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2 Theory

Comprendre c’est avant tout unifier.

— Albert Camus, Le Mythe de Sisyphe, 1942

Vibrational spectroscopy is the study of the interaction between light and
the vibration of molecules. In this chapter we provide the theoretical framework
to describe this interaction. The interaction can be adequately described in a
semi-classical way in which the electric field is considered classically, and the
vibrational states of the molecule are described quantum-mechanically. The
theory presented here will focus on the aspects that are needed to understand
the experiments in the following chapters. More extensive treatments can be
found in textbooks on light–matter interaction, [21–23] non-linear optics, [24–29]

electrodynamics, [30, 31] and quantum mechanics. [32, 33]

2.1 Electrodynamics

Light can be depicted as a travelling electromagnetic wave propagating with the
speed of light c. When an electromagnetic wave E travels through a medium,
the atoms or molecules composing the medium become polarized. The induced
polarization P results in oscillating charges that also emit electric waves. These
fields combine with the original field. For a non-magnetic medium without any
free charges, the electromagnetic fields obey the Maxwell wave equation, which
reads in SI units

∇2E(x, t) = 1

c2
∂2

∂t2
E(x, t) + 1

ε0c2
∂2

∂t2
P (x, t), (2.1)

with ε0 the vacuum permittivity. The solutions are transverse plane waves
oscillating periodically in time t with angular frequency ω and in space x with
spatial frequency k(ω):

E(x, t) = 1

2π
∫ dωE(ω)ei(k(ω)⋅x−ωt). (2.2)

E(ω) are the complex frequency components of the electromagnetic wave incor-
porating both the phase and the amplitude. The polarization P can be written
in the same form

P (x, t) = 1

2π
∫ dωP (ω)ei(k(ω)⋅x−ωt). (2.3)
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Theory 2.1

The wave equation [Eq. (2.1)] is valid for every position in space and time, a
substitution of the expressions for E(x, t) and P (x, t) hence yields the following
relation for the frequency components:

k2E(ω) = ω2

c2
E(ω) + ω2

ε0c2
P (ω). (2.4)

The degree of polarization P induced by the electric field E is determined by
the electric susceptibility χ:

P (ω) = ε0χ(ω)E(ω). (2.5)

Depending on the frequency, the polarization P can be out of phase with respect
to the original field E. Hence, the susceptibility χ is a complex quantity with
a real and imaginary part, i.e.

χ(ω) = Re(χ(ω)) + i Im(χ(ω)), (2.6)

The real and imaginary parts of the susceptibility χ are related through the
Kramers–Kronig relations: [28]

Re(χ(ω)) = 1

π
P∫ dω′

Im(χ(ω))
ω′ − ω

Im(χ(ω)) = − 1

π
P∫ dω′

Re(χ(ω))
ω′ − ω

,

(2.7)

where P is the Cauchy principal value of the integral. When Reχ is an odd
function, Imχ is an even function, and vice versa. Substitution of Eq. (2.5) into
Eq. (2.4) gives the dispersion relation between the amplitude of the wavevector
k and the frequency ω:

k(ω) = ω
√
1 + χ(ω)
c

. (2.8)

This can be written as k(ω) = n(ω)ω/c by introducing the factor

n(ω) = √1 + χ(ω). (2.9)

n(ω) is denoted as the refractive index, as it also determines the angle of re-
fraction as light passes from one medium into another. Because of the coupling
with χ, the index of refraction n is a complex quantity, i.e.

n(ω) = Re(n(ω)) + i Im(n(ω)). (2.10)

For the physical representation of the real and imaginary parts it is insightful
to consider an electromagnetic wave propagating in the x-direction. Using the
dispersion relation and the complex refractive index, we can rewrite

E(x, t) = 1

2π
∫ dωE(ω)ei(k(ω)x−ωt) = 1

2π
∫ dωE(ω)eiω(n(ω)x/c−t)

= 1

2π
∫ dωE(ω)eiω(Re(n(ω))x/c−t)e−ω Im(n(ω))x/c.

(2.11)
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2.1 Theory

The real part of n determines the retardation of the phase velocity with respect
to the vacuum value: vp(ω) = c/Re(n(ω)). The imaginary part of n describes
the exponential damping of the electromagnetic wave in the medium, caused by
light absorption. From Eq. (2.9) follows that the imaginary part of the refractive
index is related to the imaginary part of the susceptibility via

Im(n(ω)) = Im(χ(ω))
2Re(n(ω)) . (2.12)

Hence, the component of the polarization that is 90○ out of phase with the
incoming field E is responsible for the absorption of light.

Non-linear effects In all materials the polarization starts to depend non-
linearly on the applied electric field if the field is sufficiently intense. This
response can be modelled by expanding the susceptibility

χ(ω) = χ(1)(ω) + χ(2)(ω)E(ω) + χ(3)(ω)E2(ω) + ... (2.13)

Here χ(1) is the linear susceptibility, and χ(2) and χ(3) are the second- and third-
order susceptibilities, respectively. χ(n) is a tensor of rank n. The polarization
P [Eq. (2.5)] then consists of the series

P (ω) = ε0χ
(1)(ω)E(ω) + ε0χ

(2)(ω)E2(ω) + ε0χ
(3)(ω)E3(ω) + ... (2.14)

The higher-order polarizations are typically much smaller than the linear po-
larization. These non-linear polarizations are employed frequently throughout
this thesis. We shall refer to the term

P (n)(ω) = ε0χ
(n)(ω)En(ω) (2.15)

as the nth-order polarization.
The complex refractive index will take the following form [Eq. (2.9)]:

n(ω) = √1 + χ(1)(ω) + χ(2)(ω)E(ω) + χ(3)(ω)E2(ω) + ... (2.16)

and will hence depend on the strength of the electric field. Using a Taylor
expansion for the second- and third-order terms, we get

n(ω) ≃ n0(ω) + χ(2)(ω)E(ω)
2n0�																																			
																																			�

Pockels effect

+ χ(3)(ω)E2(ω)
2n0�																																							
																																							�

Kerr effect

, (2.17)

where n0(ω) = √1 + χ(1)(ω) is the linear (complex) refractive index. The mod-
ulation of the refractive index that is proportional to the electric field is known
as the Pockels effect. The Pockels effect is employed in Pockels cells, which are
often used in laser cavities. In centrosymmetric materials like gases, liquids,
and certain crystals, the Pockels effect is zero because the refractive index must
be invariant to the reversal of E. The term proportional to the electric field
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Theory 2.1

squared (and hence proportional to the intensity) is known as the Kerr effect.
In many materials the Kerr effect is small in comparison with the Pockels effect,
except for centrosymmetric materials where the Pockels effect is non-existing.
The Kerr effect is responsible for self-focusing, which is frequently utilized to
mode-lock a laser oscillator.

Frequency mixing A remarkable effect of the higher-order polarizations is
that the frequency of light can change. To illustrate this let us consider a
medium with a non-dispersive χ(2), i.e. with an instantaneous response to the
electromagnetic wave. A monochromatic electric field

E(x, t) = E0(x) cos(ωt) (2.18)

will then induce the second-order polarization

P (2)(x, t) = ε0χ
(2)E2(x, t)= ε0χ
(2)E2

0(x) cos2(ωt)= 1

2
ε0χ

(2)E2
0(x)[1 + cos(2ωt)]. (2.19)

The first term in the brackets creates a static electric field response known as
optical rectification, the second term oscillating at twice the frequency of the
incident light leads to second harmonic generation.

Let us now consider the simultaneous illumination by two beams with fre-
quencies ω1 and ω2 (ω2 > ω1). The total electric field is

E(t) = E1(x) cos(ω1t) +E2(x) cos(ω2t). (2.20)

Then additional mixing terms appear in the second-order polarization

P (2)(x, t) =ε0χ(2)E2(x, t)=ε0χ(2) [E1(x) cos(ω1t) +E2(x) cos(ω2t)]2=1
2
ε0χ

(2){E2
1(x) +E2

2(x) +E2
1(x) cos(2ω1t) +E2

2(x) cos(2ω2t)+E1(x)E2(x)[cos((ω1 + ω2)t) + cos((ω2 − ω1)t)]}. (2.21)

In this case there are polarization terms at the sum frequency (ω1 +ω2) and at
the difference frequency (ω2 −ω1), giving rise to electromagnetic radiation with
those frequencies.

The mixing process takes place over the whole length of the non-linear
medium. In general destructive interference between the electromagnetic waves
created at different positions in the material leads to small intensities of the
generated light. Only when the conservation-of-momentum condition is fulfilled
does constructive interference occur and are high intensities of light produced.
For photons the momentum p can be expressed in the wavevector k by using de
Broglie’s relation p = h̵k. The wavevector points in the direction of the phase
velocity. Conservation of momentum is therefore also known as phase matching.
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2.2 Theory

For a three-wave process the energy conservation and phase-matching con-
ditions are:

ω1 + ω2 = ω3, k1 + k2 = k3, (2.22)

where subscripts 1, 2, and 3 denote the participating waves in increasing order
of photon energy. These conditions must be satisfied simultaneously. In case
the three waves are collinear, i.e. they travel in the same direction, we can
rewrite these conditions using k = n(ω)ω/c as

[n(ω1) − n(ω3)]ω1 = [n(ω3) − n(ω2)]ω2. (2.23)

This equation cannot be fulfilled in most materials as the index of refraction
normally increases with frequency, i.e. n(ω1) < n(ω2) < n(ω3). In order to ful-
fill Eq. (2.23) we need n(ω3) to lie in-between n(ω1) and n(ω2). This problem
can be solved by employing birefringent crystals, where the index of refraction
depends on the crystal orientation. The simplest and most common type of
birefringence is that of crystals with an uniaxial anisotropy, like ice, sapphire,
and β-barium borate (BBO). Those crystals have one axis of symmetry, denoted
as the optical axis, with the perpendicular directions being optically equivalent.
The optical axis has the extraordinary index of refraction ne and the perpen-
dicular directions have the ordinary index of refraction no. Let us define θ as
the angle between the incoming light and the optical axis.

The oscillation orientation of the electromagnetic wave (known as the polar-
ization) can be decomposed in two mutual perpendicular components. Because
of the cylindrical symmetry we can, without loss of generality, always define the
polarization of one component to lay in the plane perpendicular to the optical
axis with refractive index no. The polarization of the other component can be
projected onto the optical and ordinary axes which has a refractive index that
is a combination of no and ne, namely

1

n2(θ) = cos2(θ)
n2
o

+ sin2(θ)
n2
e

. (2.24)

The index of refraction for this normal mode can be tuned by rotating the angle
θ between the optical axis and the propagation direction. The three-wave phase
matching condition of Eq. (2.23) and energy conservation can be achieved by
tuning the angle θ.

Another application of birefringent crystals is to change the polarization of
a light wave travelling through it. A half-wave plate (λ/2-plate) can rotate the
polarization of linearly polarized light by retarding one polarization component
by 180○ with respect to the other. The details can be found in the book of
Saleh and Teich. [27] Furthermore, we use the birefringence of ice to determine
its crystal orientation. The procedure is described in the Appendix.
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Theory 2.2

2.2 Light pulses

A light pulse is an electromagnetic wave of finite duration. For a single position
in space the time-dependent electric field is described by [Eq. (2.2)]:

E(t) = 1

2π
∫ dωE(ω)e−iωt, (2.25)

where E(ω) is the continuum of frequency components, which represent the
pulse envelope in the frequency domain. E(ω) can be recognized as the Fourier
transform of E(t). The inverse of the Fourier transform is given by

E(ω) = ∫ dtE(t)eiωt. (2.26)

Note that the time-dependent electric field E(t) is a real quantity. As a con-
sequence, the frequency function is conjugate symmetric, i.e. E(ω) = E∗(−ω)
with ∗ denoting the complex conjugate and the positive frequency components
are sufficient to describe the electric field uniquely. Hence, the pulse length
can be calculated from the positive frequency components. Reversely, the pulse
envelope can be computed from the time dependence of the electric field. E(t)
and E(ω) are interdependent, which imposes a direct relationship between the
pulse time and its spectral components. For instance, a Gaussian-shaped E(t)
pulse also has a frequency envelope E(ω) with a Gaussian profile.

With the use of some mathematics we will derive now a general property of
the product of the pulse length and spectral bandwidth. The root-mean-square
widths σt and σω are measures for the pulse length and the frequency spread,
respectively. They can be calculated as follows [27]

σ2
t = ∫ dt (t − t)2∣E(t)∣2∫ dt ∣E(t)∣2 (2.27)

σ2
ω = ∫ dω ω2∣E(ω)∣2∫ dω ∣E(ω)∣2 , (2.28)

where t is the weighted mean of the pulse time,

t = ∫ dt t∣E(t)∣2. (2.29)

Because of the conjugation symmetry of the frequency function, the mean fre-
quency is zero. The numerator and denominator of Eq. (2.28) can be rewritten
using Parseval’s theorem

∫ dω ∣E(ω)∣2 = 2π∫ dt ∣E(t)∣2, (2.30)

and the moment theorem of the Fourier transform

∫ dω ω2∣E(ω)∣2 = 2π∫ dt ∣dE(t)
dt

∣2 . (2.31)
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2.3 Theory

The quadratic product of the root-mean-square widths then becomes

σ2
t σ

2
ω = ∫ dt ∣(t − t)E(t)∣2∫ dt ∣E(t)∣2 ∫ dt ∣dE(t)

dt
∣2∫ dt ∣E(t)∣2 . (2.32)

Using the Cauchy–Schwarz inequality for the numerators we find

[∫ dt ∣(t − t)E(t)∣2]⎡⎢⎢⎢⎢⎣∫ dt ∣dE(t)
dt

∣2 ⎤⎥⎥⎥⎥⎦ ≥ [∫ dt ∣(t − t)E(t)dE(t)
dt

∣ ]2. (2.33)

Integration by parts yields

∫ dt ∣(t − t)E(t)dE(t)
dt

∣ = 1

2
∫ dt ∣E(t)∣2 . (2.34)

Combining the above three equations we obtain the uncertainty relation

σtσω ≥ 1

2
. (2.35)

Hence, the product of the pulse length and the spectral bandwidth cannot be
less than a certain minimal value. This is of great importance for the ultrashort
pulses employed in the experimental chapters of this thesis.

The time–bandwidth product for a specific pulse can be calculated using
Eqs. (2.27) & (2.28). A Gaussian-shaped pulse without chirp exactly fulfills the
minimal value of the time–bandwidth product [Eq. (2.35)]. Usually, the pulse
length τp and the frequency bandwidth Δω are defined in terms of their full
width at half maximum (FWHM). For a Gaussian-shaped pulse the FWHM
equals 2

√
2 ln 2 times the root-mean-square width σ, i.e. τp = 2

√
2 ln 2σt and

Δω = 2
√
2 ln 2σω. In terms of the FWHM the time–bandwidth product becomes

τpΔω = 4 ln(2) ≈ 2.77 (Gaussian pulse). (2.36)

As an example, a Gaussian pulse with a duration of 100 fs (10−13 s) has a
minimal spectral width of 4.4 THz (Δṽ = 150 cm−1).

2.3 Harmonic oscillator

In this section we will describe the vibration of a molecule. To a first approxi-
mation, the vibration of a molecule can be described as a harmonic motion. We
will start from a classical model of the harmonic oscillator and expand this to a
quantum-mechanical description. Along the way, we will learn import aspects
of vibrational spectroscopy.
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Theory 2.3

m

x

Figure 2.1: A mass connected to a spring. The displacement from the equi-
librium position is denoted by x.

2.3.1 Classical description

Figure 2.1 displays the simplest example of an harmonic oscillator with a mass
m connected to a spring with spring constant κ. When the mass has a small
deviation from its equilibrium position x, the spring exerts a restoring force
F = −κx on the mass (Hooke’s law). For an ideal spring without friction, this
force equals the rate of momentum change following Newton’s second law of
motion: F = ma. Since the body acceleration equals the second derivative of
the displacement x with respect to time t, we arrive at,

m
d2x

dt2
+ κx = 0. (2.37)

The general solution of this differential equation is given by

x = A sin(ω0t + φ), (2.38)

where A and φ are constants depending on the boundary conditions, and

ω0 =√ κ

m
(2.39)

is the natural frequency of oscillation of the mass on a spring. Hence, the natural
frequency scales inversely proportionally to the square root of the mass.

Normal modes Real molecules consist of multiple atoms and the interaction
between each pair of atoms can be described in terms of a spring constant. As an
example, the three coupled masses of the water molecule can be regarded clas-
sically as depicted in Fig. 2.2. Each of the N atoms fulfills Newton’s second law
of motion. As the position of each atom in three-dimension space is described
by 3 coordinates, we thus have a set of 3N equations of motion. In general the
equations of motion are not straightforward to solve, as the equations of motion
are coupled, i.e.

mi
d2xi

dt2
+∑

j

κijxj = 0, i = 1, ...,3N. (2.40)

These equations can be expressed in compact form by defining the vector x

24



2.3 Theory

Figure 2.2: The interaction between each pair of atoms in a water molecule
can be described as a spring connecting the masses. The coupling between the
hydrogen atoms is much weaker than that of the OH bonds.

with the 3N elements xi, the diagonal 3N × 3N matrix M with elements mi,
and the symmetric 3N × 3N matrix K with elements κij :

M
d2x

dt2
+Kx = 0. (2.41)

Multiplying this equation from the left with M−1 yields

d2x

dt2
+M−1Kx = 0. (2.42)

The trick in solving these equations lies in finding the unitary transformation
matrix U

x = Uq (2.43)

such that U−1M−1KU equals the diagonal matrix Ω. With this transformation,
Eq. (2.42) becomes

U
d2q

dt2
+M−1KUq = 0. (2.44)

Multiplying this equation now from the left with U−1 yields

d2q

dt2
+U−1M−1KUq = 0

d2q

dt2
+Ωq = 0.

(2.45)

Since Ω is diagonal, the 3N coupled equations of motion in Eq. (2.40) have now
become 3N uncoupled differential equations

d2qi
dt2

+ ω2
i qi = 0, i = 1, ...,3N, (2.46)

where ω2
i are the (diagonal) elements of Ω. These equations are just 3N equa-

tions of motion of independent one-dimensional harmonic oscillators, which we
already know how to solve [Eq. (2.38)].

Each independent oscillation qi is called a normal mode, and any oscillation
is a superposition of normal modes by Eq. (2.43). However, 3 degrees of free-
dom are needed to describe the translation of the centre-of-mass motion, and
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3 degrees of freedom are needed to describe rotational motion (2 for molecules
with a linear geometry), which are not genuine vibrational modes. Therefore,
for a molecule with N atoms, the number of normal modes is 3N − 6, or 3N − 5
for a linear molecule. A molecule with M covalent bonds shall have M bond-
stretching modes (for a non-cyclic molecule M = N − 1). The remaining modes
are angle-bending modes. The resonance frequencies of the bending modes are
usually lower than those of the stretching modes. [34] The water molecule has a
bend configuration of 3 atoms with 2 covalent bonds, thus water has one bend-
ing and two stretching modes. For normal water (H2O) and heavy water (D2O)
the two OH/OD bond stretches combine to give symmetric and antisymmetric
modes (Fig. 1.5). The symmetric stretching mode has a lower eigenfrequency
than the antisymmetric stretching mode. For the water isotope HDO, the nat-
ural frequencies of the OH and OD bonds are different owing to the mass of a
deuterium atom being twice the mass of a hydrogen atom [Eq. (2.39)]. As a
result, the stretching modes are well localized on the OH and OD bonds.

Damping In real oscillators the vibration will not last, but friction will lead
to damping of the oscillation. The frictional force can be me modelled as being
proportional to the derivative of the normal mode coordinate with respect to
time. As a consequence, the equation of motion contains one more term and
becomes

d2q

dt2
+ Γ

dq

dt
+ ω2

0q = 0, (2.47)

where Γ is the damping constant. The solution to this homogeneous equation
reads

q = A sin(√ω2
0 − Γ2/4 t + φ) e−Γt/2. (2.48)

As can be seen from the last term, this solution is exponentially damped in
time and Γ/2 can be regarded as the rate constant of the amplitude decay. The
energy is proportional to the square of the amplitude, so the energy decay is
twice as fast as the amplitude decay. Hence, the energy damping time τ is the
inverse rate of the energy loss, i.e. τ = 1/Γ.

Let us now drive the oscillator with an external driving force Fdriving. For
a sinusoidal driving force with driving frequency ω and force constant F0, i.e.
Fdriving = F0 cos(ωt), the equation of motion becomes

d2q

dt2
+ Γ

dq

dt
+ ω2

0q = F0

m
cos(ωt). (2.49)

The steady state solution is

q = F0

m

1√(ω2
0 − ω2)2 + Γ2ω2

cos(ωt +ϕ) (2.50)

with

tan(ϕ) = Γω

ω2 − ω2
0

, (2.51)
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where −180○ < ϕ ≤ 0○. Introducing the linear susceptibility of a harmonic
oscillator

χ(1)(ω) = 1

m

1

ω2
0 − ω2 + iΓω

, (2.52)

one can write the steady state solution more compactly as

q = ∣χ(1)(ω)∣F0 cos (ωt + arg(χ(1)(ω))) . (2.53)

The oscillator now oscillates with the driving frequency ω. The amplitude
is largest when the driving frequency ω matches the natural frequency ω0, for
which the oscillation is 90○ delayed with respect to the driving force. By analogy,
consider ringing the bells of a church: A bell only swings boldly when the pull
frequency of the bell-ringer matches the natural frequency of the bell. Moreover,
the best moment to pull the rope is at the equilibrium position of the bell when
the bell moves away from the bell-ringer, i.e. when the force is 90○ out of phase
with the oscillation.

One can now calculate the average power absorbed by the oscillator, which
is the inner product of the applied force with the velocity:

⟨P ⟩t ≡ ⟨Fdriving
dq

dt
⟩
t
= −ωF 2

0

2m
Im(χ(1)(ω)) = F 2

0

2m2

Γ(ω − ω2
0/ω)2 + Γ2

. (2.54)

The maximal absorption coincides with the maximal amplitude, i.e. when the
driving frequency ω matches the natural frequency ω0. Plotting the absorbed
power as a function of frequency gives the absorbed power spectrum, shown in
Fig. 2.3. A typical measure of a resonance is the FWHM of the absorption spec-
trum, which equals here the damping constant and decay rate Γ. For a weakly
damped oscillators where the damping is small compared to the resonance fre-
quency (Γ << ω0), the absorption spectrum is strongly peaked at ω ≃ ω0. Near
the peak frequency we can approximate

(ω − ω2
0/ω)2 = (1 + ω0/ω)2(ω − ω0)2 ≃ 4(ω − ω0)2 (2.55)

and Eq. (2.54) approaches the Lorentzian line shape

⟨P ⟩t = F 2
0

8m2

Γ(ω − ω0)2 + Γ2/4 . (2.56)

The model of the classical harmonic oscillator can be expanded further by
including a term proportional to q2 in the equation of motion. This will lead
to non-linear susceptibilities and frequency mixing [cf. Section 2.1]. Further
details can be found in for instance books by Boyd [28] and Shen. [24]

2.3.2 Quantum-mechanical description

Molecular vibrations show quantized energy levels, which cannot be described
with a classical description of the harmonic oscillator. To account for quan-
tization we need a quantum-mechanical description of the system, which is
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ω0

Γ = ω0

10

Γ = ω0

2

ω

⟨P⟩ t

Figure 2.3: Absorbed power spectrum of the driven harmonic oscillator as
a function of the driving frequency. The FWHM of the absorption spectrum
equals the damping constant Γ. The absorption of an oscillator with a large
damping constant is smeared out over a broad spectral range. A small damping
constant results in a high peak absorption at the natural frequency ω0. The
spectral absorption approaches a Lorentzian line shape for Γ << ω0. The area
underneath the absorbed power spectrum is independent of Γ.

usually described in energy-based formulations in terms of a Hamiltonian. The
Hamiltonian is an operator, which acts on a state like a force on a system and
corresponds to the total energy of the system. For the mass connected to a
spring with force constant κ, the Hamiltonian is given by

Ĥ = p̂2

2m
+ 1

2
κx̂2, (2.57)

where p̂ and x̂ are the momentum and position operators, respectively. The
first term corresponds to the kinetic energy of the system (with p̂ = −ih̵ ∂x), and
the second term represents the potential energy.

The allowed stationary states ψ and the corresponding eigenenergies E are
obtained by solving the time-independent Schrödinger equation, which reads in
Dirac’s bra–ket notation [35]

Ĥ ∣ψ⟩ = E ∣ψ⟩. (2.58)

The solutions of this differential equation yield an orthogonal set of eigenstates
of the form [32]

∣v⟩ = (2vv!)−1/2 (mω0

πh̵
)1/4 e−mω0x

2/2h̵Hv (√mω0/h̵ x) (2.59)

and their corresponding eigenenergies

Ev = h̵ω0 (v + 1

2
) , (2.60)
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where v ∈ N0 is the vibrational quantum number and Hv(ξ) are the Hermite
polynomials�. One can see from this equation that subsequent states are equally
spaced by the energy h̵ω0, where ω0 = √

κ/m corresponds to the classical reso-
nance frequency of the oscillator. The first few stationary eigenstates with their
corresponding energies are shown in Fig. 2.4. Note that the v = 0 state (also
called the ground state) has an energy of h̵ω0/2 larger than the minimum of
the potential well. This is called the zero-point energy. This is in contrast with
the non-driven classical oscillator, where the ground state coincides with zero
oscillation.

h̵ω0

v = 0

v = 1

v = 2

v = 3

ψ0

ψ1

ψ2

ψ3

x

E

Figure 2.4: Wave functions and corresponding energy levels of the harmonic
oscillator potential. The energy levels are spaced by h̵ω0.

Vibrational transitions A transition from one state to another is only
possible when the Hamiltonian is perturbed by a time-dependent energy term.
The effect of the perturbation on the state of a system is described by the
time-dependent Schrödinger equation

ih̵
∂

∂t
∣ψ⟩ = Ĥ(t) ∣ψ⟩. (2.61)

Here the Hamiltonian operator Ĥ(t) is the sum of the unperturbed harmonic
Hamiltonian Ĥ0 from Eq. (2.57) and the time-dependent interaction potential
V̂int(t),

Ĥ(t) = Ĥ0 + V̂int(t). (2.62)

In the case of molecular vibrations irradiation with light can provide such a per-
turbation. The simplest model of the interaction potential between the electric

�The first few Hermite polynomials are given by H0(ξ) = 1, H1(ξ) = 2ξ, H2(ξ) = 4ξ2 − 2.
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field E(t) and the electric dipole moment of the molecule μ is given by

V̂int(t) = −μ̂ ⋅E(t)= −μ̂ ⋅E0 cos(ωt)≡ 1

2
V̂int (e−iωt + eiωt) . (2.63)

We solve the time-dependent Schrödinger equation [Eq. (2.61)] using the
eigenstates for the unperturbed harmonic oscillator [Eq. (2.59)]. These eigen-
states form a complete set, meaning that the perturbed wave function can be
expressed as a linear combination of them:

∣ψ(t)⟩ = ∑
u

au(ω, t)∣u⟩, (2.64)

where au are to be determined amplitudes complex functions. Inserting this
into Eq. (2.61) and multiplying from the left by ⟨w∣ yields the set of differential
equations:

∂ aw(ω, t)
∂t

= − i

2h̵
∑
u

⟨w∣V̂int∣u⟩ [e−i(ω+ωwu)t + ei(ω−ωwu)t]au(ω, t), (2.65)

where h̵ωwu = (Ew − Eu) is the energy difference between states w and u.
The differential equations are coupled, i.e. aw depends on au, which in turn
depends on aw and so on. This problem can be addressed using the perturbation
expansion

aw(ω, t) = a(0)w (ω) + a(1)w (ω, t) + ... (2.66)

where a
(n)
w signifies the amplitude of nth-order expansion. In case the interac-

tion Vint is small in comparison with the unperturbed Hamiltonian Ĥ0, we can
solve Eq. (2.65) by a process of successive approximations. If initially only state

v is populated, we have in zeroth-order a
(0)
v = 1 and a

(0)
w≠v = 0. Relating the time

derivatives of the first-order amplitudes only to the zeroth-order amplitudes we
get

∂ a
(1)
w (ω, t)
∂t

= − i

2h̵
⟨w∣V̂int∣v⟩ [e−i(ω+ωwv)t + ei(ω−ωwv)t] , (2.67)

or in integrated form

a(1)w (ω, t) = − i

2h̵
⟨w∣V̂int∣v⟩∫ t

0
dt′ [e−i(ω+ωwv)t + ei(ω−ωwv)t]

= 1

2h̵
⟨w∣V̂int∣v⟩ [e−i(ω+ωwv)t − 1

ω + ωwv
+ e−i(ω−ωwv)t − 1

ω − ωwv
]

= −i
h̵
⟨w∣V̂int∣v⟩[e−i(ω+ωwv)t/2 sin((ω + ωwv)t/2)

ω + ωwv

+ e−i(ω−ωwv)t/2 sin((ω − ωwv)t/2)
ω − ωwv

].
(2.68)
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The probability that a particle which started out in state v will be found after
time t in state w equals the squared magnitude, i.e.

∣a(1)w (ω, t)∣2 = 1

h̵2
∣⟨w∣V̂int∣v⟩∣2[sin2((ω + ωwv)t/2)(ω + ωwv)2 + sin2((ω − ωwv)t/2)(ω − ωwv)2

+ 2 cos(ωwvt) sin((ω + ωwv)t/2) sin((ω − ωwv)t/2)(ω + ωwv)(ω − ωwv) ]. (2.69)

This expression can be simplified by realizing that as time proceeds it becomes
more and more peaked near the resonance frequencies. About ω = ∓ωwv we can
approximate

∣a(1)w (ω, t)∣2 ≃ 1

h̵2
∣⟨w∣V̂int∣v⟩∣2 sin2((ω ± ωwv)t/2)(ω ± ωwv)2 . (2.70)

It is of interest to calculate the transition rate from initial state v to final state
w which is defined as the time derivative of the squared magnitude a

(1)
w , i.e.

Wwv(ω, t) ≡ ∂

∂t
∣a(1)w (ω, t)∣2 = 2

h̵2
∣⟨w∣V̂int∣v⟩∣2 sin((ω ± ωwv)t)

ω ± ωwv
. (2.71)

Note that the driving frequency ω does not necessarily need to match exactly±ωwv for a non-zero transition rate. This is a manifestation of the time–
frequency uncertainty relation [Eq. (2.35)]. For t → ∞ we can make use of
the limit

lim
t→∞

sin((ω ± ωwv)t)
ω ± ωwv

= π δ(ω ± ωwv), (2.72)

where δ is the Dirac delta function.♩ We then obtain

lim
t→∞

Wwv(ω, t) = π

2h̵2
∣⟨w∣V̂int∣v⟩∣2 δ(ω ± ωwv). (2.73)

Hence, the transition rate is constant for large t. Keeping this in mind we will
drop the time dependence of the transition rate and formulate the following
expression of Fermi’s golden rule [32]

Wwv(ω) = π

2h̵2
∣⟨w∣V̂int∣v⟩∣2 δ(ω ± ωwv)

= π

2h̵2
∣⟨w∣μ̂ ⋅E0∣v⟩∣2 δ(ω ± ωwv). (2.74)

The Dirac delta function ensures the energy conservation to be fulfilled. The
term δ(ω − ωwv) corresponds to the absorption of a photon with energy h̵ωwv

(Ew > Ev) and the term δ(ω + ωwv) corresponds to stimulated emission of a
photon with the same energy (Ew < Ev). The strength of the light–matter

♩Strictly speaking, one should refer to the Dirac delta distribution, as δ(ω) is only an
analytic function once integrated over a certain frequency domain.
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interaction is given by the matrix element ⟨w∣μ̂ ⋅E0∣v⟩. For an angle θ between
the electric field polarization E0 and the dipole moment μ we get

Wwv(ω) = πE2
0

2h̵2
cos2(θ) ∣⟨w∣μ̂∣v⟩∣2 δ(ω ± ωwv). (2.75)

The electric transition dipole moment ⟨w∣μ̂∣v⟩ depends on the normal mode
coordinate q, in which the following first-order Taylor expansion around the
equilibrium position q0 can be made:

⟨w∣μ̂(q)∣v⟩ ≃ μ(q0)⟨w∣v⟩ + (∂μ(q)
∂q

)
q=q0

⟨w∣q̂∣v⟩. (2.76)

Because vibrational eigenstates are orthogonal, the first term is zero. Substi-
tuting this back into Eq. (2.75), we arrive at

Wwv(ω) = πE2
0

2h̵2
cos2(θ) ∣∂μ(q)

∂q
∣2
q=q0

∣⟨w∣q̂∣v⟩∣2 δ(ω ± ωwv). (2.77)

The absorbed power of a transition is found by multiplying the transition
rate by the photon energy, e.g.

Pwv(ω) = h̵ωWwv(ω). (2.78)

The absorption cross section σ is defined as the absorbed power P divided by
the intensity of the incident light I = ε0cE

2
0/2. Using Eq. (2.77) under the

assumption of an isotropic medium where ⟨cos2(θ)⟩ = 1/3, we get

σwv(ω) = Pwv(ω)
I(ω) = πω

3h̵cε0
∣∂μ(q)

∂q
∣2
q=q0

∣⟨w∣q̂∣v⟩∣2 δ(ω ± ωwv). (2.79)

The proportionality to the modulo squared of the derivative of the dipole mo-
ment with respect to the vibrational coordinate entails that only vibrational
motions that lead to a change in the dipole moment of the molecule are active.
As a consequence molecules like O2 and N2 do not absorb infrared (IR) light.
For the CO2 molecule the antisymmetric stretch vibration is active while the
symmetric one is not, since that vibration does not modulate the dipole moment.
The three fundamental vibrational modes of the water molecule (illustrated in
Fig. 1.5) are all IR active.

For the harmonic oscillator the matrix elements of the position operator q̂
can be calculated explicitly: [32]

⟨w∣q̂∣v⟩ =√ h̵

2mω
(√v + 1 δw,v+1 +√

v δw,v−1) . (2.80)

Here the Kronecker delta function is unity when the indices match and zero
otherwise. Hence, an optical transition on the ladder of vibrational states is
only allowed between adjacent excitation levels, i.e. w = v ± 1. The v = 0 → 1
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transition is defined as the fundamental. Other possible transitions are v = 1→ 2
and v = 2 → 3. Transitions such as v = 0 → 2 and v = 1 → 3 are forbidden for a
perfect harmonic oscillator. We note that the v → w cross section (σwv) equals
the w → v cross section (σvw), e.g. σ10 = σ01. We also note that the cross section
is larger for more highly excited states, e.g. σ21 = 2σ10. Since the resonance
frequency scales proportionally to m−1/2 [Eq. (2.39)], we find ⟨w∣q̂∣v⟩ ∝ m−1/4.
Hence, the cross section scales σwv ∝m−1/2.

Vibrational relaxation States can also couple by non-optical interactions.
This yields a finite lifetime for an excited state v, as the vibrational energy can
be dissipated via resonant coupling to accepting modes. For vibrational transi-
tions in the IR, spontaneous emission is negligible owing to an ω3 dependence of
the Einstein coefficient. [21] Resonant coupling to accepting modes occurs within
the molecule (intramolecular coupling) and with other molecules in the vicinity
(intermolecular coupling). A constant decay probability leads to an exponen-
tially decaying vibration in time, which can also be derived more rigourously
by solving the time-dependent Schrödinger equation [Eq. (2.61)]. [36] The decay
rate Γi for initial state i is given by the sum over the transition probabilities of
all accepting modes integrated over all energies, i.e.

Γi = 2π

h̵
∫ dω ∑

f

∣⟨f ∣V̂c∣i⟩∣2δ(ω − ωfi). (2.81)

Here ⟨f ∣V̂c∣i⟩ is the coupling matrix element between the initial state i and final
state f . The initial state i of the system comprises the excited state v of the
vibrational mode and the ground state of the accepting mode. The final state
f of the system encompasses the vibrational state w with w < v and the excited
state of the accepting mode. In physically realistic situations the vibration is
coupled to many other sates, which form a continuum of final states. This
thought is often expressed by replacing the summation over the final states in
Eq. (2.81) by an (energy) density of final states ρf , i.e.

Γi = 2π

h̵
∫ dω ∣⟨f ∣V̂c∣i⟩∣2δ(ω − ωfi)ρf(ω). (2.82)

This expression for Fermi’s golden rule can be used to acquire insights in the vi-
brational lifetime T1, which equals the inverse decay rate (T1 = 1/Γ).� A Fourier
transformation of the exponential decay leads to a Lorentzian spectral line shape
with FWHM Γ, like we found for the classical oscillator [Eq. (2.56)]. Spectral
broadening induced by the vibrational lifetime is called lifetime broadening. In
an ensemble of molecules with heterogeneous environments the absorption lines
are additionally inhomogeneously broadened which can often be described by a
Gaussian profile.

�The nomenclature T1 is adopted from nuclear magnetic resonance (NMR) spectroscopy.
Note that subscript 1 does not refer to the first excited state (v = 1).
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2.3.3 Rules of thumb

In the above description the molecular vibration is described as a simple har-
monic motion. Real molecules do not vibrate in a perfectly harmonic manner.
Nevertheless, the harmonic oscillator model is a good starting point and carries
many guidelines for vibrational spectroscopy. The harmonic oscillator functions
form a complete set of basis functions and are therefore a suitable expansion set
for many anharmonic oscillators. Below, we summarize some learned lessons
with special emphasis on the implications for the water molecule:

(a) The natural frequency of oscillation reads ω0 = √
κ/m [Eq. (2.39)]. There-

fore, the vibrational frequencies of the OH stretching modes are
√
2 larger

than the OD stretching modes.� Furthermore, the effective spring constant
κ depends on the hydrogen-bond strength. The hydrogen bond exerts a
force in opposite direction to the covalent bond, thereby lowering the restor-
ing force of the covalent bond. As a result, the hydrogen bond lowers the
effective spring constant. A strong hydrogen bond leads to a lower effective
spring constant than a weak hydrogen bond. Therefore, the stretching vi-
bration of strongly hydrogen-bonded water has a lower frequency than that
of weakly hydrogen-bonded water.

(b) The cross section scales with the magnitude square of the dipole moment

derivative, i.e. σwv ∝ ∣∂μ(q)/∂q∣2q=q0 [Eq. (2.79)]. As a consequence, only
vibrations that modulate the dipole moment are IR active.

(c) The cross section scales with the magnitude square of the off-diagonal matrix
element of the position operator, i.e. σwv ∝ ∣⟨w∣q̂∣v⟩∣2 [Eq. (2.79)]. There-
fore, transitions are only possible between adjacent levels in the harmonic
approximation, i.e. w = v ± 1. Anharmonic transitions such as v = 0→ 2 and
v = 0 → 3 have in general very low cross sections. In addition, the vibra-
tional cross sections of the OH stretching modes are

√
2 times larger than

the OD stretching modes [Eq. (2.80)].� We also deduced from Eq. (2.80)
that the cross section of the v = 0 → 1 transition equals the cross section
of the v = 1 → 0 transition (σ01 = σ10) and that the cross section of the
v = 1 → 2 transition is twice the cross section of the v = 0 → 1 transition
(σ21 = 2σ10).

(d) The inverse lifetime dictates the minimal spectral line width, i.e.
1/T1 = Γ ≥ FWHM. Lifetime broadening leads to a Lorentzian spectral
line shape. Additional broadening mechanisms for an ensemble of oscilla-
tors can often be described by a Gaussian line shape.

�Taking into account the finite mass of the oxygen atom the theoretical ratio is√
17/9 ≈ 1.374. [37]
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2.3.4 Anharmonic oscillator

The description of the vibrational structure of a molecule in terms of a harmonic
oscillator does not account for effects like the breaking of bonds at high vibra-
tional energies and the anharmonicity. Often a Morse potential is employed as
interatomic interaction model. [22] The special nature of the hydrogen bond can
be accorded for with the Lippincott–Schroeder potential. This potential was
designed by Lippincott and Schroeder to explain the strong dependence of the
OH vibrational frequency on the O⋯O hydrogen-bond length. It models the
problem of a hydrogen atom in a hydrogen bond as a one-dimensional water
dimer. The Lippincott–Schroeder potential is given by [38]

VLS(r,R) =Da[1 − e−na(r−r0)
2/2r] +Db[1 − e−nb(R−r−r0)

2/2(R−r)], (2.83)

where r is the OH distance, and R is the O⋯O distance. Da = 38750 cm−1 is the
binding energy of the OH bond of water, na = 9.8 Å−1 defines the vibrational
frequency of the OH stretching vibration, and r0 = 0.97 Å is the gas phase OH
bond length. Db = 25000 cm−1 and nb = 16.5 Å−1 follow from a comparison to
empirical values. [39]

The Lippincott–Schroeder potential is shown in Fig. 2.5 for an O⋯O distance
of R = 2.76 Å and has a double-minimum structure. The local minimum at
1.75 Å corresponds to the auto-ionized OH−⋯H3O

+ state. [39] For the given
O⋯O distance, the energy difference between the ground state and the first
excited state is about 3300 cm−1. The v = 1→ 2 transition has a smaller energy
difference due to the anharmonicity of the potential, namely about 3000 cm−1.
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Figure 2.5: Wave functions and corresponding energy levels of the Lippincott–
Schroeder potential for an O⋯O distance of 2.76 Å (corresponding to ice at
253 K [40]).
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