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chapter 8

Duncan Farquharson Gregory 
and Robert Leslie Ellis: 
second generation reformers 
of British mathematics

0. Introduction: the second generation of reformers of 
British mathematics - Smith and Wise’s thesis

It has become commonplace to explain the development of nineteenth-century 
British mathematics in terms of two main factors (see Fisch, 1994). On the 
one hand, there was the external influence consisting of the re-importation, 
adoption and dissemination of the ‘exotic’ viewpoints, methods, techniques etc. 
of Continental mathematics by the members of the Analytical Society, Charles 
Babbage (1791-1871), George Peacock’s (1791-1858) and John Herschel (1792-
1871) (Becher 1980, Becher 1995, Dubbey 1977, Enros 1981, Enros 1983, Pycior 
1981, Wilkes, 1990). On the other hand, there was the internal critical reflection 
of second-generation figures such as William Rowan Hamilton (1805-1865), 
Augustus De Morgan (1806-1871) and Duncan Farquharson Gregory (1813-
1844) on the following commitments of the first generation (Fisch 1994, Kop-
pelman 1971, Pycior 1983, Pycior 1984, Richards 1980, Richards 1987, Smith 
1981, Verburgt 2014a); firstly, to the algebraical calculus of functions and pow-
er-series of Joseph-Louis Lagrange (1736-1813), instead of the more geometri-
cally inspired calculus of limits associated with Sylvestre Lacroix (1785-1843) 
and Augustin Louis Cauchy (1789-1857) (e.g. Domingues 2008, Fraser 1987, 
Fraser 1989, Grabiner 1981, Smithies 1986) and, secondly, to Leibnizian dif-
ferential “d” notation, rather than Newtonian fluxional “dot” notation (e.g. 
Guicciardini 2003, Hall 1980) (Dubbey 1963, Fisch 1999). Where the first gen-
eration’s introduction of continental mathematical ideas into Britain is usually 
referred to as a revolutionary Cambridge story, the critical reflection upon the 
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program of the Analytical Society by the heterogeneous group of second-gener-
ation mathematical reformers has been characterized as a process of ‘singularly 
English trouble-shooting’1 (Fisch 1994, 249, my emphasis). 

Both of these descriptions have been questioned in more recent years. Firstly, 
several authors have shown that, especially, Scottish mathematicians ‘played 
a major role in the regeneration of British mathematics during the early 19th 
century, some time before a revitalized Cambridge University established its 
preeminence’ (Craik, 2000, 133-134) (Craik 1998, Craik 1999, Craik 2000, 
Craik 2012, Craik 2013, Panteki 1987, see also Gibson 1927a, Gibson 1927b, 
Guicciardini 1989, chapter 7-9, Olson 1971, Olson 1975, Schlapp 1973). For 
example, John Playfair (1748-1819) at the University of Edinburgh and James 
Ivory (1765-1842) and William Wallace (1768-1843) at the Royal Military 
College in Marlow advocated the French analysts’ calculus before the members 
of the Analytical Society. Secondly, the Scottish and Irish influence on the 
mathematical and intellectual life of Cambridge is increasingly being recog-
nized ever since the publication of Crosbie Smith and Norton Wise’s Energy 
and Empire (e.g. Mann 2011). In their seminal book, two central disagree-
ments with the first generation are put forward to account for the nature of 
the reformative work of the second generation of mathematicians. On the one 
hand, following the ‘anti-Laplacian mood’ in French physics – to be found, for 
instance, in the work of Joseph Fourier (1769-1830) – the Laplacian scheme of 
‘point-atom reductionism’ and ‘hypothetico-deductive’ physics adopted by the 
Analytical Society was abandoned in favor of a ‘macroscopic’ (Smith & Wise 
1989, 197), ‘practical’ (Smith & Wise 1989, 155, 186, 235) and ‘non-hypotheti-
cal’ (Smith & Wise 1989, 155, 161) scientific methodology. On the other hand, 
in a process of the ‘reassertion of native traditions in mathematics and natural 

1 Fisch describes this trouble-shooting process as follows: ‘Unlike the Analytical 
Society’s initial campaign to ‘re-import the exotic’ (by which they meant replacing 
Newton’s fluxions by Lagrange’s power-series version of the calculus) the algebraic 
debate prompted by Peacock’s Treatise [on Algebra (1830)] appears to have been largely 
an internal afair […] The issue for Peacock, his colleagues and adversaries [was] no 
longer the inferiority of British mathematics in comparison to continental develop-
ments, but the apparent shortcomings they detected in contemporary depictions of 
the nature of algebra […] In short, the story of early Victorian algebra was not one 
of mere import [and] dissemination of ready-made ‘exotic’ alternatives to deficient 
local thinking, but one of truly innovative and at times path-breaking and, in a sense, 
singularly English trouble-shooting’ (Fisch 1994, 249). 
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philosophy’ (Smith & Wise 1989, 150, 155) the algebraical or analytical methods 
of Lagrange that accompanied Laplace’s Physique Mathématique were replaced 
by ‘anti-metaphysical’ (Smith & Wise 1989, xxi, 178) ‘geometrical methods’ 
(Smith & Wise 1989, 150). The labels ‘macroscopic’, ‘practical’, ‘non-hypo-
thetical’, ‘anti-metaphysical’ and ‘geometrical’ are said to define the work of 
the ‘self-consciously progressive group’ (Smith & Wise 1989, 168) of ‘northern 
Whigs’2 (Smith & Wise 1989, 61, 176) and their ‘commercially oriented peers’ 
(Smith & Wise 1989, 176) consisting of Duncan Gregory, Archibald Smith 
(1813-1872), Samuel S. Greatheed (1813-1887), Robert Leslie Ellis (1817-1859), 
William Walton (1823-1901) and William Thomson (Lord Kelvin) (1824-1907). 
These young Wranglers,3 who emerged with real mathematical ambition and 
were ‘not content to conduct […] mathematical activity in a casual manner or 
for private enjoyment’ (Crilly 2004, 458), allegedly ‘strove for international 
recognition’ (Smith & Wise 1989, 150) and attempted to transform mathemat-
ics into ‘a regular profession’ (Smith & Wise 1989, 176) with their founding, in 
1837, of The Cambridge Mathematical Journal (CMJ) (Crilly 2004, Despeaux 
2007b, 50-52). 

The goal of this paper is to critically examine the labels which Smith and Wise 
adopted in their Energy and Empire to characterize the second generation of 
reformers of British mathematics associated with the CMJ. It is by means of 
a detailed discussion of the life, work and viewpoints of two of its members, 
namely Gregory and Ellis, that it is shown that at least the labels ‘geometri-
cal methods’ in mathematics and ‘anti-metaphysical’, ‘non-hypothetical’ and 
‘practical’ knowledge cannot straightforwardly be used to capture the group’s 
orientation. The paper’s outline is as follows: the first two sections describe 
the intersecting private and professional lives of Gregory and Ellis in light of 
their contributions to the CMJ. The third section reflects on the seemingly 
paradoxical fact that Gregory, as a progressive reformer, was indebted to the 
mathematical tradition of the Scottish Newtonians. It is shown that the features 

2 The members of both the first and the second generation of reformers of British math-
ematics were not only of a relatively high socio-economic origin, but also political, 
social and religious radicals (see Ashworth 1989, Becher 1995, Smith & Wise 1989, 
chapter 6).

3 Duncan Gregory was the fifth wrangler of 1837, Archibald Smith the first wrangler of 
1836, Greatheed the fourth wrangler of 1835, Ellis the first wrangler of 1840, Walton 
the eighth wrangler of 1836 and Thomson the second wrangler of 1845.
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of ‘abstractionism’ and ‘geometrical fluxional analysis’ played a crucial role in 
Gregory’s contributions to symbolical algebra. The fourth section re-reads 
Ellis’s ‘General Preface’ to Francis Bacon’s (1561-1626) philosophical works 
and his ‘Evidence’ for the Cambridge University Commission such that it 
becomes clear that he was committed to a Kantian-inspired emphasis on the 
role of a priori mental principles in the process of the obtainment of scientific 
knowledge. Given that this description of the features that characterize the 
work of Gregory and Ellis seem to challenge those of Smith and Wise, it is 
suggested, in the section with concluding remarks, that their characterization 
of the second generation of reformers needs to be revised. 

1. Duncan Farquharson Gregory and Robert Leslie 
Ellis: intersecting personal and professional lives

The Scottish mathematician and youngest son of his father, the Professor 
of Medicine and classicist James Gregory (1753-1821), Duncan Farquharson 
Gregory was born in Edinburgh on 13 April 1813.4 He was an ofspring of the 
famous Gregory family whose claim to recognition ‘in Scottish biography does 
not rest on the outstanding genius of any individual member [so] much as on 
the number of great and brilliant men belonging to it’ (Grainger Stewart, 1901, 
10). In three generations the Gregorys provided nine professors to St. Andrews 
University, King’s College (Aberdeen) and Edinburgh University. Duncan 
Gregory was the great-great-grandson of the Professor of Mathematics at St. 
Andrews and Edinburgh James Gregory I (1638-1675), the great-grandson of 
the Professor of Physics at King’s College James Gregory (?-?) and the grandson 
of John Gregory (1724-1773), the Professor of Medicine at Edinburgh and the 
cousin of the founder of the Scottish School of Common Sense Thomas Reid 
(1710-1796).5 Duncan Gregory himself entered Edinburgh Academy in October 

4 The biographical facts about Gregory can be found in Ellis (1865) and Venn (1947, 
141). They are reproduced in Allaire & Bradley (2002) and Verburgt (2014a).

5 Thomas Reid’s mother, Margaret Gregory, was the daughter of David Gregory (1625-
1729) of Kinairdy (1625-1720), the sister of the Professor at Oxford David Gregory 
(1659-1708), the Professor at Edinburgh University James Gregory (1666-1742) and 
the Professor at St. Andrews Charles Gregory (1681-1754). Thomas Reid thus was 
the grandson of the first David Gregory and the cousin of John Gregory, Duncan 
Gregory’s grandfather.
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1824 and Edinburgh University in 1826 where he became the ‘favourite pupil 
of Professor [William] Wallace [1768-1843]’ (Goodwin 1865, xi) – who, as a 
mathematician upholding the ‘traditional Scottish geometrical spirit’ (Panteki 
1987, 124), was an early exponent of Continental analysis in Britain and transla-
tor of French mathematical works (Craik 1999, Eagles 1977). Gregory entered 
Trinity College in 1833 as an assistant of the Professor of Chemistry, Rev. 
James Cumming (1777-1861), where he would rank fifth Wrangler in the Tripos 
examination of 1837. Around 1838 he rivaled with Philip Kelland (1808-1879) 
to succeed Wallace as a Professor of Mathematics at Edinburgh University, but 
despite ‘the associations of his name [and] the bent of his interests’ (Davie 1961, 
118), he lost the chair to Kelland (see Craik 2007, 101-102, Davie 1961, chapter 
5, Grabiner 1979, 406). During his tragically short life – he died on February 
23, 1844 at the age of thirty – Gregory worked as one of the Tripos moderators 
in 1841-1842, and was considered for chairs at Toronto and Glasgow, but was 
never named to a position. Gregory is best remembered as the founder, together 
with two other ambitious young wranglers Smith and Greatheed, of the CMJ. 
The journal would soon produce ‘not merely expert algebraists, but sound and 
original mathematical thinkers […] of comparatively junior standing’ (Herschel 
1845, xxix) – of which Gregory was the ‘most rising man’ (De Morgan 1882 
[2010], 151). 

His intimate friend, the English polymath and editor of the works of Francis 
Bacon, Robert Leslie Ellis was born, on 25 August 1817, as the youngest of six 
children of his father, Francis Ellis of Bath (1772-1842).6 As an undergraduate 
matriculating at Cambridge in 1836, he was a pupil of his tutor, the author of 
the Treatise on Algebra (1830), George Peacock (1791-1858) and famous coach 
William Hopkins (1793-1866). Although Ellis was the Senior Wrangler of 1840, 
was elected a Fellow of Trinity College in October of the same year and was 
the Moderator, in 1844, and Examiner, in 1845, of the Tripos, he died, in 1859, 
as a layman. Ellis edited several numbers of the CMJ and contributed some 
twenty-two papers and notes on topics ranging from functional, algebraical and 
diferential equations to magnetism and conic sections.7 ‘Today an obscure and 
largely forgotten figure’ (Zabell 2005, 120), Ellis was the editor of the philo-

6 The biographical facts about Ellis are found in Goodwin (1863) and Venn (1944, 411). 
They are reproduced in Verburgt (2013).

7 For examples of this kind of research from the side of Ellis see, for instance, Ellis 
(1839), Ellis (1840), Ellis (1842a), Ellis (1842b) and Ellis (1844b).
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sophical volumes of the collected works of Bacon and one of the earliest advo-
cates of the so-called frequency theory of probability.8 Later in his life, Ellis’s 
aim was to either enter the political life of his home-town Bath or to prepare for 
a legal profession, but he gave up these ambitions when ‘his worldly position 
was unexpectedly altered. The author of his biographical memoir in the Math-
ematical and Other Writings of Robert Leslie Ellis (Ellis 1863), the Dean of Ely 
and later Bishop of Carlisle Harvey Goodwin9 (1818-1891) explained that when 
‘[b]oth of [Ellis’s] elder brothers died, and he thus became heir in expectation 
of considerable [Irish] property, and soon by the death of his father heir in pos-
session […] he was thus deprived of the chief inducement to labour’ (Goodwin 
1863, xvii-xviii).10 It was on May 12, 1859 that Ellis, at the age of forty-one, 
passed away in his house in Trumpington, near Cambridge. 

In an obituary of 1860 published in the February edition of The Athenaeum, 
a certain J.R. Gibbins wrote that a great part of Ellis’s memoir of his friend, 
Gregory (Ellis 1865), ‘may be applied, with mere change of name, to himself’ 
(Gibbins 1860, 206); not only their ‘tastes’, ‘pursuits’ and ‘mode of life’, but 
‘unfortunately also the premature interruption by death of their usefulness’ 
(Gibbins 1860, 206) were highly sympathetic. This comparison was nuanced 
by emphasizing a diference in character: (‘[Gregory] had less charm of manner, 
but more energy of action. A shade of eccentricity was perceptible in [him], 
which in Ellis was entirely absent’ (Gibbins 1860, 206). ‘Both were endowed 
with a remarkable breadth of understanding, as Gibbins wrote, 

‘but Ellis surpassed his northern friend in delicacy of discrimination, 
and probably in the range of his resources. Gregory […], from his emi-
nently practical turn of mind, possessed more of that kind of wisdom on 
which depends success in a profession, and […] the career of scientific 

8 Ellis’s papers on the foundations of probability theory include Ellis (1844a), Ellis 
(1854) and, written from the viewpoint of the so-called method of least squares, Ellis 
(1844c).

9 Goodwin was the second Wrangler of 1840, Fellow of Gonville and Caius College 
between 1841 and 1845 and, together with Ellis, examiner in the Tripos of 1845.

10 It may be remarked that this seemingly trivial fact is the only indication of Ellis’s 
‘Northern’ background. Ellis descended from Sir Thomas Ellis or Ellys of Wyham, a 
small village near Louth in North Lincolnshire. It was his fifth son, John Ellis, who 
was the father of the first Ellis to settle in Ireland, namely Thomas Ellis of Monaghan. 
See Ellis (1866, 72-73).
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discovery. Ellis […], never compromising his convictions, might have 
exercised, had he lived, a more subtle influence on the minds of his con-
temporaries’ (Gibbins 1860, 206). 

Another diference was that Ellis, in contrast to Gregory, repeatedly embarked 
upon ‘metaphysical speculations [about] that debatable ground which lies on 
the frontiers of Mathematics and Metaphysics’ (Gibbins 1860, 206) – some-
thing which he supposedly did with ‘a remarkable degree [of] mental disin-
voltura [and] fearlessness’ (Goodwin 1865, xvi). Although they did thus not 
resemble each other in mind or manner, there was a likeness between Gregory 
and Ellis in so far as both ‘were good mathematicians, real philosophers and 
lovers of truth’ (Goodwin 1863, xviii). Despite the fact that Ellis’s ‘manner was 
not such as to encourage rapid intimacy’ (Goodwin 1863, xv) it was in 1840, 
the year in which he became Senior Wrangler and, like Gregory,11 was elected 
Fellow of Trinity College, that the two became intimate friends.12 When the 
co-founders of the CMJ Greatheed and Smith left Cambridge and Gregory, 
who by that time had already had his first attack of illness, was forced to do all 
the editing work single-handedly, Ellis,13 together with Walton, immediately 
took ohce and edited part of the journal’s third and fourth volumes14 which 
appeared in 1844-1845. After Gregory’s death in February 1844 it was Ellis who 
was involved, albeit passively due to the poor state of his health, in the broad-
ening of the journal’s readership and the appointment, at the end of June 1845, 
of Thomson as its new editor.15 

11 Although Gregory passed his examination for the B.A. degree in 1837, it was only after 
a competitive examinations in classics, mathematics, history and philosophy that he, 
in October 1840, was made a Fellow of Trinity College.

12 From Ellis’s diaries (Trinity College Library, Add.Ms.a.82) it is clear that his corre-
spondence (Trinity College Library, Add.Ms.c.67) with Gregory commenced before 
his election in October.

13 It may be noted that Ellis, in a letter of June 1845 to Thomson, wrote that ‘[y]ou 
[Thomson] know I [Ellis] only took [the editorship] as a jury mast on Gregory’s being 
obliged to give it up’ (Ellis quoted in Crilly, 2004, 471). 

14 The journal was published each term of the university’s academic year (February, 
May, November) and each volume consisted of six parts divided over two years.

15 In the same letter to Thomson, as mentioned in footnote 11, Ellis noted that ‘I [Ellis] 
do wish you [Thomson] would permit me to resign the editorship in your favour – You 
will in all probability be longer in Cambridge than I shall, & I should be so much better 
pleased to see it in your hands than in mine’ (Ellis quoted in Crilly 2006, 471). 
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2. Gregory, Ellis and The Cambridge Mathematical Journal

In the Preface, written in October 1837, to the first volume of the CMJ, 
Gregory described ‘the objects we have in view, and the means we intend to 
adopt for carrying them into efect’ (Gregory 1837a, 1) by remarking that it

‘has been a subject of regret with many persons, that no proper channel 
existed, either in this University or elsewhere in this country, for the 
publication of papers on Mathematical subjects, which did not appear to 
be of suhcient importance to be inserted in the Transactions of any of 
the Scientific Societies […] In this place [i.e. Cambridge] in particular, 
where the Mathematics are so generally cultivated, it might be expected 
that there would be an opening for a work exclusively devoted to that 
science […] Our primary object, then, is to supply a means of publica-
tion for original papers. But we conceive that our Journal may likewise be 
rendered useful in another way – by publishing abstract of important […] 
papers that have appeared in the Memoirs of foreign Academies […] We 
hope in this way to keep our readers […] on a level with the progressive 
state of Mathematical science’ (Gregory 1837a, 1-2, my emphasis). 

The CMJ was the product of a young group of high ranked Wranglers aiming to 
explore pure mathematics without the formal mandate of the Cambridge exam-
ination system that produced them and beyond the confines of the established 
Transactions of several British scientific societies.16 Its founding editors not only 
approached mathematics as a progressive subject open to the trouble-shooting 
of ‘accepted newly imported positions’ (Fisch 1994, 248) and the formulation 
of ‘novel modifications and alternatives [...] in the face of new problems’ (Fisch 

16 For these points see Crilly (2004) and Despeaux (2007a, 95-99). 
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1994, 248), by opting for the rapid publication of short papers17 and allowing 
for anonymous publication,18 they also promoted unknown junior researchers 
to pursue original work and develop new ideas. The CMJ published articles 
on pure mathematics, plane and solid geometry, (analytical) geometry of two 
and three dimensions, algebra, trigonometry, diferential and integral calculus 
and the calculus of finite diferences, the mathematical treatment of physical 
subjects (mechanics, astronomy, light, sound, heat, electricity, magnetism 
and hydrostatics) and the solutions of Tripos problems. Together with Smith, 
Walton, and Thomson, Gregory and Ellis were the main contributors to the 
first four volumes – both with more than twenty papers. However, it was 
Greatheed who, with his ‘On general diferentiation’ of 1837, initiated what was 
to become the journal’s main endeavour, namely the transmission of mathemati-
cal ideas and discussion on the so-called ‘method’ or ‘calculus’ of operations and 
the defense of its legitimacy and usefulness in pure mathematics and physical 
subjects. Also in this specific respect, Gregory and Ellis, responding to and 
making use of the findings put forward in each other’s articles, took the lead. 
It was to their conversation about the ‘calculus of operations’ that many other 
upcoming mathematicians responded by exploring and further developing the 
method – all the while creating a research area of fundamental importance to 
the development of a particularly British approach to algebra (see Despeaux 
2007b, 54-67, Koppelman 1971, 188-217). 

17 Despeaux describes the nineteenth-century publication environment for British 
mathematics by writing that the Transactions of the scientific societies ‘presented 
significant obstacles to new researchers to publish mathematics […]. For example, a 
mathematician wanting to publish in [the] society venues needed either to belong to 
the society or to have a member formally ‘communicate’ the paper’ (Despeaux 2007a, 
95). Moreover, even in the case of successful submission, it was still possible that the 
author would not see the manuscript again: ‘[i]f the paper was not accepted by the 
referees for publication, the manuscript was permanently deposited in the society’s 
archives’ (Despeaux 2007b, 50). For an example of the refereeing-process of nine-
teenth-century British scientific journals see Despeaux (2011). 

18 During Gregory’s editorship, contributors were allowed to use pseudonyms so as to 
enable undergraduates to submit controversial articles without running the risk of 
(public) controversy – something that would greatly reduce their chances of pursuing 
a professional career. This practice was later abolished when Thomson took on the 
editorship in 1845.
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2.1 The ‘calculus of operations’

The idea of the separation of symbols of operations from symbols of quantity 
had first appeared in the pages of the short-lived Memoirs of the Analytical Society 
(see Despeaux 2007b, 52-54, Koppelman 1971, 175-188). While Continental 
mathematicians such as Lagrange, Cauchy, Louis François Antoine Arbogast 
(1759-1803) and Francois-Joseph Servois (1768-1847) ‘never really trusted the 
[inductive] method’ (Koppelman 1971, 157) it was ever present in the attempts 
of the members of the Analytical Society to leave behind the Newtonian flux-
ional calculus and notation and connect with a ‘century of foreign improvement’ 
(Babbage & Herschel, 1813, xv) in the diferential calculus. After the demise 
of the Analytical Society Babbage, Herschel and Peacock turned away from 
the calculus of operations (Fisch 1999, 146-148), but it was revived by the new 
generation of mathematicians of the CMJ. The first number of the journal con-
tained a paper written by Greatheed, who, as said, also was the author of the 
first contribution to the topic since Herschel’s series of articles from 1814-1822 
(see Greatheed 1837a, Greatheed 1837b, Greatheed 1837c, Herschel 1814). In 
his ‘A new method of solving equations of partial diferentials’ of 1837, Greath-
eed wrote that the assumption that symbols of operations could be treated as 
if they were symbols of quantity has ‘so far as I know, been hitherto applied 
only to the calculus of finite diferences, and to the diferential calculus where 
both are involved. It appears to me that if any much greater eminence than that 
to which analysis has already been brought, remains to be attained by it, that 
process is the most obvious and likely path’ (Greatheed 1837a, 239). Greath-
eed’s explanation of the method ‘was a pragmatic one, that is, that it yielded a 
correct solution’ (Koppelman 1971, 189) and upon reading the paper Gregory 
soon devoted himself to its rigorous justification. The CMJ’s spreading of ‘the 
gospel of the calculus of operations’ (Despeaux 2007b, 56) took the form of 
an appeal for its applicability in both ‘mixed’ and ‘pure’ mathematics. Where 
Gregory, Walton, Smith and others showed that it could be applied to problems 
in, for example, geometry, mechanics and theories of the motion of heat and 
pendulums etc. (e.g. Gregory 1838a, Gregory 1839b, Gregory 1841, Gregory 
and Smith 1840, Smith 1840), Gregory and Ellis applied it to linear diferential 
equations with constant coehcients, finite diference equations and (partial) 
diferential equations (e.g. Gregory 1837b, Gregory 1837c, Gregory 1838b, 
Gregory 1839a, Ellis 1842a, Ellis 1842b). 
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Although he did mention the work of Herschel and Greatheed, Gregory first 
and foremost referred to Joseph Fourier (1768-1830), Siméon-Denis Poisson 
(1781-1840) and Servois for the idea that solutions to equations could be 
expressed by the separation of symbols. The fundamental diference between 
these French mathematicians was that where Fourier, Poisson and many others 
were of the opinion ‘that the expressions […] obtained as solutions might be 
conveniently expressed by separating the symbols of operations, and not that 
the symbolical expressions are the proper solutions of the equations’ (Gregory 
1838b, 62), Servois fixed ‘the principles of the method on a firm and clear basis’ 
(Gregory 1840, 7). Gregory expressed his agreement with Servois’s approach 
as follows: 

‘Servois was, I believe the only mathematician who attempted to explain 
its principles, though [Barnabé] Brisson [(1777-1828)] and Cauchy some-
times employed and extended its application; and it was in pursuing this 
investigation that he was led to separate functions into distributive and 
commutative, which he perceived to be the properties which were the 
foundation of the method of the separation of the symbols […] This 
view which […] coincides with that which it is the object of this paper 
to develop [assumes that] as these operations are all subject to common 
laws of combination, whatever is proved true by means only of these 
laws is necessarily true of all operations’ (Gregory 1840, 7). 

Gregory opened his ‘On the real nature of symbolical algebra’ with the state-
ment that the investigation of the foundation of algebra, ‘as distinguished from 
the various branches of analysis which come under its dominion, took its rise 
from certain general considerations to which I was led in following out the prin-
ciple of the separation of symbols of operation from those of quantity’ (Gregory 
1840, 1). Similarly, Ellis, in his ‘Remark on the distinction between algebrai-
cal and functional equations’, wrote that algebra, as the ‘science of symbols’, 
is ‘conversant with operations, and not with quantities; and an equation, of 
whatever species, may be defined to be a congeries of operations, known and 
unknown, equated to the symbol zero [such that] [i]f one symbol is said to be a 
function of another it is, in reality, the result of an operation performed upon 
it. [This] idea of functional dependence pervades the whole science of symbols’ 
(Ellis 1842a, 92). 
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2.2 Symbolical algebra

Gregory and Ellis recognized Peacock as ‘the only writer in this country who 
has attempted to write a system of algebra founded on a consideration of 
general principles’ (Gregory 1840, 1). And it is true that his Treatise on Algebra 
of 1830 and ‘Report on the recent progress and present state of certain branches 
of analysis’ of 1833 were ‘jointly responsible, almost single-handedly, for the 
foundational debate on the nature of mathematics in general, and algebra in par-
ticular’ (Fisch 1999, 140) of the 1830s-1840s. Gregory’s ‘On the real nature of 
symbolical algebra’ was an attempt to synthesize and then generalize Peacock’s 
‘symbolical algebra’ and Adrien-Quentin (Abbé) Buée (1748-1826) and John 
Warren’s (1796-1852)19 geometrical representation of negative and imaginary 
(or complex) numbers on the basis of what had been written on the ‘calculus of 
operations’ by Herschel, Servois, Brisson and Cauchy. 

Peacock, who is ‘universally recognized as one of the earliest proponents of the 
symbolical approach to algebra’ (Pycior 1981, 24), had formulated his system 
of arbitrary symbols, signs and laws as a middle way between two extreme 
opposed approaches on algebra – Francis Maseres (1731-1824) and William 
Frend’s (1757-1841) ‘generalized arithmetic’ approach on the one hand and 
his friend Babbage’s ‘pure analysis’ approach on the other (see Dubbey 1978, 
93-130, Fisch 1999, 141-155, Rice 2001, 152-157). The former ‘proposed sacrific-
ing whole realms of algebraic activity for the sake of preserving for mathemat-
ics a solid, […], truth governed foundational system’ (Fisch 1999, 162) or, vice 
versa, reduced algebra to an arithmetic in which ‘symbols stood only for non-
negative numbers and signs denoted strictly arithmetical operations’ (Pycior 
1981, 28). The latter ‘insisted on draining analysis of all meaning and content 
for the sake of grounding mathematics anew by means of a system pertaining 
exclusively to pure form and process’ (Fisch 1999, 162-163). Peacock’s solution 
was to view algebra as consisting of two antithetical parts, namely ‘arithmetical 
algebra’ and ‘symbolical algebra’. Despite the fact that his aim was to establish 
symbolical algebra as a ‘science of symbols and their combinations, constructed 
upon its own rules which may be applied to arithmetic […] by interpretation’ 

19 Gregory referred to Abbé Buée’s ‘Mémoire sur les quantités imaginaries’ of 1806 
and Warren’s Treatise on the Geometrical Representation of the Square Roots of Negative 
Quantities of 1828.
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(Peacock 1833, 194-195), Peacock insisted that ‘[t]hough […] arithmetical 
algebra does not furnish an adequate foundation for […] symbolical algebra, 
it necessarily suggests its principles’ (Peacock 1833, 195, my emphasis). The fact 
that Peacock believed that ‘no views of the nature of Symbolical Algebra can be 
correct [which] makes the selection of its rules of combination […] independent 
of arithmetic’ (Peacock 1845, 453) is demonstrative of his acceptance of the 
‘watered-down, bottom-up dependency of symbolical on arithmetical algebra 
that would somehow allow to meaningfully ground the former in the latter’ 
(Fisch 1999, 166) via the notorious ‘principle of the permanence of equivalent 
forms’.20

It will be made clear in what follows in what sense Gregory’s advance towards 
abstraction21 was captured by his referring to symbolical algebra as the science 
not of the combination of symbols, but of the ‘combination of operations 
defined not by their nature, that is by what they are of what they do, but by the 
laws of combination to which they are subject’ (Gregory 1840, 2). 

3. Gregory’s symbolical algebra: the importance of geometry

Gregory opened his ‘On the real nature of symbolical algebra’ with the state-
ment that it is true that the algebraical laws 

‘have been in many cases suggested (as Mr. Peacock has aptly termed 
it) by the laws of the known operations of number; but the step which 
is taken from arithmetical to symbolical algebra is, that, leaving out of 

20 Kevin Lambert has shown that the idea of ‘suggestion’ that provided the foundation 
for the ‘principle of equivalent forms’ was inspired by Peacock’s self-constructed 
natural history of arithmetic (Lambert 2013). Where the science of counting would 
suggest arithmetic, arithmetic would suggest arithmetical algebra which, in turn, 
would suggest symbolical algebra. For the purposes of this paper it is important to 
recognize that Peacock’s neglect of geometrical considerations was, in a sense, implied 
in his idea of the (historical) foundation of algebra. It will be pointed out in section 3 
that it was precisely by introducing such geometrical considerations into the debate 
on the connection between algebra and arithmetic that allowed Gregory to further 
generalize Peacock’s account. 

21 This phrase is found in Koppelman (1971, 216). In Verburgt (2014a) it is argued that 
and shown in what sense this ‘advance’ took place within the framework of symbolical 
algebra.
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view the nature of the operations which the symbols we use represent, 
we suppose the existence of classes of unknown operations subject 
to the same laws. We are thus able to prove certain relations between 
the diferent classes of operations [and] if we can show that any opera-
tions [are] subject to the same laws of combination as these classes, the 
[algebraical] theorems are true of these as included in the general case’ 
(Gregory 1840, 2). 

Gregory’s procedure was to introduce F and f as the symbolical representa-
tion of ‘any operations whatever, the natures of which are unknown’ (Gregory 
1840, 3) and to attach these symbols ‘to any other symbols on which we wish to 
indicate that the operation […] F or f is to be performed’ (Gregory 1840, 3). In 
the remainder of his paper, Gregory postulated five classes of operations each 
of which was justified with reference to the known relations between opera-
tions that suggested them.22 For example, the first class assumes the existence 
of two classes of circulating operations, F and f, that are connected by the fol-
lowing laws:

1 F F (a) = F (a) 3 F f (a) = f (a)
2 f f (a) = F (a) 4 f F (a) = f (a)

Both ‘+’ and ‘−’, with the laws giving the rules for multiplication, as well as the 
corresponding operations of the ‘turning of a line [or] transferring of a point 
through a circumference’ and the ‘transference of a point through a semicircum-
ference’ can be given as an interpretation of F and f. Gregory concluded that 
because ‘whatever we are able to prove of the general symbols + and − from the 
laws to which they are subject […] is equally true of the arithmetical [and] of 
the geometrical operations […] described’ (Gregory 1840, 3) it holds that ‘there 
is no real analogy between the nature of the of the operations’ (Gregory 1840, 
3-4). The relation between the operations in arithmetic and geometry is due 
purely ‘to the fact of their being combined by the same laws’ (Gregory 1840, 4). 
Another significant example is that of the (unnamed) fifth class involved two 
operations related by the laws 1 a F (x + y) = F (x) f ( y) + f (x) F ( y) and 2 
a F (x + y) = f (x) f ( y) − c F (x) F ( y). About this class Gregory remarked that 

22 Allaire & Bradley (2004, 405-406) provide a detailed account of Gregory’s five classes 
of operations. 
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its laws are first ‘suggested by the known relation between certain functions 
of elliptic sectors’ (Gregory 1840, 11), and that the ‘most important theorem 
proved of [it] is that {cosx + (−)½ sinx}n = cosnx + (−)½ sin nx’ (Gregory 1840, 
12) cannot receive an interpretation in arithmetic ‘as it involves the operation 
(−)½. In geometry, on the contrary, it has a very distinct meaning’ (Gregory 
1840, 12).23 

What these two examples of classes of operations demonstrate is that Gregory 
had enabled himself to argue that arithmetic ‘may be the suggesting science for 
many of the laws of combination [of operations] but [that] such is not necessarily 
the case’ (Allaire & Bradley 2004, 407); for where the circulating operations 
of the first class are suggested by both arithmetical and geometrical operations, 
the unnamed operations of the fifth class were suggested by geometry, rather 
than arithmetic, and could only be interpreted or represented in geometrical 
terms. It is thus possible to claim that Gregory was able to break algebra’s ties 
to arithmetic and, thereby, to move beyond Peacock’s system of symbolical 
algebra, by bringing on the scene geometry or geometrical considerations (see 
Davie 1961, 161-164).24 

3.1 Gregory’s abstractionism and geometrical fluxional analysis 

This, indeed, seems to resolve the paradox found in Smith and Wise’s char-
acterization of Gregory, namely that if ‘On the real nature of algebra’ earned 
him the title of forerunner of the modern abstract algebraists the paper itself 
derived its inspirations from a Northern tradition of geometrical theory. The 
following two sub-sections elaborate the further statement that Gregory was 

23 As Gregory explained, ‘if a represents a line, and a cosx represent a line bearing a 
certain relation in magnitude to a, then a {cosx + (−)½ sinx} will imply, that we have 
to measure a line a cosx, and from the extremity of it we are to measure another 
line a sin x; but in consequence of the sign of operation (−)½, this new line is to be 
measured, not in the same direction as a cosx, but turned through a right angle’ 
(Gregory 1840, 12).

24 This confirms Pycior’s claim that it was the geometrical representation of numbers 
uninterpretable in arithmetic, namely ‘imaginaries’, that ‘proved the possibility of 
developing a symbolical algebra with multiple models’ (Pycior 1983, 220). Interest-
ingly, Peacock dismissed the geometrical representation in his Treatise on Algebra (see 
Peacock 1830, xxvii) – something which could perhaps be explained with reference to 
the suggestion referred to in footnote 20. 
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able to put forward his progressive, analytical and technical contributions to 
the generalization of symbolical algebra because of, rather than despite, the 
two central features of the Scottish geometrical tradition of which supposedly 
was ‘the great hope’ (Davie 1961, 166); firstly, the abstractionist philosophy of 
mathematics (section 3.1.1) and, secondly, the notion of ‘geometrical fluxional 
analysis’ (section 3.1.2). 

3.1.1 Gregory and abstractionism

The abstractionist philosophy of mathematics resulted from Aristotle’s answer 
to the problem of accounting for the existence of mathematical objects without 
having recourse to either the Platonic theory, which holds that these objects 
inhabit a supra-sensible world of Forms, or the idea that they somehow exist as 
physical objects (e.g. Cleary 1985, Hussey 2011, Lear 1982). Aristotle’s solution 
was to claim that mathematical objects such as triangles, circles and numbers 
‘are constructed out of ordinary experience but constructed in such a way 
that mathematics does not depend on specific features of the sensible world’ 
(Jesseph 1993, 10), namely by means of abstraction from the ‘sensible qualities, 
e.g. weight and lightness, hardness and its contrary, and also heat and cold and 
the other sensible contrarities’ (Aristotle 1984, 1677). The idea that mathemat-
ics is concerned with abstractions or, more in specific, with ‘the attributes of 
things qua quantitative and continuous’ (Aristotle 1984, 1677) or, in the words 
of Thomas Aquinas (ca. 1225-1274), with quantitative mental entities result-
ing from abstractio formae (e.g. Anderson 1969, Kluge 1976, Mauer 1993), 
was almost universally accepted in the seventeenth- and eighteenth-century 
(Jesseph, chapter 1) – especially, but not solely, among British mathematics 
ranging from John Wallis (1616-1703) and Isaac Barrow (1630-1677) to Robert 
Simson (1678-1768), Colin Maclaurin (1698-1746), Playfair and John Leslie 
(1766-1832). For example, where Barrow, in his Lectiones Mathematicae of 1683, 
spoke of mathematical objects as being ‘mentally separated or abstracted from 
all specific matter, material circumstances, and accidents’ (Barrow 1683 [1685], 
29), the famous editions of Euclid’s Elements of Simson, Playfair and Andrew 
Bell (1753-1823) contained phrases about quantities ‘obtained from experi-
ence’ after a ‘process of abstraction’ that do not ‘possess a material existence’ 
(Bell 1837, i-ii, see also Simson 1756, Playfair 1795) (Davie 2001). Maclaurin’s 
argument that this process of abstraction began with vague and indistinct 
notions based on comparisons of empirical objects which progressively become 
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more definite with each new comparison is found in Simson’s famous note in 
his own Elements the aim of which was 

‘to throw light on the primitive […] distinction […] between a solid and 
its surface. By the accepted opinion, the distinction was dihcult to elu-
cidate because the solid and the surface are inseparable aspects of a body, 
which can never be observed in isolation from one another. This being 
so, it does not make sense to speak of the distinction as due simply to 
observation, and a way out […] was sought in the doctrine […] that the 
inseparable aspects are diferentiated from one another by comparing 
one’s experience of the body in one situation with one’s experience of 
it in another, and by finding it to be in a certain way unaltered, and in 
another way altered’ (Davie 1961, 133). 

Given that these and other25 philosophico-mathematical considerations of the 
Scottish mathematicians remained to be found in textbooks until the middle of 
the nineteenth-century,26 it is not unlikely that Gregory heard them discussed 
at Edinburgh or was taught about them by his mentor Wallace. This at least 
would account for the fact that it was as a result of an abstractionist process 
of reasoning that Gregory was able to define symbolical algebra as ‘the science 
which treats of the combination of operations defined not by their nature, that 
is by what they are or what they do, but by the laws of combination to which 
they are subject’ (Gregory 1840, 2). For what Gregory did in the treatment of 
the five classes of operations in his ‘On the real nature of symbolical algebra’ 
was, indeed, that of setting 

‘side by side geometrical operations and arithmetical operations, com-
paring them in respect to their likeness and their unlikeness, and finding 

25 For example, Sepkoski (2005) and Sepkoski (2007, chapter 3) contain detailed discus-
sions of the meaning of ‘nominalism’ and ‘constructivism’ within seventeenth-century 
British philosophies of mathematics. 

26 Davie writes that the Scottish doctrine of abstractionism ‘was constituted not by a 
series of elaborate treatises, written by specialists for specialists, but only by a few 
philosophical commonplaces or stock questions in regard to mathematics which 
remained constant year after year, and which a student might well hear discussed 
thrice in the course of his degree, in the mathematics class, in the logic class and in 
the ethics class, each time freshly and from a rather diferent point of view’ (Davie 
1961, 131-132). 
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that there are exact correspondences between the two in the midst of 
and in spite of their diferences. He then went on to claim that symbol-
ical algebra was concerned with what arithmetic and geometry have in 
common, and involved an abstraction whereby one left out [the] unique 
peculiarities inseparable from each, and regarded only their points of 
agreement’ (Davie 1961, 164). 

Gregory was indebted to the Northern tradition of abstractionism not only 
because of his use of the ‘abstractionist technique’ of reasoning by compari-
son ‘of Simson, of Maclaurin, and of his own kinsman Thomas Reid [(1710-
1796)]’ (Davie 1961, 164), but also in so far as his presentation of algebra as a 
further abstraction from geometrical and arithmetical operations was in perfect 
agreement with the twofold classification of mathematics into geometry, as ‘the 
science of magnitude’, and arithmetic, as ‘the science of number’ (e.g. Wallis 
1695, 19) resulting from the abstractionist theory. Where the first feature of 
Gregory’s abstractionism explains the basis of his generalization of Peacock’s 
symbolical algebra, the second feature accounts for the fact that it was impos-
sible for him to envision an algebra independent from ‘magnitude and multitude 
([or] continuous and discrete quantity)’ (Barrow 1683 [1685], 29, my emphasis).27 

3.1.2 Gregory and geometrical fluxional analysis 

Gregory opened his ‘On the elementary principles of the application of alge-
braical symbols to geometry’ of 1841 (see also Gregory & Walton 1845, Walton 
1841a, Walton 1841b, Walton 1841c, Walton 1841d, Walton 1852) with the state-
ment that in his ‘On the real nature of symbolical algebra’

‘I [Gregory] endeavoured to exhibit [the] principles on which various 
branches of science may be symbolized – that is to say, on which their 
study is facilitated by expressing the operations by means of symbols 
[…] Among the sciences whose symbolization I there considered, that of 
Geometry is the most important; and on that account I wish here to treat 
of it more at large, especially because it appears to me that the theory 
of the representation of geometrical quantities by numerical symbols 

27 See Verburgt (2014a) for a detailed elaboration of this latter statement. 
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is usually but little attended to, and some obscurity still hangs over it’ 
(Gregory 1841, 1, my emphasis). 

Gregory thus took seriously the problematic status of algebraical geometry 
which, neglected by the Cambridge analysts of the Analytical Society, ‘had 
been kept alive by the geometrical tradition, in the North’ (Davie 1961, 160) of 
Scottish Newtonians (Guicciardini 1989, Guicciardini 1993, Pycior 1997). The 
widespread image is that chauvinistic isolationism and a slavish adherence to a 
preference for geometrical demonstrations over algebraical techniques of math-
ematicians such as James I Gregory, David Gregory and John Craig(e) (1663-
1731) were responsible for the sorry state of eighteenth-century British math-
ematics.28 However, far from simply being ‘monument[s] to ancient geometry 
and [a] roadblock to progress in analysis’ (Grabiner 1979, 393) both Wallis and 
Barrow as well as Simson and Maclaurin and Leslie and Wallace attempted 
to reconcile, in the spirit of the complex Newtonian heritage, the old mathe-
matics of synthetical geometry and the new mathematics of analytical algebra 
(Craik 2000, 139), Grabiner 1979, 400, Guicciardini 2004, 236).29 The work 
of these Scottish Newtonians was, indeed, neither ancient nor modern (Hill 
1996, Mahoney 1990). 

After the publication of in 1670-1671 of ‘his masterpiece in the new analysis, the 
De methodis serierum et fluxionum’ (Guicciardini 2004, 226), Newton wrote an 
addendum, which was later reworked into the Gemetrica curvilinea (ca. 1680), in 
which he reformulated the results of the ‘analytical method of fluxions’ into a 
geometrical ‘synthetical method of fluxions’ based on axioms (e.g. Arthur 1995, 
Guicciardini 2004, Guicciardini 2009, chapter 8-9, Kitcher 1973). This meth-
odological shift towards geometry was inspired by an anti-Cartesian ‘admira-
tion of the ancients as a source of wisdom’ (Guicciardini 2004, 227) and the 
mythical belief that his new version of the calculus of fluxions ‘constituted a 

28 For accounts of the work of James I Leslie and David Gregory see, for example, 
Hiscock (1937) and Malet (1989).

29 There are, by and large, three main challenges to the received image of eighteenth-cen-
tury British mathematics; firstly, the fact that it is too ‘simplistic to define Newton’s 
mathematics as uniquely oriented towards ‘geometry’’ (Guiccardini 2004, 223), 
secondly, the Continental influence of the analytical results found in Maclaurin’s 
Treatise on Fluxions (Grabiner 1979) and, thirdly, the introduction, prior to the Ana-
lytical Society, of Continental mathematics in Britain by Wallace and others (Craik 
2000). 
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rediscovery of the hidden geometrical analytical methods’ (Guicciardini 2004) 
of the Greek geometers.30 This myth seems to have been shared by both Wallis, 
Barrow and Simson who were all convinced that the ancients ‘possessed an 
analysis equivalent to the algebraical [which they] concealed [in] order to excite 
the greater admiration of their [synthetic geometrical] inventions’ (Trail 1812, 
14-15). Newton’s renovation of his own calculus of fluxions consisted not only 
of the statement that, in contrast to Leibniz’s infinitesimals and diferentials, 
the two components of the synthetical method (‘fluents’ and ‘fluxions’) ‘have an 
existence in nature’ (Newton 2008d, 122-123) as kinematical objects generated 
in continuously flowing time. But also of the claim that in so far as it could be 
retranslated into the rigorous ontological basis of the synthetical method his 
analytical fluxional algorithm could be obtained in a manner ‘agreeable to the 
Geometry of the Ancients’. Taken together, the task that characterized most 
of the works of the Scottish Newtonians was to further develop (e.g. Maclau-
rin 1742), in the sense an abstractionist ‘natural philosophy’, Newton’s mature 
viewpoint that 

‘mathematical Quantities [are] describ’d by a continual motion. Lines are 
describ’d, and by describing are generated [by] the continuous motion 
of Points, Surfaces by the motion of Lines, Solids by the motion of 
Surfaces, Angles by the Rotation of their Legs [etc.]. These Geneses are 
founded in Nature, and are every Day enacted in the motions of Bodies, 
and paraded before our eyes […] Nature [thus] generates quantities by 
continual flux [&] the ancient Geometers admitted such a generation of 
areas & solids’ (Newton 2008a, 141 & Newton 2008d, 597-598). 

In order to come to terms with the issue of algebraical geometry, that is, to solve 
the traditional problem of the applicability of algebra to geometry, Gregory had 
recourse exactly to Newtonian geometrical fluxional analysis. It was in his ‘On 

30 For an account of the idea of Greek geometrical analysis see Behboud (1994) and 
Thiele (2003). See Pelseneer (1930) and Ramati (2001) for Newton’s reasons for 
believing that his sections 4 and 5 of his Principia led to results that ‘constituted a redis-
covery of the hidden geometrical analytical methods of the ancients’ (Guicciardini 
2004, 229, see also Gallart 2006, Pemberton 1728). In brief, as Guicciardini notes, 
Newton ‘adhered to a widespread Renaissance myth according to which the ancient 
geometers had concealed their method of discovery’ (Guicciardini 2004, 230). 
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the elementary principles of the application of algebraical symbols to geometry’ 
that Gregory, in words strikingly reminiscent of those of Newton, wrote that

‘The ideas with which we are concerned in Geometry are those of mag-
nitude and direction. The former is of three kinds – linear, plane and 
solid; and the question is, of what sort of operations these may be con-
sidered as the result. Such a one I conceive to be transference in one direc-
tion; for by proper combinations of operations of this description we can 
represent magnitudes of all kinds […]’ (Gregory 1841, 2). 

Gregory then explained how a line, a parallelogram and a parallelepiped are to 
be constructed from the transference of the geometrical idea of a point:

‘[L]et us assume a to be a symbol representing transference in one constant 
direction through a given space; then, representing the subject-point by 
the symbol (.) [i.e. a dot in brackets!], the compound symbol a (.) will 
represent a straight line as the result of transferring a point through a 
given space in a constant direction […] [W]e may [also] ask the meaning 
of such a combination as b { a (.) } or […] b (a). This [must] signify the 
transference of a line in one constant direction, that is, the line must 
move parallel to itself, by which means it will trace out a parallelogram. 
In the same way […] we may [ask] the meaning of the expression c { a 
(b) } [which] will represent the transference of a plane in one constant 
direction, that is, the transference of a plane parallel to itself, the result 
of which is a parallelopiped’ (Gregory 1841, 2-3). 

The central purpose of the construction or tracing out by continuous motion of 
a two-dimensional figure out of one-dimensional figure and a three-dimensional 
figure out of a two-dimensional figure was to remove the dihculty ‘that the 
same time algebraic[al] expression a × b was used to cover the case both of an 
expression of an arithmetical kind like 3 times 2 and an expression [of a] geomet-
rical [kind], like 3 by 2 feet’ (Davie 1961, 162). What the fluxional description of 
geometrical magnitudes as generated or nascent quantities demonstrated was 
the possibility of acknowledging that geometrical and arithmetical expressions 
were logically analogous without thereby severing the traditional distinction 
between discreteness and continuity. Gregory thus seems to have upheld 
Scottish Newtonian fluxional commitments within the framework of symboli-
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cal algebra that he himself created on the basis of an abstractionist comparison 
of arithmetic and geometry. 

4. Ellis’s idealism: Bacon and necessary truth

Although his contributions to symbolical algebra cannot be understood without 
taking into account the Scottish philosophico-geometrical background of 
which they represented a complex extension, Gregory himself rarely if ever 
abandoned himself to the type of ‘prolix metaphysical disquisitions’ (Stewart 
1829, 118) of Simson and Maclaurin. Ellis, for his part, had ‘an extreme delight 
in knowledge for its own sake’ (Goodwin 1863, xiii) and possessed ‘powers 
distinct from those of mathematical research’ (Goodwin 1863, xi) which were 
manifested most clearly in his eforts both as the editor of the philosopher 
works of Francis Bacon (1561-1626) (section 4.1) and as contributor to the 
Report of the Cambridge University Commission of 1852 (section 4.2). The 
idealist position that was elaborated in these two documents pose a challenge 
to Smith and Wise’s characterization of Ellis as defending practical knowl-
edge and an anti-metaphysical scientific method (see Smith & Wise 1989, 178, 
178-179, f. 74). 

4.1 Ellis’s Baconianism

It was the towering figure of the Knightbridge Professor of Moral Philoso-
phy and Master of Trinity College William Whewell (1794-1866) who, in his 
Philosophy of Discovery of 1860, praised Ellis for having ‘given a more precise 
view than any of his predecessors had done of the nature of Bacon’s induction’ 
(Whewell 1860, 150). Whewell also emphasized that Ellis’s view ‘amounts to 
much the same as the account I [Whewell] had given of the positive results of 
Bacon’s method, and the real value of that portion of his philosophy, which he 
himself valued most’ (Whewell 1860, 151-152). Ellis acknowledged, in turn, that 
Whewell’s aim of renovating, rather than abandoning the Baconian method 
of induction in light of the historical development of modern science was in 
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full agreement with that of his own examination in the ‘General Preface’.31 
Both Whewell and Ellis were of the opinion that their renovation consisted of 
showing not only that induction ‘does more than observation, inasmuch as she 
[…] collects facts, [and] catches some connexion or relation among them [as] 
represented by […] ideal conceptions’ (Whewell 1831, 379-380), but also that 
the ‘application to the facts of a principle of arrangement [or] idea, existing in the 
mind […] antecedently to the act of induction’ (Ellis 1858, 85) was aimed at 
but never successfully carried through by Bacon himself. Rather than rejecting 
it, Whewell and Ellis, thus, set out to perfect ‘the Baconian induction’ (Ellis, 
1858, 23).32 Where Whewell wrote that the combination of ‘mere phenomena’, 
or the ‘Colligation of Facts’, and ‘pure ideas’ or the ‘Explication of Concep-
tions’ (see Whewell 1831, 380, Whewell 1860, 135) already appeared in Bacon’s 
work, Ellis had it that ‘Bacon never, even in idea, completed the method which 
he proposed’ (Ellis 1858, 84). The reason for Bacon’s omission to ‘cultivate 
more carefully the ‘ideal side’ of his philosophy’ (Yeo 1985, 273-274) was, in 
Whewell’s opinion, his lack of knowledge of the discoveries of modern science 
and, in that of Ellis, the realism inherent in the ‘doctrine of forms’ on which 
his philosophy was grounded. Ellis’s major aim in his ‘General Preface’ was 
to demonstrate that Bacon’s ‘method may be stated independently of this 
doctrine’ and that even Bacon ‘himself so stated it in one of his earlier tracts’ 
(Ellis 1858, 28). 

Ellis introduced Bacon’s own view of the place of the doctrine of forms within 
the two parts of the inductive method as follows:

‘The first part of the true inductive process is the exclusion of every 
nature which is not found in each instant where the given one is present, 
or is found where it is not present, or is found to increase where the given 
nature decreases, or vice versa. [And] when this exclusion has been duly 

31 For the intellectual connection between Whewell and Ellis see Kilinc (2000) and 
Verburgt (2013). In Verburgt (2014c) the work of John R. Gibbins on the Knight-
bridge Professor of Moral Philosophy John Grote (see Gibbins 2007) is used to argue 
for the suggestion that the latter played an intermediary role. The issue of whether and 
how ‘Cambridge idealism’ influenced the dialogue between the widespread reforma-
tion of Baconian induction and the relationship between (pure) mathematics and the 
sciences seems worthy of further research. 

32 For more general discussions of Baconianism in nineteenth-century Britain see Pérez-
Ramos (1988) and Yeo (1985).
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performed, there will in the second part of the process remain, as at the 
bottom, all mere opinions having been dissipated […] the ahrmative 
Form, which will be solid and true and well defined. The exclusion of 
error will necessarily lead to truth’ (Ellis 1858, 35). 

The first part of the method consisted of the construction, in the sense of 
enumerative induction, of tables of presences, absences and variations of 
so-called ‘simple natures’ and the second part of the eliminative inference ‘on 
the instances in the tables to rule out possible forms that are not both necessary 
and suhcient for the appearance of the given nature’ (Snyder 2006, 72). Ellis’s 
main objection concerned not the ‘tables of appearance’, but the fact that Bacon 
assumed that the ‘method of exclusion’ 

‘requires only an attentive consideration of each ‘instantia’, in order first 
to analyse it into simple natures, and secondly to see which of the latter 
are to be excluded – processes which require no higher faculties than 
ordinary acuteness and patient diligence. There is clearly no room in this 
mechanical procedure for the display for subtlety or of inventive genius. 
Bacon’s method therefore leads to certainty, and may be employed with 
nearly equal success by all men who are equally diligent’ (Ellis 1858, 
35-36).

Ellis claimed that Bacon was well aware of the dihculties involved in the idea 
that the method of exclusion, which was based on observed instances, could 
result in unobservable forms without guesswork. ‘Bacon admits’, as Ellis 
wrote, ‘that the Exclusiva must at first be in some measure imperfect for the 
Exclusiva, being the rejection of simple natures, cannot be satisfactory unless 
our notions of these natures are just and accurate, whereas some of those which 
occur […] are [of course] ill-defined and vague’ (Ellis 1858, 37). Bacon himself 
is said to have mentioned a subsidiary method, ‘of which the object is the for-
mation of scientific conceptions’ (Ellis 1858, 37) and which he, in the Novum 
Organum (Bacon 1620 [1857]), also named induction, that is able to complete his 
inductive method by removing the defects of the method of exclusion. But ‘of 
the manner in which systematic induction is to be employed in the formation 
of conceptions we learn nothing from any part of his writings’ (Ellis 1858, 37). 
The reason for Bacon’s omission is twofold. On the one hand, it is ‘connected 
with the kind of realism which runs through Bacon’s system’ (Ellis 1858, 38) 
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which implies that ‘ideas or conceptions […] reside in some sort in the objects 
from which we derive them’ (Ellis 1858, 39) such that these not only correspond 
to ‘realities, which is of course necessary [but] may also be said adequately to 
represent them’ (Ellis 1858, 38). Because of his commitment to realism Bacon 
was unable, on the other hand, to appreciate that the ‘progress of science con-
tinually requires the formation of new conceptions whereby new principles 
of arrangement are introduced among the results which had previously been 
obtained’ (Ellis 1858, 39). Now, given that the realist doctrine of forms can be 
shown to have been ‘an extraneous part of his philosophy’ (Ellis 1858, 39),33 
Ellis was able to argue that the introduction into Baconian inductivism of the 
non-mechanical process of the formation of principles of arrangement that are 
‘superinduced’ (Ellis 1858, 42) upon the observed phenomena is not at odds 
with Bacon’s intentions. 

Both in his personal journal as well as in his contributions to probability Ellis 
made it clear that his idealist renovation of Bacon was inspired not only by 
Kantian views the germ of which he ‘caught […] from a very early age’ (Ellis 
quoted in Fisch 1994, 253, f. 22, see also Verburgt 2014c), but also by a Kan-
tianesque dismissal of the empiricist doctrine of ‘sensationalism’ found, for 
example, in John Locke (1632-1704) and Étienne Bonnot de Condillac (1714-
1780) (Agassi 1966). It is certainly true that the particular content of Ellis 
and Gregory’s correspondence seems to justify the statement that ‘Ellis, and 
perhaps also Gregory, [were] deeply committed to Kant’ (Fisch 1994, 253, f. 
22), but it should also be taken into consideration that, historically and philo-
sophically speaking, the sensationalist epistemology is closely related to the 
abstractionist account of mathematical objects (see section 3.1.1). Ellis and 
Gregory thus were willingly or unwillingly involved in reflections on the rela-
tionship of mathematical and metaphysical viewpoints. The fact that the two 
intimate friends were not in perfect agreement about the content of these phil-
osophical reflections challenges Smith and Wise’s assumption that the members 

33 Ellis noted that ‘[w]ith regard to the doctrine of Forms, it is [to] be observed that it is 
not mentioned as a part of Bacon’s system, either in Valerius Terminus or in the Partis 
secundae Delineatio, or in the De Interpretatione Naturae Sententia Duodecim’ (Ellis 
1858, 41).
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of the group of mathematicians associated with the CMJ held, by and large, the 
same (‘anti-metaphysical’) ideas.34 

4.1.1 Ellis on necessary truth 

The evidence that Ellis presented to the Cambridge University Commission 
of 1852 consisted of a brief elaboration of the statement that mathematics deals 
with necessary, rather than contingent truth – the necessity of its conclusions 
being ‘absolute’ in pure mathematics and ‘hypothetical’ in applied mathemat-
ics (see Ellis 1852, 222, f. 2). After defining propositions that are necessarily 
true as those ‘which the mind distinctly apprehends as such’ and of which ‘the 
contradictory is seen to be inconceivable’ (Ellis 1852, 222), Ellis pointed out 
that ‘when we think of any simple proposition in arithmetic or geometry we 
perceive [that] it must of necessity be [true]’ (Ellis 1852, 222). But given that 
the intuition of ‘the ablest mathematician is confined within a narrower circle 
than that of the truths which he can prove’ (Ellis 1852, 222) – or, in words 
drawn from the ‘General Preface’, given that the conceptions resulting from 
our imperfect human knowledge never ‘exhaust the essence of the realities 
by which they are suggested’ (Ellis 1858, 39) – the same cannot be said with 
respect to all demonstrable results in mathematics:

‘He may satisfy himself of the cogency of each step of the demonstra-
tion, and yet the essence of the conclusion – the fundamental principle of 
its truth – remains unseen […] In a word, his conception [is] still imper-
fect. But between his state of mind and that which is produced by the 
contemplation of any […] proposition, there is no fixed boundary […] 
After long and patient thought, the reason of the truth of a proposition 
[will] dawn upon him; the proposition thenceforth becoming [a] part of 
his own mind’ (Ellis 1852, 222-223). 

34 This particular point of criticism was suggested by one of the two anonymous referees. 
He or she also mentioned the dihculties involved in reconciling Gregory and Ellis’s 
philosophical commitments with, for example, those statements of Boole that seem to 
point to his aim of mathematizing metaphysics. The section with concluding remarks 
briefly returns to the importance of considering such complexities in future attempts 
to revise Smith and Wise’s blanket description of the ‘Northern’ mathematicians. 
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It is thus in the patient and attentive study of mathematical objects that the 
mind, conscious as it is of its own development, attains ‘immediate contact 
with necessary truth’ (Ellis 1852, 223) in the form of ‘a complete intuition into 
the results which he is able to prove’ (Ellis 1852, 223). For example, in the case 
of probability theory Ellis’s argument was that its ideal and a priori foundations 
gradually emerged as a result of an intuitive contemplation of the facts of expe-
rience (Ellis 1844a, see also Verburgt 2013, 436-438). 

For the aim of grasping the ‘natural relations which exist among the objects of 
[…] contemplation’ (Ellis 1852, 223) both geometrical and algebraical methods 
may be employed since ‘it matters but little whether the reasoning be expressed 
by one set or kind of symbols or by another’ (Ellis 1852, 223, my emphasis). 
Similar to Gregory (see section 3.1.2), Ellis attached much importance to the 
traditional issue of the connection between, on the one hand, synthesis and 
analysis as mathematical styles of reasoning (see Ackerberg-Hastings 2002) 
and, on the other hand, geometry and algebra. ‘It is common’, Ellis wrote, ‘to 
find persons in Cambridge and elsewhere who insist upon it that geometry is 
geometry, and [algebra algebra]; but [this] notion of an absolute separation [is] 
the result of a want of familiarity with either’ (Ellis 1852, 224). Ellis argued 
that if it is supposed that when ‘a mathematician treats a problem geometri-
cally [i.e. synthetical] he has to think about it for himself, whereas if he treats 
it symbolically [i.e. algebraically or analytical] the symbols think for him’ (Ellis 
1852, 224), to a mind ‘which has attained to a perfect mastery of [a] subject, 
and by which, therefore, the connexion of the data of the problem with its 
solution is perceived as by intuition, all the demonstrations appear to be in 
their essence identical’ (Ellis 1852, 224). Because the grounds of every form of 
demonstration ranging from geometrical synthesis to algebraical analysis are 
the same, that is, in so far as ‘demonstrations may be geometrical and yet in 
a high degree artificial and first principles may be lost in a maze of triangles 
no less than in a maze of equations’ (Ellis 1852, 223-224), it is superfluous to 
dismiss one of them in favor of another. Where William Hamilton (1788-1856) 
and Whewell had compared algebraical analysis to ‘running a railroad through 
a tunneled mountain’ and geometrical synthesis to ‘crossing the mountain on 
foot’ (Hamilton quoted in Davie 1961, 127), Ellis upheld that ‘in mathematical 
investigations there is no royal road, yet there is a nature, that namely which 
enables [one] to grasp the natural relations which exist among the objects of 
[…] contemplation’ (Ellis 1852, 224). Similar to Gregory, the northern Whig 
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Ellis, thus, wished to expose the common ground between algebraical analysis 
and geometrical synthesis or analysis rather than to oppose them to each other. 
But in contrast to Gregory, Ellis did this by means of developing a philosophical 
position vis-à-vis the process of the obtainment of knowledge that is necessarily 
true. 

5. Concluding remarks

This central aim of this paper was to examine and qualify those features of 
Smith and Wise’s general characterization of the second generation of reform-
ers of British mathematics that were used to describe the work of Gregory and 
Ellis, namely ‘geometrical methods’ in mathematics and an ‘anti-metaphysical’ 
emphasis on ‘practical knowledge’. After having described both the personal 
and professional lives of Gregory and Ellis as well as the background of their 
contributions to the CMJ in section 1 and 2, section 3 proposed a solution to 
the paradoxical fact that Gregory generalized symbolical algebra all the while 
upholding the ‘abstractionism’ and ‘geometrical fluxional analysis’ of the 
Northern or Scottish Newtonian tradition in mathematics. Where the first 
feature allowed him to introduce geometry into the problem of the relation 
between arithmetic and algebra such that algebra could be shown to be an 
abstraction from both of these sciences, the second feature enabled him to 
argue that geometrical and arithmetical operations were algebraically analogous 
without severing the accepted distinction between continuous and discrete 
quantities. Given Gregory’s indebtedness to these ‘natural philosophy’- or 
metaphysically-inspired features of the seventeenth- and eighteenth-century 
mathematics of his Scottish predecessors and the complexities of their negoti-
ation of the relationship of ‘old’ and ‘new’ mathematics, the label ‘geometrical 
methods’ cannot straightforwardly be used to characterize his work. In section 
4 it was shown that Ellis’s rejection of Bacon’s realist doctrine of forms neither 
gave rise to a dismissal of metaphysical and/or hypothetical knowledge in favor 
of practical and/or non-hypothetical knowledge nor challenged the importance 
of Whewellian ideas or conceptions in science. Ellis’s idealist renovation of 
Baconianism consisted of a reinterpretation of the process of induction in 
which ideal ‘principles of arrangement’ were incorporated within the funda-
mental ‘method of exclusion’. From both his personal journal, contributions to 
probability theory and evidence for the Cambridge University Commission it is 
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clear that Ellis was of the opinion that these principles result from mental intu-
ition, contemplation or, simply, the mind and can gradually take on the shape 
of a priori necessary truths. The appraisal of two of the main proponents of 
the second generation of reformers put forward in this paper has hopefully not 
only made plausible that Smith and Wise’s somewhat blanket description of 
group’s orientation is in need of revision, but also provided a contribution to 
this very task. This revision would of course also have to include detailed and 
comparative analyses of the writings on mathematics of, on the one hand, the 
Scots Smith, Greatheed and Thomson (Lord Kelvin) and, on the other hand, 
English reformers such as De Morgan, W.R. Hamilton and George Boole 
(1815-1864). Other important topics that have either not been suhciently dealt 
with or omitted in Smith and Wise’s Energy and Empire are the influence of, 
for example, religious, logical and Kantian-inspired ideas on the mathematical 
viewpoints of the members of the second generation of reformers. The incor-
poration of these and other (‘extra-mathematical’) topics within a revision 
of Smith and Wise’s account will enrich the understanding of the history of 
British mathematics and further deepen the appreciation of the fact that the 
process of its nineteenth-century reform was a less straightforward afair than 
often envisioned.
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