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1. Introduction

In this thesis, we develop new finite element methods for convection-diffusion prob-
lems. The methods fall under the category of Discontinuous Petrov-Galerkin methods
with ‘optimal test spaces’. The idea to use optimal test spaces was already proposed
in [2], and later again by Demkowicz, Gopalakrishnan and their co-workers, in a se-
ries of papers starting with [26]. The methods are examples of least-squares methods,
where the residual is minimized in a non-standard norm.
Before presenting the outline of this thesis, we start with a description of convection-
diffusion problems and a small introduction to finite element methods.

1.1 Convection dominated convection-diffusion equa-
tions

Convection dominated convection-diffusion equations can be found e.g. in modeling
the spreading of pollution on the surface of a river ([44, 38]). If some liquid is poured
onto the surface of the water, it will diffuse in all directions, but at a very slow
rate compared to the flow (convection) of the river. The model convection-diffusion
problem is the following. Let Ω ⊂ Rn be a Lipschitz domain, i.e. a bounded open set
with Lipschitz-continuous boundary ∂Ω. Let b ∶ Ω → Rn denote the convection field
and let ε > 0 be some small diffusion coefficient. Given a source term f , find u such
that

{ −ε∆u + b ⋅ ∇u = f on Ω,
u = 0 on ∂Ω.

(1.1)

Convection-diffusion equations have many other applications in fluid dynamics. For
example, linearizing the stationary Navier-Stokes equation also results in (1.1) (see
[44] and references therein).
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1. Introduction

An analysis of the behavior of solutions to these kinds of problems, can be found in
[44]. It is clear that the nature of the problem (1.1) changes when the diffusion term
vanishes, i.e. when ε = 0. To start with, the limit problem is a first-order differential
equation and boundary conditions can only be prescribed at some part of the domain.
The limit problem reads as:

{ b ⋅ ∇u = f on Ω,
u = 0 on Γ−,

(1.2)

where Γ−, the ‘inflow boundary’ can be seen as the part of ∂Ω where the substance
of interest enters the domain, in the direction of b. More precisely, if n denotes the
outward-pointing unit normal on ∂Ω, then Γ− = {x ∈ ∂Ω ∶ (b ⋅ n)(x) < 0}.
It is shown in [44], that for very small values of ε, solutions to (1.1) are very close
to solutions to (1.2), on the largest part of the domain. Since for ε > 0 boundary
conditions are prescribed on the complete boundary, often boundary layers arise,
where in a vary small area near the ‘outflow’ part of the boundary, the solution
decreases very rapidly. Examples of boundary layers are depicted in Figure 1.1, in
which plots are shown of the solutions of the one-dimensional version of problem
(1.1), with Ω = (0,1), b ≡ 1, f(x) = x, for ε = 10−2 and ε = 10−4.

0.2 0.4 0.6 0.8 1.0

0.1

0.2

0.3

0.4

0.2 0.4 0.6 0.8 1.0

0.1

0.2
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0.4
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Figure 1.1: Solution to the one-dimensional problem (1.1), on Ω = (0,1), with b =
1, f = x, ε = 10−2 (left) and ε = 10−4 (right).

In finite element methods, the solution to a variational formulation of a PDE is
usually approximated by a piecewise polynomial function, defined on a partitioning
of the domain into mesh elements. To completely resolve this layer, whose width
is essentially of order ε, using uniform meshes the mesh size would have to be of
order 1/ε which is easily too costly for ε ≪ 1. Even for adaptive, locally refined
meshes, resolving the layer can be unfeasible. One would like to have a method that

2



1.2. Finite element methods

in any case gives a good approximation of the solution outside the layer, without
a restriction on the mesh size imposed by the value of ε. For standard methods,
the variational formulation that is used, is not well-posed for ε = 0 which results in
ill-conditioned systems of equations for small values of ε. Moreover, approximations
often show nonphysical behavior, such as spurious oscillations and smearing of non-
smooth solution features.
In the next section, a short introduction to finite element methods is given. As an
example, a straightforward Galerkin discretization of (1.1) is treated, in which these
oscillations are present.

1.2 Finite element methods

For thorough introductions to finite element methods, we refer the reader to [5, 8].
In this section, the basics are briefly reviewed. Let (U, ∥ ⋅ ∥U) be a Hilbert space over
R and b ∶ U × U → R a bilinear form. Consider the following problem: Given f ∈ U ′,
the dual of U , find u ∈ U such that

b(u, v) = f(v) (v ∈ U). (1.3)

Theorem 1.2.1 (Lax-Milgram). Suppose b is bounded, i.e. there is a C > 0 such that
∣b(w, v)∣ ≤ C∥w∥U∥v∥U (w ∈ U), and coercive: b(w,w) ≥ γ∥w∥2

U (w ∈ U), for some
constant γ > 0. Then this problem has a unique solution u and moreover, ∥u∥ ≤ 1

γ ∥f∥U ′ .

If additionally b(⋅, ⋅) is symmetric, it is easy to see that b(⋅, ⋅) is an inner product that is
equivalent to the original inner product on U. An application of Riesz’ Representation
Theorem then gives the result. For general b(⋅, ⋅), the proof can be found in e.g. [8,
Thm. 2.7.7].
In finite element methods, an approximation to the solution of (1.3) is sought in a
finite dimensional subspace Uh ⊂ U. Instead of (1.3), the following problem is solved:
Find uh ∈ Uh such that

b(uh, vh) = f(vh) (vh ∈ Uh). (1.4)

Since Uh ⊂ U is a finite-dimensional subspace, it is also closed, and hence a Hilbert
space, which means this problem has a unique solution uh as well and ∥uh∥ ≤ 1

γ ∥f∥U ′ .

Moreover, we have the following ‘Lemma’ (cf. [8, Thm 2.8.1]).

3



1. Introduction

Theorem 1.2.2 (Céa’s lemma). Let u be the solution to (1.3) and uh the solution to
(1.4). Then

∥u − uh∥ ≤
C

γ
inf

wh∈Uh

∥u −wh∥.

Remark 1.2.3. In this thesis, we work with more general bilinear forms b ∶ U ×V → R,
for potentially different Hilbert spaces (U, ∥ ⋅∥U) and (V, ∥ ⋅∥V ), and look for solutions
to the variational problem of finding u ∈ U such that

b(u, v) = f(v) (v ∈ V ). (1.5)

If b is bounded and satisfies an inf-sup condition, i.e.

inf
u∈U∖{0}

sup
v∈V ∖{0}

b(u, v)
∥u∥U∥v∥V

= γ > 0,

and if b(w, v) = 0 (w ∈ U) implies that v = 0, then (1.5) again has a unique solution,
and ∥u∥U ≤ 1

γ ∥f∥V ′ . This is a consequence of the Closed Range Theorem ([52]). In
a finite element discretization of (1.5), both U and V will be replaced by finite-
dimensional subspaces, Uh, Vh, respectively, in order to arrive at an implementable
method. The question then is, given Uh, which space Vh to choose to obtain a similar
result as in Theorem 1.2.2.

Although it is well-known that the Galerkin formulation is not very suitable for
convection dominated convection-diffusion problems, we nevertheless recall it here
to show how a differential equation can be associated with a variational problem to
which Theorems 1.2.1 and 1.2.2 can be applied.
Let Ω = (0,1) and consider the problem of finding u such that

{ −εu′′ + u′ = f on Ω,
u = 0 on ∂Ω.

(1.6)

Before we continue, define the Sobolev spaces H1(Ω) ∶= {v ∈ L2(Ω) ∶ v′ ∈ L2(Ω)}
equipped with norm ∥v∥2

H1(Ω) ∶= ∥v∥2
L2(Ω) + ∥v′∥L2(Ω), and H1

0(Ω) ∶= {v ∈ H1(Ω) ∶
v∣∂Ω = 0}. For a more thorough definition of these spaces, see e.g. [5, 8].
We can multiply (1.6) by a test function v ∈ H1

0(Ω) and apply integration by parts,
to obtain the following variational problem: Find u ∈H1

0(Ω) =∶ U such that

b(u, v) ∶= ∫
1

0
εu′v′ + u′v dx = ∫

1

0
fv dx (v ∈H1

0(Ω)). (1.7)

4



1.2. Finite element methods

An application of the Cauchy-Schwarz inequality gives ∣b(u, v)∣ ≤ (1+ε)∥u∥H1(Ω)∥v∥H1(Ω).

Integration by parts yields ∫
1

0 u
′v dx = − ∫

1
0 uv

′ for u, v ∈H1
0(Ω), and so ∫

1
0 u

′udx = 0.
Now, using the Poincaré-Friedrichs inequality (see [5, Thm II.1.5]), one has b(u,u) =
∫

1
0 εu

′u′ dx ≥ γ̃ε∥u∥2
H1(Ω) for some constant γ̃ > 0. Hence, this bilinear form is coer-

cive, as long as ε > 0, but not when ε = 0. Notice that for ε ≪ 1, an application of
Céa’s lemma would give a very unsatisfactory error bound.
To obtain a finite element discretization, let Ωh be a collection of subintervals K ⊂ Ω,
say, of equal length h, such that Ω̄ = ∪K∈Ωh

K̄. Next, define

Uh ∶=H1
0(Ω) ∩ ∏

K∈Ωh

P1(K),

where P1(K) denotes the space of polynomials of degree ≤ 1 on K and solve (1.7)
with U replaced by Uh. In Figure 1.2, the exact solution u is shown, together with
the Galerkin approximation uh for h = 1

16 , with right-hand side given by f(x) = x.
One can see that this result is very unsatisfactory indeed.

0 0.2 0.4 0.6 0.8 1
−2

0

2

4

6

8

10

12

Figure 1.2: Exact and Galerkin solution u and uh of (1.1), for f(x) = x with h = 1
16 .

A well-known method that was proposed to improve this result is the Streamline
Upwind Petrov-Galerkin (SUPG) method ([12]), in which the variational formulation
is adapted by adding a small amount of artificial diffusion in the direction of b.
This way, one can get rid of the oscillations and the method is certainly more stable.
However, choosing the upwind diffusion parameter can be quite tricky, and one cannot
completely avoid nonphysical behavior such as smearing of boundary or internal layers
of solutions.
Various other methods exist with similar stabilization techniques or layer-adapted
meshes (see e.g. [44] for a comprehensive study). One class of methods is that of the
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1. Introduction

Mixed Hybrid Discontinuous Galerkin methods ([29], [40]), where mixed formulations
for the diffusion part are combined with the Discontinuous Galerkin formulation for
the convection part, and where traces and fluxes are treated as separate variables.
Another way of gaining stable methods is by means of a least-squares discretization
in which one seeks uh that minimizes the residual ∥ − ε∆uh + b ⋅ ∇uh − f∥L2(Ω) over
some finite-dimensional linear space. Notice that for such a discretization, one would
require some more regularity on the trial space in which uh is sought, making the
method tedious to implement. One approach to improve this is by writing the problem
as a first order system and minimizing the resulting equations simultaneously (cf.
[14]). Although this leads to stable discretizations, also with this method one cannot
avoid smearing of layers. We will see an example of this in Chapter 2.
In this thesis, we aim at finding methods that are robust in the sense that they yield
near-best approximations from the trial spaces, uniform in ε > 0.

1.3 Outline

Recently, a new class of Discontinuous Petrov-Galerkin finite element methods was
introduced to solve convection-diffusion problems ([26, 28, 17, 20]). In these methods,
the test spaces (see Remark 1.2.3) are chosen in a way such that the method always
yields the best approximation from the trial space in an ‘energy-norm’. For this
reason they are called ‘optimal test spaces’.
The methods are essentially least-squares methods in which the residual is minimized
in a non-standard norm, depending on the norm with which the test space is equipped.
In fact, the choice of this norm directly influences the energy-norm. If, for example,
one uses the optimal test norm ([2, 53, 23]), then the corresponding energy-norm is
the same as the natural norm on the trial space.
While optimal test spaces were already used in [2], in [26] the concept was for the
first time combined with the use of broken test spaces that allow discontinuities along
boundaries of mesh elements, so that the optimal test functions can be determined
locally. In order to gain proper variational formulations for these test spaces, the
trace values of the solution components on the mesh skeleton are then treated as
separate variables.
Since, in general, the optimal test space cannot be determined explicitly, it is often
replaced by its projection onto a finite dimensional test search space. One challenge
with this new class of DPG methods is to assure that the test search spaces are large
enough in order to yield a quasi-best approximation from the trial space, and small

6



1.3. Outline

enough to keep the computational costs down. For this, no approximation properties
are required of the test search space. However, it has to satisfy a discrete inf-sup
condition.
In the methods from [26, 28], the truly optimal test functions are solutions to problems
that, like the convection-diffusion problem, are singularly perturbed, causing them
to exhibit boundary layers if the diffusion parameter ε is small. Therefore, one can
expect that the test search spaces will have to be chosen increasingly large, as ε
decreases. In [17], the boundary conditions of (1.1) are modified in such a way
that the optimal test functions that are obtained for the corresponding variational
formulation do not have any layers. However, this has the obvious disadvantage that
the solution of a modified problem is approximated.

In Chapters 2 and 3 two DPG methods with optimal test functions are studied for
variational formulations of convection-diffusion equations in mixed form. The main
feature that these new methods have in common is that, contrary to the methods
from [26, 28], the variational formulations are well-posed not only for ε > 0, but also
in the limit case of vanishing diffusion. This is necessary if one wishes to maintain
near-best approximations from the trial space, for small diffusion coefficients, without
having to increase the size of the test search spaces to unacceptably large proportions.
The idea to look for such variational formulations was inspired by [20].
In Chapter 2 a mild-weak variational formulation is studied, where, different from
the ultra-weak formulation used in competitive methods ([26, 28], the solution u is
sought in H1

0(Ω). This has the advantage that, for uniform meshes and fixed ε > 0,
convergence rates are obtained under minimal regularity assumptions.
A drawback of the method from Chapter 2 is that, in the limit case, one can only
obtain convergence rates of order O(h

1
2 ). This was one of the reasons to study an

ultra-weak formulation as well, which is done in Chapter 3. Here, the solution u is
sought in L2(Ω) and can therefore be approximated by discontinuous functions. In
this chapter, the test space is equipped with the optimal test norm, and near-best
L2-approximations from the trial space are obtained.

Not only are we interested in convection-diffusion problems, also solving the transport
problem, i.e. the limit problem where ε = 0 is challenging in its own right. It is used,
for example, in modeling neutron transport in nuclear reactors ([43]). A well-known
method for this problem is Discontinuous Galerkin [43]. Although this method is very
popular, for general meshes one can prove only suboptimal convergence rates ([36]).
For specific kinds of meshes, error bounds can be improved (see e.g. [19]). However,

7



1. Introduction

in [41] it is shown that for a certain mesh the DG solution shows this reduced error
rate. Therefore, it is worth the effort to look for new methods for the transport
problem as well.
Besides convergence rates for smooth solutions, also the behavior of methods in han-
dling discontinuities is of interest. A discontinuity in the boundary condition is pro-
pelled forward by the exact solution over the domain. An unwanted feature of stan-
dard finite element approximations is, that this discontinuity is often smeared over a
large region. It is worth looking for a method that gives as little smearing as possible.

The second half of this thesis is therefore focused exclusively on the transport prob-
lem. In Chapter 4, a DPG method is presented for which stability is proved, for a
reasonably large test search space, under mild assumptions on the convection field
b. More specifically, with trial spaces of piecewise polynomials of degree m, with
respect to some mesh, a discrete inf-sup condition holds for test spaces consisting of
piecewise polynomials of degree m + 1 with respect to a uniform refinement of the
mesh with a fixed refinement factor.
Finally, Chapter 5 gives a comparative study of methods for the transport problem.
The methods from Chapter 4 and Chapter 3 (for ε = 0), are compared with the Dis-
continuous Galerkin method ([43]), a conforming and a non-conforming least-squares
method from [47] and a new least-squares method from [45]. Their convergence rates
for smooth solutions are compared, as well as their performance in handling discon-
tinuous boundary data.
The theory developed in this thesis is illustrated by various numerical results, that
were obtained by implementing the methods in MATLAB.
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2. A Petrov-Galerkin discretization with
optimal test space of a mild-weak for-
mulation of convection-diffusion equa-
tions in mixed form

2.1 Introduction

On a domain Ω ⊂ Rn, we consider the boundary value problem

{ −div A∇u + b ⋅ ∇u + cu = f on Ω,
u = 0 on ∂Ω,

(2.1)

where A is positive definite, and b and c are such that the standard variational
formulation of this problem on H1

0(Ω) ×H1
0(Ω) is well-posed. It is well known that

Galerkin discretizations of this variational problem give unsatisfactory results in case
of dominating convection. We will study a well-posed variational formulation of the
mixed formulation

⎧⎪⎪⎪⎨⎪⎪⎪⎩

σ −A2∇u = 0 on Ω,
−div A1σ + b ⋅ ∇u + cu = f on Ω,

u = 0 on ∂Ω,
(2.2)

where A = A1A2, and consider Petrov-Galerkin discretizations of it, where we take
an optimal test space ([26]).
For an abstract variational problem of finding u ∈ U such that b(u, v) = f(v) (v ∈ V ),
given a trial space Uh ⊂ U , the optimal test space is Vh = R−1BUh, where (Bu)(v) ∶=
b(u, v), and R ∶ V → V ′ is the Riesz map. The resulting Petrov-Galerkin solution
minimizes the residual in V ′ over the space Uh, and so, for boundedly invertible B,
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

it yields a quasi-best approximation to the solution in U from Uh. The application of
this approach for solving convection-diffusion problems can already be found in [2].
For a variational formulation of a boundary value problem, and V being an L2-
space, the optimal test space Vh is found by simply applying the differential operator
in strong form to Uh. For other V , finding the optimal test space Vh amounts to
solving a symmetric, bounded and coercive variational problem on V × V for any
basis function from a basis for Uh, or to solving a sufficiently accurate Galerkin
discretization of such a problem. A main contribution from [26] is the idea to consider
variational formulations where V is a “broken space”, so that the variational problems
that determine Vh are local problems.
In [26], also U is taken to be a broken space which, however, is not essential, although
convenient when one aims at applying hp-fem. Regardless whether the variational
problems for the test functions are solved exactly, or approximated using a Galerkin
discretization, the Petrov-Galerkin solution is found by solving a symmetric positive
definite linear system.
In this chapter, we study a variational formulation of (2.2) obtained by piecewise
integrating the second equation by parts w.r.t. a partition of the domain Ω into
mesh cells. This introduces the “flux”, being the normal component of ub − A1σ
on the skeleton, as a third independent variable. This skeleton may or may not
include parts of ∂Ω. We will call our formulation a mild-weak variational formulation.
It can be considered as intermediate between the mild formulation, where neither
equation is integrated by parts, and the ultra-weak formulation, where both first and
second equation are piecewise integrated by parts, giving rise to an additional fourth
independent variable, called “trace”. Applying a Petrov-Galerkin discretization with
optimal test space, the mild and ultra-weak formulations result respectively in the
common first order least-squares method, and in the Discontinuous Petrov-Galerkin
method with optimal test space, DPG method for short, that was introduced in [26].
A reason to develop a modification of the DPG method is that with the ultra-weak
formulation, both u and σ are sought in L2-spaces. Consequently, assuming finite
element spaces of sufficiently high order, in order to obtain an a priori error bound
of say O(hk) for u in L2(Ω), besides the natural condition u ∈Hk(Ω), it is necessary
that σ ∈Hk(Ω)n, and thus that u ∈Hk+1(Ω).
With the mild-weak formulation, u is sought in H1

0(Ω), and σ in L2(Ω)n. We show
well-posedness of this formulation, and with that, optimal error estimates for the
Petrov-Galerkin discretization with optimal test space. For obtaining an a priori
error bound O(hk) for u in H1

0(Ω), it suffices to have u ∈ Hk+1(Ω) and f ∈ Hk(Ω).
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2.1. Introduction

The last, additional, condition is needed to guarantee an error bound O(hk) for the
third variable, being the flux. Being a condition on the right-hand side, however, it
is usually harmless. By demonstrating approximation properties of the optimal test
space, duality arguments even give optimal error estimates for approximation of the
variables (σ, u) in the space (H1(Ω)n)′ ×L2(Ω).

Although we already briefly mentioned convection-dominated problems, the discus-
sion so far refers to the problem (2.1) for fixed A, b, and c. When we apply the
aforementioned three methods –i.e., the standard first order least-squares, the DPG
method, and the method from this chapter– to the convection-dominated problem
defined by A = εId, b ≠ 0 fixed, and c = 0, for small ε the results are much better
than with standard Galerkin applied to the non-mixed variational formulation. The
reason is that all these three methods minimize the residual in some norm.
On the other hand, as our numerical results with uniform meshes show, also with these
methods, for small ε, initially, i.e., with relatively large mesh-sizes, there is hardly any
reduction of the L2-error in u, and some oscillations are visible. The explanation is
that in the limit ε = 0, the operator associated to the bilinear form has an unbounded
inverse, which has the consequence that for small ε > 0, some components of the
difference of the solution and an approximation from Uh hardly contribute to the
residual, and therefore are hardly reduced in the least-squares minimization.
In [28], this problem is tackled by equipping V with the problem dependent “optimal
test norm”, defined such that a residual measured in the resulting norm on V ′ is
equal to the standard, problem independent norm on U of the error. It turns out
that the price to be paid for taking this norm on V is that the variational problems on
V , that determine the optimal test functions, become increasingly close to singular
when ε ↓ 0, and therefore are more and more difficult to solve with a sufficient
accuracy. Modified methods were proposed that aim at finding a compromise between
obtaining a best approximation in a nearly ε-independent norm, and getting well-
conditioned variational problems for the test functions. In [17], it was proposed to
modify the boundary condition at the inflow boundary to ensure that solutions of the
dual problem have no boundary layers.
Inspired by [20], the approach that we investigate here is based on the observation that
to avoid that a numerical solution method loses convergence or becomes increasingly
more costly when ε ↓ 0, a necessary condition is that the scheme is well-defined
and convergent in the limit ε = 0. To satisfy this condition, we use the available
freedom in the Petrov-Galerkin discretization with optimal test space of the mild-
weak formulation by factorizing A = εId = A1A2 such that both factors vanish for
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

ε = 0; by excluding the outflow boundary from the skeleton, being the domain of
definition of the flux; by equipping the test space V with an ε-dependent norm; and
finally by making the trial space for the flux ε-dependent. For ε = 0 and a quasi-
uniform mesh with mesh size h, the error in u in L2(Ω) is shown to be O(h

1
2 ), which

is the best that is possible since our piecewise polynomial trial space is in H1
0(Ω),

whereas the solution generally does not vanish at the boundary outside its inflow
part.
To verify the stability of the resulting method for convection dominated convection-
diffusion problems, we performed numerical experiments in one and two dimensions
using uniform meshes. The method is, however, not restricted to such meshes, and
(much) better results can be expected with a proper local refinement in the layers.
A comparison in one dimension with the standard first order least-squares method
and the DPG method shows that the new method performs much better (we have
not yet compared it with several variants of the DPG method recently introduced
in [28, 17]). With our method, in one and two dimensional examples, for h ≳ ε we
observed an error in u in L2(Ω) of order h

1
2 . With a piecewise polynomial trial

space in H1
0(Ω), such an error is the best that is generally possible for solutions that

exhibit boundary or internal layers. For any fixed ε > 0, the aforementioned optimal
asymptotic error estimates for h ↓ 0 apply.
In one dimension, the optimal test functions could be determined analytically. In
two dimensions, and for piecewise linear or quadratic trial functions, in those cases
where the test functions could not be found analytically, we replaced them by Galerkin
approximations from the space of piecewise cubics. We solved the symmetric, positive
definite linear system that defines the Petrov-Galerkin solution using the direct built-
in MATLAB solver. With the new method we did not encounter any instabilities due
to ill-conditioning.

Finally, we note that there is a vast literature on various classes of numerical methods
for solving convection-diffusion problems. The aim of this chapter is to contribute
to the development of Petrov-Galerkin methods with optimal test spaces, or equiv-
alently, to least-squares methods. Since these methods minimize the residual over
the trial space in some norm, they have inherent stability properties, and therefore
have the potential to yield near-best approximations with respect to meshes that do
not accurately resolve the layers (other than with, e.g., methods based on Shishkin
meshes). Since forming a least-squares functional essentially means doubling the or-
der of the equation, and thus squaring its condition number, a common approach is
to apply this technique on a reformulation of the equation as a first order system.
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2.2. Petrov-Galerkin with optimal test spaces, and least-squares approximations

This chapter is organized as follows: In Section 2.2, a relation is established be-
tween Petrov-Galerkin discretizations with optimal test functions and least-squares
methods.
In Section 2.3, we present the mild, ultra-weak and the new mild-weak variational
formulations of second order elliptic boundary value problems in mixed form. We
show that the mild-weak variational formulation is well-posed, and therefore gives
rise to optimal error estimates in the “energy” space.
In Section 2.4, using duality arguments, we demonstrate optimal error estimates in a
weaker norm.
In Section 2.5,we discuss the application to convection dominated convection-diffusion
problems. We present numerical results in one dimension, that show that a straight-
forward application of the Petrov-Galerkin discretizations with optimal test spaces
of the three variational formulations of the mixed system do not yield satisfactory
results for a near-vanishing diffusion.
We study a variational formulation of the pure convection problem obtained by piece-
wise integrating the equation by parts w.r.t. a partition of Ω into mesh cells, and
show that this formulation is well-posed. We then construct a Petrov-Galerkin dis-
cretization with optimal test space of the mild-weak variational formulation of the
convection-diffusion problem, that in the convective limit, becomes such a discretiza-
tion of this variational formulation of the pure convection problem. We present var-
ious numerical experiments with solutions that have boundary and internal layers,
which demonstrate the stability of the resulting numerical solution method.
A summary and brief outlook is given in Section 2.6.

2.2 Petrov-Galerkin with optimal test spaces,
and least-squares approximations

For some real Hilbert spaces U and V , a bilinear form b ∶ U × V → R, and with
(Bu)(v) ∶= b(u, v), assume that B ∶ U → V ′ is a homeomorphism onto its range, i.e.,

∥Bu∥V ′ ≂ ∥u∥U (u ∈ U). (2.3)

Here and in the remainder of this chapter, by C ≲ D we will mean that C can be
bounded by a multiple ofD, independently of parameters which C andD may depend
on. Obviously, C ≳D is defined as D ≲ C, and C ≂D as C ≲D and C ≳D.
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

In the central application, ranB will be equal to V ′, so that B ∶ U → V ′ is bound-
edly invertible. In this section, we include the possibility that ranB ⊊ V ′ without
additional complications.
With R ∈ B(V,V ′) being the Riesz map, i.e., (Rv)(w) = ⟨v,w⟩V (w ∈ V ), we define
T = R−1B ∈ B(U,V ). It satisfies

⟨Tu, v⟩V = b(u, v) (u ∈ U, v ∈ V ). (2.4)

Given a closed linear trial space Uh ⊂ U , following [26] we set the optimal test space

Vh ∶= ranT ∣Uh
,

and, for given f ∈ V ′, consider the Petrov-Galerkin problem of finding uh ∈ Uh such
that

b(uh, vh) = f(vh) (vh ∈ Vh). (2.5)

In the following proposition it is shown that solving the Petrov-Galerkin problem
with optimal test space, the optimal Petrov-Galerkin problem for short, is equal to
the least-squares problem of minimizing the residual in V ′.

Proposition 2.2.1. It holds that uh = arg minūh∈Uh
∥f −Būh∥V ′ .

Proof. For any uh,wh ∈ Uh,

⟨f −Buh,Bwh⟩V ′ = ⟨R−1(f −Buh),R−1Bwh⟩V
= (f −Buh)(R−1Bwh) = f(vh) − b(uh, vh).

where vh ∶= R−1Bwh. Note that uh minimizes the residual when the left-hand side
vanishes for any wh, whereas it solves the Petrov-Galerkin problem when the right-
hand side vanishes for any vh ∈ Vh.

Note that thanks to (2.3), the least-squares problem, and so the optimal Petrov-
Galerkin problem have a unique solution.
Equipping U with the energy-norm

∥ ⋅ ∥E ∶= ∥B ⋅ ∥V ′ ,

we infer that uh is the best approximation w.r.t. ∥ ⋅ ∥E from Uh to

uls ∶= arg min
u∈U

∥f −Bu∥V ′ ,
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2.2. Petrov-Galerkin with optimal test spaces, and least-squares approximations

and thus a quasi-best approximation w.r.t. ∥ ⋅∥U . Indeed, ∥f −Bu∥2
V ′ = ∥f −Buls∥2

V ′ +
∥Buls −Bu∥2

V ′ for any u ∈ U , shows that uh = arg minūh∈U ∥Buls −Būh∥V ′ . Clearly,
uls = B−1f when ranB = V ′.

In special cases only, as when b corresponds to a boundary value problem and V is
an L2-space, one can expect to be able to determine the optimal test space exactly.
Therefore, let Ṽh ⊂ V be a sufficiently large closed subspace such that in any case

∀0 ≠ wh ∈ Uh, ∃ṽh ∈ Ṽh with b(wh, ṽh) ≠ 0, (2.6)

which is satisfied for Ṽh = V thanks to (2.3). With Rh ∈ B(Ṽh, Ṽ ′
h) defined by

(Rhṽh)(w̃h) = ⟨ṽh, w̃h⟩V (w̃h ∈ Ṽh), we set Th = R−1
h B ∈ B(U, Ṽh), i.e.,

⟨Thu, ṽh⟩V = b(u, ṽh) (u ∈ U, ṽh ∈ Ṽh).

Note that Th∣Uh
is injective by (2.6). The solution Thu is the Galerkin approximation

from the trial space Ṽh ⊂ V to the solution Tu of the bounded, symmetric and coercive
variational problem (2.4) on V × V .
The Petrov-Galerkin problem with an approximately optimal test space reads as find-
ing ûh ∈ Uh such that

b(ûh, vh) = f(vh) (vh ∈ ranTh∣Uh
). (2.7)

Writing vh = Thwh, we have b(ûh, vh) = ⟨Thûh, Thwh⟩V , and so, by the injectivity of
Th∣Uh

, we conclude that (2.7) has a unique solution, and moreover, that this varia-
tional problem is symmetric and coercive. Taking Ṽh = V , this holds in particular
true for (2.5).
When dimUh <∞, and {φi ∶ i ∈ I} is a basis for Uh, a basis for ranTh∣Uh

is given by
{Thφi ∶ i ∈ I}.
A sufficient condition on Ṽh, dependent on Uh, such that also the Petrov-Galerkin
solution with approximately optimal test space gives a quasi-best approximation to
uls in U is given in [32, Thm. 2.1].

Remark 2.2.2. The Petrov-Galerkin problem (2.7) with the approximately optimal
test space can equivalently be written as a symmetric saddle-point system of finding
(ûh, ŷh) ∈ Uh × Ṽh that solves

{ ⟨ŷh, ṽh⟩V + b(ûh, ṽh) = f(ṽh) (ṽh ∈ Ṽh),
b(wh, ŷh) = 0 (wh ∈ Uh).
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

This is the point of view taken in [20]. To see this, note that for ṽh ∈ Ṽh, and ûh ∈ Uh,
f(ṽh)− b(ûh, ṽh) = ⟨R−1

h (f −Bûh), ṽh⟩V , so that the first equation in the saddle point
system is equivalent to ŷh = R−1

h (f−Bûh). With this equality, the second equation 0 =
b(wh, ŷh) = ⟨R−1

h Bwh, ŷh⟩V (wh ∈ Uh) is equivalent to 0 = ⟨R−1
h (f −Bûh),R−1

h Bwh⟩V =
(f −Bûh)(R−1

h Bwh) (wh ∈ Uh), or to b(ûh, vh) = f(vh) (vh ∈ ranTh∣Uh
).

Writing the above ŷh as yh in the case that Ṽh = V , in [20, Lemma 3.3] it was shown
that if Ṽh is chosen to be sufficiently large so that for some δ < 2, ∥yh− ŷh∥V ≤ δ∥ŷh∥V ,
then

∥uls − ûh∥E + ∥yh − ŷh∥V ≤ 4(1 − δ/2)−2∥uls − uh∥E .

Moreover, for a particular V it is demonstrated how to control ∥yh − ŷh∥V using an a
posteriori error estimator and adaptivity.

2.3 Variational formulations of second order ellip-
tic boundary value problems in mixed form

2.3.1 A mild-weak variational formulation

For some bounded Lipschitz domain Ω ⊂ Rn, a symmetric A ∈ L∞(Ω)n×n with A(⋅) ≳
Id a.e., b ∈ L∞(Ω)n and c ∈ L∞(Ω), we consider the boundary value problem

{ −div A∇u + b ⋅ ∇u + cu = f on Ω,
u = 0 on ∂Ω.

(2.8)

We assume that b and c are such that for

{ (Lu)(v) ∶= ∫Ω A∇u ⋅ ∇v + (b ⋅ ∇u + cu)v,
L ∶H1

0(Ω)→H−1(Ω) is boundedly invertible. (2.9)

Factorizing A = A1A2, where A1,A2 ∈ L∞(Ω)n×n, and introducing σ = A2∇u, our
problem in mixed form reads as

⎧⎪⎪⎪⎨⎪⎪⎪⎩

σ −A2∇u = 0 on Ω,
−div A1σ + b ⋅ ∇u + cu = f on Ω,

u = 0 on ∂Ω.
(2.10)

Remark 2.3.1. Obvious choices are A1 = A or A2 = A. For convection dominated
convection-diffusion problems, which will be discussed in Section 2.5, it will be rele-
vant to consider a different factorization.
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2.3. Variational formulations of second order elliptic boundary value problems
in mixed form

For any h from an index set of mesh parameters, let Ωh be a collection of disjoint open
Lipschitz domains such that Ω̄ = ∪K∈Ωh

K̄. For any K1 ≠K2 ∈ Ωh with measn−1(K̄1 ∩
K̄2) > 0, we fix n on ∂K1∩∂K2 to be the outward unit normal nK on ∂K for K being
either K1 or K2. By setting n to be the outward unit normal on ∂Ω, this defines n
on ∪K∈Ωh

∂K a.e.
For Γ+ being the union of ∂K ∩∂Ω for all K in some subset of Ωh, we set the skeleton

∂Ω○
h = ∪K∈Ωh

∂K ∖ Γ+. (2.11)

Remark 2.3.2. Currently the choice of Γ+ is arbitrary. Canonical choices are Γ+ = ∅
(as in [27, 26]), or Γ+ = ∂Ω. For convection dominated convection-diffusion problems,
it will turn out to be relevant to choose Γ+ as the the outflow boundary, so that
∂Ω○

h ∩ ∂Ω is the complement of the outflow boundary.
We are going to derive a variational formulation of the mixed problem, where the
second equation of (2.10) will be integrated by parts on each “element” K ∈ Ωh

individually. Note that div ∈ B(L∞(K)n,W 1
1 (K)′) and

∫
K
w div b = −∫

K
b ⋅ ∇w + ∫

∂K
wb ⋅ nK (w ∈W 1

1 (K)), (2.12)

so that

∫
K
vb ⋅ ∇u = ∫

K
−ub ⋅ ∇v − uv div b + ∫

∂K
uvb ⋅ nK (u, v ∈H1(K)).

In case A1σ ∈H(div;K), we have

−∫
K
v div A1σ = ∫

K
A1σ ⋅ ∇v − ∫

∂K
vA1σ ⋅ nK (v ∈H1(K)). (2.13)

By summing these relations over K ∈ Ωh, setting divh and ∇h by (divh b)∣K =
div(b∣K) and (∇hv)∣K = ∇(v∣K) (K ∈ Ωh), and reading (ub − A1σ)∣∂Ω○

h
⋅ n as an

additional independent variable θ, we end up with the following mild-weak variational
problem:

With U ∶= L2(Ω)n ×H1
0(Ω) ×H− 1

2 (∂Ω○
h), V ∶= L2(Ω)n ×H1

0,Γ+(Ωh),
given f ∈H1

0,Γ+(Ωh)′, find (σ, u, θ) ∈ U such that for all (τ , v) ∈ V,
b(σ, u, θ,τ , v) ∶= ∫

Ω
(σ −A2∇u) ⋅ τ + (A1σ − ub) ⋅ ∇hv + (c − divh b)uv

+∫
∂Ω○

h

JvKθ

= f(v).

(2.14)
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

Here, for x ∈ ∂K ∩ ∂K′, and with n pointing into K ′,

JvK(x) ∶= v∣K(x) − v∣K′(x),

and JvK(x) ∶= vK(x) for x ∈ ∂Ω ∩ ∂K;

H1
0,Γ+(Ωh) ∶= {v ∈ L2(Ω) ∶ v∣K ∈H1

0,∂K∩Γ+(K) (K ∈ Ωh)}, (2.15)

equipped with the “broken” norm ∥v∥2
H1(Ωh) ∶= ∑K∈Ωh

∥v∣K∥2
H1(K); and

H− 1
2 (∂Ω○

h) ∶= {q∣∂Ω○
h
⋅ n ∶ q ∈H(div; Ω)}, (2.16)

equipped with quotient norm

∥θ∥
H− 1

2 (∂Ω○
h
)
∶= inf{∥q∥H(div;Ω) ∶ q ∈H(div; Ω), θ = q∣∂Ω○

h
⋅ n}.

Here, for some bounded Lipschitz domain Υ ⊂ Rn, and a measurable Ξ ⊂ ∂Υ, we set
H1

0,Ξ(Υ) ∶= {u ∈ H1(Υ) ∶ u = 0 on Ξ}. The above mapping q ↦ q∣∂Ω○
h
⋅ n is given a

precise meaning as the unique extension to H(div; Ω) of (C∞(Ω̄)n, ∥ ⋅ ∥H(div;Ω)) →
H1

0,Γ+
(Ωh)′ ∶ q↦ (v ↦ ∫∂Ω○

h
JvKq ⋅ n), that, as we will see in (2.22), is bounded.

Remark 2.3.3. Although U , V and b depend on h, we suppress this in the notation.

Remark 2.3.4. For the solution (σ, u, θ), it holds that σ = A2∇u. If f ∈ L2(Ω), then
on each K ∈ Ωh, by definition of weak divergence, we have div A1σ = b ⋅ ∇u+ cu− f ∈
L2(K), so that by an application of (2.13) in the converse direction, we infer that
θ = (ub −A1σ)∣∂Ω○

h
⋅ n.

Remark 2.3.5. Since u ∈ H1
0(Ω) in the variational formulation (2.14), there was no

strict need to integrate the term ∫Ω vb ⋅∇u by parts. For the application to convection
dominated convection-diffusion problems, this integration by parts is useful, since in
the natural “limit” variational formulation of the pure convection problem, the space
for u will be L2(Ω).
Remark 2.3.6. The idea to introduce the “flux” (ub − A1σ)∣∂Ω○

h
⋅ n as an indepen-

dent variable, rather than, as with a common discontinuous Galerkin method, in a
discretized setting to replace it on each interface by some average of u and σ from
both sides of this interface was introduced in [13]. In [26, 13], this idea was combined
with the introduction of optimal test spaces. Actually, in both [13] and [26, 27], the
system is considered where both equations from (2.10) are integrated by parts. This
so-called ultra-weak formulation will be considered in the next subsection.
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2.3. Variational formulations of second order elliptic boundary value problems
in mixed form

In Subsection 2.3.3, we will show that the bilinear form b ∶ U × V → R defines a
boundedly invertible operator. This means that given a closed trial space Uh ⊂ U , we
can run the Petrov-Galerkin method with optimal test space Vh = ranT ∣Uh

.
Writing

(τ , v) = T (σ, u, θ)

and v = (vK)K∈Ωh
, we have the explicit expression

τ = σ −A2∇u, (2.17)

whereas for each K ∈ Ωh, vK ∈H1
0,∂K∩Γ+

(K) solves

⟨vK , v̂⟩H1(K) = ∫
K
(A1σ − ub) ⋅ ∇v̂ + (c − div b)uv̂ + ∫

∂K
n⊺Kn v̂θ (2.18)

(v̂ ∈ H1
0,∂K∩Γ+

(K)). Note that n⊺Kn is ±1. So in the common situation that Uh
is spanned by a local basis, i.e., the support of each basis function extends to a
uniformly bounded number of elements K ∈ Ωh, a local basis of Vh can be found by
solving O(#Ωh) of the above independent local problems on the individual elements.
Here the essential point is that v is sought in the “broken space” H1

0,Γ+
(Ωh) as a

consequence of the application of integration by parts on the individual elements
when setting up the variational formulation.

2.3.2 Mild and ultra-weak variational formulations

The mild-weak variational formulation (2.14) of the mixed problem (2.10) is inter-
mediate between the variational form where neither of the equations is integrated by
parts and the one where both equations are piecewise integrated by parts. The first
one reads as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

With U1 ∶=H(div; Ω) ×H1
0(Ω), V1 ∶= L2(Ω)n ×L2(Ω),

given f ∈ L2(Ω), find (σ, u) ∈ U1 such that for all (τ , v) ∈ V1,

b1(bfσ, u,τ , v) ∶= ∫
Ω
(σ −A∇u) ⋅ τ + v(−divσ + b ⋅ ∇u + cu)

= f(v).

(2.19)

As shown in [49, (proof of) Thm. 3.1], under the assumptions that we made on A, b,
and c, with (B1(σ, u))(τ , v) ∶= b1(σ, u,τ , v), B1 ∶ U1 → V ′

1 is boundedly invertible.
The solution of the Petrov-Galerkin discretization of this mild variational formulation

19



2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
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with trial space Uh ⊂ U and optimal test space solves the common first order least-
squares problem

arg min
(σh,uh)∈Uh

∥A∇uh −σh∥2
L2(Ω)n + ∥f + divσh − b ⋅ ∇uh − cuh∥2

L2(Ω)n . (2.20)

Note that T (σ, u) = (σ − A∇u,−divσ + b ⋅ ∇u + cu), which corresponds to simply
applying the operator in strong form.

Following [13, 26, 27], we give the second alternative formulation, known as the
ultra-weak formulation, where we only consider b with div b = 0 and c = 0. With
∂Ωh = ∪K∈Ωh

∂K, i.e., ∂Ωh = ∂Ω○
h taking Γ+ = ∅, it reads as

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

With U2 ∶= L2(Ω)n ×L2(Ω) ×H
1
2
00(∂Ωh) ×H− 1

2 (∂Ωh),
V2 ∶=H(div; Ωh) ×H1(Ωh), given f ∈H1(Ωh)′, find (σ, u, %, θ) ∈ U2 such that
b2(σ, u, %, θ,τ , v) ∶= ∫

Ω
A−1σ ⋅ τ + udivh τ + (σ − ub) ⋅ ∇hv

+∫
∂Ωh

JvKθ − Jτ ⋅ nK%

= f(v) ((τ , v) ∈ V2),
(2.21)

where % and θ replace the “trace” u∣∂Ωh
and “flux” (ub − σ)∣∂Ωh

⋅ n, which are not
defined on the full function spaces L2(Ω) and L2(Ω)n for u and σ. Here

H(div; Ωh) ∶= {τ ∈ L2(Ω)n ∶ div τ ∣K ∈H(div;K) (K ∈ Ωh)},

equipped with the “broken” norm ∥τ ∥2
H(div;Ωh) ∶= ∑K∈Ωh

∥τ ∣K∥2
H(div;K); and

H
1
2
00(∂Ωh) ∶= {u∣∂Ωh

∶ u ∈H1
0(Ω)},

equipped with quotient norm

∥%∥
H

1
2
00(∂Ωh)

∶= inf{∥u∥H1(Ω) ∶ u ∈H1
0(Ω), % = u∣∂Ωh

}.

As shown in [27], under the conditions we made on A and for divergence-free b ∈
L∞(Ω)n, with (B2(σ, u, %, θ))(τ , v) ∶= b2(σ, u, %, θ,τ , v), B2 ∶ U2 → V ′

2 is boundedly
invertible, uniformly in h.
Although it can be expected that results can be generalized to c ≠ 0 and div b ≠ 0,
a non-divergence free b requires some care, since only assuming that b ∈ L∞(Ω)n, a
term ∫K uv div b only makes sense when uv ∈W 1

1 (K).
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2.3. Variational formulations of second order elliptic boundary value problems
in mixed form

Let us consider a Petrov-Galerkin discretization of the ultra-weak formulation with
finite element trial spaces w.r.t. Ωh and an optimal test space. Then, assuming a
quasi-uniform Ωh with mesh-size h, in order to obtain an error in U2 of O(hk), it is
necessary that σ ∈Hk(Ω)n, u ∈Hk(Ω), and, for approximating % and θ, u ∈Hk+1(Ω),
ub −σ ∈Hk(Ω)n, and div(ub −σ) ∈Hk(Ω). So, to approximate u in L2(Ω) with an
error O(hk), it does not suffice that u ∈ Hk(Ω), but it is needed that u ∈ Hk+1(Ω).
The avoidance of such an additional regularity condition was one reason to consider
the mild-weak variational formulation.
A similar problem seems to arise with the common first order least-squares formula-
tion. To approximate the solution with finite element spaces w.r.t. a quasi-uniform
partition with mesh-size h such that the error in U1 is O(hk), it is needed, as-
suming Raviart-Thomas type spaces for σ, that σ ∈ Hk(Ω)n, divσ ∈ Hk(Ω), and
u ∈ Hk+1(Ω). In view of the relations σ = A∇u and div A∇u = b ⋅ ∇u + cu − f , how-
ever, here the additional condition divσ ∈Hk(Ω), needed to approximate u in H1

0(Ω)
with an error O(hk), is already satisfied under the additional smoothness condition
f ∈ Hk(Ω), which, being a smoothness condition on the right-hand side, is usually
harmless.

Remark 2.3.7. This sheds some other light on the discussion in [6], where the unde-
sired additional smoothness requirement on σ was a reason to consider the variational
form in (2.19) for (σ, u,τ , v) ∈ L2(Ω)n ×H1

0(Ω) ×L2(Ω)n ×H−1(Ω).
Finally, we note that since, other than with the other two variational formulations,
in the ultra-weak formulation both σ and u are sought in L2-spaces, it allows for a
convenient application with nonconforming partitions.

2.3.3 Well-posedness

In this subsection, we prove the following result for the mild-weak variational formu-
lation.

Theorem 2.3.8. With (B(σ, u, θ))(τ , v) ∶= b(σ, u, θ,τ , v) from (2.14), it holds that
B ∶ U → V ′ is boundedly invertible with suphmax(∥B∥U→V ′ , ∥B−1∥V ′→U) <∞.

Our proof is inspired by a corresponding proof from [27] (see also [16]) for the ultra-
weak formulation. Here we also allow div b ≠ 0, c ≠ 0, and dimensions n /∈ {2,3}.
Moreover, we include the possibility that parts of ∂Ω are excluded from the skeleton
∂Ω○

h, i.e., we allow Γ+ ≠ ∅ in (2.11), which will show up to be useful for convection
dominated problems.
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

We will make use of the following well-known consequence of the closed range theorem.

Lemma 2.3.9. For reflexive Banach spaces X and Y , let G ∶X → Y ′ be linear. Then
G is boundedly invertible if and only if the following three conditions are satisfied:

i. G is bounded,

ii. ρ ∶= inf0≠y∈Y sup0≠x∈X
(Gx)(y)
∥x∥X∥y∥Y > 0,

iii. ∀0 ≠ x ∈X, ∃y ∈ Y , with (Gx)(y) ≠ 0.

Moreover, ∥G−1∥Y ′→X = 1
ρ .

Since G being boundedly invertible is equivalent to G′ being boundedly invertible,
the roles of X and Y in ii and iii can be interchanged.
To prove Theorem 2.3.8 we start with some preparations. First we will show that for
v ∈ H1

0,Γ+
(Ωh), the jump JvK, being a function on the skeleton ∂Ω○

h, is an element of

(H− 1
2 (∂Ω○

h))
′. In particular, using that for v ∈ H1

0(Ω) this jump is zero, we obtain
the following result.

Theorem 2.3.10. For v ∈H1
0,Γ+

(Ωh), it holds that JvK ∈ (H− 1
2 (∂Ω○

h))
′, and

∥JvK∥
(H− 1

2 (∂Ω○
h
))′

≂ inf
w∈H1

0(Ω)
∥v −w∥H1(Ωh) (v ∈H1

0,Γ+(Ωh)).

Proof. For v ∈H1
0,Γ+

(Ωh), q ∈H(div; Ω), we have

∫
∂Ω○

h

JvKq ⋅ n = ∑
K∈Ωh

∫
K
∇v ⋅ q + v div q ≲ ∥v∥H1(Ωh)∥q∥H(div;Ω), (2.22)

showing that ∥JvK∥
(H− 1

2 (∂Ω○
h
))′

≲ ∥v∥H1(Ωh).

Since for w ∈ H1
0(Ω) and q ∈ H(div; Ω), it holds that ∫Ω∇w ⋅ q + w div q = 0, it

follows that ∥JwK∥
(H− 1

2 (∂Ω○
h
))′

= 0. We infer that for v ∈H1
0,Γ+

(Ωh), ∥JvK∥(H− 1
2 (∂Ω○

h
))′

≲
infw∈H1

0(Ω) ∥v −w∥H1(Ωh).
Given v ∈ H1

0,Γ+
(Ωh), let w ∈ H1

0(Ω) be the solution of ∫Ω∇w ⋅ ∇φ = ∫Ω∇hv ⋅ ∇φ
(φ ∈H1

0(Ω)). Define τ ∶= ∇h(v −w). Then div τ = 0, and so

∥τ ∥2
L2(Ω)n = ∫

Ω
∇h(v −w) ⋅ τ = ∑

K∈Ωh

∫
∂K

(v −w)τ ⋅ nK = ∫
∂Ω○

h

JvKτ ⋅ n

=
∫∂Ω○

h
JvKτ ⋅ n

∥τ ∥H(div;Ω)
∥τ ∥H(div;Ω) ≤ ∥JvK∥

(H− 1
2 (∂Ω○

h
))′

∥τ ∥H(div;Ω),
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or ∥∇h(v −w)∥L2(Ω)n ≤ ∥JvK∥
(H− 1

2 (∂Ω○
h
))′
.

Since ∥v − w∥L2(Ω) ≤ ∥∇h(v − w)∥L2(Ω) + ∥JvK∥
(H− 1

2 (∂Ω○
h
))′

by Lemma 2.3.11 stated

below, the proof is completed.

Lemma 2.3.11 (Poincaré-type inequality, [27, Lemma 4.2]). It holds that

∥v∥L2(Ω) ≲ ∥∇hv∥L2(Ω) + ∥JvK∥
(H− 1

2 (∂Ω○
h
))′

(v ∈H1
0,Γ+(Ωh)).

Proof. For the reader’s convenience, we recall the proof from [27]. Given v ∈H1
0,Γ+

(Ωh),
let w ∈ H1

0(Ω) solve ∫Ω∇w ⋅ ∇φ = ∫Ω vφ (φ ∈ H1
0(Ω)). Then we have ∥∇w∥2

L2(Ω) ≤
∥v∥L2(Ω)∥w∥L2(Ω), and so ∥∇w∥L2(Ω) ≲ ∥v∥L2(Ω) by an application of the Poincaré
inequality on H1

0(Ω).
From

∥v∥2
L2(Ω) = ∫Ω

−v∆w = ∫
Ω
∇w ⋅ ∇hv − ∫

∂Ω○
h

JvK
∂w

∂n

≤ ∥∇w∥L2(Ω)∥∇hv∥L2(Ω) −
∫∂Ω○

h
JvK∂w∂n

∥∇w∥H(div;Ω)
∥∇w∥H(div;Ω)

≤ ∥∇w∥L2(Ω)∥∇hv∥L2(Ω) + ∥JvK∥
(H− 1

2 (∂Ω○
h
))′

∥∇w∥H(div;Ω),

∥∇w∥H(div;Ω) =
√

∥∇w∥2
L2(Ω)n + ∥v∥2

L2(Ω), and ∥∇w∥L2(Ω) ≲ ∥v∥L2(Ω), the proof fol-
lows.

A direct consequence of Theorem 2.3.10 is that ∥JvK∥
(H− 1

2 (∂Ω○
h
))′

≲ ∥v∥H1(Ωh) (v ∈

H1
0,Γ+

(Ωh)). Using in addition that A1,A2 ∈ L∞(Ω)n×n, c ∈ L∞(Ω), and b ∈ L∞(Ω)n,
the latter showing that ∣ ∫K div buv∣ ≲ ∥uv∥W 1

1 (K) ≲ ∥u∥H1(K)∥v∥H1(K) (cf. (2.12)), it
follows that B ∶ U → V ′ is bounded, i.e., condition i of Lemma 2.3.9 applied to G = B
is satisfied, and, moreover, that it holds true uniformly in h.

To show condition iii of Lemma 2.3.9, we will need a characterization of the dual of a
certain trace space. As an introduction, we recall some facts about quotient spaces.
For a normed linear space V , and a closed subspace M , the quotient space V /M
is equipped with ∥v∥V /M = inf{ṽ∈V ∶v−ṽ∈M} ∥ṽ∥H . If V is a Banach (Hilbert) space,
then so is V /M . With the annihilator M○ ∶= {f ∈ V ′ ∶ f(M) = {0}}, being a closed
subspace of V ′, we have (V /M)′ ≃M○.
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For a linear space W , let G ∈ B(V,W ), so that kerG is closed. From G ∶ V /kerG →
ranG being invertible, ∣∣∣Gv∣∣∣ ∶= ∥v∥V /kerG = inf{ṽ∈V ∶Gṽ=Gv} ∥ṽ∥V defines a norm on
ranG, and (ranG, ∣∣∣⋅∣∣∣) ≃ V /kerG. From ∥Gv∥W ≤ ∥G∥B(V,W )∣∣∣Gv∣∣∣, we have (ranG, ∣∣∣⋅∣∣∣)↪
W .
We are going to apply these facts in the following situation. Let Υ ⊂ Rn be a bounded
Lipschitz domain, and Ξ ⊂ ∂Υ with ∣Ξ∣ > 0. Setting Ξc = ∂Υ ∖ Ξ, the condition on Υ
ensures that the trace mapping v ↦ v∣Ξ ∈ B(H1

0,Ξc(Υ), L2(Ξ)). Its kernel is the space

H1
0(Υ). We define H

1
2
00(Ξ) ∶= {v∣Ξ ∶ v ∈H1

0,Ξc(Υ)}, equipped with

∥v∣Ξ∥
H

1
2
00(Ξ)

∶= inf
{ṽ∈H1

0,Ξc(Υ)∶ṽ∣Ξ=v∣Ξ}
∥ṽ∥H1(Υ).

i.e., H
1
2
00(Ξ) ≃ H1

0,Ξc(Υ)/H1
0(Υ) (↪ L2(Ξ), with the embedding being even dense),

and so (H
1
2
00(Ξ))′ ≃H1

0(Υ)○ (⊂H1
0,Ξc(Υ)′).

Lemma 2.3.12. For a bounded Lipschitz domain Υ ⊂ Rn, and Ξ ⊂ ∂Υ with ∣Ξ∣ > 0,

we have (H
1
2
00(Ξ))′ = {q ⋅ n∣Ξ ∶ q ∈H(div; Υ)}, and

∥q ⋅ n∣Ξ∥
(H

1
2
00(Ξ))′

= inf
{q̃∈H(div;Υ)∶q̃⋅n∣Ξ=q⋅n∣Ξ}

∥q̃∥H(div;Υ), (2.23)

i.e., (H
1
2
00(Ξ))′ ≃ H(div; Υ)/H0,Ξ(div; Υ), where H0,Ξ(div; Υ) ∶= {q ∈ H(div; Υ) ∶

q ⋅ n∣Ξ = 0}.

Proof. Given f ∈ (H
1
2
00(Ξ))′, define u ∈H1

0,Ξc(Υ) ⊂H1(Υ) by

∫
Υ
∇u ⋅ ∇v + uv = f(v∣Ξ) (v ∈H1

0,Ξc(Υ)). (2.24)

Then ∥u∥H1(Υ) = ∥f∥
(H

1
2
00(Ξ))′

. Since f(v∣Ξ) vanishes for v ∈ H1
0(Υ), setting q = ∇u,

we find div q = u, and so

∫
Υ

q ⋅ ∇v + v div q = f(v∣Ξ) (v ∈H1
0,Ξc(Υ)),

or q ⋅ n∣Ξ = f , and ∥q∥H(div;Υ) = ∥f∥
(H

1
2
00(Ξ))′

.

Given q ∈ H(div; Υ), f ∶= v ↦ ∫Ξ q ⋅ nv = ∫Υ q ⋅ ∇v + v div q ∈ (H1
0,Ξc(Υ))′, and

it vanishes on H1
0(Υ), i.e., f ∈ (H

1
2
00(Ξ))′. From ∣f(v)∣ ≤ ∥v∥H1(Υ)∥q∥H(div;Υ), i.e.,

∥f∥
(H

1
2
00(Ξ))′

≤ ∥q∥H(div;Υ), the proof is completed.
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Remark 2.3.13. Let H
1
2 (Ξ) ∶= {v∣Ξ ∶ v ∈H1(Υ)}, equipped with

∥v∣Ξ∥
H

1
2 (Ξ)

∶= inf
{ṽ∈H1(Υ)∶ṽ∣Ξ=v∣Ξ}

∥ṽ∥H1(Υ).

i.e., H
1
2 (Ξ) ≃ H1(Υ)/H1

0,Ξ(Υ). Then, in a similar way, one finds that H− 1
2 (Ξ) ∶=

(H
1
2 (Ξ))′ = {q ⋅ n∣Ξ ∶ q ∈H0,Ξc(div; Υ)}, and

∥q ⋅ n∣Ξ∥
H− 1

2 (Ξ)
= inf
{q̃∈H0,Ξc(div;Υ)∶q̃⋅n∣Ξ=q⋅n∣Ξ}

∥q̃∥H(div;Υ), (2.25)

i.e., H− 1
2 (Ξ) ≃H0,Ξc(div; Υ)/H0(div; Υ). A comparison of (2.23) with (2.25) confirms

that H− 1
2 (Ξ)↪ (H

1
2
00(Ξ))′, being a consequence of H

1
2
00(Ξ)↪H

1
2 (Ξ).

It is known that the embedding H
1
2
00(Ξ) ↪ H

1
2 (Ξ) is strict (see e.g. [33, Corol-

lary 1.4.4.5]), i.e., there is a sequence (un)n∈N ⊂ H
1
2
00(Ξ) with ∥un∥

H
1
2 (Ξ)

= 1 and

limn→∞ ∥un∥
H

1
2
00(Ξ)

= ∞. Consequently, also the embedding H− 1
2 (Ξ) ↪ (H

1
2
00(Ξ))′ is

strict.
Now we are ready to show condition iii of Lemma 2.3.9. Let (σ, u, θ) ∈ U with
b(σ, u, θ,τ , v) = 0 for all (τ , v) ∈ V . Then σ = A2∇u. By taking v ∈ H1

0(Ω), from
− ∫Ω ub ⋅ ∇v + divh buv = ∫Ω vb ⋅ ∇u −∑K∈Ωh ∫∂K uvb ⋅ nk = ∫Ω vb ⋅ ∇u, it follows that
∫Ω A∇u ⋅ ∇v + (b ⋅ ∇u + cu)v = 0, or, by (2.9), that u = 0, and so also σ = 0.
Writing θ = q∣∂Ω○

h
⋅n for q ∈H(div; Ω), from 0 = ∫∂Ω○

h
JvKq ⋅n = ∑K∈Ωh ∫K ∇v ⋅q+v div q

for all v ∈H1
0,Γ+

(Ωh), it follows that for any K ∈ Ωh,

0 = ∫
K
∇v ⋅ q + v div q = ∫

∂K∖Γ+
vq ⋅ nK (v ∈H1

0,∂K∩Γ+(K)).

Since v∣∂K∖Γ+ runs over H
1
2
00(∂K ∖ Γ+), and q∣K ∈ H(div;K), Lemma 2.3.12 shows

that q ⋅ nK vanishes on ∂K ∖ Γ+, and thus that θ = 0. We conclude that condition iii
of Lemma 2.3.9 is satisfied.
Remark 2.3.14. We just showed that for any 0 ≠ θ ∈ H− 1

2 (∂Ω○
h), there is a v ∈

H1
0,Γ+

(Ωh) with ∫∂Ω○
h
JvKθ ≠ 0. As a consequence of Theorem 2.3.8 (whose proof still

has to be completed), we even have that

inf
0≠θ∈H− 1

2 (∂Ω○
h
)

sup
0≠v∈H1

0,Γ+(Ωh)

∫∂Ω○
h
JvKθ

∥θ∥
H− 1

2 (∂Ω○
h
)
∥v∥H1(Ωh)

> 0.
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Since, on the other hand, as a consequence of Theorem 2.3.10, for any v ∈H1
0,Γ+

(Ωh)∖
H1

0(Ω), there exists a θ ∈H− 1
2 (∂Ω○

h) with ∫∂Ω○
h
JvKθ ≠ 0, we conclude that we have the

following relation between two function spaces on the skeleton ∂Ω○
h:

(H1
0,Γ+(Ωh)/H1

0(Ω))′ ≃H(div; Ω)/{q ∈H(div; Ω) ∶ q∣∂Ω○
h
⋅ n = 0}. (2.26)

(So also for ∣Γ+∣ > 0, i.e., when a non-neglectable part of ∂Ω is excluded from the skele-
ton, no boundary conditions should be included in H(div; Ω), actually contradicting
[3, Prop. 2.1].) Note that (2.26) extends upon Theorem 2.3.10.

To verify the remaining condition ii of Lemma 2.3.9, we need the following auxiliary
result.

Lemma 2.3.15. The linear mappings

L2(Ω)n ×H1
0(Ω)→ (L2(Ω)n ×H1

0(Ω))′ ∶

{ (σ, u)→ [(τ , v)↦ ∫Ω(σ −A2∇u) ⋅ τ +A1σ ⋅ ∇v + (b ⋅ ∇u + cu)v]
(τ , v)→ [(σ, u)↦ ∫Ω σ ⋅ τ −A1σ ⋅ ∇v +A2∇u ⋅ τ + (b ⋅ ∇u + cu)v]

are boundedly invertible.

Proof. Clearly both mappings are bounded. Given f ∈ L2(Ω)n and g ∈ H−1(Ω), the
problems of finding σ ∈ L2(Ω)n and u ∈H1

0(Ω) such that

∫
Ω
(σ−A2∇u) ⋅τ +A1σ ⋅∇v+ (b ⋅∇u+ cu)v = f(τ )+g(v) (τ ∈ L2(Ω)n, v ∈H1

0(Ω)),

or that of finding τ ∈ L2(Ω)n and v ∈H1
0(Ω) such that

∫
Ω
σ ⋅τ −A1σ ⋅∇v+A2∇u ⋅τ +(b ⋅∇u+cu)v = f(σ)+g(u) (σ ∈ L2(Ω)n, u ∈H1

0(Ω)),

are equivalent to solving

σ −A2∇u = f , (Lu)(v) = g(v) − f(A⊺
1∇v) (v ∈H1

0(Ω)), or

τ −A⊺
1∇v = f , (L′v)(u) = g(u) − f(A2∇u) (u ∈H1

0(Ω)),

respectively. The boundedness of L−1 ∶ H−1(Ω) → H1
0(Ω) ((2.9)), and thus of L′−1 ∶

H−1(Ω)→H1
0(Ω), shows that both problems have a unique solution with ∥σ∥L2(Ω)n+

∥u∥H1(Ω) ≲ ∥g∥H−1(Ω)+∥f∥L2(Ω)n , or ∥τ ∥L2(Ω)n +∥v∥H1(Ω) ≲ ∥g∥H−1(Ω)+∥f∥L2(Ω)n .
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2.3. Variational formulations of second order elliptic boundary value problems
in mixed form

Having verified the conditions i, uniformly in h, and iii of Lemma 2.3.9, the proof of
Theorem 2.3.8 is completed by the following result, being condition ii of Lemma 2.3.9,
uniformly in h.

Theorem 2.3.16. One has inf
h

inf
0≠(τ ,v)∈V

sup
0≠(σ,u,θ)∈U

b(σ, u, θ,τ , v)
∥(σ, u, θ)∥U∥(τ , v)∥V

> 0.

Proof. Let 0 ≠ (τ , v) ∈ L2(Ω)n ×H1
0,Γ+

(Ωh) be given. We solve (τ 1, v1) ∈ L2(Ω)n ×
H1

0(Ω) from

{ ∫Ω σ ⋅ τ 1 −A1σ ⋅ ∇v1 = − ∫Ω A1σ ⋅ ∇hv,
∫Ω A2∇u ⋅ τ 1 + (b ⋅ ∇u + cu)v1 = ∫Ω(c − divh b)vu − ub ⋅ ∇hv.

(2.27)

(σ ∈ L2(Ω)n, u ∈ H1
0(Ω)). The estimates ∣ ∫Ω A1σ ⋅ ∇hv∣ ≲ ∥v∥H1(Ωh)∥σ∥L2(Ω)n and

∣ ∫Ω(c − divh b)vu − ub ⋅ ∇hv∣ ≲ ∥v∥H1(Ωh)∥u∥H1(Ω), i.e., the boundedness of the func-
tionals at the right-hand sides, together with Lemma 2.3.15 (second mapping) show
that there exists a (unique) solution (τ 1, v1) with ∥τ 1∥L2(Ω)n +∥v1∥H1(Ω) ≲ ∥v∥H1(Ωh),
and so ∥τ 1∥L2(Ω)n + ∥v1 − v∥H1(Ωh) ≲ ∥v∥H1(Ωh).
From

−∫
Ω
vudivh b = ∑

K∈Ωh

∫
K

b ⋅ (u∇v + v∇u) − ∫
∂K

vub ⋅ nk

= ∫
Ω

b ⋅ (u∇hv + v∇u) − ∫
∂Ω○

h

JvKub ⋅ n,

and Jv1K = 0, it follows that an equivalent formulation of (2.27) is

{ ∫Ω A1σ ⋅ ∇h(v − v1) −σ ⋅ τ 1 = 0 (σ ∈ L2(Ω)n),
∫Ω A2∇u ⋅ τ 1 + (v1 − v)(b ⋅ ∇u + cu) + ∫∂Ω○

h
Jv − v1Kub ⋅ n = 0 (u ∈H1

0(Ω)),

so that v1 = v and τ 1 = 0 when v ∈H1
0(Ω). By Theorem 2.3.10, we conclude that

∥τ 1∥L2(Ω)n + ∥v1 − v∥H1(Ωh) ≲ inf
w∈H1

0(Ω)
∥v −w∥H1(Ωh) ≂ ∥JvK∥

(H− 1
2 (∂Ω○

h
))′
, and so

∥τ ∥L2(Ω)n + ∥v∥H1(Ωh) ≲ ∥τ − τ 1∥L2(Ω)n + ∥v1∥H1(Ω) + ∥JvK∥
(H− 1

2 (∂Ω○
h
))′
. (2.28)

Substitution of the equations from (2.27) in the definition of b shows that for all
(σ, u, θ) ∈ U ,

b(σ, u, θ,τ , v) = ∫
Ω
(σ −A2∇u) ⋅ (τ − τ 1) +A1σ ⋅ ∇v1 + (b ⋅ ∇u + cu)v1 + ∫

∂Ω○
h

JvKθ.
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

From Lemma 2.3.15 (first mapping) and Lemma 2.3.9, it follows that there exists an
absolute constant ρ > 0, and (σ, u) ∈ L2(Ω)n ×H1

0(Ω) with ∥σ∥2
L2(Ω)n + ∥u∥2

H1(Ω) =
∥τ − τ 1∥2

L2(Ω)n + ∥v1∥2
H1(Ω) and

ρ[∥τ −τ 1∥2
L2(Ω)n + ∥v1∥2

H1(Ω)] ≤ ∫
Ω
(σ −A2∇u) ⋅ (τ −τ 1)+A1σ ⋅ ∇v1 + (b ⋅ ∇u+ cu)v1.

By definition of a dual space, there exists a θ ∈ H− 1
2 (∂Ω○

h) with ∥θ∥
H− 1

2 (∂Ω○
h
)
=

∥JvK∥
(H− 1

2 (∂Ω○
h
))′

and ∥JvK∥2

(H− 1
2 (∂Ω○

h
))′

= ∫∂Ω○
h
JvKθ. We conclude that

min(ρ,1)
√

∥τ − τ 1∥2
L2(Ω)n + ∥v1∥2

H1(Ω) + ∥JvK∥2

(H− 1
2 (∂Ω○

h
))′

≤ b(σ, u, θ,τ , v)
√

∥σ∥2
L2(Ω)n + ∥u∥2

H1(Ω) + ∥θ∥2

H− 1
2 (∂Ω○

h
)

,

which, together with (2.28), completes the proof.

2.3.4 Error estimates

Given f ∈ H1
0,Γ+

(Ωh)′, let (σ, u, θ) ∈ U = L2(Ω)n × H1
0(Ω) × H− 1

2 (∂Ω○
h) denote the

exact solution of the mild-weak formulation (2.14), and for some closed trial space
Uh ⊂ U , let (σh, uh, θh) ∈ Uh denote its Petrov-Galerkin approximation with optimal
test space Vh.
We will use the notation

W s
p (div; Υ) = {v ∈W s

p (Υ)n ∶ div v ∈W s
p (Υ)},

equipped with norm ∥v∥W s
p (div;Υ) = (∥v∥p

W s
p (Υ)n

+ ∥div v∥p
W s

p (Υ)
)

1
p , with the usual

adaptation for p =∞. The space W s
2 (div; Υ) will be denoted as Hs(div; Υ), so that

in particular H0(div; Υ) =H(div; Υ).
In the following we think of Σh ⊂ L2(Ω)n and Ph ⊂ H1

0(Ω) being common finite
element spaces w.r.t. Ωh of order k and k + 1, respectively, and Qh ⊂ H(div; Ω),
typically being a Raviart-Thomas space w.r.t. Ωh of order k. We assume that Ωh is
quasi-uniform, shape-regular, with mesh-size h.
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2.3. Variational formulations of second order elliptic boundary value problems
in mixed form

Proposition 2.3.17. For a k ∈ N = {1,2, . . .}, let c ∈ W k
∞(Ω), b ∈ W k

∞(div; Ω),
and A1,A2 ∈ W k

∞(Ω)n×n. Let f ∈ Hk(Ω) and u ∈ Hk+1(Ω). Let Σh ⊂ L2(Ω)n,
Ph ⊂H1

0(Ω), and Qh ⊂H(div; Ω) with

inf
σ̂h∈Σh

∥σ̂ − σ̂h∥L2(Ω)n ≲ h
k∥σ̂∥Hk(Ω)n (σ̂ ∈Hk(Ω)n), (2.29)

inf
ûh∈Ph

∥û − ûh∥H1(Ω) ≲ hk∥û∥Hk+1(Ω) (û ∈Hk+1(Ω) ∩H1
0(Ω)), (2.30)

inf
qh∈Qh

∥q − qh∥H(div;Ω) ≲ hk∥q∥Hk(div;Ω) (q ∈Hk(div; Ω)). (2.31)

Then with Uh = Σh × Ph × {qh∣∂Ω○
h
⋅ n ∶ qh ∈ Qh}, the Petrov-Galerkin approximation

with optimal test space Vh satisfies

∥σ −σh∥L2(Ω)n + ∥u − uh∥H1(Ω) + ∥θ − θh∥
H− 1

2 (∂Ω○
h
)
≲ hk[∥u∥Hk+1(Ω) + ∥f∥Hk(Ω)].

Proof. As shown in Proposition 2.2.1, the Petrov-Galerkin solution (σh, uh, θh) with
optimal test space Vh is the best approximation from Uh to (σ, u, θ) in energy norm
∥ ⋅∥E = ∥B ⋅∥V ′ . Since, as shown in Theorem 2.3.8, B ∶ U → V ′ is boundedly invertible,
uniformly in h, we infer that, up to some constant multiple, this Petrov-Galerkin
solution realizes the smallest error from Uh w.r.t ∥ ⋅ ∥U .
We have σ = A2∇u, and, from f ∈ L2(Ω), θ = (ub −A1σ)∣∂Ω○

h
⋅ n and −div A1σ + b ⋅

∇u + cu = f (cf. Remark 2.3.4).
From A1,A2 ∈W k

∞(Ω)n×n, b ∈W k
∞(Ω)n, we have ∥σ∥Hk(Ω)n ≲ ∥u∥Hk+1(Ω) and ∥ub −

A1σ∥Hk(Ω)n ≲ ∥u∥Hk+1(Ω). By div(ub−A1σ) = b⋅∇u+udiv b+f−b⋅∇u−cu = udiv b+
f − cu, and div b, c ∈W k

∞(Ω), we have ∥div(ub−A1σ)∥Hk(Ω) ≲ ∥u∥Hk(Ω) + ∥f∥Hk(Ω).
The proof is completed by the approximation properties of the spaces Σh, Ph, and
Qh.

Apart from the additional smoothness condition on f , that is usually harmless, note
that the regularity condition on u is the mildest one that can be expected in view of
the convergence order that is realized.
Although, to establish well-posedness of the continuous variational problem (2.14),
it was needed to treat θ = (ub − A1σ)∣∂Ω○

h
⋅ n as an independent variable, it is not

necessary to do so with its Petrov-Galerkin discretization:

Proposition 2.3.18. For a k ∈ N = {1,2, . . .}, let c ∈ W k
∞(Ω), b ∈ W k

∞(div; Ω),
A−1

1 ∈ L∞(Ω)n×n, and A ∈ W k
∞(Ω)n×n. Let f ∈ Hk(Ω) and u ∈ Hk+1(Ω). Let

Ph ⊂H1
0(Ω) and Qh ⊂H(div; Ω) satisfy (2.30) and (2.31), respectively.

29



2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

Then the Petrov-Galerkin approximation from

Uh ∶= {(A−1
1 σ̂h, ûh, (ûhb − σ̂h)∣∂Ω○

h
⋅ n) ∶ (σ̂h, ûh) ∈ Qh × Ph},

with optimal test space Vh, satisfies

∥σ −σh∥L2(Ω)n + ∥u − uh∥H1(Ω) + ∥θ − θh∥
H− 1

2 (∂Ω○
h
)
≲ hk[∥u∥Hk+1(Ω) + ∥f∥Hk(Ω)].

Proof. The proof follows from θ = (ub −A1σ)∣∂Ω○
h
⋅ n, and so

inf
(σ̂h,ûh,θ̂h)∈Uh

∥σ −A−1
1 σ̂h∥L2(Ω)n + ∥u − ûh∥H1(Ω) + ∥θ − θ̂h∥

H− 1
2 (∂Ω○

h
)

≤ inf
(σ̂h,ûh)∈Qh×Ph

∥A−1
1 ∥L∞(Ω)n×∥A1σ − σ̂h∥L2(Ω)n + ∥u − ûh∥H1(Ω)

+ ∥(u − ûh)b∥H(div;Ω) + ∥A1σ − σ̂h∥H(div;Ω)

≲ hk[∥u∥Hk+1(Ω) + ∥f∥Hk(Ω)],

similarly to the proof of Proposition 2.3.17, by using A1σ = A∇u and div A1σ =
b ⋅ ∇u + cu − f .

Note that a price that has to be paid for the avoidance of an independent discrete
flux variable is that the space Qh for σh used in Proposition 2.3.18 is richer than
that is needed for the approximation of σ itself.

Remark 2.3.19. If, instead of A−1
1 ∈ L∞(Ω)n×n and A ∈ W k

∞(Ω)n×n, we impose that
A1,A2 ∈ W k

∞(Ω)n×n and A1 be scalar valued, so that multiplication with A1 maps
H(div; Ω) into itself, then the statement of Proposition 2.3.18 is also valid with Uh
reading as {(σ̂h, ûh, (ûhb −A1σ̂h)∣∂Ω○

h
⋅ n) ∶ (σ̂h, ûh) ∈ Qh × Ph}.

2.4 Higher order rates in a weaker norm

For the optimal Petrov-Galerkin discretization of the mild-weak formulation (2.14),
we demonstrate higher order rates in a weaker norm by applying a duality argument.
The common ingredients are regularity of the adjoint equation (Lemma 2.4.1), for
which we will need H2(Ω)-regularity of the adjoint of the original boundary value
problem (2.8), and an approximation property of the optimal test space Vh = ranT ∣Uh

.
For the latter we will use H2(Ω)-regularity of the primal version of the original
boundary value problem (Lemma 2.4.2).

30



2.4. Higher order rates in a weaker norm

Lemma 2.4.1. Let A1,A2 ∈ W 1
∞(Ω)n×n and (L′)−1 ∶ L2(Ω) → H2(Ω) ∩H1

0(Ω) be
bounded. Then for ψ ∈ H1(Ω)n and φ ∈ L2(Ω), the solution (τ , v) ∈ V = L2(Ω)n ×
H1

0,Γ+
(Ωh) of

b(σ, u, θ,τ , v) = ∫
Ω
ψ ⋅σ + φu ((σ, u, θ) ∈ U = L2(Ω)n ×H1

0(Ω) ×H− 1
2 (∂Ω○

h))

is in H1(Ω)n × (H2(Ω) ∩H1
0(Ω)), and

∥τ ∥H1(Ω)n + ∥v∥H2(Ω) ≲ ∥ψ∥H1(Ω)n + ∥φ∥L2(Ω).

Proof. The system of equations reads as
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∫Ω −A2∇u ⋅ τ − ub ⋅ ∇hv + (c − divh b)uv = ∫Ω φu (u ∈H1
0(Ω)),

∫Ω σ ⋅ τ +A1σ ⋅ ∇hv = ∫Ωψ ⋅σ (σ ∈ L2(Ω)n),
∫∂Ω○

h
JvKθ = 0 (θ ∈H− 1

2 (∂Ω○
h)),

and so τ = ψ − A⊺
1∇hv. By substituting this, and by using that ∫Ω −uv divh b =

∫Ω b ⋅ (v∇u + u∇hv) − ∫∂Ω○
h
JvKub ⋅ n, we obtain the equivalent system

⎧⎪⎪⎨⎪⎪⎩

∫Ω A∇u ⋅ ∇hv + vb ⋅ ∇u + cuv = ∫Ω φu +A2∇u ⋅ ψ (u ∈H1
0(Ω)),

∫∂Ω○
h
JvKθ = 0 (θ ∈H− 1

2 (∂Ω○
h)).

By our assumption on A2, ∫Ω A2∇u ⋅ ψ = − ∫Ω udiv A⊺
2ψ, and ∥φ − div A⊺

2ψ∥L2(Ω) ≲
∥φ∥L2(Ω) + ∥ψ∥H1(Ω). We conclude that the solution of the last system is given by
v = (L′)−1(φ − div A⊺

2ψ) which completes the proof.

Knowing that our mapping B ∶ U → V ′ is boundedly invertible, the corresponding
mapping T ∶ U → V is boundedly invertible. In the next lemma, we will show that T
is regular, in the sense that T−1 maps, boundedly, a subspace of smooth functions of
V into a subspace of smooth functions of U .

Lemma 2.4.2. Let A1,A2 ∈ W 1
∞(Ω)n×n, b ∈ W 1

∞(div; Ω), and c ∈ W 1
∞(Ω), and let

L−1 ∶ L2(Ω) → H2(Ω) ∩H1
0(Ω) be bounded. Then for (τ , v) ∈ H1(Ω)n ×H2(Ω), the

solution (σ, u, θ) ∈ U = L2(Ω)n ×H1
0(Ω) ×H− 1

2 (∂Ω○
h) of

b(σ, u, θ, τ̂ , v̂) = ⟨τ , τ̂⟩L2(Ω)n + ⟨v, v̂⟩H1(Ωh) ((τ̂ , v̂) ∈ L2(Ω)n ×H1
0,Γ+(Ωh)) (2.32)

satisfies σ ∈H1(Ω)n, u ∈H2(Ω) ∩H1
0(Ω), and θ = q∣∂Ω○

h
⋅n for some q ∈H1(div; Ω),

with
∥σ∥H1(Ω)n + ∥u∥H2(Ω) + ∥q∥H1(div;Ω) ≲ ∥τ ∥H1(Ω)n + ∥v∥H2(Ω). (2.33)
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

Remark 2.4.3. If, additionally, v = 0 on Γ+, then v ∈ H1
0,Γ+

(Ωh), and so (σ, u, θ) =
T −1(τ , v).

Proof. Let u solve Lu = div A1τ+v−∆v, σ ∶= A2∇u+τ , and q ∶= ub−A∇u−A1τ+∇v.
Then from the assumptions, we have u ∈ H2(Ω) ∩H1

0(Ω), σ ∈ H1(Ω)n, q ∈ H1(Ω)n,
and div q = udiv b + b ⋅ ∇u − div A∇u − div A1τ +∆v = udiv b + v − cu ∈H1(Ω), and
(2.33) is valid.
The definitions of u and θ = q∣∂Ω○

h
⋅ n show that

∫
Ω
(−div A∇u + b ⋅ ∇u + cu)v̂+∫

∂Ω○
h

Jv̂K(θ + (A∇u +A1τ − ub −∇v) ⋅ n)

= ∫
Ω
(div A1τ + v −∆v)v̂ (v̂ ∈H1

0,Γ+(Ωh)),

or, in other words,

∫
Ω
−div(A∇u +A1τ − ub)v̂+(c − divh b)v̂ + ∫

∂Ω○
h

Jv̂K(θ + (A∇u +A1τ − ub) ⋅ n)

= ∫
Ω
(v −∆v)v̂ + ∫

∂Ω○
h

∂v

∂n
Jv̂K (v̂ ∈H1

0,Γ+(Ωh)).

By applying integration by parts at both sides, we arrive at

∫
Ω
(A∇u +A1τ − ub) ⋅ ∇hv̂ + (c − divh b)v̂ +∫

∂Ω○
h

Jv̂Kθ = ⟨v, v̂⟩H1(Ωh) (v̂ ∈H
1
0,Γ+(Ωh)),

or, by definition of σ,

∫
Ω
(σ−A2∇u)⋅τ̂+(A1σ−ub)⋅∇hv̂+(c−divh b)v̂+∫

∂Ω○
h

Jv̂Kθ = ⟨v, v̂⟩H1(Ωh)+⟨τ , τ̂⟩L2(Ω)n

((τ̂ , v̂) ∈ L2(Ω)n ×H1
0,Γ+

(Ωh)), which is (2.32).

As a corollary, we will see that approximation properties of Uh give rise to approxi-
mation properties of the optimal test space Vh.

Corollary 2.4.4. Let Uh ⊂ U be such that for σ ∈ H1(Ω)n, u ∈ H2(Ω) ∩ H1
0(Ω),

θ = q∣∂Ω○
h
⋅ n with q ∈H1(div; Ω),

inf
(σh,uh,θh)∈Uh

∥σ−σh∥L2(Ω)n + ∥u − uh∥H1(Ω) + ∥θ − θh∥
H− 1

2 (∂Ω○
h
)

≲ h[∥σ∥H1(Ω)n + ∥u∥H2(Ω) + ∥q∥H1(div;Ω)].

32



2.4. Higher order rates in a weaker norm

Then, under the conditions of Lemma 2.4.2, it holds for (τ , v) ∈H1(Ω)n × (H2(Ω) ∩
H1

0,Γ+
(Ωh)), that

inf
(τh,vh)∈Vh

∥τ − τ h∥L2(Ω)n + ∥v − vh∥H1(Ωh) ≲ h[∥τ ∥H1(Ω)n + ∥v∥H2(Ω)].

Proof. Let (σ, u, θ) = T−1(τ , v), and θ = q∣∂Ω○
h
⋅ n as in Lemma 2.4.2. Then, from

Vh = ranT ∣Uh
,

inf
(τh,vh)∈Vh

∥(τ , v) − (τ h, vh)∥V ≂ inf
(σh,uh,θh)∈Uh

∥(σ, u, θ) − (σh, uh, θh)∥U

≲ h[∥σ∥H1(Ω)n + ∥u∥H2(Ω) + ∥q∥H1(div;Ω)] ≲ h[∥τ ∥H1(Ω)n + ∥v∥H2(Ω)],

by Lemma 2.4.2.

Having established regularity of the adjoint equation and approximation properties of
the optimal test space Vh, we are ready to derive improved error estimates in weaker
norms by applying a duality argument.

Theorem 2.4.5. Let A1,A2 ∈ W 1
∞(Ω)n×n, b ∈ W 1

∞(div; Ω), and c ∈ W 1
∞(Ω). Let

L−1, (L′)−1 ∶ L2(Ω) → H2(Ω) ∩H1
0(Ω) be bounded, and let Uh ⊂ U be such that for

σ ∈H1(Ω)n, u ∈H2(Ω) ∩H1
0(Ω), θ = q∣∂Ω○

h
⋅ n with q ∈H1(div; Ω),

inf
(σh,uh,θh)∈Uh

∥σ−σh∥L2(Ω)n + ∥u − uh∥H1(Ω) + ∥θ − θh∥
H− 1

2 (∂Ω○
h
)

≲ h[∥σ∥H1(Ω)n + ∥u∥H2(Ω) + ∥q∥H1(div;Ω)].
(2.34)

Then for (σ, u, θ) ∈ L2(Ω)n ×H1
0(Ω) ×H− 1

2 (∂Ω○
h) being the exact solution of (2.14),

and (σh, uh, θh) ∈ Uh its Petrov-Galerkin approximation with optimal test space Vh,
we have

∥σ−σh∥(H1(Ω)n)′+∥u−uh∥L2(Ω) ≲ h[∥σ−σh∥L2(Ω)n+∥u−uh∥H1(Ω)+∥θ−θh∥H− 1
2 (∂Ω○

h
)
].

Proof. Given ψ ∈H1(Ω)n and φ ∈ L2(Ω), let (τ , v) ∈ V = L2(Ω)n ×H1
0,Γ+

(Ωh) denote
the solution of

b(σ̂, û, θ̂,τ , v) = ∫
Ω
ψ ⋅ σ̂+φû ((σ̂, û, θ̂) ∈ U = L2(Ω)n×H1

0(Ω)×H− 1
2 (∂Ω○

h)). (2.35)
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2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

Then

∫
Ω
ψ ⋅ (σ −σh) + φ(u − uh) = b(σ −σh, u − uh, θ − θh,τ , v)

= inf
(τh,vh)∈Vh

b(σ −σh, u − uh, θ − θh,τ − τ h, v − vh)

≲ [∥σ −σh∥L2(Ω)n + ∥u − uh∥H1(Ω) + ∥θ − θh∥
H− 1

2 (∂Ω○
h
)
] × h[∥ψ∥H1(Ω)n + ∥φ∥L2(Ω)],

by applications of Corollary 2.4.4 and Lemma 2.4.1, from which the result follows.

The assumption (2.34) corresponds to the approximation assumptions on Uh from
Proposition 2.3.17 for k = 1.

Remark 2.4.6. If (2.34) would be needed only for θ = (ub − A1σ)∣∂Ω○
h
⋅ n, then,

alternatively, the space Uh from Proposition 2.3.18 or Remark 2.3.19 could be applied.
Considering the proof of Corollary 2.4.4, however, for (τ , v) ∈ H1(Ω)n ×H2(Ω) and
(σ, u, θ) = T−1(τ , v), the case θ = (ub −A1σ)∣∂Ω○

h
⋅n corresponds to (∇v)∣∂Ω○

h
⋅n = 0,

which can only be expected when v = 0. In the proof of Theorem 2.4.5, only for
φ = div A⊺

2ψ, the v-component of the solution of (2.35) is zero. With this restriction
on φ, this proof does not yield useful estimates for σ − σh or u − uh. We conclude
that for the space Uh from Proposition 2.3.18, i.e., without an independent discrete
flux variable, we have not established improved error estimates in norms weaker than
that on U .

2.5 Convection dominated convection-diffusion prob-
lem

In the remainder of this chapter, we consider (2.8) with A = A(ε) = ε Id for ε > 0,
and c = 0, i.e.,

{ −ε∆u + b ⋅ ∇u = f on Ω,
u = 0 on ∂Ω.

(2.36)

2.5.1 Numerical test in one dimension

In this section we will see that a straightforward application of the Petrov-Galerkin
discretizations with optimal test spaces of the mild, mild-weak and ultra-weak vari-
ational formulations of the mixed system do not yet yield satisfactory results for a
near-vanishing diffusion.
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2.5. Convection dominated convection-diffusion problem

We tested the three formulations as well as the Galerkin discretization of the standard
variational formulation of the non-mixed system, all for the one-dimensional equation

{ −εu′′ + u′ = f on Ω,
u = 0 on ∂Ω,

where f(x) = x, and Ωh = {((i − 1)h, ih) ∶ 1 ≤ i ≤ h−1 =∶ n ∈ N}. One directly verifies
that u(x) = 1

2x
2 + εx + (1

2 + ε)(e
x/ε − 1)/(1 − e1/ε), which has a “layer” at the outflow

boundary x = 1.
For the mild-weak formulation, we took Γ+ = ∅, and so ∂Ω○

h = {ih ∶ 0 ≤ i ≤ n},
A2(ε) = A(ε) = ε, and thus A1(ε) = 1, discontinuous piecewise linears for σh, and
continuous piecewise linears, zero at {0,1}, for uh, and θh ∈ {g ∶ ∂Ω○

h → R} ≃ Rn+1. We
replaced the standard squared norm ∑ni=1 ∥v∥2

H1((i−1)h,ih) on H
1(Ωh) by the uniformly

equivalent one ∑ni=1 ∣v∣2H1((i−1)h,ih) + h∣v(ih
−)∣2, with which, in this one-dimensional

setting, the optimal test functions could be determined analytically from (2.18).
For the ultra-weak formulation, we used discontinuous piecewise linears for σh and
uh, θh ∈ Rn+1, and %h ∈ Rn−1. For determining the optimal test functions, we used
the norms on the broken H(div; Ωh) and H1(Ωh) spaces as in [26, (4.8)] that allow
to find the optimal test functions analytically.
Finally, for the Galerkin method, we took continuous piecewise linear trial functions.
In Figure 2.1, the L2(0,1)-errors in uh vs. 1/h are given for ε = 10−4. The curves for
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Figure 2.1: L2(0,1)-error in uh vs. 1/h in the Galerkin, and in the Petrov-Galerkin ap-
proximations (mild/mild-weak, and ultra-weak) for the one-dimensional convection-
diffusion equation with ε = 10−4.
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the mild and mild-weak Petrov-Galerkin solutions are indistinguishable, although the
solutions are actually not equal. For small h, the ultra-weak Petrov-Galerkin solution
suffers from instabilities caused by very ill-conditioned linear systems.
Exact and approximate solutions u and uh for h = 1

16 and ε = 10−4 are shown in Fig-
ure 2.2. The left picture in Figure 2.2 confirms the familiar fact that for relatively large
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Figure 2.2: Exact solution u and the Galerkin (left), mild/mild-weak, and ultra-weak
Petrov-Galerkin approximations uh for h = 1

16 and ε = 10−4.

mesh-sizes, the Galerkin approximations are unstable. Since the Petrov-Galerkin dis-
cretizations with optimal test-spaces minimize the residual in some norm, as expected
they are more stable. On the other hand, initially, i.e., for relatively large h, also the
Petrov-Galerkin discretizations do not yield quasi-optimal approximations from the
trial space.
The latter can be understood by noticing that the Petrov-Galerkin methods minimize
the error over the trial space in ∥B ⋅ ∥V ′ , where B ∶ U → V ′ is the operator associated
to the bilinear form. From the variational problem not being well-posed for ε =
0, we infer that limε↓0 inf0≠u∈U ∥Bu∥V ′/∥u∥U = 0. Consequently, for small ε, some
components of the difference between the solution and an approximation from the
trial space Uh, typically near-constants, are hardly measured in ∥B ⋅ ∥V ′ , and therefore
they will hardly be reduced in the least-squares minimization, cf. [20]. This results
in Petrov-Galerkin approximations that have some oscillations at out- and inflow
boundaries. These oscillations, however, are much smaller than with the Galerkin
solution.
A way to improve results for the Petrov-Galerkin discretizations is to change the
norm on V . Since for any fixed ε > 0, B ∶ U → V ′, and so B′ ∶ V → U ′ are boundedly
invertible, ∥B′ ⋅ ∥U ′ defines a norm on V . Equipping V ′ with the corresponding dual
norm, one infers that ∥B ⋅∥V ′ = ∥⋅∥U , so that an optimal Petrov-Galerkin method yields
the best approximation from the trial space to u w.r.t. the original (ε-independent)
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2.5. Convection dominated convection-diffusion problem

norm ∥ ⋅ ∥U on U . For this reason, the norm ∥B′ ⋅ ∥U ′ on V is called the optimal test
norm. Such an approach has been investigated in a somewhat different context in
[23, 20], and for the ultra-weak formulation in [28].
Unfortunately, it turns out that for the resulting optimal Petrov-Galerkin discretiza-
tion of the ultra-weak formulation, the variational problems on V , that determine
the optimal test functions, are singularly perturbed ones with solutions that exhibit
boundary layers, which for ε ↓ 0 are increasingly difficult to resolve with a sufficient
accuracy. Therefore, modified methods are proposed that aim at finding a good com-
promise between obtaining a best approximation in a nearly ε-independent norm, and
getting easy-to-solve variational problems for the test functions. In [17], additionally
it was proposed to modify the boundary condition at the inflow boundary to ensure
that solutions of the dual problem have no boundary layers.
Inspired by [20], the approach that we will investigate for the convection-dominated
case is based on the observation that to avoid that a numerical solution method looses
convergence or becomes increasingly more costly when ε ↓ 0, a necessary condition
is that the scheme is well-defined and convergent in the limit case ε = 0. Since the
latter requires that this limit problem is well-posed, in the next subsection we start
with studying variational formulations of the pure-convection problem.

2.5.2 Limit problem: Pure convection

We are searching for a variational formulation of the convection-diffusion problem
in mixed form that is also well-defined in the limit case ε = 0. This can only be
expected when (2.36) for ε = 0 allows a well-posed variational formulation, which
is only possible when for ε = 0 the homogeneous Dirichlet boundary conditions are
restricted to the inflow boundary. We set

Γ− ∶= {x ∈ ∂Ω ∶ b(x) ⋅ n(x) < 0}, Γ+ ∶= {x ∈ ∂Ω ∶ b(x) ⋅ n(x) > 0}, (2.37)

and with that fix the skeleton ∂Ω○
h = ∪K∈Ωh

∂K/Γ+.
Canonical variational formulations of the convection problem are finding u, zero on
Γ−, such that

∫
Ω
vb ⋅ ∇u = ∫

Ω
fv

for all test functions v, or finding u such that

−∫
Ω
udiv(vb) = ∫

Ω
fv

37



2. A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form

for all test functions v that vanish at Γ+. To arrive at the second formulation by using
integration by parts, we used that ∫∂Ω∖Γ+

uvb ⋅ n vanishes because of the Dirichlet
boundary condition on Γ− –which with this formulation is a natural one–, and by
b ⋅ n = 0 on ∂Ω ∖ (Γ+ ∪ Γ−).
Relevant Hilbert spaces for these variational formulations are

H(b; Ω) ∶= {u ∈ L2(Ω) ∶ b ⋅ ∇u ∈ L2(Ω)},

equipped with ∥u∥2
H(b;Ω) ∶= ∥u∥2

L2(Ω) + ∥b ⋅ ∇u∥2
L2(Ω), its closed subspace

H0,Γ−(b; Ω) ∶= closH(b;Ω){u ∈ C(Ω̄) ∩H(b; Ω) ∶ u = 0 on Γ−},

and H0,Γ+(b; Ω) defined analogously.
In this subsection, we assume that b ∈W∞(div; Ω), and that

H0,Γ−(b; Ω)→ L2(Ω) ∶ u↦ b ⋅ ∇u is boundedly invertible, (2.38)
H0,Γ+(b; Ω)→ L2(Ω) ∶ v ↦ −div vb is boundedly invertible. (2.39)

These latter two assumptions are readily verified for non-zero, constant b, but are not
satisfied for any vector field b, as when flow curves associated to ±b do not reach the
boundary. The assumptions (2.38) and (2.39) mean that the first or second variational
form associated to the convection problem is well-posed over H0,Γ−(b; Ω) ×L2(Ω) or
L2(Ω) × H0,Γ+(b; Ω), respectively. Sufficient conditions on b and Γ− for (2.38) or
(2.39) to be valid can be found in [47].
Piecewise integration by parts of the convection equation leads to the following prob-
lem

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

With U0 ∶= L2(Ω) ×H(b;∂Ω○
h), V

0 ∶=H0,Γ+(b; Ωh),
given f ∈H0,Γ+(b; Ωh)′,find (u0, θ0) ∈ U0 such that for all v ∈ V 0,
b(u0, θ0, v) ∶= ∫Ω −u

0(b ⋅ ∇hv − v div b) + ∫∂Ω○
h
JvKθ0 = f(v).

(2.40)

Here H0,Γ+(b; Ωh) is the closure in {v ∈ L2(Ω) ∶ b ⋅ ∇hv ∈ L2(Ω)} –equipped with
squared “broken” norm ∥v∥2

H(b;Ωh) ∶= ∥v∥2
L2(Ω) + ∥b ⋅ ∇hv∥2

L2(Ω)– of its subspace con-
sisting of the functions that additionally are piecewise continuous w.r.t. Ω̄ = ∪K∈Ωh

K̄
and vanish at Γ+; and

H(b;∂Ω○
h) ∶= {wb∣∂Ω○

h
⋅ n ∶ w ∈H0,Γ−(b; Ω)},
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equipped with quotient norm

∥θ∥H(b;∂Ω○
h
) ∶= inf{∥w∥H(b;Ω) ∶ θ = wb∣∂Ω○

h
⋅ n, w ∈H0,Γ−(b; Ω)}.

Note that if f ∈ L2(Ω), or, equivalently, u0 ∈H0,Γ−(b; Ω), then

θ0 = u0b∣∂Ω○
h
⋅ n. (2.41)

Theorem 2.5.1. With (B(u, θ))(v) ∶= b(u, θ, v), it holds that B ∶ U0 → V 0′ is bound-
edly invertible with suphmax(∥B∥U0→V 0′ , ∥B−1∥V 0′→U0) <∞.

For proving this theorem, we need the following result (cf. Thm. 2.3.10):

Lemma 2.5.2. For v ∈H0,Γ+(b; Ωh), it holds that JvK ∈ (H(b;∂Ω○
h))

′, and

∥JvK∥H(b;∂Ω○
h
)′ ≂ inf

z∈H0,Γ+(b;Ω)
∥v − z∥H(b;Ωh) (v ∈H0,Γ+(b; Ωh)).

Proof. For v ∈H0,Γ+(b; Ωh), w ∈H0,Γ−(b; Ω), we have

∫
∂Ω○

h

JvKwb ⋅n = ∑
K∈Ωh

∫
K
∇v ⋅bw + v(b ⋅ ∇w +w div b) ≲ ∥v∥H(b;Ωh)∥w∥H(b;Ω), (2.42)

so that ∥JvK∥H(b;∂Ω○
h
)′ ≲ ∥v∥H(b;Ωh). Since for z ∈ H0,Γ+(b; Ω), and w ∈ H0,Γ−(b; Ω),

∫Ω∇z ⋅ bw + z(b ⋅ ∇w +w div b) = 0, it follows that ∥JzK∥H(b;∂Ω○
h
)′ = 0. We infer that

for v ∈H0,Γ+(b; Ωh), ∥JvK∥H(b;∂Ω○
h
)′ ≲ infz∈H0,Γ+(b;Ω) ∥v − z∥H(b;Ωh).

Given v ∈ H0,Γ+(b; Ωh), let z ∈ H0,Γ+(b; Ω) be the solution of div zb = divh vb whose
existence is guaranteed by (2.39). From 0 = divh(v − z)b = (v − z)div b+b ⋅ ∇h(v − z)
and b ∈W∞(div; Ω), we have ∥b ⋅ ∇h(v − z)∥L2(Ω) ≲ ∥v − z∥L2(Ω).
By (2.38), there exists a w ∈ H0,Γ−(b; Ω) with b ⋅ ∇w = v − z and ∥w∥H(b;Ω) ≲ ∥v −
z∥L2(Ω). From the definitions of z and w, we have

∥v − z∥2
L2(Ω) = ∫Ω

(v − z)b ⋅ ∇w = ∑
K∈Ωh

∫
K
(v − z)b ⋅ ∇w

= ∑
K∈Ωh

∫
K

div(v − z)wb = ∑
K∈Ωh

∫
∂K

(v − z)wb ⋅ nK = ∫
∂Ω○

h

JvKwb ⋅ n

≤ ∥JvK∥H(b;∂Ω○
h
)′∥w∥H(b;Ω) ≲ ∥JvK∥H(b;∂Ω○

h
)′∥v − z∥L2(Ω),

or ∥v − z∥L2(Ω) ≲ ∥JvK∥H(b;∂Ω○
h
)′ , which completes the proof.
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Proof of Theorem 2.5.1. The boundedness of B, uniformly in h, follows easily from
(2.42).
Now let (u, θ) ∈ U0 be such that b(u, θ, v) = 0 for all v ∈H0,Γ+(b; Ωh). Considering all
v from the subspace H0,Γ+(b; Ω) shows that u = 0 by (2.39). By now considering all
v with supp v ⊂K ∈ Ωh, we infer that θ∣∂K/Γ+ = 0, and so θ = 0.
Finally, let v ∈ H0,Γ+(b; Ωh) be given. By (2.39), there exists a v1 ∈ H0,Γ+(b; Ω) with
div v1b = divh v1b, and ∥v1∥H(b;Ω) ≲ ∥v∥H(b;Ωh), and so ∥v1 − v∥H(b;Ωh) ≲ ∥v∥H(b;Ωh).
Moreover, we have v1 = v when v ∈H0,Γ+(b; Ω), and so

∥v1 − v∥H(b;Ωh) ≲ inf
z∈H0,Γ+(b;Ω)

∥v − z∥H(b;Ωh) ≲ ∥JvK∥H(b;∂Ω○
h
)′ ,

by Lemma 2.5.2.
From (2.39) and Lemma 2.3.9, we deduce that there exists a u ∈ L2(Ω) with ∥u∥L2(Ω) =
∥v1∥H(b;Ω) and

∥v1∥2
H(b;Ω) ≲ −∫

Ω
udiv v1b = −∫

Ω
udivh vb.

By definition of a dual norm, there exists a θ ∈ H(b;∂Ω○
h) with ∥θ∥2

H(b;∂Ω○
h
) =

∥JvK∥2
H(b;∂Ω○

h
)′ = ∫∂Ω○

h
JvKθ. We conclude that

∥v∥H(b;Ωh) ≲
√

∥v1∥2
H(b;Ω) + ∥JvK∥2

H(b;∂Ω○
h
)′ ≲

b(u, θ, v)
√

∥u∥2
L2(Ω) + ∥θ∥2

H(b;∂Ω○
h
)
.

Having verified all three conditions of Lemma 2.3.9 for the operator B, where i and
ii hold uniformly in h, the proof is completed.

As with the diffusion problem discussed in Sect. 2.3.1, given a closed trial space
U0
h ⊂ U

0, we can run a Petrov-Galerkin discretization of the pure convection problem
(2.40) with optimal test space V 0

h = ranT ∣U0
h
. Here T ∶ U0 → V 0 = H0,Γ+(b; Ωh)

is defined by v = (vK)K∈Ωh
= T (u0, θ0), with vK ∈ H0,∂K∩Γ+(b;K) ∶= {z ∈ L2(K) ∶

b ⋅ ∇z ∈ L2(K), z = 0 on ∂K ∩ Γ+} being the solution of

⟨vK , v̂⟩L2(K) + ⟨b ⋅ ∇vK ,b ⋅ ∇v̂⟩L2(K) = ∫
K
−u0(b ⋅ ∇v̂ − v̂ div b) + ∫

∂K
n⊺Kn v̂θ0

(v̂ ∈H0,∂K∩Γ+(b;K)).
The following error estimate is a direct consequence of Proposition 2.2.1, Theo-
rem 2.28, the definition of H(b, ∂Ω○

h), and (2.41):
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Corollary 2.5.3. For a k ∈ N, let the solution of (2.40) satisfy u0 ∈ Hk+1(Ω). Let
Ph ⊂ L2(Ω), and Wh ⊂H0,Γ−(b; Ω) with

inf
ûh∈Ph

∥û − ûh∥L2(Ω) ≲ h
k∥û∥Hk(Ω) (û ∈Hk(Ω) ∩H1

0,Γ−(Ω)),

inf
wh∈Wh

∥w −wh∥H(b;Ω) ≲ hk∥w∥Hk+1(Ω) (w ∈Hk+1(Ω) ∩H1
0,Γ−(Ω)). (2.43)

Then the Petrov-Galerkin approximation (u0
h, θ

0
h) from U0

h = {(ûh,whb∣∂Ω○
h
⋅ n) ∶

(ûh,wh) ∈ Ph ×Wh} with optimal test space V 0
h satisfies

∥u0 − u0
h∥L2(Ω) + ∥θ0 − θ0

h∥H(b;∂Ω○
h
) ≲ hk∥u0∥Hk+1(Ω).

Clearly, (2.43) is satisfied when infwh∈Wh
∥w − wh∥H1(Ω) ≲ hk∥w∥Hk+1(Ω) for w ∈

Hk+1(Ω)∩H1
0,Γ−

(Ω). In view of this estimate, thinking of Ph and Wh being common
finite element spaces, the order of Wh should be one higher than the order of Ph.
Under conditions on Wh, it might be possible to approximate u0 in H0,Γ−(b; Ω) from
Wh, and so θ0 in H(b;∂Ω○

h) from {whb∣∂Ω○
h
⋅ n ∶ wh ∈ Wh}, with an error of O(hk)

under the relaxed conditions u0 ∈ Hk(Ω) and f = b ⋅ ∇u0 ∈ Hk(Ω), replacing the
additional smoothness condition u0 ∈Hk+1(Ω).

2.5.3 A Petrov-Galerkin discretization that allows passing to
the convective limit

We consider the mild-weak variational formulation (2.14) for the convection-diffusion
problem, and assume that b ∈ W∞(div; Ω). In view of the limit case ε = 0 analyzed
in §2.5.2, we now fix

Γ− ∶= {x ∈ ∂Ω ∶ b(x) ⋅ n(x) < 0}, Γ+ ∶= {x ∈ ∂Ω ∶ b(x) ⋅ n(x) > 0},

the latter of which determines the skeleton ∂Ω○
h = ∪K∈Ωh

∂K/Γ+, and so the function
spaces H− 1

2 (∂Ω○
h), H(b;∂Ω○

h) on the skeleton, and their duals, as well as the “broken”
spaces H1

0,Γ+
(Ωh) and H0,Γ+(b; Ωh).

With a factorization of A(ε) = ε Id as A(ε) = A1(ε)A2(ε), the mild-weak variational
problem reads as finding

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(σ, u, θ) ∈ U = L2(Ω)n ×H1
0(Ω) ×H− 1

2 (∂Ω○
h), such that

∫Ω(σ −A2(ε)∇u) ⋅ τ + (A1(ε)σ − ub) ⋅ ∇hv − uv div b + ∫∂Ω○
h
JvKθ = f(v)

for all (τ , v) ∈ V = L2(Ω)n ×H1
0,Γ+

(Ωh).
(2.44)
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We will select A1(ε) and A2(ε) in such a way that they both vanish for ε = 0.
Then (2.44) for ε = 0 reads as a well-posed decoupled system of equations σ = 0,
and the variational formulation (2.40) of the pure convection problem. Recalling
the definitions U0 = L2(Ω) × H(b;∂Ω○

h) and V 0 = H0,Γ+(b; Ωh) for the spaces in
(2.40) for (u, θ) and v, respectively, in order to achieve this we will equip the test
space H1

0,Γ+
(Ωh) with an ε-dependent norm that for ε = 0 reduces to the norm on

H0,Γ+(b; Ωh).
For an optimal Petrov-Galerkin discretization, it remains to specify trial spaces. Since
H1

0(Ω)↪ L2(Ω) is dense, a trial space for u that is suitable for ε > 0, is also applicable
for ε = 0. Since for w ∈ H(b; Ω), one has wb ∈ H(div; Ω) with ∥wb∥H(div;Ω) ≲
∥w∥H(b;Ω), it holds that H(b;∂Ω○

h) ↪ H− 1
2 (∂Ω○

h). So a trial space for θ that is
applicable for ε = 0, may also be applied for ε > 0. Since, however, H(b;∂Ω○

h) ↪
H− 1

2 (∂Ω○
h) is not dense, such a choice cannot be expected to give rise to a convergent

scheme for ε > 0. Therefore, using that for f ∈ L2(Ω), it holds that θ = (ub −
A1(ε)σ)∣∂Ω○

h
⋅ n), we will approximate θ by a linear combination of an element from

the trial space for ε = 0 and A1(ε)σ̂h∣∂Ω○
h
⋅n with σ̂h from the trial space for σ. This

latter construction is described precisely in the following proposition.

Proposition 2.5.4. Let H1
0,Γ+

(Ωh) be equipped with squared norm

µ(ε)∥∇hv∥2
L2(Ω) + ∥v∥2

H(b;Ωh). (2.45)

where µ(ε) > 0 for ε > 0. Let A1(ε) ∈ W 1
∞(Ω) be scalar valued. For some Qh ⊂

H(div; Ω) and U0
h ⊂H

1
0(Ω) ×H(b;∂Ω○

h), let the trial space

Uh(ε) = {(σ̂h, ûh, θ̂h −A1(ε)σ̂h∣∂Ω○
h
⋅ n) ∶ σ̂h ∈ Qh, (ûh, θ̂h) ∈ U0

h} . (2.46)

Then Uh(ε) ⊂ U and U0
h ⊂ U

0, defined in (2.40). When furthermore A1(0) = A2(0) =
0 and µ(0) = 0, then the Petrov-Galerkin solution (σh, uh, θh) ∈ Uh(ε) with corre-
sponding optimal test space Vh(ε) of (2.44) also exists uniquely for ε = 0 (for ε = 0,
reading V as L2(Ω)n×H0,Γ+(b; Ωh)). For ε = 0, it satisfies σh = 0, whereas (uh, θh) is
the Petrov-Galerkin solution with optimal test space V 0

h of the pure convection problem
(2.40) with trial space U0

h .

Proof. We already know that H(b;∂Ω○
h) ↪ H− 1

2 (∂Ω○
h). Since multiplication with

A1(ε) maps H(div; Ω) into itself, we infer that Uh(ε) ⊂ U . From H1
0(Ω) ⊂ L2(Ω),

one has U0
h ⊂ U

0.
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2.5. Convection dominated convection-diffusion problem

Let ε = 0. Since both A1(0) and A2(0) are zero, the equations for σh and (uh, θh)
are fully decoupled. The optimal test space ranT ∣Uh(0) is the Cartesian product of
Qh and, by the selection of the norm on V and µ(0) = 0, the optimal test space V 0

h

of the Petrov-Galerkin discretization of the pure convection problem with trial space
U0
h , giving the solution (σh, uh, θh) as stated.

We recall that the optimal test space Vh(ε) is ranT ∣Uh(ε), with (τ , v) = T (σ, u, θ)
given by τ = σ −A2(ε)∇u, and v = (vK)∣K∈Ωh

, where vK ∈H1
0,∂K∩Γ+

(K) solves

µ(ε)⟨∇vK ,∇v̂⟩L2(K)n + ⟨vK , v̂⟩L2(K) + ⟨b ⋅ ∇vK ,b ⋅ ∇v̂⟩L2(K)n

= ∫
K
(A1(ε)σ − ub) ⋅ ∇v̂ − uv̂ div b + ∫

∂K∖Γ+
n⊺Knv̂θ (v̂ ∈H1

0,∂K∩Γ+(K)),
(2.47)

where, for ε = 0, H1
0,∂K∩Γ+

(K) should read as H0,∂K∩Γ+(b;K) (cf. (2.18)). For
σ̂h ∈ Qh, and (ûh, θ̂h) ∈ U0

h , substituting (σ, u, θ) = (σ̂h, ûh, θ̂h −A1(ε)σ̂h∣∂Ω○
h
⋅ n) in

the right-hand side of (2.47), by applying integration by parts it reads as

∫
K
−ûhb ⋅ ∇v̂ − ûhv̂ div b − v̂ div A1(ε)σ̂h + ∫

∂K
n⊺Knv̂θ̂h.

It defines linear functional that is bounded uniformly in ε ∈ [0,1] on H0,∂K∩Γ+(b;K),
and so on H1

0,∂K∩Γ+
(K) equipped with squared norm µ(ε)∥∇ ⋅ ∥2

L2(K)n + ∥ ⋅ ∥2
H(b;K).

Since consequently (2.47) is well-posed uniformly in ε ∈ [0,1], we do not expect (nor
observe) solutions that exhibit boundary layers.

Let us discuss the selection in Proposition 2.5.4 of Qh and U0
h , and so of Uh(ε), in

relation to error estimates for quasi-uniform meshes. Let Qh be a space that satisfies
(2.31), e.g., a Raviart-Thomas space w.r.t. Ωh of order k. Let Wh ⊂ H1

0,Γ−
(Ω),

Ph ⊂ H1
0(Ω) be finite element spaces w.r.t. Ωh of orders ` ≥ k and k, respectively,

with Ph ⊂Wh. With Ih ∶Wh → Ph being the interpolant w.r.t. the nodal variables of
Ph, we set Rh ∶= ran(I − Ih). We take

U0
h = {(ûh, (ûh + rh)b∣∂Ω○

h
⋅ n) ∶ ûh ∈ Ph, rh ∈ Rh}, (2.48)

so that

Uh(ε) = {(σ̂h, ûh, ((ûh + rh)b −A1(ε)σ̂h)∣∂Ω○
h
⋅ n) ∶ (σ̂h, ûh, rh) ∈ Qh × Ph ×Rh} .

(2.49)
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Remark 2.5.5. In most of our numerical experiments, we will take Ph =Wh ∩H1
0(Ω),

in which case supp rh ⊂ ∪{K∈Ωh∶∂K∩(∂Ω∖Γ−)≠∅}K for any rh ∈ Rh.
For n = 1, and with the obvious choice of the nodal variables, it holds thatRh∣Ω○

h
= {0},

so that the trial space Uh(ε) is equal to that from Remark 2.3.19.

The space Uh(ε) from (2.49) includes that from Remark 2.3.19. Since furthermore
for any fixed ε > 0, the norm defined in (2.45) is equivalent to the standard norm on
V , the optimal error estimates from that remark apply.
In order to obtain favorable results as function of both the discretization parameter
and ε, it is necessary that for ε = 0 the Petrov-Galerkin approximations converge for
h→ 0 to (u0, θ0) ∈ U0 = L2(Ω)×H(b;∂Ω○

h), being the solution of the pure convection
problem.
For Qh ∶H1(Ω)→Wh being, say, the Scott-Zhang quasi-interpolator ([46]), we have

∥(I −Qh)w∥L2(Ω) + h∣(I −Qh)w∣H1(Ω) ≲ hs∥w∥Hs(Ω)

(s ∈ [1, `] ∖N + {1
2}, w ∈Hs(Ω) ∩H1

0,Γ−
(Ω)), and by the H1(Ω)-stability of Qh,

∥(I − Ih)Qhw∥L2(Ω) ≲ h
1
2 ∥Qhw∥H1(Ω) ≲ h

1
2 ∥w∥H1(Ω) (w ∈H1

0,Γ−(Ω)). (2.50)

Therefore, selecting ûh = IhQhu0, and rh = (I − Ih)Qhu0, using θ0 = u0b∣∂Ω○
h
⋅ n, we

infer that for the case ε = 0

∥(u0, θ0) − (uh, θh)∥U0 ≲ inf
ûh∈Ph, rh∈Rh

∥(u0, θ0) − (ûh, (ûh + rh)b∣∂Ω○
h
⋅ n)∥U0

≲ ∥(I − IhQh)u0∥L2(Ω) + ∥(I −Qh)u0∥H(b;Ω)

≤ ∥(I −Qh)u0∥L2(Ω) + ∥(I − Ih)Qhu0∥L2(Ω) + ∣(I −Qh)u0∣H1(Ω)

≲ h
1
2 ∥u0∥Hs(Ω)

(2.51)

when u0 ∈Hs(Ω) ∩H1
0,Γ−

(Ω) for some s > 3
2 .

Remark 2.5.6. The reduced rate 1
2 in (2.50) and, consequently, in (2.51), is due to the

mismatch between the boundary conditions generally satisfied by u0, and those that
are incorporated in Ph in view of the application for ε > 0. In these circumstances,
this rate is the best that can generally be expected. As follows from Corollary 2.5.3,
without this mismatch, the error in the space U0 would be O(hmin(`−1,k)) assuming
that u0 ∈Hmin(`,k+1)(Ω).
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2.5. Convection dominated convection-diffusion problem

Because for ε ↓ 0 the exact solution u converges in L2(Ω) to that of the pure convection
problem, for ε > 0, and h being relatively large compared to ε, an error in uh as for
ε = 0 can be expected, i.e., ∼ h

1
2 in L2(Ω). This is also what we will observe in our

numerical experiments in Subsect. 2.5.4. Note, again, that generally this is the best
that can be realized with continuous piecewise polynomial approximations, zero at
∂Ω, w.r.t. a quasi-uniform partition, and better results can only be achieved by a
proper local refinement towards ∂Ω ∖ Γ−).

Remark 2.5.7. All above considerations concerning the selection of U0
h , and with that

of Uh(ε), would equally well apply to the choice U0
h = {(ûh,whb∣∂Ω○

h
⋅n) ∶ ûh ∈ Ph, wh ∈

Wh}. The space U0
h from (2.48) is, however, of lower dimension, and, moreover, it

turns out that the use of ûh for approximating simultaneously u and the flux θ has
the effect that undesirable oscillations near the outflow boundary are damped.

Finally in this subsection, we discuss a relation between our method and the common
first order least-squares method (2.20), in the case of Qh being the lowest order
Raviart-Thomas space w.r.t. Ωh, Wh being the space of continuous piecewise linears
w.r.t. Ωh, zero at Γ−, Ph = Wh ∩H1

0(Ω), and, for each ε, A1(ε) being a constant.
For (σ̂h, ûh, θ̂h) ∈ Uh(ε), and (τ , (vK)K∈Ωh

) = T (σ̂h, ûh, θ̂h), as always we have τ =
σ̂h −A2(ε)∇ûh, cf. (2.17).
For rh = 0 in (2.49), i.e., θ̂h = (ûhb − A1(ε)σ̂h)∣∂Ω○

h
⋅ n, a “reversed” integration by

parts shows that

b(σ̂h, ûh, θ̂h,τ , v) = ∫
Ω
(σ̂h −A2(ε)∇ûh) ⋅ τ + (b ⋅ ∇ûh − div A1(ε)σ̂h)v,

so that vK ∈H1
0,∂K∩Γ+

(K) solves

µ(ε)⟨∇vK ,∇v̂⟩L2(K) + ⟨vK , v̂⟩L2(K) + ⟨b ⋅ ∇vK ,b ⋅ ∇v̂⟩L2(K)

= ∫
K
(b ⋅ ∇ûh − div A1(ε)σ̂h)v̂ (v̂ ∈H1

0,∂K∩Γ+(K)).
(2.52)

By our assumptions on Qh and Ph, and from A1(ε) being a constant, (b ⋅ ∇ûh −
div A1(ε)σ̂h)∣K is a constant. We conclude that for K with ∂K ∩ Γ+ = ∅, we have
the explicit expression vK = (b ⋅ ∇ûh − div A1(ε)σ̂h)∣K . For the remaining K along
Γ+, the local boundary value problem (2.52) has to be (approximately) solved.
For (σ̂h, ûh, θ̂h) = (0,0, rhb∣∂Ω○

h
⋅n) for some rh ∈ Rh, we have vK = 0 when ∂K∩(∂Ω∖

Γ−) ≠ ∅, whereas for the remaining K, vK ∈ H1
0,∂K∩Γ+

(K) has to be (approximately)
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solved from

µ(ε)⟨∇vK ,∇v̂⟩L2(K) + ⟨vK , v̂⟩L2(K) + ⟨b ⋅ ∇vK ,b ⋅ ∇v̂⟩L2(K)

= ∫
∂K

n⊺Knv̂rhb∣∂Ω○
h
⋅ n (v̂ ∈H1

0,∂K∩Γ+(K)).
(2.53)

We conclude that if it is not the case that for K with ∂K ∩ Γ+ ≠ ∅, vK from
(2.52) does not equal (b ⋅ ∇ûh − div A1(ε)σ̂h)∣K , and, for n > 1, additional trial
and so test functions, defined by (2.53), supported near ∂Ω ∖ Γ− are added, then
the first two components of the solution (σh, uh, θh) of our Petrov-Galerkin method
with lowest order trial space and corresponding optimal test space would equal
arg min(σ̂h,ûh)∈Qh×Ph

∥σ̂h − A2(ε)∇ûh∥2
L2(Ω)n + ∥b ⋅ ∇ûh − div A1(ε)σ̂h∥2

L2(Ω). That
is, up to a harmless scaling of σh, they would be the solution of the common first
order least-squares method (2.20) with trial space Qh × Ph.

2.5.4 Numerical results

We applied the optimal Petrov-Galerkin method to the mild-weak variational formu-
lation (2.14) of the convection-diffusion problem (2.36) on Ω = (0,1) and Ω = (0,1)2,
with uniform partitions Ωh into subintervals of length h, and into isosceles right an-
gled triangles with legs of length h and hypotenuses parallel to the vector (1,1),
respectively.
As motivated in Subsection 2.5.3, we selected the following options: We took Γ− and
Γ+ as the in- and outflow boundary, which fixes the definitions of the last factors of
both U = L2(Ω)n ×H1

0(Ω) ×H− 1
2 (∂Ω○

h) and V = L2(Ω)n ×H0,Γ+(Ωh). We equipped
H0,Γ+(Ωh) with the ε-dependent norm from (2.45), where µ(ε) = ε. To set up the
mixed formulation, we factorized A(ε) = εId = A1(ε)A2(ε), where A1(0) = A2(0) =
0. In particular, we took A1(ε) = ε1/3Id, A2(ε) = ε2/3Id for n = 1, and A1(ε) =
A2(ε) = ε1/2Id for n = 2, respectively. These choices for Ai(ε) turned out to give
approximately the best results.
Finally, we selected the trial space as in (2.49), where here we took Qh to be the
lowest order Raviart-Thomas space w.r.t. Ωh for n = 2, or the space of continuous
piecewise linears w.r.t Ωh for n = 1, respectively, and Ph to be the space of continuous
piecewise linears w.r.t. Ωh, zero at ∂Ω. In all but the last experiment, we took Wh

to be the space of continuous piecewise linears w.r.t. Ωh, zero at ∂Ω−. Note that the
free variables in the resulting flux space are all supported near the complement of the
inflow boundary. In the last experiment we will takeWh to be the space of continuous
piecewise quadratics w.r.t. Ωh, zero at ∂Ω−, meaning that for the approximation
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2.5. Convection dominated convection-diffusion problem

of the flux, we will add an additional free quadratic bubble, multiplied with b ⋅ n,
associated to each interior edge.
With these choices we satisfy the conditions formulated in §2.5.3 for having an opti-
mal Petrov-Galerkin solver that also applies in the limit case of the pure convection
problem. The latter can be viewed as a necessary condition for having a robust solver,
i.e., a solver that does not lose convergence or becomes increasingly costly for ε ↓ 0.
The solutions of the boundary value problems (2.47) on the elements K ∈ Ωh, that
determine the optimal test functions, could be solved exactly for n = 1. As shown at
the end of the previous subsection, for n = 2 and Wh being the space of continuous
piecewise linears, the boundary value problems (2.47) could be solved exactly for any
K with ∂K ∩ (∂Ω ∖ Γ−) ≠ ∅. For the remaining K, the solutions of these boundary
value problems were replaced by their Galerkin approximations from the space of
cubics on K that vanish at ∂K ∩Γ+. For Wh being the space of continuous piecewise
quadratics, the solutions of the boundary value problems for the optimal test functions
corresponding to the additional quadratic bubbles were replaced by their Galerkin
approximations from again the space of cubics on K that, when K ∩ Γ+ ≠ ∅, vanish
at ∂K ∩ Γ+.
Both the problems that define the optimal test functions, and the resulting Petrov-
Galerkin discretizations were solved with the built-in matlab solver. In doing so, we
never encountered instabilities due to ill-conditioning.

For n = 1, and with b = 1, and f(x) = x, in Figure 2.3 the L2(0,1)-errors in uh vs.
1/h are given for various ε, and the exact and approximate solutions u and uh are
shown for ε = 10−4 and h = 1

16 . Note the large improvement compared to the results
from Figure 2.2. For any fixed ε > 0, the error in uh in L2(0,1) appears to be O(h2).
Note that in the current setting of not having an independent flux variable, we do
not have a proof of this optimal error estimate in L2(0,1), cf. Remark 2.4.6.

For n = 2, we considered three test problems. In the first problem, b = [2 1]⊺, and
the right-hand side f is prescribed such that the exact solution is

u(x, y) = [x + (eb1x/ε − 1)/(1 − eb1/ε)] ⋅ [y + (eb1y/ε − 1)/(1 − eb2/ε)], (2.54)

which has typical boundary layers at the top and right outflow boundaries. In Fig-
ure 2.4, the L2((0,1)2)-errors in uh vs. 1/h are given for various ε, and the approx-
imate solution uh for ε = 10−6 and h = 1

16 is shown. As in the one-dimensional case,
the boundary layer is captured inside the elements that have non-empty intersection
with the outflow boundary, and no oscillations occur.
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Figure 2.3: L2(0,1)-error in uh vs. 1/h in the “robust” optimal Petrov-Galerkin
approximation of the mild-weak variational formulation of the one-dimensional
convection-diffusion equation for various ε (left); and the exact and approximate
solutions u and uh for ε = 10−4 and h = 1

16 (right).

In the second two-dimensional problem, b = [1 1]⊺, and f(x, y) = 1 − x for y > x, and
f(x, y) = 0 for y < x. The exact solution for ε = 0 is u0(x, y) = x − 1

2x
2 for y > x

and u0(x, y) = 0 otherwise. The solution has an internal layer that is aligned with
the grid and, for ε > 0, boundary layers at the outflow boundary. In Figure 2.5, the
approximate solution uh for ε = 10−6 and h = 1

16 is shown.
The behavior at the outflow boundary is similar as with the previous test problem,
and the internal layer is captured inside a strip that has a width of two elements.

In the third and last two-dimensional problem, b = [2 1]⊺ and f(x, y) = 1 − x for
y > 1

2x+
1
4 , and f(x, y) = 0 otherwise. The exact solution for ε = 0 is u0(x, y) = 1

2x−
1
4x

2

for y > 1
2x +

1
4 and u0(x, y) = 0 otherwise. The solution has an internal layer that is

not aligned with the grid and, for ε > 0, boundary layers at the outflow boundary.
In Figure 2.6, the approximate solution uh for ε = 10−6 and h = 1

16 is shown. Again,
the behavior at the outflow boundary is similar as in the first two-dimensional test
problem. In this example, however, we observe a “smearing” of the internal layer, as
well as, unlike as with the other examples, some under or overshoot at both sides of
this layer.
For this reason, we repeated the experiment where we replaced the space Wh of
continuous piecewise linears by the space of continuous piecewise quadratics, meaning
that we enriched the trial space for the flux by a quadratic bubble for each interior
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Figure 2.4: L2((0,1)2)-error in uh vs. 1/h for the “robust” optimal Petrov-Galerkin
approximation of the mild-weak variational formulation of the two-dimensional
convection-diffusion equation with b = [2 1]⊺, f such that u is as in (2.54), and
various ε (left); and the approximate solution uh for ε = 10−6 and h = 1

16 (right).

edge. In Figure 2.6, the resulting approximate solution uh for ε = 10−6 and h =
1
32 is shown. In this case, the “numerical layer” has been sharpened to a width of
approximately 5-6 elements, but the amplitude of the under and overshoot has not
been reduced. It seems also not to be reduced by further mesh refinements, and the
same under and overshoots are visible for ε = 0.
We infer that this oscillation is not caused by an unstable discretization, but that
it is an instance of a Gibbs-type phenomenon, caused by the approximation of a
discontinuous function by continuous piecewise linears. A similar oscillation can
already be observed with the best L2 -approximation of a smooth function on R
that has a discontinuity at a non-dyadic point by continuous piecewise linears w.r.t.
uniform partitions generated by dyadic refinements.
The oscillation along the internal layer in Figure 2.7 is directed perpendicularly to
the flow direction b. Potential other Gibbs type oscillations, e.g. at the outflow
boundary, were prevented by the simultaneous use of uh as approximation for u, and
as an ingredient in the approximation for the flux θ, cf. Remark 2.5.7. Oscillations
in the approximation for θ in the direction of the flow are penalized by the norm on
the flux space that for ε = 0 reads as the norm on H(b;∂Ω○

h).

Finally, for comparison we repeated the second and third two-dimensional tests with
the optimal Petrov-Galerkin method of the mild variational formulation of the mixed
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Figure 2.5: The approximate solution uh for h = 1
16 for the “robust” optimal

Petrov-Galerkin approximation of the mild-weak variational formulation of the two-
dimensional convection-diffusion equation for ε = 10−6, b = [1 1]⊺, and f(x, y) = 1−x
for y > x, and f(x, y) = 0 for y < x.

system, i.e., we solved the usual first order least-squares problem (2.20) with trial
space Qh × Ph, i.e., the lowest order Raviart-Thomas space for σh, and the space of
continuous piecewise linears, zero at ∂Ω, for uh. The uh-component of the solutions
are illustrated in Figure 2.8.

2.6 Conclusion

We studied a mild-weak variational formulation of second order elliptic boundary
value problems in mixed form constructed by piecewise integrating by parts one of the
two equations in the system w.r.t. a partition of the domain into cells. It was shown
that the variational formulation is well-posed, uniformly in the partition. We applied
a Petrov-Galerkin discretization with optimal test space, or equivalently, minimized
the residual over a given trial space. The required optimal test functions can be found
by solving local boundary problems on the individual cells. Optimal error estimates
in the natural norm were demonstrated, as well as, using duality arguments, in a
weaker norm. Other than with the ultra-weak formulation studied in [26], which
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Figure 2.6: The approximate solution uh from two perspectives for h = 1
32 for the

“robust” optimal Petrov-Galerkin approximation of the mild-weak variational formu-
lation of the two-dimensional convection-diffusion equation for ε = 10−6, b = [2 1]⊺,
and f(x, y) = 1 − x for y > 1

2x +
1
4 , and f(x, y) = 0 otherwise.

inspired this work, these optimal error estimates are valid under minimal regularity
assumptions on the solution together with an additional smoothness assumption on
the right-hand side, which is usually harmless.
In the second part of this chapter, we applied our optimal Petrov-Galerkin method
to convection dominated convection-diffusion problems. Although for such problems
least-squares methods are more stable than the standard Galerkin discretization, they
do not necessarily give satisfactory results for small diffusion, as we illustrated with
some one-dimensional numerical experiments. Generally, the operator associated to
the variational form has an unbounded inverse in the convective limit, meaning that
for small diffusion some error components are hardly measured in the residual, are
thus hardly reduced in the least-squares minimization.
We used the available freedom in the mild-weak variational formulation, and in its
optimal Petrov-Galerkin discretization, to construct a discretization that in the con-
vective limit is an optimal Petrov-Galerkin discretization of a well-posed variational
formulation of the convection problem. Numerical results show that the method
performs very well for convection dominated problems.
For any fixed diffusion term, the optimal error estimates apply, whereas for the pure
convection problem we showed an error estimate that is suboptimal, due to the essen-
tial boundary conditions incorporated in our trial space at the whole of the boundary.
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Figure 2.7: Illustration as in Figure 2.6, but now with the trial space for the flux
enriched with quadratic bubbles.

Error estimates that are explicit in both the mesh-size and the diffusion term are still
lacking.
The approximation of internal or boundary layers with continuous finite elements
has the disadvantage that oscillations easily occur, even if one could realize best L2

approximations. For this reason, we plan to investigate whether a similar approach
can be applied with discontinuous elements. Other open research topics include a
posteriori error estimators and adaptivity.
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Figure 2.8: The solution uh for h = 1
32 of the usual first order least-squares formulation

of the two-dimensional convection-diffusion equation for ε = 10−6 for either b = [1 1]⊺,
and f(x, y) = 1 − x for y > x, and f(x, y) = 0 for y < x (left), cf. Figure 2.5; or
b = [2 1]⊺, and f(x, y) = 1 − x for y > 1

2x +
1
4 , and f(x, y) = 0 otherwise (right), cf.

Figures 2.6 and 2.7.
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3. A robust Petrov-Galerkin discretiza-
tion of convection-diffusion equations

In the previous chapter, a mild-weak variational formulation of convection-diffusion
equations was introduced, where the solution u was sought in H1

0(Ω). In this chapter
we consider an ultra-weak formulation, where u is sought in L2(Ω), so that it can be
approximated by discontinuous piecewise polynomials.

3.1 Introduction

It is well known that standard Galerkin discretizations of convection-diffusion equa-
tions fail to deliver good approximations for a vanishing diffusion term. In this
chapter, we study Petrov-Galerkin discretizations.
Unless the layers (cf. Ch. 1) are resolved by the mesh, the H1-errors of (conforming)
finite element approximations will be dominated by the errors in the layers. There-
fore, we prefer to measure the errors in the L2-norm, and to allow for discontinuous
approximations. To this end, we consider an ultra-weak variational formulation of the
convection-diffusion equation in mixed form. It is shown to define a boundedly in-
vertible mapping U → V ′, with U and V being Hilbert spaces, where U is (essentially)
a multiple copy of the L2-space.
Building on the earlier works [2, 26, 20], we equip V with the operator-dependent
optimal test norm. Then given a finite dimensional trial space Uh ⊂ U , the Petrov-
Galerkin discretization with the optimal test space delivers the best approximation
from Uh to the solution w.r.t. the norm on U .
To arrive at an implementable method, this truly optimal test space has to be replaced
by its projection onto a finite dimensional test search space. With common variational
formulations, the truly optimal test functions exhibit layers, and for a vanishing
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3. A robust Petrov-Galerkin discretization of convection-diffusion equations

diffusion, the test search space has to be chosen increasingly large to get satisfactory
results.
In this chapter, a non-standard variational formulation is constructed, such that for a
zero diffusion term, the discrete system is a well-posed Petrov-Galerkin discretization
of the limiting transport problem. This can be seen as a necessary condition for the
equations, which define the optimal test functions, not to be singularly perturbed.
Numerical experiments show that with a fixed test search space, the obtained ap-
proximations are very close to the best approximations to the solution from the trial
space, uniformly in the size of the diffusion term.
This chapter is organized as follows. In Section 3.2, we revisit the theory of Petrov-
Galerkin discretizations with optimal test spaces. In Section 3.3, we apply it to
convection-diffusion equations, and in Section 3.4 we present numerical results.
In this chapter, by C ≲ D we will mean that C can be bounded by a multiple of D,
independently of parameters which C and D may depend on. Obviously, C ≳ D is
defined as D ≲ C, and C ≂D as C ≲D and C ≳D.

3.2 Some general theory

3.2.1 Petrov-Galerkin discretizations with optimal test spaces

For Hilbert spaces U and V over the scalar field R, a bilinear form b ∶ U × V → R, let
(Bu)(v) ∶= b(u, v) define a boundedly invertible mapping, i.e.,

B ∈ B(U,V ′), B−1 ∈ B(V ′, U). (3.1)

Given f ∈ V ′, we are interested in solving

Bu = f.

For defining our method, we will make use of T ∈ B(U,V ) defined by

⟨Tu, v⟩V = b(u, v) (u ∈ U, v ∈ V ). (3.2)

With the Riesz map RV ∈ B(V,V ′) defined by (RV v)(z) = ⟨v,w⟩V (v, z ∈ V ), it holds
that T = R−1

V B. Following [26], given a closed linear trial space Uh ⊂ U , we set the
optimal test space

ranT ∣Uh ,
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3.2. Some general theory

and consider the Petrov-Galerkin problem of finding uh ∈ Uh such that

b(uh, vh) = f(vh) (vh ∈ ranT ∣Uh). (3.3)

As will follow as a special case from Proposition 3.2.2, (3.3) has a unique solution,
and it holds that

uh = arg min
ūh∈Uh

∥f −Būh∥V ′ ,

so that actually the Petrov-Galerkin discretization with optimal test space is a least-
squares method.
Only in cases where the dual norm ∥ ⋅ ∥V ′ can be evaluated exactly, this least-squares
problem can be solved exactly. For this reason, in the following subsection we consider
Petrov-Galerkin discretizations with projected optimal test spaces.

3.2.2 Petrov-Galerkin with projected optimal test spaces

Given a closed linear trial space Uh ⊂ U , let V h ⊂ V be a sufficiently large closed
subspace, that we call test search space, such that

γh ∶= inf
0≠wh∈Uh

sup
0≠vh∈V h

b(wh, vh)
∥wh∥U∥vh∥V

> 0. (3.4)

Thanks to (3.1), in any case the latter is satisfied for V h = V , with γh ≥ ∥B−1∥−1
V ′→U

(with equality when Uh = U).

Remark 3.2.1 (Fortin projector). From [30], we recall that if there exists a projector
Πh ∈ B(V,V h) with b(wh,Πhv) = b(wh, v) (wh ∈ Uh), then

γh ≥ inf
0≠wh∈Uh

sup
0≠v∈V

b(wh,Πhv)
∥wh∥U∥Πhv∥V

≥ 1

∥Πh∥V→V ∥B−1∥V ′→U
.

Conversely, if (3.4) is valid, then defining Πhv as the first component of the solution
(vh, λh) ∈ V h ×Uh of

⟨vh, zh⟩V + b(λh, zh) = ⟨v, zh⟩V (zh ∈ V h),
b(wh, vh) = b(wh, v) (wh ∈ Uh),

a projector as above is constructed, with ∥Πh∥V→V ≲ (γh)−1 .
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3. A robust Petrov-Galerkin discretization of convection-diffusion equations

We define T h ∈ B(U,V h) by

⟨T hu, vh⟩V = b(u, vh) (u ∈ U, v ∈ V h), (3.5)

whose existence is guaranteed by Riesz’ representation theorem.
Given a closed linear trial space Uh ⊂ U , we set the projected optimal test space by

ranT h∣Uh ,

and consider the Petrov-Galerkin problem of finding ũh ∈ Uh such that

b(ũh, vh) = f(vh) (vh ∈ ranT h∣Uh). (3.6)

Comparing (3.2) with (3.5), one infers that ranT h∣Uh is the V -orthogonal projection
of the optimal test space ranT ∣Uh onto V h.
In the following proposition, it will be shown that this latter Petrov-Galerkin problem
has an equivalent formulation as a saddle point problem, that only involves the trial
space Uh and test search space V h, and so not explicitly the projected optimal test
space ranT h∣Uh . This was the approach followed by Cohen, Dahmen and Welper in
[20].

Proposition 3.2.2. Problems equivalent to (3.6) are finding ũh ∈ Uh such that

⟨T hũh, T hwh⟩V = f(T hwh) (wh ∈ Uh), (3.7)

finding (ỹh, ũh) ∈ V h ×Uh such that

{ ⟨ỹh, vh⟩V + b(ũh, vh) = f(vh) (vh ∈ V h),
b(wh, ỹh) = 0 (wh ∈ Uh), (3.8)

and finally

ũh = arg min
ūh∈Uh

sup
0≠vh∈V h

∣f(vh) − b(ūh, vh)∣
∥vh∥V

. (3.9)

Under the assumption that γh > 0, (3.6)-(3.9) have a unique solution ũh with ∥ũh∥U ≤
∥f∥V ′/γh.

Proof. The equivalence of (3.6) and (3.7) follows from the definition of T h.
With RV h ∈ B(V h, (V h)′) defined by (RV hvh)(zh) = ⟨vh, zh⟩V (vh, zh ∈ V h), (3.7)
can be written as

(RV hT h∣Uh ũh)(T h∣Uhwh) = f(T h∣Uhwh) (wh ∈ Uh),
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or, in operator form, as

(T h∣Uh)′RV hT h∣Uh ũh = (T h∣Uh)′f,

and so by T h∣Uh = R−1
V hB

h, with Bh ∈ B(Uh, (V h)′) being defined by (Bhwh)(vh) =
b(wh, vh) (wh ∈ Uh, vh ∈ V h), as

(Bh)′R−1
V hB

hũh = (Bh)′R−1
V hf, (3.10)

i.e., as finding (ỹh, ũh) ∈ V h ×Uh such that

[ RV h Bh

(Bh)′ 0
] [ỹ

h

ũh
] = [f

0
] , (3.11)

which in variational form reads as (3.8).
For ūh ∈ Uh, we have

sup
0≠vh∈V h

∣f(vh) − b(ūh, vh)∣
∥vh∥V

= sup
0≠vh∈V h

⟨R−1
V h(f −Bhūh), vh⟩V

∥vh∥V
= ∥R−1

V h(f −Bhūh)∥V ,

Consequently, ũh from (3.9) is the unique solution in Uh of

0 = ⟨R−1
V h(f −Bhūh),R−1

V hB
hwh⟩V = (f −Bhũh)(T hwh) = f(T hwh) − b(ũh, T hwh)

for all wh ∈ Uh. We conclude that (3.6) and (3.9) are equivalent.
From

∥T hwh∥V = sup
0≠vh∈V h

⟨T hwh, vh⟩V
∥vh∥V

= sup
0≠vh∈V h

b(wh, vh)
∥vh∥V

∈ [γh∥wh∥U , ∥B∥U→V ′∥wh∥U ] (wh ∈ Uh),

we conclude that (3.7) is a symmetric, bounded, coercive variational problem on
Uh, that therefore is uniquely solvable. Substituting wh = ũh in (3.7), we find that
∥T hũh∥2

V ≤ ∥f∥V ′∥T hũh∥V , and so γh∥ũh∥U ≤ ∥T hũh∥V ≤ ∥f∥V ′ .
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3. A robust Petrov-Galerkin discretization of convection-diffusion equations

The formulations (3.6)-(3.7) are relevant for practical implementations when one has
a basis for V h ⊂ V available, such that the resulting mass matrix has a sparse inverse.
This can be expected when V is an L2-space, or a “broken” Sobolev space. In this
setting one can reduce the saddle-point formulation to its Schur complement, or,
alternatively, given a basis for Uh, one can find a basis for ranT h∣Uh by applying T h

to each basis function for Uh by solving (3.5), and use this basis for solving (3.6).
The latter approach has been advocated by Demkowicz and Gopalakrishnan and
collaborators in a sequence of papers starting with [26].
In the following proposition, an error bound is given for the solution of the Petrov-
Galerkin discretization with projected optimal test space, in terms of the error of
best approximation from the trial space and the inf-sup constant γh. In a slightly
different form, it can be found in [32, Thm. 2.1].

Proposition 3.2.3. When γh > 0, the solution ũh of (3.6) satisfies

∥u − ũh∥U ≤ ∥B∥U→V ′

γh
inf

wh∈Uh
∥u −wh∥U .

Proof. The statement holds true when Uh = {0}, because of γh ≤ ∥B∥U→V ′ , as well
as when Uh = U . Indeed, since B ∶ U → V ′ is boundedly invertible, for Uh = U , the
condition γh > 0 requires V h = V , so that ũh = u.
Now let {0} ⊊ Uh ⊊ U . Let us denote the mapping u↦ ũh by P h. Clearly P h ∶ U → U
is a projector onto Uh, and so for any wh ∈ Uh, one has u − ũh = (I − P h)u =
(I −P h)(u −wh). From the last statement of Proposition 3.2.2, it follows that P h is
bounded, with ∥P h∥U→U ≤ ∥B∥U→V ′

γh
. Since P h ≠ 0 and P h ≠ I by our condition on Uh,

it holds that ∥I − P h∥U→U = ∥P h∥U→U (see [37] or [51, Lemma 5]), which completes
the proof.

Remark 3.2.4. The crucial constant γh can be monitored by computing it as the
square root of the smallest eigenvalue of M−1

UhBT
hM−1

V hBh. Here, w.r.t. some bases Φ

and Σ of Uh and V h, respectively, the aforementioned mass and “stiffness” matrices
are defined by (MUhx)⊺y = ⟨x⊺Φ,y⊺Φ⟩U , (MV hx)⊺y = ⟨x⊺Σ,y⊺Σ⟩V , and (Bhx)⊺y =
b(x⊺Φ,y⊺Σ).

3.2.3 The energy norm on U , and optimal test norm on V

The factor ∥B∥U→V ′/γh with which, in view of Proposition 3.2.3, the error in the
Petrov Galerkin solution might be larger than the error in the best approximation
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from the trial space Uh, can be as large as the condition number ∥B∥U→V ′∥B−1∥V ′→U ,
even for V h = V . An approach to control this condition number is to equip U with
the energy-norm

∥B ⋅ ∥V ′ ,

giving rise to a perfectly well-conditioned problem Bu = f , so with condition number
equal to 1.
The following result, that extends [23, Thm.3.4], links the inf-sup condition (3.4) to
the quality of best approximation of the truly optimal test space ranT ∣Uh by elements
from V h.

Proposition 3.2.5. For ∥ ⋅ ∥U ∶= ∥B ⋅ ∥V ′ , the constant γh defined in (3.4) satisfies

sup
0≠zh∈ranT ∣

Uh

inf
vh∈V h

∥zh − vh∥V
∥zh∥V

=
√

1 − (γh)2.

Proof. With P h ∶ ranT ∣Uh → V h denoting the restriction to ranT ∣Uh of the V -
orthogonal projector onto V h, the left hand side reads as ∥I − P h∥V→V .
It holds that

∥Twh∥V = sup
0≠v∈V

⟨Twh, v⟩V
∥v∥V

= sup
0≠v∈V

b(wh, v)
∥v∥V

= sup
0≠v∈V

(Bwh)(v)
∥v∥V

= ∥Bwh∥V ′ ,

and so

inf
0≠wh∈Uh

∥P hTwh∥V
∥Twh∥V

= inf
0≠wh∈Uh

sup
0≠vh∈V h

⟨P hTwh, vh⟩V
∥Twh∥V ∥vh∥V

= inf
0≠wh∈Uh

sup
0≠vh∈V h

⟨Twh, vh⟩V
∥Twh∥V ∥vh∥V

= inf
0≠wh∈Uh

sup
0≠vh∈V h

b(wh, vh)
∥Bwh∥V ′∥vh∥V

= γh.

We infer that

∥I − P h∥2
V→V = sup

0≠wh∈Wh

∥Twh − P hTwh∥2
V

∥Twh∥2
V

= sup
0≠wh∈Wh

∥Twh∥2
V − ∥P hTwh∥2

V

∥Twh∥2
V

= 1 − inf
0≠wh∈Wh

∥P hTwh∥2
V

∥Twh∥2
V

= 1 − (γh)2.
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Without making a proper choice of ∥ ⋅ ∥V , the energy-norm ∥B ⋅ ∥V ′ might not be the
norm of interest in applications. Setting the optimal test norm

∥B′ ⋅ ∥U ′ on V,

and equipping V ′ with the associated dual norm, for the energy-norm we have

∥Bw∥V ′ = sup
0≠v∈V

∣(Bw)(v)∣
∥B′v∥U ′

= sup
0≠v∈V

∣(B′v)(w)∣
∥B′v∥U ′

= sup
0≠g∈U ′

∣g(w)∣
∥g∥U ′

= ∥w∥U .

So equipping V with the optimal test norm, the resulting energy norm is equal to the
original norm on U .
The use of this optimal test norm was proposed in [53, 23], but it can also already
be found in [2].

Remark 3.2.6. To see the latter, note that if V is equipped with norm ∥B′ ⋅ ∥U ′ ,
then RV = BR−1

U B
′, with RU ∈ B(U,U ′) defined by (RUw)(z) = ⟨w, z⟩U (w, z ∈

U), so that T = (B′)−1RU , which is the inverse of the mapping “Rm” in [2, (2.1)]
(there U = V is considered). With this T , (3.3) reads as finding uh ∈ Uh such that
⟨uh,wh⟩U = f((B′)−1RUw

h) = ⟨B−1f,wh⟩U (wh ∈ Uh), which confirms that uh is the
best approximation from Uh to u w.r.t. ∥ ⋅ ∥U .
A necessary condition to be able to implement the resulting Petrov-Galerkin dis-
cretization with a projected optimal test space using any of (3.6)-(3.9) is that the
“optimal test inner product” ⟨B′⋅,B′⋅⟩U ′ on V can be evaluated.

3.3 Application to convection dominated convection-
diffusion equations

We apply a Petrov-Galerkin discretization with a projected optimal test space to
convection-diffusion equations. To obtain satisfactory results also when the layers
are not being resolved by the mesh, we approximate the solution in L2-norm with
discontinuous finite elements. To this end, we consider an ultra-weak variational
formulation of the equation in mixed form.

Remark 3.3.1. Other than in [26], see also [13], where such an ultra-weak formula-
tion is derived by an element-wise integration-by-parts, we employ an integration-by-
parts over the global domain. An advantage of the element-wise approach is that the
optimal test functions are solutions of local variational problems on the individual
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elements. In such a setting, it seems easier to control the error due to the replace-
ment of the truly optimal test functions by projected ones. On the other hand, by
the element-wise integration-by-parts, additional solution components are introduced,
which have the mesh skeleton as their domain. Approximation errors in these addi-
tional components may dominate the errors in the components of main interest, in
particular because the functions on the skeleton are measured in intrinsically stronger
norms.
To prevent that the test search space has to be taken increasingly large for a vanishing
diffusion, we construct a Petrov-Galerkin discretization that in the limit of a vanishing
diffusion is a proper discretization of the pure transport problem. We start with
studying the latter problem.

3.3.1 Transport equation

For a domain Ω ⊂ Rn, b ∈ L∞(Ω)n with div b ∈ L∞(Ω), c ∈ L∞(Ω), and with

Γ± ∶= {x ∈ ∂Ω∶ ±b(x) ⋅ n(x) > 0 a.e.}, Γ0 ∶= ∂Ω ∖ (Γ− ∪ Γ+),

for given f and g, consider the transport equation

{ b ⋅ ∇u + cu = f on Ω,
u = g on Γ−.

Multiplying the equation with smooth test functions v that vanish at Γ+, and using
that b ⋅n vanishes on Γ0, by applying integration-by-parts we arrive at the variational
formulation of finding u ∈ L2(Ω) such that for all those v,

(Bu)(v) ∶= ∫
Ω
u(cv − div vb) = ∫

Ω
fv − ∫

Γ−
gvb ⋅ n. (3.12)

With
H(b; Ω) ∶= {w ∈ L2(Ω)∶b ⋅ ∇w ∈ L2(Ω)},

equipped with ∥w∥2
H(b;Ω) ∶= ∥w∥2

L2(Ω) + ∥b ⋅ ∇w∥2
L2(Ω), we set its closed subspace

H0,Γ+(b; Ω) ∶= closH(b;Ω){w ∈ C(Ω̄)∶w = 0 on Γ+}.

Under the condition that b ∈ C1(Ω)n, or, for some constant κ > 0, c− 1
2 div b ≥ κ a.e.,

it is known ([1, 23]) that B′∶ v ↦ cv − div vb ∈ B(H0,Γ+(b; Ω), L2(Ω)) is boundedly
invertible, and so

B ∈ B(L2(Ω),H0,Γ+(b; Ω)′), B−1 ∈ B(H0,Γ+(b; Ω)′, L2(Ω)).
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Now let a family of closed trial spaces Uh ⊂ U ∶= L2(Ω) be selected, with corresponding
sufficiently large test search spaces V h ⊂ V ∶= H0,Γ+(b; Ω), and let V be equipped
with the optimal test norm ∥B′ ⋅ ∥U ′ . Then the Petrov-Galerkin discretizations with
projected optimal test spaces will yield near-best approximations to u from the trial
spaces in the L2(Ω)-norm, assuming that the infimum over the family of γh defined
in (3.4) is strictly positive.
In [23, Sect. 5], numerical results for this approach were presented for Uh being the
space of piecewise bilinears w.r.t. a uniform partition of a two-dimensional domain
into squares, and V h being the space of continuous piecewise quadratics w.r.t. to a
one- or two-times further dyadically refined partition. In addition, numerical results
were given for adaptively refined partitions.

3.3.2 Convection-diffusion-reaction equation

We consider the boundary value problem

{ −div A∇u + b ⋅ ∇u + cu = f on Ω,
u = g on ∂Ω,

(3.13)

where A ∈ L∞(Ω)n×n is real, symmetric, and invertible with A−1 ∈ L∞(Ω)n×n, b ∈
L∞(Ω)n with div b ∈ L∞(Ω), and c ∈ L∞(Ω).
We assume that the standard, non-mixed variational formulation of (3.13) in case of
homogeneous Dirichlet boundary conditions is well-posed, i.e.,

u↦ (v ↦ ∫
Ω

A∇u ⋅ ∇v + vb ⋅ ∇u + cuv) ∈ B(H1
0(Ω),H1

0(Ω)′)) (3.14)

is boundedly invertible.
Writing A = A1A2, where A1,A2,A

−1
1 ,A−1

2 ∈ L∞(Ω)n×n, and introducing σ = A2∇u,
we consider the reformulation of (3.13) as the first order div-grad mixed system

⎧⎪⎪⎪⎨⎪⎪⎪⎩

σ −A2∇u = 0 on Ω,
−div A1σ + b ⋅ ∇u + cu = f on Ω,

u = g on ∂Ω.
(3.15)

We test the first equation with

τ ∈H(div A⊺
2 ; Ω) ∶= {τ ∈ L2(Ω)n ∶ div A⊺

2τ ∈ L2(Ω)},
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3.3. Application to convection dominated convection-diffusion equations

and the second one with v ∈ H1
0,Γ+

(Ω) = {v ∈ H1(Ω)∶ v∣Γ+ = 0}. For some constant
µ > 0, we introduce

θ = −µ−1A1σ∣∂Ω∖Γ+ ⋅ n

as an independent additional variable. We obtain the ultra-weak variational problem
of finding (σ, u) ∈ L2(Ω)n × L2(Ω), and θ from a space that will be specified later,
such that

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫
Ω
σ ⋅ τ + udiv A⊺

2τ = ∫
∂Ω
gA⊺

2τ ⋅ n,

∫
Ω

A1σ ⋅ ∇v − udiv vb + cuv + ∫
∂Ω∖Γ+

µθv = ∫
Ω
fv − ∫

Γ−
gvb ⋅ n,

(3.16)

(τ ∈H(div A⊺
2 ; Ω), v ∈H1

0,Γ+
(Ω)).

Remark 3.3.2. Note that for f ∈ H1
0(Ω)′ and g ∈ H

1
2 (∂Ω), which conditions are

necessary for the well-posedness of the standard non-mixed variational formulation,
the linear functionals τ ↦ ∫∂Ω gA

⊺
2τ ⋅n and v ↦ ∫Ω fv−∫Γ−

gvb⋅n are in H(div A⊺
2 ; Ω)′

and H1
0,Γ+

(Ω)′, respectively.
Remark 3.3.3. For (σ, u, θ) being the solution of (3.16), a reversed integration-by-
parts of the first equation shows that u ∈ H1(Ω) with ∇u = A−1

2 σ, and u = g on ∂Ω.
Now under the additional condition that f ∈ L2(Ω), a reversed integration-by-parts
of the second equation shows that A1σ ∈H(div; Ω), and θ = −µ−1A1σ∣∂Ω∖Γ+ ⋅ n.
Remark 3.3.4. Although Γ+ has been given a precise meaning in the previous subsec-
tion, in the current subsection actually it could be read as some (measable) subset of
∂Ω, reading the integral over Γ− in the right-hand side of (3.16) as the integral over
∂Ω ∖ (Γ0 ∪ Γ+). The most obvious choice would be to take Γ+ equal to the whole of
∂Ω, with which the introduction of the additional variable θ is avoided, and in which
case H1

0,Γ+
(Ω) reads as H1

0(Ω). The next lemma deals with precisely this setting.
The motivation to take nevertheless Γ+ as the outflow boundary of the correspond-
ing transport problem will become clear in the next subsection, with the design of
a Petrov-Galerkin discretization for solving the convection dominated convection-
diffusion problem.

Lemma 3.3.5. The operator B̄ ∈ B(L2(Ω)n×L2(Ω),H(div A⊺
2 ; Ω)′×H1

0(Ω)′), defined
by

(B̄(σ, u))(τ , v) ∶= ∫
Ω
σ ⋅ τ + udiv A⊺

2τ +A1σ ⋅ ∇v − udiv vb + cuv,

is boundedly invertible.
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3. A robust Petrov-Galerkin discretization of convection-diffusion equations

Proof. The boundedness of B̄ follows easily. Thanks to the open mapping and closed
range theorems, it remains to show that B̄ and B̄′ are surjective.
Given (f , g) ∈ H(div A⊺

2 ; Ω)′ × H1
0(Ω)′, consider the problem of finding (σ, u) ∈

L2(Ω)n ×L2(Ω) such that

∫
Ω
σ ⋅ τ + u div A⊺

2τ = f(τ ) (τ ∈H(div A⊺
2 ; Ω)),

∫
Ω

A1σ ⋅ ∇v − udiv vb + cuv = g(v) (v ∈H1
0(Ω)).

By an application of Riesz’ representation theorem, there exists an r ∈H(div A⊺
2 ; Ω)

such that f(τ ) = ∫Ω r ⋅τ +div A⊺
2rdiv A⊺

2τ . Introducing σ = σ−r, and u = u−div A⊺
2r,

the above system reads as

∫
Ω
σ ⋅ τ + u div A⊺

2τ = 0 (τ ∈H(div A⊺
2 ; Ω)),

∫
Ω

A1σ ⋅ ∇v − udiv vb + cuv =

g(v) − ∫
Ω

A1r ⋅ ∇v − div A⊺
2rdiv vb + cv div A⊺

2r (v ∈H1
0(Ω)).

Thanks to (3.14), we may define u as the solution in H1
0(Ω) of

∫
Ω

A∇u ⋅ ∇v + vb ⋅ ∇u + cuv = g(v) − ∫
Ω

A1r ⋅ ∇v − div A⊺
2rdiv vb + cv div A⊺

2r,

(v ∈ H1
0(Ω)), and take σ = A2∇u. Then both equations are satisfied, σ = σ + r ∈

L2(Ω)n, and u = u + div A⊺
2r ∈ L2(Ω), completing the proof of the surjectivity of B̄.

To show surjectivity of B̄′, given (f , g) ∈ L2(Ω)n × L2(Ω), consider the problem of
finding (τ , v) ∈H(div A⊺

2 ; Ω) ×H1
0(Ω) such that

τ +A⊺
1∇v = f , div A⊺

2τ − div vb + cv = g.

Since bounded invertibility of the mapping guaranteed by (3.14) implies bounded
invertibility of the adjoint mapping, we may define v as the solution in H1

0(Ω) of

∫
Ω

A∇v ⋅ ∇ṽ + vb ⋅ ∇ṽ + cvṽ = ∫
Ω
gṽ +A⊺

2f ⋅ ∇ṽ (ṽ ∈H1
0(Ω)),

and take τ = f−A⊺
1∇v ∈ L2(Ω)n. From ∫Ω −A⊺

2τ ⋅∇ṽ = ∫Ω(−A⊺
2f+A∇v) ⋅∇ṽ = ∫Ω −vb ⋅

∇ṽ − cvṽ + gṽ = ∫Ω ṽ(div vb − cv − g), we find that div A⊺
2τ = div vb − cv − g ∈ L2(Ω),

with which the proof is completed.
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3.3. Application to convection dominated convection-diffusion equations

Well-posedness of the mixed variational formulation (3.16), thus for Γ+ being the
outflow boundary (or more generally, for any Γ+ ⊂ ∂Ω with ∣Γ+∣ > 0), is established
next.

Theorem 3.3.6. For the operator B defined by

(B(σ, u, θ))(τ , v) ∶= (B̄(σ, u))(τ , v) + ∫
∂Ω∖Γ+

µθv,

it holds that B ∈ B(L2(Ω)n × L2(Ω) ×H
1
2
00(∂Ω ∖ Γ+)′,H(div A⊺

2 ; Ω)′ ×H1
0,Γ+

(Ω)′) is
boundedly invertible.

Proof. Recall that for a normed linear space H, and a closed subspace M , the quo-
tient space H/M is equipped with ∥v∥H/M = inf{ṽ∈H ∶v−ṽ∈M} ∥ṽ∥H . If H is a Banach
(Hilbert) space, then so is H/M . With the annihilator M○ ∶= {f ∈H ′ ∶ f(M) = {0}},
being a closed subspace of H ′, we have (H/M)′ ≃M○.
The trace mapping v ↦ v∣∂Ω∖Γ+ ∈ B(H1

0,Γ+
(Ω), L2(∂Ω ∖ Γ+)), with kernel being equal

to H1
0(Ω). As mapping on H1

0,Γ+
(Ω)/H1

0(Ω), this trace is injective, and its range

equipped with the norm on H1
0,Γ+

(Ω)/H1
0(Ω) is known as H

1
2
00(∂Ω ∖ Γ+). It is a

densely embedded subspace of L2(∂Ω ∖ Γ+).
Since B̄ from Lemma 3.3.5 is also bounded as mapping from L2(Ω)n × L2(Ω) to
H(div A⊺

2 ; Ω)′ × H1
0,Γ+

(Ω)′, from H1
0,Γ+

(Ω) ↪ H1
0,Γ+

(Ω)/H1
0(Ω) it follows that B is

bounded.
To show that it is boundedly invertible, given (f , g) ∈ H(div A⊺

2 ; Ω)′ × H1
0,Γ+

(Ω)′,
consider the unique (σ, u) ∈ L2(Ω)n × L2(Ω) such that B̄(σ, u)(τ , v) = (f(τ ), g(v))
for all (τ , v) ∈H(div A⊺

2 ; Ω)×H1
0(Ω). The difference B̄2(u,σ)−g ∈H1

0,Γ+
(Ω)′ vanishes

on H1
0(Ω), i.e., it is an element of the annihilator {h ∈H1

0,Γ+
(Ω)′ ∶ h(H1

0(Ω)) = {0}} ≃

(H1
0,Γ+

(Ω)/H1
0(Ω))′. We conclude that there exists a unique θ ∈ H

1
2
00(∂Ω ∖ Γ+)′ such

that
B(σ, u, θ)(τ , v) = (f(τ ), g(v)) (τ ∈H(div A⊺

2 ; Ω), v ∈H1
0,Γ+(Ω)).

This completes the proof of B being invertible, and thus, by the open mapping
theorem, of having a bounded inverse.

Let a family of closed trial spaces Uh ⊂ U ∶= L2(Ω)n × L2(Ω) × H
1
2
00(∂Ω ∖ Γ+)′ be

selected, with corresponding sufficiently large test search spaces V h = Vh
1 × V h

2 ⊂
V ∶= H(div A⊺

2 ; Ω) × H1
0,Γ+

(Ω), and let V be equipped with the optimal test norm
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3. A robust Petrov-Galerkin discretization of convection-diffusion equations

∥B′ ⋅∥U ′ . Then the Petrov-Galerkin discretizations with projected optimal test spaces
will yield near-best approximations to (σ, u, θ) from the trial spaces in the norm on
U , assuming that the infimum over the family of γh defined in (3.4) is strictly positive.
Besides the issue how to guarantee the latter, in view of

B′(τ , v) = (τ +A⊺
1∇v,div A⊺

2τ − div vb + cv, µv∣∂Ω∖Γ+),

and U ′ = L2(Ω)n × L2(Ω) × H
1
2
00(∂Ω ∖ Γ+), we have to discuss the replacement of

the norm on H
1
2
00(∂Ω ∖ Γ+) by a computable one that is (uniformly) equivalent on

V h
2 ∣∂Ω∖Γ+ .

Using Σ as a shorthand notation for ∂Ω∖Γ+, a not so attractive option is to use that

for z ∈H
1
2
00(Σ), ∥z∥2

H
1
2
00(Σ)

≂ ∫Σ(Wz)(s)z(s)ds, where W is the hypersingular integral

operator.

Using that H
1
2
00(Σ) ≃ [L2(Σ),H1

0(Σ)] 1
2
, see [39, pp. 64-66 & 98-99], another option

is to construct a (wavelet) Riesz basis for H
1
2
00(Σ). Then ∥z∥

H
1
2
00(Σ)

≂ ∥z∥`2 uniformly

in z ∈ H
1
2
00(Σ), where z is the coefficient vector of z w.r.t. the basis. Since it cannot

be expected that z ∈ V h
2 ∣Σ is given as a linear combination of these wavelets, it is

preferable that the corresponding dual wavelets are locally supported, so that the
coefficient vector z can be computed in linear complexity. For the case that Σ is
a two- (or one-) dimensional manifold, a suitable continuous piecewise linear finite
element wavelet basis has been constructed in [21].
If one prefers to avoid the use of wavelets, then one cannot resort to the BPX “precon-
ditioner” ([50]). The union over all levels of the, properly scaled, nodal basis functions
give rise to frames for Sobolev spaces with positive smoothness indices only, whereas

here a frame for H
1
2
00(Σ)′ is needed. An attractive alternative is to apply the opti-

mal multi-level “preconditioner” from [7], that involves an efficient computation of an
approximately orthogonal multi-level decomposition.
In our experiments, we will consider Ω = (0,1)2, and ∅ ⊊ Γ+ ⊊ ∂Ω, and so Σ, will be a
connected union of sides. The space Zh ∶= V h

2 ∣Σ will be a space of continuous piecewise
cubics, zero at ∂Σ, w.r.t. a uniform mesh with mesh-size h, which is constructed by
dyadic refinement.
It is well known, see e.g. [15], that the hierarchical basis for the space Z̆h of continuous

piecewise linears w.r.t. this mesh, zero at ∂Σ, is nearly stable in H
1
2
00(Σ). Denoting
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3.3. Application to convection dominated convection-diffusion equations

this basis as Φh, formally viewed as a column vector, one has ∥c⊺Φh∥2

H
1
2
00(Σ)

≲ ∥c∥2
`2
≲

∣ logh∣2∥c⊺Φh∥2

H
1
2
00(Σ)

. Since for the linear interpolant Ih ∈ B(Zh, Z̆h), it holds that

∥(I − Ih)zh∥
H

1
2
00(Σ)

≲ h−
1
2 ∥(I − Ih)zh∥L2(Σ) ≲ ∥zh∥

H
1
2
00(Σ)

, one infers that the extension

of Φh by a uniformly L2(Ω)-stable basis for ran(I − Ih), scaled by a factor h
1
2 , yields

a basis for Zh with qualitatively the same properties as that of Φh. That is, its
condition number w.r.t. ∥ ⋅ ∥

H
1
2
00(Σ)

is proportional to ∣ logh∣2.

For any zh ∈ Zh, we will replace ∥zh∥
H

1
2
00(Σ)

by the `2-norm of its representation

w.r.t. this basis. We expect that the fact that the latter norm is thus not truly

equivalent to the norm onH
1
2
00(Σ) has an only marginal effect on the numerical results.

Alternatively, with some small additional effort, one could also apply a “coarse-grid”
correction to the hierarchical basis to yield the fully stable basis constructed in [21].

3.3.3 Convection dominated convection-diffusion equation

For ε > 0, b ∈ L∞(Ω)n with div b ∈ L∞(Ω), and c ∈ L∞(Ω), we consider the boundary
value problem

{ −ε∆u + b ⋅ ∇u + cu = f on Ω,
u = g on ∂Ω,

(3.17)

that is, (2.8) with A = εId.
We consider the mixed formulation (3.16) with A1 = A2 =

√
ε Id and µ =

√
ε, i.e., the

ultra-weak variational problem of finding (σ, u, θ) ∈ U = L2(Ω)n ×L2(Ω) ×H
1
2
00(∂Ω ∖

Γ+)′, such that

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫
Ω
σ ⋅ τ +

√
εudiv τ = ∫

∂Ω

√
ε gτ ⋅ n,

∫
Ω

√
εσ ⋅ ∇v − udiv vb + cuv + ∫

∂Ω∖Γ+

√
ε θv = ∫

Ω
fv − ∫

Γ−
gvb ⋅ n,

(3.18)

((τ , v) ∈ V =H(div; Ω) ×H1
0,Γ+

(Ω)).
We equip V with (squared) optimal test norm, that reads, for (τ , v) ∈ V , as

∥τ +
√
ε∇v∥2

L2(Ω)n + ∥
√
ε div τ − div bv + cv∥2

L2(Ω) + ∥
√
ε v∣∂Ω∖Γ+∥

2

H
1
2
00(∂Ω∖Γ+)

, (3.19)

where, as explained in the previous subsection, we will replace the evaluation of the
last norm applied to a finite element function by a (nearly) equivalent expression.
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3. A robust Petrov-Galerkin discretization of convection-diffusion equations

Although at the continuous level, we have introduced θ as an additional unknown, cf.
Remark 3.3.4, in the next proposition we will eliminate it at the discrete level as an
independent function. The reason for doing this is that as an independent function,
it is undetermined for ε = 0, and thus would yield a singular linear system.
One may wonder why θ was introduced at all. The motivation for its introduction
lies at the test side. It induced the enlargement of the test space with functions that
do not vanish at Γ+, which test functions are needed for the well-posedness of the
limiting transport problem.

Proposition 3.3.7. For Σh ⊂H(div; Ω) and P h ⊂ L2(Ω), let

Uh = {(σh, uh,−σh∣∂Ω∖Γ+ ⋅ n)∶σh ∈ Σh, uh ∈ P h}. (3.20)

Then for f ∈ L2(Ω), and with (σ, u, θ) the solution of (3.18), it holds that

inf
(σh,uh,θh)∈Uh

∥(σ, u, θ) − (σh, uh, θh)∥
L2(Ω)n×L2(Ω)×H

1
2
00(Ω∖Γ+)′

≲ inf
(σh,uh)∈Σh×Ph

∥(σ, u) − (σh, uh)∥H(div;Ω)×L2(Ω).

Proof. From f ∈ L2(Ω), we know that θ = −σ∣∂Ω∖Γ+ ⋅ n (see Remark 3.3.3). Now the

result follows from σ ↦ −σ∣∂Ω∖Γ+ ⋅n ∈ B(H(div; Ω),H
1
2
00(∂Ω∖Γ+)′) ([9, Lemma 3.3]).

Remark 3.3.8. In view of the fact that the error in u is measured in L2(Ω)-norm, it
is not very pleasant that the error in σ, being a multiple of ∇u, now is measured in a
norm that is even stronger than the one on L2(Ω)n, cf. the discussion in Chapter 2.
Fortunately, on the other hand it is advantageous that σ =

√
ε∇u, so with a factor√

ε that vanishes for ε ↓ 0.
Since V has been equipped with the optimal test norm, the Petrov-Galerkin discretiza-
tion with (truly) optimal test space delivers the best approximation to (σ, u, θ) from
the trial space Uh, and the error estimate from Proposition 3.3.7 applies.
With the Petrov-Galerkin discretization with a projected optimal test space, we ob-
tain an approximation that is as good as the best approximation up to a factor that
can be as large as (γh)−1. Fixing Uh and a test search space V h, generally this inf-sup
constant γh depends on ε. If the discrete system is singular for ε = 0, as with the
common formulations, then necessarily limε↓0 γh(ε) = 0. Typically, the truly optimal
test functions develop boundary layers for ε ↓ 0, and so are increasingly more difficult
to approximate.
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3.4. Application to convection dominated convection-diffusion equations

With the variational formulation (3.18), the Petrov-Galerkin discretization with trial
space Uh from (3.20) and test search space

V h = Vh
1 × V h

2 ⊂ V (3.21)

reads, for ε = 0, as the Petrov-Galerkin discretization, with trial space Σh × P h and
test search space V h, of the decoupled system of finding (σ, u) ∈ L2(Ω)n×L2(Ω) such
that

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫
Ω
σ ⋅ τ = 0 (τ ∈ L2(Ω)n),

∫
Ω
u(cv − div vb) = ∫

Ω
fv − ∫

Γ−
gvb ⋅ n (v ∈H0,Γ+(b; Ω)),

(3.22)

with L2(Ω)n × H0,Γ+(b; Ω) being equipped with the optimal (squared) test norm
∥τ ∥2

L2(Ω)n + ∥cv − div vb∥2
L2(Ω). To see this, consider the saddle-point formulation

(3.8) of the Petrov-Galerkin discretization, and substitute ε = 0 in (3.18) and (3.19).
Although useless, the first equation in (3.22) is well-posed, and the second equation is
the well-posed formulation (3.12) of the limiting transport problem. When Vh

1 ⊇ Σh

and V h
2 ⊂ H1

0,Γ+
(Ω) ⊂ H0,Γ+(b; Ω) be sufficiently large in relation to P h, the Petrov-

Galerkin discretization for ε = 0 will yield a near-best approximation from Uh to the
solution u of the transport problem in the L2(Ω)-norm.
We conclude that in any case a necessary condition has been fulfilled such that our
Petrov-Galerkin discretization with trial space Uh from (3.20), and a sufficiently large,
but ε-independent choice of the test search space V h, yields a near-best approximation
to (σ, u, θ) from Uh in the norm on U uniformly in ε ∈ [0,M], for some arbitrary
constant M > 0.
The numerical results presented in the next section seem to suggest that such near-
best approximations are found.

Remark 3.3.9. Continuing the discussion in Remark 3.3.4 and in the lines preceding
Proposition 3.3.7, well-posedness of the Petrov-Galerkin discretization for ε = 0 would
not hold with the obvious variant of (3.18), where v runs overH1

0(Ω), and the function
θ has not been introduced. For small ε, numerical results with that formulation are
incomparably worse.
Similarly important are the factorisation of A = εIId into two factors A1 and A2

that both vanish for ε = 0, the selection of µ dependent of ε such that it vanishes for
ε = 0, and the choice of θh as a function of σh.
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3. A robust Petrov-Galerkin discretization of convection-diffusion equations

3.4 Numerical results

We have tested the Petrov-Galerkin discretization with projected optimal test space
of the formulation (3.18) of the convection-diffusion problem for Ω = (0,1)2, c = 0
and g = 0. We equipped the test space V = H(div; Ω) ×H1

0,Γ+
(Ω) with the (squared)

optimal test norm (3.19) –where we approximated the arising H
1
2
00(∂Ω ∖ Γ+)-norm

in the way as explained at the end of Subsect. 3.3.2–, and considered trial spaces
of the form (3.20). We used the formulation of the Petrov-Galerkin system as the
saddle-point problem (3.8), and solved this system exactly using the built-in MATLAB
solver. In doing so, we did not encounter any instabilities due to ill-conditioning.
For Σh and P h, we took the Raviart-Thomas space RT1h and the space of discon-
tinuous piecewise linears, both w.r.t. the partition Ωh, being the uniform partition
of Ω into isosceles right-angles triangles with legs of length h = 2−` (` ∈ N0) and
hypothenuses parallel to the vector [1 1].
For the test search space components Vh

1 and V h
2 (cf. (3.21)), we took the Raviart-

Thomas space RT1h/2 and the space of continuous piecewise cubics, zero at Γ+, both
w.r.t. the refined partition Ωh/2.
Although for our convenience, so far we only performed numerical experiments with
uniform meshes, for completeness we emphasise that the application of our Petrov-
Galerkin method is not restricted to such meshes.

Example 3.4.1. We took b = [2 1]⊺, and right-hand side f such that the exact solution
is

u(x, y) = [x + (eb1x/ε − 1)/(1 − eb1/ε)] ⋅ [y + (eb2y/ε − 1)/(1 − eb2/ε)], (3.23)

which has typical boundary layers at the top and right outflow boundaries. Compar-
isons of the solutions obtained by our Petrov-Galerkin discretization and those with
the streamline upwind diffusion Petrov-Galerkin method (SUPG) (see [12]) are given
in Figures 3.1 and 3.2. As recommended in a preprint version of [29], for the SUPG
method we took as stabilisation parameter α = max(h∣b∣ − 2ε,0)/∣b∣2, which turned
out to give the best results.
In Figure 3.3, the L2((0,1)2)-errors in the computed uh by our Petrov-Galerkin
method are compared to those in the L2(Ω)-orthogonal projection of the exact solu-
tion onto the trial space P h. It turns out that they are very close.
In both this and the next example, a numerically stable computation of the L2(Ω)-
orthogonal projection onto the trial space P h and the norm of its error turned out to
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Figure 3.1: Approximate solution for Example 3.4.1, ε = 10−2 and h = 1/16 with our
Petrov-Galerkin method (left) and SUPG (right).
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Figure 3.2: Approximate solution for Example 3.4.1, ε = 10−6 and h = 1/16 with our
Petrov-Galerkin method (left) and SUPG (right).
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Figure 3.3: L2-error vs. 1/h in uh from Example 3.4.1 computed by our Petrov-
Galerkin method (left), and in the L2(Ω)-orthogonal projection of the exact solution
onto the space of discontinuous piecewise linears (right).

be rather troublesome for ε = 10−6. After having solved this, the squared norm of the
error in the Petrov-Galerkin solution was computed as the sum of the squared norm
of the error between the exact solution and its projection, and the squared norm of
the difference between the projection and the Petrov-Galerkin solution.
Example 3.4.2. Following the example in [28, Sect. 3.1], we took b = [1 0]⊺, and
right-hand side f such that the exact solution is

u(x, y) = (e
r1(x−1) − er2(x−1)

e−r1 − e−r2
+ x − 1) sinπy,

where r1,2 = −1±
√

1+4ε2π2

−2ε .
We compared uh obtained by our Petrov-Galerkin method to the approximation
to u produced by SUPG, the L2(Ω)-orthogonal projection of u onto P h, and the
approximation to u produced by the method by Demkowicz and Heuer in [28].
The latter method is a Petrov-Galerkin method with a projected optimal test space
for an ultra-weak formulation of the mixed system (3.15), that is obtained by an
element-wise partial integration of both equations w.r.t. the finite element partition
Ωh. Consequently, the test space is the product of spaces of “broken” H(div)- and
H1-functions. Apart from the trial functions σh and uh, and the test functions τ h

and vh, by this procedure two additional trial functions ûh and σ̂hn are introduced
that have the mesh skeleton as their domain.

74



3.4. Numerical results

0
0.2

0.4
0.6

0.8
1

0

0.5

1
0

0.5

1

1.5

0
0.2

0.4
0.6

0.8
1

0

0.5

1
0

0.5

1

1.5

Figure 3.4: Approximate solution for Example 3.4.2, ε = 10−4 and h = 1/16 with our
Petrov-Galerkin method (left) and the method of Demkowicz and Heuer (right).

For the method from [28], as trial and test search spaces we took discontinuous
piecewise linears for uh and σh, and discontinuous cubics for τ h and vh. As trial space
for ûh, we took the restriction to the skeleton of the continuous piecewise quadratics
that vanish at ∂Ω. As trial space for σ̂hn, we took discontinuous piecewise linears on
all edges. We equipped the test space with the weighted test norm ∥(v,τ )∥V,2 as was
recommended for this example.
Approximate solutions produced by our Petrov-Galerkin method and that from [28]
are illustrated in Figure 3.4.
In Figure 3.5, the L2((0,1)2)-errors in the computed approximations to u are com-
pared. The L2(Ω)-norm of the error in uh obtained by our Petrov-Galerkin method
is very close to that in the L2(Ω)-orthogonal projection of the solution u onto the
space of discontinuous piecewise linears.

Example 3.4.3 (internal layer, not aligned with the mesh). In this example, we take

b = [2 1]⊺, f(x, y) = { 1 − x y > x/2 + 1/4,
0 y < x/2 + 1/4, so for ε = 0, the solution is given by

u(x, y) = { x/2 − x2/4 y > x/2 + 1/4,
0 y < x/2 + 1/4.

In Figure 3.6, for ε = 0 the element-wise L2-error in uh obtained by our Petrov-
Galerkin discretization is compared to that L2(Ω)-orthogonal projection of the solu-
tion u onto the space of discontinuous piecewise linears.
Solutions for ε = 10−2 and h = 1/16 obtained by our Petrov-Galerkin discretization
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Figure 3.5: L2-error vs. 1/h in uh from Example 3.4.1 computed by our Petrov-
Galerkin method (top left), by the method of Demkowicz and Heuer (top right), by
SUPG (bottom left), and in the L2(Ω)-orthogonal projection of the solution u onto
the space of discontinuous piecewise linears (bottom right). For both the SUPG and
the method of Demkowicz and Heuer, the curves for ε = 10−4 and ε = 10−6 coincide
as the upper curves in these figures.
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Figure 3.6: The element-wise L2-error for ε = 0 and h = 1/16 in uh obtained by our
Petrov-Galerkin discretization, and that in the L2(Ω)-orthogonal projection of the
solution u onto the space of discontinuous piecewise linears.

and with SUPG are illustrated in Figure 3.7.

Example 3.4.4 (two internal layers, aligned with the mesh). In this example, we take

b = [1 1]⊺, f(x, y) = { 1 − x y > x − 1/4,
0 y < x − 1/4, so for ε = 0, the solution is given by

u(x, y) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

−1
2x

2 + x y > x,
1
2y

2 − xy + y x + 1/4 < y < x,
0 y < x + 1/4.

Approximate solutions for h = 1/16 and ε = 10−4 or ε = 0 obtained by our Petrov-
Galerkin discretization are illustrated in Figure 3.8.
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Figure 3.7: Approximate solution for Example 3.4.3, ε = 10−2 and h = 1/16 with our
Petrov-Galerkin method (left), and with SUPG (right).
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Figure 3.8: Approximate solution by our Petrov-Galerkin method for Example 3.4.4,
h = 1/16 and ε = 10−4 (left) or ε = 0 (right).

78



4. On the stability of DPG formulations
of transport equations

4.1 Introduction

There has been a recent vibrant development of the so called Discontinuous Petrov-
Galerkin (DPG) method, initiated and developed mainly by L. Demkowicz and J.
Gopalakrishnan, see e.g. [26, 32]. The general underlying methodology aims, in par-
ticular, at an improved treatment of problem classes that are, roughly speaking, much
less understood than classical second order elliptic problems. Of course, “improved”
leaves much room for interpretation but for us, predominant aspects are the following:

(i) Ideally, even though the original problem may be unsymmetric or indefinite, the
arising system matrices are symmetric positive definite and sparse, so that one
has a chance to keep the computational complexity proportional to the problem
size.

(ii) Ideally, the method is based on a DG-type variational formulation that estab-
lishes a tight relation between errors and residuals.

We emphasize that we mean in (ii) the outer residual, i.e., the residual in a full
infinite dimensional space where it is well defined. Once a suitable topology for this
space is identified such a residual can be used as a rigorous foundation for deriving
error indicators that could steer adaptive techniques. Being able to do this beyond
the class of elliptic problems is a major motivation for this chapter. Specifically, the
central objective of this chapter is to discuss (i) and (ii) for a class of linear transport
equations with possibly variable convection field.
We explain next the relevance of (i) and (ii) for us in more detail, relate our findings
to the state of the art, and lay out the objectives of this chapter.
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4. On the stability of DPG formulations of transport equations

4.1.1 Conceptual background and motivation

Both issues (i), (ii) above rely crucially on the notion of optimal test bases. The key
underlying idea is easily described in an abstract framework and has been presented
in the literature in different variants for different purposes [2, 9, 26, 32, 47, 23, 24]. To
explain this let U,V denote Hilbert spaces over R, endowed with norms ∥ ⋅ ∥U , ∥ ⋅ ∥V ,
respectively, and assume that b(⋅, ⋅) ∶ U × V → R is a continuous bilinear form. Given
f ∈ V ′, the normed dual of V , endowed with the norm

∥w∥V ′ ∶= sup
v∈V

∣w(v)∣
∥v∥V

,

consider the variational problem

b(u, v) = f(v), v ∈ V. (4.1)

Since the form b(⋅, ⋅) is continuous, i.e.,

∥B∥ ∶= sup
∥v∥V ≤1

sup
∥w∥U≤1

b(w, v) <∞,

the operator B ∶ U → V ′, defined by (Bw)(v) = b(w, v), w ∈ U, v ∈ V , is continuous
and (4.1) is equivalent to the operator equation

Bu = f. (4.2)

Its unique solvability is well known to be equivalent to the validity of the inf-sup
conditions

inf
w∈U

sup
v∈V

b(w, v)
∥w∥U∥v∥V

≥ β, inf
v∈U

sup
w∈V

b(w, v)
∥w∥U∥v∥V

≥ β, (4.3)

for some positive β, i.e., B ∈ Bis(U,V ′) where Bis(X,Y ) denotes the collection of
norm-isomorphisms from a Hilbert space X onto a Hilbert space Y .
Moreover, it is well known that ∥B−1∥B(V ′,U) ≤ β−1. Thus, the condition number
κU,V ′(B) ∶= ∥B∥B(U,V ′)∥B−1∥B(V ′,U) of B ∈ Bis(U,V ′) satisfies

κU,V ′(B) ≤ ∥B∥/β,

i.e., the smaller ∥B∥ and the larger β, the better. In particular, since in these terms
∥w∥U ≤ β−1∥Bw∥V ′ , ∥Bw∥V ′ ≤ ∥B∥∥w∥U , we do have for any approximation ū to the
solution u of (4.1) the error-residual relation

∥B∥−1∥f −Bū∥V ′ ≤ ∥u − ū∥U ≤ β−1∥f −Bū∥V ′ . (4.4)
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Of course, the larger κU,V ′(B) the harder a time has a numerical method based on
the above variational formulation to perform well. Moreover, the residual in V ′ does
then not provide accurate information about the error in U .
In general one may have to face two types of obstructions: first, κU,V ′(B) - although
finite - could be very large. A typical example is a convection dominated convection-
diffusion problem for U = V = H1

0(Ω). Fixing ∥ ⋅ ∥U and appropriately varying ∥ ⋅ ∥V ,
or vice versa, may lead to a different variational formulation with a much smaller
condition number, ideally even equal to one, see [23]. The price to be paid is that one
has to accept that trial and test space (already on the infinite dimensional level) are
different. This is the second obstruction, namely having to deal with an asymmetric
variational formulation - U ≠ V - so that the uniform discrete stability of projected
versions of (4.1) is no longer granted even though the inf-sup constant β in (4.3) may
be close to one.
This chapter is concerned with the second issue, starting with a well-conditioned
infinite dimensional variational formulation – later for a class of transport equations.
Then, given a (finite dimensional) trial space Uh ⊂ U we wish to find a test space
Vh ⊂ V that inherits the stability (4.3) of the infinite dimensional problem (for a
positive constant possibly smaller than β, but h-independent), and therefore deserves
to be called (uniformly) (near–)optimal. To identify such a near–optimal test space,
notice first that the trial-to-test-map T ∈ Bis(U,V ), defined by

⟨Tu, v⟩V = b(u; v) (u ∈ U, v ∈ V ), (4.5)

yields the supremizer in the first relation of (4.3), i.e.,

∥Tu∥V = sup
v∈V

b(u, v)
∥v∥V

, (4.6)

which means
∥Tu∥2

V = b(u,Tu). (4.7)

Therefore, the (truly) optimal test space for a given subspace Uh ⊂ U is

T (Uh) = {Tuh∶uh ∈ Uh}, (4.8)

in the sense that the Petrov-Galerkin scheme: find uh ∈ Uh such that

b(uh, vh) = f(vh), vh ∈ T (Uh), (4.9)
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is uniquely solvable and the corresponding finite dimensional operator has at most
the same condition number as the infinite dimensional problem (4.1). Moreover, (4.9)
is easily seen to form the normal equations for minimizing the residual ∥f −Bw∥V ′

over Uh, i.e.,
uh = arg min

ūh∈Uh

∥f −Būh∥V ′ . (4.10)

Denoting by RU ∈ Bis(U,U ′) the Riesz-map defined by

⟨z,w⟩U = (RUz)(w), z,w ∈ U, (4.11)

we have, of course, T = R−1
V B = RV ′B. Hence, the application of T amounts to

solving an infinite dimensional Galerkin problem in V . Thus, for each basis function
φ ∈ Uh, finding the corresponding test-basis function ψ = Tφ, would require solving
an infinite dimensional variational problem, possibly even of the same complexity as
the one for solving (4.1).
A natural idea propagated in many works (see e.g. [26, 20, 23, 9]) is to replace the
optimal test space by its V -projection onto a finite dimensional subspace V h ⊂ V
which we refer to as the test search space. Specifically, this amounts to replacing T
by the mapping T h = T V h ∈ B(U,V h), defined by

⟨T hu, vh⟩V = b(u; vh) (u ∈ U, v ∈ V h), (4.12)

whose existence is guaranteed by Riesz’ representation theorem. Given a closed linear
trial space Uh ⊂ U , and denoting by PV h the V -orthogonal projection onto V h, defined
by ⟨PV hv, z⟩V = ⟨v, z⟩V , v ∈ V , z ∈ V h, we see that T h = PV h ○ T . The range of its
restriction to Uh

T h(Uh) = (PV h ○ T )(Uh),

known as the projected optimal test space, will now be used as test space in the
Petrov-Galerkin problem of finding ũh ∈ Uh such that

b(ũh; vh) = f(vh) (vh ∈ T h(Uh)). (4.13)

Our key requirement on V h is that

γh ∶= inf
0≠wh∈Uh

sup
0≠vh∈V h

b(wh; vh)
∥wh∥U∥vh∥V

≥ γ > 0, (4.14)

82



4.1. Introduction

holds uniformly in h. Then the (projected optimal) test space T h(Uh) is near-optimal.
In particular, a generalized Céa’s lemma shows that

∥u − ũh∥U ≤
∥B∥B(U,V ′)

γh
inf

wh∈Uh
∥u −wh∥U , (4.15)

see e.g. [32, Thm. 2.1], [10, Prop. 2.3], [20, 23].
Recall that a necessary condition for realizing our initial objective (i) of linearly
scaling computational complexity is that

dimV h ≂ dimUh, (4.16)

uniformly in h.
Note, however, that even when (4.16) holds, determining the corresponding projected
optimal test space still requires solving for each basis function a discrete problem
which, generally, has the same size as the corresponding Petrov-Galerkin problem
itself.
Therefore a central objective is to keep also the cost for computing T h(Uh) under
control, which is the primary focus of this chapter. One strategy is to localize the
computation of the projected optimal test functions. As advocated by Demkowicz and
Gopalakrishnan in several of their works, this localization can be achieved by replacing
the “original” formulation (4.1) from the start by a mesh-dependent Discontinuous-
Petrov-Galerkin formulation

bh(U, v) = (BhU)(v) = f(v), v ∈ V, (4.17)

see e.g. [26]. Here, the “new” unknown U may now involve in addition to the original
field u also a “skeleton-component” that lives on the union ∂Ωh of cell interfaces of
the underlying mesh Ωh. For smooth solutions this skeleton-component agrees with
the traces of u on ∂Ωh but these traces may not a priori exist for all elements in the
function space for u. Choosing now the (infinite dimensional) test space as a “broken”
space

V ∶= ∏
K∈Ωh

VK , ∥v∥2
V ∶= ∑

K∈Ωh

∥v∥2
VK
, (4.18)

the trial-to-test-map T ∶ U → V indeed localizes, i.e., for bh(u, v) = ∑K∈Ωh
bK(u, v)

we have

Tu = ∑
K∈Ωh

TKu, where ⟨TKu, v⟩VK = bK(u, v), v ∈ VK . (4.19)
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One now faces two main issues:

(I) Imposing the structure (4.18) on the test space, it is not clear that the infinite
dimensional (new) variational formulation (4.17) is well-posed. More precisely,
one has to establish uniform inf-sup stability with respect to a given family of
partitions Ωh with decreasing mesh size parameter h.

(II) For a given finite dimensional trial space Uh associated with Ωh, one still has
to find a finite dimensional test search space

V h = ∏
K∈Ωh

V h
K ,

that satisfies (4.14).

Regarding our introductory issues (i) and (ii), realizing a linear scaling of the com-
putational work for the uniformly stable Petrov-Galerkin problems one would need
to assure that dimV h ≲ dimUh, uniformly in h. This would be the case if one were
able to assert that for some fixed M ∈ N,

dim (V h
K) ≤M, h→ 0, (4.20)

suffices to warrant the desired uniform inf-sup stability, and as a consequence, the
desired rigorous error-residual relation (4.4).
To our knowledge, the only case for which these wishes were rigorously established
concerns second order elliptic problems [32]. The central objective of this chapter is
to establish (4.20) in conjunction with uniform (in h) inf-sup stability in the DPG
context for a class of linear transport equations with a possibly variable convection
field.
The proof of this result and necessary prerequisites turns out to be quite elaborate.
Our motivation for investing in a rigorous stability analysis for transport equations
stems in part from several envisaged applications that will be addressed in more detail
in forthcoming work. This concerns, in particular, the design and analysis of rigorous
adaptive methods for transport equations and, in fact, for a somewhat wider scope
of problems where transport plays a dominant role such as kinetic models.

4.1.2 Layout of the chapter

In Section 4.2 we formulate the first order linear transport equations treated in this
chapter. Section 4.3 is devoted to its variational formulation and the proof of its
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well-posedness, addressing the aforementioned issue (I). In Section 4.4 we derive and
analyse optimal test functions along with their computable near-optimal counterparts
culminating in the uniform stability of the DPG scheme, i.e., this section deals with
issue (II).
In this chapter, by C ≲ D we will mean that C can be bounded by a multiple of D,
independently of parameters which C and D may depend on. Obviously, C ≳ D is
defined as D ≲ C, and C ≂D as C ≲D and C ≳D.

4.2 Transport equation

For a bounded Lipschitz domain Ω ⊂ Rn, let b ∈ W 0
∞(div; Ω), i.e., b ∈ L∞(Ω)n with

div b ∈ L∞(Ω). We set

H(b; Ω) ∶= {u ∈ L2(Ω)∶b ⋅ ∇u ∈ L2(Ω)},

equipped with the norm ∥u∥2
H(b;Ω) ∶= ∥u∥2

L2(Ω) + ∥b ⋅ ∇u∥2
L2(Ω).

In order to define the characteristic, outflow, and inflow boundary parts Γ0,Γ+,Γ− ⊂
∂Ω, respectively, under the above assumptions on the velocity field b we use the
(formal) integration-by-parts formula

∫
Ω

2wb ⋅ ∇w +w2 div bdx = ∫
∂Ω
w2b ⋅ nds,

to define the characteristic boundary Γ0 as the largest measurable subset of ∂Ω such
that the left-hand side vanishes for all w ∈ H(b; Ω) ∩ C(Ω̄) that vanish on ∂Ω ∖ Γ0.
Similarly, we set the outflow boundary Γ+ as the largest measurable subset of ∂Ω∖Γ0

such that ∫Ω 2wb ⋅ ∇w + w2 div bdx ≥ 0 for all w ∈ H(b; Ω) ∩ C(Ω̄) that vanish on
(∂Ω∖Γ0)∖Γ+, and finally, we define the inflow boundary as Γ− = ∂Ω∖ (Γ0 ∪Γ+). For
continuous b, it means that Γ0 ∶= {x ∈ ∂Ω∶b(x) ⋅n(x) = 0} whenever n(x) is uniquely
defined, and Γ± ∶= {x ∈ ∂Ω∶ ±b(x) ⋅ n(x) > 0}.
For a b ∈W 0

∞(div; Ω), and a c ∈ L∞(Ω), we consider the transport equation of finding
u ∶ Ω→ R that, for given f ∶Ω→ R and g∶Γ− → R, solves

{ b ⋅ ∇u + cu = f on Ω,
u = g on Γ−.

(4.21)

When g = 0 a first canonical variational formulation of the transport problem reads:
find u such that

∫
Ω
(b ⋅ ∇u + cu)v dx = ∫

Ω
fv dx (4.22)
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holds for all smooth test functions v ∈ C∞(Ω̄). A second variant seeks u such that

∫
Ω
(cv − div vb)udx = ∫

Ω
fv − ∫

Γ−
gvb ⋅ ndx (4.23)

holds for all smooth test functions v that vanish on Γ+. Note that in the second formu-
lation, the Dirichlet boundary condition enters as a natural condition, and therefore
this formulation applies equally well for an inhomogeneous boundary condition on
Γ−.
Applying Cauchy-Schwarz followed by taking closures, shows that the Hilbert spaces

H0,Γ±(b; Ω) ∶= closH(b;Ω){u ∈H(b; Ω) ∩C(Ω̄)∶u = 0 on Γ±}.

are relevant for these variational formulations. In fact, the operators

B ∶= u↦ b ⋅ ∇u + cu, B∗ ∶= v ↦ cv − div vb

are obviously continuous as mappings into L2(Ω), i.e.,

B ∈ B(H0,Γ−(b; Ω), L2(Ω)), B∗ ∈ B(H0,Γ+(b; Ω), L2(Ω)).

In addition, we assume that

B ∈ Bis(H0,Γ−(b; Ω), L2(Ω)), (4.24)
B∗ ∈ Bis(H0,Γ+(b; Ω), L2(Ω)), (4.25)

meaning that the first (for g = 0) or second variational form of the problem is well-
posed over H0,Γ−(b; Ω) ×L2(Ω) or L2(Ω) ×H0,Γ+(b; Ω), respectively. These assump-
tions are readily verified for non-zero, constant b, but are not necessarily satisfied
for every vector field b as, for instance, when flow curves associated to ±b do not
reach the boundary. Sufficient conditions for both assumptions are b ∈ C1(Ω̄) with
b(x) ≠ 0 for x ∈ Ω̄, or c − 1

2 div b ≥ κ > 0 a.e. on Ω, for some constant κ, see [23,
Remark 2.2].

4.3 A variational formulation of the transport equa-
tion with broken test and trial spaces

In order to allow us to eventually localize the determination of the optimal test
functions we follow the approach introduced by Demkowicz and Gopalakrishnan [26]
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4.3. A variational formulation of the transport equation with broken test and
trial spaces

replacing (4.23) by a Discontinuous Galerkin formulation. We introduce first the
relevant notation.
For any h from an index of mesh parameters, let Ωh be a collection of disjoint open
Lipschitz domains (‘elements’) such that Ω̄ = ⋃K∈Ωh

K̄. We will refer to such an Ωh

as a partition of Ω. For each K ∈ Ωh, we split its boundary into characteristic and
in- and outflow boundaries, i.e., ∂K = ∂K0 ∪ ∂K+ ∪ ∂K−, and denote by

∂Ωh ∶= ∪K∈Ωh
∂K ∖ ∂K0

the mesh skeleton, i.e., the union of the non-characteristic boundary portions of the
elements.
Let us first assume that g = 0, referring to Remark 4.3.6 for g ≠ 0. Moreover, denot-
ing by ∇h the piecewise gradient operator, let us introduce the spaces H(b; Ωh) =
{v ∈ L2(Ω)∶b ⋅ ∇hv ∈ L2(Ω)}, equipped with squared “broken” norm ∥v∥2

H(b;Ωh) ∶=
∥v∥2

L2(Ω) + ∥b ⋅ ∇hv∥2
L2(Ω), and let

H0,Γ−(b;∂Ωh) ∶= {w∣∂Ωh
∶w ∈H0,Γ−(b; Ω)},

equipped with quotient norm

∥θ∥H0,Γ−(b;∂Ωh) ∶= inf{∥w∥H(b;Ω)∶ θ = w∣∂Ωh
, w ∈H0,Γ−(b; Ω)}. (4.26)

A standard piecewise integration-by-parts of the transport equation (4.21) leads to
the following problem:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

For U ∶= L2(Ω) ×H0,Γ−(b;∂Ωh), V ∶=H(b; Ωh),
given f ∈H(b; Ωh)′,find (u, θ) ∈ U such that for all v ∈ V,
bh(u, θ; v) ∶= ∫Ω(cv − b ⋅ ∇hv − v div b)udx + ∫∂Ωh

JvbKθ ds = f(v).
(4.27)

Here we define as usual for x ∈ ∂K ∩ ∂K′,

JvbK(x) ∶= (vb∣K ⋅ nK)(x) + (vb∣K′ ⋅ nK′)(x),

and JvK(x) ∶= (vb∣K ⋅ nK)(x) for x ∈ ∂Ω ∩ ∂K.
The additional independent variable θ replaces the trace u∣∂Ωh

which is not defined
for general u ∈ L2(Ω). If f ∈ L2(Ω), or, equivalently, u ∈H0,Γ−(b; Ω), then a reversed
integration by parts shows that indeed θ = u∣∂Ωh

.
Well-posedness of the variational formulation (4.27) is demonstrated in the next the-
orem. It is an adaptation of [9, Thm. 5.1] where we employ here slightly different
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spaces U and V , and where we show explicit bounds on the norms of the operator
and its inverse.
In Chapter 2, the spaces were chosen such that both θ and v vanish on Γ+. Also the
transport equation here is more general since it may contain a reaction term. For con-
venience we include the proof. In the following, we abbreviate ∥B−1∥B(L2(Ω),H0,Γ−(b;Ω)),
∥(B∗)−1∥B(L2(Ω),H0,Γ+(b;Ω)), ∥div b∥L∞(Ω), ∥c∥L∞(Ω), and ∥c − div b∥L∞(Ω) as ∥B−1∥,
∥B−∗∥, ∥div b∥, ∥c∥, and ∥c − div b∥ respectively. B,B∗, induced by the conforming
formulations (4.22), (4.23), should not be confused with the operators Bh induced by
the DPG formulation.

Theorem 4.3.1. Assume that b ∈ W 0
∞(div; Ω), c ∈ L∞(Ω) and that conditions

(4.24), (4.25) hold. Then, defining Bh ∶ U → V ′ by (Bh(u, θ))(v) ∶= bh(u, θ; v), one
has Bh ∈ Bis(U,V ′) with

∥Bh∥B(U,V ′) ≤ 2 + ∥div b∥ + ∥c − div b∥,

∥B−1
h ∥B(V ′,U) ≤

√
∥B∗∥2 + C̃2

B,

where C̃B ∶= (1 + ∥B−∗∥(1 + ∥c − div b∥))∥B−1∥(∥c − div b∥ + 1).

Remark 4.3.2. As the bilinear form bh and the operator Bh, obviously also the spaces
U and V , and the solution (u, θ) depend on h, but we supress these latter dependen-
cies in the notation.
Remark 4.3.3. A consequence of Theorem 4.3.1 is that H(b; Ωh) → H0,Γ−(b;∂Ωh)′ ∶
v ↦ JvbK is surjective.
Anticipating this latter fact, we can say that the following lemma, which is the first
tool for proving Theorem 4.3.1, provides an equivalent norm for H0,Γ−(b;∂Ωh)′. In
particular, it shows that H0,Γ−(b;∂Ωh)′ ≃H(b; Ωh)/H0,Γ+(b; Ω).

Lemma 4.3.4. For v ∈H(b; Ωh), one has JvbK ∈ (H0,Γ−(b;∂Ωh))′ with

(∥B−1∥(∥c − div b∥ + 1))−1 ≤
∥JvbK∥H0,Γ−(b;∂Ωh)′

infz∈H0,Γ+(b;Ω) ∥v − z∥H(b;Ωh)
≤ 1 + ∥div b∥

(v ∈H(b; Ωh) ∖H0,Γ+(b; Ω)).

Proof. For v ∈H(b; Ωh), w ∈H0,Γ−(b; Ω) ⊂H(b; Ω), we have

∫
∂Ωh

JvbKwds = ∑
K∈Ωh

∫
K
∇v ⋅ bw + v(b ⋅ ∇w +w div b)dx

≤ (1 + ∥div b∥)∥v∥H(b;Ωh)∥w∥H(b;Ω),

(4.28)
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showing that ∥JvbK∥H0,Γ−(b;∂Ωh)′ ≤ (1 + ∥div b∥)∥v∥H(b;Ωh). Since for z ∈ H0,Γ+(b; Ω)
and w ∈ H0,Γ−(b; Ω) we have ∫Ω∇z ⋅ bw + z(b ⋅ ∇w + w div b)dx = 0, it follows that
∥JzbK∥H0,Γ−(b;∂Ωh)′ = 0. This shows that for v ∈ H(b; Ωh), ∥JvbK∥H0,Γ−(b;∂Ωh)′ ≤ (1 +
∥div b∥) infz∈H0,Γ+(b;Ω) ∥v − z∥H(b;Ωh).
To prove the converse estimate, let divh denote the piecewise divergence operator.
Given v ∈H(b; Ωh), let z ∈H0,Γ+(b; Ω) be the solution of

B∗z = cz − div(zb) = cv − divh(vb),

whose existence is guaranteed by (4.25). From

c(v − z) = divh ((v − z)b) = (v − z)div b + b ⋅ ∇h(v − z), (4.29)

we derive that

∥b ⋅ ∇h(v − z)∥L2(Ω) ≤ (∥c − div b∥)∥v − z∥L2(Ω). (4.30)

By (4.24), there exists a w ∈H0,Γ−(b; Ω) such that Bw = b ⋅ ∇w + cw = v − z and

∥w∥H(b;Ω) ≤ ∥B−1∥∥v − z∥L2(Ω). (4.31)

From the definitions of w and z, we have

∥v−z∥2
L2(Ω) = ∫Ω

(v − z)(b ⋅ ∇w + cw)dx = ∑
K∈Ωh

∫
K
(v − z)(b ⋅ ∇w + cw)dx

= ∑
K∈Ωh

∫
K

(div ((z − v)b) + c(v − z))wdx + ∫
∂K

(v − z)wb ⋅ nK ds

= ∫
∂Ωh

JvbKwds,

where we have used (4.29) in the last step. Thus, invoking (4.31), we have

∥v − z∥2
L2(Ω) ≤ ∥JvbK∥H0,Γ−(b;∂Ωh)′∥w∥H(b;Ω)

≤ ∥JvbK∥H0,Γ−(b;∂Ωh)′∥B
−1∥∥v − z∥L2(Ω).

In other words ∥v − z∥L2(Ω) ≤ ∥B−1∥∥JvbK∥H0,Γ−(b;∂Ωh)′ , which, in combination with
(4.30), completes the proof.

The second tool for the proof of Theorem 4.3.1 is the following well-known conse-
quence of the closed range theorem.
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4. On the stability of DPG formulations of transport equations

Lemma 4.3.5. For reflexive Banach spaces X and Y , let G ∶X → Y ′ be linear. Then
G ∈ Bis(X,Y ′) if and only if the following three conditions are satisfied:

i. G ∈ B(X,Y ′),

ii. β ∶= inf0≠y∈Y sup0≠x∈X
(Gx)(y)
∥x∥X∥y∥Y > 0,

iii. ∀0 ≠ x ∈X, ∃y ∈ Y , with (Gx)(y) ≠ 0.

Moreover, one has ∥G−1∥B(Y ′,X) = 1
β .

Since G ∈ Bis(X,Y ′) is equivalent to G′ ∈ Bis(X ′, Y ), the roles of X and Y in (ii)
and (iii) can be interchanged.

Proof of Theorem 4.3.1. The bound on ∥Bh∥B(U,V ′) follows easily from (4.28).
We will establish the remaining claim with the aid of Lemma 4.3.5. To verify first
(iii), let (u, θ) ∈ U be such that bh(u, θ; v) = 0 for all v ∈ H(b; Ωh). Considering first
all v from the subspace H0,Γ+(b; Ω), (4.25) yields u = 0 because B agrees with Bh on
this subspace. By considering now for any K ∈ Ωh all v with supp v ⊂ K, we infer
that θ∣∂K = 0, and so θ = 0.
Finally, let v ∈ H(b; Ωh) be given. By (4.25), there exists a v1 = v1(v) ∈ H0,Γ+(b; Ω)
with

cv1 − div(v1b) = cv − divh(vb), ∥v1∥H(b;Ω) ≤ ∥B−∗∥∥cv − divh(vb)∥L2(Ω) (4.32)

Thus ∥v1∥H(b;Ω) ≤ ∥B−∗∥(1 + ∥c − div b∥)∥v∥H(b;Ωh), which says

∥v1 − v∥H(b;Ωh) ≤ (1 + ∥B−∗∥(1 + ∥c − div b∥))∥v∥H(b;Ωh). (4.33)

Moreover, we have v1 = v when v ∈ H0,Γ+(b; Ω), so that for any z ∈ H0,Γ+(b; Ω) we
have v1(v − z) − (v − z) = v1(v) − v so that (4.33) actually gives

∥v1 − v∥H(b;Ωh) ≤ (1 + ∥B−∗∥(1 + ∥c − div b∥)) inf
z∈H0,Γ+(b;Ω)

∥v − z∥H(b;Ωh)

≤ C̃B∥JvbK∥H0,Γ−(b;∂Ωh)′
(4.34)

by an application of Lemma 4.3.4.

There exists a θ ∈H0,Γ−(b;∂Ωh) with ∥JvbK∥H0,Γ−(b;∂Ωh)′ =
∫∂Ωh

JvbKθ ds
∥θ∥H0,Γ− (b;∂Ωh)

. By selecting

∥θ∥H0,Γ−(b;∂Ωh) = C̃
−1
B ∥v1 − v∥H(b;Ωh), and invoking (4.34), we have

∥θ∥2
H0,Γ−(b;∂Ωh) = C̃

−2
B ∥v1 − v∥2

H(b;Ωh) ≤ ∫∂Ωh

JvbKθ ds. (4.35)

90



4.3. A variational formulation of the transport equation with broken test and
trial spaces

Similarly, there exists a u ∈ L2(Ω) with ∥B∗v1∥L2(Ω) =
∫Ω cuv1−udiv(v1b)dx

∥u∥L2(Ω)
. By select-

ing ∥u∥L2(Ω) = ∥B−∗∥−1∥v1∥H(b;Ω), and using the first relation in (4.32), we infer that

∥u∥2
L2(Ω) = ∥B−∗∥−2∥v1∥2

H(b;Ω) ≤ ∫
Ω
cuv − udivh(vb)dx. (4.36)

The combination of (4.35) and (4.36) shows that

(∥B−∗∥2 + C̃2
B)−

1
2 ∥v∥H(b;Ωh)

≤ (∥B−∗∥2 + C̃2
B)−

1
2 (∥v1∥H(b;Ω) + ∥v1 − v∥H(b;Ωh))

≤
√

∥B−∗∥−2∥v1∥2
H(b;Ω) + C̃

−2
B ∥v1 − v∥2

H(b;Ωh)

=
∥B−∗∥−2∥v1∥2

H(b;Ω) + C̃
−2
B ∥v1 − v∥2

H(b;Ωh)√
∥u∥2

L2(Ω) + ∥θ∥2
H0,Γ−(b;∂Ωh)

≤ b(u, θ; v)
√

∥u∥2
L2(Ω) + ∥θ∥2

H0,Γ−(b;∂Ωh)

.

Invoking Lemma 4.3.5 completes the proof.

Remark 4.3.6 (An inhomogenous boundary condition). The variational formulation
(4.27) is not suited for an inhomogeneous boundary condition u = g on Γ−, because the
homogeneous condition u = 0 on Γ− has been incorporated in the space H0,Γ−(b;∂Ωh)
for the variable θ.
Therefore, for g ≠ 0, let ḡ ∈ H(b,Ω) be an extension of g. Then with ū ∶= u − ḡ, one
may apply the variational formulation (4.27) to the transport equation

{ b ⋅ ∇ū + cū = f − b ⋅ ∇ḡ − cḡ on Ω,
ū = 0 on Γ−,

which gives the problem of finding (ū, θ̄) ∈ U such that for all v ∈ V ,

bh(ū, θ̄; v) = f(v) − ∫
Ω
(b ⋅ ∇ḡ + cḡ)v dx

= f(v) + ∫
Ω
(b ⋅ ∇hv + v div b − cv)ḡ dx − ∫

∂Ωh

JvbKḡ ds.

When f ∈ L2(Ω), it holds that θ̄ = ū∣∂Ωh
= (u − ḡ)∣∂Ωh

.
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Alternatively, using that only the space for θ is inappropriate for g ≠ 0, by subtracting
∫Ωh

JvbKḡ ds from both sides of (4.27), and introducing θ̄ ∶= θ − ḡ∣∂Ωh
, one arrives at

the problem of finding (u, θ̄) ∈ U such that for all v ∈ V ,

bh(u, θ̄; v) = f(v) − ∫
∂Ωh

JvbKḡ ds.

4.4 Optimal test functions

4.4.1 Preliminary remarks and a roadmap

Given a family of finite dimensional piecewise polynomial trial spaces Uh ⊂ U =
L2(Ω) ×H0,Γ−(b;∂Ωh), parametrized by the mesh size parameter h, we wish to con-
struct a uniformly stable finite dimensional family of test search spaces V h ⊂ V =
H(b; Ωh) which, due to the product structure of V , have the form

V h = ∏
K∈Ωh

VK .

By uniformly stable we mean of course that there exists a positive constant γ > 0
such that (4.14) holds for the present setting, i.e.,

inf
(u,θ)∈Uh

sup
v∈V h

bh(u, θ; v)
∥(u, θ)∥U∥v∥V

=∶ γh ≥ γ, (h > 0). (4.37)

In view of (4.26), it suffices to establish inf-sup stability for a slightly modified
formulation replacing the component θ ∈ H0,Γ−(b;∂Ωh) by a suitable “lifting” w ∈
H0,Γ−(b; Ω), i.e., w∣∂Ωh

= θ, which we express by writing

bh(u,w; v) ∶= ∑
K∈Ωh

bK(u,w; v),

where

bK(u,w; v) ∶= ∫
K
(cv − div(bv))udx + ∫

∂K
b ⋅ nKvwds

= ∫
K
(c − div b)vu + (w − u)b ⋅ ∇v + vb ⋅ ∇w + vw div bdx.

(4.38)

In consequence we endow U with the squared norm

∥(u,w)∥2
U ∶= ∥u∥2

L2(Ω) + ∥w∥2
H(b;Ω), (4.39)
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and recall from (4.19) that the trial-to-test map T ∶ U → V has now also product
form

T (u,w) = (TK(u∣K ,w∣∂K))
K∈Ωh

,

where each local optimal test function tK = tK(u,w) ∶= TK(u∣K ,w∣∂K) is defined by

⟨tK , v⟩H(b;K) = bK(u,w; v) (v ∈H(b;K)). (4.40)

Our goal is to identify stable formulations for variable fields b subject to the assump-
tions made earlier. For such general fields one cannot expect to find truly optimal
test functions, but essentially we will be able to do so for piecewise constant fields.
Therefore we will introduce a perturbed bilinear form

b̆h(u,w; v) ∶= ∑
K∈Ωh

b̆K(u,w; v), (4.41)

where the summands b̆K(u,w; v) are defined as follows. Suppose that cK ,bK , dK are
approximations on K to the fields c−div b,b,div b, respectively. Then in accordance
to (4.38), we set

b̆K(u,w; v) ∶=∫
K
cKvu + (w − u)bK ⋅ ∇v + vbK ⋅ ∇w + dKvwdx

=∫
K

((cK + div bK)v − div(bKv))u + (dK − div bK)wv dx

+ ∫
∂K

bK ⋅ nKvwds.

(4.42)

These approximations will be specified later in Sect. 4.4.5. Its effect is that, for
dK ≠ div bK , the corresponding (near-) optimal test functions no longer depend only
on the traces w∣∂Ωh

.
Given such a perturbed form b̆h and a finite dimensional (piecewise polynomial) trial
space Uh ⊂ U , we then have to carry out two main tasks:
(i) for any (u,w) ∈ Uh we wish to find a t̆ = t̆(u,w; b̆h) ∈ V , preferably piecewise
polynomial, such that b̆h(u,w; t̆) ≳ ∥(u,w)∥U∥t̆∥V , of course, uniformly in h and in
(u,w) ∈ Uh.
(ii) Starting from the simple decomposition

bh(u,w; t̆) = b̆h(u,w; t̆) + (bh(u,w; t̆) − b̆h(u,w; t̆)), (4.43)
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the choice of t̆ allows us to handle the first summand. It then remains to show for
the second summand that

∣bh(u,w; t̆) − b̆h(u,w; t̆)∣ ≤ δ∥(u,w)∥U∥t̆∥V , (4.44)

holds for a sufficiently small δ > 0 , depending on the inf-sup constant for the first
summand.
Note that after having established (i)-(ii), any test search space

V h ⊇ span{t̆(u,w; b̆h)∶ (u,w) ∈ Uh}

will be uniformly stable in the sense of (4.37).
Concerning (i), in Sect. 4.4.3 we will see that after equipping the test space by a
different but equivalent norm, the trial-to-test map can be evaluated exactly. It
turns out, however, that the resulting truly optimal test functions corresponding to
b̆h are possibly very sensitive to perturbations in the convection field. Therefore, in
order to be able to simultaneously establish (ii), we will have to replace them by
near-optimal test functions.
Another issue we will have to deal with is the following: If one has a bilinear form for
which the corresponding operator, in the infinite dimensional setting, is boundedly
invertible, then for given finite dimensional trial space, the corresponding optimal
test space gives an inf-sup stable pair. The convection field corresponding to the
perturbed bilinear form b̆h, however, will generally not be in W 0

∞(div; Ω), and so the
theory about well-posedness in the infinite dimensional setting developed in Sect. 4.3
will not be applicable to this perturbed form. We will establish the inf-sup stability
needed in (i) partly by direct calculations, and partly by invoking the well-posedness
of the original bilinear form.

4.4.2 Reduction to two-point boundary value problems

From (4.38)–(4.40) recall the local variational problems

⟨tK , v⟩H(b;K) = ∫
K
(cv − div(bv))u + dwv dx + ∫

∂K
b ⋅ nKvwds (4.45)

that determine the local optimal test functions tK = tK(u,w). Compared to (4.38),
here we consider an “extended” form including a term dwv, similarly to (4.42), because
we will specify this below to approximations b̆h to bh.
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When u∣K ∈ H(b;K), as is the case when u is piecewise polynomial, we can reverse
integration by parts in these local problems, which reveals that they have the following
strong form

{ −[∂2
btK + ∂btK div b] + tK = ∂bu + cu + dw in K,

∂btK = w − u on ∂K+ ∪ ∂K−,
(4.46)

Using a transformation to characteristic coordinates defined by

d

dλ
χ(λ, s) = b(χ(λ, s)), χ(0, s) = s ∈K−,

(4.46) can be viewed as a family of ordinary two-point boundary value problems. In
fact, defining t̂K ∶= tK ○ χ, û ∶= u ○ χ, and denoting by L(s) > 0 the smallest number
for which χ(L(s), s) ∈K+, (4.46) takes the form

−[d
2 t̂K
dλ2 + dt̂K

dλ (div b) ○ χ] + t̆K = dû
dλ + c ○ χ û + (dw) ○ χ in (0, L(s)),

dt̂K
dλ = w ○ χ − û at {0, L(s)},

which, in principle, we can solve for each s at any desired accuracy and, for certain
b, u,w even exactly.

4.4.3 (Piecewise) constant convection field

A simple explicit representation of tK can be obtained when b∣K = b is constant, K
is polyhedral, and the restrictions of u, w, c and d to each K are polynomial. The
characteristics are then straight lines and the local optimal test function tK , can then
be determined exactly. It fails, however, to be itself a piecewise polynomial. In order
to arrive in this case at (piecewise) polynomial local optimal test functions we follow
an idea from [26]. Namely, we equip H(b;K) with an alternative, but equivalent
norm. The key is the following simple lemma.

Lemma 4.4.1. For k ≥ h > 0, it holds that

k2∥v′∥2
L2(0,h) + ∥v∥2

L2(0,h) ≂ k
2∥v′∥2

L2(0,h) + h∣v(0)∣
2 (v ∈H1(0, h)),

where the (hidden) constants are independent of h, k ≥ h, and v.
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Proof. First note that it is sufficient to prove the result for k = h > 0. Next, a homo-
geneity argument shows that it is sufficient to consider the case that h = 1. For this
case, the statement follows from ∥v∥L2(0,1) ≤ ∥v − v(0)∥L2(0,1) + ∣v(0)∣ ≲ ∥v′∥L2(0,1) +
∣v(0)∣ by Friedrich’s inequality, together with ∣v(0)∣ ≲ ∥v∥H1(0,1) by Sobolev’s inequal-
ity.

Remark 4.4.2. Obviously, the condition k ≥ h can be replaced by k ≥ Ch for some
C > 0. Since this constant would then propagate through essentially all subsequent
developments combined with further unspecified constants, we keep for convenience
C = 1.

Proposition 4.4.3. Let K ⊂ Rn be a Lipschitz domain, and assume that 0 ≠ b ∈ Rn
is a constant. Denoting by r(s) the distance from s ∈ ∂K− to ∂K+ along b, one has
for qK ≥ ∣b∣−1 diam(K),

q2
K∥∂bv∥2

L2(K) + ∥v∥2
L2(K)

≂ q2
K∥∂bv∥2

L2(K) + ∫∂K−
∣v(s)∣2∣( b

∣b∣ ⋅ nK)(s)∣r(s)ds, (v ∈H(b;K)),

where the constants are those from Lemma 4.4.1.

Proof. Obviously, it is sufficient to prove the statement for qK = ∣b∣−1 diam(K), so
that q2

K∥∂bv∥2
L2(K) = diam(K)2∥∂b/∣b∣v∥2

L2(K). Without loss of generality we may
consider the case that b/∣b∣ = e1. Given x2, . . . , xn, let s denote the projection of
(x2, . . . , xn) on ∂K− along the x1-direction. We apply Lemma 4.4.1 for the integration
in the x1-direction, where we use that for each s the quantity r(s) plays the role of h in
Lemma 4.4.1 while diam(K) ≥ r(s) plays the role of k in Lemma 4.4.1. Integrating the
result over x2, . . . , xn and using that ds = ∣b∣

∣b⋅nK(s)∣dx2 . . . dxn, confirms the claim.

Remark 4.4.4. Proposition 4.4.3 can be generalized to non-constant b by applying the
coordinate transformation χ involving the characteristic coordinates. The constants
absorbed by the equivalence symbol ≂ then also depend on the Jacobian of χ, and the
length of the characteristic curve sections connecting the in- and outflow boundary,
see also [47].

The above lines of thought were already used in [26, (3.22)] where, however, the
(necessary) factor ∣( b

∣b∣ ⋅ nK)(s)∣r(s) in the integrand of the integral over ∂K− is
missing.
For later use we record the following consequence of Proposition 4.4.3.
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Remark 4.4.5. For a constant b ≠ 0, and

diam(K) ≤ ∣b∣,

the scalar product

⟨⟨v, z⟩⟩K,b ∶= ⟨∂bv, ∂bz⟩L2(K) + ∫
∂K−

v(s)z(s)∣( b
∣b∣ ⋅ nK)(s)∣r(s)ds

gives rise to an equivalent norm on H(b;K), so that this scalar product can be used
to determine the local optimal test function.

Assuming that u∣K ∈ H(b;K), the local optimal test function tK = TK(u∣K ,w∣K)
that results from replacing ⟨ , ⟩H(b;K) by ⟨⟨ , ⟩⟩K,b in (4.45), is the solution of

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−∂2
btK = ∂bu + cu + dw on K,

∂btK + tK ∣b⋅nK ∣
∣b∣b⋅nK

r = w − u on ∂K−,
∂btK = w − u on ∂K+.

(4.47)

We consider the case of K being convex. By a rotation of coordinates, for solving
(4.47) it is sufficient to consider the case of

b = ∣b∣e1,

or, equivalently, to read (x1, . . . , xn) as Cartesian coordinates with the first basis
vector being equal to b/∣b∣. For x = (x,y) ∈ K, let x±(y) be such that (x±(y),y) ∈
∂K±, see Figure 4.1.
Furthermore, although not essential, we will think of c and d as being constant on K
as well, and write them as c and d. Then the solution

tK = TK,b,c,d(u∣K ,w∣K)

of (4.47) is given by

∣b∣ tK(x,y) = −∣b∣−1∫
x

x−(y)
∫

z

x−(y)
(∂bu + cu + dw)(q,y)dqdz

+ (w(x+(y),y) − u(x−(y),y) + ∣b∣−1∫
x+(y)

x−(y)
(cu + dw)(q,y)dq)(x − x−(y))

+ ∣b∣2
w(x+(y),y) −w(x−(y),y) + ∣b∣−1 ∫

x+(y)
x−(y) (cu + dw)(q,y)dq

x+(y) − x−(y)
.

(4.48)
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K̄

b = ∣b∣e1

x

y

K

(x−(y), y)

(x−(y), y)

(x+(y), y)
K

(x+(y), y)

(x+(y), y)

(x−(y), y)

(x−(y), y)
(x+(y), y)

Figure 4.1: x± on a triangle K with two (left) or one (right) inflow boundaries (the
extended triangle K̄ will get its meaning in Sect. 4.4.4)

For K being polyhedral, the function y ↦ x±(y) is continuous piecewise linear. Using
that for any univariate polynomial p of degree m ≥ 1, (α,β)↦ p(β)−p(α)

β−α is a bivariate
polynomial of degree m − 1, we infer that for u, w being polynomials on K, tK is a
continuous piecewise polynomial on K.

4.4.4 A stability issue

Unfortunately, depending on the angle between b and a face, the derivatives of x+
or x− can be arbitrarily large. Consequently, the problem of determining an optimal
test function is generally not stable regarding its dependence on b.
Consequently, a serious impediment arises when the piecewise constant b is an ap-
proximation to a variable field b. As will be seen later (in the last statement of
Lemma 4.4.9), when treating the second summand in (4.43), one eventually has to
control the H1-norm of the test functions via inverse estimates which requires con-
troling the derivatives of x±(y).
To tackle this problem, for K being an n-simplex, we define an approximation t̆K to
tK by discarding higher order terms, which is stable as a function of b. Moreover,
whereas, for polynomial u and w, tK is only piecewise polynomial w.r.t. a partition
of K that depends on the field b, t̆K will be polynomial.
To define t̆K , first we construct a polyhedral set K̄ that contains K as follows. The
number of inflow faces of K is between 1 and n − 1. Let F be the inflow face whose
normal makes the smallest angle with b, and let v denote the vertex of K that does
not belong to F . Finally let HF denote the (n − 1)-hyperplane containing F . The
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“shadow” of K on HF , i.e.,

F̄ ∶= {x ∈HF ∶ {x + tb ∶ t ∈ R} ∩K ≠ ∅}

is an (n − 1)-dimensional polyhedron containing F and let K̄ denote the convex hull
of v and F̄ , cf. Figure 4.1 for n = 2. Then, by construction, K̄ has only one inflow
face K̄− ∶= F̄ , and K ⊆ K̄ with equality if and only if K has only one inflow face,
namely K− = F .
For x = (x,y) ∈ K̄ ⊃ K, let x̄−(y) be the affine function with (x̄−(y),y) ∈ ∂K̄−, i.e.,
x̄(y) agrees with x(y) on F . Then we have

diam(K̄) ≲ diam(K), (4.49)
∣x̄−∣W 1

∞(K̄) ≲ 1, (4.50)

where both constants depend only on (an upper bound for) the shape regularity
parameter

%K ∶= diam(K)
sup{diam(B)∶B a ball in K}

.

For polynomials u and w on K, say of degree m, we define now the local test function

t̆K = t̆K,b,c,d(u∣K ,w∣K) ∈ Pm+1

by

∣b∣ t̆K(x,y) ∶=(w(x̄−(y),y) − u(x̄−(y),y))(x − x̄−(y))

+ ∣b∣(∂bw(x̄−(y),y) + cu(x̄−(y),y) + dw(x̄−(y),y)).
(4.51)

Since u and w are uniquely defined as polynomials on all of Rn, the polynomial t̆K
is well-defined outside K and in particular on K̄.
We will show that t̆K deserves to be termed near-optimal local test function and as a
first step we quantify the effect of the above modification.

Lemma 4.4.6. Let u∣K and w∣K be polynomials of degree m. Then

∥tK − t̆K∥H(b;K) ≲ ∣b∣−1 diam(K)[∥u∥L2(K) + ∥w∥H(b;K) + ∥∂bu∥L2(K) + ∥∂2
bw∥L2(K)],

only dependent on upper bounds for m, ∣c∣, ∣d∣ and %K , and, as always, assuming that
diam(K) ≤ ∣b∣.
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4. On the stability of DPG formulations of transport equations

Proof. In view of the definitions of tK and t̆K , we split their difference, as well as the
difference of ∂btK and ∂bt̆K , into a number of terms whose L2(K)-norms we bound
in a straightforward way. We start with the first task. It holds that

∥(x,y)↦ ∣b∣−2∫
x

x−(y)
∫

z

x−(y)
(∂bu + cu + dw)(q,y)dqdz∥L2(K)

≲ ∣b∣−2 diam(K)2∥∂bu + cu + dw∥L2(K),

and

∥(x,y)↦ ∣b∣−2(x − x−(y))∫
x+(y)

x−(y)
(cu + dw)(q,y)dq∥L2(K)

≲ ∣b∣−2 diam(K)2∥cu + dw∥L2(K).

Writing

∣b∣−1{(w(x+(y),y) − u(x−(y),y))(x − x−(y))
− (w(x̄−(y),y) − u(x̄−(y),y))(x − x̄−(y))} =

∣b∣−1(w(x,y) − u(x,y))(x̄−(y) − x−(y))

+ ∣b∣−2(∫
x+(y)

x
∂bw(z,y)dz + ∫

x

x−(y)
∂bu(z,y)dy)(x̄−(y) − x−(y))

+ ∣b∣−2(∫
x+(y)

x̄−(y)
∂bw(z,y)dz + ∫

x̄−(y)

x−(y)
∂bu(z,y)dz)(x − x̄−(y)),

the L2(K)-norm of the expression on the first line at the right-hand side can be
bounded by a constant multiple of

∣b∣−1 diam(K̄)(∥w∥L2(K) + ∥u∥L2(K)).

The terms on the second and third lines are bounded by constant multiples of

∣b∣−2 diam(K̄)2(∥∂bu∥L2(K̄) + ∥∂bw∥L2(K̄))).

Proceeding to the difference of the last lines in (4.48), respectively (4.51), we have

∥(x,y)↦ ∣b∣w(x+(y),y) −w(x−(y),y)
x+(y) − x−(y)

− ∂bw(x̄−(y),y)∥L2(K)

≲ ∣b∣−1 diam(K̄)∥∂2
bw∥L2(K̄),

100



4.4. Optimal test functions

and

∥(x,y)↦
∫
x+(y)
x−(y) (cu + dw)(q,y)dq

x+(y) − x−(y)
− (cu(x̄−(y),y) + dw(x̄−(y),y))∥L2(K)

≲ ∣b∣−1 diam(K̄)(∣c∣∥∂bu∥L2(K̄) + ∣d∣∥∂bw∥L2(K̄)).

Secondly, we find upper bounds for the L2(K)-norms for the different terms in ∂b(tK−
t̆K). Since

∂btK(x,y) = − [u(x,y) − u(x−(y),y) + ∣b∣−1∫
x

x−(y)
(cu + dw)(q,y)dq]

+w(x+(y),y) − u(x−(y),y) + ∣b∣−1∫
x+(y)

x−(y)
(cu + dw)(q,y)dq,

and

∂bt̆K(x,y) = w(x̄−(y),y) − u(x̄−(y),y),

we derive that

∥(x,y)↦ u(x−(y),y) − u(x,y)∥L2(K) ≲ ∣b∣−1 diam(K)∥∂bu∥L2(K),

∥(x,y)↦ ∣b∣−1∫
x+(y)

x
(cu + dw)(q,y)dq∥L2(K)

≲ ∣b∣−1 diam(K)(∣c∣∥u∥L2(K) + ∣d∣∥w∥L2(K)),

and

∥(x,y)↦ w(x+(y),y) −w(x̄−(y),y) + u(x̄−(y),y) − u(x−(y),y)∥L2(K)

≲ ∣b∣−1 diam(K̄)(∥∂bw∥L2(K̄) + ∥∂bu∥L2(K̄)).

The proof is completed by collecting all upper bounds, by using that diam(K̄) ≲
diam(K) ((4.49)), and that, for any polynomial p, ∥p∥L2(K̄) ≲

∣K̄∣
∣K∣∥p∥L2(K) with a

constant depending only on its degree.

As discussed earlier below (4.44), inf-sup stability of a perturbed bilinear form b̆h
with respect to a given piecewise polynomial trial space and corresponding test space
based on (4.51) will be partly established by direct calculations. The next major step
is given by the following lemma.
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4. On the stability of DPG formulations of transport equations

Lemma 4.4.7. Let u∣K and w∣K be polynomials of degree m and assume diam(K) ≤
∣b∣. For any ε > 0, one has

∥t̆K∥2
H(b;K) − [ 1

2+4∣c∣2 ∥∂bw + (c + d)w∥2
L2(K) +

ε
2+8ε∥u∥

2
L2(K) − ε∥w∥2

L2(K)]

≳ −∣b∣−2 diam(K)2[∥u∥2
L2(K) + ∥w∥2

H(b;K) + ∥∂bu∥2
L2(K) + ∥∂2

bw∥2
L2(K)], (4.52)

where the constant depends only on upper bounds for m, ∣c∣, ∣d∣ and %K .

Proof. By applying Young’s inequality twice, in the form ∥σ∥2 ≥ (1 − η)∥τ∥2 + (1 −
η−1)∥σ − τ∥2 for η ∈ (0,1), here for η = 1

2 , we have

∥t̆K∥2
H(b;K) =∥t̆K∥2

L2(K) + ∥∂bt̆K∥2
L2(K)

≥1
2
[∥∂bw + (c + d)w∥2

L2(K) + ∥w − u∥2
L2(K)]

− [∥t̆K − (∂bw + (c + d)w)∥2
L2(K) + ∥∂bt̆K − (w − u)∥2

L2(K))].

The same arguments that were used in the proof of Lemma 4.4.6 show that

∥t̆K − (∂bw + (c + d)w)∥L2(K) ≲

∣b∣−1 diam(K){∥∂2
bw∥L2(K) + ∣c∣∥∂bu∥L2(K) + ∣d∣∥∂bw∥L2(K)

+ ∥w∥L2(K) + ∥u∥L2(K) + ∣b∣−1 diam(K)(∥∂bw∥L2(K) + ∥∂bu∥L2(K))},

and
∥∂bt̆K − (w − u)∥L2(K)) ≲ ∣b∣−1 diam(K)[∥w∥L2(K) + ∥∂bu∥L2(K)].

Recalling that c is constant onK and taking η = 1− 1
1+2∣c∣2 , two applications of Young’s

inequality provide

∥w − u∥2
L2(K) + ∥∂bw + cu + dw∥2

L2(K)

≥ ∥w − u∥2
L2(K) + (1 − η)∥∂bw + (c + d)w∥2

L2(K) + (1 − 1
η )∥c(u −w)∥2

L2(K)

= 1
2∥w − u∥2

L2(K) +
1

1+2∣c∣2 ∥∂bw + (c + d)w∥2
L2(K)

≥ ε
1+4ε∥u∥

2
L2(K) − 2ε∥w∥2

L2(K) +
1

1+2∣c∣2 ∥∂bw + (c + d)w∥2
L2(K),

with which the proof is easily completed.
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4.4.5 The main result

Let us fix

b ∈W 1
∞(div; Ω), c ∈W 1

∞(Ω) such that (4.24) is valid, and ∣b∣−1 ∈ L∞(Ω), (4.53)

and with that, for any partition Ωh of Ω, the bilinear form bh given in (4.27). For
any K ∈ Ωh, we set

bK ∶= ∣K ∣−1∫
K

bdx, cK ∶= ∣K ∣−1∫
K
c − div bdx, dK ∶= ∣K ∣−1∫

K
div bdx,

and define bh ∈ L∞(Ω)n, ch ∈ L∞(Ω), and dh ∈ L∞(Ω) by

bh∣K ∶= bK , ch∣K ∶= cK , dh∣K ∶= dK (K ∈ Ωh), (4.54)

with which we have defined the perturbed bilinear form b̆h given in (4.41)–(4.42).
Our subsequent analysis of the terms on the right hand side of (4.43) along the
strategy outlined in Section 4.4.1 is guided by the following comments. First, note
that generally bh /∈ W 0

∞(div; Ω), meaning that well-posedness of the corresponding
variational form on the infinite dimensional level is not ensured. Indeed, since for
φ ∈ C∞

0 (Ω), ∫Ω φdiv bh dx = ∫Ω φdivh bh dx + ∫∂Ωh
JbhKφ, and, unless bh is constant

over Ω, the right hand side cannot be bounded by a multiple of ∥φ∥L1(Ω), we have
div bh /∈ L∞(Ω). However, the perturbed form b̆h is only applied to functions from
finite dimensional spaces, which is also essential for treating the second summand in
(4.43).
In regard to the latter, another problem is that bh is an approximation to b that
is only first order accurate. To show that for a piecewise polynomial trial space,
the second summand in (4.43) is sufficiently small relative to the first one, a cen-
tral ingredient is to show that for a piecewise polynomial wh, ∫Ω

(b−bh)⋅∇wh

∥w∥H(b;Ωh)
is suffi-

ciently small. A combination of ∥b−bh∥L∞(K) ≲ diam(K), and the inverse inequality
∣w∣H1(K) ≲ diam(K)−1∥w∥L2(K) shows only that this quotient is bounded.
We are going to solve this problem by considering trial spaces that are piecewise
polynomial w.r.t. trial (macro-)partitions ΩH , such that the ratio of the local mesh
sizes h/H is less than some sufficiently small constant. This will also allow us to take
care of those ‘higher order’ terms in Lemma 4.4.6 that involve derivatives of u and
w.
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Specifically, let {ΩH ∶ H ∈ I} be a family of partitions of a polyhedron Ω ⊂ Rn into
uniformly shape regular n-simplices, meaning that

% ∶= sup
H∈I

max
K′∈ΩH

%K′ <∞. (4.55)

For any H ∈ I, let Ωh = Ωh(H) be a refinement of ΩH . We set

σ ∶= sup
H∈I

max
K′∈ΩH

( max
{K∈Ωh∶K⊂K′}

diam(K)
diam(K ′)

,diam(K ′)), (4.56)

which later will be assumed to be sufficiently small. This means that we will assume
that any partition ΩH is sufficiently fine, and that the (minimal) subgrid refinement
factor when going from any ΩH to Ωh is sufficiently large. We consider only regular
refinements Ωh of ΩH , in the sense that

%̄ ∶= sup
H∈I

max
K∈Ωh

%K ≲ %, (4.57)

uniformly in σ.
Given u, w ∈∏K∈Ωh

Pm(K), let t = T (u,w), t̆ ∈H(bh; Ωh) be defined for K ∈ Ωh by

t∣K ∶= TK,bK ,cK ,dK
(u∣K ,w∣K), t̆∣K ∶= t̆K ∈ Pm+1(K), (4.58)

so that t∣K is the optimal local test function defined in (4.48) corresponding to the
approximate, constant coefficients bK , cK , and dK , and the replacement of the stan-
dard scalar product on H(b;K) by ⟨⟨ , ⟩⟩K,b; and t̆∣K is its polynomial approximation
defined in (4.51).
We can now formulate the main result of this chapter.

Theorem 4.4.8. Assume the validity of (4.55), (4.57), and (4.53). Then there exists
a σ0 > 0 such that for 0 < σ ≤ σ0 (i.e., for sufficiently fine ΩH and sufficiently large
fixed subgrid refinement depth)

(u,w) ∈ UH ∶= ∏
K∈ΩH

Pm(K) ×H0,Γ−(b; Ω) ∩ ∏
K∈ΩH

Pm(K),

and with t̆ = t̆(u,w) ∈∏K∈Ωh
Pm+1(K) as defined in (4.58), it holds that

bh(u,w∣∂Ωh
; t̆) ≳ ∥(u,w)∥U∥t̆∥V ,

where the constant depends only on (upper bounds for) m, %, %̄, ∥b∥W 1
∞(div;Ω),

∥∣b∣−1∥L∞(Ω), ∥c∥W 1
∞(Ω), and ∥B−1∥B(L2(Ω),H0,Γ−(b;Ω)).
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The remainder of this section is devoted to the proof of this theorem. We begin with
collecting some simple frequently needed technical preliminaries.
Obviously, we have

∥ch∥L∞(Ω) ≤ ∥c − div b∥L∞(Ω), ∥dh∥L∞(Ω) ≤ ∥div b∥L∞(Ω).

Moreover, for any n-simplex K ⊂ Ω, it holds that

∥cK − (c − div b))∥L∞(K) ≲ diam(K)∣c − div b∣W 1
∞(K),

∥dK − div b∥L∞(K) ≲ diam(K)∣div b∣W 1
∞(K),

∥∣bK − b∣∥L∞(K) ≤D diam(K)∣b∣W 1
∞(K)n ,

(4.59)

where, as the constant in the first two inequalities, D > 0 is some constant depending
only on n, which we name for use in (4.62) below.
In particular, we let

σ̄ > 0 (4.60)

be such that for any 0 < σ ≤ σ̄ and H ∈ I, Ωh is sufficiently fine to ensure that

diam(K) ∥∣b∣−1∥L∞(K)max (1,D∣b∣W 1
∞(K)n) ≤

1
2 (K ∈ Ωh). (4.61)

Then for any K ∈ Ωh, we have

∣bK ∣ ≥ ∥∣b∣−1∥−1
L∞(K) − ∥∣bK − b∣∥L∞(K)

≥ ∥∣b∣−1∥−1
L∞(K) −D diam(K)∣b∣W 1

∞(K)n

≥ 1
2∥∣b∣−1∥−1

L∞(K) ≥ max (1
2∥∣b∣−1∥−1

L∞(Ω),diam(K)),
(4.62)

where we have used (4.61).
Finally, for H ∈ I, K ∈ ΩH ∪ Ωh, and k ≥ ` ∈ N0, we will make repeated use of the
inverse inequality

∣ ⋅ ∣Hk(K) ≲ diam(K)−(k−`)∥ ⋅ ∥H`(K) on Pm(K),

where the constant depends only on m, %, %̄, and k.
The main technical ingredients needed to prove Theorem 4.4.8 are collected in the
following lemma.
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Lemma 4.4.9. Assume (4.55), (4.57), and (4.53). Then there exists a 0 < σ0 ≤ σ̄
(cf. (4.60)), such that for any σ ≤ σ0, one has for all (u,w) ∈ ∏K∈ΩH

Pm(K) ×
∏K∈ΩH

Pm(K) ∩H0,Γ−(b; Ω))

∥t̆∥H(bh;Ωh) ≳ ∥(u,w)∥U , ∥t − t̆∥H(bh;Ωh) ≲ σ∥t̆∥H(bh;Ωh),

∑
K∈Ωh

diam(K)2∥t̆∣K∥2
H1(K) ≲ σ

2∥t̆∥2
H(bh;Ωh),

(4.63)

where the constants depend only on (upper bounds for) m, %, %̄, ∥b∥W 1
∞(div;Ω),

∥∣b∣−1∥L∞(Ω), ∥c∥W 1
∞(Ω), and ∥B−1∥B(L2(Ω),H0,Γ−(b;Ω)).

We defer the proof of this lemma to the end of this section and show first how it is
used to complete the proof of Theorem 4.4.8 following steps (i) and (ii) announced
in Sect. 4.4.1.

Proof of Theorem 4.4.8. For the selection of bh, ch and dh from (4.54), the perturbed
bilinear form on (L2(Ω)×H(b; Ω))×H(bh; Ωh), first mentioned in (4.41)–(4.42), reads
as

b̆h(u,w; v) ∶= ∫
Ω
(chv − bh ⋅ ∇hv)u + dhvw dx + ∫

∂Ωh

JvbhKwds

= ∑
K∈Ωh

∫
K
cKvu + (w − u)bK ⋅ ∇v + vbK ⋅ ∇w + dKvw dx.

Recall from (4.47) that the optimal test function t, defined in (4.58), was constructed
such that

∑
K∈Ωh

⟨⟨t∣K , v∣K⟩⟩K,bK
= b̆h(u,w; v) (v ∈H(bh; Ωh)).

Therefore, since for σ ≤ σ̄, diam(K) ≤ ∣bK ∣ by (4.62), upon taking σ0 ≤ σ̄, Proposi-
tion 4.4.3 applies and Remark 4.4.5 ensures that

∥t∥2
H(bh;Ωh) ≂ ∑

K∈Ωh

⟨⟨t∣K , t∣K⟩⟩K,bK
= b̆h(u,w; t). (4.64)

For (u,w) ∈ UH , applying the inverse inequality in combination with (4.59), shows
that ∥(bK − b∣K) ⋅ ∇t̆∣K∥L2(K) ≲ ∥t̆∣K∥L2(K) so that

∥t̆∥H(bh;Ωh) ≂ ∥t̆∥V . (4.65)
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For σ0 > 0 sufficiently small, the second inequality in Lemma 4.4.9 gives ∥t̆∥H(bh;Ωh) ≂
∥t∥H(bh;Ωh). We infer that

b̆h(u,w; t) ≂ ∥t̆∥2
H(bh;Ωh) ≂ ∥t̆∥H(bh;Ωh)∥t̆∥V ≳ ∥(u,w)∥U∥t̆∥V ,

by the first inequality in Lemma 4.4.9.
Since b̆h is bounded on U ×H(bh; Ωh), uniformly in h, we have

∣̆bh(u,w; t̆) − b̆h(u,w; t)∣ ≲ ∥(u,w)∥U∥t − t̆∥H(bh;Ωh) ≲ σ∥(u,w)∥U∥t̆∥V , (4.66)

where we have again used the second inequality in Lemma 4.4.9 and (4.65). We
conclude that for σ ≤ σ0 sufficiently small,

b̆h(u,w; t̆) ≳ ∥(u,w)∥U∥t̆∥V ,

which is step (i) from Sect. 4.4.1.
As for step (ii), we have for (u,w) ∈ U

bh(u,w∣∂Ωh
; v) ∶= ∑

K∈Ωh

∫
K
(c − div b)vu + (w − u)b ⋅ ∇v + vb ⋅ ∇w + vw div bdx.

Applying (4.59) and subsequently the third inequality of (4.63) in Lemma 4.4.9, we
obtain for (u,w) ∈ UH

∣bh(u,w∣∂Ωh
; t̆) − b̆h(u,w; t̆)∣

≲ ∑
K∈Ωh

diam(K)[∥(u,w)∥U∥t̆∥H1(K) + ∥t̆∥L2(K)∥w∥H1(K)]

≲ ∥(u,w)∥U
√

∑
K∈Ωh

diam(K)2∥t̆∥2
H1(K)

+ ∥t̆∥L2(Ω)σ
√

∑
K′∈ΩH

diam(K ′)2∥w∥2
H1(K′)

≲ σ∥(u,w)∥U∥t̆∥H(bh;Ωh) ≲ σ∥(u,w)∥U∥t̆∥V ,

(4.67)

where we have applied the inverse inequality to w∣K′ for K ′ ∈ ΩH , and, finally (4.65).
Estimate (4.67) is step (ii) from Sect. 4.4.1 which, together with step (i) completes
the proof of Theorem 4.4.8.
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Proof of Lemma 4.4.9: To show the first inequality in (4.63), we will sum over K ∈ Ωh

the inequality (4.52) in Lemma 4.4.7. We start with showing below in (2.19) that
the resulting right-hand side can be made small enough. To exploit that u and w
are piecewise polynomial w.r.t. the ‘coarse grid’ ΩH , we collect all K ∈ Ωh that are
contained in one K ′ ∈ ΩH .
To arrive at (2.19) we need, in particular, to get rid of the derivatives of u and
to switch from ∥w∥H(b;Ω) to ∥w∥H(b;Ω). To this end, an easy consequence of the
third estimate in (4.59) is ∥∣bK ∣∥L∞(K) ≲ ∥b∥W 1

∞(K)n for K ∈ Ωh. Together with an
application of the inverse inequality on K ′ ∈ ΩH , this shows that

∑
{K∈Ωh∶K⊂K′}

∥∂bK
u∥2

L2(K) ≲ ∣u∣2H1(K′) ≲ diam(K ′)−2∥u∥2
L2(K′), (4.68)

with a constant depending on m, %, and ∥b∥W 1
∞(Ω)n . Next, combining again the third

inequality in (4.59) with an inverse estimate on K ′′ ∈ {K,K ′} yields

∥∂bK′′w∥2
L2(K′′) ≤ 2{∥∂bw∥2

L2(K′′) + ∥(b − bK′′) ⋅ ∇w∥2
L2(K′′)}

≲ ∥w∥2
H(b;K′′),

(4.69)

with a constant depending on ρ or ρ̄, and on m,D, ∥b∥W 1
∞(Ω)n .

The terms ∥∂2
bK
w∥2

L2(K) require a little more care than ∥∂bK
u∥2

L2(K) since unlike u,
∂bK

w is generally not piecewise polynomial w.r.t. ΩH .
Therefore, we first use that for Ωh ∋K ⊂K ′ ∈ ΩH ,

∥∂2
bK
w∥2

L2(K) ≤ 2{∥∂bK
(∂bK

− ∂bK′ )w∥2
L2(K) + ∥∂bK

∂bK′w∥2
L2(K)}.

For the second term on the right an application of (4.68) with u reading as ∂bK′w
shows that

∑
{K∈Ωh∶K⊂K′}

∥∂bK
∂bK′w∥2

L2(K) ≲ diam(K ′)−2∥∂bK′w∥2
L2(K′)

≲ diam(K ′)−2∥w∥2
H(b;K′), (4.70)

where we have used (4.69) for K ′′ =K ′. For the first term on the right we derive that

∥∂bK
(∂bK

− ∂bK′ )w∥2
L2(K) = ∥(∂bK

− ∂bK′ )∂bK
w∥2

L2(K)

≲ diam(K ′)2∣∂bK
w∣2H1(K) ≲

diam(K ′)2

diam(K)2
∥∂bK

w∥2
L2(K)

≲ diam(K ′)2

diam(K)2
∥w∥2

H(b;K), (4.71)
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where both (4.70) and (4.71) depend on m, %, %̄, and ∥b∥W 1
∞(Ω)n .

By combining these four estimates (4.68), (4.69) for K ′′ =K, (4.70), (4.71), and using
∣bK ∣−1 ≤ 2∥∣b∣−1∥L∞(Ω) ((4.62)), diam(K) ≤ σ diam(K ′), and diam(K ′) ≤ σ, we infer
that

∑
{K∈Ωh∶K⊂K′}

diam(K)2
∣bK ∣2

[∥u∥2
L2(K) + ∥w∥2

H(bK ;K) + ∥∂bK
u∥2

L2(K) + ∥∂2
bK
w∥2

L2(K)]

≲ σ2[∥u∥2
L2(K′) + ∥w∥2

H(b;K′)],

and so

∑
K∈Ωh

diam(K)2
∣bK ∣2

[∥u∥2
L2(K) + ∥w∥2

H(bK ;K) + ∥∂bK
u∥2

L2(K) + ∥∂2
bK
w∥2

L2(K)]

≲ σ2∥(u,w)∥2
U ,

(4.72)

where the constant depends on m, %, %̄, ∥b∥W 1
∞(Ω)n , and ∥∣b∣−1∥L∞(Ω).

To treat next the terms on the left hand side of (4.52) analogous arguments, preceded
by applications of the triangle inequality, show that

∣∥bh ⋅ ∇hw + (ch + dh)w∥L2(Ω) − ∥b ⋅ ∇w + cw∥L2(Ω)∣
2

≤ ∑
K′∈ΩH

∑
{K∈Ωh∶K⊂K′}

∥(bK − b) ⋅ ∇w + (cK + dK − c)w∥2
L2(K)

≲ ∑
K′∈ΩH

σ2∥w∥2
L2(K′) = σ

2∥w∥2
L2(Ω),

which, upon using ∣∥f∥2 − ∥g∥2∣ ≤ ∣∥f∥ − ∥g∥∣(2∥g∥ + ∣∥f∥ − ∥g∥∣), yields

∣∥bh ⋅ ∇hw + (ch + dh)w∥2
L2(Ω) − ∥b ⋅ ∇w + cw∥2

L2(Ω)∣

≲ σ∥w∥L2(Ω)[(∥b ⋅ ∇w + cw∥L2(Ω) + σ∥w∥L2(Ω)] ≲ σ∥w∥2
H(b;Ω)

(4.73)

dependent on m, %, %̄, ∥b∥W 1
∞(div;Ω), and ∥c∥W 1

∞(Ω).
Now by summing the inequality (4.52) in Lemma 4.4.7 over K ∈ Ωh, substituting the
estimates (4.72) and (4.73), and using that

∥w∥H(b;Ω) ≤ ∥B−1∥B(L2(Ω),H0,Γ−(b;Ω))∥b ⋅ ∇w + cw∥L2(Ω),

for any ε > 0 we arrive at
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4. On the stability of DPG formulations of transport equations

∥t̆∥2
H(bh;Ωh) − [

∥B−1∥−2
B(L2(Ω),H0,Γ− (b;Ω))

2+4∥c−div b∥2
L∞(Ω)

∥w∥2
H(b;Ω) +

ε
2+8ε∥u∥

2
L2(Ω) − ε∥w∥2

L2(Ω)]

≳ −σ2∥u∥2
L2(Ω) − σ∥w∥2

H(b;Ω),

with a constant depending on m, %, ∥b∥W 1
∞(div;Ω), ∥∣b∣−1∥L∞(Ω), and ∥c∥W 1

∞(Ω). By
selecting ε and, subsequently, σ0 small enough, the proof of the first estimate in (4.63)
is completed.

Lemma 4.4.6 in combination with (4.72) shows that

∥t − t̆∥H(bh;Ωh) ≲ σ∥(u,w)∥U .

Now the second estimate follows from the first.

To prove the last estimate, we split t̆ = t̆1 + t̆2 + t̆3 (see (4.51)), where, for K ′ ∈ ΩH ,
K ∈ Ωh with K ⊂K ′,

t̆1∣K(x,y) ∶= ∣bK ∣−1(w(x̄−(y),y) − u(x̄−(y),y))(x − x̄−(y)),

t̆2∣K(x,y) ∶= ∂bK′w(x̄−(y),y) + cKu(x̄−(y),y) + dKw(x̄−(y),y)
t̆3∣K(x,y) ∶= (bK − bK′) ⋅ ∇w(x̄−(y),y).

Since t̆1∣K ∈ Pm+1(K) vanishes on ∂K̄−, the inverse inequality, Proposition 4.4.3 and
(4.49) show that

∥t̆1∣K∥H1(K) ≲ diam(K)−1∥t̆1∣K∥L2(K) ≤ diam(K)−1∥t̆1∣K∥L2(K̄)

≲ diam(K̄)
diam(K)∥∂bK

t̆1∣K∥L2(K̄) ≲ ∥∂bK
t̆∣K∥L2(K) ≤ ∥t̆∣K∥H(bK ;K),

(4.74)

with a constant depending on %̄.
To treat t̆2, let K ∈ Ωh and p ∈ Pm(K). Recalling from (4.50) that ∣x̄−∣W 1

∞(K) ≲ 1, we
have

∥x↦ p(x̄−(y),y)∥H1(K) ≲ ∣K ∣
1
2 ∥x↦ p(x̄−(y),y)∥W 1

∞(K) ≲ ∣K ∣
1
2 ∥p∥W 1

∞(K),

also with a constant depending on %̄. Now consider a p ∈ Pm(K ′) for a K ′ ∈ ΩH .
Then the combination of the previous result and the inverse inequality on K ′ show
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that

∑
{K∈Ωh∶K⊂K′}

diam(K)2∥x↦ p(x̄−(y),y)∥2
H1(K) ≲ σ

2 diam(K ′)2∣K ′∣∥∥p∥2
W 1
∞(K′)

≲ σ2∣K ′∣∥∥p∥2
L∞(K′) ≲ σ

2∥p∥2
L2(K′),

dependent on %, %̄, and m. By applying this to t̆2, we obtain

∑
K∈Ωh

diam(K)2∥t̆2∣K∥2
H1(K) ≲ σ

2[∥u∥2
L2(Ω) + ∥w∥2

L2(Ω) + ∑
K′∈ΩH

∥∂bK′w∥2
L2(K′)]

≲ σ2∥(u,w)∥2
U ≲ σ2∥t̆∥2

H(bh;Ωh),

(4.75)

whith a constant depending on %, %̄, m, ∥c∥L∞(Ω), and ∥b∥W 1
∞(div;Ω), where we used

(4.69) in the second but last step as well as the first inequality in (4.63) in the last
step.
For Ωh ∋K ⊂K ′ ∈ ΩH , using (4.50) and ∥bK −bK′∥L∞(K) ≲ diam(K ′)∣b∣W 1

∞(K′)n , we
estimate

∑
{K∈Ωh∶K⊂K′}

diam(K)2∥t̆3∣K∥2
H1(K) ≤ ∑

{K∈Ωh∶K⊂K′}
diam(K)2∣K ∣∥t̆3∣K∥2

W 1
∞(K)

≲ ∑
{K∈Ωh∶K⊂K′}

diam(K)2∣K ∣diam(K ′)2∥w∣K′∥2
W 2
∞(K′)

≲ ∑
{K∈Ωh∶K⊂K′}

diam(K)2∣K ∣diam(K ′)−2∥w∣K′∥2
L∞(K′)

≤ σ2∣K ′∣∥w∣K′∥2
L∞(K′) ≲ σ

2∥w∣K′∥2
L2(K′),

with a constant depending on %, %̄, m and ∣b∣W 1
∞(K′)n . Thus, we conclude that

∑
K∈Ωh

diam(K)2∥t̆3∣K∥2
H1(K) ≲ σ

2∥w∥2
L2(Ω) ≲ σ

2∥t̆∥2
H(bh;Ωh), (4.76)

using again the first inequality in (4.63) of this lemma. Combining (4.74), (4.75), and
(4.76), completes the proof of the last claim of this lemma. ◻

4.5 Some numerical results

On Ω = (0,1)2, and for b ∈ W 1
∞(div; Ω) with ∣b∣−1 ∈ L∞(Ω) and u ↦ b ⋅ ∇u ∈

Bis(H0,Γ−(b; Ω), L2(Ω)), we consider the transport problem

{ b ⋅ ∇u = f on Ω,
u = 0 on Γ−.
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We let ΩH be a partition of Ω into uniformly shape regular triangles, and let Ωh be
the refinement of ΩH by applying ` recursive red-refinements to each K ∈ Ω where
` ∈ N0 is a fixed number. We let

UH = ∏
K∈ΩH

Pm−1(K) × {w∣∂Ω∶w ∈ C(Ω) ∩ ∏
K∈ΩH

Pm(K), w = 0 on Γ−},

V h = ∏
K∈Ωh

Pm+1(K).

We solve (uH , θH) ∈ UH from

bh(uH , θH ; vh) ∶= − ∫
Ω
(b ⋅ ∇hvh + vh div b)uH dx + ∫

∂Ωh

JvhbKθH ds

= f(vh) (vh ∈ T h(UH)),
(4.77)

with T h ∈ B(L2(Ω) ×H0,Γ−(b;∂Ωh), V h) being defined by

⟨T h(u, θ), vh⟩H(b;Ωh) = bh(u, θ; v
h) (vh ∈ V h). (4.78)

Note that for (u, θ) running over an obvious localized basis for UH , finding each of
the T h(u, θ) amounts to solving a fixed finite dimensional problem on a few mesh
cells. Having determined such a basis for T h(UH), the solution of (4.77) can be
found by solving the sparse, symmetric positive definite system

⟨T h(uH , θH),T h(ũH , θ̃H)⟩H(b;Ωh) = f(T
h(ũH , θ̃H)) ((ũH , θ̃H) ∈ UH).

As shown in Theorem 4.4.8, by taking a sufficiently large, but fixed `,

∥u − uH∥L2(Ω)+∥θ − θ
H∥H0,Γ−(b;∂Ωh)

≲ inf
(ūH ,θ̄H)∈UH

{∥u − ūH∥L2(Ω) + ∥θ − θ̄H∥H0,Γ−(b;∂Ωh)}.
(4.79)

In all our experiments, we only measure ∥u − uH∥L2(Ω), being the quantity of our
main interest. We report on cases where m = 1, so piecewise constant approximations
for u, and piecewise linear approximations for θ. It appears that in all these cases it
is sufficient to take ` = 0, i.e., Ωh = ΩH . Increasing ` leaves the numerical solutions
essentially unchanged. This holds true for m = 1, as well as in experiments that we
performed where m > 1.
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In our first experiment, we take constant b = (b1, b2)⊺ ∈ R>0×R≥0, ΩH being a uniform
partition of Ω into isosceles right angled triangles with legs of length H ∈ 2−N0 and
hypotenuses parallel to the vector (1,1), and Ωh = ΩH so ` = 0. We take f(x) = 1−x1

so that the exact solution, given by

u(x) =
⎧⎪⎪⎨⎪⎪⎩

x1

b1
− x2

1

2b1
, −b2x1 + b1x2 ≥ 0,

x2

b2
− x2(2b2x1−b1x2)

2b22
, −b2x1 + b1x2 < 0,

is continuous, piecewise quadratic, whose normal derivative over the line x ⋅b⊥ = 0 has
a jump. The numerical results for various b, illustrated in Figure 4.2 for b = (1,1)⊺
and b = (1,1/16)⊺, show that ∥u−uH∥L2(Ω) is close to the error of best approximation

10 0 10 1 10 2 10 3 10 4
10 -3

10 -2

10 -1

10 0

DPG

Best Approximation

10 0 10 1 10 2 10 3 10 4
10 -3

10 -2

10 -1

10 0

DPG

Best Approximation

Figure 4.2: L2(Ω)-error in uH and that in the best approximation versus 1/h2, for
f(x) = 1 − x1, b = (1,1)⊺ (left) and b = (1, 1

16)
⊺ (right).

from the space of piecewise constants.
In our second experiment, we change f into

f(x) = { 1 − x1, −b2x1 + b1x2 ≥ 1
4 ,

0, −b2x1 + b1x2 < 1
4 ,

(4.80)

so that the solution, given by

u(x1, x2) =
⎧⎪⎪⎨⎪⎪⎩

x1

b1
− x2

1

2b1
, −b2x1 + b1x2 ≥ 1

4 ,

0, −b2x1 + b1x2 < 1
4 ,
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is piecewise quadratic with a discontinuity over the line x ⋅ b⊥ = 1
4 .

When h = 2−k for k ≥ 2 and b ∈ {(1,0)⊺, (1,1)⊺}, then this discontinuity is over a grid
line, and the right-hand side of (4.79) will be strongly dominated by the approxima-
tion error in θ, because the approximation error in u benefits from the discontinuous
approximation. In this, rather special situation, the error ∥u−uH∥L2(Ω) might there-
fore be much larger than the error of best approximation in u. Unfortunately, this is
indeed what happens as illustrated in Figure 4.3.
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10 -1

10 0
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Best Approximation

Figure 4.3: L2(Ω)-error in uH and that in the best approximation versus 1/h2, for
the discontinuous f from (4.80), b = (1,1)⊺ (left) and b = (1, 1

16)
⊺ (right).

To deal with this difficulty, we replaced the trial space for θ by the space of dis-
continuous polynomials ∏eP1(e) with e running over all edges of the mesh skeleton
without the inflow edges, and determined the new test space T h(UH) from (4.78)
again with V h =∏K∈Ωh

P2(K). With this modification, the curve of the L2(Ω)-error
in the resulting uH is indistinguishable from that of the error in the best approxima-
tion. Since ∏eP1(e) /⊂ H0,Γ−(b; Ω) we are now dealing with a nonconforming DPG
method.

Remark 4.5.1. This discontinuous trial space was already considered in the first paper
[26] in which such DPG discretizations (there called DPG-A) for the transport prob-
lem were considered. Since instead of H0,Γ−(b;∂Ωh), there the space L2(∂Ωh) was
considered as the space for the traces θ, the use of a nonconforming trial space was un-
intended. In [34] one can find an analysis of a nonconforming DPG discretization for
the Poisson problem. The analysis of the above nonconforming DPG discretization
of the transport problem is open.
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In our third experiment we took b(x) = (x2,−x1)⊺, f = 0, and the inhomogeneous

boundary condition u = g on Γ−, where g(x1,1) = 0, and g(0, x2) = { 1, x2 ≥ 1
4 ,

0, x2 < 1
4 .

To

implement this inhomogeneous boundary condition, following the second approach
discussed in Remark 4.3.6 we solved (uH , θH) ∈ UH from

bh(uH , θH ; vh) = −∫
∂Ωh

JvhbKḡ ds (vh ∈ T h(UH)),

with ḡ ∈ H(b; Ω) being an extension of g. We took ḡ(x) = { 1, ∣x∣ ∈ [1
4 ,1],

0, elsewhere, which

in this case equals the exact solution.
In this experiment, we employed an adaptive refinement strategy, that we imple-
mented using the package iFEM by L. Chen ([18]). By an application of Theorem 4.3.1
and Riesz’ representation theorem, r ∈H(b; Ωh), defined by

⟨r, v⟩H(b;Ωh) = ∫
∂Ωh

JvbKḡ ds − bh(uH , θH ; v) (v ∈H(b; Ωh)),

satisfies ∥r∥2
H(b;Ωh) ≂ ∥u−uH∥2

L2(Ω) + ∥θ − θH∥2
H0,Γ−(b;∂Ωh). We approximated r by the

solution r̃ ∈ V h of

⟨r̃, vh⟩H(b;Ωh) = ∫
∂Ωh

JvhbKḡ ds − bh(uH , θH ; vh) (vh ∈ V h).

Based on the decomposition ∥r̃∥2
H(b;Ωh) = ∑K∈Ωh

∥r̃∥2
H(b;K), as local error indicators

we used {∥r̃∥2
H(b;K)∶K ∈ Ωh} to drive the common adaptive finite element method

(AFEM) with Döfler marking parameter ϑ = 1
2 . Examples of a resulting mesh and

approximate solution are given in Figure 4.4, and the L2(Ω)-errors vs. the number
of unknowns are illustrated in Figure 4.5.
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Figure 4.4: Mesh generated after some iterations (left) and the approximate solution
(right) for the third experiment.
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Figure 4.5: L2(Ω)-error in uH and that in the best approximation versus the number
of triangles in the mesh for the third experiment.
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4.6 Conclusion

For a family of uniformly shape regular partitions ΩH ,H ∈ I and given piecewise
polynomial trial spaces on ΩH and on the skeleton ∂ΩH , we have constructed uni-
formly inf-sup stable (with respect to H ∈ I) DPG discretizations for linear transport
equations with variable convection fields by associating with each cell K ′ ∈ ΩH a
piecewise polynomial test space VK′ on a subgrid Ωh∣K′ with the following properties.
The polynomial degree of each VK′ exceeds the degree of the trial functions by one
and the refinement depth of each subgrid Ωh∣K′ is uniformly bounded. The stabil-
ity implies that the DPG scheme provides near-best approximations from the trial
space as well as uniform error-residual relations that form essential prerequisits for
a posteriori error control and adaptive refinement strategies, see (4.15), (4.4). The
control of the polynomial degrees in the test space as well as the subgrid refinement
depth entail an asymptotically optimal complexity scaling since the size of the linear
systems stays proportional to the dimensions of the trial spaces. To our knowledge
this is the first instance of a DPG stability result with the desired scaling properties
except for [32] for the elliptic case. However, while the actual dimension of the local
test spaces in [32] could be made concrete, the specification of the actual subgrid
refinement depth required in Theorem 4.4.8 would require knowledge of or good es-
timates for the various unspecified constants entering the analysis. The strategy for
proving Theorem 4.4.8 is necessarily entirely different from the elliptic case and the
analysis indicates that realizing a uniform inf-sup stability while keeping the dimen-
sions of the local test spaces uniformly bounded, is not for granted when dealing
with non-elliptic problems. Several consequences of the findings in this chapter such
as rigorous computable a posteriori error bounds or applications in more complex
problem settings such as kinetic models will be addressed in forthcoming work.
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methods for the transport problem

5.1 Introduction

Let Ω ⊂ Rn be a bounded Lipschitz domain with boundary ∂Ω. Let b ∈ L∞(Ω)n,
c ∈ L∞(Ω). For x ∈ ∂Ω, let n(x) be the outward pointing unit normal vector, and
define

Γ± ∶= {x ∈ ∂Ω∶ ±b(x) ⋅ n(x) > 0}.

These parts Γ− and Γ+ are called in-and-outflow boundary respectively. For given
functions f and g, the transport problem reads as

{ b ⋅ ∇u + cu = f on Ω,
u = g on Γ−.

(5.1)

There exist several finite element methods for approximating the solution of this
boundary value problem, the most straightforward being the Galerkin method. In
[4], a comparative study is given of the Galerkin method, SUPG and a least-squares
finite element method. These methods will be presented here as well.
However, our main interest will be in methods for which approximation spaces admit
discontinuous functions. Those function spaces are more suitable for e.g. problems
with discontinuous boundary data. Along with the Discontinuous Galerkin method
and a non-conforming least-squares method, also Petrov-Galerkin methods with op-
timal test spaces will be compared. These have been developed quite recently and
are in essence Least-Squares methods with trial spaces that contain discontinuous
functions and where the residual is usually minimized in some ‘broken’ norm.
In Chapters 2-4, three such methods were presented. Whereas the method from
Chapter 4 is a method for the transport problem (5.1), the methods in Chapters
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5. A comparative study of finite element methods for the transport problem

2 and 3 are both methods for approximating the solutions to convection-dominated
convection-diffusion problems. However, the method in 2 does not behave satisfac-
torily for the limit problem (5.1) of vanishing diffusion, whereas the one in 3 does.
Therefore, only the methods form Chapters 3 and 4 will be considered in this chapter.
Below, we will make use of the space

H(b; Ω) ∶= {u ∈ L2(Ω) ∶ b ⋅ ∇u ∈ L2(Ω)},

equipped with ∥u∥2
H(b;Ω) ∶= ∥u∥2

L2(Ω) + ∥b ⋅ ∇u∥2
L2(Ω), and its subspaces

H0,Γ±(b; Ω) ∶= closH(b;Ω){u ∈H(b; Ω) ∩C(Ω̄) ∶ u = 0 on Γ±}.

As in the previous chapters, we denote by C ≲D that C can be bounded by a multiple
of D, independently of parameters which C and D may depend on. Again, C ≳D is
defined as D ≲ C, and C ≂D as C ≲D and C ≳D.

5.2 Galerkin and SUPG

Given h from an index set of parameters, let Ωh be a partitioning of Ω, that is, a
collection of open Lipschitz domains such that Ω̄ = ∪K∈Ωh

K̄. For an element K ∈ Ωh,
denote by ∂K± the in-and-outflow boundaries and by ∂K0 = {x ∈ ∂K ∶ b ⋅ n(x) = 0}
the characteristic boundary. Define the mesh skeleton by

∂Ωh = ∪K∈Ωh
∂K ∖ ∂K0.

The most straightforward discretization of (5.1) is done by multiplying the equa-
tion by a test function v and integrating it over the domain. Define Vh ∶= C(Ω) ∩
∏K∈Ωh

Pp(K), where Pp(K) denotes the space of polynomials of degree at most p.
The Galerkin approximation, as presented in [35] is the solution to: Find uh ∈ Vh
such that

∫
Ω
(b ⋅∇uh+cuh)vh dx−∫

Γ−
uhvhb ⋅nds = ∫

Ω
fvh dx−∫

Γ−
gvhb ⋅nds (vh ∈ Vh). (5.2)

Example 5.2.1. This example is taken from [47]. Let Ω = (0,1)2, c ≡ 0 and let
b ≡ (1,1/2)⊺. With f ≡ 0 and boundary condition g(⋅,0) ≡ 0, and

g(0, x2) = { 1, x2 ≥ 0
0, x2 < 0,

(5.3)
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5.2. Galerkin and SUPG

the solution is given by

u(x1, x2) = { 1, x2 − x1

2 ≥ 0
0, x2 − x1

2 < 0.
(5.4)

In Figure 5.2, a plot is shown of the Galerkin approximation for this example, using
piecewise linear functions, i.e. p = 1, on a uniform mesh as in figure 5.1 with h = 1

32 .

h

Figure 5.1: Uniform mesh used in the numerical experiments

As can be seen in the figure, the approximation exhibits oscillations around the inflow-
boundary that are carried along over the rest of the domain in the flow-direction.
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Figure 5.2: Plot of the solution by the Galerkin method (left) and its local L2-error
(right) for Ex. 5.2.1, on a uniform mesh with h = 1

32 , using piecewise polynomials of
degree p = 1.

A first attempt to tackle this problem is the Streamline Upwind Petrov Galerkin
(SUPG, see [12], [36], [35]) method. It is similar to the Galerkin method, but with
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5. A comparative study of finite element methods for the transport problem

some artificial diffusion added in the flow-direction. The same idea has been used
before in a finite difference method (see [42]). For K ∈ Ωh, let ξK ∶= diam(K)

2∥b∣K∥L∞(K)n
.

The SUPG approximation is the solution to: Find uh ∈ Vh such that

∫
Ω
(b ⋅ ∇uh + cuh)vh dx − ∫

Γ−
uhvhb ⋅ nds

+ ∑
K∈Ωh

ξK ∫
K
(b ⋅ ∇uh + cuh)b ⋅ ∇vh dx =

∫
Ω
fvh dx − ∫

Γ−
gvhb ⋅ nds + ∑

K∈Ωh

ξK ∫
K
fb ⋅ ∇vh dx (vh ∈ Vh).

This is an example of a Petrov-Galerkin method, since for homogeneous boundary
conditions it can be written as a Galerkin method, with test space being replaced by
{vh +∑K∈Ωh

ξKb ⋅ ∇vh ∶ vh ∈ Vh}.
Define

∥u∥2
Gal ∶= ∥u∥2

L2(Ω) +1
2 ∣u∣

2
L(2,∣b⋅n∣)(∂Ω),

∥u∥2
SUPG ∶= ∥u∥2

L2(Ω) +1
4 ∣u∣

2
L(2,∣b⋅n∣)(∂Ω) + h∥b ⋅ ∇u∥2

L2(Ω),
(5.5)

where, for Ξ ⊆ ∂Ω and a weight-function w ≥ 0,

∥u∥2
L(2,w)(Ξ) ∶= ∫Ξ

w(s)u(s)2 ds.

Suppose c− 1
2 div b ≥ c̃ on Ω, for some c̃ > 0. Under this condition, one can prove (see

[35]) that solutions uGal, uSUPG of Galerkin and SUPG, respectively, exist and satisfy

∥uGal∥Gal ≲ ∥f∥L2(Ω) + ∥g∥2,∣b⋅n∣,
∥uSUPG∥SUPG ≲ ∥f∥L2(Ω) + ∥g∥2,∣b⋅n∣.

(5.6)

Moreover, if the exact solution u ∈Hp+1(Ω), then

∥u − uGal∥Gal ≲ hp∥u∥Hp+1(Ω),

∥u − uSUPG∥SUPG ≲ hp+1/2∥u∥Hp+1(Ω),
(5.7)

In [4] it is emphasized that being able to have some control on the term ∥b ⋅∇uh∥L2(Ω)
is necessary in order to reduce spurious oscillations of the solution uh given by the
method, suggesting that SUPG should perform better. In Figure 5.3, we see that the
approximate solution given by the SUPG method indeed does not have the oscillations
of the Galerkin approximation.
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Figure 5.3: Plot of the solution by the SUPG method (left) and its local L2-error
(right) for Ex. 5.2.1, on a uniform mesh with h = 1

32 , using piecewise polynomials of
degree p = 1.

5.3 Discontinuous Galerkin

Introduced by Reed and Hill [43] in 1973, this is a first method where discontinuous
trial spaces are allowed. The formulation reads essentially the same as the Galerkin
method. However, since, uh is allowed to be discontinuous, some ‘stability’ term has
to be added on the element edges:

Find uh ∈∏K∈Ωh
Pp(K) such that for all K ∈ Ωh,

∫
K
(b ⋅ ∇uh + cuh)vh dx + ∫

∂K−
JuhbKvh ds =

∫
K
fvh dx + ∫

∂K∩Γ−
gvhb ⋅ nds (vh ∈ Pp(K)). (5.8)

Here for x ∈ ∂K ∩ ∂K′, we define the jump JubK = (ub∣K ⋅nK)(x)+ (ub∣K′ ⋅nK′)(x),
where nK(x) denotes the outward pointing unit normal on ∂K. For x ∈ ∂K ∩ ∂Ω we
have by convention JubK(x) = (ub∣K ⋅ nK)(x).
If b contains no closed curves, this problem can be solved layer by layer. Informally,
defining L1 = {K ∈ Ωh ∶ ∂K− ∩ Γ− ≠ ∅} and starting with K ∈ L1 for which ∂K− ⊂ Γ−,
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5. A comparative study of finite element methods for the transport problem

one can solve

∫
K
(b ⋅ ∇uh + cuh)vh dx + ∫

∂K−
uhb ⋅ nvh ds =

∫
K
fvh dx + ∫

∂K−
gvhb ⋅ nds (vh ∈ Pp(K)), (5.9)

for these elements. Using the obtained values uh∣K , one can now solve

∫
K
(b ⋅ ∇uh + cuh)vh dx + ∫

∂K−
JuhbKvh ds = ∫

K
fvh dx (vh ∈ Pp(K)), (5.10)

one by one on the remaining K ∈ L1. We can continue this process by defining the
next layer L2 = {K ∈ Ωh ∶ ∂K−∩∪K∈L1K ≠ ∅} and solving (5.10), first for each K ∈ L2

for which ∂K− ⊂ ∪K∈L1K, then for the other elements of L2, and so on. Hence, the DG
method can be implemented as an explicit scheme, in contrast to the other methods
that we discuss.
In Figure 5.4 a plot of the DG approximation is shown, for Example 5.2.1, using the
same mesh as in Figure 5.1, with h = 1

32 and p = 1. One can see that this method
captures the discontinuity of Example 5.2.1 better than the Galerkin and SUPG
methods.

Figure 5.4: Plot of the solution by the DG method (left) and its local L2-error (right)
for Ex. 5.2.1, with on a uniform mesh with h = 1

32 , using piecewise polynomials of
degree p = 1.

In [36], it is proved that ∥u−uh∥L2(Ω) ≲ h
p+1/2∣u∣Hp+1(Ω). For specific kinds of meshes

this non-optimal bound can be improved (see e.g. [19]). However, there also exist
meshes for which this bound is sharp. An often-quoted example is the following.
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Figure 5.5: Peterson’s mesh with h = 1
12 and m = 4.

Example 5.3.1 (Peterson’s mesh ([41])). In this example, Ω = (0,1)2 and b = (0,1)⊺,
so that Γ− is given by the line x2 = 0. Taking f ≡ 0, and boundary condition
g(x1,0) = xp+1

1 , with p the polynomial degree of the trial space, the solution is given
by u(x1, x2) = xp+1

1 . In this way, the solution is smooth but not contained in the trial
space, so that DG does not give the exact solution.
The mesh is as in Figure 5.5, where vertical lines are added to make m strips, where
m = h−σ. For σ = 0.25 and p = 1, from numerical experiments the error rate turns out
to be 3

2 . For p = 0 it has in fact been proved that for a certain choice of σ the rate is
1
2 .

5.4 Least-Squares

The Least-Squares method presented here is slightly different from the one described
in [4], in the sense that u∣Γ− −g is minimized in a weighted norm. Let l(x) denote the
distance from s ∈ Γ− to Γ+ in the b-direction and define the norm

∥u∥2
Γ− ∶= ∫

Γ−
l(s)(b ⋅ n)(s)

∣∣b(s)∣∣∞
u(s)2 ds.

Then, the trace mapping γ ∶ H(b; Ω) → clos∥⋅∥Γ− C
∞(Γ−), p ↦ p∣Γ− is a bounded

surjection (see [47], Theorem 2.5). Define the functional

Fls(u; f, g) ∶= ∥b ⋅ ∇u + cu − f∥2
L2(Ω) + ∥u − g∥2

Γ− . (5.11)
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5. A comparative study of finite element methods for the transport problem

The Least-Squares solution is given by u = arg minũ∈H(b;Ω)Fls(ũ; f, g). In variational
form, this reads as: Find u ∈H(b; Ω) such that

bls(u, v) ∶=∫
Ω

b ⋅ ∇u b ⋅ ∇v + cuv dx + ∫
Γ−
l(s)(b ⋅ n)(s)

∥b(s)∥∞
uv ds =

∫
Ω
f(b ⋅ ∇v + cv)dx + ∫

Γ−
l(s)(b ⋅ n)(s)

∥b(s)∥∞
gv ds =∶ Fls(v) (v ∈H(b; Ω)).

(5.12)

In [47] it is proved that bls is bounded and coercive on H(b,Ω), in the case c ≡ 0. For
c /≡ 0 this proof can easily be extended. Hence this problem has a unique solution
u and ∥u∥H(b;Ω) ≲ ∥f∥L2(Ω) + ∥g∥Γ− . In view of section 2, the Least-Squares method
offers even better control of the term ∥b ⋅∇u∥L2(Ω) than the SUPG method, implying
that it should perform better in reducing oscillations.

5.4.1 Conforming discretization

As in section 2, let Vh ⊂ H(b; Ω) be the space of continuous, piecewise polynomials
of degree p. The conforming Least-Squares finite element approximation is given by
uh = arg minwh∈Vh F(wh; f, g), which is the solution to

bls(uh, vh) = Fls(vh) (vh ∈ Vh).

By Céa’s lemma, we have ∥u − uh∥H(b;Ω) ≲ infwh∈Vh ∥u −wh∥H(b;Ω).
In Figure 5.6, the approximation of the conforming Least-Squares method is shown
for Example 5.2.1. It can be seen that the discontinuity is smeared over quite some
elements, as compared with Figures 5.2 and 5.3.

5.4.2 Non-conforming discretization

In order to reduce the smearing of discontinuities in solutions, a non-conforming
variant has been introduced in [47], in which the trial space is allowed to have jumps
over the interior edges. On this space, the functional Fls from (5.11) is not well-
defined and one should minimize ∥b ⋅ ∇hu + cu − f∥L2(Ω) instead, where ∇h is the
element-wise gradient operator. Notice that for any piecewise constant function uh
it holds that b ⋅ ∇uh∣K = 0. Hence, thinking for the moment of c ≡ 0, minimizing
∥b ⋅ ∇u− f∥L2(Ω) over a space that allows jumps, does not yield a unique solution. In
order to have a well-posed problem, jumps over the edges are penalized:
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Figure 5.6: Plot of the solution by the Conforming Least-Squares method (left) and
its local L2-error (right) for Ex. 5.2.1, on a uniform mesh with h = 1

32 , using piecewise
polynomials of degree p = 1.

Let Eh be the collection of all edges in ∂Ωh and denote by E○h the collection of all
interior edges. The functional to be minimized is

Fpen(u; f, g) ∶= ∥b ⋅ ∇hu + cu − f∥2
L2(Ω) + ∥u − g∥2

Γ− + ∥u∥2
∂Ωh

where, for a certain choice of weights ωe, the penalty term is defined by

∥u∥2
∂Ωh

∶= ∑
e∈E○

h

ωe∫
e
JubK2 ds.

With Uh ∶= ∏K∈Ωh
Pp(K) /⊂ H(b; Ω), the Non-Conforming Least-Squares finite ele-

ment approximation is now given by uh = arg minwh∈Uh
Fpen(wh; f, g). Let

bls,h(u, v) ∶= ∫
Ω

b ⋅ ∇hu b ⋅ ∇hv + cuv dx + ∫
Γ−
l(s)(b ⋅ n)(s)

∥b(s)∥
uv ds.

Then uh is the solution to

bpen(uh, vh) ∶= bls,h(uh, vh)+∑
e∈E

JuhbKJvhbKds (5.13)

= ∫
Ω
f(b ⋅ ∇hvh + cvh)dx+∫

Γ−
l((s))(b ⋅ n)(s)

∥b(s)∥
gvh ds =∶ Fls,h(vh) (vh ∈ Uh).
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To formulate a convergence result, define

∥uh∥2
pen ∶= bpen(uh, uh). (5.14)

One can prove (see [45]) that this is a norm on Uh +V, and hence bpen(⋅, ⋅) is coercive
w.r.t. this norm, uniformly in h. Using Strang’s second lemma (see e.g. [8], Lemma
8.1.9), one has

∥u − uh∥pen ≤ inf
wh∈Uh

∥u −wh∥pen + sup
wh∈Uh

∣bpen(u − uh,wh)∣
∥wh∥pen

. (5.15)

Next, from Jub∣∂Ωh
K = 0 it follows that bpen(u − uh,wh) = 0 for all wh ∈ Uh, hence

∥u − uh∥pen = infwh∈Uh
∥u − wh∥pen. Moreover, in [47] the following uniform Poincaré

inequality is proved.

Lemma 5.4.1. The inequality ∥uh∥L2(Ω) ≲ ∥uh∥pen holds for all uh ∈ Uh +H(b; Ω), if
and only if ωe ≳ 1

h .

Using this lemma, we end up with

Theorem 5.4.2. If ωe ≳ 1
h , then

∥u − uh∥L2(Ω) + ∥u − uh∥pen ≲ inf
wh∈Uh

∥u −wh∥pen

We look again at Example 5.2.1 and solve (5.13) with p = 1 and using weights ωe = 1
h

in the penalty term. If b = (1,1)⊺ instead, then the discontinuity of the solution is
aligned with the mesh. In this case, u is contained in Uh, hence (5.13) yields the exact
solution. For b = (1, 1

2)
⊺, the width of the layer is slightly smaller than that of the

conforming method, as can be seen in Figure 5.7. However, this improvement is not
really convincing, when compared for example with the DG method. This suggests
that the penalty term might be too stringent.

5.4.3 Reducing the trial space

In order to improve the results from the previous section, a method is proposed in [45]
where, instead of penalizing all jumps, ∥b ⋅∇hu+ cu−f∥2

L2(Ω) + ∥u−g∥2
Γ−

is minimized
in a space that has as few restrictions on the jumps as possible. Thinking again of
the situation where c ≡ 0, and homogeneous boundary conditions, a trial space is
constructed in which some jumps are allowed, but where the problem of minimizing
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Figure 5.7: Plot of the solution by the Nonconforming Least-Squares method (left)
and its local L2-error (right) for Ex. 5.2.1, on a uniform mesh with h = 1

32 , using
piecewise polynomials of degree p = 1.

∥b ⋅ ∇hu − f∥2
L2(Ω) nevertheless has a unique solution. Let Zh denote this trial space.

The operator Bls,h ∶ Zh → Z ′
h, (Bls,hu)(v) = bls,h(u, v) should have a trivial kernel.

Since, for K ∈ Ωh, the kernel of P1(K) → R ∶ u ↦ b ⋅ ∇u is two-dimensional, this
means that two restrictions are required on each triangle. Therefore, let

Zh = {p ∈ ∏
K∈Ωh

P1(K) ∶ ∫
∂K−

JpbKφK,i ds = 0, i = 1,2 ∀K ∈ Ωh}

with φK,1(x) ≡ 1∂K− and φK,2(x) = b⊥ ⋅ x1∂K− . For constant b it has been proven in
[45] that for this choice of zh, Bls,h has a trivial kernel.
The new approximation is given by uh = arg minwh∈Zh

Fls(wh, f, g), or equivalently

bls,h(uh, vh) = Fls,h(vh) (vh ∈ Zh). (5.16)

It is still an open question whether bls,h(zh, zh) ≳ ∥zh∥2
L2(Ω), for all zh ∈ Zh, uniformly

in h, which is necessary in order to have ∥u − uh∥L2(Ω) ≲ bls,h(u − uh, u − uh)
1
2 .

Finding a basis for Zh can be quite technical. Therefore, define

Φh = span{φK,i, i = 1,2, K ∈ Ωh}.

The minimization problem is equivalent to solving: Find (uh, φ̃h) ∈ Uh×Φh such that

{ bls(uh, vh) + c(vh, φ̃h) = f(vh) (vh ∈ Uh),
c(uh, φh) = 0 (φh ∈ Φh).

(5.17)
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with c(p, φ) ∶= ∫∂Ω○
h
JpbKφds. This is a saddle-point problem, where φ̃h serves as a

Lagrange-multiplier.
From now on, we will call this method the Reduced Least-Squares (RLS) method. In
Figure 5.8, the approximation given by this method is shown for Example 5.2.1. It
can be seen that this method yields a layer that is a lot smaller than that of the
Non-Conforming Least-Squares solution. Also notice that this solution shows only
slightly more smearing than the DG solution (compare Figure 5.4).

Figure 5.8: Plot of the solution by the Reduced Least-Squares method (left) and its
local L2-error (right) for Ex. 5.2.1, on a uniform mesh with h = 1

32 , using piecewise
polynomials of degree p = 1.

5.5 DPG methods

Although there exist several Petrov-Galerkin methods for the transport problem (see
e.g. [25] and references therein), the most popular are the Petrov-Galerkin methods
with optimal test spaces, since for those methods there is a general theory stating
that near-best approximations from the trial spaces are obtained.
Starting with [26], a lot has been written about these methods, mostly in a setting
where trial and test spaces are used that contain discontinuous functions, equipped
with broken norms. For this reason they are called Discontinuous Petrov-Galerkin
(DPG) methods. We start this section by describing the methods in a general setting.
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5.5.1 PG with optimal test space

Let U,V be Hilbert spaces and B ∶ U → V ′ a boundedly invertible mapping, with
corresponding bilinear form b ∶ U × V → R, defined by b(u, v) ∶= (Bu)(v). Given
f ∈ V ′, we look at the variational problem of finding u ∈ U such that

b(u, v) = f(v) (v ∈ V ).

Let R ∶ V → V ′ denote the Riesz-map, i.e. (Rv)(w) = ⟨v,w⟩V , and define T ∶= R−1B,
which is a boundedly invertible mapping from U to V. For u ∈ U, Tu is the solution
to

⟨Tu, v⟩V = b(u, v) (v ∈ V ). (5.18)

Given a closed subspace Uh ⊂ U, define the optimal test space ranT ∣Uh
, and consider

the Petrov-Galerkin problem: Find uh ∈ Uh such that

b(uh, vh) = f(vh) (vh ∈ ranT ∣Uh
). (5.19)

As the following proposition shows, the solution uh is in fact a least-squares approx-
imation.

Proposition 5.5.1.The solution uh to (5.19) satisfies uh = arg minwh∈Uh
∥f−Bwh∥V ′ .

Proof. See [10].

Defining the energy-norm
∥ ⋅ ∥E ∶= ∥T ⋅ ∥V

on U, it follows from Proposition 5.5.1 that uh = arg minwh∈Uh
∥u −wh∥E .

Since T ∶ U → V is a boundedly invertible mapping, the norms ∥ ⋅ ∥E and ∥ ⋅ ∥U are
equivalent, hence the DPG-method with optimal test functions yields a quasi-best
approximation from the trial space. Note that these equivalence constants depend
on the condition number χ(B) ∶= ∥B∥U→V ′∥B−1∥V ′→U , which can be quite large e.g.
in the case of singularly perturbed problems. Choosing the optimal test norm on V,
defined by ∥ ⋅ ∥V,opt = ∥B′ ⋅ ∥U ′ , one has

∥w∥E = ∥Bw∥V ′ = sup
0≠v∈V

∣(Bw)(v)∣
∥B′v∥U ′

= sup
0≠v∈V

∣(B′v)(w)∣
∥B′v∥U ′

= ∥w∥U .

Hence, with this norm the method yields the best approximation from Uh in the
original norm on U. However, when the variational formulation involves trace spaces,
the numerical evaluation of the optimal test norm is often quite difficult.
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5.5.2 PG with projected optimal test space

Given u ∈ U, solving Tu from (5.18) might be as complicated as solving the original
PDE. Therefore, let Ṽh ⊂ V be a finite-dimensional subspace. Instead of determining
the optimal test space, one can project the space onto Ṽh, i.e. define T̃h ∶ Uh → Ṽh by

⟨T̃huh, ṽh⟩V = b(uh, ṽh) (ṽh ∈ Ṽh), (5.20)

and use ran T̃h∣Uh
as test space. One immediately sees that ⟨Tu− T̃hu, ṽh⟩V = 0 for all

ṽh ∈ Ṽh, i.e. ran T̃h∣Uh
is the V -orthogonal projection of ranT ∣Uh

onto Ṽh. The DPG
method with projected optimal test space reads as: Find uh ∈ Uh such that

b(uh, T̃hwh) = f(T̃hwh), (wh ∈ Uh). (5.21)

The space Ṽh will is called test search space.
As the following two propositions show, it is desirable that the test search space is
large enough, in the sense that

γh ∶= inf
0≠wh∈Uh

sup
0≠ṽh∈Ṽh

b(wh, ṽh)
∥wh∥U∥ṽh∥V

≥ γ > 0. (5.22)

Proposition 5.5.2. Two equivalent formulations of the DPG method with projected
optimal test space (5.21) are finding uh ∈ Uh such that

⟨T̃huh, T̃hwh⟩V = f(T̃hwh), (wh ∈ Uh) (5.23)

and finding (ỹh, uh) ∈ Ṽh ×Uh such that

{ ⟨ỹh, vh⟩V + b(uh, vh) = f(vh) (vh ∈ Ṽh),
b(wh, ỹh) = 0 (wh ∈ Uh).

(5.24)

If (5.22) holds, these formulations have a unique solution uh with ∥uh∥ ≤ ∥f∥V ′γh
.

Proof. See [10], Proposition 2.2.

Note that in particular, by taking Ṽh = V, from this same proposition it follows that
also (5.19) has a unique solution.
Implementing the method using (5.23), yields a square system of equations that is
symmetric and positive definite. However, when the optimal test space cannot be
determined locally, implementing (5.23) can be unfeasible. In that case it is better
to use (5.24), which is done e.g. in [10] (see section 2.1) and [23].
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Proposition 5.5.3. The solution uh to (5.21) satisfies

∥u − uh∥ ≤
∥B∥U→V ′

γh
inf

wh∈Uh

∥u −wh∥U .

Proof. See [10], Proposition 2.3.

5.6 DPG applied to the transport problem

In this section, two DPG methods will be presented. In order to get a variational
formulation, again the transport equation (5.1) is multiplied by a test function and
integration by parts is applied, so that the solution u can be sought in L2(Ω). One can
choose either to apply integration by parts on the whole domain, or on each element
separately, leading to two different variational formulations and, consequently, to (at
least) two different finite element methods.

Remark 5.6.1. A third obvious DPG method is given by the following: with U =
H0,Γ−(b; Ω), V = L2(Ω) and b ∶ U × V → R, defined by

b(u, v) ∶= ∫
Ω
(b ⋅ ∇u + cu)v dx,

given u ∈ U , the optimal test function Tu is the solution to

∫
Ω
(Tu)wdx = ∫

Ω
(b ⋅ ∇u + cu)wdx.

Hence Tu = b ⋅ ∇u+ cu. Given Uh ⊂ U, for f ∈ L2(Ω), this DPG method with optimal
test space reads as: Find uh ∈ Uh, such that

∫
Ω
(b ⋅ ∇uh + cuh)(b ⋅ ∇wh + cwh)dx = ∫

Ω
f(b ⋅ ∇wh + cwh)dx (wh ∈ Uh),

which is the same as the conforming Least-Squares method, with the boundary con-
ditions imposed in a strong sense.

5.6.1 Integration by parts over the whole domain

The DPG method that will be discussed here is the one from [10], in which a vari-
ational formulation is presented for convection-dominated convection-diffusion prob-
lems that, in the limit case of vanishing diffusion, is a well-posed formulation for the
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transport problem. It is also used in [23]. Integration by parts is applied over the
whole domain, in order not to have any trace variables. Let VDPG-1 ∶= H0,Γ+(b; Ω).
The variational problem reads as: Find u ∈ UDPG-1 ∶= L2(Ω) such that

b(u, v) ∶= ∫
Ω
(cv−b ⋅∇v−v div b)udx = ∫

Ω
fv dx−∫

Γ−
gvb ⋅nds (v ∈ VDPG-1). (5.25)

If b ∈ C1(Ω)n or if there exists a κ > 0 such that c − 1
2∇ ⋅ b ≥ κ > 0 a.e., then

B ∶ L2(Ω) → H0,Γ+(b; Ω)′, defined by (Bu)(v) ∶= b(u, v) is boundedly invertible. See
[23] for a proof.
Remark 5.6.2. This formulation is also used in (5.25), in which an adaptive method
is set up, where the test search space is enlarged whenever necessary, within an
additional inner adaptive loop, in order to maintain the discrete inf-sup condition
(5.22).
For this variational formulation, the optimal test norm reads as

∥v∥V,opt = ∥B′v∥2
L2(Ω) = ∥ − div bv + cv∥2

L2(Ω). (5.26)

Assuming that the test search space is large enough, the use of this norm in a finite
element discretization yields a quasi-best L2-approximation from the trial space.
Let the trial space be given by

Uh,DPG-1 ∶= ∏
K∈Ωh

Pp(K).

Let Ωh̃ be some additional uniform refinement of Ωh, and define the test search space
by

Ṽh̃,DPG-1 ∶= C0,Γ+(Ω) ∩ ∏
K∈Ωh̃

Pk(K),

for some k ≥ p. Determining the near-optimal test functions is clearly not a local
problem. Therefore, it is more convenient to write the discretized problem as a
saddle-point system (as in (5.24)). The DPG-1 method reads as: Find (uh, ỹh̃) ∈
Uh,DPG-1 × Ṽh̃,DPG-1 such that

{ ⟨ỹh̃, ṽh̃⟩V,opt + b(uh, ṽh̃) = f(ṽh̃) (ṽh̃ ∈ Ṽh̃,DPG-1),
b(wh, ỹh̃) = 0 (wh ∈ Uh,DPG-1).

(5.27)

In the numerical results in [10] this method shows near-best L2-approximations in all
experiments, with p = 1, k = 3, and one additional uniform mesh refinement for the
test search space.
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5.6. DPG applied to the transport problem

Figure 5.9: Plot of the solution by the DPG-1 method (left) and its local L2-error
(right) for Ex. 5.2.1, on a uniform mesh with h = 1

32 , using piecewise polynomials of
degree p = 1.

A question that is still open is whether this test search space is large enough in order
to satisfy (5.22), or that it is necessary to increase the number of mesh refinements or
polynomial degree as h decreases. The discrete inf-sup constant γh can be computed
as the square root of the smallest eigenvalue of M−1

Uh,DPG-1
B⊺
hM

−1
Ṽh̃,DPG-1

Bh, where

MUh,DPG-1 and MṼh̃,DPG-1
are mass matrices of inner products of the elements of

Uh,DPG-1 and Ṽh̃,DPG-1 respectively (see [10], Remark 2.4).

In Tables 5.1 and 5.2, these eigenvalues are shown, calculated using a Lanczos method
([31]), for uniform meshes as in Figure 5.1 for several values of b. These are results for
p = 1, k = 3, with no additional mesh refinement for the test search space in Table 5.1,
and one additional mesh refinement in Table 5.2. It seems that the inf-sup constant
is bounded from below when b is (nearly-)aligned with the mesh. However, for the
non-aligned case b = (1, 1

2)
⊺, this does not seem to be true.

In Figure 5.9, the solution of the DPG-1 method is shown for Example 5.2.1, for
p = 1 and k = 3, without any additional mesh refinements for the test search space.
Compared to the methods discussed earlier, the solution shows less smearing of the
discontinuity, but a price to be paid for this is that the solution exhibits some over-
and-undershoots, which is a typical feature shared by truly best L2-approximations.
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b⊺\h 1 1
2

1
4

1
8

1
16

1
32

1
64

(1,1) 0.71 0.71 0.71 0.71 0.71 0.71 0.71
(1, 1023

1024) 0.71 0.71 0.71 0.70 0.70 0.70 0.69
(1, 15

16) 0.73 0.67 0.64 0.58 0.53 0.49 0.43
(1, 1

2) 0.73 0.66 0.61 0.49 0.36 0.30 0.26
(1, 1

16) 0.77 0.68 0.64 0.60 0.53 0.49 0.43
(1, 1

1024) 0.71 0.71 0.71 0.70 0.70 0.69 0.69
(1,0) 1.00 0.71 0.71 0.71 0.71 0.71 0.71

Table 5.1: The inf-sup constant γh, for the DPG-1 method, using a regular mesh as
in Figure 5.1, with p = 1, k = 3, without any additional mesh refinements for the test
search space.

b⊺ \h 1 1
2

1
4

1
8

1
16

1
32

1
64

(1,1) 0.76 0.76 0.76 0.76 0.76 0.76 0.76
(1, 1023

1024) 0.87 0.87 0.87 0.87 0.87 0.86 0.86
(1, 15

16) 0.90 0.86 0.85 0.85 0.84 0.82 0.76
(1, 1

2) 0.93 0.90 0.87 0.81 0.73 0.57 0.48
(1, 1

16) 0.91 0.86 0.85 0.85 0.84 0.82 0.75
(1, 1

1024) 0.71 0.71 0.71 0.70 0.70 0.69 0.69
(1,0) 1.00 0.87 0.87 0.87 0.87 0.87 0.87

Table 5.2: As Table 5.1, but now with one additional mesh refinement for the test
search space.

5.6.2 Integration by parts on each element

For the next variational formulation, integration by parts is applied separately on each
element. A finite element method with this formulation was first proposed in [26].
In Chapter 4, a stability result has been proved for the finite element discretization
that will be described in the next section. As before, denote by Ωh a partitioning of
Ω into triangles. Let us introduce the broken space

H(b; Ωh) ∶= {v ∈ L2(Ω) ∶ b ⋅ ∇hv ∈ L2(Ω)}

equipped with norm ∥v∥2
H(b;Ωh) ∶= ∑K∈Ωh

∥v∥2
L2(K)+∥b⋅∇hv∥

2
L2(K) and the trace space

H0,Γ−(b;∂Ωh) ∶= {v∣∂Ωh
∶ v ∈H0,Γ−(b; Ω)},
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with induced norm ∥v∥H0,Γ−(b;∂Ωh) = inf{ṽ∈H0,Γ−(b;Ω)∶ṽ∣∂Ωh
=v∣∂Ωh

} ∥ṽ∥H(b;Ω). Let

UDPG-2 ∶= L2(Ω) ×H0,Γ−(b;∂Ωh)

and
VDPG-2 ∶=H(b; Ωh).

For boundary condition g ≡ 0, the formulation reads as follows: Find (u, θ) ∈ UDPG-2

such that

bh(u, θ; v) ∶= ∫
Ω
(cv−b⋅∇hv−v div b)udx+∫

∂Ωh

JvbKθ ds = f(v) (v ∈ VDPG-2). (5.28)

The new independent variable θ replaces u∣∂Ωh
. Assume that the mappings

B ∶H0,Γ− → L2(Ω) ∶ u↦ b ⋅ ∇u + cu,

B∗ ∶H0,Γ+ → L2(Ω) ∶ v ↦ cv − div vb

are boundedly invertible, which holds true under the same conditions that were men-
tioned following (5.25) in the previous section. Then formulation (5.28) is well-posed
independently of the mesh (see Theorem 2.5.1).

Remark 5.6.3. Notice that, since θ ∈ H0,Γ−(b;∂Ωh), one has to put some more effort
to incorporate an inhomogeneous boundary condition g ≠ 0. One way to do this is by
replacing θ by θ̄ ∶= θ− g∣∂Ωh

, where g ∈H(b; Ω) is an extension of g. Instead of (5.28)
one looks for (u, θ̄) ∈ UDPG-2 such that

bh(u, θ̄; v) = f(v) − ∫
∂Ωh

JvbKḡ ds (v ∈ VDPG-2).

We will now give a discretization of (5.28) as in Chapter 4 where, given a trial space
consisting of piecewise polynomials w.r.t. a certain mesh, the test search space is a
piecewise polynomial space w.r.t. a refinement of this mesh.
Let {ΩH ∶ H ∈ I} be a family of uniformly shape regular meshes and, for any H ∈ I,
let Ωh = Ωh(H) be a uniform refinement of ΩH . If ΩH is sufficiently fine and Ωh is
a refinement with sufficiently large, but fixed, i.e., H-independent, refinement depth
(for details, see Section 4.4.5), then we have the following theorem.
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Theorem 5.6.4. With trial space

UH,DPG-2 ∶= ∏
K∈ΩH

Pp(K) × (C0,Γ−(Ω) ∩ ∏
K∈ΩH

Pp+1(K))∣∂ΩH
,

and test search space
Ṽh,DPG-2 ∶= ∏

K∈Ωh

Pp+2(K),

under some additional regularity requirements on b and c (see Theorem 4.3.1 for
details), it holds that

inf
(uH ,θH)∈UH,DPG-2

sup
ṽh∈Ṽh,DPG-2

bh(uH , θH ∣∂Ωh
; ṽh)

∥(uH ,wH ∣∂ΩH
)∥UDPG-2∥ṽh∥VDPG-2

≥ γ > 0,

where γ depends only on (upper bounds for) p, ∥b∥W 1
∞(div;Ω), ∥∣b∣−1∥L∞ , ∥c∥W 1

∞(Ω),
∥B−1∥L(L2(Ω),H0,Γ−(b;Ω)), and shape regularity constants.

Proof. See Theorem 4.4.8.

Define T̃ ∶ UH,DPG-2 → Ṽh,DPG-2 by

⟨T̃ (uH , θH), ṽh⟩H(b;Ωh) = bh(uH , θH ; ṽh) (ṽh ∈ Ṽh,DPG-2). (5.29)

The ‘DPG-2’ method reads as: Find (uH , θH) ∈ UH,DPG-2 such that

bh(uH , θH ; ṽh) = f(ṽh) − ∫
∂Ωh

JṽhbKḡ ds (ṽh ∈ ran T̃ ∣UH,DPG-2). (5.30)

If the refinement factor is large enough, then the solution (uH , θH) to (5.30) satisfies

∥u − uH∥L2(Ω) + ∥θ − θH∥H0,Γ−(b;∂ΩH) ≲
inf

(wH ,φH)∈UH,DPG-2
∥u −wH∥L2(Ω) + ∥θ − φH∥H0,Γ−(b;∂ΩH).

In Figure 5.10, the solution of the DPG-2 method is shown for Example 5.2.1, with
p = 1, using a test search space consisting of piecewise polynomials of degree p + 2
on ΩH without any additional mesh refinements, i.e., h = H. This turned out to
be sufficient for the numerical experiments performed in this chapter as well as for
those in Chapter 4. Compared to the other methods, the solution given by this
method seems to exhibit the least smearing, but, consequently, also gives the largest
overshoots around the discontinuity.
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Figure 5.10: Plot of the solution by the DPG-2 method (left) and its local L2-error
(right) for Ex. 5.2.1, with on a uniform mesh with h = 1

32 , using piecewise polynomials
of degree p = 1.

5.7 Numerical comparisons

In the previous sections, we have compared the performance of the various methods
for Example 5.2.1. Here we present some more results regarding other test cases. We
will look at the performance for an example with reaction term c = 1 and a smooth
solution, Peterson’s mesh (Example 5.3.1), circular convection and a discontinuity
that is nearly aligned with the mesh.
In the experiments presented in this section, we have Ω = (0,1)2 and we use uniform
grids Ωh as in Figure 5.1, for Examples 5.7.1 and 5.7.3. Only for Peterson’s example
(see Example 5.3.1) we will use a different mesh (see Figure 5.5).
We will not consider the Galerkin and SUPG method here, since, as we observed,
the other methods clearly perform better for problems with discontinuous boundary
conditions.
For all methods, we took p = 1, i.e. the solution u is approximated in a trial space con-
sisting of continuous, piecewise linear functions for the Least-Squares (LS) method,
and discontinuous piecewise linear functions for the Non-Conforming Least-Squares
(NCLS), Reduced Least Squares (RLS), Discontinuous Galerkin (DG), DPG-1 and
DPG-2 methods.
For the DPG-2 method, the additional variable θh is taken from {w∣∂Ωh

∶ w ∈
C0,Γ−(Ω) ∩∏K∈Ωh

P2(K)}. For the DPG-1 and DPG-2 method, test search spaces
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of piecewise P3 elements are used w.r.t Ωh, without any additional mesh refinements.
We start this section with an example in which the solution is smooth.

Example 5.7.1 (A smooth solution, with c ≠ 0). In this example from [4], c ≡ 1,
b = (1,1/2)⊺ and f and g are such that

u(x1, x2) =
1

(x2 − (1
2x1 + β))2 + δ

. (5.31)

This solution is constant in the direction of b and it has a hump of width 1
δ along

the line x2 = 1
2x1 + β. Figure 5.11 shows a plot of u(x1, x2) with β = 0.5 and δ = 0.1.

Figure 5.11: Plot of the exact solution for Ex. 5.7.1, with β = 0.5, δ = 0.1

In Figure 5.12, relative L2-errors
∥u−uh∥L2(Ω)
∥u∥L2(Ω)

are compared for the different methods.
Among the Least-Squares methods, the RLS method has the smallest error, being
very close to that of the DG method.
While all methods yield quadratic convergence rates, the errors of the two DPG
methods and the DG and RLS method are even very close to that of the best L2-
approximation.
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10 0 10 1 10 2 10 3 10 4
10 -5

10 -4

10 -3

10 -2

10 -1

10 0

BA
CLS
NCLS
RLS
DG
DPG-1
DPG-2

O(h2)

Figure 5.12: Relative L2-error vs. 1
h2 for Ex. 5.7.1, for the different methods and

the best L2(Ω)-approximation (BA) from the space of discontinuous, piecewise P1-
functions on Ωh. Here β = 0.5 and δ = 0.1.
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Example 5.7.2 (Peterson’s example). In Figure 5.13 the results are shown for Peter-
son’s example (Example 5.3.1). As expected, the two DPG-methods show quadratic
error rates, while the order of the DG method is only 3

2 . Again, the behavior of the
RLS method is very similar to that of the DG method. The Least-Squares methods
do not exhibit quadratic rates, which might be caused by the fact that they give
(near-)best approximations in different norms, that all contain the term ∥ ⋅ ∥H(b;Ωh),
for which one cannot expect quadratic rates when using piecewise linear functions.

10 0 10 1 10 2 10 3 10 4 10 5
10 -6

10 -5

10 -4

10 -3

10 -2

10 -1

10 0

BA
CLS
NCLS
RLS
DG
DPG-1
DPG-2

O(h3/2 )O(h2)

Figure 5.13: Relative L2-error vs. 1
h2 for Peterson’s example (Ex. 5.3.1).

Example 5.7.3 (Circular convection). In this example b = (x2,−x1)⊺ and f ≡ 0. The
inflow-boundary Γ− consists of the line x1 = 0 and the line x2 = 1 and we take
boundary-conditions g(x1,1) ≡ 0 and

g(0, x2) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 1
4 ≤ x2 ≤ 3

4

0 otherwise,
(5.32)

so that the solution is given by

u(x1, x2) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 1
4 ≤ (x2

1 + x2
2)

1
2 ≤ 3

4

0 otherwise.
(5.33)

In Figures 5.14-5.19 plots of the solutions by the different methods are shown for this
example, along with the local L2-error, with h = 1

32 .
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From these figures, one can see that the DPG-2 method shows the least smearing,
but, consequently, also the largest overshoots at the discontinuity. We have seen
similar results in the previous section.

Figure 5.14: CLS solution (left) and local L2-error (right) for Ex. 5.7.3, with h = 1
32 .

Figure 5.15: NCLS solution (left) and local L2-error (right) for Ex. 5.7.3, with h = 1
32 ..
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Figure 5.16: RLS solution (left) and local L2-error (right) for Ex. 5.7.3, with h = 1
32 .

Figure 5.17: DG solution (left) and local L2-error (right) for Ex. 5.7.3, with h = 1
32 .

144



5.7. Numerical comparisons

Figure 5.18: DPG-1 solution (left) and local L2-error (right) for Ex. 5.7.3, with h = 1
32 .

Figure 5.19: DPG-2 solution (left) and local L2-error (right) for Ex. 5.7.3, with h = 1
32 .
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Example 5.7.4. [A discontinuity nearly aligned with the mesh] To see how the solu-
tions of the methods behave for discontinuous boundary data with a constant b that
is nearly aligned with the mesh, we consider a slight modification of Example 5.2.1.
Let c ≡ 0 and let b ≡ (1, 15

16)
⊺. With f ≡ 0 and boundary condition g(⋅,0) ≡ 0, and

g(0, x2) = { 1, x2 ≥ 1
4

0, x2 < 1
4 ,

(5.34)

the solution is given by

u(x1, x2) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1, x2 − 15
16x1 ≥ 1

4

0, x2 − 15
16x1 < 1

4 ,
(5.35)

In Figures 5.20–5.25 plots of the solutions and their local L2-errors are shown for
Example 5.7.4, with h = 1

32 . Compared to Figures 5.7-5.10, the methods handle this
discontinuity quite well. Note that the RLS and DG solution behave comparably
well. As before, the DPG-2 method seems to show the least smearing of all methods,
but also the highest error at the discontinuity.

Figure 5.20: CLS solution (left) and local L2-error (right) for Ex. 5.7.4, with h = 1
32 .
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Figure 5.21: NCLS solution (left) and local L2-error (right) for Ex. 5.7.4, with h = 1
32 .

Figure 5.22: RLS solution (left) and local L2-error (right) for Ex. 5.7.4, with h = 1
32 .
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Figure 5.23: DG solution (left) and local L2-error (right) for Ex. 5.7.4, with h = 1
32 .

Figure 5.24: DPG-1 solution (left) and local L2-error (right) for Ex. 5.7.4, with
h = 1

32 .
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Figure 5.25: DPG-2 solution (left) and local L2-error (right) for Ex. 5.7.4, with
h = 1

32 .
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5.8 Conclusions

In this chapter, we have compared different finite element methods for the transport
problem. While the Non-Conforming Least-Squares method uses trial spaces that
allow for jumps, the penalty term that is added to the Least-Squares functional is
so stringent that this method does not improve much upon the Conforming Least-
Squares method when it comes to problems with discontinuous solutions. Compared
to these two methods, the RLS method definitely is an improvement and the results
yielded by this method are comparable to those of the DG method.
While the DG method yields very good solutions for most meshes, there exist also
meshes for which DG does not have an optimal error rate, even though the solution
is smooth.
Compared to these methods, both DPG-1 and DPG-2 perform quite well. We have
seen in our numerical examples that they both yield near-best L2-approximations
from the trial spaces. While for the DPG-1 method it is still an open question whether
this is true in general, for the DPG-2 method a discrete inf-sup condition has been
proved for certain test spaces. Also, the latter method exhibits the least smearing of
discontinuities, which comes with the prize that the overshoots are larger than those
of the other method. This same thing happens for the best L2-approximation from
the trial space. In the next section, we propose a postprocessing method to resolve
this issue.

5.9 Postprocessing the DPG-2 method

To see if the overshoots created by the DPG-2 method can be reduced, we apply a
postprocessing idea, based on the following insights.
Suppose that the solution u is piecewise constant, with a discontinuity that is not
aligned with the mesh. Let ũH be the best L2-approximation of u onto∏K∈ΩH

P1(K).
Then it holds in particular that

∫
K
ũH dx = ∫

K
udx, (5.36)

for any K ∈ ΩH . On the elements K away from the discontinuity, ũ∣K = u∣K . However,
if K is an element that the discontinuity passes through, by (5.36), there will be an
overshoot on that element, such as the one in Figure 5.26.
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5.9. Postprocessing the DPG-2 method

Figure 5.26: One-dimensional example of an overshoot.

Since ũH ∣K ∈ P1(K), by (5.36), we also have

ũH(bK) = 1

∣K ∣ ∫K
ũH dx,

where bK denotes the barycenter of K. It follows that

min
x∈K

u(x) ≤ ũH(bK) ≤ max
x∈K

u(x).

Hence, if K is an element where ũH has an overshoot, replacing the values of ũH ∣K by
the value at the barycenter ũH should remove this overshoot. Since in our experiments
from section 5.7 the solution uH of the DPG-2 method is generally very close to ũH ,
the same idea may apply to uH . The price that has to be paid for applying this
process, is that uH ∣K is replaced by a constant function. Hence we do not wish to do
this on all mesh elements.
In order to locate the over-and-undershoots, we look at the differences between values
at the vertices of adjacent elements. For each vertex v ∈ N(K), let Ξ(v) ∶= {K ′ ∈
ΩH ∶ v ∈ N(K ′)} and let

ūH(v) ∶= 1

#Ξ(v) ∑
K′∈Ξ(v)

uH ∣K′(v).

We assume that there is an overshoot at an edge of K if for two vertices v,v′ ∈ N(K)
it holds for some choice of δ > 0, that

min{∣uH(v) − ūH(v)
diamK

∣ , ∣uH(v) − ūH(v)
diamK

∣} > δ.

Using this criterion, we apply the postprocessing technique just described to Examples
5.2.1, 5.7.3 and 5.7.4 the results of which are shown in Figures 5.27, 5.28 and 5.29
respectively, for h = 1

32 , with δ = 0.2. It can be seen that the overshoots are indeed
removed.
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5. A comparative study of finite element methods for the transport problem

Figure 5.27: Approximate solution before (left) and after (right) postprocessing, for
Ex. 5.2.1, with h = 1

32 .

Figure 5.28: Approximate solution before (left) and after (right) postprocessing, for
Ex. 5.7.3, with h = 1

32 .
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5.9. Postprocessing the DPG-2 method

Figure 5.29: Approximate solution before (left) and after (right) postprocessing, for
Ex. 5.7.4, with h = 1

32 .
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5. A comparative study of finite element methods for the transport problem

In the previous examples, the postprocessing idea was applied to discontinuous solu-
tions that are piecewise constant. We now look at an example in which u is piecewise
quadratic, to see if the postprocessing is not accidentaly applied to each mesh element.

Example 5.9.1. Let c ≡ 0 and let b ≡ (1, 1
2)

⊺, f(x1, x2) = 1 − x1 and take boundary
condition g(⋅,0) ≡ 0, and

g(0, x2) = { 1, x2 ≥ 0
0, x2 < 0.

(5.37)

The solution is given by

u(x1, x2) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

x1 −
x2

1

2 + 1, x2 − x1

2 ≥ 0

2x2 + 2x2
2 − 2x1x2, x2 − x1

2 < 0.

(5.38)

In Figure 5.30, one can see the result of postprocessing for this example. One can
see that only the values of the elements around the discontinuity are replaced by the
values at the barycenters.

Figure 5.30: Approximate solution before (left) and after (right) postprocessing, for
Ex. 5.9.1, with h = 1

32 .

The process explained in this section is only a first idea and might be improved.
However, the results presented in this section look promising and may be of interest
for further research.
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Summary
Discontinuous Petrov-Galerkin methods with optimal test spaces for con-

vection dominated convection-diffusion equations

In this thesis, Discontinuous Petrov-Galerkin (DPG) finite element methods are de-
veloped for convection-diffusion equations. In particular, this thesis focuses on the
use of optimal test spaces.
A convection-diffusion equation is a singularly perturbed problem. That is, the nature
of the problem changes when the diffusion term vanishes, which makes it challeng-
ing to solve numerically for small diffusion values, i.e. when convection dominates.
Standard finite element methods give very unsatisfactory results, producing approx-
imations that exhibit spurious oscillations and other nonphysical behavior.
Recently, a class of finite element methods has been developed, in which optimal test
spaces are used. These spaces guarantee that one gets the best approximation from
the trial space in which the solution is sought. The methods are examples of least-
squares methods, with the special property that one can choose the norm in which
the residual is minimized. This freedom of choice allows us to control the norm in
which the best approximation is obtained.
The new approach in this thesis is that the variational formulation associated with
the convection-diffusion problem also gives a well-posed variational formulation of the
limit convection problem if the diffusion term vanishes. This is necessary in order to
retain stability, and to make sure that the computational cost does not grow, when
the diffusion term decreases.
Special attention is paid to the transport problem which, besides being the limit
problem for vanishing diffusion, also has other applications. A new method is intro-
duced that outperforms existing methods in convergence rates, but also in reducing
the smearing of discontinuities of solutions.
The theory developed in this thesis is illustrated by various numerical results.
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Samenvatting
Discontinue Petrov-Galerkin methodes voor door convectie gedomineerde

convectie-diffusie vergelijkingen

In dit proefschrift worden eindige elementen methodes ontwikkeld voor het benaderen
van de oplossingen van convectie-diffusie vergelijkingen. In het bijzonder ligt de
aandacht bij het gebruik van optimale testfuncties. Deze testfuncties zorgen dat de
beste benadering verkregen wordt uit de ruimte waarin de oplossing wordt gezocht.
Een convectie-diffusie vergelijking is een voorbeeld van een singulier verstoord prob-
leem, i.e. de aard van het probleem veranderd wanneer de diffusie-term verdwijnt.
Dit zorgt ervoor dat voor kleine diffusie-waarden (wanneer convectie domineert) de
oplossing moeilijk te benaderen is met numerieke methoden. Standaard eindige el-
ementen methodes geven zeer onbevredigende resultaten en produceren doorgaans
oplossingen met oscillaties en ander niet-fysiek gedrag.
Recentelijk is er een nieuwe klasse van eindige elementen methodes ontwikkeld waarin
gebruik gemaakt wordt van optimale testruimtes. Deze methodes zijn voorbeelden
van kleinste-kwadraten, met de speciale eigenschap dat de gebruiker de norm kan
kiezen waarin het residu geminimaliseerd wordt. Op deze manier kan controle worden
uitgeoefend op de norm waarin de beste benadering verkregen wordt.
Een van de nieuwe ideeën in dit proefschrift, is dat de onderliggende variationele
formulering welgesteld is, ook voor het limietprobleem, waarbij de diffusieterm afwezig
is. Dit is noodzakelijk voor het behoud van stabiliteit, en voor het reduceren van de
kosten van de berekening van de optimale testruimtes voor kleine diffusiewaarden.
Speciale aandacht wordt besteed aan het transportprobleem, welke niet alleen inter-
essant is als limietprobleem van convectie-diffusie vergelijkingen, maar ook zijn eigen
toepassingen heeft. Een nieuwe methode wordt geïntroduceerd die bestaande meth-
odes overtreft, niet alleen in convergentiesnelheid, maar ook in het reduceren van
spreiding van discontinuïteiten over het domein.
De ontwikkelde theorie wordt geïllustreerd met verscheidene numerieke voorbeelden.





Dankwoord

Het promotietraject waaraan ik vier jaar geleden begon vormde enerzijds voor mij
een grote uitdaging, aan de andere kant had ik geen idee wat me allemaal te wachten
stond. Dat ik dit proefschrift na jaren zwoegen met succes heb afgerond heb ik voor
een belangrijk deel te danken aan de mensen om me heen, waarvan ik er een aantal
wil noemen:
Allereerst wil ik mijn promotor Rob Stevenson bedanken voor zijn begeleiding. Zijn
geduld, bereikbaarheid en humoristische kijk op de stand van zaken werkten bijzonder
motiverend voor mijn promotieonderzoek. Bovendien vormden de krachttermen bij
gebruik van de soms gebrekkige printer een continue bron van vermaak.
Vervolgens wil ik graag mijn copromotor Jan Brandts bedanken voor het grondig
bestuderen en corrigeren van mijn proefschrift, waarbij geen enkele misplaatste komma,
gespaard bleef. Tijdens mijn promotietraject heb ik ook erg genoten van de verhalen
over hardlopen - al dan niet met hulpmiddelen.
I would like to thank Professor Wolfgang Dahmen for sharing his view on the subject
and on how it should be presented. Our collaboration has led to very interesting
results.
The many colleagues at the Korteweg-de Vries institute for mathematics ensured that
I had a very pleasant time during the past four years, through means of coffee and
lunch breaks, seminars, game nights, running sessions and drinks. In het bijzonder
bedank ik Apo (‘Bonjour!’), bij wie ik terecht kon met mijn twijfels over alledaagse
zaken, voor de inspirerende gesprekken en woordspelingen (‘Sjaalom!’). Arie, bedankt
voor de wekelijkse nabeschouwingen op de afleveringen van Game of Thrones. Nikos, I
thank you for always being the last at a party to leave. Een woord van waardering voor
het werk van Evelien, Monique en Marieke in hun ondersteuning bij administratieve
en technische zaken, is hier zeker op zijn plaats.
Voor het afronden van een proefschrift is het belangrijk dat er een goede balans is
tussen werk en vrije tijd. Ik ben mijn familieleden en vrienden zeer erkentelijk voor

159



de ondersteuning die ze gaven bij de invulling hiervan.
Ik kon de batterij weer opladen op de repetities en de bonte avonden van het Stu-
dentenkoor Amsterdam, waarvan ik erg genoten heb. Daarnaast ben ik zeer blij met
de hechte band die ik heb opgebouwd met de Elevator Operators, Gijs, Leonie, Paul
en Stijn, en ik geniet nog steeds van de optredens, etentjes en andere uitjes. Ik vond
het erg leuk om Risk te spelen met mijn oude tutorgroep, bestaande uit Noach, Alex,
Sander, Sjoerd en wellicht Adrian. Ik wil graag Geoffrey bedanken voor de leuke
films, en Allison voor het kickboksen.
Tijdens mijn PhD-periode, maar ook in de jaren daarvoor heb ik veel steun gehad
van mijn mede-musketiers, Oliver en Maarten en ik bedank hen voor alle doorzak-
avonden, wandelingen, vakanties, et cetera, et cetera. Verder ben ik Pieter zeer
erkentelijk voor zijn baksels, Mark voor zijn avontuurlijke insteek en Anne-Mieke
voor haar gevoel voor humor.
Ten slotte wil ik graag mijn ouders, Gerard en Liesbeth bedanken voor het vertrouwen
dat ze altijd toonden in een goede afloop. Sjors en Lotte, Frank en Kaman, bedankt
voor jullie gastvrijheid, het lekkere eten, de boottochtjes en het delen van de muzikale
interesses.



List of Symbols

∇ gradient. 1

A diffusion parameter, positive definite. 9

B(X,Y ) the collection of bounded linear mappings from a normed linear space X
onto a normed linear space Y . 14

Bis(X,Y ) the collection of norm-isomorphisms from a normed linear space X onto
a normed linear space Y . 80

b convection field. 1

Ck(Υ) collection of k times continuously differentiable real-valued functions on Υ,
with the convection that C(Υ) = C0(Υ) is the set of continuous functions on
Υ. 63

clos closure of a set. 63

≂ equivalent. 13

≳ larger than, up to some constant. 13

≲ smaller than, up to some constant. 13

c reaction term. 16

∂w
∂n directional derivative ∇w ⋅ n. 23

div divergence operator ∇⋅. 9
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∂Ω boundary of Ω. 1

∂Ω○
h mesh skeleton ∪K∈Ωh

∂K ∖ Γ+. 17

∂Ωh mesh skeleton. 20, 87

ε diffusion coefficient > 0, usually very small. 1

Γ0 characteristic boundary ∂Ω ∖ (Γ− ∪ Γ+). 63

Γ± in-and outflow boundary {x ∈ ∂Ω∶ ±b(x) ⋅ n(x) > 0 a.e.}. 63

H
1
2
00(Ξ) the space {v∣Ξ ∶ v ∈H1

0,Ξc(Υ)}, for given Ξ ⊂ ∂Υ. 24

H1
0,Γ+

(Ωh) the space {v ∈ L2(Ω) ∶ v∣K ∈H1
0,∂K∩Γ+

(K) (K ∈ Ωh)}. 18

H1
0,Ξ(Υ) the space {u ∈H1(Υ) ∶ u = 0 on Ξ}, for given Ξ ⊂ ∂Υ. 18

H1
0(Ω) the space {v ∈H1(Ω) ∶ v∣∂Ω = 0}. 4

H
1
2 (Ξ) the space {v∣Ξ ∶ v ∈H1(Υ)}, for given Ξ ⊂ ∂Υ. 25

Hk Sobolev space for integer k. 4

H0,Γ±(b; Ωh) the space closH(b;Ωh){v ∈ C(Ω̄) ∩H(b; Ωh) ∶ v = 0 on Γ±}. 38

H(b; Ωh) the space {v ∈ L2(Ω) ∶ b ⋅ ∇hv ∈ L2(Ω)}. 38

H0,Γ±(b; Ω) the space closH(b;Ω){v ∈ C(Ω̄) ∩H(b; Ω) ∶ v = 0 on Γ±}. 38

H(b;∂Ω○
h) the space {wb∣∂Ω○

h
⋅ n ∶ w ∈H0,Γ−(b; Ω)}. 38

H0,Γ−(b;∂Ωh) the space {w∣∂Ωh
∶w ∈H0,Γ−(b; Ω)}. 87

H(b; Ω) the space {v ∈ L2(Ω) ∶ b ⋅ ∇v ∈ L2(Ω)}. 38

H(div; Ω) the space {v ∈ L2(Ω)n ∶ div v ∈ L2(Ω)}. 18

H− 1
2 (∂Ω○

h) the space {q∣∂Ω○
h
⋅ n ∶ q ∈H(div; Ω)}. 18

h,H mesh parameters. 17
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Id identity mapping. 11

JvK jump of v across element edge. 18

JvbK jump of v across element edge in the direction of b. 87

Lp Lebesgue spaces. 4

∆ Laplace operator div∇. 1

n outward-pointing unit normal. 2

Ω domain. 1

Ωh collection of disjoint open Lipschitz domains such that Ω̄ = ∪K∈Ωh
K̄. 17

R Riesz map R ∶ V → V ′ ∶ (Rv)(w) ∶= ⟨v,w⟩V . 9

ran range of a mapping. 14

T optimal test map. 14

W s
p (div; Υ) the space {v ∈W s

p (Υ)n ∶ div v ∈W s
p (Υ)}. 28
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approximately optimal test space, 15

boundary layer, 2
bounded, 3

Céa’s lemma, 4
characteristic boundary, 85
coercive, 3
convection-diffusion equation, 1

mixed form, 16

Discontinuous Galerkin (DG), 123
Discontinuous Petrov-Galerkin (DPG), 13
DPG-1, 133
DPG-2, 136
duality argument, 30

energy-norm, 15

finite element method, 3
first-order least-squares, 16
flux, 20

Galerkin formulation
for convection-diffusion problems, 4
for the transport problem, 120

inf-sup condition, 4, 22
inflow boundary, 119
internal layer, 48

jump, 18
in the direction of b, 87

Lax-Milgram theorem, 3
least-squares for the transport problem,

125
conforming (CLS), 126
non-conforming (NCLS), 126
reduced (RLS), 128

Lipschitz domain, 1

mild variational formulation, 19
mild-weak variational formulation, 16

optimal test map, 14
optimal test norm, 60
optimal test space, 13
outflow boundary, 119

Peterson’s mesh, 125
Petrov-Galerkin, 14

Riesz map, 14
robust, 47

saddle-point system, 15
skeleton, 17
Sobolev space, 4
SUPG

for convection-diffusion problems, 72
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for the transport problem, 120

test search space, 57
trace, 20
transport problem, 119

ultra-weak variational formulation, 16, 62
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