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Inference via the Skewness-Kurtosis Set

Chris A. J. Klaassen† and Bert van Es

Korteweg-de Vries Insitute for Mathematics, University of Amsterdam, Amsterdam, Netherlands
E‐mail: a.j.vanes@uva.nl

Summary

Kurtosis minus squared skewness is bounded from below by 1, but for unimodal distributions,
this parameter is bounded by 189/125. In some applications, it is natural to compare distributions
by comparing their kurtosis-minus-squared-skewness parameters. The asymptotic behavior of the
empirical version of this parameter is studied here for i.i.d. random variables. The result may be
used to test the hypothesis of unimodality against the alternative that the kurtosis-
minus-squared-skewness parameter is less than 189/125. However, such a test has to be applied with
care, because this parameter can take arbitrarily large values, also for multimodal distributions.
We also present a test for symmetric unimodality. Simulation results are presented and for three
classes of distributions the skewness-kurtosis sets are described in detail.

Key words: kurtosis; kurtosis-minus-squared-skewness parameter; Pearson’s inequality; skewness; test
of unimodality.

1 Introduction

Skewness and kurtosis play an important role in applied research; see, for example,
Cristelli et al. (2012) (complex dynamics), Busse and Jelly (2023) (turbulence), Brizan-St.
Martin et al. (2023) (health care), Dunnwald et al. (2023) (medicine, deep learning), Hughes
et al. (2010) (ocean modelling), Karagiorgis et al. (2023) (cryptocurrencies). Trying to compare
the distribution of their data to the normal distribution these researchers study the standardized
third and fourth moments, which means that they study the skewness and kurtosis. If X is a ran-
dom variable with finite fourth moment, mean μ and variance σ2, then the skewness τ, kurtosis κ
and excess kurtosis κe are defined as

τ ¼
E ðX � μÞ3
� �

σ3
; κ ¼

E ðX � μÞ4
� �

σ4
; κe ¼ κ � 3:

Because normal distributions have kurtosis 3, the excess kurtosis is a measure for the deviation from
Gaussianity. In practice, one often calls the excess kurtosis simply kurtosis, but we will not do that.
Consider the plane with skewness on the horizontal (x-) and kurtosis on the vertical (y-)axis.

Pearson (1916) published the inequality

κ ≥ τ2 þ 1; (1:1)

which holds for all distributions; see (7)–(9) of Klaassen et al. (2000). This means that all points
ðτ; κÞ are on or above the parabola fðx; yÞ ∈ ℝ2 j y ¼ x2 þ 1g. In Section 2.1, we prove that all
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points on or above this parabola can be attained by choosing the underlying distribution
appropriately.

For unimodal distributions, the Pearson inequality was sharpened to

κ ≥ τ2 þ 189=125 (1:2)

by Klaassen et al. (2000); a distribution is unimodal if its distribution function is
convex–concave. In Section 2.2.2, we show that for unimodal distributions all points ðτ; κÞ
are above the parabola fðx; yÞ ∈ ℝ2 j y ¼ x2 þ 189=125g, except for two points that are at this
parabola. Actually, we sharpen and optimize inequality (1.2) there by replacing 189/125 by a
complicated function of τ.

For symmetric unimodal distributions, the inequality

κ ≥ τ2 þ 9=5 (1:3)

holds; see remark 2.1 and table 1 of Klaassen et al. (2000). In Section 2.3, we show that for
symmetric unimodal distributions the skewness-kurtosis set equals the half line
fðx; yÞ ∈ ℝ2 j x ¼ 0; y ≥ 9=5g.

Of these three skewness-kurtosis sets we focus on inference based on the skewness-kurtosis
set for unimodal distributions. In Karagiorgis et al. (2023), one starts with daily returns on
cryptocurrencies. On a weekly basis, sample skewness and sample kurtosis of these daily
returns are computed. In this way, many skewness-kurtosis points in the plane are obtained.
By a regression approach, it is argued in Karagiorgis et al. (2023) that the regression line κ ¼
τ2 þ 189=125 (see (1.2)) fits these data points better than the regression lines κ ¼ τ2 þ 1 corre-
sponding to (1.1) and κ ¼ τ4=3 suggested by Cristelli et al. (2012). Another approach would
have been to test the hypothesisΔ ¼ κ � τ2 ≥ 189=125. Our main result is Theorem 3.1, which
presents the asymptotic behavior of the empirical version of Δ under distributions with finite
eighth moments. This result can be used to test the hypothesis Δ ¼ κ � τ2 ≥ 189=125 versus
the alternative Δ < 189=125.

Inequality (1.2) implies that distributions with Δ < 189=125 are necessarily multimodal.
However, there are multimodal distributions with arbitrarily large positive values of Δ ;
see (7.30).

In Section 3, we introduce the test statistic based on the empirical skewness and kurtosis and
determine its asymptotic behavior. How this asymptotic behavior can be applied to determine a
test for the null hypothesis of unimodality versus the hypothesis Δ < 189=125 is discussed in
Section 4. In a similar manner, in Section 5, we derive a test for symmetric unimodality based
on inequality (1.3). Because it turns out that the boundary inflated uniform distribution, for-
mally introduced in Section 2.2.1, plays a crucial role for the proposed unimodality tests, we
consider the test statistic under this distribution in more detail in Section 6.

It is also observed that for several multimodal distributions the bound 189/125 is surpassed.
In Section 7, this is investigated for certain mixtures of two normal distributions and of two ex-
ponential distributions.

In Section 8, we present some simulation results for the tests.

2 Skewness-Kurtosis Sets

In this section, we present the exact shape of three skewness-kurtosis sets. The
skewness-kurtosis set of a family of probability distributions is defined as the set of those points
ðτ; κÞ ∈ ℝ2 such that there is a distribution in the family with skewness τ and kurtosis κ.

2 C. A. KLAASSEN AND B. VAN ES
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2.1 The Skewness-Kurtosis Set for Arbitrary Distributions

Theorem 1. The skewness-kurtosis set of the family of (all) probability distributions is

fðτ; κÞ ∈ ℝ2 j κ ≥ τ2 þ 1g: (2:4)

Proof Consider the following well defined random variable

X ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αð1þ zÞ

p 1

ð1þ αÞð1þ zÞ
0 with probability 1 � 1

1þ zffiffiffiffiffiffiffiffiffiffiffi
1þ z

α

r
α

ð1þ αÞð1þ zÞ

8>>>>>>><
>>>>>>>:

(2:5)

with 0 < α ≤ 1 and 0 ≤ z. Some computation shows

EX ¼ 0; EX 2 ¼ 1; τ ¼ EX 3 ¼ 1 � αffiffiffi
α

p ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
;

κ ¼ EX 4 ¼ 1 � αþ α2

α
ð1þ zÞ:

From the definition, it follows that the distribution is symmetric around zero for α ¼ 1. The value
of the skewness above shows that it is positively skewed because τ ≥ 0. Negative skewness can be
obtained by considering �X.
Note that the function ψðαÞ ¼ ð1 � αÞ= ffiffiffi

α
p

; 0 < α ≤ 1 , is continuous with ψð1Þ ¼ 0 and
limα↓0ψðαÞ ¼ ∞ . This means that τ can take all values in ½0; ∞Þ . For each chosen value of

τ ≥ 0 and for any κ ≥ τ2 þ 1, the corresponding values of α and z satisfy z ¼ κ � τ2 � 1 and

α such that jτj � ΨðαÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ � τ2

p
¼ 0. Hence, for appropriate choices of α and z, each point in

the set fðx; yÞ ∈ ℝ2 j 0 ≤ x; y ≥ x2 þ 1g can be attained by the corresponding ðτ; κÞ. Finally,
with �X the set fðx; yÞ ∈ ℝ2 j x ≤ 0; y ≥ x2 þ 1g can be attained. The equality κ ¼ τ2 þ 1 is
attained when z ¼ 0, that is, the case where X takes only two values.
We have shown that for every point on or above the parabola y ¼ x2 þ 1 there exists a distribution
such that its skewness and kurtosis coincide with this point. Pearson’s inequality (1.1) completes
the proof.

2.2 The Skewness-Kurtosis Set for Unimodal Distributions

The boundary inflated uniform distributions play an important role in the study of the
skewness-kurtosis set for unimodal distributions.

2.2.1 Boundary inflated uniform, BIU(p; a; b), distributions

The location scale family of boundary inflated uniform distributions may be represented by
the distribution that has probability 1 � p for a value a and, conditionally on being larger than
a, renders a uniform distribution on ða; b�; a < b. It is denoted by BIU(p; a; b). For a ¼ 0 and
b ¼ 1, we write BIU(p).
So we have

3Inference via the Skewness-Kurtosis Set
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X ¼
a 1 � p

with probability

uniform onða; b� p:

8><
>:

It can be represented as

X ¼ ðb � aÞBU þ a

with B andU independent, B Bernoulli distributed with success probability p andU uniform on
the unit interval.

The first two moments and the variance of the BIUðp; a; bÞ distribution are by straightfor-
ward computations established in the following theorem.

Theorem 2. Let X have a BIU(p; a; b) distribution, Then we have

EX ¼ aþ 1

2
pðb � aÞ;

EX 2 ¼ a2 þ aðb � aÞpþ 1

3
ðb � aÞ2p;

var X ¼ ðb � aÞ2 1

3
p � 1

4
p2

� �
:

The normalized version of this distribution, that is, with mean 0 and variance 1, is the distri-

bution where we choose a ¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3p

4 � 3p

r
and b ¼ 2 � p

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p

4 � 3p

r
.

For a general random variable X , we denote its mean by μ, its variance by σ2 > 0, its skew-

ness by τ ¼ σ�3EððX � μÞ3Þ, its kurtosis by κ ¼ σ�4EððX � μÞ4Þ. Furthermore, let νk ¼
E X � μ

σ

� �k� �
be the k-th reduced moment. Let Δ ¼ κ � τ2 ¼ ν4 � ν23. The following theorem

gives the values of the (reduced) moments, skewness, kurtosis and Δ. For further reference, it
also gives the value of the limit variance ς2 of the test statistic in Section 3, given by (3.23).
Because for fixed p the BIU(p; a; b) distributions are a location scale family, these values only
depend on the parameter p.

Theorem 3. For the BIU(p; a; b) distribution, the moments are

νk ¼ EXk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3p

4 � 3p

r	 
k
ð�1Þkð1 � pÞþð2 � pÞk þ 1 � ð�pÞk þ 1

2ðk þ 1Þpk � 1

( )

ν1 ¼ 0; ν2 ¼ 1; ν3 ¼ 6ð1 � pÞ2
pð4 � 3pÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p

4 � 3p

r
; ν4 ¼ 9ð16 � 40pþ 40p2 � 15p3Þ

5pð4 � 3pÞ2

ν5 ¼ 12ð1 � pÞ2ð4 � 4pþ 3p2Þ
p2ð4 � 3pÞ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p

4 � 3p

r
;

ν6 ¼ 27ð64 � 224pþ 336p2 � 280p3 þ 140p4 � 35p5Þ
7p2ð4 � 3pÞ3 ;

ν7 ¼ 54ð1 � pÞ2ð8 � 16pþ 16p2 � 8p3 þ 3p4Þ
p3ð4 � 3pÞ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p

4 � 3p

r
;

ν8 ¼ 9ð256 � 1152pþ 2304p2 � 2688p3 þ 2016p4 � 1008p5 þ 336p6 � 63p7Þ
p3ð4 � 3pÞ4 ;

4 C. A. KLAASSEN AND B. VAN ES
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the skewness is given by

τðpÞ ¼ ν3 ¼ EX 3 ¼ 6ð1 � pÞ2
pð4 � 3pÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3p

4 � 3p

s
;

the kurtosis by

κðpÞ ¼ ν4 ¼ EX 4 ¼ 9ð16 � 40pþ 40p2 � 15p3Þ
5pð4 � 3pÞ2

and the test function, kurtosis minus squared skewness, by

ΔðpÞ ¼ κðpÞ� τ2ðpÞ ¼ 9ð4þ 32p � 80p2 þ 60p3 � 15p4Þ
5pð4 � 3pÞ3 : (2:6)

Finally, the limit variance in (3.23) of the test statistic equals

ς2ðpÞ ¼ 1152ð2446 � 11229pþ 21744p2 � 22080p3 þ 11640p4 � 2520p5Þ
875p3ð4 � 3pÞ8 : (2:7)

Proof. Let X ¼ BU be a random variable with B and U independent, B Bernoulli distributed with
success probability p and U uniform on the unit interval. The moments and variance of X are

EX k ¼ EB EUk ¼ p

k þ 1
; k ≠ 0;

var X ¼ p

3
� p

2

� �2
¼ p

12
ð4 � 3pÞ:

This implies

τ2ðpÞ ¼ ðvar X Þ�3 EðX � EX Þ3
� �2

¼ 12

pð4 � 3pÞ
� �3 p

4
� 3

p

3

p

2
þ 2

p

2

� �3� �2

¼ 108

pð4 � 3pÞ3ð1 � 2pþ p2Þ2 ¼ 108

pð4 � 3pÞ3ð1 � pÞ4

and

κðpÞ¼ ðvar X Þ�2EðX � EX Þ4

¼ 12

pð4 � 3pÞ
� �2 p

5
� 4

p

4

p

2
þ 6

p

3

p

2

� �2
� 3

p

2

� �4� �

¼ 144

5pð4 � 3pÞ2 1 � 5

2
pþ 5

2
p2 � 15

16
p3

� �

¼ 9

5pð4 � 3pÞ2 16 � 40pþ 40p2 � 15p3
� �

:

Consequently, we have

5Inference via the Skewness-Kurtosis Set
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ΔðpÞ ¼ κðpÞ� τ2ðpÞ ¼ 9

5pð4 � 3pÞ3 4þ 32p � 80p2 þ 60p3 � 15p4
� �

:

Furthermore, we have for k ¼ 0; 1; …

EðX � EX Þk¼
Xk
j¼0

k

j

� �
�1

2
p

� �j

EX k � j ¼ �1

2
p

� �k

þ
Xk � 1

j¼0

k

j

� �
�1

2
p

� �j p

k � j þ 1

¼ �1

2
p

� �k

þ p

k þ 1

Xk � 1

j¼0

k þ 1

j

� �
�1

2
p

� �j

¼ �1

2
p

� �k

þ p

k þ 1
1 � 1

2
p

� �k þ 1

� ðk þ 1Þ �1

2
p

� �k

� �1

2
p

� �k þ 1
" #

:

Consequently, the k-th reduced moment equals

νk ¼ E
X � EXffiffiffiffiffiffiffiffiffiffiffiffi

var X
p

� �k

¼ p

12
ð4 � 3pÞ

� ��k=2

� �1

2
p

� �k

þ p

k þ 1
1 � 1

2
p

� �k þ 1

� k þ 1 � 1

2
p

� �
�1

2
p

� �k
" # !

:

(2:8)

Straightforward but tedious computation yields (2.7).

In deriving the limit distribution of our test statistic, the special case where p ¼ 1=2 plays an
important role because for this value of p, the bound (1.2) is exclusively attained. For such
boundary inflated uniform distributions, we get

νk ¼ E Xk
� � ¼ 1

2
�

ffiffiffi
3

5

r !k

þ 1

2

ffiffiffi
5

3

r
1

4ðk þ 1Þ 3

ffiffiffi
3

5

r !k þ 1

� �
ffiffiffi
3

5

r !k þ 1
2
4

3
5

¼
ffiffiffi
3

5

r !k
3k þ 1 þ ð4k þ 5Þð�1Þk

8ðk þ 1Þ ; k ≤ 8;

which means

ν1 ¼ 0; ν2 ¼ 1; ν3 ¼ 6

5

ffiffiffi
3

5

r
; ν4 ¼ 297

125
; ν5 ¼ 132

25

ffiffiffi
3

5

r
¼ 22

5
ν3;

ν6 ¼ 7479

875
; ν7 ¼ 2754

125

ffiffiffi
3

5

r
¼ 459

25
ν3; ν8 ¼ 4437

125
:

Straightforward but rather tedious computation shows that these values yield the limit variance

ς2 ¼ 216 � 32

57 � 7
≈ 1:078535; ς ≈ 1:038526: (2:9)

Note that for p ¼ 1=2 (2.6) yields

Δð1=2Þ ¼ κð1=2Þ� τ2ð1=2Þ ¼ 9� 16

625
4þ 16 � 20þ 15

2
� 15

16

	 

¼ 189

125
;

as it should. Computation also shows that for p ¼ 1=2 (2.7) reduces to (2.9).
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2.2.2 The skewness-kurtosis set for unimodal distributions

Theorem 4. Define

Lðα; τÞ ¼ 1

5
4þ α2ð Þ�3 1

3
1þ 4α2
� �

4þ α2
� �3

τ2



þ2α 4þ α2ð Þ3=2 8
ffiffiffi
3

p
α4 þ 2

ffiffiffi
3

p þ 1
� �

α2 � 1
� �

τ

þ3 48α8 þ 15þ 4
ffiffiffi
3

p� �
α6 þ 60 � 4

ffiffiffi
3

p� �
α4 þ 60α2 þ 192

� ��
:

The skewness-kurtosis set of the family of unimodal probability distributions is

ðτ; κÞ ∈ ℝ2 j κ ≥ τ2 þ min
α ∈ ℝ

Lðα; τÞg:



(2:10)

Furthermore,

min
α ∈ ℝ

Lðα; τÞ ≥ 189=125 (2:11)

holds with equality if and only if the distribution is one-sided boundary inflated uniform with
pointmass 1/2.

Proof. By Khintchine’s representation any unimodal random variable X with mode at 0 may be
written as X ¼ UZ with U uniform on ð0; 1Þ and U and Z independent; cf. Theorem V.9, p. 158,
of Feller (1971) or lemma A.1 of Ion et al. (2022). With G the distribution of Z, that is, the mixing
distribution, we write μG; σG; τG and κG for mean, standard deviation, skewness, and kurtosis,
respectively, of G. Tedious computation shows that the skewness τ and kurtosis κ of X satisfy
(cf. (11) of Klaassen et al., 2000)

κ ¼ τ2 � 108 4þ μG

σG

� �2
 !�3

τG þ μG

σG

� �2

þ9

5
4þ μG

σG

� �2
 !�2

16κG þ 24
μG

σG
τG þ 16

μG

σG

� �2

þ μG

σG

� �4
 !

:

For every z ≥ 0, there exists a distribution G with κG ¼ τ2G þ 1þ z in view of Theorem 2.1, and for
every distribution G there exists such a z. Because skewness and kurtosis are location and scale
invariant we may assume μG=σG ¼ α for any α ∈ ℝ. Computation shows

τG ¼ α3 þ 1

6
ffiffiffi
3

p 4þ α2
� �3=2

τ:

With these substitutions, we arrive at

κ ¼ τ2 þ Lðα; τÞþ144

5
4þ α2
� ��2

z; (2:12)

which implies (2.10).
According to theorem 1.1 of Klaassen et al. (2000), equality holds in (2.13) if and only if X has a
one-sided boundary-inflated uniform distribution with mass 1/2 at the atom.

Computation shows that a one-sided boundary-inflated uniform distribution, see
Section 2.2.1, with mass p ¼ 1=2 at the atom has skewness and kurtosis equal to

7Inference via the Skewness-Kurtosis Set
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τ ¼ ±

ffiffiffiffiffiffiffiffi
108

125

r
¼ ±

6

5

ffiffiffi
3

5

r
; κ ¼ 297

125
: (2:13)

This means that the parabola fðx; yÞ ∈ ℝ2 j y ¼ x2 þ 189=125g contains only two points of
the skewness-kurtosis set of unimodal distributions. With jαj ¼ 1 and τ as in (2.13) such that ατ
is negative, straightforward computation gives Lðα; τÞ ¼ 189=125 in agreement with theorem
1.1 of Klaassen et al. (2000).

Let us denote the boundary function given by (2.10) by bðτÞ ¼ τ2 þminα ∈ ℝLðα; τÞ and the
boundary function for κ in Klaassen et al. (2000), that is, (1.2), by f ðτÞ ¼ τ2 þ 189=125. The
function bðτÞ can be computed by numerical minimization. For unimodal distributions, we have
bðτÞ ≥ f ðτÞ with, as argued above, equality for τ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

108=125
p

≈ ±0:929516. This is illustrated
by Figure 1.

The minimum in (2.10) can actually be determined, yielding an explicit, though rather com-
plicated, expression for (2.10). With the help of Theorem 2.3, we can formulate the boundary of
the skewness-kurtosis set for unimodal distributions as given in Theorem 2.4.

Theorem 5. The boundary of the skewness-kurtosis set of the family of unimodal probability dis-
tributions is

κ ¼ κðτÞ ¼ 9

5
1þ 4

q2ð1 � 4qÞ
ð1 � qÞð1þ 6q � 3q2Þ

� �
(2:14)

with

q ¼ 1

6
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2ΩðzÞp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 � 2ΩðzÞþ16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z

4þ 2ΩðzÞ
rs !

;

ΩðzÞ ¼ z1=3 1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p� �1=3 � z2=3 1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p� ��1=3
; z ¼ 4=τ2 ≥ 0:

(2:15)

Proof. As argued at the beginning of this section this boundary is attained by Bernoulli distribu-
tions as mixing distribution, that is, by boundary inflated uniform distributions. Therefore, we have
to rewrite the kurtosis κðpÞas a function of τðpÞ; see Theorem 2.3. To this end, we first want to write p

FIGURE 1. Left: The two functions f ðτÞ and bðτÞ. Right: bðτÞ� f ðτÞ ¼ minα ∈ ℝLðα; τÞ � 189=125.
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as a function of τ. Hence, with q ¼ 1 � p; z ¼ 4τ�2, we have to solve the depressed quartic equa-
tion (see, e.g. (6)–(8) of Fathi and Sharifan (2013))

27ð1þ zÞq4 � 18q2 � 8q � 1 ¼ 0; 0 ≤ q ≤ 1: (2:16)

We consider the function ΩðzÞ from (2.15). Note that for 0 ≤ z ≤ 2 we have

ΩðzÞ ≤ 2 1þ ffiffiffi
3

p� �� �1=3
≈ 1:76 and for z ≥ 2 we have

ΩðzÞ ¼ z1=3 1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p� �1=3
1 � 1þ 2

z

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p þ 2

z

	 
�1=3
 !

≤ z1=3 1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p� �1=3 2

3z

ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p þ 2

3z

� �
¼ 2

3

1þ ffiffiffiffiffiffiffiffiffiffiffi
1þ z

pffiffi
z

p
� �4=3

≤
2

3

1þ ffiffiffi
3

pffiffiffi
2

p
� �4=3

≈ 1:60:

(2:17)

The first equality in (2.17) also shows ΩðzÞ ≥ 0. Consequently, 0 ≤ ΩðzÞ < 2 holds.
The four roots of the depressed quartic Equation 2.16 are

q1 ¼
1

6
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2ΩðzÞp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 � 2ΩðzÞ� 16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z

4þ 2ΩðzÞ
rs !

;

q2 ¼
1

6
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2ΩðzÞp �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 � 2ΩðzÞ � 16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z

4þ 2ΩðzÞ
rs !

;

q3 ¼
1

6
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2ΩðzÞp þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 � 2ΩðzÞþ16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z

4þ 2ΩðzÞ
rs !

∈ ½0; 1�;

q4 ¼
1

6
ffiffiffiffiffiffiffiffiffiffiffi
1þ z

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 2ΩðzÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 � 2ΩðzÞþ16

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z

4þ 2ΩðzÞ

svuut
0
@

1
A < 0:

(2:18)

For z > 0, the first two roots are not real, and for z ¼ 0, they are negative. Hence, q3 is the only
root in the unit interval, and the kurtosis κ ¼ κðpÞ can be written as a function of τ ¼ τðpÞ as
follows:

κ ¼ κðτÞ ¼ 9ð16 � 40ð1 � q3Þþ40ð1 � q3Þ2 � 15ð1 � q3Þ3Þ
5ð1 � q3Þð4 � 3ð1 � q3ÞÞ2

¼ 9

5
1þ 4

q23ð1 � 4q3Þ
ð1 � q3Þð1þ 6q3 � 3q23Þ

� �
(2:19)

and with q3 ¼ q we obtain the theorem.

2.3 The Skewness-Kurtosis Set for Symmetric Unimodal Distributions

Theorem 6. For symmetric unimodal distributions, the skewnes-kurtosis set equals

9Inference via the Skewness-Kurtosis Set
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fð0; κÞ ∈ ℝ2 j κ ≥ 9=5g: (2:20)

Furthermore,

κ ≥ 9=5 (2:21)

holds with equality if and only if the distribution is uniform.

Proof. In view of (1.3), it remains to be shown that the kurtosis of a symmetric unimodal
distribution can take any value at least equal to 9=5. Let X be a random variable that is uniformly
distributed on the interval ½�1; 1�with probability p and has an atom at 0 with mass 1 � p. The k-th
moment of X equals

EðXkÞ ¼ p

k þ 1
1½k even�; k ¼ 1; 2; …;

and hence, we have

μ ¼ 0; σ2 ¼ p

3
; τ ¼ 0; κ ¼ 9

5p
:

Because the map ð0; 1�→½9=5; ∞Þ; p↦9=ð5pÞ is onto, the proof of the inequality is complete.
For the statement concerning equality, we refer to Klaassen et al. (2000).

By the proof of Theorem 2.4 we obtain for unimodal distributions with skewness τ ¼ 0

κ ≥ min
α ∈ ℝ

Lðα; 0Þ: (2:22)

Because computation shows Lð�1; 0Þ ¼ Lð0; 0Þ ¼ Lð1; 0Þ ¼ 9=5, Figure 2 implies that the
lower bound in (2.22) is less than 9=5. Together with Theorem 2.4 we conclude that there exist
nonsymmetric unimodal distributions with skewness τ ¼ 0 and κ < 9=5.

FIGURE 2. The function Lðα; 0Þ.
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3 An Empirical Moments Estimator

As announced in the Introduction, Section 1, our main result is about the asymptotic behavior
of the empirical version of Δ ¼ κ � τ2 . To define and study this empirical version, let
X ; X 1; …; Xn be i.i.d. random variables with mean μ , variance σ2 > 0 , skewness τ ¼
σ�3EððX � μÞ3Þ, kurtosis κ ¼ σ�4EððX � μÞ4Þ and finite eighth moment. Let

Tn ¼
1

n

P
n
i¼1 X i � X n
� �4

1
n

P
n
i¼1 X i � X n
� �2h i2 �

1
n

P
n
i¼1 X i � X n
� �3h i2

1
n

P
n
i¼1 X i � X n
� �2h i3; X n ¼ 1

n

Xn
i¼1

X i;

be the empirical version of Δ ¼ κ � τ2, which estimates Δ. Because both Δ and Tn are location
and scale invariant, the behavior of Tn � Δ is the same for all members of the location-scale
family of X . Therefore, we assume μ ¼ 0 and σ2 ¼ 1, without loss of generality.
We denote the k-th (reduced) moment of X by

νk ¼ E
X � μ

σ

� �k
 !

¼ E Xk
� �

; k ≤ 8:

Note that then ν0 ¼ 1; ν1 ¼ 0; ν2 ¼ 1; ν3 ¼ τ and ν4 ¼ κ.
By the central limit theorem and the boundedness of the eighth reduced moment ν8 of X

Sk; n ¼ 1

n

Xn
i¼1

Xk
i � νk

� � ¼ Op
1ffiffiffi
n

p
� �

; k ≤ 4;

holds. Hence, we have

1

n

Xn
i¼1

X i � X n
� �k ¼ 1

n

Xn
i¼1

Xk
i � kX nX k � 1

i

� �þ Op
1

n

� �

¼ νk þ Sk; n � kνk � 1X
n þ Op

1

n

� �
; k ≤ 4;

and

Tn � Δ ¼ 1þ Op
1ffiffiffi
n

p
� �	 
�3

�
(

1þ S2; n þ Op
1

n

� �	 
	
ν4 þ S4; n � 4ν3X

n þ Op
1

n

� �


� ν3 þ S3; n � 3X n þ Op
1

n

� �
�
2

� κ � τ2ð Þ 1þ S2; n þ Op
1

n

� �	 
3" )

¼ 1

1þ Op
1ffiffiffi
n

p
� �	 
3 ν4 þ S4; n � 4ν3S1; n þ ν4S2; n � ν23 � 2ν3S3; n

�

þ6ν3S1; n � ν4 � ν23
� �

1þ 3S2; n
� �þ Op

1

n

� ��

¼
2ν3S1; n � 2ν4 � 3ν23

� �
S2; n � 2ν3S3; n þ S4; n þ Op

1

n

� �

1þ Op
1ffiffiffi
n

p
� �	 
3

¼ 2ν3S1; n � 2ν4 � 3ν23
� �

S2; n � 2ν3S3; n þ S4; n þ Op
1

n

� �
:
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We obtain

ffiffiffi
n

p
Tn � Δð Þ ¼ 1ffiffiffi

n
p

Xn
i¼1

2ν3X i � 2Δ � ν23
� �ðX 2

i � 1Þ� 2ν3ðX 3
i � ν3ÞþðX 4

i � ν4Þ
� �

þ Op
1ffiffiffi
n

p
� �

:

Straightforward computation shows that this implies

Theorem 7. Let X ; X 1; …; Xn be i.i.d. random variables with mean μ, variance σ2 > 0, skew-

ness τ ¼ σ�3EððX � μÞ3Þ, kurtosis κ ¼ σ�4EððX � μÞ4Þ and finite eighth moment, and let νk ¼
E X � μ

σ

� �k� �
be the k-th reduced moment. With Δ ¼ κ � τ2 ¼ ν4 � ν23

ffiffiffi
n

p
Tn � Δð ÞD→DNð0; ς2Þ; as n→∞

holds, where the asymptotic variance ς2 is given by

ς2 ¼ 4Δ3 � Δ2 � 3ν43 þ 16ν23 � 8ν3ν5 þ 4ν6
� �

Δ

þν63 � 4ν43 � 4ν33ν5 þ 2ν23 2þ 3ν6ð Þ þ 4ν3 ν5 � ν7ð Þ þ ν8:
(3:23)

4 Testing Unimodality

To test the null hypothesis of unimodality, which implies Δ ≥ 189=125, we consider the ran-
dom variable X that has point mass 1/2 at� ffiffiffiffiffiffiffiffi

3=5
p

and with probability 1/2 behaves like a uni-

formly distributed random variable on � ffiffiffiffiffiffiffiffi
3=5

p
; 3

ffiffiffiffiffiffiffiffi
3=5

p� �
. X has a boundary inflated uniform

distribution with point mass 1/2, mean 0 and variance 1. Recall that the excess kurtosis equals
kurtosis κminus 3. By Klaassen et al. (2000) it was shown that for unimodal distributions equal-
ity in τ2 � κe ¼ τ2 � ðκ � 3Þ ≤ 186=125, or equivalently inΔ ≥ 189=125, holds for unimodal
distributions if and only if the underlying distribution is boundary inflated uniform with point
mass 1/2.

Together with theorem 1 from Klaassen et al. (2000), Theorem 3.1 and (2.9) imply that for i.i.
d. random variables X 1; …; Xn with a distribution with finite eighth moment, one may test the
null hypothesis of unimodality (and hence Δ ≥ 189=125) versus the alternative hypothesis of
Δ < 189=125 (and hence multimodality), that is,

H0 :Δ ≥ 189=125 versus H1 :Δ < 189=125; (4:24)

at significance level α by rejecting whenever for large values of n

Tn � 189

125
≤ � ςffiffiffi

n
p Φ�1ð1 � αÞ; ς ≈ 1:038526; (4:25)

holds.
If the null hypothesis is rejected one can confidently conclude the the distribution is multi-

modal, because Δ < 189=125 implies multimodality. Although all unimodal distributions sat-
isfy Δ ≥ 189=125 (see Klaassen et al., 2000, but also Subsection 2.2.2), there are multimodal
distributions as well satisfying this inequality, as one may see from the following simple argu-
ment. This does not invalidate the test, but it does cause lesser power.

12 C. A. KLAASSEN AND B. VAN ES
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Let U and V be independent random variables, U with a uniform distribution on the unit in-
terval and V with a Bernoulli distribution taking the values 2 and 3 each with probability 1/2.
Let W be equal to V with probability p and equal to U with probability 1 � p. Denoting the
skewness of W by τðpÞ and its kurtosis by κðpÞ we observe that ΔðpÞ ¼ κðpÞ� τ2ðpÞ is a con-
tinuous function of p ∈ ½0; 1�. By table 1 from Klaassen et al. (2000), we have Δð0Þ ¼ 9=5 >
189=125 > 1 ¼ Δð1Þ. Finally, note that W has a multimodal distribution for 0 < p < 1.

5 Testing Symmetric Unimodality

In Section 4, we have seen that the inequality (1.2) can be used to test for unimodality, taking
properly care of the sample variability. It could however be equally tempting in applications to
use inequality (1.3) to test for symmetric unimodality. The derivation is similar.
To test the null hypothesis of symmetric unimodality, which impliesΔ ≥ 9=5, we consider the

random variable X that has a stadardized Uniformð0; 1� distribution. Hence,X ¼ 2
ffiffiffi
3

p ðU � 1

2
Þ,

withU standard uniform. By Klaassen et al. (2000), it was shown that equality inΔ ≥ 9=5, holds
for symmetric unimodal distributions if and only if the underlying distribution is uniform.
In order to apply Theorem 3.1 for this symmetric uniform distribution, we need to compute νk

(recall that Tn andΔ are location and scale invariant). Because X has a symmetric distribution νk
equals zero for odd k. For even k, we have

νk ¼ E Xk
� � ¼ 1

k þ 1
3k=2:

Because by symmetry of the distribution, most of the terms in (3.23) vanish, and ν6 ¼
27=7; ν8 ¼ 9, we get

ς2 ¼ 4Δ3 � Δ2 � 4ν6Δþ ν8 ¼ 4
9

5

� �3

� 9

5

� �2

� 4
27

7

9

5
þ 9

¼ 1152

ð7� 125Þ ≈ 1:316571; ς ≈ 1:147419: (5:26)

Together with (1.3), Theorem 3.1 and (5.26) imply that for i.i.d. random variablesX 1; …; Xn

with a distribution with finite eighth moment, one may test the null hypothesis of symmetric
unimodality (and henceΔ ≥ 9=5) versus the alternative hypothesis ofΔ < 9=5 (the distribution
is multimodal or not symmetric), that is,

H0 :Δ ≥ 9=5 versus H1 :Δ < 9=5; (5:27)

at significance level α by rejecting whenever for large values of n

Tn � 9

5
≤ � ςffiffiffi

n
p Φ�1ð1 � αÞ; ς ≈ 1:147419; (5:28)

holds.

Remark. A critical remark is in order here. Because, in practice, commonly known asymmetric
distributions have a value of Δ greater than 9=5 we cannot expect much power to detect asymmetry.
In situations where we know or assume the distribution to be symmetric, the test can be used as a test
for unimodality as alternative to the test in the previous section. This test then has a higher power to
detect multimodality in these situations.

13Inference via the Skewness-Kurtosis Set
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6 Boundary Inflated Uniform, BIU(p)

Let us take a closer look at the values of the skewness, kurtosis and test function as functions
of p for the BIU(p) distributions given by Theorem 2.3. Figure 3 gives plots of the skewness,
kurtosis and the test function, that is, kurtosis minus squared skewness, as functions of p.

Furthermore, we check the performance of the unimodality test (4.25) for some BIU(p) dis-
tributions with p equal and close to 1/2. Table 1 gives simulated power values β̂ðpÞ based on
10 000 samples of size n of the indicated BIU(p) distribution. The values lower and upper give
the limits of the 95% confidence interval around the estimated power β̂ðpÞ.

7 Multimodality

We have seen that the bound 189/125 for kurtosis minus skewness squared does not always
discern between unimodality and multimodality. Therefore, we study two families of distribu-
tions that contain both types modality.

First, we consider the family of mixed normal distributions, denoted by MN(p; d), that are
mixtures of two normal distributions with equal variances 1 and means 0 and d, respectively.
The densities are given by

f p; dðxÞ ¼ ð1 � pÞφðxÞþpφðx � dÞ; � ∞ < x < ∞;

where φ denotes the standard normal density. To the results of Eisenberger (1964), we add
Lemma 1. f p; d is bimodal if ðp ∧ ð1 � pÞÞexpðd2=8Þ ≥ 1 holds.

Proof. Note that the condition implies f p; dð0Þ > f p; dðd=2Þ < f p; dðdÞ, which means bimodality.

For d ¼ 3, the density changes from unimodal to bimodal at p ¼ 0:2, approximately. For p ¼
0:5 and d ¼ 5, the test function Δ is approximately equal to the bound 189=125 (see Figure 4).

FIGURE 3. BIU(p): Skewness, kurtosis and test function as functions of p.

Table 1. BIU(p): Simulated power values of the test (4.25).

p

n=50 n=100 n=1 000

lower β̂ðpÞ upper lower β̂ðpÞ upper lower β̂ðpÞ upper

0.4 0.052 0.056 0.061 0.046 0.051 0.055 0.032 0.036 0.040
0.5 0.047 0.052 0.056 0.042 0.046 0.051 0.042 0.046 0.050
0.6 0.029 0.032 0.036 0.019 0.022 0.025 0.010 0.012 0.014
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The following theorem gives the values for skewness, kurtosis and the test function for this
distribution.

Theorem 8. For the MN(p; d) distribution, the skewness is given by

τðp; dÞ ¼ d3
pð1 � pÞð1 � 2pÞ
ð1þ d2pð1 � pÞÞ3=2

:

The kurtosis is given by

κðp; dÞ ¼ 3þ d4
pð1 � pÞð1 � 6pð1 � pÞÞ

ð1þ d2pð1 � pÞÞ2 :

Finally, the test function kurtosis minus squared skewness equals

Δðp; dÞ ¼ κðp; dÞ � τ2ðp; dÞ ¼ 3þ d4pð1 � pÞ1 � 6pð1 � pÞ � 2d2p2ð1 � pÞ2
ð1þ d2pð1 � pÞÞ3 : (7:29)

Proof. Let X ¼ N þ dB be a random variable with B and N independent, B Bernoulli distributed
with success probability p and N standard normal. The moments of X can be computed by

EX k ¼ EðN þ dBÞk ¼ E
Xk
j¼0

k

j

� �
Njdk � jBk � j

¼
Xk � 1

j¼0

dk � j k

j

� �
ENjEBþ ENk ¼ ENk þ p

Xk � 1

j¼0

dk � j k

j

� �
ENj:

This implies that the expectation and variance of X are

EX ¼ dp; EX 2 ¼ 1þ d2p; varX ¼ 1þ d2pð1 � pÞ:
Furthermore, we have

τ2ðp; dÞ ¼ ðvar X Þ�3 EðX � EX Þ3
� �2

¼ ð1þ d2pð1 � pÞÞÞ�3 d3ðp � 3p2 þ 2p3Þ� �2 ¼ d6
p2ð1 � pÞ2ð1 � 2pÞ2
ð1þ d2pð1 � pÞÞ3 ;

and

FIGURE 4. Left: p ¼ 0:2; d ¼ 3. Right: p ¼ 0:5; d ¼ 5.
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κðp; dÞ ¼ ðvar X Þ�2EðX � EX Þ4 ¼ 3þ d4pð1 � pÞ 1 � 6pð1 � pÞ
ð1þ d2pð1 � pÞÞ2;

which combined yield (7.29).

Figure 5 shows plots of skewness, kurtosis and the test function as function of p for d ¼ 7.
With d ¼ p�3=4 and p small, the test function equals approximately

Δðp; p�3=4Þ ≈ 3þ p�2

p�3=2
1 � 6p � 2p1=2
h i

≈ p�1=2;

which converges to ∞ as p↓0 , as is illustrated in Figure 6. Because also pexpðd2=8Þ >

p; d2=8 ¼ p�1=2=8 holds, Lemma 7.1 shows that for d ¼ p�3=4 and p small the mixed normal
distribution is bimodal. This means that for multimodal distributions the test function can be ar-
bitrarily large.

Next, we consider the following mixtures of two exponential densities:

FIGURE 6. MN(p; dÞ: A two dimensional plot of the test function for p between zero and one and d between zero and ten.

FIGURE 5. MN(p; dÞ: Skewness, kurtosis and test function as function of p for d ¼ 7.
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gp; dðxÞ ¼ ð1 � pÞe�x þ pe�x þ d1½x ≥ d�; 0 < p < 1; 0 < d; 0 < x;

which are obviously bimodal.

Theorem 9. If X has density gp; d, then

EX k ¼ ð1 � pÞk!þp
Xk
j¼0

k

j

� �
djðk � jÞ! ¼ k! 1 � pþ p

Xk
j¼0

dj

j!

" #
;

EX ¼ 1þ pd; var X ¼ 1þ d2pð1 � pÞ;
EðX � EX Þ3 ¼ 2þ d3pð1 � pÞð1 � 2pÞ;
EðX � EX Þ4 ¼ 9þ 6d2pð1 � pÞþd4pð1 � pÞð1 � 3pþ 3p2Þ;

Δðp; dÞ ¼ κðp; dÞ� τ2ðp; dÞ

¼ 5 � d3pð1 � pÞ4 � 8p � dð1 � 12pð1 � pÞÞþ4d3p2ð1 � pÞ2
ð1þ d2pð1 � pÞÞ3

hold.

Proof. Straightforward computation yields the results of this theorem.

With d ¼ p�1=3, we see that for p↓0 we have

Δðp; p�1=3Þ ≈ 5 � 4þ p�1=3 ≈ p�1=3: (7:30)

This shows that for the choice of the distance d ¼ p�1=3 between the modes the test function
can be made arbitrarily large by choosing p sufficiently small.

8 Performance Simulations of the Test Statistics

To investigate the power of our tests, we consider the family of MN(0:5; d) distributions. Be-
cause we have chosen p equal to 0.5, these distributions are symmetric. Hence, following Re-
mark 5.1, we can use both tests. Examples of their densities are given in Figure 7. It turns
out that for d ¼ 2, we are approximately on the border of unimodality and multimodality.

8.1 The Uniformity Test (4.25)

Table 2 gives simulated power values based on 10 000 samples of size n of the indicated
MN(p; d) distribution. The values lower and upper give the limits of the 95% confidence in-
terval around the estimated power β̂ðdÞ. The numbers are presented up to two significant digits.

FIGURE 7. Normal mixture densities for p ¼ 0:5 and d ¼ 2; 3; 4; 5 consecutively.
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8.2 The Symmetric Uniformity Test (5.28)

Table 3 gives simulated power values based on 10 000 samples of size n of the indicated
MN(p; d) distribution. The values lower and upper give the limits of the 95% confidence in-
terval around the estimated power β̂ðdÞ.

In line with Remark 5.1, we see that the power of the test for symmetry and unimodality is
indeed higher than the power of the test for unimodality alone. So in cases where symmetry
can be assumed, this test is preferable.

Table 2. MN(p; dÞ: Mixed normal, MN(0.5; d).

d

n=50 n=500 n=1 000

Lower β̂ðdÞ Upper Lower β̂ðdÞ Upper Lower β̂ðdÞ Upper

5 0.026 0.029 0.033 0.015 0.018 0.020 0.016 0.019 0.022
5.2 0.051 0.055 0.059 0.11 0.12 0.12 0.18 0.19 0.20
5.5 0.10 0.11 0.11 0.54 0.55 0.56 0.83 0.84 0.85
5.7 0.16 0.17 0.18 0.83 0.83 0.84 0.98 0.99 0.99
6 0.26 0.27 0.28 0.98 0.99 0.99 1 1 1

Simulated power values of the test (4.25).

Table 3. MN(p; dÞ: Mixed normal, MN(0.5; d).

d

n=50 n=500 n=1 000

Lower β̂ðdÞ Upper Lower β̂ðdÞ Upper Lower β̂ðdÞ Upper

3 0.016 0.018 0.021 0 0 0 0 0 0
3.5 0.085 0.090 0.096 0.0097 0.118 0.0139 0.0015 0.0025 0.0035
3.7 0.14 0.14 0.15 0.090 0.096 0.102 0.083 0.088 0.094
4 0.26 0.27 0.28 0.55 0.55 0.56 0.74 0.75 0.76
4.3 0.42 0.43 0.44 0.94 0.94 0.95 1 1 1

Simulated power values of the test (4.25).

FIGURE 8. Histograms of the normalized simulated test values for n ¼ 50; 500; 1 000 consecutively.
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In order to check the validity of the normal approximation, Figure 8 contains histograms of
10 000 generated normalized test values for data generated by the BIU(1/2) distribution. This
distribution and asymptotic normality is used to determine the critical value of the uniformity
test (4.25). These histograms show that the the distribution of the normalized test statistic is
skewed for small samples. Hence, for small samples, the size 0.05 of the test is only approxi-
mately correct.
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