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chapter 13

‘Mises’ theory of probability and 
the principles of statistical physics’ 
(1929)¹

Translated by Olga Kondrikova and Lukas M. Verburgt

A. Ia. Khinchin

[141] Over the last few years the German mathematician and physicist, the 
professor of Berlin University, R. Mises has published a range of papers on 
the theory of probability and statistical physics. These papers attempted, on 
the one hand, to re-establish the whole theory of probability and mathematical 
statistics on a new scientific-philosophical foundation and, on the other hand, 
to revise the core principles of the framework that has until now determined 
the application of statistical methods in physics. In both respects the influence 
of Mises’s ideas on the course of scientific thought has become so prominent 
that acquaintance with his theory should have become a common source for 
everyone who inevitably deals with statistical methods in one’s scientific work 
and, in particular, for physicists because Mises’ reformatory activity is predom-
inantly aimed at statistical physics. 

It is necessary to keep in mind that Mises’s views regarding the role of statisti-
cal methods in physics are not directly connected with his new, quite original, 
ideas about the general concept of probability. This is important to remember 
because Mises’ general theory raises a series of methodological and mathemati-
cal doubts, which will be highlighted further on. [142] Nonetheless, his specific 
doctrine on the principles of statistical methods in physics is, to a significant 
extent, free from these objections and can be accepted without hesitation by 
those who, for any reason, consider Mises’s general conception of probability 
unacceptable. 

– appendix

English translation, with 
olga hoppe-kondrikova
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In what follows we will try, therefore, to expound Mises’s general teaching and 
his theory of statistical physics in entire independence from each other. 

I. Mises’s teaching about the foundations of probability theory

If we take an ordinary dice and fix our attention on one of its six faces, conside-
ra-tions of symmetry make us assume that the probability of any particular face 
is one sixth. We ground this calculation, as is well-known, on the reduction of 
all possible outcomes of the event (throws of the dice) to ‘equally possible’ or 
‘equally probable’ cases; the traditional definition of probability as the relation 
of the number of cases ‘favorable’ to the event to the number of all possible 
cases presumes all of these cases to be in principle ‘equally probable’. That such 
a definition contains a vicious circle is nothing new; but when the situation gets 
a bit more complicated this definition becomes quite inconvenient or loses any 
meaning whatsoever. Mises gives the example of an ‘irregular’ dice made, for 
instance, from heterogeneous material. Here we also speak of the probability of 
throwing a certain face, but about which ‘equally probable’ cases can we speak 
here? How can one calculate a postulated probability? What does it means and 
how can it be defined? Moreover, when we speak of the probability of a forty-
year-old man reaching the age of fifty, how can we depict this probability by 
the relation of the numbers of equally possible cases? In Mises’ opinion, these 
dihculties, among others, clearly testify to the inconsistency of the classical 
definition of probability. 

[143] Let us attend again to the case with the dice. If we throw it many times in 
a row and if during n throws a particular face is obtained m times, the fraction 
m/n, in the case of high values of n, will most likely approximate the proba-
bility of throwing the particular face (on the grounds of Bernoulli’s famous 
theorem). This fraction is a number that we can easily find out in experimen-
tally. However, the probability of throwing a particular face is a number that, 
generally speaking, not only remains unknown to us (in the case of the irregular 
dice), but also lacks a theoretical definition. When speaking of this probability, 
we are guided by vague and poorly verified analogies. 

This brings us to the core principle of Mises’ theory, namely the empirical defi-
nition of probability. Since it can be measured by the fraction m/n ever more 
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precisely as the number of throws increases, the probability of throwing a par-
ticular face coincides with the limiting relative frequency. Hence, denoting this 
probability by p, we arrive at the following:

    p = lim m
n —

Mises proposes to consider the definition of probability in terms of this corre-
lation – which, according to the traditional understanding, is one of the prop-
erties of probability. In his opinion, any a priori definition is doomed to fail, 
whereas the proposed empirical definition is the only one from which the pos-
sibility to predice the course of events logically ensues. 

Let us now make a few remarks on this definition: 1) in contrast to the tra-
ditional one, this definition is free from a vicious circle; 2) it can be applied 
correctly to both an ‘irregular’ and a ‘regular’ dice; 3) it requires that the 
above-considered limit exists and thereby places a certain constraint on the 
series of experiments – a constraint that causes serious problems, as we will 
see further on. 

[144] And let us now move from this particular case to the general definition 
of probability. We see that a certain infinite sequence of experiments always 
lies at the foundation of such a definition; Mises calls this sequence a collec-
tive. Each element (experiment) of the collective either has or does not have 
a certain distinctive attribute (in our example, this attribute was that of the 
throwing of a particular face of the dice). If among the first n members of the 
collective there are some m members that possess this attribute, the probability 
of this attribute in the collective under consideration is called the limit to which 
the fraction m/n tends as the number n goes to infinity.  

Thus, the probability of each occurrence (attribute) is determined exclusively 
within the boundaries of a certain collective and Mises constantly and per-
sistently emphasizes this condition, believing that neglecting it causes many 
mistakes and absurdities in the calculus of probabilities. 

As we can see from the above, a collective is not just any sequence of elements 
some of which are endowed with a certain attribute. We see that each of the 
studied attributes should have a relative frequency in the collective (limit of 
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the ratio m/n), which is its probability. The existence of stable limits can by no 
means be grounded a priori and that is why there is a certain condition which 
the sequence should satisfy in order to be a collective. 

But this is not the only condition for the structure of the collective to possess 
the character necessary for the calculation of probabilities; we should require 
the collective to possess yet another very specific property, which Mises calls 
the property of irregularity (Regellosigkeit) and which we will consider, for the 
sake of clarify, with reference to a particular case. 

Let us return to the example with the dice. [145] Let us imagine again an 
infinite sequence of throws – however, we will now register not each throw, 
but, for instance, only the first, the third, the fifth, the seventh and so on, i.e. 
only throws with uneven numbers. Suppose that we have considered n of such 
throws and suppose that a particular face has appeared among these throws 
m times. If the values of n are high, we can legitimately expect the ratio m/n 
to approximate the probability under investigation. Thus, our collective 
should be constructed in such a way that, while selecting any infinite partial 
sequence from it according to a certain rule (for instance, elements with uneven 
numbers), we will obtain as the limit of the fraction m/n the same number in this 
selected partial sequence as in the whole collective. Mises calls this property of 
the collective its irregularity. 

In general, the sequence of elements is called irregular if in every particular 
sequence selected from the original collective according to a certain rule each 
attribute has the same probability as in the total, original, sequence. We can 
now establish the precise definition of the collective: a collective is a sequence 
of elements standing in relation to a certain group of attributes such that, in the 
first place, each attribute of this group has a certain fraction within the group 
and, in the second place, this sequence is irregular in relation to each attribute 
of the given group. 

As we have already mentioned above, the limiting relative frequency of the 
attribute in a certain collective is called its probability. Knowing the probabil-
ities of all attributes of the given group, we know the distribution of the given 
collective. Mises has it that the aim of calculating probabilities rests solely on 
finding the distribution of new collectives derived from the original ones by 
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means of several specific operations while knowing the distribution of certain 
original collectives. Hence, the aim is to describe the operations on collectives 
that the theory of probability deals with. According to Mises’s theory, there 
are four main operations; other operations, no matter how complex they are, 
are obtained by means of combining these four operations in any number and 
order. [146] Let us now consider these four fundamental operations. 

1 Selection (Auswahl). This simple operation consists in selecting a certain 
sub-sequence out of a collective, for instance, only elements with uneven 
numbers. It is noteworthy that no property of the element connected to the 
attributes under consideration can serve as the principle of this choice; the 
position of the element is to play the decisive role. It follows from the definition 
of the collective (that is, from the property of irregularity) that the distribution 
of a new collective coincides with the distribution of an original collective. 

2 Mixing (Mischung). This is also a quite basic operation that essentially does 
not create any new collective, but mixes together, within a given collective, two 
or several attributes to form a single attribute. 

Suppose that we deal with a collective constituted by the successive throws of 
a dice. The attributes of this collective can, for instance, be that of throwing a 
two, a four and a six; these are three distinct attributes. But we can also speak 
of an attribute that consists of throwing even numbers. This transition from a 
group of attributes toward a single unified attribute is exactly the operation of 
mixing, which does not take us out of the context of a given collective. Obvi-
ously, in the classical theory this operation corresponds to the scheme that is 
usually referred to as the addition theorem. It is easy to understand that also on 
a new conception, the very ‘addition theorem’ is the immediate consequence of 
the definition of probability. 

3 Partition (Teilung). In the classical interpretation this operation corresponds 
to the so-called Bayesian scheme (the scheme of ‘a posteriori’ probabilities – the 
terminology that Mises, by the way, vehemently and legitimately criticizes).1 
The operation of partition visually resembles the operation of selection in the 
sense that a new collective is defined here as a part of the original one as well. 

1  See Von Mises, 1928, pp. 93-94. 
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However, the principle for selecting a certain part from the collective is entirely 
diferent. If in the case of selection we were prohibited [147] to subordinate the 
choice of a sub-sequence to the occurrence of the attributes under considera-
tion and needed to make the choice purely ‘arithmetically’, being guided only 
by the numbers of the elements. Here, in contrast, the operation consists in 
selecting from a collective only the elements that possess any of the attributes 
considered; next, in this new derived collective the distribution of other attrib-
utes is then studied. 

For instance, in the sequence of throws of a dice we can select only those 
throws that lead to obtaining a number of even scores. This provides us with a 
new collective within which we can raise a question concerning, for example, 
throwing a six. 

In common language this problem can be formulated as follows; supposing that 
it is already known that a number of even scores has been obtained, we need to 
calculate the probability of the case in which the number obtained is a six. In 
Mises’ framework this task acquires the following meaning; among the n first 
throws an even number of scores was obtained m times, among those r sixes; 
it is asked to find the limit of the fraction r/m as n increases indefinitely; here, 
the limits of the fractions m/n and r/n are, obviously, supposed to be known so 
that the question has a really simple solution, which is clearly consistent with 
the usual one. 

4 Combination (Verbindung). This operation corresponds to the scheme of the 
so-called multiplication theorem and consists in constructing a new collective 
from two original ones according to the following principle: A pair of elements, 
which consists of an element from the first and an element from the second col-
lective, is transformed into a new collective. In this new collective we study the 
distribution of attributes which are defined as follows; if A is a particular attrib-
ute of the first collective and B is a particular attribute of the second collective, 
we obtain within the new collective a certain attribute C when the element that 
is taken from the first collective possesses attribute A and its correlate taken 
from the second collective possesses attribute B. 

[148] Here is an example: Consider an original collective consisting of the 
throws of two dice; an element n of the collective is the pair composed of n 
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throws of the first and n throws of the second dice. We can pose a question, for 
instance, about the probability of the attribute that consists in throwing a six 
with the first dice and simultaneously (i.e. when throwing the same number) 
throwing a two with the second dice. 

As we have already noticed, according to Mises the aim of probability theory 
consists in studying the distributions within collectives that are deduced from a 
few given collectives by means of applying the abovementioned four operations 
in any number and order. There is nothing surprising and, in essence, nothing 
new about the fact that these four operations exhaust the range of main tasks 
of probability theory. Indeed we have seen that these operations, as a whole, 
comprise all the fundamental princioples upon which, according to the classical 
interpretation, the foundation of probability theory is constructed (the princi-
ple of addition, the principle of multiplication and Bayes’ principle). Hence, it 
is clear that by applying these principles we can certainly carry out any task to 
which the classical theory may lead. That is why there cannot arise any doubts 
about the constructive part of Mises’ theory – for here everything is in order – 
and the critique can, and must, be directed against the fundamental part of the 
theory – which, indeed, raises an array of methodological, mathematical and 
natural-philosophical objections. 

II.  Evaluation of Mises’ general theory

To start the evaluation, we should first of all attend to the outstanding achieve-
ments of Mises’ reformative activity. The mere fact that this distinguished sci-
entist ardently attacked deeply rooted prejudices and traditional absurdities of 
the contemporary theory of probability has an indisputable scientific signifi-
cance. [149] Nothing could, and can, justify the fact that as to its logical com-
pleteness, the mathematical theory, which above all other theories is urged, 
nowadays, to serve the natural and applied sciences, has been lagging behind 
the majority of other mathematical disciplines for one hundred years, if not 
more. Even the best contemporary textbooks on probability theory, which are 
capable to awake a mathematician’s interest and satisfy him on the basis of the 
profoundness and seriousness of the tasks set and solved, still leave a critical 
reader at a loss as far as the formal foundations of the expounded teaching are 
concerned. This confusion is by no means one of those that a natural scien-
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tist tends to reckon as an outcome of a pure mathematician’s formal ‘meticu-
lousness’ that is unimportant for him. In contrast, one calls here into question 
issues that essentially occupy and agitate a physicist, a biologist, an economist, 
that is, everyone who aims to clarify the framework that lays the foundation 
for the application of statistical methods in his science. Mises’s indisputable 
achievement consists in the merciless criticism of these ambiguities, in the per-
sistent inclination to substitute ambiguities for impeccably clear constructions. 
Herein, a systematic struggle with the outdated, obviously absurd, terminology 
plays not the least part. As is well known, terminology, after all, has great sig-
nificance in mathematical theories, especially when the matter concern eluci-
dating the foundations of a mathematical discipline. 

Suppose, as Mises says, that a good tennis player has probability 0,8 to receive 
the first prize at a tournament taking place today in Berlin. Suppose then that 
the same player has probability 0,7 to receive the first prize at a tournament 
taking place in New York on the same day. Since the two events mentioned 
are obviously independent, we, following the classical and literal formulation 
of the addition theorem, should have said that the probability of the player 
receiving one of these two prizes equals the sum of the abovementioned prob-
abilities, which is 1,5. Evidently, everyone who even superficially understands 
the subject matter would avoid the gross error that leads to this absurdity. 
[150] Conversely, it suhces to mention that the traditional formulation of the 
addition theorem does not contain any word that would warrant against this 
kind of conclusions. 

Another pivotal example is the multiplication theorem, which, in its classical 
formulation, tends to confuse, due to an insuhciently clear terminology, two 
problems that have no direct connection, and that corresponds to the opera-
tions of partition and combination in Mises’s scheme. After being proven for 
one of these schemes, the theorem is applied to the other without any reserva-
tions; thereby, the groundlessness of this transference is disguised behind vague 
terminology. It is possible to draw a lot of similar examples. 
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Although its destructive deserves all the sympathy conceivable, Mises’s theory 
in its [fundamental]2 part provokes a series of grave critical observations, 
which we will consider now. 

A.  A fundamental methodological criticism

In Mises’s theory, probability is defined as the limit of a frequency ratio that 
is obtained, in general, as a result of a certain series of experiments. If we take 
a dice and ask about the probability of throwing a six when throwing it, we 
naturally expect that the probability sought for objectively expresses a certain 
property that is actually inherent to the examined subject matter, namely to 
the dice. This property can be studied by means of an experiment or a series of 
experiments; but it should be defined on the basis of the structure of the phe-
nomenon as such, regardless of whether the experiment is carried out or not. 

We can measure atmospheric temperature with the aid of a thermometer; but 
what would we say if we would have been asked to recognize a barometer-read-
ing of the air thermometer as the complete, final, definition of the essence of 
temperature? [151] Would it not mean to condemn oneself to the total rejection 
of any understanding of the essence of the phenomenon, to the fundamental 
substitution of knowledge about the phenomenon by knowledge of how this 
phenomenon reacts to our senses and instruments, and to recognize this knowl-
edge as ultimate and final – thereby fundamentally rejecting any possibility 
of another kind of knowledge? Would it not mean to condemn oneself to the 
gravest form of scientific relativism – a form compared to which even Machism 
ofers certain advantages? Indeed, we should now admit that temperature is 
created by introducing a thermometer, that where there is no thermometer, 
there is no temperature. 

The definition of probability ofered by Mises sufers from exactly the same 
problem. If we want to construct our theory on an objective basis, if we want 
the probability of throwing a six to express a certain property that is objec-
tively inherent to our dice, we must define this probability in such a way that 
our definition would retain a meaning even when no experiments with the dice 
are carried out. If probability is defined in such a way that its definition obtains 

2  Here, Khinchin mistakingly (?) wrote ‘constructive’. 
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a meaning only in the presence of the experimenting intellect and if, as Mises 
asserts, it cannot have any other definition, this probability, as such, cannot 
express any property of the examined phenomenon. This is the first, core, 
objection against Mises’ conception of probability. 

The second objection arises with regard to the idealization of the empirical 
material on the basis of Mises constructs his mathematical theory. In general, 
such an idealization is not only acceptable but even absolutely inevitable when 
we want to comprehend an empirical realm with the aid of a mathematical tool. 
However, such an idealization can only be fruitful under one indispensable con-
dition; we should be sure that the regularities present in an idealized phenom-
enon take place in a real phenomenon as well – at least approximately. [152] 
Thus, in the course of mathe-matical analysis, we are often able to substitute 
a somewhat flat plane by a flat figure; in hydrodynamics we substitute, in the 
course of idealization, a real liquid with its molecular structure for a contin-
uum. In all of these cases the success of idealization is guaranteed by the fact 
that the degree of proximity of the real phenomenon to the idealized one can 
be considered known and that, as a consequence, we can evaluate the limit or 
error which we risk to obtain when we substitute the real phenomenon for the 
idealized one. If, in order to calculate the area of a regular chiliagon, we sub-
stitute its area for its circle, this idealization is productive because the limit or 
error involved can easily be indicated. 

Now, suppose that we throw a coin n times, and heads appears m times. 
According to Mises, the probability of throwing heads equals the limit of the 
fraction m/n as n goes to infinity. This idealization of the empirical phenom-
enon (substitution of the real fraction m/n by its ideal, empirically unattaina-
ble, limit) constitutes one of the core characteristics of Mises’s theory. Can it 
be called productive? Obviously, not at all; and this circumstance has a great 
significance for the whole theory. Mises quite eagerly criticizes the classical 
theory for being absolutely unable to predict, without additional natural-phil-
osophical postulates, the real course of phenomena. That is why it is crucial to 
reveal that in this regard Mises’s theory has definitely no advantages over the 
classical one. Even if it is able to predict anything, then it is able to predict only 
certain consistencies in the course of the idealized phenomenon; however, the 
character of the idealization established by Mises is such that no conclusions 
can be drawn regarding the real phenomenon. 
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Indeed, let the probability of throwing heads be one-half and let us throw the 
coin a 1000 times; can we deduce from our knowledge of the probability of 
throwing heads any minor prediction about how many times heads will actually 
be thrown in the course of these one thousand throws? [153] Obviously, we 
cannot deduce any prediction whatsoever because any number of assumed 
throws of heads, from 0 to 1000 inclusive, is compatible with the fact that the 
probability of throwing heads (defined as the limit m/n as n –› ∞ is a half, and 
without an additional postulate we cannot choose from these possible numbers. 
However, we can be sure that if the experiments are carried out infinitely, the 
fraction m/n will approach one-half. But regrettably, this assurance relates only 
to the idealized (limitless) series of experiments and gives way to full igno-
rance, to an absolute impossibility to predict anything at all if we deal with 
a real series of experiments. Both Mises’s theory as well wel as the classical 
theory indeed ofer a possibility to calculate the probability of various numbers 
of throws of heads when a coin is thrown a 1000 times, but these probabilities, 
according to their meaning in Mises’s theory, as such do not allow us to predict 
anything concerning the 1000 throws that interests us. They only give us an 
indication of what is going to happen if we undertake not a 1000 throws, but a 
limitless series of such thousands. In other words, they depict a picture of the 
idealized process and do not give a single indication of how the real process 
will proceed. 

Hence, Mises’s assertion that his conception of probability, in contrast to the 
classical one, is directly related to the actual course of events and allows for 
making direct statements about this course should be recognize as ungrounded 
and even simply incorrect. Mises’s probabilities indeed characterize a certain 
process, but this process is an idealized one and without any additional postu-
lates there is, as in the classical theory, no logically necessary transition from 
this idealized (infinite) process toward real (finite) processes. 

B.  A mathematical criticism 

[154] From a mathematical perspective, the objections arising in relation to 
Mises’s conception concern the very notion of a collective. A contemporary 
mathematician who is used, due to a series of ordeals, to deal with infinite 
sequences with extreme cautiousness cannot be satisfied with Mises’s sugges-
tions concerning this matter and cannot even reconcile these suggestions with 
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one another. We will now try to show that liberating the notion of a collective 
from internal contradictions can only be achieved by means of attaching to its 
definition an interpretation that deprives it of any substance. Here, we deal pri-
marily with a false idea with the lack of any real significance behind the phrases 
fooling our intuition – something which one can easily discover by means of a 
thorough analysis. 

Let us consider a seemingly simple example of a collective. Suppose we have 
an infinite sequence of numbers each of which is zero or unity, for instance: 

    00111010110001…  1        

If we want this sequence to be a collective, we should require first of all that 
the fraction m/n, where m is the number of zeros occurring among the first n 
members of our sequence, tends to a certain limit as n increases indefinitely. But 
this is not enough. According to Mises, we should also require our sequence 
to be ‘irregular’. This means that, when selecting any infinite part from our 
sequence, this part needs to have the same limit for the relative number of zeros 
as in the original sequence. 

The first vehement objection may be that if, for instance,

    m
n —lim = ½ 

[155] we can simply select as a sub-sequence the totality of the members that 
equal zero. Obviously, the limit of the relative number of zeros in this part 
would equal not one-half but unity. However, this objection must be rejected 
because Mises forbids, when selecting a sub-sequence, to use our knowledge 
about the places of the zeros and unities; the choice should be made ‘arith-
metically’, following exclusively the numbers of the members of the sequence. 
We can take, for example, the totality of the members of our sequence whose 
numbers are even, or square numbers, or absolutely prime numbers, etc.

In general, the principle of this choice can be formulated as follows: suppose  is 
an arbitrary function of an integral argument n, which assumes positive integers 
values for n, and suppose that for n1 < n2 we always have φ (n1) < φ (n2), (i.e. the 
function φ(n) is increasing). Then the sequence  
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    φ (1), φ (2), … φ (n) …  2

is an increasing sequence of positive integers; we can choose from our original 
sequence 1 the totality of those members whose numbers occur in sequence 
2. This will be the choice of a partial sub-sequence and this choice will be 
legitimate according to Mises’s framework. Obviously, the other way around, 
every such choice is invariably carried out in the way described only with the 
aid of a properly chosen function φ(n). Thereby, Mises imposes no limits on the 
nature of this function, except for its abovementioned properties.

Let us now return to the original collective 1. Let us denote by f (n) the 
number of n successive zeros in this sequence. Obviously, f (n) is a function that 
possesses all those properties that we expected for the function φ(n), allowing 
for legitimate choices. Why don’t we dare, or what hinders us, from supposing 
that

    φ (n) = f (n)?

 [156] We cannot do so because we are forbidden, when defining the function 
φ(n), to use our knowledge of the distribution of zeros and unities in the 
collective 1. We can suppose φ(n) = 2n, φ(n) = n2, φ(n) = n!, etc., but we 
cannot suppose that φ(n) = f (n). Let it be so. But what can prevent us from 
suddenly coming across a function that coincides with f (n) when construct-
ing our function φ(n)? Evidently, only a certain characteristic in the nature of 
the function f (n) could have protected us against that; this was perfectly to 
Mises, and the same goes for the necessity of such a guarantee without which 
his whole definition fails. For this reason, Mises unambiguously requires that 
the function f (n) is a function that cannot be ‘guessed’, so that no one would 
ever be able to construct, without knowing the distribution of collective 1, 
function φ(n), which would identically coincide with f (n). This is exactly 
what the formulation of the requirement of irregularity, which Mises calls the 
‘Prinzip vom ausgeschlossenen Spielsystem’, means. 

Certainly, the reader already senses that serious confusions arise here. What 
is the mathematical meaning of that property of the function which implies 
that the function cannot be ‘guessed’ and that no matter which function we 
would choose it will always be ‘the wrong one’? Mathematicians are well aware 
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of how hopeless this task is – i.e. the task of the exact, objective, diferenti-
ation between ‘regularly determined’ functions that ‘can be guessed’, on the 
one hand, and ‘lawless’ functions that ‘cannot be guessed’, on the other. In any 
case, this vague diferentiation which, in its raw form, appeals to the features 
of human reason, can by no means serve as the foundation for the axiomatics 
of a mathematical discipline; nevertheless, Mises’ conception assigns exactly 
this role to the diferentiation and we thus see no possibility to circumvent this 
problem on the path that his theory follows. The second property of a collec-
tive, its ‘irregularity, thus seems to be internally inconsistent; in order to free it 
from contradictions we need to give it a vague meaning that lacks any objective 
scientific substance. 

[157] However, at first sight it seems as if there is a possible way out. Modern 
mathematics makes a distinction between two types of sequences; firstly, 
finished, completed, sequences which already contain the law allowing to 
assess the positions of zeros and unities; and secondly, ‘occurring’ , ‘becoming’, 
sequences (freihe Wahlfolgen) where we arbitrarily or accidentally put zero or 
unity in the first place, and then zero or unity in the second, and so on. 

The distinctive methodological characteristic of sequences of the second type 
consists in that we are, by definition, absolutely unable to conceive of such 
a sequence as finished, or completed. In such a sequence, only those proper-
ties have real substance that can be proven to exist after getting to know a 
certain number of its first members. If, for instance, we deal with a sequence 
of positive integers in the process of infinite becoming the question whether 
there are even numbers among its first ten members attains an exact meaning; 
however, the question whether this sequence contains an infinite multitude of 
even numbers has no meaning at all because this question does not make a dis-
junction between two real situations. The fact that these ‘becoming’ sequences 
can be the object of mathematical analysis has been emphasized, during the last 
years, in several works of Brouwer and Weyl. 

Until now we have considered a collective as a sequence of the first type, i.e. as 
a finished and, hence, invariably regular collective and have become convinced 
that this notion, when understood in this way, is untenable. However, should a 
collective perhaps be considered as a sequence of the second type, i.e. as being 
in the process of ‘infinite becoming’ and, hence, as ‘lawless’? 
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At first glance, this idea seems very natural because a collective is a sequence 
originated by chance (and only afterwards idealized according to the require-
ments of completeness). [158]. Perhaps we could even have tried to avoid ide-
alization on this path by not speaking of finished, but merely of ‘becoming’ 
collectives. Nonetheless, this possibility is an illusion that collapses almost 
immediately. After all, we want our sequence to have limits, as this is the 
first fundamental property of the collective. In the case of an ‘ever becoming’ 
sequence, which we, by definition, cannot conceive of as finished or completed, 
the requirement of the existence of a limit is an empty phrase containing no real 
substance. Obviously, the disjunction between the existence and non-existence 
of a limit makes sense only in the case of a sequence conceived of as a com-
pleted, ultimately determined series. The very word ‘limit’ and the exact notion 
attached to it do not allow for raising this question with regard to incomplete, 
infinitely becoming sequences. 

Accordingly, if our first understanding of collectives has led us to the impossi-
bility of realizing the ‘irregularity’, the second understanding renders the fun-
damental property, namely the existence of limits, illusory, that is, deprives it 
of any reality. Mathematics does not deal with sequences with the properties 
that Mises ascribed to his collectives. For this reason, we have to admit that 
until this day Mises’ theory lacks a solid mathematical foundation. 

C.  A critical remark from a physical perspective

From a physical viewpoint, Mises’ doctrine provokes one substantial objec-
tion with regard to the so-called a priori probabilities or statistical weights of 
molecular states. When we say, for example, that an individual molecule has an 
equal probability to find itself in any of the cells of its phase space (this asser-
tion usually serves as a point of departure for statistical thermodynamics) it is 
dihcult to understand what this means already on the classical understanding 
of probability; in our opinion, the definition of such ‘a priori probabilities’ still 
lacks proper clarity. [159] Indeed, it is physically impossible to invent an exper-
iment that would allow for this kind of assertion to be tested. According to 
the classical interpretation, however, we can still conceive of a possibility (and 
hence, have hope) of giving this definition a real meaning. There where the 
studied probability should be understood as a property objectively inherent to a 
given molecule, we hope, sooner or later and after having suhciently examined 
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the nature of this molecule, to provide the study of the ‘a priori probabilities’ 
inherent to this molecule with an adequate theoretical foundation. 

As far as Mises’s conception is concerned, the situation is diferent. Here, the 
‘a priori probability’ sought for is understood solely as a part of the attribute in 
a collective. What can an assertion like ‘all cells are a priori equally probable’ 
mean in this case? What physical meaning can it have? Obviously, this asser-
tion can mean only the following; in a certain original collective, molecules 
are distributed in such a way that the relative number of molecules located in 
a particular cell is the same for all cells. Mises himself clearly formulates this 
assertion exactly in these terms.3 Now, one may ask what this collective in 
question is. Where is it realized, or can it be realized in nature? It is entirely 
evident that in any actually realizable collection of molecules not all cells will be 
equally represented if only because the real physical world puts definite limits 
on the edge of an individual molecule. This means that the collective Mises 
refers to has, and can have, no relation to the real world; it is a product a purely 
theoretical construction; and it, thus, remains principally incom-prehensible 
what factual meaning the a priori equiprobability of all cells can have in Mises’s 
theory for a molecule of a specific type. [160] On the same ground, one can 
assert, more generally, that the notion of the statistical (a priori) weight can, 
in principle, have no physical meaning in Mises’s theory, because this notion 
is based on studying collectives as purely theoretical constructions to which 
nothing actually existing corresponds, or can correspond, in the real world. 

There is a way out of this severe situation – a way out that can be prescribed 
to the classical conception as well; not to ascribe any probabilistic meaning to 
‘statistical weights’ at all and to recognize this meaning only in certain com-
binations of these weights. Statistical weights would thereby acquire the role 
of certain coehcients deprived of any direct physical meaning; by employing 
these coehcients in accordance with standard formal rules we would obtain 
real probabilities in actual physical circumstances.

However, statistical physics, nowadays, is far from being determined and con-
sistent in embracing this development; even less so is Mises’s theory, which 

3  Footnote 1: ‘Phys. ZS., 21, 231, 1920. 
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operates with fictive ‘original collectives’. And as long as this is the case, all 
our objections remain valid. 

III.  Mises’s doctrine on the principles of statistical physics4

As we have pointed out in the introduction, Mises’s doctrine on the principles 
of statistical physics can be discussed regardless of his views concerning the 
general notion of probability. This possibility is all the more serious because, 
as we have seen, Mises’s general theory raises various doubts. 

As is well known, one of the fundamental hindrances to any statistical molecu-
lar theory is that such a theory always poses a challenge, one which at first sight 
seems unsolvable and even senseless [161]: namely, to take into consideration 
the impact of chance on a process where, in essence, nothing is accidental; on 
the contrary, everything is determinate.5 Statistical mechanics always per-
ceives of a collection of molecules as a mechanical system that moves according 
to the exact laws regulated by diferential equations. Now we need to define the 
overall picture of this complex, albeit ordered, motion by statistical methods, 
i.e. following the laws of chance. 

As is well known, the mathematical substantiation of statistical mechanics is 
still rather unsatisfactory. This situation is caused, on the one hand, by signif-
icant problems of a mathematical kind and, on the other hand and most impor-
tantly, by an insuhcient clarify concerning both the main tasks involved as well 
as the method itself; in particular, the place and the character of the connection 
between theoretical considerations and the real world are depicted vaguely and 
unsatisfactory. 

According to Mises, this troublesome situation is rooted in the essential false-
hood of the scientific method we have been speaking about. It is inappropriate 

4 Footnote 2: ‘In essence, Mises’s doctrine as exposed in this section is mainly presented 
in the form of a number of hints scattered throughout his various works. Therefore, 
the systematization of these hints, which we had to undertake, remains to a certain 
extent our responsibility. 

5 Footnote 3: ‘Here, we conciously leave aside certain extreme insights of the last years 
which tend to reject the causal determinacy of atomic processes. 
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to subjugate the motion of a given multitude of molecules to diferential equa-
tions and to simultaneously require the totality of the characteristics of this 
motion to be composed according to the laws of chance. One can draw exact 
conclusions from exact data according to exact laws; no probabilities or sta-
tistical averages are relevant for the discussion. If we want to apply statistical 
methods, we should give up the idea of characterizing the studied motion by 
exact laws. 

But would this not be the same as to reject the principle of the determinacy of 
natural processes and, hence, the necessary causal relationship between them – 
thereby abandoning firm natural-philosophical ground? [162] Mises shows (or, 
at least, it is possible to show when somewhat departing from his conception) 
that this is not the case; it possible to rationally recognize in physical processes 
a great significance of chance, and in certain phenomena it is even possible to 
give chance full domination without renouncing the causal-deterministic under-
standing of these processes and phenomena. The framework of this extremely 
fruitful natural-philosophical approach can be constructed as follows. 

Every physical process proceeds according to the absolutely exactly laws that 
entirely predetermine its course. But these laws, in their totality, are immensely 
complex and for this reason we need to subject real processes to a certain ideal-
ization when doing research. This idealization usually implies that we conceive 
of a studied physical system as being isolated, i.e. we neglect influences that 
external bodies exert on it. An astronomer, when studying the motion of the 
Solar System, disregards gravitations that distant stars exert on the bodies 
of this system, even though he knows that the slightest motion of an atom on 
Sirius deflects the Earth from its regular path. In a similar way, a physicist, 
when constructing a molecular theory, primarily conceives of the examined 
gas as being isolated from external influences, though knowing that in the real 
world this kind of isolation is unachievable.

By isolating and idealizing a given phenomenon, i.e. by neglecting certain 
details in its course, we usually attain the possibility to characterize its idealized 
scheme by a couple of simple laws; this is the way in which a scientific theory 
is constructed. However, we should not forget that the real processes are dif-
ferent from the idealized ones and, above all, that they proceed in a much more 
complex way than the idealized ones. Therefore, our consistent description of 
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each given process does not include all of its elements; the genuine course of 
phenomena significantly difers from the one prescribed by the theory. These 
deviations are called accidental because they are dependent upon those causes 
which are not incorporated in our theory and hence the theory is unable either 
to explain or predict them. [163] We know that these deviations, as everything 
else in nature, are strictly consistent; nonetheless, the laws regulating them 
entirely elude our investigation due to their complexity and, as a result, these 
deviations have an essentially accidental character. 

Here we need to distinguish two possible cases. Suppose that we study the 
motion of the Earth around the Sun. In order to have a sound theory, we can 
take into consideration, besides mutual gravitation between the Sun and the 
Earth, the influence of the Moon, the planets and other bodies of the Solar 
System. However, it is clear that this is not all; every motion of the smallest 
particle on the Earth, the Sun, or any body of the Solar System and anywhere 
else in the world, deflects the Earth from its orbit as prescribed by our theory. 
These deviations are negligible; the laws regulating them are so complex that 
we have no possibility to incorporate them in our theory and prefer neither to 
explain nor predict them and, hence, ascribe them to chance. 

What is important for us in this example is the assurance that these ‘acciden-
tal’ deviations (which are invariably present here as in every physical process) 
are unable to significantly change the Earth’s orbit and that, accordingly, the 
picture of the phenomenon which we have constructed in the process of ideal-
ization will essentially correspond to the real course of the phenomenon. Con-
sequently, our theory describes this phenomenon adequately (with a suhcient 
degree of exactness); the influence of chance is never weakened, but its influ-
ence is minimal – and we can practically neglect it. It is exactly in this sense that 
we assert that ‘the motion of the Earth around the Sun is subject to exact laws 
in which chance has no place’. 

Let us now consider another example. Suppose that we deal with a given mass 
of gas contained in a certain vessel and consisting of an immense multitude of 
‘chaotically’ moving molecules. In the process of idealization we consider this 
physical system as being isolated from the external world. Let us assume that 
molecules collide with each other and with the walls of the vessel according 
to the laws of elastic bodies and that they have a spherical form with a certain 
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radius, and that the walls of the vessel are absolutely smooth. [164] In this ideal-
ization the laws regulating the motion of the molecules can be formulated quite 
simply. The course of the idealized phenomenon is accurately determined by 
these laws and leaves no room for chance. Let us now move from the ideal-
ized toward the real process. Since in the real world our gas, first of all, cannot 
be isolated, this very fact alone already creates for the real process an infinite 
variety of ‘accidental’ deviations from the idealized one. By moving to the real 
world we, as always, widely open the doors for chance. 

And chance surges right through the open doors. But, in contrast to the 
previous example, it does not confine itself to introducing minor, practically 
negligible alterations into the course of the phenomenon; it totally destroys 
the picture of the process put forward by the theory and substituted it for a 
new one that is subject to its own laws. Indeed, if at the present moment an 
external force negligible in size would slightly deflect a molecule from the path 
prescribed by the theory we, while taking into consideration that an average 
free run of the molecule exceeds its diameter many times, can easily understand 
that the destiny of this molecule will be radically changed due to the abovemen-
tioned change in its motion; our molecule will collide on its path with a series of 
other molecules which were not supposed to collide with it and, contrarily, will 
avoid colliding with a number of molecules with which it theoretically should 
have collided. If we now admit that every molecule experiences every second 
a great number of collisions and that every molecule is constantly exposed to 
the described accidental efects this should result, already in the nearest future, 
in the radical change of the whole picture of the motion as prescribed by the 
theory. 

Thus, in contrast to the previous example, we ahrm with regard to the current 
example that the theory, no matter how well developed it is, actually does not 
determine the essential characteristics of the course of the real phenomenon at 
all. [165] On the contrary, the decisive role is assumed by ‘accidental’ external 
influences, which are in essence consistent and determinate but which are 
not incorporated in our theory and which, for this reason, ultimately retain a 
somewhat haphazard character with regard to the theory. 

In Mises’s opinion, every molecular statistical theory has to deal with such 
a situation. We see that, without repudiating the premise of the regulated 
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determinacy of physical processes, we still have a quite reasonable possibility 
of ascribing in these processes a significant, and sometimes decisive, role to 
chance. 

Probability theory studies laws of chance and this makes its role in the molec-
ular-statistical theories comprehensible and substantiated. Mises, referring to 
a few specific examples, clearly explained the scheme of applying the methods 
of probability theory to molecular doctrines. The theory of Brownian motion 
as constructed by Mises is the most accomplished one among his examples. 

Only if one succeeds to adequately accomplish this scheme also in other impor-
tant situations will we witness a great advancement in the field of statistical 
mechanics. This advancement would signify the crucial transition from the 
mechanical-probabilistic towards the purely probabilistic study of molecular 
systems – a transition rationally substantiated by the consideration that in the 
real molecular process the power of chance is much more prominent than the 
impact of mechanical laws regulating the motion of the idealized system.
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