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chapter 5

John Venn’s hypothetical 
infinite frequentism and logic

0.  Introduction

John Venn’s1 (1834-1923) Logic of Chance2 (1866) is often portrayed as the first 
systematic British empiricist reformulation of the rationalist doctrines of tra-
ditional probability theory into a so-called frequency interpretation of proba-
bility.3 Furthermore, within the scholarly work on the frequency tradition, it is 

1 For a biography of John Venn see, for instance, Venn 1954, p. 248; Verburgt 2014b. 
2 The Logic of Chance went through three editions during Venn’s lifetime, Venn 1866; 

1876a; 1888. The fourth edition of 1962 is a reprint of the third edition of 1888. It is 
certainly true, as for example Sandy Zabell has suggested (see Zabell 2005, p. 122), that 
it would be a useful undertaking to study the changes between these editions. Where 
the second edition introduces discussions on ‘topics which were but little or not at all 
treated before’ (Venn 1876a, p. xiv), namely the laws of error (chapter 2), modality 
(chapter 12), the method of least squares (chapter 13), insurance and gambling (chapter 
15) and the credibility of extraordinary stories (chapter 17), the third edition includes 
several new chapters, on randomness (chapter 5) and averages (chapter 18 and 19), 
and minor alterations, most notably in chapter 8, 10, 11 and 15. At the same time, 
Venn himself wrote that his ‘general view of Probability adopted is quite unchanged, 
further reading and reflection having only confirmed me in the conviction that this 
is the soundest and most fruitful way of regarding the subject’ (Venn 1876a, p. xiii). 
Similarly, in the third edition, Venn notes that the ‘alterations do not imply any appre-
ciable change of view on my part as to the foundations and province of Probability’ 
(Venn 1888, p. xvii). Taken together, the changes in Venn 1876 and Venn 1888 do not 
impinge on the general line of argumentation of the present paper – concerned, as it 
is, with Venn’s reformulation of probability theory on the basis of the creation of its 
logical foundations. Put diferently, the papers can be read as a preliminary to an inves-
tigation of the diferences between the three editions of Venn 1866. In what follows 
references to Venn 1876 and Venn 1888 are provided when insightful. 

3 Cf. Keynes 1921, chapter 8; Gillies 1973, preface, 2000, chapter 1, 2 and 3; Kiliç 1999; 
Wall 2005, 2006, 2007. See Verburgt 2014a for a critical discussion of this characteri-
zation. The present article pursues further the argument put forward there, namely 
that Venn’s frequency approach to probability, on the one hand, is first and foremost 
critical of the traditional theory’s mathematical form, rather than its rationalism and, 
on the other, is of a quasi-empiricist logicist, rather than a straightforwardly empiricist 
character. 
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mostly, if ever, discussed in terms of its ‘actual finite’ approach4 to frequentism 
made redundant, as it was, by the ‘hypothetical infinite’ approach5 formulated 
in the work of Richard von Mises (1883-1953)6.7 The truth of both of these 
claims is premised on their neglecting of what is most striking about Venn 1866; 
namely, on the one hand, its acknowledgement of the need to recognize the 
ideal, non-empirical, character of the foundations of frequentism and, on the 
other hand, its attempt to establish these foundations on a strictly non-math-
ematical basis. It is only from the viewpoint of this reading of Venn 1866 that 
it is possible to do justice not only to the extent to which it was written with 
the intention of reformulating probability theory as a branch of what Venn, 
following John Grote’s characterization of J.S. Mill’s (1806-1873) System of 
Logic (1843), called ‘material logic’, but also to the fact that Venn’s defense of 
his non-mathematical version of the hypothetical infinite approach to the fre-
quency interpretation of probability theory must be understood with reference 
to his general views on logic and its ‘accidental’8 relationship with mathematics. 

The outline of the paper is as follows: after providing, in section 1, an account of 
the connection between the general aim and structure of Venn 1866 and Venn’s 
formulation of his system of so-called ‘material logic’, section 2 purports to give 
a detailed analysis of Venn’s treatment of the (general and special) objective 
and subjective foundational assumptions of his theory of probability with a 
special focus on the twofold role of the ‘subjective’ – namely that of the ideal-
ization of the objective assumptions and that of the drawing of inferences on 
their basis. In section 3, Venn’s somewhat idiosyncratic views on mathematics 
– as put forward, for example, in his Symbolic Logic (1881) – are discussed with 
the aim of coming to grips with Venn’s dismissal of the traditional definition 
of probability theory as a mathematical discipline and his legitimation of his 

4 In brief, this approach holds that the probability of an event or attribute is the relative 
frequency of actual trials of a finitely repeated experiment on which it occurs; in so 
far as a probability is identified with an actual frequency there is ‘no need to ‘leave the 
actual world’, for all the requisite facts are right here’ (Hájek 1996, p. 211). 

5 This approach defines the probability of an event or attribute in a suitable ‘reference 
class’ as the limit of a relative frequency in an infinite sequence of hypothetical trials 
– i.e. probability is identified with a ‘counterfactual limiting relative frequency; the 
limiting relative frequency if there were infinitely many trials’ (Hájek 1996, p. 212). 

6 Von Mises 1919a; 1919b. 
7 Cf. Hájek 1996; 2009. 
8 Venn 1881, p. ix. 
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strictly non-mathematical approach to the theory’s logical foundations. The 
section with concluding remarks briefly reflects on the complexity of upholding 
a logical version of hypothetical infinite frequentism by means of a discussion 
of a criticism of Venn’s treatment of probability by one of his contemporaries. 

1.  Probability as a branch of ‘material logic’

The central aim of Venn 1866 9 was to show, on the one hand, that probability 
theory, instead of being ‘a portion of mathematics’, is ‘a branch of the general 
science of evidence [i.e. logic] which happens to make much use of mathemat-
ics’10 and, on the other hand, that insofar as the theory ‘has been very much 
abandoned to mathematicians who […] have generally been unwilling to treat it 
thoroughly’ the ‘real principles of the science have […] been excluded’.11 Venn 
was also convinced that since ‘the science of Probability […] contains something 
more important than the results of a system of mathematical assumptions’12 
it can and ought ‘to be rendered both interesting and intelligible to ordinary 
readers who have any taste for philosophy’.13 Venn’s formulation of what he 
took to be the ‘ultimate principles’ of probability theory, thus, went hand in 
hand with his reformulating of it as belonging to ‘the province of Logic’ – a 
topic of research for which, according to nineteenth-century British opinion, 
philosophers were principally responsible.14 

Similar to the general survey of the foundations of logic carried out in the 
first chapters of The Principles of Empirical or Inductive Logic (1889), Venn 1866 
consists of a detailed analysis of the nature of the foundational assumptions 
which, taken together, create the basis of probability theory. It may also be 
noted that where Venn 1889 can be read as a systematic outline of what Venn 

9 Following the considerations put forward in footnote 1, what is said, in the present 
article, about Venn 1866, is ipso facto also attributed to Venn 1876a; 1888; 1962. As said, 
in those cases in which it is demanded, clarification is given in the footnotes. 

10 Venn 1866, p. viii. 
11 Venn 1866, p. ix. 
12 Venn 1866, p. ix. 
13 Venn 1866, pp. xiii-xiv. 
14 Cf. Gabbay & Woods 2008; Peckhaus 1999; 2003. 
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called ‘material’ logic,15 in all the editions of Venn 1866 probability theory was 
discussed as a specific portion of this comprehensive ‘Material view of Logic’.16 
More specific, the theory was defined as that part of the science concerned with 
drawing inferences of an ‘observing and thinking mind’17 about the ‘sum-to-
tal of ‘existences considered as objective’’18 which treats of those unordinary 
(‘proportional’) propositions of traditional logic in which not the predicate, but 
the subject is indefinite (‘Some A is B’) and which cannot be universalized by 
determining the ‘some’ (e.g. ‘The A which is C is B’).19

This particular definition already reflects the sense in which Venn’s treatment 
of probability theory was radically diferent from that of some of his contem-
poraries – especially of Augustus De Morgan (1806-1871) and George Boole 
(1815-1864) –; not only was it logical, rather than mathematical, it was also 
logical in a very specific ‘non-conceptualist’ way. Because Venn had it that the 
(pure) mathematician and conceptualist logician both deal with the consistency 
of necessary inferences, rather than with their truth or falsehood, this actually 
amounted to the same.20 Thus, for example in the ‘Preface’ to Venn 1866, Venn, 
referring to De Morgan’s Formal Logic (1847), emphasized that ‘his scheme of 
Probability is regarded very much from the conceptualist point of view [since] 
he considers Probability is concerned with formal inferences in which the 
premises are entertained with a conviction short of absolute [i.e. mathemati-

15 Verburgt 2014b provides a detail account of the significant diferences between Venn’s 
initial adoption of Mill’s ‘material logic’ in Venn 1866 and Venn’s renovation of it under 
the influence of the philosophy of John Grote (see Grote 1865/1900) in Venn 1889. 

16 Venn 1866, p. xiii. 
17 Venn 1889, p. 22. 
18 Venn 1879, p. 37.
19 The passage in which Venn describes the relation between the propositions of tradi-

tional logic and those of probability is the following: ‘[If] indefiniteness […] in respect 
of the predicate [in particular propositions] cannot, or need not, always be avoided 
[…] the indefiniteness of the subject, which is the essential characteristic of the par-
ticular proposition, mostly can and should be avoided. For we can very often succeed 
at last in determining the ‘some’; so that instead of saying vaguely that ‘Some A is B’, 
we can put it more accurately by stating that ‘The A which is C is B’, when of course 
the proposition instantly becomes universal. Propositions which resist such treatment 
and remain incurably particular are comparatively rare; their hope and aim is to be 
treated statistically, and so to be admitted into the theory of Probability’ (Venn 1881, 
pp. 189-190). 

20 Cf. Venn 1876 b, pp. 43-45. 
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cal] certainty’.21 Venn not only criticized this position for assuming that ‘there 
are laws of mind as distinguished from laws of things and that [the former] can 
be ascertained and studied without taking into account their reference to any 
particular object’22 – thereby making logic into ‘a somewhat arbitrary selection 
from Psychology’23 expressed in formal terminology24 –, but also for conflating 
the very distinction between logic – concerned, as it is, with ‘taking cognisance 
of laws of things and not of the laws of our minds in thinking about things’25 – 
and mathematics – which is defined, by Venn, as the discipline which deals with 
‘questions of number, magnitude, shape and position’.26 

It may, thus, seem surprising27 that Venn was, in fact, deeply influenced28 
by a book with a title and under-title as that of Boole’s Laws of Thought, on 
Which are Founded the Mathematical Theories of Logic and Probabilities (1854 a) in 
which, as the logician W.S. Jevons (1835-1882) once put it, even ‘the simplest 
logical processes [are] shrouded […] in the mysterious operations of a math-
ematical calculus’.29 And it is true that despite his agreement with some of 

21 Venn 1866, pp. xi-xii. 
22 Venn 1866, p. 74. 
23 Venn 1876 b, p. 45. 
24 In Venn 1876 b, Venn wrote that ‘the consistent Conceptualist is under powerful 

inducements to adopt the formal view, partly on grounds of rigid sequence, but still 
more on grounds of psychological sympathy. Those who have […] determined to 
confine themselves to the manipulation of concepts will naturally recognise a deep and 
important distinction between those mental processes which do not, and those which 
do require us to go outside the concept for fresh matter in order to carry them on; that 
is, in other words, between those processes which are, and which are not, formal. Add 
to this the fact that those who occupy the conceptualist standpoint are, as a rule, those 
who believe in necessary laws of thought as an ultimate fact (a connection arising out 
of psychological grounds […])’ (Venn 1876b, p. 45). See also Venn 1876a, chapter 10. 

25 Venn 1866, p. xiii. 
26 Venn 1881, p. ix, f. 1. 
27 Verburgt 2014b shows that this is, in fact, not surprising given both the influence of the 

quasi-idealist Grote on Venn’s general views on logic as well as the particular reinter-
pretation of Boole’s work on the basis of which Venn sought to come to terms with it. 

28 Venn became acquainted with Boole 1854 a in the year 1858 through his tutor at 
Cambridge Isaac Todhunter. In his autobiographical notes, Venn writes that ‘I [Venn] 
read the book with care, and could follow the mere mechanism of his process. But to 
rationalise them was a far other business, and I did not see my way to do this till after 
the third or fourth study of the book, in 1878-9’ (Venn quoted in Cooke 2005, p. 338). 

29 Jevons 1870, p. 498. 
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Boole’s general criticisms of traditional probability theory,30 Venn at no point 
in Venn 1866 came into explicit contact with any of the ideas that were part of 
the ‘general system of algebraic equations upon which the solution of questions 
in the theory […] depends’31 as developed, for instance, in Boole 1854 a.32 It is 
only against the background of Venn’s particular reinterpretation of Boole’s 
so-called ‘algebra of logic’ (or ‘mathematical analysis of logic’)33 that both his 
interest in the work of Boole as well as his coming to terms with the mathe-
matical theorems of probability can be fully understood. For Venn’s statement, 
in Venn 1866, that probability theory is not a portion of mathematics, but a 
branch of (material) logic ‘which happens to make much use of mathematics’34 
closely resembles his remark, in Venn 1881, that Boole 1854 must be interpreted 
as employing mathematics as the language in which the generalization of (tra-
ditional) logic is expressed, rather than as mathematizing logic. Similarly, the 
central goal of Venn 1881, namely that of the establishment of ‘every general 
[mathematical] expression and rule on purely logical principles, instead of 
looking mainly [as does Boole] to its formal justification’,35 ipso facto applies 
to Venn 1866 in which Venn not only demonstrates that traditional probability 
theory is mathematical merely in its form and expression, but also criticizes 
precisely those theorems premised on the idea of it belonging to mathematics. 

Given that Venn’s re-logicization, so to say, of probability theory – and, for that 
matter, of Boole’s ‘algebra of logic’ – is itself premised on and characterized by 
his revision of Millian ‘material logic’ the following section will be devoted to 
this topic. The aim of this analysis is to pave the way for an understanding of 

30 For the details of what Venn learned from Boole’s criticism of traditional probability 
see Verburgt 2014 c. 

31 Boole 1862, p. 412. 
32 But see also Boole 1854a, chapters 16-21; 1854b; 1854c; 1857; 1862. A terrific account of 

Boole’s work on probability theory can be found in Hailperin 1986, part 2. 
33 In Venn 1881, Venn provides a lengthy defense of the conviction that the then prevalent 

opinion about Boole that he regarded logic as a branch of mathematics and that he 
simply applied mathematical rules to logical problems is ‘a very natural mistake 
[for] the […] processes of Boole’s methods [are] at bottom logical, not mathematical 
[even though] they are stated in such a highly generalized symbolical form and with 
such a mathematical dress upon them that the reader […] may work through them 
several times before the conviction begins to dawn upon him that he had any previous 
acquaintance with them’ (Venn 1876c, p. 480, p. 484). 

34 Venn 1866, p. viii. 
35 Venn 1881, p. xxix. 
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the implications for the foundations and import of probability theory of Venn’s 
attempt to force it into the shape of this system.36

1.2  Venn’s system of ‘material logic’

In the ‘Preface’ to Venn 1866, Venn acknowledges that with ‘what may be called 
the Material view of Logic […] I am in entire accordance’.37 But already in this 
work did he declare his reservations about Mill’s account. Somewhat remark-
ably, it is only in a paper of 1879 that Venn elaborates upon the dihculties 
for material logic put forward some thirteen years earlier. In Venn 1879, Venn 
writes that even though Mill is right about the fact that ‘Material Logic […] is 
involved in every science which professes to draw inferences about external 
things’,38 Mill does not recognize that 

In every such science we must suppose a certain number of facts given 
in experience, and therefore a certain number of propositions known to 
be true […] It is true that this […] is obscured in the case of […] ordinary 
inferences […] for here the same inference which first suggests the con-
ception to us may be the very thing which assures us of its truth […] 
But whenever we are drawing conclusions about things by means of 
inductive rules […] we [must] have a multitude of [mental] conceptions 
which we should be unwilling to call imaginary, and yet which we should 
scarcely be able […] to speak of facts. (Venn 1866, p. 127, my emphasis) 

Venn eventually came to argue that in so far as the ‘objectivity’ to which 
Mill appeals so as to circumvent these ‘conceptions’ is ‘at present indefinitely 
remote’39 it is ‘better not to claim an objectivity unattainable, but to admit 
frankly that […] Logic [is] conditioned on every side by subjective consider-
ations’.40 Given this situation the task is to create a ‘third science’ that stands 
between a purely (‘material’) objective system of logic à la Mill and a (‘concep-

36 In this sense, the – commonly emphasized – ‘empiricist’ character of Venn 1866 must 
be seen as an epiphenomenon of its ‘logicist’ outline – at least in so far as the former 
feature is included or implied in the latter rather than vice versa. 

37 Venn 1866, p. xiii. 
38 Venn 1866, p. 127. 
39 Venn 1879, p. 46. 
40 Venn 1879, pp. 46-47. 
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tualist’) subjective system of logic à la William Hamilton (1788-1856), Henry L. 
Mansel (1820-1871), De Morgan or Boole. If Venn sometimes seems to suggest 
that this alternative version of ‘material logic’ is merely a temporary construc-
tion and that Mill’s ‘material logic’ remains ‘an ideal towards which we are to 
aim’,41 in Venn 1889 logic is straightforwardly defined as ‘neither a purely objec-
tive nor a purely subjective science [but one] involving both elements, consist-
ing essentially in the relation of the one to the other;42 43 on the one hand, ‘outside 
us, there is the world of phenomena pursuing its course’44 and, on the other 
hand, ‘within us, there is the observing and thinking mind’45 making inferences 
about this world. Because logic is now said to be a derivate (‘non-ultimate’) 
science lacking ‘first principles of any kind’,46 Venn maintains that its foun-
dations are decided for by several postulates derived from disciplines such as 
metaphysics, psychology, physical science and grammar. Where the (‘general’47 
(chapter 1) and ‘special’48 (chapters 2, 3 and 4)) objective postulates construct 
the world of phenomena to which the terms of the propositions of immediate 

41 Venn 1879, p. 36. 
42 Venn 1889, p. 22, my emphasis. 
43 See Verburgt 2014b, section 2, for a detailed discussion of Venn’s formulation of an 

alternative version of ‘material logic’. 
44 Venn 1889, p. 22. 
45 Venn 1889, p. 22. 
46 Venn 1889, p. 1. 
47 Venn writes that ‘[i]n order to make our subject matter capable of scientific [i.e. 

logical] treatment [...] we are forced to make assumptions as to the simplicity and 
abstract perfection of our materials which are not justified in practice; but we know 
that it is only in so far as they are [theoretically] justified that our conclusions will hold 
good’ (Venn 1889, p. 39). In Venn 1889, these postulates are those which assert, firstly, 
the existence and (sensual) recognition of a stable realm of objects and, secondly, the 
constitution of separate or distinct objects to be ascertained by means of grouping 
them in the form of definition (chapter 11), division (chapter 12 and 13), analysis and 
synthesis (chapter 16), and standards and units (chapter 18 and 19). 

48 Because the ‘overwhelmingly larger proportion of […] facts is beyond the range of our 
immediate observation’ (Venn 1889, p. 46) it is also necessary to discover, under the 
heading of special objective postulates, ‘some kind of order, arrangement, or relations 
among the cases’ (Venn 1889, p. 46) – and this is accounted for by the ‘doctrine of 
causation’ governing, as it does, the two kinds of uniformity or order in nature, 
namely sequences and co-existences. 
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and syllogistic inferences refer, the subjective postulates (chapter 5) demanded 
‘on the Mental side’ account for the possibility of inductive inferences.49

 The originality that Venn ascribed to Venn 1866 was that of its thorough elab-
oration of probability theory along the lines of this (alternative) material view 
of logic.50 Where the mathematical probabilists had traditionally treated prob-
ability theory ‘up to the point where their mathematics would best come into 
play, and that of course has not been at the foundations’,51 Venn is the first 
of those writers ‘whose main culture [is] of a more general character [and] of 
free criticism’52 to establish the theory’s ‘fundamental principles upon which 
its rules rest, the class of inquiries to which it is […] properly applicable [and] 
the relation it bears to Logic’.53 Venn set out to show not only that probability 
theory must be regarded as a portion of the material, rather than conceptualist, 
viewpoint of logic, but also how it is to be transformed when it is thus said to 
contain ‘something more important than the results of a system of mathematical 
assumptions’.54 

2.  Venn’s probability theory

The general aim of Venn 1866 can readily be ascertained when it is recalled that 
probability theory deals with proportional propositions and recognized that 
its foundations are re-established on the basis of an exposition of the general 
and special objective and subjective foundational postulates. As in the case of 

49 The objective uniformity in nature (chapter 4) is to be accompanied by a psycholog-
ical, rather than logical, belief in its existence (chapter 5) which is to be regarded as 
the single most important part of the subjective foundational assumptions which Venn 
brings to the fore.

50 In the preface to the first edition of the Logic of Chance (see Venn 1866), Venn wrote 
that ‘the only writer who seems to me to have expressed a just view of the nature and 
foundation of the rules of Probability is Mr Mill, in his System of Logic. His treatment 
of the subject is however very brief, and a considerable portion of the space which 
he has devoted to it is occupied by the discussion of one or two special examples [...] 
[However] [t]he reference to [this] work [...] will serve to convey a general idea of the 
view of Probability adopted in this Essay’ (Venn 1866, p. xiii). 

51 Venn 1866, p. ix. 
52 Venn 1866, p. ix. 
53 Venn 1866, p. x. 
54 Venn 1866, p. xiv. 
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Venn’s material logic at large, the work of the probabilist consists of the expo-
sition of the structure of making ‘subjective’ (immediate, syllogistic and induc-
tive) inferences about these foundations which, when taken together, are to be 
seen as the postulary ‘objective’ ‘universe as the probabilist regards it’.55

The general objective foundations discussed in chapters 1 and 2 and the special 
objective foundations put forward in chapters 11 and 16 together define the 
objective foundation of probability, namely that of a particular kind of series. 
Importantly, similar to Venn 1889, in Venn 1866 the notion of the ‘subjective’ has 
a twofold status – left almost entirely unexplained by Venn. On the one hand, it 
is what accounts for the issue of ‘What is to be done with [the] series? How is 
it to be employed as a means of making inferences?’.56 The ‘subjective’ is, thus, 
that of making an immediate (chapter 3), syllogistic (chapter 4) or inductive 
(chapter 6, 7 and 8) inference on the ‘objective’ basis of a ‘series’57 – just as the 
step from the latter to the former is one ‘from the things themselves to the state 
of our minds in contemplating them’.58 On the other hand, the ‘subjective’ also 
creates this very basis, namely in the form of a ‘process of idealization’59 neces-
sary in order to ‘prune […] [series] a little into shape [so that] they are capable 
of being accurately reasoned about’.60 It is this circularity, i.e. the (partially) 
‘subjective’ construction of a foundation for ‘subjective’ contemplation, that 
forces Venn to show in what sense his definition of probability as ‘a science of 
inference about real things’61 can be upheld – or, for that matter, how it can be 
prevented from being concerned with taking ‘cognisance […] of the laws of our 

55 This is an allusion to the title of the first chapter of Venn 1889, namely ‘The physical 
foundations of inference, or the world as the logician regards it: an exposition of 
the principal assumptions demanded for the establishment of a material or objective 
system of logic’. 

56 Venn 1866, p. 56. 
57 These chapters correspond to chapter 5, chapter 6 and chapter 8 of Venn 1876a and 

chapter 6, chapter 7 and chapter 9 in Venn 1888, respectively. In these editions the 
general and special objecttive foundational postulates are discussed, in Part I, under 
the header of the ‘physical foundations’ of probability theory. Part II, which includes 
the treatment of immediate, syllogistic and inductive inferences, that is, the deductive 
and inductive part of probability, is here called the ‘logical superstructure’. 

58 Venn 1866, p. 56. 
59 Venn 1866, p. 56, emphasis in original. 
60 Venn 1866, p. 56. 
61 Venn 1866, p. 57. 
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minds in thinking about things’.62 At the same time, it must be emphasized that 
what is implied in this seeming ‘circularity’ is precisely the creation of an hypo-
thetical (‘imaginary’ or ‘ideal’) foundation for the frequency theory of proba-
bility. And this is not only what distinguishes Venn’s frequentism from that of 
the ultra-empiricist Mill63 and, given his empiricist scruples, from that of the 
Kantian-idealist Robert Leslie Ellis64 (1817-1859), but also what indicates that 
the standard view of Venn 1866 as the first systematic treatment of an ‘actual’ 
and ‘finite’ (‘real world’ or ‘matter of fact’) approach to probability à la Mill is, 
to a considerable degree, mistaken.65 

2.1  The general objective foundational postulates of probability

Venn commences his treatment of the ‘objective’ arrangement and formation 
of a ‘series’ by means of an illustration of the connection between the classes of 
objects and the proportional propositions – which mostly go ‘unrecognized […] 
in Logic, but [are] constantly drawn in practice [and] of which the characteris-
tic is that as they increase in particularity they diminish in certainty’66 – with 
which probability theory is concerned: 

Let me assume that […] some cows ruminate; I cannot infer logically 
from this that any particular cow does so, though I should feel some 
way removed from absolute disbelief or […] on the subject; but if I saw 
a herd of cows I should feel more sure that some of them were ruminant 
than I did of the single cow, and my assurance would increase with the 
numbers of the herd about which I had to form an opinion. Here then 
we have a class of objects as to the individuals of which we feel quite in 
uncertainty, whilst as we embrace larger numbers in our assertions we 
attach greater weight to our inferences. (Venn 1866, p. 3)

Because Venn, at least at this point, wants to avoid any further reference to a 
‘subjective element’, he proposes to analyze in detail that particular class of 
things which forms the subject-matter of probability, namely that of a series 

62 Venn 1866, p. xiii. 
63 Mill 1843, chapters 17 and 18. See also Strong 1978. 
64 Ellis 1844; 1854. On Ellis’s account of frequentism see Kiliç 2000; Verburgt 2013 a. 
65 For this point see Verburgt 2014a. 
66 Venn 1866, p. 3. 
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defined as ‘a large number or succession of objects’67 which ‘combines individ-
ual irregularity with aggregate regularity’.68 What, Venn asks, 

is the meaning of the statement that one cow in ten fails to suckle its 
young? […] It […] contemplates our examination of a large number, of a 
long succession of instances, and states that in such a succession we shall 
find a numerical proportion, not indeed accurate at first, but which tends 
in the long run to become accurate. (Venn 1866, p. 5)

Series are, thus, classes of things or ‘events’ which combine individual irreg-
ularity, or chaos, with aggregate regularity, or order, in the long run. It must 
be clear, on the one hand, that this irregularity cannot be observed in all the 
features of individual instances and, on the other, that even in the features 
‘in which the irregularity is observed, there are […] generally positive limits 
within which it will be found to be confined’69 such that the ‘disorder […] is not 
universal and infinite [but] only prevails in certain directions and up to a certain 
point’.70 More importantly, in so far as a series, contrary to the objects of which 
it consists, are not ‘given to us in nature’71 but a result of ‘our private arrange-
ment’,72 it is also to be recognized that ‘the individuals which form the series 
are compound, each being made up of a collection of […] attributes; some of 
[which] exist in all the members of the series, others are found in some only’.73 
The distinctive characteristic of probability theory is that 

the occasional attributes, as distinguished from the permanent, are 
found on an extended examination to exist in a certain definite propor-
tion of the whole number of cases [i.e.] as we go on examining more 
cases we find a growing uniformity [or] that the proportion of instances 
in which they are found to instances in which they are wanting is gradu-
ally subject to less and less variation and approaches continually towards 
some apparently fixed value. (Venn 1866, pp. 10-11)

67 Venn 1866, p. 6. 
68 Venn 1866, p. 4. 
69 Venn 1866, pp. 7-8. 
70 Venn 1866, p. 8. 
71 Venn 1866, p. 8. 
72 Venn 1866, p. 8. 
73 Venn 1866, p. 9. 
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Consequently, Venn concludes that the ‘ultimate basis upon which all the rules 
[of evidence] of Probability must be based’74 is that of a series defined as a suc-
cession of groups that, in turn, consists of collections of substances or ‘perma-
nent attributes’ which, when they in the long run turn out to be ‘common to the 
whole succesion [sic], [give] unity to the [series]’.75 

2.2  Venn’s general objective foundational postulates of probability 
and the two sides traditional probability theory

At this point in his discussion of the general objective foundational postulates 
of probability theory, Venn, referring to Jakob Bernoulli’s (1654-1705) famous 
theorem of his Ars Conjectandi (1713/2006),76 cautions that the uniformity, or 
aggregate order, that gradually emerges out of individual disorder ‘though 
durable is not everlasting’.77 The reason for this is that so-called ‘natural uni-
formities’ are found ‘at length to be subject to fluctuation’78 since there are 
no persistent and/or invariable types in nature. It is merely in artificial games 
of chance – the subject of the calculations presented in part I-III of Bernoulli 
1713/2006 – that it is possible to find ‘fixity in the uniformity’.79 Now, in so 
far as natural uniformities at length fluctuate and ‘those aforded by games 
of chance [are] fixed for ever’,80 it is necessary to make a distinction between 
these two kinds of series which are 

alike in [both] their initial irregularity [as well as] their subsequent reg-
ularity; it is in […] their ultimate form that they begin to diverge from 
one another [because] [t]he one tends without any permanent variation 
towards a fixed numerical proportion in its uniformity [and] in the other 
the uniformity is found at last to fluctuate […] in a manner utterly irre-
ducible to rule. (Venn 1866, p. 17)

74 Venn 1866, p. 11. 
75 Venn 1866, p. 11. 
76 For terrific accounts of Jakob Bernoulli’s contributions to probability theory see, for 

instance, Hacking 1971; Schafer 1996. 
77 Venn 1866, p. 14. 
78 Venn 1866, p. 16. 
79 Venn 1866, p. 17. 
80 Venn 1866, p. 17. 
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Before discussing the implications of this distinction for the series resulting 
from the general objective foundational postulates (see section 2.3), it is of 
some importance to show that also the two central targets of Venn’s criticism of 
traditional probability theory, namely its ‘direct’ (section 2.2.1) and ‘indirect’ 
part (2.2.2), must be understood against the background of the distinction. 

2.2.1 The traditional (‘subjective’) definition and foundation of probability 

Venn dismisses the traditional theory’s justification of the (‘direct’) statement 
that in the case of artificial series ‘we are able to know beforehand […] that 
[the] events occur, in the long run, about equally often’,81 and denies that it 
may be concluded that ‘the real basis of our calculations is not the series itself, 
but some a priori conditions on which the series depends’.82 Instead, he argues 
not only that when the notion of the ‘equi-probability’ of events accompany-
ing the statement is explained with reference to a state of the mind probability 
theory becomes a portion of psychology, rather than a science of the external 
events to which this state refers. But Venn also has it that in so far as the a priori 
conditions appearing in the conclusion ‘are really nothing else than a mode of 
securing an [empirical] result’83 they are empirical restrictions in disguise.84 
Given that it is upon these restrictions that our inferences ultimately rest’,85 
he holds that it is ‘simpler and more philosophical to appeal to it at once as the 
groundwork of our science’.86 

Venn mentions De Morgan as one of the eminent authorities who has attempted 
to formulate the foundations of probability theory on the basis of the tradi-
tional (‘subjective’) definition of probability as a ‘quantity of belief’. He, Venn, 

81 Venn 1866, p. 27. 
82 Venn 1866, p. 27. 
83 Venn 1866, p. 31. 
84 Venn writes that the ‘moment we begin to enquire […] whether the penny will 

really do what is expected of it, we shall find that restrictions have to be introduced. 
[For instance] the penny must be an ideal one, with its sides equal and fair […] I am 
convinced that […] we shall find that [the] tacit restrictions on the a priori plan are 
really nothing else than a mode of securing an experimental result. They are only a 
way of saying, Let a series […] be performed in such a way as to secure a sequence 
of a particular kind [i.e.] [l]et means be taken for obtaining a given result’ (Venn 1866, 
pp. 30-31). 

85 Venn 1866, p. 31. 
86 Venn 1866, p. 31. 



1575 | John Venn’s hypothetical infinite frequentism and logic

puts forward two arguments against the very possibility of this undertaking. 
Firstly, and most generally, given that variation of belief is not confined to prob-
ability theory,87 and it is doubtful whether its variations are always governed by 
the same laws, it seems ‘in vain to endeavour to force them into one science’.88 
Secondly, even if this would be possible it is clear that the actual definition 
of science from the ‘subjective’ side hinges on two assumptions. Firstly, ‘that 
our belief of every proposition is a thing which we can […] be said to measure 
[for] [t]here must be a certain amount of it in every case, which we can realize 
somehow […] and refer to some standard so as to pronounce upon its value’. 
And secondly that the value thus apprehended is the correct one according to 
the theory, i.e. ‘that it is the exact fraction of full conviction that it should be’.89 

About the first assumption Venn remarks not only that ‘the emotional element 
is present upon […] every occasion and its disturbing influence [is] constantly 
at work’,90 but also that a belief of a proposition depends on extremely complex 
and a great variety of evidence and arguments. The second assumption is 
explained with reference to the unruly nature of (undisciplined) human minds, 
something which can be derived from the fact that convictions about single 
events are rarely, if ever, apportioned to the theoretically established quantity 
of belief.91 Venn also points out that when it is conceded – for instance, by 
William F. Donkin (1814-1869) – that ‘though people […] do not apportion 
belief in [an] exact way […] they ought to do so’,92 this exactly ‘grants all that I, 
Venn] am contending for [since] it admits that the degree of belief is capable of 
modification […] in accordance with [the] experience’93 of a series. 

87 Venn notes that it plays a role ‘in every case we extend our inferences by Induction 
or Analogy, or depend upon the witness of others, or trust to our own memory of the 
past, or come to a conclusion through conflicting arguments, or even make a long and 
complicated deduction by mathematics or logic [etc]’ (Venn 1866, pp. 62-63). 

88 Venn 1866, p. 63. 
89 Venn 1866, p. 64. 
90 Venn 1866, p. 66. 
91 Venn supports this claim by means of the example of a lottery with 100 tickers and ten 

prizes. He asks whether ‘a man’s belief that he will get a prize [is] fairly represented by 
one-tenth of certainty? The mere reference to a lottery should be suhcient to disprove 
this. Lotteries have flourished at all times, and have never failed to be abundantly 
supported, in spite of the most perfect conviction […] that in the long run all will lose’ 
(Venn 1866, p. 68). 

92 Venn 1866, p. 72. 
93 Venn 1866, p. 72. 
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Taken together, Venn’s criticism amounts to the statement that the attempt 
of the (conceptualist) mathematicians to turn the traditional ‘subjective’ defi-
nition of probability as a gradation of belief into the foundation of the theory 
at large is self-defeating. For it either detaches ‘Probability altogether from 
the study of things external to us’,94 or, if it holds that a degree of belief can 
be modified in accordance with experience, it demonstrates that ‘it is [more] 
reasonable to start from this experience, and to found the theory […] on it’.95 
Venn feels comfortable to conclude that the ‘subjective side of Probability […], 
though very interesting and well deserving of examination,96 seems a mere 
appendage of the objective, and afords in itself no safe ground for a science 
of inference’.97 

2.2.2 The place of ‘objective probability’ in traditional probability theory

Venn also dismisses the (‘indirect’ or ‘inverse’) doctrine of traditional proba-
bility theory which extrapolates its ‘a priori’ plan to examples or events other 
than those related to games of chance. Put diferently, he is of the opinion that 
this doctrine – as found, for instance, in the work of Bernoulli and P.S. Laplace 
(1749-1827) – which applies the idea that ‘in the long run all events will tend to 
occur with a frequency proportional to their objective probability’98 to both 
artificial and natural series is nothing but an attempt to ‘force the Calculus of 
Probability upon a class of subjects which do not properly belong to it’.99

The argument for this claim goes as follows. Venn not only has it that the very 
notion of an ‘objective probability’ that is ‘perpetually striving, and gradu-
ally, though never perfectly, succeeding in realising itself’100 is premised on a 
questionable extrapolation which purports that ‘just as there [is] a relation of 
equality between the two sides of the penny, so there may be something in our 
bodies in the proportion of [e.g.] 106 [males] to 100 [females] which produces 

94 Venn 1866, p. 72. 
95 Venn 1866, p. 72. 
96 To this Venn adds that ‘in many [‘artificial’] cases it would be a real hardship to be 

debarred from appealing’ to the ‘a priori plan’. 
97 Venn 1866, p. 75. 
98 Venn 1866, p. 35. 
99 Venn 1866, p. 204. 
100 Venn 1866, p. 38. 



1595 | John Venn’s hypothetical infinite frequentism and logic

[a] statistical result [of births]’.101 But he also writes that this analogy is itself 
an illustration of ‘the inveterate tendency to objectify our conceptions even in 
cases where the conceptions had no right to exist at all’.102 Taken together, the 
doctrine of ‘indirect’ or ‘inverse’ probability is said to come about as follows: 

A uniformity is observed; sometimes, as in games of chance, it is found 
to be so connected with the physical constitution of the bodies employed 
as to be capable of being inferred beforehand […]; this constitution is 
then converted into an “objective probability”, supposed to develop 
somehow into the sequence which exhibits the uniformity. Finally, this 
[…] questionable “objective probability” is assumed to exist […] in all 
the cases in which uniformity is observed, however little resemblance 
there may be between these and games of chance. (Venn 1866, p. 36)

Because the validity of the extrapolation – or, for that matter, of the objectifi-
cation of the constitution – can only be upheld when the existence of so-called 
‘fixed types’ in nature is assumed, Venn concludes that the doctrine is ‘one of 
the last remaining relics of Realism, which after being banished elsewhere, still 
manages to linger in […] Probability’.103 

Venn’s criticism of the two central doctrines of the traditional (‘subjective’) 
theory of probability can now be summed up: After having mistaken the 
‘empirical’ restrictions involved in artificial series for ‘a priori’ conditions upon 
which the probabilities somehow depend, these conditions were illegitimately 
extrapolated to natural series such that their uniformity also seemed capable 
of being determined beforehand. In other words, the traditional theory is said 
to be characterized not only by the misunderstanding of artificial and natural 
series, but also by the failure to distinguish them. 

101 Venn 1866, p. 34. 
102 Venn 1866, p. 36. 
103 Venn 1866, p. 36. 
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2.3  Substituted (natural) series versus 
the extrapolation of artificial series

The most crucial tension in those chapters of Venn 1866 dedicated to the general 
objective foundational postulates of probability theory is the following. On the 
one hand, Venn dismisses the ‘inverse doctrine’s’ notion of an ‘objective prob-
ability’, but, on the other hand, he acknowledges that it is only about series 
which exhibit a regularity that does not fluctuate that it is possible to make 
inferences. It is thus in full recognition of the ‘error which [is] committed 
[when] in any example we […] substitute an imaginary series of the [artificial] 
kind for any actual series of the [natural kind] [for this] is equivalent to saying, 
Let us assume that the regularity is fixed and permanent’104 that Venn claims 
that this ‘substitution’ must be made in order to transform probability into a 
general science of inference. That is, even though

In examining the series of statistics which arise out of any of [the] natural 
[series] we should generally find that as a matter of fact the series tend at 
length to lose their regularity […] this will not suit our purposes. What 
we do therefore is to make a substitution, and employ instead a series 
which shall be regular throughout. It is by this substituted series that we 
do in reality make our inferences. (Venn 1866, p. 23) 

Venn thus emphasizes the necessity of a process of what he calls ‘idealization’ 
in which the ‘things’ about which probability makes inference are brought into 
a shape ‘fit for calculation’.105 Although this makes his position vis-à-vis the 
traditional theory somewhat difuse – he first criticizes it for treating natural 
series as if they are artificial series, but then goes on to argue that this substitu-
tion is inevitable –, Venn defends himself by writing that where he explicitly 
characterizes these ‘substituted (natural) series’ as ‘mere fiction’ and ‘artifice’, 
the traditional probabilists pretend as if natural series of themselves are of the 
form of artificial series and they thereby obscure the distinction between ‘the 

104 Venn 1866, p. 18. 
105 More in general, Venn holds that if ‘the series be supposed terminable, or irregularly 

fluctuating, then in so far as this is the case the series ceases to be a subject of science 
[and] [w]hat we have to do under these circumstances is to substitute [or ‘invent’] a 
series of the right kind for the inappropriate one presented by nature’ (Venn 1866, p. 108, my 
emphasis). 
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actual series about which we reason and the substituted series we employ in 
reasoning about it’.106 Importantly, Venn is of the opinion that in so far as

the series we actually meet show a changeable type, and the individuals 
of them will sometimes transgress their licensed irregularity […] they 
have to be pruned a little into shape, as natural objects always before they 
are capable of being […] reasoned about. The form in which the series 
emerges is that of a series with a fixed type, and with its unwarranted 
irregularities omitted. This […] ideal series is the basis of our calcula-
tion [but] this is [not] at variance with the assertion […] that Probability 
is a science of inference about real things; it is only by a substitution […] 
that we are enabled to reason about things. (Venn 1866, pp. 56-57, my 
emphasis) 

Now, it is about the substituted, or idealized, series resulting from Venn’s dis-
cussion of the general objective foundational postulates that the immediate and 
syllogistic inferences of probability theory are drawn. 

106 Venn 1866, p. 37. Venn illustrates this argument by means of a reflection on the (arith-
metical) mean. Referring to an example drawn from the work of the statistician 
Adolphe Quetelet (1796-1874), he writes that [i]n measuring the height of a building 
twenty times […] I may not perhaps twice find the same identical value […] because 
[this] operation [is] liable to some uncertainty. I [then] content myself […] by taking 
the average of all my results as the true height sought […] I may employ the calculation 
of the mean in another sense. I wish to given an idea of the height of the houses in a 
certain street. The height of each of them must be taken and the sum of the observed 
heights must be divided by the number of houses. The mean will [here] not represent 
the height of any particular [house]; but it will assist in showing their height in general 
[…] In the first [case] the mean represents a thing really in existence [and] in the 
second, it gives, in the form of an abstract number, a general idea of many things essen-
tially diferent’ (Venn 1866, pp. 40-41). Here Venn wishes to dismiss the extrapolation 
of the assumption, in the first case, that there is a real value to be approximated, to 
the second case in which this value is lacking so as to be able to put forward the claim 
that the actual heights are modeled upon a fixed type, or mean, somehow common 
to them. For, Venn asks, ‘what is this but the reappearance of the realistic doctrine?’ 
(Venn 1866, p. 43). In Venn 1876a, Venn dedicates one whole chapter, and in Venn 1888 
two chapters, to this discussion; see Venn 1876a, chapter 13; Venn 1888, chapter 18 and 
19. 
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2.4  The deductive part of probability theory: 
rules of immediate and syllogistic inference 

The aim of this section is to provide an account of the rules governing these 
immediate and syllogistic inferences which together form the deductive part of 
Venn’s system of probability. It is important to emphasize that this part is pre-
sented as the logical reformulation of all mathematical theorems of traditional 
probability theory – such that ‘the great body of formulae which are made use 
of in treatises upon the science’ are said to be ‘nothing else […] than applica-
tions of the […] fundamental rules’.107 If this seems an impressive achievement, 
it is to the enquiry ‘whether [or not] Probability is entirely a formal or deduc-
tive science’108 that Venn himself dedicates the bulk of Venn 1866. But before 
considering this inductive part of the theory in section 2.5, this section is ded-
icated, as said, to the rules of which the deductive part consists. 

2.4.1 Immediate (deductive) inference in probability 
and the problem of ‘substituted series’

It is in the chapters dedicated to his criticism of the traditional (‘subjective’) 
definition of probability that Venn asks what kind of inferences can be made 
about the ‘substituted’ series. His first answer is ‘immediate inferences, – infer-
ences, that is, of the type, – All men are mortal, therefore any particular man 
or men are mortal’.109 Although these are simple and obvious logical inferences, 
they require careful consideration in probability theory. The reason for this is 
that even though, on the one hand, the ‘substituted’ series arise from general 
objective postulates which idealize from individual events such that, on the 
other hand, inferences are not about ‘individuals as individuals, but about series 
or a succession of them’,110 it is impossible to neglect all consideration of ‘irreg-
ular individuals’.111 Venn recognizes this somewhat uncomfortable situation 
when observing that his treatment in the first two chapters of Venn 1866 of the 

107 Venn 1866, p. 121. 
108 Venn 1866, p. 167. 
109 Venn 1866, p. 58. 
110 Venn 1866, p. 192. 
111 Venn 1866, p. 59. 
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general objective foundational postulates of probability ‘seem to preclude all 
enquiries of this kind’.112 

The solution which he puts forward echoes his justification of the ‘substituted’ 
series’ – and this in two respects. Firstly, if it is on the basis of the ‘substituted 
series that we […] make our inferences [and] [t]he validity of the inferences 
obtained [by means of it] depends upon there being a close agreement between 
the substituted series and the real one’,113 the ‘degree of belief [!] we entertain 
of a proposition may be hard to get at accurately, and when obtained may be 
often wrong, and need therefore to be checked by an appeal to the objects of 
belief’.114 That is, for both immediate inferences as well as the beliefs in them 
it holds that these must be justified by experience. Venn emphasizes that this 
does not suhce in order to establish the amount of (partial) belief:

I am about to toss [a penny] up, and I [thus] half-believe […] that it will 
give head. [I]f we appeal to the event […] our belief must inevitably be 
wrong, and therefore [this] test […] will fail. For the thing must either 
happen or not happen […] But whichever way it occurs, our half-be-
lief […] must be wrong. If head does come, I am wrong in not having 
expected it enough [and] [i]f it does not happen I am equally wrong in 
having expected it too much. (Venn 1866, pp. 78-79) 

Secondly, given that the very employment of probability theory postulates 
ignorance of the single event the only possible answer to this is that ‘what we 
really mean by saying that we half believe in the occurrence of head is to express 
our conviction that head will certainly happen […] every other time […] in the 
long run’.115 Venn is quick to point out that in so far as this answer undermines 
the whole question – ‘for it admits that […] partial belief does not […] apply 
to the individual event’116 – the problem can actually not be dealt with ‘on the 
theory adopted throughout this Essay’.117 After providing a lengthy psycho-
logical (!) explanation of the idea of a quantity of belief, Venn arrives at the 

112 Venn 1866, p. 59. 
113 Venn 1866, p. 23. 
114 Venn 1866, p. 75. 
115 Venn 1866, p. 80. 
116 Venn 1866, p. 80. 
117 Venn 1866, p. 80. 
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(non-psychological) conclusion that ‘we are very seldom called upon to decide 
and act upon a single contingency which cannot be viewed as being one of a 
series’.118 This statement amounts to the claim that the phenomena of human 
experience always present themselves as series – which seems not only to be a 
case of petitio principii, but also to undermine the whole idea of the series of 
probability being obtained from, rather than coinciding with, experience. It is 
no surprise that the frequency theory of probability has a great deal of trouble 
dealing with individual (or single) events. But if it may be said that Venn was 
one of the first to acknowledge this, it is all the more interesting to observe that 
he does not press the point that if his theory of probability is true, then state-
ments about the probability of single events are redundant. The reason for this 
feature of Venn’s general viewpoint is that the whole of Venn 1866 is dedicated 
to demonstrating that after probability theory has been reinterpreted as being a 
branch of (material) logic it becomes possible to formulate (non-mathematical) 
foundations that are, among other things, able to account for the traditional 
(‘subjective’) definition of probability and the assignment of probabilities to 
single events in the form of expectations and/or degrees of belief. At least this 
much is clear from Venn’s remark that his investigation of the way in which 
particular propositions can be inferred from the general propositions which 
include them, that is, of immediate inferences, has suggested that, ‘although 
this step was very far from being so simple [...] as the corresponding step 
really is in Logic, there [is] an intelligible sense in which we might speak of the 
amount of belief in any one of [the] proportional propositions, and justify that 
amount’.119

2.4.2 The general rules of (deductive) syllogistic inference in probability 

In chapter 4 (‘The rules of inference in probability’), Venn moves from the 
treatment of the tedious issue of immediate (deductive) inference to that of the 
general rules of inference in probability, namely those related to inferring one 
general proposition from another general proposition. The central goal of this 
chapter in Venn 1866 is to show, on the one hand, that ‘[f]rom the data now in 

118 Venn 1866, p. 86, my emphasis. 
119 Venn 1866, p. 112. 
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our possession we are able to deduce the rules of probability given in ordinary 
treatises upon the science’120 and, on the other, that it is 

more correct to say that we are able to deduce some of these rules, for 
[…] they are of two very diference kinds, resting on entirely distinct 
grounds. They [must] be divided into those which are formal, and those 
which are […] experimental. This may be otherwise expressed by saying 
that, from the [‘substituted’] series […] some rules will follow necessar-
ily by the mere application of arithmetic; whilst others either depend 
upon peculiar hypotheses, or demand for their establishment continually 
renewed appeals to experience, and extension by the aid of Induction. 
(Venn 1866, p. 113) 

The ‘formal’ rules are those of addition and subtraction, multiplication and 
independence.121 Firstly, if it holds that the probability of two incompatible 
events m or n is  1—m  and  1—n , the probability of the occurrence of m or n is  1—m  +  
1—n  or 

m+n—mn   – i.e. when there are ‘two distinct properties observable in various 
members of the series, which properties do not occur in the same individual 
it is plain that in any large batch the number that are of one kind or the other 
will be equal to the sum of those of the two kinds separately’122 – it is also true 
that when the probability of one or other of two incompatible events is  1—m  and 
that of one alone is  1—n , the probability of the remaining event is  1—m  −  1—n  or 

n–m—mn   . 
Secondly, in the case of two invariably connected events it is possible to make 
an inference by means of multiplication for ‘if the [probability] of one event 
is  1—m , and the [probability] that if it happens another will also happen is  1—n , the 
consequent [probability] of the latter is   

1—mn   ’.
123 Thirdly, inferences are to be 

made on the basis of the assumption of their independence in those cases in 
which it is not known whether the properties distinguishing the diferent kinds 
of events are either disconnected (i.e. incompatible) or (invariably) connected 
– and this with the proviso that the probabilities following from the rule accom-

120 Venn 1866, p. 113. 
121 The analysis of the special objective foundational postulates that determine the 

connection of probability theory with induction and function as the conditions for 
inductive inference is provided in section 2.5.2. The present sub-section confines 
itself to the description of the formal, or arithmetical, rules of inference. 

122 Venn 1866, p. 113. 
123 Venn 1866, p. 115. 
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panying this assumption, namely that ‘[i]f the [probabilities] of a thing being p 
and q [where these are independent] are […]  1—m  and  1—n , then the [probability] of 
its being both p and q is   

1—mn   , p and not q is n −  1—m  and  1—n ,  then the [probability] 
of its being both p and q is   

1—mn   , p and not q is n−1—mn , q and not p is m−1—mn , not p and 
not q is (m−1)(n−1)

mn ’,124 are related to experience. This, in fact, holds for all of the 
probabilities resulting from the arithmetical processes; [t]hese […] must first be 
re-translated into statements about the things, and then the inferences must be 
drawn from observations upon these things’.125

After having put forward the four fundamental (formal) rules of inference in 
probability, Venn asks ‘What is their relation to the great body of formulae 
which are made use of in treatises upon the science [of probability?]’.126 His 
bold answer is that in so far as these formulae ‘properly belong to the science, 
are nothing else […] than applications of [these] rules’127 and in so far as they 
make recourse to mathematics are merely ‘convenient and necessary abbrevia-
tions of [these] arithmetical processes’.128 

2.5  The inductive part of probability theory: 
rules of (inductive) inference

Because the general aim of Venn 1866 is to demonstrate that probability theory, 
being a branch of material logic, is a ‘science of real inference about things, it 
must surely give us something more than immediate [and/or syllogistic] infer-
ences’ –129 i.e. it is also to enable the logician to ‘step beyond the limits of what 
has been actually observed, and to draw [inductive] conclusions about what is 
as yet unobserved’.130 After having demonstrated that four (‘formal’) rules of 
(deductive) inference follow from the mere application of arithmetic to the 
‘substituted’ series, Venn thus shifts his attention to the (‘experimental’) rules 

124 Venn 1866, pp. 117-118. 
125 Venn 1866, p. 120. 
126 Venn 1866, p. 121. 
127 Venn 1866, p. 121. 
128 Venn 1866, p. 121. 
129 Venn 1866, p. 146. 
130 Venn 1866, p. 146. 
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which ‘demand for their establishment continually renewed appeals to experi-
ence and extension by the aid of Induction’.131

This topic is discussed in two chapters of Venn 1866;132 where chapter 6 (‘The 
rule of succession’) (see section 2.5.1) sets out to dismiss in totem the traditional 
treatment of it, in chapter 7 (‘Induction, and its connection with probability’) 
Venn describes in some detail his own account of the possibility of drawing 
inductive inferences by strict rules from proportional propositions about 
‘series’ (section 2.5.2.1). It will be made clear in the course of the following 
sub-sections how both this possibility as well as the dismissal are related to the 
subjective and special objective foundational postulates of probability theory 
(section 2.5.2). 

2.5.1 The ‘rule of succession’

The central point of Venn’s criticism of the traditional treatment of inductive 
inference in probability theory is that its ‘undue stress upon the subjective side 
of Probability, upon that which treats of the quantity of our belief’133 has pre-
vented it from recognizing that the ‘formal’ and ‘experimental’ rules ‘are of two 
very diferent kinds, resting on entirely diferent grounds’.134 This statement is 
introduced by means of the following example: 

We are [for instance] considering the prospect of a given man, A.B., 
living another year, and we find that nine out of ten men of his age do 
survive. In forming an opinion about this […] we shall find that there 
are in reality two very distinct causes which modify the strength of our 
conviction. (Venn 1866, p. 149) 

Firstly, there is ‘that which strictly belongs to Probability; that which […] 
measures our belief of the individual proposition as deduced from the general. 
[But] [g]ranted that nine men out of ten of the kind to which A.B. belongs do 

131 Venn 1866, p. 113. 
132 These two chapters correspond to chapter 7 and 8 in Venn 1876a, and chapter 8 and 9 

in Venn 1888. 
133 Venn 1866, p. 147. 
134 Venn 1866, p. 113, my emphasis. 
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live another year, it […] does not follow that he will’.135 Secondly, it is uncer-
tain whether nine men out of ten like him will actually live another year; ‘we 
know that they have in time past, but will they continue to do so?’.136 Given 
that A.B. is still alive, ‘it is plain [not only] that this proposition is […] assumed, 
or rather obtained by Induction’,137 but also that ‘[w]e cannot […] be as certain 
of the inductive inference as we are of the data from which it was inferred’.138 
Hence, there is yet another cause which diminished the belief in the propor-
tional proposition – one which the traditional probabilists confuse together 
with the former cause. Consequently, they have neglected 

[t]he [slight] step from the statement ‘all men have died in a certain pro-
portion’ to the inference ‘they will continue to die in that proportion’ 
[and] assumed that the unexamined instances will resemble the examined 
[such that] the theory of the calculation rests upon the supposition that 
there will be no diference between them. (Venn 1866, p. 150, p. 152)

The ‘rule of succession’ is that rule which considers the implications of this 
divergence of past and future experiences as its subject of calculation – i.e. it 
allows for the measurement of expectation ‘that we should have of the reappear-
ance of a phenomenon that has been already observed any number of times’. 
Although the truth of it ‘does not seem to be doubted by any of the writers 
on Probability’,139 the central point of Venn’s, somewhat opaque, examination 
seems to be that as a rule of inference it must be rejected. 

Referring to Laplace’s Essai philosophique sur les probabilités (1814/1840), he 
observes that

[o]n the one hand [Laplace] appeals to it as a valid rule of inference, but 
on the other hand he enters into decidedly psychological and even phys-
iological explanations […] [H]e does not appear to perceive the fact that 
by converting [the] formula into an ultimate principle we do in reality 
abandon it as a practical rule. (Venn 1866, p. 162) 

135 Venn 1866, p. 149. 
136 Venn 1866, p. 149. 
137 Venn 1866, p. 149. 
138 Venn 1866, p. 149. 
139 Venn 1866, p. 153. 



1695 | John Venn’s hypothetical infinite frequentism and logic

Venn agrees that any rule of inductive inference is connected to psychology and 
physiology. But his opinion is that these considerations lie at ‘an immense depth 
below the surface of [the] rules of inference [of] Logic or Probability […] and 
assume a very diferent form’140 namely that of subjective and special objective 
foundational postulates. As in the case of the doctrine of ‘inverse probability’ 
(see section 2.2.2), Venn contrasts these postulates with the (‘realist’) extrap-
olation of the features of artificial series to nature underlying the traditional 
accounts of the ‘rule of succession’: 

[A]ccording to Laplace, we feel a confidence, as the sun sets, of more 
than a million to one that it will rise again […] [But] [w]hat are the data 
by which this grand generalization is drawn? […] [I]t is a bag contain-
ing balls of a black and white colour. [The] rule [is] established as to the 
surmises we may form about the proportion of diferent colours in the 
bag, after we have drawn a few, and therefore of the proportion that will 
continue to be given in future. The supposition […] slips in […] that the 
universe is constructed on the same principle as such a bag, from which 
the rule […] is supposed to follow. Venn (1866, p. 164)

2.5.2 The subjective and special objective foundational 
postulates of inductive inference in probability 

The fundamental importance of the subjective and special objective founda-
tional postulates for his probability theory can be ascertained from the follow-
ing passages:141 

140 Venn 1866, p. 162. 
141 It is in chapter 7 (‘Induction, and its connection with probability’) and 9, (‘Criticism 

of some common conclusions in probability’) 11 (‘On the causes by which the peculiar 
series of probability are produced’) and 14 (‘Causation’) that Venn puts forward the 
subjective and special objective foundational postulates of inductive inference in 
probability, respectively. These four chapters correspond to the other two editions 
of Venn 1866 as follows; where chapter 7 of Venn 1866 corresponds to chapter 8 of 
Venn 1876a and chapter 9 of Venn 1888, chapter 9 and 11 of Venn 1866 are comprised 
into one chapter, namely chapter 3 of Venn 1876a and Venn 1888. Chapter 14 of Venn 
1866 resembles chapter 9 of Venn 1876a and chapter 10 of Venn 1888, albeit these latter 
two chapters also include a discussion of theological objections against chance with 
reference to design. 
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It is [crucial] to enquire whether […] Probability is entirely a formal or 
deductive science, or whether […] we are able, by means of it, to make 
valid inferences about instances as yet unexamined. (Venn 1866, p. 167, 
my emphasis) 

‘There must be some mental link to bind together the examined and the 
unexamined cases before we can make any new inferences about the 
latter. Without such a link there could […] be no extension beyond the 
strict limits of past experience. (Venn 1866, p. 161) 

To generalize a formula so as to make it extend from the known to the 
unknown, it is clearly essential that there should be a certain permanence 
in the order of nature. (Venn 1866, p. 173) 

About the subjective foundational postulates accounting for the ‘psycholog-
ical’ grounds of induction it suhces to note that these result from a critique 
of the well-known Millian theory of induction.142 In brief, Venn argues that 
the ultra-empiricist definition of inductive inference as ‘that act of the mind 
by which, from a certain definite number of things […] we make an inference 
extending to an indefinite number of them’143 wholly neglects the creative 
role of the mind in selecting the things from which the inference starts. For 
instance, in the case of the inference ‘this A and that A, and so on, are X, there-
fore every A is X ’,144 Mill omits the dihculty involved in ‘discovering and rec-
ognizing [the] A’.145 Venn heavily insists on the fact that the ‘great ingenuity’ 
and ‘considerable efort of mind’ necessary to do so in (more) complex cases is 
a part of induction. 

Venn begins his treatment of the special objective foundational postulates by 
exposing two diferent connections between induction and probability theory. 
Firstly, if by the former 

142 For a detailed account of this critique of Venn of the Millian theory of induction see 
Verburgt 2014, section 2.2. 

143 Venn 1866, p. 195. 
144 Venn 1866, p. 195. 
145 Venn 1866, p. 195. 
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we determine, for example, whether we can safely generalize the prop-
osition that four men in ten live to be fifty; supposing such a proposition 
to be generalized, we hand it over to [the latter] to say what sort of infer-
ences can be deduced from it […] The point which we [have] reached [is] 
this: Given a series of a certain kind, we could draw inferences about 
the members which compose it. (Venn 1866, p. 173, p. 174, my emphasis)

However, in many cases there is no determinate (‘substituted’) series – such 
that, secondly, the problem of making inductive inferences mostly presents 
itself in a quite diferent form: 

Before our data were of this kind: – Eight out of ten men, aged fifty, 
will live ten years more, and we ascertained in what sense […] we could 
infer that, say, John Smith, aged fifty, would live ten years. Let us now 
suppose, instead, that John Smith presents himself, how should we in 
this case set about obtaining a series? (Venn 1866, p. 175) 

Because ‘every individual thing has an indefinite number of properties or attrib-
utes’146 and might thus be ‘considered as belonging to an indefinite number of 
diferent classes of things’147 which are ‘not necessarily conterminous with 
[each other]’,148 this is, indeed, a very complex process. It bears upon inductive 
inference since to all of the classes there correspond ‘a number of propositions 
discovered by previous observations or Inductions’149 150 which, in probability 
theory, can give rise to conflicting proportional propositions and (two kinds of) 
dihculties in drawing conclusions. The mild form occurs when the main class 
is a natural kind151 and the diferent classes corresponding to it are included one 

146 Venn 1866, p. 176. 
147 Venn 1866, p. 176. 
148 Venn 1866, p. 176. 
149 Venn 1866, p. 177. 
150 For instance, ‘Some men live to sixty. No consumptives live to forty. No pauper lives 

to fifty [etc.]’ (Venn 1866, p. 177). 
151 Venn describes the importance of natural classes for drawing inductive inferences in 

probability theory as follows: ‘In [those] examples [...] where one of the classes – man 
– is a natural kind, there is such a complete break [...] that on the one hand no one 
would ever think of introducing any reference to the higher classes with fewer attrib-
utes, such as animal or organized being. And on the other hand the inferior classes, 
such as farmer or inhabitant of Sufolk, do not difer suhciently in their characteristics 
from the class man to make it worth our while to attend to them’ (Venn 1866, p. 181). 
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within another – such that the task becomes that of balancing between taking 
too wide and too narrow a class.152 The aggravated form arises when there is 
no main class which is a natural kind and the diferent classes are not included 
one within the other – such that the inferences made in probability, namely 
those about what occurs in the average of similar cases, become problematic 
in so far as there are now several ‘aspects of […] similarity’153 introducing 
several averages. Venn resolved this situation as follows. Firstly, ‘in choosing 
a series we must seek […] the members of which shall resemble our individual 
in as many of his attributes as possible’.154 Secondly, in order to uphold that 
these members can function as exemplars, so to say, of the individual it is to be 
supposed that they continue to do so. Thus, for example:

[N]ine out of ten Englishmen are injured by residence in Madeira, but 
[…] nine out of ten consumptive persons are benefited by such a resi-
dence […] John Smith is a consumptive Englishman; are we to recom-
mend a visit to Madeira [?] When it is said that nine Englishmen out of 
ten die in Madeira, it is meant that of those who come to the [Insurance] 
Ohce […] nine-tenths die. The consumptives are supposed to go there 
just like […] any other special class [and] [t]he tables are then calculated 
on the continuance of this state of thing. Venn (1866, p. 186, p. 188) 

It is the existence of ‘a certain permanence in the order of nature’ – or, more 
specific, of the ‘set of men as much like [John Smith] as possible’155 – which 
Venn legitimizes under the header of the special objective foundational assump-

152 Thus; ‘we [always] prefer a narrower series, for the obvious reason that by so doing 
we secure our being more often right, and, when we are not right, of being less fla-
grantly in error […] [B]ut how can our class be too narrow [and] [w]hy do we also 
reject [some] narrower classes? […] It must be borne in mind […] that it is essential 
to the sort of series we want that it should contain a considerable number of terms. 
Now many of the attributes of any individual are so rare that to take them into account 
would be at variance with this fundamental position of our science, that we are […] 
only concerned with the averages of large numbers. The more special the statistics the 
better [but] [w]e are […] obliged to neglect one attribute after another, at the probable 
risk of increased accuracy, for at each step […] we diverge more and more from the 
sort of instances that we really want’ (Venn 1866, pp. 180-181). 

153 Venn 1866, p. 185. 
154 Venn 1866, p. 190. 
155 Venn 1866, p. 189. 



1735 | John Venn’s hypothetical infinite frequentism and logic

tions.156 These, in brief, express the idea not only of ‘a general uniformity with 
individual variations in the objects’157 and a more specific ‘uniformity in both 
[these] objects themselves and in the agencies [or causes] to which they are 
exposed’,158 but also of there being natural classes each of which contains ‘a 
multitude of individuals more or less resembling each other’159 and the limited 
amount and stability of the intensity of agencies in nature.160 These features are 
thus to be ascribed to the ‘substituted’ series when these are made the subject 
of inductive, rather than deductive, inferences in probability. 

Venn concludes his discussion of inductive inferences in probability by means 
of a statement about the fundamental connection between induction and proba-
bility. His idea is that even though inductive logic co-operates with most of the 
inferences of probability it is nevertheless distinct from it.161 And this opinion 
clearly reflects the overarching goal of Venn 1866 which was to show that proba-
bility theory, rather than a mathematical discipline, is a branch of material logic. 

3.  The ‘province of mathematics in Probability’: 
Venn’s non-mathematical probability theory

If Venn dismisses the formalism involved in the mathematical theorems of tra-
ditional probability theory and the reformulation of these theorems by some of 
his conceptualist contemporaries, he readily admits that the theory does make 

156 It may here be insightful to refer to the way in which Venn describes the connection 
between the general and special objective foundational assumptions in Venn 1889. The 
general objective foundational assumptions create ‘an objective world capable of being 
imbued with order [which] is not yet regarded as orderly’ (Venn 1889, p. 45) – it is the 
special objective foundational assumptions which imbues ‘this chaos with order’ (Venn 
1889, p. 45). 

157 Venn 1866, p. 243. 
158 Venn 1866, p. 243. 
159 Venn 1866, p. 256. 
160 It may be noted that Venn 1888 (chapter 5) includes the assumption of (pseudo)ran-

domness, as it is characterized in Wall 2005, among the special objective foundational 
postulates. 

161 As said, Venn defines this connection as follows: ‘Inductive Logic gives rules for 
discovering […] generalizations […] and for testing their correctness. If they contain 
universal propositions it is the part of ordinary logic to determine what inferences can 
be made from and by them; if, on the other hand, they contain proportional proposi-
tions […] they are handed over to Probability’ (Venn 1866, pp. 171-172). 
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use of mathematics. This topic demands a more broader perspective on Venn’s 
views on logic and mathematics as developed in Venn 1881 and several articles 
published during the late-1870s and 1880s. 

3.1  Mathematicians and conceptualists: 
between formalism and psychology

It must be recognized that Venn, throughout Venn 1866, does not distinguish 
between the traditional mathematicians of probability theory (Bernoulli, 
Laplace etc.) and their successors (De Morgan, Boole etc.). The reason for 
this is to be sought in the fact that both are committed not only to a psycholo-
gism-inspired conceptualist belief in the existence of ‘laws of our minds in 
thinking about things’ – such that concepts can be understood as the ‘mental 
counterparts’ of the abstract terms of mathematics.162 But also to either the 
reduction of probability theory to its (‘infallible’) deductive part, all the 
while ‘sinking into the […] error […] of too readily evolving it out of our own 
consciousness’,163 or to the fallacy of ‘too freely pushing it to unwarranted 
lengths’164 by employing this purely algebraic part to explain the process of 
drawing (inductive) inferences about things. 

Venn, for his part, does not protest against the ‘algebraical’ undertakings as 
such. But about the ‘a priori’ approach to the ‘deductive’ part he argues that it 
is premised on the introduction of ‘restrictions and suppositions which were 
in reality equivalent to assuming the expected results’165 – so that, in efect, 
the real meaning of the statement ‘let a given process be performed’166 was ‘let 
a series of a given kind be obtained [such that] it is to this series […] that all 
[the] subsequent calculations properly apply’.167 This does not only indicate 
that the traditional (‘direct’) mathematical theorems actually depend on empir-

162 Venn writes that ‘the Conceptualist is under powerful inducements to adopt the 
formal view, partly on ground of rigid sequence, but still more on grounds psycholog-
ical sympathy [because] those who occupy the conceptualist standpoint are […] those 
who believe in necessary laws of thought as an ultimate fact’ (Venn 1876, p. 46). 

163 Venn 1866, p. 224.
164 Venn 1866, p. 224. 
165 Venn 1866, p. 219. 
166 Venn 1866, p. 219. 
167 Venn 1866, p. 220. 
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ical conditions,168 but also that their results are either of a merely ‘algebraical’ 
nature or, when assumed to be true of the actual behavior of things, inferen-
tially rather than mathematically obtained. He also denies that the (‘indirect’ 
or ‘inverse’) theorems ‘can be taken as authoritative about the physical facts 
to which they are applied’169 – or, more generally, in so far as they exclude any 
reference to (individual) objects he denies that they can be used for ‘making 
inferences about the actual behaviour of objective things’.170 This explains 
Venn’s often repeated criticism of the assumption that mathematical theorems 
(such as ‘Bernoulli’s theorem’ and Laplace’s ‘rule of succession’) are somehow 
‘more’ than ‘a purely arithmetical sum of combinations and permutations’.171 

3.2 ‘Remodeling mathematics so as to bring 
it into accordance with facts’

Perhaps somewhat surprisingly, Venn has it that probability theory, conceived 
as a branch of material logic, depends upon the reconciliation172 of the follow-
ing mathematical and inferential processes or positions: 

Either we may […] take a [substituted or idealized] series […] and make 
the assumption that [it] recurs in the long run with a regulated degree of 
frequency. We may then calculate their combinations and permutations 
and the consequences that may be drawn from the data assumed. This is 
a purely algebraical process; it is infallible […] Or […] we may consider 
that we are treating of the behaviour of things […] and drawing infer-
ences about them […] Now the whole theory of Probability […] depends 

168 It may be pointed out that Venn, in the entirety of his oeuvre, does not seem to have 
made up his mind as to the status of ‘mathematical truths’. This is reflected in his 
twofold criticism of the theorems of traditional probability; one the one hand these are 
dismissed in so far as their formality, so to say, prevents them from being informative 
about actual series and on the other hand they are said to be premised on an extrap-
olation of exactly such actual series. For another example of this dihculty see Venn 
1889, chapter 20 – in which Venn attempts to legitimize the a priori status of Euclid’s 
axioms from observational data. 

169 Venn 1866, 219. 
170 Venn 1866, p. 214. 
171 Venn 1866, p. 214. 
172 More precisely, Venn writes that the situation in which the distinction ‘becomes 

prominent and important, and we have to choose our side’ (Venn 1866, p. 224) must 
be circumvented. 
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[…] upon there being a close correspondence between these two views 
of the subject. (Venn 1866, pp. 223-224) 

This balancing consists of the circumvention of either having to ‘go over to the 
mathematics, and so lose all right of discussion about the things’173 or taking 
‘part with the things and so defy the mathematics’174 – which, in turn, takes 
on the form of the remodeling, without questioning the ‘formal accuracy […] 
within its own province’,175 of mathematics ‘so as to bring [it] into accordance 
with facts’.176 In other words, if scientific inferences and mathematical calcu-
lations are made by the substituted series, their validity depends on the factual 
agreement between this series and the actual one – or, for that matter, on the 
fact that there is ‘no sudden break between the objects to which the mathemat-
ics do and do not apply’.177 

Now, it must be remembered that these substituted or idealized series belong 
to the general objective foundation of probability theory and are, as such, part 
of the more comprehensive foundational system of material logic. And for this 
system it holds that even though its logical terms,178 relations and processes 
can be expressed in the symbolic language of mathematics179 – i.e. in so far as 
it is not anti-mathematical – it is only in terms of form and expression, rather 
than origin and nature, that it resembles a work of mathematics.180181 This 
position vis-à-vis the relationship between logic and mathematics can only be 
understood from the viewpoint of Venn’s particular (re)interpretation of the 

173 Venn 1866, p. 224. 
174 Venn 1866, p. 224. 
175 Venn 1866, p. 224. As indicated earlier, according to Venn, ‘mathematics’ proper 

concerns questions of number, magnitude, shape and position. 
176 Venn 1866, p. 225. 
177 Venn 1866, p. xviii. 
178 Venn ascribes to the anti-mathematical logicians the opinion that idea that even the 

use of x and y, rather than the customary X and Y is indicative of the mathematical 
character of any work of logic adopting it. See Venn (1881, p. ix). 

179 For a detailed discussion of Venn’s selecting of mathematics as the symbolic language 
for his system of material logic see Venn 1881, chapter 9. 

180 Already in the first sentence of Venn 1866 does Venn make it perfectly clear that the 
work ‘is in no sense mathematical’ (Venn 1866, p. v). 

181 Venn writes that ‘[t]here is […] some prejudice on the part of those logicians who may 
without ofence be designated as anti-mathematical, against any work professing to 
be a work on Logic, in which free use is made of the symbols + and − […]’ (Venn 1881, 
p. ix). 
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‘algebra of logic’ of Boole.182183 For Venn disagreed with the then-common 
opinion which portrayed, for instance, Boole 1847 and Boole 1854 a as works in 
which logic is regarded as a branch of mathematics and mathematical rules are 
applied to logical problems.184 Instead, Venn had it that Boole’s idea of using 
algebraic formulae to express logical relations185 was 

at bottom logical, not mathematical [even though it is] stated in such a 
highly generalized symbolical form, and with such a mathematical dress 
upon them that the reader […] may work through [it] several times 
before the conviction begins to dawn upon him that he had any previous 
acquaintance with [it]. (Venn 1876 b, p. 484)

This is reflected in Venn 1881 in which Venn symbolizes his system of material 
language by means of ordinary symbols of mathematics – the choice of which 
is justified solely on practical grounds.186 In other words, mathematics, as a 
complete and general symbolic language, instead of as the traditional corpus 
of necessary truths of geometry, arithmetic and algebra, is used to construct a 
so-called ‘logical calculus in entire independence of […] the mathematical cal-
culus’187 – such that, in the end, a generalization of traditional logic188 is carried 
out on the basis of a complete treatment of the logical compartments containing 

182 In the introduction to his Symbolic Logic, Venn, after writing that ‘this was [essen-
tially] Boole’s own view’ (Venn 1881, xvii) cites a passage in which Boole remarked 
that ‘[i]t is simply a fact that the ultimate laws of Logic – those alone upon which 
it is possible to construct a science of Logic – are mathematical in their form and 
expression, though not belonging to the mathematics of quantity’ (Venn 1881, pp. xvii-
xviii, f. 1). Whether or not Venn’s description of Boole’s views was accurate and/or 
plausible is discussed in Verburgt 2014b. 

183 For example, if it is clear that probability theory is not exhausted by arithmetically 
inferring one general statistical proposition from another, even this process itself is 
‘purely and entirely logical in [its] origin and nature’ (Venn 1881, p. x). 

184 Venn 1876b, p. 480. 
185 For accounts of the origin of this idea see, for instance, Kneale 1956; Laita 1977; 1980; 

Gasser 2000. 
186 For example, Venn, after alluding to the possibility of adopting the notation of 

chemistry (!) for the aim of symbolization, notes that ‘when the alternative is before 
us of inventing new symbols, or only assigning some new meaning to old and familiar 
ones, experience and reason seem decisively in favour of the latter plan’ (Venn 1881, 
pp. 92-93). 

187 Venn 1881, p. xiii. 
188 Venn had it that ‘the Symbolic Logic should be regarded as a Development or Gener-

alization of [Common Logic]’ (Venn 1881, p. xxvii). 
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the relations between classes of propositions.189 However, Venn warned that 
‘[a] complete enumeration of compartments is one thing, but it is quite another 
to be able to prove that there is a class of things to put into any one of them’.190 
He, thus, adopted the formal language of mathematics for the goal of the sym-
bolization of logic. But his central task was that of proving that the formal com-
partments are of a material, or ‘non-conceptualist’, nature. 

It may be argued that Venn wanted to let his ‘substituted’ series function as 
the formal or mathematical symbolical structure, so to say, allowing probabil-
ity theory to be turned into a discipline concerned with ‘strict scientific infer-
ences’191 of a truly logical nature. This could explain the fundamental remark, 
in the introduction to Venn 1866, that the viewpoint which has it that proba-
bility theory, ‘instead of being a branch of [material logic] which happens to 
make much use of mathematics, is a portion of mathematics [is] erroneous’.192 
Venn’s own probability theory makes use of mathematics in order to express 
or give form to the (general and special objective and subjective) foundational 
assumptions on the basis of which actual inferences are made while criticizing 
the opinion, entertained by mathematicians and conceptualist logicians alike, 
that the theory’s mathematical form goes hand-in-hand with its mathematical 
(‘conceptualist’) nature. It was this distinction which Venn hinted at when he, 
in the 1888 edition of the Logic of Chance, wrote that ‘though it is quite true 
that the actual calculation of every chance problem must be […] an algebrai-
cal or arithmetical process […] there is […] a broad and important distinction 
between a material science which employs mathematics, and a [conceptual] one 
which consists of nothing but mathematics. [W]e [must thus not] cut ourselves 
of from the necessity of any appeal to experience’.193

189 A discussion of Venn’s approach to the import of propositions (etc.) and its systematic 
symbolization lies beyond the scope of this paper. It is provided in Verburgt 2014b. 

190 Venn 1866, p. 111. 
191 Venn 1866, p. 109. 
192 Venn 1866, p. viii. 
193 Venn 1888, p. 219. 
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4.  Concluding remarks: A ‘terrible piece of bad metaphysics’? 
– the reception of Venn’s approach to probability

By ways of a conclusion, it is insightful to briefly discuss one of the most thor-
oughgoing, albeit misconceived, criticisms194 of Venn’s ‘metaphysics (!) of 
series’; that of F.H. Bradley’s Principles of Logic of 1883. In this book, Bradley 
writes that 

Mr. Venn, for whose powers I feel great respect […] holds that in the 
long run every chance will be realized. This “long run”, he tells us, is 
an infinite series […] and […] he goes on to call it a “physical fact”. His 
book is much injured by this terrible piece of bad metaphysics. He has 
translated a mathematical idea into a world where it becomes an absurd-
ity […] We must everywhere protest against the introduction of such 
fictions into logic, and protest especially where the ideas are not ofered 
in the shape of fictions. (Bradley 1883, p. 214)

On the basis of his statement that the ‘foundations of the theory [of probability] 
are not themselves mathematical [since] [b]efore mathematics can deal with the 
subject some assumptions are necessary’195 – assumptions, that is, which satisfy 
the condition that ‘[p]robability as such is not true of the fact, but it always has 
a reference to fact’196 – Bradley argues that it is a misunderstanding to suppose 
that probabilities can be expressed by means of a series. It is ‘monstrous [and] 
false reasoning a priori’197 that ‘if you know the chances of any set of events, 
you really know the character of the actual events which are to take place [and] 
that certain results must happen’.198 As to the reply that it is not that ‘in a finite 
series the numbers will come right [but] [t]hey will come right only if we go on 
long enough, and in the long run’199 Bradley’s response is as follows: 

194 See Kiliç 2001. Other criticisms of Venn 1866 include Edgeworth 1884; Chrystal 1892; 
Keynes 1921, chapter 5. 

195 Bradley 1883, p. 201. 
196 Bradley 1883, p. 208. 
197 Bradley 1883, p. 212. 
198 Bradley 1883, p. 212. 
199 Bradley 1883, p. 213. 
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But what is this “long run”? […] Does it mean a finite time? Then the 
assertion is false. Does it mean a time which has no end, an infinite time? 
Then the assertion is nonsense. An infinite series is of course not possible. 
It is self-contradictory: it could not be real. And to say that something 
will certainly happen under impossible conditions, is far removed from 
asserting its reality […] You toss a coin and, the chances being equal, if 
you only go on long enough, the number of heads and tails will be the 
same. But this is ridiculous. If I toss the coin until the numbers are equal, 
of course they will be equal. If I toss it once more then, by hypothesis, 
they become unequal. (Bradley 1883, pp. 213-214)

After remarking that he is, of course, not attempting to object to the use of 
‘infinities and infinitesimals within the sphere of mathematics’,200 Bradley 
makes clear that he accuses Venn of using the mathematical notion of infinity 
that lies outside the scope of probability to solve problems internal to it – i.e. 
problems connected to finite series. In sum, Bradley sees in Venn’s account the 
willful ‘invasion of logical reason by mathematical fictions’201. 

Bradley’s criticism is a perfect example of the problems involved in discussing 
Venn 1866 without reference to Venn’s characterization of probability theory as 
a branch of (symbolized) material logic. For it is only against this background 
that it is possible to do justice to the complexity of his attempt to introduce 
a mathematical form – such as the postulated substituted or idealized series 
– while dismissing the mathematical nature of the results enabled by it – i.e. 
while upholding that these refer to actual series of events. Bradley, in failing to 
acknowledge this two-sidedness, ends up accusing Venn of what Venn himself 
took as the central position to be argued against, namely that of the traditional 
definition of probability theory as a mathematical discipline consisting of nec-
essary, or a priori, theorems which are, at the same time, true of ‘physical facts’.

Be that as it may, Bradley is prophetic for having addressed the fundamen-
tal impasse of the frequency theory of probability theory – which can, thus, 
already be found in the work of Venn. This impasse may be described as that 
of having to assume hypothetical (or counterfactual) infinite (or mathemati-

200 Bradley 1883, p. 213. 
201 Bradley 1883, p. 219. 
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cal) foundations in order to talk about actual (or factual) finite (or empirical) 
probabilities.202 If Venn tried to circumvent this situation by legitimizing these 
foundations as necessary assumptions accompanying the non-ultimate ‘science’ 
of material logic, it is clear that this forced him to negotiate, again and again, 
the ‘form’ and ‘content’ of his theory – which, to be sure, was exactly what 
probability theory, in his opinion, amounted to. 

202 Although Hájek has put forward many – fifteen in total (!) – well-taken arguments 
against actual finite frequentism, in ascribing this position to Venn he might be 
arguing against a straw-man. See Hájek 1996. 
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