des Masses 
einer Punktmenge durch das Mass einer Menge, in der sie enthalten ist’) (Von Mises, 
1919b, p. 66). 

107 ‘[D]en schon ohnehin durch mancherlei Vieldeutigkeiten belasteten Gebrauch des 
Ausdruckes “Wahrscheinlichkeit” […] noch weiter auszudehnen’ (Von Mises, 1919b, 
p. 66). 

108 Siegmund-Schultze, 2010, p. 208. 
109 Siegmund-Schultze, 2010, p. 208, emphasis in original. 
110 Von Mises, 1919b, p. 66. 
111 Von Mises mentioned not only theoretical physics, statistics and games of chance as 

the fields of application of probability theory, but also the pure mathematical problem 
of the limiting relative frequencies of the digits 0’s and 1’s. This problem, which was 
recently being expressed in terms of probability theory (‘in neuerer Zeit unter Ver-
wendung der Ausdrucksweise der Wahrscheinlichkeitsrechnung zur Sprache gebracht 
wurden’ (Von Mises, 1919b, p. 65)), Von Mises understood as dealing with sequences 
that satisfy axiom (L), but not axiom (IR). 

112 See, for example, Von Mises 1920 where Von Mises wrote of ‘der Bequemlichkeit 
halber eingefurte’ representation in set- and measure-theoretical terms of a notion 
such as distribution. 



432

theory’113 despite his wish to avoid its ‘exotic’ analytic sophistications.114 Given 
the increasing variety and complexity of probability distributions, the modern 
mathematical theories forced themselves on Von Mises, especially because 
the generalization of probability theory that these theories made possible was 
needed to account for the distributions found in applications in several scien-
tific disciplines that could not be reduced to discrete ones and were non-nor-
mal.115 Von Mises’s endeavor, essentially, took the form of ‘fitting’ set- and 
measure-theoretical concepts to the ‘axiomatics’ (proposition (‘Satz’) 1-7) and 
distributions (proposition (‘Satz’) 8-14) of his Grundlagen and hoping that they 
could be shown to possess the properties implied in these concepts. In other 
words, Von Mises assumed for limits of relative frequencies and probabil-
ity distributions certain set- and/or measure-theoretical properties that ‘one 
should intuitively expect’116 and not worried too much about counter-intuitive 
technicalities. When it turned out that these ‘technicalities’ undermined such 
assumptions – e.g. the limits of relative frequencies, presented as set-functions, 
are defined for arbitrary subsets only in the case of trivial discrete (‘arithmetic’) 
distributions and the probability distributions, ‘imagined’ (‘vorstellen’)117 as a 
measure function for each set, are not countably additive –, Von Mises tended 
to maintain the property in a weakened sense for practically relevant cases (or 
sets). 

For example, Von Mises wrote that ‘the totality of WA-[probability- or limit-]
values for all point sets A of the label space constitutes the distribution; it is 
suhcient to consider only such A  that are subsets of M. One can imagine the 
function WA as a (partly continuous, partly discontinuous) distribution of the 

113 Siegmund-Schultze, 2010, p. 209. 
114 See Siegmund-Schultze, 2010, section 2-3. Siegmund-Schultze shows that Hausdorf’s 

letters of November 1919 to Von Mises demonstrated ‘basically that such a bridge 
cannot be built’ (Siegmund-Schultze, 2010, p. 209, see also Chatterji, 2006). 

115 Siegmund-Schultze writes that ‘[n]o doubt von Mises saw that increasingly compli-
cated probability distributions occurred in applications in biology, physics, astronomy, 
statistics, and insurance mathematics […] In particular, it had become clear that prob-
ability distributions that could not be reduced to discrete ones did not necessarily 
possess representations as classical integrals over “densities”. And even if densities 
existed, they could not necessarily be reduced to traditional ones such as the Gaussian 
‘bell curve’ (Siegmund-Schultze, 2010, p. 210). 

116 Siegmund-Schultze, 2006, p. 214. 
117 Von Mises, 1919b, p. 56. 
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mass 1 over the points of M’.118 Although Von Mises was aware, among other 
things, of the role of sets of probability 0 and emphasized that ‘WA = 0 is not 
always equivalent to “impossibility [and] WA = 1 not always to “certainty” 
of A’,119 he, on the one hand, upheld the ‘collective’ ‘as standing behind the 
set function’,120 and, on the other hand, assumed WA as a set function and a 
measure function ‘which is measurable for each point set’121 A.122 Von Mises, 
thereby giving in to the temptation of claiming more advanced set- and mea-
sure-theoretical properties for his probabilities on the basis a quite basic ‘par-
allelism’ between the two,123 thus expected that since all events have proba-
bilities, probabilities will always exist for any set of labels (sets of elementary 
events) and they can be expressed in terms of a mathematical notion (a measure 
function) that assigns (‘outer’) measures to all sets.124 After it became apparent 

118 ‘Die Gesamtheit der WA-Werte für alle Punktmengen A des Merkmalraumes bildet die 
Verteilung; es genügt dabei, nur solche A zu betrachten, die Teilmengen von M sind. 
Man kann sich die Funktion WA unter dem Bilde einer (teils stetigen, teils unstetigen) 
Verteilung der Masse 1 über die Punkte von M vorstellen’ (Von Mises, 1919b, p. 56, my 
emphasis). 

119 ‘WA = 0 ist nicht immer gleichbedeutend mit “Unmöglichkeit”, WA = 1 nicht immer mit 
“Sicherheit” von A’ (Von Mises, 1919b, p. 56). 

120 Siegmund-Schultze, 2006, p. 213. 
121 ‘[F]ür die jede Punktmenge Messbarkeit besitzt’ (Von Mises, 1919b, p. 66). 
122 Siegmund-Schultze explains that this rash assumption was based on an applied math-

ematician’s temptation or intuition to find ‘a satisfactory point of departure for a set 
theoretic founding of his notion of probability in [Constantin Carathéodory’s (1873-
1950)] notion of “outer measure”’ (Siegmund-Schultze, 2006, p. 214) the subtlety of 
which ‘escaped’ Von Mises’s attention (see Siegmund-Schultze, 2006, pp. 214-217). 

123 ‘Von Mises […] realized as basic facts the (finite) additivity of probabilities of 
mutually exclusive events and – parallel to this – the (finite) additivity of limits of 
relative frequencies of the occurrence of events in trial sequences […] That this par-
allelism could be extended to infinite [sigma-]additivity […] was clear to von Mises as 
well’ (Siegmund-Schultze, 2006, p. 214). 

124 Von Mises referred to Carathéodory’s ‘measure function’ and what is today called 
‘Carathéodory (outer) measure’ – or, taken together, to the idea of a function which 
assigns a nonnegative number µ* to any subset (point set) of a set M under certain 
conditions. What ‘escaped’ Von Mises (see footnote 425), as Hausdorf pointed out, 
was that ‘each point set has an outer measure (a value assigned) but it is not necessarily 
“measurable” with respect to that outer measure’ (Siegmund-Schultze, 2006, p. 215). 
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that this was not the case,125 Von Mises simply maintained that ‘it remains valid 
for arithmetic and geometric distributions, which alone occur in applications 
[…]’126, that is, ‘in all practical problems of the calculus of probability’.127 

Where pure mathematicians such as Hausdorf and many others would define 
probability as a measure of sets, the ‘eclectic’ applied mathematician Von Mises 
used set- and measure-theory to refine the mathematically expressed idealiz-
ing representation of mass phenomena.128 Rather than approaching proba-
bility ‘even “more axiomatically” than those probabilists who chose the mea-
sure-theoretic way’,129 Von Mises’s statement that it was not possible to ‘prove 
the “existence” of collectives by analytical construction’130 is suggestive of his 
commitment to the view that the relation between the ‘extra-‘ and ‘inner-math-

125 Von Mises admitted this much in his ‘Berichtigung zu meiner Arbeit “Grundlagen 
der Wahrscheinlichkeitsrechnung”’ of 1920 in which he wrote that ‘[t]he remark in 
the beginning of [Von Mises, 1919b, p. 66], according to which the probability Wa is 
a measure function each set is based […] on error’ (‘Die Bemerkung zu Beginn von 
[Von Mises, 1919b, p. 66), wonach die Wahrscheinlichkeit WA Massfunktion fur jede 
Menge sein soll, berucht […] auf Irrtum’ (see Von Mises, 1920a, p. 323). 

126 Von Mises, 1920a, p. 323. 
127 Von Mises, 1919c, p. 5 quoted in Siegmund-Schultze, 2010, p. 460. 
128 For example, as Von Mises wrote in a 1919 book review, because ‘all real observa-

tions […] can obviously only cover finite sequences of elements, [and] a collective, 
by definition, consists of infinitely many elements, […] it is impossible to speak of 
an identity’ (‘[a]lle wirklichen Beobachtungen können sich natürlich nur auf endliche 
Elementfolgen erstrecken, während ein Kollektiv definitionsgemäß aus unendlich 
vielen Elementen besteht. Daraus folgt schon, dass von einer Identität’ (Von Mises, 
1919d, p. 172) of probabilities and the calculations approximating them. 

129 Siegmund-Schultze, 2006, p. 226. 
130 (‘[D]ie “Existenz” durch eine analytische Konstruktionen nachweisen’ (Von Mises, 

1919b, p. 60). 
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ematical’ sides of mathematics is part of the ‘axiomatics’ itself.131 More in 
specific, even though the ‘axiomatics’, as an idealizing image, is independent 
from observation (‘äußeren Erfahrung’)132 its axioms (‘Axiome’) for probability 
are chosen such that ‘an application of the results to the objects (‘Gegenstände’) 
of the real external world is possible’.133 

131 For example, in his programmatic paper in the first volume of the ZAMM Von Mises 
wrote that ‘[f]rom abstract-logical investigations, which extend to the realm of phi-
losophy, reaching to the rational considerations of everyday life which are directed to 
measure and number, there is put up a chain of repeatedly intertwined links, which 
includes what we denote as mathematics in a general sense. Everybody among us […] 
is put at a specific place in this chain, where he usually sees only a small part of the 
whole. Within this small part he draws arbitrarily a border and calls that which is lying 
to the left of it, pointing to the more abstract, “pure” mathematics, while he calls what 
lies to the right and mediates the connection to practical life, “applied”. Here, no rigid 
separation is possible, no part of the whole can be fully separated, if the chain is not 
to lose its tension’ (‘Von den abstract-logischen Untersuchungen, die in das Gebiet 
der Philosophie hinübergreifen, bis zu den verstandesmassigen, auf Zahl und Maß 
gerichteten Überlegungen des Alltags ist eine Kette von vielfach ineinander geschlun-
genen Gliedern gespannt, die das umfasst, was wir im allgemeinsten Wortsinn als 
Mathematik bezeichnen. Jeder einzelne von uns ist nach Beruf, Anlage oder Neigung 
an eine bestimmte Stelle dieser Kette gesetzt, von der aus er für gewöhnlich nur 
einen mehr oder weniger kleinen Teil des Ganzen überblickt. Innerhalb dieses Teilge-
bietes zieht er willkürlich eine Grenze und nennt das, was links von ihr liegt, nach 
dem Abstrakteren hinüberweist, die “reine” Mathematik, das rechts liegende, den 
Übergang zum praktischen Leben vermittelnde, die “angewandte”. Keinerlei absolute 
Trennung ist hier möglich, kein Teil des Ganzen kann völlig entfernt werden, soll die 
Kette ihre Spannung nicht verlieren’) (Von Mises, 1921a, p. 2). Von Mises repeated 
this ‘Machian’ view (as he himself termed it) in less ‘un-philosophical’ terms, namely 
by arguing for it in light of the work of Hilbert, Bertrand Russell (1872-1970) and 
L.E.J. Brouwer (1881-1966), in his Kleines Lehrbuch des Positivismus of 1938 (see Von 
Mises, 1938 [1968], chapter 10 & 11). 

132 Von Mises, 1919d, p. 172. 
133 ‘[D]aß eine Anwendung der Ergebnisse auf Gegenstände der realen Außenwelt 

möglich ist’ (Von Mises, 1919d, p. 173). 
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2. Von Mises and early-1920s mechanical and 
statistical physics: the Forman-thesis 

The fundamental reason for the initial success134 of the 1919 papers has often 
been sought in Von Mises’s ability to present his probability theory as a 
(Machian) solution to the crisis in mechanical physics of the early-1920s. And 
the adoption of Von Mises’s approach to probability by mathematical physi-
cists such as Max von Laue (1879-1960), Leonid Mandel’shtam (1879-1944) 
and John von Neumann (1903-1957), indeed, seems to justify this explanation. 
Aleksandr Iakovlevich Khinchin (1894-1959) would capture the spirit of the 
reception of the work of Von Mises during the 1920s and early 1930s in terms 
of it being ‘inadmissible to reject on principle, because of its […] purely formal 
imperfections, this theory which so brilliantly conforms to the essence and 
requirements of scientific practice’.135 In light of what follows it is important 
to also draw attention to the fact that Von Mises himself hoped to find the more 
general influence of his work in its introduction of a certain ‘enlargement of 
mathematical thinking’ that is needed ‘in order to master the problems of prob-
ability’.136 

134 Von Mises claimed victory for his presentation of the foundations of probability 
theory in 1932 when he, in his lecture for the International Congress of Mathematicians 
in Zurich, said that it is ‘generally acknowledged today’ (Von Mises 1932 quoted 
and translated into English in Siegmund-Schultze, 2004, p. 358). The defeat of his 
axiomatization was sealed at a 1937 conference in Geneva where all the objections 
against his axiomatization and the advantages of Kolmogorov’s 1933 axiomatization 
were enumerated. 

135 See Khinchin, 1929 [2015]. 
136 Von Mises quoted in Siegmund-Schultze, 2006, p. 471. This passage appeared in a 

letter of Von Mises to Polyá of December 12, 1919.
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In his ‘Spenglerian’137 or ‘Rilkean’138 paper entitled ‘On the present crisis in 
mechanics’139 the fundamental question was whether classical Newtonian 
deterministic mechanics with its rigid causal structure and diferential equa-
tions can explain ‘all phenomena of motion and equilibrium which we observe 
in visible bodies’.140 The question was answered negatively with reference to 
the fact that ‘within the purely empirical mechanics there are phenomena […] 
which will forever escape an explanation on the basis of [classical mechan-
ics] and stand in need of the construction of a closed theory of mechanical 
statistics’,141 such as the movement of liquids (‘Flüssigkeiten’),142 the elastic-
ity of solid bodies (‘festen Körper’)143 and Brownian motion.144 Von Mises’s 
new problem then became that of determining the boundary (‘Grenze’)145 
between the domains of validity (‘Geltungsbereich’)146 of classical and statisti-
cal mechanics. Where, for instance, Albert Einstein (1879-1955) had earlier 

137 As a strong case for what is known as the ‘Forman Thesis’ (see Carson, Kolevnikov, 
Trischler, 2011), Forman has written that ‘a direct influence [upon Von Mises] of 
[Oswald] Spengler [(1880-1936) can […] be established by September 1921. When at 
this time von Mises added an appendix to the republication of his lecture of February 
1920, his tone had changed entirely, his optimism and enthusiasm had disappeared. 
Von Mises had largely, and explicitly, adopted Spengler’s perspective and assumptions’ 
(Forman, 1971, p. 51). The case is such that in February 1920 Von Mises had given an 
address that took for granted causality and that ‘when one turns to the [1921] appendix 
[…] one finds his attitude to causality […] entirely transformed’ (Forman, 1971, p. 81). 
Where Forman attributes this sudden transformation to a Spenglerian capitulation to 
acausality others have shown the dihculties involved in this causal explanation (e.g. 
Nola, 2003, pp. 239-241). 

138 Von Mises, who owned the largest private Rilke collection in the world, was deeply 
interested in the poet Rainer Maria Rilke and his conversion to Catholicism (Von 
Mises himself converted to Catholicism sometime between 1909 and 1914). It has been 
suggested that this could have provided an emotional-intellectual influence away from 
causality and determinism (e.g. Feuer, 1974 [1989], p. 233, f. 290). 

139 See, for example, Hochkirchen, 1999, pp. 167-173; Von Plato, 1994, pp. 189-192 for a 
treatment of this paper. 

140 ‘[A]lle Bewegungs- und Gleichgewichts-Erscheinungen, die wir an sichtbarem 
Körpern beobachten’ (Von Mises, 1921b, p. 427). 

141 ‘[I]nnerhalb der rein empirischen Mechanik [gibt es] Bewegungs- und Gleichge-
wichtsvorgange […], die sich einer Erklärung auf Grund der [klassischen Mechanik] 
und den Aufbau einer geschlossenen Theorie der mechanischen Statistik verlangen’ 
(Von Mises, 1921b, p. 431). 

142 Von Mises, 1921b, p. 427. 
143 Von Mises, 1921b, p. 428. 
144 See Von Mises, 1921b, pp. 428-429. 
145 Von Mises, 1921b, p. 429. 
146 Von Mises, 1921b, p. 429. 
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attempted to either ground statistical mechanics on classical dynamics or 
use statistical mechanics as a bridge between classical and modern (or ‘new) 
physics,147 Von Mises developed a purely probabilistic approach to statistical 
mechanics, dubbed ‘mechanical statistics’ (‘mechanische Statistik’),148 for which 
classical mechanics is no longer a relevant framework.149 It was Von Mises’s 
own frequency probability theory that furnished this approach with a suitable 
ontology, that is, ‘with its own independent object of physical theorizing in the 
same vein as Newtonian point particles’:150 Where the Newtonian dynamical 
laws determined the motions of such individual particles, the statistical laws 
concerns random (mechanical, electrical, etc.) mass phenomena. And where 
Newtonian mechanics calculated outcomes from specified initial states, statis-
tical mechanics calculates probabilities, that is, limiting relative frequencies, 
by deriving them from initial probabilities (‘gegebenen Wahrscheinlichkeiten’).151 
This means that in so far as the probability laws of statistical mechanics never 
make definite statements about the sequence (in time) (‘zeitlichen Ablauf’)152 of 
single events (‘Einzelvorganges’)153 it cannot ‘come into direct conflict with a 
result of [classical] mechanics or the rest of deterministic physics’.154 Von Mises’s 
general proposal for a solution to the crisis in physics was, thus, to advocate a 
probabilistic approach of (pre-quantum mechanical) fundamental and irremov-
able indeterminacy – albeit without opting for a final decision between deter-
minism and indeterminism.155 

Importantly, in the Grundlagen of 1919 Von Mises had written that in the applica-
tion to theoretical physics neither the given probabilities nor the resulting prob-
abilities (‘Resultate der Wahrscheinlichkeitsberechnung’)156 immediately ‘border’ 
reality because ‘physical hypotheses (‘Hypothesen von physikalischer Natur’) 

147 See, for instance, Kox, 2014; Renn & Rynasiewicz, 2014, section 5. 
148 Von Mises, 1921b, p. 429. 
149 See Von Plato, 1994, section 6.3 
150 Stöltzner, 2003, p. 216. 
151 Von Mises, 1921b, p. 429. 
152 Von Mises, 1921b, p. 429. 
153 Von Mises, 1921b, p. 429. 
154 ‘[K]ann so niemals in unmittelbare Konkurrenz treten mit einem Ergebnis der 

Mechanik oder der ubrigen deterministischen Physik’ (Von Mises, 1929b, p. 429, my 
emphasis). 

155 For this point see Heidelberger, 2004, p. 315; Stöltzner, 2003, p. 200, pp. 211-223. 
156 Von Mises, 1919b, p. 63. 
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lie between them’.157 On the one hand, ‘the initial values (‘Ausgangswerte’) of 
the probability calculation (‘Wahrscheinlichkeitsberechnung’), for instance the 
assumption (‘Annahme’) of equiprobability of each velocity for every molecule 
in a gas at complete rest (‘ganzen ruhenden Gases’), belong to the hypothetical 
part of the physical image the justifiability [of which] is examined with refer-
ence to the results of the theory [i.e. probability theory]’.158 On the other hand, 
‘not the immediate results of the [calculation] experience a check (‘erfahren eine 
Kontrolle’) by means of observation […] but only those conclusions which are 
connected to the […] distributions via certain specified hypotheses’.159 The 
fact that these hypotheses, the existence of whose entities (atoms, molecules 
etc.) Von Mises, the orthodox Machian, questioned,160 somehow determined the 
ontological status of probabilities difered from the presentation of the theory 
as belonging to the indeterministic part of theoretical physics dealing directly 
with probabilistic phenomena in the 1921 paper. Von Mises, apparently, found 
the specification of the given probabilities in initial collectives and the proba-
bilities resulting from calculation ‘decisive for the scientific import of probabil-
ity calculus and for an ontology suitable to statistical physics’.161 For example, his 
dismissal of the Boltzmannian ergodic hypothesis (and the related notions of 
time-average and ensemble)162, as it had appeared in Einstein’s early attempt 
to use statistical mechanics to find evidence for a deterministic ‘microworld of 

157 The full passage goes as follows: ‘[K]einer der beiden Seiten die Wahrscheinlichkeit-
suntersuch [grenzt] unmittelbar an die Wirklichkeit: Hypotheses von physikalischer 
Natur liegen dazwischen’ (Von Mises, 1919b, pp. 63-64). 

158 ‘[D]ie Ausgangswerte der Wahrscheinlichkeitsberechnung, z.B. die Annahme der 
Gleichmöglichkeit jeder Geschwindigkeitsgroße für alle Moleküle eines im ganzen 
ruhenden Gases, [gehören] zu den hypothetisch eingeführten Teilen des physikalis-
chen Bildes und die Berechtigung der Einführung wird an den Ergebnissen der 
Theorie geprüft’ (Von Mises, 1919b, p. 63). 

159 ‘[N]icht die unmittelbaren Resultate der Wahrscheinlichkeitsberechnung erfahren 
eine Kontrolle durch die Beobachtung […] sondern nur Folgerungen, die erst durch 
bestimmte Hypothese mit den [...] Verteilungen verknüpft sind’ (Von Mises, 1919b, 
p. 63). 

160 For accounts of Mach (or Machianism) and atomism see, for example, Brush, 1968; 
Laudan, 1981, chapter 13. 

161 Stöltzner, 2003, p. 219, my emphasis. 
162 For a treatment of the place and meaning of these notions in Boltzmann’s work see, 

for example, Brush, 2006; Von Plato, 1991. 
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atoms’,163 164 involved the physical argument that classical physics and genu-
inely probabilistic phenomena are in contradiction with each other – and this 
because, on the one hand, a statistical viewpoint ‘in the large’ (i.e. of observable 
macrosystems) is irreconcilable with an unscientific165 determinism ‘in the 
small’ (i.e. of unobservable microsystems) and, on the other hand, it is impossi-
ble to derive statistical statements from diferential equations.166 The ergodic 
hypothesis, the assumption that during its evolution a deterministic mechanical 
system will eventually pass through all exact and equally probable (but unob-
servable) microstates, had been introduced to provide a justification, in terms 
of statistical averaging, of the intuitive statement that a gas passes from a very 
improbable state ‘through ever more probable states, reaching finally the most 
probable of all, i.e. thermal equilibrium’. Boltzmann attempted to prove that a 
gas during a motion of unlimited duration corresponds to the so-called Max-
well-Boltzmann distribution by means of the idea that if probability gives ‘the 
relative time one molecule is in a given state during a very long time’ and if this 
is equal to ‘the relative number of all the molecules in that state at a single time’, 
it follows that ‘[w]ith a great number of molecules, their relative numbers in dif-
ferent states would approximate a continuous [velocity] distribution over the 
states’.167 168 Von Mises’s fundamental problem with the mechanical interpre-
tation of the ergodic hypothesis (and, later, ‘theory’) for statistical mechanics 
was twofold: on the one hand, that the ‘premises do not refer to empirically 
determined probabilities, whereas the conclusion does (in the form of time-av-

163 Renn, 2000, p. 148. 
164 As is well known, this attempt stood firmly in the Maxwellian tradition of the inves-

tigation into the atomistic constitution of gases in specific and matter in general on 
strictly mechanical principles via probabilities, to which also belonged Boltzmann’s 
attempt to reduce the second law of thermodynamics to mechanics 

165 Reflecting on Brownian motion, Von Mises wrote that ‘[i]t is entirely irrelevant 
whether we stick to the assumption that the orbits would be determined if we knew 
the exact initial conditions and all influences; since we have no prospect of ever 
achieving this knowledge, this is an assumption of which it can never be decided 
whether it is true or not, hence an unscientific one’ (‘Es ist ganz gleichgültig, ob 
wir an der Annahme festhalten, die Bahnen waren bestimmt, wenn wir die genauen 
Anfangsbedingungen und all Einflüsse kennten; denn da wir keine Aussicht haben, 
die Kenntnis je zu erlangen, so ist es eine Annahme, von der sich nie entscheiden lasst, 
ob sie richtig ist oder nicht, also eine nicht wissenschaftliche’) (Von Mises, 1921b, 
p. 430). 

166 For these arguments see Von Mises, 1920b; Von Mises, 1930. 
167 Von Plato, 1994, p. 78. 
168 For a particularly lucid discussion of Boltzmann’s use of probability see Krüger, 1980. 
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erages’)’169 and, on the other hand, that probabilistic considerations are said to 
lead to ‘definite statements about the actual course of single systems’.170 The 
task of his own ‘purely probabilistic’171 approach, which squeezed the ‘new 
physics’ into the indeterminist-inspired axiomatics of probability theory,172 
thereby giving a justification for physicists to concern themselves with its 
foundations173 and emphasizing the mechanical-statistical reason for its very 
axiomatization,174 was to make predictions about the time development of a 
system on the basis of a finite number of observable macrostates exhibiting the 
Markov-property:175

‘Given the present macrostate of the system, the transition probability 
to the next macrostate depends only on what the present state is, but not 
on the previous “history” of the system. If the transition probabilities 
remain the same in time and if they fulfill certain additional conditions, 
there will be a unique limiting distribution for the macrostates of the 
system’.176 

169 Van Lambalgen, 1996, pp. 351-352. 
170 Von Plato, 1994, p. 191, my emphasis. 
171 Von Plato, 1994, p. 191. 
172 Hochkirchen characterizes Von Mises as a convinced indeterminist ‘who axiomatized 

chance on the basis of this philosophical conviction and then tried to squeeze physics 
into this framework’ (‘der auf der Basis dieser philosophischen Überzeugung den 
Zufall axiomatisieren und dann die Physik in dieses Schema pressen wollte’ (Hoch-
kirchen, 1999, p. 164). 

173 As Von Mises wrote: ‘in the last decade, the development of probability theory has 
unfortunately been very much neglected or at least steered in very deceptive direc-
tions. One […] has totally lost the idea, that it here concerns a serious natural scientific 
theory dealing with a well-defined class of natural scientific appearances’ (‘leider ist 
die Entwicklung der Wahrscheinlichkeitstheorie in den letzten Jahrzehnten sehr ver-
nachlässigt oder zumindest auf höchst abwegige Bahnen gelenkt worden. Man […] 
hat ganz das Gefühl dafür verloren, dass es sich hier um eine ernsthafte naturwissen-
schaftliche Theorie für eine bestimmte Klasse naturwissenschaftlicher Erscheinun-
gen handelt’) (Von Mises, 1921b, p. 429). 

174 Hochkirchen writes that Von Mises was definitely of the opinion that ‘probabilistic 
arguments were needed in physics, and his attempt (‘Versuch’) to axiomatize probabil-
ity calculus was causally inspired by this [need]’ (‘[Daß] probabilistische Argumente 
in der Physik benötigt werden, und sein Versuch, die Wahrscheinlichkeitsrechnung 
zu axiomatisieren, war davor ursächlich motiviert’) (Hochkirchen, 1999, p. 173). 

175 A so-called Markov-chain is a sequence of random variables with the ‘Markov-‘ or 
‘memoryless-property’ that given the present state, the future and past states are 
independent. 

176 Von Plato, 1994, pp. 191-192. 
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Von Mises’s dismissal of a mechanical interpretation of the ergodic hypothe-
sis for dynamical systems in favor of a probabilistic description of statistical 
systems was ‘instrumental in formulating the program that led to a purely prob-
abilistic ergodic theory’177 in the work of physicists and applied mathematicians 
(probabilists) such as Leonid Isaakovich Mandel’shtam (1879-1944), Mikhail 
Leontovich (1903-1981) and Khinchin from the late-1920s and early 1930s.178 

3. Von Mises’s 1928 Wahrscheinlichkeit, 
Statistik und Wahrheit: foundations

Von Mises’s semi-popular Wahrscheinlichkeit, Statistik und Wahrheit was first 
published in 1928, with a second, third and fourth German edition in 1936, 1951 
and 1972, a first and second English edition in 1939 and 1957179 and a Russian 
edition (under the editorship of Khinchin) entitled Veroiatnost’ i statistika (‘Prob-
ability and Statistics’) in 1930 (!). The first German edition appeared at ‘Verlag 
von Julius Springer’ as the first volume (‘Band’) in Moritz Schlick (1882-1936) 
and Frank’s Schriften zur wissenschaftlichen Weltaufassung – the book series of 
the second Wiener Kreis which represented the viewpoints of, but was ‘not 
as radical, Machist, or “unity of science” focused’180 as the one of the Verein 
Ernst Mach put out by Rudolf Carnap (1891-197) and Neurath.181 Von Mises 
himself had belonged to the core of the first Wiener Kreis; between 1907 and 
1912 he regularly met Frank, Hahn and Neurath in a Viennese cofeehouse 
to discuss the work of Mach, Boltzmann and the French conventionalists in 
order to ‘overcome metaphysical philosophy through a synthesis of empiricism 
and [symbolic] logic’,182 thereby also answering Vladimir Lenin’s (1870-1924) 
attack on ‘Machism’ in his Materialism and Empirio-criticism (‘Materializm i 

177 Von Plato, 1994, p. 108. 
178 Von Mises’s mathematical results and methodological approach ‘were important for 

the development of statistical mechanics and ergodic theory, at least until the rival 
Kolmogorovian approach and the general theory of stochastic processes appeared on 
the scene in the early 1930s’ (Siegmund-Schultze, 2004, p. 359). 

179 The second English edition was a retranslation of the third German edition of 1951. 
180 Stadler, 1992, p. 373. 
181 For an account of the similarities and diferences between the second Wiener Kreis 

and the Verein Ernst Mach see, for example, Siegetsleitner, 2014, section 1.2.2; 
Stadler, 1985; Stadler, 1985; Stadler, 1992. 

182 Stadler, 2007, p. 16. 
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empirio-krititsizm’) of 1909.183 Despite him being a committed Machian184 and 
‘moderate positivist’185 and the author of the first textbook on positivism186 (not 
logical empiricism!),187 Von Mises ‘deliberately choose a certain distance’188 
to the second Wiener Kreis (1922-1936), the Verein Ernst Mach and Hans 
Reichenbach’s (1891-1953) Berlin Gesellschaft für Empirische Philosophie 
(1926-?)189 – and this on theoretical and political grounds; he dismissed, on 
the one hand, the ‘metaphysical’ character of their, in his eyes, all too radical 
reduction of metaphysics to the empirical sciences and,190 on the other hand, 
the leftist (non-individualistic, –nationalistic, or -elitist)191 ambitions allegedly 
attached to the political epistemology of the logical positivists and empiri-
cists.192 

Wahrscheinlichkeit, Statistik und Wahrheit consisted of the six parts (‘Abschnit-
te’)193 of a talk delivered in January 1914 in Strassburg and in December 1922 

183 See Stadler, 2003, p. xiii for this observation. 
184 See, for example, Von Mises’s ‘Ernst Mach und die empiristische Wissenschafsauf-

fassung: Zu E. Machs 100. Geburtstag am 18. Feb. 1938’ (Von Mises, 1938)
185 Von Mises, 1951 [1957], p. 146. 
186 See Von Mises’s Kleines Lehrbuch des Positivismus of 1939 (Von Mises, 1939a) and, for 

example, also his ‘Scientific conception of the world. On a new textbook of positivism’ 
of 1940 (Von Mises, 1940). 

187 Von Mises declined the proposal of Neurath, the editor of the Einheitswissenschaften 
series of the Wiener Kreis, to entitle his textbook (i.e. Von Mises, 1939a) ‘Logical (or 
scientific) Empiricism’ (see Siegmund-Schultze, 2004, p. 339; Stadler, 1990, p. 33). 

188 Siegmund-Schultze, 2004, p. 348. 
189 For an account of the ‘Berlin society’ and/or ‘Berlin group’ see Rescher, 2006 and for 

a comparison with the second Wiener Kreis see, for example, Milkov, 2013. 
190 Von Mises, for example, could write that ‘[a]ll metaphysicians make statements that 

in some way or other concern reality, the world of experience, and that often enough 
are intended even to produce changes in the world (via human actions)’ (Von Mises, 
1939 [1968], p. 263). It may also be observed that his textbook on positivism contained 
chapters containing in-depth analyses of topics such as poetry, art, religion and ethics 
(see Von Mises, 1939a, chapter 23, 24, 27-28). 

191 Von Mises could be characterized as a disengaged, individualist and elitist (or aristo-
cratic), liberal with nationalistic leanings. But given him being a liberal in social and 
cultural matters, ‘there is no way to compare von Mises to the “average” conservative 
and nationalist German professor whose concern was primarily about his social privi-
leges’ (Siegmund-Schultze, 2004, p. 352). 

192 For an account of the political ambitions of the political aims of, for example, the 
Wiener Kreis see for instance Uebel, 2005. See, for example, Richardson, for a 
detailed argument in favor of the claim that most of the proponents of logical positiv-
ism and empiricism were committed to ‘political neutralism’. 

193 See Von Mises, 1928, pp. v-vii. 
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in Berlin194 – its main ideas having been put forward in a popular form in a 
short review-essay195 of 1919 and its mathematical substantiation (‘Begründung’) 
having been provided in the Grundlagen of the same year.196 197 Both in the 
preface to the first German edition of 8 June 1928 as well as in the preface to, 
for instance, the first English edition, Von Mises explicitly questioned the title 
of the series in which the book had originally appeared by distancing himself 
from the idea that it ‘is in some way connected to metaphysics’:198 

‘Every theory, which the investigator puts forward for a group of 
observable appearances, embodies the bigger or smaller part of a scien-
tific worldview. Only [everyday language] gives words like ‘world-con-
ception’ [‘Weltaufassung’] or ‘Weltanschaaung’199 a metaphysical meaning 
transgressing the purely scientific […] I find it important [to] dismiss any 
aspiration in this direction.200 

At the same time, Von Mises could not but approach philosophical questions 
about the natural-scientific discipline of probability theory from the perspec-
tive of the natural scientist searching for ‘the simplest systematic description 

194 See Von Mises, 1928, p. iii. 
195 Von Mises, 1919d. 
196 See Von Mises, 1928, p. 181. 
197 It may be remarked that the fourth ‘lecture’ (‘Abschnitt’) of the book had appeared, 

in a slightly diferent from, on June 17, 1927 as a paper entitled ‘Uber das Gesetz der 
grossen Zahlen und die Haufigkeitstheorie der Wahrscheinlichkeit’ (see Von Mises, 
1927). 

198 Von Mises, 1936 [1939], p. viii. 
199 Apparently, the word Weltaufassung’ (‘world-conception’) chosen by the Vienna 

empiricists to replace ‘Weltanschaaung’ was in Von Mises’s opinion still too close 
to the German metaphysical ‘Lebensphilosophie’ (‘philosophy of life’) of Wilhelm 
Dilthey (1833-1911) and others (see Holton, 1992, p. 47, f. 57; Siegmund-Schultze, 
2004, p. 349, f. 35). 

200 ‘[J]ede Theorie, die der Naturforscher für irgend eine Gruppe beobachtbarer 
Erscheinungen gibt, bildet das größere oder kleinere Stuck eines wissenschaftlichen 
Weltbildes. Allein ein verbreiteter Sprachgebrauch leiht Worten wie “Weltaufas-
sung” […] eine über das rein Wissenschaftliche […] hinausreichende, metaphysische 
Bedeutung. Es liegt mir daran, […] jeden Anspruch in dieser Richtung abzulehnen’ 
(Von Mises, 1928, pp. iii-iv). 
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of perceptually observable matters of fact’.201 The fact that the book did not 
contain any mathematical formulae and was neither of a mathematical nor of a 
physical character was accounted for in terms of the view that in so far as math-
ematics can be understood, in the traditional sense (‘im alteren Sinne’)),202 as the 
unity or totality (‘Gesamtheit ’) of the exact sciences, it is written ‘entirely and 
exclusively’ (‘durchaus und ausschliesslich’) as a mathematician.203 This statement 
can be made sense of with reference to Von Mises’s description of the funda-
mental aim of Wahrscheinlichkeit, Statistik und Wahrheit as giving the definition of 
probability (‘Wahrscheinlichkeit’) by means of the synthetic method of reasoning 
which, at least in the Kantian understanding, is that of mathematics as opposed 

201 The full passage goes as follows: ‘[W]o ich Fragen berühre, die vielfach von Philoso-
phen behandelt zu werden pflegen, kann ich keinen anderen Standpunkt einnehmen 
als den des Naturwissenschaftlers und mir niemals eine andere Aufgabe stellen als 
die, eine möglichst einfache systematische Beschreibung sinnlich wahrnehmbarer 
Tatbestande zu suchen’ (Von Mises, 1928, p. iv). 

202 Although it is not exactly clear what Von Mises had in mind here, given his own 
dedication to the Lichtenbergian idea that ‘all our philosophy is a correction of the 
common usage of words’ (‘Unsere ganze Philosophie ist Berichtigung des Sprachge-
brauchs’ (Von Mises, 1928, p. 1), that is, to something like a ‘scientific language’, it 
seems possible that it was the Leibnizian project of a mathesis universalis (‘universal 
mathematics’) with its aim of creating a language more perfect than natural language 
for a hypothetical universal science (e.g. Mittelstrass, 1979). 

203 The full passage goes as follows: ‘Und wenn das vorliegende Buch auch kaum eine 
mathematische Formel enthalt und äußerlich sehr wenig Ähnlichkeit mit einem mathe-
matischen oder physikalischen Lehrbuch aufweist, so fühlt sich der Verfasser doch 
– unter Mathematik im älteren Sinne die Gesamtheit der exakten Wissenschaften 
verstehend – durchaus und ausschließlich als Mathematiker’ (Von Mises, 1928, p. iv). 
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to the analytic method of philosophy.204 Following Kant and Mach – with ‘the 
intellect’ and ‘a posteriori’ somehow replacing ‘reason’ and ‘a priori’ – this 
meant that out of the definition of probability found in everyday language, 
dictionaries, etc.205 a new rational or scientific concept of probability is con-
structed by elimination. Where the status of this concept is described as that of 
an ‘exact idealized conception’ (‘exakten, idealisierten Begrif ’) or ‘concept-con-
struction’ (‘Begrifsbildung’) not unlike the ‘straight line’ of pure geometry, its 
instrumental value is explained, in every edition of the book, as follows: 

‘[A]ll the theoretical constructions […] which are used in the various branches 
of physics are only imperfect instruments to enable the world of empirical fact 
to be reconstructed in our minds […] In dealing with the theory of probability 
[…] I do not hope to achieve more than the results already attained by geometry, 
mechanics, [etc]. That is to say, I aim at the construction of a rational theory, 
based on the simplest possible exact concepts, on which, although admittedly 

204 Von Mises wrote that ‘[w]e may say, with Kant, that our aim is to give not an analytic 
definition of probability but a synthesis one. We may leave open the question of the 
general possibility of finding analytic definitions at all’ (Von Mises, 1951 [1981], p. 4) 
(‘Unter Verwendung einer von Kant eingefuhrten Bezeichnung konnte ich auch 
sagen: Es ist nicht unsere Absicht, eine analytische Definition der Wahrscheinlichkeit 
zu geben, sondern eine synthetische, wobei wir die grundsätzliche Möglichkeit analy-
tischer Definitionen dahingestellt sein lassen können’ (Von Mises, 1928, p. 5)). In the 
passage of the Kritik der Reinen Vernunft to which Von Mises referred in the footnote 
to this statement Kant wrote the following about his somewhat puzzling distinction 
between the analytic method of philosophy and the synthetic method of mathemat-
ics: ’Die philosopische Erkenntnis ist die Vernunfterkenntniss aus Begrifen, die 
mathematische aus der Konstruction der Begrife [...] Die philosophische Erkenntnis 
betrachtet also das Besondere nur im Allgemeinen, die mathematische das Allgemeine 
im Besonderen, ja gar im Einzelnen [...] In dieser Form besteht also der wesentliche 
Unterschied dieser beiden Arten der Vernunfterkenntniss, und beruht nicht auf 
dem Unterschied ihrer Materie oder Gegenstande [...]’ (Kant, 1781 [1998], A713/
B741-A717/B745). 

205 See Von Mises, 1928, pp. 2-6. 
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inadequate to represent the complexity of the real processes, is able to repro-
duce satisfactorily some of their essential properties’.206 

There are two stages to this construction, corresponding to the direct defi-
nition of probability before the existence of a collective and the indirect defi-
nition of probability* after the existence of a collective – the two definitions 
being reconciled after its completion. Firstly, there is the explication of those 
phenomena in empirical reality with which probability theory must concern 
itself in order to become an exact natural science, namely mass phenomena or 
repetitive events in finite sequences of random events (‘empirical collective’) 
with the laws of large numbers as statements about the fluctuations of averages 
of these sequences and their subsequences. Secondly, there is the rational con-
cept-construction of a ‘mathematical collective’ that expresses a practically 
unlimited sequence (‘praktisch unbegrenzte Folge’) of elements with attributes 
(‘events’) that occur in a random order and have a relative frequency tending 
to a limit (‘probability*’), thereby allowing probability theory to establish itself 
as an exact natural science like geometry. These two ’stages’ account for the 
ambiguous fact that if the rational or scientific concept of probability is ‘the 
only basis of probability calculus’,207 a collective must exist before it is possible 
to speak of probability as part of a rational or scientific theory. 

The ‘infinite sequences’ of mathematical collectives are exact idealizations 
from ‘finite sequences’ in so far as the two ‘axioms’ are abstracted from the 
two empirical laws for empirical collectives (‘limiting relative frequency’, ‘ran-

206 Von Mises, 1951 [1981], p. 8 (‘[A]lle theoretischen Konstruktionen, deren man sich in 
den verschiedenen Teilen der Physik […] bedient, nur unzulangliche Hilfsmittel fur 
die gedankliche Nachbildung der empirisch erkannten Tatsachen sind […] Jedenfalls 
will ich fur […] die Wahrscheinlichkeitstheorie […] kein anderes Ziel anstreben als 
das, das in der Geometrie, in der Mechanik [usw.] bereits erreicht […] ist: eine auf 
moglichsts einfachen, exakten Begrifsbildungen aufgebaute “rationelle” Theorie 
zu liefern, die bei aller Unvollkommenheit gegenuber der Totalitat des wirklichen 
Geschehens doch einzelne seiner wesentlichen Zuge befriedigend wiedergibt’ (Von 
Mises, 1928, p. 9). 

207 Von Mises, 1981 [1951], p. 11 (‘die ausschliessliche Grundlage der Wahrscheinlichkeits-
rechnung’ (Von Mises, 1928, p. 12)). 
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domness’), as obtained from theoretically-informed observation,208 and make 
mathematically precise their two theorems (‘addition’, ‘multiplication’). This 
process of idealization involved in the construction of probability theory is nec-
essary, Von Mises claimed, in order to make the mathematical representation of 
empirical reality tractable,209 that is, to mathematically express probabilistic 
phenomena and their laws without mathematizing them. The ‘axiomatics is 
thus not an axiomatization transforming probability theory into an autonomous 
branch of pure mathematics, but an ‘informal’ system with an abstract-logical 
and pragmatic, rather than a mathematical, existence.210 The main reason for 
this ‘non-Hilbertian’ approach is that the empirical (not the mathematical) law 
or rule of the constancy of the relative frequencies with large numbers of trials 
(’Versuchzahlen’)211 or observations is chosen as the foundation for the math-
ematical theory of probability*. After noting that if his ‘probability concept 
largely contradicts the [’equiprobable’]212 one which the older textbooks of 

208 As Gillies writes, ‘[a]ccording to Von Mises, an empirical law is obtained by obser-
vation, and a mathematical axiom of the theory is abstracted from it. Now a rough 
empirical law might indeed by obtained directly from observation, but, to make it 
more precise, it looks as if we should temporarily abandon observation in favour of 
mathematics. Mathematical calculations suggest more precise versions of the empirical 
law, e.g. that the frequency is likely to remain constant to one decimal place after 500 
goes, and that, in general, the frequency is likely to converge to its limit at the rate 
of 1/√n. These results could then be checked by further observations’ (Gillies, 2000 
[2006], p. 94). 

209 See Gillies, 2006 [2000], pp. 90-91 for this explanation of Von Mises’s approach at 
this point. 

210 In a letter of December 12, 1919 to Pólya, Von Mises wrote that he would never 
speak of mathematical existence given that he did not even understand what it could 
mean (see Siegmund-Schultze, 2006, p. 470). Reflecting on this statement, Sieg-
mund-Schultze notes that ‘in one respect von Mises’ notion of ‘logical existence’ 
seems to have difered from the Hilbertian one, that is “absolutized by set theory” […] 
This is what one could call the pragmatic, or operationalist connotation of von Mises’s 
[allusion] to the possibility “to operate with the concept of a collective without con-
tradictions arising” and hinting to the “expediency” of his definition. The “pragmatic 
aspect” of von Mises’s notion of “existence” is underlined by von Mises’ remark with 
respect to the “novelty” of his axioms [and the claim that] he was not claiming more 
than “having made explicit and formulated what the theory of probability of today is 
already based on”’ (Siegmund-Schultze, 2006, p. 471). 

211 Von Mises, 1928, p. 22. 
212 It was Laplace who coined the traditional definition of probability – the quotient of 

the number of favorable ‘cases’ over the number of all possible ‘cases’, based on (what 
Von Mises, among others, called) the ‘symmetry principle’ which ascribes probability 
values on the basis of geometrical properties. 
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probability calculus put forward as the formal definition of probability’,213 the 
axiomatics is in agreement with the actual content derived from the concept used 
by these authors, Von Mises wrote the following: 

’Poisson [in Poisson, 1837] describes how in the most varied areas of 
human experience a phenomenon has been found with which we have 
become familiar as the constancy of relative frequency with a large 
number of repetitions of observations.214 Poisson calls [this] matter of 
fact […] the Law of Large Numbers and considers [it] the very foundation 
for the possibility of probability calculus.215 In his actual investigations he 
assumes the formal definition of probability introduced by Laplace […] 
from which he derives, by analytical methods, a mathematical proposi-
tion which he then also calls the Law of Large Numbers. [But] [t]his 
mathematical proposition asserts something very diferent from that 
which enters the beginning of the theory as a general empirical foundation 

213 ‘[Der Wahrscheinlichkeitsbegrif] widerspricht wohl im großen ganzen dem, was in 
den älteren Lehrbüchern der Wahrscheinlichkeitsrechnung als formelle “Definition” 
der Wahrscheinlichkeit an die Spitze gestellt wird’ (Von Mises, 1928, p. 21, my 
emphasis). 

214 In Poisson’s own words: ‘The phenomena of any kind are subject to a general law, 
which one can call the Law of Large Numbers. It consists in the fact, that, if one 
observes very large numbers of phenomena of the same kind depending on constant 
or irregularly changeable causes, however not progressively changeable, but one 
moment in the one sense, the other moment in the other sense; one finds ratios of 
these numbers which are almost constant’ (Poisson, 1837, p. 7). 

215 It may be remarked that in the second German edition Von Mises added an addi-
tional sentence in which he expressed his agreement with Poisson with regard to the 
empirical law of large numbers being the basis of probability theory (see Von Mises, 
1981 [1951], p. 22). 



450

(‘das, was als allgemeine Erfahrungsgrundlage in die Anfange der Theorie 
eingeht’).’216 

Von Mises recognized the law of large numbers, which says that the ratios 
of numbers derived from the observation of a large number of similar events 
remain practically constant – or, for that matter, that relative frequencies of 
events eventually stabilize or become constant – not only as the foundational 
notion for a rational mathematical theory of probability, but also as being 
‘identical with’ (’vollig gleichbedeutend mit’)217 the first axiom (L) of its ‘axio-
matics’ (collective): it is the empirical basis of the definition of probability as 
the limiting relative frequency that is made mathematically precise by axiom 
(L). Where Poisson himself had considered the mathematical proposition 
or theorem (‘Poisson’s law’) as a confirmation of the empirical law,218 and 
others219 had ‘wavered between two positions: the [first] is alleged either to 
imply [the latter] or to contradict it’,220 Von Mises wanted to show that the 
two ‘laws’ are unconnected.

216 ‘[Poisson] beschreibt, wie auf den verschiedensten Gebieten der menschlichen 
Erfahrung sich die Erscheinung zeigt, die wir als die Unveränderlichkeit der relative 
Häufigkeiten bei großer Wiederholungszahl der Einzelbeobachtungen kennen gelernt 
haben. Poisson […] bezeichnet [den] Tatbestand […] als “Gesetz der Großen Zahlen“ 
und sieht in dem Bestehen dieses Gesetzes die eigentliche Grundlage für die Möglich-
keit der Wahrscheinlichkeitsrechnung. In der Durchführung seiner Untersuchungen 
geht er dann allerdings von der durch Laplace eingeführten formalen Definition der 
Wahrscheinlichkeit aus [...] und leiten schließlich aus dieser mit den Methoden der 
Analysis einen mathematischen Satz ab, den er nun auch wieder das “Gesetz der 
großen Zahlen“ nennt. [Aber] [d]er von Poisson abgeleitete mathematische Satz [sagt] 
tatsachlich etwas ganz anderes [aus] als das, was als allgemeine Erfahrungsgrundlage 
in die Anfange der Theorie eingeht’ (Von Mises, 1928, pp. 21-22, my emphasis). 

217 Von Mises, 1928, pp. 79-80. 
218 In modern terminology, Poisson ‘proved’ his two-sided law of large numbers (as the 

approximate stability of arithmetic means or relative frequencies) by means of ‘a 
special two-stage model of causation for the occurrence of an event [and] he estab-
lished two auxiliary theorems on stochastic convergence: the first concerning the 
arithmetic means of non-identically distributed random variables, the second con-
cerning relative frequencies of an event which generally does not occur with constant 
probability. He based these theorems, which are equivalent to the now so-called ‘laws 
of large numbers’, on his general [central limit theorem)’ (Fischer, 2011, p. 36). 

219 For example, Irénée-Jules Bienaymé (1796-1879) and Chebyshev were among the 
critics of Poisson’s work on the law of large numbers. 

220 ‘Die meisten Autoren pendeln zwischen den beiden Behauptungen, [das Erfahrungs-
gesetz] postuliere das [mathematische] Gesetz oder sie widerspreche ihn’ (Von Mises, 
1928, p. 79). 
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It is true that Poisson employed the term ‘law of large numbers’ for the approx-
imate stability of both relative frequencies (of events) as well as arithmetic 
means (of so-called ‘non-identically distributed random variables’).221 Von 
Mises wrote that the first ‘part’ says that ‘if a certain result occurs m times 
in n trials, we call m/n its ‘relative frequency’’222 and the second (Bernoul-
lian)223 ‘part’, in a generalized form found in Poisson and Chebyshev, that ‘if 
an experiment, whose results are simple alternatives with the probability p for 
the positive result, is repeated n times, and if E  is an arbitrary small number, the 
probability that the number of positive results will be not smaller than n( p – E ), 
and not larger than n( p + E ), tends to 1 as n tends to infinity’.224 The diference 
is that if the empirical law is a generalization from empirical results expressed 
in terms of ratios interpretable as relative frequencies, the ‘Bernoulli-Pois-
son-Chebyshev’225 proposition (henceforth, ‘BPC-theorem’) is an arithmetical 
statement about the properties and proportion of certain numbers which, in 
classical probability theory, is expressed in terms of probabilities. For example, 
the fact that in the case of the set of natural numbers represented by 0’s and 1’s 
the concentration of their frequency around the value ½ becomes increasingly 
more pronounced 

‘is expressed […] by saying: In the first sequence the ‘probability’ of the 
results 49 to 51 zeros is [e.g.] 0.16; in the second sequence the ‘probability’ 
of the results 490 to 510 is [e.g.] 0.47 [etc.]. By assuming E = 0.01 and 
p = ½, the theorem [is]: Let us write down […] all 2n numbers which 
can be written by means of 0’s and 1’s containing up to n figures. The 

221 This much becomes clear, for instance, in his ‘proof’ of his law of large numbers in 
Poisson, 1837, pp. 139-143. 

222 ‘Tritt ein Ereignis in n Versuchen m-mal ein, so nennen wir den Quetienten m/n die 
‘relative Häufigkeit’ (Von Mises, 1928, p. 79). 

223 Von Mises referred to ‘proposition II’ of Jakob Bernoulli’s (1654-1705) Ars Con  jec tan di 
post-humously published in 1713 (Bernoulli, 1713 [2006]). 

224 ‘Wenn […] einen einfachen Alternativ-Versuch, dessen positives Ergebnis die Wahr-
scheinlichkeit p besitzt, n-mal wiederholt (wird] und mit E eine beliebig kleine Zahl 
bezeichnet, so geht die Wahrscheinlichkeit dafür, dass der Versuch mindestens (pn − 
En)-mal und höchstens (pn + En)-mal positive ausfallt, mit wachsendem n gegen Eins. 
Konkreter’ (Von Mises, 1928, p. 80). 

225 Von Mises referred to the ‘mathematical proposition’ as ‘Bernoulli’s theorem’, 
‘Poisson’s theorem’, ‘Poisson’s law’ and the ‘Bernoulli-Poisson-Chebyshev proposi-
tion’ interchangeably. 
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proportion of numbers containing from 0.49n to 0.51n zeros increases 
steadily as n grows’.226

Von Mises’s problem with this statement was that if, in so far as its definition 
of probability merely says something about the proportion between the number 
of favourable and unfavourable cases, it cannot reach a conclusion as to the 
actual result or end (‘Ablauf’)227 of a sequence, it has nothin g to do with the 
distribution of 1’s and 0’s resulting from such sequences of observed empirical 
events.228 The reason that Poisson considered the mathematical theorem as a 
confirmation of the empirical law was that he employed a diferent meaning 
for probability at the beginning and at the end of the calculation: ‘At the begin-
ning […] the probability 1/2 of ‘heads’ shall be the ratio of favourable cases to 
that of all equally possible cases, but the probability ‘nearly 1’ that follows from 
the calculation […] shall mean that the corresponding event, the occurrence 
of between 0.49n and 0.51n heads in a series of n throws, is always, and in any 
series of trials, observable’.229 Von Mises drew several conclusions from this 
observation. Firstly, the (‘deus ex machina’) auxiliary hypothesis reconciling 
the classical definition with Poisson’s conclusion (‘If a calculation gives a value 
not very diferent from 1 for the probability of an event, then this event takes 
place in nearly all repetitions of the corresponding experiment’)230 is nothing 

226 ‘Es wird […] beschrieben, dass man sagt: die “Wahrscheinlichkeit” der Ergebniszahlen 
49 bis 51 sei im ersten Fall 0,16, die analoge im zweiten Fall 0.47 [usw.]. Der Inhalt 
des Theorems […] lasst sich, wenn E = 0.01 wahlen, wie folgt aussprechen: Schreibt 
man alle aus Nullen und Einsern bestehenden Zahlen der Größe nach geordnet bis ein-
schließlich der n-stelligen auf, so bilden diejenigen unter ihnen, bei denen die Anzahl 
der Einser mindestens 0.49n und höchstens 0.51n betragt, eine mit wachsendem n 
immer starker werdende Majorität’ (Von Mises, 1928, p. 83, my emphasis). 

227 Von Mises, 1928, p. 83. 
228 Von Mises wrote that ‘welcher Anordnung von Nullen und Einsen die wirklich eintre-

tenden Versuchsserien entsprechen werden, damit hat das Ganze nichts zu tun. Ein 
Schluss auf den Ablauf einer Versuchsreihe ist im Rahmen dieses Gedankenganges 
nichts möglich’ (Von Mises, 1928, p. 83). 

229 ‘Die Wahrscheinlichkeit 1/2 eines “Kopf”-Wurfes, die in die Rechnung eingeht, soll 
nur der Quotient der “günstigen” durch die “gleichmöglichen” Falle sein, aber die 
Wahrscheinlichkeit nahe 1, die aus der Rechnung hervorgeht […] die soll bedeuten, 
dass das betrefende Ereignis, nämlich das Auftreten von 0.49n bis 0.51n “Kopf”-Wür-
fen in einer Serie von n Versuchen, fast immer, bei fast jedem Serienversuch, zu beob-
achten ist’ (Von Mises, 1928, p. 84). 

230 ‘Sobald eine Rechnung für ein Ereignis einen Wahrscheinlichkeitswert, der nur wenig 
kleiner als 1 ist, ergeben hat, tritt dieses Ereignis bei fortgesetzten Versuchen fast 
jedesmal ein’ (Von Mises, 1928, pp. 84-85). 
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but ‘the frequency definition in a restricted form’231 and ‘adds nothing to what 
[is] assumed’232 in the case of the empirical law. More precisely, given that that 
the assumption of the existence of a limiting value for relative frequency, that 
is, of the validity of the empirical law is implied in the definition of probability 
as limiting relative frequency ‘what could be the point of obtaining, by tiresome 
calculation (‘durch mühsame Rechnung’), a theorem that merely asserts what has 
already been assumed?’. The answer to this question is that, secondly, ‘the prop-
osition, which arises as the result of a mathematical deduction from [BPC-the-
orem], implies […] much more than the mere existence of a limiting value’233, 
namely a ‘definite statement’ (‘bestimmte Aussage’) about the result (‘Ablauf’)234 of 
events (e.g. ‘heads’ and ‘tails’) in an indefinitely long sequence. This suggests, 
thirdly, that if ‘Bernoulli-‘ or ‘Poisson-‘sequences are sequences that can be 
described by a mathematical formula or law in so far as their limiting values 
‘belong to higher mathematics’235 such that they do not satisfy the requirement 
of complete ‘lawlessness’ or ‘randomness’ (‘Regellösigkeit’),236 it ‘does not make 
sense’ (‘es [hat] wenig Sinn’)237 to speak of probability proper in the case of 
the Bernoulli- or Poisson-theorem. For example, Von Mises dismissed as a 
‘mistake’ (‘Verirrung’)238 Evgeny Evgenievich Slutskii’s (1880-1948) St.-Pe-
tersburgian239 attempt to combine (‘zusammenzubrauen’)240 the existence of 
limit values and the BPC-theorem into a theorem about the ‘(random) stochas-

231 ‘Eine, […] etwas eingeschrankte, Haufigkeitsdefinition’ (Von Mises, 1928, p. 85). 
232 Von Mises asked ‘Welche Zweck kann es dann noch haben, durch mühsame Rechnung 

den Weg zu einem Theorem zu bahnen, das doch nur dasselbe aussagt, was schon als 
gültig vorausgesetzt wurde?’ (Von Mises, 1928, p. 85). 

233 ‘Der Satz, der als Resultat der mathematischen Deduktion von Bernoulli-Pois-
son-Tschebyschef erscheint, sagt […] ungleich mehr aus, als die bloße Existenz eines 
Grenzwertes’ (Von Mises, 1928, p. 85). 

234 Von Mises, 1928, p. 90. 
235 Von Mises wrote that in the case of ‘Bernoulli-‘sequences ‘[d]as Wort “Grenzwert” 

[…] ist ein Terminus der höheren Mathematik’ (Von Mises, 1928, p. 15). 
236 Von Mises, 
237 Von Mises, 1928, p. 23. 
238 Von Mises, 1928, p. 89. 
239 Although Slutskii’s lengthy 1925 paper ‘Über stochastische Asymptoten und Grenzw-

erte’ contained references to, among others, Pavel Alekseevich Nekrasov (1853-1924), 
Aleksandr Lyapunov (1857-1918), Markov, Hilbert and Von Mises – and he himself 
was born and would later work in Moscow – his general approach ‘was in the tradition 
of Chebyshev, Markov and [his] statistical colleague, […] [Alexandr Alexandrovich] 
Chuprov [(1874-1926)]’ (Seneta, 1994, p. 1330). For an account of Slutskii’s views on 
probability (limits, randomness etc.) see, for instance, Barnett, 2011, chapter 2 and 6. 

240 Von Mises, 1928, p. 89. 
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tic limit’ or ‘asymptote’ (‘Slutskii’s theorem’).241 Similar to the ‘mistakes’ of 
Hermann Weyl (1885-1955) and Georg Pólya (1887-1985),242 Slutskii allegedly 
assumed for his mathematical theorem ‘the classical definition of probability, 
which has nothing to do with the [actual] course of phenomena’,243 and then 
(‘nachträglich’)244 employed ‘a way of phrasing that does concern this course 
(‘it is to be expected with necessity [‘mit Sicherheit’], that…)’.245 

Von Mises emphasized that once the empirical notion of limiting relative fre-
quency is adopted as the (axiomatic) starting point for probability theory it 
is possible to maintain that mathematical theorems related to the (‘direct’) 
BPC-theorem (‘First Law of Large Numbers) and the (‘indirect’ or ‘inverse’) 
Bayesian-theorem (‘Second Law of Large Numbers’) contain ‘a valuable asser-
tion [‘Aussage’]’246 providing ‘some information’ (‘einigen Aufschluß ’)247 for the 
prediction of frequencies from given probabilities and the estimation of prob-
abilities from observed frequencies, respectively.248 The reason for this was 
that ‘a proposition that is to assert [‘aussagen’] something about reality is only 
derivable when one puts at the beginning of the derivation certain well-defined 
[‘bestimmte […] sogenannte’) axioms [(L) and (IR)], [these being] initial prop-

241 See Von Mises, 1928, p. 89. 
242 See below (‘An afterword’). 
243 ‘[D]er klassischen Wahrscheinlichkeitsdefinition, die nichts mit dem Erscheinungs-

ablauf zu tun hat’ (Von Mises, 1928, p. 89). 
244 Von Mises, 1928, p. 89. 
245 ‘[E]iner Ausdrucksweise […] die auf diesen Ablauf Bezug nimmt (‘es ist mit Sicherheit 

zu erwarten, dass…)’ (Von Mises, 1928, p. 89). 
246 Von Mises, 1928, p. 89. 
247 Von Mises, 1928, p. 89. 
248 This distinction of probability theory into two parts corresponds to the formulation, 

in the Fundamentalsätze of 1919, of two ‘fundamental theorems’ that are to ‘master, 
from a unified and general analytical viewpoint’ (‘von einem einheitlichen und allge-
meinen analytischen Gesichtspunkt aus zu bewältigen’) (Von Mises, 1919a, p. 2) several 
individual problems of the theory; on the one hand, ‘direct’ problems (‘the Bernoul-
lian and Poissonian problem and its generalization, the Gaussian error law, the law of 
large number’ (‘das Bernoullische und Poissonsche Problem und seine Verallgemeinerung, das 
Gaussche Fehlergesetz, das Gesetz der grossen Zahl ’)) (Von Mises, 1919a, p. 2) and, on 
the other hand, ‘indirect’ problems (‘the Bayesian and Laplace-Bienaymean problem 
and its generalization, a second proposition of error theory and a second law of large 
number’ (‘das Bayessche und Laplace-Bienaymesche Problem und seine Verallge-
meinerung, einen zweiten Satz der Fehlertheorie und ein zweites Gesetz der grossen 
Zahl’)) (Von Mises, 1919a, p. 2). 
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ositions [‘Ausgangssätze’] obtained from experience’.249 Von Mises strongly 
denied the idea of the separation into an (applied) extra-mathematical part 
and a (pure) mathematical part of probability theory;250 where the two axioms 
for collectives ‘are a necessary consequence of the frequency [definition], in 
the sense that if one interprets probability as limiting relative frequency then 
[series] will exhibit [collective-]like properties’251 the mathematical theorems 
for probability only make sense, probabilistically, as mathematical deductions 
from these axioms. 

An afterword: Von Mises and Cournot’s principle: 
the status of the law of large numbers 

The ‘lecture’ on the laws of large numbers introduced as a counter-example 
(‘Gegenbeispiel’) against Poisson’s identification of the empirical law of large 
numbers (or the axiom (L)) with the BPC-theorem a certain non-random 
sequence of 1’s and 0’s – with ‘1’ standing for the (‘positive’) result that either 
5, 6, 7, 8 or 9 is the sixth figure after the decimal point resulting from the calcu-
lation of the square root of positive integers and ‘0’ standing for the (‘negative’) 
result that this figure is either 0, 1, 2, 3 or 4. Von Mises showed that the begin-
ning of this table confirms the BPC-theorem, in that ‘every series of n numbers 
consist of about [50%] 0’s and about [50%] 1’s if one chooses a suhciently large 
[n]’,252 but that this is no longer the case ‘when the table [of square roots] is 
imagined as proceeding beyond the actually printed [‘tatsächlich Gedruckte’].253 
He then concluded the following: on the one hand, there are mathematical 

249 ‘[E]in Satz, der etwas über die Wirklichkeit aussagen soll, nur dann […] ableitbar 
ist, wenn man an die Spitze der Ableitung bestimmte, der Erfahrung entnommene 
Ausgangssätze, sogenannte Axiome stellt’ (Von Mises, 1928, p. 90). 

250 For example, in a letter to Pólya of December 12, 1919 Von Mises remarked that ‘[m]y 
decided tendency – which cannot be separated into a mathematical and an extra-math-
ematical – is precisely to put an end to the current situation, where a presentation of 
the theory of probability begins with the words […] that one does not know really 
what probability is’ (Von Mises quoted in Siegmund-Schultze, 2006, p. 472). 

251 Van Lambalgen, 1996, p. 354. 
252 ‘[J]ede Serie von n Zifern [besteht] ungefahr zur Halfte aus Nullen und ungefahr zur 

Halfte aus Einsern […] wenn man […] eine genugend grosse […] n wahlt’ (Von Mises, 
1928, p. 87). 

253 ‘[W]enn man sich die Tafel über das tatsächlich Gedruckte hinaus fortgesetzt denkt’ 
(Von Mises, 1928, p. 87). 
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(‘non-Bernoullian’ and non-random) sequences with relative frequencies 
tending toward limiting values which do not obey the BPC-theorem. On the 
other hand, there are (‘Bernoullian’) sequences, with an initial randomness, 
obeying the BPC-theorem which can also be defined by mathematical formulae. 
Taken together, when the improvable (‘nicht beweisbare’)254 empirical general-
ization of the existence of limits is assumed as an axiom (L), a theorem like the 
BPC-theorem can be derived, in a logically valid way,255 from the frequency 
definition of probability as a special case of the additional assumption (‘unter 
Hinzunahme’)256 of randomness (IR).257 258 

Von Mises introduced the counter-example and the conclusion drawn from it 
in order to expose the uncritical (‘kritiklos’)259 treatment of probability theory 
by mathematicians such as Pólya, Weyl and Slutskii. His main criticism was that 
these all of them remained committed, in a surprisingly unreflective way, to 
the classical fallacy of employing the BPC-theorem to make statements about 
empirical reality from the notion of ‘equiprobability’ – an ‘a priori’260 and/or 
‘subjective’261 notion which assumes uniform distributions of (‘non-geomet-

254 Von Mises, 1928, p. 100. 
255 That is to say, without changing the meaning of probability in the course of the calcu-

lation. 
256 Von Mises, 1928, p. 100. 
257 Von Mises wrote that the BPC-theorem ‘turns out to be a special consequence of the 

complete randomness of a sequence’ (‘erweist sich eben als eine spezielle Konsequenz 
aus der vollständigen Regellosigkeit einer Folge’) (Von Mises, 1928, p. 90). 

258 It could thus be said that if the notion of randomness follows from the frequency defi-
nition of probability it does so in so far as it is to protect probability theory against 
the abovementioned ‘non-Bernoullian’ sequences. 

259 Von Mises, 1928, p. 88. 
260 See Von Mises, 1928, pp. 68-70. Von Mises explained the idea of the a priori estab-

lishment of ‘equally likely cases’ as an attempt to derive knowledge about probabilities 
from the physical characteristics, that is, the homogeneity and/or symmetry, of, for 
example, a die. 

261 See Von Mises, 1928, pp. 72-74. Von Mises explained the idea of the ‘subjective’ estab-
lishment of ‘equally likely cases’ as an attempt to derive something from nothing or, for 
that matter, knowledge from ignorance on the basis of the ‘principle of indiference’. 
This principle holds that if there is no known reason to assign difering probabilities 
to two events, they are to be assigned the same probability. 
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ric’)262 equal probabilities in the original collectives to the exclusion of all (appli-
cations with) other distributions and probabilities. Although Antoine-Augustin 
Cournot (1801-1877), Johannes von Kries (1853-1928),263 Ladislaus von Bort-
kiewicz (né Vladislav Bortkewitsch) (1868-1931), Bruns and Czuber, among 
others probabilists, had criticized the Laplacian definition of probability on 
philosophical and practical grounds, none of them had fundamentally moved 
beyond it (‘kein Author erhebt sich wesentlich über […]’).264 But given that, for 
instance, Slutskii had explicitly dismissed this very definition as a basis for the 
mathematization of probability in his assessment of Markov’s 1900 textbook, 
it may be said that Von Mises’s criticism concerned not solely the early-twen-
tieth-century renovation of classical probability theory (e.g. incorporation 
of geometric probability, introduction as theorems of total, compound and 
relative probability), but also, more specifically, ‘Cournot’s principle’. 

The history of this principle can be traced back to Bernoulli’s 1713 treatment 
of events with very small probability being ‘morally impossible’ (i.e. they will 
not happen) and events with very high probability being ‘morally certain’ (i.e. 

262 The negative term ‘non-geometric’ is to suggest that the assumption of ‘equally likely’ 
cum ‘equally possible’ events in the initial collectives, that is the assumption of a 
uniform distribution cannot be upheld in the case of geometric probabilities where 
the geometric extension (area, volume) of cases is measured. 

263 The neo-Kantian philosopher Kries had developed a so-called ‘logico-objective’ 
definition of probability in his Principien der Wahrscheinlichkeitsrechnung of 1886 – and 
this with the explicit aim of eliminating the ‘subjective’ elements from the notion of 
probability. Kries’s ‘Spielraum‘ or ‘range’ theory of probability can be explained, in 
modern terminology, as follows: ‘Take the disjunctive set E of ontological conditions 
E1, E2, […] En which constitute the whole Spielraum of a state of afairs H relative 
to certain [‘nomological’] laws L. Together with this set of laws some of these alter-
natives imply the occurrence of H, and the remaining ones imply the occurrence of 
not-H. [T]he Spielraum is [thus] divided into two parts […] If we call the first part […] 
favorable to H, we can say that the probability of H relative to E and L is the ratio of 
the number of favorable alternatives of the Spielraum to the number of all alternatives’ 
(Heidelberger, 2001, pp. 38-39). Given this presentation and the attempt to determine 
the alternatives via ‘equipossibility’, Von Mises felt able to dismiss Kries’s theory as 
a specific version of classical probability theory (see Von Mises, 1928, pp. 74-75). 

264 Von Mises, 1919b, p. 52. 
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they will happen).265 Cournot, who ‘gave the discussion a nineteenth century 
cast’,266 suggested that it is the fact that events with vanishingly (infinitely) 
small probability are physically impossible that connects mathematical proba-
bility to the world and gives it ‘substance’ or empirical meaning.267 The prin-
ciple entered the Russian literature via the work on mathematical statistics of 
Markov, the disciple, together with Lyapunov, of Chebyshev in St. Peters-
burg and Chuprov, who was the professor of political economy and statistics 
at Moscow University (where he had graduated, in 1896, with a dissertation 
on probability as a basis for theoretical statistics under the (partial) supervi-
sion of Nekrasov) before becoming the director of the Economics Section of 
the St. Petersburg Polytechnic Institute in 1902.268 It would be adopted in 
its so-called ‘strong form’ (with the meaning, that is, the connection with the 
empirical world of application, of mathematical probability being found in ‘the 
non-happening of small [or zero] probability events singled out in advance)269 
by, among others, Maurice René Fréchet (1878-1973), Paul Lévy (1886-1971), 
Borel, Khinchin, Kolmogorov and Slutskii. For them, Cournot’s principle 
combined with the BPC-theorem ‘to produce the unequivocal conclusion that 
an event’s probability will be approximated by its frequency in [a] suhciently 

265 In his Ars Conjectandi, Bernoulli related mathematical probability to moral certainty 
– or, for that matter, quantified moral certainty by writing that ‘something is morally 
certain if its probability is so close to certainty that the shortfall is imperceptible’ and 
‘something is morally impossible if its probability is no more than the amount by which 
moral certainty falls short of complete certainty’. He added that it ‘would be useful, 
accordingly, if definite limits for moral certainty were established by authority of the 
magistracy. For instance, it might be determined whether 99/100 of certainty suhces 
or whether 999/1000 is required’ (Bernoulli, 1713 [2006], p. 321). 

266 Schafer & Vovk, 2006, p. 72. 
267 In his Exposition de la théorie des chances et des probabilités, Cournot wrote the following: 

‘The physical impossible event is […] the one that has infinitely small probability, and 
only this remark gives substance – objective and phenomenal value [in the Kantian 
sense] – to the theory of mathematical probability’ (‘L’événement physiquement 
impossible est donc celui dont la probabilité mathématique est infiniment petite; et 
cette seule Remarque donne une consistence, une valeur objective et phenoménale à 
la théorie de la probabilité mathématique’) (Cournot, 1843, p. 78). See Martin, 1996, 
chapter 5 for a detailed account of Cournot’s views on the establishment of ‘objective 
values’ for probabilities. See Schafer, 2005, pp. 1-12; Schafer, 2006; Shafer & Vovk, 
2006, pp. 74-76 for a brief history of ‘Cournot’s principle’.

268 It is by now well known that it was the (happenstance) correspondence between 
Markov and Chuprov that initiated the coming together into mathematical statistics 
of probability (Markov) and statistics (Chuprov) (see Sheynin, 2006 [2011]). 

269 Schafer & Vovk, 2006, p. 74, my emphasis. 
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long sequence of [trials]’.270 The ‘strong form’ could be upheld either with (e.g. 
Lévy) or without (e.g. Kolmogorov, Slutskii) the principle of equally likely 
case as the foundation of the mathematics for probability, but did not comple-
ment any of the axiomatizations prior to Kolmogorov – be this the (‘abstract’) 
measure-theoretic system of axioms of, among others, Rudolf Laemmel 
(1879-1962), Ugo Broggi (1880-1965) and Antoni Lomnicki (1881-1941) or 
the (‘non-abstract’) system of axioms of Von Mises for (idealized) limiting 
frequencies or of Sergei Bernshtein’s (1880-1968)271 and Bruno de Finetti’s 
(1906-1985) system of axioms for qualitative probabilities. The Russian ‘theo-
retical statistician’272 Chuprov, thereby reflecting the skepticism of the German 
probabilists (Von Kries, Czuber, Bortkiewicz) vis-à-vis the identification of 
zero probability (‘sets with measure zero’) with impossibility by German 
mathematicians like Hausdorf and Felix Bernstein (1878-1956), referred to 
the ‘weak’ form of Cournot’s principle in his work.273 This ‘weak form’ (with 
events with very small probabilities happening very rarely in repeated trials)274 
combined with the BPC-theorem ‘to produce the conclusion that an event’s 
probability will usually be approximated by its frequency in a suhciently long 

270 Shafer & Vovk, 2006, p. 74, my emphasis. 
271 Bernstein, whose studies at Gottingen (in 1902-1903) had been supervised by Hilbert 

and whose doctoral dissertation for the Sorbonne had been examined by Jacques 
Hadamard (1865-1963) and Poincaré, published a long paper on the axiomatization of 
(qualitative) probability as early as in 1917. Von Plato remarks that ‘[h]ardly anyone 
outside Russia and the Soviet Union can be expected to have read the article [which 
appeared in the proceedings of the mathematical society of Kharkov, Ukraine]. In his 
Grundbegrife, Kolmogorov mentioned it as giving an axiomatization with a set of basic 
concepts diferent from his (see Kolmogorov, 1933, p. 2, f. 1). 

272 Chuprov regulardly used the term ‘theoretical statistics’, ‘obviously not favoring the 
expression ‘mathematical statistics’ (Sheynin, 2006 [2011], p. 101). 

273 See, for example, Chuprov, 1905, p. 443. 
274 Chuprov defined the ‘weak form’ of Cournot’s principle as follows: ‘Events whose 

possibility is very small, occur extremely seldom’ (Chuprov quoted and translated 
into English in Sheynin, 2006 [2011], p. 95). 
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sequence of […] trials’.275 276 What is important is that Chuprov, not unlike 
other Russian statisticians, considered the intuitive version of the ‘weak law of 
large numbers’ (convergence to a limit) as an independent logical, rather than 
a mathematical principle that could be proved in a non-mathematical way from 
Cournot’s ‘general notion’ and that somehow grounded both the theorem of 
Bernoulli and the (generalized) theorem of Poisson. Chuprov argued that the 
‘search for [any] grounds for [Poisson’s and Chebyshev’s generalization of] the 
[‘weak’] law of large numbers in the Bernoulli theorem [‘the weak law of large 
numbers’] is always a petitio principii’277 because if the Bernoulli itself ‘says 
nothing about concrete phenomena’278 it cannot function as the basis of its own 
generalization. In other words, Chuprov ‘understood that the ordinary law of 
large numbers [‘Bernoulli’s theorem] was not suhcient for practical purpos-
es’279 and he believed that the connection between (‘the abstract notion of’)280 
probability and (the) frequency (of ‘concrete phenomena’)281 ‘should come 
from logic rather than mathematics’.282 

275 Schafer & Vovk, 2006, p. 74. 
276 Chuprov arrived at this conclusion as follows: ‘When certain general conditions 

characterize a very long series of events [of trials] all the phenomena [the events] 
possible under these conditions occur roughly in proportion to the possibilities of 
their occurrence. This proposition can be proved in the following way: 1) Events 
whose possibility is very small, occur extremely seldom, 2) The possibility that in 
a long series of trials the possible phenomena occur in a number of times not essen-
tially proportional to the respect. possibilities is very small. Ergo, 3) It is extremely 
seldom for the phenomena to occur in long series of trials in a number of trials not 
roughly proport. to their possibilities. Proposition 1) is derived from general notions 
(Cournot), proposition 2) is ein Theorem der Kombinationslehre (Kries). Proposition 
3) can be obtained from 2) […] only by adding 1). Therefore, proposition 3) cannot 
be regarded as a purely mathematical theorem. According to the opinion of [Czuber] 
proposition 3) can be arrived at from the main notions without mathematical deriva-
tions in the same way as proposition 1)’ (Czuber quoted and translated into English in 
Sheynin, 2006 [2011], p. 95). 

277 Chuprov, 1896, p. 89 quoted and translated into English in Sheynin, 2006 [2011], 
p. 87. 

278 Chuprov, 1896, p. 88 quoted and translated into English in Sheynin, 2006 [2011], 
p. 87.

279 Sheynin, 1993, p. 248. 
280 Chuprov, 1896, p. 88 quoted and translated into English in Sheynin, 2006 [2011], 

p. 87. 
281 Chuprov, 1896, p. 88 quoted and translated into English in Sheynin, 2006 [2011], 

p. 87. 
282 Sheynin, 1993, p. 248. 
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Taken together, in the pre-Grundbegrife era the ‘strong form’ of Cournot’s 
principle gave expression to the ‘non-modern’ emphasis on extra-mathemati-
cal (‘physical’)283 meaning by those mathematical probabilists working on the 
analytical subfields whose integration would mark the establishment of modern 
probability as a branch of modern mathematics (axiomatics (measure theory), 
strong laws of large numbers, stochastic processes, limit theorems for distri-
butions of sums of random variables).284 When compared to the proponents of 
the ‘weak form’ who, at any rate, introduced the principle mainly as a way to 
account for probability theory’s practical value without having recourse to the 
‘weak law of large numbers’ (‘Von Mises’s’ BPC-theorem), the ‘counter-mod-
ernism’ of the proponents of the ‘strong form’ is to be found, for instance, in 
their acceptance of the mathematical ‘strong law of large numbers’ as the basis 
of applicability of the ‘weak law’.285 The non-conformist Von Mises contrib-
uted to the ‘modernization’ of probability theory (axiomatization, sums of 
random variables etc.), but, indeed, ‘tended to be ‘anti-modern’ even in those of 
his activities which belonged to ‘modernism’’.286 For example, Von Mises could 
be said to have shown his awareness of the future role of sets of probability zero 
(‘0’) within an axiomatized probability theory when he wrote that ‘WA = 0 is 
not always equivalent to impossibility, WA = 1 not always to ‘certainty’. But 
the fact that he justified this principle with reference to the practical import of 

283 For example Lévy argued that the notion of equally likely events ‘suhces as a foun-
dation for the mathematics of probability, but so long as we base our reasoning only 
on this notion, our probabilities are merely subjective’ (Schafer & Vovk, 2006, p. 73, 
see also Lévy, 1925, p. 21, p. 34). 

284 The terms ‘modern’ (‘modernism’) and ‘counter-modern’ (‘counter-modernism’) 
appear in Herbert Mehrtens’ Moderne – Sprache – Mathematik (‘Modernism – Language – 
Mathematics’) as two opposing views on the self-understanding of mathematics found 
in the work nineteenth- and early-twentieth-century mathematicians (see Mehrtens, 
199). Where the mathematical ‘modernism’ of Richard Dedekind (1831-1916), Bernard 
Riemann (1826-1866), Hilbert, Hausdorf and others is characterized by terms like 
‘self-reference’, ‘system’, ‘freedom’, ‘sign’ and ‘creation’, the mathematical ‘coun-
ter-modernism’ of the French intuitionists and Brouwer is characterized by ‘construc-
tion’, ‘intuition’ (‘Anschauung’ and ‘Intuition’), ‘external truth’. Importantly, given the 
meta-mathematical character of the opposition Mehrtens allows for a ‘counter-mod-
ernist’ vis-à-vis fundamentals like Brouwer to write ‘modern’ articles on pragmatic 
grounds. See Fischer, 2011, pp. 7-9, pp. 357-358 for an application of Mehrtens’ ideas 
to the development of modern probability. 

285 See, for instance, Khinchin, 1928. 
286 Siegmund-Schultze, 2004, p. 360. 
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Gauss’s error theory287 suggests that Von Mises did not introduce it in order 
to be able to interpret or to account for the applicability of mathematical col-
lectives, but to re-emphasize that mathematical collectives (and their infinite 
sequences) are to express all empirically generalized statistical properties of 
empirical collectives (and their finite sequences) and that the only criterion for 
accepting properties of the former was their use in solving problems in the case 
of the latter.288 There was no place for Cournot’s ‘Bernoulliesque’ principle in 
the Von Misean axiomatic framework because the very problem of bridging 
either the ‘crack’ between ‘frequency’ and ‘probability’ or the (‘modern’) gap 
between ‘real world’ and ‘mathematical’ probability was absent from it.289 The 
fundamental reason for which was, of course, that limiting relative frequencies 
in the Kollektivs did not owe their existence to the (mathematical) law of large 
numbers and did not obtain their (empirical) meaning through interpretation 
by means of a certain principle.290

287 Reflecting on the principle (see footnote 578), Von Mises wrote that ‘[t]his seemingly 
not unimportant deviation from the ordinary [‘classical’] theory is indeed quite 
necessary […] if one considers any kind of continuous [‘geometrical’] distribution. 
For instance in the Gaussian error theory each error has probability zero, but each 
error is possible’ (‘Diese scheinbar nicht unwesentliche Abweichung von der üblichen 
Theorie ist tatsächlich ganz unerlässlich […] wenn man irgendwelche Fälle stetiger 
Verteilungen in Betracht zieht. Z.B. hat in der Gaußschen Fehlertheorie jede Fehler-
größe die Wahrscheinlichkeit null, aber jede Fehlergröße ist möglich’) (Von Mises, 
1919b, p. 56, f. 8). 

288 For detailed explanations of these points see Van Lambalgen, 1996, pp. 363-364. 
289 It may here be insightful to remark that neither the proponents of the ‘strong form’ of 

Cournot’s principle nor those of the ‘weak form’ supported Von Mises’s probability – 
with Slutskii, on the one hand, and Chuprov, on the other hand, being cases in point. 

290 See Van Lambalgen, 1996, p. 364; Von Mises, 1939b, p. 55, p. 56, f. 6. 
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section 2

Moscow mathematics: 
formalism, intuitionism 
and the search for 
mathematical content

This section contains one article – with the accompanying translation being 
added as an appendix: 

– Verburgt, L.M. 2015. On Aleksandr Iakovlevich Khinchin’s paper ‘Ideas of 
intuitionism and the struggle for a subject matter in contemporary mathemat-
ics’ (1926). Accepted-with-revision. 

– Khinchin, A.Ia. 1926 [2015]. Ideas of intuitionism and the struggle for a 
subject matter in contemporary mathematics. English translation (with Olga 
Kondrikova). Originally published as ‘Idei intuitsionizma i bor’ba za predmet 
v sovremennoy matematike’ in Vestnik Kommunisticheskoi akademii, 16, 184-192. 
Accepted-with-revision

 
The first article (chapter 12) takes as the starting point for its contribution to 
the theoretization of the ideological debate on mathematical foundations in 
pre-Stalin Soviet Russia the translation into English of a 1926 paper of Alek-
sandr Iakovlevich Khinchin (chapter 12 appendix). During the 1920s Soviet 
Marxist scholars were primarily focused on the manifestations of ‘mathemat-
ical idealism’ found not only in all of the three ‘Western’ foundational orien-
tations (Hilbert’s formalism, Brouwer’s intuitionism and Russell’s logicism), 
but also in studies in set-theory, probability and logic. As a representative of 
the famous Moscow school – whose contributions to set- and function-theory 
found their more philosophical background in French semi-intuitionism and 
Russian intuitionistic logic –, Khinchin took up the task of publicly defending 
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the promises of Brouwerian intuitionism vis-à-vis the ‘empty chess game’ of 
Hilbertian formalism by presenting it as an orientation amenable, in principle, 
to the Marxist idea of a mathematics with ‘content’. Also given the Kantian or 
idealistic roots of Brouwer’s work this presentation was at least partly ‘tactical’. 
But the more interesting observation is, perhaps, that both Khinchin as well as 
Kolmogorov (in his contributions to intuitionistic logic and foundations) seem 
to been prepared to critically examine the approach and methods they used to 
obtains some of their most well-known results (e.g. the axiomatization of prob-
ability) (see also chapter 12 and chapter 12 appendix). 
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chapter 12

On Aleksandr Iakovlevich 
Khinchin’s paper ‘Ideas of 
intuitionism and the struggle 
for a subject matter in 
contemporary mathematics’

0. Introduction

Aleksandr Iakovlevich Khinchin’s (1894-1959) paper ‘Ideas of intuitionism and 
the struggle for a subject matter in contemporary mathematics’1 appeared as the 
introduction to a special seminar on intuitionism organized, in the winter of 
1925-1926, by the Department for  Natural and Exact Sciences of the Commu-
nist Academy2 in Moscow. The seminar, which was supervised by Khinchin, 
was part of the mathematical section’s very popular3 series of meetings on 
general methodological issues ‘at which various philosophical and historical 
questions of mathematics were discussed’ (Yushkevich, 2007, 18). Among the 
participants were Igor Vladimirovich Arnol’d (1900-1948) and Grigorii Bor-
isovich Gurevich (1898-1980) – who both delivered a lecture – and Andrei 

1 Originally published as ‘Idei intuitsionizma i bor’ba za predmet v sovremennoy 
matematike’ in Vestnik Kommunisticheskoi akademii 16, (1926), 184-192. 

2 The Socialist Academy was founded by the Bolshevik authorities in 1918 with the 
task of ‘making Marxism a unified and coherent system of philosophical propositions’ 
(Vucinich, 1999, 108, see also Seneta, 2004, 342). It was renamed the Communist 
Academy in 1923 and abolished in 1936. The Section for Natural and Exact Sciences 
was headed by Otto Yul’evich Schmidt (1891-1956) and its members were Veniamin 
F. Kagan (1869-1953), H.P. Kasterin (?-?), V.A. Kostitsin (1883-1963), Vasily G. 
Fesenkov (1889-1972) and Khinchin (see Ermolaeva, 1999, 262). Yushkevich also 
mentioned Lazar A. Liusternik (1899-1981) and Liutsian M. Likhtenbaum (?-1969) 
as its ‘scientific workers’ (Yushkevich, 2007, 18). 

3 Yushkevich noted that ‘[m]any hundreds of listeners attended the seminar sessions’ 
(Yushkevich, 2007, 18). 
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Nnikolaevich Kolmogorov (1903-1987),4 Valerii Ivanovich Glivenko (1896-
1940), Sof’ia Alexandrova Ianovskaia (1896-1966) and ‘some others’ (ibid.) – 
who commented, in the form of presentations, on Khinchin’s lecture which 
was subsequently published in the Bulletin of the Communist Academy (Vestnik 
Kommunisticheskoi akademii) in 1926. 

The English translation of the paper is presented here for the first time. What 
follows shall provide a brief introduction to Khinchin’s somewhat loosely for-
mulated, but philosophically and historically revealing endeavor to caution 
Marxist philosophers of mathematics ‘against the sweeping rejection of 
intuitionism as an idealistic orientation in the foundations of mathematics’ 
(Vucinich, 1999, 111).

1. Aleksandr Iakovlevich Khinchin (1894-1959)

Khinchin was born on July 19, 1894 in the village of Kondrovo (in the Kaluga 
Oblast) and died in Moscow on November 18, 1959, at the age of sixty-five.5 
He entered the Faculty of Physics and Mathematics (Fizmat) of Moscow 
University in the year 1911. Already before graduating in 1916, with Nikolai 
Nikolaevich Luzin (1883-1950) as his supervisor, Khinchin presented an 
original contribution to the theory of functions at a 1914 meeting of Pavel 
Aleksandrovich Florenskii’s (1882-1937) and Luzin’s Student Mathematical 

4 Although Khinchin did not mention Kolmogorov as one of the seminar’s lecturers, 
the then twenty-two-year-old student might have presented his now famous ‘On the 
tertium non datur principle’ (Kolmogorov, 1925 [1999]) there; he finished this paper on 
September 30, 1925 (Uspensky, 1992, 386). Yushkevich, who ‘first heard Kolmogorov 
in Khinchin’s seminar’, wrote that ‘Kolmogorov’s short and oratorically unsophisti-
cated presentation was especially striking. His interpretation of intuitionistic logic 
was highly original’ (Yushkevich, 2007, 18). 

5 See, for example, Cramer (1962), Gnedenko (1960), Gnedenko (1961), Gnedenko & 
Kolmogorov (1960), O’Connor & Robertson (2000), Rogosin & Mainardi (2010), 
Vere-Jones (2008), Youshkevitch (2008) for accounts of Khinchin’s life and work. 
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Circle (e.g. Demidov & Ford, 2005, 599).67 Luzin himself had been the pupil 
of Dmitrii Fiodorovich Egorov (1869-1931) who, together with Boleslav Kor-
nelievich Mlodzeevskii (1858-1923),8 had ‘waged a war against [Muscotive] 
tradition’ (Aleksandrov, 1955, 12) by introduction new developments in the 
theory of sets and functions from Göttingen, Paris and Berlin (see Demidov, 
1988, Liusternik, 1967a, 1967b, 1967c, 1970). After Egorov became acquainted 
with the ideas of Ëmile Borel (1871-1956) and Henri Lebesgue (1875-1941) he 
made these into the core of a scientific seminar that ‘stressed the limitations 
of the definitions and methods of classical analysis’ (Phillips, 1978, 284) and 
elaborated the ‘fundamental concepts and methods of mathematics provoked 
by the logico-philosophical problems of set theory’ (Yushkevich, 2007, 1). 
‘Egorov’s seminar’ (Tikhomirov, 2007, 274) – which was soon to be renamed 
‘Luzin’s seminar’9 – attracted a close circle of young and gifted mathemati-
cians, known as Lusitanians, that considered themselves ‘novices’ of the ‘secret 
society’ named Lusitania where Egorov was ‘God-the-father’ and Luzin ‘God-
the-son’ (Ford, 1998, 1991, Lavrent’ev, 1974, Graham & Kantor, 2009, chapter 
6). The Lusitanians formed a ‘tightly woven kruzhok’10 (Vucinich, 1970, 355) 

6 The topic was the same as that of the 1916 Comtes Rendus paper, namely the generaliza-
tion of certain results found in the work of Arnaud Denjoy (1884-1974) on the asymp-
totic behavior of integral functions. The 1914 presentation introduced a generalization 
of the concept of what is known today as an ‘asymptotic derivative’ (see Gnedenko, 
1961, 2). 

7 Florenskii was one of the founders, in 1902, of the Student Circle of the Moscow 
Mathematical Society in which he was not only a leading figure but for which he also 
served as the first secretary – a position which he would later ofer to his friend Luzin. 
At the meetings of the Circle, Florenskii himself, ‘other students, and sometimes even 
the professors, gave lectures on topics including set theory and the theory of functions 
of a real variable’ (Demidov & Ford, 2005, 599). 

8 Following several trips to France and Germany, Mlodzeyevskii, ‘in the academic year 
1900-1901, gave the first course in the theory of functions of a real variable at Moscow 
University […] [His] younger colleague Egorov attended these lectures, as did a first 
year student, […] Luzin’ (Phillips, 1978, 280). 

9 Given that he was the ‘most prominent and active member’ of the seminar (Vucinich, 
1970, 355) it seems probable that the name ‘Lusitania’ was derived from Luzin. 
However, there are several other explanations of the origin of the name (Graham & 
Kantor, 2009, 101-102). 

10 ‘Kruzhok’, the literal translation of which is ‘circle’, is the Russian equivalent of a 
‘working group’. 
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dedicated to the elaboration of Luzin’s ‘otherworldly’11 ideas on the theory of 
functions of a real variable (Keldysh, 1974, Lavrent’ev, 1974, Phillips, 1978). 
Luzin’s revolutionary pedagogical methods12  and modern ideas achieved imme-
diate success; within two years of his return, in 1914, from Paris to Moscow, 
four of his ‘first generation’ students published a paper in the Comtes rendus 
de l’Academie des Sciences des Paris on a topic suggested by him. Where Pavel 
Sergeev Aleksandrov (1896-1982) and Mikhail Iakovlevich Suslin (1894-1919) 
wrote on the descriptive theory of sets and functions,13 Dmitrii Evgenevich 
Menshov (1892-1988) and Khinchin worked on problems in the metric theory 
of functions (e.g. Khinchin, 1916).14 These papers initiated the golden years of 
the so-called Moscow school of mathematics (e.g. Demidov, 1988, Gnedenko, 
1946, Liusternik, 1967a, 1967b, 1967c, Tikhomirov, 2007, see also Zdravk-
ovska & Duren, 2007). 

Khinchin’s professional career started around 1918 – the year in which he taught 
his first class at the Moscow Women’s Polytechnical Institute. He was elected 
dean of the Faculty of Mathematics and Physics of the then newly-founded 

11 Vucinich has noted that the ‘Moscow school […] received its initial impetus not from 
‘practical’ demands, but from a need to improve the formal tools of mathematical 
operations. It dwelt in the world of pure abstractions, and sought to generalize its 
theoretical formulations as far as possible by elucidating the inner logic of their math-
ematical expression’ (Vucinich, 1970, 356). 

12 For example, Aleksandrov wrote that ‘[t]he richness of […] Luzin’s creative ideas was 
so great that almost every meeting with him was, for his students, a source of new 
problems and unexpected ideas […] Luzin possessed the extraordinary art of present-
ing a mathematical result so that the listener was forced to participate in the process 
of obtaining it, thus transforming the lecture into a kind of self made laboratory of 
thought’ (Aleksandrov, 1955, 19). See Phillips (1978), Dolenc (2012, chapter 1) and 
Tikhomirov (2007) for other reminiscences of Luzin’s ‘completely new methods of 
working with youth’ (Tikhomirov, 2007, 276). 

13 The descriptive theory of sets and functions is the theory of the structural properties 
of sets which are not related to the concept of measure – for example the convergence 
of a function everywhere. Luzin himself gave the name ‘descriptive theory of sets’ to 
the study of the (semi-intuitionist) theory of efective sets – i.e. those sets which can 
be constructed without the axiom of choice (e.g. ‘Borel-sets’) (see section 2.2.1). 

14 The metric theory of functions ‘is the name given to that part [of the Lebesgue 
measure of a (Cantorian) linear point set] which is concerned with the idea of measure 
[of the length of an interval]; related to it are the theories of integration, convergence 
almost everywhere and other ‘almost everywhere’ properties, mean convergence and 
so on’ (Liusternik, 1967a, 144). 
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Pedagogical Institute in Ivanovo-Voznesensk15 (now Ivanovo) in 1919/1920 
and in 1922/1923 he became ahliated, as a part-time researcher, with the Scien-
tific Research Institute for Mathematics and Mechanics (NIIMM) at Moscow 
State University.16 Khinchin was appointed as a Professor at the Mathemat-
ics Institute of Moscow State University in 1927 where he later also occupied 
the chairs of Probability Theory and Mathematical Analysis. The following 
year, Khinchin spent several summer weeks at David Hilbert’s world-famous 
mathematics faculty at the University of Göttingen (see Khinchin, 1952, 11) 
and participated in the International Congress of Mathematicians in Bologna 
(Italy) in September as a member of the Soviet delegation. Khinchin’s foreign 
travels reflect the interna-tional orientation of his fellow Moscow mathemati-
cians. For example, where Egorov and Luzin had once traveled to Berlin, Paris 
and Göttingen, Aleksandrov and Pavel S. Urysohn (1898-1924) were allowed to 
visit Klein, Hilbert and Noether (Göttingen), Hausdorf (Bonn) and Brouwer 
(Amsterdam) in 1923 and 1924 as the first two Soviet mathematicians to cross 
the border (e.g. Freudenthal & Heyting, 1966, Lorentz, 1999, 173, Van Dalen, 
1999 [2013], 397).17 Furthermore, in 1930-1931 Kolmogorov and Aleksandrov 
went on a ten-month trip to Germany and France where they met, among 

15 Demidov wrote that ‘[t]he years of revolution, Civil War and profound economic 
devastation badly afected the activity of [‘Luzin’s’] school. Harsh living conditions 
made many researchers move to other towns in order to survive. [Luzin] himself and 
a group of his pupils, including Khinchin, [V.S.] Fedorov, Menshov, Suslin, found 
themselves in Ivanovo-Voznesenski’ (Demidov, 2007, 37). 

16 There were no mathematical activities in Moscow during the years of ‘War 
Communism’, that is, the years of the Bolshevik Revolution and the Russian Civil 
War (November 1917-October 1921). For Menshov, Suslin and Khinchin, Luzin ‘found 
refuge in Ivanovo to the northeast of Moscow where a new Polytechnical Institute 
was founded […] After the […] introduction of Lenin’s New Economic Policy (NEP), 
conditions of life improved [and] [m]athematicians could return to Moscow’ (Lorentz, 
1999, 172). 

17 Here, it is important to refer to the Rapallo Treaty of April 16, 1922 with which the 
two isolated countries Soviet Russia and Weimar Germany sealed their by then already 
friendly relations in terms of an economic, military and political partnership. At least 
from around 1920 until the end of Lenin’s NEP in 1928, the Soviet-planners sought 
for a modus vivendi with the national and international community of ‘bourgeois’ 
specialists – allowing Russian scientists and intellectuals to travel abroad, hosting 
visiting delegations, supporting joint research and managing purchases and transla-
tions of foreign books (e.g. David-Fox, 1997, Joravsky, 1961 [2013], Josephson, 1991). 
The contacts between Soviet and ‘Western’ mathematicians (e.g. Maltsev, 1971, 68, 
Hollings, 2014, 5) disappeared by the end of the 1930s due to the increasing ‘partiinost’ 
(‘Party-orientation’) of mathematics (e.g. Vucinich, 2000). 
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others, Hilbert, Landau and Weyl (Göttingen), Carathéodory (Munich) and 
Borel, Lebesgue, Fréchet and Lévy (Paris) (e.g. Kolmogorov, 1986 [2000], 
153-157, Shiryaev, 2000, 27) and until the end of the 1930s Khinchin,18 Kol-
mogorov and Glivenko corresponded with Fréchet, Lévy and Brouwer’s pupil 
Heyting (e.g. Troelstra, 1990). 

The Moscow school of mathematics was very much an outgrowth of the 
increasing withdrawal of several of Egorov’s and Luzin’s students from the 
original Luzitanian agenda. Where Khinchin’s early contributions to the 
metrical theory of functions of the late-1910s can be considered as an of-shoot 
of Luzin’s endeavors, in the years in which he combined his lecturing at Ivano-
vo-Voznesensk with research work in Moscow, he came to devote himself to 
the application of the new set- and function-theoretical ideas from Moscow to 
the more classical St. Petersburgian topics of probability- and number theory 
(see Gnedenko, 1961, 3). The decay of Luzitania and its transformation into 
a large complex of movements associated with Khinchin and Aleksandrov 
(topology) was very much ‘a consequence of its rapid rise – it became too 
narrow’ (Liusternik, 1967c, 66).19 Khinchin delivered his first lectures on 
probability theory (‘A proposition in the theory of probability’) and number 
theory (‘Approximation of algebraic numbers by rational fractions’, ‘Some 
questions in the theory of Diophantine approximations’ and ‘The theory of 
Diophantine approximations’) at the Moscow Mathematical Society in 1923 
(see Liusternik, 1967c, 63, see also Khinchin, 1923). His first (‘Borelian’)20 
papers on probabilistic topics related to number theory (the law of iterated 
logarithm) and the theory of (measurable) functions (convergence of series of 
independent random variables) were published in 1924 (see Khinchin, 1924a, 
1924b). Khinchin’s early ‘systematic application of concepts and of tools of 

18 Jan von Plato (e-mail correspondence) has drawn attention to the fact that Troelstra 
(1990) lists two letters from Khinchin to Heyting of 1936. These letters are to be 
found in the Heyting Nachlass (Rijksarchief Noord-Holland, Haarlem). 

19 Liusternik recalled that Khinchin’s withdrawal ‘was not so dramatic in the emotional 
sense as that of the topological school [of Aleksandrov and Urysohn] […] because of 
[his] great isolation in Luzitania’ (Liusternik, 1967c, 75). See also footnote 27. 

20 For example, Khinchin’s famous law of the iterated logarithm of 1924 arose out of the 
number-theoretical attempt, of 1923, to sharpen Hardy and Littlewood’s estimation 
of the asymptotic behavior of the so-called oscillation of frequency of zeros and ones 
in a binary representation of real numbers as posited by Borel’s strong law of large 
numbers of 1909 (e.g. Gnedenko, 1961, Von Plato, 1994, section 2.3). 
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the theory of functions and of the theory of sets to the theory of probability’ 
(Gnedenko, 1961, 3, see also Liusternik, 1967a, 147) soon attracted the atten-
tion of Kolmogorov with whom Khinchin would briefly collaborate to obtain 
several important results in the theory of summation of independent random 
variables (see Khinchin & Kolmogorov, 1925).21 Their work formed the begin-
ning of the Moscow school of probability theory (see Gnedenko, 1990, Vere-
Jones, 2008) and, together with that of Sergei N. Bernshtein (1880-1968) and 
Evgeny Slutsky (1880-1948), of the ‘Soviet school’ in the foundations of math-
ematical probability (Barbut, Locker & Mazliak, 2014, 11). 

Despite Khinchin’s wide scientific interests and his contributions to number 
theory (e.g. the study of metric properties of diferent classes of irrationals), 
his ‘fundamental role in the progress of mathematics [was] connected with the 
theory of probability’ (Gnedenko, 1961, 6). During the 1920s-1930s, Khinchin 
published some fifty papers on applications of the theory (statistical physics, 
queuing problems, information theory etc.) and on classical probabilistic 
problems (summation of independent random variables) and new probabilis-
tic problems related to number- and function theory (iterated logarithm and 
convergence of series of independent random variables, respectively).22 His 
work was ‘highly evaluated and regarded’ (Rogosin & Mainardi, 2010, xii) by 
many of his famous contemporaries, such as Maurice Fréchet (1878-1973), Paul 
Lévy (1886-1971) and Borel, and honored with, for example, an election to the 
USSR Academy of Sciences (1939), the State Prize (1940) and the prestigious 
Stalin Prize (1941). 

21 Khinchin and Kolmogorov’s short paper of 1925 contained the so-called ‘Kolmogor-
ov-Khinchin two series theorem’, the ‘Kolmogorov three series theorem’ and the ‘Kol-
mogorov-Khinchin criterion’ (see Shiryaev, 2000). About their brief collaboration, 
Von Plato remarks that ‘Kolmogorov’s first work on probability was a joint paper with 
[Khinchin] in 1925. From then on he appeared as the ingenious proof-maker, many 
times strengthening the limit theorems obtained by [Khinchin] […] Probability theory 
became a field of very active research. The publications of [Khinchin] and Kolmogo-
rov show that a close collaboration often stood behind the new developments’ (Von 
Plato, 1994, 199, see also Shiryaev, 1989, 874). 

22 His complete bibliography contains some 150 contributions to mathematical probabil-
ity theory (see Cramér, 1962, Rogosin & Mainardi, 2010, Gnedenko, 1961). 
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2.  Khinchin and the foundations of 
mathematics in the late-1920s 

The late-1920s was a time of great turmoil for the Soviet mathematical com-
munity, and perhaps especially for the one in Moscow (see Lorentz, 1999, 
Vucinich, 1999) – and this both in terms of politics, with Stalin’s steady rise 
to absolute power after Lenin’s death in 1924, and mathematics, with the par-
adoxes of set theory giving rise to a crisis in the whole of classical infinitary 
mathematics. It was only several years after the Bolshevik Revolution (1917) 
that Marxist ideologues began to turn their attention to the establishment of a 
Soviet philosophy of (modern) mathematics (Hollings, 2013, 1448, Vucinich, 
1999, 107). But the ‘Marxist classics’ of Engels and Lenin ‘left no readily acces-
sible and sustained comments’ on mathematics and the contemporary devel-
opments (in set theory, logic, foundations etc.) ‘were so new that they were 
not included in school curricula at the time when most [writers] received their 
secondary and higher education’ (Vucinich, 1999, 107) (Engels, 1927 [1940], 
Lenin, 1909, see also Aleksandrov, 1970, Kennedy, 1997, Struik, 1948, Van 
Heijenoort, 1985). This situation had several consequences. Firstly, by the end 
of the 1930s the Communist Academy’s task of turning Marxism into a unified 
and consistent theory that was able to express everything (science and math-
ematics included) in dialectical materialist terms was still in its initial phase 
(e.g. Bogolyubov & Rozhenko, 1991, Kolmogorov, 1938). Secondly, the Sovi-
et-Marxist philosophy of mathematics of the 1920s was ‘fragmented’, ‘gener-
ally vague’ and ‘superficial’ and the ideologues occupied themselves with the 
criticism of particular manifestation of ‘mathematical idealism’ in the West on 
the basis of a handful of ‘rather disconnected suppositions’ (Vucinich, 1999, 
108, see ibid., 108-110). The two major sources for the fact that ‘the promises 
that were made for this philosophy, and all that it might do for mathematics, 
were never realized’ (Hollings, 2013, 1449) were the following; ‘an ideological 
compulsion to exaggerate the ‘idealistic’ leaning of many modern mathemati-
cians and a doctrinaire rigidity in identifying the branches of mathematics char-
acterized as impractical and as targets of direct attack’ (Vucinich, 1999, 110). 
Thirdly, because of their many and thoroughgoing disagreements, the Marxist 
writers were unable to have much impact on mathematics and at least until the 
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‘Great Turn’ (‘Veliki Perelom’)23 of 1928-1931 Soviet mathematicians enjoyed 
a high degree of autonomy. 

2.1 Khinchin, Moscow mathematics and Soviet ideology  

The older, deeply-religious, representatives of the ‘otherworldly’ Moscow 
school of mathematics Egorov and Luzin were among the first and most famous 
victims of the ohcial war on the scientific intelligentsia in the Stalin era (e.g. 
Demidov, 2007, 44-51, Joravsky, 1961, 242-244, Seneta, 2004, 343-344).24 
After some of his own ‘proletarian’ (post-graduate) students had turned against 
him on 21 December 1929, the ‘reactionary churchman’ and ‘counter-revolu-
tionary’ Egorov was replaced by Schmidt and Kolman as the Director of the 
Faculty of Physics and Mathematics at Moscow State University and Head 
of the Moscow Mathematical Society, respectively.25 With Egorov arrested 
and exiled to Kazan, where he would die on 10 September 1931, Kolman, the 
zealous Stalinist mathematical ideologue who ‘occupied a great number of sig-
nificant functions in the Party [and] in many scientific and social organizations’ 
(Kovaly, 1972, 337) organized an ‘Initiative Group for the Reorganization of 
the Mathematical Society’, consisting of Luzin’s former students Liusternik, 
Shnirelman, Gelfond and Pontryagin,26 that, in 1932, would elect Aleksan-
drov as President and, among others, Khinchin and Ianovskaia as members of 
the new presidium. In 1936, Kolman would initiate, through an anonymous 
Pravda article (‘On enemies hiding behind a Soviet mask’), and then orches-
trate the famous ‘Luzin afair’ in which Luzin was accused of a great number 

23 As is well known, under Stalin dialectical materialism was used to terrorize intellec-
tual life to such a degree that upholding a scientific or mathematical theory branded 
as ‘idealistic’ or ‘bourgeois’ immediately led to ‘political disloyalty […] humiliating 
criticism [and/or] imprisonment’ (Graham, 1993, 121). 

24 Where Luzin had begun ‘to conceal his inner convictions from the authorities’ as 
early as 1922 (Graham & Kantor, 2009, 146), Egorov remained openly committed, 
throughout the 1920s, to the metaphysical-religious beliefs that had characterized the 
Moscow School of Mathematics from its very beginning (see Anellis, 1994, Bucking-
ham, 1999, Demidov, 1985, Demidov & Ford, 2005, Ford, 1991, 1997, 1998, Graham, 
2011, Graham & Kantor, 2006, 2007, Grib, 1999, Hall, 2011, Kantor, 2011, Katanosov, 
2012). 

25 Egorov was arrested by the secret police and exiled to Kazan in 1930, where he died 
on 10 September 1931. 

26 Lev G. Shnirelman (1905-1938), Aleksandr O. Gelfond (1906-1968) and Lev S. Pon-
tryagin (1908-1988). 
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of ‘anti-Soviet’ activities (e.g. Demidov & Ford, 1997, Kutateladze, 2007, 2012, 
2013, Levin, 1990).27 An extraordinary investigative commission of the USSR 
Academy of Sciences dismissed Luzin from all his ohcial positions and threat-
ened to have him arrested, but due to Stalin’s intervention this punishment 
was never executed. The commission consisted of eleven of Luzin’s academic 
colleagues among which were three of his former students who, for various 
reasons,28 ‘had been on rather cool personal terms with [him] for quite some 
time’ (Siegmund-Schultze, 2004, 382, see also Luzin, 2002, 202) – Aleksan-
drov, playing the ‘key role’ with his ‘aggressive ideological accusations’ against 
Luzin (Demidov, 2007, 49), and Shnirel’man and Khinchin, being ‘rather 
active’ at the meetings, but demonstrating more ‘reserve’ (see ibid., 49, Kutate-
ladze, 2012, 2). 

2.2  Khinchin, the Communist Academy and 
Marxist philosophy of mathematics 

Khinchin’s personal and theoretical position within the public controversies 
on politically correct mathematics of the late-1920s and early-1930s ‘made him 
acceptable to the Marxists, but it did not entitle him to call himself a Marxist’ 
(Vucinich, 2000, 61). Although he was never a member of the Communist 
Party and did not publish in the Party journal Pod Znamenem Marksizma 
(Under the Banner of Marxism), Khinchin closely collaborated with the 
Marxist writers and mathematicians of the Communist Academy, of which 
he became a member in 1926 (Ermolaeva, 1999, 262); some of his articles 
appeared in the Vestnik Kommunisticheskoi akademii (Herald (or Bulletin) of the 

27 For example, Kolman accused Luzin of ‘moral unscrupulousness and scientific dishon-
esty with deeply concealed enmity and hatred to every bit of Soviet life’, publishing 
‘would-be scientific papers and of standing ‘close to the ideology of the [far-right] 
‘black hundred’’ (Kolman quoted in Kutateladze, 2012, 85). 

28 The personal relations between, on the one hand, Aleksandrov and Khinchin and, on 
the other hand, Luzin seems to have deteriorated when Aleksandrov and Khinchin 
gave up the (‘Luzitanian’) study of function-theoretic issues and devoted themselves 
to topology and probability and number theory, respectively. Yushkevich recalled that 
at one of the meetings of the abovementioned commission Aleksandrov said that when 
he went over to topology Luzin told him that ‘[a]s long as you study topology we can 
have no contact’ (Yushkevich, 2007, 13). 
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Communist Academy) (Khinchin, 1926 [2015], 1929a, 1929b)29 and he actively 
contributed to its newly-erected Department for Natural and Exact Sciences 
headed by the Party-member and new Director (1930-1931) of Egorov’s Fizmat 
Schmidt. The Communist Academy, which had been formally established, in 
1918, ‘from above’ by the Bolshevik authorities had the ohcial task of the ‘rigid 
advocacy of the standpoint of dialectical materialism [in] the natural sciences, 
and [the] repudiation of the survivals of idealism’ (Decree of the All-Union 
Congress of Soviets, 26 November 1926 quoted in Price, 1977 [2012], 255).30 
Its informal function was to answer the call ‘from below’ from the, largely non-
Party and (former) Menshevik,31 intelligentsia which, in opposition to the 
group of graduates of the Institute of Red Professors32 at Moscow State Uni-
versity,33 worked on ‘the assumption that the very survival of Marxist philos-
ophy depended on its […] adjustment to basic changes in scientific knowledge’ 
(Vucinich, 1999, 119) (Joravsky, 1961 [2013], chapter 5, see also Graham, 1967, 
Shapiro, 1976). Where the editors of Under the Banner of Marxism34 requested 
its readers, in 1925, to step up against the ‘idealism nourished by nondialecti-
cal interpretations of the substance and the methods of mathematics’ (Bammel 

29 For example, the mathematical statistician Evgenii Evgenievich Slutskii (1880-1948) 
‘was never temp-ted to contribute to such debates in the more overtly political 
journals’ (Barnett, 2011, 100). 

30 This statement of the All-Union Congress of Soviets of 1926 was connected to the 
development of ‘a small section in the natural sciences’, headed by the ‘expert in 
algebra, old communist [and] important ohcial’ (Demidov, 2007, 42) Schmidt, that 
was to compete with the ‘older academy in the natural sciences [of] the ‘bourgeois’ 
Academy of Sciences’ (Graham, 1993, 86).

31 Joravsky has noted that ‘[a]s late as 1928 twenty-six of the Academy’s fifty-nine ‘senior 
scholarly colleagues’ were not Party members, and a good many of the remaining 
thirty-three were very likely former Mensheviks only recently accepted into the 
Bolshevik Party’ (Joravsky, 1961 [2013], 84). It may here be remarked that Schmidt 
himself was a former Left Menshevik  

32 The Institute of Red Professors was ‘the Party’s only graduate-level institution of 
higher learning […] [Its] special mission and identity [was] of all the party institutions 
most closely bound up with the great revolutionary theme of the red expert […] The 
graduates expected from [it] would be both revolutionaries and scholars, Bolsheviks 
and intellectuals, reds and experts’ (David-Fox, 1997, 133-134). 

33 About this specific group, Vucinich writes that that, ‘loyally echoing the ideas [of] 
Bolshevik leaders, [it made] Marxist theory a closed system of […] principles [that] 
were accepted dogmatically and no theore-tical improvement was required’ (Vucinich, 
1999, 119),

34 It was the second group of dogmatic Marxists that ‘had easy access to Under the Banner 
of Marxism’ (Vucinich, 1999, 119). 
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quoted in Vucinich, 1999, 117), the Herald of the Communist Academy showed a 
lenient view toward the Western orientations in mathematics. 

2.2.1  Khinchin’s 1926 paper at the colloquium on intuitionism

It was in the winter of 1925-1926 that Khinchin organized a special colloquium 
on intuitionism as part of his regular seminar on the foundations of analysis35 
held at the mathematics section of Schmidt’s Department for Natural and Exact 
Sciences at the Communist Academy.36 The seminar itself was established with 
the aim of creating working relations with prominent mathematicians such as 
Kolmogorov, Liusternik, Shnirel’man and Gelfond – all of whom would present 
papers there in 1928-1929 with ‘direct mathematical information without 
Marxist elaboration’ to familiarize Marxist theorists with trends in modern 
mathematics (Vucinich, 1999, 121, see also Ermolaeva, 1999, 263). Khinchin’s 
paper for the colloquium, entitled ‘Ideas of intuitionism and the struggle for a 
subject matter in contemporary mathematics’, took up the more explicit task of 
cautioning the other members of the Academy against the dogmatic rejection 
of Western orientations in the foundations of mathematics with avowed ‘ide-
alistic’ or ‘subjective’ leanings, especially that of L.E.J. Brouwer (1881-1966). 
Following the dismissal either of dogmatic Marxist theorists upholding mathe-
matical utilitarianism or ‘practicalism’ or of outdated technicians and scientists 
misunderstanding the practical promises of mathematics (cf. Vucinich, 1999, 
117, Ermolaeva, 1999, 262),37 Khinchin wrote that ‘we, mathematicians, are 
[…] [d]eeply convinced of the living reality of the subject which we study’. 
Khinchin then put forward an interpretation of Brouwer’s intuitionism in 
which it was presented as an orientation amenable to dialectical materialism 

35 This seminar was run by Khinchin (see Liusternik, 1967c, 75, Yushkevich, 2007, 18). 
36 Two points may be mentioned here. Firstly, Khinchin’s seminar at the mathematics 

section apparently took place before the ohcial establishment of Schmidt’s Depart-
ment in 1926. Secondly, some authors have referred to the mathematics section in 
terms of a ‘Circle of Mathematicians and Physicists-Materialists’ which existed within 
the framework of the Communist Academy (see Ermolaeva, 1999, 262). 

37 Vucinich writes that the fact that Khinchin found technicians and natural scientists, 
rather than Marxist theorists, ‘guilty of misunderstanding the practical promises of 
new mathematics was merely a tactical move to preserve the state of relative tran-
quility in the relations between mathematicians and interpreters of Marxist thought’ 
(Vucinich, 1999, 117). This statement may be put in doubt with reference to Ermolaeva 
emphasis on the mid-1920s characterization of university professors, funda-mental 
scientists and technicians as class enemies (Ermolaeva, 1999, 262). 
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in so far as it maintained that there is always a mathematical content standing 
behind the mathematical formalism (e.g. Khinchin, 1946 [2000], 1). On the one 
hand, intuitionism only accepted axioms that are ‘both “intuitive” in origin 
and “real” in reference to nature as the subject matter of scientific inquiry’ 
(Vucinich, 1999, 113). On the other hand, this enabled the intuitionist to protest 
against the ‘degeneration [of mathematics] into abstract combination, into a 
chess game’ – as carried out in the work of the formalist David Hilbert (1862-
1943). Because Khinchin attributed to Hilbert the statement that the infinite 
exists neither in nature nor in thought and there should only be finite mathe-
matics, in the sense of Brouwer’s mathematics of ‘real phenomena’, he was able 
to conclude that Hilbert agreed with Brouwer who could thus consider himself 
the winner of the Grundlagenstreit. 

Given Khinchin’s standing as an internationally acclaimed mathematician and 
his acquaintance with a fair amount of the relevant literature,38 his simplifica-
tion of the positions of Hilbert and Brouwer was instrumental in his attempt 
to ascribe the victory of intuitionism to its materialistic outlook and, thus, to 
present its victory as a proof not only of its promises for a Marxist philosophy 
of mathematics but also of the correctness of this very philosophy.39 

38 Khinchin’s 1926 paper on intuitionism contained only one explicit reference, namely 
to Hilbert’s 1925 lecture on the infinite as it was published in 1926 (Hilbert, 1926), 
and one implicit reference to a 1921 paper by Weyl (Weyl, 1921). Given that his close 
colleague and friend Kolmogorov referred to Brouwer (1918), Brouwer (1919), 
Brouwer (1921) and Brouwer (1925) in his 1925 paper on intuitionistic logic (Kolmog-
orov, 1925 [1991], 68) it seems highly unlikely that Khinchin wrote his 1926 paper in 
ignorance of Brouwer’s work. At the same time, their colleague Glivenko apparently 
came to know Kolmogorov’s 1925 paper as late as ‘somewhere between July 4 and 
October 13, 1928 [!]’ (Van Atten, 2004, 423). (But in light of footnote 4 it also seems 
possible that Glivenko simply did not refer to Kolmogorov in his own papers of 1928 
and 1929 because the paper was in Russian (Coquand, 2007, 25)). 

39 The issue of what was tactical and what was real scientific interest in Khinchin’s 1926 
paper will be taken up in section 3.3. 
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2.3  Intuitionism and intuitionist logic in 1920s Soviet Russia 

Khinchin was not the only person from Soviet Russia to publish a positive 
treatment of intuitionism.40 Around 1928/1929 Kolmogorov would present a 
paper at the mathematics section of Schmidt’s Department at the Communist 
Academy entitled ‘Intuitionism and the Moscow School (of N.N. Luzin)’. This 
suggests that Khinchin, Kolmogorov and Glivenko became interested in intu-
itionism via their teacher Luzin who, together with Aleksandrov and Suslin, 
worked on the theory of Borel sets and analytic sets which was initiated by 
the French (semi-)intuitionists (e.g. Lorentz, 2001). Where Khinchin was 
interested in intuitionism as a foundational orientation, the participants of the 
1925/1926 colloquium and the discussants of Khinchin’s 1926 paper Glivenko 
(1928, 1929) and Kolmogorov (1925 [1991], 1932)41 made actual contributions 
to its further development. The two Luzitanians accepted Brouwer’s criticism 
of classical mathematics – or, more specifically, of its illegitimate application of 
the (Aristotelian) principle of excluded middle (PEM) to infinite rather than 
finite domains (see section 3.1) –, and devoted their attention to proving that 
classical mathematics is translatable into intuitionistic mathematics on the basis 
of an intuitionistically correct system of logic (e.g. Coquand, 2007, Hyland, 
1990, Troelstra, 1990, Uspensky, 1992, Mancosu & Van Stigt, 1998). Here, it 
may be worthwhile to emphasize, firstly, that the results obtained from their 
presentation of intuitionistic mathematics in the language of an axiomatized 
logical calculus conflicted with some of Brouwer’s deepest commitments and, 
secondly, that Ianovskaia would later point to Kolmogorov and Glivenko as the 
founders of the Soviet constructivist school whose dismissal of idealistic phi-
losophy distinguished their work from that of Brouwer (see Ianovskaia, 1948). 

40 The Bolshevik ideologue Yanovskaya wrote a survey of these papers, entitled ‘Math-
ematics in the USSR during the thirty-year period 1917-1947’, that was published in 
1948 (Yanovskaya, 1948). 

41 As is well known, where Kolmogorov’s formalization of what became known as 
minimal proposi-tional logic pre-dated the one given by Heyting in 1930 (Heyting, 
1930), his meta-logical translation of classical into intuitionistic logic predated the 
translations of Kurt Gödel (1907-1978) (Gödel, 1933a, 1933b) and Gerhard Gentzen 
(1909-1945) (Gentzen, 1933). It may also be noted that Kolmogorov published a 
general article on the debate between Brouwer and Hilbert in 1929 (Kolmogorov, 
1929 [2006]). 
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2.3.1 Luzin, the semi-intuitionist 

Luzin has been characterized as a ‘semi-intuitionist’ (‘Halbintuitionistisch’) 
(Becker, 1927, Bockstaele, 1949, 40-41, Graham & Kantor, 2009, 147, Hesse-
ling, 1999, 212) – a position which he developed under the header of ‘efectiv-
ism’ during the course of his career (Bazhanov, 2001a, 213, Bazhanov, 2009, 
131, Phillips, 1978, 291, Suzuki, 2009, 368). Following the French tradition 
of (half-axiomatic, half-constructivist) semi- or pre-intuitionism (as Brouwer 
came to call it) 

French semi- or pre-intuitionists (as Brouwer came to call them) such as Henri 
Poincaré (1854-1912), René-Louis Baire (1874-1932), Borel and Lebesgue, 
Luzin rejected Ernst Zermelo’s (1871-1953) so-called axiom of choice (‘Axiom 
der Auswahl’)42 for its reliance on George Cantor’s (1845-1918) purely non-con-
structive existence proofs,43 but accepted the other basic axioms of set theory.44 
The objection against the axiom of choice was twofold: firstly, that it postu-
lated the existence of a choice-set without showing how it is to be constructed 
or ‘efectively defined’ and, secondly, that it extended the applicability of the 
axiom from finite to infinite domains. 

Luzin agreed with the semi-intuitionists’ criticism of set theory’s non-con-
structive existence proofs of infinite mathematical objects and shared their 
insistence on finite laws of construction for, and the efective definability of, 

42 The aim of Zermelo’s axiom, which was first formulated in 1904, intended to prove 
that every set can be well-ordered. In brief, it asserts that whenever there is a set such 
that, on the one hand, each of its members is in turn itself a non-empty set and, on 
the other hand, each pair of its members have no elements in common, there exists 
a ‘choice-set’ that contains one element from each member of the original set. For an 
account of the origins, development and influence of Zermelo’s axiom of choice see, 
for example, Moore (1982). 

43 A Cantorian non-constructive existence proof accepts the existence of a mathemat-
ical object (e.g. the infinite sequence of rational numbers thought of as a completed 
totality) when its introduction does not lead to a contradiction, that is, without a 
means for defining it and/or finding an object for which the theorem describing it is 
true. 

44 Graham and Kantor have suggested that the esoteric Christian ideas of Pavel A. 
Florensky (1882-1937) on ‘name worshipping’ were instrumental for Luzin’s particu-
lar approach to set theory (Graham & Kantor, 2009, see also Graham, 2011, Ford, 
1998, Kantor, 2011) 
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mathematical objects. At the same time, it was under the influence of the Can-
tor-inspired work of the French mathematicians that Luzin, for example in his 
The Integral and Trigonometric Series of 1915, showed the ‘success with which set 
theory can be applied in function theory and measure theory’ (Hesseling, 1999, 
15).45 His view was thus that, on the one hand, the foundations of set theory 
itself were not well-established and, on the other hand, that intuitionism could 
answer the ‘cardinal questions beyond the reach of set-theoretical considerations’ 
(Vucinich, 1999, 113). If the descriptive theory of sets – in which only those 
(‘efective’) sets are considered that can be constructed without the axiom of 
choice – was Luzin’s answer to this situation, it is clear that this theory was 
developed, ‘after his return from Paris in 1914’, in response to ‘Les polémi-
ques sur le transfini et sur une démonstration de M. Zermelo’ (Borel, 1914 
[1950]) ‘which included the famous ‘Cinq letters’ of 1905 exchanged between 
[Jacques] Hadamard [1865-1963], [René] Baire [1871-1932], Lebesgue and 
Borel’ (Phillips, 1978, 291) (Bockstaele, 1949, Kuznetsov, 1974, Michel, 2008). 

In his paper ‘On the views of set theory’, which was read at the International 
Congress of Mathematicians in 1928, Luzin explained the ‘efectivist’ middle 
position between the ‘realist’ Brouwer and the ‘idealist’ Hilbert in terms of 
a ‘fatique with Cantor’s Paradise’ (Luzin quoted in Graham & Kantor, 2009, 
201, see also Luzin, 1928).46 It is of some interest to note that Luzin expressed 
his commitment to intuitionism in Bologna in that specific year – for one year 
earlier, in the spring of 1927, he, supposedly, ‘abandoned his earlier neutrality 
by attacking Brouwer’s theories as having a ‘destructive character’ (Keldysh, 
1974, 188, my emphasis) at a mathematical congress in Moscow. 

45 The following passage is insightful in this context: ‘In 1912, Luzin left Göttingen for 
Paris, where he remained until 1914 […] In Paris, Luzin became acquainted with the 
leading mathematicians who were working on problems in the theory of functions: 
Lebesgue, Borel, Denjoy and Picard […] In retrospect, Borel’s lectures – which 
contained a generalization of the idea of an analytic function – seemed the most 
interesting. For after completing The Integral and Trigonometric Series, Luzin became 
increasingly occupied with the foundations of analysis, with such questions as when 
is a function or set defined?’ (Phillips, 1978, 284). 

46 It was in an attempt to warn his audience about Brouwer’s intuitionist reconstruction 
of mathematics (see section 3.2) that Hilbert, in 1926, made the famous remark that 
‘no one shall expel us from the Paradise which Cantor created for us’. 
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2.3.2 Luzin and non-Aristotelian logic

Around the year 1912/1913 Brouwer distanced himself from his French pre-
decessors on the basis of the observation that ‘[n]o matter how much inven-
tiveness was invested by the French school, it would never produce a coherent 
constructive mathematics while sticking to the principle of the excluded middle 
[and] similar sins’ (Van Dalen, 1999 [2013], 7). Given Brouwer’s claim that 
Aristotelian logic and intuitionism are in conflict, another influence on Luzin, 
namely the logical work of Samuil O. Shatunovsky (1859-1929) and Nicolai A. 
Vasiliev (1880-1940), must be mentioned. 

Shatunovsky had criticized the unrestricted use of the PEM in the context of 
the ‘thorough study of the specifics of mathematical proof as applied to infinite 
sets’ (Anellis, 1994b, 231) carried out in his 1917 textbook on algebra.47 He 
produced an axiomatic method – which he employed to establish the founda-
tions of, for example, geometry and algebraic fields – independent of Hilbert, 
but is best known for his formulation of ‘a constructive, i.e. without the law 
of excluded middle, presentation of the Galois theory’ (Levin, 1994, 320). 
Although it is not known whether Luzin had first-hand knowledge of these 
particular achievements, it is possible that Yanovskaya – who attended, in 1923 
and lead, from 1925 on, the seminar on methodological issues at the Communist 
Academy (O’Connor & Robertson, 2006) – provided him with information 
that she gathered during the years in which she studied under Shatunovsky 
at the Novorossiisk University in Odessa (Bazhanov, 2001b, Trakhtenbrot, 
1997).48 Yanovskaya, the militant Marxist and defender of Stalinist ideology, 
would later further develop the campaign49 against formal – or Aristotelian 

47 Bazhanov suggests that Shatunovski ‘proclaimed that the law of excluded middle is 
not valid for infinite sets […] in 1901’ (Bazhanov, 2001a, 2, see also Dym, Gohberg & 
Kravitsky, 1988), but this claim has been questioned by Anellis (Anellis, 1994, 231). 

48 As is well-known, the work of the orthodox Marxist and Party functionary Yano-
vskaya was instrumental in the attacks against the Moscow Mathematical Society 
in 1929-1931 and the so-called ‘Luzin afair’ of 1936 – in which her co-author Ernst 
Kol’man (1892-1979) prosecuted the ‘anti-Soviet’ scholar Luzin with the goal of 
‘destroy[ing] the remnants of the reactionary Moscow philosophical-mathematical 
School abhorrent to him’ (Demidov & Esakov quoted in Seneta, 2004, 339, see also 
Demidov & Ford, 1997, Kutateladze. 2007, 2013, Levin, 1990, Lorentz, 2002). 

49 This early ‘campaign’, which treated formal logic ‘as metaphysical heritage, alien to 
the revolutionary proletariat’ (Bazhanov, 2005, 45), was led by Gr. Bammel (?-?) and 
A. Varjas (?-?) (e.g. Bammel, 1925, Varjas, 1923). 
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– logic which included the rejection of the law of contradiction and excluded 
middle on the ground of its reliance on ‘dialectical logic’.50 

Vasiliev, the son of the ‘bourgeois professor’ and ‘subjective idealist’ Aleksandr 
V. Vasiliev (1853-1929) (Vucinich, 1999, 113-116), was the first to develop a 
non-Aristotelian, or non-classical, logic in a series of papers published between 
1910-1913 (Anellis, 1994, Bazhanov, 1990, Bazhanov, 1994, Bazhanov, 1998). 
Influenced by N.I. Lobachev-ski’s discovery of an ‘imaginary’ non-Euclidean 
geometry in which Euclid’s fifth (‘parallel’) postulate is not valid, Vasiliev 
constructed a new ‘imaginary’ non-Aristotelian logic in which two of Aristot-
le’s fundamental principles are discarded. The core of his logic was the dis-
tinction between a variable ‘ontological’ or ‘material’ level standing in relation 
to observable objects and an absolute ‘epistemological’ or ‘formal’ meta-level 
consisting of laws that hold in any logical system (Puga, Newton & Da Costa, 
1988, Smirnov, 1989). Vasiliev acknowledged that the Aristotelian principles 
make sense as empirical generalizations from so-called ‘positive sensations’, 
but reasoned that 

‘[i]f one imagines a world in which […] positive [and] negative sensa-
tions are possible, then such a world will […] require a diferent logic 
and the introduction of supplementary judgments. Just as Euclidean 
geometry possesses an empirical foundation, which makes the fifth pos-
tulate sensibly evident, this logic possesses its own empirical foundation 
through the law of contradiction. If one rejects [this] law, [then] along-
side positive and negative […] it is possible to introduce another type 
[of] ‘indiferent judgments’. For a logic which operates with three forms 
of judgments, the law of excluded middle is not required’ (Bazhanov, 
1990, 338). 

50 Vucinich explains that, during the 1920s, Marxist theorists reasoned that ‘mathemat-
ics cannot depend on formal logic alone. The dialectic – the synthesis of contradictions 
– is a particularly valuable method of mathematical advancement. By recognizing and 
unifying contradictions in the existing mathematical conceptualization – and by rising 
above the syllogistic limitations of formal logic – dialectical logic opens new vistas 
for the advancement […] of the mathematical mode of thinking […] by means of ‘dia-
lectical synthesis’ – by unifying contradictions that defy formal, logical procedures’ 
(Vucinich, 1999, 109-110). 
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Vasiliev was unable to further develop his new ideas on logic due to ill-health 
and, despite the fact that it initially attracted positive commentary, his logical 
system was soon forgotten. It was Luzin who would revive Vasiliev’s ‘imagi-
nary logic’ in a critical review of 1927. Here, he wrote that 

‘Vasiliev’s works on logic are of great importance in connection with 
investigations of the principles of thought as a whole, but [on] account 
of the new tendencies in mathematics [i.e. intuitionism and efectiv-
ism] Vasiliev’s ideas coincide remarkably with the latest eforts to 
which mathematicians must resort by force of facts’ (Luzin quoted in 
Bazhanov, 1990, 340). 

It is definitely true that Vasiliev’s rejection of the PEM – ‘at the same time 
that Brouwer did, but independently of him’ (Bazhanov, 1990, 340) – added 
‘a tributary to both intuitionist logic and intuitionism as a major orientation 
in the foundations of mathematics’ (Vucinich, 1999, 116). But Luzin first and 
foremost wished to emphasize that Vasiliev and, albeit implicitly, Shatunovski, 
had anticipated that the foundational crisis in mathematics in the 1920s would 
eventually turn into a debate on the validity of Aristotelian logic in the finite 
and infinite domain (Bazhanov, 1987). 

3.  The debate on the foundations of mathematics in the 1920s

It was in 1920 that Hilbert’s former student and one of Brouwer’s earliest fol-
lowers, Hermann Weyl (1885-1955) claimed that the publication of ‘Founda-
tions of set theory independent of the Principle of Excluded Middle’ (Brouwer, 
1918, 1919) had caused a ‘new crisis in the foundations of mathematics’ (Weyl, 
1921) – one in which Brouwer and his new theory of sets and the continuum 
represented the revolution. After writing, in 1922, that ‘Brouwer is not, as 
Weyl thinks, the revolution […] but [a] coup (Putsch)’ (Hilbert, 1922), Hilbert 
set out to answer their criticism in the form of the presentation of the re-foun-
dation of the whole of (modern) mathematics from the ‘finitary viewpoint’ 
(i.e. ‘Hilbert’s program’) (e.g. Hilbert, 1922 [1998], 1923, 1926, 1928, 1929, 
1931 [1998], see also Detlefsen, 1986, Sieg, 1999, Zach, 2007). The Lusitani-
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ans were familiar51 with several fundamental papers of Brouwer, Hilbert and 
Weyl and in light of Luzin’s knowledge of the doubtful status of transfinite 
reasonings (section 2.2.1 and 2.2.2) it may come as no surprise that his students 
showed interest in the foundational debate. 

3.1  Brouwer’s intuitionism 

Brouwer’s aim was to reconstruct mathematics from the viewpoint of a form 
of ‘subjectivist’ metaphysical idealism (Placek, 1999, chapter 2). He defined 
mathematics as a free thought-creation that has no existence outside the human 
mind; in so far as the individual consciousness is the source of all knowledge, 
‘mathematics is identified with the whole of the constructive [process] on and 
with the elements of the Primordial Intuition [of Time]’ (Van Stigt, 1998, 
7).52 If mathematical reality and truth are found ‘in the present and past expe-
riences of consciousness’ (Brouwer, 1948, 1243) and mathematical entities are 
nothing but past and completed constructions consisting of finite sequences of 
constructive steps, Brouwer defined mathematical existence as ‘having been 
constructed in time’. It was on the basis of this ‘intuitive mathematics’ that 
Brouwer not only argued that mathematics is independent of language and logic 
– such that ‘[m]athematical language follows upon mathematical activity, and 
logic consists of looking at that language in a mathematical way’ (Hesseling, 
1999, 35). But he also dismissed, for example, Hilbert’s foundational view of 
mathematics as the theory of formal systems in which mathematical existence 
is said to result from the proof of the consistency of the axioms for mistaking 
mathematical language for mathematics proper. 

‘It does not follow from the consistency of the axioms that the supposed 
corresponding mathematical system exists. Neither does it follow from 
the existence of such a system of mathematical reasoning that the linguis-

51 Where Kolmogorov’s 1925 paper contained references to Hilbert (1923) and Brouwer 
(1925 [1967], 1921 [1998], 1918, 1919), Khinchin referred directly only to Hilbert 
(1926). 

52 As the abstraction of pure time awareness, this ‘Primordial Intuition’, or ‘Primordial 
Happening’, is ‘nothing but the fundamental intellectual phenomenon of the falling 
apart of a moment of life into two qualitatively diferent things of which one is expe-
rienced as giving way to the other and yet is retained by an act of memory’ (Brouwer, 
1929 [1998], 45). 
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tic system is alive, i.e. that it accompanies a chain of thought, and even 
less that this chain of thought is a mathematical construction’ (Brouwer 
quoted in Van Stigt, 1998, 10). 

Where Hilbert assumed the PEM – which he identified with the principle of 
the solvability of every mathematical problem (PSMP) – as part of his means 
of proving the consistency of formal systems, Brouwer held that ‘the justifica-
tion of formalistic mathematics by means of its consistency contains a vicious 
circle, since this justification rests upon […] the [contentual] correctness of the 
[PME]’ (Brouwer, 1928 [1998], 41, see also Brouwer, 1923 [1967]). Because 
mathematical statements express the completion of a (finite) thought-construc-
tion and there is no guarantee that such a construction can be completed in the 
case of infinite systems (Van Stigt, 1998, 9-10), Brouwer argued that the PEM 
and the PSMP are 

‘dogmas that have their origin in the practice of first abstracting the 
system of classical logic from the mathematics of subsets of a definite 
finite set and then attributing to this system an a priori existence inde-
pendent of mathematics, and finally applying it wrongly – on the basis 
of its reputed a priori nature – to the mathematics of the infinite sets’ 
(Brouwer, 1921 [1998], 27, f. 4). 

Brouwer’s publication ‘The foundations of set theory independent of the 
logical principle of the excluded middle’ (Brouwer, 1918, 1919) was the culmi-
nation of his search for an alternative for the classical set-theoretical treatment 
of the continuum as a closed totality of all numbers. His early attempt at making 
constructive sense out of Cantorian set theory had consisted of the insight that 
in so far as only finite or denumerably infinite sets could be constructed, the 
nondenumerability of the continuum led to the need for the ‘superimposition’ 
of the ‘measurable continuum’ on the intuitive continuum in the form of the 
notion of a ‘denumerably unfinished set’.53 This ad hoc solution relied on the 

53 If this meant that he settled for a continuum that is poorer than the intuitive one – 
namely in so far as the constructions of the measurable continuum are denumerable (or 
‘denumerably unfinished’), while Cantor had shown that the points on the (‘intuitive’) 
continuum are not – Brouwer rejected part of generally accepted mathematics (e.g. 
Cantor and Dedekind’s actually infinite, non-denumerable sets) as a consequence of 
his intuitionist views. See, for example, Brouwer (1930 [1998]). 
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intuitionist definition of a denumerably infinite sequence as a completed con-
struction of real number understood as ‘the algorithm or ‘law’ by which each 
element of the sequence is uniquely determined’ (Van Stigt, 1998, 8). It was in 
1918/1919 that Brouwer, for reasons internal to intuitionism,54 developed these 
(lawlike) infinite sequences into choice sequences that allowed for ‘as-yet-un-
completed’ elements determined, with complete freedom, by the ‘creative 
subject’ (Niekus, 2005, Troelstra, 1968, 1982). The admission of unfinished, 
lawless constructions – with an initial, finite and completed, ‘segment’ and a 
‘tail’ to be constructed in the open future – as legitimate mathematical objects 
enabled Brouwer to formulate not only an intuitionistic set theory,55 but also an 
intuitionistic account of the (nondenume-rable and measurable) continuum56 as 
a ‘medium of free becoming’ (Weyl, 1925-1927, 133) (Brouwer, 1918, 1919, 1921 
[1998], 1930 [1998]). 

The implications of Brouwer’s intuitionist reconstruction of the foundations of 
mathematics were twofold. Firstly, it rejected large parts of classical mathemat-
ics, namely those which were not based on ‘the intuitive (contentual) theory of 
laws of [the] construction of […] mathematical formulae [for which] the intu-
itionist mathematics of the set of natural numbers is indispensable’ (Brouwer, 
1928 [1998], 41). And, secondly, it contained features – related to its introduc-
tion of choice sequences leading to a new theory of the continuum – that were 
not found in classical mathematics. 

54 Brouwer discovered that his theory of the measurable continuum ‘depended on two 
suppositions whose intuitionist acceptability had yet to be shown (the suppositions 
of the individualized construc-tability of a point set and of the internal dissectabil-
ity of every individualized point set)’ (Van Atten, 2007, 35). If this is indicative of 
Brouwer’s growing criticism of his French intuitionist predecessors, his admission 
of ‘choice’ within the intuitionist framework placed him directly at odds with figures 
such as Borel and Lebesgue (Michel, 2008). 

55 Brouwer rejected Cantor’s Principle of Comprehension, according to which each 
property deter-mines a set (or a subset of a given set), and accepted, instead, ‘sets 
of choice sequences [i.e. ‘spreads’], infinitely proceeding sequences of mathematical 
entities previously constructed, where each succes-sive element was allowed to be 
chosen more or less freely, restricted only by the finitely many choices already made 
and by the law determining the set’ (Moschovakis, 2009, 109-110). 

56 Brouwer now identified points on the continuum (real numbers) with choice sequences 
satisfying certain conditions. It was the identification of real number with the whole of 
the so-called ‘Indefinitely Proceeding Sequence’ that ensures ‘the nondenumerability 
and measurability of the continuum’ (Van Stigt, 1998, 13). 
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3.2 Hilbert’s program

Hilbert first responded to ‘The new foundational crisis in mathematics’ (Weyl, 
1921) in his ‘New foundations of mathematics’ of 1922.57 Although he did not 
agree with the intuitionist claim that (constructive) evidence is the only guar-
antee in mathematics, Hilbert’s ‘new’58 proposal was to secure the formal, 
meaningless parts of (classical) mathematics by means of proving their con-
sistency in contentual meta-mathematical terms –,59 thereby preserving ‘the 
formally simple rules of ordinary Aristotelian logic’ (Hilbert, 1926, 174). More 
in specific, the core of ‘Hilbert’s program’ was 

‘to show the admissibility of all of mathematics by establishing that the 
axiomatic systems for the various branches of mathematics cannot lead 
[to] a contradiction. The proof of consistency will only make use of con-
tentual reasoning, characterized by its evidence, but the mathematics 
expressed in those systems will not have the same evidential status of the 
metamathematical considerations. [Hilbert] agreed with Brouwer and 
Weyl that mathematics goes well beyond what can be founded by purely 
contentual reasonings, but this is not a reason to jettison those areas 
of mathematics that go beyond such contentual reasoning’ (Mancosu, 
1998, 156). 

57 Hilbert set out from the statement that Brouwer and Weyl ‘seek to ground mathemat-
ics by throwing overboard all phenomena that make them uneasy and by establishing a 
dictatorship of prohibitions. This means to dismember and mutilate our science, and 
if we follow such reformers, we run the danger of losing a large number of our most 
valuable treasures’ (Hilbert, 1922 [1998], 200).

58 It is well-known that roots of this proposal can already be found in Hilbert’s ‘On the 
foundations of logic and arithmetic’ which was first presented in 1904 and published 
in 1905 (Hilbert, 1905 [1967]). 

59 In his ‘Intuitionist reflections on formalism’ of 1928, Brouwer emphasized that 
Hilbert’s distinction between these two parts of formalist mathematics already 
appeared in Brouwer’s doctoral thesis ‘On the foundations of mathematics’ of 1907 
in the form of the distinction between ‘mathematical language’ and ‘second-order 
mathematics’ (Brouwer, 1928 [1998], see also Van Dalen, 1999 [2013], section 14.1). 
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The program had two parts; a descriptive part that contained, in the form of 
‘axioms and provable theorems’ (Hilbert, 1931 [1998], 269),60 the formalization 
of (the ‘ideal parts’ and ‘transfinite statements’ of) classical mathematics and a 
justificatory part of (‘real’) inferential procedures that provided the proof of 
the consistency of the axioms and theorems in terms of (‘finite’)61 arithmetic 
and combinatorics (‘meta-mathematics’).62 Hilbert’s aim was, thus, ‘to use the 
trustworthy parts of mathematics indirectly to [secure] the more problematic, 
ideal  parts’ (Posy, 1998, 295). The first (meta-mathematical) part, which 
consists of contentual reasonings operating on ‘extra-logical discrete objects 
which exist intuitively as immediate experience before all thought’ (Hilbert, 
1922 [1998], 202),63 shows that 

‘[i]f logical inference is to be certain, then these objects must be capable 
of being completely surveyed in all their parts, and their presentation, 
their diference, their succession (like the objects themselves) must exist 
for us immediately’ (ibid.). 

Hilbert’s view that in meta-mathematics it is only allowed to make inferences 
about finite collections is reflective of the fact that he, in his ‘The logical foun-
dations of mathematics’ and ‘On the infinite’ (Hilbert, 1923, 1926), implicitly 
accepted the intuitionist statement that ‘whereas the application of the classical 
laws of logic is perfectly safe in a finite context, the extension to infinite sets 

60 ‘The axioms and provable theorems, i.e. the formulae that arise in this alternating 
game (Wechselspiel) are the images of thoughts that make up the usual procedure of 
traditional mathematics’ (Hilbert, 1931 [1998], 269). 

61 The contentual arguments that are supposed to ground mathematics are derived from 
‘finite logic’ and ‘purely intuitive thought (which includes recursion and intuitive 
induction for finite existing totalities’. In these cases ‘it is not necessary to apply any 
dubious or problematic mode of inference’ (Hilbert, 1923, 1139). 

62 In Hilbert’s own words, ‘[e]verything that makes up mathematics in the traditional 
sense is rigorously formalized, so that mathematics proper […] becomes a stock of 
formulae […] This proper, formalized mathematics is accompanied by a mathematics 
that is to a certain extent new – a metamathematics that is necessary to secure formal-
ized mathematics. In this metamathematics – in contrast to the purely formal modes of 
inference of mathematics proper – contentual inference is applied, but only to prove 
the consistency of the axioms’ (Hilbert, 1998 [1931], 269). 

63 Hilbert wrote that ‘[t]he elementary number theory of numbers can [be] obtained […] 
by means of ‘finite’ logic and purely intuitive thought (which includes recursion and 
intuitive induction for finite existing totalities); here it is not necessary to apply any 
dubious or problematic mode of inference’ (Hilbert, 1923 [1998], 164). 
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[is] problematic and needs to be justified’ (Mancosu, 1998, 158). Hilbert, thus, 
acknowledged that the second, ideal, part of mathematics (analysis, set theory 
etc.) is meaningless and that theories resulting from the application of trans-
finite modes of inference are mere ‘games of symbols’. But in so far as their 
consistency was to be proven through finitary inferences, Hilbert could claim 
that the infinite is an ideal notion and still aim at the foundation of classical 
mathematics. 

The foundational debate (1921-1928) between Brouwer and Hilbert, thus, 
centered around the decision for either a radical reconstruction of the whole 
of mathematics on the basis of intuitionist doctrines or the refoundation of clas-
sical mathematics by means of the meta-mathematical proof that the abstract 
concepts of the formal mathematical theories are free from contradictions. This 
sharp conflict between two parties that would ‘divide the mathematical world’ 
(Brouwer, 1913, 93) in the 1920s came to an abrupt end in 1928 after Hilbert’s 
dismissal of Brouwer from the editorial board of the Mathematische Annalen 
(Posy, 1998, Van Dalen, 1990). The personal ‘coup d’état’ of Hilbert was the 
motivation for the ‘Putschist64 Brouwer’s withdrawal from the foundational 
debate. 

3.3  The role of ‘mathematical intuition’ in the foundational debate 

Given the importance of the interpretation of the notion of ‘intuition’ for the 
disagree-ment between Khinchin and the Marxist philosophers of mathemat-
ics, it is worthwhile to end this introduction to his 1926 paper on intuitionism 
with a description of the complex role of ‘mathematical intuitionism’ within the 
foundational debate itself. For if the ‘inner circle’ (Brouwer and Weyl, Hilbert 
and Bernays) tended to polemically exaggerate the mathematical diferences 
and downplay the philosophical similarities between ‘intuitionism’ and ‘for-

64 After Hilbert’s characterization of the work of Brouwer as representing a ‘Putsch’, 
the name ‘Putschist’ survived as a nickname for intuitionist. It was in a paper of 1926 
that Frank Ramsey (1903-1930) spoke of the ‘Bolshevik menace of Brouwer and Weyl’ 
(Ramsey, 1926, 380). For a detailed description of the role of political metaphors in 
the ‘Grundlagenstreit’ see Hesseling (1999, chapter 6). 



496

malism’,65 it is clear not only that Brouwer (Posy, 1974, 1992) was as much a 
Kantian as Hilbert (Detlefsen, 1993b, Kitcher, 1976). But also that both wanted 
to establish mathematics upon the ground of Kant’s notion of a ‘sensuous pure 
intuition’ (e.g. Friedman, 1990, Kitcher, 1975, Posy, 1992) – albeit in ways dif-
ferent from both Kant as well as from each other (Posy, 1998).66 

In the attempt to ‘rectify’ and ‘update’ Kant’s epistemology (Van Dalen, 1999 
[2013], 101),67 Brouwer rejected his theory ‘as regards space and geometry, 
but retained it as regards time and arithmetic’ (Gillies, 1980, 109). Brouwer’s 
argument was that there is only an  

‘a priori form of perception […] for the world of experience […] in so 
far as any experience is perceived as spatial or non-spatial change, whose 
intellectual abstraction is the intuition of time or intuition of two-in-one. 
From this [a priori] intuition of time, independent of experience, all 
the mathematical systems [are] built up’ (Brouwer, 1909 [1919], 116, 
emphasis in original). 

Brouwer further distinguished his position from that of Kant by remarking 
‘that for Kant the intuition of time is […] linked up with external experience,68 
whereas for [me] […] what is a priori is an individual’s personal time’ (Gillies, 
1980, 111-112). Although the problematic relation between Brouwer’s ‘ideal-
ized subject’ and the ‘flesh-and-blood-mathematician’ is reminiscent of that 

65 It may here be remarked that Hilbert nowhere addressed in detail Brouwer’s intui-
tionistic philosophy of mathematics or acknowledged the influence of its insights on 
his proof theoretical program. Brouwer, for his part, was ‘responsible for one of the 
worst misconceptions of Hilbert’s formalism; namely, that according to which it says 
that mathematics is a “game” played with symbols’ (Detlefsen, 1993a, 299). 

66 Obviously, this introduction is not the place to further develop this Kantian con-
nection between Brouwer and Hilbert – for which Posy (1998) provides a valuable 
starting-point. 

67 Brouwer provided an extensive discussion of Kant’s views in his thesis of 1907 and 
in inaugural address of 1909, entitled ‘The nature of geometry’. Here, he argued that 
‘Euclidean and non-Euclidean geometry have equal rights, but they contradict each 
other, and it can no longer be maintained that the former is a priori in mathematics’ 
(Brouwer, 1909 [1919], 114).

68 More in specific, Brouwer wrote that ‘[t]he only a priori element in science is time […] 
Of course we mean here intuitive time which must be distinguished from scientific 
time’ (Brouwer, 1909 [1919], 61). 
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between Kant’s ‘transcendental ego’ and the ‘psychological subject’, the Brou-
werian ‘subject’ is capable of constructing ‘full blooded’ objects on the basis of 
a mathematical intuition that is ‘fully and directly referential’ (Massimi, 2008, 
187). Because he also wrote that for the properties of objects deduced from the 
PEM in finite systems ‘it is always certain that we can arrive at their empirical 
corroboration if we have a suhcient amount of time at our disposal’ (Brouwer, 
1923 [1967], 336),69 Brouwer’s intuitionism has been said to be ‘very close to 
radical empiricism’ (Von Mises, 1951 [1968], 129).70 But Brouwer was a ‘sub-
jective idealist’ committed to the view that

‘the Subject[’s] mathematical power to generate sequences enables man 
to create in his individual thought-world an interpretation of ‘Nature’, 
the outside world, which is manmade and mathematical. ‘Things’ […] 
are no more than repeated sequences [and] [b]ecause of the individual 
nature of human thought, [the] universe of ‘things’ is wholly private’ 
(Van Stigt, 1998, 6). 

This means that logic, which itself has its origin in the finite mathematics con-
structed from the pure intuition of time, is applied to a physical world which, 

69 In other words, Brouwer had it that ‘[w]ithin a specific finite ‘main system’ we can 
always test (i.e. either prove or reduce to absurdity) properties of systems […] On 
the basis of [this] testability, there hold, for properties conceived within a specific 
finite main system, the principle of excluded middle, that is, the principle that for every 
system every property is either correct or impossible [etc.]’ (Brouwer, 1923 [1967], 
335). Importantly, Brouwer added that complete empirical confirmations are mostly 
‘a priori materially impossible’. 

70 The logical-empiricist Von Mises wrote the following about Brouwer’s intuitionism: 
‘Disregarding certain rather mystic formulations that Brouwer gave to his doctrine, 
one recognizes his point of view as very close to a radical empiricism. The thesis that 
the fundamental assumptions [are] subject to continued examination and possible sup-
plementation by intuition […] corresponds exactly to our conception. The opposite 
view is that of Kantian a-priorism, according to which the basic mathematical concepts 
[arise from] the properties of [the human] reasoning power’ (Von Mises, 1951 [1968], 
129, my emphasis). 
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being a result of the mental activity of mathematical abstraction, is identified 
with ‘the Exterior World of the Subject’.71 

Hilbert, for his part, appealed to Kant’s ‘sensuous pure intuition’ in two 
contexts: firstly, elementary geometry, in so far as ‘it is given […] through the 
senses’ (Hilbert quoted in Hallet & Majer, 2004, 22), arises from ‘spatial intu-
ition’ (Corry, 2006, Majer, 1995) and, secondly, elementary arithmetic (in the 
sense of the theory of real numbers) describes ‘concrete objects […] which exist 
intuitively as immediate experience before all thought […] [These] objects […] 
can be generally and certainly recognized by us – independently of space and 
time’ (Hilbert, 1922 [1998], 202, my emphasis). Hilbert’s emphasis on the 
relation between perceptual experience and (spatial) intuition in geometry has 
given rise to a revision of the widespread image – first introduced by Brouwer 
in his ‘Intuitionism and formalism’ (1912, 1913) – of Hilbert as a formalist.72 
In the case of arithmetic, it is possible to observe a shift in Hilbert’s oeuvre 
between an empirical conception of intuition and the Kantian notion of pure, 
a priori, intuition (Mancosu, 2010, 125-158).73 Where Hilbert, for example in 
‘On the infinite’ (1926), spoke of the concrete objects of the finite mode of 
thought in terms of ‘perceptual intuition’, in his ‘The grounding of elementary 
number theory’ (1931), exactly these objects are referred to as arising from ‘the 

71 Van Stigt explains that, according to Brouwer, ‘[t]he scientific observation of regu-
larity in Nature, linking things and events in time as sequences, is a creative, mathe-
matical process of the individual Mind […] Brouwer rejects any universal objectivity 
of things as well as their ‘causal coherence’, basing his argument on the essential indi-
viduality of thought and mind. [H]e emphatically denies the existence of a collective 
or ‘plural’ mind’ (Van Stigt, 1998, 6). 

72 Corry characterizes Hilbert’s conception of geometry as ‘strongly empiricistic’ 
(Corry, 2006, 157). For an account of the connection between Hilbert and (logical-)
empiricism see Stöltzner (2001). 

73 Mancosu admits that it is ‘not easy to ascertain whether ‘primitive intuitive cognition’ 
refers [to] a Kantian pure intuition or whether […] the intuition mentioned here is an 
empirical one. I tend to read the [early] characterization of intuition as an empiricist 
one; that is, we are not dealing at this point with a Kantian pure intuition but rather 
with an empirical one’ (Mancosu, 1998, 169). It may here be remarked that in so far 
as, one the one hand, Kant claimed that space and time are pure intuitions and, on 
the other hand, Hilbert wrote that ‘[t]here are propositions that Kant regarded as a 
priori, and that we ascribe to experience [namely] the elementary properties of space 
and matter’ (Hilbert, 1931 [1998], 267), Hilbert’s later definition of intuition did not 
coincide with Kant’s pure intuition. 
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intuitive a priori mode of thought’ (Hilbert, 1931 [1998], 266, my emphasis).74 
Because mathematics is conditioned on the fact that ‘something must already be 
given in representation’, Hilbert, who himself never used the term ‘formalism’ 
to characterize his foundational work,75 was able to write that it is ‘not like a 
[meaningless] game deter-mined by arbitrarily stipulated rules’ (Hilbert, 1919-
1920 [1992], 14). 

An afterword

Brouwer’s and Hilbert’s use of a somehow mathematical ‘intuition’ is demon-
strative of the Kantian or, in more general terms, idealist framework within 
which the debate on the foundations of mathematics of the 1930s took place. 
Khinchin, for his part, attempted to present Brouwerian intuitionism as an 
orientation that found an empirical subject matter behind the empty mental 
constructions of Hilbertian formalism – such that Hilbert’s alleged acceptance 
of this criticism in his ‘On the infinite’ (the famous article in which he intro-
duced his finitistic metamathematics)76 could be interpreted as a sign not only 
of Brouwer’s victory,77 but, thereby, also of the importance of the materialis-
tic idea of mathematics being ‘real’ in reference for the foundational debate. 
Given the superficiality of some of Khinchin’s arguments this, of course, raises 
the question of what was tactical, what was real scientific interest and what 

74 It may here be noted that Hilbert repeated the passage, in his (1922 [1998]) on the 
‘extralogical discrete objects, which exist intuitively as immediate experience before 
all thought’ ad verbatim in his (1931 [1998]). 

75 Hilbert himself used the expression ‘axiomatics’ or ‘proof theory’ to describe his 
views on the foundations of mathematics. If Brouwer coined the terms ‘intuitionism’ 
and ‘formalism’ in his 1912 address ‘Intuitionism and formalism’, Richard Baldus 
(1885-1945) was the first to characterize Hilbert as the arch-formalist in his rector’s 
lecture of 1923 (Hesseling, 1999, 136-138). 

76 Khinchin’s seems to have ‘mistaken’ Hilbert’s ‘finitism’ for a position which rejects 
the ‘infinite’ as such; where he ascribed to Hilbert the claim that infinity exists neither 
in nature nor in thought, Hilbert wrote his article (‘On the infinite’) exactly to justify 
the place of infinity within mathematics by finitary means. 

77 It is somewhat remarkable to note that Khinchin was not alone in his (ideology-laden) 
misunder-standing of the debate in terms of ‘empiricism’ versus’ idealism; for example, 
the Geneva professor Rolin Wavre (1896-1949), following Weyl’s private discussion 
in his Grundlagenkrise paper (see Hesseling, 1999, 144), contrasted Hilbert’s ‘logique 
formelle’ with Brouwer’s ‘logique empiriciste’ (see Wavre, 1926). See also Von Mises’s 
remark in footnote 72. 
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was due to ignorance in his 1926 paper. Although this is, of course, far from a 
decisive answer, it seems to have been the case that it was all of these things 
at once; Khinchin wanted to caution his audience against a sweeping rejection 
both of intuitionism, as an orientation in the foundations of mathematics, and 
of more specialized intuitionistic studies without, perhaps, being fully aware 
of the sense in which these could conflict with his own set- and measure-theo-
retical studies. 
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chapter 12

‘Ideas of intuitionism and the 
struggle for a subject matter in 
contemporary mathematics’ (1926) 

Translated by Olga Hoppe-Kondrikova and Lukas M. Verburgt

Footnotes by Lukas M. Verburgt 

A. Ia. Khinchin

[184] We, mathematicians, are hardly concerned with the charges, which we 
regularly hear from technicians and natural scientists, that contemporary 
mathematics lacks a subject matter.1 Since we are deeply convinced of the 
living reality of the subject which we study, we are justly convinced that these 
reproaches are caused by the naïve dissatisfaction of an individual who sees his 
current needs unmet by contemporary mathematics. Such an individual does 
not perceive any achievements of our science beyond his narrow horizon and 
does not anticipate the great resources he could reap from this science in the 
future. 

However, since the last fifteen years,2 there arose within the field of the math-
ematical sciences themselves a vigorous and almost fanatic campaign against 

1 Khinchin’s statement that ‘technicians and natural scientists’, rather than Marxist 
commentators, misunderstood the promises for scientific research of new mathemat-
ical developments seems, indeed, a tactical move to ‘preserve [a] state of relative tran-
quility in the relations between mathematicians and interpreters of Marxist thought’ 
(Vucinich, 1999, 117). 

2 Although the available evidence about the literature with which Khinchin was familiar 
(see Verburgt, 2015, footnote 37) does not allow for the establishment of the particu-
lar event and/or publication to which he was referring here, given the time-frame 
(‘fifteen years’) it seems likely that he had in mind the translation of Brouwer (1912), 
namely Brouwer (1913). 

– appendix

English translation, with 
olga hoppe-kondrikova
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mathematics’ present ambitions – a campaign that calls into question exactly 
those state-of-the-art achievements that mathematics has been proud of. Under 
the banner of this campaign, which is led by world-class scientists, there is an 
inscription that says, when slightly deciphered and corrected: struggle for 
a subject matter, struggle for the relentless expulsion from mathematics of 
anything that disguises the lack of a subject matter behind the appearance of 
a formally immaculate logical game! Those who want may fight against this 
campaign, but a mathematician who is genuinely interested in science cannot 
stay on the sidelines and ignore this challenging assault. This is not only and not 
so much because the assailants are led by scientists such as Brouwer and Weyl, 
but rather because the weapon of attack is an argument that is inescapable for 
every mathematician: the mathematician is told not about the uselessness of 
his science for technology and the natural sciences, but about its deep internal 
disease and trouble. This trouble threatens mathematics not only with formal 
contradictions but, what is even more terrifying, also with the degeneration 
into abstract combination, into a chess game. 

What is most surprising about this revolutionary campaign is its unexpected 
and unprecedented success. This success is indeed indubitable, profound and, 
evidently, far-reaching, despite the resistance on the part of such experts as 
Hilbert and despite the fact that the new tendency, due to its consistent and 
radical revolutionary character, has earned the name of ‘mathematical bolshe-
vism’.3 

One can only be bewildered by this success. It was just recently that mathe-
maticians seemed to unanimously agree that everything that does not contain 
internal contradictions is legitimate and universally accepted in our science. 
[185] ‘To exist’ in mathematics meant not to contradict oneself.4 No one raised 
the question about the reality of a subject matter. Such curiosity was consid-
ered a sign of backwardness and bad form. The definition of mathematics as 

3 In a paper of 1926, Ramsey spoke of the ‘Bolshevik menace’ of Brouwer and Weyl 
(Ramsey, 1926). It is interesting to read that Khinchin was surprised about the success 
of intuitionism despite its having been characterized as a ‘mathematical bolshevism’. 

4 Hilbert defended this thesis his entire life. Where he, in his early work, considered 
the objects designated by axiomatic systems to be existent when the consistency of a 
system had been established, in his later work Hilbert declared that it was suhcient to 
show consistency in order to justify the mathematical existence of the ‘ideal elements’. 
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a science ‘where one never knows what one is talking about’ (Russell)5 was 
accepted not as an anecdote, but as a serious formulation of new trends in our 
science. Almost no one protested against this conception that naturally resulted 
from the brilliant successes of the mathematical mind in the direction of the 
formalization of science. An instrument of research was proclaimed to be an 
end in itself and nobody objected. But at the moment that Brouwer declared 
that it is wrong and that we should know what we study, that we should be 
sure of the reality of a subject matter, because otherwise science becomes a 
fruitless process of self-enjoyment, we witnessed an unexpected and signifi-
cant spectacle. We observe how everything that is alive in our science comes 
gradually – sometimes immediately, with juvenile enthusiasm, and sometimes 
after long and persistent resistance – under the banner of this vigorous protest. 
This happens because we are confronted by a matter of life and death, because 
Russell’s formulation threatens mathematics with deadlock and scientific death 
amongst the stream of futile and pointless, albeit internally non-contradictory, 
logical combinations. Fashion is changing: in the West one can now hardly 
speak about fundamental questions in mathematics without taking into consid-
eration the critique of the new trend, namely intuitionism as Brouwer called it 
in contrast to the usual formalism. In 19256 Hilbert emphasized the distinction 
between contentual and formal types of reasoning in mathematics and thereby 
instigated, under the influence of Brouwer’s criticism,7 a radical revision of the 
foundations of mathematics. We suppose that the meaning of this new trend, 
as well as the pledge of its success, consists exactly in the slogan of a struggle 
for a subject matter. At first glance, such a statement may seem weird because 
Brouwer probably only criticized some logical inaccuracies in the substan-

5 It was in his ‘Recent work on the principles of mathematics’ of 1901 that Bertrand 
Russell (1872-1970) wrote that ‘mathematics may be defined as the subject in which 
we never know what we are talking about, nor whether what we are saying is true’ 
(Russell, 1901, 84). If Russell first expressed his commitment to logicism in this 
specific article, it has been shown that Hilbert was also a logicist during the 1890s 
(Ferreirós, 2009). 

6 Khinchin here referred to Hilbert’s ‘Über das Unendliche’ – a lecture delivered at 
the Weierstrass memorial meeting of the Westfälische Mathematische Gesellschaft 
in Münster on June 4, 1925. It was published in the Mathematische Annalen in 1926 
(Hilbert, 1926). 

7 It may be remarked that Hilbert, much to Brouwer’s despair (e.g. Brouwer, 1928 
[1998]), never explicitly acknowledged the influence of Brouwer’s criticism. 
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tiation of contemporary mathematical analysis.8 But let us look closer at the 
matter and try to clarify, by a concrete example, the nature of intuitionism’s 
main goals. 

In one of his latest papers,9 Hilbert rightly considered the contemporary crisis 
of mathematics to be rooted in the fact that the false notion (‘the imaginary 
idea’) of infinity had not yet been entirely banned from our science. This notion 
does not refer to any phenomenon in the real world. Neither does it exist in our 
mind. Everything is finite, both in the external world and in our psyche. Math-
ematics made a distinction between potential, emerging infinity and actual, 
accomplished infinity. Weierstrass was the one to put an end to the first type 
of infinity which, from that moment on, survived as a mere name for an histor-
ical remnant, whereas the phenomenon signified by this notion was entirely 
reduced to a finite phenomenon.10 We are perfectly clear on this matter. [186] 
However, the situation regarded actual infinity is much worse. Until now we 
have regarded the multiplicity of all whole numbers or all points of a segment as 
real infinite collections. This is exactly the source of all disasters because there 
is nothing infinite in the real world. We deal here with a false intuition, with 
a term that does not refer to any phenomenon. Discrediting this false idea, as 

8 Although it is true that Brouwer’s ‘De onbetrouwbaarheid der logische principes’ 
(‘The unreliability of the logical principles’) of 1908 – which contained the published 
version (in Dutch) of his argument against the general validity of the (Aristotelian) 
PEM – was the first article that he published, Brouwer already put forward his intu-
itionistic reconstruction of mathematics in his doctoral dissertation Over de Grond-
slagen der Wiskunde (‘On the Foundations of Mathematics’) of 1907. 

9 Khinchin again referred to Hilbert (1926). 
10 Also here, Khinchin followed Hilbert (1926). Hilbert wrote that it was by means of 

a clarification of ‘all confused notions about the infinitesimal’ that Karl Weierstrass 
(1815-1897) was able to ‘provide a solid foundation for mathematical analysis’ (Hilbert, 
1926, 161). He then reasoned as follows: ‘Weierstrass’s analysis did […] eliminate the 
infinitely large and the infinity small by reducing statements about them to [statements 
about] relations between finite magnitudes. Nevertheless, the infinite still appears in 
the infinite numerical series which defines the real numbers and in the concept of the 
real number system which is thought of as a completed totality existing all at once 
[…] Hence the infinite can reappear in another guise in Weierstrass’s theory and thus 
escape the precision imposed by his critique […] [Yet] [t]he recognition that many 
theorems which hold for the finite […] cannot be immediately and unrestrictedly 
extended to the infinite […] [has] been completely clarified, notably through Weier-
strass’s acuity’ (Hilbert, 1926, 161, 163). 
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Weierstrass had once discredited potential infinity –11 i.e. to reveal that we, 
when speaking of ‘infinite multiplicity’, inevitably imply a certain real (and 
therefore necessarily finite) phenomenon, and to clarify the properties and 
laws inherent to this phenomenon – is the main and most honorable goal of 
contemporary mathematics.12 

Let us consider the number π and express it in decimal form – which, as is well 
known, contains an infinite number of digits. Let us ask the following question: 
will we ever see one hundred successive zeros among the digits? This task may 
be very complicated and even unsolvable. However, according to Brouwer, it 
has a very specific meaning to the eyes of an ordinary mathematician, or a for-
malist, as we would call him henceforth: whether the hundred successive zeros 
exist or not, tertium non datur.13 

It is exactly against this interpretation of the problem, against applying the law 
of excluded middle here, that an intuitionist protests. The intuitionist presumes 
rather that the whole infinite representation of decimal digits of the number π 
does not exist as a real phenomenon. We can construct as many digits as we 

11 Again, in the words of Hilbert ‘[s]omeone who wished to characterize briefly the new 
conception of the infinite which Cantor introduced might say that in analysis we deal 
with the infinitely large and the infinitely small only as limiting concepts, as something 
becoming, happening, i.e., with the potential infinite. But this is not the true infinite. 
We meet the true infinite when we regard the totality of numbers 1, 2, 3, 4, … itself as 
a completed unity, or when we regard the points of an interval as a totality of things 
which exists all at once. This kind of infinity is known as actual infinity’ (Hilbert, 
1926, 164). 

12 This ‘honorable goal’ was, of course, opposed to the goal of Hilbert which was to 
save the notion of actual infinity, but it also conflicted with the goals of Brouwer’s set 
theory in which the (denumerably) infinite is given in the form of a ‘becoming (choice) 
sequence’. If Khinchin might have been indebted to Luzin’s (semi-intuitionist) idea 
of the ‘efective’ – or, for that matter, the rejection of ‘choice’ –, it seems that the 
Russian mathematicians were not familiar with Brouwer’s publications on intuitionist 
set theory. 

13 Khinchin, like, for example, Paul Finsler (1894-1970) in his 1926 article ‘Gibt es Wid-
ersprüche in der Mathematik?’, set out to explain Brouwer’s rejection of the PEM by 
means of the possibility of unsolvable problems – something which, obviously, goes 
against Hilbert’s famous claim that there is ‘no Ignorabimus for the mathematician’ 
(it may here be recalled that Brouwer, reflecting on Hilbert’s work, identified the 
PEM with the PSMP). This argumentative strategy resembled that of the so-called 
‘Brouwerian counter-examples’ to well-known classical theorems which rest upon the 
inability to prove something (e.g. Posy, 1980, Van Dalen, 1999). 
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would like and, as a matter of fact, we possess an instrument14 for unlimited 
construction, but the constructed series of these digits thus accomplished is 
a false intuition. This series does not exist at all, in any world whatsoever, 
and consequently cannot be conceived because only that which is real can be 
conceived. Hence, we have in front of us merely an instrument for the infinite 
construction of decimal digits. That is why we must, and can, understand the 
assertion ‘the series somewhere contains one hundred successive zeros’ only 
in such a way that the generating instrument has the following property: ‘The 
essence of the instrument that generates the factorization of a number π into 
a decimal fraction is such that the instrumental inevitably generates (or, in 
contrast, cannot generate) one hundred successive zeros’. 

To start with, let us consider a second (negative) answer. The claim that ‘the 
object R contradicts in its essence the hypothesis N ’ is always understood in 
mathematics in such a way that the hypothesis N considered together with the 
definition of the object R leads to a formal-logical contradiction. Hence, in view 
of the above, we should understand the assertion ‘there will not be one hundred 
successive zeros among the decimal digits of the number π’ as follows:

A) When considered together, the definition of the instrument that generates 
the decimal representation of the number π and the assumption that there will 
be one hundred successive zeros lead to a formal-logical contradiction. 

Next to this thesis, let us consider another one:

B) There will be one hundred successive zeros among the decimal digits of the 
number π. Suppose (an empirically possible fact) that someone succeeded to 
prove thesis A wrong. This could have happened, for instance, if this someone 
would have deduced from thesis A, by means of a finite chain of syllogisms, the 
correlation 1 = 0. 

[187] Does it thus follow that the validity of thesis B is established? Look at both 
theses closely and you will see that it does not follow at all; and this could also 

14 It is important to observe that where Khinchin spoke of a ‘(generating) instrument’, 
Brouwer’s intuitionism was based on a ‘subject’ constructing (mathematical) objects 
from a ‘primordial consciousness’. This, of course, fits Khinchin’s ‘materialist’ inter-
pretation of Brouwer. 
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be confirmed by the most ardent opponent of intuitionism. If so, then theses 
A and B are not contradictory and, accordingly, applying the law of excluded 
middle to this disjunction is not correct. 

Here follows the conclusion: 1) There will be one hundred successive zeros 
among the decimal digits of the number π, 2) there will not be one hundred 
successive zeros among the decimal digits of the number π – these two asser-
tions, if understood correctly and in the only way possible, are not contradic-
tory and, therefore, applying the law of excluded middle to this disjunction is 
ungrounded. 

In this respect we can imagine the following dialogue between an intuitionist 
and a formalist: 

F. Fine. We accept your triple disjunction: 1 one hundred zeros exist, 2 
according to your interpretation, it does not exist, 3 tertium. If we assume 
that tertium occurs, then the one hundred zeros we are looking for cannot be 
indicated in any case (because it would lead to the 1st and not to the 3rd case). 
To me, this merely means that one hundred zeros do not exist at all and that 
your disjunction acquires a diferent meaning in my language, namely: 1 one 
hundred zeros exist, 2 one hundred zeros do not exist, and this can be proved, 
3 one hundred zeros do not exist and this cannot be proved. I combine the 
second and third case, thereby I simply say that one hundred zeros do not exist 
and I do not bother about the provability of this fact. You see now that we are 
just arguing about terminology. 

I. This is incorrect. Thesis 1 of my disjunction can only mean that one hundred 
zeros are actually found (similar to the second thesis, which can only mean 
that the proof of the nonexistence of one hundred zeros is actually found). 
Therefore, my tertium does not exclude the possibility of finding one hundred 
zeros. Moreover, your formulation of this tertium does not make any sense to 
me because ‘the absence of one hundred zeros’ is a property of the generating 
instrument. If this property does not follow from its definition, which means 
that it cannot be proved, then it does not exist because once it has been defined 
a mathematical phenomenon possesses only those properties which follow from 
its definition and are thus provable. 
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F. But can a mathematician ever accept such a view? Can an answer to a math-
ematical problem depend on what one of us can or cannot do? 

I. I wash my hands hereof. The question about the existence of one hundred 
zeros has not been raised by me. It is of no concern to me, as there is no point 
in this question from a scientific point of view.15 Since you have raised this 
issue, you should clarify what this issue means. I honestly declare that for me 
the problem of existence of one hundred zeros either has a meaning, which I 
have indicated, i.e. it is reduced to a historical note deprived of any scientific 
meaning, or has no meaning at all. We, intuitionists, do not pose and do not 
consider such problems of existence. When someone gives me a basket of 
apples and asks me to find out whether there could be an orange among the 
apples, I understand what it means because the filled basket stands in front of 
me. [188] But when someone raises a question concerning the existence of one 
hundred successive zeros, which do not exist as a finished whole, I do not under-
stand what it means. It is clear for me that the very definition of the problem is 
grounded on a false intuition. It seems to you that the whole finished series of 
decimal digits of the number π is right in front of you and that you can sort it out 
like a basket of apples in order to solve the question, without reference to any 
tertium, whether one hundred digits can be found in the basket. However, such 
a finished series does not exist as a matter of fact; assertions about the existence 
or non-existence of one hundred zeros can only be understood in the way that I 
have indicated. Furthermore, these assertions are, certainly, not contradictory 
and hence leave room for tertium, and, consequently, the problem of existence, 
as such, loses any meaning. 

F. But almost all contemporary mathematicians use general assertions and nega-
tions of existence. Your position threatens mathematics with devastation and 
impoverishment. 

15 These three sentences (‘I wash […] point of view’) are remarkable for two reasons. 
Firstly, Brouwer himself explicitly raised the issue of ‘mathematical existence’; if he 
focused on the existence of mathematical systems, this was directly linked to his views 
on the ontological status of mathematical objects. Secondly, Khinchin seems to reduce 
the issue of ‘mathematical existence’ – whether in the infinite or finite domain – to 
existence as such which he, in turn, equated with ‘empirical reality’. In other words, 
even though he followed Brouwer in writing that only ‘individual constructions’ can 
bring forward actual mathematical objects, Brouwer himself did not define these con-
structions in terms of ‘concrete matters of fact’. 
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I. What you call devastation and impoverishment means to me cleansing and 
recovery. Incautiously applying the law of excluded middle and using false 
intuition; contemporary mathematics is stuck in futile imaginary problems 
and damaged by ungrounded assertions. What you call devastation indicates 
rather a humble wish to admit all of it honestly and to try to discard everything 
that scientific conscience cannot accept after having resisted the temptation 
of the attractive, yet internally pointless and ungrounded, achievements of 
our science. One should recognize that general arguments regarding so-called 
infinite totalities lack any scientific content and do not create any added value 
to our science. Only the separate and the concrete, only an individual construc-
tion, can provide mathematics with valuable achievements. Mathematics is a 
specific practice, rather than a doctrine (mehr ein Tun als eine Lehre, Brouwer).16 

As has become clear in the above, intuitionism first of all rejects problems con-
cerning the existence of an individual with some properties in a certain totality 
as soon as this totality is considered infinite – because in this case totality is 
no longer something finished and certain, but rather a process in progress with 
respect to which the disjunction ‘exists – does not exist’ loses any fundamental 
meaning. As a result, intuitionism logically established its unique view on the 
value of mathematical achievements – a view that conflicts with all main trends 
within contemporary mathematics. 

Weierstrass had succeeded in constructing a continuous function having no 
derivatives.17 Contemporary mathematics takes this distinguished achieve-
ment to be the solution to the following crucial problem, namely: does there 
exist a non-diferentiable function in the set of all continuous functions? For 
an intuitionist, this problem makes no sense. Does this imply that the intui-
tionist sees no value in Weierstrass’ work? Not at all. [189] In the first place, he 
would evaluate the very construction of Weierstrass’ function as an exemplar 
of a mathematical construction. Accordingly, Weierstrass’ construction would 

16 This statement is found in Weyl’s ‘Über die neue Grundlagenkrise der Mathematik’ 
of 1921: ‘Mathematics is, as Brouwer sometimes says, more activity than theory (mehr 
ein Tun als eine Lehre)’ (Weyl, 1921, 55). 

17 Weierstrass made the discovery of ‘a function which is continuous over an interval 
and does not possess a derivative at any point on this interval’ (Cajori, 1893 [1991], 
425) in 1861. The function was, subsequently, published by Paul du Bois-Reymond 
(1831-1889) in 1874. 
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reveal that it is hopeless to seek for another construction which proves that the 
continuity of a function entails diferentiability. The intuitionist considers this 
very valuable but cannot agree that Weierstrass’ construction can solve any 
problem of existence at all.18 

This diference of opinion, even though quite deep and fundamental, should 
not per se have led to a conflict. Everyone is free to perceive and appreciate 
the achievements of our science as one pleases. But here the formalist asserts 
as part of his argument: ‘Let us suppose, first of all, that there are one hundred 
successive zeros among the decimal digits of the number π, this implies the fol-
lowing, etc. Let us suppose, in the second place, that one hundred zeros do not 
exist, and this implies the same. Given tertium non datur, our claim is proved’. 

It is this assertion that the intuitionist vehemently opposes. In his opinion, 
tertium non datur is not grounded on anything and that is why proof based on 
this law is invalid. These situations are not as uncommon in mathematics as 
one might think. It suhces to indicate that the theorem of the existence of a 
supremum19 – a theorem without which one cannot do anything in the modern 
theory of functions – is decisively rejected by intuitionists because one is 
forced to ground the proof of it on the illegitimate application of the law of 
excluded middle. 

18 If this whole paragraph (‘Weierstrass had succeeded […] existence at all’) may seem 
surprising in light of the fact that the ‘pre-intuitionist’ Leopold Kronecker (1823-
1891) identified Weierstrass’ analysis as being an exemplar of the ‘horrible dream’ of 
formalism (Van Dalen, 1999 [2013], 625-627), Khinchin’s goal seems to have been 
to express his dedication to the ‘Russian aim’ of promoting a kind of intuitionism 
that did not contradict classical analysis. This aim was not only the inspiration for 
Kolmogorov’s 1925 paper, but also reflects Luzin’s emphasis, in the introduction to 
his Integral and Trigonometric Series, of the ‘historical continuity of mathematics by 
asserting that [for example] the new theory of functions was not to be viewed as a 
repudiation of classical analysis, but rather as its natural extension’ (Phillips, 1978, 
286). 

19 The supremum of a set is its least upper bound (defined as the smallest real number 
that is greater than or equal to every number in this specific set) and the infimum is its 
greatest lower bound (defined as the biggest real number that is smaller than or equal 
to every number in that specific set). In light of Khinchin’s discussion it is merely 
important to recognize that the supremum and infimum of a set need not exist. 
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Hence, intuitionism’s main criticism is directed against the logical groundless-
ness of certain methods of argumentation that are accepted in contemporary 
mathematics. The question concerning a subject matter has not been raised and 
the struggle for a subject matter has not yet begun. Let us see, however, what 
happens next. 

Intuitionism’s first attack is refuted in a distinctive and sophisticated way – 
as suggested by Hilbert several years ago. He states: ‘If you are afraid that 
the ungrounded application of the law of excluded middle and arguments 
about existence can plunge you into the depths of logical contradictions, I can 
prove to you that your apprehension is groundless’. Presumably, Hilbert has, 
indeed, succeeded, or will succeed in the near future, to prove that conjunc-
tions ensuing from the finite can never lead to formal-logical contradictions 
when applied to ‘infinite’ totalities. If so, then we, following the main trend of 
modern mathematics, can legitimately accept the possibility of applying the law 
of excluded middle as an axiom because in that way a formally non-contradic-
tory logical system would become the field of our research, and this is all that 
modern mathematics requires nowadays. What more would you need? Is not 
the struggle against the construction of mathematics identical to the struggle 
against non-Euclidean geometry, or against introducing ideal elements, which 
is so popular in contemporary science? [190] Moreover, does it not resemble 
the obscurantism involved in the resistance to the introduction of complex 
numbers into mathematics? 

However, the intuitionist remains implacable. Perhaps Hilbert has, indeed, 
proved that that the unconditional application of the law of excluded middle 
cannot lead to contradictions. But this is not enough. This proof alone does not 
render the law acceptable; a lie does not become truth because no one notices 
the lie. We deal here with a phenomenon with which we are familiar, namely 
with totalities of numbers, points, functions, etc. Yet, someone now requests 
us to assume that the rules of the problem of existence apply to these phenom-
ena as well, and attempts to substantiate this assumption on the ground that it 
would never lead to a contradiction. Can scientific conscience admit such an 
assumption? Can I consider a problem meaningful if I, in my humble opinion, 
do not see any sense in it? Is it not the same as telling a lie when I have been 
assured that my lie would remain unpunished?
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Undoubtedly, there is a way out of this situation, namely to accept Russell’s 
formula: mathematics never knows what it deals with? We speak not about a 
real, naturally given phenomenon, but rather about ‘something’ that is subject 
to certain axioms. From this perspective, any non-contradictory logical system 
is a mathematical discipline. 

At what price does this way-out come? It comes at the price of rejecting real 
phenomena. We would thus have to forget what we study, we have to reject 
the very thought about the subject of our research. The logical structure of 
the phenomenon, being deprived of its real substance, becomes the only aim 
of our investigation. Even stronger, we no longer study the logical form of the 
phenomenon, for this form has already been distorted by the introduction of 
new axioms, but rather a self-suhcient formal-logical system separated from 
any reality at all. This system precludes any attempt at going back to the phe-
nomena. It is said to be spending and harmonious; this makes it even worse for 
those who yield to the temptation. However, we stay loyal to the phenomena 
because we want to do research, to study the real world and not to engage in 
formal-logical self-indulgence. 

The analogy with non-Euclidean geometry and the introduction of ideal 
elements is not very efective and does not stand up to criticism. Non-Euclid-
ean geometry is a sub-division of general geometry and as such has a right to 
existence. Her raison d’être is the legitimate right of mathematics to doubt the 
compulsory significance of the Euclidean assumptions. This postulate applies 
to some spaces, but it does not to others. If the question would concern a mere 
assumption of the possibility of applying the law of excluded middle to certain 
totalities, no one would object to it. But we are requested to admit that it is 
applicable to all cases. This is the same as if someone would ofer to admit that 
the same geometry would be applicable to all spaces, with the only diference 
that the last thesis can be logically rejected. 

If we want to stay loyal to the phenomena [191], we can obviously accept only 
those axioms that are intuitively justified – hence the name (‘intuitionism’). 
The requirement of the non-contradictoriness of axioms certainly remains 
valid, but does not suhce. It is inappropriate to impose those properties on the 
phenomenon that are not inherent to it and to attach meaning to the problems 
that do not really have meaning. This would imply the end of the phenome-
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non, a deliberate rejection of it. The abhorrent nature of this approach remains 
unnoticed only because these tendencies have become usual and universally 
accepted in contemporary mathematics. It is the main disease of mathematics 
that should be cured at any price. 

Now, we have considered the way in which intuitionism arrives at the slogan 
of the struggle for a subject matter, thereby touching a nerve of modern mathe-
matics. This is evident from intuitionism’s success as well as from the growing 
number of mathematicians involved in this struggle. It is no longer possible to 
ignore the assault of this powerful trend within academic thought. No matter 
how we would evaluate this trend, we have to recognize that intuitionism 
has already refuted the intellectual perspective that prevailed in mathematics 
fifteen years ago. It has brought into the resources of the philosophy and the 
methodology of our discipline something that, perhaps, has not yet assumed its 
complete form and has not yet been fully comprehended, but that is clearly per-
ceived by us as an inspiring and tangible achievement – one which promises to 
put us back onto the ground that we have almost lost from under our feet. That 
is the Zeitgeist today. Even Hilbert, in his recent paper ‘Über das Unendliche’ 
published just some months ago, seriously takes into account this Zeitgeist. In 
one of his opening theses he asserts that we can conceive only the finite in sub-
stantial terms and that there is no infinity either in nature or in our perception 
(we have already referred to this thesis). Hilbert emphasizes the need to rescue 
all the distinguished achievements of the last decennia and declares that such 
a rescue is possible, or even stronger, has already been accomplished by him. 

He reasons as follows; alongside the finite subjects of mathematical reflections 
that are familiar to us, we take into consideration new ideal elements (purely 
fictitious constructions devoid of objective reality) and subjugate the whole 
system to a certain set of axioms that is surely non-contradictory. Meanwhile, 
the law of excluded middle is assumed with regard to infinite totalities (ideal 
constructions). This constructed logical system is liable to evolve naturally. 
In the course of this evolution, one can achieve certain results that exclusively 
concern finite (real) elements of the system (so that the ideal elements play 
the role of temporary auxiliary constructions similar to, for instance, complex 
numbers in mechanics or in the theory of numbers, that are eventually to dis-
appear). Undoubtedly, such a result is quite substantial and firmly grounded; 
since it concerns only finite objects, its validity or falsity can be verified. [192] 
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It cannot be false, as it has been an outcome of an initially non-contradictory 
system which comprises a set of axioms applied to finite subjects of mathemati-
cal reflection. Hence, the mathematics of the infinite is essentially transformed 
into a certain heuristic method that is at the service of finite mathematics.

We do not yet know how intuitionism will react to this new situation.20 Appar-
ently, it can principally consider itself a winner; further debate is already 
moving from the fundamental to the practical ground in so far as the advantage 
of the heuristic method is measured, obviously, by its usefulness. 

The Department of Natural and Exact Sciences of the Communist Academy organized 
a special seminar on intuitionism under the supervision of the author of this article. The 
present article comprises introductory information; the seminar intends to publish its 
proceedings in the near future. The author takes the opportunity to thank the partic-
ipants of the seminar he supervised, namely I.V. Arnol’d and G.B. Gurevich, whose 
lectures (given in the winter of 1925-26) at the seminar significantly helped him to 
write the present article.

20 In this passage (‘Hence, mathematics of […] this new situation’) Khinchin does not 
seem to be aware of the fact – or, perhaps, does not want to realize – that where 
Hilbert identified classical mathematics with finite mathematics plus ideal elements, 
Brouwer came to argue that classical and intuitionistic mathematics are incompatible. 
Put diferently, the question of how intuitionism would react to the new situation 
is premised on two problematic assumptions. Firstly, that Hilbert, from the publi-
cation of ‘On the infinite’ onwards, committed himself to an ‘intuitionist finitism’. 
And secondly, that the ground of Hilbert’s ‘finite mathematics’ was similar to that of 
Brouwer’s ‘finite mathematics’, namely empirical reality. 
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section 3

Moscow probability theory: 
toward the Grundbegrife

This third section contains the following article and appendix: 

– Verburgt, L.M. 2014. On Aleksandr Iakovlevich Khinchin’s paper ‘Mises’ 
theory of probability and the principles of statistical physics’ (1929). Unpub-
lished manuscript. 

– Khinchin, A.Ia. 2014. Mises’ theory of probability and the principles of sta-
tistical physics. Annotated English translation (with Olga Kondrikova). 

 
During his career, Khinchin published one review (in 1928) and four articles 
(in 1929, 1936-1944, 1952 and 1961) on Von Mises’s probability theory – of 
which the first is here made available in English for the first time (chapter 13 
appendix). The Russian tradition in probability theory goes back to mid- or 
late-nineteenth century St. Petersburg. But Khinchin was a student of the 
progressive Moscow school of theory of functions and there his involve-
ment with the theory meant a return to a more classical subject – one that, 
interestingly enough, also harkened back to the metaphysical-religious foun-
dational viewpoints of that very school. His support for the positivist Von 
Mises also meant that Khinchin had to cope with the increasing criticism of 
Marxist theorists of Von Mises’s theory as one of the many manifestations of 
Western ‘idealism’ and, in this specific case, ‘Machism’. Where he initially, 
that is, in his first article cautioned these theorists against the straightforward 
rejection of the theory in its entirety – all the while connecting Von Mises 
to ‘Machism’ on theoretical grounds – at least in his second and third article 
Khinchin himself dismissed the core of Von Mises’s work on ideological 
grounds. Another issue that will be explored in chapter 13 is the following 
important element of Khinchin’s approach vis-à-vis the status of Von Mises’s 
theory; if the initial question was that of whether its frequentism is accepted 

part 2 | 
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as the theoretical basis of the mathematical definition of probability, eventually 
the question became that of whether it was to be favored as the interpretation 
of a purely mathematical system (i.e. as the connection between ‘mathematics’ 
and ‘reality’). 
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chapter 13

On Aleksandr Iakovlevich 
Khinchin’s paper ‘Mises’ 
theory of probability and the 
principles of statistical physics’

1.  The Russian tradition of probability 
theory: St. Petersburg and Moscow

The long tradition of probability theory in Russia1 2 3 goes back to the work of 

1 For more general accounts on mathematical topics related to probability theory in 
pre-revolutionary Russia (e.g. central limit theorem, method of least squares etc.) 
see, for instance, Seneta, 1981; Seneta, 1984; Seneta, 1994. Some of the articles on 
the development and current state of probability in Russia written during the Stalinist 
era include references to an even longer ‘tradition of probability in Russia, beginning 
already before 1850 with courses on probability theory given at St. Petersburg Uni-
versity by Ankudivich [(?-?)] and [Viktor Yakovlevich] Bunyakovskii [or Buniak-
ovsky] [(1804-1889)]’ (Fischer, 2011, 184, see also Gnedenko & Sheynin, 1978 [2001], 
pp. 247-253). Buniakovsy, wrote probabilistic works under the influence of French 
mathematicians. For example, in 1846, he published Foundations of the Mathematical 
Theory of Probabilities the aim of which was to simply Pierre-Simon Laplace’s (1749-
1827) mathematical exposition of the theory (see Sheynin, 1991).

2 It may here be remarked that if it is the case that the early history of Russian math-
ematics ‘is mainly the history of mathematical research at the National Academy of 
Sciences in Petersburg’, it holds that ‘the Petersburg school could not properly be 
called a Russian school: not one of the initial members of the Academy of Sciences 
[was] Russian, and not until Chebyshev’s time did the number of Russian academi-
cians exceed the number of foreign members’ (Phillips, 1978, p. 277).

3 Sheynin notes that ‘[t]here is a view that Buniakovsky developed the Russian ter-
minology of the theory of probability. However, such terms as random variable (or 
random quantity), or limit theorem did not then exist in any language’ (Sheynin, 1991, 
pp. 201-202). 
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the disciples of Pafnuty Lvovich Chebyshev’s (1821-1894)4 ‘independent and 
powerful’5 St. Petersburg school,6 Andrei Andreievich Markov (1856-1922)7 
and Aleksandr Mikhailovich Liapunov (1857-1918). Chebyshev, who received 
his master’s degree in 1846 at Moscow University with a thesis on probability 
theory,8 lectured on the theory between 1860 and 1882 and published several 
‘ground-breaking’9 analytic papers (in Russian and French) on proofs of the 
(weak) law of large numbers10 and, via the ‘method of moments’, the central 
limit theorem11 after 1859. Given that Chebyshev transformed probability 
theory from a tool used to discover the laws of nature into a purely mathemat-

4 For general accounts of Chebyshev’s contributions to mathematics see, for example, 
Butzer & Jongmans, 1999; Delone, 1947 [2005], 1-24; Seneta, 1982. See Sheynin, 
1994 for an account of Chebyshev’s work on probability and Sheynin, 1994, 338-340 
for references to Russian commentaries on this work and Butzer & Jongmans, 1999, 
section 5; Stefens, 2006, chapter 2 for Chebyshev’s contributions to the closely 
related theory of approximation.

5 Graham, 1993, p. 215. 
6 For accounts of the St. Petersburg school of mathematics see, for example, Delone, 

1947 [2005]; Gnedenko & Sheynin, 1978 [2001], 247-275; Graham, 1993, Appendix 
Chapter A; Lapko & Liusternik, 1967, section 3. 

7 For an account of Markov’s work on probability theory see Sheynin, 1989. 
8 The main aim of Chebyshev’s master thesis, ‘which appeared in printed form in 1845 

but remained without greater influence, was to treat important problems of classical 
probability by methods more elementary than those of Laplace’ (Fischer, 2011, 168). 

9 Butzer & Jongmans, 1999, 120. 
10 The weak law of large numbers is also known as ‘Bernoulli’s (fundamental) theorem’ 

(after Jakob Bernoulli (1654-1705), the author of the Ars Conjectandi ). Defining those 
cases in which a certain event can happen ‘fertile’ and those cases in which a certain 
event cannot happen ‘sterile’, Bernoulli himself described his theorem as follows: 
‘Let the number of fertile [and sterile] cases […] have exactly or approximately the 
ratio r/s, and let the number of fertile cases to all the cases be in the ratio r/(r + s) 
or r/t, which ratio is bounded by the limits (r + 1)/t and (r − 1)/t. It is to be shown 
that so many experiments can be taken that it becomes any given number of times 
more likely that the number of fertile observations will fall between these bounds than 
outside them, that is, that the ratio of the number of fertile to the number of all the 
observations will have a ratio that is neither more than (r + 1)/t nor less than (r − 1)/t ’ 
(Bernoulli, 1713 [2006], p. 236). 

11 The term ‘central limit theorem’ is of an early 20th-century origin and it is nowadays 
‘associated with a multitude of statements having to do with the convergence of prob-
ability distributions of functions of an creasing number of […] random variables […] 
to a normal distribution’ (Fischer, 2011, 1). It could be said that central limit theorems 
are mathematical generalizations of the more ‘physically-oriented’ (weak) law of large 
numbers. 
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ical discipline12 concerned with the measurement, in the sense of magnitudes, 
of probabilities, Aleksandr Iakovlevich Khinchin (1894-1959) could claim that 
the ‘Russian theory of probability’ reached its ‘exceptional standing’ because of 
Chebyshev.13 Markov and Liapunov’s contributions, in turn, ‘played a decisive 
role in the development of early modern probability theory after 1900, in 
pursuing Chebyshev’s research program’14 with regard to the rigorous proof 
of limit theorems – which Richard Von Mises (1883-1953) would praise in the 
first of this two pioneering papers of 191915 – and the further generalization 
of the notion of random variable16 – which ‘paved the way for Kolmogorov’s 
development of an abstract random variable as a measurable mapping from one 
sample space into another’.17 

Although the ‘ultra-classical’18 St. Petersburg school gave the theory ‘a new, 
purely analytic quality beyond classical probability’,19 it remained critical both 
of the general increase in mathematical rigor from ‘Eulerian’ to ‘Weierstrassian’ 

12 In his courses on probability theory, Chebyshev made it clear that he conceived of the 
theory as being imbedded in the theories of definite integrals and finite diferences. 

13 Khinchin, 1937 [2005], 41. Fisher has noted that the articles on the development and 
current state of probability in Russia during the Stalinist era ‘by nature had to praise 
the achievements of Soviet Science’ and to argue for the ‘superiority of Russian con-
tributions’ (Fischer, 2011, 183-184). 

14 Fischer, 2011, p. 140. 
15 In his ‘Fundamentalsätze der Wahrscheinlichkeitsrechnung’ of 1919 – which was 

primarily concerned with probabilistic limit theorems – Von Mises wrote that ‘the 
analytical theorems of probability theory are lacking – except for a few works by 
Russian mathematicians – the precision of formulation and reasoning which has long 
been a matter of course in other areas of analysis’ (Von Mises, 1919a, 1). 

16 Sheynin notes that ‘Markov most often did not use a specific term for ‘random 
variable’, or if he did, he said indeterminate quantity’ (Sheynin, 1989, 338). He adds 
that ‘Poisson formally introduced a special name […] for a random variable, calling it 
chose A. It is tempting to suppose that the A stood for aleatoire; alas! even before that 
Poisson used the same letter to denote an observed constant […] Chebyshev, while 
describing the mathematical treatment of observations, mentioned quantities changing 
because of random circumstances’ (Sheynin, 1989, 350, f. 17). 

17 Fischer, 2011, 185. 
18 Liusternik, 1967a, p. 139. Liusternik adds that even though the St. Petersburg school 

‘was often opposed to the movements in 20th-century mathematics [it] played a 
prominent role in the very early history of such movements’ (Liusternik, 1967a, 
p. 139). 

19 Fischer, 2011, 185. 



532

standards20 as well as of specific modern ‘ideas and methods’.21 Chebyshev and 
many of his followers22 entertained a ‘pragmatic’, ‘intuitive’ and ‘non-philo-
sophical’ attitude vis-à-vis the foundations of analysis and shared a ‘material-
istic’ emphasis on the physical applicability of mathematics and the primacy 
of practice over theory.23 Where their work remained on the solid ground 
of the mathematics of the eighteenth- and early-nineteenth-century, that of 
mathematicians associated with the Moscow Mathematical Society such as 
Nikolai Vasilevich Bugaev (1837-1903)24 and his students, the later founders 
of the Moscow School of the theory of functions of a real variable25 Dmitri 
Fiodorovich Egorov (1869-1931), Pavel Alexandrovich Florenskii (1882-1937) 

20 See Schubring, 2005 for an account of the development of standards of analytic rigor 
between the seventeenth- and nineteenth-century. For example, in 1913, Bernstein 
wrote that ‘[w]hereas the path directly indicated by Chebyshev may be characterized 
rather accurately by the term algebraic, the path which arose under the influence of 
Weierstrass should properly be called analytic’ (Bernstein 1913 quoted in Butzer & 
Jongmans, 1999, 132). 

21 Phillips 1978, p. 278. Phillips continues by remarking that the mathematicians in 
Petersburg during Chebyshev’s time, for example, ‘did not accept Dirichlet’s defini-
tion of a function – it was too general, they argued, to be useful in analysis […] Indeed, 
for classical analysis the ‘interesting’ functions, i.e., those worth investigating, arose 
either directly from problems in physics, mechanics and geometry, or in a less direct 
way through diferential equations, series representations etc.’ (Phillips, 1978, 
p. 278). Another example is that of Liapunov who, in 1895, wrote that ‘the partisans 
of Riemann’s extremely abstract ideas delve ever deeper into function-theoretic 
research and pseudo-geometric investigations in spaces of four, and of more than four 
dimensions. In their investigations they sometimes go so far that any present or future 
possibility of seeing the meaning of their work with respect to some applications is 
lost, whereas Chebyshev and his followers invariably stick to reality’ (Liapunov 1895 
quoted in Sheynin, 1994, 337). 

22 In 1913, Sergei Natanovich Bernstein (1880-1968) remarked that Chebyshev himself 
was ‘a less orthodox follower of his own school than are his most immediate students, 
and he is not entirely a stranger to the direction [of] analytic’ (Bernstein 1947 quoted 
in Butzer & Jongmans, 1999, pp. 132-133). Reflecting on the work of the brothers A.A. 
Markov and V.A. (Vladimir Andreevich) Markov (1871-1897), Bernstein added that 
Chebyshev interest ‘in the direction of analytic investigation […] was not taken up by 
any of his students’ (Bernstein 1947 quoted in Butzer & Jongmans, 1999, p. 133). 

23 See Fischer, 2011, section 4.7.2 for these characterizations. 
24 Bugaev was the founder and first head of the Moscow Mathematical Society (see 

Seneta, 2003, 324). For an account of his role in the establishment of the Moscow 
school see Demidov, 1985. 

25 For accounts of the famous Moscow School of the theory of functions of a real variable 
which was founded in 1911 and later became known as ‘Luzitania’ see, for example, 
Demidov, 1988; Demidov; 2007; Liusternik, 1967a; Liusternik, 1967b; Liusternik, 
1967c; Liusternik, 1970; Phillips, 1978. See section 1.2. 
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and Nikolai Nikolaevich Luzin (1883-1950) was of a ‘strongly metaphysical’,26 
‘mystic’,27 ‘politically conservative’28 but analytically progressive character. 

1.2 Between ‘old’ and ‘new’ Moscow mathematics: 
from Bugaev to Luzin

After having earned his doctoral degree under Karl Weierstrass (1815-1897) 
and Ernst Kummer (1810-1895) in Berlin and attending lectures of Joseph Liou-
ville (1809-1882) between 1863-1865, Bugaev became Professor in Moscow 
University in 1867 and President of the Moscow Mathematical Society in 
1891. Bugaev’s early work dealt with the systematization of number-theoretic 
identities of Gustav-Peter Lejeune Dirichlet (1809-1859), Leopold Kronecker 
(1823-1891) and Liouville into a theory of arithmetic derivatives. The more 
general aim of his mathematical oeuvre was that of the creation of a system of 
analogies between the methods and functions of number theory and those of 
analysis and the development of a new arithmetic of discontinuous (or discrete) 
functions as the counterpart of the continuous (or smooth) functions of con-
ventional algebra.29 Behind this ‘arithmological’ arithmetization of mathemat-
ics, which, as such, goes back to the ancient and esoteric search for a way of 
doing philosophy by means of non-algebraic numerical symbols,30 in which 
mathematics itself is interpreted as a theory of functions stood a fundamental 
distinction between the Newtonian and ‘Bugaevian’ world-view.31 Where the 
first is that of rigid causality, absolute determinism and positivist materialism 
and a reduction of ‘discrete cosmic forces to continuous functions and simple 

26 Kagan 1927-1947 quoted in Svetlikova, 2013, 3. 
27 See Ford, 1991; Graham, 2011, Graham & Kantor, 2006; Graham & Kantor, 2007; 

Graham & Kantor, 2007; Hall, 2011; Kantor, 2011. 
28 See Buckingham, 1999; Svetlikova, 2013. In her book, Svetlikova argues that the 

mysticism of the early Moscow mathematicians went hand-in-hand with a commit-
ment to the monarchist, anti-Semitic and extreme-right ideology of the so-called Black 
Hundreds group. 

29 Bugaev developed his philosophy of arithmology in his Les Mathematiques et la Concep-
tion du Monde au Point du Vue Philosophique Scientifique (‘Matematika i nauçno-filosofkoe 
mirovozzrenie’) of 1898. 

30 For the complex history and opaque meaning of ‘arithmology’ in Neoplatonism, 
Aristotelianism, magic, kabbala hand the Scholastics see, for example, Brach, 2009; 
Robbins, 1921. 

31 For accounts of the ‘evolutionary monadological’ worldview of Bugaev see, for 
instance, Demidov, 2014, p. 74; Niederbudde, 2012, section 2. 
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dependencies’,32 the second is that of ‘breaks, jumps, unexpectedness [and] 
miracle[s]’,33 of ‘the paradoxical, intuitive and irrational’34 and the idea of ‘free’ 
discrete functions not susceptible of causal explanation.35 

The mathematical esotericism of arithmology, which ‘drew its main support 
from number theory [the discrete nature of numbers]36 and probability theory 
[the indeterminacy or ‘freedom’ of phenomena]’,37 seems to have exerted ‘a 
certain efect’38 on his Moscow followers – both in terms of politics and prob-
abilistic methods in statistics (Nekrasov), mathematics (Egorov), and theology 
and metaphysics (Florenskii, Luzin). Nekrasov, the student of Bugaev and 
teacher of Egorov and Florenskii, committed himself to the task of incorpo-
rating free will into the probabilistic explanation of statistical regularities with 
the explicit aim of defending ‘true autocracy’39 in the name of science (section 
1.2.1).40 41 Egorov, the teacher of Florenski and Luzin, devoted his early career 

32 Vucinich, 1988, p. 265. 
33 Katasonov, 2012, p. 57. 
34 Pyman, 2010, p. xvi. 
35 Bugaev introduced ‘arithmology’ as the ‘mathematical apparatus for a new orientation 

in science’ that went beyond Newtonianism. More in specific, it was his hope that a 
criticism of the traditional universality of the continuity of natural processes would 
not only create new methods of research and approaches in geometry, mechanics and 
physics, but also free biology, sociology and psychology from the then current attempt 
to make the investigation of ‘continuous phenomena’ into their main task. 

36 The term ‘arithmology’ originally meant theory of numbers, but later became a 
synonym of a doctrine of discrete functions. 

37 Vucinich, 1970, p. 352. 
38 Demidov, 1988, p. 30. 
39 Nekrasov 1905 quoted in Kassow, 1989, p. 211.  
40 Another student of Bugaev, Leonid Kuzmich Lakhtin (1863-1927) introduced the con-

tributions of the English Biometric School of Karl Pearson (1857-1936) on statistics 
and probability in Russia and for many years gave the course on the ‘Theory of Prob-
ability’ as a professor in mathematics at Moscow University (see Liusternik, 1967b, 
p. 173). See, for example, Seneta, 2009 for the Russian negotiation of Karl Pearson’s 
writings. 

41 Nekrasov also applied Bugaev’s theory of numbers to geometry, ‘envisioning space as 
a geometrical entity, which consists of three dimensions of “ordinary space” and prob-
ability […] Like [Georg] Cantor [(1845-1918)], Nekrasov aimed to arrange multiple 
spaces into a comprehensive order so as to establish the interdependence and hierarchy 
of spatial dimensions. His theory states: “In multi-dimensional space conceived as an 
objective space […] there moves a subjective space of the same nature. This means 
that everything that takes place in the physical world is under the influence of the 
intellectual (spiritual) world”’ (Kosakowska, 2013, p. 16). 
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and first published paper of 1892 to the creation of ‘a more comprehensive 
theory of functions that could include discontinuous as well as continuous 
functions’.42 43 44 The mathematician-turned-priest Florenskii, under whose 
spiritual guidance the later doyen of the Moscow Mathematics School Luzin 
would devote himself to function- and set theory (section 1.2.2.1), elaborated 
not the political, but the theologico-metaphysical meaning of the notion of dis-
continuity (section 1.2.2). 

Taken together, Bugaev’s philosophically-inspired mathematical framework 
not only ‘proved conducive to the acceptance of […] novel set-theoretic ideas’45 
in general, but also served as the foundation of the contributions of the first 
two generations of the Moscow Mathematics School to the metric and descrip-
tive theory of functions in specific.46 Or, in the words of Vladimir Igorevich 
Arnol’d (1937-2010): 

‘Bugaev observed that there were two main ideas in philosophy, the idea 
of predestination and that of free will. He speculated that the mathe-
matical version of the predestination idea was the theory of functions 
in complex variables where a germ [or a Taylor series] at one point con-
tained all the information about the function by means of analytic con-
tinuation. Bugaev decided that one should develop in Russia the free will 
mathematical version – the theory of functions of real variables’.47

42 Ford, 1991, p. 25. 
43 See Demidov, 2014, p. 74; Graham & Kantor, 2009, p. 71. 
44 Another student of Bugaev that may be mentioned is Lakhtin who, in 1905, described 

in detail Bugaev’s arithmological explorations in mathematics in a paper entitled ‘The 
journey of N.V. Bugaev in the domain of analysis’ which is only available in Russian. 

45 Parshall, 1995, p. 1587. 
46 See Demidov, 1985; Demidov, 1988; Demidov, 2014 for a detailed argumentation 

for this claim. It may be interesting to observe that Nekrasov, in 1904, published a 
book-length paper in which he spoke of the recent history of Moscow mathematics 
in terms of the development of the ‘Moscow mathematical and philosophical school’. 
See Nekrasov, 1904, which is unfortunately only available in Russian. 

47 Arnol’d, 1991, 23. 
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Given that Bugaev himself wrote of the number-theoretical discontinuous func-
tions as being able to ‘utilize the enormous potential of probability’,48 49 his 
Welt anschaaung could also be said to have been suggestive of the role of discrete 
and independent ‘phenomena’ within the application of set- and measure-the-
ory in the theory of probability. 

1.2.1 Nekrasov’s probability theory: theology and politics 

The first Moscow probabilist was Bugaev’s disciple, the extraordinary 
(1885/1886) and later full professor (1890) in mathematics at Moscow Uni-
versity and President of the Moscow Mathematical Society (1903-1905), Pavel 
Alekseevich Nekrasov (1853-1924).50 51 Nekrasov started his career publishing 
advanced but ‘only partly successful, poorly presented [and] badly defend-
ed’52 contributions to the further development of a purely analytic approach 
towards several probabilistic problems of the time, especially the central limit 
theorem,53 which spurred a heated debate with Markov and Liapunov at St. 
Petersburg.54 55 His 1000-page monograph ‘New Foundations of the study of 

48 Vucinich, 1988, p. 266. 
49 Niederbudde also speaks of ‘die von Bugaev ebenfalls hoch geschätzte Wahrscheinli-

chkeitsrechnung’ (Niederbudde, 2012, p. 127).
50 For accounts on P.A. Nekrasov see, for example, Buckingham, 1999; Petrova & 

Solov’ev, 1997; Seneta, 1984; Seneta, 2003; Sheynin, 2003. 
51 Nekrasov entered Moscow University in 1874 where became extraordinary professor 

in pure mathematics in 1885/1886, full professor in 1891 and rector in 1893. He served 
as president of the Moscow Mathematical Society from 1903 to 1905.

52 Seneta, 1984, p. 55. 
53 See footnote 10. As Seneta, 1984 summarizes Nekrasov’s early work on the central 

limit theorem: ‘Nekrasov, highly proficient in the use of complex-variable theory in 
general and knowledgeable about the Lagrange expansion in particular, attempted 
to use what we now call the method of saddlepoints, of Laplacian peaks, and of the 
Lagrange inversion formula, to establish, for sums of non-identically distributed 
lattice variables, what are now standard local and global limit theorems of central-limit 
type for large deviations. The attempt was very many years ahead of its time’ (Seneta, 
1984, p. 55). 

54 For an account of the debate see Seneta, 1984, section 6; Sheynin, 1989, pp. 363-364; 
Sheynin, 2004a, section 6.2. The debate begun with the publication of a probabilistic 
paper of Nekrasov of 1898 which was dedicated to Chebyshev, but which contained 
no proofs. 

55 Seneta notes that Nekrasov’s first paper in probability theory may have been written 
as early as around the year 1890. It is a paper of 1898 that formed the beginning of the 
controversy between Nekrasov, on the one hand, and Markov and Liapunov, on the 
other (see Seneta, 1984, p. 55). 
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probabilistic sums and means’, which was published in the organ of Bugaev’s 
Moscow Mathematical Society Matematicheskii Sbornik between 1900 and 
1902, ‘made the task of penetrating to the essence of [his] work formidable 
[and] Markov and Liapunov, consequently, reject[ed] Nekrasov’s work on the 
grounds of a few […] obvious points’.56 With the publication of his Philosophy 
and Logic of the Study of Mass Phenomena of Human Activity of 1902,57 mathemat-
ics proper became subordinate to its reconciliation with certain ‘ethical, polit-
ical and religious considerations’58. The general aim of the book was to criti-
cize the Belgian astronomer and statistician Adolphe Quetelet’s (1796-1874) 
‘socio-physical’ (‘physique sociale’) framework of statistical laws for transform-
ing the discontinuous phenomena of the study of human afairs into the continu-
ous phenomena of geometry, mechanics and physics, thereby making sociology 
‘a subsidiary of Newtonian science’.59 60 More in specific, Nekrasov modified 
the framework such that pairwise independent, rather than mutually independ-
ent, (discrete) events were seen as both the supreme cause of the empirical sta-
bility of social phenomena and the main condition of the theory of means. It 
was on this basis that Nekrasov attempted to incorporate the free will of the 
individual into a new theory of probability and statistics ‘considerably more 
sophisticated than Quetelet’s as an “explanation” of statistical regularity’.61

56 Seneta, 1984, p. 55. 
57 From 1898 on, Nekrasov had already written about 1000 pages on the ‘New founda-

tion of the study of probabilistic sums and means’ in the Matematicheskii Sbornik. See 
Seneta, 1966, p. 257. 

58 Sheynin, 2003, 341. Nekrasov’s ‘change of personality’ of around 1900 was due, 
among other things, to the influence of the Russian theologian and mystic V.S. 
Soloviev (1853-1900) for whom knowledge was a combination of theology, rational 
philosophy and positive science and who held that mathematics was subordinate to 
religion and philosophy. On Soloviev see, for instance, Davidson, 2000; Kostalevsky, 
1997. 

59 Vucinich, 1988, p. 265. 
60 It may here be remarked that Quetelet quoted the following phrase from Pierre-Simon 

Laplace’s Essai Philosophiques des Probabilités on the title page of his Sur l’Homme et 
le Développement de ses Facultés, ou Essai de Physique Sociale of 1835: ‘Let us apply to 
political and moral sciences the method, based on observation and calculation, which 
has served us so well in the natural sciences’ (‘Appliquons aux sciences politiques et 
morales la method fondée sur l’observation et sur le calcul, method qui nous a si bien 
servi dans les sciences naturelles’). 

61 Seneta, 2003, p. 326. 
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Nekrasov very much wrote against the background of the Bugaevian distinc-
tion between the analytic or continuous functions of deterministic and causal 
phenomena and the arithmological or discontinuous functions of those ‘inner’ 
or ‘mental’ forces that are ‘not limited by the laws of the physical world’.62 
His main arguments in the book on Quetelet are related to the statement, put 
forward in the Introduction, that there are two kinds of mathematical regular-
ities – the ‘deterministic’ regularities of the exact sciences and the ‘free’ regu-
larities reflective of the ‘religious, ethical and aesthetic striving of mankind’63 – 
and that the second kind ‘has not yet been correctly evaluated’.64 The reason 
for this is that neither Quetelet nor any other statistician had yet been able to 
refer to recent developments in the probabilistic methods of statistics,65 first 
and foremost Chebyshev inequality theorem66 and Chebyshev’s consequent 
derivation of the weak law of large numbers which states that the arithmetic 
mean of independently distributed random events (or ‘random variables’) tends 
to the expected value of these events or variables. Given that the theorem and 
derivation were for a large number of discrete and (pairwise) independent events 
for which the discontinuity of a ‘free causal relationship’67 is tantamount there 
was ‘a special appeal’68 to the work of Chebyshev in so far as probability theory 
could be presented as an arithmological tool describing those statistical regular-
ities for which the freedom of will functioned as a cause.69 Nekrasov assumed 
not only that the notion of statistical independence could be equated with the 

62 Vucinich, 1988, p. 266. 
63 Polovinkin 1994 quoted in Seneta, 2003, p. 342. 
64 Nekrasov 1902 quoted in Seneta, 2003, p. 326. 
65 See Seneta, 1966, section 2, Seneta, 2003, section 5. Seneta explains that Nekrasov 

not only argued that pairwise independence is the main condition of (Chebyshev’s) 
theory of means, but also that this ‘“necessary” condition for statistical stability 
was lacking in Quetelet […] since Quetelet did not have at his disposal Chebyshev’s 
Theorem and its “theoretical underpinnings” although he did have the […] condition 
of what Nekrasov calls, stationarity’ (Seneta, 2003, 328). 

66 In brief, Chebyshev’s inequality theorem says that in all probability distributions, 
‘nearly all’ values (or no more than 1/k² of the values of the distribution) are close to 
(or not more than k standard deviations away from) the mean. 

67 This term was used by Nekrasov in Nekrasov, 1910. 
68 Seneta, 2003, p. 327. 
69 Obviously, Nekrasov here assumed the possibility of equating the ‘physical independ-

ence’ of events with ‘free will’. Seneta draws attention to the fact that Nekrasov’s 
contemporaries criticized him for trying to prove the existence of the freedom of will 
by means of mathematical argument (see Seneta, 2003, pp. 327-328). 
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freedom of the human psyche70 – or, put diferently, that ‘the observed stability 
of averages in everyday life […] justified the doctrine of free will’71 –, but also 
that this much could be inferred from the fact that pairwise independence was 
a necessary condition for the weak law of large numbers.72 

The importance of Nekrasov’s attempt to make the ‘logical underpinnings’ 
of the mathematics and statistics of mean values bear upon free will must be 
sought not only in its emphasis of the fundamental role of independent events,73 
but also in the fact that Markov constructed his first ‘Markov-chain’74 of depend-
ent random variables in order to show that (pairwise) independence was in fact 
not a necessary condition for the weak law of large numbers.7576 Behind this 
technical ‘debate’ stood a deep ideological conflict between the arch-enemies 
Nekrasov, the reactionary-cum-mystic devotee of Russian autocracy and the 
Orthodox Church, and Markov, the Marxist who requested to be excommu-
nicated from the Holy Synod, on the religious and political meaning of mathe-

70 See Flegg, 1994, p. 267 for Bugaev and Nekrasov’s identification of ‘free will’ with 
the ‘human psyche’. 

71 Seneta, 2001, p. 245. 
72 Taken together, Nekrasov’s argument was the following. Because the weak law of 

large numbers holds, it is possible to conclude that events often do not influence one 
another. If the existence of events that do not influence one another is an expression 
of free will, this existence itself is a confirmation of the truth of Christianity such that 
the empirical validity of the statistical weak law of large numbers proofs this specific 
truth of Christianity. 

73 See, for instance, also Nekrasov, 1898. 
74 A Markov-chain is a sequence of random variables with the ‘Markov-‘ or ‘memoryless’ 

property that given the present state, the future and past states are independent. 
75 In a letter to Alexander Alexandrovich Chuprov (1874-1926) of November 6, 1910 

Markov wrote that ‘the only merit of P.A. Nekrasov consists in the fact that he sharply 
put forward his delusion that independence is a necessary condition for the law of 
large numbers […] The circumstance had prompted me in a series of papers to clarify 
the law of large numbers and the Laplace formula can also be applied to dependent 
variables’ (Markov in Ondar, 1981, p. 10). In other words, it was Nekrasov’s work 
that impelled Markov to explain that the law of large numbers and, for that matter, 
the central limit theorem can apply to sequences of dependent quantities.

76 Seneta explains that ‘Markov interpreted Nekrasov’s assertion about necessity of 
pairwise independence as implying that the Weak Law of Large Numbers holding 
implies pairwise independence, and proceeded to construct a counter-example’ 
(Seneta, 2003, 328, see also Basawa, Heyde & Taylor, 2011, 5). See Seneta, 1966; 
Seneta, 1996 for a history of Markov-chains, that is, of chain dependence theory. 
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matics.77 The St. Petersburg mathematician Markov dismissed as ‘an abuse of 
mathematics’78 79 Nekrasov’s repeated attempts at the application of probabil-
istic mathematical techniques to extra-mathematical topics – for example, in 
order to encourage obedience to Tsarist authorities or to protect Russia from 
the threat of atheist materialism. Nekrasov, in turn, defended his proposal for 
the introduction of probability theory into the school curriculum of 1915 by 
writing that ‘for the sake of our fatherland, it is necessary to raise the standard 
of […] mathematical education [and] protect it from the Markov & Co.’s frame 
of mind by those precepts, emblems and exercises which are included in our 
native tongue, […] in Bugaev’s arithmology, [and] in the theory of probability 
of Buniakovsky, Chebyshev [!] and me’.8081

Nekrasov’s vague, polemical, technically imprecise and ‘horribly complicat-
ed’82 writings of the 1900s-1920s were largely ignored because of its ‘politi-
co-religious-philosophical proclivities’83 and his figure contributed much to the 
post-revolutionary image of the Moscow Mathematics School as a bulwark of 
anti-Marxist sentiment that would lead to having the St. Petersburg school 

77 For example, where Nekrasov placed Markov ‘next to Marx, labeled him an opponent 
of the language of Christian science and many a time denounced his panphysicism (his 
denial of Christian doctrines […])’ (Sheynin, 1989, p. 342), Markov’s son accused 
Nekrasov of being a member of the Black Hundred, a right-wing monarchist and 
anti-Semitic movement (see Sheynin, 1989, p. 342). 

78 Markov in a letter to Chuprov of November 2, 1910 in Ondar, 1981, p. 3. 
79 One direct reason for their personal and theoretical feud seems to be the following: 

Although Nekrosov’s work on the central limit theorem (in the case of large devia-
tions) influenced him, Markov himself never acknowledged this in his published con-
tributions to the law of large numbers, the method of least squares and Chebyshev’s 
inequality theorem. Nekrasov openly criticized Markov for having ‘failed to indicate 
that his articles [Markov, 1898; Markov, 1899] concerned in the closest possible 
way one of Nekrasov’s contributions [Nekrasov, 1898]’ (Sheynin, 1989, p. 363) and 
he claimed that Markov had been ‘able to modify and supplement [Chebyshev’s] 
theorem because of his correspondence with Nekrasov’ (Sheynin, 1989, p. 363, see 
also Sheynin, 2003, pp. 347-348). 

80 Nekrasov 1916 quoted in Sheynin, 2003, p. 344. 
81 In reaction to Nekrasov’s proposal, a commission at ‘Markov’s’ St. Petersburg 

Academy of Sciences and one at the Ministry of People’s Education accused him of 
attempting to mathematically reinforce the Tsarist-Orthodox status quo (see Seneta, 
2003, p. 331; Sheynin, 2003, section 5). See Svetlikova, 2013, chapter 2 for the reac-
tionary political views of Nekrasov, the educationalist. 

82 Sheynin, 2003, p. 349. See Seneta, 2003, 331 for these characterizations. 
83 Seneta, 2003, p. 331. 
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being ‘put into exclusive eminence in Soviet mathematical historiography’.8485 
In the years before the Stalinist era (1928-1953), Nekrasov was still allowed86 
to attend meetings and present papers at the Moscow Mathematical Society – 
even if he, by that time, stood in the shadow87 both of his former self as well as 
of the members of the younger generation of Moscow mathematicians associ-
ated with the Moscow Mathematical Society88 (Bugaev’s students Egorov and 
Boleslav Kornelievich Mlodzeevskii (1858-1923))89 and Luzin’s90 Mathematics 
Department at Moscow State University. 

84 Seneta, 2001, p. 245. Obviously, another major consequence of this image was the 
prosecution and death of several of the prominent members of the Moscow Mathe-
matical School. For example, Florenskii, after having already been arrested and exiled 
to Nizhny Novgorod in 1928, was sentenced to ten years of labor in the Solovetsky 
gulag where he was murdered by the KGB (‘Komitet gosudarstvennoy bezopasnosti ’ or 
Committee for State Security) in 1937. 

85 At several places in his writings, Nekrasov named Marx and the (Marxist) Markov 
as his archenemies. See Sheynin, 2011, p. 162 for an example in a letter of Nekrasov to 
Florenskii. 

86 Liusternik observed that ‘[t]he reputations of the ‘founders of the MMO’ [such as 
Bugaev] among the young mathematicians at that time were severely damaged by the 
pseudo-scientific articles of the MU [Moscow University] professor Nekrasov which 
he published in Matematicheskii Sbornik at the beginning of the 20th century and in 
which he tried to substantiate the indispensability of the regime prevailing at that 
time. In these wild articles Nekrasov spoke on behalf of the founders of the Moscow 
Mathematics Society, to whose number he himself did not belong and of whom none 
was then living. In this way an impression of the reactionary character of the ‘founders 
of MMO’ was created which has persisted for a long time’ (Liusternik, 1967b, p. 192). 

87 Liusternik once wrote that during ‘the first half of the 1920s Nekrasov still attended 
meetings of the M.M.O. and sometimes even presented papers. A queer shadow of the 
past, he seemed decrepit – physically and mentally – and it was dihcult to understand 
him […] This pitiful old man was like a shabby owl’ (Liusternik, 1967b, pp. 193-194). 

88 The Moscow Mathematical Society was intimately connected with ‘Moscow math-
ematics’; ‘it was ohcially attached to the [Moscow (State) University], it met on its 
premises, it was headed by its leading professors; at the meetings of the Society [etc.]’ 
(Liusternik, 1967b, p. 192). 

89 In the early 1920s (1921 to be precise), Mlodzeevskii became President, Egorov 
Vice-President and Aleksei Konstantinovich Vlasov (1868-1922) Secretary of the 
Moscow Mathematical Society. After Mlodzeevskii’s death in 1923, Egorov was 
named President of the Society. 

90 As mentioned above, Luzin had also been a student of Bugaev. 
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1.2.2 Florenskii’s arithmological worldview

The magnum opus of the mathematician, philosopher and Russian Orthodox 
priest Florenskii, the student of Bugaev, Mlodzeevski and Egorov, entitled The 
Pillar and Ground of Truth (‘Stolp I utverzhdenie istiny’)91 was a masterly attempt 
to formulate a theologico-philosophical worldview around the notion of discon-
tinuity. Already in his early years at the Mathematics and Physics Department 
of Moscow University had Florenskii combined his own Gymnasium interest 
in discontinuity as a component of a world-view with Bugaev’s investigation 
of discontinuous functions,92 and the book itself resulted from his doctoral 
thesis (‘On singularities of plane curves at places disturbing its continuity’)93 of 
1903/1904 in which he had brought the set theory of Cantor, Giuseppe Peano 
(1858-1932) and Émile Borel (1871-1956) and the French theory of functions 
of a real variable into explicit contact with the notion of discontinuity. Flo-
renskii was very critical of the analytical worldview of Western materialism 
and St. Petersburg positivism and hoped to contribute to a new worldview – 
one that was ‘just coming into being to replace [the] various types of analyti-
cal ways of thinking based on the concept of the continuum’94 and that he saw 
appearing everywhere from mathematics (the construction of continuity from 
discrete sets, actual infinity, non-Euclidean geometry95) and logic (non-classi-

91 The book, which appeared in 1908, was a re-publication of Florenskii’s thesis at the 
Moscow Theological Academy entitled On Religious Faith. For analyses of the central 
role of the concept of discontinuity in the thesis and book see Haney, 2001; Demidov 
& Ford, 2005. 

92 See Demidov & Ford, 2005 for an account Florenskii’s ‘road to a unified worldview’. 
93 The title of the introduction of the thesis was ‘The idea of discontinuity as an element 

of a worldview’ (‘Ideia preryvnosti kak element mirosozertsaniia’).  It may here be noted 
that Lakhtin was Florenskii’s scientific advisor at Moscow University during the time 
of his writing his thesis (1900-1903/1904) – which was to have the title ‘Singularities 
of algebraic curves’ and which was written as the first part of a larger work entitled 
‘On singularities of plane curves as places disturbing its continuity’. 

94 S.M. Polovinkin quoted in Pyman, 2010, p. 28. 
95 See Andrews, 2003, pp. 84-92; Bethea, 1996; Sokolov & Pyman, 1989 for Florenskii’s 

ideas on non-Euclidean space. Florensky wrote several texts on geometry in his later 
life, notably The Imaginary in Geometry (‘Mnimosti v Geometrii’) in 1922. 
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cal (or ‘imaginary’) logic,96 probabilistic treatment of judgments97), to physics 
(quantum mechanics,98 relativity theory) and psychology (subliminal con-
sciousness, creativity).99 

Florenskii had become convinced that set theory demonstrated that ‘reality’, 
in so far as it is countable,100 has a discrete form that allows for the creation, by 
means of ‘naming’,101 of ordered pairs of distinguished or segregated elements 

96 Although it does not seem possible to establish whether Florenskii was familiar with 
the non-Aristotelian ‘imaginary logic’ (after Nikolai Lobachevsky’s (1792-1856) 
‘imaginary geometry’) of the Kazan-based logician Nicolai Alexandrovich Vasilev 
(1880-1940), it was the idea of discontinuity that allowed Florenskii to dismiss, as did 
Vasilev, the ‘law of identity’. Florenskii argued ‘that instead of accepting that “truth” 
is either something or its negation, A or (not-A), “truth” must instead be considered 
both something and its negation, A + (not-A). The thing and its contradiction, the 
thing and its opposite, the things and its “other” – all join as part of one truth that is 
greater than either’ (Young, 2012, p. 122). For accounts of Vasilev’s ‘imaginary logic’ 
see, for example, Bazhanov, 1994; Smirnov, 1989. 

97 Bazhanov writes that Florenskii ‘discussed the idea of the probabilistic treatment 
of judgments in the historical sciences’ (Bazanov, 2011, p. 95) in his The Pillar and 
Ground of Truth; he ‘introduced the concept of the “ladder” of expectations related to 
the firmness of our faith [and] proposed a table of the degree of faith ranging from +∞ 
and −∞ (Bazhanov, 2011, p. 95). 

98 Pyman writes that ‘[i]nspired by his Moscow University maths teacher, Nikolai 
Bugaev, Florensky discovered the potentiality of the study of discontinuous functions, 
as exemplified in quantum physics, which was beginning to replace Newtonian 
physics and mathematics as a way of understanding atoms and electrons’ (Pyman, 
2010, p. xvi). 

99 As Cassedy writes, ‘Florenskii believed that modern science had shown reality itself 
to be riddled with breaks and interruptions’ (Cassedy, 2010, p. 200). In other words, 
new developments were said to defy ‘conventional systems, by seeming to urge the 
investigator to abandon all hope of finding a neat, rational, and linear order in nature 
[and] instead to accept the conclusion that nature – the entire universe, for that matter 
– displays a perverse inclination for the contradictory and disorderly’ (Cassedy, 2010, 
p. 201). 

100 It may here be remarked that Cantor himself was of the opinion that the first act of the 
construction of a set was that of bringing two discrete things together in thought. 

101 Florenskii was an open supporter of the religious heresy of ‘Name Worshipping’ 
which was related to set theory in so far as Cantor had suggested that the new kind 
of set-theoretical infinities are made real by means of assigning names to them. The 
Name Worshippers ‘believed they made God real by worshipping his name, and the 
mathematicians among them thought they made infinities real by similarly centering 
on their names’ (Graham & Kantor, 2009, p. 96). For a more nuanced account of the 
connection between Name Worshipping and mathematical constructions in set theory 
than, for instance, Graham, 2011; Graham & Kantor, 2007; Graham & Kantor, 2009 
see Katasonov, 2012. 
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into arbitrary sets.102 Furthermore, the Cantorian sets of natural numbers, of 
(rational and irrational) real numbers, of transfinite numbers etc. were said to 
be reflective of a hierarchy of the transfinite or ‘increasable’ actual infinities103 
‘at the pinnacle of which was what [Florenskii] variously understood as the 
‘set of all sets’, or ‘the totality of everything conceivable’,104 namely absolute 
or ‘unincreasable’ actual infinity, God himself.105 106 In the fall of 1904, Floren-
skii published the first107 Russian language article on Cantor’s ‘Symbols of the 
infinite’ (‘O simvolakh beskonechnosti’) in the short-lived theological journal The 
New Path (‘Novyia put’)108 in which he sketched his ideas on the infinity of set 
theory in somewhat more detail.109

Florenskii founded the Student Mathematical Circle of the Moscow Mathe-
matical Society in 1902, where he gave lectures on set theory and discontin-

102 See Haney, 2000, pp. 297-280. 
103 Florenskii argued that ‘“every potential infinite already presupposed the existence 

of an actual infinity as its super-finite limit”. [N]o actual infinity can be gradually 
reached through the variation process of potential infinity, for between actual infinity 
and the infinite increase of a quantum that we consider potentially infinite, there is a 
radical discontinuity – not necessarily unreachable, but certainly not attainable through 
increase along a progressive continuum’ (Foltz, 2013, p. 199). 

104 Foltz, 2013, p. 197. See also Katasonov, 2012, section 4 on Florenskii’s ideas on the 
existence of (absolute) actual infinity. 

105 Cantor, who considered himself as ‘God’s messenger to mathematicians everywhere’ 
and who thought of his works in mathematics as contributing to a ‘rational theism’, 
also spoke of God as the absolute or truly infinite beyond the transfinite. Dauben, 
1977; Dauben, 1990, chapter 10 provide a valuable account of the background and 
meaning of Cantor’s awareness of the meaning of his transfinite set theory for phi-
losophy and theology. For a more general comparative analysis of the place of infinity 
within mathematics and theology see, for example, Tapp, 2011. 

106 Where the infinite of modern set theory is thus identified with God, the infinitesimals 
of classical diferential and integral calculus are identified with Hell as the ‘negative 
projective isometry of the Infinite of Paradise’ (Anellis, 1994, p. 158). 

107 Anellis writes that Florenskii ‘was the first in Russia to write about Cantor’s theory 
(although until recently, because Florenskij was a “non-person” or persona non grata 
in the Soviet Union, the credit for being the first in Russia to write on Cantorian set 
theory had gone to […] Zhegalkin, for his dissertation [on ‘Transfinite numbers’] of 
1907’ (Anellis, 1994, p. 157). 

108 The New Path was the journal of the Religious-Philosophical Society of Writers 
and Symbolists’, ‘a body dedicated to social Christianity and opposition to the then 
current subjugation of the Church to the state’ (Flegg, 1994, p. 267) of which Floren-
skii himself was the founder, in 1901, and editor, between 1903-1904. 

109 Anellis mentions that the full title of the paper was ‘On symbols of the infinite (sketch 
of the ideas of G. Cantor’). See Anellis, 1994, p. 157. 
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uous functions while he himself was still attending Mlodzeevskii’s course on 
the theory of functions.110 111 After having turned down his mentor Nikolai 
Zhukovskii’s (1847-1921) ofer to become a post-graduate research fellow, 
Florenskii left Moscow University to study at Moscow Theological Academy 
in Sergiev Posad (Zagorsk). He remained able to influence the direction of 
Moscowian mathematics due to the fact that as one of the most important 
figures in the Russian religious philosophical renaissance of the early twentieth 
century Florenskii won his friends Egorov and Luzin over for the cause of the 
countervailing movement against the materialist worldview that would culmi-
nate in the Bolshevik revolution of 1917.112 Egorov, ‘the most prominent math-
ematician in Moscow in the 1920s’113 who, after having studied arithmology 
and diferential geometry, devoted himself to Lebesgue’s work on the theory 
of functions, publicly defended the Church and the value of the connections 
between mathematics and religious commitments. For Luzin, ‘the most impor-
tant mathematician in Moscow in the [1920s] and 1930s’,114 Florenskii’s spirit-
ualization of the Bugaevian meaning of functions- and set-theoretic themes 
provided the sole stimulus for his well-known contributions to the set theoret-
ical treatment of then recent generalization of functions and (‘non-algebraic’) 
numbers.115 Although neither Egorov nor Luzin was either a theologian or a 
clergy-man, the two founders of the famous Moscow school of the theory of 
functions ‘shared the outlook of the religious philosophical renaissance’.116

1.2.2.1 Florenskii’s influence on Luzin: foundations of mathematics

The strong influence of Florenskii on turning Luzin toward an interest in his 
own religious philosophy that cured Luzin from the deep spiritual and identity 
crisis resulting from the collapse of his materialist worldview in 1905 was ini-

110 See Ford, 1997, p. 236. 
111 Mlodzeevskii lectured on the theory of functions of a real variable in the fall of 1900, 

the falls of 1902 and 1904 and in the spring of 1907. See Demidov, 1988, p. 29. 
112 See Ford, 1997, pp. 233-235. 
113 Ford, 1997, p. 234. 
114 Ford, 1997, p. 234. 
115 Graham and Kantor write that Egorov ‘was a man of deep passions, religious commit-

ments, cultural identity, and political preference [in the form of being] a defender of a 
moderate, constitutional monarchy’ (Graham & Kantor, 2009, pp. 72-73). It was for 
these views that Egorov was arrested, in 1930, and died in exile in Kazan in 1931. 

116 Ford, 1997, p. 234. 
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tiated by Florenskii’s role in the Student Mathematical circle.117 As a first-year 
student at Mlodzeevskii’s theory of functions course of 1901 Luzin had initially 
been ‘bewitched’118 by the ‘tempting secrets’119 of mathematics as a ‘boundless 
field of living creativity’,120 but in a letter of to Florenskii of May 1906 he wrote 
that 

‘[l]ife is too depressing for me […] I am left with nothing, no solid world-
view; I am unable to find a solution to the “problem of life” […] I have 
found myself abroad, in Paris121 […] knowing nothing […] I cannot be 
satisfied anymore with analytic functions and Taylor series […] The 
worldviews that I have known up to now (materialist world-views) 
absolutely do not satisfy me. I may be wrong, but I believe there is some 
kind of vicious circle in all of them, some fatal reluctance to accept the 
contingency of matter, some reluctance [to] sort out the fundamentals, 
the principles […] I now understand that “science”, in essence, is meta-
physical and based on nothing […] At the moment my scholarly interests 
are in principle [and] set theory [but] I cannot live by science alone […] I 
have nothing, no worldview […].’122

Although Luzin’s interest in approaching the foundations of mathematics in 
general and set theory and mathematical logic123 in specific in light of a non-ma-

117 The sources providing the evidence of Florenskii’s influence on Luzin are only 
available in Russian. They are reflected upon in Ford, 1998 and can be found in the 
list with references in Ford, 1997, pp. 254-255. 

118 Phillips, 1978, p. 282. 
119 Bari & Golubev 1959 quoted in Phillips, 1978, p. 282. 
120 Phillips, 1978, p. 282. 
121 Luzin left Moscow for Paris on December 1, 1905 and he remained there, attending 

lectures of Poincare, Borel, Gaston Darboux (1842-1917), Jacques Salomon Hadamard 
(1865-1963) until the end of the spring semester. It was Egorov who, ‘seeing me 
[Luzin] in such a state [of mental disquiet], sent me [Luzin] here to Paris’ (Luzin 1906 
quoted in Ford, 1997, p. 335) in the days of the 1905 revolution. 

122 Luzin 1906 quoted in Ford, 1998, p. 335. 
123 In the same letter to Florenskii of May 1906 Luzin also wrote that ‘I [Luzin] am 

pleased by the trend that started here [in Paris] of studying mathematics and its logic. 
Its talented teacher is Louis Couturat [(1868-1914)]. Having joined with the British 
school of [Bertrand] Russell [(1872-1970)], he is a strong defender of the theory of sets 
and regards it as the foundation of mathematics. This trend interests me very much, 
this trend toward symbolic logic, although […] God knows what it assumes!’ (Luzin 
1910 quoted in Ford, 1997, p. 242). 
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terialist worldview reflected Florenskii’s influence, the years 1905-1908/1909 
still marked a long period of indecision124 with ‘no steady direction in Luzin’s 
mathematical thought as yet’.125 The climax of the crisis of 1908 which brought 
Luzin on the verge of suicide was resolved when he had ‘a decisive encounter 
with […] Florensky’s treatise The Pillar and [Ground] of Truth’126 – one that 
‘enabled him to move on in mathematics’127 towards the ‘mysterious area’128 
of Cantor’s number theoretical trigonometric series of the theory of point sets 
and general set theory and away from the definitions and methods of classi-
cal analysis. After completing his master’s examination in 1910 and reading 
two trial lectures to qualify as a privatdozent for ‘Mlodzeevskii’s’ course in 
the theory of functions of a real variable,129 Luzin spent the years 1910-1914 in 
Germany (Berlin and Göttingen) and France (Paris) where he wrote the papers 
that would lead to his dissertation Integral and Trigonometric Series.130131 

In the letter of the year 1915 in which he expressed his deep gratitude to Floren-
skii ‘for our relationship [and] for the attention you have shown me’132 Luzin 
felt self-confident enough to point to the mathematical and philosophical dif-
ferences that ‘had arisen between them over such issues as the nature of infin-
ity’:133

124 During these years, Luzin, allegedly, ‘considered studying medicine and attending 
lectures of a more philosophical nature’ (Ford, 1998, p. 334). See also Phillips, 1978, 
p. 283. 

125 Ford, 1997, p. 242. 
126 Ford, 1997, p. 244. Ford refers to the fact that Luzin wrote about its overpowering 

impact that the book made on him in a letter to his wife (Nadezhda Mikhailovna 
Malygina (?-?)) on 29 June 1908. 

127 Ford, 1997, p. 244. 
128 This phrase appeared in Luzin’s letter to Florenskii of 11 April 1908. See Ford, 1998, 

p. 336. 
129 See Phillips, 1978, section 3. 
130 See Phillips, 1978, section 4. 
131 In a letter to Florenskii of 23 December 1911 Luzin summarized the central idea of his 

work on trigonometric series as follows: ‘The idea, the proof of which I have almost 
completed is to give hypotheses under which “every Fourier series is a series converg-
ing everywhere except at isolated points”. These conditions completely eliminate the 
troublesome investigation [about] the convergence of these series. As for non-Fourier 
series, I was able to construct series diverging everywhere except at isolated points’ 
(Luzin 1911 quoted in Ford, 1997, p. 250). 

132 Luzin 1915 quoted in Ford, 1997, p. 251. 
133 Ford, 1998, p. 250. 
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‘You are seeking the unwavering heart of indisputable Truth […] I am 
not looking for the last “how” and “why” and am afraid of infinity, I 
sidestep it, I do not believe in it. There is no actual infinity! and when we 
try to speak about it, we in fact always speak about the finite and the fact 
that after n comes n + 1 […] that is all!’.134 

This passage is not only illustrative of the pragmatic grounds on which Luzin 
accepted the criticism of the French ‘semi-intuitionists’135 Henri Poincaré 
(1854-1912), Émile Borel (1871-1956), René-Louis Baire (1874-1932) and Henri 
Lebesgue (1875-1941) of Cantor’s non-constructive existence proofs136 of 
infinite mathematical objects.137 But it is, thereby, also demonstrative of the 
fact that as an independent mathematician Luzin eventually became very 
critical of the idea of the arbitrary mental creation138 of infinite sets that had 
accompanied Florenskii’s religious interpretation of Cantorianism.139 After his 
return from Paris in May 1914, Luzin’s orientation in mathematics seems to 
have reflected more that of Bugaev than that of Florenskii; he was now com-

134 Luzin 1915 quoted in Ford, 1997, p. 251. 
135 See Michel, 2008 for an account of the French semi-intuitionists. See Verburgt, 2014, 

section 2.2 for Luzin’s semi-intuitionism and the Moscowian attempt to interpret 
Luitzen Egbertus Jan (L.E.J.) Brouwer’s (1881-1966) (neo-)intuitionism as a mate-
rialist orientation in the foundations of mathematics. 

136 In brief, a Cantorian non-constructive existence proof deduces the existence of a 
certain mathematical object without providing a means for defining it and/or finding 
an object for which the theorem that is proven is true. 

137 Examples of such infinite objects include the closed (well-ordered) set of all natural 
numbers and the infinite sequence of rational numbers. 

138 Luzin’s semi-intuitionist dismissal of Florenskii’s idea of actual infinity does not sit 
well with the claim of Graham and Kantor that Luzin embraced the idea that new 
mathematical objects were brought into existence by the mere act of ‘naming’ them 
(see, for example, Graham & Kantor, 2009, chapter 5). 

139 It has been argued (see Bockstaele, 1949, pp. 40-41; Graham & Kantor, 2009, p. 147; 
Hesseling, 1999 [2003], p. 212) that Luzin himself was a ‘semi-intuitionist’ – a position 
that he allegedly developed under the header of ‘efectivism’ in the course of his career 
(see Bazhanov, 2001; Suzuki, 2009, p. 368). Following the French semi-intuitionists, 
Luzin rejected the so-called ‘axiom of choice’ (which was formulated in order to prove 
that every set can be well-ordered) for being purely non-constructive, but accepted the 
other basic axioms of Cantorian set theory. 
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mitted to Bugaev’s attempt at the arithmetization of mathematics,140 Bugaev’s 
recognition of both classical algebra and analysis and recent developments in 
(set theoretical) number theory,141 and a Bugaevian emphasis142 on the short-
comings of both set theory as such as well as of its status vis-à-vis the natural 
numbers as the foundation for mathematics.143 

Where Florenskii made Bugaev’s nineteenth-century interest in the theory of 
discontinuous functions-arithmology into the central element of his own early 
twentieth-century arithmological worldview, Luzin’s disagreement with the 
specific approach to function- and set-theory that accompanied the worldview 
which had drawn him into mathematics was of a distinctively Bugaevian stripe. 
If it is thus true that ‘some aspects of [Bugaev’s] scientific work […] exerted a 
certain efect on his students ([…] Egorov, Florenski, Luzin) in their choice of 
topics’,144 the more general continuity of ‘old’ and ‘new’ Moscowian topics was 
itself quite discontinuous – especially with regard to the foundational implica-
tions of set-theoretical developments. 

140 The idea of the arithmetization of mathematics, that is, the idea of founding algebra 
and analysis on the notion of (natural) number was first formulated by Kronecker – 
whose lectures Bugaev attended during his years in Berlin (see section 1.2). Luzin’s 
Bugaevian aim of the arithmetization of analysis very much was the paradigm of the 
development of modern mathematics as such. 

141 See Ford, 1997, pp. 239-240; Phillips, 1978, p. 288, p. 295. 
142 The Bugaev school ‘was strong emphasizing the shortcomings of abstract algebraic 

analysis, but it was weak in its eforts to produce a mathematical apparatus that would 
ofset these shortcomings’ (Vucinich, 1970, p. 352). Bugaev’s position vis-à-vis early 
developments in set theory seems to have been somewhat ambiguous – especially in 
relation to remarks such as that it was ‘partly Bugaev’s influence that caused works 
on set theory to be translated into Russia’ (Cooke, 2012, section 43.6). For it is true 
that it suited his arithmology that Cantor had ‘tried to construct a continuity from 
discrete sets’ (Katanosov, 2012, p. 57), set theory itself is of course ‘an algebraic field 
if ever there was one’ (Cassedy, 1990, p. 163). 

143 Luzin seems to have upheld the view that, in general, no mathematics or mathemat-
ical objects should be accepted that are not derived constructively from the natural 
numbers and that, in specific, the reduction of arithmetic to set theory is not a suitable 
philosophical foundation for arithmetic. 

144 Demidov, 1988, p. 30. 
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1.3 ‘Old’ and ‘new’ mathematical topics at 
“Luzitania”: probability theory

The establishment of the famous Moscow School of set theory and the theory 
of functions coincided with the publication of two papers of Egorov and Luzin 
on the French theory of functions of a real variable145 in the Comptes Rendus of 
the Paris Academy of Sciences of 1911/1912.146 147 Between the years 1914-1916 
an active group of young and gifted mathematicians consisting of the ‘first gen-
eration Luzitanians’148 Khinchin, Dmitrii Evgenevich Menshov (1892-1988), 
Mikhail Yakovlevich Suslin (1894-1919), Pavel Sergeevich Aleksandrov (1896-
1982) and several others,149 gathered around ‘God-the-father’ Egorov and 
‘god-the-son’ Luzin’s joint ‘analysis seminar’.150 The Comtes Rendus papers of 

145 The theory of functions of a real variable explores ‘general analytic concepts – passage 
to a limit, continuity, operations of diferentiation and integration; important analytic 
expressions – such as trigonometric and orthogonal series, systems of polynomials – 
and the classes of functions represented by them’ (Liusternik, 1967a, p. 1420. 

146 See Egorov, 1911; Luzin, 1912. 
147 As noted earlier, Mlodzeevskii taught a course in set theory and the theory of functions 

of a real variable at Moscow University as early as during 1900/1901 (Demidov, 
1988, p. 29, see also Liusternik, 1967a, p. 152, Philips, 1978, p. 280). These lectures 
were attended by both, the professor, Egorov and, the student, Luzin. It was Ivan 
Ivanovich Zhegalkin (1869-1947) who, in 1907, submitted the first dissertation on 
a set theoretical topic, namely so-called transfinite numbers. Anellis has noted that 
‘the credit for being the first in Russia to write on Cantorian set theory had gone to 
[…] Zhegalkin […] because Florenskij was a “non-person” or persona non grata in the 
Soviet Union’ (Anellis, 1994, p. 157). 

148 Phillips explains that ‘the circle of devoted students and younger colleagues who 
surrounded Luzin and who attended the seminar were jokingly referred to as ‘Luz-
itaniya’, the individual members being called ‘Luzitaniyans’ (Phillips, 1978, p. 293). 

149 The first generation group also included Luzin’s younger colleagues Vyacheslav 
Vassilievich Stepanov (1889-1950) and Ivan Ivanoch Privalov (1891-1941) and his 
students V.S. Fedorov (1893-198?) and V.I. Veniaminov (1895-1932). 

150 Lavrentev wrote that in the hierarchy of their secret order (‘Luzitania’ (see footnote 
151), the Luzitanians ‘acknowledged two heads: “God-the-father” Egorov and ‘god-
the-son’ Luzin. Luzin would tell the novices Luzitaniyans: “Egorov is the chief of 
our society; the definitive appreciation of our work, of our discoveries belongs to 
Egorov.” Novices quickly found their bearings: Egorov was the form, Luzin the 
content’ (Lavrentev, 1974, p. 176). 
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Khinchin and Suslin on the metric theory of functions151 and its application to 
the theory of analytic functions and those of Aleksandrov and Suslin on the 
descriptive theory of sets and functions152 initiated the golden years of Moscow 
mathematics. 

These Moscowian contributions were not in the tradition of classical analysis 
and the Petersburg mathematicians dismissed them as being ‘too general and 
abstract, [and] devoid of direct connection with the other sciences’.153 The 
enthusiasm among the young Moscow mathematicians for the new theory of 
sets and functions went hand-in-hand with a ‘scornful attitude toward classical 
analysis’154 and its subjects such as partial diferential equations, finite difer-
ences and probability theory. At the same time, it was the viewpoint that the 
new methods represented a natural extension of the rich tradition accompany-
ing the old methods that enabled for the expansion into other areas that would 
lead to the heyday or prime of ‘Luzitania’ between 1922-1926.155 During this 
period the fundamental concepts of older disciplines such as number theory 
and probability theory were reinterpreted and, thereby, generalized in the 
abstract terms of the new set- and function-theory. Khinchin was the very first 
of the young Luzitanians devoted to ‘the systematic application of concepts 
and of tools of the theory of functions and of the theory of sets to the theory 

151 The metric theory of functions ‘is the name given to that part [of the Lebesgue 
measure of a (Cantorian) linear point set] which is concerned with the idea of measure 
[of the length of an interval]; related to it are the theories of integration, convergence 
almost everywhere and other ‘almost everywhere’ properties, mean convergence and 
so on’ (Liusternik, 1967a, p. 144). 

152 The descriptive theory of sets and functions is the theory of the structural properties 
of sets which are not related to the concept of measure – for example the convergence 
of a function everywhere. Luzin himself gave the name ‘descriptive theory of sets’ 
to the study of the (semi-intuitionist (see footnote 143)) theory of efective sets – i.e. 
those sets which can be constructed without the axiom of choice (e.g. ‘Borel-sets’). 

153 Phillips, 1978, p. 288. 
154 Gnedenko quoted in Phillips, 1978, p. 294. 
155 Phillips writes that Luzin ‘took great pains in his introduction to ITS [The Integral 

and Trigonometric Series (1915)] to emphasize that the new theory of functions was 
an extension of the classical theory, and that any failure to reveal the relationship 
between the old and new methods would “close of” the latter from a rich tradition, 
thereby diminishing its influence’ (Phillips, 1978, p. 288). 



552

of probability’.156 157 His publications and lectures soon attracted the attention 
of Andrei Nikolaevich Kolmogorov (1903-1987) with whom Khinchin would 
briefly collaborate to tackle several classical research topics of Chebyshev’s 
St. Petersburg school ‘by methods developed by N.N. Luzin and his pupils in 
the general theory of trigonometric series [and] the metrical theory of func-
tions’.158 159

2.  Khinchin and (mathematical) probability theory

Khinchin was born July 19, 1894 in Kondrovo, in the Kaluga Oblast, and died 
November 18, 1959 in Moscow. He entered the Faculty of Physics and Math-
ematics (Fizmat) of Moscow University in 1911 with Egorov and Luzin as his 
main teachers. Before graduating in 1916, Khinchin, who stood in the center of 
‘the group of students who were captivated by the ideas of the theory of func-
tions of a real variable’,160 generalized the results found in the work of Arnaud 
Denjoy (1884-1974)161 on the asymptotic behavior of integral functions162 in a 
presentation163 of 1914 for Florenskii and Luzin’s Student Mathematical Circle 

156 Gnedenko, 1961, p. 3. 
157 Liusternik wrote that Khinchin ‘carried over into’ probability theory the notions of 

measure and the Lebesque integral. See Liusternik, 1967a, p. 147. 
158 Kolmogorov quoted in Shiryaev, 1989, p. 873. 
159 Or, as Vere-Jones writes: ‘Although the Moscow School inherited many of the 

research themes of the St. Petersburg school, it was not a direct ofshoot of the earlier 
school, but rather an outgrowth of the vigorous program in real analysis established 
by D.F. Egorov and N.N. Lusin’ (Vere-Jones, 1997 [2008], p. 1). 

160 Gnedenko, 1961, p. 2. 
161 Between 1902-1909 Denjoy studied under Borel and Emile Picárd (1856-1941) at 

the École Normale Supérieure. During his career as a Professor at the University of 
Utrecht and the University of Paris, he worked on functions of a real variable in the 
same areas as Borel, Baire and Lebesque. 

162 See, for example, Gordon, 1994, chapter 15 for a detailed account of the ‘Denjoy-‘ or 
‘Khinchin-integral’. See also footnote 159 and 160 for a brief explanation of Khinchin’s 
early work on Denjoy. 

163 The presentation introduced a generalization of the concept of what is today known 
as an ‘asymptotic derivative’ (e.g. Gnedenko, 1961, 2-3). 
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and in the 1916 paper164 published in the Comtes Rendus. Khinchin remained 
at Moscow University to write his dissertation, which would allow him to 
become university teacher, with Luzin as his supervisor. Between the years 
1918/1919 and 1922 Khinchin taught classes both at Moscow University and 
the Polytechnic Institute in Ivanovo-Voznesensk (now Ivanovo) where he was 
Dean of the Faculty of Mathematics. He settled himself at Moscow to work 
as a part-time researcher in 1923 – giving (graduate) courses in, for example, 
probability theory from 1926 on165 – and was appointed as a Professor at the 
newly formed Mathematics Institute at Moscow University in 1927. 

Where his early contributions to the metrical theory of functions of the late-
1910s were considered as an ‘of-shoot’ of Luzin’s work, in the years after his 
return to Moscow in 1922/1923 Khinchin began working and lecturing on ‘less 
“saturated”’166 topics withdrawn from the theoretical limits of Luzitania,167 
namely number theory and probability theory – the elements of which were, 
indeed, ‘already available in the work of Borel’.168 He delivered his first lectures 
on probability theory (‘A proposition in the theory of probability’) and number 
theory (‘Approximation of algebraic numbers by rational fractions’, ‘Some ques-
tions in the theory of Diophantine approximations’, ‘The theory of Diophantine 
approximations’) at the Moscow Mathematical Society in 1923169 and published 
his first papers on Borelian probabilistic topics related to the theory of numbers 
(the law of iterated logarithm) and the theory of (measurable) functions (con-

164 As Gnedenko explained: ‘The general structure of measurable functions is clarified by 
the following proposition of Khinchin: with the possible exception of a set of measure 
zero, a measurable function either has an asymptotic derivative or else both its upper 
asymptotic derivatives are equal to +∞ and both its lower asymptotic derivatives are 
equal to −∞, (Gnedenko, 1961, p. 3). 

165 Vere-Jones writes that ‘[i]n 1926, Khinchin gave the first graduate course in probabil-
ity at Moscow University, with Kolmogorov and S.N. [Sergei Natanovich] Bernstein 
(1880-1968) among his audience’ (Vere-Jones, 1997 [2008], p. 2). 

166 Liusternik, 1967c, p. 64. 
167 Liusternik wrote that ‘the decay of Luzitania was a consequence of its rapid rise 

– it became too narrow. To Luzin’s credit was both the creation and the decay of 
Luzitania’ (Liusternik, 1967c, p. 66). Another example of the growing independence 
of the young Moscow mathematicians from Egorov and Luzin was Pavel Sergeev 
Aleksandrov (1896-1982) and Pavel Samuilovich Uryson’s (1898-1924) work on 
topology. 

168 Gnedenko, 1961, p. 3. 
169 See Liusternik, 1967c, p. 63. 
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vergence of series of independent random variables) in 1924.170 For example, 
Khinchin’s famous law of the iterated logarithm of 1924 arose out of the num-
ber-theoretical attempt of 1923 to sharpen Hardy and Littlewood’s estimation 
of the asymptotic behavior of the oscillation of frequency of zeros and ones 
in a binary representation of real numbers as posited by Borel’s strong law of 
large numbers in 1909.171 During the late-1920s, Khinchin, together with Kol-
mogorov – with whom he somewhat later would establish a regular seminar on 
probability at Moscow University – obtained several important results in the 
theory of summation of independent random variables.172 173 Interestingly, in 
the first of four parts of their joint paper of 1925,174 Khinchin, thereby following 
the semi-intuitionism of Luzin and Borel,175 considered it necessary to construct 
random variables as functions on the interval [0,1] with Lebesque measure.176 
Khinchin’s post-1930 contributions to probability theory were all connected 
‘in one way or another with his investigations into statistical physics’177 – e.g. 
random processes of the Markov type and stationary random processes. 

170 See Khinchin, 1924a; Khinchin, 1924b. 
171 Borel’s strong law of large numbers of 1909 – which says that under certain cir-

cumstances an averages converges almost surely – established that ‘the asymptotic 
frequency of the digits 0 and 1 in the binary expansion of a real number was ½ for 
all real numbers except those in a set of measure zero (Borel, 1909). Subsequently, 
various estimates for the remainder term were obtained by [Felix] Hausdorf [(1868-
1942)], [Godfrey Harold] Hardy [(1877-1947)] and [John Edensor] Littlewood [(1885-
1977)]’ (Vere-Jones, 1997 [2008], p. 1). See Khinchin, 1923 for his replacement of a 
1914 result by Hardy and Littlewood for a sharper one. 

172 For example, Khinchin and Kolmogorov’s joint paper of 1925 entitled ‘Über Konver-
genz von Reihen, deren glieder durch den Zufall bestimmt werden’ – which was Kol-
mogorov’s first in probability – already contained the ‘“Kolmogorov-Khinchin two 
series theorem”, the “Kolmogorov three series theorem”, and the “Kolmogorov-Kh-
inchin criterion” for convergence almost surely of a series of independent random 
variables […]’ (Shiryaev, 2000, p. 12, see also Shiryaev, 1989, p. 874). 

173 See, for example, Khinchin’s three monographs inspired by the theory of summation 
Khinchin, 1927; Khinchin, 1933; Khinchin, 1938. 

174 Shiryeav notes that the first part was written by Khinchin and the other three by ‘the 
ingenious proof-maker’ (Von Plato, 1994, p. 199) Kolmogorov (see Shiryaev, 1989, 
p. 873). 

175 See Verburgt, 2014 for an account of Khinchin’s, generally positive, views on intui-
tionism as put forward in Khinchin, 1926 [2014]; Khinchin, 1928b. 

176 See Doob, 1961 for this observation. 
177 Gnedenko, 1961, p. 7. 
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The ‘internal unity’ and ‘scientific coherence’ of Khinchin’s large and diverse 
mature oeuvre on (mathematical) probability theory was premised on the 
over-arching framework that his research into the fundamental properties of 
measurable functions aforded him. It could thus be said that the academic 
career of Khinchin reflected, as much as it influenced, that specific develop-
ment in the mathematics of the 1900-1920s in which the explication of the (anal-
ogous) connection of probability theory with measure theory eventually led to 
its mathematization. But before that happened (in Kolmogorov’s Grundbegrife 
der Wahrscheinlichkeitsrechnung of 1933) there was no agreement on whether 
probability was a non-mathematical or mathematical theory and what an 
answer to David Hilbert’s (1862-1943) famous 1900 call for the establishment 
of its axiomatic foundations should look like.178 Khinchin devoted himself to 
settling these two open questions from around the mid-/late-1920s –179 and this 
within the pre-Stalin era of increasing ideological inference with both set-the-
ory, foundations of mathematics and probability theory. There were, by and 
large, two approaches to the attempt to turn probability theory into a mathe-
matical discipline; firstly, the measure-theoretic approach initiated by, among 
others, Borel and, secondly, the frequency-theoretic approach associated with 
Von Mises.180 Where the first ‘pure mathematical’ approach proposed an 
abstractly formalized concept of probabilities-as-measures, the second ‘applied 
mathematical’ (or ‘natural scientific’) approach introduced an idealized concept 
of a so-called collective – with this being an ‘informal’ axiomatics that math-
ematically expresses the statistical properties of finite sequences of random 
events and with probability being a defined, that is, non-primitive, notion.181 
Given that Khinchin’s own work was within the realm of set- and measure-the-
ory, it is somewhat remarkable to observe his initial interest in Von Mises’s 
theory as a foundational rather than interpretative orientation. The reason for 
this seems to have been that if Khinchin was aware of the intuitiveness of Von 
Mises’s notion of probability for mathematical physics and statistics, he found 

178 See Hochkirchen, 1999; Von Plato, 1994 for this history. 
179 Vere-Jones remarks that ‘one of the underlying themes’ of the seminar on probability 

which Khinchin and Kolmogorov set up around 1929/1930 was ‘the problem of finding 
a rigorous framework for probability’ (Vere-Jones, 1997 [2008], p. 2). 

180 Khinhin himself referred to this specific distinction in Khinchin, 1936-1944 [2004], 
section 2. 

181 See, for example, Von Mises, 1957 [1981] for a semi-popular account of his probabil-
ity. Hochkirchen, 1999, chapter 5; Von Plato, 6; Siegmund-Schultze, 2006; Sieg-
mund-Schultze, 2010 provide detailed accounts of Von Mises’s theory. 
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in the work of Von Mises the basic fact to which any (mathematical) theory of 
probability had to connect, namely ‘the number of appearances of some attrib-
ute […] in statistically observed mass phenomena’.182 But not unlike others, 
Khinchin was not willing to concede that, as new mathematical objects, col-
lectives are the necessary consequence of such a frequentist starting point.183 
(As will become clear, in his articles on Von Mises of the late-1930s-1960s,184 
Khinchin’s criticism was of a more straightforwardly ideological character). 
What is perhaps most striking is that Khinchin, by the late-1920s, criticized the 
Hilbertian outlook on mathematics and the axiomatic method –185 related not 
only to his own set-theoretical studies but also to the axiomatics found in the 
Grundbegrife – in favor of a Brouwerian intuitionism in terms of which he (and, 
some years later, also Von Mises himself) wanted to explain the mathemati-
cal status of ‘collectives’. Here, Khinchin suggests a history that is still to be 
written, namely that the comparison between Von Mises’s theory and Borel’s 
denumerable probability as an alternative, semi-intuitionist, number-theoretic 
understanding of probability by means of so-called choice sequences (with 
the link to the Russian probabilists being the analytic sets of Luzin’s student 
Suslin).186 The important observation is that if Khinchin sensed and Von Mises 
suggested that collectives could not be formalized in (‘modernized’) classical 
mathematics, their positive attitude vis-à-vis intuitionism seems to have been 
premised on a misunderstanding of its (Kantian) idealist foundations. Be that 
as it may, both Borel, Khinchin and Von Mises were aware of the fact that the 
notion of infinity is a dihcult question within the debate about the foundations 
of mathematics, the question of its acceptance – in one sense or the other – 
within the realm of probability cannot be circumvented by mathematics. 

182 Siegmund-Schultze, 2004, 378. 
183 As Van Lambalgen explains, collectives are the necessary consequence of the 

frequency theory, ‘in the sense that if one interprets probability as limiting relative 
frequency, then infinite series of outcomes will [have to] exhibit Kollektiv-like prop-
erties’ (Van Lambalgen, 1996, 354) – these being the existence of a limit and random-
ness. 

184 See Khinchin, 1952; Khinchin, 1936-1944 [2014]; Khinchin, 1961. 
185 See Khinchin, 1926 [2014]. 
186 For this purpose the previously unpublished 1979 note from Jervell entitled ‘From the 

axiom of choice to choice sequences’ (Jervell, 1996) seems to be of great value. A first 
attempt at this history is made in Verburgt, 2015. 
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What follows shall provide the more specific historical and theoretical back-
ground to (the meaning of Khinchin’s paper within) the introduction and 
reception of Von Mises’s probabilistic work in the post-revolutionary Russia 
of increasing ideological interference, especially, with foundations of mathe-
matics and probability. 

3. Von Mises in 1920s Russia

The introduction of Von Mises’s work on probability theory and statistical 
mechanics in Russia is most likely due to his colleague Leonid Mandel’shtam 
(1879-1944) – the physicist born in Mogilev, Russian Empire (now Belarus), 
who left Novorosiisk University (Odessa) for Strassbourg University in 
1899/1900 only to receive his doctoral degree in 1902 and to become the ‘aux-
iliary’, ‘second’ and then ‘first’ assistant of the Nobel-laureate Karl Ferdinand 
Braun (1850-1918) in 1903, 1904 and 1906, respectively, Privatdozent in 1907 
and extraordinary professor in 1913.187 Von Mises was appointed extraordi-
nary professor of applied mathematics at Strassburg University in 1909 and he 
would discuss with Mandel’shtam both his earliest thoughts on the foundations 
of probability,188 the positivistic philosophy of science of Mach and ‘the role of 
axiomatics in the logical foundations of mechanics and exact sciences, in par-
ticular, of statistical physics’.189 According to a biographical account of one of 
Mandel’shtam’s former students, the two soon ‘established very close relations 
[…] because they had agreed on their understanding of the fundamentals of 
statistical physics and philosophy’.190 

Their interactions continued in the form of a lengthy correspondence after 
World War I, the Bolshevik Revolution and Russian Civil War (November 
1917-October 1922) thanks, at least in part, to the Rapallo Treaty (16 April 1922) 
with which the two isolated countries Soviet Russia and Weimar Germany – 

187 For biographical information on Mandel’shtam see, for instance, Feinberg, 2002; 
Pechenkin, 2014, chapter 2 and for an account of his time in Strassbourg see 
Pechenkin, 1999; Pechenkin, 2014, chapter 3-4. 

188 As mentioned earlier, in the foreword to the first German edition of Wahrscheinlichkeit, 
Statistik und Wahrheit Von Mises noted that he had developed these first thoughts on 
probability theory as early as in his Strassburg years (see Von Mises, 1928, p. iii). 

189 Papalexy, 1948, p. 1 quoted in Pechenkin, 2014, p. 28. 
190 Feinberg, 2002, p. 173. 
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the first being ‘happily accommodative’, the latter ‘resentful’191 – ‘liquidated 
questions’192 between their former constitutional selves (the Russian and 
German Empire) and sealed their by then already193 friendly relations in terms 
of an economic, military and political partnership.194 Where for the Germans 
the Rapallo-era scientific relations with the Soviets were very much seen as 
an instrument for foreign policy, with scientific great-power functioning as a 
substitute for political great-power status,195 the Soviets considered these as 
part of their emphasis on all sorts of cross-national scientific exchanges – the 
underlying aim of which, to be sure, was to recover Russian science after its 
near destruction in the years 1917-1922.196 Both countries were forced with the 
similar task of having to adapt the old and newly founded scientific institutions 
‘of a recently overthrown empire to the needs of a new government’197 and 
if the Soviets dismissed the elitism typical of (‘pan’)-German scientists (such 

191 This apt characterization of the ‘positions’ of the two respective parties is found in 
Stone, 2014, p. 442. 

192 This was the phrase which the ‘Commisar for Foreign Afairs’ Georgi Vasiljevitsj 
Tsjitsjerin (Chicherin) (1872-1936) used in his letter to the Minister of War Louis 
Barthou (1862-1934) of April 29, 1922 to legitimize the partnership between Soviet 
Russia and Weimar Germany all the while undermining the (not quite unfounded (e.g. 
Müller, 1976)) fear (as expressed in the French press and by the heads of the French 
government) that the Rapallo Treaty was a secret act against France (see Eudin & 
Fisher, 1957, p. 202). 

193 If Russia’s academic relations with Germany ‘had always been close’ (Graham, 1993, 
p. 176) when compared to France or Britain, in the years 1920-1921 ‘there had been a 
steady stream of Russian scientists through Germany, so that [it] must [be] suppose[d] 
that Rapallo was responsible not for the renewed ties but the satisfaction therein’ 
(Forman, 1973, 167). 

194 This near mythical coups de surprise was a document of several articles: ‘By Articles 
I and II of the Treaty all mutual claims between the two countries were annulled; 
by Article III full diplomatic and consular relations were re-established; Article IV 
introduced the most-favoured-nation clause into the commercial dealings of the two 
parties [and] by Article V the German government declared its readiness to encourage 
trade between German industry and the U.S.S.R.’ (Kochan, 1950, p. 109). Much has 
been written about the Rapallo Treaty, both about its origins, its content as well as 
its consequences. For a general treatment of all of these aspects see, for instance, 
Rosenbaum, 1965. 

195 See Forman, 1973, section 4. 
196 Although Russian science lagged behind the leading countries of the West before 

1917, at least from the 1860’s on the Russian scientific institutions produced many 
eminent scientists in fields such as mathematics (Nikolai Lobachevskii (1792-1856), 
Chebyshev, Luzin) and chemistry (Dmitri Mendeleev (1834-1907). See, for instance, 
Graham, 1993, part 1; Vucinich, 1970, part 1-2. 

197 Graham, 1993, p. 176. 
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as Von Mises)198 they ‘accepted many of the organizational principles of [its] 
reforms while buttressing them with a [dialectical-materialist] philosophy’199 
dedicated to the creation of a ‘New Man’.200 At least from around 1920 until the 
end of Lenin’s ‘New Economic Policy’ in 1928,201 the Soviet-planners un-sys-
tematically202 sought for a modus vivendi with the national and international 
community of ‘bourgeois’ specialists – allowing Russian scientists and intel-
lectuals to travel abroad, hosting visiting delegations, supporting joint research 
and managing purchases and translations of foreign books.203 

After returning to Russia in 1914, Mandel’shtam worked as the director of the 
Odessa Polytechnic Institute between 1918/1919-1922) and as the professor of 
theoretical physics at the Physics Faculty of Moscow State University from 
1925 on – with Igor Tamm (1895-1971) among his co-workers and Mikhail 
Alexandrovich Leontovich (1903-1981) among his first-generation graduate 
students. While in Odessa, Mandel’shtam, living in the harsh post-Revolu-

198 See Siegmund-Schultze, 2004, pp. 350-354. See also footnote 496. 
199 Graham, 1993, p. 177. 
200 As David-Fox opens his Revolution of the Mind: Higher Learning Among the Bolsheviks, 

1918-1929: ‘In the years after 1917 the institutions of party education and scholarship 
the new regime founded in the wake of the Revolution were dedicated to molding a 
new intelligentsia, refashioning education and science […], building a new culture, 
transforming everyday life, and ultimately creating a New Man’ (David-Fox, 1997, 
p. 1). 

201 On the one hand, ‘[d]uring the first years of their rule, while supporting the success-
ful establishment of a series of major research institutes [e.g. the ‘Free Association 
for the Development and Dissemination of the Positive Sciences’ (March 28, 1917)], 
Bolshevik policies and inaction [made] conditions worse for the scholar. His life was at 
risk and he was internationally isolated. He was starved literally for food [and] figura-
tively for scientific literature’ (Josephson, 1991, p. 41). On the other hand, even though 
the expansion of the Bolshevik revolutionary project to the cultural front had already 
begun in 1920-1921, the year 1928 marked the definite beginning of the ‘Cultural Rev-
olution’ (1928-1931/1932) (e.g. Fitzpatrick, 1974) that formed a small part of Stalin’s 
all-encompassing ‘Great Break’ (velikii perelom). 

202 At least until around 1926 there was ‘no systematic science policy in Soviet Russia’ 
(Josephson, 1991, p. 56) – with a rapid growth of scientific institutes maintaining 
relative autonomy from the centralized administration’s aim of ‘government construc-
tion’. 

203 Although seen by many militant communists as a betrayal to the Revolution, Lenin 
himself defended ‘science for science’s sake’ in view of, on the one hand, the reliance 
of the new Soviet government on technical specialists and, on the other hand, the 
hope of ‘incalculating the habits of ‘civilized’ societies [and] overcoming backward 
‘barbarism’’ (David-Fox, 1997, p. 268). See also Claudin-Urondo, 1977, pp. 1-64. 
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tionary conditions of ‘famine, cold [and] isolation’,204 205 asked Von Mises to 
send him a copy of his 1919 papers in a letter of 24 September, 1921.206 In the 
year 1923 Mandel’shtam met Von Mises after his employee, the Central Radio 
Laboratory (Moscow), ordered him to visit Germany for a mission.207 Given 
that Mandel’shtam’s letters to Von Mises before and after their rendezvous tes-
tified to his continued interest in Von Mises’s probability theory, it is certainly 
possible that they discussed the theory in Berlin. 

During the years 1922-1924 Mandel’shtam considered leaving the Soviet Union 
for Germany, but around 1925 he became the central figure of the Moscow 
physics community due to his pioneering contributions to the theory of oscil-
lations and optics and his attempts to familiarize Soviet scientists with the 
non-classical theories of relativity and quantum mechanics in a non-ideological 
manner. Mandel’shtam’s fundamental aim with regard to quantum mechanics 
in the 1930s would be that of providing a ‘German operationalist’208 version of 
its statistical (or ‘ensemble’) interpretation on the basis of Von Mises’s limiting 
relative-frequency theory209 – one that difered, on the one hand, from the 
‘non-statistical’ Copenhagen interpretation and, on the other hand, from Ein-
stein’s ‘pre-assigned initial values’ version of the statistical interpretation.210 
Where for the ‘non-statistical’ interpretation the wave function represented 
the state of a single (microscopic) particle, for the ‘statistical’ interpretations 
it represented the state of the aggregate of particles. But where Einstein spoke 
‘deductively’ of the probabilities of single (macroscopic) events, with measure-
ments revealing pre-existing properties of a physical system, Mandel’shtam 
proposed that ‘wave mechanics states that the micromechanical ensemble to 

204 Josephson, 1991, p. 48. 
205 Von Mises would send food parcels to the Mandel’shtams in 1922. 
206 Mandel’shtam had also informed Von Mises about his inability to do scientific 

research in a letter of October 30, 1918 (from Odessa): ‘The situation is bad with 
the books and especially magazines […] I almost do not know anything, that during 
this time has been achieved. It is not pleasant to be without laboratory and literature’ 
(Mandel’shtam quoted in Pechenkin, 2014, p. 82). 

207 See Pechenkin, 2014, p. 86, p. 98. 
208 See Pechenkin, 2000. 
209 It may be remarked that Von Mises himself never referred to quantum mechanics in 

his work, at least not before the 1930s. 
210 Both statistical interpretations, of course, proceeded from Max Born’s statistical 

interpretation of the wave function – which stemmed from the mid-1920s period of 
the formalization (or ‘axio-matization’) of quantum mechanics. 
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which the wave function refers could be determined by specifying macroscopic 
parameters […] An element of the collective in question is the behavior of an 
individual [particle] [such that] the [wave] function refers to these elements, 
that is, the statistics of the emitted [particles] are specified by this function’.211 
For Mandel’shtam, quantum ensembles (or ‘collectives’) were ‘real ensem-
bles’, as opposed to ‘ideal (Gibbsian) ensembles’ (!),212 resulting from mea-
surement operations which were then divided into sub-ensembles (elements) 
corresponding to the values of a physical magnitude and resulting from another 
measurement.213 

Already in the mid- or late-1920s were Von Mises’s ideas on probability theory 
intensively discussed by Mandel’shtam and his disciples at the Physics Faculty 
– at least in so far as they were related to statistical physics. ‘Richarda von 
Mizesa’s’ 1919 inaugural lecture (‘Antrittsrede’) as the professor in hydro- and 
aerodynamics of the Technische Universität Dresden entitled ‘Naturwissen-
schaft und Technik der Gegenwart’ was translated into Russian as early as two 
years after its first German version of 1922 by the privately-owned publish-
ing house of fiction Seyatel (‘The Sower’) in Petrograd. Among other things, 
the lecture, which closely resembled his lecture for the German mathematical 
society of 1921 (‘Über die gegenwartige Krise der Mechanik’), referred to Mach 
as the ‘brilliant physicist and philosopher’214 who had initiated the program 
from which Einstein’s theory of general relativity resulted, but also embraced, 
contra Mach, the atomistic theories of matter (Boltzmann), ‘momenta’ (‘Bewe-
gungsgrösse’) (Planck) and electricity. Between 1926-1928 Mandel’shtam’s 
graduate student Boris Mikhailovich Gessen (Hessen) (1893-1936) developed 

211 Mandel’shtam quoted in Pechenkin, 2002, p. 270. 
212 ‘Gibbs’ or ‘(micro)canonical’ ensembles are an invention of Boltzmann, but were first 

investigated in the work of Josiah Willard Gibbs (1839-1903) in which they were made 
the basis of statistical physics. Because they are ‘a conceptual convenience, for in a real 
[physical] system, there is only a finite number of molecules so that at no single instant of 
time can a continuous distribution law have immediate physical reality’ (Von Plato, 1994, 
p. 75), the use of ‘ensemble’ for ‘collectives’ may lead to interpretative dihculties and 
has been demonstrative of a widespread misunderstanding of Von Mises’s viewpoint.  
This ensemble is ‘a continuous set of [physical] systems, with the characteristic 
property that each system is of the same total energy, and a probability distribution 
over the mechanical states. 

213 See Pechenkin, 2014, pp. 27-28. See also Kojevnikov’s ‘Probability, Marxism, and 
quantum ensembles’ (Kojevnikov, 2012). 

214 ‘[D]er geniale Physiker und Philosoph Ernst Mach’ (Von Mises, 1922, p. 11). 
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a ‘materialist version’ of Von Mises’s theory at the Communist Academy with 
Mandel’shtam as his supervisor. Gessen’s plan of 1928 to go on an ohcial four-
month trip to Germany to study statistical mechanics215 under Von Mises was 
supported by Mandel’shtam,216 and he probably met Von Mises, either before 
or after his study-leave, at the Sixth Congress of Russian Physicists in August 
1928.217 It was Mandel’shtam who arranged for the Russian translation of 
Von Mises’s Wahrscheinlichkeit, Statistik und Wahrheit – writing the following 
to Von Mises from Moscow on 27 April, 1929: ‘I [Mandel’shtam] should like 
to say a couple of words about the translation of your book. I spoke about it 
with Prof. [Petr Semenovich?] Kogan [(1872-1932)], who is the head of the sci-
entific department at State Publisher [Gosizdat]. He is going to write you, or 
probably he has already written. You will […] understand by reading his letter 
why I don’t enlarge upon it. As far as it is concerned with me, I am eager to 
read your book. I consider that it is very desirable to translate [it] in Russian’.218 
It is remarkable that Mandel’shtam himself had not read the (German version 
of) Von Mises’s Wahrscheinlichkeit, Statistik und Wahrheit around mid-1929.219 
Both Gessen and Khinchin – the two early proponents of Von Mises’s theory 
in Soviet Russia – would write papers on Von Mises’s new foundations for 
probability theory and his statistical physics in 1929 in which they referred to 
the 1928 book. Where Gessen’s paper ‘Statisticheskii metod v fizike i novoe 
obosnovanie teorii veroiatnostei R. Mizesa’ (‘The statistical method in physics 
and R. Mises’s new foundations for the theory of probability’) would appear 
in Estestovznanie i Marksizm, Khinchin’s paper ‘Uchenie Mizesa o veroiatnos-
tiakh i printsipy fizicheskoi statistiki’ (‘Mises’s theory of probability and the 
principles of statistical physics’) appeared in the Uspekhi Fizicheskikh Nauk. 
Khinchin wrote a review of Von Mises’s 1928 book that appeared in the Uspekhi 

215 See Hessen, 1931 [2006], p. 6. 
216 Pechenkin refers to a copy of Hessen’s application that is preserved in the Collection 

of the Communist Academy (see Pechenkin, 2002, p. 283, f. 20). 
217 See Tobies, 2012, p. 342. 
218 Mandelstam quoted in Pechenkin, 2014, p. 29. 
219 It suggests that the seminar(s) that he organized on Von Mises’s ideas in 1928 (see 

Pechenkin, 2002, p. 280, p. 283, f. 17) concerned either the 1919 articles or passages 
from the so-called ‘Frank-Mises’ (a famous two-volume textbook entitled The Difer-
ential and Integral Equations of Mechanics and Physics of 1925 and 1927 that Von Mised 
edited with Frank) that Mandel’shtam received from Von Mises in January/February 
1928 (see Pechenkin, 2014, p. 29). See Siegmund-Schultze, 2007 for an in-depth 
analysis of the ‘Frank-Mises’. 
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Fizicheskikh Nauk in the very same year,220 and he would be appointed as the 
editor of the book – published, as it was, by Gosizdat as Probability and Statis-
tics.221 Gessen and Khinchin were part of the circle of physicists and mathe-
maticians that initiated the reception of Von Mises’s ideas in Soviet Russia to 
which also belonged Mandel’shtam and Leontovich (at the Physics Department 
of Moscow State University) and Kolmogorov (at the neighboring Mathemat-
ics Faculty of Moscow State University).222 The diference between the 1929 
papers of Gessen and Khinchin cannot be explained solely with reference to 
their respective emphasis on either physics or mathematics (as reflected in the 
title of their papers). For example, the case of Kolmogorov and Leontovich’s 
cooperation is demonstrative of the absence of strict boundaries between 
physics and mathematics among the young generation of probabilists in Soviet 
Russia; it was about their joint paper,223 to which he would refer in his Grundbe-
grife as an argument for the claim that the new probabilistic concepts attached 
to his axiomatization of probability theory (e.g. ‘probability distributions in 
infinite-dimensional spaces’) arose out of ‘concrete physical problems’,224 that 
Kolmogorov ‘loved to assert that [the] ‘physical’ part was due to him and the 
‘mathematical’ part due to Leontovich’.225 Rather, the position of Khinchin 
vis-à-vis Von Mises as compared to the position of Gessen must also be under-
stood in terms of their respective dedication to the Party-driven attempt of the 
mid-1920s at a ‘dialectical materialist’ criticism of ‘Western’ mathematics, in 
general,226 and probability theory, in specific.227 

3.1 Marxism and probability theory: Moscow and St. Petersburg

The start of the attempt at the establishment of Marxism as ‘a unified and 
coherent system of philosophical propositions’228 coincided, by and large, with 
the renaming of the Socialist Academy into the Communist Academy in 1923. 

220 See Khinchin, 1928a. 
221 The reason for this new title is explained in the next sub-section. 
222 Kojevnikov, 2012, pp. 215-216. 
223 This paper of 1933 was entitled ‘Zur Berechnung der mittleren Brownschen Fläche’ 

(Kolmogorov & Leontovich, 1933). 
224 ‘[G]anz konkreten physikalischen Fragestellungen’ (Kolmogorov, 1933, p. iii). 
225 Tikhomirov, 2007, p. 110. 
226 See, for example, Lorentz, 2002; Vucinich, 1999. 
227 See, for example, Seneta, 2004, section 5; Vucinich, 1970, chapter 11. 
228 Vucinich, 1999, p. 108. 
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Because of internal disagreement among Marxist writers on the import of a 
philosophical study of modern mathematics along the lines of dialectical mate-
rialism – caused by a lack of proper mathematical education and the absence of 
mathematical content in the Marxist classics (Marx, Engels, Lenin) –229 Soviet 
scholars confined themselves to exposing, by means of doctrinaire exaggera-
tion, the ‘idealism’ inherent in the works of Western and Russian mathemati-
cians. The most active Marxist commentator on mathematics in the pre-Sta-
lin era was Ernest Kol’man (1892-1979) – the zealous ideologue who would 
later initiate the ‘reorganization’ (around 1930) of the Moscow Mathematical 
Society,230 in which Khinchin was also involved, and the public campaign (of 
1936) against Luzin. His first paper in the ideological journal Pod Znamenen 
Marksisma (‘Under the Banner of Marxism’) of 1925 concerned probabilistic 
topics, especially ‘randomness’; it already showed that ‘mathematical’ probabil-
ity theory would be susceptible to Marxist attack, first and foremost, ‘because 
of its resemblance to physics in the modeling of statistical reality, such as for-
malizing statistical regularity [‘Bernoulli’s theorem], and [its] use in nondeter-
ministic physics’231 rather than because of its possible (axiomatic) formalization. 

Where the St. Petersburgian (‘materialist’, ‘frequentist’ and ‘anti-Bayesian’) 
tradition of Chebyshev, Markov and Liapunov was considered as being ideo-
logically acceptable and politically correct, the Moscowian (‘religious’, ‘sub-
jectivist’ and ‘Bayesian’) tradition in of the ‘pre-Revolutionary Nekrasovites 

229 Vunich writes that it ‘took Marxist writers five years after the October Revolution to 
begin writing on mathematical themes. There were two strong reasons for this delay. 
First, the Marxist classics – by Marx, Engels, and Lenin – left no readily accessible 
and sustained comments on modern mathematics that could be used as pathfinders 
and protective guides in critical surveys of contemporary developments in the field. 
Second, such modern branches of mathematics as set theory […] were so new that 
they were included in school curricula at the time when most Marxist writers received 
their secondary and higher education’ (Vucinich, 1999, p. 107). Seneta adds that also 
the Communist Academy itself ‘consisted largely of youthful cadres poorly trained in 
science’ (Seneta, 2004, p. 342). 

230 In brief, after the arrest of Egorov in 1930, an ‘initiative group’ changed the name 
of the Society’s journal (Mathematicheskii Sbornik) into the ideologically acceptable 
Sovietskii Mathematicheskii Sbornik and installed the Society’s new presidium – with 
Kol’man replacing Egorov and with Khinchin among its members. See, for example, 
Seneta, 2004, section 3. 

231 Seneta, 2004, p. 347, my emphasis. 
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(Nekrasovtsi)’232 was dismissed as ‘bourgeois, mystical [and] reactionary’233 by 
Marxist ideologues such as Kol’man. Here, it is important to emphasize the 
lack of a strict separation between these two ‘traditions’. Firstly, if the member 
and later vice-president of the Imperial Academy of Sciences in St. Petersburg 
(Petrograd (1914-1924)/Leningrad (1924-1991)) Buniakovskii is often thought 
of as the mentor of Chebyshev, it was Nekrasov who developed his Bugaevian 
philosophication of ‘Bernoulli’s theorem’ under the influence of Buniakovskii’s 
Laplacean-inspired work. Markov, in his famous 1900 textbook, would heavily 
criticize on quasi-mathematical grounds not only Nekrasov, but also Bunia-
kovskii.234 Secondly, if Luzin disagreed with the scornful and arrogant char-
acterization by some of the first generation Luzitanians of probability theory 
as a branch of ‘conservative’ (St. Petersburgian) ‘classical analysis’,235 the mid-
1920s papers of Khinchin and Kolmogorov can be understood as an application 
of the Moscowian development of pure mathematical analysis to practice-ori-
ented themes inherited from the St. Petersburg school.236 Put diferently, their 
early papers completed the two promises of Bugaevian thought; the simultane-
ous mathematization of that part of ‘mathesis mixta’ called probability theory 
and the transformation of mathematics itself from ‘classical mathematics, 
which involved the notions of continuous numbers and strict causality, towards 
employing the probabilistic notion of indeterminacy and the discontinuous 
nature of numbers’.237 The establishment of what has become known as the 
‘Moscow School of Probability’ was, thus, due to mathematicians who were ‘in 
one sense the heirs of Chebyshev and Markov, and in another [sense] profound 
innovators of the [‘formal’] approach’238 in the line of the French acquaintances 
of Egorov and Luzin. Thirdly, where Nekrasov, Egorov and Luzin combined 
their Bugaevian-inspired religious-mystical worldview with a radical dismissal 
of the efort to interpret mathematics in the light of dialectical materialism, 

232 Seneta, 2004, p. 353. 
233 Seneta, 2004, p. 347. 
234 See Seneta, 2004, section 7. 
235 See Phillips, 1988, pp. 294-295. See also section 1.1. 
236 Or, as Vere-Jones puts it: ‘Although the Moscow School inherited many of the research 

themes of the St. Petersburg school, it was not a direct ofshoot of the earlier school, 
but rather an out-growth of the vigorous program in real analysis established by […] 
Egorov [and] Lusin’ (Vere-Jones, 1997 [2008], p. 1). 

237 Vucinich, 1970, p. 352. 
238 Barnett, 2011, p. 57. 
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Khinchin and Kolmogorov, while avoiding ‘doctrinaire engagements’,239 
actively contributed to the search for working relations between mathematics 
and Marxism – as, for instance, Markov had done in the pre-Soviet era. 

3.1.1 Khinchin, Kolmogorov, Von Mises and Marxism in the late-1920s

Khinchin had been the first of the Luzitanians to write on probability and 
his 1923 paper was, indeed, ‘the first critical step in the development of the 
Moscow School’.240 He gave the first graduate course in probability theory at 
the then newly formed Mathematics Institute of Moscow University in 1926 
– with Kolmogorov and Bernstein among his audience – and ‘[a] few years 
later’241 he organized a seminar series on the theory in which, among others, 
Slutskii participated. The underlying theme of the group that gathered around 
Khinchin and Kolmogorov’s seminar was the problem of finding a rigorous 
framework for probability theory – or, more in specific, that of considering 
the merits of the proposals for ‘a completely general and purely mathematical 
theory of probabilities’242 (as Kolmogorov put it in 1929) of Borel, Bernstein 
and Von Mises. At the end of the 1920s there were ‘heated arguments’,243 espe-
cially, about Von Mises’s proposal at Khinchin’s methodology seminar at Otto 
Iulevich Schmidt’s (1891-1956?) Natural Science Department of the Commu-
nist Academy. The Department had been established, around 1925, with the 
goal of extending the Communist Academy’s influence to the natural sciences 
(estestvoznanie) – and this by organizing Party figures and left-wing non-Party 
figures, thereby dividing ‘the well- and ill-wishers of the Soviet regime’.244 
Although these ‘well-wishers’ seem to have been in agreement about the value 
of Von Mises’s limiting relative frequencies for modern science – at least as a 
theory concerned with the ‘objective’ or ‘empirical’ features of physical systems 
–, the natural scientists disagreed with the mathematical probabilists on the 
(‘Leninist’) question of the ‘Machism’ that accompanied it. Where Gessen, by 
‘pushing a materialistic treatment of statistical physics’,245 attacked Von Mises’s 

239 Vucinich, 1999, p. 111. 
240 Vere-Jones, 1997 [2008], p. 2. 
241 Vere-Jones, 1997 [2008], p. 2. 
242 Kolmogorov, 1929, p. 8. 
243 Yushkevich, 2007, p. 18. 
244 Joravsky, 1961, p. 215. 
245 Pechenkin, 2014, p. 99, my emphasis. 
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‘Machist’ interpretation of causality,246 Khinchin, while praising him for his 
‘extremely fruitful natural philosophical approach’, criticized the ‘Machian’ 
instrumentalism and doctrine of idealization underlying Von Mises’s mathe-
matical probability theory.247 It is not unlikely that it was, first and foremost, 
Khinchin’s claim that in so far as Von Mises’s views on ‘the principles of sta-
tistical physics’ were free from the methodological, mathematical and physical 
problems of his ‘original ideas about the general concept of probability’ these 
views ‘can be accepted without hesitation’ that brought Gessen to criticize 
Khinchin’s 1929 lecture at the Communist Academy.248 

Around 1929,249 the fundamental question for Khinchin was, thus, not whether 
or not relative frequencies250 were to be adopted within physics, but whether 

246 For example, in his ‘Über kausale und statistische Gesetzmässigkeit in der Physik’ of 
1930, Von Mises wrote that ‘the principle of causality is changeable and will govern 
that which physics asks for’ (‘Das Kausalprinzip ist wandelbar und wird sich dem 
unterordnen, was die Physik verlangt’) (Von Mises, 1930, p. 191) – to which he added 
that ‘it just comes down to what one, in a specific case, […] understands as cause and 
efect’ (‘Es kommt eben nur darauf an, was man im gegebenen Fall […] unter Ursache 
und Wirkung versteht’ (Von Mises, 1930, p. 190). It may here be remarked that it 
was Gessen himself who arranged for the translation into Russian of this very article 
– which Von Mises had delivered as a lecture at the Fifth Congress of Physicists 
and Mathematicians in Prague on September 16, 1929 – for which he also wrote the 
foreword. 

247 Siegmund-Schultze explains the subtle diference between ‘Machian’ and ‘Machist’ 
as follows: ‘Philosophers such as Kol’man got their doctrines from the classical 
canonized teachings of Engels [and] Lenin. Lenin, as is well-known, published in 
1909 his polemical Materialism and Empirio-Criticism: Critical Comments on a Reaction-
ary Philosophy, which opposed the so-called “physical idealism” based on “Machist” 
(as opposed to the more neutral term “Machian”) philosophy, which was, in Lenin’s 
opinion, falsely claiming to be the “philosophy of twentieth century natural science”’ 
(Siegmund-Schultze, 2004, p. 384). See Pechenkin, 2014, pp. 99-100 for a brief dis-
cussion of the late-1920s debate between Gessen and Khinchin on the meaning of Von 
Mises’s dedication to Mach. 

248 Be that as it may, in the same year the lecture was published in the journal Uspekhi 
Fizicheskikh Nauk of which Gessen was an editor. 

249 At least after the publication of Kolmogorov’s Grundbegrife Khinchin came to accept 
the measure-theoretical rather than the Von Misesean ‘axiomatization’ and he would 
even criticize other scientists, such as Leontovich, for adopting Von Mises’s ‘idealist’ 
theory (e.g. Khinchin, 1952 [1954]). 

250 Reflecting on the work of Khinchin and Kolmogorov, Von Plato remarks that their 
‘frequentism’ was not ‘the idea of probability as a limit of relative frequency, but the 
somewhat vague connection between finite relative frequency and probability, asso-
ciated to the notion of ‘practical certainty’ (Von Plato, 1994, p. 234). 
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or not this interpretation of probability had to be accepted as the basis of ‘a new 
scientific-philosophical foundation’ for probability theory. This problem-situa-
tion difered not only from Gessen’s, but also from Kolmogorov’s in his paper 
of the same year which opened with the following crucial observation: 

‘Probability theory has become a topic of interest in modern mathe-
matics […] because of its growing significance in natural science, [and] 
because of the gradually emerging deep connections of this theory with 
many problems in various fields of pure mathematics. It seems that the 
formulas of probability calculus express one of the fundamental groups 
of general mathematical laws […] I believe that these facts indicate the 
possibility of constructing a very general and purely mathematical theory 
whose formulas can be applied both to probability calculus and to many 
other fields of pure and applied mathematics. To outline the contents 
of this theory, it suhces to single out from probability theory those 
elements that bring out [or condition] its intrinsic logical structure, but 
have nothing to do with the specific meaning of the theory’.251 

Kolmogorov introduced the idea of a theory252 that is suggested by some 
elements of probability theory, but that is both wider in its scope than this 
theory in so far as it belongs to the realm of pure mathematics and somehow 
includes the notion of probability as a special case. For example, ‘the fact that 
the distribution of the digits of decimal expansions or irrationals can be studied 
using formulas of probability calculus should not be interpreted as indicating 
dependence of these expansions on chance’.253 Perhaps even more explicitly 
than his Grundbegrife,254 the aim of the 1929 paper was thus not ‘to tie up as 
closely as possible the mathematical theory with the empirical development of 
the theory of probability’,255 but to express the ‘meaningless’ logical structure 

251 Kolmogorov, 1929, p. 8, my emphasis. 
252 It is important to observe that in this 1929 paper Kolmogorov neither gave the new 

mathematical theory the name ‘probability theory’ nor wrote that this new theory 
includes ‘probabilities’ as its basic concepts (cf. Kolmogorov, 1933, pp. 1-2). 

253 Kolmogorov, 1929, p. 8. 
254 Where Kolmogorov’s Grundbegrife contained a section which not only described 

‘the relation to experimental data’ of the axioms for probabilities of a finite number 
of events, but also showed the ‘empirical deduction’ of the axioms, the 1929 paper did 
not. 

255 Kolmogorov, 1933 [1956], p. 2. 



56913 | On Khinchin’s paper ‘Mises’ theory of probability and the principles of statistical physics’ 

of the empirical theory (i.e. its mathematizable elements) in terms of general 
measure theory. For example, if the decimal expansions are described by the 
mathematical laws of probability calculus it is because it is not included within 
this group of laws and, hence, not expressible in a purely mathematical way that 
the notion of ‘randomness’ (or ‘chance’) is excluded from the new theory.256 

Where Kolmogorov, in 1929, rejected the idea of the transformation of prob-
ability theory into a mathematical theory from its ‘meaningful’ elements, 
Khinchin, in that same year, questioned the ‘objective scientific’ meaningful-
ness of Von Mises’s mathematical theory of probability. Khinchin presented 
this theory as follows (pp. 143-145): starting from the ‘empirical definition of 
probability’ it arrives at the ‘general definition’ by means of the notion of an 
‘infinite sequence of experiments’ – with the sequence being called a ‘collec-
tive’ and the experiment an ‘element of the collective with a certain attribute’ 
–; the probability of an attribute is its relative frequency in an infinite sequence 
of experiments (i.e. the limit to which the fraction m/n (the first n members 
of a collective/the members m that possess this attribute) tends as the number 
n goes to infinity). Khinchin then mentioned (L) and (IR) as the two (foun-
dational) ‘conditions’ for collectives and introduced the (constructive) search 
for the distributions of new collectives from the distributions of given original 
collectives by means of the four operations (selection, mixing, partition, com-
bination) as the sole task of probability theory. Because he agreed with the con-
structive part of Von Mises’s theory, Khinchin, after emphasizing its ‘indisput-
able value’ for all sciences employing statistical methods, directed his threefold 
criticism – which may, indeed, be read as a projection of ‘his fears of Machism 
on Von Mises’ theory’ –257 at the foundational part. 

256 As, for example, Gillies noted in his An Objective Theory of Probability, ‘most […] 
surprising of all [diferences between Von Mises and Kolmogorov], there is nothing 
in Kolmogorov’s [1933] system corresponding to von Mises’ axiom of randomness’ 
(Gillies, 1973 [2012], p. 88). Given his then fundamental believe in the fact that finite 
frequentism cannot be mathematized (e.g. Porter, 2014, section 3) it is, in fact, not 
really surprising that Kolmogorov did not mathematize ‘randomness’ in 1929 or 1933. 
Kolmogorov himself would revive Von Mises’s theory in the 1960s by attempting to 
formalize the notion of a random sequence. 

257 Siegmund-Schultze, 2004, p. 379. 
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3.1.2 Khinchin’s ‘Mises’ theory of probability and the 
principles of statistical physics’ (1929)

The first part of the first, foundational, section of Khinchin’s 1929 paper in 
which he discussed his methodological criticism of Von Mises’s theory con-
cerned the  ‘instrumentalism’ inherent in the definition of probability as 
limiting relative frequency. Mach’s instrumentalist interpretation of physical 
theories not only became one of the most influential aspects of his philosophy, 
but it also ‘exercises a curious influence on the development of political instru-
mentalism’258 in Soviet Russia – an heresy ‘[s]o popular [that] Lenin felt stirred 
to write a tract denouncing it’.259 Khinchin wanted the probability of an event 
or attribute to ‘objectively express a certain property […] that is objectively 
inherent’ in an investigated object (for example of a die to be thrown) such that 
if it can be studied by means of experiments its definition remains meaningful 
whether or not these experiments are carried out and without the presence of 
an ‘experimenting intellect’. His hunch was that Von Mises’s theory be said 
to sufer from a form of ‘scientific relativism’ – one even worse than Machism 
– which holds that ‘where there is no thermometer, there is no temperature’. 
The objection against instrumentalism was directly connected with the second 
part of the methodological criticism that had to do with the opposition between 
the ‘classical’ (or ‘Galilean’)260 and the ‘Von Misesean’ view on the ‘idealiza-
tion’ of ‘empirical material – i.e. the ‘substitution’ of real objects for idealized 
objects. Khinchin acknowledged the acceptability and inevitability of idealiza-
tion for the sake of the mathematical expression of an ‘empirical realm’, but he 
put forward two conditions that it must satisfy: in so far as, firstly, the features 
of the idealized object must also be found, by approximation, in the case of the 
real object it must be possible, secondly, to estimate the proximity of the real 
object to the idealized object in terms of the limit of possible errors. Where 
the idealizations of objects made in classical sciences such as mechanics and 
geometry satisfy these criteria, the idealization that constitutes the core of 
Von Mises’s science of probability (‘substitution of the real fraction m/n for 
its ideal empirically unattainable limit’) does not. Because the Von Misesean 
idealization merely enables the probabilist to describe ‘certain consistencies in 

258 Skidelsky, 2008, p. 18. 
259 Skidelsky, 2008, p. 18. 
260 See, for instance, McMullin, 1985. 
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the course of the idealized [infinite] phenomenon’ rather than to expose certain 
characteristics of the actual [finite] course of events, Khinchin concluded that 
despite Von Mises’s own claim to the contrary the theory ‘has definitely no 
advantages over the classical one’. It may here be remarked that it was not 
unlikely that precisely this point functioned as the theoretical justification for 
the politically-inspired decision to choose Probability and Statistics as the title 
for the Russian translation of Wahrscheinlichkeit, Statistik und Wahrheit of 1930. 

Secondly, the mathematical criticism concerned the contradictoriness of Von 
Mises’s notion of a collective – or, more specifically, the lack of a precise 
mathematical definition of the condition of irregularity or randomness (IR). 
Khinchin problematized Von Mises’s requirement that the limiting relative 
frequency in a collective is preserved in appropriately chosen sub-sequences 
of an original collective in terms of the apparent impossibility of defining, in a 
mathematically meaningful way, a ‘lawless’ function that ‘cannot be guessed’ 
– thereby distinguishing it from a ‘regularly determined’ function that ‘can be 
guessed’ (pp. 155-156). He, thus, seems to have been one of the first mathema-
ticians to have put forward a counter-example of the following kind to the idea 
of randomness as an axiom for the axiomatic foundations for the mathematical 
discipline of probability theory: ‘‘in a binary sequence […] there would be an 
infinity of both 0’s and 1’s if the limiting frequency is strictly between 0 and 1. 
Therefore there would exist sub-sequences containing only 0’s or only 1’s, and 
so on’.261 But Khinchin also proved himself as one of the first mathematicians 
to observe that in so far as Von Mises’s axiom or condition of randomness (IR) 
‘is based on a notion of existence entirely diferent from the one absolutized by 
set theory’262 it cannot be defined in classical mathematics. Perhaps even more 
surprisingly, Khinchin extended this observation by means of the suggestion 
that collectives could perhaps be understood in terms of the (‘free’, ‘becoming’ 
and ‘lawless’) choice sequences (‘kansrij’ (‘chance sequence’), in Dutch!) of intu-
itionism (pp. 157-158) – an understanding that seems to have been ‘in the air’ 
in the mid-1920s Moscow of descriptive set theory. Khinchin immediately 
dismissed his own suggestion because the existence of a limiting relative fre-
quency cannot be a property of an always unfinished or never completed choice 
sequence. Before turning to his physical criticism it must be recalled not only 

261 Von Plato, 1994, p. 180. 
262 Von Plato, 1994, p. 181. 
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that both Khinchin, in a paper of 1926,263 and Von Mises, in his book on pos-
itivism of 1939,264 approvingly wrote of Brouwer’s intuitionism as an empir-
icist orientation vis-à-vis the foundations of mathematics, but also that Von 
Mises himself compared his collectives to choice sequences in two places in 
his oeuvre, namely in Wahrscheinlichkeitsrechnung und ihre Anwendungen in der 
Statistik und theoretische Physik of 1931 and in the second edition of Wahrschein-
lichkeit, Statistik und Wahrheit of 1936.265 But where Khinchin introduced these 
Brouwerian sequences in order to ‘avoid idealization’ and to resolve the incon-
sistency of Von Mises’s axioms for collectives, Von Mises referred to them in 
order to justify the lack of a consistency proof for the idealized axiomatics with 
reference to non-classical mathematics. 

Thirdly, Khinchin’s brief ‘natural philosophical’ criticism approached the fun-
damental methodological criticism of the inherent ‘lack of an objective basis’ 
of Von Mises’s (‘instrumentalist’ and ‘idealized’) theory from the viewpoint 
of statistical physics. The 1920 paper of Von Mises on the ergodic hypothesis 
discussed, among other topics, the assumption of initial distributions of proba-
bilities in new theories of gases in the tradition of the Boltzmannian approach. 
Von Mises’s position was that the equal probability of certain ranges of ‘attrib-
utes’ or certain regions in the space of ‘attributes’ could be assumed as a special 
hypothesis (which he himself called ‘statistical weight’) without further foun-
dational ado about a priori uniform distributions. Khinchin argued that both the 
classical assumption of equal probabilities as well as Von Mises’s assumption 
of equal probabilities for ‘attributes’ lack any reference to the real world – and 
this in so far as neither in the first nor in the second case are probabilities under-
stood as being ‘objectively inherent’ to molecules. This criticism, of course, 
repeated in a physical context the methodological point that if Von Misesean 
probability theory of ‘fictive’ collectives only relates to ‘idealized’ objects it is 

263 See Khinchin, 1926 [2014]. 
264 In the chapter on the ‘Foundations of mathematics’, Von Mises wrote that ‘[d]isre-

garding certain rather mystic formulations that Brouwer gave to his doctrine, one 
recognizes his point of view as very close to a radical empiricism. The thesis that the 
fundamental assumptions of mathematics cannot be formulated in a definitely fixed 
and completed form, but are subject to continued examination and possible supple-
mentation by intuition (we should prefer to say, by experience […]) corresponds 
exactly to our conception’ (Von Mises, 1939 [1968], p. 129). 

265 See Von Mises, 1931, p. 15; Von Mises, 1936, p. 112. See Van Lambalgen, 1996, p. 355 
for this bibliographical observation. 
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unable to criticize classical probability theory for being unable to predict the 
real course of events. 

The main philosophical task of the second section of the paper was to demon-
strate that Von Mises’s indeterministic statistical physics did not lead to the 
radical view that all laws and/or physical processes are indeterministic – and 
this by means of a treatment of Von Mises’s probabilistic overcoming of the 
ergodic hypothesis. Khinchin presented the problem inherent in the ergodic 
hypothesis (the mixture of micro-level diferential equations and macro-level 
averages) as a reflection of the sorry-state of the whole of statistical mechanics 
(the ‘vague’ and ‘unsatisfactory’ definition of the ‘interaction between theo-
retical considerations and the real world’). Von Mises’s ‘extremely fruitful’ 
approach, in which deterministic and statistical physics are strictly separated, 
is then put forward as a solution to the following problem-situation:266 

‘It is inappropriate to subjugate the motion of a given multitude of mol-
ecules to diferential equations and to require, at the same time, the 
totality of the characteristics of this motion to be composed accord-
ing to the laws of chance. One can draw exact conclusions from exact 
data according to exact laws; no probabilities or statistical averages are 
relevant for the discussion. If we want to apply statistical methods, we 
should give up the idea of characterizing the studied motion by exact 
laws. But would this not be the same as to reject the principle of the 
determinacy of natural processes and, hence, the necessary causal rela-
tionship between them [?]’.

Although it is possible to ascribe to Von Mises the strict separation between 
deterministic and statistical physics, Khinchin moved beyond Von Mises by 
interpreting this separation as implying that statistical physics is a theoretical 
idealization (!) from a real world of fully determined phenomena with some 
elements being accidental or chancy due to the fact that the complex laws gov-
erning them cannot be incorporated within a lawful scientific theory. Khinchin 
first remarked that in the case of theories of, for example, planetary motion it 
is possible to uphold that these elements can be neglected in so far as they do 
not significantly influence the course of phenomena – such that ‘the picture of 

266 The references in what follows are to Khinchin, 1929 [2014]. 
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the phenomena constructed in the process of idealization will essentially cor-
respond to the real course of phenomena’. But this is impossible in the case 
of statistical mechanical theories where any comparison of the ‘idealized’ and 
‘real’ phenomena ‘totally destroys the picture’. Rather than suggesting that the 
phenomena with which these theories are concerned are themselves indeter-
ministic, Khinchin concluded, firstly, that the theories, ‘no matter how well 
developed [they are], [do] not determine the essential characteristics of the 
course of the real phenomen[a] at all’ and, secondly, that ‘without repudiating 
the […] determinacy of physical processes, we still have a quite reasonable pos-
sibility to ascribe […] a significant […] role to chance’ – as studied by probabil-
ity theory. Three brief remarks may be made about these conclusions. Firstly, 
far from ‘somewhat departing’ from Von Mises’s views, they were of course 
at complete with them. But because they, secondly, allowed Khinchin to claim 
that Von Mises’s views on statistical physics were free from the problems of his 
(Machian or Machist) views on probability theory they, thirdly, also enabled 
him to make the further development of statistical physics in Soviet Russia 
acceptable to Marxist ideologues –267 such that if Khinchin’s ‘knowledge of 
von Mises’ 1920 ideas on ergodic theory can be considered the route that led 
to the purely probabilistic formulation’,268 it was partly Khinchin himself who 
paved it. 

267 Or, in the words of Von Plato, if Khinchin ‘criticized von Mises’ foundational system, 
[he] wanted to keep apart the ideas of statistical physics that he considered valuable’ 
(Von Plato, 1994, p. 112). 

268 Von Plato, 1994, p. 112. 
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chapter 13

‘Mises’ theory of probability and 
the principles of statistical physics’ 
(1929)¹

Translated by Olga Kondrikova and Lukas M. Verburgt

A. Ia. Khinchin

[141] Over the last few years the German mathematician and physicist, the 
professor of Berlin University, R. Mises has published a range of papers on 
the theory of probability and statistical physics. These papers attempted, on 
the one hand, to re-establish the whole theory of probability and mathematical 
statistics on a new scientific-philosophical foundation and, on the other hand, 
to revise the core principles of the framework that has until now determined 
the application of statistical methods in physics. In both respects the influence 
of Mises’s ideas on the course of scientific thought has become so prominent 
that acquaintance with his theory should have become a common source for 
everyone who inevitably deals with statistical methods in one’s scientific work 
and, in particular, for physicists because Mises’ reformatory activity is predom-
inantly aimed at statistical physics. 

It is necessary to keep in mind that Mises’s views regarding the role of statisti-
cal methods in physics are not directly connected with his new, quite original, 
ideas about the general concept of probability. This is important to remember 
because Mises’ general theory raises a series of methodological and mathemati-
cal doubts, which will be highlighted further on. [142] Nonetheless, his specific 
doctrine on the principles of statistical methods in physics is, to a significant 
extent, free from these objections and can be accepted without hesitation by 
those who, for any reason, consider Mises’s general conception of probability 
unacceptable. 

– appendix

English translation, with 
olga hoppe-kondrikova
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In what follows we will try, therefore, to expound Mises’s general teaching and 
his theory of statistical physics in entire independence from each other. 

I. Mises’s teaching about the foundations of probability theory

If we take an ordinary dice and fix our attention on one of its six faces, conside-
ra-tions of symmetry make us assume that the probability of any particular face 
is one sixth. We ground this calculation, as is well-known, on the reduction of 
all possible outcomes of the event (throws of the dice) to ‘equally possible’ or 
‘equally probable’ cases; the traditional definition of probability as the relation 
of the number of cases ‘favorable’ to the event to the number of all possible 
cases presumes all of these cases to be in principle ‘equally probable’. That such 
a definition contains a vicious circle is nothing new; but when the situation gets 
a bit more complicated this definition becomes quite inconvenient or loses any 
meaning whatsoever. Mises gives the example of an ‘irregular’ dice made, for 
instance, from heterogeneous material. Here we also speak of the probability of 
throwing a certain face, but about which ‘equally probable’ cases can we speak 
here? How can one calculate a postulated probability? What does it means and 
how can it be defined? Moreover, when we speak of the probability of a forty-
year-old man reaching the age of fifty, how can we depict this probability by 
the relation of the numbers of equally possible cases? In Mises’ opinion, these 
dihculties, among others, clearly testify to the inconsistency of the classical 
definition of probability. 

[143] Let us attend again to the case with the dice. If we throw it many times in 
a row and if during n throws a particular face is obtained m times, the fraction 
m/n, in the case of high values of n, will most likely approximate the proba-
bility of throwing the particular face (on the grounds of Bernoulli’s famous 
theorem). This fraction is a number that we can easily find out in experimen-
tally. However, the probability of throwing a particular face is a number that, 
generally speaking, not only remains unknown to us (in the case of the irregular 
dice), but also lacks a theoretical definition. When speaking of this probability, 
we are guided by vague and poorly verified analogies. 

This brings us to the core principle of Mises’ theory, namely the empirical defi-
nition of probability. Since it can be measured by the fraction m/n ever more 
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precisely as the number of throws increases, the probability of throwing a par-
ticular face coincides with the limiting relative frequency. Hence, denoting this 
probability by p, we arrive at the following:

    p = lim m
n —

Mises proposes to consider the definition of probability in terms of this corre-
lation – which, according to the traditional understanding, is one of the prop-
erties of probability. In his opinion, any a priori definition is doomed to fail, 
whereas the proposed empirical definition is the only one from which the pos-
sibility to predice the course of events logically ensues. 

Let us now make a few remarks on this definition: 1) in contrast to the tra-
ditional one, this definition is free from a vicious circle; 2) it can be applied 
correctly to both an ‘irregular’ and a ‘regular’ dice; 3) it requires that the 
above-considered limit exists and thereby places a certain constraint on the 
series of experiments – a constraint that causes serious problems, as we will 
see further on. 

[144] And let us now move from this particular case to the general definition 
of probability. We see that a certain infinite sequence of experiments always 
lies at the foundation of such a definition; Mises calls this sequence a collec-
tive. Each element (experiment) of the collective either has or does not have 
a certain distinctive attribute (in our example, this attribute was that of the 
throwing of a particular face of the dice). If among the first n members of the 
collective there are some m members that possess this attribute, the probability 
of this attribute in the collective under consideration is called the limit to which 
the fraction m/n tends as the number n goes to infinity.  

Thus, the probability of each occurrence (attribute) is determined exclusively 
within the boundaries of a certain collective and Mises constantly and per-
sistently emphasizes this condition, believing that neglecting it causes many 
mistakes and absurdities in the calculus of probabilities. 

As we can see from the above, a collective is not just any sequence of elements 
some of which are endowed with a certain attribute. We see that each of the 
studied attributes should have a relative frequency in the collective (limit of 
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the ratio m/n), which is its probability. The existence of stable limits can by no 
means be grounded a priori and that is why there is a certain condition which 
the sequence should satisfy in order to be a collective. 

But this is not the only condition for the structure of the collective to possess 
the character necessary for the calculation of probabilities; we should require 
the collective to possess yet another very specific property, which Mises calls 
the property of irregularity (Regellosigkeit) and which we will consider, for the 
sake of clarify, with reference to a particular case. 

Let us return to the example with the dice. [145] Let us imagine again an 
infinite sequence of throws – however, we will now register not each throw, 
but, for instance, only the first, the third, the fifth, the seventh and so on, i.e. 
only throws with uneven numbers. Suppose that we have considered n of such 
throws and suppose that a particular face has appeared among these throws 
m times. If the values of n are high, we can legitimately expect the ratio m/n 
to approximate the probability under investigation. Thus, our collective 
should be constructed in such a way that, while selecting any infinite partial 
sequence from it according to a certain rule (for instance, elements with uneven 
numbers), we will obtain as the limit of the fraction m/n the same number in this 
selected partial sequence as in the whole collective. Mises calls this property of 
the collective its irregularity. 

In general, the sequence of elements is called irregular if in every particular 
sequence selected from the original collective according to a certain rule each 
attribute has the same probability as in the total, original, sequence. We can 
now establish the precise definition of the collective: a collective is a sequence 
of elements standing in relation to a certain group of attributes such that, in the 
first place, each attribute of this group has a certain fraction within the group 
and, in the second place, this sequence is irregular in relation to each attribute 
of the given group. 

As we have already mentioned above, the limiting relative frequency of the 
attribute in a certain collective is called its probability. Knowing the probabil-
ities of all attributes of the given group, we know the distribution of the given 
collective. Mises has it that the aim of calculating probabilities rests solely on 
finding the distribution of new collectives derived from the original ones by 
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means of several specific operations while knowing the distribution of certain 
original collectives. Hence, the aim is to describe the operations on collectives 
that the theory of probability deals with. According to Mises’s theory, there 
are four main operations; other operations, no matter how complex they are, 
are obtained by means of combining these four operations in any number and 
order. [146] Let us now consider these four fundamental operations. 

1 Selection (Auswahl). This simple operation consists in selecting a certain 
sub-sequence out of a collective, for instance, only elements with uneven 
numbers. It is noteworthy that no property of the element connected to the 
attributes under consideration can serve as the principle of this choice; the 
position of the element is to play the decisive role. It follows from the definition 
of the collective (that is, from the property of irregularity) that the distribution 
of a new collective coincides with the distribution of an original collective. 

2 Mixing (Mischung). This is also a quite basic operation that essentially does 
not create any new collective, but mixes together, within a given collective, two 
or several attributes to form a single attribute. 

Suppose that we deal with a collective constituted by the successive throws of 
a dice. The attributes of this collective can, for instance, be that of throwing a 
two, a four and a six; these are three distinct attributes. But we can also speak 
of an attribute that consists of throwing even numbers. This transition from a 
group of attributes toward a single unified attribute is exactly the operation of 
mixing, which does not take us out of the context of a given collective. Obvi-
ously, in the classical theory this operation corresponds to the scheme that is 
usually referred to as the addition theorem. It is easy to understand that also on 
a new conception, the very ‘addition theorem’ is the immediate consequence of 
the definition of probability. 

3 Partition (Teilung). In the classical interpretation this operation corresponds 
to the so-called Bayesian scheme (the scheme of ‘a posteriori’ probabilities – the 
terminology that Mises, by the way, vehemently and legitimately criticizes).1 
The operation of partition visually resembles the operation of selection in the 
sense that a new collective is defined here as a part of the original one as well. 

1  See Von Mises, 1928, pp. 93-94. 
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However, the principle for selecting a certain part from the collective is entirely 
diferent. If in the case of selection we were prohibited [147] to subordinate the 
choice of a sub-sequence to the occurrence of the attributes under considera-
tion and needed to make the choice purely ‘arithmetically’, being guided only 
by the numbers of the elements. Here, in contrast, the operation consists in 
selecting from a collective only the elements that possess any of the attributes 
considered; next, in this new derived collective the distribution of other attrib-
utes is then studied. 

For instance, in the sequence of throws of a dice we can select only those 
throws that lead to obtaining a number of even scores. This provides us with a 
new collective within which we can raise a question concerning, for example, 
throwing a six. 

In common language this problem can be formulated as follows; supposing that 
it is already known that a number of even scores has been obtained, we need to 
calculate the probability of the case in which the number obtained is a six. In 
Mises’ framework this task acquires the following meaning; among the n first 
throws an even number of scores was obtained m times, among those r sixes; 
it is asked to find the limit of the fraction r/m as n increases indefinitely; here, 
the limits of the fractions m/n and r/n are, obviously, supposed to be known so 
that the question has a really simple solution, which is clearly consistent with 
the usual one. 

4 Combination (Verbindung). This operation corresponds to the scheme of the 
so-called multiplication theorem and consists in constructing a new collective 
from two original ones according to the following principle: A pair of elements, 
which consists of an element from the first and an element from the second col-
lective, is transformed into a new collective. In this new collective we study the 
distribution of attributes which are defined as follows; if A is a particular attrib-
ute of the first collective and B is a particular attribute of the second collective, 
we obtain within the new collective a certain attribute C when the element that 
is taken from the first collective possesses attribute A and its correlate taken 
from the second collective possesses attribute B. 

[148] Here is an example: Consider an original collective consisting of the 
throws of two dice; an element n of the collective is the pair composed of n 
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throws of the first and n throws of the second dice. We can pose a question, for 
instance, about the probability of the attribute that consists in throwing a six 
with the first dice and simultaneously (i.e. when throwing the same number) 
throwing a two with the second dice. 

As we have already noticed, according to Mises the aim of probability theory 
consists in studying the distributions within collectives that are deduced from a 
few given collectives by means of applying the abovementioned four operations 
in any number and order. There is nothing surprising and, in essence, nothing 
new about the fact that these four operations exhaust the range of main tasks 
of probability theory. Indeed we have seen that these operations, as a whole, 
comprise all the fundamental princioples upon which, according to the classical 
interpretation, the foundation of probability theory is constructed (the princi-
ple of addition, the principle of multiplication and Bayes’ principle). Hence, it 
is clear that by applying these principles we can certainly carry out any task to 
which the classical theory may lead. That is why there cannot arise any doubts 
about the constructive part of Mises’ theory – for here everything is in order – 
and the critique can, and must, be directed against the fundamental part of the 
theory – which, indeed, raises an array of methodological, mathematical and 
natural-philosophical objections. 

II.  Evaluation of Mises’ general theory

To start the evaluation, we should first of all attend to the outstanding achieve-
ments of Mises’ reformative activity. The mere fact that this distinguished sci-
entist ardently attacked deeply rooted prejudices and traditional absurdities of 
the contemporary theory of probability has an indisputable scientific signifi-
cance. [149] Nothing could, and can, justify the fact that as to its logical com-
pleteness, the mathematical theory, which above all other theories is urged, 
nowadays, to serve the natural and applied sciences, has been lagging behind 
the majority of other mathematical disciplines for one hundred years, if not 
more. Even the best contemporary textbooks on probability theory, which are 
capable to awake a mathematician’s interest and satisfy him on the basis of the 
profoundness and seriousness of the tasks set and solved, still leave a critical 
reader at a loss as far as the formal foundations of the expounded teaching are 
concerned. This confusion is by no means one of those that a natural scien-
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tist tends to reckon as an outcome of a pure mathematician’s formal ‘meticu-
lousness’ that is unimportant for him. In contrast, one calls here into question 
issues that essentially occupy and agitate a physicist, a biologist, an economist, 
that is, everyone who aims to clarify the framework that lays the foundation 
for the application of statistical methods in his science. Mises’s indisputable 
achievement consists in the merciless criticism of these ambiguities, in the per-
sistent inclination to substitute ambiguities for impeccably clear constructions. 
Herein, a systematic struggle with the outdated, obviously absurd, terminology 
plays not the least part. As is well known, terminology, after all, has great sig-
nificance in mathematical theories, especially when the matter concern eluci-
dating the foundations of a mathematical discipline. 

Suppose, as Mises says, that a good tennis player has probability 0,8 to receive 
the first prize at a tournament taking place today in Berlin. Suppose then that 
the same player has probability 0,7 to receive the first prize at a tournament 
taking place in New York on the same day. Since the two events mentioned 
are obviously independent, we, following the classical and literal formulation 
of the addition theorem, should have said that the probability of the player 
receiving one of these two prizes equals the sum of the abovementioned prob-
abilities, which is 1,5. Evidently, everyone who even superficially understands 
the subject matter would avoid the gross error that leads to this absurdity. 
[150] Conversely, it suhces to mention that the traditional formulation of the 
addition theorem does not contain any word that would warrant against this 
kind of conclusions. 

Another pivotal example is the multiplication theorem, which, in its classical 
formulation, tends to confuse, due to an insuhciently clear terminology, two 
problems that have no direct connection, and that corresponds to the opera-
tions of partition and combination in Mises’s scheme. After being proven for 
one of these schemes, the theorem is applied to the other without any reserva-
tions; thereby, the groundlessness of this transference is disguised behind vague 
terminology. It is possible to draw a lot of similar examples. 
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Although its destructive deserves all the sympathy conceivable, Mises’s theory 
in its [fundamental]2 part provokes a series of grave critical observations, 
which we will consider now. 

A.  A fundamental methodological criticism

In Mises’s theory, probability is defined as the limit of a frequency ratio that 
is obtained, in general, as a result of a certain series of experiments. If we take 
a dice and ask about the probability of throwing a six when throwing it, we 
naturally expect that the probability sought for objectively expresses a certain 
property that is actually inherent to the examined subject matter, namely to 
the dice. This property can be studied by means of an experiment or a series of 
experiments; but it should be defined on the basis of the structure of the phe-
nomenon as such, regardless of whether the experiment is carried out or not. 

We can measure atmospheric temperature with the aid of a thermometer; but 
what would we say if we would have been asked to recognize a barometer-read-
ing of the air thermometer as the complete, final, definition of the essence of 
temperature? [151] Would it not mean to condemn oneself to the total rejection 
of any understanding of the essence of the phenomenon, to the fundamental 
substitution of knowledge about the phenomenon by knowledge of how this 
phenomenon reacts to our senses and instruments, and to recognize this knowl-
edge as ultimate and final – thereby fundamentally rejecting any possibility 
of another kind of knowledge? Would it not mean to condemn oneself to the 
gravest form of scientific relativism – a form compared to which even Machism 
ofers certain advantages? Indeed, we should now admit that temperature is 
created by introducing a thermometer, that where there is no thermometer, 
there is no temperature. 

The definition of probability ofered by Mises sufers from exactly the same 
problem. If we want to construct our theory on an objective basis, if we want 
the probability of throwing a six to express a certain property that is objec-
tively inherent to our dice, we must define this probability in such a way that 
our definition would retain a meaning even when no experiments with the dice 
are carried out. If probability is defined in such a way that its definition obtains 

2  Here, Khinchin mistakingly (?) wrote ‘constructive’. 
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a meaning only in the presence of the experimenting intellect and if, as Mises 
asserts, it cannot have any other definition, this probability, as such, cannot 
express any property of the examined phenomenon. This is the first, core, 
objection against Mises’ conception of probability. 

The second objection arises with regard to the idealization of the empirical 
material on the basis of Mises constructs his mathematical theory. In general, 
such an idealization is not only acceptable but even absolutely inevitable when 
we want to comprehend an empirical realm with the aid of a mathematical tool. 
However, such an idealization can only be fruitful under one indispensable con-
dition; we should be sure that the regularities present in an idealized phenom-
enon take place in a real phenomenon as well – at least approximately. [152] 
Thus, in the course of mathe-matical analysis, we are often able to substitute 
a somewhat flat plane by a flat figure; in hydrodynamics we substitute, in the 
course of idealization, a real liquid with its molecular structure for a contin-
uum. In all of these cases the success of idealization is guaranteed by the fact 
that the degree of proximity of the real phenomenon to the idealized one can 
be considered known and that, as a consequence, we can evaluate the limit or 
error which we risk to obtain when we substitute the real phenomenon for the 
idealized one. If, in order to calculate the area of a regular chiliagon, we sub-
stitute its area for its circle, this idealization is productive because the limit or 
error involved can easily be indicated. 

Now, suppose that we throw a coin n times, and heads appears m times. 
According to Mises, the probability of throwing heads equals the limit of the 
fraction m/n as n goes to infinity. This idealization of the empirical phenom-
enon (substitution of the real fraction m/n by its ideal, empirically unattaina-
ble, limit) constitutes one of the core characteristics of Mises’s theory. Can it 
be called productive? Obviously, not at all; and this circumstance has a great 
significance for the whole theory. Mises quite eagerly criticizes the classical 
theory for being absolutely unable to predict, without additional natural-phil-
osophical postulates, the real course of phenomena. That is why it is crucial to 
reveal that in this regard Mises’s theory has definitely no advantages over the 
classical one. Even if it is able to predict anything, then it is able to predict only 
certain consistencies in the course of the idealized phenomenon; however, the 
character of the idealization established by Mises is such that no conclusions 
can be drawn regarding the real phenomenon. 
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Indeed, let the probability of throwing heads be one-half and let us throw the 
coin a 1000 times; can we deduce from our knowledge of the probability of 
throwing heads any minor prediction about how many times heads will actually 
be thrown in the course of these one thousand throws? [153] Obviously, we 
cannot deduce any prediction whatsoever because any number of assumed 
throws of heads, from 0 to 1000 inclusive, is compatible with the fact that the 
probability of throwing heads (defined as the limit m/n as n –› ∞ is a half, and 
without an additional postulate we cannot choose from these possible numbers. 
However, we can be sure that if the experiments are carried out infinitely, the 
fraction m/n will approach one-half. But regrettably, this assurance relates only 
to the idealized (limitless) series of experiments and gives way to full igno-
rance, to an absolute impossibility to predict anything at all if we deal with 
a real series of experiments. Both Mises’s theory as well wel as the classical 
theory indeed ofer a possibility to calculate the probability of various numbers 
of throws of heads when a coin is thrown a 1000 times, but these probabilities, 
according to their meaning in Mises’s theory, as such do not allow us to predict 
anything concerning the 1000 throws that interests us. They only give us an 
indication of what is going to happen if we undertake not a 1000 throws, but a 
limitless series of such thousands. In other words, they depict a picture of the 
idealized process and do not give a single indication of how the real process 
will proceed. 

Hence, Mises’s assertion that his conception of probability, in contrast to the 
classical one, is directly related to the actual course of events and allows for 
making direct statements about this course should be recognize as ungrounded 
and even simply incorrect. Mises’s probabilities indeed characterize a certain 
process, but this process is an idealized one and without any additional postu-
lates there is, as in the classical theory, no logically necessary transition from 
this idealized (infinite) process toward real (finite) processes. 

B.  A mathematical criticism 

[154] From a mathematical perspective, the objections arising in relation to 
Mises’s conception concern the very notion of a collective. A contemporary 
mathematician who is used, due to a series of ordeals, to deal with infinite 
sequences with extreme cautiousness cannot be satisfied with Mises’s sugges-
tions concerning this matter and cannot even reconcile these suggestions with 
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one another. We will now try to show that liberating the notion of a collective 
from internal contradictions can only be achieved by means of attaching to its 
definition an interpretation that deprives it of any substance. Here, we deal pri-
marily with a false idea with the lack of any real significance behind the phrases 
fooling our intuition – something which one can easily discover by means of a 
thorough analysis. 

Let us consider a seemingly simple example of a collective. Suppose we have 
an infinite sequence of numbers each of which is zero or unity, for instance: 

    00111010110001…  1        

If we want this sequence to be a collective, we should require first of all that 
the fraction m/n, where m is the number of zeros occurring among the first n 
members of our sequence, tends to a certain limit as n increases indefinitely. But 
this is not enough. According to Mises, we should also require our sequence 
to be ‘irregular’. This means that, when selecting any infinite part from our 
sequence, this part needs to have the same limit for the relative number of zeros 
as in the original sequence. 

The first vehement objection may be that if, for instance,

    m
n —lim = ½ 

[155] we can simply select as a sub-sequence the totality of the members that 
equal zero. Obviously, the limit of the relative number of zeros in this part 
would equal not one-half but unity. However, this objection must be rejected 
because Mises forbids, when selecting a sub-sequence, to use our knowledge 
about the places of the zeros and unities; the choice should be made ‘arith-
metically’, following exclusively the numbers of the members of the sequence. 
We can take, for example, the totality of the members of our sequence whose 
numbers are even, or square numbers, or absolutely prime numbers, etc.

In general, the principle of this choice can be formulated as follows: suppose  is 
an arbitrary function of an integral argument n, which assumes positive integers 
values for n, and suppose that for n1 < n2 we always have φ (n1) < φ (n2), (i.e. the 
function φ(n) is increasing). Then the sequence  
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    φ (1), φ (2), … φ (n) …  2

is an increasing sequence of positive integers; we can choose from our original 
sequence 1 the totality of those members whose numbers occur in sequence 
2. This will be the choice of a partial sub-sequence and this choice will be 
legitimate according to Mises’s framework. Obviously, the other way around, 
every such choice is invariably carried out in the way described only with the 
aid of a properly chosen function φ(n). Thereby, Mises imposes no limits on the 
nature of this function, except for its abovementioned properties.

Let us now return to the original collective 1. Let us denote by f (n) the 
number of n successive zeros in this sequence. Obviously, f (n) is a function that 
possesses all those properties that we expected for the function φ(n), allowing 
for legitimate choices. Why don’t we dare, or what hinders us, from supposing 
that

    φ (n) = f (n)?

 [156] We cannot do so because we are forbidden, when defining the function 
φ(n), to use our knowledge of the distribution of zeros and unities in the 
collective 1. We can suppose φ(n) = 2n, φ(n) = n2, φ(n) = n!, etc., but we 
cannot suppose that φ(n) = f (n). Let it be so. But what can prevent us from 
suddenly coming across a function that coincides with f (n) when construct-
ing our function φ(n)? Evidently, only a certain characteristic in the nature of 
the function f (n) could have protected us against that; this was perfectly to 
Mises, and the same goes for the necessity of such a guarantee without which 
his whole definition fails. For this reason, Mises unambiguously requires that 
the function f (n) is a function that cannot be ‘guessed’, so that no one would 
ever be able to construct, without knowing the distribution of collective 1, 
function φ(n), which would identically coincide with f (n). This is exactly 
what the formulation of the requirement of irregularity, which Mises calls the 
‘Prinzip vom ausgeschlossenen Spielsystem’, means. 

Certainly, the reader already senses that serious confusions arise here. What 
is the mathematical meaning of that property of the function which implies 
that the function cannot be ‘guessed’ and that no matter which function we 
would choose it will always be ‘the wrong one’? Mathematicians are well aware 
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of how hopeless this task is – i.e. the task of the exact, objective, diferenti-
ation between ‘regularly determined’ functions that ‘can be guessed’, on the 
one hand, and ‘lawless’ functions that ‘cannot be guessed’, on the other. In any 
case, this vague diferentiation which, in its raw form, appeals to the features 
of human reason, can by no means serve as the foundation for the axiomatics 
of a mathematical discipline; nevertheless, Mises’ conception assigns exactly 
this role to the diferentiation and we thus see no possibility to circumvent this 
problem on the path that his theory follows. The second property of a collec-
tive, its ‘irregularity, thus seems to be internally inconsistent; in order to free it 
from contradictions we need to give it a vague meaning that lacks any objective 
scientific substance. 

[157] However, at first sight it seems as if there is a possible way out. Modern 
mathematics makes a distinction between two types of sequences; firstly, 
finished, completed, sequences which already contain the law allowing to 
assess the positions of zeros and unities; and secondly, ‘occurring’ , ‘becoming’, 
sequences (freihe Wahlfolgen) where we arbitrarily or accidentally put zero or 
unity in the first place, and then zero or unity in the second, and so on. 

The distinctive methodological characteristic of sequences of the second type 
consists in that we are, by definition, absolutely unable to conceive of such 
a sequence as finished, or completed. In such a sequence, only those proper-
ties have real substance that can be proven to exist after getting to know a 
certain number of its first members. If, for instance, we deal with a sequence 
of positive integers in the process of infinite becoming the question whether 
there are even numbers among its first ten members attains an exact meaning; 
however, the question whether this sequence contains an infinite multitude of 
even numbers has no meaning at all because this question does not make a dis-
junction between two real situations. The fact that these ‘becoming’ sequences 
can be the object of mathematical analysis has been emphasized, during the last 
years, in several works of Brouwer and Weyl. 

Until now we have considered a collective as a sequence of the first type, i.e. as 
a finished and, hence, invariably regular collective and have become convinced 
that this notion, when understood in this way, is untenable. However, should a 
collective perhaps be considered as a sequence of the second type, i.e. as being 
in the process of ‘infinite becoming’ and, hence, as ‘lawless’? 
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At first glance, this idea seems very natural because a collective is a sequence 
originated by chance (and only afterwards idealized according to the require-
ments of completeness). [158]. Perhaps we could even have tried to avoid ide-
alization on this path by not speaking of finished, but merely of ‘becoming’ 
collectives. Nonetheless, this possibility is an illusion that collapses almost 
immediately. After all, we want our sequence to have limits, as this is the 
first fundamental property of the collective. In the case of an ‘ever becoming’ 
sequence, which we, by definition, cannot conceive of as finished or completed, 
the requirement of the existence of a limit is an empty phrase containing no real 
substance. Obviously, the disjunction between the existence and non-existence 
of a limit makes sense only in the case of a sequence conceived of as a com-
pleted, ultimately determined series. The very word ‘limit’ and the exact notion 
attached to it do not allow for raising this question with regard to incomplete, 
infinitely becoming sequences. 

Accordingly, if our first understanding of collectives has led us to the impossi-
bility of realizing the ‘irregularity’, the second understanding renders the fun-
damental property, namely the existence of limits, illusory, that is, deprives it 
of any reality. Mathematics does not deal with sequences with the properties 
that Mises ascribed to his collectives. For this reason, we have to admit that 
until this day Mises’ theory lacks a solid mathematical foundation. 

C.  A critical remark from a physical perspective

From a physical viewpoint, Mises’ doctrine provokes one substantial objec-
tion with regard to the so-called a priori probabilities or statistical weights of 
molecular states. When we say, for example, that an individual molecule has an 
equal probability to find itself in any of the cells of its phase space (this asser-
tion usually serves as a point of departure for statistical thermodynamics) it is 
dihcult to understand what this means already on the classical understanding 
of probability; in our opinion, the definition of such ‘a priori probabilities’ still 
lacks proper clarity. [159] Indeed, it is physically impossible to invent an exper-
iment that would allow for this kind of assertion to be tested. According to 
the classical interpretation, however, we can still conceive of a possibility (and 
hence, have hope) of giving this definition a real meaning. There where the 
studied probability should be understood as a property objectively inherent to a 
given molecule, we hope, sooner or later and after having suhciently examined 
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the nature of this molecule, to provide the study of the ‘a priori probabilities’ 
inherent to this molecule with an adequate theoretical foundation. 

As far as Mises’s conception is concerned, the situation is diferent. Here, the 
‘a priori probability’ sought for is understood solely as a part of the attribute in 
a collective. What can an assertion like ‘all cells are a priori equally probable’ 
mean in this case? What physical meaning can it have? Obviously, this asser-
tion can mean only the following; in a certain original collective, molecules 
are distributed in such a way that the relative number of molecules located in 
a particular cell is the same for all cells. Mises himself clearly formulates this 
assertion exactly in these terms.3 Now, one may ask what this collective in 
question is. Where is it realized, or can it be realized in nature? It is entirely 
evident that in any actually realizable collection of molecules not all cells will be 
equally represented if only because the real physical world puts definite limits 
on the edge of an individual molecule. This means that the collective Mises 
refers to has, and can have, no relation to the real world; it is a product a purely 
theoretical construction; and it, thus, remains principally incom-prehensible 
what factual meaning the a priori equiprobability of all cells can have in Mises’s 
theory for a molecule of a specific type. [160] On the same ground, one can 
assert, more generally, that the notion of the statistical (a priori) weight can, 
in principle, have no physical meaning in Mises’s theory, because this notion 
is based on studying collectives as purely theoretical constructions to which 
nothing actually existing corresponds, or can correspond, in the real world. 

There is a way out of this severe situation – a way out that can be prescribed 
to the classical conception as well; not to ascribe any probabilistic meaning to 
‘statistical weights’ at all and to recognize this meaning only in certain com-
binations of these weights. Statistical weights would thereby acquire the role 
of certain coehcients deprived of any direct physical meaning; by employing 
these coehcients in accordance with standard formal rules we would obtain 
real probabilities in actual physical circumstances.

However, statistical physics, nowadays, is far from being determined and con-
sistent in embracing this development; even less so is Mises’s theory, which 

3  Footnote 1: ‘Phys. ZS., 21, 231, 1920. 
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operates with fictive ‘original collectives’. And as long as this is the case, all 
our objections remain valid. 

III.  Mises’s doctrine on the principles of statistical physics4

As we have pointed out in the introduction, Mises’s doctrine on the principles 
of statistical physics can be discussed regardless of his views concerning the 
general notion of probability. This possibility is all the more serious because, 
as we have seen, Mises’s general theory raises various doubts. 

As is well known, one of the fundamental hindrances to any statistical molecu-
lar theory is that such a theory always poses a challenge, one which at first sight 
seems unsolvable and even senseless [161]: namely, to take into consideration 
the impact of chance on a process where, in essence, nothing is accidental; on 
the contrary, everything is determinate.5 Statistical mechanics always per-
ceives of a collection of molecules as a mechanical system that moves according 
to the exact laws regulated by diferential equations. Now we need to define the 
overall picture of this complex, albeit ordered, motion by statistical methods, 
i.e. following the laws of chance. 

As is well known, the mathematical substantiation of statistical mechanics is 
still rather unsatisfactory. This situation is caused, on the one hand, by signif-
icant problems of a mathematical kind and, on the other hand and most impor-
tantly, by an insuhcient clarify concerning both the main tasks involved as well 
as the method itself; in particular, the place and the character of the connection 
between theoretical considerations and the real world are depicted vaguely and 
unsatisfactory. 

According to Mises, this troublesome situation is rooted in the essential false-
hood of the scientific method we have been speaking about. It is inappropriate 

4 Footnote 2: ‘In essence, Mises’s doctrine as exposed in this section is mainly presented 
in the form of a number of hints scattered throughout his various works. Therefore, 
the systematization of these hints, which we had to undertake, remains to a certain 
extent our responsibility. 

5 Footnote 3: ‘Here, we conciously leave aside certain extreme insights of the last years 
which tend to reject the causal determinacy of atomic processes. 
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to subjugate the motion of a given multitude of molecules to diferential equa-
tions and to simultaneously require the totality of the characteristics of this 
motion to be composed according to the laws of chance. One can draw exact 
conclusions from exact data according to exact laws; no probabilities or sta-
tistical averages are relevant for the discussion. If we want to apply statistical 
methods, we should give up the idea of characterizing the studied motion by 
exact laws. 

But would this not be the same as to reject the principle of the determinacy of 
natural processes and, hence, the necessary causal relationship between them – 
thereby abandoning firm natural-philosophical ground? [162] Mises shows (or, 
at least, it is possible to show when somewhat departing from his conception) 
that this is not the case; it possible to rationally recognize in physical processes 
a great significance of chance, and in certain phenomena it is even possible to 
give chance full domination without renouncing the causal-deterministic under-
standing of these processes and phenomena. The framework of this extremely 
fruitful natural-philosophical approach can be constructed as follows. 

Every physical process proceeds according to the absolutely exactly laws that 
entirely predetermine its course. But these laws, in their totality, are immensely 
complex and for this reason we need to subject real processes to a certain ideal-
ization when doing research. This idealization usually implies that we conceive 
of a studied physical system as being isolated, i.e. we neglect influences that 
external bodies exert on it. An astronomer, when studying the motion of the 
Solar System, disregards gravitations that distant stars exert on the bodies 
of this system, even though he knows that the slightest motion of an atom on 
Sirius deflects the Earth from its regular path. In a similar way, a physicist, 
when constructing a molecular theory, primarily conceives of the examined 
gas as being isolated from external influences, though knowing that in the real 
world this kind of isolation is unachievable.

By isolating and idealizing a given phenomenon, i.e. by neglecting certain 
details in its course, we usually attain the possibility to characterize its idealized 
scheme by a couple of simple laws; this is the way in which a scientific theory 
is constructed. However, we should not forget that the real processes are dif-
ferent from the idealized ones and, above all, that they proceed in a much more 
complex way than the idealized ones. Therefore, our consistent description of 
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each given process does not include all of its elements; the genuine course of 
phenomena significantly difers from the one prescribed by the theory. These 
deviations are called accidental because they are dependent upon those causes 
which are not incorporated in our theory and hence the theory is unable either 
to explain or predict them. [163] We know that these deviations, as everything 
else in nature, are strictly consistent; nonetheless, the laws regulating them 
entirely elude our investigation due to their complexity and, as a result, these 
deviations have an essentially accidental character. 

Here we need to distinguish two possible cases. Suppose that we study the 
motion of the Earth around the Sun. In order to have a sound theory, we can 
take into consideration, besides mutual gravitation between the Sun and the 
Earth, the influence of the Moon, the planets and other bodies of the Solar 
System. However, it is clear that this is not all; every motion of the smallest 
particle on the Earth, the Sun, or any body of the Solar System and anywhere 
else in the world, deflects the Earth from its orbit as prescribed by our theory. 
These deviations are negligible; the laws regulating them are so complex that 
we have no possibility to incorporate them in our theory and prefer neither to 
explain nor predict them and, hence, ascribe them to chance. 

What is important for us in this example is the assurance that these ‘acciden-
tal’ deviations (which are invariably present here as in every physical process) 
are unable to significantly change the Earth’s orbit and that, accordingly, the 
picture of the phenomenon which we have constructed in the process of ideal-
ization will essentially correspond to the real course of the phenomenon. Con-
sequently, our theory describes this phenomenon adequately (with a suhcient 
degree of exactness); the influence of chance is never weakened, but its influ-
ence is minimal – and we can practically neglect it. It is exactly in this sense that 
we assert that ‘the motion of the Earth around the Sun is subject to exact laws 
in which chance has no place’. 

Let us now consider another example. Suppose that we deal with a given mass 
of gas contained in a certain vessel and consisting of an immense multitude of 
‘chaotically’ moving molecules. In the process of idealization we consider this 
physical system as being isolated from the external world. Let us assume that 
molecules collide with each other and with the walls of the vessel according 
to the laws of elastic bodies and that they have a spherical form with a certain 
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radius, and that the walls of the vessel are absolutely smooth. [164] In this ideal-
ization the laws regulating the motion of the molecules can be formulated quite 
simply. The course of the idealized phenomenon is accurately determined by 
these laws and leaves no room for chance. Let us now move from the ideal-
ized toward the real process. Since in the real world our gas, first of all, cannot 
be isolated, this very fact alone already creates for the real process an infinite 
variety of ‘accidental’ deviations from the idealized one. By moving to the real 
world we, as always, widely open the doors for chance. 

And chance surges right through the open doors. But, in contrast to the 
previous example, it does not confine itself to introducing minor, practically 
negligible alterations into the course of the phenomenon; it totally destroys 
the picture of the process put forward by the theory and substituted it for a 
new one that is subject to its own laws. Indeed, if at the present moment an 
external force negligible in size would slightly deflect a molecule from the path 
prescribed by the theory we, while taking into consideration that an average 
free run of the molecule exceeds its diameter many times, can easily understand 
that the destiny of this molecule will be radically changed due to the abovemen-
tioned change in its motion; our molecule will collide on its path with a series of 
other molecules which were not supposed to collide with it and, contrarily, will 
avoid colliding with a number of molecules with which it theoretically should 
have collided. If we now admit that every molecule experiences every second 
a great number of collisions and that every molecule is constantly exposed to 
the described accidental efects this should result, already in the nearest future, 
in the radical change of the whole picture of the motion as prescribed by the 
theory. 

Thus, in contrast to the previous example, we ahrm with regard to the current 
example that the theory, no matter how well developed it is, actually does not 
determine the essential characteristics of the course of the real phenomenon at 
all. [165] On the contrary, the decisive role is assumed by ‘accidental’ external 
influences, which are in essence consistent and determinate but which are 
not incorporated in our theory and which, for this reason, ultimately retain a 
somewhat haphazard character with regard to the theory. 

In Mises’s opinion, every molecular statistical theory has to deal with such 
a situation. We see that, without repudiating the premise of the regulated 
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determinacy of physical processes, we still have a quite reasonable possibility 
of ascribing in these processes a significant, and sometimes decisive, role to 
chance. 

Probability theory studies laws of chance and this makes its role in the molec-
ular-statistical theories comprehensible and substantiated. Mises, referring to 
a few specific examples, clearly explained the scheme of applying the methods 
of probability theory to molecular doctrines. The theory of Brownian motion 
as constructed by Mises is the most accomplished one among his examples. 

Only if one succeeds to adequately accomplish this scheme also in other impor-
tant situations will we witness a great advancement in the field of statistical 
mechanics. This advancement would signify the crucial transition from the 
mechanical-probabilistic towards the purely probabilistic study of molecular 
systems – a transition rationally substantiated by the consideration that in the 
real molecular process the power of chance is much more prominent than the 
impact of mechanical laws regulating the motion of the idealized system.
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Concluding remarks

As suggested in the introduction, this book could be read on four diferent 
levels. Firstly, as a collection of historical studies of the work of nineteenth-cen-
tury and early twentieth-century ‘non-modern’ figures that provides, secondly, 
a general view on ‘non-modern’ conceptions of probability theory, logic and 
mathematics. These two levels were said to open up a third and fourth level in 
so far as they contribute to a ‘post-Kuhnian’ history of the ‘non-modern’ and 
‘modern’ and to the philosophical theorization of the foundations of the ‘mod-
ernist transformation’. The introduction already reflected on the third level. 
After highlighting the most important conclusions of Part 1 and Part 2 of the 
book these concluding remarks will briefly explore the fourth level. 

Conclusions

Part 1 (‘British probability theory, logic and mathematics’) was concerned with 
two topics. Firstly, with the criticism of classical probability and the estab-
lishment of an alternative ‘frequentist’ foundation for probability theory in 
the works of Ellis and Venn. Secondly, with the transformation of a ‘symbolic’ 
conception of logic into an ‘abstract’ one in the works of Boole and Venn and 
with a similar transformation in algebra and geometry in the works of Peacock, 
Gregory and Hamilton. 

Section 1 of Part 1 established three points. Firstly, that in so far as the terms 
‘objective’ and ‘subjective’ probability did not appear as contradictories, this 
modern distinction cannot be used to capture the contributions of the nine-
teenth-century British probabilists (Chapter 1). Secondly, if all of the British 
probabilists (except Ellis) considered probability theory to belong to logic, 
none of them (including Ellis) accepted ‘objective’ probability in the sense of 
‘chance’ (Chapter 1). And, thirdly, that from the fact that Ellis was an idealist 
and Venn a ‘quasi-empiricist’ and neither of them rejected the whole of classi-
cal probability theory, it follows that their work does not constitute a unified 
‘British empiricist school’ of frequentism (Chapter 2). 
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Section 2 and 3 of Part 1 argued, firstly, that Ellis’s reformulation of the meta-
physical foundations of probability resulted from a philosophical position that 
combined a idealism vis-à-vis the foundations of mathematics with a realism 
vis-à-vis natural kinds (Chapter 3 and 4). Secondly, that with his  development 
of a so-called ‘infinite hypothetical frequentism’ on the basis of the inclusion 
of probability within his framework for inductive and syllogistic logic, Venn 
anticipated the problem-situation of his twentieth-century fellow frequentists 
(Chapter 5 and 6). 

The main point of Section 4 of Part 1 was that, from the viewpoint of, for 
instance, Venn and Gregory, the modernization of logic, algebra and geometry 
initiated by Boole, Hamilton and others coincided with the acceptance of the 
human mind as an (a priori) source of novel knowledge in these realms of 
thought. The other, more specific, points found in this section are the follow-
ing. Firstly, that Venn’s reformulation of Boole’s (‘extensional’) algebra of 
logic was an attempt to liberate it from the ‘conceptualism’ that also charac-
terized Frege’s (‘intensional’) mathematical logic (Chapter 7). Secondly, that 
the received view of the second generation reformers of British mathematics 
cannot account for the ‘abstractionism’ and ‘idealism’ in the works of Gregory 
and Ellis (Chapter 8). Thirdly, that the abstract algebra of, among others, 
Hamilton and Cayley arose out of a philosophical criticism of the approach of 
symbolical algebraists such as Gregory to the relationships and isomorphisms of 
algebraic and geometrical objects (Chapter 9). And, fourthly, that the so-called 
‘freedom of mathematics’ suggested by the symbolic algebraists Peacock and 
Gregory could be exercised by the algebraists because of their Kantian views 
on ‘intuitionism’ (Chapter 9). 

Part 2 (‘The axiomatization of probability theory and the foundations of 
modern mathematics’) contributed to the history of modern probability by dis-
cussing it in light of the general debate about the foundations of mathematics 
that arose in the wake of the paradoxes of Cantorian set theory. 

Section 1 of Part 2 analyzed in detail Hilbert’s and Von Mises’s attempts to 
axiomatize probability as an exact natural science. Chapter 10 put forward 
(new) historical evidence for the claim that, partly as a result of his reflec-
tions on the epistemological consequences of the Hilbert-Einstein equations 
of 1915, Hilbert eventually came to question the possibility of achieving the 
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goal of the axiomatization that he had formulated in 1900. For instance, in the 
period 1915-1923 Hilbert regarded probability as an anthropocentric principle 
of human thought and in the period that started around 1926 he aimed to define 
probability via the axiomatization of quantum mechanics. Chapter 11 argued 
that Von Mises’s theory must be understood as a ‘non-modern’ axiomatization 
of probability. The foundational features of his conception of probability that 
were put forward to account for this claim are the following. Firstly, it took 
a halfway position between idealized observable phenomena and abstractly 
defined objects. Secondly, it was attached to a view of axiomatics in which 
there is no strict separation between empirical and theoretical elements, that 
is, between ‘reality’ and ‘mathematics’. This makes it possible to understand 
that Von Mises hoped to turn probability theory into a mathematical discipline 
while dismissing the axiomatic mathematics of those modern (or ‘abstract’) 
mathematicians who rejected his axiomatics as being non-mathematical. 

Section 2 and 3 of Part 2 were structured around two recently translated 
articles of the leading Russian probabilist and mathematician Khinchin who, 
together with Kolmogorov, combined his contributions to and use of ‘modern’ 
set- and measure-theory and axiomatics with an interest in Brouwer’s intui-
tionism and Von Mises’s frequentism. Chapter 12 provided a historical analysis 
of the Russian connections to the French school of ‘semi-intuitionism’ and a 
historically-informed interpretation of Khinchin’s arguments for the claim 
that intuitionism, as a ‘mathematics with content’, was more promising than 
Hilbert’s ‘empty’ formalism – especially with regard to the issue of the infinite. 
An account of the Russian tradition in probability and the creation of a theo-
logically and politically inspired ‘probabilistic worldview’ in the work of the 
Muscovite mathematician Bugaev was given in the first half of chapter 13. The 
second half of chapter 13 ofered the background to the appended translation 
of Khinchin’s 1929 article on Von Mises. After an investigation of the (ideol-
ogy-laden) reception of Von Mises in the Moscow community of physicists 
and mathematicians associated with, among others, Mandel’stham the chapter 
described Khinchin’s presentation of the foundations of Von Mises’s theory as 
being grounded on a Machian view of ‘idealization’ at odds with the Marxist 
view of ‘abstraction’. 
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Towards a theory of the foundations of the ‘modernist transformation’ 

The introduction emphasized the need for a new post-Kuhnian historiography 
for the history of the ‘modernist transformation’ in exact thought; a historiog-
raphy that asks the question about what made thinking this or that idea possible 
and that sets out to give an answer in terms of ‘breaks’ between ‘a prioris’ that 
change with the realm of thought and the knowledge of which they are consti-
tutive. Similar to Kuhn’s Structure of Scientific Revolutions, the post-Kuhnian 
position in which the ‘historical’ and ‘historicized’ a priori are confronted with 
each other gives rise to a neo-Kantian philosophical-historical project. The 
crux of this new project is that Kuhn’s statement that the historical investiga-
tion of the natural sciences “may make us wish to say that after a revolution 
scientists work in a diferent world”1 is extended to the history of the realms 
of mathematics and logic. More specifically, where Kuhn emphasized that this 
statement cannot be reduced either to the claim that there are diferent views 
of the same world or to a mere metaphor, the historical investigation found in 
this book suggests that something strikingly similar goes for exact thought – 
and this in so far as the separation of the ‘non-modern’ from the ‘modern’ is 
not fully reducible to two ‘images’ of one and the same ‘body’. Or, to put it 
in Kuhn’s words, the diferences between the contributions of, for example, 
Gregory and Hamilton to algebra or Von Mises and Kolmogorov to probability 
theory “may make us wish to say” that these are more than interpretations of 
the same subject matter. 

Perhaps even more than in the case of the natural sciences, the task of phil-
osophically accounting for the fact that, and the sense in which, such math-
ematical developments do not amount to the replacement of one ‘image’ (or 
interpretation) for another ‘image’ is a dihcult task. This book has provided 
historical case-studies that, arguably, speak in favor of pursuing it and proposes 
to do so in the philosophical terms of the above-mentioned historical project. 

What would this look like? A first, general implication would be that also in 
the realm of exact thought there are breaks in the conditions which make this 
realm possible and, thereby, determine what does or can and what does or 
cannot belong to it. From this it follows that the ‘non-modern’ and ‘modern’ 

1 Kuhn (1962 [1970]), 135. 
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correspond to two diferent ‘a priori’s. On the one hand, one in which exact 
thought always has reference to the empirical world and in which there are 
strictly speaking no exact ideas that are not related to this world. And, on the 
other hand, one in which exact thought has no outward reference and in which 
the source for (new) exact ideas is found in the world of the human mind. That 
is to say that where the historical a priori of the ‘non-moderns’ did not accept 
anything ‘a priori’, the historical a priori of the ‘moderns’ did so with reference 
to at least two things. Firstly, to the non-empirical character of the ground of 
exact thought (e.g. Boole ‘axiomatic principles expressive of the laws and con-
stitution of the mind’, Hamilton’s ‘abstract notion of time as the thought of 
pure ideal progression’, Hilbert’s ‘spatial intuition of concrete signs’, Brouw-
er’s ‘primordial intuition of temporal two-oneness). And, secondly, to the a 
prioricity of the notions grounded on it (e.g. logic or algebra of classes, high-
er-dimensional extensions of complex numbers, meta-mathematics, non-clas-
sical properties of the continuum). 

A more specific point that follows from this general implication concerns the 
status of probabilistic, logical and mathematical notions within the ‘a priori’s’ of 
the ‘non-modern’ and ‘modern’. From this perspective, the diference between 
the ‘non-modern’ and ‘modern’ must be understood as a diference between a 
position of either a (symbolic) abstraction from experience (e.g. Von Mises) 
or an abstraction from empirically grounded symbols (e.g. Gregory and Venn) 
and one of a generalization in terms of symbols of certain objects abstractly 
given by the human mind. This distinction resembles Ernst Cassirer’s thesis 
of the triumph of, what he called, ‘modern philosophical idealism’ – in which 
the traditional (‘substantialist’) form of concept formation (via the process 
of abstraction) is said to be overcome by a modern (‘functionalist’) form of 
concept formation (via abstract relational structures).2 But contrary to both 
his account and the more recent literature on the ‘modernist transformation’, 
the distinction here arises as an expression of the ‘break’ with a ‘non-modern’ 
a priori out of which the ‘modern’ a priori arose that made the debate within 
‘modern’ mathematics first possible. Another point is that far from going hand-
in-hand with a (‘Quinean’) anti-apriorism, the dismissal of the a prioricity that 
Kant attributed to mathematics (Euclidean geometry and arithmetic) and logic 
(Aristotelian syllogistics) which accompanied their ‘modernization’ went hand-

2 See, for example, Cassirer (1910). 
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in-hand with a revised conception of the a priori. When compared to ‘non-mod-
ern’ contributions, it were (‘neo’)-Kantian views (in the broadest sense) that 
seem to have made possible those ‘modern’ innovations that were impossible 
both for the ‘non-moderns’ as well as for Kant. Where some of these innova-
tions arose from the attempt to develop certain Kantian topics by thinking 
through Kant’s own views (e.g. Hamilton’s ‘quaternions’ arose from grounding 
analysis on the view of arithmetic as the science of the pure intuition of time), 
other innovations resulted from the attempt to develop new topics by coming 
up with alternatives for Kant’s own views (e.g. Brouwer’s ‘intuitionism’ arose 
from his version of Kantian mathematical intuition). 

What in this book is referred to as the ‘modern’ can, thus, be understood as a 
historical a priori in which the human mind is accepted as a renewed a priori 
source for justification and innovation – in terms of an intuition and abstract 
concepts cum objects dismissed by Kant3 – of certain knowledge of which 
it turned out that it was not fixed for all time. Given this understanding it 
becomes clear that the establishment of the ‘modern’ a priori was such that the 
‘historical a priori’ first appeared as the revised ‘a priori’ captured by the ‘his-
toricized a priori’. From this it may be seen that, as a neo-Kantian enterprise 
within philosophy, the project of the dynamics of reason associated with the 
‘historicized a priori’ is itself very much part of the ‘modern’ revised a priori. 
At the same time, because it presents this a priori as foundational for the mathe-
matical and physical sciences in general, it seems unable to account not only for 
the ‘non-modern’ contributions to the revision of formerly a priori mathematics 
and logic, but also for the very ‘break’ with which the ‘modern’ a priori came 
into existence. Perhaps one of the main tasks for any future research into the 
role of (neo)Kantianism in the ‘modernist transformation’ is to be careful to 
avoid presentism in the history of exact thought – all the while theorizing the 
philosophical meaning of doing so.4

3 For example, as Friedman explains, ‘pure mathematics is not a body of truths with its 
own peculiar subject matter for Kant. There are no ‘mathematical objects’ to consti-
tute this subject matter, for the sensible and perceptible objects of the empirical world 
(that is, ‘appearances’) are the only ‘objects’ there are’ (Friedman, 1992, 94). See also 
Friedman (1990) and Kitcher (1975). 

4 For valuable contributions to this project see, for example, Friedman & Nordmann 
(2006) and Posy (2008). 
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The most important issue with regard to the incorporation of probability 
theory into modern pure mathematics is the precise sense in which it is related 
to the features of the ‘modern’ a priori. Three related open questions that could 
function as a starting point for such an endeavor are the following. Firstly, 
whether the possibility of this incorporation must be sought in probability 
theory or in mathematics. Secondly, what it means that the mathematization 
of probability did not influence, for example, the criteria of mathematical truth 
and proof and what a lack of probabilistic criteria in mathematics says about 
the nature of mathematical probability.5 (For example; what does a ‘modern’ 
statement such as that the law of large numbers is not diferent from the fact 
that 1+1=2 say about the very possibility of mathematizing physical probability 
within ‘modern’ thought?)6 Thirdly, whether and to what extent Kolmogorov’s 
axiomatization of probability – i.e. his definition of mathematical probability 
in terms of the already defined concept of abstract measure – has answered 
Hilbert’s call for its axiomatization. These and other questions demand further 
research into the relation of probability theory vis-à-vis the historical a priori 
associated with the modernist transformation of exact thought. This book 
hopes to have contributed to this future historical and philosophical task. 

5 See, for example, Corry (1993) and Fallis (1997). 
6 See Johnson (2007, 10). 
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samenvatting

“Een verschrikkelijk brok slechte metafysica”? Naar een geschiedenis 
van abstractie in de negentiende- en vroeg twintigste-eeuwse 
waarschijnlijkheidstheorie, wiskunde en logica

 
Dit proefschrift vormt de neerslag van een historisch onderzoek naar de theo-
retische condities die het idee van een formeel axiomatisch systeem – karakte-
ristiek voor de ‘moderne’ wiskunde en logica – mogelijk maakten en daarmee 
ook de ‘modernisering’ van de waarschijnlijkheidstheorie met behulp van de 
maattheorie. De artikelen die het proefschrift omvat kunnen op vier niveaus 
worden gelezen. Ten eerste, als geschiedenissen van ‘niet-moderne’ waarschijn-
lijkheidstheoretici, wiskundigen en logici die worstelden met bijna moderne 
ideeën. Daarmee bieden zij, ten tweede, een algemene kijk op ‘niet-moderne’ 
opvattingen over waarschijnlijkheid, wiskunde en logica. Ten derde, kunnen 
deze artikelen worden gelezen als bijdragen aan een post-Kuhniaanse geschie-
denis van het ‘niet-moderne’ en ‘moderne’ binnen de sferen van het wiskundige 
en logische denken. En, ten slotte, dragen zij bij aan de filosofische theoretise-
ring van de grondslagen van de zogenaamde ‘modernistische transformatie’. 

Het proefschrift behandelt in extenso de eerste twee niveaus. Naast een inlei-
ding en conclusie bestaat het uit dertien gedetailleerde historische studies van 
het werk van negentiende- en vroeg twintigste-eeuwse waarschijnlijkheids-
theoretici, logici en wiskundigen (ca. 1830-1930). Terugkijkend kunnen zij 
‘niet-modernen’ worden genoemd; een negatieve karakterisering die aangeeft 
dat de latere modernisering van sommige van hun ideeën voor hen ondenkbaar 
was, gegeven de grondslagen van hun positie. De Introductie en Conclude-
rende Opmerkingen laten zien waarom de eerste twee niveaus het best kunnen 
worden begrepen vanuit het perspectief van het derde niveau en hoe dit niveau 
aanleiding geeft tot het vierde niveau. Op het derde niveau is het proefschrift 
gesitueerd binnen de gestaag groeiende literatuur over de historiografie van het 
‘exacte’ denken en de geschiedenis van de ‘moderniteit’. Het vierde niveau, dat 
in de Concluderende Opmerkingen wordt besproken, vindt in de filosofische 
veronderstellingen waarop veel van deze literatuur is gebaseerd aanwijzingen 
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voor de ‘breuk’ die aan de vestiging van het ‘moderne’ denken op het terrein 
van de waarschijnlijkheidstheorie, wiskunde en logica ten grondslag lag. 

De hoofdstukken zijn geordend in twee delen: ‘‘Britse waarschijnlijkheids-
theorie, logica en wiskunde’ (Deel 1) en ‘De axiomatisering van de waarschijn-
lijkheidstheorie en de grondslagen van de moderne wiskunde’ (Deel 2). Elk van 
deze delen is opgebouwd uit verschillende secties. 

Deel 1 behandelt twee onderwerpen. Ten eerste, de kritiek op de klassieke 
waarschijnlijkheidstheorie en de vestiging van een ‘objectieve’, op frequentis-
tische overwegingen gebaseerde definitie van waarschijnlijkheid in het werk 
van, met name, Ellis (1817-1859) en Venn (1834-1923). En, ten tweede, de 
trans formatie van een ‘symbolische’ opvatting van logica naar een ‘abstracte’ 
opvatting in de werken van Boole (1815-1864) en Venn en een overeenkomstige 
transformatie in de algebra en geometrie in de werken van Peacock (1771-1858), 
Gregory (1813-1844) en W.R. Hamilton (1805-1865). 

Sectie 1 van Deel 1 betoogt drie punten. Ten eerste, dat omdat de termen ‘objec-
tieve’ en ‘subjectieve’ waarschijnlijkheid voor de negentiende-eeuwse Britse 
waarschijnlijkheidstheoretici niet als tegenpolen fungeerden, dit moderne 
onderscheid niet kan worden gebruikt om hun bijdragen aan de waarschijnlijk-
heidstheorie te begrijpen (Hoofdstuk 1). Ten tweede, dat waar zij allen (met 
uitzondering van Ellis) de waarschijnlijkheidstheorie begrepen als een onder-
deel van de logica, geen van hen (inclusief Ellis) ‘objectieve’ waarschijnlijkheid 
accepteerde in de zin van ‘kans’ (Hoofdstuk 1). En, ten derde, dat voor zover 
Ellis een idealist was en Venn een ‘quasi-empirist’ en geen van beiden de gehele 
klassieke waarschijnlijkheidstheorie afwees, hun werk geen uniforme frequen-
tistische ‘Brits empiristische school’ vormde. 

Sectie 2 en Sectie 3 van Deel 1 beargumenteren, ten eerste, dat Ellis’ herfor-
mulering van de metafysische grondslagen van de waarschijnlijkheidstheorie 
het gevolg was van een filosofische positie waarin idealisme en realisme met 
elkaar werden gecombineerd (Hoofdstuk 3 en 4) en, ten tweede, dat Venn een 
zogenaamd ‘infinitief hypothetisch frequentisme’ ontwikkelde door het waar-
schijnlijkheidsbegrip in zijn overkoepelende raamwerk voor inductieve en syl-
logistische logica te incorporeren (Hoofdstuk 5 en 6). 
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Het kernpunt van Sectie 4 van Deel 1 is dat, vanuit het gezichtspunt van, bij-
voorbeeld, Venn en Gregory bezien, de modernisering van de logica, algebra 
en geometrie zoals geïnitieerd door Boole, Hamilton en anderen gepaard ging 
met de veronderstelling dat op deze terreinen de menselijke geest een (a priori) 
bron van nieuwe kennis vormt. Daarnaast betoogt deze sectie enkele andere, 
meer specifieke, punten. Ten eerste, dat Venn’s herformulering van Boole’s 
(‘extensionele’) algebra van de logica een poging was om deze logica te bevrij-
den van het ‘conceptualisme’ dat ook (o.a.) Frege’s (‘intensionele’) mathemati-
sche logica kenmerkte (Hoofdstuk 7). Ten tweede, dat het geaccepteerde beeld 
van de tweede generatie hervormers van de Britse wiskunde niet in kan staan 
voor de rol van ‘abstractionisme’ en ‘idealisme’ in het werk van Gregory en Ellis 
(Hoofdstuk 8). Ten derde, dat de abstracte algebra van onder anderen Cayley 
(1821-1895) en Hamilton voortkwam uit een filosofische kritiek op de benade-
ring van symbolische algebraïsten als Gregory met betrekking tot de relaties en 
isomorfismen van algebraïsche en geometrische objecten (Hoofdstuk 9). En, 
ten vierde, dat de zogenaamde ‘wiskundige vrijheid’ zoals die slechts werd 
gesuggereerd door de symbolische algebraïsten (Peacock en Gregory) door de 
abstracte algebraïsten (Hamilton en Cayley) daadwerkelijk kon worden uitge-
voerd dankzij hun Kantiaanse opvattingen over ‘intuïtie’ (Hoofdstuk 9). 

Deel 2 is een bijdrage aan de geschiedenis van het moderne waarschijnlijk-
heidsbegrip. De moderne waarschijnlijkheidstheorie begon met Hilberts 
(1862-1943) lezing in Parijs in 1900 en eindigde, aldus de gangbare opvatting, 
met Kolmogorov’s (1903-1987) Grundbegrife der Wahrscheinlichkeitsrechnung uit 
1933. Deze geschiedenis wordt besproken in het licht van het algemene debat 
over de grondslagen van de wiskunde dat naar aanleiding van de ontdekking 
van paradoxen binnen de Cantoriaanse verzamelingenleer ontstond. Hilberts 
beroemde oproep tot de axiomatisering van de waarschijnlijkheid (nota bene 
als tak van de natuurwetenschap) vormt de context van de problemen die in 
dit tweede deel van het proefschrift worden besproken. Voor Hilbert en vele 
anderen bleef het een open vraag welk deel van de ‘reële wereld’ zou moeten 
worden geïncorporeerd in de axioma’s en zelfs wat het bekende om de ‘reële 
wereld’ in axioma’s te incorporeren. Borel (1871-1956), Von Mises (1883-1953), 
Khinchin (1894-1959) en Kolmogorov gaven verschillende antwoorden op deze 
beide vragen. Hun pogingen om de waarschijnlijkheidstheorie te mathematise-
ren hingen nauw samen met hun onderscheiden opvattingen over grond slagen-
kwesties. Om die reden is het dan ook de vraag of Kolmogorov’s inlijving 
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van het begrip waarschijnlijk in de (niet-probabilistische) sfeer van de pure 
wiskunde de vragen die Hilbert en anderen bezig hielden heeft beantwoord. 

Sectie 1 van Deel 2 analyseert in detail Hilberts en Von Mises’ pogingen om 
de waarschijnlijkheidstheorie als een exacte natuurwetenschap te axiomatise-
ren. Hoofdstuk 10 brengt (nieuw) historisch bewijs naar voren voor de claim 
dat Hilbert, deels als een resultaat van zijn reflecties op de epistemologische 
consequenties van de Hilbert-Einstein vergelijkingen van 1915, op een gegeven 
moment de mogelijkheid betwijfelde of het bereiken van het doel van de axio-
matisering van de waarschijnlijkheidstheorie die hij zelf in 1900 had geformu-
leerd wel mogelijk was. Zo vatte Hilbert in de periode 1915-1923 waarschijnlijk-
heid op als een antropomorfisch principe van het menselijk denken en poogde 
hij in de periode die rond 1926 begon waarschijnlijkheid te definiëren via de 
axiomatisering van de quantummechanica. Hoofdstuk 11 beargumenteert dat 
Von Mises’ theorie moet worden begrepen als een ‘niet-moderne’ axiomatise-
ring. De fundamentele eigenschappen van Von Mises’ waarschijnlijkheidsbe-
grip van waarschijnlijkheid die deze claim legitimeren zijn de volgende: ten 
eerste, het bewandelde een middenweg tussen geïdealiseerde observeerbare 
fenomenen en abstract gedefinieerde objecten en, ten tweede, het ging samen 
met een opvatting over axiomatisering volgens welke er geen strikt onderscheid 
is tussen empirische en theoretische elementen, dat wil zeggen, tussen ‘reali-
teit’ en ‘wiskunde’. 

Sectie 2 en 3 van Deel 2 zijn gesitueerd rondom twee recentelijk vertaalde arti-
kelen (bijgevoegd als appendices van Hoofdstuk 12 en 13) van de leidende Rus-
sische waarschijnlijkheidstheoreticus en wiskundige Khinchin. Samen met Kol-
mogorov bracht hij, in de late jaren ’20 en vroege jaren ’30, een revolutionaire 
verandering aan door waarschijnlijk te definiëren op basis van de ‘moderne’ 
verzamelingenleer en maattheorie en een ‘moderne’ axiomatisering. Ondanks 
hun commitment aan deze instrumenten en methode, waren Khinchin en Kol-
mogorov geïnteresseerd in Brouwer’s (1881-1966) intuïtionisme en Von Mises’ 
frequentisme als fundamentele oriëntaties binnen respectievelijk de wiskunde 
en de waarschijnlijkheidstheorie. Waar Kolmogorov twee belangrijke artikelen 
schreef over de intuïtionistische logica en in zijn waarschijnlijkheidstheoreti-
sche oeuvre herhaaldelijk met instemming verwees naar Von Mises’ theorie, 
probeerde Khinchin Brouwers intuïtionisme en Von Mises’ frequentisme ide-
ologisch acceptabel te maken voor Marxistische geleerden. Daarnaast confron-
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teerde hij de posities die uiteen werden gezet in het werk van Brouwer en Von 
Mises met zijn eigen verzamelingtheoretische studies. Hoofdstuk 12 geeft een 
historische analyse van de Russische connecties met de Franse ‘semi-intuïtio-
nistische’ school en een interpretatie van Khinchin’s argument, dat het intu-
itionisme – als een ‘wiskunde met inhoud’ – veelbelovender was dan Hilberts 
‘lege’ formalisme. De eerste helft van Hoofdstuk 13 geeft een beschrijving van 
de Russische traditie binnen de waarschijnlijkheid en de creatie van een theo-
logisch en politiek geïnspireerd ‘probabilistisch wereldbeeld’ in het werk van 
de Moskouse wiskundige Bugaev (1837-1903). De tweede helft van Hoofdstuk 
13 levert de achtergrond bij de bijgevoegde vertaling van Khinchin’s artikel uit 
1929 over Von Mises. Na onderzoek van de (ideologisch-geladen) receptie van 
Von Mises in de Moskouse gemeenschap van fysici en wiskundigen rondom 
onder anderen Mandel’shtam (1879-1944), beschrijft het hoofdstuk Khinchin’s 
interpretatie van de grondslagen van Von Mises’ theorie als zijnde gegrond op 
een Machiaanse opvatting van ‘idealisering’ die niet strookt met het Marxisti-
sche idee van ‘abstractie’. 

De Concluderende Opmerkingen bespreken, in het kort, de hoofdstukken van 
het proefschrift met verwijzing naar het vier-niveaus-raamwerk geïntrodu-
ceerd in de Introductie. Betoogd wordt dat de ‘breuk’ die ‘niet-modernen’ en 
‘modernen’ in historische zin van elkaar scheidt, moet worden begrepen in de 
theoretische termen van een acceptatie van de menselijke geest als een a priori 
bron en legitimatie van kennis binnen het terrein van de wiskunde en logica. 
Ook wordt het belang van een nieuwe post-Kuhniaanse historiografie van het 
‘exacte’ denken – één die het ‘niet-moderne’ en ‘moderne’ in hun eigen termen 
begrijpt en accepteert dat zij worden gescheiden door een ‘breuk’ in het histori-
sche a priori – voor een adequaat begrip van de ‘modernistische transformatie’ 
uiteengezet. 

Samenvatting
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summary

“A terrible piece of bad metaphysics”? Towards a history of abstraction in 
nineteenth- and early twentieth-century probability theory, mathematics and logic

 
This dissertation provides a historical investigation of the theoretical con-
ditions that made the idea of a formal axiomatic system – characteristic of 
‘modern’ mathematics and logic – possible and that paved the route for the 
‘modernization’ of probability theory by measure theory. The articles that 
make up the dissertation can be read on four diferent levels. Firstly, as histo-
ries of ‘non-modern’ probabilists, mathematicians and logicians grappling with 
almost-modern ideas that provide, secondly, a general view on ‘non-modern’ 
conceptions of probability, mathematics and logics. Thirdly, as contributions 
to a post-Kuhnian history of the ‘non-modern’ and ‘modern’ in these realms of 
mathematical and logical thought. And, fourthly, as a contribution to the the-
orization of the philosophical foundations of the ‘modernist transformation’. 

The first two levels form the main body of the dissertation. Next to an intro-
duction and conclusion, its thirteen chapters provide detailed historical studies 
of the work of nineteenth-century and early twentieth-century probabilists, 
mathematicians and logicians (ca. 1830-1930). In retrospect, they can be called 
‘non-moderns’; a negative characterization which signals that the later modern-
ization of some of their ideas were unthinkable for them given the foundations 
of their position. The Introduction and Concluding Remarks contain several 
suggestions as to why the first two levels can best be understood from the per-
spective of the third level and how this level gives rise to the fourth level. On 
the third level, the dissertation is situated within the growing literature on the 
historiography of ‘exact’ thought and the history of ‘modernity’. On the fourth 
level (discussed in the Concluding Remarks), the historical narrative evokes 
suggestions about the philosophical assumptions accompanying much of this 
literature and finds in these very assumptions a key to the ‘break’ that under-
lies the establishment of ‘modern’ thought in the realms of probability theory, 
mathematics and logic. 
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The dissertation is structured in two parts: ‘British probability theory, logic 
and mathematics’ (Part 1) and ‘The axiomatization of probability theory and 
the foundations of modern mathematics’ (Part 2). Each part consists of several 
sections. 

Part 1 is concerned with two topics. Firstly, with the criticism of classical 
probability theory and the establishment of an ‘objective’ definition of proba-
bility on the basis of ‘frequentism’ in the works of, especially, Ellis (1817-1859) 
and Venn (1834-1923). And, secondly, with the transformation of a ‘symbolic’ 
conception of logic into an ‘abstract’ one in the works of George Boole (1815-
1864) and Venn and with a similar transformation in algebra and geometry in 
the works of Peacock (1771-1858), Gregory (1813-1844) and W.R. Hamilton 
(1805-1865).

Section 1 of Part 1 argues for three points. Firstly, that in so far as the terms 
‘objective’ and ‘subjective’ probability did not appear as contradictories, this 
modern distinction cannot be used to capture the contributions of the nine-
teenth-century British probabilists (Chapter 1). Secondly, that if all of these 
probabilists (except Ellis) considered probability theory to belong to logic, 
none of them (including Ellis) accepted ‘objective’ probability in the sense of 
‘chance’ (Chapter 1). And, thirdly, that in so far as Ellis was an idealist and 
Venn a ‘quasi-empiricist’ and neither of them rejected the whole of classical 
probability theory, their work does not constitute a unified ‘British empiricist 
school’ of frequentism (Chapter 2). 

Section 2 and Section 3 of Part 1 argue, firstly, that Ellis’s reformulation of the 
metaphysical foundations of probability theory was the result of a philosophical 
position that combined idealism with realism (Chapter 3 and 4) and, secondly, 
that Venn developed a so-called ‘infinite hypothetical frequentism’ on the basis 
of his incorporation of probability within his overarching foundational frame-
work for inductive and syllogistic logic (Chapter 5 and 6). 

The main point of Section 4 of Part 1 is that, from the viewpoint of, for instance, 
Venn and Gregory, the modernization of logic, algebra and geometry as initi-
ated by Boole, Hamilton and others went hand-in-hand with the acceptance 
of the human mind as an (a priori) source of novel knowledge in these realms 
of thought. The other, more specific, points found in this section are the fol-



620

lowing. Firstly, that Venn’s reformulation of Boole’s (‘extensional’) algebra of 
logic was an attempt to liberate it from the ‘conceptualism’ that also character-
ized (a.o.) Frege’s (1848-1925) (‘intensional’) mathematical logic (Chapter 7). 
Secondly, that the received view of the second generation reformers of British 
mathematics cannot account for the role of ‘abstractionism’ and ‘idealism’ in 
the work of Gregory and Ellis (Chapter 8). Thirdly, that the abstract algebra 
of, among others, Hamilton and Cayley (1821-1895) arose out of a philosoph-
ical criticism of the approach of symbolic algebraists such as Gregory to the 
relationships and isomorphisms of algebraic and geometrical objects (Chapter 
9). And fourthly, that the so-called  ‘freedom of mathematics’ suggested by the 
symbolic algebraists Peacock and Gregory could be exercised by the abstract 
algebraists because of their Kantian views related to ‘intuition’ (Chapter 9). 

Part 2 contributes to the history of modern probability. Modern probability 
theory started with Hilbert’s (1862-1943) 1900 Paris lecture and ended, alleg-
edly, with Kolmogorov’s (1903-1987) Grundbegrife der Wahrscheinlichkeitsrech-
nung of 1933. This history is discussed in the light of the general debate about 
the foundations of mathematics that arose in the wake of the paradoxes of Can-
torian set theory. Hilbert’s famous call for the axiomatization of probability (as 
a branch of natural science!) sets the problem-situation of this second part of 
the dissertation. For Hilbert, and many others, it remained an open question 
which part of the real world should be incorporated in the axioms and even 
what it meant to incorporate the real world in axioms. As Borel (1871-1956), 
Von Mises (1883-1953), Khinchin (1894-1959) and Kolmogorov gave diferent 
answers to both of these questions, their attempts to mathematize probabil-
ity theory were entrenched in a variety of views on foundational issues. Con-
sequently, the question becomes whether Kolmogorov’s incorporation of 
probability into the (non-probabilistic) realm of pure mathematics has solved 
Hilbert’s problem of the axiomatization of physical probability. 

Section 1 of Part 2 analyzes in detail Hilbert’s and Von Mises’s attempts to axi-
omatize probability as an exact natural science. Chapter 10 puts forward (new) 
historical evidence for the claim that, partly as a result of his reflections on the 
epistemological consequences of the Hilbert-Einstein equations of 1915, Hilbert 
eventually came to question the possibility of achieving the goal of the axiom-
atization of probability that he had formulated himself in 1900. For instance, 
in the period 1915-1923 Hilbert regarded probability as an anthropomorphic 
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principle of human thought and in the period that started around 1926 he aimed 
to define probability via the axiomatization of quantum mechanics. Chapters 11 
argues that Von Mises’s theory must be understood as a ‘non-modern’ axiom-
atization. The foundational features of Von Mises’s conception of probability 
that account for this claim are the following: firstly, it took a halfway position 
between idealized observable phenomena and abstractly defined objects and, 
on the other hand, it was attached to a view of axiomatics in which there is no 
strict separation between empirical and theoretical elements, that is, between 
‘reality’ and ‘mathematics’. 

Section 2 and 3 of Part 2 are structured around two recently translated articles 
(included as appendixes of Chapter 12 and 13) of the leading Russian probabilist 
and mathematician Khinchin who, together with Kolmogorov, revolutionized 
probability in the late-1920s/early-1930s by founding it on ‘modern’ set- and 
measure-theory and ‘modern’ axiomatics. Despite their commitment to these 
tools and method, Khinchin and Kolmogorov were interested in Brouwer’s 
(1881-1966) intuitionism and Von Mises’s frequentism as foundational orienta-
tions in mathematics and probability theory, respectively. Where Kolmogorov 
wrote two seminal papers on intuitionistic logic and repeatedly made favorable 
mentions of Von Mises’s theory in his probabilistic oeuvre, Khinchin attempted 
to make Brouwer’s intuitionism ideologically acceptable to Marxist scholars all 
the while negotiating the position elaborated in their work vis-à-vis his own 
set-theoretical studies. Chapter 12 provides a historical analysis of the Russian 
connections to the French school of ‘semi-intuitionism’ and an interpretation 
of Khinchin’s arguments for the claim that intuitionism, as a ‘mathematics with 
content’, was more promising than Hilbert’s ‘empty’ formalism – especially 
with regard to the issue of the ‘infinite’. An account of the Russian tradition in 
probability and the creation of a theologically and politically inspired ‘proba-
bilistic worldview’ in the work of the Muscovite mathematician Bugaev (1837-
1903) is given in the first half of Chapter 13. The second half of Chapter 13 
ofers the background to the appended translation of Khinchin’s 1929 article on 
Von Mises. After an in-depth investigation of the (ideology-laden) reception of 
Von Mises in the Moscow community of physicists and mathematicians asso-
ciated with, among others, Mandel’shtam (1879-1944), the chapter describes 
Khinchin’s interpretation of the foundations of Von Mises’s theory as being 
grounded on a Machian view of ‘idealization’ at odds with the Marxist view 
of ‘abstraction’. 

Summary
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The Concluding Remarks briefly discuss the chapters of the dissertation with 
reference to the four level framework introduced in the Introduction. It is 
argued that the ‘break’ that historically separates the ‘non-moderns’ from the 
‘moderns’ must be understood in the theoretical terms of an acceptance of the 
human mind as an a priori source for the justification and innovation of knowl-
edge within the realm of mathematics and logic. Furthermore, the importance 
of a new post-Kuhnian historiography of ‘exact’ thought – one that understands 
the ‘non-modern’ and ‘modern’ in their own terms and accepts that they are 
separated by a ‘break’ in the historical a priori – for an adequate grasp of the 
‘modernist transformation’ is elaborated. 
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