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Based on the intuitive idea that sets of objects or entities can be categorized in very different ways, 
and that some ways to categorise objects are better than others, depending on the purpose of the 
categorization, in this paper, a formal framework is introduced for parametrically generating a 
space of possible categorizations of a set of objects, based on the features which individual agents 
or groups thereof regard as relevant (formally encoded in the notion of interrogative agenda). This 
formal framework accounts both for two-valued (crisp), and for many-valued (fuzzy) judgments 
about the relevance of given features, and introduces ways to aggregate individual agendas 
to group agendas. As an application on this framework, we discuss a machine-learning meta
algorithm for outlier detection and classification which provides local and global explanations of 
its results.

1. Introduction

Categories are cognitive tools used both by humans and machines to organize experience, understand and function in their 
environment, and understand and interact with each other, by grouping things together which can be meaningfully compared and 
evaluated. Categorization is the basic operation humans perform e.g. when they relate experiences/actions/objects in the present to 
those in the past, thereby recognizing them as instances of the same type and being able to compare them with each other. This is 
what humans do when trying to understand what an object is or does, or what a situation means, and when making judgments or 
decisions based on experience. Categorization is the single cognitive mechanism underlying meaning-attribution, value-attribution and 
decision-making, and therefore it is the background environment in which these three cognitive processes can formally be analyzed in 
their relationships to one another. Nowadays, categories are key to the theories and methodologies of several research areas at the 
interface of social sciences and AI, not only because categories underlie a wide array of phenomena key to these areas, spanning from 
the mechanisms of perception [57], to the creation of languages [3], social identities and cultures [49], but also because category
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formation is core to the development of data-analytic techniques based on AI, such as data mining [46,39], text analysis [11], social 
network analysis [24,30], which have become fundamental tools in empirical sciences.

Contributions, motivation, and related work. Categorization fundamentally shapes how agents interpret and evaluate any given set 
(of objects or data), yet any such set can be categorized in multiple ways, each tailored to different objectives. For instance, the 
experienced auditors’ evaluation of evidence is rooted in a process of categorization of the various pieces of evidence (e.g. financial 
transactions) which is possibly very different from the ``official'' categorization system through which the evidence is presented in 
the self-reported financial statement of the given firm. These categories provide the context of evaluation in which different pieces 
of evidence are compared with/against each other.

Motivated by this practice, we introduce a formal, parametric framework that systematically spans the space of categorization 
systems over a fixed set of entities, and explicitly links each categorization system to an agent’s goals, evaluative criteria, and epistemic 
stance. By doing so, the present framework identifies the categorization schemes that are optimal for specific tasks, such as outlier 
detection and supervised classification.

Interdisciplinary research in cognitive science and management has long demonstrated that changes in category structures influ
ence reasoning and decision making [62,41,14,4,29]. Computationally, the present approach echoes the goals of feature selection 
(FS), which seeks the most informative dimensions for predictive tasks [20,43]. However, while traditional FS methods treat subsets of 
features as purely statistical artifacts, we model the choice of features as the expression of an agent’s underlying agenda and priorities. 
Because FS algorithms often differ in stability and effectiveness, ensemble-based strategies have been proposed to improve robustness 
[47,64,67]. In the present paper, we adapt this ensemble methodology to derive stable categorization systems from non-crisp agendas, 
and introduce a meta-learning algorithm (Algorithm 1) that leverages these ensembles for both classification and outlier detection.

Within explainable AI, FS has emerged as a key technique to simplify models and highlight significant attributes (or significant 
combinations of attributes) for human comprehension [44,45,34]. Building on this technique, in [9], Algorithm 1 was used to produce 
(possibly fuzzy) interpretable categorization systems suitable for outlier detection tasks. Doing so was shown to yield effective unsu
pervised and supervised algorithms for outlier detection, providing both local and global explanations for its results. In the present 
paper, the theoretical background is developed and presented that provides a formal foundation for such algorithms and suggests 
further substantial avenues of exploration of this agenda-driven categorization framework.

Interrogative agendas. The final outcome of the auditing process is the formation of a qualitative opinion, by expert auditors, on 
the fairness and completeness of a given firm’s financial accounts. Towards the formation of their opinion, the auditors might not 
attribute the same importance to all the features of the pieces of evidence, and they might also disagree with regard to the relative 
importance of certain features. In the present framework, the different epistemic attitudes of agents are captured by the notion of 
interrogative agenda [23]. This notion can be understood as the ‘questions’ that an agent sets to resolve (by gathering information) 
before making a decision. Interestingly, the level of expertise of an agent can be captured by how good the questions they ask are. 
In the present framework, a simple way for representing an agent’s interrogative agenda is as a designated set of features, i.e. the 
set of features that the agent considers significantly more relevant than others. However, in many cases, an agent’s agenda may 
not be realistically approximated in such a simple way, but might consist of different relevance or importance values assigned to 
different sets of features. Such agendas will be represented by Dempster-Shafer mass functions. Independently of their mathematical 
representation, interrogative agendas will induce categorization systems on a given set of entities, and hence parametrize the space 
of categorization systems.

Background theory. The present framework is set within Formal Concept Analysis (FCA) [65,5], and is based on formal contexts [65], 
i.e. structures consisting of domains 𝐴 (of objects) and 𝑋 (of features), and binary relations 𝐼 between them. The running example 
mentioned above concerns the formal context arising from a network (bipartite graph) of financial transactions (i.e. a financial 
statements network) [10].

Mathematically, bipartite graphs and formal contexts are isomorphic structures; moreover, both types of structures are used to rep
resent databases [65,60,37,48,31,56,69,13]. Setting the present framework on formal contexts allows for access to a mathematically 
principled way to generate categorization systems, in the form of the construction of the lattice of formal concepts of a formal context 
[7], as well as a suitable base for expanding the present formal framework to represent and support vagueness, epistemic uncertainty, 
evidential reasoning, and incomplete information [66,16,15,25]. In particular, representing categorization systems as lattices allows 
for hierarchical, rather than flat, categorizations of objects, as well as for a more structured control of the categorization, based on 
the generation of categories from arbitrary subsets of objects or features.

Meta-algorithm. Based on the present framework, we discuss an explainable meta-algorithm for outlier detection or classification, 
introduced in [1], in which the categorization systems are not pre-specified but are ‘learned’, based on the accuracy of their prediction. 
This algorithm is better understood in the light of the framework presented in this paper.

Structure of the paper. In Section 2, we collect the basic definitions and facts pertaining to FCA and Dempster-Shafer theory. In 
Section 3, we introduce the (crisp and non-crisp) formal framework for generating a set of categorization systems, over a given set of 
entities, parametrized by interrogative agendas, and introduce ways of aggregating (crisp and non-crisp) agendas. In Section 4, we 
illustrate this framework by means of our running example on financial statements network.
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In Section 5, we introduce a methodology for associating single categorization systems to non-crisp agendas (i.e. Dempster-Shafer 
mass functions), and define a partial order on non-crisp agendas with respect to which this mapping is order-preserving. In Section 6, 
we compare this partial order to other orderings of mass functions in the literature, and study its properties with respect to the 
aggregated agendas. In Section 7, we discuss a meta-learning algorithm for outlier detection and classification. We conclude and 
mention some directions for future research in Section 8.

2. Preliminaries

Formal contexts and their concept lattices A formal context [28] is a structure ℙ = (𝐴,𝑋,𝐼) such that 𝐴 and 𝑋 are sets, and 𝐼 ⊆ 𝐴×𝑋

is a binary relation. Formal contexts can be thought of as abstract representations of databases, where elements of 𝐴 and 𝑋 represent 
objects and features, respectively, and the relation 𝐼 records whether a given object has a given feature. Every formal context as 
above induces maps 𝐼 (1) ∶ P(𝐴)→ P(𝑋) and 𝐼 (0) ∶ P(𝑋)→ P(𝐴), respectively defined by the assignments

𝐼 (1)[𝐵] ∶= {𝑥 ∈𝑋 ∣ ∀𝑎(𝑎 ∈𝐵⇒ 𝑎𝐼𝑥)} and 𝐼 (0)[𝑌 ] ∶= {𝑎 ∈𝐴 ∣ ∀𝑥(𝑥 ∈ 𝑌 ⇒ 𝑎𝐼𝑥)}.

A formal concept of ℙ is a pair 𝑐 = ([ [𝑐] ], ( [𝑐] )) such that [ [𝑐] ] ⊆ 𝐴, ( [𝑐] ) ⊆𝑋, and 𝐼 (1)[[ [𝑐] ]] = ( [𝑐] ) and 𝐼 (0)( [𝑐] ) = [ [𝑐] ]. A subset 𝐵 ⊆ 𝐴

(resp. 𝑌 ⊆ 𝑋) is said to be closed, or Galois-stable, if 𝖢𝗅1(𝐵) = 𝐼 (0)[𝐼 (1)[𝐵]] = 𝐵 (resp. 𝖢𝗅2(𝑌 ) = 𝐼 (1)[𝐼 (0)[𝑌 ]] = 𝑌 ). The set of objects 
[ [𝑐] ] is the extension of the concept 𝑐, while the set of features ( [𝑐] ) is its intension.2 The set L(ℙ) of the formal concepts of ℙ can be 
partially ordered as follows: for any 𝑐, 𝑑 ∈ L(ℙ),

𝑐 ≤ 𝑑 iff [ [𝑐] ] ⊆ [ [𝑑] ] iff ( [𝑑] ) ⊆ ( [𝑐] ). (2.1)

With this order, L(ℙ) is a complete lattice, the concept lattice ℙ+ of ℙ. As is well known, any complete lattice 𝕃 is isomorphic to the 
concept lattice ℙ+ of some formal context ℙ [7]. Throughout this paper, we will often identify the concept lattice ℙ+ with the lattice 
of the extensions of its formal concepts, ordered by inclusion, and will write e.g. 𝐺 ∈ ℙ+ for a subset 𝐺 ⊆ 𝐴 to signify that 𝐺 is the 
extension of some formal concept of ℙ.

Discretization of continuous attributes and conceptual scaling. The framework discussed above can also be applied to cases in which 
the relation 𝐼 ⊆ 𝐴×𝑋 can take continuous values, modulo a process known as conceptual scaling [27]. Scaling is an important part of 
most FCA-based techniques and has been studied extensively [27,51,52]. Choosing the correct scaling method depends on the specific 
task the concept lattice is used for.

Belief, plausibility and mass functions Here we recall standard notation and terminology from Dempster-Shafer theory [58,68]. A belief 
function (cf. [59, Chapter 1]) on a set 𝑆 is a map bel ∶ P(𝑆)→ [0,1] such that bel(𝑆) = 1, and for every 𝑛∈ℕ,

bel(𝐴1∪,⋯ ,∪𝐴𝑛) ≥
∑

∅≠𝐼⊆{1,⋯,𝑛}
(−1)|𝐼|+1bel

(⋂
𝑖∈𝐼 

𝐴𝑖

)
.

A plausibility function on 𝑆 is a map pl ∶ P(𝑆)→ [0,1] such that pl(𝑆) = 1, and for every 𝑛∈ℕ,

pl(𝐴1 ∪𝐴2∪,⋯ ,∪𝐴𝑛) ≤
∑

∅≠𝐼⊆{1,2,⋯,𝑛}
(−1)|𝐼|+1pl

(⋂
𝑖∈𝐼 

𝐴𝑖

)
.

For any set 𝑋, let 𝑋 be its complete 𝑆 ⧵𝑋. Belief and plausibility functions on sets are interchangeable notions: for every belief 
function bel as above, the assignment 𝑋 ↦ 1 − bel(𝑋) defines a plausibility function on 𝑆 , and for every plausibility function pl as 
above, the assignment 𝑋 ↦ 1 − pl(𝑋) defines a belief function on 𝑆 . Let 𝑆 be any set.

A (Dempster-Shafer) mass function is a map 𝑚 ∶ P(𝑆)→ [0,1] such that 
∑

𝑋⊆𝑆 𝑚(𝑋) = 1.
On finite sets, belief (resp. plausibility) functions and mass functions are interchangeable notions: any mass function 𝑚 as above 

induces the belief function bel𝑚 ∶ P(𝑆)→ [0,1] defined as

bel𝑚(𝑋) ∶=
∑
𝑌 ⊆𝑋

𝑚(𝑌 ) for every 𝑋 ⊆𝑆, (2.2)

and a plausibility function

pl𝑚(𝑋) ∶=
∑

𝑌 ∩𝑋≠∅
𝑚(𝑌 ) for every 𝑋 ⊆𝑆. (2.3)

Conversely, any belief function bel as above induces the mass function 𝑚bel ∶ P(𝑆)→ [0,1] defined as

2 The symbols [ [𝑐] ] and ( [𝑐] ), respectively denoting the extension and the intension of a concept 𝑐, have been introduced and used in the context of a research line 
aimed at developing the logical foundations of categorization theory, by regarding formulas as names of categories (formal concepts), and interpreting them as formal 
concepts arising from given formal contexts [16,15,25,17,19].
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𝑚bel(𝑋) ∶= bel(𝑋) −
∑
𝑌 ⊆𝑋

(−1)|𝑋∖𝑌 |bel(𝑌 ) for all 𝑋 ⊆𝑆. (2.4)

For any mass function 𝑚 ∶ P(𝑋)→ [0,1], its associated quality function 𝑞𝑚 is

𝑞𝑚(𝑌 ) =
∑
𝑌 ⊆𝑍

𝑚(𝑍) for all 𝑌 ⊆𝑋.

3. Categorizations induced by interrogative agendas

In this section, we introduce two multi-agent frameworks, each of which represents the interrogative agendas associated with 
individual agents and groups of agents, as well as the categorizations induced by these agendas. These two frameworks differ in the 
way interrogative agendas are represented; namely as subsets of features, and as Dempster-Shafer mass functions over the set of features, 
respectively. We refer to the interrogative agendas represented in the former way as the crisp ones, and to those represented in the 
latter way as the non-crisp ones.3

Crisp framework. We consider tuples (ℙ,𝐶,𝑅) such that ℙ = (𝐴,𝑋,𝐼) is a finite (many-valued) formal context, 𝐶 is a finite set, and 
𝑅 ⊆ 𝑋 × 𝐶 is a binary relation. The formal context ℙ captures, as usual, the set 𝐴 of the objects to be categorized, and the set 𝑋
of features attributed to each object through the incidence relation 𝐼 ; the set 𝐶 is understood as a set of agents, and the relation 𝑅
associates any agent 𝑗 ∈ 𝐶 with their (crisp) interrogative agenda, represented as the set 𝑋𝑗 ∶= 𝑅−1[𝑗] = {𝑥 ∈ 𝑋 ∣ 𝑥𝑅𝑗} of features 
𝑥 ∈𝑋 which 𝑗 considers relevant.

Interrogative agendas can also be associated with coalitions of agents as follows: for any 𝑐 ⊆ 𝐶 , we let

◊𝑐 ∶=
⋂

{𝑋𝑗 ∣ 𝑗 ∈ 𝑐} and ⊳𝑐 ∶=
⋃

{𝑋𝑗 ∣ 𝑗 ∈ 𝑐}

denote the common and the distributed interrogative agendas associated with 𝑐, respectively.
For any 𝑌 ⊆𝑋, let ℙ𝑌 ∶= (𝐴,𝑌 , 𝐼𝑌 ), where 𝐼𝑌 ∶= 𝐼 ∩ (𝐴× 𝑌 ). Hence, if 𝑌 is an interrogative agenda, 𝑌 induces a categorization 

system on the objects of 𝐴, which is represented by the concept lattice ℙ+
𝑌

.
Notice that if 𝑍 ⊆ 𝑌 ⊆ 𝑋, and 𝐵 ∈ ℙ𝑍 (i.e. 𝐵 = {𝑎 ∈ 𝐴 ∣ ∀𝑥(𝑥 ∈ 𝑍′ ⇒ 𝑥𝐼𝑍𝑎)} for some 𝑍′ ⊆ 𝑍) then 𝐵 ∈ ℙ𝑌 ; indeed, to show 

that some 𝑌 ′ ⊆ 𝑌 exists such that 𝐵 = {𝑎 ∈𝐴 ∣ ∀𝑥(𝑥 ∈ 𝑌 ′ ⇒ 𝑥𝐼𝑌 𝑎)}, it is enough to let 𝑌 ′ ∶=𝑍′. This shows that, for every 𝐵 ∈ ℙ+, 
the set V𝐵 ∶= {𝑌 ⊆𝑋 ∣ 𝐵 ∈ ℙ+

𝑌
} is upward closed w.r.t. inclusion. Consequently, for any coalition 𝑐, and any agent 𝑗 in coalition 𝑐,

ℙ+
◊𝑐

⊆ ℙ+
𝑋𝑗

⊆ ℙ+
⊳𝑐 (3.1)

The parametric structure of {ℙ+
𝑌
∣ 𝑌 ⊆𝑋} allows for the possibility to select those categorization systems with ‘meaningful categories’ 

relative to the task at hand: larger agendas induce finer categorization systems, capable of making more distinctions among objects, 
and smaller agendas induce coarser categorization systems, potentially suitable for e.g. identifying outliers while reducing the number 
of false positives.

Non-crisp framework. We consider tuples (ℙ,𝐶,M) such that ℙ and 𝐶 are as above, and M = {𝑚𝑗 ∶ P(𝑋)→ [0.1] ∣ 𝑗 ∈ 𝐶} is a 𝐶
indexed set of Dempster-Shafer mass functions. Intuitively, if 𝑗 ∈ 𝐶 and 𝑌 ⊆𝑋, then the value 𝑚𝑗 (𝑌 ) represents agent 𝑗 ’s preference 
to use the concept lattice ℙ+

𝑌
associated with 𝑌 as a categorization system. The following definition captures particularly interesting 

cases:

Definition 1. For any Dempster-Shafer mass function 𝑚 ∶ P(𝑆)→ [0,1], a set 𝑌 ⊆ 𝑆 is a focal set of 𝑚 if 𝑚(𝑌 ) > 0. If 𝑚 has at most 
one focal set 𝑋 ⊂ 𝑆 , then 𝑚 is simple.

For instance, if we only have information about agent 𝑗 ’s opinion on the relevance of a certain subset 𝑌 ⊆ 𝑋 (quantified as 
𝛼 ∈ [0,1]), this information can be encoded by representing the agenda of 𝑗 as the simple mass function 𝑚𝑗 such that 𝑚𝑗 (𝑌 ) = 𝛼 and 
𝑚𝑗 (𝑋) = 1 − 𝛼. Assigning the remaining mass to 𝑋 is motivated by the idea that if an agent is unsure about which categorization is 
preferable for a given task, then the agent will prefer the finest possible categorization i.e. the categorization generated by all available 
features, so as to not ignore any features that may be relevant to the given task. For example, the FCA-based outlier detection algorithm 
used in [9] is more likely to flag an object as an outlier in a finer categorization than in a coarser categorization. However, if an agent 
believes that a coarser categorization (i.e. one associated with a smaller agenda) is already capable of flagging outliers, then the agent 
will prefer this one, for the sake of avoiding false positives. However, if an agent is unsure whether a smaller agenda suffices to flag 
outliers, that agent will prefer the finest categorization system available so to avoid false negatives.

If agent 𝑗 has opinions on the relevance of each individual feature, the agenda of 𝑗 can be represented by a mass function 
𝑚𝑗 ∶ P(𝑋)→ [0,1], for any 𝑌 ⊆𝑋,

3 While an interrogative agenda modelled as a subset gives rise to a single categorization system, when modelled as a Dempster Shafer mass function, it gives rise 
to different priority or preference values assigned to different sets of features, which in turn induces a mass function on a whole spectrum of categorization systems.
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𝑚𝑗 (𝑌 ) =
∑
𝑦∈𝑌

𝑣𝑗 (𝑦),

where 𝑣𝑗 (𝑦) is the (normalized) importance value assigned by 𝑗 to each 𝑦 ∈𝑋.
Each 𝑚𝑗 ∈M induces a probability mass function 𝑚′

𝑗
∶ R→ [0,1], where R ∶= {ℙ+

𝑌
∣ 𝑌 ⊆𝑋}, defined by the assignment 𝑚′

𝑗
(ℙ+

𝑌
) =

𝑚𝑗 (𝑌 ). Intuitively, for any 𝑌 ⊆𝑋, the value 𝑚′
𝑗
(ℙ+

𝑌
) represents the extent to which agent 𝑗 prefers the categorization system induced 

by 𝑌 . Moreover, each 𝑚𝑗 induces a probability function 𝑝𝑗 ∶ P(P(𝑋))→ [0,1] defined by the assignment 𝑝𝑗 (V) =
∑

𝑌∈V𝑚𝑗 (𝑌 ) for 
any V ⊆ P(𝑋).

For any coalition 𝑐, we can associate (non-crisp) interrogative agendas ⊕𝑐, ◊𝑐, and ⊳𝑐 with 𝑐 as follows:

1. For any 𝑌 ⊆𝑋, 𝑌 ≠∅

(⊕𝑐)(𝑌 ) =
∑
{
∏

𝑗∈𝑐 𝑚𝑗 (𝑍𝑗 ) ∣
⋂

𝑗∈𝑐 𝑍𝑗 = 𝑌 } ∑
{
∏

𝑗∈𝑐 𝑚𝑗 (𝑍𝑗 ) ∣
⋂

𝑗∈𝑐 𝑍𝑗 ≠∅}
(3.2)

and (⊕𝑐)(∅) = 0. This aggregation is the Dempster-Shafer combination [59] of the mass functions 𝑚𝑗 for 𝑗 ∈ 𝑐. The normalization 
in the above rule allows us to ignore completely contradictory agendas (i.e. agendas with empty intersection), thus giving more 
weight to issues which have consensus of the agents. However, in some scenarios, we may want to allow mass on the empty set 
of features (which corresponds to a categorization in which all elements are in same category). The value 𝑚(∅) describes the 
agent’s preference for categorization with only one class. For such scenarios, rather than taking ⊕𝑐 as the aggregated agenda, 
we may use the unnormalized mass function ◊𝑐 defined as follows:

(◊𝑐)(𝑌 ) =
∑

{
∏
𝑗∈𝑐 

𝑚𝑗 (𝑍𝑗 ) ∣
⋂
𝑗∈𝑐 

𝑍𝑗 = 𝑌 } (3.3)

2. For any 𝑌 ⊆𝑋,

(⊳𝑐)(𝑌 ) =
∑

{
∏
𝑗∈𝑐 

𝑚𝑗 (𝑍𝑗 ) ∣
⋃
𝑗∈𝑐 

𝑍𝑗 = 𝑌 } (3.4)

Remark 2. Crisp agendas can be regarded as non-crisp agendas with a single focal element 𝑍𝑗 for every agent 𝑗. In this case, for 
every coalition 𝑐, the mass functions ◊𝑐 and ⊳𝑐 also have single focal elements 

⋂
𝑗∈𝑐 𝑍𝑗 and 

⋃
𝑗∈𝑐 𝑍𝑗 , respectively, which coincide 

with the crisp agendas ◊𝑐 and ⊳𝑐. This justifies our use of the same symbols for these operations in the crisp and non-crisp setting.

Several rules have been used in Dempster-Shafer theory for aggregating preferences of different agents [58,25], and their appli
cability to the present framework is still widely unexplored. A concrete scenario involving non-crisp agendas is discussed in the next 
section.

4. Example: financial statements network

In this section, we illustrate the ideas discussed above by way of an example in the context of financial statements networks. These 
are a type of data structure for organizing the information contained in the journal entries of a company, which record the transfers 
from one set of financial accounts to another set. These entries are generated by their underlying business processes, which can be 
formally defined as follows [10,8]:

𝑎 ∶
∑

1≤𝑖≤𝑚
𝛼𝑖𝑥𝑖 ⟹ 

∑
1≤𝑗≤𝑛

𝛽𝑗𝑦𝑗 (4.1)

where 𝑚 is the number of credited financial accounts, 𝑛 is the number of debited financial accounts, 𝛼𝑖 is the relative amount with 
respect to the total credited, and 𝛽𝑗 the relative amount with respect to the total debited. The arrow represents the flow of money 
between the accounts.

A financial statements network is a bipartite digraph 𝔾 = (𝐴 ∪𝑋,𝐸) in which 𝐴 is the set of business processes, 𝑋 is the set of 
financial accounts, and the (many-valued) directed edges in 𝐸 ⊆𝑋 ×𝐴 record information on (the share of) a given financial account 
in a given business process. Clearly, each such 𝔾 = (𝐴 ∪ 𝑋,𝐸) can equivalently be represented as a many-valued formal context 
ℙ = (𝐴,𝑋,𝐼) where 𝐼 is the converse of 𝐸. For each business process 𝑎∈𝐴, the (weighted) edges between nodes 𝑥𝑖 (resp. 𝑦𝑗 ) and 𝑎
are the coefficients 𝛼𝑖 (resp. 𝛽𝑗 ) in (4.1).

Consider the financial statements network presented in Table 1 of Appendix A, with business processes 𝐴 ∶= {𝑎1, 𝑎2,… , 𝑎12} and 
financial accounts 𝑋 ∶= {𝑥1, 𝑥2,… , 𝑥6} specified as follows:

𝑥1 tax 𝑥2 revenue 𝑥3 cost of sales 

𝑥4 personnel expenses 𝑥5 inventory 𝑥6 other expenses 
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Table 2 encodes the many-valued formal context ℙ = (𝐴,𝑋,𝐼) extracted from this database. Each cell of Table 2 reports the value of 
the relation 𝐼 ∶𝐴 ×𝑋 → [−1,1], which, for any process 𝑎 and account 𝑥, represents the share of 𝑥 in 𝑎.

Using interval scaling,4 we convert the many-valued formal context ℙ = (𝐴,𝑋,𝐼) into the 2-valued formal context ℙ(𝑠) =
(𝐴,𝑋(𝑠), 𝐼 (𝑠)), for 𝑠 ∈ ℕ, where 𝑋(𝑠) ∶= {𝑥𝑖𝑘 ∣ 1 ≤ 𝑖 ≤ 6,1 ≤ 𝑘 ≤ 𝑠}, and 𝐼 (𝑠) ⊆ 𝐴 × 𝑋(𝑠) is such that 𝑎𝐼 (𝑠)𝑥𝑖𝑘 iff 𝐼(𝑎,𝑥𝑖) ∈[
−1 + 2(𝑘−1)

𝑠 ,−1 + 2𝑘
𝑠 
]
.

The concept lattice corresponding to ℙ(𝑠) when 𝑠 = 5 is shown in Fig. 8. Its associated concept lattice represents the categorization 
system obtained by considering all the features (financial accounts) in the database, and hence, as it faithfully captures all the 
information of ℙ(𝑠), it is the finest categorization obtainable by any of our proposed methods for this database.

Consider the set of agents 𝐶 = {𝑗1, 𝑗2, 𝑗3}, and let us assume that agent 𝑗1 is interested in the financial accounts 𝑥1, 𝑥2, and 𝑥5, 
agent 𝑗2 in 𝑥1, 𝑥2, and 𝑥3, while agent 𝑗3 is interested in 𝑥1, and 𝑥3 with various degrees; their interests can be represented by the 
following relation 𝑅⊆𝑋(𝑠) ×𝐶 :

𝑅 = {(𝑥1𝑘, 𝑗1), (𝑥2𝑘, 𝑗1), (𝑥5𝑘, 𝑗1), (𝑥1𝑘, 𝑗2), (𝑥2𝑘, 𝑗2), (𝑥3𝑘, 𝑗2), (𝑥1𝑘, 𝑗3), (𝑥3𝑘, 𝑗3) ∣ 1 ≤ 𝑘 ≤ 𝑠},

which gives rise to the interrogative agendas 𝑌𝑖 ∶= 𝑅−1[𝑗𝑖] for 1 ≤ 𝑖 ≤ 3. Their associated categorization systems (i.e. the concept 
lattices associated with ℙ(𝑠)

𝑌𝑖
) are shown in Fig. 1, 2, and 3, respectively. Let 𝑐 be the coalition of 𝑗1, 𝑗2, and 𝑗3. Then, the categorization 

systems induced by the common agenda ◊𝑐, and the distributed agenda ⊳𝑐 of coalition 𝑐 are shown in Figs. 5, and 4, respectively.
Let us now assume that tax is the most relevant account for 𝑗1 and 𝑗2, while 𝑗2 believes that tax and revenues are also relevant, 

although somewhat less than tax alone, and 𝑗3 believes that tax, revenues and expenses are very relevant. Then their interrogative 
agendas can be represented by the following mass functions 𝑚1, 𝑚2, and 𝑚3, respectively, for 1 ≤ 𝑘 ≤ 𝑠:

𝑚1({𝑥1𝑘}) = 0.6 𝑚1(𝑋) = 0.4,

𝑚2({𝑥1𝑘}) = 0.5 𝑚2({𝑥1𝑘, 𝑥2𝑘}) = 0.3 𝑚2(𝑋) = 0.2,

𝑚3{𝑥1𝑘, 𝑥2𝑘, 𝑥6𝑘} = 0.9 𝑚3(𝑋) = 0.1.

The most preferred categorization system (i.e. the one with the highest induced mass) according to 𝑚1 and 𝑚2 is the same and is 
shown in Fig. 5, while the most preferred categorization according to 𝑚3 is shown in Fig. 6. For the coalition 𝑐 of agents 𝑗1, 𝑗2, and 
𝑗3, the agendas ⊕𝑐 =◊𝑐 and ⊳𝑐 are as follows:

(⊕𝑐)({𝑥1𝑘}) = 0.8 (⊕𝑐)({𝑥1𝑘, 𝑥2𝑘}) = 0.12 (⊕𝑐)({𝑥1𝑘, 𝑥2𝑘, 𝑥6𝑘}) = 0.072 (⊕𝑐)(𝑋) = 0.008,

(⊳𝑐)({𝑥1𝑘, 𝑥2𝑘, 𝑥6𝑘}) = 0.432 (⊳𝑐)(𝑋) = 0.568

The most preferred categorization systems according to the coalition agendas ⊕𝑐 =◊𝑐, and ⊳𝑐 are in Fig. 5, and Fig. 8, respectively.

5. The stability-based method

As discussed in Section 3, non-crisp interrogative agendas do not induce a single categorization, but rather, a probability distri
bution over a parametrized set of possible categorization systems. However, for many applications, it might be desirable to obtain 
a single categorization system associated with this probability distribution. The simplest way to define such categorization system 
is to choose the concept lattice with the highest preference or probability value attached to it. However, this stipulation ignores a 
large amount of information of interest in other alternative categorizations. Another possible solution is to estimate the importance 
attributed to each feature by a given non-crisp interrogative agenda, using methods such as plausibility transformation [12], pignistic 
transformation [36,61], or decision probability transformation based on belief intervals [21].5 The values thus obtained, represent
ing the relative importance of individual features, can then be used as weights in computing the proximity or dissimilarity between 
different objects, based on the features shared and not shared between them. The dissimilarity or proximity data obtained in this 
way can be used to categorize objects based on any clustering technique [33,32,42]. However, the categorizations obtained with 
this method are flat (clusterings) rather than hierarchical (concept lattices). In the present section, we propose a novel stability-based 
method for associating a categorization system with any non-crisp agenda.

Throughout the present section, we fix a formal context ℙ = (𝐴,𝑋,𝐼). Recall that, for any non-crisp agenda 𝑚 ∶ P(𝑋)→ [0,1], we 
let 𝑚′ ∶ R→ [0,1] denote its associated probability mass function on R = {ℙ+

𝑌
∣ 𝑌 ⊆𝑋}.

Definition 3. For any 𝐺 ⊆𝐴 s.t. 𝐺 ∈ ℙ+, the stability index of 𝐺 is defined as follows:

𝜌𝑚(𝐺) =
∑

{𝑚′(ℙ+
𝑌
) ∣𝐺 ∈ ℙ+

𝑌
for some 𝑌 ⊆𝑋}.

4 Interval scaling is one of the methods used commonly for conceptual scaling. For more, see [27].
5 The pignistic and plausibility transformations of the non-crisp agendas discussed in the previous section are reported in Appendix A.2.
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The value of 𝜌𝑚(𝐺) can be understood as the extent to which 𝐺 is a meaningful category according to the non-crisp agenda 𝑚. 
Indeed, by construction (cf. Section 3), 𝐺 ∈ ℙ+ iff 𝐺 ∈ ℙ+

𝑌
for some 𝑌 ⊆ 𝑋. Hence, intuitively, the higher the weight assigned by 𝑚

to the categorization systems to which 𝐺 pertains, the greater the extent to which 𝐺 is a meaningful category according to 𝑚.
For any 𝛽 ∈ [0,1] and 𝑚 as above, a 𝛽-categorization system according to 𝑚 is the complete 

⋂
-semilattice (hence complete lattice) 

𝕃(𝑚,𝛽) of ℙ+ generated by the set

C(𝑚,𝛽) ∶= {𝐺 ∈ ℙ+ ∣𝐺 ⊆𝐴 and 𝜌𝑚(𝐺) ≥ 𝛽}.

That is, 𝕃(𝑚,𝛽) is the categorization system formed by taking all intersections of the sets of objects with stability index greater than or 
equal to 𝛽. The lattice 𝕃(𝑚,𝛽) can be understood as the categorization system which (approximately) represents the given (non-crisp) 
agenda 𝑚 given a stability parameter 𝛽. Unlike the categorization system which is assigned the highest probability by 𝑚 (if it exists), 
this categorization system incorporates information about other possible categorization systems as well. The parameter 𝛽 is a ‘stability 
threshold’ for a concept to be relevant.

Let 𝑚1, 𝑚2, and 𝑚3 be the agendas of agents 𝑗1, 𝑗2, and 𝑗3 discussed in Section 4, and 𝑐 be the coalition formed by these agents. The 
categorization systems associated with 𝑚1 , 𝑚2, and 𝑚3 using the stability-based method when 𝛽 = 0.5 and 𝑠 = 5 are shown in Figs. 5, 
7, and 6 respectively, while those associated with the coalition agendas ⊕𝑐 =◊𝑐 and ⊳𝑐 are shown in Figs. 5 and 8, respectively. 
Note that the categorization systems (lattices) associated with 𝑚1 and ⊕𝑐 are identical.

Proposition 4. For any non-crisp agenda 𝑚 and all 𝛽1, 𝛽2 ∈ [0,1], if 𝛽1 ≤ 𝛽2, then C(𝑚,𝛽2) ⊆ C(𝑚,𝛽1) and 𝕃(𝑚,𝛽2) ⊆ 𝕃(𝑚,𝛽1).

Proof. If 𝐵 ⊆ 𝐴 s.t. 𝐵 ∈ C(𝑚,𝛽2) 𝐺 ⊆𝐴 is such that 𝜌𝑚(𝐺) ≥ 𝛽2 ≥ 𝛽1. Thus, 𝐵 ∈ C(𝑚,𝛽1). The second inclusion follows from 𝕃(𝑚,𝛽𝑖)
being meet-generated by C(𝑚,𝛽𝑖), for 1 ≤ 𝑖 ≤ 2. □

The proposition above matches with the intuition that lower values of the stability threshold 𝛽 yield finer-grained categorization 
systems.

Remark 5. As discussed in Section 3, for any 𝐺 ⊆𝐴, the set V𝐺 ∶= {𝑌 ⊆𝑋 ∣𝐺 ∈ ℙ+
𝑌
} is upward closed w.r.t. inclusion; however, V𝐺

does not need to be closed under intersection. To see this, consider the formal context ℙ = (𝐴,𝑋,𝐼) with 𝐴 = {𝑎, 𝑏}, 𝑋 = {𝑥, 𝑦, 𝑧}, and 
𝐼 = {(𝑎,𝑥), (𝑎, 𝑦), (𝑎, 𝑧), (𝑏, 𝑦)} and the set 𝐺 = {𝑎}; then 𝐺 ∈ ℙ+

𝑌
for 𝑌 = {𝑥, 𝑦}, and 𝐺 ∈ ℙ+

𝑍
for 𝑍 = {𝑦, 𝑧}, while 𝐺 ∉ ℙ+

𝑌 ∩𝑍 = ℙ+
{𝑦}. 

Thus, {𝑌 ∣𝐺 ∈ ℙ+
𝑌
} does not necessarily have a minimum element.

Definition 6. The upward restricted order is the partial order ≤↑ on non-crisp agendas defined as follows: 𝑚1 ≤↑ 𝑚2 iff for any subset 
V ⊆ P(𝑋) which is upward closed w.r.t. inclusion,∑

𝑌∈V
𝑚1(𝑌 ) ≤

∑
𝑌∈V

𝑚2(𝑌 ).

Lemma 7. If 𝑚1 ≤↑ 𝑚2, then 𝜌𝑚1
(𝐺) ≤ 𝜌𝑚2

(𝐺) for any 𝐺 ∈ ℙ+.

Proof. Let V𝐺 ∶= {𝑌 ⊆𝑋 ∣𝐺 ∈ ℙ+
𝑌
}. Let 𝑚′

1 and 𝑚′
2 be the mass functions on R induced by 𝑚1, and 𝑚2. Then,

𝜌𝑚1
(𝐺) =

∑
𝑌∈V𝐺

𝑚′
1(ℙ

+
𝑌
) =

∑
𝑌∈V𝐺

𝑚1(𝑌 ) ≤
∑

𝑌∈V𝐺

𝑚2(𝑌 ) =
∑

𝑌∈V𝐺

𝑚′
2(ℙ

+
𝑌
) = 𝜌𝑚2

(𝐺),

where the inequality above follows from the fact that V𝐺 is upward closed, and 𝑚1 ≤↑ 𝑚2. □

Proposition 8. If 𝑚1 ≤↑ 𝑚2, then C(𝑚1, 𝛽) ⊆ C(𝑚2, 𝛽) and 𝕃(𝑚1, 𝛽) ⊆ 𝕃(𝑚2, 𝛽) for any 𝛽 ∈ [0,1].

Proof. If 𝐺 ∈ C(𝑚1, 𝛽), then, by the assumption and Lemma 7, 𝛽 ≤ 𝜌𝑚1
(𝐺) ≤ 𝜌𝑚2

(𝐺), hence 𝐺 ∈ C(𝑚2, 𝛽). The second inclusion follows 
from the fact that 𝕃(𝑚𝑖, 𝛽), being meet-generated by C(𝑚𝑖, 𝛽) for 1 ≤ 𝑖 ≤ 2. □

Therefore, if 𝑚1 ≤↑ 𝑚2, then, for any fixed stability parameter 𝛽 ∈ [0,1], the categorization system induced by 𝑚1 using the stability
based method is coarser than the one induced 𝑚2. Hence, a ≤↑-smaller agenda considers less information relevant for categorization.

6. Orderings of mass functions and coalition agendas

Several orderings on Dempster-Shafer mass functions have been introduced in the literature, based e.g. on plausibility and quality 
functions, among others. In the present section, we compare the ordering ≤↑ defined in the previous section with these orderings.

Definition 9 ([22, Section 2.3]). For any 𝑚1,𝑚2 ∶ P(𝑋)→ [0,1],
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1. pl-ordering: 𝑚1 ≤𝑝𝑙 𝑚2 iff 𝑝𝑙𝑚1
(𝑌 ) ≤ 𝑝𝑙𝑚2

(𝑌 ) for every 𝑌 ⊆𝑋.
2. q-ordering: 𝑚1 ≤𝑞 𝑚2 iff 𝑞𝑚1

(𝑌 ) ≤ 𝑞𝑚2
(𝑌 ) for every 𝑌 ⊆𝑋.

3. s-ordering: 𝑚1 ≤s 𝑚2 iff some square matrix 𝑆 ∶ P(𝑋) ×P(𝑋)→ [0,1] exists such that:
(a)

∑
𝑊⊆𝑋 𝑆(𝑊 ,𝑌 ) = 1 for every 𝑌 ⊆𝑋;

(b) for all 𝑊 ,𝑌 ⊆𝑋, if 𝑆(𝑊 ,𝑌 ) > 0 then 𝑊 ⊆ 𝑌 ;
(c) 𝑚1(𝑊 ) =

∑
𝑌 ⊆𝑋 𝑆(𝑊 ,𝑌 )𝑚2(𝑌 ) for any 𝑊 ⊆𝑋.

In this case, 𝑚1 is said to be a specialization of 𝑚2, since the value that 𝑚1 assigns to a given set 𝑊 is the sum of all the individual 
fractions 𝑆(𝑊 ,𝑌 ) of the values assigned by 𝑚2 to every superset 𝑌 of 𝑊 . The matrix 𝑆 is called a specialization matrix.

4. Dempsterian specialization ordering: 𝑚1 ≤d 𝑚2 iff 𝑚1 =𝑚∩𝑚 𝑚2 for some Dempster-Shafer mass function 𝑚, where 𝑚1 ∩𝑚2 denotes 
the un-normalized Dempster’s combination given by

𝑚1 ∩𝑚 𝑚2(𝑌 ) =
∑

𝑌1∩𝑌2=𝑌
𝑚1(𝑌1)𝑚2(𝑌2). (6.1)

It is well known that [22, Section 2.3]

𝑚1 ≤𝑑 𝑚2 ⟹ 𝑚1 ≤𝑠 𝑚2 ⟹ 

{
𝑚1 ≤𝑝𝑙 𝑚2
𝑚1 ≤𝑞 𝑚2.

(6.2)

Proposition 10. For all mass functions 𝑚1,𝑚2 ∶ P(𝑋)→ [0,1]

𝑚1 ≤𝑑 𝑚2 ⟹ 𝑚1 ≤𝑠 𝑚2 ⟹ 𝑚1 ≤↑ 𝑚2 ⟹ 

{
𝑚1 ≤𝑝𝑙 𝑚2
𝑚1 ≤𝑞 𝑚2.

(6.3)

Proof. We only need to prove the implications involving ≤↑. Let us assume that 𝑚1 ≤𝑠 𝑚2, i.e. a square matrix 𝑆 exists satisfying 
conditions (a)-(c) of Definition 9.3. Let V ⊆ P(𝑋) be upward closed. Then∑

𝑊 ∈V𝑚1(𝑊 ) =
∑

𝑊 ∈V
∑

𝑊⊆𝑌 𝑆(𝑊 ,𝑌 )𝑚2(𝑌 ) (c) and (b) 
=

∑
𝑌∈V

∑
𝑊⊆𝑌 ,𝑊 ∈V 𝑆(𝑊 ,𝑌 )𝑚2(𝑌 ) V upward closed 

≤
∑

𝑌∈V𝑚2(𝑌 ), (a) 

which shows that 𝑚1 ≤↑ 𝑚2. The inclusions ≤↑ ⊆ ≤𝑞 and ≤↑ ⊆ ≤𝑝𝑙 follow immediately from the fact that the sets {𝑍 ⊆𝑋 ∣ 𝑌 ⊆ 𝑍}
and {𝑍 ⊆𝑋 ∣ 𝑌 ∩𝑍 ≠∅} are upward closed w.r.t. inclusion. □

Remark 11. The following examples show that the inclusions ≤↑ ⊆ ≤𝑞 and ≤↑ ⊆ ≤𝑝𝑙 are strict. Let 𝑋 = {𝑦1, 𝑦2, 𝑦3}, and 𝑚1 and 𝑚2
be the following mass functions on 𝑋:

𝑚1({𝑦1, 𝑦3}) = 0.3, 𝑚1({𝑦2, 𝑦3}) = 0.3, 𝑚1({𝑦1, 𝑦2, 𝑦3}) = 0.2, 𝑚1({𝑦3}) = 0.2 and

𝑚2({𝑦1, 𝑦3}) = 0.1, 𝑚2({𝑦2, 𝑦3}) = 0.1, 𝑚2({𝑦1, 𝑦2, 𝑦3}) = 0.5, 𝑚2({𝑦3}) = 0.3.

The following table reports the values of 𝑞𝑚1
and 𝑞𝑚2

for all 𝑌 ⊆𝑋.

∅ {𝑦1} {𝑦2} {𝑦3} {𝑦1, 𝑦2} {𝑦2, 𝑦3} {𝑦1, 𝑦3} {𝑦1, 𝑦2, 𝑦3}

𝑞𝑚1
1 0.5 0.5 1 0.2 0.5 0.5 0.2 

𝑞𝑚2
1 0.6 0.6 1 0.5 0.6 0.6 0.5 

Therefore, 𝑚1 ≤𝑞 𝑚2. However, for the upward closed set V = {{𝑦1, 𝑦3},{𝑦2, 𝑦3},{𝑦1, 𝑦2, 𝑦3}} ⊆ P(𝑋), we have∑
𝑌∈V

𝑚2(𝑌 ) <
∑
𝑌∈V

𝑚1(𝑌 ).

Let 𝑚3 and 𝑚4 be the following mass functions on 𝑋:

𝑚3({𝑦1, 𝑦2}) = 0.3, 𝑚3({𝑦2, 𝑦3}) = 0.4, 𝑚3({𝑦1, 𝑦3}) = 0.3, and

𝑚4({𝑦1}) = 0.1, 𝑚4({𝑦2}) = 0.2, 𝑚4({𝑦3}) = 0.2, 𝑚4({𝑦1, 𝑦2}) = 0.5.

The following table reports the values of 𝑝𝑙𝑚3
and 𝑝𝑙𝑚4

for all 𝑌 ⊆𝑋.

∅ {𝑦1} {𝑦2} {𝑦3} {𝑦1, 𝑦2} {𝑦2, 𝑦3} {𝑦1, 𝑦3} {𝑦1, 𝑦2, 𝑦3}

𝑝𝑙𝑚3
0 0.6 0.7 0.7 1 1 1 1 

𝑝𝑙𝑚4
0 0.6 0.7 0.2 0.8 0.9 0.8 1 
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Therefore, 𝑚4 ≤𝑝𝑙 𝑚3. However, for the upward closed set V = {{𝑦1, 𝑦2},{𝑦1, 𝑦2, 𝑦3}} ⊆ P(𝑋), we have∑
𝑌∈V

𝑚3(𝑌 ) <
∑
𝑌∈V

𝑚4(𝑌 ).

We leave it as an open question to check if the converse of implication between ≤𝑠 and ≤↑ holds.

As an immediate consequence of Lemma 7 and Propositions 8 and 10, we get the following

Corollary 12. If 𝑚1 ≤𝑠 𝑚2 or 𝑚1 ≤𝑑 𝑚2, then 𝜌𝑚1
(𝐺) ≤ 𝜌𝑚2

(𝐺) for any 𝐺 ∈ ℙ+, and C(𝑚1, 𝛽) ⊆ C(𝑚2, 𝛽) and 𝕃(𝑚1, 𝛽) ⊆ 𝕃(𝑚2, 𝛽) for any 
𝛽 ∈ [0,1].

Lemma 13. Let 𝐶 be a set of agents. For any coalition 𝑐 ⊆ 𝐶 and any agent 𝑗 ∈ 𝑐,

◊𝑐 ≤𝑠 𝑚𝑗 and 𝑚𝑗 ≤↑ ⊳𝑐.

Proof. Let us show the first inequality by induction on the cardinality of 𝑐. The base case in which 𝑐 is a singleton is trivial. For the 
inductive step, note that if 𝑐′ = 𝑐 ∪{𝑖}, then ◊(𝑐′) =◊𝑐 ∩𝑚 𝑚𝑖. Thus, it is enough to show that for any two mass functions 𝑚1 and 𝑚2, 
𝑚1 ∩𝑚 𝑚2 ≤𝑠 𝑚1. The proof follows by setting

𝑆(𝑊 ,𝑌 ) =
∑

{𝑚2(𝑌 ′) ∣ 𝑌 ′ ∩ 𝑌 =𝑊 }.

It is straightforward to check that 𝑆 satisfies all the conditions required in Definition 9.
Let us show the second inequality by induction on the cardinality of 𝑐. The base case in which 𝑐 is a singleton is trivial.
For any mass functions 𝑚1 and 𝑚2, let 𝑚1∪𝑚𝑚2 be the mass defined as follows: for any 𝑌 ⊆𝑋, 𝑚1∪𝑚𝑚2(𝑌 ) =

∑
𝑍1∪𝑍2=𝑌 𝑚1(𝑍1)𝑚2(𝑍2). 

For the inductive step, if 𝑐′ = 𝑐 ∪ {𝑖}, then ⊳(𝑐′) = (⊳𝑐) ∪𝑚 𝑚𝑖. Thus, it is enough to show that 𝑚1 ≤𝑠 𝑚1 ∪𝑚 𝑚2 for all mass functions 
𝑚1 and 𝑚2.

For any 𝑌 ⊆ 𝑋, the mass 𝑚1(𝑌 ) is transferred completely to the sets larger than or equal to 𝑌 in performing the operation ∪. 
Thus, any mass assigned by 𝑚1 to any set in an up-set V remains in V in 𝑚1 ∪𝑚 𝑚2. In particular, for every 𝑌 ∈V and every 𝑌 ′ ⊆𝑋, 
𝑌 ∪ 𝑌 ′ ∈V. Therefore,∑

𝑌∈V
𝑚1(𝑌 ) =

∑
𝑌∈V

(
∑
𝑌 ′⊆𝑋

𝑚2(𝑌 ′))𝑚1(𝑌 ) ≤
∑
𝑌∈V

∑
𝑌1∪𝑌2=𝑌

𝑚1(𝑌1)𝑚2(𝑌2) =
∑
𝑌∈V

(𝑚1 ∪𝑚 𝑚2)(𝑌 ). □

The next corollary follows immediately from Lemma 13 and Proposition 8.

Corollary 14. Let 𝐶 be a set of agents. For any coalition 𝑐 ⊆ 𝐶 , any agent 𝑗 ∈ 𝑐, and any 𝛽 ∈ [0,1],

C(◊𝑐, 𝛽) ⊆ C(𝑚𝑗, 𝛽) ⊆ C(⊳𝑐, 𝛽) and 𝕃(◊𝑐, 𝛽) ⊆ 𝕃(𝑚𝑗, 𝛽) ⊆ 𝕃(⊳𝑐, 𝛽).

Hence, for any coalition 𝑐 and any parameter 𝛽, the categorization system generated by the agendas ◊𝑐 (resp. ⊳𝑐) using the 
stability-based method with parameter 𝛽 is coarser (resp. finer) than the categorization system generated by the agenda 𝑚𝑗 of any 
agent 𝑗 ∈ 𝑐. This can further justify understanding the non-crisp agenda ◊𝑐 (resp. ⊳𝑐) as the non-crisp counterpart of ◊𝑐 (resp. ⊳𝑐) 
as defined in (3.1).

7. Meta-learning algorithm using interrogative agendas

The extant outlier detection and classification algorithms based on FCA [26,54,38,63,70] are typically explainable, being based 
on data-analytic methods, and determine an appropriate set of relevant features using some feature-selection methods. However, 
unlike the methods discussed in the previous sections, most feature-selection methods do not allow for different (sets of) features to 
be assigned different relevance. In [1], a meta-algorithm is introduced which learns the (non-crisp) agenda which is best suited for 
given outlier detection or classification tasks. Given some outlier detection or classification algorithm in input, which acts on a single 
2-valued concept lattice, the meta-algorithm applies it to all the concept lattices induced by the different agendas under consideration. 
The output of the meta-algorithm is obtained by combining the predictions associated with each of these concept lattices by means 
of some aggregation function (e.g. weighted average, maximum, minimum) which weights the different lattices according to their 
relevance values. The best values for these weights relative to a given task can then be learned from training data using gradient 
descent. The following is an edited version of the algorithm in [1], in which the specific aggregation function used in [1] is replaced 
by a generic one.

As the cardinality of R is 2|𝑋|, only mass functions with a limited number of focal elements are considered, which are determined 
by the objectives and constraints of the algorithm. For simplicity, the weights in the learning phase are allowed to take values in ℝ. 
Interrogative agendas (mass functions) can be obtained by normalizing the absolute values of these weights.

International Journal of Approximate Reasoning 187 (2025) 109548 

9 



M. Boersma, K. Manoorkar, A. Palmigiano et al. 

Algorithm 1 Meta-Learning Algorithm for Interrogative Agendas.
Input: - A formal context ℙ= (𝐴,𝑋, 𝐼), 

- a training set 𝑇 ⊆ 𝐴, a map 𝑓 ∶ 𝑇 →𝐿𝑎𝑏 assigning labels to the elements of the training set, 
- a set Z ⊆ P(𝑋) consisting of 𝑛 different agendas under consideration, 
- an algorithm 𝐴𝑙𝑔 which takes an object 𝑎 ∈𝐴 and a concept lattice in R = {ℙ+

𝑌
∣ 𝑌 ⊆𝑋} in input, and outputs an element in 

ℝ𝐿𝑎𝑏 representing, for each 𝑙 ∈𝐿𝑎𝑏, the prediction of 𝐴𝑙𝑔 on the likelihood that 𝑙 be assigned to 𝑎; 
- a loss function 𝑙𝑜𝑠𝑠 ∶ (ℝ𝐿𝑎𝑏)|𝑇 | × (ℝ𝐿𝑎𝑏)|𝑇 | →ℝ, 
- an aggregation function 𝐴𝑔𝑔 ∶ (ℝ𝐿𝑎𝑏)𝑛 ×ℝ𝑛 →ℝ𝐿𝑎𝑏 which combines the outputs of all agendas given some weights 𝑤 ∈ℝ𝑛 , 
- a number of training epochs 𝑒𝑝𝑜𝑐ℎ𝑠. 

Output: A model that classifies objects in 𝐴.

1: procedure Train(ℙ, 𝑇 , 𝑓 , 𝐴𝑙𝑔, 𝐴𝑔𝑔, 𝑙𝑜𝑠𝑠, 𝑒𝑝𝑜𝑐ℎ𝑠)
2: 𝕃1,… ,𝕃𝑛 ← compute the concept lattices induced by the agendas in Z
3: let 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛𝑠 be an empty map from 𝐴 to ℝ𝐶

4: let 𝑤 be an array of random weights of length 𝑛
5: for 𝑒 = 1,… , 𝑒𝑝𝑜𝑐ℎ𝑠 do

6: for 𝑎 ∈𝐴, 𝑘 ∈ 𝐶 do

7: 𝑠𝑐𝑜𝑟𝑒𝑠←
(
𝐴𝑙𝑔𝑘(𝑎,𝕃1),𝐴𝑙𝑔𝑘(𝑎,𝕃2),⋯ ,𝐴𝑙𝑔𝑘(𝑎,𝕃𝑛)

)
8: 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛𝑠[𝑎][𝑘]←𝐴𝑔𝑔(𝑠𝑐𝑜𝑟𝑒𝑠,𝑤)
9: end for

10: update 𝑤 with an iteration of gradient descent (use 𝑙𝑜𝑠𝑠)
11: end for

12: end procedure

The weights learned by the algorithm describe the importance of different sets of features relative to a given task. These weights 
can be understood as a generalization of Shapely values [45], which estimate the importance of individual features in given machine 
learning tasks.

As agendas are represented as Dempster-Shafer mass functions, tools from Dempster-Shafer theory are available for furthering their 
theory and applications. For example, agendas learned by different algorithms can be combined by means of different aggregation 
rules from Dempster-Shafer theory, so to obtain an ensemble algorithm; or agendas can be compared or aggregated with the agendas 
of human experts, to allow for human-machine collaboration. This is especially important in fields such as auditing, where human 
supervision of algorithms is necessary for ethical and legal reasons.

The weights learned by the meta-algorithm arguably provide global explainability, since they encode the relevance of different 
sets of features in the classification decision of the algorithm. Furthermore, the meta-algorithm is locally explainable, since its output 
for any object can be described and tracked back in terms of the individual outputs obtained by running the algorithm 𝐴𝑙𝑔 on the 
concept lattices induced by each agenda under consideration with the given input.

An implementation of this meta-algorithm for outlier detection, its comparison with other outlier detection algorithms, and the 
explanations provided by it are discussed in detail in [9]. In the future, we intend to carry out a similar study for the classification 
task.

8. Conclusion and further directions

Main contributions. This paper introduces a multi-agent framework for representing and reasoning about the space of categorization 
systems over a fixed set of entities, grounded in the preferences and epistemic stances of individual agents. This framework combines 
formal tools from FCA (namely formal contexts and their associated concept lattices) which are used to represent categorization 
systems, and tools from Dempster-Shafer theory (namely mass functions) which serve to encode the agents’ epistemic attitudes (non
crisp interrogative agendas).

We illustrate this framework with a case study focusing on the problem of categorizing business processes for auditing purposes. We 
introduce a stability-based method for associating a single categorization system (represented as a complete lattice) with a Dempster
Shafer mass function on the set of features of a formal context; we define the upward restricted order on mass functions (cf. Definition 6), 
with respect to which the mapping of categorization systems to mass functions defined by the stability-based method is order pre
serving (cf. Proposition 8), and compare this new order with alternative mass function orderings defined in the literature. Finally, 
we introduce a meta-learning algorithm for selecting an appropriate agenda for given classification and outlier detection tasks; this 
meta-learning algorithm can provide global and local explanations of the outcomes of the algorithms to which it is applied.

The generality of these contributions makes them applicable to classification problems far beyond financial transactions. Below, 
we discuss some directions for future research.

Implementing the meta-learning algorithm. In [9], the meta-algorithm introduced in Section 7 is implemented by using a specific outlier 
detection algorithm 𝐴𝑙𝑔 as its input. In the future, we intend to study several such implementations, using various FCA-based outlier 
detection and classification algorithms such as those in [26,54,38,63,70] and compare their performances.

Extensions to other tasks and fine-tuning. Another interesting direction for future research is to extend the meta-Algorithm 1 to other 
tasks where formal concept analysis has been successfully applied, such as data mining, information retrieval, attribute exploration, 
knowledge management [53,55,50,28,65].
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Specific instantiations of the meta-learning algorithm can often be fine-tuned to more efficient procedures. For example, the outlier 
detection algorithm proposed in [9] only computes the formal concepts generated by objects, rather than the full concept lattices. 
This and other similar fine-tunings can mitigate the relatively high computational costs of these algorithms, while still adopting the 
fundamental idea laid out in the meta-algorithm. In the future, it would be interesting to explore such fine-tunings for the efficient 
implementation of this meta-algorithm in different tasks.

Further applications of the theoretical framework. The theoretical framework developed in this paper opens up further possibilities for 
analysis of agenda-driven categorizations and algorithms based on them. For example, it is possible to use it to compare the weights 
[35] learned by the meta-algorithm with different algorithms in input, and hence to understand whether different algorithms assign 
similar importance to a given set of features while performing the same task.

Moreover, in the present formal framework agendas obtained from different algorithms can be aggregated using Dempster-Shafer 
based methods [6,58], and likewise, agendas of human experts can be combined or compared with the agendas learned by the meta
algorithm.

Extending framework to model deliberation and dynamics of categories. In [18], a logico-algebraic framework is proposed for modelling 
deliberation among agents with different interrogative agendas, aimed at arriving at an aggregated agenda. This framework can be 
integrated with the agenda-driven categorization model introduced in this paper to capture how agents deliberate to establish a 
shared categorization system. Such an integrated framework offers a powerful tool for understanding the formation and evolution of 
social categories through collective reasoning and negotiation.
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Appendix A. Financial statements network example

In this section, we describe the (toy) financial statements network used to build the formal context discussed in Section 4, and 
the estimated importance values of different features according to the different agendas encountered throughout the paper obtained 
using the pignistic transformation and plausibility transformation.

A.1. Database and its associated formal context

Table 1 is a small database showing different transactions and financial accounts used to obtain a small financial statements 
network considered in the examples.

Table 2 shows the many valued context obtained by interpreting business processes as objects and financial accounts as features. 
The value of the incidence relation denotes the share of given financial account in a given business process.

A.2. Pignistic and plausibility transformations

Tables 3 and 4 report the estimated values of the importance of different features (financial accounts) calculated via pignistic and 
plausibility transformations of the non-crisp agendas (mass functions) discussed in Section 4.

Appendix B. Concept lattices associated with various interrogative agendas

The present appendix section collects the Hasse diagrams, drawn with the help of LatViz [40,2], of various concept lattices 
associated with the interrogative agendas in Section 4.
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Table 1
A small database with 12 business processes and 6 financial accounts. We use same TID to denote 
all credit and debit activities relating to a single business process.

ID TID FA name Value 
1 1 revenue -100 
2 1 cost of sales +100 
3 2 revenue -400 
4 2 personal expenses +400 
5 3 other expenses +125 
6 3 cost of sales +375 
7 3 revenue -500 
8 4 tax -125 
9 4 cost of sales +500 
10 4 revenue -375 
11 5 tax -10 
12 5 cost of sales +200 
13 5 revenue -190 
14 6 other expenses +50 
15 6 cost of sales +450 
16 6 inventory -500 

ID TID FA name Value 
17 7 cost of sales +400 
18 7 revenue -300 
19 7 inventory -100 
20 8 revenue -150 
21 8 cost of sales +150 
22 9 revenue -250 
23 9 cost of sales +250 
24 10 tax -250 
24 10 personal expenses +250 
26 11 revenue -250 
27 11 personal expenses +175 
28 11 other expenses +75 
29 12 revenue -250 
30 12 tax -50 
31 12 personal expenses +150 
32 12 other expenses +150 

Table 2
The formal context obtained from transaction database given in Table 1. 𝐼(𝑎,𝑥) = 0 for any (𝑎,𝑥) pair not present in the table.

Business 
process (a)

Financial 
account (x)

Share of value 
(I(a,x))

1 (𝑎1) revenue (𝑥2) -1 
1 (𝑎1) cost of sales (𝑥3) +1 
2 (𝑎2) revenue (𝑥2) -1 
2 (𝑎2) personal expenses (𝑥4) +1 
3 (𝑎3) other expenses (𝑥6) +0.25 
3 (𝑎3) cost of sales (𝑥3) +0.75 
3 (𝑎3) revenue (𝑥2) -1 
4 (𝑎4) tax (𝑥1) -0.25 
4 (𝑎4) cost of sales (𝑥3) +1 
4 (𝑎4) revenue (𝑥2) -0.75 
5 (𝑎5) tax (𝑥1) -0.05 
5 (𝑎5) cost of sales (𝑥3) +1 
5 (𝑎5) revenue (𝑥2) -0.95 
6 (𝑎6) other expenses (𝑥6) +0.1 
6 (𝑎6) cost of sales (𝑥3) +0.9 
6 (𝑎6) inventory (𝑥5) -1 

Business 
process (a)

Financial 
account (x)

Share of value 
(I(a,x))

7 (𝑎7) cost of sales (𝑥3) +1 
7 (𝑎7) inventory (𝑥5) -0.25 
7 (𝑎7) revenue (𝑥2) -0.75 
8 (𝑎8) revenue (𝑥2) -1 
8 (𝑎8) cost of sales (𝑥3) +1 
9 (𝑎9) revenue (𝑥2) -1 
9 (𝑎9) other expenses (𝑥6) +1 
10 (𝑎10) tax (𝑥1) -1 
10 (𝑎10) personal expenses (𝑥4) +1 
11 (𝑎11) revenue(𝑥2) -1 
11 (𝑎11) personal expenses (𝑥4) +0.7 
11 (𝑎11) other expenses (𝑥6) +0.3 
12 (𝑎12) revenue(𝑥2) -0.83 
12 (𝑎12) tax(𝑥1) -0.17 
12 (𝑎12) personal expenses (𝑥4) +0.5 
12 (𝑎12) other expenses (𝑥6) +0.5 

Table 3
Importance estimates via pignistic transformation.

Agenda 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6

𝑚1 0.67 0.067 0.067 0.067 0.067 0.067 
𝑚2 0.683 0.183 0.033 0.033 0.033 0.033 
𝑚3 0.317 0.317 0.017 0.017 0.017 0.317 
𝑚 0.885 0.085 0.001 0.001 0.001 0.025 
𝑚′ 0.239 0.239 0.095 0.095 0.095 0.239 

Table 4
Importance estimates via plausibility transformation.

Agenda 𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6

𝑚1 0.333 0.133 0.133 0.133 0.133 0.133 
𝑚2 0.435 0.217 0.087 0.087 0.087 0.087 
𝑚3 0.303 0.303 0.030 0.030 0.030 0.303 
𝑚 0.767 0.153 0.006 0.006 0.006 0.061 
𝑚′ 0.213 0.213 0.121 0.121 0.121 0.213 
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Fig. 1. Concept lattice associated with the crisp agenda {𝑥1, 𝑥2, 𝑥5} of agent 𝑗1 . 

Fig. 2. Concept lattice associated with the crisp agenda {𝑥1, 𝑥2, 𝑥3} of agent 𝑗2 . 
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Fig. 3. Concept lattice associated with the crisp agenda {𝑥1 , 𝑥3} of agent 𝑗3 . 

Fig. 4. Concept lattice associated with the crisp agenda ⊳𝑐 = {𝑥1, 𝑥2, 𝑥3, 𝑥5}. 
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Fig. 5. This concept lattice is all of the following: (1) the concept lattice associated with the crisp agenda ◊𝑐 = {𝑥1} in case, (2) most preferred categorization associated 
with the non-crisp agendas 𝑚1 of 𝑗1 , 𝑚2 of 𝑗2 , and ⊕𝑐 (3) categorization obtained from non-crisp agendas 𝑚1 and ⊕𝑐 using stability-based method for 𝛽 = 0.5.

Fig. 6. This concept lattice is both (1) the most preferred categorization for the non-crisp agenda 𝑚3 of 𝑗3 and (2) the categorization obtained from non-crisp agenda 
𝑚3 using stability-based method for 𝛽 = 0.5.
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Fig. 7. Concept lattice representing the categorization system associated with non-crisp agenda 𝑚2 using stability-based method for 𝛽 = 0.5. 

Fig. 8. The concept lattice representing both (1) the categorization obtained from non-crisp agenda ⊳𝑐 using stability-based method for 𝛽 = 0.5 (2) the concept lattice 
associated with the (crisp) agenda consisting of all the features in 𝑋.
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Data availability

No data was used for the research described in the article.
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