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Concluding remarks

As suggested in the introduction, this book could be read on four diferent 
levels. Firstly, as a collection of historical studies of the work of nineteenth-cen-
tury and early twentieth-century ‘non-modern’ figures that provides, secondly, 
a general view on ‘non-modern’ conceptions of probability theory, logic and 
mathematics. These two levels were said to open up a third and fourth level in 
so far as they contribute to a ‘post-Kuhnian’ history of the ‘non-modern’ and 
‘modern’ and to the philosophical theorization of the foundations of the ‘mod-
ernist transformation’. The introduction already reflected on the third level. 
After highlighting the most important conclusions of Part 1 and Part 2 of the 
book these concluding remarks will briefly explore the fourth level. 

Conclusions

Part 1 (‘British probability theory, logic and mathematics’) was concerned with 
two topics. Firstly, with the criticism of classical probability and the estab-
lishment of an alternative ‘frequentist’ foundation for probability theory in 
the works of Ellis and Venn. Secondly, with the transformation of a ‘symbolic’ 
conception of logic into an ‘abstract’ one in the works of Boole and Venn and 
with a similar transformation in algebra and geometry in the works of Peacock, 
Gregory and Hamilton. 

Section 1 of Part 1 established three points. Firstly, that in so far as the terms 
‘objective’ and ‘subjective’ probability did not appear as contradictories, this 
modern distinction cannot be used to capture the contributions of the nine-
teenth-century British probabilists (Chapter 1). Secondly, if all of the British 
probabilists (except Ellis) considered probability theory to belong to logic, 
none of them (including Ellis) accepted ‘objective’ probability in the sense of 
‘chance’ (Chapter 1). And, thirdly, that from the fact that Ellis was an idealist 
and Venn a ‘quasi-empiricist’ and neither of them rejected the whole of classi-
cal probability theory, it follows that their work does not constitute a unified 
‘British empiricist school’ of frequentism (Chapter 2). 
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Section 2 and 3 of Part 1 argued, firstly, that Ellis’s reformulation of the meta-
physical foundations of probability resulted from a philosophical position that 
combined a idealism vis-à-vis the foundations of mathematics with a realism 
vis-à-vis natural kinds (Chapter 3 and 4). Secondly, that with his  development 
of a so-called ‘infinite hypothetical frequentism’ on the basis of the inclusion 
of probability within his framework for inductive and syllogistic logic, Venn 
anticipated the problem-situation of his twentieth-century fellow frequentists 
(Chapter 5 and 6). 

The main point of Section 4 of Part 1 was that, from the viewpoint of, for 
instance, Venn and Gregory, the modernization of logic, algebra and geometry 
initiated by Boole, Hamilton and others coincided with the acceptance of the 
human mind as an (a priori) source of novel knowledge in these realms of 
thought. The other, more specific, points found in this section are the follow-
ing. Firstly, that Venn’s reformulation of Boole’s (‘extensional’) algebra of 
logic was an attempt to liberate it from the ‘conceptualism’ that also charac-
terized Frege’s (‘intensional’) mathematical logic (Chapter 7). Secondly, that 
the received view of the second generation reformers of British mathematics 
cannot account for the ‘abstractionism’ and ‘idealism’ in the works of Gregory 
and Ellis (Chapter 8). Thirdly, that the abstract algebra of, among others, 
Hamilton and Cayley arose out of a philosophical criticism of the approach of 
symbolical algebraists such as Gregory to the relationships and isomorphisms of 
algebraic and geometrical objects (Chapter 9). And, fourthly, that the so-called 
‘freedom of mathematics’ suggested by the symbolic algebraists Peacock and 
Gregory could be exercised by the algebraists because of their Kantian views 
on ‘intuitionism’ (Chapter 9). 

Part 2 (‘The axiomatization of probability theory and the foundations of 
modern mathematics’) contributed to the history of modern probability by dis-
cussing it in light of the general debate about the foundations of mathematics 
that arose in the wake of the paradoxes of Cantorian set theory. 

Section 1 of Part 2 analyzed in detail Hilbert’s and Von Mises’s attempts to 
axiomatize probability as an exact natural science. Chapter 10 put forward 
(new) historical evidence for the claim that, partly as a result of his reflec-
tions on the epistemological consequences of the Hilbert-Einstein equations 
of 1915, Hilbert eventually came to question the possibility of achieving the 
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goal of the axiomatization that he had formulated in 1900. For instance, in the 
period 1915-1923 Hilbert regarded probability as an anthropocentric principle 
of human thought and in the period that started around 1926 he aimed to define 
probability via the axiomatization of quantum mechanics. Chapter 11 argued 
that Von Mises’s theory must be understood as a ‘non-modern’ axiomatization 
of probability. The foundational features of his conception of probability that 
were put forward to account for this claim are the following. Firstly, it took 
a halfway position between idealized observable phenomena and abstractly 
defined objects. Secondly, it was attached to a view of axiomatics in which 
there is no strict separation between empirical and theoretical elements, that 
is, between ‘reality’ and ‘mathematics’. This makes it possible to understand 
that Von Mises hoped to turn probability theory into a mathematical discipline 
while dismissing the axiomatic mathematics of those modern (or ‘abstract’) 
mathematicians who rejected his axiomatics as being non-mathematical. 

Section 2 and 3 of Part 2 were structured around two recently translated 
articles of the leading Russian probabilist and mathematician Khinchin who, 
together with Kolmogorov, combined his contributions to and use of ‘modern’ 
set- and measure-theory and axiomatics with an interest in Brouwer’s intui-
tionism and Von Mises’s frequentism. Chapter 12 provided a historical analysis 
of the Russian connections to the French school of ‘semi-intuitionism’ and a 
historically-informed interpretation of Khinchin’s arguments for the claim 
that intuitionism, as a ‘mathematics with content’, was more promising than 
Hilbert’s ‘empty’ formalism – especially with regard to the issue of the infinite. 
An account of the Russian tradition in probability and the creation of a theo-
logically and politically inspired ‘probabilistic worldview’ in the work of the 
Muscovite mathematician Bugaev was given in the first half of chapter 13. The 
second half of chapter 13 ofered the background to the appended translation 
of Khinchin’s 1929 article on Von Mises. After an investigation of the (ideol-
ogy-laden) reception of Von Mises in the Moscow community of physicists 
and mathematicians associated with, among others, Mandel’stham the chapter 
described Khinchin’s presentation of the foundations of Von Mises’s theory as 
being grounded on a Machian view of ‘idealization’ at odds with the Marxist 
view of ‘abstraction’. 
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Towards a theory of the foundations of the ‘modernist transformation’ 

The introduction emphasized the need for a new post-Kuhnian historiography 
for the history of the ‘modernist transformation’ in exact thought; a historiog-
raphy that asks the question about what made thinking this or that idea possible 
and that sets out to give an answer in terms of ‘breaks’ between ‘a prioris’ that 
change with the realm of thought and the knowledge of which they are consti-
tutive. Similar to Kuhn’s Structure of Scientific Revolutions, the post-Kuhnian 
position in which the ‘historical’ and ‘historicized’ a priori are confronted with 
each other gives rise to a neo-Kantian philosophical-historical project. The 
crux of this new project is that Kuhn’s statement that the historical investiga-
tion of the natural sciences “may make us wish to say that after a revolution 
scientists work in a diferent world”1 is extended to the history of the realms 
of mathematics and logic. More specifically, where Kuhn emphasized that this 
statement cannot be reduced either to the claim that there are diferent views 
of the same world or to a mere metaphor, the historical investigation found in 
this book suggests that something strikingly similar goes for exact thought – 
and this in so far as the separation of the ‘non-modern’ from the ‘modern’ is 
not fully reducible to two ‘images’ of one and the same ‘body’. Or, to put it 
in Kuhn’s words, the diferences between the contributions of, for example, 
Gregory and Hamilton to algebra or Von Mises and Kolmogorov to probability 
theory “may make us wish to say” that these are more than interpretations of 
the same subject matter. 

Perhaps even more than in the case of the natural sciences, the task of phil-
osophically accounting for the fact that, and the sense in which, such math-
ematical developments do not amount to the replacement of one ‘image’ (or 
interpretation) for another ‘image’ is a dihcult task. This book has provided 
historical case-studies that, arguably, speak in favor of pursuing it and proposes 
to do so in the philosophical terms of the above-mentioned historical project. 

What would this look like? A first, general implication would be that also in 
the realm of exact thought there are breaks in the conditions which make this 
realm possible and, thereby, determine what does or can and what does or 
cannot belong to it. From this it follows that the ‘non-modern’ and ‘modern’ 

1 Kuhn (1962 [1970]), 135. 
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correspond to two diferent ‘a priori’s. On the one hand, one in which exact 
thought always has reference to the empirical world and in which there are 
strictly speaking no exact ideas that are not related to this world. And, on the 
other hand, one in which exact thought has no outward reference and in which 
the source for (new) exact ideas is found in the world of the human mind. That 
is to say that where the historical a priori of the ‘non-moderns’ did not accept 
anything ‘a priori’, the historical a priori of the ‘moderns’ did so with reference 
to at least two things. Firstly, to the non-empirical character of the ground of 
exact thought (e.g. Boole ‘axiomatic principles expressive of the laws and con-
stitution of the mind’, Hamilton’s ‘abstract notion of time as the thought of 
pure ideal progression’, Hilbert’s ‘spatial intuition of concrete signs’, Brouw-
er’s ‘primordial intuition of temporal two-oneness). And, secondly, to the a 
prioricity of the notions grounded on it (e.g. logic or algebra of classes, high-
er-dimensional extensions of complex numbers, meta-mathematics, non-clas-
sical properties of the continuum). 

A more specific point that follows from this general implication concerns the 
status of probabilistic, logical and mathematical notions within the ‘a priori’s’ of 
the ‘non-modern’ and ‘modern’. From this perspective, the diference between 
the ‘non-modern’ and ‘modern’ must be understood as a diference between a 
position of either a (symbolic) abstraction from experience (e.g. Von Mises) 
or an abstraction from empirically grounded symbols (e.g. Gregory and Venn) 
and one of a generalization in terms of symbols of certain objects abstractly 
given by the human mind. This distinction resembles Ernst Cassirer’s thesis 
of the triumph of, what he called, ‘modern philosophical idealism’ – in which 
the traditional (‘substantialist’) form of concept formation (via the process 
of abstraction) is said to be overcome by a modern (‘functionalist’) form of 
concept formation (via abstract relational structures).2 But contrary to both 
his account and the more recent literature on the ‘modernist transformation’, 
the distinction here arises as an expression of the ‘break’ with a ‘non-modern’ 
a priori out of which the ‘modern’ a priori arose that made the debate within 
‘modern’ mathematics first possible. Another point is that far from going hand-
in-hand with a (‘Quinean’) anti-apriorism, the dismissal of the a prioricity that 
Kant attributed to mathematics (Euclidean geometry and arithmetic) and logic 
(Aristotelian syllogistics) which accompanied their ‘modernization’ went hand-

2 See, for example, Cassirer (1910). 
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in-hand with a revised conception of the a priori. When compared to ‘non-mod-
ern’ contributions, it were (‘neo’)-Kantian views (in the broadest sense) that 
seem to have made possible those ‘modern’ innovations that were impossible 
both for the ‘non-moderns’ as well as for Kant. Where some of these innova-
tions arose from the attempt to develop certain Kantian topics by thinking 
through Kant’s own views (e.g. Hamilton’s ‘quaternions’ arose from grounding 
analysis on the view of arithmetic as the science of the pure intuition of time), 
other innovations resulted from the attempt to develop new topics by coming 
up with alternatives for Kant’s own views (e.g. Brouwer’s ‘intuitionism’ arose 
from his version of Kantian mathematical intuition). 

What in this book is referred to as the ‘modern’ can, thus, be understood as a 
historical a priori in which the human mind is accepted as a renewed a priori 
source for justification and innovation – in terms of an intuition and abstract 
concepts cum objects dismissed by Kant3 – of certain knowledge of which 
it turned out that it was not fixed for all time. Given this understanding it 
becomes clear that the establishment of the ‘modern’ a priori was such that the 
‘historical a priori’ first appeared as the revised ‘a priori’ captured by the ‘his-
toricized a priori’. From this it may be seen that, as a neo-Kantian enterprise 
within philosophy, the project of the dynamics of reason associated with the 
‘historicized a priori’ is itself very much part of the ‘modern’ revised a priori. 
At the same time, because it presents this a priori as foundational for the mathe-
matical and physical sciences in general, it seems unable to account not only for 
the ‘non-modern’ contributions to the revision of formerly a priori mathematics 
and logic, but also for the very ‘break’ with which the ‘modern’ a priori came 
into existence. Perhaps one of the main tasks for any future research into the 
role of (neo)Kantianism in the ‘modernist transformation’ is to be careful to 
avoid presentism in the history of exact thought – all the while theorizing the 
philosophical meaning of doing so.4

3 For example, as Friedman explains, ‘pure mathematics is not a body of truths with its 
own peculiar subject matter for Kant. There are no ‘mathematical objects’ to consti-
tute this subject matter, for the sensible and perceptible objects of the empirical world 
(that is, ‘appearances’) are the only ‘objects’ there are’ (Friedman, 1992, 94). See also 
Friedman (1990) and Kitcher (1975). 

4 For valuable contributions to this project see, for example, Friedman & Nordmann 
(2006) and Posy (2008). 
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The most important issue with regard to the incorporation of probability 
theory into modern pure mathematics is the precise sense in which it is related 
to the features of the ‘modern’ a priori. Three related open questions that could 
function as a starting point for such an endeavor are the following. Firstly, 
whether the possibility of this incorporation must be sought in probability 
theory or in mathematics. Secondly, what it means that the mathematization 
of probability did not influence, for example, the criteria of mathematical truth 
and proof and what a lack of probabilistic criteria in mathematics says about 
the nature of mathematical probability.5 (For example; what does a ‘modern’ 
statement such as that the law of large numbers is not diferent from the fact 
that 1+1=2 say about the very possibility of mathematizing physical probability 
within ‘modern’ thought?)6 Thirdly, whether and to what extent Kolmogorov’s 
axiomatization of probability – i.e. his definition of mathematical probability 
in terms of the already defined concept of abstract measure – has answered 
Hilbert’s call for its axiomatization. These and other questions demand further 
research into the relation of probability theory vis-à-vis the historical a priori 
associated with the modernist transformation of exact thought. This book 
hopes to have contributed to this future historical and philosophical task. 

5 See, for example, Corry (1993) and Fallis (1997). 
6 See Johnson (2007, 10). 
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