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Introduction

I would like to think of the articles that make up this book as contributions to a 
historical epistemology of abstraction. They raise the question of how the idea 
of a formal axiomatic system – characteristic of ‘modern’ mathematics and logic 
– that paved the way for the ‘modernization’ of probability by measure theory 
became possible. This question asks for an answer that describes not what this 
idea is, but what allowed it to become thinkable, and that understands the way 
in which this came about not from the perspective of the ‘modern’, but from 
that of the ‘non-modern’. The book, thus, investigates how this (‘modern’) idea 
could arise out of a (‘non-modern’) style of thought the limits of which made it 
as yet unthinkable. It can be read on four diferent levels. 

The detailed historical studies of the work of nineteenth-century and early 
twentieth-century ‘non-moderns’ and the general view on ‘non-modern’ proba-
bility, logic and mathematics (ca. 1830-1930) that arises from them form the first 
two levels. They are its explicit content. This introduction and the concluding 
remarks open up a third and fourth level, namely a ‘post-Kuhnian’ history of 
exact thought and a philosophical theory of the foundations of the ‘modern-
ist transformation’. These levels, thus, contain suggestions for an answer to 
the question mentioned above – suggestions that hint at a historical ‘break’ 
between a ‘non-modern’ and ‘modern’ historical a priori in which a revised a 
priori came to ground ‘modern’ exact thoughts. 

Histories of the modern

Much has been written about the ‘modernist transformation’ of mathematics.1 
Some of these accounts reflect on what it means to do history of mathematics2 
and, in doing so, consider its relation to the new historiography of science asso-
ciated with the name of Thomas Kuhn (1922-1996).3 In what is perhaps the 

1 See Gray (2008) and Mehrtens (1990). 
2 For example Grabiner (1975) has shown that and why this question has no easy 

answer. 
3 See Crowe (1975), Mehrtens (1976) and Gillies (1992). 
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most influential early ‘quasi-Kuhnian’ account of the history of mathematics, 
Corry distinguishes between the ‘image’ and ‘body’ of exact mathematical 
knowledge.4 As becomes apparent in his work, this distinction amounts to 
the claim that given the very nature of mathematics, revolutions in the phil-
osophical ‘image’ of mathematics do not imply that the ‘body’ of mathemati-
cal knowledge itself is revolutionized too. Consequently, this quasi-Kuhnian 
account shares with pre-Kuhnian accounts of the history of mathematics the 
philosophical view that in so far as revolutions are impossible in (the ‘body’ of) 
mathematics, whiggism (or a concern with our ‘heritage’ rather than its ‘histo-
ry’)5 remains inescapable with regard to this realm of thought.6 For example, 
both accounts would explain the establishment of the ‘modern’ with reference 
to the development of certain ‘modern’ ideas and then recognize or neglect 
what is not modern only in so far as some of these ideas are either included in 
or excluded by the ‘body’ of the ‘modern’. 

However, these historiographies of exact thought have several problematic 
implications. The first and most general one is that they tend to assume the exist-
ence of an already modern opposition between a self-enclosed ‘body’ (i.e. one 
having no outward reference) and a self-reflective ‘image’ (i.e. one separating 
itself from what is ‘in’ the ‘body’). From this implication it follows, secondly, that 
a change of ‘image’ cannot change the ‘body’, thirdly, that there are no parts of 
the ‘body’ that are specific to a certain ‘image’ and, fourthly, that no parts of the 
‘body’ are compatible with one ‘image’ and incompatible with another ‘image’. 

The transformation from the ‘non-modern’ to the ‘modern’ in probability 
theory, mathematics and logic calls these assumptions into question. Four exam-
ples must suhce here. Firstly, some ‘non-modern’ ideas (e.g. ‘probability theory 
as a natural science’) were destroyed by the ‘modern’ image. Secondly, the ‘mod-
ernization’ of some of the concepts found in or suggested by the ‘non-modern’ 
body (e.g. ‘logic of classes’, ‘limits’, ‘probability axioms’, ‘algebraic freedom’ and 
‘higher-dimensional geometries’) were inconceivable from within the ‘non-mod-
ern’ image. The same goes for a ‘modern’ concept like ‘measure-theoretic prob-

4 See Corry (1989) and Corry (1993). 
5 See Grattan-Guinness (2004) for a thoroughgoing analysis of the diference between 

‘heritage’ (‘how did we get here?’) and ‘history’ (‘what happened in the past?’) with 
regard to the history of mathematics. 

6 For a comprehensive defense of this statement see Fourciau (2000). 
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abilities’ – a concept that arose in the wake of ‘non-modern’ developments, but 
that could only exist as a definition of probability within the ‘modern’ image. 
Fourthly, given that the ‘non-modern’ image had it that probability cannot, by 
its very nature, be incorporated within the ‘body’ of pure mathematics, the defi-
nition of probability in terms of already existing mathematical terms for which 
the ‘modern’ ‘image’ allowed, enlarged the scope of the mathematical ‘body’. 

A more promising post-Kuhnian historiography of exact thought that not only 
accounts for these specific examples, but also overcomes the general idea of 
an ‘inside’ and ‘outside’ of mathematics (a distinction made with reference to 
what is somehow always already included in mathematics)7 that the examples 
challenge, may be found in the confrontation of two philosophical-historical 
projects: on the one hand, the ‘historical a priori’ of (‘continental’) historical 
epistemology and, on the other hand, the ‘historicized a priori’ of the (‘analyti-
cal’) project of the dynamics of reason.8 Both projects are Kantian in an histori-
cized sense. They accept that there are a priori conditions ‘that make thinking 
this or that idea possible’9 – or, more generally, that delimit the realm of what 
can be thought, known, expressed etc. At the same time, they embrace the his-
torical contingency of such constitutive conditions – which together form a 
historical or historicized a priori –, for example with reference to Einstein’s 
rejection of Euclidean geometry in favor of (Riemannian) non-Euclidean 

7 Mehrtens, criticizing Crowe’s well-known 1975 article, wrote that ‘Crowe holds that 
there are no revolutions in mathematics […] To him “the preposition ‘in’ is crucial”. 
Unfortunately he does not explain what in mathematics means, except that nomencla-
ture, symbolism, metamathematics, methodology, […] historiography […] the general 
beliefs concerning the discipline, etc. […] are not in mathematics. Probably Crowe has 
the “contents” or the “substance” of mathematics in mind (what is this?)’ (Mehrtens, 
1976, 301-302). 

8 Where historical epistemology is associated with figures such as Edmund Husserl, 
Gaston Bachelard, Georges Canguilhem, Michel Foucault and Hans-Jörg Rhein-
berger, the idea of a relativized or historicized a priori is found in the work of Hans 
Reichenbach and further developed by Michael Friedman. For accounts of the former 
see, for example, Daston (1994), Hacking (2002, chapter 1), Rheinberger (2010) and 
Sturm & Feest (2008). For accounts of the latter see, for example, Friedman (1994), 
Friedman (2001) and Richardson (2002). Given that Canguilhem, among others, 
referred to Kuhn’s historical philosophy of science as ‘historical epistemology’ and 
Friedman understands his work as a renewal of that of Kuhn, these two positions can 
arguably be confronted as two post-Kuhnian projects. 

9 Daston (1994), 284. 
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geometry.10 But where the latter project merely concedes the historicity of the 
(‘historicized’) a priori as something a priori, the former project historicizes 
the very a priori status of the (‘historical’) a priori. That is to say that if ‘his-
toricized a prioris’ are non-empirical constitutive conditions for a certain field 
of empirical (objects of) knowledge that themselves fall outside of this field, 
historical a prioris are constitutive conditions the non-empirical character of 
which arises from within such a field itself. 

This diference can be illustrated by a statement in which Wittgenstein 
compared the non-Cartesian foundations of certain knowledge to the axis 
around which a body rotates. As he wrote, ‘this axis is not fixed in the sense 
that anything holds it fast, but the movement around it determines it as immo-
bile’.11 Both projects argue that a transcendental historical investigation can 
reveal the axes of rotation (i.e. historical or historicized a prioris) that are 
immobile (i.e. a priori constitutive) vis-à-vis the movements (e.g. knowledge) 
they make possible. But where the latter project is concerned with axes as being 
immobile relative to certain movements, the former project is concerned with 
axes as appearing as immobile given certain movements. Consequently, whereas 
the historicized a priori assumes the priority of a priori over the empirical revis-
ability of the constitutive a priori, the historical a priori presupposes (contra 
Quine) that the empirical revisability of the constitutively a priori does not 
destroy its capacity to appear as such.12 Put yet diferently, where the project 
of the dynamics of reason is committed to the view that changes in the histori-
cized a priori are of the nature of a priori revisions, the project of the historical 
epistemology holds that changes in the historical a priori may be of such a nature 
but are not necessarily so. This historical epistemological project, thus, allows 
for historical a prioris whose functioning as ‘foundational-walls […] carried by 

10 See, for example, Friedman (2009). 
11 Wittgenstein (1969), § 152. 
12 See, for example, Grozdanof (2014) who shows in what sense the ‘historicized a 

priori’ is premised on the thesis of a priori revisability and, indirectly, explains how 
the ‘historical a priori’ conflicts with ‘Quineanism’ as follows: ‘Quine took a priori 
propositions to be rationally unrevisable and since he held that “no statement is 
immune from revision” this automatically led to the thesis of the non-existence of a 
priori knowledge’ (Grozdanof, 2014, 62). 

Introduction
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the whole house’13 is characterized by the kind of a priori referred to in the 
notion of the ‘historicized a priori’.14 

These two projects have often been put to work in the context of the history of 
science or, more generally, of empirical knowledge. This book hopes to show 
the fruitfulness of such a post-Kuhnian historiography for the history of proba-
bility theory, mathematics and logic and, thereby, to problematize the received 
historiography of exact thought. The central claim to this efect is that, rather 
than as a transition from one ‘image’ to another ‘image’ of one and the same 
‘body’ of knowledge, the developments between the nineteenth- and early 
twentieth-century in these realms of thought must be understood in terms of a 
‘break’ between a ‘non-modern’ and ‘modern’ ‘a priori’. Here, the ‘non-modern’ 
indicates that the ‘a priori’ of ‘non-moderns’ such as Venn, Gregory and Von 
Mises was not constructed around the acceptance, by ‘moderns’ such as Boole, 
Hamilton, Hilbert and Brouwer, of the human mind as a source for the (justi-
fication and innovation of) a priori thoughts. At least, this is precisely what 
seems to explain the facts that some ‘non-modern’ concepts were destroyed by 
the ‘modern’ and that the ‘modernization’ of some of the concepts found in or 
suggested by the ‘non-modern’ were unthinkable for ‘non-moderns’ given their 
very existence as objects of thought. 

From ‘non-modern’ to ‘modern’ probability theory

Since the topic forms the bulk of this book, it is important to reassess the trans-
formation from ‘non-modern’ to ‘modern’ probability theory in somewhat 
more detail. 

There are several authoritative accounts of the history of probability which 
distinguish between ‘classical’ (‘non-mathematical’ or ‘real world’) probability 
(ca. 1654-1840) and ‘modern’ (mathematical) probability (ca. 1900-1950)15, and 

13 Wittgenstein (1969), § 248.
14 This point is further pursued in the concluding remarks. 
15 Doob justified this periodization by writing that because of fear-inspired resistance 

‘full acceptance of [Kolmogorov’s] mathematical probability was not realized until the 
second half of the century’ (Doob, 1996, 586). Von Plato notes that ‘as concerns the 
reception of measure-theoretic probabilities, it is a fact that textbook expositions did 
not start appearing until after the Second World War’ (Von Plato, 2005, 968). 
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subsequently explain the establishment of modern probability theory in terms 
of a process in which probability became mathematized by ‘modern’ mathemat-
ical ideas.16 For example, the American probabilist Joseph Doob wrote that the 
modern theory 

‘began, and remained for a long time, an idealization [of] certain […] phe-
nomena outside mathematics. [T]here were many important advances in 
mathematical probability before 1900, but the subject was not yet math-
ematics. [A] minimum of attention [was] paid to the mathematical basis 
of the [non-mathematical] contexts, a maximum of attention to the pure 
mathematics problems they suggested. This unequal treatment was inev-
itable, because measure theory [had] not yet been invented’.17

At least three assumptions are attached to such accounts. Firstly, the possibility 
of (‘modern’) probability theory becoming mathematical is supposed to be given 
with the existence of ‘modern’ mathematics. Secondly, the period between the 
mid- or late-nineteenth century and early twentieth-century is assumed to be 
one of an increasing ‘modernization’ of probability theory. And thirdly, the 
publication of Andrej Kolmogorov’s (1903-1987) Grundbegrife der Wahrschein-
lichkeitsrechnung (1933) is considered as the inevitable outcome of this very 
process – with its axiomatic system and the schism between this system and 
its interpretations being embraced by all philosophers, probabilists and statis-
ticians.18 What these assumptions give rise to is a history in which there is not 

16 See, for example, Daston (1988), Hacking (1975) and Hald (2003) on ‘classical’ proba-
bility theory and, for example, Hochkirchen (1999), Schafer & Vovk (2006) and Von 
Plato (1994) on ‘modern’ probability theory. 

17 Doob, 1996, 586 & 589. 
18 It is, of course, not impossible to question Kolmogorov’s axioms; see, for example, 

Lyon (2015). Also, there are competing axiomatic systems for probability and ‘it is 
not clear that we can single one of these out as the correct [one]’ (Lyon, 2010, 93). 
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only no distinct ‘non-classical’,19 but also no distinct ‘non-modern’ probability 
tradition – a tradition which is associated, in this book, with ‘frequentism’ as 
an analysis of what has come to be called, somewhat problematically, ‘objective 
probability’.20 Although this tradition of, among others, Venn and Von Mises is 
today perhaps obsolete as a foundational orientation,21 given its probabilistic, 
mathematical and philosophical intuitions (or ‘a priori’), it can be approached 
as a more or less coherent and self-validating whole22 distinguishable both 
from the ‘classical’ and ‘modern’ tradition. On the one hand, it replaced the ‘a 
priori’ foundations and ‘subjective’ probabilities of the ‘classics’ for ‘objective’ 
(logical or natural-scientific) foundations and ‘empirical’ probabilities. And, on 
the other hand, it provided an alternative for the ‘mathematical’ foundations 
and ‘measure-theoretic’ probabilities of the ‘moderns’ by expressing its own 
foundations and probabilities in mathematical terms without, thereby, math-
ematizing them. 

However, like the seventeenth- and eighteenth-century development of 
symbolic mathematical notation, the abstract axiomatization was much more 

19 See Fischer (2011) for a treatment of what he himself, in some passages, refers to as 
the ‘non-classical’ period in probability theory (c. 1810-1930s) – a period in which the 
‘central limit theorem’, in the work of Pierre-Simon Laplace (1749-1827), Aleksandr 
Lyapunov (1857-1918), Paul Lévy (1886-1971) and many others, became ‘a mathe-
matically discrete object which was examined for its own sake’ and which ‘fulfilled 
an important integrative role in the process of developing the discipline of modern 
probability theory’ (Fischer, 2011, 6). Reflecting on Daston’s characterization of 
‘classical’ probability theory as a period stretching from about 1650 to 1840, Fischer 
also remarks that ‘Laplace had already begun to abandon the standpoint of classical 
probability […], that of viewing stochastic problems almost exclusively in terms of 
practical applicability’ (Fischer, 2011, 6). 

20 There were, of course, also other traditions with foundational aspirations in prob-
ability theory before the Kolmogorovian era; for example Charles Sanders Peirce’s 
(1839-1914) ‘objective’ probability in terms of ‘propensities’, John Maynard Keynes’s 
(1883-1946) ‘objective’ probability in terms of (pairs of) propositions and Bruno de 
Finetti’s (1906-1985) ‘subjective’ probability in terms of ‘coherent degrees of belief’. 

21 For example Gillies (1973 [2011]) and Van Lambalgen (1987) show in what sense the 
work of Von Mises remains both foundationally (or theoretically) and mathematically 
fruitful. At the same time, frequentism it is still the most widely accepted interpretation 
of (Kolmogorov’s axioms of) probability theory (e.g. Hájek, 1997). 

22 This, of course, echoes (in a new context) the famous – and what would today be 
called ‘Kuhnian’ – remark of Alexandre Koyré (1892-1964) that if Aristotelian physics 
is false, it is still a physics in the sense that it ‘forms an admirable and perfectly 
coherent theory’ (Koyré, 1943, 411). 
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than a formal achievement.23 This presents a fundamental problem for the 
three assumptions mentioned above. Even in light of David Hilbert’s (1862-
1943) call to axiomatize probability and Kolmogorov’s own work, to give the 
name ‘probability theory’ to a set of axioms and to say that ‘probabilities’ are 
numbers amounted to nothing less than a ‘bold rhetoric move’24 or, perhaps, 
an ‘epistemic action’.25 26 This move incorporated probability within the ‘a 
priori’ of ‘modern’ mathematics and, thereby, de-philosophized probability 
and disguised as mathematics, so to speak, the philosophical intuitions about 
probability and the foundations of mathematics that went into this de-philo-
sophication.27 Kolmogorov’s mathematization of probability theory, that is, his 
incorporation of the theory within the non-probabilistic discipline par excel-
lence,28 could thus be said to have crowned what Blaise Pascal (1623-1662), in 
1654, referred to as the reconciliation of contraries (that of the ‘demonstrations 

23 In her magnificent paper entitled ‘Mathematical notation as a philosophical instru-
ment’, Borrelli has shown ‘how the development of such a notation was much more 
than a purely formal achievement […] In the seventeenth and eighteenth century, 
the growing variety of mathematical symbols and rules of manipulation was a new 
medium being explored for the possibilities it ofered of producing reality and relating 
to it’ (Borrelli, 2005, 279). 

24 Schafer & Vovk, 2006, 85.
25 For example De Cruz and De Smedt write that ‘mathematical symbols are not only 

used to express mathematical concepts – they are constitutive of the mathematical 
concepts themselves’ (De Cruz & De Smedt, 2013, 3). 

26 From the fact that the idea of measure-theoretic probability is as old as measure theory 
itself, Schafer and Vovk draw a somewhat diferent conclusion than, for example, Von 
Plato as to what was novel about Kolmogorov’s Grundbegrife. Von Plato writes that 
the novelty must be sought in ‘what he achieved by its use [e.g.] the theory of condi-
tional probabilities when the condition has probability zero’ (Von Plato, 2005, 960). 
But Schafer and Vovk argue that it lies in Kolmogorov giving the name ‘probability’ to 
the abstract theory that he had sketched in a paper of 1929 in which he had considered 
probability to be an (interpretative) instance of this abstract theory (see Schafer & 
Vovk, 2006, 84-85).

27 Van Lambalgen has shown that ‘the demise of von Mises’ theory seems due to a 
diferent intuition about probability […] and the foundations of mathematics in general 
[…] getting the upper hand’ (Van Lambalgen, 1997, 348). 

28 None of the books which describe the revolutionary transformation of the modern 
natural and social sciences that accompanied their adoption of probabilistic ideas 
(e.g. Krüger et.al., 1987, Gigerenzer et.al., 1989) mention that mathematics escaped 
the probabilistic revolution – for if the ‘increasing mathematical refinement in the 
treatment of probabilities may have had some degree of influence on the gradual 
adoption of probabilistic arguments in the other sciences, […] it in no sense trans-
formed the criteria of truth for mathematics as it did for other disciplines’ (Corry, 
1993, 113). 
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of mathematics’ and the ‘uncertainty of chance’) and for which he claimed the 
‘astonishing title: the Geometry of Chance’.29 30 The foundational contribution 
of the Grundbegrife, in a sense more philosophical than mathematical, was to 
ground probability theory on abstract measure theory and to capitalize on the 
analogy between the measure of a set and the probability of an event. In brief, 
Kolmogorov gave five axioms for a set E and a finite set (Φ) of subsets A of E 
called ‘random’ or ‘chance’ events – to which is assigned a non-negative real 
number P(A) called the probability of the event A. He added a sixth axiom 
for infinite Φ about which he remarked that “it is hardly possible to explain 
its empirical meaning”.31 It was his colleague Aleksandr Ia. Khinchin (1894-
1959) who wrote that, being abstract, this formal axiomatic system “requires 
for its basis more than a mere idealization of a real subject matter”; it must 
abstract from “all the concrete properties and peculiarities of natural objects 
of the given reality”.32 

The de-philosophication of probability, that is, the disappearance of the foun-
dational role of the answer to the philosophical question of what probabilities 
are, had the following implications. Firstly, the problem-situation that had 
accompanied Hilbert’s (and, for example, Richard von Mises’s (1883-1953)) 
presentation of probability theory as an axiomatizable branch of mathematical 
physics was mathematized away. Secondly, doubts (of, for example, Von Mises 
and Émile Borel (1871-1956)) about infinite sets and sequences of events were 
instrumentally overcome such that probability theory could be generalized into 
a special case of measure theory, applicable also to non-chancy phenomena (e.g. 
the distribution of the digits of a decimal expansion).33 Taken together, for the 
‘non-moderns’, ‘modern’ probability is a tradition in which the philosophical 
decision not to have to grasp probability philosophically is made with the very 
mathematical transformation of probability into something non-probabilistic. 

29 Pascal, 1654 [1963], 102-103. 
30 Reflecting on the ‘modern’ idea that probability theory is a part of set theory, Von 

Mises remarked that ‘[t]o a logical mind this identification of two things belonging 
to diferent categories, this confusion of task and tool is something quite unbearable’ 
(Von Mises, 1936, 127). 

31 Kolmogorov, 1933 [1956], 15. 
32 Khinchin, 2004, 403-404. 
33 For accounts on the works of Von Mises and Borel on probability discussing these 

issues see, on the one hand, Siegmund-Schultze (2004) and Siegmund-Schultze 
(2006) and, on the other, Durand & Mazliak (2011) and Knobloch (1987). 
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When the ‘non-modern’ tradition is not approached as a ‘semi-mathematical’ 
obstacle to the mathematization of probability it becomes possible to recognize 
the unsolved problems related to its ‘objectivism’ and ‘frequentism’ that char-
acterize its unsuccessful history as a foundational theory. On the one hand, it 
required that there is a position from which it is possible to know that there 
exist probabilities independently from human knowledge and that (the creation 
of) this position does not undermine the possibility of the existence of objective 
probabilities. On the other hand, it had to assume that it is possible to define 
objective probability in terms of empirical frequencies without having to intro-
duce non-empirical elements within the theory. These problems are related in 
so far as that if it is the case that probabilities can only be defined as empiri-
cal frequencies on the basis of something non-empirical, objective probability 
could only be said to exist by virtue of something that has to do with the human 
mind.34 What is perhaps most striking about the history of the ‘non-modern’ 
tradition in probability is that where the ‘finite’ frequentist rejected ‘objective’ 
probability with reference to frequencies, Venn and Von Mises put forward a 
‘hypothetical’ and ‘infinite’ frequentism in which a this-worldly empiricism is 
expressed by means of other-worldly unobservables (e.g. limits) that somehow 
arise from the actual world of observation. Although his misunderstanding may 
resemble that of those mathematicians who gave an existence proof for binary 
sequences to criticize Von Mises’ notion of a collective, Francis H. Bradley 
(1846-1924) could refer to Venn’s theory as a ‘terrible piece of bad metaphys-
ics’; one that translated a mathematical notion into the real world to create 
certain phenomena that are then called physical facts…

34 Jefrey’s arguments against the frequentist interpretation of probability and Hájek’s 
fifteen arguments against, respectively, ‘finite’ and ‘hypothetical’ frequentism roughly 
fall within the scope of this problem-situation (Jefrey, 1992, Hájek, 1997, Hajek, 
2009). 

Introduction



20

References

Borrelli, A. 2005. Mathematical notation as 
a philosophical instrument. In S. Zielinski 
and S. Wagnermaier (eds.), Variantology. 
Volume 1: On Deep Time Relations 
of Arts, Sciences and Technologies. 
Cologne: Walther König, 279-296. 

Corry, L. 1989. Linearity and reflexivity 
in the growth of mathematical knowledge. 
Science in Context, 3 (2), 409-440. 

Corry, L. 1993. Kuhnian issues, scientific 
revolutions and the history of mathematics. 
Studies in History and Philosophy 
of Science Part A, 24 (1), 95-117. 

Corry, L. 1997. The origins of eternal 
truth in modern mathematics: Hilbert 
to Bourbaki and beyond. Science 
in Context, 10 (2), 253-296. 

Corry, L. 2014. How useful is the term 
‘modernism’ for understanding the history 
of early twentieth-century mathematics?. 
Unpublished manuscript. Available from: 
http://www.tau.ac.il/~corry/publications/
articles/Math-Modernism.html 

Crowe, M.J. 1975. Ten ‘laws’ 
concerning patterns of change in 
the history of mathematics. Historia 
Mathematica, 2, 161-166. 

Daston, L. 1988. Classical Probability 
in the Enlightenment. Princeton: 
Princeton University Press. 

Daston, L. 1994. Historical epistemology. 
In J.K. Chandler, A.I. Davidson and 
H.D. Harootunian (eds.), Questions of 
Evidence: Proof, Practice, and Persuasion 
Across the Disciplines. Chicago: 
University of Chicago Press, 282-289. 

De Cruz, H., De Smedt, J. 2013. 
Mathematical symbols as epistemic 
actions. Synthese, 190 (1), 3-19. 

Doob, J. L. 1996. The development 
of rigor in mathematical probability 
(1900-1950). The American Mathematical 
Monthly, 103 (7), 586-595. 

Durand, A., Mazliak, L. 2011. Revisiting 
the sources of Borel’s interest in 
probability: continued fractions, social 
involvement, Volterra’s Prolusione. 
Centaurus, 53 (4), 306-332. 

Fischer, H. 2011. A History of the Central 
Limit Theorem. From Classical to Modern 
Probability Theory. New York: Springer. 

Friedman, M. 1994. Geometry, 
convention, and the relativized a priori: 
Reichenbach, Schlick, and Carnap. In 
W. Salmon, G. Wolters (eds.), Logic, 
Language, and the Structure of 
Scientific Theories. Proceedings of 
the Carnap-Reichenbach Centennial, 
University of Konstanz, 21-24 May 1991. 
Pittsburgh: Pittsburgh Press, 21-34. 

Friedman, M. 2001. Dynamics of 
Reason. Stanford, CA: CSLI. 

Friedman, M. 2009. Einstein, Kant, 
and the relativized a priori. In M. 
Bitbol, P. Kerszberg, J. Petitot (eds.), 
Constituting Objectivity. Transcendental 
Perspectives on Modern Physics. 
New York: Springer, 253-267. 

Gigerenzer, G., Swijtink, Z., Porter, 
T., Daston, L., Beatty, J., Krüger, L. 
(eds.). 1989. The Empire of Chance. 
How Probability Changed Science 
and Everyday Life. Cambridge & New 
York: Cambridge University Press. 

Gillies, D. 1973 [2011]. An 
Objective Theory of Probability. 
New York: Routledge. 

Gillies, D. (ed.). 1992. Revolutions in 
Mathematics. Oxford: Clarendon Press. 



21

Grabiner, J.V. 1975. The 
mathematician, the historian, and 
the history of mathematics. Historia 
Mathematica, 2 (4), 439-447. 

Grattan-Guinness, I. 2004. The 
mathematics of the past: distinguishing 
its history from our heritage. Historia 
Mathematica, 31 (2), 165-185. 

Gray, J. 2008. Plato’s Ghost: The Modernist 
Transformation of Mathematics. Princeton 
& Oxford: Princeton University Press. 

Grozdanof, B.D. 2014. A Priori 
Revisability in Science. Newcastle upon 
Tyne: Cambridge Scholars Publishing. 

Hacking, I. 1975. The Emergence of 
Probability. A Philosophical Study of 
Early Ideas About Probability, Induction, 
and Statistical Inference. Cambridge & 
New York: Cambridge University Press. 

Hacking, I. 2002. Historical Ontology. 
Harvard: Harvard University Press. 

Hájek, A. 1997. “Mises redux” – 
redux: fifteen arguments against finite 
frequentism. Erkenntnis, 45 (2-3), 209-227. 

Hájek, A. 2009. Fifteen arguments 
against hypothetical frequentism. 
Erkenntnis, 70 (2), 211-235. 

Hald, A. 2003. A History of Probability 
and Statistics and Their Applications before 
1750. Hoboken: John Wiley & Sons. 

Hochkirchen, T. 1999. Die 
Axiomatisierung der Wahrscheinli-
chkeitsrechnung und ihre Kontexte. 
Von Hilberts sechstem Problem 
zu Kolmogorofs Grundbegrifen. 
Göttingen: Vandenhoeck & Ruprecht. 

Jefrey, R. 1992. Mises redux. In R. Jefrey, 
Probability and the Art of Judgment. 
Cambridge: Cambridge University Press. 

Khinchin, A.Ya. 2004. R. Mises’ 
frequentist theory and the modern 
concepts of the theory of probability. 
Translated by Oscar Sheynin. With 
footnotes by Reinhard Siegmund-Schultze. 
Originally published (ca. 1939-1944) 
in Voprosy Filosofii, 15 (1), 92-102. 

Knobloch, E. 1987. Émile Borel as a 
probabilist. In L. Krüger et.al. (eds.), 
The Probabilistic Revolution: Volume 1. 
Cambridge, MA: MIT Press, 215-233. 

Kolmogorov, A.N. 1933. 
Grundbegrife der Wahrscheinlich-
keitsrechnung. Berlin: Springer. 

Kolmogorov, A.N. 1933 [1956]. 
Foundations of the Theory of Probability. 
Second English Edition. New York: 
Chelsea Publishing Company. 

Koyré, A. 1943. Galileo and Plato. Journal 
of the History of Ideas, 4, 400-428. 

Krüger, L., Daston, L., Heidelberger, M. 
(eds.). 1987. The Probabilistic Revolution: 
Volume 1. Cambridge, MA: MIT Press. 

Lyon, A. 2010. Philosophy of probability. 
In F. Allhof (ed.), Philosophies 
of the Sciences: A Guide. Malden: 
Blackwell Publishing Ltd., 92-125. 

Lyon, A. 2015. Kolmogorov’s axioms 
and its discontents. In A. Hájek, 
C. Hitchcock (eds.), The Oxford 
Handbook of Probability and Philosophy. 
Oxford: Oxford University Press. 

Mehrtens, H. 1976. T.S. Kuhn’s theories 
and mathematics: a discussion paper on 
the ‘new historiography’ of mathematics. 
Historia Mathematica, 3, 297-320. 

Introduction



22

Mehrtens, H. 1990. Moderne – 
Sprache - Mathematik: eine Geschichte 
des Streits um die Grundlagen der 
Disziplin und des Subjekts formaler 
Systeme. Berlin: Suhrkamp. 

Pascal, B. 1654 [1963]. Adresse à 
l’Académie Parisienne (1644). In 
Oeuvres complètes. Edited by L. 
Lafuma. Paris: Editions du Seuil. 

Pourciau, B. 2000. Intuitionism as a 
(failed) Kuhnian revolution in mathematics. 
Studies in History and Philosophy of 
Science Part A, 31 (2), 297-329. 

Rheinberger, H-J. 2010. On Historicizing 
Epistemology. An Essay. Stanford: 
Stanford University Press. 

Richardson, A.W. 2002. Narrating 
the history of reason itself: Friedman, 
Kuhn, and a constitutive a priori for 
the twenty-first century. Perspectives 
on Science, 10 (3), 253-274. 

Schafer, G., Vovk, V. 2006. The sources 
of Kolmogorov’s “Grundbegrife”. 
Statistical Science, 21 (1), 70-98. 

Siegmund-Schultze, R. 2004. A 
non-conformist longing for unity in 
the fractures of modernity: towards 
a scientific biography of Richard 
von Mises (1883-1953). Science 
in Context, 17 (3), 333-370. 

Siegmund-Schultze, R. 2006. Sets versus 
trial sequences, Hausdorf versus von 
Mises: ‘Pure’ mathematics prevails in 
the foundations of probability around 
1920. Historia Mathematica, 37, 204-241. 

Sturm, T., Feest, U. 2008. What 
(good) is historical epistemology. 
Berlin: MPIWG Preprint, 386. 

Van Lambalgen, M. 1987. Von Mises’ 
definition of random sequences 
reconsidered. Journal of Symbolic 
Logic, 52 (3), 725-755. 

Van Lambalgen, M. 1997. Randomness 
and foundations of probability: Von Mises’ 
axiomatisation of random sequences. 
In T. Ferguson, L.S. Shapley and 
J.B. MacQueen (eds.), Probability, 
Statistics and Game Theory: Papers 
in Honor of David Blackwell. Lecture 
Notes-Monograph Series. Volume 
30. Hayward, CA: Institute for 
Mathematical Statistics, 347-368. 

Von Mises, R. 1936. Wahrscheinlichkeit, 
Statistik und Wahrheit. (Second 
German edition). Wien: Springer. 

Von Plato, J. 1994. Creating Modern 
Probability: Its Mathematics, 
Physics and Philosophy in Historical 
Perspective. Cambridge & New York: 
Cambridge University Press. 

Von Plato, J. 2005. A.N. Kolmogorov. 
Grundbegrife der Wahrscheinlichkeits-
rechnung. In I. Grattan-Guinness 
(ed.), Landmark Writings in 
Western Mathematics 1640-1940. 
Amsterdam: Elsevier, 960-969. 

Wittgenstein, L. 1969. On Certainty. 
Oxford: Basil Blackwell. 



23

Structure of the book

The book consists of two parts: ‘British probability theory, logic and mathe-
matics’ (Part 1) and ‘The axiomatization of probability theory and the founda-
tions of modern mathematics’ (Part 2). Each part consists of several sections. 

Part 1 is concerned with two topics. Firstly, with the criticism of classical prob-
ability theory and the establishment of an ‘objective’ definition of probability 
on the basis of ‘frequentism’ in the works of, especially, Robert Leslie Ellis 
(1817-1859) and Venn (Section 1, 2 and 3). Secondly, with the transformation 
of a ‘symbolic’ conception of logic into an ‘abstract’ one in the works of George 
Boole (1815-1864) and Venn and with a similar transformation in algebra and 
geometry in the works of George Peacock (1771-1858), Duncan Farquharson 
Gregory (1813-1844) and William Rowan Hamilton (1805-1865) (Section 4). 
Part 2 contributes to the history of modern probability theory – which started 
with Hilbert’s 1900 Paris lecture and ended, allegedly, with Kolmogorov’s 
Grundbegrife – by discussing it in the light of the general debate about the 
foundations of mathematics that arose in the wake of the paradoxes of Canto-
rian set theory. The problem-situation of this part can be captured in the state-
ment that from Hilbert’s call to axiomatize probability theory as a branch of 
natural science it was not immediately clear either which part of the real world 
should be incorporated in the axioms or even what it meant to incorporate 
the real world in axioms. Because Borel, Von Mises, Khinchin, Kolmogorov 
and others gave diferent answers to both of these questions – answers which 
themselves went hand-in-hand with certain foundational views about mathe-
matics – the mathematization of probability was very much due to the fact that 
certain ‘modern’ intuitions about probability got the upper hand. Therefore, 
the question becomes whether Kolmogorov’s incorporation of probability into 
the realm of pure mathematics solved Hilbert’s problem of the axiomatization 
of physical probability. 

Part 2 is concerned with two topics. Firstly, with Hilbert’s and Von Mises’s 
attempts to axiomatize probability as an exact natural science (Section 1). 
Secondly, with Khinchin’s and Kolmogorov’s discussion of the relation 
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between their use of set- and measure-theory and axiomatics for the axioma-
tization, in the late-1920s/early-1930s, of probability theory and their interest 
in L.E.J. Brouwer’s (1881-1966) intuitionism and Von Mises’s frequentism 
as foundational orientations in mathematics and probability (Section 2 and 
3). The concluding remarks contain a brief reflection on the meaning of the 
content of the thirteen chapters of the book for an account of the philosophical 
foundations of the ‘modernist transformation’. 

Some of the chapters of the book have already been published: chapter 1 
(Historia Mathematica), chapter 2 (BSHM Bulletin: Journal of the British Society 
for the History of Mathematics), chapter 3 (Historia Mathematica), chapter 4 
(BSHM Bulletin: Journal of the British Society for the History of Mathematics), 
chapter 5 (History and Philosophy of Logic) and chapter 9 (Annals of Science). 
Biblio graphical information on these articles is provided at the beginning of 
every section. Other chapters have either been accepted with revision (chapter 
10, 12 and the appendix to chapter 12 (co-translated with Olga Hoppe-Kon-
drikova)) or accepted for review (chapter 6, 7 and 8). Chapters 11, 13 and the 
appendix to chapter 13 (co-translated with Olga Hoppe-Kondrikova) have not 
yet been submitted to a journal and appear here for the first time. 

Every chapter contains a bibliography of the literature referred to in the chapter 
itself. 




