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In this study the mental multiplication ability of primary school children and the difficulty structure of all single
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1. Introduction

As one of the four basic mathematical operations, multiplication is
an important skill learned in primary education. Especially mastery of
the single-digit tables of multiplication is an important aim of primary
education, as it forms the basis for other operations such as division
and multidigit multiplication. With the present paper we provide a
comprehensive view of the development of multiplication skills. The
aims of this paper are twofold: first we show what multiplication prob-
lems children in different grades are capable of solving and we elucidate
the nature of individual differences within grades in multiplication abil-
ity. Second, we investigate the difficulty structure of single digit and
multidigit multiplication problems. We focus on the development of
mental calculation, i.e., calculation in the head, without external aids
such as paper and pencil. Especially in single digit multiplication mental
calculation is considered important, as in most countries children learn
to memorize the multiplication tables. Moreover, mental multiplication
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is considered an important skill in mathematics, as mental multiplication
seems to evoke the use of insightful procedures rather than the applica-
tion of rote-memorized procedures, and countries that stress the use of
mental calculation in education tend to do well in international compar-
isons (Dowker, 2005).

In schools, mathematics curricula are based on intuitive notions of the
order of problem difficulty: children learn to solve easy problems first,
and then continue with more difficult problems. When applying this to
one of the basic mathematical operations, multiplication, children start
with single-digit multiplication, and then continue with multidigit multi-
plication. For instance, the Dutch aims for arithmetic and mathematics
state that children should understand the concept of multiplication and
start memorizing the single-digit tables of multiplication in grade 2 (7-
8 years) and continue this memorization process in grades 3 and 4
(SLO, 2009). Then children learn to solve multidigit multiplication prob-
lems by means of written column-wise algorithms and analogical strate-
gies (e.g., 20 x 5 = 100 because 2 x 5 = 10). However, it is unknown to
what degree this order in the curriculum accurately reflects the order in
which children master the ability to solve these problems. Moreover,
while it is known that children vary greatly in multiplication skills, most
studies on individual differences focus on explaining these differences
(e.g., by age differences or differences in cognitive ability) rather than
identifying the size of these differences (e.g., Lemaire & Siegler, 1995;
Mabbott & Bisanz, 2003; Van der Ven, Boom, Kroesbergen, & Leseman,
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2012). To design an optimal curriculum, it is important to determine the
order in which problems are mastered, the problems that are typical for
each grade, and the extent of the within-grade individual differences in
multiplication skills. Moreover, if individual differences are qualitative,
different types of instruction may be recommendable.

1.1. Solving single-digit multiplication problems: effects, theories and
mechanisms

Differences exist not only at the level of the child, but also at the level
of math problems; not all single digit multiplication problems are solved
equally fast and accurately, even by adults. For example, 8 x 7 is more
difficult than 2 x 2. Different effects have been identified in the litera-
ture, explaining systematic differences in response time and accuracy
between problems: the problem size effect, the tie effect, the order effect,
the parity effect and effects related to specific operands. The problem size
effect (for a review, see Ashcraft & Guillaume, 2009) is the effect that
perhaps has been demonstrated most often: problems with small oper-
ands are solved faster and more accurately than problems with large op-
erands (Butterworth, Marchesini, & Girelli, 2003; Campbell & Graham,
1985; Imbo, Vandierendonck, & Rosseel, 2007; Mabbott & Bisanz,
2003). Despite the robustness of this finding, little attention has been
paid to the operationalization of problem size, and various seemingly ar-
bitrary definitions have been used: the sum of the operands (Parkman,
1972), the product (Butterworth et al., 2003; Imbo, Vandierendonck, &
Rosseel, 2007; Mabbott & Bisanz, 2003; Siegler, 1988), the minimum
(Parkman, 1972), the maximum (Parkman, 1972), or problems are di-
vided into a small-sized and a large-sized subset (Campbell & Graham,
1985). Other studies have posited an alternative for the problem size ef-
fect: consistency effects (Campbell, Dowd, Frick, McCallum, & Metcalfe,
2011; Domabhs, Delazer, & Nuerk, 2006; Verguts & Fias, 2005a, 2005b).
The answer to each problem is compared to the answers to its eight
neighboring problems: problems in which one of the operands is 1 or 2
higher or lower, e.g., for problem 6 x 3 the neighboring problems are
4x3,5%x3,7x3,8%x3,6x1,6x2,6x4,and 6 x 5. If the decades
of the answers match, the neighbors are decade-consistent and thus an-
chored more firmly in a network. For example, 6 x 3 is decade-consistent
with three of its neighboring problems: 4 x 3,5 x 3, and 6 x 2 but not
with all other neighbors. Similarly, problems with the same unit are
said to be unit-consistent, but there are only few unit-consistent neigh-
bors. Problem 6 x 3 has none. Problems with a high degree of consistency
have been found to be easier; as smaller problems have a higher decade
consistency, this may explain the problem size effect (Domabhs et al.,
2006).

The tie effect describes the phenomenon that problems with equal op-
erands, such as 6 x 6, are easier than problems with different operands
(Campbell & Graham, 1985; Campbell & Gunter, 2002; De Brauwer &
Fias, 2009; De Brauwer, Verguts, & Fias, 2006). The order effect is the phe-
nomenon that problems presented with the larger operand first may be
easier than problems in the reverse format (Butterworth et al., 2003), al-
though this effect was not confirmed in another study (Robert &
Campbell, 2008). In most curricula problems are first introduced with
the larger operand first, as part of the smaller times table: 9 x 2 is part
of the two times table and presented earlier than 2 x 9, which is part of
the nine times table.

The parity effect refers to the even/odd status of the answer. In some
studies with verification tasks (Krueger, 1986; Lemaire & Fayol, 1995),
participants rejected incorrect products more quickly if the parity of the
incorrect answer was incongruent with the parity of the correct answer.
Alternative explanations, however, are that regardless of the odd/even
status of the answer, participants have a bias favoring even answers, be-
cause three quarters of all multiplication results are even (Lochy, Seron,
Delazer, & Butterworth, 2000), or, that children have a bias for answers
with the same parity as the answer to the addition problem with the
same operands. Finally, operand effects mean that specific operands
make a problem relatively easy because of regularities in the times tables:

especially the operands 0, 1, 2, 5, and 9 (Butterworth et al., 2003;
Campbell & Graham, 1985; De Brauwer et al., 2006; LeFevre et al., 1996;
Mabbott & Bisanz, 2003).

There are different models that account for these differences in prob-
lem difficulty. These models are based on computational efficiency,
memory strength, and network interference (Ashcraft & Guillaume,
2009).

In computational efficiency models it is assumed that various com-
putational strategies are used to solve multiplication problems (Imbo,
Duverne, & Lemaire, 2007; Imbo & Vandierendonck, 2008; Lemaire &
Siegler, 1995; Mabbott & Bisanz, 2003; Siegler, 1988; Van der Ven
etal.,, 2012; Wu et al., 2008). Some problems require more and more dif-
ficult steps than others (LeFevre et al,, 1996). For example, when repeat-
ed addition or skip counting (counting while skipping numbers,
e.g., saying only every third number, thus effectively reciting a times
table) is used, this requires only three small steps for the problem
3 x 2 =24+ 2 4+ 2, but six larger steps for 6 x 7 =
7+ 7+ 7+ 7+ 7+ 7,leading to a longer latency and a higher prob-
ability of procedural errors for the latter problem.

In both memory strength and network interference models, the em-
phasis is placed on retrieval as the dominant strategy. According to
memory strength models, during the learning process each problem is
increasingly strongly associated to its answer in long term memory.
However, problems can also be associated with incorrect answers. The
more strongly a problem is associated with the correct answer, and
the less it is associated with competing incorrect answers (in other
words, the more peaked the distribution of answers is), the more easily
it can be retrieved (Siegler, 1988). Frequency of exposure might under-
lie these differences (Campbell & Graham, 1985). Network interference
models state that all math facts are stored together in a rich network.
Each problem activates different candidate answers from which the cor-
rect alternative must be selected (Campbell, 1987; Domahs et al., 2006;
Verguts & Fias, 2005a, 2005b). Problems associated with many other
candidate answers may be more difficult than problems with few com-
peting answers. Problems and their commutative counterparts
(e.g., 7 x 3 and 3 x 7) are stored together in one network node
(Rickard, Healy, & Bourne, 1994), possibly with the larger operand
first (Butterworth et al.,, 2003). There are some correspondences be-
tween memory strength and network interference models: in both, dif-
ferent answers compete to be retrieved. However, only network
interferences models emphasize the interrelations between different
math problems.

The different models differ partially in the predictions they make
about the existence of the different effects in multiplication problems as
described in the previous section, but specific predictions are not always
clear. It should also be noted that different research groups are working
on these models and even within each type of model full consensus
about the specific details has not been reached. Table 1 lists the predic-
tions for each effect as we derived them from each of the three types of
models. To contrast the models as much as possible we attempt to be
strict in the derivation of the predictions. The predictions from these
models show several similarities. This is not surprising for two reasons:
(1) frequency of exposure is supposed to underlie differences in memory
strength, and those problems that are computationally easier are present-
ed earlier and more often in math curricula (Ashcraft & Christy, 1995),
and (2) a shorter computational procedure may by itself lead to a stronger
memory anchoring of the problem. Yet, as Table 1 shows, there are suffi-
cient differences between the models to allow for empirical tests.

Although the three types of models have sometimes been treated as
mutually exclusive (e.g., Domahs et al., 2006; LeFevre & Liu, 1997), it is
perhaps more likely that they hold under different circumstances. In-
deed, the use of only one of these models seems to conflict with the ex-
istence of individual and developmental differences in addressing
multiplication problems.

Adults rely predominantly (albeit not exclusively) on memory re-
trieval for single digit multiplication (Campbell & Xue, 2001; LeFevre
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Table 1
Predictions and explanations of each type of theory for several effects identified in single-digit multiplication problems.
Effect Model
Computational efficiency Memory strength Network interference
Problem size Prediction Larger problems are more difficult Larger problems are more difficult Larger problems are more difficult
Explanation Larger problems contain more and more Larger problems are presented less often Larger problems are less distinct from each
difficult steps (LeFevre et al.,, 1996; Van der during the learning process (Ashcraft & other, relative to their own size (Dehaene,
Ven et al., 2012) Christy, 1995) 1997; Siegler & Opfer, 2003), and/or
neighboring problems show less
consistency (Campbell et al., 2011; Domahs
et al., 2006)
Tie Prediction No effect Ties are easier Ties are easier
Explanation Computation is not different for ties than for Ties may be presented more frequently Ties have fewer neighbors and, on average,
non-ties (Siegler, 1988) and ease storage (Thevenot, neighbors are more often inconsistent than
Barrouillet, & Fayol, 2001) consistent (Campbell et al., 2011; Verguts &
Fias, 2005b)
Order Prediction No effect m > n easier’ Unclear: no effect, or m > n easier.
Explanation Problems are equally complex, regardless of In the Dutch curriculum, problems in m>n  Single node for both problem types (Rickard
the format: either there are more steps, or ~ format are on average presented earlierin et al.,, 1994); possibly with larger operand
the steps are bigger. education (SLO, 2009). first (Butterworth et al., 2003)
Parity Prediction No effect No effect Even problems are perhaps easier
Explanation No overall difference in difficulty of Even and odd problems are not presented in Most multiplication answers are even
computational steps, apart from special a particular order. (Lochy et al., 2000)
operands.
Special operands Prediction These numbers are easier No effects Effects of 1 and 5
(1,2,5,9) Explanation Computational steps are easier because of ~ No effects in addition to problems size effect Problems with a 1 have fewer neighbors;

regularities (Krueger, 1986; Lemaire &
Siegler, 1995; Mabbott & Bisanz, 2003;
Sherin & Fuson, 2005)

problems with a 5 have high unit
consistency (Domabhs et al., 2006)

1

etal,, 1996). Children, on the other hand, at least in many western coun-
tries such as the Netherlands, the setting of the present study, are in the
beginning of their learning process encouraged to learn from using their
own computational strategies (Freudenthal, 1991) that become increas-
ingly sophisticated (Lemaire & Siegler, 1995; Van der Ven et al., 2012)
and that contribute to the creation of a rich network of meaningful asso-
ciations between numbers (Baroody, 1985), a process taking years to
develop (Campbell & Graham, 1985; De Brauwer et al., 2006). Only
once the network is strong enough to retrieve an answer with sufficient
confidence, retrieval will be used frequently (Siegler, 1988). This is ex-
pected to lead to computational efficiency models dominating during
the learning process, and network interference models and/or memory
strength models during adulthood.

Indeed, a decrease in strength with age has been demonstrated for
the problem size effect (Campbell & Graham, 1985; De Brauwer et al.,
2006; Koshmider & Ashcraft, 1991), and for the tie effect (De Brauwer
et al., 2006). Another study showed that the tie effect and five effect dis-
appeared when corrected for retrieval use (LeFevre et al., 1996). It
should, however, be noted that when a combination of retrieval and
computational strategies is used, relative differences in response time
within the group of problems solved with retrieval are small compared
to the differences between problems solved with computational strate-
gies. This may obscure differences within the group of problems
predominantly solved with retrieval. Correcting for retrieval also im-
plies an unwanted correction for difficulty of the problem (since easy
problems are solved with retrieval more often). It is therefore valuable
to gather data in which similar strategies (computational or retrieval)
are used on all problems, regardless of the difficulty of the problem,
and then test for the presence of the previously identified effects.
In the present study we created such data sets: by using computer-
adaptive algorithms (explained in the next section), we ensured that
regardless of difficulty of the problem, in one task problems were pre-
dominantly solved with computational strategies, while in another
task children relied mostly on retrieval.

Moreover, in most previous studies, effects were tested in isolation,
and a comprehensive analysis including all effects, including interaction
effects, is still lacking. Interactions between effects are conceivable: the

m and n refer to the first and second operand of a multiplication problem (m x n), respectively.

problem size effect has been shown to be smaller for tie problems than
for non-ties (De Brauwer & Fias, 2009; De Brauwer et al., 2006), and a
smaller parity effect has been shown for small problems than for large
problems (Lemaire & Fayol, 1995). Though not investigated to our
knowledge, one may also imagine an interaction between problem
size and special operands, because the regularities in the counting
strings are relatively more advantageous for large problems. In the pres-
ent study, therefore, we included a comprehensive analysis of all previ-
ously described effects together: problem size, decade consistency, tie,
parity (with two operationalizations: whether the problem is even, or
whether the parity matches the parity of addition problems), order,
and the special operands one, two, five, and nine, and abovementioned
interactions.

1.2. Difficulty of multidigit multiplication problems

In contrast to the number of studies exploring the difficulty of single
digit multiplication problems, there are very few studies in which the
difficulty structure of multidigit problems was investigated systematical-
ly. In one study it was found that the number of carries was related to re-
sponse latency and (inversely) to accuracy (Imbo, Vandierendonck, &
Vergauwe, 2007). Other studies investigating multidigit multiplication
were done, but mostly focused on other aspects of multiplication, such
as brain activation (Grabner et al., 2009), the role of working memory
(Imbo, Duverne, et al., 2007; Imbo, Vandierendonck, & Rosseel, 2007;
Imbo, Vandierendonck, & Vergauwe, 2007), and the influence of problem
format (Hickendorff, 2013). More studies on the difficulty structure of
multidigit problems are needed, especially studies in which multiple
effects are integrated (Imbo, Vandierendonck, & Vergauwe, 2007).
Therefore we formulated and tested two hypotheses, which we call the
single digit analogy and the decomposition hypothesis.

If the single digit analogy hypothesis holds, then the same effects as
in single digit multiplication, discussed in the previous section, affect
the difficulty of multidigit problems: effects should be found of problem
size, tie, order, parity, and special operands. Note that in multidigit prob-
lems there are even more possible operationalizations of problem size,
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such as the average size of each digit, or the number of digits in the
multiplicands.

The second hypothesis is that children multiply numbers in a
decomposed way. When two-digit numbers are encoded, units and
decades have been shown to be processed separately (Moeller, Huber,
Nuerk, & Willmes, 2011). If an analogous process takes place while
doing mental calculation, each combination of two digits (one digit
from each number) is multiplied and the results are added. This is some-
what similar to the algorithms that children use to solve written prob-
lems. This means that in each multiplication problem m x n, if Ny, is
the number of digits in m and N,, the number of digits in n, the number
of necessary multiplication operations equals Ny, x N;, (e.g., 26 x 749
requires 2 x 3 = 6 intermediate multiplication operations). This is
then followed by a series of additions: one fewer than the number of mul-
tiplications. The total number of operations is thus 2 * (N, x N) — 1. If
the result of an intermediate operation is a multidigit number, this further
complicates the procedure, since it requires a carry in the addition. In the
example above, the multiplication of the units is 6 x 9 = 54; the 5 must be
carried from the units to the tens. The digits 0 and 1 do not require a carry,
and require only a very easy multiplication operation: especially zeros in
the end can merely be added to the result. The digit 2 only requires a carry
when multiplied with 5 or higher. These numbers are therefore expected
to be easier. Finally, if one of the multiplicands is a single digit number,
this reduces the complexity of the required operations. Therefore, if chil-
dren solve multidigit multiplication problems in this way, the number of
operations, number of carries, and the number of zeros, ones, and twos,
and presence of a single-digit operand, should give a good account of
problem difficulty. If children also apply the analogical strategy of adding
zeros in the end, the number of operations excluding these end-zeros
should give a better account than the total number of operations. If one
of the multiplicands is a power of ten (10, 100, 1000...), the problem is re-
duced to the addition of the same number of zeros to the right of the other
multiplicand (e.g., 46 x 100 can be solved by adding two zeros to the 46),
so powers of ten serve as special operands.

In the present study we compare and contrast these two hypotheses.
We also fit a model combining the best predictors from each model,
with interactions, as it can be imagined that powers of ten, and ones
or twos are less prone to effects of problem size and number of
operations.

1.3. Aims of the study

The aims of the present study are twofold. The first aim is to provide
an overview of children's multiplication ability and the structure of
within-grade differences in this ability in different grades of primary
education. The second aim is to investigate and explain the difficulty
structure of single digit and multidigit multiplication problems at differ-
ent stages during the learning process: the period in which children
predominantly rely on computational strategies and the later period
when they rely most on retrieval. The second aim is complicated,
because children gradually learn to solve problems with retrieval, a pro-
cess dependent on the difficulty of the problem (Lemaire & Siegler,
1995; Van der Ven et al.,, 2012). It is therefore impossible to identify a
population or sensitive age during which children solve all multiplica-
tion problems with computational strategies: children who apply com-
putational strategies to easy problems are not capable of solving the
difficult problems at all. Moreover, even children of the same age and
in the same grade differ substantially from each other in multiplication
ability.

This problem can be overcome with Math Garden, an online
computer-adaptive math program that administers problems of such
difficulty that children are reasonably capable of solving them. A brief
description follows here; more detailed information follows in the
Method section. Problem selection in Math Garden is adaptive: child
ability and problem difficulty estimates ensure a predetermined
constant success rate for every child. We contrasted data from two

Math Garden tasks: the multiplication task (for the sake of contrast
from now on referred to as ‘regular multiplication task’) and the speed
task. In the regular multiplication task, children are presented with mul-
tiplication problems of such a difficulty that they are predominantly ca-
pable of solving the problems, but not overly fast. Retrieval strategies
are therefore expected to be rare. In the speed task, children have to an-
swer very fast and are thus presented with problems that they can solve
with retrieval in most cases. As a result, we can see to what degree the
previously described effects are present in different stages and how
well these fit the predictions based on the different theories.

2. Method
2.1. Participants

Math Garden is available for both schools and private users. Most
(but not all) Math Garden users are children attending primary schools
in the Netherlands that use Math Garden in their curriculum: 91% of
Math Garden users are primary school children, and approximately 5%
of all primary school children in the Netherlands have a Math Garden
account. Participating schools and families gave permission for the use
of the data of their pupils for research purposes; the schools accepted
the responsibility of informing the parents about the research and vol-
untary participation. Parents were given the opportunity to refuse the
use of their children's data; data from these children were not distribut-
ed to the researchers.

The first section of the results is based on the regular multiplication
task, and aimed at identifying differences between children. For these
analyses we extracted data from those primary school children who
had attempted at least 30 problems. Math Garden generates a continu-
ous data flow and data are thus not restricted to a certain time frame,
necessitating further restrictions to prevent a contamination of
within-grade individual differences with within-grade developmental
effects. Without such restriction we would be comparing children that
played at many different time points during the school year, depending
on when they started (and possibly quit) playing in Math Garden.
Therefore we restricted the grade analysis to the data obtained within
a limited time frame, halfway through the school year: January 2013-
February 2013. During this time frame, 27,495 children (47% females;
mean age = 10.1 years, SD = 5.1 years) played the regular multiplica-
tion task and were thus included in this analysis.

Some children had been registered by their teachers with extremely
unlikely combinations of grade and date of birth (e.g., a twelve-year-old
in grade 1). In such large samples it is impossible to verify this informa-
tion but it is likely that mistakes have been made, although it is impos-
sible to tell whether the grade or the date of birth is incorrect. Therefore
we decided to remove the data from these children and accept that this
inevitably leads to the removal of some correct data too. We excluded
data from the children whose reported age deviated more than one
year from the trimmed mean age (trimming the 10% extremes on
each end), and from the children with reported dates of birth that had
been reported improbably frequently (mainly January 1 of any year).
This led to the removal of data from 2.7% of the children. Descriptive
statistics for the remaining 26,753 children are given in Table 2.

Table 2

Characteristics of the children in January and February 2013.
Grade N (% girls) Age in years

Mean SD Min Max

1 1325 (33%) 6.84 0.41 5.89 7.86
2 4556 (43%) 7.80 0.40 6.85 8.84
3 6142 (49%) 8.83 0.41 7.90 9.89
4 5717 (50%) 9.86 0.42 8.91 1091
5 5095 (50%) 10.89 0.42 9.92 11.92
6 3918 (49%) 11.91 0.42 10.92 12.92
Total 26,753 (47%) 9.62 1.53 5.89 12.92
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The second part of the results section concerns analyses of problem
difficulties of both the speed task and the regular multiplication task. All
Math Garden users, i.e. everyone who used Math Garden (91% primary
school children), contributed to the difficulty estimates of the items.
Children who were excluded from the child analyses also influenced
item difficulty, and thus contributed to the data used for the item anal-
yses. These analyses were based on a total of 92,092 users that had
played the regular multiplication task, and the 59,955 users that had
played the speed task within the time frame of the study: 2011, week
42 up to 2013, week 20 (81 weeks).

2.2. Instruments

2.2.1. Math Garden: computer interface

Math Garden is a web interface with plants, each representing a task
(see left panel of Fig. 1). The higher the child's ability, the bigger the
plant. In the present paper, the regular multiplication task and the
speed task were used.

2.2.1.1. Regular multiplication task. The regular multiplication task be-
comes available once children have the basic addition or subtraction
ability that children are expected to have when multiplication is intro-
duced in schools: i.e., when they can solve problems like 4 + 18 or
57-5. Most children reach this ability in grade 1 or 2.

After selecting the multiplication plant, the regular multiplication
task starts, in which children receive a problem that must be solved
within 20 s. The answer is given by clicking on a virtual keypad (see
middle panel of Fig. 1). The remaining time is reflected as a row of
coins, from which a coin disappears with each passing second. Upon an-
swering, the correct answer is shown and the child receives the number
of remaining coins if the answer was correct, but loses this number of
coins if it was incorrect. This implements the High Speed High Stakes
scoring rules (see section Math Garden: computer adaptive technolo-
gy). With the coins, prizes for a virtual trophy cabinet can be bought.
The child is thus motivated to answer as quickly as possible once
(s)he knows the answer, but to refrain from answering otherwise.
There is a question mark that the child can click if (s)he does not
know how to compute the answer. In this case, and also if the child
did not provide an answer within the time limit, no coins are won or
lost and the correct answer is shown. The task ends after 15 problems,
but children can quit earlier or play several times.

2.2.1.2. Speed task. The speed task (see right panel of Fig. 1) is similar to
the regular multiplication task, with a few differences: the problems are
mixed (addition, subtraction, multiplication, division); the answer is
given in a 6-choice multiple choice format and children have only 8 s
instead of 20 to solve the problem. This shorter time limit means that
the task is more difficult, and children are thus presented with easier
problems to establish the same constant success rate of 75%. The task
contains single digit as well as multidigit problems, but for the scope
of this paper we only analyzed the single digit problems: multidigit
problems were not presented very frequently, as for most children

these are too difficult to be solved correctly in the short time allowed
in this task.

2.2.2. Math garden: computer adaptive technology

Person abilities and item difficulties are central in Math Garden.
Every instance of a child solving an item is used to update the estimates
of this ability of the player and the difficulty of the item by means of a
computer adaptive algorithm based on Item Response Theory (IRT)
modeling. The continually updated estimates of player abilities and
item difficulties are used to select appropriate math problems for each
child. The updating procedure is based on a procedure invented by Elo
(1978), still often used to rank chess players. This method is briefly
outlined here and in more detail in Appendix A. For a full description,
we refer to Klinkenberg, Straatemeier, and Van der Maas (2011), and
for the mathematical foundations to Maris and Van der Maas (2012).

A child's score on an item depends on both accuracy and response
time. The score equals the proportion of remaining time: positive if
the answer was correct and negative if it was incorrect. That means
that the score is 1 for an immediate correct answer and — 1 for an im-
mediate incorrect answer. The score linearly decreases/increases to 0
as the response time approaches the time limit. E.g., a response after
8 s in the regular multiplication task, with a time limit of 20 s, would re-
sult in a score of 0.6 if the answer is correct and — 0.6 if the answer is in-
correct, because 60% of the time remains. This combination of accuracy
and response time leads to a system with strong psychometric proper-
ties (Klinkenberg et al., 2011; Maris & Van der Maas, 2012).

Prior to each problem, the program determines a child's expected
score. Based on previous performance, each child has an ability estimate
and each item has a difficulty estimate. These estimates are both on the
same scale. This scale is arbitrary, but because both are on the same
scale, the child's expected score on a particular item can be derived
from the difference between child ability and item difficulty, in a way
very similar to IRT modeling (Klinkenberg et al., 2011). This expected
score is close to 1 if the child's ability is far higher than the problem dif-
ficulty, and close to — 1 if the reverse is the case; if both are equal, the
expected score is 0.

After the child solves the item, the expected score and the actual, ob-
tained score are compared. The child's ability is adjusted upward if the
child scored higher than expected and downward if the child scored
lower than expected. In a similar fashion, the item difficulty estimate
is adjusted downward if the child scored higher than expected and oth-
erwise upward. The larger the discrepancy between observed and ex-
pected score, the larger the adjustment. This means that the rank
order of the players (from high to low ability) and the problems (from
high to low difficulty) are determined empirically, on the fly, without
the necessity to administer every problem to every child. In a develop-
mental context, the order of problem difficulties shows the average
order in which problems are acquired by children. New children and
new items enter the system with an initial ability estimate based on
their age (child) and problem size (item). These estimates are updated
after every attempted problem, and they tend to approach their true
value rather quickly (Klinkenberg et al., 2011).

Fig. 1. Math Garden. Left panel: Math Garden computer interface. Each plant represents a task; the third plant from the left is the regular multiplication task. Middle panel: example
problem in the regular multiplication task. ‘wis’ means ‘erase’. Right panel: example problem in the speed task. The coins in the bottom of the screen represent the score; these gradually

disappear as the time passes.


Image of Fig. 1

S.H.G. van der Ven et al. / Learning and Individual Differences 43 (2015) 48-62 53

The item selection procedure is also based on item difficulty and
child ability estimates. Based on a child's current ability estimate, the
difficulty is determined at which the child has a probability of .75 of
answering correctly. The next item is sampled around this difficulty
level (M = .75,' SD = .10). This results in selecting items with a difficul-
ty estimate that is approximately 1 point lower than the child's ability
estimate; then the probability of success is around .75. This probability
of .75 correct is the default success rate, but children can also choose
to solve easier items, with an average probability of .90 correct, or
more difficult items, with a probability of .60.

The presence of an experimenter in the room is not required, which
enables vast sample sizes: tens of thousands of children from different
backgrounds. The problems were solved tens of thousand times each,
leading to highly reliable estimates of difficulty. The lack of physical
presence of an experimenter means that ‘cheating’ is possible, as some-
one other than the child may solve the problems on the child's behalf.
However, the system is self-corrective: massive amounts of data pre-
vent these occasions from having a large influence on the problem diffi-
culties, and once the child starts playing by him- or herself again, the
adaptive algorithms ensure that the ability estimate also quickly reaches
its true value again. Indeed, the Math Garden math tasks have good cri-
terion validity: they correlate strongly, r = .78-.84 (Klinkenberg et al.,
2011), with norm-referenced math tests (Janssen, Scheltens, &
Kraemer, 2005), and recent, unpublished data from two samples show
a correlation of .55 and .71 between the regular multiplication task
and the multiplication subscale on the Tempo Toets Automatiseren
(TTA; De Vos, 2010), a speeded math fact retrieval task. The latter corre-
lation is somewhat lower, despite the greater similarity in the test, but
this is likely due to a ceiling effect on the multiplication subscale of
the TTA. For the speed task these data are not available.

User ability estimates and problem difficulty estimates enable two
types of analyses: user and item analyses. User analyses, in which the
sample consists of the children playing the task, aim at identifying abil-
ity differences between children. Item analyses, in which the sample
consists of a set of items, are aimed at explaining item difficulty differ-
ences using various item characteristics. Both types of analyses were
carried out in the present paper, although the focus lies on the item
analyses.

It must be noted that the IRT algorithms work with the assumption
that there is one, unidimensional, scale underlying all math problems.
Since every item is different from the other items, there may be qualita-
tive differences, for instance if a child has been practicing one specific
item really hard. Although this issue may be most visible when IRT pro-
cedures are used, every type of study that uses a sum score on a test for
further analyses faces this issue. Nevertheless, the items in this specific
test are more alike than in most other multiplication tests. It would be
surprising if multidigit multiplication is very different from single digit
multiplication, as multidigit multiplication is essentially a combination
of multiple single digit multiplication problems. Moreover, the item
difficulty estimates have proven to be highly stable, whereas violations
of the unidimensionality assumption lead to instabilities. Therefore we
assume sufficient unidimensionality for the data to be used in this study.

2.3. Item inclusion

We analyzed the difficulty estimates of all 81 single digit multiplica-
tion problems (from 1 x 1 to 9 x 9), obtained under two conditions: in
the regular multiplication task (relatively long time limit, predominant-
ly computational strategies are expected) and in the speed task (short
time limit, predominantly retrieval strategies are expected). We

! Normally in adaptive testing, a probability of .50 is maximally informative. This is,
however, experienced as discouragingly low by test takers. Since response latency is in-
cluded in the scoring method as well, it is possible to present easier problems, yet obtain
sufficient and reliable information to determine players' abilities (see section 3.1 of
Klinkenberg et al., 2011, for a more in-depth discussion).

extracted these difficulty estimates on a weekly basis for 81 weeks:
2011, week 42 until 2013, week 20. During this period, the problems
had been solved on average 48,830 times each (min = 30,495, max =
62,801) in the regular multiplication task and 9212 times (min = O,
max = 12,227) in the speed task. There were five items (1 x 1,1 x 3,
1x4,1x6,and 1 x 7) that as an unfortunate and unnoticed side-
effect to a minor change in the selection algorithms had not been played
during these 81 weeks in the speed task; other, similar problems were
always selected instead. However, these items had all been played
very often (around 28,000 times) before the time frame of the study,
and therefore their difficulty estimates were considered sufficiently ac-
curate to be used in the analyses.

For the multidigit problems, the problems with a 0 or 1 as one of the
operands (e.g., 0 x 34 or 1 x 34) were excluded, as these problems do
not require computational steps on multiple digits. Problems containing
decimal numbers were also excluded. This yielded a total of 467
multidigit problems included in the analyses, that on average had
been played 29,795 times each (min = 218, max = 83,649) in the reg-
ular multiplication task. To enhance ecological validity, total play fre-
quency of the multidigit problems was entered as a weight in the
regression analyses. This ensured that problems that were so difficult
that they had hardly been presented would not affect the results too
much. It must be noted that the problems were often relatively easy
multidigit problems: when correcting for play frequency, 40% of all
solved problems contained one single digit operand, and 41% contained
an operand that was a power of 10 (10, 100, or 1000).

24. Analyses

The results section consists of two parts: an analysis of children's
ability and an analysis of the difficulty estimates of the items. In the
child ability section the distribution of the children's ability estimates
in the regular multiplication task was examined. This analysis shows
the extent of between-grade and within-grade ability differences.
Since the number of children in these analyses is very large, we used
an alpha of .001. We also investigated the possibility of multimodality:
if different groups can be discerned, the data do not show a unimodal
distribution with one peak but multiple peaks instead. With mixture
modeling using the R package Mixtools (Benaglia, Chauveau, Hunter,
& Young, 2009) this possibility was investigated. The purpose of mix-
ture modeling is to find clusters of individuals with a similar ability.
Multimodality of distributions (i.e., the presence of multiple normal dis-
tributions) indicates the existence of such clusters. Outcome measures
of the analysis are the relative size (the proportion of individuals in
the cluster), mean, and standard deviation of each cluster.

In the item analyses, we compared the relative difficulty of single
digit and multidigit problems in the regular multiplication task. Further-
more, we performed separate regression analyses to predict the difficul-
ty of single digit and multidigit problems. The Akaike Information
Criterion (AIC) was used to compare different models: it is a measure fa-
voring parsimony that can be used to compare non-nested models. A
lower value indicates a better model (Akaike, 1974). Since the number
of items is not so high, a correction of the alpha level was not necessary
in these analyses and thus an alpha of .05 was used.

For the single digit analyses, the effects of all known characteristics
and interactions between these characteristics were analyzed, both on
the data from the regular multiplication task in which children predom-
inantly used computational strategies, and on the speed task in which
children predominantly used retrieval. All characteristics described in
the introduction were included, i.e., problem size, the special numbers
one, two, five, and nine, the order effect, two different operationalizations
of parity (parity of the answer (odd or even) and same or different par-
ity compared to addition problems with same operands), and tie. The
exact operationalizations of these effects are presented in Table 3. It
was also investigated whether different operationalizations of problem
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Table 3
Operationalization of the different predictors in the regression analyses to predict problem
difficulties.

Predictor Operationalization

Single digit multiplication analyses

Problem size m + n (centered)

One 1 if at least one operand = 1, otherwise 0
Two 1 if at least one operand = 2, otherwise 0
Five 1if at least one operand = 5, otherwise 0
Nine 1 if at least one operand = 9, otherwise 0
Order 1 if m > n, otherwise 0

1if the answer is even, otherwise 0

1 if the outcome has the same parity as the outcome of

the addition of the two problems (i.e., if both operands

are even), otherwise 0

Tie 1if m = n, otherwise 0

Relative decade Decade-consistent neighbors/number of neighbors’
consistency

Relative unit consistency  Unit-consistent neighbors/number of neighbors’

Parity answer
Parity addition

Multidigit multiplication analyses
Problem size Number of digits (centered)

Zeros Number of zeros in both operands together
Ones Number of ones in both operands together
Twos Number of twos in both operands together
Fives Number of fives in both operands together
Nines Number of nines in both operands together
Order 1 if m > n, otherwise 0

Tie 1if m = n, otherwise 0

1 if the answer is even, otherwise 0

1 if the outcome has the same parity as the outcome of
the addition of the two problems (i.e., if both operands
are even), otherwise 0

Parity answer
Parity addition

Operations Number of digits in m = number of digits in n

Single digit 1 if one of the operands is a single digit, otherwise 0

Operations without zeros Number of non-zero digits in m * number of non-zero
digits in n

Ten 1 if at least one operand = 10, otherwise 0

Hundred 1 if at least one operand = 100, otherwise 0

Thousand 1if at least one operand = 1000, otherwise 0

Five 1 if at least one operand = 5, otherwise 0

Fifty 1 if at least one operand = 50, otherwise 0

Five hundred 1if at least one operand = 500, otherwise 0

! Neighbors consist of the two adjacent cells in all four direction with either the upper
or lower triangle of the multiplication matrix following the definition of Verguts and Fias
(2005a). 1 x 1 therefor only has 2 neighbors (2 x 1 and 3 x 1), whereas 3 x 1 has 6 neigh-
bors (1 x1,2x1,4x1,5x 1,3 x 2,3 x 3). The maximum number of neighbors is 8.
Because answers differ in the number of neighbors we use relative measures of decade
and unit consistency.

size (sum, product, minimum or maximum of the operands), all used in
previous research, led to different results.

We started with specific predictors for each of the three models pre-
sented in Table 1. We then included predictors from all three models.
These estimates of this model for the two tasks (regular and speed)
are compared to investigate whether task demands influence prefer-
ence for one of the theoretical models. For this analysis we applied a
multigroup comparison using the R package Lavaan (Rosseel, 2012).
For each predictor we tested with a chi-square test whether it can be
constrained to be equal in both tasks. If not, the difference in estimates
can be interpreted.

For the multidigit problems, data were analyzed from the regular
multiplication task only. For these problems, a comparison with the
speed task was not possible because these problems were so difficult
that they had hardly ever been presented in the speed task.

The operationalization of all multidigit predictors is also presented
in Table 3. Problem size was centered to prevent multicollinearity
(Tabachnick & Fidell, 2001). In Model 1, predictors were as closely
matched as possible to the single digit analysis. Number of zeros was
added as a special number, because many multidigit problem operands
end on zeros (e.g., 10 x 34). Model 2a also contains predictors related to
the decomposition approach: predictors that were expected to be
significant if children solve multidigit problems in a decomposed way,

by multiplying all subcomponents and adding these results. These
were number of operations, single digit as one of the operands, number
of carries, number of zeros, ones and twos, and special numbers ten,
hundred and thousand. In Model 2b two predictors, the number of op-
erations and zeros, were replaced by one predictor: the number of oper-
ations excluding end zero(s) because zeros in the end are exceptional,
as they do not require any operation but can merely be added to the
final result. In Model 3a, an exploratory, combined model was created,
including all predictors from the previous models that proved to be sig-
nificant. In Model 3b interactions were added between the special num-
bers (from Model 1) and number of operations (from Model 2),
resembling the interactions in the single digit analysis.

3. Results
3.1. Descriptive statistics

The upper part of Fig. 2 shows the distribution of child ability esti-
mates in the regular multiplication task. The horizontal axis of Fig. 2
shows the ability of the children: the further towards the right, the
higher the ability. As in all latent variable models, the scale of the item
difficulty estimates is the same as the children's ability estimates. The
ability estimate thus yields information about the difficulty of the
items that children are capable of solving. When the child ability and
problem difficulty are equal, the child has a probability of .50 of answer-
ing the problem correctly. To illustrate this, in Fig. 2 a number of exam-
ple problems of various difficulty levels are shown. The upper row in
gray shows some example single digit problems, and the lower two
rows display multidigit problems. The problems are a representative se-
lection of all difficulty levels — all single digit problems had a difficulty
estimate below —1.

For instance, the most common ability of children in grade 4 is
around — 1, and children performing at this level have a .50 probability
of solving problems of this difficulty level correctly: e.g., 8 x 7 and
100 x 500. When children play in Math Garden with the default medi-
um difficulty setting of a probability of .75, the difficulty estimates of the
presented problems are on average 1.1 point lower than their own
ability.2

3.2. Child analyses: children's multiplication ability

Fig. 2 clearly shows quantitative differences related to grade.
Children in higher grades had a higher mean ability: the curves shifted
towards the right for each consecutive grade. A one-way ANOVA con-
firmed that this difference was significant and large, F(5; 26,747) =
3581, p <.001, 1> = .401. Tukey HSD post-hoc tests showed that differ-
ences between all grades were significant. Nevertheless, within each
grade, the ability level of the children differed greatly: whereas on aver-
age the mean ability estimates of consecutive grades differed by 1.7
point, the standard deviation within each grade was far higher: 2.3
points in grade 1, 2.2 in grade 2, 2.3 in grade 3, 2.9 in grade 4, 3.7 in
grade 5 and even 4.9 points in grade 6. The best performing children
in grade 1 even outperformed the poorest performers in grade 6.

Interestingly, the distributions per grade also suggest qualitative dif-
ferences. Especially the distributions of the highest grades demonstrate
multimodality: multiple peaks are visible. To test for the presence of
multiple groups rather than a single unimodal distribution, we fitted
mixtures of normal distributions for each grade using the R-package
MixTools (Benaglia et al., 2009). Per grade we compared mixtures of
1, 2, 3, and 4 clusters. Visual inspection of the data in Fig. 2 suggested
that a two-cluster solution would be sufficient, but according to the fit
statistics we needed either 3 or 4 clusters to fit the data. Given the

2 Ifachild chooses to solve easy problems (90% correct), the problem difficulty is on av-
erage 2.2 points lower than the child's ability, and if the difficult setting (60%) is chosen,
the problem difficulty is 0.4 points lower.



S.H.G. van der Ven et al. / Learning and Individual Differences 43 (2015) 48-62

Distribution of ability

55

estimates by grade

grade 2
n= 4558 ode3
n= 6142
g N
§_ s y _\“ grade 4
EC_, \'\_" =5M7 grade 5

T T
-10 5 0
6x1 2x5 b x 6] #x6 8x7
5x1 100x3 F5x1000| 100 x 275 | 50 x 500
10x10 15x 100 1000 x 80 100x500 5x

e e . I -
5 10 Estimate

4x108 | 20x 64 6x 125 250x7 19 x 50

15 500x80 160x5 11 x 11 4 x 4500

Fig. 2. Problem difficulty and child ability estimates in the regular multiplication task. The horizontal axis displays the obtained estimates: both on the same scale. The further towards the
right, the more able the child. Example problems illustrate the difficulty of the problems along this scale. When playing in Math Garden, children are presented problems with a difficulty
estimate that is around 1 point lower than their own ability estimate; this ascertains that their success rate is around the preset level of .75 correct.

very large sample size, the power of these analyses is very high, mean-
ing that there is a statistical bias in favor of (too) many clusters. Inspec-
tion of the four-cluster solution showed that the fourth cluster was
always very small and strongly overlapped with one of the other
clusters. The three-cluster models, on the other hand, proved very
well interpretable. Therefore we present the results of the three-
cluster models. Fig. 3 presents for each cluster the relative size (left
panel), the mean ability (middle panel) and standard deviation (right
panel) in each grade.

It must be noted that models in which the means and standard devi-
ations of the clusters were constrained to be equal across grades did not
fit the data. The clusters are therefore not the same in every grade, as the
middle and right panel of Fig. 3 illustrate. Nevertheless, there are great
similarities. The mean ability estimate of cluster 1 was below 0 in
every grade, as the middle panel of Fig. 3 shows, although it slightly in-
creased with grade. When looking at the horizontal axis of Fig. 2 for the
interpretation of this value it becomes clear that this cluster consisted of
children of such ability that they were still working on single digit
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Fig. 3. Size, mean and sd of the three clusters in each grade. Clusters are indicated by their respective numbers in the graphs. Cluster 1 = single digit problem solvers, cluster 2 = multidigit

problem solvers, and cluster 3 = high performers.
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multiplication and simple multidigit problems (multiplying by a power
of 10, such as 75 x 1000). This single digit problem solving group was
dominant in size in grades 1-4, where 70 to 90% of the children were
single digit problem solvers (see left panel of Fig. 3). The small increase
with grade in mean illustrates that in higher grades these children
performed slightly better: in the lower grades children in cluster 1
were working on easier problems than children in cluster 1 in the higher
grades.

The second cluster, dominant in grades 5 and 6, had a higher mean.
Children in this cluster no longer worked on single digit problem solv-
ing; they solved the more difficult multidigit problems. Cluster 3, finally,
was very small in size, with a high mean that increased with grade, and
a high standard deviation. Cluster 3 thus consisted of a small and diverse
group of high to extremely high performers.

In grades 1 and 2, clusters 2 and 3 show a slightly different pattern
that fits with a lower developed ability in these lower grades. In grade
1, the mean ability of clusters 2 and 3 was still rather low; groups of
multidigit problem solvers and high performers could not be distin-
guished in this grade. In grade 2, cluster 2 was approximately equal to
cluster 1, and cluster 3 was comparable to cluster 2 in other grades,
meaning that there were essentially two groups in this grade: a group
of single digit problem solvers and a group of multidigit problem
solvers, and no high performers.

3.3. Item analyses

3.3.1. The difficulty of single digit vs multidigit problems: regular multiplica-
tion task

Fig. 2 already illustrated that the single-digit multiplication prob-
lems were found in the lower part of the item difficulty distribution,
and indeed, a t-test showed that in the regular multiplication task, the
single digit problems were significantly easier than the multidigit prob-
lems, £(458.28) = 12.06, p <.001. Nevertheless, as Fig. 2 shows, some
multi-digit multiplication problems, for instance 100 x 25, were easier
than even the majority of single-digit multiplication problems, and
they were predominantly solved by children in the lower grades. A
regression analysis showed that the type of problem (single digit or
multidigit) explained only 16% of the variance, F(1, 546) = 103.3,
p <.001.

Difficulty of multiplication problems in the regular task

Problem difficulty

-10

First operand

3.3.2. Single digit multiplication: regular multiplication task and speed task

In the regular multiplication task, the mean response latency of the
single digit problems was 7.21 s (SD = 1.10) and 81% of all problem
solving attempts took more than four seconds. The mean response la-
tency of the multidigit problems was 8.87 s (SD = 1.20) and 96% of
the attempts took more than four seconds, indicating that computation-
al strategies dominated in this task (Wu et al., 2008). In the speed task,
the mean response latency of the single digit problems was 3.63 s
(SD = 0.30) and only 34% of all problem solving attempts took more
than four seconds, indicating that these problems were predominantly
solved with retrieval. This means that although the division may not
be perfect, computational strategies dominated in the regular multipli-
cation task whereas retrieval dominated in the speed task.

While Fig. 2 only shows the difficulty estimates of a few example
problems in the regular multiplication task, Fig. 4 displays the average
difficulty estimates of all 81 single digit multiplications problems over
the 81 weeks, for both the regular multiplication task (left panel) and
the speed task (right panel). The horizontal axis shows the first operand,
the second operand is displayed in the graph and the vertical position
represents the problem difficulty.

Regression analyses were run, as described in the Method section.
First we conducted regression analyses for each of the three theoretical
models separately. Table 4 displays the parameter estimates for the pre-
dictors associated with the three theoretical models for the data of the
regular task. The Computational Efficiency model explained the data
very well, with an R? of .97 (.90 if interaction terms are excluded). All
predictors are significant. The negative interaction terms imply that ad-
vantage of the special operands 1, 2, 5, and 9 increases with problem
size.

The Memory Strength model is less convincing: the R? is only .68,
and only one predictor, problem size is significant.

The Network Interference model explains .76 (.70 for the speed task)
of the variance in ratings. The two consistency measures were signifi-
cant, but the parity measures were less convincing - one effect was in
the opposite direction: even problems were more difficult. An addition-
al interaction term between unit and decade consistency did not improve
the model. It was also tested whether the decade and unit consistency
variables could explain the special operand effects from the Computa-
tional Efficiency model. Therefore all main effects from the Computa-
tional Efficiency model except problem size were added to the

Difficulty of multiplication problems in the speeded task
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Fig. 4. Single digit problem difficulty estimates (averaged over 81 weeks) in the regular and speed task. The first operand is shown on the horizontal axis; the second operand is repre-

sented within the graph.
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Table 4

Regression models for the three theoretical models for the data of the regular multiplication task.

Computational efficiency (CE)

Memory strength (MS)

Network interference (NI)

R = 97 (91)" R% = .68 (.66)' R% = .76 (.70)"
Predictors B SE Z-value B SE Z-value B SE Z-value
Intercept —3.98 0.09 —444™ —557 0.25 —2246" —239 0.38 —6.29™
Problem size (PS)2 0.55 03 183" 0.65 0.07 8.97°*
One —5.53 0.25 —224™
Two —264 0.25 1117
Five —1.33 0.13 —101""
Nine 0.53 0.24 2.19"
Order (m>n) 0.18 0.35 0.51
Parity answer 0.70 0.34 2.07"
Parity addition 0.18 0.38 047
Tie (m = n) 0.27 0.55 0.49
PS = one —0.57 0.06 —104™"
PS « two —0.34 0.05 —6.8"""
PS « five —0.24 0.05 —52""
PS  nine —0.42 0.06 —7.3"
PS « tie —0.20 0.12 —1.68
PS « order —0.06 0.10 —0.58
Decade consistency —8.30 0.53 —15.63""
Unit consistency —432 1.69 —2.55"

1 R? for speed task between parentheses.
* p<.05.
#* p<.001.

Network Interference model. As a result, R became .89, with strong sig-
nificant one and two effects. The one and two effects were thus not ex-
plained by decade and unit consistency, but the five and nine effects
were. When in the next step also problem size was entered as a predic-
tor, the decade and unit consistency effects were no longer significant,
whereas the problem size effect was, showing that decade and unit consis-
tency could not explain the problem size effect.

It might be argued that some of the effects now included in one
model could also apply to other models. Therefore we have also created
a hybrid, somewhat more exploratory model with all predictors from
the three models together. Table 5 presents an overall model with all
predictors from Table 3, for both the regular and the speed task.

In a multigroup regression analysis it was tested whether the beta
coefficients of the predictors could be constrained to be equal in both

Table 5
Exploratory multigroup regression analysis.

Regular task Speed task Equality

R? = .98 R? = .95 test
Predictors B SE  Z-value B SE  Z-value P-value
Intercept —3.67 022 —1696™" —3.40 037 —9.19™" 0532
Problem size? 053 0.04 1510 058 0.6 9.68"" 0.460
One —546 020 —27.33"" —489 034 —1431"" 0.152
Two —235 017 —14.09"" —331 029 —11.58"" 0.004"
Five —129 023 -573""" —141 039 —365"" 0.798
Nine 0.45 0.19 240" 0.93 032 2.88"  0.202
Order (m >n) 0.18 0.08 228" —020 013 —146 0017
Tie (m = n) —0.77 014 —538"" —154 024 —633"" 0.007"
Parity answer 0.11 0.11 1.05 0.06 0.18 034 0813
Parity addition ~ 0.14 0.12 1.16 0.11 020 052  0.886
PS  one —061 004 —1520"" —0.75 0.07 —10.88"" 0.086
PS « two —035 004 —965"" —056 006 —894™" 0.005"
PS « five —024 004 —680"" —023 006 —3.78"" 0.869
PS « nine —040 004 —9657" —048 007 —6.71"" 0355
PS « tie —0.08 003 —265" —0.18 005 —355" 0.087
PS « order —006 002 —257° —001 004 —015 0245
Decade cons.  —1.03 046 —225° —122 079 —155  0.841
Unit cons. —044 1.07 —041 —197 183 —108  0.469
* p<.05.
* p<.01.
*** p<.001.

tasks. Where the p-value in the last column of Table 5 is significant,
such equality was not allowed. Only a few differences between the
models were found. This result was stable: removing non-significant
predictors from the analysis did not change the pattern. In both tasks
problem size significantly increased problem difficulty, illustrated by
lines that increase with problem size in Fig. 4. Special operands one,
two, and five significantly decreased problem difficulty, which is illus-
trated by dents and relatively low lines for problems with these oper-
ands in Fig. 4. The significant negative interactions of all these
operands with problem size indicate that the facilitating effect of these
operands is stronger for larger problems. Note that the coefficient of
the nine effect has a positive sign, but this coefficient should be
interpreted together with the corresponding negative interaction effect
with problem size: from 2 x 9 onwards, the resulting effect of the pres-
ence of a nine was that the problem became easier. The effects for two
(both main and interaction) were stronger in the speed task. Since we
found no differences for the other special operands we hesitate to inter-
pret this difference between the two tasks.

The order effect that we associated with the Memory Strength model
was significant in this hybrid multigroup analysis in the regular task, but
not in the test of the Memory Strength model itself (Table 4). However,
in the regular task the effect was positive, contrary to expectations, and
in the speed task it was not significant. Altogether there is no stable ev-
idence for an order effect.

The tie effect was also significant in this hybrid multigroup anal-
ysis, but not in the test of the Memory Strength model. In the mul-
tigroup analysis, in both tasks there was a strong significant tie
effect in the expected direction. It was significantly stronger in the
speed task, suggesting that memory strength plays a larger role in
this task.

We found no evidence for a parity effect in the analyses. This is not
due to the correlation between the parity predictors: deleting one of
the parity predictors from the analysis did not change the results for
parity.

We only found a weak effect of decade consistency, and only in the
regular task. Unit consistency did not have a significant effect on
the problem difficulties. A possible reason for this could be multi-
collinearity: decade consistency correlates .91 with problem size. Howev-
er, deleting consistency measures from the overall model did not
noticeably decrease R?, while deleting problem size from the overall
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model decreased R? to a value of .94 (.90 for the speed task), showing
that problem size was a better predictor overall than the interference
measures.’ We redid the regression analyses with other oper-
ationalizations of problem size: the product, the minimum, the maximum
and the squared sum of the two operands. The overall pattern of results
was the same, but the model with the sum of the operands proved to
be the best model.

Together, the results show a stable pattern in favor of the computa-
tional efficiency model for both types of tasks, with effects of problem
size that were stronger than effects of decade and unit consistency, and
effects of the special operands one, two, five, and nine, and interactions
between problem size and these operands. Furthermore we found
weaker evidence in favor of effects of tie and order, as the Memory
Strength models predicted, but no effects for parity.

3.3.3. Multidigit multiplication

Regression analyses were then performed on the difficulty estimates
of the multidigit problems. The results of the analyses are shown in
Table 6. Model 1, with predictors as similar as possible to the predictors
entered in the single digit regression analysis, explained 36% of the var-
iance in problem difficulty. Larger problem size* made a problem signif-
icantly more difficult, while zeros and ones made a problem easier.
Parity and tie effects were also found: ties made a problem more difficult,
while even problems were easier than odd problems. Interaction terms
between problem size and special operands were also added, but these
were removed because of high multicollinearity. None of the interac-
tions was significant in the initial analysis.

In Model 2a, predictors related to the decomposition approach were
analyzed. With 76% explained variance, this model was a far better
model than Model 1 and all predictors were significant. However,
zeros in the end are exceptional, as they do not require any operation
but can merely be added to the final result. Therefore in Model 2b two
predictors, the number of operations and zeros, were replaced by one
predictor: the number of operations excluding end zero(s). While
being more parsimonious, model 2b provided an even better fit than
the previous models, with 78% explained variance and a lower AIC
than model 2a. This suggests that children are aware that they can
add zeros to the end result.

Then the exploratory, hybrid models were run, with significant pre-
dictors from all previous models. Model 3a, with only main effects,
strongly resembled Model 2b, while the tie and parity effect, added
from Model 1, lost significance. Model 3b, with interactions between
the number of operations and all special operands, fitted the data best
of all models, judging from the highest amount of explained variance
(R? = .83) and the lowest AIC value. Four of the five interactions were
significantly negative: the effect that special numbers make a problem
easier is thus stronger in problems involving more operations. It must
be noted, however, that the variance inflation factors in this model
were somewhat high (up to 14), suggesting some multicollinearity in
this model.

3 Recently, another network-interference based alternative for problem size has been
posited (De Visscher & Noél, 2014), based on the degree of similarity between the oper-
ands and answer of each problem and operands and answers of previously acquired prob-
lems. This measure proved a promising predictor, as it was a significant predictor when
added to the Network Interference model in Table 4, and it increased the R? to .80 (.75).
This encourages further development of network interference based predictors of item
difficulty. However, inclusion of this interference measure did not change our final results.
In a regression analysis together with all other predictors from Table 5, interference did
not reach significance or change the explained variance, while problem size was still a sig-
nificant predictor.

4 In this analysis, problem size was operationalized by means of the total number of
digits in m and n. Other operationalizations were again also tried: all operationalizations
that were tried in the single digit analysis, as well as relative value (sum of digits/total
number of digits). All yielded lower explained variance and a higher AIC value than the to-
tal number of digits.

Table 6
Regression analyses explaining mean difficulties of multidigit problems.
B SE t
Model 1. Single digit analogy
R2 = .36, F (10, 456) = 25.20, p <.001, AIC = 3144.38

Intercept 12.01 122 9.80"""
Problem size 4.19 0.36 11.48™
Zeros —3.67 0.37 —9.84™
Ones —2.87 0.29 —9.84™"
Twos —0.42 0.38 —-1.11
Fives 043 0.34 1.25
Nines 0.60 0.59 1.02
Order —0.23 0.35 —0.65
Tie 2.35 0.98 2417
Parity answer —2.61 0.78 —3.34™"
Parity addition 0.17 0.42 0.41
Model 2a: Decomposition approach
R? = .76, F(9,457) = 158.9, p <.001, AIC = 2685.51
Intercept 0.27 0.52 0.53
Operations 0.24 0.05 499"
Single digit —2.47 0.35 —7.08""
Carry 472 0.25 18.94"*
Zeros —0.58 0.20 —2.96
Ones —0.60 0.20 —3.03
Twos —1.13 0.22 —5.05""
Ten —4.82 0.33 —14.81""
Hundred —4.26 0.36 —11.88™"
Thousand —4.20 0.45 —935™"
Model 2b: Adapted decomposition approach
R? = .78, F(8,458) = 198.2, p <.001, AIC = 2647.43
Intercept 498 0.49 10.10"""
Operations without zeros 0.73 0.09 8.06™"
Single digit —3.17 0.23 —13.88"*
Carry 3.99 0.25 15.97"""
Ones —1.24 0.19 —6.62""
Twos —1.50 0.20 —733"™
Ten —4.70 0.31 —15.05"""
Hundred —3.65 0.32 —11.26™"
Thousand —3.18 0.37 —8.58""
Model 3a: Hybrid model, main effects only
R? = .78, F(11,455) = 149.50, p <.001, AIC = 2634.58
Intercept 4.69 0.62 7.55""
Problem size (number of digits) 0.58 0.15 3.87"""
Ones —1.07 0.19 —5.52""
Twos —1.31 0.21 —6.14™"
Tie 0.60 0.57 1.06
Parity —0.08 0.47 —0.18
Operations without zeros 0.71 0.09 7.65""
Single digit —2.20 0.34 —6.56""
Carry —4.07 0.25 16.40"""
Ten —4.44 0.31 —13.89""
Hundred 4.04 0.34 —11.87""
Thousand —4.00 0.43 —927™"
Model 3b: Hybrid model with interactions
R2 = .83, F(17,449) = 126.1, p <.001, AIC = 2544.98
Intercept 5.51 0.90 611"
Operations 1.01 0.18 5.66"""
Ones —0.31 0.34 —0.92
Twos —1.64 0.38 —430™"
Ten —741 0.89 —831™"
Tie 0.50 0.52 0.97
Parity 0.62 043 1.45
Hundred —7.62 0.76 —10.00"""
Thousand —10.22 1.01 —10.08""
Carry 3.36 0.30 11.25"
Single digit —225 030 —7.30™"
Problem size (number of digits) 0.62 0.14 447"
Operations*ones 0.46 0.08 546"
Operations*twos —0.09 0.10 —0.85
Operations*tens —0.97 0.21 —4.62™"
Operations*hundred —1.17 0.19 -6.11""
Operations*thousand —1.77 0.24 —7.42"
Operations*carry —0.24 0.07 —3.64™"
* p<.05.

¥ p<.001.
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The results suggest that children use the base 10 system of our
numerical system in their multidigit calculations, and that special
operands still play a role, as in single digit multiplication. However,
the importance of these special operands matter less than in single
digit multiplication, while the requirement of carries in the addition of
partial results is strong,

4. Discussion

In the present study, we analyzed within-grade and between-grade
differences in children's multiplication ability, and the structure of the
difficulty of single digit and multidigit multiplication items. First, the re-
sults showed that differences in ability between children in different
grades were present, but differences within the same grade were very
large. Within-grade differences were larger than between-grade mean
differences. Around 10% of the sixth-graders was even still working on
the single digit problems while on the other hand approximately a quar-
ter of the children in grade 1 was already working on multiplication be-
fore it had been introduced to them in school, sometimes even
outperforming the poorest children in sixth grade. While the observa-
tion of differences between children is not new, the present data show
and visualize just how large individual differences are. It is important
that the educational system acknowledges these vast differences and
adapts to the needs of children of all aptitude. The use of Math Garden
or other (computerized) adaptive tools may be helpful. These tools
can serve as a practice instrument that automatically selects appropriate
problems for each child, and as a diagnostic instrument to identify dif-
ferences between children without posing a high workload on the
teacher. For instance Math Garden creates individual progress reports
of strengths and weaknesses for the teacher.

A multimodal distribution was found and three groups could be
discerned: single digit problem solvers, multidigit problem solvers and
high performers. In the lower grades the majority of the children
belonged to the single digit problem solving group; only in grades 5
and 6 the multidigit problem solving group was largest, while the
group of high performers was always small. The multimodality suggests
a qualitative shift: once children have memorized the single digit prob-
lems, they make a fast leap in their multiplication ability, as they are
suddenly able to solve multidigit problems that are more complex
than multiplication with only a power of 10 as one of the operands.
The differences in cluster sizes suggest that this shift takes place mark-
edly later than the curriculum would predict: the shift takes place in
grade 5 or 6 for most children, even though they should have mastered
single digit problems by the end of grade 3 according to the Dutch
curriculum.

Second, the results showed that for children learning multiplication,
as expected, single digit multiplication problems were relatively easy
compared to multidigit problems. But there was also a substantial por-
tion of the multidigit problems that was quite easy, especially when
one of the operands was a power of 10. This does not follow the curric-
ulum: multiplication by 100 and 1000 is taught years later than single-
digit multiplication. This finding suggests that in an optimal curriculum
multiplication with powers of ten may be taught earlier than common
practice.

The final aim was an analysis of the difficulty structure of single digit
and multidigit problems, with two types of tasks: in the regular task
computational strategies dominated while in the speed task retrieval
was used in the majority of the cases. A perfect distinction between
computational and retrieval strategies was not achieved, but note that
this reflects actual, common behavior: most people apply strategies
flexibly, alternating between retrieval and computation even for very
easy problems (Hecht, 2006; LeFevre et al., 1996; Siegler, 2007; Van
der Ven et al., 2012).

The regression models for the two tasks are remarkably similar, de-
spite the different time limits, and despite the fact that the regular task
was a multiplication-only task in an open format, while the speed task

contained multiplication problems interspersed with other operations
(addition, subtraction, division) in a multiple choice format. The similar-
ities in the results suggest that our results are very robust. The only
meaningful difference was that we found a stronger tie effect in the
speed task, consistent with the idea that memory strength plays a larger
role in tasks with a lower time limit. We associated the tie effect with
the memory strength model and not with the computational efficiency
model because there are few computational advantages of problems
containing a tie. They are more consistent with the memory strength
model since the fact that the two operands are the same may make
them especially easy to store in working memory and to associate
with the answer, which may facilitate long term memory storage
(Thevenot, Barouillet, & Fayol, 2001). Moreover, later in primary educa-
tion the squaring operation is introduced, and tie multiplication prob-
lems are essentially squares, meaning that these problems are
practiced and anchored in memory even stronger.

It was, however, not the case that the memory strength model was
favored in the speed task above the computational efficiency model. In
fact, in all analyses the results fitted better with the predictions made
according to the computational efficiency theory. In line with predic-
tions made by the theory and with previous findings, we found a prob-
lem size effect and effects of all special operands. Interestingly, the
interaction effects between the problem size and special operands
were rather strong and consistent. Operationalization of problem size
did not affect the results strongly. In previous studies, the sum, product,
minimum and maximum of the operands and decade consistency have
been used. In our models, the best fitting model was the model using the
sum of the operands, but in all cases the same predictors were signifi-
cant. This shows that the results are fairly robust against different
operationalizations of problem size.

The results also show that contrary to earlier research in adults, de-
cade consistency was not a better predictor than problem size, also not
in the speed task, a prediction made by network interference models
(Domahs et al., 2006; Verguts & Fias, 2005a). Predictions of the network
efficiency theory did not match our data: parity effect and possibly an
order effect were both not reliably found. Moreover, the literature on
network efficiency did not predict an effect of special operands two
and nine, which were detected in the data. It may, however, be argued
that problems with two as an operand have fewer neighbors, just as
problems with one as an operand (although problems containing a
one have even fewer neighbors).

This mismatch between our data and the predictions from Network
Interference models may be related to our sample and setup of the
tasks. It is possible that a memory network continues to develop until
adulthood: even in the present speed task, the problems were still ad-
ministered to children with an expected failure rate of .25, and problems
had thus not been consolidated deeply. A similar, comprehensive anal-
ysis with adults may shed more light on other differences in the pres-
ence and strength of all effects.

Summarizing the single digit multiplication results, the present data
are generally in line with the computational efficiency model for the
both regular multiplication task and the speed task. The tie effect, and
especially the fact that the tie effect is stronger in the speed task implies
arole for memory strength too. We found no support for decade consis-
tency, parity and order effects, which are associated with the network
interference model.

The analyses of multidigit multiplication were more exploratory,
due to a lack of existing theory of multidigit problem solving in the lit-
erature. We contrasted a model analogous to single digit multiplication,
to two models based on decomposition of multidigit problems into dif-
ferent single digit multiplication problems, and created two models
combining aspects of each different model, with and without interac-
tions. The single digit analogy model did not explain the data well: the
explained variance was low and most variables were not significant.
The decomposition model explained the data much better, especially
under the assumption that children first ignore end-zeros and add
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these to the final result. The combined model, including the significant
predictors from each model and including interactions, fitted the data
best (R? = .83).

The results from this best model showed that in multidigit multipli-
cation special operands were less important than in single digit multi-
plication, perhaps because the regularity in the tables of 5 and
especially 9 is less pronounced in multidigit problems. Nevertheless,
the presence of ones and twos made problems significantly easier. The
results also showed that children applied the regularities of the base
ten structure. First, the presence of 10, 100 and 1000 led to a lower prob-
lem difficulty. Second, number of operations without zeros predicted
problem difficulty significantly better than number of operations in-
cluding zeros, which suggests that children ignored end-zeros and
added these to the final result. Fig. 2 illustrates this: many problems
with 10 or 100 were easier than the majority of single digit problems.
This means that children apply analogical strategies, which is one of
the curricular aims, but most children started using this pattern already
before its introduction in the curriculum: the majority of children in
grade 2 solved some problems with operands 100 and 1000. As pattern
recognition is an important feature of mathematics (Mulligan &
Mitchelmore, 2009), this could be seen as a positive sign. At the same
time, it may be promising for educational methods to introduce these
analogical strategies earlier in the curriculum, since most children are
already capable of carrying out these strategies, even without formal in-
struction. On the other hand, single digit problem solving ability is at the
base of these strategies, and is therefore also a very important ability to
train.

It should also be noted that multidigit problems turn out to be diffi-
cult to perform by means of mental computation. The majority of the
multidigit problems that children received were relatively easy, because
one of the operands is a power of ten, and/or because one of the multi-
plicands is a single digit number. In other words, the majority of Dutch
primary school children are only capable of multidigit multiplication
within 20 s, when relatively easy rules can be applied. While one
might argue that this limits the results of the study, at the same time
these results are ecologically valid, because mental calculation was re-
quired. More difficult multidigit problems are not solved with mental
calculation in daily life; most people then revert to paper and pencil or
a calculator.

Apart from yielding insight in children's multiplication learning, this
study also demonstrates how very large data sets can be used. With the
rise of the Internet, it has become easy to gather enormous amounts of
data about every thinkable subject. While data mining is promising for
science (Romero & Ventura, 2007), the question of what to do with
these data is complicated. Most scientists, especially psychologists, are ac-
customed to and trained in the analysis of controlled but small ex-
periments. With the present article we showed successfully how
these data can be used to perform comprehensive analyses: on dif-
ferences between children's ability and on the difficulty structure
of problems spanning a very wide difference in difficulty. At the
same time it must be acknowledged that this large scale data collec-
tion makes it impossible to control the circumstances to the same de-
gree as small-scaled experiments allow. For example, the speed task
differs in more than one aspect from the regular multiplication task:
it employs a multiple choice format, and multiplication problems are
intermixed with problems requiring other operations. Typically,
when using data collected with methods not originally designed to
meet the research questions of a specific study, certain characteris-
tics in these data will not be optimal. Nevertheless, there are still
large benefits of our approach: with the same budget, a vastly larger
data set can be obtained. Therefore we see this way of data collection
not as a substitute for but rather as an addition to traditional small-
scaled ways of data collection: each method has its own strengths
and weaknesses.

To summarize, we found differences in average ability between all
grades, but individual differences within each grade were larger. A

multimodal distribution indicated that children could be distinguished
as single digit problem solvers, multidigit problem solvers, and high
performers.

Single digit multiplication problems were easier than multidigit
problems, but there were large differences: the easiest multidigit
problems were easier than even the majority of the single digit
problems. The difficulty structure of the single digit problems was
very similar for two different multiplication tasks with different
time limits. The data of both tasks are generally in line with the
computational efficiency model. The tie effect, and especially the
fact that the tie effect is stronger in the speed task imply a role for
memory strength too. We found no support for the network inter-
ference model.

For multidigit problem solving, predictors related to the base ten
structure of our numerical system (10, 100, 1000), the number of oper-
ations needed to solve the problem, and the presence of ones, twos and
the requirement of a carry predicted problem difficulty best. Since mul-
tiplication is one of the four basic operations, and multidigit multiplica-
tion builds on single digit multiplication but is not the same, it is
recommended that future studies on multiplication proficiency also
look at multidigit multiplication.

Appendix A

The Math Garden computer adaptive technology works in an it-
erative process consisting of four steps: (1) problem selection
based on child ability and problem difficulty estimates, (2) comput-
ing the expected score, (3) obtaining the score by the child solving
the problem and (4) updating the child ability and problem diffi-
culty estimates based on the difference between the expected and
obtained score.

In step 1, a suitable problem is selected for a child. This selection
is based on the past performance of both the player and the prob-
lems (by other players solving the same problem). This past perfor-
mance has yielded an ability estimate of the player and difficulty
estimates of the problems. A problem is selected for which the
child has an expected probability of on average .75 (SD = .1) of
answering it correctly within the time limit, according to the
Rasch model shown in Eq. (1):

efi—bi

P(Xy = 1103) = {~ a5

In this equation P = probability, X = the accuracy (1 = correct, 0 =
incorrect) of the answer of player j with ability estimate 6; on item i with
difficulty B;; this probability increases with increasing player ability and
decreases with increasing problem difficulty.

Then, in step 2, the expected score is estimated. While most scoring
systems are based on accuracy only, Math Garden uses a new scoring sys-
tem that incorporates both accuracy and speed: the High Speed High
Stakes principle (HSHS; Maris & Van der Maas, 2012). The HSHS principle
entails that the score is 1 for correct answers and — 1 for incorrect an-
swers, multiplied by the proportion of remaining time. The score is thus
largest, positively or negatively, when an answer is given fast, and linearly
decreases/increases to 0 as the time approaches the time limit. The prin-
ciple is illustrated in Fig. 1. E.g., if an answer is given immediately, the
score is + 1 (correct answer) or —1 (incorrect answer). If an answer is
given with 75% of the time remaining, the score is 0.75 (correct) or
—0.75 (incorrect). All values between —1 and 1 are possible. With this
scoring rule, fast correct responses are rewarded but fast incorrect guesses
are punished.

The child's expected score on the problem is estimated with the ex-
tended Rasch model, presented in Maris and Van der Maas (2012). This
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Fig. 1. lllustration of the High Speed, High Stake principle. With a time limit of 20 s, a cor-
rect answer after 5 s yields a score of 0.75; an incorrect answer after 12 s yields a score of
—0.40.

model is shown in Eq. (2):

0k 11 1
E(S;|0;) = — . 2
( Ul J) ez(f’f’“i)—l Gj_Bi ( )

In this equation, E = expected, S = score, 6; = ability of player j, and
(3; = difficulty of problem i. The outcome of the Eq. (2) is thus the ex-
pected score of player j with ability estimate 6; on item i with difficulty
estimate ;. As Eq. (2) shows, this expected score is based on the differ-
ence between [3; and 6;: this expected score ranges from close to — 1
(when problem difficulty is far higher than child ability), through 0
(when both are equal), to almost 1 (when child ability is far higher
than problem difficulty).

In step 3, the child solves the problem and the actual score is obtained,
based on the speed and accuracy of the answer using the HSHS principles
as displayed in Fig. 1. Then step 4 is executed, a new feature in Math Gar-
den technology: an on the fly item calibration system. This means that the
child's obtained score on an item is used to update the estimate of the
child's ability and the difficulty of the item. The expected score derived
from Eq. (2) is compared to the actual score that the child obtained.
Then, following a procedure invented by Elo (1978) and used in compet-
itive chess to rank players, the child's ability is adjusted upward if the
child scored higher than expected and downward if the child scored
lower than expected; the larger the discrepancy between observed and
expected score, the larger the adjustment. In a similar fashion, the prob-
lem difficulty is adjusted downward if the child scored higher than ex-
pected (apparently the problem was easier than previously thought)
and upward if the child scored lower than expected. Then the cycle starts
again: the updated estimates are used to select the next problem. This
way, estimates of child ability and problem difficulty are obtained reliably
with an on the fly algorithm that enables adaptive problem selection such
that children only solve problems that are suitable for their level of
development.
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