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Inference via the Skewness-Kurtosis Set

Chris A. J. Klaassen™ ® and Bert van Es

Korteweg-de Vries Insitute for Mathematics, University of Amsterdam, Amsterdam, Netherlands
E-mail: a.j.vanes@uva.nl

Summary

Kurtosis minus squared skewness is bounded from below by 1, but for unimodal distributions,
this parameter is bounded by 189/125. In some applications, it is natural to compare distributions
by comparing their kurtosis-minus-squared-skewness parameters. The asymptotic behavior of the
empirical version of this parameter is studied here for i.i.d. random variables. The result may be
used to test the hypothesis of unimodality against the alternative that the Kkurtosis-
minus-squared-skewness parameter is less than 189/125. However, such a test has to be applied with
care, because this parameter can take arbitrarily large values, also for multimodal distributions.
We also present a test for symmetric unimodality. Simulation results are presented and for three
classes of distributions the skewness-kurtosis sets are described in detail.

Key words: kurtosis; kurtosis-minus-squared-skewness parameter; Pearson’s inequality; skewness; test
of unimodality.

1 Introduction

Skewness and kurtosis play an important role in applied research; see, for example,
Cristelli et al. (2012) (complex dynamics), Busse and Jelly (2023) (turbulence), Brizan-St.
Martin et al. (2023) (health care), Dunnwald et al. (2023) (medicine, deep learning), Hughes
et al. (2010) (ocean modelling), Karagiorgis et al. (2023) (cryptocurrencies). Trying to compare
the distribution of their data to the normal distribution these researchers study the standardized
third and fourth moments, which means that they study the skewness and kurtosis. If X is a ran-
dom variable with finite fourth moment, mean x and variance o2, then the skewness 7, kurtosis x
and excess kurtosis x. are defined as

E((X - #)3) E((X - #)4)
T = 5 K= )
a3 a*
Because normal distributions have kurtosis 3, the excess kurtosis is a measure for the deviation from
Gaussianity. In practice, one often calls the excess kurtosis simply kurtosis, but we will not do that.
Consider the plane with skewness on the horizontal (x-) and kurtosis on the vertical (y-)axis.
Pearson (1916) published the inequality

Ke =Kk — 3.

K>+ 1, (1.1

which holds for all distributions; see (7)—(9) of Klaassen et al. (2000). This means that all points
(z, x) are on or above the parabola {(x, y) € R? | y = x*> + 1}. In Section 2.1, we prove that all

'Sadly, Chris A. J. Klaassen passed away on 1 April 2025 prior to the publication of our paper.
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2 C. A. KLaAsseN AND B. van Es

points on or above this parabola can be attained by choosing the underlying distribution
appropriately.
For unimodal distributions, the Pearson inequality was sharpened to

K>1 + .
2 1+ 189/125 1.2

by Klaassen et al. (2000); a distribution is unimodal if its distribution function is
convex—concave. In Section 2.2.2, we show that for unimodal distributions all points (z, )
are above the parabola {(x, y) € R* | y = x> 4 189/125}, except for two points that are at this
parabola. Actually, we sharpen and optimize inequality (1.2) there by replacing 189/125 by a
complicated function of z.

For symmetric unimodal distributions, the inequality

k>1*49/5 (1.3)

holds; see remark 2.1 and table 1 of Klaassen et al. (2000). In Section 2.3, we show that for
symmetric unimodal distributions the skewness-kurtosis set equals the half line
{(x,y) € B |x=0, y=9/5).

Of these three skewness-kurtosis sets we focus on inference based on the skewness-kurtosis
set for unimodal distributions. In Karagiorgis et al. (2023), one starts with daily returns on
cryptocurrencies. On a weekly basis, sample skewness and sample kurtosis of these daily
returns are computed. In this way, many skewness-kurtosis points in the plane are obtained.
By a regression approach, it is argued in Karagiorgis et al. (2023) that the regression line x =
7> + 189/125 (see (1.2)) fits these data points better than the regression lines x = 7> + 1 corre-
sponding to (1.1) and x = 7%/ suggested by Cristelli et al. (2012). Another approach would
have been to test the hypothesis A = x — 72 > 189/125. Our main result is Theorem 3.1, which
presents the asymptotic behavior of the empirical version of A under distributions with finite
eighth moments. This result can be used to test the hypothesis A = x — 7> > 189/125 versus
the alternative A < 189/125.

Inequality (1.2) implies that distributions with A < 189/125 are necessarily multimodal.
However, there are multimodal distributions with arbitrarily large positive values of A
see (7.30).

In Section 3, we introduce the test statistic based on the empirical skewness and kurtosis and
determine its asymptotic behavior. How this asymptotic behavior can be applied to determine a
test for the null hypothesis of unimodality versus the hypothesis A < 189/125 is discussed in
Section 4. In a similar manner, in Section 5, we derive a test for symmetric unimodality based
on inequality (1.3). Because it turns out that the boundary inflated uniform distribution, for-
mally introduced in Section 2.2.1, plays a crucial role for the proposed unimodality tests, we
consider the test statistic under this distribution in more detail in Section 6.

It is also observed that for several multimodal distributions the bound 189/125 is surpassed.
In Section 7, this is investigated for certain mixtures of two normal distributions and of two ex-
ponential distributions.

In Section 8, we present some simulation results for the tests.

2 Skewness-Kurtosis Sets

In this section, we present the exact shape of three skewness-kurtosis sets. The
skewness-kurtosis set of a family of probability distributions is defined as the set of those points
(1, ) € R* such that there is a distribution in the family with skewness 7 and kurtosis «.
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Inference via the Skewness-Kurtosis Set 3

2.1 The Skewness-Kurtosis Set for Arbitrary Distributions
Theorem 1. The skewness-kurtosis set of the family of (all) probability distributions is
{(zr, k) € R* | k> + 1}. 2.4)

Proof Consider the following well defined random variable

1
_ 1 I —
ol +2) (T +2)
. o 1
X = 0 with probability 1 - 15 (2.5)
14z o
a (1+a)(1+2)

with 0 < a <1 and 0 <z Some computation shows

1_
EX=0, EX>=1, 1=EX’=-—_%/T+1z
Vo

k=EX* = 1_+“_|_a2(1 +z).
From the definition, it follows that the distribution is symmetric around zero for o. = 1. The value
of the skewness above shows that it is positively skewed because t > 0. Negative skewness can be
obtained by considering —X.
Note that the function w(a) = (1 — a)/\/o, 0 < a<1, is continuous with y(1) =0 and
lim,,  gw(a) = . This means that t© can take all values in [0, «). For each chosen value of
t>0 and for any k > 1> + 1, the corresponding values of a and z satisfy z =k — t* — 1 and
a such that |t| — ¥(a)Vik — 2 = 0. Hence, for appropriate choices of a and z, each point in
the set {(x,y) € R* |0<x, y>x>+ 1} can be attained by the corresponding (t, «). Finally,
with —X the set {(x,y) € R* |x<0, y>x*>+ 1} can be attained. The equality x = 7> + 1 is
attained when z = 0, that is, the case where X takes only two values.
We have shown that for every point on or above the parabolay = x* + 1 there exists a distribution
such that its skewness and kurtosis coincide with this point. Pearson’s inequality (1.1) completes
the proof.

2.2 The Skewness-Kurtosis Set for Unimodal Distributions

The boundary inflated uniform distributions play an important role in the study of the
skewness-kurtosis set for unimodal distributions.

2.2.1 Boundary inflated uniform, BIU(p, a, b), distributions

The location scale family of boundary inflated uniform distributions may be represented by
the distribution that has probability 1 — p for a value @ and, conditionally on being larger than
a, renders a uniform distribution on (a, b], a < b. Itis denoted by BIU(p, a, b). Fora = 0 and
b =1, we write BIU(p).

So we have
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4 C. A. KLaAsseN AND B. van Es

a 1 —p
X = with probability
uniform on(a, b] 12

It can be represented as

X=(b—-aBU+a

with B and U independent, B Bernoulli distributed with success probability p and U uniform on
the unit interval.

The first two moments and the variance of the BIU (p, a, b) distribution are by straightfor-
ward computations established in the following theorem.

Theorem 2. Let X have a BIU(p, a, b) distribution, Then we have

1
EX:a—Q—Ep(b — a),
1

EX?=da+a(b - a)p—i—g(b — a)’p,

1 1
var X = (b — a)2<§p — sz).

The normalized version of this distribution, that is, with mean 0 and variance 1, is the distri-

bution where we choose a = — 37‘0 and b = 2;}7 37‘0
4 —3p p 4 —3p

For a general random variable X, we denote its mean by g, its variance by 6= > 0, its skew-
ness by =0 3E((X — u)’), its kurtosis by x = o *E((X — u)*). Furthermore, let v; =

2

E (()%)k> be the k-th reduced moment. Let A = x — 2 = vy — V4. The following theorem

gives the values of the (reduced) moments, skewness, kurtosis and A. For further reference, it
also gives the value of the limit variance G of the test statistic in Section 3, given by (3.23).
Because for fixed p the BIU(p, a, b) distributions are a location scale family, these values only
depend on the parameter p.

Theorem 3. For the BIU(p, a, b) distribution, the moments are

e = EX = { e k{(l)k(l ) i (—p)k“}

4 - 3p 2(k+ 1)pk—1

0 v vy SUL=pY 3 916 — d0p+40p” — 15p)
’ ’ p(4—3p)\V4—3p 5p(4 — 3p)>

20 —p’( -4+ [3p
| P4 = 3p)° 4 -3

L 27(64 — 224p+336p° — 280" + 140p* — 35p°)
’ Tp2(4 — 3p)°

) 54(1 - p)’(8 — 16p+16p> — 8 +3p*) [ 3p
7T — )
P4 = 3p)’ V4 —3p

9(256 — 1152p + 2304p> — 2688p° + 2016p* — 1008p° + 336p° — 63p7)
P4 = 3p)

)

Vg = )
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Inference via the Skewness-Kurtosis Set 5

the skewness is given by

6(1 —p) | 3p
p4 —3p)\[4 = 3p

t(p) =v; = EX° =

the kurtosis by

9(16 — 40p + 40p? — 15p%)
5p(4 — 3p)°

and the test function, kurtosis minus squared skewness, by

k(p) = vy = EX* =

9(4 + 32p — 80p* + 60p* — 15p*)

A =K — 1'2 = 2.6
(p) = x(p) = 2(p) 50— ) (2.6)
Finally, the limit variance in (3.23) of the test statistic equals
1152(2446 — 11229p + 21744p* — 22080p° + 11640p* — 2520p°
G’(p) = ( ) e

875p3(4 — 3p)®

Proof. Let X = BU be a random variable with B and U independent, B Bernoulli distributed with
success probability p and U uniform on the unit interval. The moments and variance of X are

4

EXY=EBEU"=—"— k=0,
k+1
p (p)2 p
X = = 4 —
var 3 5 12( 3p).

This implies

2(p) = (var X) (E(X - EX)3)2

2 N(p pp. Y

P — - - 2
<p(4 = 3p)> (4 3271 (2) )
108 108

e _ 2\2 - e _ 4
4 - 3117)3(1 w+r) p(4 - 3p)3(1 ?)

and

k(p)= (var X) ’E(X — EX)*

lefzm)z(’; 228 ()

B 144 5, 15,
C 5p(4 — 2p * 16p
9
=— (16 — 40p + 40p* — 15p°
5p(4 — 3p)2( por 7)

Consequently, we have
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6 C. A. KLaAsseN AND B. van Es

9
— 44+ 32p — 80p* +60p° — 15p*].
5p(4—3p)3[ p P P al

Furthermore, we have for k =0, 1, ...

Alp) = x(p) = (p) =

Consequently, the £-th reduced moment equals

_ k —
Vi :E(LWE;(() - (%_(4 _ 3p)) K2

() v

Straightforward but tedious computation yields (2.7).

2.8)

In deriving the limit distribution of our test statistic, the special case where p = 1/2 plays an
important role because for this value of p, the bound (1.2) is exclusively attained. For such
boundary inflated uniform distributions, we get

k k+1 k+1
1 B 1[5 1 3 3
—E(X")i(‘\@ Wiaw (3\@ - (‘\@)
k
O A R G ) [l DA
B <\£> 8(k+1) » =8,

which means

6 /3 297 132 /3 22
V1:0, \/2:17 V3 = — g, V4 = —— Vs = ——A/ = = —V3,

5 125’ 25 \V5 5
7479 2754 3 459 4437
Ve =—— VI=—r\/T=—TV =—
6= %75 T a5 V5T 25 8T a5

Straightforward but rather tedious computation shows that these values yield the limit variance

216 32
= X7 21078535, Q= 1.038526. (2.9)
5" %7
Note that for p = 1/2 (2.6) yields
9% 16 15 15] 189
_ 2 _ _ ] L
A(1/2) = K(1/2) = 7(1/2) = == {4“6 045~ 1] ~12s

as it should. Computation also shows that for p = 1/2 (2.7) reduces to (2.9).
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Inference via the Skewness-Kurtosis Set 7

2.2.2 The skewness-kurtosis set for unimodal distributions
Theorem 4. Define
L) =3+ a2)3{%(1 L 4d) (44 )
F2a(4+a2) P [8V3a + (2V3 + 1) — 1]z
+3[48¢® + (15 +4V/3)a® + (60 — 4V/3)a* + 600 + 192] }.
The skewness-kurtosis set of the family of unimodal probability distributions is

{(z’, k) € R* | k>7+ min L(a, 1)} (2.10)
a€ R
Furthermore,
min L(a, 7) > 189/125 (2.11)
o€ R

holds with equality if and only if the distribution is one-sided boundary inflated uniform with
pointmass 1/2.

Proof. By Khintchine’s representation any unimodal random variable X with mode at 0 may be
written as X = UZ with U uniform on (0, 1) and U and Z independent; cf. Theorem V.9, p. 158,
of Feller (1971) or lemma A.1 of lon et al. (2022). With G the distribution of Z, that is, the mixing
distribution, we write ug, oG, 1 and kg for mean, standard deviation, skewness, and kurtosis,
respectively, of G. Tedious computation shows that the skewness t and kurtosis k of X satisfy
(cf- (11) of Klaassen et al., 2000)

2\ 3 2
K 212—108<4+(’ﬁ) ) (m#ﬁ)
oG oG
9 2\ 2 2 4
+—<4+ </ﬁ> ) (16KG+24@TG+16(@) + </ﬁ) )
5 oG oG oG oG

For every z > 0, there exists a distribution G with kg = ré + 1 + z in view of Theorem 2.1, and for
every distribution G there exists such a z. Because skewness and kurtosis are location and scale
invariant we may assume y /o = o for any a € R. Computation shows

3 1 2\3/2
G=0 +—(4+a ) 7.

6V3

With these substitutions, we arrive at

144 )
k=7 +La )5 (4 + ) 3 (2.12)

which implies (2.10).
According to theorem 1.1 of Klaassen et al. (2000), equality holds in (2.13) if and only if X has a
one-sided boundary-inflated uniform distribution with mass 1/2 at the atom.

Computation shows that a one-sided boundary-inflated uniform distribution, see
Section 2.2.1, with mass p = 1/2 at the atom has skewness and kurtosis equal to
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8 C. A. KLaAsseN AND B. van Es

08 6 f3 297
— - =4 — = — .
TV s TS \[5 =125 (2.13)

This means that the parabola {(x, y) € R* | y = x> + 189/125} contains only two points of
the skewness-kurtosis set of unimodal distributions. With |a| = 1 and 7 as in (2.13) such that ar
is negative, straightforward computation gives L(a, t) = 189/125 in agreement with theorem
1.1 of Klaassen et al. (2000).

Let us denote the boundary function given by (2.10) by b(z) = > + min, ¢ gL(a, 7) and the
boundary function for x in Klaassen et al. (2000), that is, (1.2), by f(z) = 7> + 189/125. The
function b(7) can be computed by numerical minimization. For unimodal distributions, we have
b(t) > f(r) with, as argued above, equality for = 1/108/125 = +0.929516. This is illustrated
by Figure 1.

The minimum in (2.10) can actually be determined, yielding an explicit, though rather com-
plicated, expression for (2.10). With the help of Theorem 2.3, we can formulate the boundary of
the skewness-kurtosis set for unimodal distributions as given in Theorem 2.4.

Theorem 5. The boundary of the skewness-kurtosis set of the family of unimodal probability dis-
tributions is

LT 7°(1 — 4q)
K—“ﬂ—50+*qu1Hm3¢D @14

with

1 1 +z
= VAT200E) + 8 - 20E)+16, | |
1 6\/1+z< ) \/ ) 4+29(z)> (2.15)
QE) =P+ vTHe" = 2P+ VT2 P, =42 20

Proof. As argued at the beginning of this section this boundary is attained by Bernoulli distribu-
tions as mixing distribution, that is, by boundary inflated uniform distributions. Therefore, we have
to rewrite the kurtosis x(p) as a function of t(p), see Theorem 2.3. To this end, we first want to write p

o
O
o
P
vﬁ
<
o
P
o |
[aV]
o
P
o
o
O-,
2 - 0 i 2 Y - 0 i 5
T T

FIGURE 1. Left: The two functions f(t) and b(t). Right: b(r) — f(r) = min, ¢ gL(a, 7) — 189/125.
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Inference via the Skewness-Kurtosis Set 9

as a function of . Hence, withq = 1 — p, z = 4t2, we have to solve the depressed quartic equa-
tion (see, e.g. (6)—(8) of Fathi and Sharifan (2013))

27(1 +z)¢* — 184> — 8¢ — 1 =0, 0<g<l. (2.16)

We consider the function Q(z) from (2.15). Note that for 0<z<2 we have
Q(z) < [2(1 +V3)] <176 and for z > 2 we have

1/3 2 2173
Q@) =20+ viTa (1 - [1+;\/1—+z+;]

4/3
<B4 yTT7)P 2 Maee 2) o3 (Ltvite 2.17)
3z 3z 3 vz
4/3

gi(l J\rﬁﬁ) ~ 1.60.

The first equality in (2.17) also shows Q(z) > 0. Consequently, 0 < Q(z) < 2 holds.
The four roots of the depressed quartic Equation 2.16 are

q1:6\/11_+2<_ 4+2Q(z)+\/8—2£2(2)—16 4+1;QZ(Z)> )

(2.18)
! T30 +,/8 — 20(2)416, =) e, 1]
= z - z A AN ) )
BTtz 41200)
! 4+20(2) 8 — 20(z)+16, |2 <0
=— z) — - z —_— .
b Ttz 41200

Forz > O the first two roots are not real, and for z = O, they are negative. Hence, q; is the only
root in the unit interval, and the kurtosis k = k(p) can be written as a function of © = t(p) as
follows:

9(16 — 40(1 — g¢5)+40(1 — g5)> — 15(1 — ¢3)*)

0 2(15(1 4_ Q)3)(4 - 3(1 - %))2

_ 7 a3\ — 2q;3

- 5<1 T (460 — 30 219

Kk =x(r) =

and with g; = g we obtain the theorem.

2.3 The Skewness-Kurtosis Set for Symmetric Unimodal Distributions

Theorem 6. For symmetric unimodal distributions, the skewnes-kurtosis set equals
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10 C. A. KLaAsseN AND B. van Es
{(0, x) € R* | k>9/5}. (2.20)
Furthermore,
k>9/5 (2.21)

holds with equality if and only if the distribution is uniform.

Proof. In view of (1.3), it remains to be shown that the kurtosis of a symmetric unimodal
distribution can take any value at least equal to 9/5. Let X be a random variable that is uniformly
distributed on the interval [—1, 1] with probability p and has an atom at 0 with mass 1 — p. The k-th
moment of X equals

p
E(X):k+11[keven]v k=12, ..,
and hence, we have
9
u=0, 02:% =0, }c—g.

Because the map (0, 1]—[9/5, ), p—9/(5p) is onto, the proof of the inequality is complete.
For the statement concerning equality, we refer to Klaassen et al. (2000).

By the proof of Theorem 2.4 we obtain for unimodal distributions with skewness 7 = 0

k> min L(a, 0). (2.22)
a€ R

Because computation shows L(—1, 0) = L(0, 0) = L(1, 0) = 9/5, Figure 2 implies that the
lower bound in (2.22) is less than 9/5. Together with Theorem 2.4 we conclude that there exist
nonsymmetric unimodal distributions with skewness 7 =0 and x < 9/5.

o
(op]

2.5

2.0

10 -05 00 05 1.0
o

FIGURE 2. The function L(a, 0).
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Inference via the Skewness-Kurtosis Set 11

3 An Empirical Moments Estimator

As announced in the Introduction, Section 1, our main result is about the asymptotic behavior
of the empirical version of A =x — 7>. To define and study this empirical version, let

X, Xy, ..., X, be iid. random variables with mean u, variance o> > 0, skewness 7 =
o 3E((X — u)*), kurtosis x = o *E((X — u)*) and finite eighth moment. Let
1

o ?:1(Xi - )7")4 PZ’Ll(Xi _ )—(H)Sr L

n n i= —,

Tn: 1 7”22_ | 7”23, X:Z Xia
DXECIES SN N I S 2

be the empirical version of A = k¥ — 72, which estimates A. Because both A and T',, are location
and scale invariant, the behavior of 7, — A is the same for all members of the location-scale
family of X. Therefore, we assume u = 0 and 6> = 1, without loss of generality.

We denote the k-th (reduced) moment of X by

Vi :E((X - ”>k> —E(XY), k<8

Note that then vp = 1, vi =0, v, = 1, v; =t and v4 = «.
By the central limit theorem and the boundedness of the eighth reduced moment vg of X

1< 1
Skﬁn:;Z[Xf*Vk]Z@p(ﬁ), k<4,

i=1

holds. Hence, we have

I < A " ok 1 <1>
fE Xi — X :—E X' — kX' X" o,(-
n[:l( ) . )t n
= Vi + Si,n —kal)_(’1+@P(yll , k<4,

and

T, — A

ol
e oo —sora(l
vyt Sy — 3T +@P<%>f . 12){1 +Sz_n+@p<:l>r}

1
= {va+ San — 43S+ a2 — V3 — 21383,

gae)
o of3)
203810 = (2v4 = 313)S2 — 2038530+ San + Oy G)
BNE
()]

1
=2v3S10 — (2va — 3v3)Sa — 2383, + San + @,( )

n
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12 C. A. KLaAsseN AND B. van Es

We obtain
Vil = 4) Z%f S [2vak (28 — B)F — 1) = 27 — ) (X )]
i=1

o)

Straightforward computation shows that this implies

N

2

Theorem 7. Let X, Xy, ..., X, be i.i.d. random variables with mean u, variance o= > 0, skew-

ness 1= o 3E((X — u)?), kurtosis k = o *E((X — u)*) and finite eighth moment, and let vy =

E((X’”)k> be the k-th reduced moment. With A =k — 1> = vq — V3

Vi(T, — ND—-2NH(0,C%), asn—w

holds, where the asymptotic variance G* is given by

G* =4A — A? — (3} + 160 — Bvsvs +4v)A

6 4 3 2 (3-23)
+v§ — 45 — dvvs +2v5(2 + 3v6) +4v3(vs — v7) +us.

4 Testing Unimodality

To test the null hypothesis of unimodality, which implies A > 189/125, we consider the ran-
dom variable X that has point mass 1/2 at —/3/5 and with probability 1/2 behaves like a uni-

formly distributed random variable on (—\ /3/5,34/3/ 5) . X has a boundary inflated uniform

distribution with point mass 1/2, mean 0 and variance 1. Recall that the excess kurtosis equals
kurtosis x minus 3. By Klaassen et al. (2000) it was shown that for unimodal distributions equal-
ityinz? — ke =1 — (k — 3) < 186/125, or equivalently in A > 189/125, holds for unimodal
distributions if and only if the underlying distribution is boundary inflated uniform with point
mass 1/2.

Together with theorem 1 from Klaassen et al. (2000), Theorem 3.1 and (2.9) imply that for i.i.
d. random variables X, ..., X, with a distribution with finite eighth moment, one may test the
null hypothesis of unimodality (and hence A >189/125) versus the alternative hypothesis of
A < 189/125 (and hence multimodality), that is,

Ho:A>189/125 versus Hi:A < 189/125, (4.24)
at significance level a by rejecting whenever for large values of n
189 G
T, ——=<——=0 (1 — a), ~ 1.038526, 4.25

holds.

If the null hypothesis is rejected one can confidently conclude the the distribution is multi-
modal, because A < 189/125 implies multimodality. Although all unimodal distributions sat-
isfy A >189/125 (see Klaassen et al., 2000, but also Subsection 2.2.2), there are multimodal
distributions as well satisfying this inequality, as one may see from the following simple argu-
ment. This does not invalidate the test, but it does cause lesser power.
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Inference via the Skewness-Kurtosis Set 13

Let U and V be independent random variables, U with a uniform distribution on the unit in-
terval and 7 with a Bernoulli distribution taking the values 2 and 3 each with probability 1/2.
Let W be equal to V' with probability p and equal to U with probability 1 — p. Denoting the
skewness of W by z(p) and its kurtosis by x(p) we observe that A(p) = x(p) — >(p) is a con-
tinuous function of p € [0, 1]. By table 1 from Klaassen et al. (2000), we have A(0) =9/5 >
189/125 > 1 = A(1). Finally, note that /¥ has a multimodal distribution for 0 < p < 1.

5 Testing Symmetric Unimodality

In Section 4, we have seen that the inequality (1.2) can be used to test for unimodality, taking
properly care of the sample variability. It could however be equally tempting in applications to
use inequality (1.3) to test for symmetric unimodality. The derivation is similar.

To test the null hypothesis of symmetric unimodality, which implies A > 9/5, we consider the
1
random variable X that has a stadardized Uniform(0, 1] distribution. Hence, X = 2v/3(U — E)’
with U standard uniform. By Klaassen et al. (2000), it was shown that equality in A > 9/5, holds
for symmetric unimodal distributions if and only if the underlying distribution is uniform.

In order to apply Theorem 3.1 for this symmetric uniform distribution, we need to compute vy
(recall that 7, and A are location and scale invariant). Because X has a symmetric distribution vy
equals zero for odd k. For even k, we have

1
=E(X*) = ——302,
= B =
Because by symmetry of the distribution, most of the terms in (3.23) vanish, and v =
27/7, vs =9, we get

9\° 9\ 2 279
2 3 2
—4A3 — A? — 4yA —4(2) —(2) 42249
C VoA + vg (5> (5> 7 5+
1152
— % 21316571 ~ 1.147419. 5.26
(7 x 125) 6 (5.26)

Together with (1.3), Theorem 3.1 and (5.26) imply that for i.i.d. random variables Xy, ..., X,
with a distribution with finite eighth moment, one may test the null hypothesis of symmetric
unimodality (and hence A > 9/5) versus the alternative hypothesis of A < 9/5 (the distribution
is multimodal or not symmetric), that is,

Hy:A>9/5 versus Hi:A < 9/5, (5.27)
at significance level a by rejecting whenever for large values of n
9 G a1 ~
Ty, ——<——=@ (1 —a), ¢=1.147419, (5.28)

57 n
holds.

Remark. A critical remark is in order here. Because, in practice, commonly known asymmetric
distributions have a value of A greater than 9/5 we cannot expect much power to detect asymmetry.
In situations where we know or assume the distribution to be symmetric, the test can be used as a test
for unimodality as alternative to the test in the previous section. This test then has a higher power to
detect multimodality in these situations.
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14 C. A. KLaAsseN AND B. van Es

6 Boundary Inflated Uniform, BIU(p)

Let us take a closer look at the values of the skewness, kurtosis and test function as functions
of p for the BIU(p) distributions given by Theorem 2.3. Figure 3 gives plots of the skewness,
kurtosis and the test function, that is, kurtosis minus squared skewness, as functions of p.

Furthermore, we check the performance of the unimodality test (4.25) for some BIU(p) dis-
tributions with p equal and close to 1/2. Table 1 gives simulated power values ﬁ(p) based on
10 000 samples of size n of the indicated BIU(p) distribution. The values lower and upper give

the limits of the 95% confidence interval around the estimated power £ (p).

7 Multimodality

We have seen that the bound 189/125 for kurtosis minus skewness squared does not always
discern between unimodality and multimodality. Therefore, we study two families of distribu-
tions that contain both types modality.

First, we consider the family of mixed normal distributions, denoted by MN(p, d), that are
mixtures of two normal distributions with equal variances 1 and means 0 and d, respectively.
The densities are given by

fp,d(x) = (l - p)(/)(X)—i—p(/)(x - d)v —e <X < o
where ¢ denotes the standard normal density. To the results of Eisenberger (1964), we add
Lemma 1. f, ; is bimodal if (p® (1 — p))exp(d*/8) = 1 holds.

Proof. Note that the condition impliesf, ,(0) > f, ;(d/2) < f, 4(d), which means bimodality.

For d = 3, the density changes from unimodal to bimodal at p = 0.2, approximately. Forp =
0.5 and d = 5, the test function A is approximately equal to the bound 189/125 (see Figure 4).

N o _| o~

o _| o S

0 — o | 2_

© 7 © _|

< — - /

m_

N — © _|

o_I T T T T T T T T T T © T T T T T
0.0 0.6 0.2 0.8 0.2 0.8

FIGURE 3. BIU(p): Skewness, kurtosis and test function as functions of p.

Table 1. BIU(p): Simulated power values of the test (4.25).

n=50 n=100 n=1 000
P lower Bp) upper lower Bp) upper lower Bp) upper
0.4 0.052 0.056 0.061 0.046 0.051 0.055 0.032 0.036 0.040
0.5 0.047 0.052 0.056 0.042 0.046 0.051 0.042 0.046 0.050
0.6 0.029 0.032 0.036 0.019 0.022 0.025 0.010 0.012 0.014
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Inference via the Skewness-Kurtosis Set 15
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FIGURE 4. Lefi: p=0.2,d = 3. Right: p=0.5,d = 5.
The following theorem gives the values for skewness, kurtosis and the test function for this

distribution.

Theorem 8. For the MN(p, d) distribution, the skewness is given by

_p P —p)( = 2p)

(p, d .
P (1+dp(1 — p))*"

The kurtosis is given by

. _ . (= p)(1 = 6p(1 — p))
S T

Finally, the test function kurtosis minus squared skewness equals

1 — 6p(1 — p) —2d°p*(1 — p)*

— _Tz _ 4 )
Alp, d) =x(p,d) =7 (p,d) =3 +d'p(1 — p) (1+d*(1 — p))’

(7.29)

Proof. Let X = N + dB be a random variable with B and N independent, B Bernoulli distributed
with success probability p and N standard normal. The moments of X can be computed by

k
EX* =E(N+dB)=E) ( ,)Nfdk )
—\J
j=0

k=1 k-1
(kN (kN
= dkf<j>ENfEB+ENkENk+p§ dkf<j>EN/.

=0 /=0

This implies that the expectation and variance of X are
EX =dp, EX*=1+d%p, varX=1+dp(l — p).
Furthermore, we have
2 -3 3\ 2
2(p,d) = (var X) (E(X ~ EX) )

o (1 = p)°(1 = 2p)°
(1+d°p(1 — p))*

= (L +dp(1 — ) (dp — 3> +2p°)" =d
and
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16 C. A. KLaAsseN AND B. van Es

k(p, d) = (var X) 2E(X — EX)* =3 +d*p(1 — p)

which combined yield (7.29).

Figure 5 shows plots of skewness, kurtosis and the test function as function of p for d = 7.
With d = p~3/* and p small, the test function equals approximately

-’
=y [l — 6p — 2p1/2} ~p 12,

Ap, p**) =3+

which converges to « as pl0, as is illustrated in Figure 6. Because also pexp(d*/8) >
p, d*/8 = p~'/2/8 holds, Lemma 7.1 shows that for d = p~3/* and p small the mixed normal
distribution is bimodal. This means that for multimodal distributions the test function can be ar-
bitrarily large.

Next, we consider the following mixtures of two exponential densities:

< o
N — o~
~ w_
- o _|
o — © © 7
© —
T ¥
q-_
Y ~N N —
00 06 0.0 0.6 0.0 0.6

FIGURE 5. MN(p, d): Skewness, kurtosis and test function as function of p for d =7.
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FIGURE 6. MN(p, d): A two dimensional plot of the test function for p between zero and one and d between zero and ten.

International Statistical Review (2025)
© 2025 The Author(s). International Statistical Review published by John Wiley & Sons Ltd on behalf of International Statistical Institute.

85URD |17 SUOWIWOD dA R0 3|qed | [dde ay3 Aq pausenof ae SSpIe YO ‘38N JO S3|NJ 10} ARiq 173U UO AB|IA UO (SUOIPUOd-pUR-SLLIRIAL0D A8 | 1M AlRIq 1 BUIUO//SORY) SUORIPUOD PUe SWB L 3U1 35S *[6202/60/60] U0 AriqiTauliuo Ao * S3 Ue A g Aq L000L SUYTTTT OT/I0p/W0d A8 Im Aseiq ul|uo//Sdny Wwouy pepeojumoq ‘0 ‘€28STSLT



Inference via the Skewness-Kurtosis Set 17

g,.a(x) = (1 —ple +pe TNy, 0<p <1, 0<d 0<uy,

which are obviously bimodal.

Theorem 9. If X has density g, , then

k k@
K\ &

EXY = (1 = p)kl+p) .)a”(k —j)-’—k"[l —p+ij—,]’
=0 J=07"

EX =1+pd, varX=1+dp(l — p),
E(X — EX)’ =2+dp(1 — p)(1 — 2p),
E(X — EX)* =946d°p(1 — p)+d*p(1 — p)(1 — 3p+3p?),
Alp,d) =x(p,d)—7(p, d)
4 — 8p — d(1 — 12p(1 — p))+4d*p*(1 — p)*

=5 —d’p(1 - p)
(1+d*p(1 - p))’

hold.

Proof. Straightforward computation yields the results of this theorem.

With d = p~'/3, we see that for p 1 0 we have

Ap,p 'PY=5 —4+4p 1 B=p i3, (7.30)

This shows that for the choice of the distance d = p~!/3 between the modes the test function
can be made arbitrarily large by choosing p sufficiently small.

8 Performance Simulations of the Test Statistics

To investigate the power of our tests, we consider the family of MN(0.5, d) distributions. Be-
cause we have chosen p equal to 0.5, these distributions are symmetric. Hence, following Re-
mark 5.1, we can use both tests. Examples of their densities are given in Figure 7. It turns
out that for d = 2, we are approximately on the border of unimodality and multimodality.

8.1 The Uniformity Test (4.25)

Table 2 gives simulated power values based on 10 000 samples of size n of the indicated
MN(p, d) distribution. The values lower and upper give the limits of the 95% confidence in-

terval around the estimated power /3 (d). The numbers are presented up to two significant digits.

0.20
|

0.10
1

0.00 0.05 0.10 0.15 0.20
|

0.00 0.05 0.10 0.15 0.20
|

0.00 005 0.10 0.15 0.20
|

0.00
|
|
|
1

FIGURE 7. Normal mixture densities for p = 0.5 and d =2, 3, 4, 5 consecutively.
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18 C. A. KLaAsseN AND B. van Es

Table 2. MN(p, d): Mixed normal, MN(0.5, d).

n=50 n=500 n=1 000
d Lower B(d) Upper Lower B(d) Upper Lower B(d) Upper
5 0.026 0.029 0.033 0.015 0.018 0.020 0.016 0.019 0.022
5.2 0.051 0.055 0.059 0.11 0.12 0.12 0.18 0.19 0.20
5.5 0.10 0.11 0.11 0.54 0.55 0.56 0.83 0.84 0.85
5.7 0.16 0.17 0.18 0.83 0.83 0.84 0.98 0.99 0.99
6 0.26 0.27 0.28 0.98 0.99 0.99 1 1 1

Simulated power values of the test (4.25).

Table 3. MN(p, d): Mixed normal, MN(0.5, d).

n=50 n=500 n=1 000
d Lower B(d) Upper Lower B(d) Upper Lower B(d) Upper
3 0.016 0.018 0.021 0 0 0 0 0 0
3.5 0.085 0.090 0.096 0.0097 0.118 0.0139 0.0015 0.0025 0.0035
3.7 0.14 0.14 0.15 0.090 0.096 0.102 0.083 0.088 0.094
4 0.26 0.27 0.28 0.55 0.55 0.56 0.74 0.75 0.76
43 0.42 0.43 0.44 0.94 0.94 0.95 1 1 1

Simulated power values of the test (4.25).
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FIGURE 8. Histograms of the normalized simulated test values for n = 50, 500, I 000 consecutively.

8.2 The Symmetric Uniformity Test (5.28)

Table 3 gives simulated power values based on 10 000 samples of size n of the indicated
MN(p, d) distribution. The values lower and upper give the limits of the 95% confidence in-

terval around the estimated power 3(d).

In line with Remark 5.1, we see that the power of the test for symmetry and unimodality is
indeed higher than the power of the test for unimodality alone. So in cases where symmetry
can be assumed, this test is preferable.
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Inference via the Skewness-Kurtosis Set 19

In order to check the validity of the normal approximation, Figure 8 contains histograms of
10 000 generated normalized test values for data generated by the BIU(1/2) distribution. This
distribution and asymptotic normality is used to determine the critical value of the uniformity
test (4.25). These histograms show that the the distribution of the normalized test statistic is
skewed for small samples. Hence, for small samples, the size 0.05 of the test is only approxi-
mately correct.
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