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chapter 13

On Aleksandr Iakovlevich 
Khinchin’s paper ‘Mises’ 
theory of probability and the 
principles of statistical physics’

1.  The Russian tradition of probability 
theory: St. Petersburg and Moscow

The long tradition of probability theory in Russia1 2 3 goes back to the work of 

1 For more general accounts on mathematical topics related to probability theory in 
pre-revolutionary Russia (e.g. central limit theorem, method of least squares etc.) 
see, for instance, Seneta, 1981; Seneta, 1984; Seneta, 1994. Some of the articles on 
the development and current state of probability in Russia written during the Stalinist 
era include references to an even longer ‘tradition of probability in Russia, beginning 
already before 1850 with courses on probability theory given at St. Petersburg Uni-
versity by Ankudivich [(?-?)] and [Viktor Yakovlevich] Bunyakovskii [or Buniak-
ovsky] [(1804-1889)]’ (Fischer, 2011, 184, see also Gnedenko & Sheynin, 1978 [2001], 
pp. 247-253). Buniakovsy, wrote probabilistic works under the influence of French 
mathematicians. For example, in 1846, he published Foundations of the Mathematical 
Theory of Probabilities the aim of which was to simply Pierre-Simon Laplace’s (1749-
1827) mathematical exposition of the theory (see Sheynin, 1991).

2 It may here be remarked that if it is the case that the early history of Russian math-
ematics ‘is mainly the history of mathematical research at the National Academy of 
Sciences in Petersburg’, it holds that ‘the Petersburg school could not properly be 
called a Russian school: not one of the initial members of the Academy of Sciences 
[was] Russian, and not until Chebyshev’s time did the number of Russian academi-
cians exceed the number of foreign members’ (Phillips, 1978, p. 277).

3 Sheynin notes that ‘[t]here is a view that Buniakovsky developed the Russian ter-
minology of the theory of probability. However, such terms as random variable (or 
random quantity), or limit theorem did not then exist in any language’ (Sheynin, 1991, 
pp. 201-202). 
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the disciples of Pafnuty Lvovich Chebyshev’s (1821-1894)4 ‘independent and 
powerful’5 St. Petersburg school,6 Andrei Andreievich Markov (1856-1922)7 
and Aleksandr Mikhailovich Liapunov (1857-1918). Chebyshev, who received 
his master’s degree in 1846 at Moscow University with a thesis on probability 
theory,8 lectured on the theory between 1860 and 1882 and published several 
‘ground-breaking’9 analytic papers (in Russian and French) on proofs of the 
(weak) law of large numbers10 and, via the ‘method of moments’, the central 
limit theorem11 after 1859. Given that Chebyshev transformed probability 
theory from a tool used to discover the laws of nature into a purely mathemat-

4 For general accounts of Chebyshev’s contributions to mathematics see, for example, 
Butzer & Jongmans, 1999; Delone, 1947 [2005], 1-24; Seneta, 1982. See Sheynin, 
1994 for an account of Chebyshev’s work on probability and Sheynin, 1994, 338-340 
for references to Russian commentaries on this work and Butzer & Jongmans, 1999, 
section 5; Stefens, 2006, chapter 2 for Chebyshev’s contributions to the closely 
related theory of approximation.

5 Graham, 1993, p. 215. 
6 For accounts of the St. Petersburg school of mathematics see, for example, Delone, 

1947 [2005]; Gnedenko & Sheynin, 1978 [2001], 247-275; Graham, 1993, Appendix 
Chapter A; Lapko & Liusternik, 1967, section 3. 

7 For an account of Markov’s work on probability theory see Sheynin, 1989. 
8 The main aim of Chebyshev’s master thesis, ‘which appeared in printed form in 1845 

but remained without greater influence, was to treat important problems of classical 
probability by methods more elementary than those of Laplace’ (Fischer, 2011, 168). 

9 Butzer & Jongmans, 1999, 120. 
10 The weak law of large numbers is also known as ‘Bernoulli’s (fundamental) theorem’ 

(after Jakob Bernoulli (1654-1705), the author of the Ars Conjectandi ). Defining those 
cases in which a certain event can happen ‘fertile’ and those cases in which a certain 
event cannot happen ‘sterile’, Bernoulli himself described his theorem as follows: 
‘Let the number of fertile [and sterile] cases […] have exactly or approximately the 
ratio r/s, and let the number of fertile cases to all the cases be in the ratio r/(r + s) 
or r/t, which ratio is bounded by the limits (r + 1)/t and (r − 1)/t. It is to be shown 
that so many experiments can be taken that it becomes any given number of times 
more likely that the number of fertile observations will fall between these bounds than 
outside them, that is, that the ratio of the number of fertile to the number of all the 
observations will have a ratio that is neither more than (r + 1)/t nor less than (r − 1)/t ’ 
(Bernoulli, 1713 [2006], p. 236). 

11 The term ‘central limit theorem’ is of an early 20th-century origin and it is nowadays 
‘associated with a multitude of statements having to do with the convergence of prob-
ability distributions of functions of an creasing number of […] random variables […] 
to a normal distribution’ (Fischer, 2011, 1). It could be said that central limit theorems 
are mathematical generalizations of the more ‘physically-oriented’ (weak) law of large 
numbers. 
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ical discipline12 concerned with the measurement, in the sense of magnitudes, 
of probabilities, Aleksandr Iakovlevich Khinchin (1894-1959) could claim that 
the ‘Russian theory of probability’ reached its ‘exceptional standing’ because of 
Chebyshev.13 Markov and Liapunov’s contributions, in turn, ‘played a decisive 
role in the development of early modern probability theory after 1900, in 
pursuing Chebyshev’s research program’14 with regard to the rigorous proof 
of limit theorems – which Richard Von Mises (1883-1953) would praise in the 
first of this two pioneering papers of 191915 – and the further generalization 
of the notion of random variable16 – which ‘paved the way for Kolmogorov’s 
development of an abstract random variable as a measurable mapping from one 
sample space into another’.17 

Although the ‘ultra-classical’18 St. Petersburg school gave the theory ‘a new, 
purely analytic quality beyond classical probability’,19 it remained critical both 
of the general increase in mathematical rigor from ‘Eulerian’ to ‘Weierstrassian’ 

12 In his courses on probability theory, Chebyshev made it clear that he conceived of the 
theory as being imbedded in the theories of definite integrals and finite diferences. 

13 Khinchin, 1937 [2005], 41. Fisher has noted that the articles on the development and 
current state of probability in Russia during the Stalinist era ‘by nature had to praise 
the achievements of Soviet Science’ and to argue for the ‘superiority of Russian con-
tributions’ (Fischer, 2011, 183-184). 

14 Fischer, 2011, p. 140. 
15 In his ‘Fundamentalsätze der Wahrscheinlichkeitsrechnung’ of 1919 – which was 

primarily concerned with probabilistic limit theorems – Von Mises wrote that ‘the 
analytical theorems of probability theory are lacking – except for a few works by 
Russian mathematicians – the precision of formulation and reasoning which has long 
been a matter of course in other areas of analysis’ (Von Mises, 1919a, 1). 

16 Sheynin notes that ‘Markov most often did not use a specific term for ‘random 
variable’, or if he did, he said indeterminate quantity’ (Sheynin, 1989, 338). He adds 
that ‘Poisson formally introduced a special name […] for a random variable, calling it 
chose A. It is tempting to suppose that the A stood for aleatoire; alas! even before that 
Poisson used the same letter to denote an observed constant […] Chebyshev, while 
describing the mathematical treatment of observations, mentioned quantities changing 
because of random circumstances’ (Sheynin, 1989, 350, f. 17). 

17 Fischer, 2011, 185. 
18 Liusternik, 1967a, p. 139. Liusternik adds that even though the St. Petersburg school 

‘was often opposed to the movements in 20th-century mathematics [it] played a 
prominent role in the very early history of such movements’ (Liusternik, 1967a, 
p. 139). 

19 Fischer, 2011, 185. 
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standards20 as well as of specific modern ‘ideas and methods’.21 Chebyshev and 
many of his followers22 entertained a ‘pragmatic’, ‘intuitive’ and ‘non-philo-
sophical’ attitude vis-à-vis the foundations of analysis and shared a ‘material-
istic’ emphasis on the physical applicability of mathematics and the primacy 
of practice over theory.23 Where their work remained on the solid ground 
of the mathematics of the eighteenth- and early-nineteenth-century, that of 
mathematicians associated with the Moscow Mathematical Society such as 
Nikolai Vasilevich Bugaev (1837-1903)24 and his students, the later founders 
of the Moscow School of the theory of functions of a real variable25 Dmitri 
Fiodorovich Egorov (1869-1931), Pavel Alexandrovich Florenskii (1882-1937) 

20 See Schubring, 2005 for an account of the development of standards of analytic rigor 
between the seventeenth- and nineteenth-century. For example, in 1913, Bernstein 
wrote that ‘[w]hereas the path directly indicated by Chebyshev may be characterized 
rather accurately by the term algebraic, the path which arose under the influence of 
Weierstrass should properly be called analytic’ (Bernstein 1913 quoted in Butzer & 
Jongmans, 1999, 132). 

21 Phillips 1978, p. 278. Phillips continues by remarking that the mathematicians in 
Petersburg during Chebyshev’s time, for example, ‘did not accept Dirichlet’s defini-
tion of a function – it was too general, they argued, to be useful in analysis […] Indeed, 
for classical analysis the ‘interesting’ functions, i.e., those worth investigating, arose 
either directly from problems in physics, mechanics and geometry, or in a less direct 
way through diferential equations, series representations etc.’ (Phillips, 1978, 
p. 278). Another example is that of Liapunov who, in 1895, wrote that ‘the partisans 
of Riemann’s extremely abstract ideas delve ever deeper into function-theoretic 
research and pseudo-geometric investigations in spaces of four, and of more than four 
dimensions. In their investigations they sometimes go so far that any present or future 
possibility of seeing the meaning of their work with respect to some applications is 
lost, whereas Chebyshev and his followers invariably stick to reality’ (Liapunov 1895 
quoted in Sheynin, 1994, 337). 

22 In 1913, Sergei Natanovich Bernstein (1880-1968) remarked that Chebyshev himself 
was ‘a less orthodox follower of his own school than are his most immediate students, 
and he is not entirely a stranger to the direction [of] analytic’ (Bernstein 1947 quoted 
in Butzer & Jongmans, 1999, pp. 132-133). Reflecting on the work of the brothers A.A. 
Markov and V.A. (Vladimir Andreevich) Markov (1871-1897), Bernstein added that 
Chebyshev interest ‘in the direction of analytic investigation […] was not taken up by 
any of his students’ (Bernstein 1947 quoted in Butzer & Jongmans, 1999, p. 133). 

23 See Fischer, 2011, section 4.7.2 for these characterizations. 
24 Bugaev was the founder and first head of the Moscow Mathematical Society (see 

Seneta, 2003, 324). For an account of his role in the establishment of the Moscow 
school see Demidov, 1985. 

25 For accounts of the famous Moscow School of the theory of functions of a real variable 
which was founded in 1911 and later became known as ‘Luzitania’ see, for example, 
Demidov, 1988; Demidov; 2007; Liusternik, 1967a; Liusternik, 1967b; Liusternik, 
1967c; Liusternik, 1970; Phillips, 1978. See section 1.2. 
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and Nikolai Nikolaevich Luzin (1883-1950) was of a ‘strongly metaphysical’,26 
‘mystic’,27 ‘politically conservative’28 but analytically progressive character. 

1.2 Between ‘old’ and ‘new’ Moscow mathematics: 
from Bugaev to Luzin

After having earned his doctoral degree under Karl Weierstrass (1815-1897) 
and Ernst Kummer (1810-1895) in Berlin and attending lectures of Joseph Liou-
ville (1809-1882) between 1863-1865, Bugaev became Professor in Moscow 
University in 1867 and President of the Moscow Mathematical Society in 
1891. Bugaev’s early work dealt with the systematization of number-theoretic 
identities of Gustav-Peter Lejeune Dirichlet (1809-1859), Leopold Kronecker 
(1823-1891) and Liouville into a theory of arithmetic derivatives. The more 
general aim of his mathematical oeuvre was that of the creation of a system of 
analogies between the methods and functions of number theory and those of 
analysis and the development of a new arithmetic of discontinuous (or discrete) 
functions as the counterpart of the continuous (or smooth) functions of con-
ventional algebra.29 Behind this ‘arithmological’ arithmetization of mathemat-
ics, which, as such, goes back to the ancient and esoteric search for a way of 
doing philosophy by means of non-algebraic numerical symbols,30 in which 
mathematics itself is interpreted as a theory of functions stood a fundamental 
distinction between the Newtonian and ‘Bugaevian’ world-view.31 Where the 
first is that of rigid causality, absolute determinism and positivist materialism 
and a reduction of ‘discrete cosmic forces to continuous functions and simple 

26 Kagan 1927-1947 quoted in Svetlikova, 2013, 3. 
27 See Ford, 1991; Graham, 2011, Graham & Kantor, 2006; Graham & Kantor, 2007; 

Graham & Kantor, 2007; Hall, 2011; Kantor, 2011. 
28 See Buckingham, 1999; Svetlikova, 2013. In her book, Svetlikova argues that the 

mysticism of the early Moscow mathematicians went hand-in-hand with a commit-
ment to the monarchist, anti-Semitic and extreme-right ideology of the so-called Black 
Hundreds group. 

29 Bugaev developed his philosophy of arithmology in his Les Mathematiques et la Concep-
tion du Monde au Point du Vue Philosophique Scientifique (‘Matematika i nauçno-filosofkoe 
mirovozzrenie’) of 1898. 

30 For the complex history and opaque meaning of ‘arithmology’ in Neoplatonism, 
Aristotelianism, magic, kabbala hand the Scholastics see, for example, Brach, 2009; 
Robbins, 1921. 

31 For accounts of the ‘evolutionary monadological’ worldview of Bugaev see, for 
instance, Demidov, 2014, p. 74; Niederbudde, 2012, section 2. 
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dependencies’,32 the second is that of ‘breaks, jumps, unexpectedness [and] 
miracle[s]’,33 of ‘the paradoxical, intuitive and irrational’34 and the idea of ‘free’ 
discrete functions not susceptible of causal explanation.35 

The mathematical esotericism of arithmology, which ‘drew its main support 
from number theory [the discrete nature of numbers]36 and probability theory 
[the indeterminacy or ‘freedom’ of phenomena]’,37 seems to have exerted ‘a 
certain efect’38 on his Moscow followers – both in terms of politics and prob-
abilistic methods in statistics (Nekrasov), mathematics (Egorov), and theology 
and metaphysics (Florenskii, Luzin). Nekrasov, the student of Bugaev and 
teacher of Egorov and Florenskii, committed himself to the task of incorpo-
rating free will into the probabilistic explanation of statistical regularities with 
the explicit aim of defending ‘true autocracy’39 in the name of science (section 
1.2.1).40 41 Egorov, the teacher of Florenski and Luzin, devoted his early career 

32 Vucinich, 1988, p. 265. 
33 Katasonov, 2012, p. 57. 
34 Pyman, 2010, p. xvi. 
35 Bugaev introduced ‘arithmology’ as the ‘mathematical apparatus for a new orientation 

in science’ that went beyond Newtonianism. More in specific, it was his hope that a 
criticism of the traditional universality of the continuity of natural processes would 
not only create new methods of research and approaches in geometry, mechanics and 
physics, but also free biology, sociology and psychology from the then current attempt 
to make the investigation of ‘continuous phenomena’ into their main task. 

36 The term ‘arithmology’ originally meant theory of numbers, but later became a 
synonym of a doctrine of discrete functions. 

37 Vucinich, 1970, p. 352. 
38 Demidov, 1988, p. 30. 
39 Nekrasov 1905 quoted in Kassow, 1989, p. 211.  
40 Another student of Bugaev, Leonid Kuzmich Lakhtin (1863-1927) introduced the con-

tributions of the English Biometric School of Karl Pearson (1857-1936) on statistics 
and probability in Russia and for many years gave the course on the ‘Theory of Prob-
ability’ as a professor in mathematics at Moscow University (see Liusternik, 1967b, 
p. 173). See, for example, Seneta, 2009 for the Russian negotiation of Karl Pearson’s 
writings. 

41 Nekrasov also applied Bugaev’s theory of numbers to geometry, ‘envisioning space as 
a geometrical entity, which consists of three dimensions of “ordinary space” and prob-
ability […] Like [Georg] Cantor [(1845-1918)], Nekrasov aimed to arrange multiple 
spaces into a comprehensive order so as to establish the interdependence and hierarchy 
of spatial dimensions. His theory states: “In multi-dimensional space conceived as an 
objective space […] there moves a subjective space of the same nature. This means 
that everything that takes place in the physical world is under the influence of the 
intellectual (spiritual) world”’ (Kosakowska, 2013, p. 16). 
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and first published paper of 1892 to the creation of ‘a more comprehensive 
theory of functions that could include discontinuous as well as continuous 
functions’.42 43 44 The mathematician-turned-priest Florenskii, under whose 
spiritual guidance the later doyen of the Moscow Mathematics School Luzin 
would devote himself to function- and set theory (section 1.2.2.1), elaborated 
not the political, but the theologico-metaphysical meaning of the notion of dis-
continuity (section 1.2.2). 

Taken together, Bugaev’s philosophically-inspired mathematical framework 
not only ‘proved conducive to the acceptance of […] novel set-theoretic ideas’45 
in general, but also served as the foundation of the contributions of the first 
two generations of the Moscow Mathematics School to the metric and descrip-
tive theory of functions in specific.46 Or, in the words of Vladimir Igorevich 
Arnol’d (1937-2010): 

‘Bugaev observed that there were two main ideas in philosophy, the idea 
of predestination and that of free will. He speculated that the mathe-
matical version of the predestination idea was the theory of functions 
in complex variables where a germ [or a Taylor series] at one point con-
tained all the information about the function by means of analytic con-
tinuation. Bugaev decided that one should develop in Russia the free will 
mathematical version – the theory of functions of real variables’.47

42 Ford, 1991, p. 25. 
43 See Demidov, 2014, p. 74; Graham & Kantor, 2009, p. 71. 
44 Another student of Bugaev that may be mentioned is Lakhtin who, in 1905, described 

in detail Bugaev’s arithmological explorations in mathematics in a paper entitled ‘The 
journey of N.V. Bugaev in the domain of analysis’ which is only available in Russian. 

45 Parshall, 1995, p. 1587. 
46 See Demidov, 1985; Demidov, 1988; Demidov, 2014 for a detailed argumentation 

for this claim. It may be interesting to observe that Nekrasov, in 1904, published a 
book-length paper in which he spoke of the recent history of Moscow mathematics 
in terms of the development of the ‘Moscow mathematical and philosophical school’. 
See Nekrasov, 1904, which is unfortunately only available in Russian. 

47 Arnol’d, 1991, 23. 
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Given that Bugaev himself wrote of the number-theoretical discontinuous func-
tions as being able to ‘utilize the enormous potential of probability’,48 49 his 
Welt anschaaung could also be said to have been suggestive of the role of discrete 
and independent ‘phenomena’ within the application of set- and measure-the-
ory in the theory of probability. 

1.2.1 Nekrasov’s probability theory: theology and politics 

The first Moscow probabilist was Bugaev’s disciple, the extraordinary 
(1885/1886) and later full professor (1890) in mathematics at Moscow Uni-
versity and President of the Moscow Mathematical Society (1903-1905), Pavel 
Alekseevich Nekrasov (1853-1924).50 51 Nekrasov started his career publishing 
advanced but ‘only partly successful, poorly presented [and] badly defend-
ed’52 contributions to the further development of a purely analytic approach 
towards several probabilistic problems of the time, especially the central limit 
theorem,53 which spurred a heated debate with Markov and Liapunov at St. 
Petersburg.54 55 His 1000-page monograph ‘New Foundations of the study of 

48 Vucinich, 1988, p. 266. 
49 Niederbudde also speaks of ‘die von Bugaev ebenfalls hoch geschätzte Wahrscheinli-

chkeitsrechnung’ (Niederbudde, 2012, p. 127).
50 For accounts on P.A. Nekrasov see, for example, Buckingham, 1999; Petrova & 

Solov’ev, 1997; Seneta, 1984; Seneta, 2003; Sheynin, 2003. 
51 Nekrasov entered Moscow University in 1874 where became extraordinary professor 

in pure mathematics in 1885/1886, full professor in 1891 and rector in 1893. He served 
as president of the Moscow Mathematical Society from 1903 to 1905.

52 Seneta, 1984, p. 55. 
53 See footnote 10. As Seneta, 1984 summarizes Nekrasov’s early work on the central 

limit theorem: ‘Nekrasov, highly proficient in the use of complex-variable theory in 
general and knowledgeable about the Lagrange expansion in particular, attempted 
to use what we now call the method of saddlepoints, of Laplacian peaks, and of the 
Lagrange inversion formula, to establish, for sums of non-identically distributed 
lattice variables, what are now standard local and global limit theorems of central-limit 
type for large deviations. The attempt was very many years ahead of its time’ (Seneta, 
1984, p. 55). 

54 For an account of the debate see Seneta, 1984, section 6; Sheynin, 1989, pp. 363-364; 
Sheynin, 2004a, section 6.2. The debate begun with the publication of a probabilistic 
paper of Nekrasov of 1898 which was dedicated to Chebyshev, but which contained 
no proofs. 

55 Seneta notes that Nekrasov’s first paper in probability theory may have been written 
as early as around the year 1890. It is a paper of 1898 that formed the beginning of the 
controversy between Nekrasov, on the one hand, and Markov and Liapunov, on the 
other (see Seneta, 1984, p. 55). 
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probabilistic sums and means’, which was published in the organ of Bugaev’s 
Moscow Mathematical Society Matematicheskii Sbornik between 1900 and 
1902, ‘made the task of penetrating to the essence of [his] work formidable 
[and] Markov and Liapunov, consequently, reject[ed] Nekrasov’s work on the 
grounds of a few […] obvious points’.56 With the publication of his Philosophy 
and Logic of the Study of Mass Phenomena of Human Activity of 1902,57 mathemat-
ics proper became subordinate to its reconciliation with certain ‘ethical, polit-
ical and religious considerations’58. The general aim of the book was to criti-
cize the Belgian astronomer and statistician Adolphe Quetelet’s (1796-1874) 
‘socio-physical’ (‘physique sociale’) framework of statistical laws for transform-
ing the discontinuous phenomena of the study of human afairs into the continu-
ous phenomena of geometry, mechanics and physics, thereby making sociology 
‘a subsidiary of Newtonian science’.59 60 More in specific, Nekrasov modified 
the framework such that pairwise independent, rather than mutually independ-
ent, (discrete) events were seen as both the supreme cause of the empirical sta-
bility of social phenomena and the main condition of the theory of means. It 
was on this basis that Nekrasov attempted to incorporate the free will of the 
individual into a new theory of probability and statistics ‘considerably more 
sophisticated than Quetelet’s as an “explanation” of statistical regularity’.61

56 Seneta, 1984, p. 55. 
57 From 1898 on, Nekrasov had already written about 1000 pages on the ‘New founda-

tion of the study of probabilistic sums and means’ in the Matematicheskii Sbornik. See 
Seneta, 1966, p. 257. 

58 Sheynin, 2003, 341. Nekrasov’s ‘change of personality’ of around 1900 was due, 
among other things, to the influence of the Russian theologian and mystic V.S. 
Soloviev (1853-1900) for whom knowledge was a combination of theology, rational 
philosophy and positive science and who held that mathematics was subordinate to 
religion and philosophy. On Soloviev see, for instance, Davidson, 2000; Kostalevsky, 
1997. 

59 Vucinich, 1988, p. 265. 
60 It may here be remarked that Quetelet quoted the following phrase from Pierre-Simon 

Laplace’s Essai Philosophiques des Probabilités on the title page of his Sur l’Homme et 
le Développement de ses Facultés, ou Essai de Physique Sociale of 1835: ‘Let us apply to 
political and moral sciences the method, based on observation and calculation, which 
has served us so well in the natural sciences’ (‘Appliquons aux sciences politiques et 
morales la method fondée sur l’observation et sur le calcul, method qui nous a si bien 
servi dans les sciences naturelles’). 

61 Seneta, 2003, p. 326. 
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Nekrasov very much wrote against the background of the Bugaevian distinc-
tion between the analytic or continuous functions of deterministic and causal 
phenomena and the arithmological or discontinuous functions of those ‘inner’ 
or ‘mental’ forces that are ‘not limited by the laws of the physical world’.62 
His main arguments in the book on Quetelet are related to the statement, put 
forward in the Introduction, that there are two kinds of mathematical regular-
ities – the ‘deterministic’ regularities of the exact sciences and the ‘free’ regu-
larities reflective of the ‘religious, ethical and aesthetic striving of mankind’63 – 
and that the second kind ‘has not yet been correctly evaluated’.64 The reason 
for this is that neither Quetelet nor any other statistician had yet been able to 
refer to recent developments in the probabilistic methods of statistics,65 first 
and foremost Chebyshev inequality theorem66 and Chebyshev’s consequent 
derivation of the weak law of large numbers which states that the arithmetic 
mean of independently distributed random events (or ‘random variables’) tends 
to the expected value of these events or variables. Given that the theorem and 
derivation were for a large number of discrete and (pairwise) independent events 
for which the discontinuity of a ‘free causal relationship’67 is tantamount there 
was ‘a special appeal’68 to the work of Chebyshev in so far as probability theory 
could be presented as an arithmological tool describing those statistical regular-
ities for which the freedom of will functioned as a cause.69 Nekrasov assumed 
not only that the notion of statistical independence could be equated with the 

62 Vucinich, 1988, p. 266. 
63 Polovinkin 1994 quoted in Seneta, 2003, p. 342. 
64 Nekrasov 1902 quoted in Seneta, 2003, p. 326. 
65 See Seneta, 1966, section 2, Seneta, 2003, section 5. Seneta explains that Nekrasov 

not only argued that pairwise independence is the main condition of (Chebyshev’s) 
theory of means, but also that this ‘“necessary” condition for statistical stability 
was lacking in Quetelet […] since Quetelet did not have at his disposal Chebyshev’s 
Theorem and its “theoretical underpinnings” although he did have the […] condition 
of what Nekrasov calls, stationarity’ (Seneta, 2003, 328). 

66 In brief, Chebyshev’s inequality theorem says that in all probability distributions, 
‘nearly all’ values (or no more than 1/k² of the values of the distribution) are close to 
(or not more than k standard deviations away from) the mean. 

67 This term was used by Nekrasov in Nekrasov, 1910. 
68 Seneta, 2003, p. 327. 
69 Obviously, Nekrasov here assumed the possibility of equating the ‘physical independ-

ence’ of events with ‘free will’. Seneta draws attention to the fact that Nekrasov’s 
contemporaries criticized him for trying to prove the existence of the freedom of will 
by means of mathematical argument (see Seneta, 2003, pp. 327-328). 
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freedom of the human psyche70 – or, put diferently, that ‘the observed stability 
of averages in everyday life […] justified the doctrine of free will’71 –, but also 
that this much could be inferred from the fact that pairwise independence was 
a necessary condition for the weak law of large numbers.72 

The importance of Nekrasov’s attempt to make the ‘logical underpinnings’ 
of the mathematics and statistics of mean values bear upon free will must be 
sought not only in its emphasis of the fundamental role of independent events,73 
but also in the fact that Markov constructed his first ‘Markov-chain’74 of depend-
ent random variables in order to show that (pairwise) independence was in fact 
not a necessary condition for the weak law of large numbers.7576 Behind this 
technical ‘debate’ stood a deep ideological conflict between the arch-enemies 
Nekrasov, the reactionary-cum-mystic devotee of Russian autocracy and the 
Orthodox Church, and Markov, the Marxist who requested to be excommu-
nicated from the Holy Synod, on the religious and political meaning of mathe-

70 See Flegg, 1994, p. 267 for Bugaev and Nekrasov’s identification of ‘free will’ with 
the ‘human psyche’. 

71 Seneta, 2001, p. 245. 
72 Taken together, Nekrasov’s argument was the following. Because the weak law of 

large numbers holds, it is possible to conclude that events often do not influence one 
another. If the existence of events that do not influence one another is an expression 
of free will, this existence itself is a confirmation of the truth of Christianity such that 
the empirical validity of the statistical weak law of large numbers proofs this specific 
truth of Christianity. 

73 See, for instance, also Nekrasov, 1898. 
74 A Markov-chain is a sequence of random variables with the ‘Markov-‘ or ‘memoryless’ 

property that given the present state, the future and past states are independent. 
75 In a letter to Alexander Alexandrovich Chuprov (1874-1926) of November 6, 1910 

Markov wrote that ‘the only merit of P.A. Nekrasov consists in the fact that he sharply 
put forward his delusion that independence is a necessary condition for the law of 
large numbers […] The circumstance had prompted me in a series of papers to clarify 
the law of large numbers and the Laplace formula can also be applied to dependent 
variables’ (Markov in Ondar, 1981, p. 10). In other words, it was Nekrasov’s work 
that impelled Markov to explain that the law of large numbers and, for that matter, 
the central limit theorem can apply to sequences of dependent quantities.

76 Seneta explains that ‘Markov interpreted Nekrasov’s assertion about necessity of 
pairwise independence as implying that the Weak Law of Large Numbers holding 
implies pairwise independence, and proceeded to construct a counter-example’ 
(Seneta, 2003, 328, see also Basawa, Heyde & Taylor, 2011, 5). See Seneta, 1966; 
Seneta, 1996 for a history of Markov-chains, that is, of chain dependence theory. 
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matics.77 The St. Petersburg mathematician Markov dismissed as ‘an abuse of 
mathematics’78 79 Nekrasov’s repeated attempts at the application of probabil-
istic mathematical techniques to extra-mathematical topics – for example, in 
order to encourage obedience to Tsarist authorities or to protect Russia from 
the threat of atheist materialism. Nekrasov, in turn, defended his proposal for 
the introduction of probability theory into the school curriculum of 1915 by 
writing that ‘for the sake of our fatherland, it is necessary to raise the standard 
of […] mathematical education [and] protect it from the Markov & Co.’s frame 
of mind by those precepts, emblems and exercises which are included in our 
native tongue, […] in Bugaev’s arithmology, [and] in the theory of probability 
of Buniakovsky, Chebyshev [!] and me’.8081

Nekrasov’s vague, polemical, technically imprecise and ‘horribly complicat-
ed’82 writings of the 1900s-1920s were largely ignored because of its ‘politi-
co-religious-philosophical proclivities’83 and his figure contributed much to the 
post-revolutionary image of the Moscow Mathematics School as a bulwark of 
anti-Marxist sentiment that would lead to having the St. Petersburg school 

77 For example, where Nekrasov placed Markov ‘next to Marx, labeled him an opponent 
of the language of Christian science and many a time denounced his panphysicism (his 
denial of Christian doctrines […])’ (Sheynin, 1989, p. 342), Markov’s son accused 
Nekrasov of being a member of the Black Hundred, a right-wing monarchist and 
anti-Semitic movement (see Sheynin, 1989, p. 342). 

78 Markov in a letter to Chuprov of November 2, 1910 in Ondar, 1981, p. 3. 
79 One direct reason for their personal and theoretical feud seems to be the following: 

Although Nekrosov’s work on the central limit theorem (in the case of large devia-
tions) influenced him, Markov himself never acknowledged this in his published con-
tributions to the law of large numbers, the method of least squares and Chebyshev’s 
inequality theorem. Nekrasov openly criticized Markov for having ‘failed to indicate 
that his articles [Markov, 1898; Markov, 1899] concerned in the closest possible 
way one of Nekrasov’s contributions [Nekrasov, 1898]’ (Sheynin, 1989, p. 363) and 
he claimed that Markov had been ‘able to modify and supplement [Chebyshev’s] 
theorem because of his correspondence with Nekrasov’ (Sheynin, 1989, p. 363, see 
also Sheynin, 2003, pp. 347-348). 

80 Nekrasov 1916 quoted in Sheynin, 2003, p. 344. 
81 In reaction to Nekrasov’s proposal, a commission at ‘Markov’s’ St. Petersburg 

Academy of Sciences and one at the Ministry of People’s Education accused him of 
attempting to mathematically reinforce the Tsarist-Orthodox status quo (see Seneta, 
2003, p. 331; Sheynin, 2003, section 5). See Svetlikova, 2013, chapter 2 for the reac-
tionary political views of Nekrasov, the educationalist. 

82 Sheynin, 2003, p. 349. See Seneta, 2003, 331 for these characterizations. 
83 Seneta, 2003, p. 331. 
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being ‘put into exclusive eminence in Soviet mathematical historiography’.8485 
In the years before the Stalinist era (1928-1953), Nekrasov was still allowed86 
to attend meetings and present papers at the Moscow Mathematical Society – 
even if he, by that time, stood in the shadow87 both of his former self as well as 
of the members of the younger generation of Moscow mathematicians associ-
ated with the Moscow Mathematical Society88 (Bugaev’s students Egorov and 
Boleslav Kornelievich Mlodzeevskii (1858-1923))89 and Luzin’s90 Mathematics 
Department at Moscow State University. 

84 Seneta, 2001, p. 245. Obviously, another major consequence of this image was the 
prosecution and death of several of the prominent members of the Moscow Mathe-
matical School. For example, Florenskii, after having already been arrested and exiled 
to Nizhny Novgorod in 1928, was sentenced to ten years of labor in the Solovetsky 
gulag where he was murdered by the KGB (‘Komitet gosudarstvennoy bezopasnosti ’ or 
Committee for State Security) in 1937. 

85 At several places in his writings, Nekrasov named Marx and the (Marxist) Markov 
as his archenemies. See Sheynin, 2011, p. 162 for an example in a letter of Nekrasov to 
Florenskii. 

86 Liusternik observed that ‘[t]he reputations of the ‘founders of the MMO’ [such as 
Bugaev] among the young mathematicians at that time were severely damaged by the 
pseudo-scientific articles of the MU [Moscow University] professor Nekrasov which 
he published in Matematicheskii Sbornik at the beginning of the 20th century and in 
which he tried to substantiate the indispensability of the regime prevailing at that 
time. In these wild articles Nekrasov spoke on behalf of the founders of the Moscow 
Mathematics Society, to whose number he himself did not belong and of whom none 
was then living. In this way an impression of the reactionary character of the ‘founders 
of MMO’ was created which has persisted for a long time’ (Liusternik, 1967b, p. 192). 

87 Liusternik once wrote that during ‘the first half of the 1920s Nekrasov still attended 
meetings of the M.M.O. and sometimes even presented papers. A queer shadow of the 
past, he seemed decrepit – physically and mentally – and it was dihcult to understand 
him […] This pitiful old man was like a shabby owl’ (Liusternik, 1967b, pp. 193-194). 

88 The Moscow Mathematical Society was intimately connected with ‘Moscow math-
ematics’; ‘it was ohcially attached to the [Moscow (State) University], it met on its 
premises, it was headed by its leading professors; at the meetings of the Society [etc.]’ 
(Liusternik, 1967b, p. 192). 

89 In the early 1920s (1921 to be precise), Mlodzeevskii became President, Egorov 
Vice-President and Aleksei Konstantinovich Vlasov (1868-1922) Secretary of the 
Moscow Mathematical Society. After Mlodzeevskii’s death in 1923, Egorov was 
named President of the Society. 

90 As mentioned above, Luzin had also been a student of Bugaev. 
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1.2.2 Florenskii’s arithmological worldview

The magnum opus of the mathematician, philosopher and Russian Orthodox 
priest Florenskii, the student of Bugaev, Mlodzeevski and Egorov, entitled The 
Pillar and Ground of Truth (‘Stolp I utverzhdenie istiny’)91 was a masterly attempt 
to formulate a theologico-philosophical worldview around the notion of discon-
tinuity. Already in his early years at the Mathematics and Physics Department 
of Moscow University had Florenskii combined his own Gymnasium interest 
in discontinuity as a component of a world-view with Bugaev’s investigation 
of discontinuous functions,92 and the book itself resulted from his doctoral 
thesis (‘On singularities of plane curves at places disturbing its continuity’)93 of 
1903/1904 in which he had brought the set theory of Cantor, Giuseppe Peano 
(1858-1932) and Émile Borel (1871-1956) and the French theory of functions 
of a real variable into explicit contact with the notion of discontinuity. Flo-
renskii was very critical of the analytical worldview of Western materialism 
and St. Petersburg positivism and hoped to contribute to a new worldview – 
one that was ‘just coming into being to replace [the] various types of analyti-
cal ways of thinking based on the concept of the continuum’94 and that he saw 
appearing everywhere from mathematics (the construction of continuity from 
discrete sets, actual infinity, non-Euclidean geometry95) and logic (non-classi-

91 The book, which appeared in 1908, was a re-publication of Florenskii’s thesis at the 
Moscow Theological Academy entitled On Religious Faith. For analyses of the central 
role of the concept of discontinuity in the thesis and book see Haney, 2001; Demidov 
& Ford, 2005. 

92 See Demidov & Ford, 2005 for an account Florenskii’s ‘road to a unified worldview’. 
93 The title of the introduction of the thesis was ‘The idea of discontinuity as an element 

of a worldview’ (‘Ideia preryvnosti kak element mirosozertsaniia’).  It may here be noted 
that Lakhtin was Florenskii’s scientific advisor at Moscow University during the time 
of his writing his thesis (1900-1903/1904) – which was to have the title ‘Singularities 
of algebraic curves’ and which was written as the first part of a larger work entitled 
‘On singularities of plane curves as places disturbing its continuity’. 

94 S.M. Polovinkin quoted in Pyman, 2010, p. 28. 
95 See Andrews, 2003, pp. 84-92; Bethea, 1996; Sokolov & Pyman, 1989 for Florenskii’s 

ideas on non-Euclidean space. Florensky wrote several texts on geometry in his later 
life, notably The Imaginary in Geometry (‘Mnimosti v Geometrii’) in 1922. 
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cal (or ‘imaginary’) logic,96 probabilistic treatment of judgments97), to physics 
(quantum mechanics,98 relativity theory) and psychology (subliminal con-
sciousness, creativity).99 

Florenskii had become convinced that set theory demonstrated that ‘reality’, 
in so far as it is countable,100 has a discrete form that allows for the creation, by 
means of ‘naming’,101 of ordered pairs of distinguished or segregated elements 

96 Although it does not seem possible to establish whether Florenskii was familiar with 
the non-Aristotelian ‘imaginary logic’ (after Nikolai Lobachevsky’s (1792-1856) 
‘imaginary geometry’) of the Kazan-based logician Nicolai Alexandrovich Vasilev 
(1880-1940), it was the idea of discontinuity that allowed Florenskii to dismiss, as did 
Vasilev, the ‘law of identity’. Florenskii argued ‘that instead of accepting that “truth” 
is either something or its negation, A or (not-A), “truth” must instead be considered 
both something and its negation, A + (not-A). The thing and its contradiction, the 
thing and its opposite, the things and its “other” – all join as part of one truth that is 
greater than either’ (Young, 2012, p. 122). For accounts of Vasilev’s ‘imaginary logic’ 
see, for example, Bazhanov, 1994; Smirnov, 1989. 

97 Bazhanov writes that Florenskii ‘discussed the idea of the probabilistic treatment 
of judgments in the historical sciences’ (Bazanov, 2011, p. 95) in his The Pillar and 
Ground of Truth; he ‘introduced the concept of the “ladder” of expectations related to 
the firmness of our faith [and] proposed a table of the degree of faith ranging from +∞ 
and −∞ (Bazhanov, 2011, p. 95). 

98 Pyman writes that ‘[i]nspired by his Moscow University maths teacher, Nikolai 
Bugaev, Florensky discovered the potentiality of the study of discontinuous functions, 
as exemplified in quantum physics, which was beginning to replace Newtonian 
physics and mathematics as a way of understanding atoms and electrons’ (Pyman, 
2010, p. xvi). 

99 As Cassedy writes, ‘Florenskii believed that modern science had shown reality itself 
to be riddled with breaks and interruptions’ (Cassedy, 2010, p. 200). In other words, 
new developments were said to defy ‘conventional systems, by seeming to urge the 
investigator to abandon all hope of finding a neat, rational, and linear order in nature 
[and] instead to accept the conclusion that nature – the entire universe, for that matter 
– displays a perverse inclination for the contradictory and disorderly’ (Cassedy, 2010, 
p. 201). 

100 It may here be remarked that Cantor himself was of the opinion that the first act of the 
construction of a set was that of bringing two discrete things together in thought. 

101 Florenskii was an open supporter of the religious heresy of ‘Name Worshipping’ 
which was related to set theory in so far as Cantor had suggested that the new kind 
of set-theoretical infinities are made real by means of assigning names to them. The 
Name Worshippers ‘believed they made God real by worshipping his name, and the 
mathematicians among them thought they made infinities real by similarly centering 
on their names’ (Graham & Kantor, 2009, p. 96). For a more nuanced account of the 
connection between Name Worshipping and mathematical constructions in set theory 
than, for instance, Graham, 2011; Graham & Kantor, 2007; Graham & Kantor, 2009 
see Katasonov, 2012. 
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into arbitrary sets.102 Furthermore, the Cantorian sets of natural numbers, of 
(rational and irrational) real numbers, of transfinite numbers etc. were said to 
be reflective of a hierarchy of the transfinite or ‘increasable’ actual infinities103 
‘at the pinnacle of which was what [Florenskii] variously understood as the 
‘set of all sets’, or ‘the totality of everything conceivable’,104 namely absolute 
or ‘unincreasable’ actual infinity, God himself.105 106 In the fall of 1904, Floren-
skii published the first107 Russian language article on Cantor’s ‘Symbols of the 
infinite’ (‘O simvolakh beskonechnosti’) in the short-lived theological journal The 
New Path (‘Novyia put’)108 in which he sketched his ideas on the infinity of set 
theory in somewhat more detail.109

Florenskii founded the Student Mathematical Circle of the Moscow Mathe-
matical Society in 1902, where he gave lectures on set theory and discontin-

102 See Haney, 2000, pp. 297-280. 
103 Florenskii argued that ‘“every potential infinite already presupposed the existence 

of an actual infinity as its super-finite limit”. [N]o actual infinity can be gradually 
reached through the variation process of potential infinity, for between actual infinity 
and the infinite increase of a quantum that we consider potentially infinite, there is a 
radical discontinuity – not necessarily unreachable, but certainly not attainable through 
increase along a progressive continuum’ (Foltz, 2013, p. 199). 

104 Foltz, 2013, p. 197. See also Katasonov, 2012, section 4 on Florenskii’s ideas on the 
existence of (absolute) actual infinity. 

105 Cantor, who considered himself as ‘God’s messenger to mathematicians everywhere’ 
and who thought of his works in mathematics as contributing to a ‘rational theism’, 
also spoke of God as the absolute or truly infinite beyond the transfinite. Dauben, 
1977; Dauben, 1990, chapter 10 provide a valuable account of the background and 
meaning of Cantor’s awareness of the meaning of his transfinite set theory for phi-
losophy and theology. For a more general comparative analysis of the place of infinity 
within mathematics and theology see, for example, Tapp, 2011. 

106 Where the infinite of modern set theory is thus identified with God, the infinitesimals 
of classical diferential and integral calculus are identified with Hell as the ‘negative 
projective isometry of the Infinite of Paradise’ (Anellis, 1994, p. 158). 

107 Anellis writes that Florenskii ‘was the first in Russia to write about Cantor’s theory 
(although until recently, because Florenskij was a “non-person” or persona non grata 
in the Soviet Union, the credit for being the first in Russia to write on Cantorian set 
theory had gone to […] Zhegalkin, for his dissertation [on ‘Transfinite numbers’] of 
1907’ (Anellis, 1994, p. 157). 

108 The New Path was the journal of the Religious-Philosophical Society of Writers 
and Symbolists’, ‘a body dedicated to social Christianity and opposition to the then 
current subjugation of the Church to the state’ (Flegg, 1994, p. 267) of which Floren-
skii himself was the founder, in 1901, and editor, between 1903-1904. 

109 Anellis mentions that the full title of the paper was ‘On symbols of the infinite (sketch 
of the ideas of G. Cantor’). See Anellis, 1994, p. 157. 
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uous functions while he himself was still attending Mlodzeevskii’s course on 
the theory of functions.110 111 After having turned down his mentor Nikolai 
Zhukovskii’s (1847-1921) ofer to become a post-graduate research fellow, 
Florenskii left Moscow University to study at Moscow Theological Academy 
in Sergiev Posad (Zagorsk). He remained able to influence the direction of 
Moscowian mathematics due to the fact that as one of the most important 
figures in the Russian religious philosophical renaissance of the early twentieth 
century Florenskii won his friends Egorov and Luzin over for the cause of the 
countervailing movement against the materialist worldview that would culmi-
nate in the Bolshevik revolution of 1917.112 Egorov, ‘the most prominent math-
ematician in Moscow in the 1920s’113 who, after having studied arithmology 
and diferential geometry, devoted himself to Lebesgue’s work on the theory 
of functions, publicly defended the Church and the value of the connections 
between mathematics and religious commitments. For Luzin, ‘the most impor-
tant mathematician in Moscow in the [1920s] and 1930s’,114 Florenskii’s spirit-
ualization of the Bugaevian meaning of functions- and set-theoretic themes 
provided the sole stimulus for his well-known contributions to the set theoret-
ical treatment of then recent generalization of functions and (‘non-algebraic’) 
numbers.115 Although neither Egorov nor Luzin was either a theologian or a 
clergy-man, the two founders of the famous Moscow school of the theory of 
functions ‘shared the outlook of the religious philosophical renaissance’.116

1.2.2.1 Florenskii’s influence on Luzin: foundations of mathematics

The strong influence of Florenskii on turning Luzin toward an interest in his 
own religious philosophy that cured Luzin from the deep spiritual and identity 
crisis resulting from the collapse of his materialist worldview in 1905 was ini-

110 See Ford, 1997, p. 236. 
111 Mlodzeevskii lectured on the theory of functions of a real variable in the fall of 1900, 

the falls of 1902 and 1904 and in the spring of 1907. See Demidov, 1988, p. 29. 
112 See Ford, 1997, pp. 233-235. 
113 Ford, 1997, p. 234. 
114 Ford, 1997, p. 234. 
115 Graham and Kantor write that Egorov ‘was a man of deep passions, religious commit-

ments, cultural identity, and political preference [in the form of being] a defender of a 
moderate, constitutional monarchy’ (Graham & Kantor, 2009, pp. 72-73). It was for 
these views that Egorov was arrested, in 1930, and died in exile in Kazan in 1931. 

116 Ford, 1997, p. 234. 
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tiated by Florenskii’s role in the Student Mathematical circle.117 As a first-year 
student at Mlodzeevskii’s theory of functions course of 1901 Luzin had initially 
been ‘bewitched’118 by the ‘tempting secrets’119 of mathematics as a ‘boundless 
field of living creativity’,120 but in a letter of to Florenskii of May 1906 he wrote 
that 

‘[l]ife is too depressing for me […] I am left with nothing, no solid world-
view; I am unable to find a solution to the “problem of life” […] I have 
found myself abroad, in Paris121 […] knowing nothing […] I cannot be 
satisfied anymore with analytic functions and Taylor series […] The 
worldviews that I have known up to now (materialist world-views) 
absolutely do not satisfy me. I may be wrong, but I believe there is some 
kind of vicious circle in all of them, some fatal reluctance to accept the 
contingency of matter, some reluctance [to] sort out the fundamentals, 
the principles […] I now understand that “science”, in essence, is meta-
physical and based on nothing […] At the moment my scholarly interests 
are in principle [and] set theory [but] I cannot live by science alone […] I 
have nothing, no worldview […].’122

Although Luzin’s interest in approaching the foundations of mathematics in 
general and set theory and mathematical logic123 in specific in light of a non-ma-

117 The sources providing the evidence of Florenskii’s influence on Luzin are only 
available in Russian. They are reflected upon in Ford, 1998 and can be found in the 
list with references in Ford, 1997, pp. 254-255. 

118 Phillips, 1978, p. 282. 
119 Bari & Golubev 1959 quoted in Phillips, 1978, p. 282. 
120 Phillips, 1978, p. 282. 
121 Luzin left Moscow for Paris on December 1, 1905 and he remained there, attending 

lectures of Poincare, Borel, Gaston Darboux (1842-1917), Jacques Salomon Hadamard 
(1865-1963) until the end of the spring semester. It was Egorov who, ‘seeing me 
[Luzin] in such a state [of mental disquiet], sent me [Luzin] here to Paris’ (Luzin 1906 
quoted in Ford, 1997, p. 335) in the days of the 1905 revolution. 

122 Luzin 1906 quoted in Ford, 1998, p. 335. 
123 In the same letter to Florenskii of May 1906 Luzin also wrote that ‘I [Luzin] am 

pleased by the trend that started here [in Paris] of studying mathematics and its logic. 
Its talented teacher is Louis Couturat [(1868-1914)]. Having joined with the British 
school of [Bertrand] Russell [(1872-1970)], he is a strong defender of the theory of sets 
and regards it as the foundation of mathematics. This trend interests me very much, 
this trend toward symbolic logic, although […] God knows what it assumes!’ (Luzin 
1910 quoted in Ford, 1997, p. 242). 
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terialist worldview reflected Florenskii’s influence, the years 1905-1908/1909 
still marked a long period of indecision124 with ‘no steady direction in Luzin’s 
mathematical thought as yet’.125 The climax of the crisis of 1908 which brought 
Luzin on the verge of suicide was resolved when he had ‘a decisive encounter 
with […] Florensky’s treatise The Pillar and [Ground] of Truth’126 – one that 
‘enabled him to move on in mathematics’127 towards the ‘mysterious area’128 
of Cantor’s number theoretical trigonometric series of the theory of point sets 
and general set theory and away from the definitions and methods of classi-
cal analysis. After completing his master’s examination in 1910 and reading 
two trial lectures to qualify as a privatdozent for ‘Mlodzeevskii’s’ course in 
the theory of functions of a real variable,129 Luzin spent the years 1910-1914 in 
Germany (Berlin and Göttingen) and France (Paris) where he wrote the papers 
that would lead to his dissertation Integral and Trigonometric Series.130131 

In the letter of the year 1915 in which he expressed his deep gratitude to Floren-
skii ‘for our relationship [and] for the attention you have shown me’132 Luzin 
felt self-confident enough to point to the mathematical and philosophical dif-
ferences that ‘had arisen between them over such issues as the nature of infin-
ity’:133

124 During these years, Luzin, allegedly, ‘considered studying medicine and attending 
lectures of a more philosophical nature’ (Ford, 1998, p. 334). See also Phillips, 1978, 
p. 283. 

125 Ford, 1997, p. 242. 
126 Ford, 1997, p. 244. Ford refers to the fact that Luzin wrote about its overpowering 

impact that the book made on him in a letter to his wife (Nadezhda Mikhailovna 
Malygina (?-?)) on 29 June 1908. 

127 Ford, 1997, p. 244. 
128 This phrase appeared in Luzin’s letter to Florenskii of 11 April 1908. See Ford, 1998, 

p. 336. 
129 See Phillips, 1978, section 3. 
130 See Phillips, 1978, section 4. 
131 In a letter to Florenskii of 23 December 1911 Luzin summarized the central idea of his 

work on trigonometric series as follows: ‘The idea, the proof of which I have almost 
completed is to give hypotheses under which “every Fourier series is a series converg-
ing everywhere except at isolated points”. These conditions completely eliminate the 
troublesome investigation [about] the convergence of these series. As for non-Fourier 
series, I was able to construct series diverging everywhere except at isolated points’ 
(Luzin 1911 quoted in Ford, 1997, p. 250). 

132 Luzin 1915 quoted in Ford, 1997, p. 251. 
133 Ford, 1998, p. 250. 
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‘You are seeking the unwavering heart of indisputable Truth […] I am 
not looking for the last “how” and “why” and am afraid of infinity, I 
sidestep it, I do not believe in it. There is no actual infinity! and when we 
try to speak about it, we in fact always speak about the finite and the fact 
that after n comes n + 1 […] that is all!’.134 

This passage is not only illustrative of the pragmatic grounds on which Luzin 
accepted the criticism of the French ‘semi-intuitionists’135 Henri Poincaré 
(1854-1912), Émile Borel (1871-1956), René-Louis Baire (1874-1932) and Henri 
Lebesgue (1875-1941) of Cantor’s non-constructive existence proofs136 of 
infinite mathematical objects.137 But it is, thereby, also demonstrative of the 
fact that as an independent mathematician Luzin eventually became very 
critical of the idea of the arbitrary mental creation138 of infinite sets that had 
accompanied Florenskii’s religious interpretation of Cantorianism.139 After his 
return from Paris in May 1914, Luzin’s orientation in mathematics seems to 
have reflected more that of Bugaev than that of Florenskii; he was now com-

134 Luzin 1915 quoted in Ford, 1997, p. 251. 
135 See Michel, 2008 for an account of the French semi-intuitionists. See Verburgt, 2014, 

section 2.2 for Luzin’s semi-intuitionism and the Moscowian attempt to interpret 
Luitzen Egbertus Jan (L.E.J.) Brouwer’s (1881-1966) (neo-)intuitionism as a mate-
rialist orientation in the foundations of mathematics. 

136 In brief, a Cantorian non-constructive existence proof deduces the existence of a 
certain mathematical object without providing a means for defining it and/or finding 
an object for which the theorem that is proven is true. 

137 Examples of such infinite objects include the closed (well-ordered) set of all natural 
numbers and the infinite sequence of rational numbers. 

138 Luzin’s semi-intuitionist dismissal of Florenskii’s idea of actual infinity does not sit 
well with the claim of Graham and Kantor that Luzin embraced the idea that new 
mathematical objects were brought into existence by the mere act of ‘naming’ them 
(see, for example, Graham & Kantor, 2009, chapter 5). 

139 It has been argued (see Bockstaele, 1949, pp. 40-41; Graham & Kantor, 2009, p. 147; 
Hesseling, 1999 [2003], p. 212) that Luzin himself was a ‘semi-intuitionist’ – a position 
that he allegedly developed under the header of ‘efectivism’ in the course of his career 
(see Bazhanov, 2001; Suzuki, 2009, p. 368). Following the French semi-intuitionists, 
Luzin rejected the so-called ‘axiom of choice’ (which was formulated in order to prove 
that every set can be well-ordered) for being purely non-constructive, but accepted the 
other basic axioms of Cantorian set theory. 
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mitted to Bugaev’s attempt at the arithmetization of mathematics,140 Bugaev’s 
recognition of both classical algebra and analysis and recent developments in 
(set theoretical) number theory,141 and a Bugaevian emphasis142 on the short-
comings of both set theory as such as well as of its status vis-à-vis the natural 
numbers as the foundation for mathematics.143 

Where Florenskii made Bugaev’s nineteenth-century interest in the theory of 
discontinuous functions-arithmology into the central element of his own early 
twentieth-century arithmological worldview, Luzin’s disagreement with the 
specific approach to function- and set-theory that accompanied the worldview 
which had drawn him into mathematics was of a distinctively Bugaevian stripe. 
If it is thus true that ‘some aspects of [Bugaev’s] scientific work […] exerted a 
certain efect on his students ([…] Egorov, Florenski, Luzin) in their choice of 
topics’,144 the more general continuity of ‘old’ and ‘new’ Moscowian topics was 
itself quite discontinuous – especially with regard to the foundational implica-
tions of set-theoretical developments. 

140 The idea of the arithmetization of mathematics, that is, the idea of founding algebra 
and analysis on the notion of (natural) number was first formulated by Kronecker – 
whose lectures Bugaev attended during his years in Berlin (see section 1.2). Luzin’s 
Bugaevian aim of the arithmetization of analysis very much was the paradigm of the 
development of modern mathematics as such. 

141 See Ford, 1997, pp. 239-240; Phillips, 1978, p. 288, p. 295. 
142 The Bugaev school ‘was strong emphasizing the shortcomings of abstract algebraic 

analysis, but it was weak in its eforts to produce a mathematical apparatus that would 
ofset these shortcomings’ (Vucinich, 1970, p. 352). Bugaev’s position vis-à-vis early 
developments in set theory seems to have been somewhat ambiguous – especially in 
relation to remarks such as that it was ‘partly Bugaev’s influence that caused works 
on set theory to be translated into Russia’ (Cooke, 2012, section 43.6). For it is true 
that it suited his arithmology that Cantor had ‘tried to construct a continuity from 
discrete sets’ (Katanosov, 2012, p. 57), set theory itself is of course ‘an algebraic field 
if ever there was one’ (Cassedy, 1990, p. 163). 

143 Luzin seems to have upheld the view that, in general, no mathematics or mathemat-
ical objects should be accepted that are not derived constructively from the natural 
numbers and that, in specific, the reduction of arithmetic to set theory is not a suitable 
philosophical foundation for arithmetic. 

144 Demidov, 1988, p. 30. 
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1.3 ‘Old’ and ‘new’ mathematical topics at 
“Luzitania”: probability theory

The establishment of the famous Moscow School of set theory and the theory 
of functions coincided with the publication of two papers of Egorov and Luzin 
on the French theory of functions of a real variable145 in the Comptes Rendus of 
the Paris Academy of Sciences of 1911/1912.146 147 Between the years 1914-1916 
an active group of young and gifted mathematicians consisting of the ‘first gen-
eration Luzitanians’148 Khinchin, Dmitrii Evgenevich Menshov (1892-1988), 
Mikhail Yakovlevich Suslin (1894-1919), Pavel Sergeevich Aleksandrov (1896-
1982) and several others,149 gathered around ‘God-the-father’ Egorov and 
‘god-the-son’ Luzin’s joint ‘analysis seminar’.150 The Comtes Rendus papers of 

145 The theory of functions of a real variable explores ‘general analytic concepts – passage 
to a limit, continuity, operations of diferentiation and integration; important analytic 
expressions – such as trigonometric and orthogonal series, systems of polynomials – 
and the classes of functions represented by them’ (Liusternik, 1967a, p. 1420. 

146 See Egorov, 1911; Luzin, 1912. 
147 As noted earlier, Mlodzeevskii taught a course in set theory and the theory of functions 

of a real variable at Moscow University as early as during 1900/1901 (Demidov, 
1988, p. 29, see also Liusternik, 1967a, p. 152, Philips, 1978, p. 280). These lectures 
were attended by both, the professor, Egorov and, the student, Luzin. It was Ivan 
Ivanovich Zhegalkin (1869-1947) who, in 1907, submitted the first dissertation on 
a set theoretical topic, namely so-called transfinite numbers. Anellis has noted that 
‘the credit for being the first in Russia to write on Cantorian set theory had gone to 
[…] Zhegalkin […] because Florenskij was a “non-person” or persona non grata in the 
Soviet Union’ (Anellis, 1994, p. 157). 

148 Phillips explains that ‘the circle of devoted students and younger colleagues who 
surrounded Luzin and who attended the seminar were jokingly referred to as ‘Luz-
itaniya’, the individual members being called ‘Luzitaniyans’ (Phillips, 1978, p. 293). 

149 The first generation group also included Luzin’s younger colleagues Vyacheslav 
Vassilievich Stepanov (1889-1950) and Ivan Ivanoch Privalov (1891-1941) and his 
students V.S. Fedorov (1893-198?) and V.I. Veniaminov (1895-1932). 

150 Lavrentev wrote that in the hierarchy of their secret order (‘Luzitania’ (see footnote 
151), the Luzitanians ‘acknowledged two heads: “God-the-father” Egorov and ‘god-
the-son’ Luzin. Luzin would tell the novices Luzitaniyans: “Egorov is the chief of 
our society; the definitive appreciation of our work, of our discoveries belongs to 
Egorov.” Novices quickly found their bearings: Egorov was the form, Luzin the 
content’ (Lavrentev, 1974, p. 176). 
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Khinchin and Suslin on the metric theory of functions151 and its application to 
the theory of analytic functions and those of Aleksandrov and Suslin on the 
descriptive theory of sets and functions152 initiated the golden years of Moscow 
mathematics. 

These Moscowian contributions were not in the tradition of classical analysis 
and the Petersburg mathematicians dismissed them as being ‘too general and 
abstract, [and] devoid of direct connection with the other sciences’.153 The 
enthusiasm among the young Moscow mathematicians for the new theory of 
sets and functions went hand-in-hand with a ‘scornful attitude toward classical 
analysis’154 and its subjects such as partial diferential equations, finite difer-
ences and probability theory. At the same time, it was the viewpoint that the 
new methods represented a natural extension of the rich tradition accompany-
ing the old methods that enabled for the expansion into other areas that would 
lead to the heyday or prime of ‘Luzitania’ between 1922-1926.155 During this 
period the fundamental concepts of older disciplines such as number theory 
and probability theory were reinterpreted and, thereby, generalized in the 
abstract terms of the new set- and function-theory. Khinchin was the very first 
of the young Luzitanians devoted to ‘the systematic application of concepts 
and of tools of the theory of functions and of the theory of sets to the theory 

151 The metric theory of functions ‘is the name given to that part [of the Lebesgue 
measure of a (Cantorian) linear point set] which is concerned with the idea of measure 
[of the length of an interval]; related to it are the theories of integration, convergence 
almost everywhere and other ‘almost everywhere’ properties, mean convergence and 
so on’ (Liusternik, 1967a, p. 144). 

152 The descriptive theory of sets and functions is the theory of the structural properties 
of sets which are not related to the concept of measure – for example the convergence 
of a function everywhere. Luzin himself gave the name ‘descriptive theory of sets’ 
to the study of the (semi-intuitionist (see footnote 143)) theory of efective sets – i.e. 
those sets which can be constructed without the axiom of choice (e.g. ‘Borel-sets’). 

153 Phillips, 1978, p. 288. 
154 Gnedenko quoted in Phillips, 1978, p. 294. 
155 Phillips writes that Luzin ‘took great pains in his introduction to ITS [The Integral 

and Trigonometric Series (1915)] to emphasize that the new theory of functions was 
an extension of the classical theory, and that any failure to reveal the relationship 
between the old and new methods would “close of” the latter from a rich tradition, 
thereby diminishing its influence’ (Phillips, 1978, p. 288). 
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of probability’.156 157 His publications and lectures soon attracted the attention 
of Andrei Nikolaevich Kolmogorov (1903-1987) with whom Khinchin would 
briefly collaborate to tackle several classical research topics of Chebyshev’s 
St. Petersburg school ‘by methods developed by N.N. Luzin and his pupils in 
the general theory of trigonometric series [and] the metrical theory of func-
tions’.158 159

2.  Khinchin and (mathematical) probability theory

Khinchin was born July 19, 1894 in Kondrovo, in the Kaluga Oblast, and died 
November 18, 1959 in Moscow. He entered the Faculty of Physics and Math-
ematics (Fizmat) of Moscow University in 1911 with Egorov and Luzin as his 
main teachers. Before graduating in 1916, Khinchin, who stood in the center of 
‘the group of students who were captivated by the ideas of the theory of func-
tions of a real variable’,160 generalized the results found in the work of Arnaud 
Denjoy (1884-1974)161 on the asymptotic behavior of integral functions162 in a 
presentation163 of 1914 for Florenskii and Luzin’s Student Mathematical Circle 

156 Gnedenko, 1961, p. 3. 
157 Liusternik wrote that Khinchin ‘carried over into’ probability theory the notions of 

measure and the Lebesque integral. See Liusternik, 1967a, p. 147. 
158 Kolmogorov quoted in Shiryaev, 1989, p. 873. 
159 Or, as Vere-Jones writes: ‘Although the Moscow School inherited many of the 

research themes of the St. Petersburg school, it was not a direct ofshoot of the earlier 
school, but rather an outgrowth of the vigorous program in real analysis established 
by D.F. Egorov and N.N. Lusin’ (Vere-Jones, 1997 [2008], p. 1). 

160 Gnedenko, 1961, p. 2. 
161 Between 1902-1909 Denjoy studied under Borel and Emile Picárd (1856-1941) at 

the École Normale Supérieure. During his career as a Professor at the University of 
Utrecht and the University of Paris, he worked on functions of a real variable in the 
same areas as Borel, Baire and Lebesque. 

162 See, for example, Gordon, 1994, chapter 15 for a detailed account of the ‘Denjoy-‘ or 
‘Khinchin-integral’. See also footnote 159 and 160 for a brief explanation of Khinchin’s 
early work on Denjoy. 

163 The presentation introduced a generalization of the concept of what is today known 
as an ‘asymptotic derivative’ (e.g. Gnedenko, 1961, 2-3). 
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and in the 1916 paper164 published in the Comtes Rendus. Khinchin remained 
at Moscow University to write his dissertation, which would allow him to 
become university teacher, with Luzin as his supervisor. Between the years 
1918/1919 and 1922 Khinchin taught classes both at Moscow University and 
the Polytechnic Institute in Ivanovo-Voznesensk (now Ivanovo) where he was 
Dean of the Faculty of Mathematics. He settled himself at Moscow to work 
as a part-time researcher in 1923 – giving (graduate) courses in, for example, 
probability theory from 1926 on165 – and was appointed as a Professor at the 
newly formed Mathematics Institute at Moscow University in 1927. 

Where his early contributions to the metrical theory of functions of the late-
1910s were considered as an ‘of-shoot’ of Luzin’s work, in the years after his 
return to Moscow in 1922/1923 Khinchin began working and lecturing on ‘less 
“saturated”’166 topics withdrawn from the theoretical limits of Luzitania,167 
namely number theory and probability theory – the elements of which were, 
indeed, ‘already available in the work of Borel’.168 He delivered his first lectures 
on probability theory (‘A proposition in the theory of probability’) and number 
theory (‘Approximation of algebraic numbers by rational fractions’, ‘Some ques-
tions in the theory of Diophantine approximations’, ‘The theory of Diophantine 
approximations’) at the Moscow Mathematical Society in 1923169 and published 
his first papers on Borelian probabilistic topics related to the theory of numbers 
(the law of iterated logarithm) and the theory of (measurable) functions (con-

164 As Gnedenko explained: ‘The general structure of measurable functions is clarified by 
the following proposition of Khinchin: with the possible exception of a set of measure 
zero, a measurable function either has an asymptotic derivative or else both its upper 
asymptotic derivatives are equal to +∞ and both its lower asymptotic derivatives are 
equal to −∞, (Gnedenko, 1961, p. 3). 

165 Vere-Jones writes that ‘[i]n 1926, Khinchin gave the first graduate course in probabil-
ity at Moscow University, with Kolmogorov and S.N. [Sergei Natanovich] Bernstein 
(1880-1968) among his audience’ (Vere-Jones, 1997 [2008], p. 2). 

166 Liusternik, 1967c, p. 64. 
167 Liusternik wrote that ‘the decay of Luzitania was a consequence of its rapid rise 

– it became too narrow. To Luzin’s credit was both the creation and the decay of 
Luzitania’ (Liusternik, 1967c, p. 66). Another example of the growing independence 
of the young Moscow mathematicians from Egorov and Luzin was Pavel Sergeev 
Aleksandrov (1896-1982) and Pavel Samuilovich Uryson’s (1898-1924) work on 
topology. 

168 Gnedenko, 1961, p. 3. 
169 See Liusternik, 1967c, p. 63. 
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vergence of series of independent random variables) in 1924.170 For example, 
Khinchin’s famous law of the iterated logarithm of 1924 arose out of the num-
ber-theoretical attempt of 1923 to sharpen Hardy and Littlewood’s estimation 
of the asymptotic behavior of the oscillation of frequency of zeros and ones 
in a binary representation of real numbers as posited by Borel’s strong law of 
large numbers in 1909.171 During the late-1920s, Khinchin, together with Kol-
mogorov – with whom he somewhat later would establish a regular seminar on 
probability at Moscow University – obtained several important results in the 
theory of summation of independent random variables.172 173 Interestingly, in 
the first of four parts of their joint paper of 1925,174 Khinchin, thereby following 
the semi-intuitionism of Luzin and Borel,175 considered it necessary to construct 
random variables as functions on the interval [0,1] with Lebesque measure.176 
Khinchin’s post-1930 contributions to probability theory were all connected 
‘in one way or another with his investigations into statistical physics’177 – e.g. 
random processes of the Markov type and stationary random processes. 

170 See Khinchin, 1924a; Khinchin, 1924b. 
171 Borel’s strong law of large numbers of 1909 – which says that under certain cir-

cumstances an averages converges almost surely – established that ‘the asymptotic 
frequency of the digits 0 and 1 in the binary expansion of a real number was ½ for 
all real numbers except those in a set of measure zero (Borel, 1909). Subsequently, 
various estimates for the remainder term were obtained by [Felix] Hausdorf [(1868-
1942)], [Godfrey Harold] Hardy [(1877-1947)] and [John Edensor] Littlewood [(1885-
1977)]’ (Vere-Jones, 1997 [2008], p. 1). See Khinchin, 1923 for his replacement of a 
1914 result by Hardy and Littlewood for a sharper one. 

172 For example, Khinchin and Kolmogorov’s joint paper of 1925 entitled ‘Über Konver-
genz von Reihen, deren glieder durch den Zufall bestimmt werden’ – which was Kol-
mogorov’s first in probability – already contained the ‘“Kolmogorov-Khinchin two 
series theorem”, the “Kolmogorov three series theorem”, and the “Kolmogorov-Kh-
inchin criterion” for convergence almost surely of a series of independent random 
variables […]’ (Shiryaev, 2000, p. 12, see also Shiryaev, 1989, p. 874). 

173 See, for example, Khinchin’s three monographs inspired by the theory of summation 
Khinchin, 1927; Khinchin, 1933; Khinchin, 1938. 

174 Shiryeav notes that the first part was written by Khinchin and the other three by ‘the 
ingenious proof-maker’ (Von Plato, 1994, p. 199) Kolmogorov (see Shiryaev, 1989, 
p. 873). 

175 See Verburgt, 2014 for an account of Khinchin’s, generally positive, views on intui-
tionism as put forward in Khinchin, 1926 [2014]; Khinchin, 1928b. 

176 See Doob, 1961 for this observation. 
177 Gnedenko, 1961, p. 7. 
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The ‘internal unity’ and ‘scientific coherence’ of Khinchin’s large and diverse 
mature oeuvre on (mathematical) probability theory was premised on the 
over-arching framework that his research into the fundamental properties of 
measurable functions aforded him. It could thus be said that the academic 
career of Khinchin reflected, as much as it influenced, that specific develop-
ment in the mathematics of the 1900-1920s in which the explication of the (anal-
ogous) connection of probability theory with measure theory eventually led to 
its mathematization. But before that happened (in Kolmogorov’s Grundbegrife 
der Wahrscheinlichkeitsrechnung of 1933) there was no agreement on whether 
probability was a non-mathematical or mathematical theory and what an 
answer to David Hilbert’s (1862-1943) famous 1900 call for the establishment 
of its axiomatic foundations should look like.178 Khinchin devoted himself to 
settling these two open questions from around the mid-/late-1920s –179 and this 
within the pre-Stalin era of increasing ideological inference with both set-the-
ory, foundations of mathematics and probability theory. There were, by and 
large, two approaches to the attempt to turn probability theory into a mathe-
matical discipline; firstly, the measure-theoretic approach initiated by, among 
others, Borel and, secondly, the frequency-theoretic approach associated with 
Von Mises.180 Where the first ‘pure mathematical’ approach proposed an 
abstractly formalized concept of probabilities-as-measures, the second ‘applied 
mathematical’ (or ‘natural scientific’) approach introduced an idealized concept 
of a so-called collective – with this being an ‘informal’ axiomatics that math-
ematically expresses the statistical properties of finite sequences of random 
events and with probability being a defined, that is, non-primitive, notion.181 
Given that Khinchin’s own work was within the realm of set- and measure-the-
ory, it is somewhat remarkable to observe his initial interest in Von Mises’s 
theory as a foundational rather than interpretative orientation. The reason for 
this seems to have been that if Khinchin was aware of the intuitiveness of Von 
Mises’s notion of probability for mathematical physics and statistics, he found 

178 See Hochkirchen, 1999; Von Plato, 1994 for this history. 
179 Vere-Jones remarks that ‘one of the underlying themes’ of the seminar on probability 

which Khinchin and Kolmogorov set up around 1929/1930 was ‘the problem of finding 
a rigorous framework for probability’ (Vere-Jones, 1997 [2008], p. 2). 

180 Khinhin himself referred to this specific distinction in Khinchin, 1936-1944 [2004], 
section 2. 

181 See, for example, Von Mises, 1957 [1981] for a semi-popular account of his probabil-
ity. Hochkirchen, 1999, chapter 5; Von Plato, 6; Siegmund-Schultze, 2006; Sieg-
mund-Schultze, 2010 provide detailed accounts of Von Mises’s theory. 
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in the work of Von Mises the basic fact to which any (mathematical) theory of 
probability had to connect, namely ‘the number of appearances of some attrib-
ute […] in statistically observed mass phenomena’.182 But not unlike others, 
Khinchin was not willing to concede that, as new mathematical objects, col-
lectives are the necessary consequence of such a frequentist starting point.183 
(As will become clear, in his articles on Von Mises of the late-1930s-1960s,184 
Khinchin’s criticism was of a more straightforwardly ideological character). 
What is perhaps most striking is that Khinchin, by the late-1920s, criticized the 
Hilbertian outlook on mathematics and the axiomatic method –185 related not 
only to his own set-theoretical studies but also to the axiomatics found in the 
Grundbegrife – in favor of a Brouwerian intuitionism in terms of which he (and, 
some years later, also Von Mises himself) wanted to explain the mathemati-
cal status of ‘collectives’. Here, Khinchin suggests a history that is still to be 
written, namely that the comparison between Von Mises’s theory and Borel’s 
denumerable probability as an alternative, semi-intuitionist, number-theoretic 
understanding of probability by means of so-called choice sequences (with 
the link to the Russian probabilists being the analytic sets of Luzin’s student 
Suslin).186 The important observation is that if Khinchin sensed and Von Mises 
suggested that collectives could not be formalized in (‘modernized’) classical 
mathematics, their positive attitude vis-à-vis intuitionism seems to have been 
premised on a misunderstanding of its (Kantian) idealist foundations. Be that 
as it may, both Borel, Khinchin and Von Mises were aware of the fact that the 
notion of infinity is a dihcult question within the debate about the foundations 
of mathematics, the question of its acceptance – in one sense or the other – 
within the realm of probability cannot be circumvented by mathematics. 

182 Siegmund-Schultze, 2004, 378. 
183 As Van Lambalgen explains, collectives are the necessary consequence of the 

frequency theory, ‘in the sense that if one interprets probability as limiting relative 
frequency, then infinite series of outcomes will [have to] exhibit Kollektiv-like prop-
erties’ (Van Lambalgen, 1996, 354) – these being the existence of a limit and random-
ness. 

184 See Khinchin, 1952; Khinchin, 1936-1944 [2014]; Khinchin, 1961. 
185 See Khinchin, 1926 [2014]. 
186 For this purpose the previously unpublished 1979 note from Jervell entitled ‘From the 

axiom of choice to choice sequences’ (Jervell, 1996) seems to be of great value. A first 
attempt at this history is made in Verburgt, 2015. 
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What follows shall provide the more specific historical and theoretical back-
ground to (the meaning of Khinchin’s paper within) the introduction and 
reception of Von Mises’s probabilistic work in the post-revolutionary Russia 
of increasing ideological interference, especially, with foundations of mathe-
matics and probability. 

3. Von Mises in 1920s Russia

The introduction of Von Mises’s work on probability theory and statistical 
mechanics in Russia is most likely due to his colleague Leonid Mandel’shtam 
(1879-1944) – the physicist born in Mogilev, Russian Empire (now Belarus), 
who left Novorosiisk University (Odessa) for Strassbourg University in 
1899/1900 only to receive his doctoral degree in 1902 and to become the ‘aux-
iliary’, ‘second’ and then ‘first’ assistant of the Nobel-laureate Karl Ferdinand 
Braun (1850-1918) in 1903, 1904 and 1906, respectively, Privatdozent in 1907 
and extraordinary professor in 1913.187 Von Mises was appointed extraordi-
nary professor of applied mathematics at Strassburg University in 1909 and he 
would discuss with Mandel’shtam both his earliest thoughts on the foundations 
of probability,188 the positivistic philosophy of science of Mach and ‘the role of 
axiomatics in the logical foundations of mechanics and exact sciences, in par-
ticular, of statistical physics’.189 According to a biographical account of one of 
Mandel’shtam’s former students, the two soon ‘established very close relations 
[…] because they had agreed on their understanding of the fundamentals of 
statistical physics and philosophy’.190 

Their interactions continued in the form of a lengthy correspondence after 
World War I, the Bolshevik Revolution and Russian Civil War (November 
1917-October 1922) thanks, at least in part, to the Rapallo Treaty (16 April 1922) 
with which the two isolated countries Soviet Russia and Weimar Germany – 

187 For biographical information on Mandel’shtam see, for instance, Feinberg, 2002; 
Pechenkin, 2014, chapter 2 and for an account of his time in Strassbourg see 
Pechenkin, 1999; Pechenkin, 2014, chapter 3-4. 

188 As mentioned earlier, in the foreword to the first German edition of Wahrscheinlichkeit, 
Statistik und Wahrheit Von Mises noted that he had developed these first thoughts on 
probability theory as early as in his Strassburg years (see Von Mises, 1928, p. iii). 

189 Papalexy, 1948, p. 1 quoted in Pechenkin, 2014, p. 28. 
190 Feinberg, 2002, p. 173. 
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the first being ‘happily accommodative’, the latter ‘resentful’191 – ‘liquidated 
questions’192 between their former constitutional selves (the Russian and 
German Empire) and sealed their by then already193 friendly relations in terms 
of an economic, military and political partnership.194 Where for the Germans 
the Rapallo-era scientific relations with the Soviets were very much seen as 
an instrument for foreign policy, with scientific great-power functioning as a 
substitute for political great-power status,195 the Soviets considered these as 
part of their emphasis on all sorts of cross-national scientific exchanges – the 
underlying aim of which, to be sure, was to recover Russian science after its 
near destruction in the years 1917-1922.196 Both countries were forced with the 
similar task of having to adapt the old and newly founded scientific institutions 
‘of a recently overthrown empire to the needs of a new government’197 and 
if the Soviets dismissed the elitism typical of (‘pan’)-German scientists (such 

191 This apt characterization of the ‘positions’ of the two respective parties is found in 
Stone, 2014, p. 442. 

192 This was the phrase which the ‘Commisar for Foreign Afairs’ Georgi Vasiljevitsj 
Tsjitsjerin (Chicherin) (1872-1936) used in his letter to the Minister of War Louis 
Barthou (1862-1934) of April 29, 1922 to legitimize the partnership between Soviet 
Russia and Weimar Germany all the while undermining the (not quite unfounded (e.g. 
Müller, 1976)) fear (as expressed in the French press and by the heads of the French 
government) that the Rapallo Treaty was a secret act against France (see Eudin & 
Fisher, 1957, p. 202). 

193 If Russia’s academic relations with Germany ‘had always been close’ (Graham, 1993, 
p. 176) when compared to France or Britain, in the years 1920-1921 ‘there had been a 
steady stream of Russian scientists through Germany, so that [it] must [be] suppose[d] 
that Rapallo was responsible not for the renewed ties but the satisfaction therein’ 
(Forman, 1973, 167). 

194 This near mythical coups de surprise was a document of several articles: ‘By Articles 
I and II of the Treaty all mutual claims between the two countries were annulled; 
by Article III full diplomatic and consular relations were re-established; Article IV 
introduced the most-favoured-nation clause into the commercial dealings of the two 
parties [and] by Article V the German government declared its readiness to encourage 
trade between German industry and the U.S.S.R.’ (Kochan, 1950, p. 109). Much has 
been written about the Rapallo Treaty, both about its origins, its content as well as 
its consequences. For a general treatment of all of these aspects see, for instance, 
Rosenbaum, 1965. 

195 See Forman, 1973, section 4. 
196 Although Russian science lagged behind the leading countries of the West before 

1917, at least from the 1860’s on the Russian scientific institutions produced many 
eminent scientists in fields such as mathematics (Nikolai Lobachevskii (1792-1856), 
Chebyshev, Luzin) and chemistry (Dmitri Mendeleev (1834-1907). See, for instance, 
Graham, 1993, part 1; Vucinich, 1970, part 1-2. 

197 Graham, 1993, p. 176. 
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as Von Mises)198 they ‘accepted many of the organizational principles of [its] 
reforms while buttressing them with a [dialectical-materialist] philosophy’199 
dedicated to the creation of a ‘New Man’.200 At least from around 1920 until the 
end of Lenin’s ‘New Economic Policy’ in 1928,201 the Soviet-planners un-sys-
tematically202 sought for a modus vivendi with the national and international 
community of ‘bourgeois’ specialists – allowing Russian scientists and intel-
lectuals to travel abroad, hosting visiting delegations, supporting joint research 
and managing purchases and translations of foreign books.203 

After returning to Russia in 1914, Mandel’shtam worked as the director of the 
Odessa Polytechnic Institute between 1918/1919-1922) and as the professor of 
theoretical physics at the Physics Faculty of Moscow State University from 
1925 on – with Igor Tamm (1895-1971) among his co-workers and Mikhail 
Alexandrovich Leontovich (1903-1981) among his first-generation graduate 
students. While in Odessa, Mandel’shtam, living in the harsh post-Revolu-

198 See Siegmund-Schultze, 2004, pp. 350-354. See also footnote 496. 
199 Graham, 1993, p. 177. 
200 As David-Fox opens his Revolution of the Mind: Higher Learning Among the Bolsheviks, 

1918-1929: ‘In the years after 1917 the institutions of party education and scholarship 
the new regime founded in the wake of the Revolution were dedicated to molding a 
new intelligentsia, refashioning education and science […], building a new culture, 
transforming everyday life, and ultimately creating a New Man’ (David-Fox, 1997, 
p. 1). 

201 On the one hand, ‘[d]uring the first years of their rule, while supporting the success-
ful establishment of a series of major research institutes [e.g. the ‘Free Association 
for the Development and Dissemination of the Positive Sciences’ (March 28, 1917)], 
Bolshevik policies and inaction [made] conditions worse for the scholar. His life was at 
risk and he was internationally isolated. He was starved literally for food [and] figura-
tively for scientific literature’ (Josephson, 1991, p. 41). On the other hand, even though 
the expansion of the Bolshevik revolutionary project to the cultural front had already 
begun in 1920-1921, the year 1928 marked the definite beginning of the ‘Cultural Rev-
olution’ (1928-1931/1932) (e.g. Fitzpatrick, 1974) that formed a small part of Stalin’s 
all-encompassing ‘Great Break’ (velikii perelom). 

202 At least until around 1926 there was ‘no systematic science policy in Soviet Russia’ 
(Josephson, 1991, p. 56) – with a rapid growth of scientific institutes maintaining 
relative autonomy from the centralized administration’s aim of ‘government construc-
tion’. 

203 Although seen by many militant communists as a betrayal to the Revolution, Lenin 
himself defended ‘science for science’s sake’ in view of, on the one hand, the reliance 
of the new Soviet government on technical specialists and, on the other hand, the 
hope of ‘incalculating the habits of ‘civilized’ societies [and] overcoming backward 
‘barbarism’’ (David-Fox, 1997, p. 268). See also Claudin-Urondo, 1977, pp. 1-64. 
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tionary conditions of ‘famine, cold [and] isolation’,204 205 asked Von Mises to 
send him a copy of his 1919 papers in a letter of 24 September, 1921.206 In the 
year 1923 Mandel’shtam met Von Mises after his employee, the Central Radio 
Laboratory (Moscow), ordered him to visit Germany for a mission.207 Given 
that Mandel’shtam’s letters to Von Mises before and after their rendezvous tes-
tified to his continued interest in Von Mises’s probability theory, it is certainly 
possible that they discussed the theory in Berlin. 

During the years 1922-1924 Mandel’shtam considered leaving the Soviet Union 
for Germany, but around 1925 he became the central figure of the Moscow 
physics community due to his pioneering contributions to the theory of oscil-
lations and optics and his attempts to familiarize Soviet scientists with the 
non-classical theories of relativity and quantum mechanics in a non-ideological 
manner. Mandel’shtam’s fundamental aim with regard to quantum mechanics 
in the 1930s would be that of providing a ‘German operationalist’208 version of 
its statistical (or ‘ensemble’) interpretation on the basis of Von Mises’s limiting 
relative-frequency theory209 – one that difered, on the one hand, from the 
‘non-statistical’ Copenhagen interpretation and, on the other hand, from Ein-
stein’s ‘pre-assigned initial values’ version of the statistical interpretation.210 
Where for the ‘non-statistical’ interpretation the wave function represented 
the state of a single (microscopic) particle, for the ‘statistical’ interpretations 
it represented the state of the aggregate of particles. But where Einstein spoke 
‘deductively’ of the probabilities of single (macroscopic) events, with measure-
ments revealing pre-existing properties of a physical system, Mandel’shtam 
proposed that ‘wave mechanics states that the micromechanical ensemble to 

204 Josephson, 1991, p. 48. 
205 Von Mises would send food parcels to the Mandel’shtams in 1922. 
206 Mandel’shtam had also informed Von Mises about his inability to do scientific 

research in a letter of October 30, 1918 (from Odessa): ‘The situation is bad with 
the books and especially magazines […] I almost do not know anything, that during 
this time has been achieved. It is not pleasant to be without laboratory and literature’ 
(Mandel’shtam quoted in Pechenkin, 2014, p. 82). 

207 See Pechenkin, 2014, p. 86, p. 98. 
208 See Pechenkin, 2000. 
209 It may be remarked that Von Mises himself never referred to quantum mechanics in 

his work, at least not before the 1930s. 
210 Both statistical interpretations, of course, proceeded from Max Born’s statistical 

interpretation of the wave function – which stemmed from the mid-1920s period of 
the formalization (or ‘axio-matization’) of quantum mechanics. 
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which the wave function refers could be determined by specifying macroscopic 
parameters […] An element of the collective in question is the behavior of an 
individual [particle] [such that] the [wave] function refers to these elements, 
that is, the statistics of the emitted [particles] are specified by this function’.211 
For Mandel’shtam, quantum ensembles (or ‘collectives’) were ‘real ensem-
bles’, as opposed to ‘ideal (Gibbsian) ensembles’ (!),212 resulting from mea-
surement operations which were then divided into sub-ensembles (elements) 
corresponding to the values of a physical magnitude and resulting from another 
measurement.213 

Already in the mid- or late-1920s were Von Mises’s ideas on probability theory 
intensively discussed by Mandel’shtam and his disciples at the Physics Faculty 
– at least in so far as they were related to statistical physics. ‘Richarda von 
Mizesa’s’ 1919 inaugural lecture (‘Antrittsrede’) as the professor in hydro- and 
aerodynamics of the Technische Universität Dresden entitled ‘Naturwissen-
schaft und Technik der Gegenwart’ was translated into Russian as early as two 
years after its first German version of 1922 by the privately-owned publish-
ing house of fiction Seyatel (‘The Sower’) in Petrograd. Among other things, 
the lecture, which closely resembled his lecture for the German mathematical 
society of 1921 (‘Über die gegenwartige Krise der Mechanik’), referred to Mach 
as the ‘brilliant physicist and philosopher’214 who had initiated the program 
from which Einstein’s theory of general relativity resulted, but also embraced, 
contra Mach, the atomistic theories of matter (Boltzmann), ‘momenta’ (‘Bewe-
gungsgrösse’) (Planck) and electricity. Between 1926-1928 Mandel’shtam’s 
graduate student Boris Mikhailovich Gessen (Hessen) (1893-1936) developed 

211 Mandel’shtam quoted in Pechenkin, 2002, p. 270. 
212 ‘Gibbs’ or ‘(micro)canonical’ ensembles are an invention of Boltzmann, but were first 

investigated in the work of Josiah Willard Gibbs (1839-1903) in which they were made 
the basis of statistical physics. Because they are ‘a conceptual convenience, for in a real 
[physical] system, there is only a finite number of molecules so that at no single instant of 
time can a continuous distribution law have immediate physical reality’ (Von Plato, 1994, 
p. 75), the use of ‘ensemble’ for ‘collectives’ may lead to interpretative dihculties and 
has been demonstrative of a widespread misunderstanding of Von Mises’s viewpoint.  
This ensemble is ‘a continuous set of [physical] systems, with the characteristic 
property that each system is of the same total energy, and a probability distribution 
over the mechanical states. 

213 See Pechenkin, 2014, pp. 27-28. See also Kojevnikov’s ‘Probability, Marxism, and 
quantum ensembles’ (Kojevnikov, 2012). 

214 ‘[D]er geniale Physiker und Philosoph Ernst Mach’ (Von Mises, 1922, p. 11). 
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a ‘materialist version’ of Von Mises’s theory at the Communist Academy with 
Mandel’shtam as his supervisor. Gessen’s plan of 1928 to go on an ohcial four-
month trip to Germany to study statistical mechanics215 under Von Mises was 
supported by Mandel’shtam,216 and he probably met Von Mises, either before 
or after his study-leave, at the Sixth Congress of Russian Physicists in August 
1928.217 It was Mandel’shtam who arranged for the Russian translation of 
Von Mises’s Wahrscheinlichkeit, Statistik und Wahrheit – writing the following 
to Von Mises from Moscow on 27 April, 1929: ‘I [Mandel’shtam] should like 
to say a couple of words about the translation of your book. I spoke about it 
with Prof. [Petr Semenovich?] Kogan [(1872-1932)], who is the head of the sci-
entific department at State Publisher [Gosizdat]. He is going to write you, or 
probably he has already written. You will […] understand by reading his letter 
why I don’t enlarge upon it. As far as it is concerned with me, I am eager to 
read your book. I consider that it is very desirable to translate [it] in Russian’.218 
It is remarkable that Mandel’shtam himself had not read the (German version 
of) Von Mises’s Wahrscheinlichkeit, Statistik und Wahrheit around mid-1929.219 
Both Gessen and Khinchin – the two early proponents of Von Mises’s theory 
in Soviet Russia – would write papers on Von Mises’s new foundations for 
probability theory and his statistical physics in 1929 in which they referred to 
the 1928 book. Where Gessen’s paper ‘Statisticheskii metod v fizike i novoe 
obosnovanie teorii veroiatnostei R. Mizesa’ (‘The statistical method in physics 
and R. Mises’s new foundations for the theory of probability’) would appear 
in Estestovznanie i Marksizm, Khinchin’s paper ‘Uchenie Mizesa o veroiatnos-
tiakh i printsipy fizicheskoi statistiki’ (‘Mises’s theory of probability and the 
principles of statistical physics’) appeared in the Uspekhi Fizicheskikh Nauk. 
Khinchin wrote a review of Von Mises’s 1928 book that appeared in the Uspekhi 

215 See Hessen, 1931 [2006], p. 6. 
216 Pechenkin refers to a copy of Hessen’s application that is preserved in the Collection 

of the Communist Academy (see Pechenkin, 2002, p. 283, f. 20). 
217 See Tobies, 2012, p. 342. 
218 Mandelstam quoted in Pechenkin, 2014, p. 29. 
219 It suggests that the seminar(s) that he organized on Von Mises’s ideas in 1928 (see 

Pechenkin, 2002, p. 280, p. 283, f. 17) concerned either the 1919 articles or passages 
from the so-called ‘Frank-Mises’ (a famous two-volume textbook entitled The Difer-
ential and Integral Equations of Mechanics and Physics of 1925 and 1927 that Von Mised 
edited with Frank) that Mandel’shtam received from Von Mises in January/February 
1928 (see Pechenkin, 2014, p. 29). See Siegmund-Schultze, 2007 for an in-depth 
analysis of the ‘Frank-Mises’. 
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Fizicheskikh Nauk in the very same year,220 and he would be appointed as the 
editor of the book – published, as it was, by Gosizdat as Probability and Statis-
tics.221 Gessen and Khinchin were part of the circle of physicists and mathe-
maticians that initiated the reception of Von Mises’s ideas in Soviet Russia to 
which also belonged Mandel’shtam and Leontovich (at the Physics Department 
of Moscow State University) and Kolmogorov (at the neighboring Mathemat-
ics Faculty of Moscow State University).222 The diference between the 1929 
papers of Gessen and Khinchin cannot be explained solely with reference to 
their respective emphasis on either physics or mathematics (as reflected in the 
title of their papers). For example, the case of Kolmogorov and Leontovich’s 
cooperation is demonstrative of the absence of strict boundaries between 
physics and mathematics among the young generation of probabilists in Soviet 
Russia; it was about their joint paper,223 to which he would refer in his Grundbe-
grife as an argument for the claim that the new probabilistic concepts attached 
to his axiomatization of probability theory (e.g. ‘probability distributions in 
infinite-dimensional spaces’) arose out of ‘concrete physical problems’,224 that 
Kolmogorov ‘loved to assert that [the] ‘physical’ part was due to him and the 
‘mathematical’ part due to Leontovich’.225 Rather, the position of Khinchin 
vis-à-vis Von Mises as compared to the position of Gessen must also be under-
stood in terms of their respective dedication to the Party-driven attempt of the 
mid-1920s at a ‘dialectical materialist’ criticism of ‘Western’ mathematics, in 
general,226 and probability theory, in specific.227 

3.1 Marxism and probability theory: Moscow and St. Petersburg

The start of the attempt at the establishment of Marxism as ‘a unified and 
coherent system of philosophical propositions’228 coincided, by and large, with 
the renaming of the Socialist Academy into the Communist Academy in 1923. 

220 See Khinchin, 1928a. 
221 The reason for this new title is explained in the next sub-section. 
222 Kojevnikov, 2012, pp. 215-216. 
223 This paper of 1933 was entitled ‘Zur Berechnung der mittleren Brownschen Fläche’ 

(Kolmogorov & Leontovich, 1933). 
224 ‘[G]anz konkreten physikalischen Fragestellungen’ (Kolmogorov, 1933, p. iii). 
225 Tikhomirov, 2007, p. 110. 
226 See, for example, Lorentz, 2002; Vucinich, 1999. 
227 See, for example, Seneta, 2004, section 5; Vucinich, 1970, chapter 11. 
228 Vucinich, 1999, p. 108. 
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Because of internal disagreement among Marxist writers on the import of a 
philosophical study of modern mathematics along the lines of dialectical mate-
rialism – caused by a lack of proper mathematical education and the absence of 
mathematical content in the Marxist classics (Marx, Engels, Lenin) –229 Soviet 
scholars confined themselves to exposing, by means of doctrinaire exaggera-
tion, the ‘idealism’ inherent in the works of Western and Russian mathemati-
cians. The most active Marxist commentator on mathematics in the pre-Sta-
lin era was Ernest Kol’man (1892-1979) – the zealous ideologue who would 
later initiate the ‘reorganization’ (around 1930) of the Moscow Mathematical 
Society,230 in which Khinchin was also involved, and the public campaign (of 
1936) against Luzin. His first paper in the ideological journal Pod Znamenen 
Marksisma (‘Under the Banner of Marxism’) of 1925 concerned probabilistic 
topics, especially ‘randomness’; it already showed that ‘mathematical’ probabil-
ity theory would be susceptible to Marxist attack, first and foremost, ‘because 
of its resemblance to physics in the modeling of statistical reality, such as for-
malizing statistical regularity [‘Bernoulli’s theorem], and [its] use in nondeter-
ministic physics’231 rather than because of its possible (axiomatic) formalization. 

Where the St. Petersburgian (‘materialist’, ‘frequentist’ and ‘anti-Bayesian’) 
tradition of Chebyshev, Markov and Liapunov was considered as being ideo-
logically acceptable and politically correct, the Moscowian (‘religious’, ‘sub-
jectivist’ and ‘Bayesian’) tradition in of the ‘pre-Revolutionary Nekrasovites 

229 Vunich writes that it ‘took Marxist writers five years after the October Revolution to 
begin writing on mathematical themes. There were two strong reasons for this delay. 
First, the Marxist classics – by Marx, Engels, and Lenin – left no readily accessible 
and sustained comments on modern mathematics that could be used as pathfinders 
and protective guides in critical surveys of contemporary developments in the field. 
Second, such modern branches of mathematics as set theory […] were so new that 
they were included in school curricula at the time when most Marxist writers received 
their secondary and higher education’ (Vucinich, 1999, p. 107). Seneta adds that also 
the Communist Academy itself ‘consisted largely of youthful cadres poorly trained in 
science’ (Seneta, 2004, p. 342). 

230 In brief, after the arrest of Egorov in 1930, an ‘initiative group’ changed the name 
of the Society’s journal (Mathematicheskii Sbornik) into the ideologically acceptable 
Sovietskii Mathematicheskii Sbornik and installed the Society’s new presidium – with 
Kol’man replacing Egorov and with Khinchin among its members. See, for example, 
Seneta, 2004, section 3. 

231 Seneta, 2004, p. 347, my emphasis. 
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(Nekrasovtsi)’232 was dismissed as ‘bourgeois, mystical [and] reactionary’233 by 
Marxist ideologues such as Kol’man. Here, it is important to emphasize the 
lack of a strict separation between these two ‘traditions’. Firstly, if the member 
and later vice-president of the Imperial Academy of Sciences in St. Petersburg 
(Petrograd (1914-1924)/Leningrad (1924-1991)) Buniakovskii is often thought 
of as the mentor of Chebyshev, it was Nekrasov who developed his Bugaevian 
philosophication of ‘Bernoulli’s theorem’ under the influence of Buniakovskii’s 
Laplacean-inspired work. Markov, in his famous 1900 textbook, would heavily 
criticize on quasi-mathematical grounds not only Nekrasov, but also Bunia-
kovskii.234 Secondly, if Luzin disagreed with the scornful and arrogant char-
acterization by some of the first generation Luzitanians of probability theory 
as a branch of ‘conservative’ (St. Petersburgian) ‘classical analysis’,235 the mid-
1920s papers of Khinchin and Kolmogorov can be understood as an application 
of the Moscowian development of pure mathematical analysis to practice-ori-
ented themes inherited from the St. Petersburg school.236 Put diferently, their 
early papers completed the two promises of Bugaevian thought; the simultane-
ous mathematization of that part of ‘mathesis mixta’ called probability theory 
and the transformation of mathematics itself from ‘classical mathematics, 
which involved the notions of continuous numbers and strict causality, towards 
employing the probabilistic notion of indeterminacy and the discontinuous 
nature of numbers’.237 The establishment of what has become known as the 
‘Moscow School of Probability’ was, thus, due to mathematicians who were ‘in 
one sense the heirs of Chebyshev and Markov, and in another [sense] profound 
innovators of the [‘formal’] approach’238 in the line of the French acquaintances 
of Egorov and Luzin. Thirdly, where Nekrasov, Egorov and Luzin combined 
their Bugaevian-inspired religious-mystical worldview with a radical dismissal 
of the efort to interpret mathematics in the light of dialectical materialism, 

232 Seneta, 2004, p. 353. 
233 Seneta, 2004, p. 347. 
234 See Seneta, 2004, section 7. 
235 See Phillips, 1988, pp. 294-295. See also section 1.1. 
236 Or, as Vere-Jones puts it: ‘Although the Moscow School inherited many of the research 

themes of the St. Petersburg school, it was not a direct ofshoot of the earlier school, 
but rather an out-growth of the vigorous program in real analysis established by […] 
Egorov [and] Lusin’ (Vere-Jones, 1997 [2008], p. 1). 

237 Vucinich, 1970, p. 352. 
238 Barnett, 2011, p. 57. 
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Khinchin and Kolmogorov, while avoiding ‘doctrinaire engagements’,239 
actively contributed to the search for working relations between mathematics 
and Marxism – as, for instance, Markov had done in the pre-Soviet era. 

3.1.1 Khinchin, Kolmogorov, Von Mises and Marxism in the late-1920s

Khinchin had been the first of the Luzitanians to write on probability and 
his 1923 paper was, indeed, ‘the first critical step in the development of the 
Moscow School’.240 He gave the first graduate course in probability theory at 
the then newly formed Mathematics Institute of Moscow University in 1926 
– with Kolmogorov and Bernstein among his audience – and ‘[a] few years 
later’241 he organized a seminar series on the theory in which, among others, 
Slutskii participated. The underlying theme of the group that gathered around 
Khinchin and Kolmogorov’s seminar was the problem of finding a rigorous 
framework for probability theory – or, more in specific, that of considering 
the merits of the proposals for ‘a completely general and purely mathematical 
theory of probabilities’242 (as Kolmogorov put it in 1929) of Borel, Bernstein 
and Von Mises. At the end of the 1920s there were ‘heated arguments’,243 espe-
cially, about Von Mises’s proposal at Khinchin’s methodology seminar at Otto 
Iulevich Schmidt’s (1891-1956?) Natural Science Department of the Commu-
nist Academy. The Department had been established, around 1925, with the 
goal of extending the Communist Academy’s influence to the natural sciences 
(estestvoznanie) – and this by organizing Party figures and left-wing non-Party 
figures, thereby dividing ‘the well- and ill-wishers of the Soviet regime’.244 
Although these ‘well-wishers’ seem to have been in agreement about the value 
of Von Mises’s limiting relative frequencies for modern science – at least as a 
theory concerned with the ‘objective’ or ‘empirical’ features of physical systems 
–, the natural scientists disagreed with the mathematical probabilists on the 
(‘Leninist’) question of the ‘Machism’ that accompanied it. Where Gessen, by 
‘pushing a materialistic treatment of statistical physics’,245 attacked Von Mises’s 

239 Vucinich, 1999, p. 111. 
240 Vere-Jones, 1997 [2008], p. 2. 
241 Vere-Jones, 1997 [2008], p. 2. 
242 Kolmogorov, 1929, p. 8. 
243 Yushkevich, 2007, p. 18. 
244 Joravsky, 1961, p. 215. 
245 Pechenkin, 2014, p. 99, my emphasis. 
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‘Machist’ interpretation of causality,246 Khinchin, while praising him for his 
‘extremely fruitful natural philosophical approach’, criticized the ‘Machian’ 
instrumentalism and doctrine of idealization underlying Von Mises’s mathe-
matical probability theory.247 It is not unlikely that it was, first and foremost, 
Khinchin’s claim that in so far as Von Mises’s views on ‘the principles of sta-
tistical physics’ were free from the methodological, mathematical and physical 
problems of his ‘original ideas about the general concept of probability’ these 
views ‘can be accepted without hesitation’ that brought Gessen to criticize 
Khinchin’s 1929 lecture at the Communist Academy.248 

Around 1929,249 the fundamental question for Khinchin was, thus, not whether 
or not relative frequencies250 were to be adopted within physics, but whether 

246 For example, in his ‘Über kausale und statistische Gesetzmässigkeit in der Physik’ of 
1930, Von Mises wrote that ‘the principle of causality is changeable and will govern 
that which physics asks for’ (‘Das Kausalprinzip ist wandelbar und wird sich dem 
unterordnen, was die Physik verlangt’) (Von Mises, 1930, p. 191) – to which he added 
that ‘it just comes down to what one, in a specific case, […] understands as cause and 
efect’ (‘Es kommt eben nur darauf an, was man im gegebenen Fall […] unter Ursache 
und Wirkung versteht’ (Von Mises, 1930, p. 190). It may here be remarked that it 
was Gessen himself who arranged for the translation into Russian of this very article 
– which Von Mises had delivered as a lecture at the Fifth Congress of Physicists 
and Mathematicians in Prague on September 16, 1929 – for which he also wrote the 
foreword. 

247 Siegmund-Schultze explains the subtle diference between ‘Machian’ and ‘Machist’ 
as follows: ‘Philosophers such as Kol’man got their doctrines from the classical 
canonized teachings of Engels [and] Lenin. Lenin, as is well-known, published in 
1909 his polemical Materialism and Empirio-Criticism: Critical Comments on a Reaction-
ary Philosophy, which opposed the so-called “physical idealism” based on “Machist” 
(as opposed to the more neutral term “Machian”) philosophy, which was, in Lenin’s 
opinion, falsely claiming to be the “philosophy of twentieth century natural science”’ 
(Siegmund-Schultze, 2004, p. 384). See Pechenkin, 2014, pp. 99-100 for a brief dis-
cussion of the late-1920s debate between Gessen and Khinchin on the meaning of Von 
Mises’s dedication to Mach. 

248 Be that as it may, in the same year the lecture was published in the journal Uspekhi 
Fizicheskikh Nauk of which Gessen was an editor. 

249 At least after the publication of Kolmogorov’s Grundbegrife Khinchin came to accept 
the measure-theoretical rather than the Von Misesean ‘axiomatization’ and he would 
even criticize other scientists, such as Leontovich, for adopting Von Mises’s ‘idealist’ 
theory (e.g. Khinchin, 1952 [1954]). 

250 Reflecting on the work of Khinchin and Kolmogorov, Von Plato remarks that their 
‘frequentism’ was not ‘the idea of probability as a limit of relative frequency, but the 
somewhat vague connection between finite relative frequency and probability, asso-
ciated to the notion of ‘practical certainty’ (Von Plato, 1994, p. 234). 
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or not this interpretation of probability had to be accepted as the basis of ‘a new 
scientific-philosophical foundation’ for probability theory. This problem-situa-
tion difered not only from Gessen’s, but also from Kolmogorov’s in his paper 
of the same year which opened with the following crucial observation: 

‘Probability theory has become a topic of interest in modern mathe-
matics […] because of its growing significance in natural science, [and] 
because of the gradually emerging deep connections of this theory with 
many problems in various fields of pure mathematics. It seems that the 
formulas of probability calculus express one of the fundamental groups 
of general mathematical laws […] I believe that these facts indicate the 
possibility of constructing a very general and purely mathematical theory 
whose formulas can be applied both to probability calculus and to many 
other fields of pure and applied mathematics. To outline the contents 
of this theory, it suhces to single out from probability theory those 
elements that bring out [or condition] its intrinsic logical structure, but 
have nothing to do with the specific meaning of the theory’.251 

Kolmogorov introduced the idea of a theory252 that is suggested by some 
elements of probability theory, but that is both wider in its scope than this 
theory in so far as it belongs to the realm of pure mathematics and somehow 
includes the notion of probability as a special case. For example, ‘the fact that 
the distribution of the digits of decimal expansions or irrationals can be studied 
using formulas of probability calculus should not be interpreted as indicating 
dependence of these expansions on chance’.253 Perhaps even more explicitly 
than his Grundbegrife,254 the aim of the 1929 paper was thus not ‘to tie up as 
closely as possible the mathematical theory with the empirical development of 
the theory of probability’,255 but to express the ‘meaningless’ logical structure 

251 Kolmogorov, 1929, p. 8, my emphasis. 
252 It is important to observe that in this 1929 paper Kolmogorov neither gave the new 

mathematical theory the name ‘probability theory’ nor wrote that this new theory 
includes ‘probabilities’ as its basic concepts (cf. Kolmogorov, 1933, pp. 1-2). 

253 Kolmogorov, 1929, p. 8. 
254 Where Kolmogorov’s Grundbegrife contained a section which not only described 

‘the relation to experimental data’ of the axioms for probabilities of a finite number 
of events, but also showed the ‘empirical deduction’ of the axioms, the 1929 paper did 
not. 

255 Kolmogorov, 1933 [1956], p. 2. 
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of the empirical theory (i.e. its mathematizable elements) in terms of general 
measure theory. For example, if the decimal expansions are described by the 
mathematical laws of probability calculus it is because it is not included within 
this group of laws and, hence, not expressible in a purely mathematical way that 
the notion of ‘randomness’ (or ‘chance’) is excluded from the new theory.256 

Where Kolmogorov, in 1929, rejected the idea of the transformation of prob-
ability theory into a mathematical theory from its ‘meaningful’ elements, 
Khinchin, in that same year, questioned the ‘objective scientific’ meaningful-
ness of Von Mises’s mathematical theory of probability. Khinchin presented 
this theory as follows (pp. 143-145): starting from the ‘empirical definition of 
probability’ it arrives at the ‘general definition’ by means of the notion of an 
‘infinite sequence of experiments’ – with the sequence being called a ‘collec-
tive’ and the experiment an ‘element of the collective with a certain attribute’ 
–; the probability of an attribute is its relative frequency in an infinite sequence 
of experiments (i.e. the limit to which the fraction m/n (the first n members 
of a collective/the members m that possess this attribute) tends as the number 
n goes to infinity). Khinchin then mentioned (L) and (IR) as the two (foun-
dational) ‘conditions’ for collectives and introduced the (constructive) search 
for the distributions of new collectives from the distributions of given original 
collectives by means of the four operations (selection, mixing, partition, com-
bination) as the sole task of probability theory. Because he agreed with the con-
structive part of Von Mises’s theory, Khinchin, after emphasizing its ‘indisput-
able value’ for all sciences employing statistical methods, directed his threefold 
criticism – which may, indeed, be read as a projection of ‘his fears of Machism 
on Von Mises’ theory’ –257 at the foundational part. 

256 As, for example, Gillies noted in his An Objective Theory of Probability, ‘most […] 
surprising of all [diferences between Von Mises and Kolmogorov], there is nothing 
in Kolmogorov’s [1933] system corresponding to von Mises’ axiom of randomness’ 
(Gillies, 1973 [2012], p. 88). Given his then fundamental believe in the fact that finite 
frequentism cannot be mathematized (e.g. Porter, 2014, section 3) it is, in fact, not 
really surprising that Kolmogorov did not mathematize ‘randomness’ in 1929 or 1933. 
Kolmogorov himself would revive Von Mises’s theory in the 1960s by attempting to 
formalize the notion of a random sequence. 

257 Siegmund-Schultze, 2004, p. 379. 
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3.1.2 Khinchin’s ‘Mises’ theory of probability and the 
principles of statistical physics’ (1929)

The first part of the first, foundational, section of Khinchin’s 1929 paper in 
which he discussed his methodological criticism of Von Mises’s theory con-
cerned the  ‘instrumentalism’ inherent in the definition of probability as 
limiting relative frequency. Mach’s instrumentalist interpretation of physical 
theories not only became one of the most influential aspects of his philosophy, 
but it also ‘exercises a curious influence on the development of political instru-
mentalism’258 in Soviet Russia – an heresy ‘[s]o popular [that] Lenin felt stirred 
to write a tract denouncing it’.259 Khinchin wanted the probability of an event 
or attribute to ‘objectively express a certain property […] that is objectively 
inherent’ in an investigated object (for example of a die to be thrown) such that 
if it can be studied by means of experiments its definition remains meaningful 
whether or not these experiments are carried out and without the presence of 
an ‘experimenting intellect’. His hunch was that Von Mises’s theory be said 
to sufer from a form of ‘scientific relativism’ – one even worse than Machism 
– which holds that ‘where there is no thermometer, there is no temperature’. 
The objection against instrumentalism was directly connected with the second 
part of the methodological criticism that had to do with the opposition between 
the ‘classical’ (or ‘Galilean’)260 and the ‘Von Misesean’ view on the ‘idealiza-
tion’ of ‘empirical material – i.e. the ‘substitution’ of real objects for idealized 
objects. Khinchin acknowledged the acceptability and inevitability of idealiza-
tion for the sake of the mathematical expression of an ‘empirical realm’, but he 
put forward two conditions that it must satisfy: in so far as, firstly, the features 
of the idealized object must also be found, by approximation, in the case of the 
real object it must be possible, secondly, to estimate the proximity of the real 
object to the idealized object in terms of the limit of possible errors. Where 
the idealizations of objects made in classical sciences such as mechanics and 
geometry satisfy these criteria, the idealization that constitutes the core of 
Von Mises’s science of probability (‘substitution of the real fraction m/n for 
its ideal empirically unattainable limit’) does not. Because the Von Misesean 
idealization merely enables the probabilist to describe ‘certain consistencies in 

258 Skidelsky, 2008, p. 18. 
259 Skidelsky, 2008, p. 18. 
260 See, for instance, McMullin, 1985. 
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the course of the idealized [infinite] phenomenon’ rather than to expose certain 
characteristics of the actual [finite] course of events, Khinchin concluded that 
despite Von Mises’s own claim to the contrary the theory ‘has definitely no 
advantages over the classical one’. It may here be remarked that it was not 
unlikely that precisely this point functioned as the theoretical justification for 
the politically-inspired decision to choose Probability and Statistics as the title 
for the Russian translation of Wahrscheinlichkeit, Statistik und Wahrheit of 1930. 

Secondly, the mathematical criticism concerned the contradictoriness of Von 
Mises’s notion of a collective – or, more specifically, the lack of a precise 
mathematical definition of the condition of irregularity or randomness (IR). 
Khinchin problematized Von Mises’s requirement that the limiting relative 
frequency in a collective is preserved in appropriately chosen sub-sequences 
of an original collective in terms of the apparent impossibility of defining, in a 
mathematically meaningful way, a ‘lawless’ function that ‘cannot be guessed’ 
– thereby distinguishing it from a ‘regularly determined’ function that ‘can be 
guessed’ (pp. 155-156). He, thus, seems to have been one of the first mathema-
ticians to have put forward a counter-example of the following kind to the idea 
of randomness as an axiom for the axiomatic foundations for the mathematical 
discipline of probability theory: ‘‘in a binary sequence […] there would be an 
infinity of both 0’s and 1’s if the limiting frequency is strictly between 0 and 1. 
Therefore there would exist sub-sequences containing only 0’s or only 1’s, and 
so on’.261 But Khinchin also proved himself as one of the first mathematicians 
to observe that in so far as Von Mises’s axiom or condition of randomness (IR) 
‘is based on a notion of existence entirely diferent from the one absolutized by 
set theory’262 it cannot be defined in classical mathematics. Perhaps even more 
surprisingly, Khinchin extended this observation by means of the suggestion 
that collectives could perhaps be understood in terms of the (‘free’, ‘becoming’ 
and ‘lawless’) choice sequences (‘kansrij’ (‘chance sequence’), in Dutch!) of intu-
itionism (pp. 157-158) – an understanding that seems to have been ‘in the air’ 
in the mid-1920s Moscow of descriptive set theory. Khinchin immediately 
dismissed his own suggestion because the existence of a limiting relative fre-
quency cannot be a property of an always unfinished or never completed choice 
sequence. Before turning to his physical criticism it must be recalled not only 

261 Von Plato, 1994, p. 180. 
262 Von Plato, 1994, p. 181. 
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that both Khinchin, in a paper of 1926,263 and Von Mises, in his book on pos-
itivism of 1939,264 approvingly wrote of Brouwer’s intuitionism as an empir-
icist orientation vis-à-vis the foundations of mathematics, but also that Von 
Mises himself compared his collectives to choice sequences in two places in 
his oeuvre, namely in Wahrscheinlichkeitsrechnung und ihre Anwendungen in der 
Statistik und theoretische Physik of 1931 and in the second edition of Wahrschein-
lichkeit, Statistik und Wahrheit of 1936.265 But where Khinchin introduced these 
Brouwerian sequences in order to ‘avoid idealization’ and to resolve the incon-
sistency of Von Mises’s axioms for collectives, Von Mises referred to them in 
order to justify the lack of a consistency proof for the idealized axiomatics with 
reference to non-classical mathematics. 

Thirdly, Khinchin’s brief ‘natural philosophical’ criticism approached the fun-
damental methodological criticism of the inherent ‘lack of an objective basis’ 
of Von Mises’s (‘instrumentalist’ and ‘idealized’) theory from the viewpoint 
of statistical physics. The 1920 paper of Von Mises on the ergodic hypothesis 
discussed, among other topics, the assumption of initial distributions of proba-
bilities in new theories of gases in the tradition of the Boltzmannian approach. 
Von Mises’s position was that the equal probability of certain ranges of ‘attrib-
utes’ or certain regions in the space of ‘attributes’ could be assumed as a special 
hypothesis (which he himself called ‘statistical weight’) without further foun-
dational ado about a priori uniform distributions. Khinchin argued that both the 
classical assumption of equal probabilities as well as Von Mises’s assumption 
of equal probabilities for ‘attributes’ lack any reference to the real world – and 
this in so far as neither in the first nor in the second case are probabilities under-
stood as being ‘objectively inherent’ to molecules. This criticism, of course, 
repeated in a physical context the methodological point that if Von Misesean 
probability theory of ‘fictive’ collectives only relates to ‘idealized’ objects it is 

263 See Khinchin, 1926 [2014]. 
264 In the chapter on the ‘Foundations of mathematics’, Von Mises wrote that ‘[d]isre-

garding certain rather mystic formulations that Brouwer gave to his doctrine, one 
recognizes his point of view as very close to a radical empiricism. The thesis that the 
fundamental assumptions of mathematics cannot be formulated in a definitely fixed 
and completed form, but are subject to continued examination and possible supple-
mentation by intuition (we should prefer to say, by experience […]) corresponds 
exactly to our conception’ (Von Mises, 1939 [1968], p. 129). 

265 See Von Mises, 1931, p. 15; Von Mises, 1936, p. 112. See Van Lambalgen, 1996, p. 355 
for this bibliographical observation. 
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unable to criticize classical probability theory for being unable to predict the 
real course of events. 

The main philosophical task of the second section of the paper was to demon-
strate that Von Mises’s indeterministic statistical physics did not lead to the 
radical view that all laws and/or physical processes are indeterministic – and 
this by means of a treatment of Von Mises’s probabilistic overcoming of the 
ergodic hypothesis. Khinchin presented the problem inherent in the ergodic 
hypothesis (the mixture of micro-level diferential equations and macro-level 
averages) as a reflection of the sorry-state of the whole of statistical mechanics 
(the ‘vague’ and ‘unsatisfactory’ definition of the ‘interaction between theo-
retical considerations and the real world’). Von Mises’s ‘extremely fruitful’ 
approach, in which deterministic and statistical physics are strictly separated, 
is then put forward as a solution to the following problem-situation:266 

‘It is inappropriate to subjugate the motion of a given multitude of mol-
ecules to diferential equations and to require, at the same time, the 
totality of the characteristics of this motion to be composed accord-
ing to the laws of chance. One can draw exact conclusions from exact 
data according to exact laws; no probabilities or statistical averages are 
relevant for the discussion. If we want to apply statistical methods, we 
should give up the idea of characterizing the studied motion by exact 
laws. But would this not be the same as to reject the principle of the 
determinacy of natural processes and, hence, the necessary causal rela-
tionship between them [?]’.

Although it is possible to ascribe to Von Mises the strict separation between 
deterministic and statistical physics, Khinchin moved beyond Von Mises by 
interpreting this separation as implying that statistical physics is a theoretical 
idealization (!) from a real world of fully determined phenomena with some 
elements being accidental or chancy due to the fact that the complex laws gov-
erning them cannot be incorporated within a lawful scientific theory. Khinchin 
first remarked that in the case of theories of, for example, planetary motion it 
is possible to uphold that these elements can be neglected in so far as they do 
not significantly influence the course of phenomena – such that ‘the picture of 

266 The references in what follows are to Khinchin, 1929 [2014]. 
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the phenomena constructed in the process of idealization will essentially cor-
respond to the real course of phenomena’. But this is impossible in the case 
of statistical mechanical theories where any comparison of the ‘idealized’ and 
‘real’ phenomena ‘totally destroys the picture’. Rather than suggesting that the 
phenomena with which these theories are concerned are themselves indeter-
ministic, Khinchin concluded, firstly, that the theories, ‘no matter how well 
developed [they are], [do] not determine the essential characteristics of the 
course of the real phenomen[a] at all’ and, secondly, that ‘without repudiating 
the […] determinacy of physical processes, we still have a quite reasonable pos-
sibility to ascribe […] a significant […] role to chance’ – as studied by probabil-
ity theory. Three brief remarks may be made about these conclusions. Firstly, 
far from ‘somewhat departing’ from Von Mises’s views, they were of course 
at complete with them. But because they, secondly, allowed Khinchin to claim 
that Von Mises’s views on statistical physics were free from the problems of his 
(Machian or Machist) views on probability theory they, thirdly, also enabled 
him to make the further development of statistical physics in Soviet Russia 
acceptable to Marxist ideologues –267 such that if Khinchin’s ‘knowledge of 
von Mises’ 1920 ideas on ergodic theory can be considered the route that led 
to the purely probabilistic formulation’,268 it was partly Khinchin himself who 
paved it. 

267 Or, in the words of Von Plato, if Khinchin ‘criticized von Mises’ foundational system, 
[he] wanted to keep apart the ideas of statistical physics that he considered valuable’ 
(Von Plato, 1994, p. 112). 

268 Von Plato, 1994, p. 112. 
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