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Chapter 1

Introduction

“I believe I shall best introduce this phaenomenon by describing the cir-

cumstances of my own first acquaintance with it. I was observing the

motion of a boat which was rapidly drawn along a narrow channel by

a pair of horses, when the boat suddenly stopped – not so the mass of

water in the channel which it had put in motion; it accumulated round

the prow of the vessel in a state of violent agitation, then suddenly leav-

ing it behind, rolled forward with great velocity, assuming the form of

a large solitary elevation, a rounded, smooth and well-defined heap of

water, which continued its course along the channel apparently without

change of form or diminution of speed. I followed it on horseback, and

overtook it still rolling on at a rate of some eight or nine miles an hour,

preserving its original figure some thirty feet long and a foot to a foot

and a half in height. Its height gradually diminished, and after a chase

of one or two miles I lost it in the windings of the channel. Such, in the

month of August 1834, was my first chance interview with that singular

and beautiful phenomenon which I have called the Wave of Translation,

a name which it now very generally bears; which I have since found to

be an important element in almost every case of fluid resistance, and as-

certained to be the type of that great moving elevation of the sea, which,

with the regularity of a planet, ascends our rivers and rolls along our

shores.” (John Scott Russell, 1845, [7])

7



8 CHAPTER 1. INTRODUCTION

The Heisenberg spin chain is one of the cornerstones in the modeling of low-
dimensional magnetism in quantum many-body systems. Consisting of a spin ex-
change interaction between neighboring spins, the Heisenberg model accurately de-
scribes the dynamics of interacting spin systems, with experimental applications
ranging from inelastic neutron scattering on (quasi) one-dimensional crystals to ul-
tracold atoms in optical lattices. Mathematically, the Heisenberg model is a proto-
typical example of a quantum integrable model, in which the existence of non-trivial
conservation laws beyond momentum and energy constrains the dynamics of spin
excitations. Moreover, the exact spectrum is accessible by means of the coordinate
and algebraic Bethe ansatz, the latter providing avenues for the computation of
physical observables.

The fundamental aim of the research described in this thesis is to extend the com-
putational applications of the algebraic Bethe ansatz, in order to study (non-)equi-
librium magnetic phenomena, primarily focussing on the physics of spinons and
bound magnons in integrable quantum spin chains. This introductory chapter starts
with historical perspectives on solitary wave phenomena and computational science,
discusses the fundamentals of the main computational method, and concludes with
an outline of the chapters.

1.1 Historical perspectives

The fascinating first observation and extensive description of the “Wave of Transla-
tion” in the Union canal in 1834 by the Scottish naval engineer John Scott Russell
(1808 - 1882) is often considered as the origin of a broad research field evolving
around solitary waves, with far-reaching applications in modern physics. Russell’s
primary observation encompassed a solitary wave phenomenon [7], stable against de-
formations while propagating over very long distances. After his discovery in 1834,
Russell performed follow-up experiments on solitary waves in shallow water tanks,
where he concluded that the propagation velocity of solitary waves behaves linearly
proportional to the amplitude. Furthermore, two waves with different velocities
seemed to overtake each other, rather than merging into one larger wave. These
properties did not comply with at that time established hydrodynamic theories on
waves, and it was only after the birth of computational science that Russell’s funda-
mental research on solitary waves achieved widespread appreciation. In his lifetime,
Russell achieved prosperity with the design and development of sailing steam ships,
in particular by developing the wave lines of the hull which minimize the drag of a
ship.

In the second half of the nineteenth century, several attempts were made to
mathematically describe the hydrodynamics of waves in shallow water, by Bousi-
nessq and Lord Rayleigh, among others, referring to the earlier observations by
Russell. Moreover, in 1878, Diederik Johannes Korteweg defended his doctorate
thesis entitled “On the propagation of waves in elastic tubes” under Van der Waals
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at the University of Amsterdam, right after the university obtained the right to
confer doctorates. As the first doctor of the University of Amsterdam, and after
his appointment to professor of mathematics, mechanics and astronomy, Korteweg
remained interested in mathematical aspects of the physical sciences. In 1895, Ko-
rteweg and his student Gustav de Vries published their famous paper [8] on the
propagation of stationary waves governed by the Korteweg-de Vries (KdV) equa-
tion

ut + 6uux + uxxx = 0, (1.1)

which is a non-linear partial differential equation for a function u(x, t), while the
subscript notation indicates the derivative with respect to the subscript. The KdV-
equation was first described in the work of Boussinesq, but was rediscovered and
further elaborated by Korteweg and De Vries and now generally bears the name of
the latter. Along with the publication of KdV-equation [8], it was concluded that
stationary waves indeed exist in frictionless fluids.

The emergence of computational physics, stimulated by the development of the
computer during and after World War II, opened up new ways of studying non-linear
dynamical systems. In particular, numerical simulations of a non-linearly coupled
set of oscillators by Fermi, Pasta, Ulam, and Tsingou [9] at Los Alamos Labora-
tory, published in a technical report in 1955, shed some groundbreaking light on
non-linear dynamical systems. One would expect that simple sets of coupled har-
monic oscillators would display periodic motion, while any non-linear interaction
would destroy the harmonicity and force the system to ergodically explore its full
phase space. However, after long times, the results of the numerical FPU simula-
tions displayed unexpected non-trivial recurrences of the initial state. The long-held
assumption of ergodic exploration of the full phase space holding for all non-linear
dynamical systems had been invalidated. These results were considered to be para-
doxical in the sense that complicated systems seemed to exist which, despite their
non-linearity, refrained from chaotic behavior. Nevertheless, the FPU simulations
demonstrated the added value of the newborn field of computational science to the
analysis of complex dynamical systems.

Subsequent numerical simulations by Zabusky and Kruskal [10] in 1965 at Bell
labs considered the continuum limit of the non-linearly coupled oscillators from the
FPU simulations, in which surprisingly the KdV-equation was retrieved. Moreover,
it was numerically observed that the KdV-equation supports localized excitations
with a number of surprising fundamental features very similar to solitary waves.
In particular, these excitations have a stable form under time evolution, while their
velocity is linearly proportional to their amplitude. Furthermore, they emerge intact
from mutual scattering processes as the excitations simply ‘“pass through” one
another without losing their identity’ [10], the only effect of the collision being a
relative spatial displacement as compared to their free propagation. This particle-
like behavior in the scattering processes moved Zabusky and Kruskal to baptize
the localized excitations “solitons”, a nomenclature now very common in modern
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physics. Fig. 1.1 shows the results of the numerical simulations by Zabusky and
Kruskal, displaying the propagation of several solitons of the KdV-equation, where
it is clearly seen that the trajectories of the solitons are displaced upon scattering
with each other.

Figure 1.1: Propagation of solitons in the
KdV-equation from numerical
simulations. The solitons are
not affected by scattering pro-
cesses, up to a displacement in
their trajectories. Figure ex-
tracted from Ref. [10].

The pioneering numerical analysis
on solitons ultimately inspired Gard-
ner, Greene, Kruskal, and Miura to find
an analytic soliton-like solution of the
KdV-equation by means of the inverse
scattering transform [11],

u(x, t) =
a1

cosh2(a2(x− vt))
. (1.2)

In turn, the existence of an exact solu-
tion inspired Faddeev and Zakharov to
show that the KdV-equation is a com-
pletely integrable system [12], a math-
ematical concept explored in the nine-
teenth century by Hamilton, Jacobi,
Liouville and Poisson. Classical in-
tegrable systems possess conserved in-
tegrals of motion in involution, while
the commutation between the integrals
of motion is guaranteed by the Pois-
son bracket. The existence of con-
servation laws from integrability shed
new light on the apparently paradoxi-
cal non-trivial recurrences in the numer-
ical FPU simulations, as the constraints
arising from these additional conserva-
tion laws prevent the integrable system
to explore its full phase space.

From the development of the clas-
sical inverse scattering method [13],
originated from the numerical work by
Zabusky and Kruskal, solitons can be
considered as a cornerstone of integra-
bility on which countless extensive de-
velopments followed. For example, it was subsequently shown that the non-linear
Schrödinger equation [14] and the sine-Gordon model [15] are integrable and solv-
able by this method as well, and that these models similarly contain solutions in
the form of solitons.
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Along with the establishment of the classical inverse scattering method came the
ambition to derive a quantum theory of solitons, a direction which was particularly
pursued by the Leningrad school led by L. Faddeev in the late 1970s and 1980s.
An avenue for quantization of the classical inverse scattering method had been pro-
vided by the Heisenberg quantum spin chain. This fundamental model of quantum
(anti)ferromagnetism is an interacting quantum many-body system, and as such
could be viewed as a quantum mechanical analogue to classical non-linear dynam-
ical systems. The exact spectrum was obtained in 1931 by H. Bethe, by imposing
wave functions consisting of plane waves of magnons with amplitudes derived from
their scattering phases [16]. This solution of the Heisenberg spin chain now bears
the name of the coordinate Bethe ansatz.

Inspired by the Heisenberg spin chain and the coordinate Bethe ansatz, the
Leningrad school succeeded in laying the foundations of the quantum inverse scat-
tering method. Most importantly, the second quantization representation of the
wave functions in the algebraic Bethe ansatz led to the replication of results from
the coordinate Bethe ansatz. Furthermore, the algebraic Bethe ansatz provided op-
portunities to compute scalar products and to efficiently express matrix elements of
local spin operators between Bethe states. The mathematical framework of quan-
tum integrability, in its development inspired by solitons, therefore provides the
possibility to compute eigenstates and observables of the Heisenberg spin chain in
an exact manner.

1.2 Integrable quantum spin chains

As a prototypical model of quantum integrability and quantum magnetism, the
anisotropic Heisenberg model intrinsically provides for interesting research direc-
tions, mainly driven by the physics of collective phenomena induced by the magnetic
interactions. The model provides fundamental insights on the physical behavior
of quantum magnetism, which is an unavoidable part of advancements in modern
technological applications. The main theme of the research described in this thesis
focusses on the fundamental study of collective magnetic wave phenomena in low-
dimensional interacting integrable quantum many-body systems. The integrability
of the quantum spin models involved not only provides a computational framework,
but even more yields stringent implications on the degrees of freedom of such mag-
netic systems.

The Heisenberg model is defined on a one-dimensional lattice of size N , with
spin- 1

2 degrees of freedom on every site labeled by j, represented by the Pauli ma-
trices Saj = σaj /2 for a = x, y, z. Spin raising and lowering operators are defined as
S± = Sx ± iSy.

The anisotropic Heisenberg model contains local spin exchange interactions be-
tween neighboring spins, while the exact spectrum is provided by the Bethe ansatz.
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The Hamiltonian is given as [17,18]

HXXZ = J

N∑

j=1

[
Sxj S

x
j+1 + Syj S

y
j+1 + ∆

(
Szj S

z
j+1 −

1

4

)]
, (1.3)

containing an anisotropy in the nearest neighbor interactions given by the param-
eter ∆. Several regimes in the anisotropy are identified. For ∆ = 1, the model is
isotropic and has a global SU(2) symmetry. For |∆| < 1, the model is also known
as the gapless XXZ model, while for ∆ > 1, the XXZ model becomes gapped. In
the limit ∆ → ∞, the Ising model is retrieved. The exchange interaction param-
eter J > 0 sets the energy scale. Periodic boundary conditions are imposed on
the model, such that the spin at site N + 1 is identified with the spin on the first
site, SN+1 = S1. Furthermore, the total magnetization Sz,tot =

∑N
j=1 S

z
j commutes

with Hamiltonian (1.3), such that the Hilbert space splits up in sectors of fixed
magnetization.

The quantum inverse scattering method provides avenues to construct quantum
integrable models for higher spin chains, along with the corresponding algebraic
Bethe ansatz solution. Later it was shown that the coordinate Bethe ansatz is
also capable of deriving the higher spin Bethe equations [19]. The first integrable
example of a higher spin chain following from quantum inverse scattering method
is the Babujan-Takhtajan spin-1 chain [20–23],

HBT =
J

4

∑

j

[
Sj · Sj+1 − (Sj · Sj+1)2

]
, (1.4)

consisting of a bilinear and biquadratic nearest neighbor interaction term. For
different ratios between the coefficients of the bilinear and biquadratic terms, a rich
phase diagram [24–26] exists with many interesting physical properties.

Only for two specific cases of coefficients of the bilinear and biquadratic terms
is the spin-1 model integrable. The first case was given by Eq. (1.4), for which an
anisotropic generalization exists in the form of the Fateev-Zamolodchikov chain [27].
The second integrable case has a plus sign in front of the biquadratic term in the
Hamiltanian of Eq. (1.4), and is known as the Uimin-Lai-Sutherland model [28–30].
This global SU(3) symmetric model is obtained by means of the nested Bethe ansatz
and is mentioned here as a variation on the Babujan-Takhtajan model, and will not
be considered in this thesis.

The realm of quantum integrable models is very interesting from the mathemat-
ical point of view as well. Despite the fundamental construction of models through
the quantum inverse scattering method and the Yang-Baxter algebra, a concise, com-
prehensive definition similar to integrability in classical physics is still missing [31].
However, traditional features of classical integrability, such as exact solvability of the
model, carry straight over to the quantum integrability properties of the Heisenberg
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model and its higher spin generalizations. Moreover, the Yang-Baxter algebra pro-
vides for a physical interpretation of scattering processes being non-diffractive, such
that all scattering is two-body reducible. Like its classical counterpart, non-trivial
higher conservation laws beyond momentum and energy conservation are present in
quantum integrable models as well.

The presence of many non-trivial conservation laws constitutes the deep con-
nection between the mathematical aspects of integrable systems and experimentally
realizable implementations of these systems. The implications of integrability on
experiments had first been manifested in the quantum mechanical realization of
Newton’s cradle [32] in a one-dimensional Bose gas, showing the absence of equili-
bration of the repeatingly colliding gas, even after long timescales, therefore lacking
a description from a thermal statistical ensemble. However, the steady state after
long times is described by the Generalized Gibbs Ensemble (GGE) [33, 34], where
the implications of the conservation laws from quantum integrability are correctly
taken into account in the statistical ensemble. In this statistical ensemble, the
entropy is maximized with constraints such that the expectation values of the con-
served charges remain constant under time evolution.

The validity of the GGE for the Heisenberg model has been subject of scientific
debate, as a discrepancy [6, 35–38] existed between the GGE and results in the
thermodynamic limit from the Quench Action approach [6, 39, 40], which in turn
is based on overlaps of the initial state. The inconsistency in the GGE has been
resolved [41] by adding the conserved charges based on the higher spin transfer
matrices [42]. The latter shows that finding and including the correct non-trivial
conservation laws is a highly challenging aspect of the construction of the GGE.

Experimental realizations of quantum spin chains can be found in (quasi) one-
dimensional compounds. Such realizations are mainly focussed on inelastic neu-
tron scattering experiments [43–50] on quantum spin chains near zero temperature.
The incoming neutron interacts with the magnetic moments of the (quasi) one-
dimensional spin chain material, without influencing the electronic structure due to
its neutral charge. The differential cross section of the scattering neutrons is directly
related to the dynamical structure factor [51,52]

dσ

dΩ dω
∝
(
δab −

qaqb
q2

)
Sab(q, ω), (1.5)

where the sum over indices a, b is implicit. The dynamical structure factor is defined
as the Fourier transform of the spin-spin correlation

Saā(q, ω) =
1

N

N∑

j,j′

e−iq(j−j
′)

∫ ∞

−∞
dt eiωt〈Saj (t)Sāj′(0)〉c, (1.6)

distinguishing between the transverse a = ± and longitudinal a = z dynamical
structure factors respectively. The dynamical structure factor constitutes an impor-
tant connection between inelastic neutron scattering experiments and the theory of
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quantum spin chains. Fig. 1.2 shows this remarkable connection, where the theo-
retical results have been obtained by exact numerical methods based on quantum
integrability.

Figure 1.2: Dynamical structure factor obtained from inelastic neutron scattering on
the quasi one-dimensional compound CuSO4 ·D2O (left) and theoretical
results from methods of quantum integrability (right). Figure extracted
from Ref. [48].

Furthermore, developments on experimental setups with ultracold atoms facil-
itate the realization of quantum spin chains in optical lattices [53–56], offering a
stage for measurements on the spin dynamics with single site resolution [57, 58].
For example, the propagation of excitations from locally manipulated spins can be
measured in real space for a spin impurity [59]. Moreover, when two adjacent spin
flips are applied on a fully polarized state, the existence and propagation of bound
states of magnons in the Heisenberg model can be detected [60, 61], a property of
the model already discovered during the early development of the Bethe ansatz in
1931 [16].

The computations described in this thesis are performed with these experimen-
tal realizations in mind. Both the momentum-energy resolved and real space-time
resolved theoretical results on the physics of excitations in both the anisotropic
Heisenberg model and its higher spin generalizations are candidates for possible
experimental realizations in inelastic neutron scattering setups and optical lattices.
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1.3 Bethe ansatz

The exact eigenstates of the Heisenberg model have been obtained by the coordi-
nate Bethe ansatz, developed by H. Bethe in 1931, and consist of plane waves of
magnons [16,18],

|{λ}〉 =
∑

j1<...<jM

∑

Q

AQ({λ})
M∏

a=1

eijap(λQa )S−ja |0〉. (1.7)

This ansatz can be viewed as a first attempt towards writing down a wave function
with the momenta of the plane waves as yet undetermined parameters. Every Bethe
ansatz wave function is parametrized in terms of a unique set of non-coinciding ra-
pidities {λ}M , which are later required to self-consistenly solve Schrödinger’s equa-
tion.

The dispersion relation of a single magnon is derived from the Schrödinger equa-
tion HXXZ |{λ}〉 = E|{λ}〉,

E(p) = J(cos(p)−∆). (1.8)

The key element of this approach is to get the scattering phases right, while the
amplitudes AQ are determined by the scattering phases. By the permutation of two
magnons in the Schrödinger equation, their scattering phase shift χ(1,1)(p1, p2) is
obtained as

AQ′

AQ
= −1 + ei(p1+p2) − 2∆eip2

1 + ei(p1+p2) − 2∆eip1
= −eiχ

(1,1)

, (1.9)

where Q is the identity and Q′ interchanges the two indices 1 and 2.
Along with periodic boundary conditions, the scattering phases between the

magnons give rise to the Bethe equations, see for example Eq. (2.49) later on. Each
individual set of rapidities {λ}M , uniquely characterizing each eigenstate in the
spectrum, is bound to obey the Bethe equations. Numerical root solving procedures
can therefore be applied to the Bethe equations in order to obtain the eigenstates
at finite system size in an exact manner.

The Bethe equations contain solutions consisting of pairs of conjugate complex
rapidities, which in the wave function of Eq. (1.7) give rise to exponentially decaying
terms in real space along with a center-of-mass coordinate of the conjugate rapidity
pair. These classes of “string” solutions were already noted in the original publi-
cation by Bethe, and have a physical interpretation in the form of bound states of
magnons. Explicitly solving for these bound states and their finite size deformations
is a non-trivial computational task, and constitutes a significant part of the com-
putations performed in this thesis. By localizing the bound states in wave packets
with Gaussian distributed momenta, excitations are constructed with soliton-like
properties. Interestingly, the scattering of such wave packets in real space can be
considered from algebraic Bethe ansatz based computations (see Chap 5), where the
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effect of Bethe ansatz phase shift is directly related to the observed displacements
of trajectories of the scattering bound magnon wave packets.

Furthermore, fractionalized collective excitations exist in the Heisenberg quan-
tum spin chain, generally known as spinons [62]. As pairwise created spin- 1

2 exci-
tations originating from a spin flip on the antiferromagnetic ground state, spinons
propagate in real space as domain walls in the local antiferromagnetic ordering of
the spins, which will be shown in Chap. 4. In the context of the Bethe ansatz wave
functions, spinons are the hole-like modes in a sea of interacting magnons.

While the coordinate Bethe ansatz wave functions yield a physical interpretation
of the characteristics of the spectrum of the Heisenberg chain consisting of the
(bound) magnons and spinons, it is in general not suited for the computation of
correlations and observables. Based on the quantum inverse scattering method,
Izergin and Korepin [63, 64] tried as one of the first to write down expressions
for correlations, but these solutions are not explicit as dual fields remain in the
expressions. On the other hand, the quantum inverse scattering method provided
expressions for scalar products and matrix elements of local spin operators between
Bethe states, which are employed in summations over matrix elements in this thesis
in order to compute correlations and observables numerically at finite system size,
see next section.

Based on the quantum group symmetry of the integrable quantum spin chains,
which had been exposed by the Yang-Baxter algebra, Jimbo and Miwa developed the
vertex operator approach [65]. Analytic results for both the two-spinon [66–69] and
four-spinon [70, 71] contributions to the dynamical structure factor in the thermo-
dynamic limit have been obtained using this approach. The first moment sum rule
is saturated by the two-spinon contributions by 71.3% in the thermodynamic limit,
while the four-spinon contributions saturate 27(±1)%. These dynamical structure
factor intensities have been experimentally probed as well in inelastic neutron scat-
tering experiments [48], distinguishing between the contributions of the two- and
four-spinons based on the saturations obtained from the vertex operator approach.

Meanwhile, the vertex operator approach could be extended towards the com-
putation of two-spinon contributions in the thermodynamic limit for the Babujan-
Takhtajan spin-1 chain [72, 73], where more recent results have been obtained by
J. Willetts [74], which might be of interest in the comparison of numerical algebraic
Bethe ansatz results.

1.4 Computational methods

The integrability of the quantum spin chains considered in this thesis influences the
dynamics, but in the meantime provides for exact numerical methods to compute
expectation values as well. A concise overview of available computational techniques
for integrable quantum spin chains is stated below.

In the first place, the exact eigenstates and observables of the Heisenberg model
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at finite system size could be computed by exact diagonalization of the Hamiltonian.
The method consists of the determination of the action of the Hamiltonian on the
local spin basis, whereafter the resulting matrix is diagonalized using numerical
procedures. This brute-force approach involves the inclusion of the full Hilbert
space basis with dimension scaling exponentially in system size, and is therefore
severely limited to small system sizes. Due to the sparseness of the Hamiltonian
matrix, a smart handling of the symmetries can ramp up the system size. Exact
diagonalization serves as the most important benchmark for comparison of results
of algebraic Bethe ansatz based computations at low system sizes performed in
this thesis, and does furthermore not rely specifically on the integrability of the
Hamiltonian. The latter property enables the verification of algebraic Bethe ansatz
based results for spin chains with additional (non-)integrable interactions as well.

More efficient, sophisticated numerical algorithms based on matrix product states
exist for one-dimensional models such as the Density Matrix Renormalization Group
(DMRG) and Time Evolved Block Decimation (TEBD) schemes [75, 76]. These al-
gorithms are not limited to integrable models and played an important role in the
study of out-of-equilibrium dynamics of (non-)integrable models. Moreover, devel-
opments have been made in enhancing numerical renormalization group schemes by
employing the computational basis of the Bethe ansatz [77].

More related to the exact numerical approach based on the algebraic Bethe
ansatz employed in this thesis, is the ABACUS routine [78] providing for the com-
putational method of the dynamical structure factors based on summations over
matrix elements for local spin operators between Bethe states at finite system size,
with an example shown in Fig. 1.2. The relevant Bethe states at finite system size
are obtained by solving the Bethe equations by numerical iterative procedures. The
matrix elements of the local spin operators are subsequently computed numerically
by evaluating determinant expressions from algebraic Bethe ansatz, depending on
the rapidities of the Bethe states. In principle, the summations over Bethe states are
of the size of the Hilbert space. However, an adaptive scanning procedure through
the most important contributing Bethe states in the ABACUS routine efficiently
provides dynamical structure factors up to high saturation of the summations. The
ABACUS routine is based on the pure string hypothesis, such that Bethe states
with strings are included as well.

Based on the aforementioned strategy, the ABACUS routine is capable of com-
puting dynamical structure factors of the Lieb-Liniger model and the anisotropic
Heisenberg model. For the latter, the routine is however only developed for mom-
entum-energy resolved computations. In this thesis, applications considering the
real-space behavior of excitations will be examined using the expectation value of
the local magnetization, providing an extension on the ABACUS routine. Further
implementations take the effect of string deviations into account, which is inevitable
for the computation of dynamical structure factors of the Babujan-Takhtajan spin-1
chain.
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The computational part of the research described in this thesis comprises the
development and application of the algebraic Bethe ansatz based method of nu-
merically computing observables for quantum spin chains at finite system size, by
summing over matrix elements of local spin operators between Bethe states. The
computations aim to unravel the dynamics of several types of excitations, either
resolved in momentum-energy space or in real space and time. Moreover, the ap-
plicability of the method is extended for additional interactions to the integrable
Hamiltonian, by applying time evolution using the Suzuki-Trotter decomposition in
the basis of Bethe states. Challenging aspects and limitations of this method will
be addressed as well. Examples include the explicit handling of Bethe states, con-
trolling the string deviations and divergencies in the determinant expressions, and
the achievement of satisfactory sum rule saturations of the truncated summations.

Every included Bethe state is defined using quantum numbers and obtained
by solving for the rapidities in Bethe equations, completely independently of one
another. This property boils down to the fact that the workload becomes embar-
rassingly parallel, allowing for massive parallelism schemes effectively distributing
the computation over multiple compute cores. The matrix elements for the local
spin operators are efficiently evaluated by LU decomposition of the determinants in
a parallelized fashion as well.

The most important applications concerning the summation over matrix ele-
ments of local spin operators between Bethe states are stated below.

Dynamical structure factor

One important trick is to insert a resolution of the identity
∑
α |α〉〈α| in between the

spin operators of the spin-spin correlation of Eq. (1.6). The dynamical structure
factor then becomes a sum over matrix elements over local spin operators, while
evaluating the spin-spin correlation in the canonical ensemble using the Gibbs trace,

Saā(q, ω) =
2π

Z
∑

Ω,α

e−βωΩ |〈Ω|Saq |α〉|2δ(ω − ωα + ωΩ). (1.10)

These matrix elements are calculated from the determinant expressions from
algebraic Bethe ansatz, by taking the Fourier transform Saq = 1√

N

∑N
j=1 e

iqjSaj .

The Gibbs trace and the introduction of a resolution of the identity in principle
implies a double summation over the dimension of the Hilbert space, which becomes
intractable for system sizes of the order of a few dozen. By restricting to zero
temperature, the expectation value of the spin-spin correlation is taken with respect
to the ground state only,

Saā(q, ω)|T=0 = 2π
∑

α

|〈GS|Saq |α〉|2δ(ω − ωα + ωGS), (1.11)

while only a single summation remains. By integrating Eq. (1.6), sum rules for
the dynamical structure factor could be derived, giving an quantitative measure



1.4. COMPUTATIONAL METHODS 19

of the summation. Truncating the summation to only a subset of two-spinon and
four-spinon states in practice already yields high saturations over 99%.

Local magnetization

Another aim of the matrix element summations covers the tracking of spatial phe-
nomena in the expectation value of the local magnetization as a function of time.
Localized initial states are constructed in the basis of the Bethe states as

|Ψ(0)〉 =
∑

{λ}

C{λ}|{λ}〉 , (1.12)

where the coefficients C{λ} could for example be given by acting with a local spin
flip on a reference state, or by imposing a Gaussian distribution of the momenta
in order to create localized wave packets. The time dependent wave function is
computed using unitary time evolution in the basis of Bethe states,

|Ψ(t)〉 = e−iĤt|Ψ(0)〉 =
∑

{λ}

e−iE{λ}tC{λ}|{λ}〉. (1.13)

The time dependent expectation value of the local magnetization is subsequently
computed by the summations

〈Szj (t)〉 =
∑

{λ},{µ}

e−i(E{λ}−E{µ})tC{λ}C
∗
{µ}〈{µ}|S

z
j |{λ}〉 . (1.14)

Suzuki-Trotter decomposition

One of the other directions explored is the perturbation of the Heisenberg Hamilto-
nian with additional magnetic fields or interactions. The computation is performed
in the basis of Bethe states of the integrable spin chain, while a Trotterization of
the time evolution operator affords a method to perform the time evolution with
additional interactions. The inspiration to pursue this approach in quantum spin
chains is based on the results acquired for the central spin model in Ref. [79].

The Hamiltonian with additional interactions is denoted as

H = HXXZ + V (t), (1.15)

where the potential V (t) can contain time dependent magnetic fields or spin-spin
interactions, either locally acting on a single site, or by acting on the full chain.
The basis of Bethe states of the time-independent integrable Hamiltonian HXXZ is
used, while all states are obtained from Bethe ansatz and the overlap coefficients
C{λ}(t) become time-dependent,

|Ψ(t)〉 =
∑

{λ}

C{λ}(t)|{λ}〉. (1.16)
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The initial state with coefficients C{λ}(0) could be all previously described initial
states, for example set from distributions of states by acting with spin operators on
the vacuum, the antiferromagnetic ground state, or by constructing wave packets
of (bound) magnons. The time evolution operator is given by the second-order
Suzuki-Trotter decomposition [80]

U (2)(t, dt) = e−i
dt
2 HXXZe−idtV (t+ dt

2 )e−i
dt
2 HXXZ . (1.17)

The appearing matrix elements are of the exponential form 〈{µ}|e−idtV (t+ dt
2 )|{λ}〉,

which could be related to the usual matrix element expressions for local spin oper-
ators from algebraic Bethe ansatz, see Chap. 6.

1.5 Outline

The outline of this thesis is as follows. Chap. 2 concisely reviews the construction
of quantum spin chains from principles of integrability, in order to derive existing
algebraic Bethe ansatz results on the determinant expressions for matrix elements of
local spin operators. Chap. 3 explains the main computational strategy used in the
remainder of the thesis, focussing on the explicit handling of Bethe states, and the
evaluation of matrix elements for Bethe states with string deviations. The dynamics
of spinon excitations is assessed in Chap. 4, along with the computation of the dy-
namical structure factor of the Babujan-Takhtajan spin-1 chain. Scattering effects
between wave packets of bound magnons are addressed in Chap. 5. In Chap. 6, time
evolution of several types of initial states is performed for the Heisenberg model with
additional (non-)integrable interactions. Dynamical and static correlations are com-
puted in Chap. 7 for a class of excited states of the Heisenberg model with symmetric
momentum shifts separating the Fermi sea, and compared to predictions from the
multicomponent Tomonaga-Luttinger model. An outlook on future applications of
the computations towards thermal correlations is given in Chap. 7 as well.



Chapter 2

Integrable quantum spin
chains

The early development of quantum integrable models was driven by insights from
the classical inverse scattering method along with the ambition to establish a quan-
tum theory of solitons. The engagement of the Leningrad school in the 1980s, led
by L. Faddeev, played a crucial role in its development. In particular, the general-
ization of the auxiliary spectral problem of the classical inverse scattering method
to the quantum case, along with the second quantization representation of the al-
gebraic Bethe ansatz, led to the replication of the Bethe equations derived from
the coordinate Bethe ansatz (1931) for the Heisenberg spin chain. Additionally, the
algebraic version of the Bethe ansatz enabled the construction of quantities such as
scalar products of local spin operators, which are considered to be out of reach for
the coordinate Bethe ansatz.

This chapter serves as a concise review of existing results on the quantum in-
verse scattering method, in order to show how various powerful computational tools
emerge from the formalism of quantum integrable models. In particular, this chapter
starts by considering a few general principles of quantum integrability, and covers
the construction all the way up to the derivation of matrix element expressions for
local spin operators in terms of Bethe states. These expressions, having an elegant
determinant representation, constitute the cornerstone of numerically exact compu-
tations performed in this thesis. The last section focusses on the construction of
higher spin chain models and the derivation of determinant expressions for matrix
elements of local operators between Bethe states of these higher spin models.

Some well-written books and lecture notes on the quantum inverse scattering
method are widely available [81–89], while the original, detailed derivations could
be found in the original literature, which are cited at the relevant places in this
chapter.

21
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2.1 Quantum integrability

Before explicitly specifying a physical model, which is postponed until Sec. 2.2,
we start this exposition with a few general considerations of quantum integrabil-
ity. The construction could be rigged focussing only on general principles, while
self-consistency later gives constraints and explicitly yields properties such as the
Hamiltonian.

2.1.1 Parallel transport on the quantum lattice

We start by defining a quantum lattice consisting of N sites, labeled by j, while a
local Hilbert space Hj is associated to each individual lattice site. The many-body
Hilbert space is then defined as the tensor product of the local Hilbert spaces,

H =

N⊗

j=1

Hj . (2.1)

By one of the main insights of the quantum inverse scattering method, the Lax
representation of the Korteweg-de Vries equation is generalized to the auxiliary
spectral problem of the quantum lattice. Therefore, to each lattice site j with local
Hilbert space Hj , we associate the local matrix Lj,a(λ) acting on Hj ⊗ Va, where j
refers to the lattice site. Moreover, the notion of an auxiliary space Va is introduced,
where the auxiliary space can at this point be any arbitrary space, just as the local
Hilbert space is not defined yet.

The matrix Lj,a(λ) is called the Lax operator, while its explicit form is left
undetermined for a moment. The nomenclature of the Lax operator is for historical
reasons, as it is similar to the linear operator associated to the auxiliary spectral
problem in the classical inverse scattering method [90]. The Lax operator depends on
the spectral parameter λ ∈ C, whose original purpose was to serve as an eigenvalue
of the Lax operator in the classical method.

The Lax operator has a geometric interpretation as a connection between lattice
sites, realizing parallel transport between sites j and j+1 through the Lax equation

ψj+1 = Lj,aψj , (2.2)

for a vector ψj from H⊗ Va belonging to each lattice site.
The commutation relations of the Lax operator Lj,a(λ) are entailed in the simi-

larity transformation R12(λ, µ) : V1 ⊗ V2, which is referred to as the R-matrix,

R12(λ, µ)Lj,1(λ)Lj,2(µ) = Lj,2(µ)Lj,1(λ)R12(λ, µ). (2.3)

Eq. (2.3) is the first in a series of important relations governing the structure of
R-matrices, and is also referred to as the RLL-relation. Moreover, we demand from
the Lax operators to commute at different lattice sites,

Lj,a(λ)Lk,b(µ) = Lk,b(µ)Lj,a(λ), j 6= k, a 6= b. (2.4)
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Models with these commutativity properties are called ultra-local, Eq. (2.4) is there-
fore often referred to as the ultra-locality condition.

2.1.2 Monodromy matrix

The monodromy matrix T : H ⊗ Va is defined as the ordered product of Lax
operators,

Ta(λ) =

N∏

j=1

Lj,a(λ), (2.5)

realizing parallel transport around the lattice. For two separate auxiliary spaces V1

and V2, we define respectively,

T1(λ) = T (λ)⊗ 12, T2(λ) = 11 ⊗ T (λ). (2.6)

The aim here is to generalize the local commutation relation for Lax operators (2.3)
to a global one. By invoking the ultralocality condition Eq. (2.4), the product of
two monodromy matrices for different auxiliary spaces can be written as

T1(λ)T2(µ) =

N∏

j=1

Lj,1(λ)Lj,2(µ). (2.7)

Applying the RLL-relation Eq. (2.3) to Eq. (2.7), one arrives at the following global
commutation relation for the monodromy matrices,

R12(λ, µ)T1(λ)T2(µ) = T2(µ)T1(λ)R12(λ, µ). (2.8)

This equation is one of the cornerstones of quantum integrability. By choosing a
representation of the monodromy matrix, new commutation relations for the mon-
odromy matrix elements can be derived. This representation can contain second
quantized operators acting on the Hilbert space, such that the commutation rela-
tions between for example creation and annihilation operators can be written by
virtue of Eq. (2.8).

Again, the R-matrix contains all information on the commutation relations of
the monodromy matrix. So far, we have however not specified any specific form
explicitly for the R-matrix yet. The next subsection will derive some properties and
conditions for R-matrices.

2.1.3 Yang-Baxter equation

First, the R-matrix is required to be invertible. Moving R-matrices to the other
side of the equality of Eq. (2.8), along with application of the permutation operator
in V1 ⊗ V2, gives rise to

(R21(λ, µ))−1T1(λ)T2(µ) = T2(µ)T1(λ)(R21(λ, µ))−1. (2.9)
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Comparing back to Eq. (2.8), and realizing that the R-matrix can be rescaled by an
arbitrary complex valued function, we can impose the constraint

R12(λ, µ)R21(µ, λ) = 1. (2.10)

Second, we consider the triple tensor product of auxiliary spaces, analogue to
the construction of the tensor product in Eq. (2.6). There exist now two ways to
rearrange the product of monodromy matrices T1(λ)T2(µ)T3(ν) to T3(ν)T2(µ)T1(λ)
using the RTT -relation (2.8). Demanding the outcome of both rearrangements to
be the same, the R-matrix must obey the Yang-Baxter equation

R12(λ, µ)R13(λ, ν)R23(µ, ν) = R23(µ, ν)R13(λ, ν)R12(λ, µ). (2.11)

The Yang-Baxter equation entails the algebraic structure of quantum integrability,
while it sets the commutation relations of the quantum groups. The physical inter-
pretation of the Yang-Baxter equation involves the factorization of many-particle
scattering. As such, scattering processes in integrable models are two-body re-
ducible.

The Lax operator was left undefined from the beginning. By comparing back
to the RLL-relations Eq. (2.3), it is seen that the Lax matrix could be constructed
directly from the R-matrix,

Lj,1(λ, ξj) = Rj,1(λ− ξj). (2.12)

At this point, inhomogeneities ξj are introduced, which are arbitrary complex pa-
rameters associated to each individual lattice site j. The Yang-Baxter equation
allows for the existence of this freedom of extra parameters, in the same way as the
(as of yet) unspecified parameter η that will appear in the solutions of the Yang-
Baxter equation later on. These parameters will be fixed at a later stage in order
to ensure that the conserved integrals of motion, such as the momentum and the
energy, are real.

We have seen before that the Lax operator constitutes the building block of
the monodromy matrix. Therefore, constructing an integrable model essentially
boils down to finding an R-matrix solving the Yang-Baxter equation Eq. (2.11), and
finding a representation for the monodromy matrix. The commutation relations
of the operators appearing in this representation of the monodromy matrix are
obtained through the RTT -relations given in Eq. (2.8).

2.1.4 Conserved integrals of motion

To obtain the transfer matrix, the auxiliary space is traced out from the monodromy
matrix,

τ(λ) = trV T (λ). (2.13)
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Subsequently, conserved quantities In are constructed as logarithmic derivatives of
the transfer matrix,

In = i−1
n

dn

dλn
ln τ(λ)

∣∣
λ=ξ

, (2.14)

which are more generally known as trace identities.
Using the construction of an integrable model as described before, an important

property of the transfer matrix could be derived. By tracing out the auxiliary spaces
in the RTT -relation, Eq. (2.8), and making use of the cyclic trace property,

trV1⊗V2
T1(λ)T2(µ) = trV1⊗V2

T2(µ)T1(λ), (2.15)

and furthermore realizing that the product of traces in a tensor product is similar
to the trace in tensor product space,

[trV T (λ), trV T (µ)] = 0. (2.16)

The latter equation implicates that transfer matrices with different spectral param-
eters must commute,

[τ(λ), τ(µ)] = 0. (2.17)

The commuting property of transfer matrices is a rather important notion with
respect to quantum integrable models. Since the transfer matrices commute, the
conserved charges {In} must mutually commute as well. The conserved quantities
from Eq. (2.14) are therefore in involution,

[In, Im] = 0 ∀ n,m. (2.18)

At this point, an integrable model with conserved charges in involution is con-
structed based on the commutation of transfer matrices. This commutation property
is guaranteed by the RTT -relations, provided the R-matrix fulfills the Yang-Baxter
equation. In this sense, the definition of quantum integrability is clear, as the R-
matrix of the model must obey Yang-Baxter equation. However, this is only one
possible definition of quantum integrability, and a full description is still a subject
of debate [31].

As a final remark, it must be noted that the conserved quantities from the
logarithmic derivatives of the transfer matrix (Eq.(2.14)) are known as the so called
local charges. These local conserved charges are not necessarily complete. Even
more drastically, in order to construct a Generalized Gibbs Ensemble describing long
time expectation values in the thermodynamic limit of the Heisenberg spin chain,
the local charges from Eq.(2.14) were shown to fail to reproduce the results from
the Quench Action approach [6]. There however exist more quasi-local conserved
charges that can be constructed [42] for the Heisenberg spin chain. It was shown
later in Ref. [41] that the inclusion of the quasi-local charges from Ref. [42] in the
Generalized Gibbs Ensemble overcomes the discrepancy between the Quench Action
approach and yields the correct results for long time expectation values of spin-spin
correlations.



26 CHAPTER 2. INTEGRABLE QUANTUM SPIN CHAINS

2.2 Quantum spin chains

In order to construct spin chains from principles of integrability elaborated in the
previous section, an R-matrix solving the Yang-Baxter equation must be constructed
explicitly. Obviously, a diagonal matrix satisfies the Yang-Baxter equation, but in
order to make the model non-trivial, we resort to the most simple non-diagonal form
of an R-matrix,

R12(λ, µ) =




1 0 0 0
0 c(λ, µ) b(λ, µ) 0
0 b(λ, µ) c(λ, µ) 0
0 0 0 1


 , (2.19)

with arbitrary rapidity dependent complex functions b(λ, µ) and c(λ, µ). We start by
presuming that these functions are analytic and bounded at infinity. Moreover, with
help of the constraint Eq. (2.10) for this particular choice of R-matrix, Eq. (2.19),

b(λ, µ)b(µ, λ) + c(λ, µ)c(µ, λ) = 1, (2.20)

b(λ, µ)c(µ, λ) + c(λ, µ)b(µ, λ) = 0. (2.21)

The simplest functions only depend on difference between λ and µ, such that
R12(λ, µ) = R12(λ − µ). Bearing these considerations as well as the restrictions
from the Yang-Baxter equation in mind, the simplest functions to come up with
contain a single pole,

b(λ) =
λ

λ+ η
, c(λ) =

η

λ+ η
, (2.22)

where η is an arbitrary complex constant. These functions give rise to the so called
rational R-matrix solution to the Yang-Baxter equation.

Through Eq. (2.12), the Lax matrix can trivially be constructed from the ratio-
nal R-matrix in Eq. (2.22). It is therefore possible to construct the corresponding
monodromy matrix and transfer matrix explicitly for the rational R-matrix using
Eq. (2.5).

A model attached to the rational R-matrix can be derived from this construc-
tion. At this point, the inspiration from spin chains and the coordinate Bethe ansatz
entered the development of the quantum inverse scattering method. The Lax op-
erator following from the rational R-matrix solution to the Yang-Baxter equation
can be cast in the language of spin operators, such that the Heisenberg Hamiltonian
subsequently follows as one of the conserved integrals of motion.

The Heisenberg model consists of local spin- 1
2 operators on the lattice, Saj = σaj /2,

where σa are the Pauli matrices with a = x, y, z, while the basis of the local Hilbert
spaces is chosen along the z-axis. The spins on each lattice site obey the su(2)
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algebra, while spin operators on different lattice sites commute, such that the local
spin commutation relations can be written as

[Sai , S
b
j ] = iδijε

abcScj . (2.23)

For convenience, spin raising and lowering operators are introduced, S± = Sx ± iSy,
such that the commutation relations become

[Szi , S
±
j ] = ±δijS±j , [S+

i , S
−
j ] = 2δijS

z
j . (2.24)

In the representation of local spin operators, the Lax operator for the rational
R-matrix solution (Eq. (2.22)) reads

Lj,a(λ) = λIj ⊗ Ia + i
∑

α

Sαj ⊗ σα (2.25)

=

(
λ+ iSzj iS−j
iS+
j λ− iSzj

)
. (2.26)

From this Lax operator, the transfer matrix and the conserved quantities based on it
can be derived in the representation of local spin operators. The explicit derivations
of the trace identities from the transfer matrix in the spin representation are omitted
here. However, the results are, adopting the homogeneous limit ξj → ξ ∀j, for the
momentum operator,

I0 = ln τ(ξ) = iP, (2.27)

and for the Hamiltonian as logarithmic derivative of the transfer matrix,

I1 =
η

2

d

dλ
ln τ(λ)|λ=ξ = HXXX. (2.28)

Similar results can be derived for the so called trigonometric R-matrices, which
are solutions to the Yang-Baxter equation as well, with

b(λ) =
φ0(λ)

φ0(λ+ η)
, c(λ) =

φ0(η)

φ0(λ+ η)
, (2.29)

where

φ0(λ) =





λ for XXX,

sinh(λ) for XXZ gapless,

sin(λ) for XXZ gapped.

(2.30)

Similarly, the trace identities applied to the transfer matrix derived from the Lax
operator for the trigonometric R-matrix yield the Hamiltonian of the associated
model, which in this case is the Hamiltonian of the anisotropic Heisenberg spin
chain, I1 = HXXZ. The trigonometric R-matrices extend the rational R-matrix to
the anisotropic Heisenberg spin chain, with now all ranges of anisotropy ∆ available,
as given in Hamiltonian (1.3).
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2.3 Algebraic Bethe ansatz

In this section, the second quantization representation of the monodromy matrix in
terms of creation and annihilation operators will be discussed. Important results on
the algebraic Bethe ansatz are stated below and form the basis of the matrix element
derivations later on. In particular, it will be shown that Bethe equations follow from
diagonalizing the transfer matrix, replicating the coordinate Bethe ansatz results.

2.3.1 Monodromy matrix

In the algebraic Bethe ansatz, the monodromy matrix is represented as

T (λ) =

(
A(λ) B(λ)
C(λ) D(λ)

)
, (2.31)

where the monodromy matrix elements A(λ), B(λ), C(λ), D(λ) are operators acting
in the Hilbert space H.

Commutation relations of the monodromy matrix elements follow directly from
evaluating the RTT -relations (2.8) for the monodromy matrix in Eq. (2.31). Work-
ing them out explicitly yields 16 commutation relations between all monodromy
matrix elements. In this case, we are mainly interested in the action of A(λ) and
D(λ) on a generic Bethe state since only these operators appear in the transfer ma-
trix (the trace of the monodromy matrix). The three most important commutation
relations are therefore

A(λ)B(µ) =
1

b(µ, λ)
B(µ)A(λ)− c(µ, λ)

b(µ, λ)
B(λ)A(µ), (2.32)

[B(λ), B(µ)] = 0, (2.33)

D(λ)B(µ) =
1

b(µ, λ)
B(µ)D(λ)− c(µ, λ)

b(µ, λ)
B(λ)D(µ). (2.34)

2.3.2 Bethe states

The pseudovacuum |0〉 is defined as the fully polarized state, with all spin pointing
upwards. The action of the monodromy matrix on the pseudovacuum yields the
following properties of the corresponding operators,

A(λ)|0〉 = a(λ)|0〉, B(λ)|0〉 6= 0, C(λ)|0〉 = 0, D(λ)|0〉 = d(λ)|0〉, (2.35)

where

a(λ) = 1, d(λ) =

N∏

j=1

b(λ− ξj), (2.36)
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with the function b(λ− ξj) defined in Eq. (2.29).
In order to construct Bethe states, it is now only a matter of taking a product

of magnon creation operators B(λ) on the pseudovacuum,

|{λ}M 〉 =

M∏

j=1

B(λj)|0〉. (2.37)

It must be noted that this state is not normalized yet. Similarly, dual states are
defined from the annihilation operators C(λ),

〈{λ}M | = 〈0|
M∏

j=1

C(λj). (2.38)

While the Bethe states have been defined from the magnon creation operators
B(λ), they are not eigenstates of the transfer matrix yet. We therefore proceed by
diagonalizing the transfer matrix

τ(λ) = TrT (λ) = A(λ) +D(λ) (2.39)

on a Bethe state |{λj}M 〉 and find eigenvalues τ(λ|{λ}M ), such that

τ(λ)|{λ}M 〉 = τ(λ|{λ}M )|{λ}M 〉. (2.40)

The main strategy employs the canonical commutation relations for the monodromy
matrix elements Eqs. (2.32)-(2.34) to commute the operators A(λ) and D(λ) of the
transfer matrix through the B(λj) operators of the Bethe state,

τ(λ)|{λ}M 〉 = (A(λ) +D(λ))

M∏

j=1

B(λj)|0〉. (2.41)

The action of A(λ) on a Bethe state is,

A(λ)

M∏

j=1

B(λj)|0〉 = a(λ)

M∏

k=1

1

b(λk, λ)

M∏

j=1

B(λj)|0〉

−
M∑

l=1

a(λl)
c(λl, λ)

b(λl, λ)

M∏

k 6=l

1

b(λk, λl)
B(λ)

M∏

j 6=l

B(λj)|0〉. (2.42)

The action of D(λ) on a Bethe state is,

D(λ)

M∏

j=1

B(λj)|0〉 = d(λ)

M∏

k=1

1

b(λ, λk)

M∏

j=1

B(λj)|0〉

−
M∑

l=1

d(λl)
c(λ, λl)

b(λ, λl)

M∏

k 6=l

1

b(λl, λk)
B(λ)

M∏

j 6=l

B(λj)|0〉. (2.43)
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The eigenvalues of the transfer matrix are therefore

τ(λ|{λ}M ) = a(λ)

M∏

k=1

1

b(λk, λ)
+ d(λ)

M∏

k=1

1

b(λ, λk)
, (2.44)

provided the off-diagonal terms of the actions ofA(λ), Eq. (2.42), andD(λ), Eq. (2.43),
mutually cancel out,

a(λl)

d(λl)

M∏

k 6=l

b(λl, λk)

b(λk, λl)
=
c(λ, λl)

b(λ, λl)

b(λl, λ)

c(λl, λ)
, (2.45)

which simplifies to the Bethe equations using Eq. (2.20)-(2.21),

a(λl)

d(λl)

M∏

k 6=l

b(λl, λk)

b(λk, λl)
= 1. (2.46)

For |{λ}M 〉 to be an eigenstate of the transfer matrix Eq. (2.40), and τ(λ|{λ}M )
to be the eigenvalue respectively, the set of rapidities {λ}M must fulfill the Bethe
Eqs. (2.46).

2.3.3 Logarithmic Bethe equations

So far, the parameter η entered as a generic complex constant in the R-matrix
representing a quantum spin chain solving the Yang-Baxter equation. To have
manifestly real eigenvalues for the momentum and energy operators, we set η to

η = iζ (2.47)

where ζ is defined in Tab. 2.1 for various ranges of anisotropy of the XXZ spin chain.
Moreover, in the homogeneous limit ξj → ξ ∀j, we must set

ξ = η/2 (2.48)

as well.
Employing Eqs. (2.29) and (2.36), Eqs. (2.46) become the Bethe equations of

the anisotropic Heisenberg spin chain,

[
φ1(λj)

φ−1(λj)

]N
=

M∏

k=1
k 6=j

φ2(λj − λk)

φ−2(λj − λk)
, (2.49)

where the functions φn(λ) have been defined in Tab. 2.1 as well.
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ζ = η/i φn(λ) θn(λ)

|∆| < 1 acos (∆) sinh
(
λ+ inζ

2

)
2 atan

(
tanh(λ)

tan(nζ2 )

)

∆ = 1 1 λ+ in
2 2 atan

(
2λ

n

)

∆ > 1 acosh (∆) sin
(
λ+ inζ

2

)
2 atan

(
tan(λ)

tanh(nζ2 )

)
+ 2πbλπ + 1

2c

Table 2.1: Definitions of functions appearing in Bethe ansatz for different regions in
anisotropy ∆.

If the set {λ}M satisfies Bethe equations, |{λ}M 〉 is an eigenstate of the transfer
matrix, and therefore an eigenstate of all the conserved charges as well, including
the momentum operator and the XXZ Hamiltonian.

At this point, it should be noted that the Bethe equations derived from the
algebraic Bethe ansatz, Eq. (2.49), are identical to the Bethe equations derived
from the coordinate Bethe ansatz for the anisotropic Heisenberg model [16,18]. The
replication of the earlier obtained Bethe equations can thus be considered as an
important milestone in the development of the algebraic Bethe ansatz.

For solving purposes, it is customary to consider the logarithm of the Bethe
equations. Making use of the following trigonometric identity,

atan(x) =
i

2
ln

[
1− ix
1 + ix

]
, (2.50)

it is possible to derive the useful relation

φn(λ)

φ−n(λ)
= −e−iθn(λ), (2.51)

where the functions θn(λ) are again defined in Tab. 2.1. The logarithmic Bethe
equations are now readily derived from Eq. (2.49) as

θ1(λj)−
1

N

M∑

k 6=j

θ2(λj − λk) =
2π

N
Jj . (2.52)

The logarithmic branches provide for (half-odd) integers Jj for N + M (even)
odd respectively, which are used as quantum numbers to specify the Bethe state.
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Solving for all sets of roots of Eq. (2.49) provides the eigenstates of the anisotropic
Heisenberg spin chain, which is however still a non-trivial task to carry out. Chap. 3
is devoted to dealing with Bethe roots explicitly.

2.3.4 Trace identities

The trace identities for conserved charges, Eq. (2.14), can now be applied to the
eigenvalues of the transfer matrix given in Eq. (2.44). Taking the logarithm of
Eq. (2.44) yields an expression for the momentum operator from Eq. (2.27),

P ({λ}) = −i ln τ(ξ|{λ}M ) =

M∑

j=1

(π − θ1(λj)). (2.53)

Taking the logarithmic derivative of Eq. (2.44) gives an expression for the energy of
a Bethe state,

E({λ}) =
η

2

d

dλ
ln τ(λ|{λ}M )|λ=ξ = −1

2
|φ2(0)|

M∑

j=1

θ′1(λj) . (2.54)

The former two equations imply that the momentum and energy of eigenstates
|{λ}M 〉 can readily be computed by plugging in a set of rapidities {λ}M solving the
Bethe equations.

2.3.5 Slavnov determinants

Slavnov’s formula [91,92] for the scalar product between two Bethe states is one of
the cornerstones of algebraic Bethe ansatz based computations, and is highly effec-
tive in its application to numerical methods, in particular due to its determinant
representation in combination with numerical evaluation techniques based on LU de-
composition. In the literature, the scalar product is often denoted by SM ({µ}, {λ}),
where

SM ({µ}, {λ}) = 〈0|
M∏

k=1

C(µk)

M∏

j=1

B(λj)|0〉. (2.55)

Using the commutation relations of the monodromy matrix elements following from
the RTT -relations, recursion relations can be derived, where one of the two Bethe
states must be an eigenstate, i.e. its rapidities must be roots of the Bethe equations.
By this strategy, it was proved by Slavnov [91, 92] that there exists an elegant
representation for the scalar product in terms of a determinant,

SM ({µ}, {λ}) =
detH({µ}, {λ})

M∏
k,l=1
k<l

φ0(µk − µl)φ0(λl − λk)

, (2.56)
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where the elements of the H-matrix are

Hab({µ}, {λ}) =
φ2(0)

φ0(µa − λb)

[ M∏

k=1
k 6=a

φ2(µk − λb)−
[
φ−1(λb)

φ1(λb)

]N M∏

k=1
k 6=a

φ−2(µk − λb)
]
.

(2.57)

An elegant expression as a Jacobian of the eigenvalues of the transfer matrix exists
as well,

SM ({µ}, {λ}) =

∏M
l,k=1 φ0(µl − λk)

M∏
k,l=1
k<l

φ0(µk − µl)φ0(λl − λk)

det T̃ ({µ}, {λ}), (2.58)

where the elements of T̃ ({µ}, {λ}) are

T̃ab({µ}, {λ}) =
∂

∂λa
τ(µb|{λ}). (2.59)

2.3.6 Norm of Bethe states

The normalization N ({λ}) is computed from the Gaudin determinant [93,94], which
is obtained by taking the limit of {µ} → {λ} from the scalar product formula
Eq. (2.56),

N ({λ}) = [φ2(0)]M
M∏

k,l=1
k 6=l

φ2(λk − λl)
φ0(λk − λl)

det Φ({λ}) , (2.60)

where the Gaudin matrix is given by the Jacobian of the logarithmic Bethe equa-
tions,

Φab({λ}) = − ∂

∂λb
ln


a(λa)

d(λa)

M∏

k 6=l

b(λa, λk)

b(λk, λa)


 , (2.61)

or, with the kernels explicit for the spin chain,

Φab({λ}) = δab

[
Nθ′1(λa)−

M∑

k=1

θ′2(λa − λk)
]

+ θ′2(λa − λb) . (2.62)

2.4 Matrix elements of local spin operators

The Slavnov determinant for the scalar product between two Bethe states is one
of the most powerful results of the algebraic Bethe ansatz, as it can be evaluated
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by means of numerical methods. In this section, we show how to construct local
spin operators in terms of algebraic Bethe ansatz operators and then make use of
Slavnov’s formula to derive matrix elements of local spin operators between Bethe
states. The derivation of this section is based on Ref. [95].

2.4.1 Quantum inverse problem

The local spin operators must be expressed in terms of the algebraic Bethe ansatz
operators, before they further could be evaluated. This problem goes by the name
of the quantum inverse problem, for which the original derivation by Ref. [95] relies
on the F-basis. For the homogeneous limit an easier derivation exists [95,96], which
is given below.

Since b(0) = 0 and c(0) = 1, the Lax operator evaluated at ξj is equal to the
permutation matrix, interchanging the auxiliary space with the quantum space,

Lj.a(ξj , ξj) = Pj,a. (2.63)

The monodromy matrix evaluated at ξ in the homogeneous limit are written as

T (ξ) = Pa,NPa,N−1...Pa,1 = Pa,1P1,NP1,N−1...P1,2 = Pa,1U, (2.64)

where the cyclic shift operator is defined as U = P1,NP1,N−1...P1,2.
In matrix form, along with the representation of the permutation matrix in terms

of the local spin operators, Eq. (2.64) becomes

(
A(ξ) B(ξ)
C(ξ) D(ξ)

)
=

(
1
2 + Sz1 S−1
S+

1
1
2 − S

z
1

)
U. (2.65)

Solving for the spin Pauli matrices gives

A(ξ) +D(ξ) = τ(ξ) = U, (2.66)

A(ξ)−D(ξ) = 2Sz1U, (2.67)

B(ξ) = S−U, (2.68)

C(ξ) = S+U. (2.69)

All spins could be translated along the chain using the cyclic shift operator U ,
such that

Saj = U j−1Sa1U
1−j . (2.70)

The spin operators on every site can therefore be written, making use of Eqs. (2.66)-
(2.69), as

Szj = τ(ξ)j−1 1

2
(A(ξ)−D(ξ)) τ(ξ)N−j , (2.71)

S−j = τ(ξ)j−1B(ξ) τ(ξ)N−j , (2.72)

S+
j = τ(ξ)j−1 C(ξ) τ(ξ)N−j . (2.73)
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Altogether, the solution to the quantum inverse problem is

Saj = τ(ξ)j−1 Tr[Sa1 T (ξ)] τ(ξ)N−j , (2.74)

which expresses the local spin operators in terms of the monodromy matrix elements
from algebraic Bethe ansatz. This result can be generalized to the inhomogeneous
case,

Saj =

j−1∏

k=1

[τ(ξk)] Tr[Sa1 T (ξj)]

N∏

k=j+1

[τ(ξk)]. (2.75)

2.4.2 Transverse form factors

The next step is to evaluate the solution to the quantum inverse problem between
two Bethe states, and derive the determinant expressions for them, again following
the original derivation in Ref. [95]. The transverse form factor is defined as

F−j ({µ}, {λ}) = 〈0|
M∏

k=1

C(µk)S−j

M∏

j=1

B(λj)|0〉. (2.76)

The transfer matrices in Eq. (2.72) will just evaluate to their respective eigen-
values on the left and right Bethe state, while only an operator B(ξj) will be left
in between the two Bethe states. As such, Eq. (2.76) is evaluated like Slavnov’s
formula with an additional rapidity ξj attached to the set {λ},

F−j ({µ}, {λ}) =

j−1∏

k=1

τ(ξk, {µ})
N∏

k=j+1

τ(ξk, {λ})

· 〈0|
M∏

k=1

C(µk)B(ξj)

M∏

j=1

B(λj)|0〉 (2.77)

=
ϕj−1({µ})
ϕj({λ})

SM+1({µ}, {{λ}, ξj}) (2.78)

=
ϕj−1({µ})
ϕj−1({λ})

M∏

l=1

b(λl, ξj)SM+1({µ}, {{λ}, ξj}), (2.79)

where

ϕj({λ}) =

j∏

k=1

τ(ξk, {λ}). (2.80)
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The transfer matrix is evaluated on the Bethe state, using Eq. (2.44), and d(ξj) = 0,
to get the eigenvalues

τ(ξj , {λ}) =

M∏

k=1

b−1(λk, ξj). (2.81)

From the product terms in Eq. (2.56), we extract a term for ξj which comes
in front, and write the H-matrix of the Slavnov determinant with column M + 1
evaluated at ξj , extracting the product

∏M+1
k=1 φ1(µk) out of the determinant, to

arrive at

F−j ({µ}, {λ}) =
ϕj−1({µ})
ϕj−1({λ})

∏M+1
k=1 φ1(µk)
∏M
k=1 φ1(λk)

detH−({µ}, {λ})
M+1∏
k,l=1
k<l

φ0(µk − µl)
M∏

k,l=1
k<l

φ0(λl − λk)

,

(2.82)

where

H−ab({µ}, {λ}) = Hab({µ}, {λ}), for b < M + 1, (2.83)

H−a,M+1({µ}, {λ}) =
φ2(0)

φ−1(µa)φ1(µa)
. (2.84)

Eq. (2.82) is the main result for the transverse form factor, and yields a representa-
tion in terms of a determinant, containing functions depending on the rapidities of
the left and right Bethe states.

2.4.3 Longitudinal form factors

Subsequently, we would like to evaluate the expressions for the longitudinal spin
operators between two Bethe states, giving the form factor,

F zj ({µ}, {λ}) = 〈0|
M∏

k=1

C(µk)Szj

M∏

j=1

B(λj)|0〉. (2.85)

Similar to the strategy of the transverse form factor, the aim is to write the longi-
tudinal form factor as a Slavnov determinant. The solution to the quantum inverse
problem Eq. (2.71) is therefore rewritten as A−D = 2A− (A+D), while making
use of τ(ξj)

N = UN = 1, gives,

Szj =

j−1∏

k=1

[τ(ξk)]A(ξj)

N∏

k=j+1

[τ(ξk)]− 1

2
. (2.86)
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The second term of Eq. (2.86) is dropped when computing this operator on the left
and right state because of orthogonality of the Bethe states. The action of the A(ξj)
operators has already been given in Eq. (2.42). The first term in this equation is the
diagonal action of A(ξj), and can again be dropped because of orthogonality. By
evaluating the products of transfer matrices on the right and left state respectively
from Eq. (2.86), we are left with

F zj ({µ}, {λ}) = −ϕj−1({µ})
ϕj({λ})

M∑

n=1

c(λn − ξj)
b(λn − ξj)

M∏

m 6=n

1

b(λm − λn)

· 〈0|
M∏

k=1

C(µk)B(ξj)

M∏

l 6=n

B(λl)|0〉, (2.87)

which already entails the main structure of the formula, a sum with index n over
Slavnov determinants. The determinants are now evaluated for the scalar product
of the eigenstate {µ} with Bethe state {λ}|λn→ξj , meaning that the rapidity λn
giving by the summation index n is replaced by the inhomogeneity ξj .

Doing the replacements for the inhomogeneity in the Bethe state {λ}|λn→ξj
explicitly in all product terms, and rewriting, gives

F zj ({µ}, {λ}) = −ϕj−1({µ})
ϕj−1({λ})

M∏

l=1

φ0(λl − ξj)
φ2(λl − ξj)

M∑

n=1

φ2(0)

φ0(λn − ξj)

M∏

m6=n

φ2(λm − λn)

φ0(λm − λn)

·
det[H({µ}, {λ}|λn→ξj )]
M∏

k,l=1
k<l

φ0(µk − µl)φ0(λl − λk)

M∏

m 6=n

φ0(λm − λn)

φ0(λm − ξj)
(2.88)

= −ϕj−1({µ})
ϕj−1({λ})

M∏

l=1

1

φ2(λl − ξj)

M∑

n=1

M∏

m=1

φ2(λm − λn)

·
det[H({µ}, {λ}|λn→ξj )]
M∏

k,l=1
k<l

φ0(µk − µl)φ0(λl − λk)

. (2.89)

Subsequently, the product −2
∏M
m=1 φ2(λm−λn) is moved to the nth column of the

determinant, while a factor
∏M
m=1 φ2(µm − ξj) is taken out,

F zj ({µ}, {λ}) =
1

2

ϕj−1({µ})
ϕj−1({λ})

M∏

l=1

φ2(µl − ξj)
φ2(λl − ξj)

∑M
n=1 det[H(n)({µ}, {λ})]

M∏
k,l=1
k<l

φ0(µk − µl)φ0(λl − λk)

, (2.90)
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where

H
(n)
ab = Hab, b 6= n, (2.91)

H(n)
an = −2Pan, (2.92)

Pab({µ}, {λ}) =
φ2(0)

φ−1(µa)φ1(µa)

M∏

k=1

φ2(λk − λb) . (2.93)

The following identity for determinants where A is an arbitrary M x M matrix
and B is a rank one M x M matrix will be utilized,

det(A+B) = detA+

M∑

n=1

det(A(n)), (2.94)

where

A
(n)
ab = Aab, b 6= n, (2.95)

A(n)
an = Ban. (2.96)

At this point, we can get rid of the sum over determinants in Eq. (2.90) and rewrite
it as a single determinant, where the first term on the right hand side of Eq. (2.94)
vanishes again due to orthogonality of the Bethe states,

F zj ({µ}, {λ}) =
1

2

ϕj−1({µ})
ϕj−1({λ})

M∏

k=1

φ1(µk)

φ1(λk)

det [H({µ}, {λ})− 2P ({µ}, {λ})]
M∏

k,l=1
k<l

φ0(µk − µl)φ0(λl − λk)

. (2.97)

The functions appearing from the transfer matrices retrieve a simple form in terms
of the momentum of the Bethe state,

ϕj({λ}) = e−iP{λ}j . (2.98)

The final matrix elements which are used directly in numerical computations (listed
in Sec. 1.4) are given by normalizing the form factors by the Gaudin determinant,

〈{µ}|Saj |{λ}〉 =
F aj ({µ}, {λ})√
N ({µ})N ({λ})

. (2.99)

This concludes all the results for the algebraic Bethe ansatz of the anisotropic spin- 1
2

Heisenberg model. Is must be noted that similar determinant representations can
be derived for matrix elements of two-point adjacent spin-spin operators [95], which
however are not used in this thesis.
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2.5 Higher spin chains

In this section, spin chain models with arbitrary spin-s representations of the spin
algebra associated to the local Hilbert space of every site will be considered. In
principle, to each site labeled by j an arbitrary spin sj could be assigned, creating
a spin chain with different spins on every site. Possibilities for this construction are
endless, while explicit examples include alternating chains or spin impurity chains.
Anisotropic higher spin chains have been constructed from integrability as well [27].
However, in this thesis we focus on higher spin chains with the same spin on every
site with isotropic spin-spin interactions.

The main purpose of this section is to construct the isotropic integrable higher
spin chain models, and derive expressions for matrix elements of local spin operators
between Bethe states for the spin-s chain. The derivation of these matrix elements
is based on Ref. [97], while part of its derivation is reconstructed in this section.

2.5.1 Algebraic Bethe ansatz

Similar to the spin- 1
2 case, we will start by considering an auxiliary space of two

dimensions, in order to construct second quantized operators from the algebraic
Bethe ansatz framework. The local Hilbert space Hj = C2s+1 now becomes of
dimension 2s+ 1.

The Lax operator on the two-dimensional auxiliary space is represented in terms
of the spin matrices for spin-s,

L
( 1

2 )
j (λ) = λIj ⊗ I + i

∑

α

Sαj ⊗ σα (2.100)

=

(
λ+ iSzj iS−j
iS+
j λ− iSzj

)
. (2.101)

The notation of the superscript (l) denotes that the auxiliary space V of the Lax
operator L(l) is 2l+ 1-dimensional. These Lax operators satisfy the regular commu-
tation relations of Lax matrices Eq. (2.3), while the R( 1

2 )-matrices are defined on
the two-dimensional auxiliary space as well.

Proceeding by constructing the monodromy matrix

T ( 1
2 )(λ) =

N∏

j=1

L
( 1

2 )
j (λ), (2.102)

which is written in second quantized form as a 2 x 2 matrix on the auxiliary space
V ( 1

2 ) as

T ( 1
2 )(λ) =

(
A(λ) B(λ)
C(λ) D(λ)

)
(2.103)
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satisfying the usual RTT commutation relations following from Eq. (2.8). There-
fore, the algebraic Bethe ansatz framework as elaborated in the previous sections
remains applicable to higher spin chains as well. Results that carry straight over
from the spin- 1

2 case are for example the commutation relations of the monodromy
matrix elements, and all derivations based upon them such as Slavnov’s determinant
formula and the Bethe equations, although with minor modifications, as explained
below.

We need to be careful with the action of A(λ) and D(λ) on the pseudovacuum,
but besides these respective actions, the aforementioned formulas could be gener-
alized instantly. The action of D(λ) on the pseudovacuum is, by acting with the
monodromy matrix on the pseudovacuum consisting of the fully polarized state of
spin-s particles on the lattice,

d(λ) =

N∏

j=1

λ− ξj − (s− 1
2 )η

λ− ξj − (s+ 1
2 )η

. (2.104)

The Bethe equations for higher spin chains are now identically derived as in the
spin- 1

2 case, Eq. (2.46), by diagonalizing the transfer matrix on a Bethe state,

(
λj + is

λj − is

)N
=

M∏

k 6=j

λj − λk + i

λj − λk − i
. (2.105)

Similarly, Slavnov’s determinant formula (Eq. (2.56)) for scalar products between
higher spin Bethe states is still valid, only with d(λ) adjusted to Eq. (2.104).

The normalization N ({λ}) (Eq. (2.60)) remains valid as well, where the Gaudin
matrix is given by the Jacobian of the spin-s logarithmic Bethe Eqs. (2.61),

Φab({λ}) = δab

[
Nθ′2s(λa)−

M∑

k=1

θ′2(λa − λk)
]

+ θ′2(λa − λb) . (2.106)

While the Bethe equations and Slavnov’s determinant formula generalize nicely
to the higher spin case, no simple connection to the lattice is possible like in the
spin- 1

2 case. The Lax matrix evaluated at zero does not just simplify to the permu-
tation matrix as in Eq. (2.63). Moreover, the quantum space and auxiliary space
are essentially different, so permuting the two spaces is not even possible for any
value of λ.

2.5.2 Higher spin auxiliary spaces

While the algebraic Bethe ansatz formalism for higher spin chains yielded useful
properties based on the operators on the spin- 1

2 auxiliary space, the connection to
local spin operators on the lattice is not trivial to establish. The fusion procedure for
R-matrices defined on higher spin auxiliary spaces introduced by Kulish, Reshetikhin
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and Sklyanin [20] resolves this paradigm. It yields an expression of the spin-s R(s)-

matrices in terms of the R( 1
2 )-matrices, such that the higher spin variants R(s) obey

the Yang-Baxter equation as well.

The Lax operator L
(s)
1,j(λ) on the spin-s auxiliary space can now be obtained

directly from the fusion of R-matrices. The usual definition of the monodromy
matrix as an ordered product still applies

T (s)(λ) =

N∏

j=1

L
(s)
1,j(λ), (2.107)

while the higher spin transfer matrix is again defined by tracing out the auxiliary
space,

τ (s)(λ) = TrT (s)(λ). (2.108)

Following the fusion procedure of Ref. [20], a recursive relation for the spin-s
transfer matrix is derived from the fusion of R-matrices,

τ (s)(λ) = τ ( 1
2 )(λ+ (s− 1

2
)η) τ (s− 1

2 )(λ− η

2
))

− χ(λ+ (s− 1)η) τ (s−1)(λ− η), (2.109)

χ(λ) = A
(
λ+

η

2

)
D
(
λ− η

2

)
−B

(
λ+

η

2

)
C
(
λ− η

2

)
. (2.110)

A generating function for the spin-s transfer matrix is constructed in Ref. [98].
It allows for a closed form expression of the spin-s transfer matrix, which satisfies
the recursive relation Eq. (2.109). Casted in the form of Ref. [97] it reads for the
eigenvalues of the transfer matrix

τ (s)(λ, {λ}) =

2s∑

α=0

C(s)
α (λ)

M∏

k=1

λ− λk + (s+ 1
2 )η

λ− λk + (α− s+ 1
2 )η

λ− λk − (s+ 1
2 )η

λ− λk + (α− s− 1
2 )η

,

(2.111)

C(s)
α (λ) =

2s−1∏

k=α

d(λ+ (k − s+
1

2
)η), C

(s)
2s (λ) = 1. (2.112)

Application of the usual trace identities to τ (l)(λ) yields the conserved charges
of the higher spin chain model,

In = i−1
n

dn

dλn
ln τ (s)(λ)

∣∣
λ=ξ

, (2.113)

such that the Hamiltonian for higher spin chains is derived as [21–23]

Hs =

N∑

j=1

P2s(Sj · Sj+1), (2.114)
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which is given as a polynomial of degree 2s in the nearest neighbor spin-spin inter-
actions,

P2s(x) =

2s∑

j=1

(
j∑

k=1

1

k

)
2s∏

l 6=j

x− xl
xj − xl

, (2.115)

with xl = 1
2 [l(l + 1) − 2s(s + 1)]. For the integrable spin-1 chain, the Hamiltonian

reduces to the Babujan-Takhtajan Hamiltonian, Eq. (1.4).

Applying the trace identities to the eigenvalues of the higher spin transfer matrix
τ (l)(λ|{λ}M ), the energy of a Bethe state is expressed in terms of its rapidities as

E({λ}) = −J
M∑

j=1

s

s2 + λ2
j

. (2.116)

2.5.3 Local spin operators

The solution to the quantum inverse problem for local spin operators for higher spin
chains was obtained by Ref. [99]. The solution is similar to the spin- 1

2 case Eq. (2.75),
but now involves the (fused) higher spin transfer matrix and monodromy matrix,

Saj =

j−1∏

k=1

[τ (l)(ξk)] Λ(l)
a (ξj)

N∏

k=j+1

[τ (l)(ξk)], (2.117)

where

Λ(s)
a (ξ) = Tr[Sa1 T

(s)(ξj)]. (2.118)

We take the result of evaluating the trace in Eq. (2.118) from Ref. [99],

Λ(s)
a (ξ) =

2s∑

k=1

τ (s− k2 )
(
ξ +

kη

2

)
Λ

( 1
2 )
a

(
ξ +

(
k − s− 1

2

)
η
)
τ ( k−1

2 )
(
ξ +

(k
2
− s− 1

2

)
η
)
.

(2.119)

For the spin- 1
2 spin chain, we saw that application of Slavnov’s formula to the

quantum inverse problem results worked elegantly by adding an extra rapidity to
the set {λ} (transverse form factor) or replacing a rapidity in the set {λ} (longitu-
dinal form factor) respectively. In the present case for higher spin chains, an extra
summation over k emerges in Eq. (2.119). The main strategy of the derivation for
the higher spin form factors relies on bringing this summation into the H-matrix
column of the additional (or replaced) rapidity. The elements of this column can
than be simplified drastically, getting rid of the summation over k, as was done in
Ref. [97].
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2.5.4 Higher spin transverse form factors

Next, we write the solution to the quantum inverse problem in Eq. (2.119) and
evaluate it between two Bethe states, giving the transverse form factor

F−j ({µ}, {λ}) =
ϕj−1({µ})
ϕj({λ})

〈0|
M+1∏

k=1

C(µk) Λ
(s)
− (ξj)

M∏

j=1

B(λj)|0〉 (2.120)

=
ϕj−1({µ})
ϕj({λ})

2s∑

k=1

τ (s− k2 )
(
ξ +

kη

2

)
τ ( k−1

2 )
(
ξ +

(k
2
− s− 1

2

)
η
)

· 〈0|
M+1∏

k̃=1

C(µk̃)B
(
ξj + (k − s− 1

2
)η
) M∏

l=1

B(λl)|0〉 (2.121)

=
ϕj−1({µ})
ϕj({λ})

2s∑

k=1

τ (s− k2 )
(
ξ +

kη

2

)
τ ( k−1

2 )
(
ξ +

(k
2
− s− 1

2

)
η
)

· SM+1({µ}, {λ, ξj + (k − s− 1

2
)η}). (2.122)

Again, the strategy boils down to applying Slavnov’s formula with an extra rapidity
(the inhomogeneity ξj) added to the set {λ}. The summation over k is therefore
brought into column M+1 of the Slavnov determinant, along with the terms coming
from the products in the denominator,

F−j ({µ}, {λ}) =
ϕj−1({µ})
ϕj({λ})

det H̃−({µ}, {λ, ξj + (k − s− 1
2 )η})

M∏
k,l=1
k<l

(µk − µl)(λl − λk)

, (2.123)

where

H̃−ab = Hab, b < M + 1, (2.124)

H̃−a,M+1 =

2s∑

k=1

[
τ (s− k2 )

(
ξ +

kη

2

)
τ ( k−1

2 )
(
ξ +

(k
2
− s− 1

2

)
η
)

·Ha,M+1({µ}, {λ, ξj + (k − s− 1

2
)η})

·
M∏

l=1

(λl − ξ − (k − s− 1

2
)η)−1

]
. (2.125)
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The entries of the matrix H({µ}, {λ}) for the spin-s chain are given explicitly by

Hab({µ}, {λ}) =
i

µa − λb

[ M∏

k=1
k 6=a

(µk − λb + i)−
[
λb − is
λb + is

]N M∏

k=1
k 6=a

(µk − λb − i)
]
.

(2.126)

The last column of the determinant given by Eq. (2.125) could be simplified, as
proven in the appendix of Ref. [97], relying on the explicit form for the spin-s
transfer matrix from Eq. (2.111),

F−j ({µ}, {λ}) =
ϕj−1({µ})
ϕj−1({λ})

∏M+1
k=1 (µk − is)∏M
k=1(λk + is)

detH−({µ}, {λ})
M+1∏
k,l=1
k<l

(µk − µl)
M∏

k,l=1
k<l

(λl − λk)

, (2.127)

where

H−ab({µ}, {λ}) = Hab({µ}, {λ}), for b < M + 1,

H−a,M+1({µ}, {λ}) =
2s i

(µa − is)(µa + is)
. (2.128)

This final result for the transverse form factor takes a very similar form as
compared to the spin- 1

2 expression in Eqs. (2.82)-(2.84), with spin dependence only
entering as argument in a few functions.

2.5.5 Higher spin longitudinal form factors

Writing the longitudinal form factor and following the strategy of the spin- 1
2 case

Eq. (2.86) by rewriting in terms of the action of operator A(λ),

F zj ({µ}, {λ}) =
ϕj−1({µ})
ϕj({λ})

〈0|
M∏

k=1

C(µk) Λ(s)
z (ξj)

M∏

j=1

B(λj)|0〉 (2.129)

=
ϕj−1({µ})
ϕj({λ})

2s∑

k=1

τ (s− k2 )
(
ξ +

kη

2

)
τ ( k−1

2 )
(
ξ +

(k
2
− s− 1

2

)
η
)

· 〈0|
M∏

k̃=1

C(µk̃)A
(
ξj + (k − s− 1

2
)η
) M∏

l 6=n

B(λl)|0〉. (2.130)

Analogously to the spin- 1
2 derivation, the matrix element of A(λ) between two Bethe

states is written as a summation (with index n) over Slavnov determinants for an
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eigenstate {µ} with Bethe state {λ}|λn→ξj+(k−s− 1
2 )η,

F zj ({µ}, {λ}) = −ϕj−1({µ})
ϕj({λ})

2s∑

k=1

τ (s− k2 )
(
ξ +

kη

2

)
τ ( k−1

2 )
(
ξ +

(k
2
− s− 1

2

)
η
)

·
M∑

n=1

M∏

m=1

λm − λn + i

λm − ξj − (k − s− 1
2 )η

det[H({µ}, {λ}|λn→ξj+(k−s− 1
2 )η)]

M∏
k,l=1
k<l

φ0(µk − µl)φ0(λl − λk)

. (2.131)

Similar to the derivation of the higher spin transverse form factor, the summation
over k is brought into the nth column of the determinant,

F zj ({µ}, {λ}) = −ϕj−1({µ})
ϕj({λ})

M∑

n=1

∏M
m=1(λm − λn + i) det H̃(n)

M∏
k,l=1
k<l

(µk − µl)(λl − λk)

, (2.132)

where

H̃
(n)
ab = Hab, b 6= n, (2.133)

H̃(n)
an =

2s∑

k=1

[
τ (s− k2 )

(
ξ +

kη

2

)
τ ( k−1

2 )
(
ξ +

(k
2
− s− 1

2

)
η
)

·Han({µ}, {λ}|λn→ξj+(k−s− 1
2 )η)

·
M∏

l=1

(λl − ξ − (k − s− 1

2
)η)−1

]
. (2.134)

The last equation can again be simplified like Eq. (2.125), as is done in the appendix

of Ref. [97]. In addition, we bring the factor −
∏M
m=1(λm − λn + i) into the nth

column of the determinant,

F zj ({µ}, {λ}) =
ϕj−1({µ})
ϕj−1({λ})

M∏

k=1

(µk − is)
(λk + is)

∑M
n=1 detH(n)

M∏
k,l=1
k<l

(µk − µl)(λl − λk)

, (2.135)

where

H
(n)
ab = Hab, b 6= n, (2.136)

H(n)
an = −2sPan (2.137)

Pab({µ}, {λ}) =
i

(µa − is)(µa + is)

M∏

k=1

(λk − λb + i) . (2.138)
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The final result for the longitudinal form factor is obtained by employing Eq. (2.94)

F zj ({µ}, {λ}) = s
ϕj−1({µ})
ϕj−1({λ})

M∏

k=1

(µk − is)
(λk + is)

det [H({µ}, {λ})− 2P ({µ}, {λ})]
M∏

k,l=1
k<l

(µk − µl)(λl − λk)

.

(2.139)

This concludes all the results for the algebraic Bethe ansatz of the isotropic inte-
grable higher spin chains.

2.6 Conclusions

This chapter aimed to describe the construction of integrable quantum spin models
from first principles, in order to recall the derivation of existing results for matrix
elements of local spin operators between Bethe states.

The most important expressions in this chapter are the matrix elements of the
transverse local spin operator Eq. (2.82) and the longitudinal local spin operator
Eq. (2.97) for the anisotropic spin- 1

2 Heisenberg model. The generalizations to the
isotropic integrable higher spin chains are derived for the matrix elements of the
transverse spin operator Eq. (2.127) and the longitudinal spin operator Eq. (2.139)
respectively.

In particular, these matrix elements allow for a very elegant representation in
terms of determinants, whose entries solely depend on the rapidities of the two
respective Bethe states. When the rapidities of the Bethe equations are obtained
for a Bethe state, the matrix elements are numerically computed by an efficient
algorithm relying on the LU decomposition of the determinants. These determinant
expressions are therefore essential to the computations performed in the research
described in this thesis. The next chapter will explain in detail how to evaluate the
matrix elements for various types of Bethe states, and how Bethe states are obtained
explicitly.



Chapter 3

Matrix elements with
deviated strings

In Bethe’s 1931 seminal work [16], the wave functions of the Heisenberg spin chain
are conjectured to consist of plane waves of magnons, see Eq. (1.7). This “ansatz”
in the representation of the lattice coordinates is demanded to satisfy Schrödinger’s
equation, where the permutation of two magnons gives the correct mutual scatter-
ing phases between the magnons. Along with periodic boundary conditions, the
Bethe equations follow as a self-consistency requirement on the rapidities of the
plane waves. As already pointed out in the original publication of the Bethe ansatz,
the Bethe equations permit solutions of pairs of conjugate complex rapidities, giving
rise to exponential decaying terms in real space in the Bethe ansatz wave function
of Eq. (1.7), in addition to a center-of-mass coordinate of the rapidity pair. The
existence of bound states of magnons in the Bethe ansatz spectrum of the Heisen-
berg spin chain therefore gives a physical interpretation for the presence of complex
rapidities in the solutions to the Bethe equations.

On the contrary, the algebraic Bethe ansatz developed in the 1980s consists of
wave functions in a second quantization representation with creation and annihila-
tion operators of magnons acting on a pseudo-vacuum. Subsequently, these Bethe
states are demanded to be eigenstates of the transfer matrix. The commutation
relations between the monodromy matrix elements following from integrability (or
more precisely, the Yang-Baxter equation) allow to evaluate the action of the trans-
fer matrix on a Bethe state. Surprisingly, the resulting Bethe equations are identical
to their counterpart from the original coordinate formulation of the Bethe ansatz,
indicating the consistency of both approaches.

Moreover, the previous chapter elaborated on determinant expressions for ma-
trix elements of local spin operators between Bethe states based on the algebraic
Bethe ansatz, once again by exploiting the aforementioned commutation relations.

47
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The determinant representations of these matrix elements serve as the cornerstone
of exact numerical computations of observables for integrable (higher) spin chain
models, with explicit applications explored in this thesis listed in Sec. 1.4.

The aforementioned method requires the construction of the relevant Bethe
states explicitly at finite system size. Both the coordinate and algebraic Bethe
ansatz approaches yield a representation of the wave functions in terms of unique
sets of complex valued rapidities {λ}M , where M denotes the number of down
flipped spins with respect to the pseudovacuum. The total spin along the z-axis
Sztot =

∑N
j=1 S

z
j commutes with Hamiltonians (1.3), (1.4) and (2.114), splitting the

Hilbert spaces of all respective models into sectors of fixed magnetization.
For each eigenstate of the integrable (higher) spin chain, the set {λ}M must obey

Bethe equations, which are a non-linear system of transcendental equations in the
complex plane for each rapidity λj ∈ {λ}M . Each individual equation consists of
a free term depending on the rapidity λj only, while a scattering term couples all
rapidities together based on their mutual scattering phase shifts. The logarithmic
Bethe equations for the integrable spin-s chain read (see Sec. 2.3.3 and 2.5.1),

θ2s(λj)−
1

N

M∑

k 6=j

θ2(λj − λk) =
2π

N
Jj . (3.1)

The Bethe quantum numbers Jj arise from the logarithmic branches and are integers
for N + M odd and half-odd integers for N + M even. The logarithmic branches
allow for the unique specification of a Bethe state using the Bethe quantum numbers,
obeying an exclusion principle for Bethe states consisting of real rapidities, as equal
rapidities would lead to vanishing wave functions. The Bethe equations (Eq. (3.1))
can then be considered to be a mapping between the sets {Jj}M and {λj}M . For
finite system size, the roots to the Bethe equations {λj}M are obtained using a
numerical solving procedure for every Bethe state.

The transcendental nature of the Bethe equations allow for the application of
iterative root solving procedures. Simple iterations on Eq. (3.1) are performed from
an initial set by putting all rapidities to zero, λ0

j = 0∀ j, while every subsequent
iteration step is computed from

λij = θ−1
2s


2π

N
Jj +

1

N

M∑

k 6=j

θ2

(
λi−1
j − λi−1

k

)

 , (3.2)

where the superscript i counts the iteration steps. This iterative method works
extremely well for Bethe states consisting of real rapidities, as it yields very fast
convergence to machine precision. The rate of convergence could be quantified
by the relative difference between rapidities of successive iteration steps. Further
acceleration is possible by applying Newton-Raphson iteration steps.

The numerical solving procedure from Eq. (3.2) however breaks down for Bethe
states containing bound states of magnons, as complex rapidities are necessary to
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describe bound states. Even more drastically, as will be shown in Eq. (3.4) later
on, the Bethe quantum numbers might coincide for complex solutions, invalidating
the construction of Bethe states based on the exclusion principle on Bethe quantum
numbers.

String solutions consisting of complex rapidities are explained in more detail in
Eq. (3.3) and Sec. 3.1. At finite system size, strings are deformed from the ther-

modynamic string hypothesis by string deviations δ
(n)
j,a ∈ C, which are generally

considered to be exponentially small in system size (with however many non-trivial
exceptions of large deviations). These deformations of the string hypothesis regular-
ize the divergent prefactors and determinants arising for strings in the form factor
expressions. However, taking explicit care of these deviations, in terms of obtaining
them from the Bethe equations and employing them in the matrix elements com-
putations, is still a highly non-trivial task. Examples for both the spin- 1

2 chain and
for the spin-1 chain will be given in this chapter, where (large) string deviations are
an unavoidable part of computations of observables, and neglecting them leads to
erroneous results in both cases.

For arbitrary higher spin chains, the Bethe equations (Eq. (3.1)) appear to be
very similar, with the spin dependence only entering as an argument in the free
part, while it leaves the scattering term unaffected. However, in contrast to the
spin- 1

2 chain, the overwhelming majority of rapidities of low-lying excitations from
the antiferromagnetic ground state of higher spin chains are located in strings. The
existence of a macroscopically large number of strings, makes deviations algebraicly
small in system size rather than exponentially small (see Sec. 3.3.4). Even for the
spin- 1

2 case, string deviations remain important to computations, as will be argued
later on in Sec. 3.5.3.

This chapter focusses on the strategy to solve the Bethe equations including
string deviations, after which numerical procedures to obtain matrix elements in-
cluding deviated strings are discussed. Furthermore, we will emphasize how to
overcome diverging terms for string solutions in determinants for matrix elements
of local spin operators, while simultaneously keeping track of the string deviations.
The results of this chapter are based on Ref. [1].

3.1 String solutions

While the eigenstates of the model are in principle solved by means of the Bethe
ansatz, obtaining the roots of the Bethe equations for each state is still a highly non-
trivial task. Some properties of the solutions of the Bethe equations might however
be considered in advance. If the set of Bethe roots {λ} solves the Bethe equations,
then it is straightforward to see that the set {λ}∗ must also be a valid solution by
considering the complex conjugated version of the Bethe equations. Moreover, it is
possible to prove a stronger statement [100] that the set of roots solving the Bethe
equations has the feature of being self-conjugate, {λ} = {λ}∗. This important prop-
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erty boils down to the fact that the Bethe roots organise themselves symmetrically
around the real axis of the complex rapidity plane. In general for the thermodynamic
limit, the solutions are furthermore conjectured to group themselves in structures
called strings, sharing a common real part, but separated in the imaginary direction
by i.

The full set of rapidities {λ} must remain self-conjugate [100], and takes the
form of the string hypothesis [87], a string of length n being defined as

λ
(n)
j,a = λ

(n)
j +

iζ

2
(n+ 1− 2a) + i

π

4
(1− νj) + iδ

(n)
j,a , (3.3)

where the string center λ
(n)
j ∈ R and a = 1, . . . , n is the internal label of a rapidity

within a string of length n and parity νj . The set of M complex rapidities is now
grouped as Mn n-strings, where

∑
n nMn = M . In the planar regime |∆| < 1,

periodicity of the trigonometric functions also allows for string centers to be located
on the line iπ/2, resulting in negative parity strings (νj = −1).

For finite system size the string hypothesis is not tied to strings containing
rapidities exactly separated by i. The only constraint on the solutions is its self
conjugacy, yielding a picture of deformed strings as a result of the finite size. The

deformations are parametrized by the complex parameter δ
(n)
j,a ∈ C.

Due to the string structure of the solutions, it is a non-trivial task to deter-
mine the set of possible configurations of Bethe quantum numbers. For a pair
of complex conjugate roots {λ, λ∗} with corresponding Bethe quantum numbers
{J+, J−}, where λ is assumed to be located in the upper half part of the complex
plane, we proceed to analyze the difference between the corresponding quantum
numbers by subtracting the Bethe Eqs. (3.1) for both conjugate roots. Similar to
the spin- 1

2 case [101], the branch cuts of the inverse tangent of the conjugate root
has to be taken into account properly, arctanλ∗ = (arctanλ)∗±π for λ ∈ [∓i,∓i∞]
and arctanλ∗ = (arctanλ)∗ elsewhere. Furthermore we restrict to Re λ 6= 0 and
Re (λ − λk) 6= 0 ∀k, implying that the self-scattering term between the conjugate
roots yields the only non-zero branch cut of the difference between the correspond-
ing Bethe equations. Altogether this results in a relation for the Bethe quantum
numbers of a pair of conjugate roots,

J− − J+ =

{
0 if Im λ < 1

2 ,

1 if Im λ > 1
2 .

(3.4)

More elaborate examples where strings are centered at the origin or additionally
have coinciding string centers will be encountered within the low-lying excitation
spectrum of the spin-1 chain. The behavior of the quantum numbers in these cases
will be treated in Sec. 3.3.

Eq. (3.4) exhibits a situation where quantum numbers become equal, invalidating
the naively-expected exclusion principle on the quantum numbers for the logarithmic
Bethe equations.
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Usually, the approximation of non-deviated strings for the Bethe equations is
considered, where the Bethe equations are cast into a more convenient form in terms
of the real string centers instead of complex rapidities. We therefore adopt the limit

of vanishing string deviations (Eq. (3.3) with δ
(n)
j,a = 0) to derive the Bethe-Gaudin-

Takahashi equations [23,102] in terms of the n-string centers λ
(n)
j . The strategy for

the derivation consists of taking the product of the Bethe equations for the spin-s

chain (Eq. (2.49) and Eq. (2.105)) over all rapidities inside a string given by λ
(n)
j,a .

The product over the rapidities inside an n-string of the free terms of the spin-s
Bethe equations yields,

n∏

a=1

φ2s(λ
(n)
j,a )

φ−2s(λ
(n)
j,a )

=

m∏

b=1

φn+1+2s−2a(λ
(n)
j )

φn+1−2s−2a(λ
(n)
j )

=
φn+1+2s−2(λ

(n)
j )

φn+1−2s−2(λ
(n)
j )

︸ ︷︷ ︸
a=1

φn+1+2s−4(λ
(n)
j )

φn+1−2s−4(λ
(n)
j )

︸ ︷︷ ︸
a=2

·...

·
φ−n+1+2s+2(λ

(n)
j )

φ−n+1−2s+2(λ
(n)
j )

︸ ︷︷ ︸
a=n−1

φ−n+1+2s(λ
(n)
j )

φ−n+1−2s(λ
(n)
j )

︸ ︷︷ ︸
a=n

=

min(n,2s)∏

a=1

φn+1+2s−2a(λ
(n)
j )

φ−(n+1+2s−2a)(λ
(n)
j )

. (3.5)

The scattering term of the Bethe equations does not dependent on the spin s.
Similarly to the free parts, the product over the rapidities inside the string of the
scattering terms is evaluated as

∏

(m,k)
6=(n,j)

n∏

a=1

m∏

b=1

φ2(λ
(n)
j,a − λ

(m)
k,b )

φ−2(λ
(n)
j,a − λ

(m)
k,b )

=
∏

(m,k)
6=(n,j)

n∏

a=1

m∏

b=1

φn−m−2a+2b+2(λ
(n)
j − λ(m)

k )

φn−m−2a+2b−2(λ
(n)
j − λ(m)

k )
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=
∏

(m,k)
6=(n,j)





φ2n(λ
(n)
j − λ(m)

k )

φ−2n(λ
(n)
j − λ(m)

k )

∏n−1
a=1

(
φ2a(λ

(n)
j − λ(m)

k )

φ−2a(λ
(n)
j − λ(m)

k )

)2

, for n = m,

φn+m(λ
(n)
j − λ(m)

k )

φ−n−m(λ
(n)
j − λ(m)

k )

φn−m(λ
(n)
j − λ(m)

k )

φ−n+m(λ
(n)
j − λ(m)

k )

·
∏n−1
a=1

(
φn+m−2a(λ

(n)
j − λ(m)

k )

φ−n−m+2a(λ
(n)
j − λ(m)

k )

)2

, for n > m.

(3.6)

Taking the logarithm of the results for the product over internal string rapidi-
ties stated in Eqs. (3.5) and (3.6) and applying the trigonometric identity from
Eq. (2.51), gives

Ξn,2s(λ
(n)
j )− 1

N

∑

m

Mm∑

k=1

Θnm(λ
(n)
j − λ(m)

k ) =
2π

N
I

(n)
j , (3.7)

with j = 1, . . . ,Mn, which are the Bethe-Gaudin-Takahashi equations of the spin-s
chains. The kernels appearing here are defined as

Ξn,2s(λ) =

min(n,2s)∑

l=1

θn+2s+1−2l(λ), (3.8)

while the scattering phase between n- and m-strings is

Θnm(λ) = (1− δnm)θ|n−m|(λ) + 2θ|n−m|+2(λ)

+ . . .+ 2θn+m−2(λ) + θn+m(λ) . (3.9)

The resulting string quantum numbers Inj turn out to be strictly non-repeating,
which will allow for a legitimate construction of all the possible combinations of
string solutions.

The total momentum of a Bethe state (Eq. (2.53)) is extracted from its string
quantum numbers,

P ({λ}) =
∑

n

Mnπ −
2π

N

∑

n,j

I
(n)
j mod 2π . (3.10)

The energy of a Bethe state containing strings is easily computed, following
Eq. (2.54) and adjusting it by summing over the rapidities inside the string,

E({λ}) = −J
2
|φ2(0)|

∑

n

Mn∑

j=1

Ξ′n,2s(λ
(n)
j ) , (3.11)
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where Ξ′n,2s(λ) denotes the derivative with respect to λ.

The approach from this section fails to deal with the effect of string deviations.
In order to treat deviations correctly it will be necessary to include the deviations
in the parameterization of strings, and to reconstruct part of the Bethe quantum
numbers Jj from the string quantum numbers Ij at a future stage, which will be
the theme of Sec. 3.3. However, we will first consider the string configurations that
will occur in the matrix element computations more carefully.

3.2 Classification of states

In this section, we will determine the dimensionality of subsectors of Hilbert space
containing a specific configuration of string solutions, indicated by {Mn}, where
Mn denotes the number of n-strings in a configuration. From the Bethe-Gaudin-
Takahashi string quantum numbers the dimensionality of the solutions of a specific
configuration of strings could be determined, as the Inj are non-repeating. This
yields a general procedure to compute the maximum allowed value of the string
quantum number. The problem reduces consequently to simple combinatorics in
order to determine all possible configurations of non-repeating quantum numbers.

3.2.1 Lower weight states

The isotropic spin chains (∆ = 1) contain a global SU(2) symmetry. The spec-
trum of eigenstates therefore consists of highest weight states within each subsector
labeled by magnetization M , while lower weight states in subsectors with higher
magnetization are constructed by acting with global spin lowering operator S−0 on a
highest-weight state. The properties of these states, such as energy and momentum,
then carry over to the lower weight states in the subsectors with higher magneti-
zation. In Bethe ansatz, the highest-weight states are the Bethe states with only
finite rapidities, while the total spin raising operator S+

0 annihilates the state,

S+
0 |{λ}M−n〉 = 0. (3.12)

Lower-weight states are constructed by acting with the total spin lowering operator
S−0 on a highest-weight state, in Bethe ansatz by adding n infinite rapidities,

|{λ, n∞}M 〉 ∝ (S−0 )n|{λ}M−n〉. (3.13)

Adding infinite rapidities has no effect on the respective scattering terms in the
Bethe equations, such that the set of finite rapidities, momentum and energy do not
change.

Expressions for matrix elements of local spin operators between two Bethe states
consisting of an arbitrary number of infinite rapidities are derived in App. A.
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3.2.2 Limiting quantum numbers

The maximum allowed value of the string quantum number Inj in a specific string
configuration of a highest weight Bethe state is determined by placing one of the
n-strings at infinity. The corresponding quantum number is In,∞ and is calculated
from taking the limit of the Bethe-Gaudin-Takahashi equations for the considered
configuration of strings. The highest possible quantum number for which the cor-
responding string consists of finite rapidities follows from In,∞. For the quantum
numbers of larger strings, it is necessary to subtract In,∞ by the length of the string,
as each rapidity at infinity that has to be placed back into a string with finite rapidi-
ties lowers the maximum allowed quantum number by one. A comment about the
limiting string quantum numbers for two or higher string solutions has been made
in [103]. The maximum allowed Bethe-Gaudin-Takahashi quantum number is given
by In,max = In,∞ − n.

The number of allowed quantum numbers ranging from −In,max until In,max is
given by 2In,max + 1. For a state containing Mn n-strings, the number of possible
distributions of Bethe-Gaudin-Takahashi quantum numbers over Mn available n-
strings is

∏

n

(
2In,max + 1

Mn

)
. (3.14)

These limiting quantum numbers define the dimensions of subsectors of the Hilbert
space containing a specific string content. It simultaneously allows to verify the
admissibility of any given string configuration.

The verification of the admissibility of string states in the XXZ massless case
(|∆| < 1) is a bit more complicated due to the trigonometric nature of the functions
appearing in the Bethe equations, such that the admissibility of a string of length
n becomes a function of the anisotropy ∆. A correct treatment can be found in
Ref. [87], and is omitted here, as we mostly would like to focus on string deviations
for isotropic higher spin chain models.

Completeness of the string classification in both the XXZ and XXX case has been
an important question, as there exist non-trivial manifestations of string deviations,
which in some case completely alter the structure of a string. A few examples of these
overdeviated strings are mentioned in Sec. 3.3.6. However, it has been argued at
many places [87–89,102,104,105] that the classification of the pure string hypothesis
(with all deviations put to zero) still yields the correct counting of states despite the
existence of non-trivial deformations, matching the Hilbert space dimensionality.

The remainder of this section will elaborate on the construction of the antiferro-
magnetic ground state and spinon states for the spin- 1

2 Heisenberg model and spin-1
Babujan-Takhtajan model at zero magnetic field.
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3.2.3 Ground state and spinons in the spin-1
2

chain

The ground state |{λGS}〉 at zero magnetization consists of a set of M = N/2 real
rapidities, characterized by the set of quantum numbers {Jj} = {−N4 + 1

2 , ...,
N
4 −

1
2}.

This set of real rapidities is unique, there are no other possibilities to arrange M =
N/2 real rapidities in this magnetization sector.

The first excitations from the ground state induced by a spin flip are again sets
of real rapidities, with M = N/2 − 1. By taking the limit λ → ∞ in the Bethe
Eqs. (3.1), the maximum allowed value of the quantum number Jmax = J∞ − 1 =
N/4 is determined. This implies there are 2Jmax + 1 = N/2 + 1 possible slots for
the quantum numbers, over which N/2− 1 quantum numbers must be distributed.
This set of excitations is therefore characterized by two holes in the sea of quantum
numbers, named as two-spinon excitations. The dimension of the set of excitations
(for the sector with total spin S = 1, Sz = 1) created in this way is

dimH∆=1
2sp =

(
N/2 + 1

N/2− 1

)
=
N

8
(N + 2). (3.15)

For the regime with ∆ > 1, the correct counting of the two-spinon states
becomes more complex, as the global symmetry becomes of quantum group na-
ture. Building the two-spinon states from the ground state gives the same set of
two-spinon excitations as for the isotropic case. There however exists an addi-
tional set of two-spinon excitations [69], built from the quasi-degenerate ground
state with momentum π, created by an Umklapp from the true ground state,
{Jj} = {−N4 + 3

2 , ...,
N
4 + 1

2}. Avoiding double counting of the excitations created
from the true and quasi-degenerate ground state, the dimension of the two-spinon
excitations for ∆ > 1 is

dimH∆>1
2sp = N2/4. (3.16)

At high ∆, the resulting physics after acting with a spin flip operator on the
ground state becomes dominated by these two-spinon contributions only. We there-
fore restrict ourselves to the subspace of two-spinon states in our further analysis
for ∆ > 1.

Contrary to the limit of high anisotropy, higher spinons contribute for a signif-
icant part of the dynamical structure factor at ∆ = 1. To construct higher spinon
states, one has to consider complex solutions of the Bethe equations.

While for ∆ = 1 at M = N/2− 1 (for S = 1, Sz = 1) the two-spinon states are
formed by all possible sets of real rapidities obeying Bethe equations (3.1), while
the four spinon states contain a two-string, supplemented with real rapidities. In
particular, for these S = 1, Sz = 1 four-spinon states, there are M1 = N/2 − 3
one-strings with maximum string quantum number I1,max = N/4, while there is
M2 = 1 two-string with maximum string quantum number I2,max = 1, giving rise
to

dimH∆=1
4sp = 3

(
N/2 + 1

N/2− 3

)
(3.17)
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possible four-spinon states.

3.2.4 Ground state and spinons in the spin-1 chain

In contrast to the spin- 1
2 antiferromagnetic ground state containing only real ra-

pidities, the ground state of the spin-1 Babujan-Takhtajan chain is conjectured to
consist solely out of two-strings [21, 23]. The bilinear term of the Hamiltonian fa-
vors antiparallel ordering of neighboring spins, while the biquadratic term lowers
the energy when neighboring spins are ordered either parallel or antiparallel. Al-
together this will result in antiparallel ordering in the ground state, which can be
constructed by acting twice with a down spin operator on every other site. This
bound state of two local down spin operators will yield a Bethe ansatz solution of
a sea of two-strings. The low lying excited states can subsequently be realized by
breaking up one or more two-strings into real rapidities or higher strings.

For the ground state in zero field (M = N) consisting of two-strings only, it is
straightforward to show that the total number of allowable quantum numbers is N

2 .

Distributing N
2 two-strings over this available set of quantum numbers yields only

one possible configuration. For the remaining excited states, we must seek for a
different configuration of string solutions.

Two possible excitations for the spin-1 chain were already discussed in Ref. [21],
where the ground state sea of two-strings is perturbed with strings of length re-
spectively one and three. We will extend this reasoning towards higher excitations
which yield relevant contributions to the dynamical structure factor.

In zero field, we can distinguish between two types of important low lying ex-
citations with different total spin. In the first case, we consider excitations with
the same number of rapidities as compared to the ground state, this being in the
sub sector where S = 0, Sz = 0. Secondly, excitations with important contribution
to the dynamical structure factor will have one rapidity removed, thus being the
highest weight states in the S = 1, Sz = 1 subsector. For the contributions to
the transverse dynamical structure factor S−+(q, ω) we only need to consider the
highest weight states of the latter subsector. The longitudinal structure factor will
not directly be interesting in zero field, as Szz(q, ω) is equal to S−+(q, ω) up to a
factor of two due to the global SU(2) symmetry in this particular case. However,
the structure of the important string solutions, including limiting quantum numbers
and dimensionality can be investigated for both kinds of excitations and are given
in Tab. 3.1 and 3.2.

For excitations with S = 1, Sz = 1 containing M = N−1 rapidities, we can build
up the states by breaking up one or more two-strings from the original ground state
configuration. One of the rapidities of the destroyed two-string is removed, while
the remaining rapidity can only become a real rapidity due to the self conjugacy of
the Bethe solutions. The limiting Bethe-Gaudin-Takahashi quantum numbers are
computed easily by the aforementioned procedure, leaving space for two holes in the
sea of quantum numbers, making this the most elementary two-spinon excitation
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2p
1 one-string I1,max = 0

(N
2 + 1
N
2 − 1

)
N−2

2 two-strings I2,max = N
4

4p-I
N−4

2 two-strings I2,max = N+2
4 3

(N
2 + 2
N
2 − 2

)

1 three-string I3,max = 1

4p-II
2 one-strings I1,max = 1

2
3

(N
2 + 1
N
2 − 3

)
N−6

2 two-strings I2,max = N
4

1 three-string I3,max = 1

Table 3.1: Structure of the low-lying excitations for the transverse direction in zero
field M = N − 1, and total spin S = 1, Sz = 1. The right column yields
the total number of possible solutions of this type of excitation.

2p
1 one-string I1,max = 0 ( N

2
N
2 − 2

)
N−4

2 two-strings I2,max = N
4 −

1
2

1 three-string I3,max = 0

4p
N−2

2 two-strings I2,max = N
4 + 1

2

(N
2 + 2
N
2 − 2

)

1 four-string I4,max = 0

Table 3.2: Structure of the low-lying excitations for the longitudinal direction in
zero field M = N , and total spin S = 0, Sz = 0. The right column yields
the total number of possible solutions of this type of excitation.

of the model. The dimensionality of this sector of excitations corresponds to the
two-spinons in the spin half case. By means of the thermodynamic Bethe ansatz,
one can retrieve the two-spinon dispersion law of the Des Cloizeaux-Pearson type
ε(q) = π

2 | sin(q)| [21]. The results from Sec. 4.2 will demonstrate that the form
factors of the two-spinon excitations will provide the dominant contribution to the
dynamical structure factor.

Higher excitations could be constructed by breaking up an additional two-string.
With two removed two-strings, from which three rapidities are placed back, these
remaining three rapidities can either be real, or can be used to construct a three-
string. For the former, an analysis of the limiting string quantum numbers shows
that there are no quantum numbers available. For the latter, this string configura-
tion will give rise to four holes in the two-string sea of available quantum numbers.
Therefore the string configuration with the presence of a single three-string will be
one of the available four-spinon excitations at S = 1, Sz = 1.

Continuing to the case with three removed two-strings from the original ground
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state sea, from which five rapidities are placed back, there are a number of string
configurations possible with the five remaining rapidities. One of them, with a
three-string and two real rapidities completed with a sea of two-strings, gives rise
to four holes in the two-string quantum numbers as well, completing the available
types of four-spinon configurations at S = 1, Sz = 1. These two variations of four-
spinon configurations of strings will lead to the subleading part of the intensity of
the transverse dynamical structure factor.

Tab. 3.1 and 3.2 might straightforwardly be extended by repeating the line of
reasoning of breaking up multiple two-strings from the ground state and placing the
rapidities back in various different string configurations. The limiting string quan-
tum numbers provide for the admissibility of the constructed state. The described
configurations of strings giving rise to the spinon states in the Babujan-Takhtajan
spin-1 chain are consistent with the spinon statistics in spin-s chains introduced in
Ref. [106].

3.3 Parametrization for deviated strings

This section aims to cast the Bethe equations of the isotropic spin-1 Babujan-
Takhtajan chain into a numerically solvable set of real equations describing deviated
string solutions. In the strategy introduced in Ref. [101] for deviated strings in the
spin- 1

2 Heisenberg model, the Bethe equations are manipulated and rearranged in
such a way that they allow for a convergent iterative numerical solving procedure in
order to obtain all string centers and deviations. The results stated in this section
are modifications with respect to this strategy concerning the spin-1 chain. For the
expressions for the spin- 1

2 chain which have been used throughout the computations
in Sec. 3.5.3 and 4.3.1 and Chap. 6, we refer to the original derivation in Ref. [101].

The most important contributions to the dynamical structure factor of the
spin-1 Babujan-Takhtajan chain will include all two-spinon and four-spinon ma-
trix elements with respect to the ground state, see Tab. 3.1. Therefore, the real
parametrization of string deviations shall be derived up to solutions containing a
single three-string and an arbitrary number of real rapidities and two-strings.

The two conjugate rapidities building up a deviated two-string are parametrized
as

λ
(2),±
j = λ

(2)
j ±

i

2

(
1 + 2δ

(2)
j

)
(3.18)

where λ
(2)
j , δ

(2)
j ∈ R are respectively the string center and deviation in the imaginary

direction from the non-deviated string solution. Furthermore deviated three-string
solutions can be parametrized as

λ
(3),±
j = λ

(3)
j + ε

(3)
j ± i

(
1 + δ

(3)
j

)
(3.19)

λ
(3),0
j = λ

(3)
j (3.20)
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where λ
(3)
j , δ

(3)
j , ε

(3)
j ∈ R. Here, a deformation ε

(3)
j of the real part of the outer-

most rapidities with respect to the string center λ
(3)
j must be considered as well, as

rapidities are only constrained to be complex conjugate pairs.
Various expressions for the parameters for deformed string solutions can be ex-

tracted by adding and subtracting logarithmic Bethe equations of two conjugate
roots. A careful treatment of the branch cuts of the addition of two inverse tan-
gents with complex conjugate arguments is essential,

arctan(a+ ib) + arctan(a− ib) = ξ(a, 1 + b) + ξ(a, 1− b) (3.21)

where a, b ∈ R and ξ(ε, δ) is defined as

ξ(ε, δ) = arctan
( ε
δ

)
+ π Θ(−δ) sign(ε). (3.22)

The conventions of values of the step functions evaluated at zero are sign(0) = 0
and Θ(0) = 1

2 , where Θ(δ) denotes the Heaviside step function. Another important
limit is given by limδ→0 ξ(ε, δ) = π

2 sign(ε).

3.3.1 Real rapidities

The parametrized expression for the Bethe equations of one-string rapidities λ
(1)
j

is obtained by applying Eq. (3.21) to the scattering terms of a one-string with two
conjugate roots inside a higher string,

arctan
(
λ

(1)
j

)
=

π

N
J

(1)
j +

1

N

(n=1)∑

k 6=j

arctan
(
λ

(1)
j − λ

(1)
k

)

+
1

N

(n=2)∑

k

[
ξ
(
λ

(1)
j − λ

(2)
k ,

3

2
+ δ

(2)
k

)
+ ξ
(
λ

(1)
j − λ

(2)
k ,

1

2
− δ(2)

k

)]

+
1

N

(n=3)∑

k

[
ξ
(
λ

(1)
j − λ

(3)
k − ε

(3)
k , 2 + δ

(3)
k

)

+ ξ
(
λ

(1)
j − λ

(3)
k − ε

(3)
k ,−δ(3)

k

)
+ arctan

(
λ

(1)
j − λ

(3)
k

)]
. (3.23)

An important step is to link the set of string quantum numbers of the Bethe-Gaudin-

Takahashi equations I
(n)
j to the quantum numbers of the original Bethe equations

J
(n)
j used in the parametrization for deviated strings. This can in general be done

by taking the limit of vanishing deviations δ, ε→ 0 and inserting the Bethe-Gaudin-
Takahashi equations subsequently. In this limit, Eq. (3.23) becomes

J
(1)
j = I

(1)
j −

1

2

(n=3)∑

k

sign
(
λ

(1)
j − λ

(3)
k

)
. (3.24)
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3.3.2 Deviated two-strings

In order to obtain an equation for the two-string root center λ
(2)
j , the corresponding

logarithmic Bethe equations for the two roots inside a two-string must be added
properly according to Eq. (3.21). This identity is to be applied to both the sum
of the free parts of the two Bethe equations as well as all the sums over conjugate
roots within the scattering parts. The result is

ξ
(
λ

(2)
j ,

3

2
+ δ

(2)
j

)
+ ξ
(
λ

(2)
j ,

1

2
− δ(2)

j

)
=

π

N

(
J

(2)
+ + J

(2)
−

)

+
1

N

(n=1)∑

k

[
ξ
(
λ

(2)
j − λ

(1)
k ,

3

2
+ δ

(2)
j

)
+ ξ
(
λ

(2)
j − λ

(1)
k ,

1

2
− δ(2)

j

)]

+
1

N

(n=2)∑

k 6=j

[
ξ
(
λ

(2)
j − λ

(2)
k , δ

(2)
j + δ

(2)
k + 2

)
+ ξ
(
λ

(2)
j − λ

(2)
k ,−δ(2)

j − δ
(2)
k

)

+ ξ
(
λ

(2)
j − λ

(2)
k , δ

(2)
j − δ

(2)
k + 1

)
+ ξ
(
λ

(2)
j − λ

(2)
k ,−δ(2)

j + δ
(2)
k + 1

)]

+
1

N

(n=3)∑

k

[
ξ
(
λ

(2)
j − λ

(3)
k ,

3

2
+ δ

(2)
j

)
+ ξ
(
λ

(2)
j − λ

(3)
k ,

1

2
− δ(2)

j

)

+ ξ
(
λ

(2)
j − λ

(3)
k − ε

(3)
k ,

1

2
+ δ

(2)
j − δ

(3)
k

)
+ ξ
(
λ

(2)
j − λ

(3)
k − ε

(3)
k ,

3

2
− δ(2)

j + δ
(3)
k

)

+ ξ
(
λ

(2)
j − λ

(3)
k − ε

(3)
k ,

5

2
+ δ

(2)
j + δ

(3)
k

)
+ ξ
(
λ

(2)
j − λ

(3)
k − ε

(3)
k ,−1

2
− δ(2)

j − δ
(3)
k

)]
.

(3.25)

The determination of Bethe quantum numbers from string quantum numbers
is again to be derived from the limit with zero deviations and plugging in Bethe-
Gaudin-Takahashi equations,
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The equation for two-string deviation δ
(2)
j might be considered by taking the

difference between the Bethe equations of conjugate roots. It is however both equiv-
alent and more convenient to take the quotient of the original Bethe equations in
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product form,
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The square on the left-hand side of Eq. (3.27) leaves the sign of the two-string de-
viation undetermined. However, from Eq. (3.4) where the two-string is not centered
at zero,

J
(2)
− − J

(2)
+ = Θ

(
δ

(2)
j

)
. (3.28)

Together with the link between the string quantum numbers and Bethe quantum
numbers for deviated two-strings in Eq. (3.26) and the parity of the quantum num-

bers, the sign of δ
(2)
j can be fixed via the Heaviside function in Eq. (3.28). The

correct sequence of the two-strings with respect to the three-strings is however an
unavoidable part of Eq. (3.26) by the presence of the step functions. This can be
provided by iteratively solving the Bethe-Gaudin-Takahashi equations for the non-
deviated string centers and using the results as initial values for the determination

of the sign of the two-string deviations δ
(2)
j .

For symmetric distributions of string quantum numbers and depending on the
parity of these quantum numbers, multiple strings could be centered at the origin.
Therefore we must extend the reasoning of the determination of the sign of deviations
and Bethe quantum numbers described in the previous paragraph to these cases.
For the situations we take under consideration, we might deal with strings centered
at zero for the ground state or two-spinon states.

By the subtraction of Bethe equations of conjugate roots performed to obtain
Eq. (3.4), we now consider the case where Re λ = 0, implying λ = −λ∗. Still
assuming non-coinciding root centers, the self-scattering term between the conjugate
roots again yields a branch cut at Im λ = 1

2 , while the subtraction between the free
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terms yields a branch cut at Im λ = 1 for the spin-1 chain in particular. It might
then be concluded that Eq. (3.28) safely holds for two-strings at zero, assuming

that |δ(2)
j | < 1

2 . Furthermore, symmetric two-spinon states have a two-string as well
as a real-rapidity centered at zero. In this situation, only the difference between
one-string scattering terms needs to be additionally taken into consideration. This
case only yields extra step behavior at Im λ = 1, which once more will not provide
implications on the algorithm.

3.3.3 Deviated three-strings

The sum of the Bethe equations for all roots within a three-string yields an expres-

sion for the root center of a three-string λ
(3)
j ,
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Again taking the limit of vanishing deviations and substituting in the Bethe-Gaudin-
Takahashi equations, we obtain a relation between the three-string quantum num-
bers,
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The remaining three-string deviations δ
(3)
j and ε

(3)
j can be found in the following

way. We will consider the Bethe equations of the outermost complex conjugate roots
of the three-string. The quotient of the corresponding Bethe equations results in the
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modulus squared of δ
(3)
j and ε

(3)
j , while the sum of the logarithmic Bethe equations

yields the argument. The quotient of the Bethe equations for λ
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j and λ
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j is
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while the sum of the logarithmic Bethe equations of λ
(3),+
j and λ

(3),−
j results in
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The values for the three-string deviations are instantly extracted from the modulus
and argument

δ
(3)
j = −|rj | cos θj , (3.33)

ε
(3)
j = |rj | sin θj . (3.34)
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At this moment, the sum J
(3)
+ + J

(3)
− appearing in Eq. (3.32) remains unde-

termined. However, while the parity of the quantum numbers is already known,

Eq. (3.4) yields J
(3)
− − J

(3)
+ = 1 provided that δ

(3)
j > − 1

2 and λ
(3)
j 6= 0. The former

and the latter property fixes the evenness or oddness of J
(3)
+ + J

(3)
− , while the argu-

ment is defined modulo 2π. It is therefore sufficient to only determine whether the
sum of the two quantum numbers is even or odd.

3.3.4 Iterative solving procedure

At this stage, all required initial conditions for a convergent algorithm on the Bethe
equations including string deviations are set. The Bethe equations are parametrized
for string centers and deviations in such a way that they are amenable to an iterative
algorithm. The numerical strategy might be summarized as follows. We start off
with a state defined from the Bethe-Gaudin-Takahashi string quantum numbers,
which form the starting position to solve the Bethe-Gaudin-Takahashi equations
iteratively. These non-deviated string solutions set the initial conditions and the
signs of the two-string deviations for the succeeding iterative procedure, where the
full parametrization of the Bethe equations in terms of string centers and deviations
is to be solved.

Figure 3.1: Left: Two-string deviations for the ground state for the innermost (δmin)
and outermost (δmax) two-string respectively, obtained by the iterative
procedure on string deviations. The solid line corresponds to δGS(λ)|λ=0

from Eq. (3.35). Right: Relative comparison of two-string deviations
between results from numerics and analytic predictions.

The results of the iterative procedure might be compared to previous analytic
predictions for the two-string deviations in the ground state. The first available
analytical method is based on an adaptation of the Euler-Maclaurin formula applied
to the Thermodynamic Bethe ansatz for spin-1 [107], while the second method is
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a result of nonlinear integral equations for the spin-1 ground state [108]. Both
approaches give an identical prediction up to order 1/N for the two-string deviations
of the ground state as a function of the string center λ,

δGS(λ) =
ln 2

4π

1

Nσ(λ)
=

ln 2

2πN
cosh(πλ) (3.35)

where σ(λ) is the density of two-strings in the thermodynamic limit.
Fig. 3.1 (left) shows the results on deviations of the innermost and outermost

two-string as a function of system size. For the innermost two-string, the data
reflects the 1/N behavior of the deviations. However, the outermost two-strings
show persistently constant deviations at δ = 0.0466 independent of system size.
This constant deviation corresponds to the value found in Ref. [109].

Fig. 3.1 (right) makes a relative comparison between the ground state deviations
obtained by our numerical method and Eq. (3.35) as a function of the root center
λ for fixed system size. Only the bulk of the two-strings shows a good equivalence
to Eq. (3.35), however there still remains a significant difference.

For short chains, rapidities of all states including string deviations are stated
in Sec. 3.4 as a result of the numerical method described in this section. For the
energies of all the Bethe states, we find perfect agreement with exact diagonalization
of the Hamiltonian for small system sizes. For larger system sizes, the algorithm
described throughout this section enables us to solve the Bethe equations for the
complete spectrum of two-spinon and four-spinon states. These results will be used
in the computation of the dynamical structure factor in Sec. 4.2.

3.3.5 Singular states

Special attention needs to be given to the behavior of the deviations of three-strings
for symmetric distributions of all string quantum numbers. We focus merely on the
states containing one three-string at most as they are of interest for the four-spinon
states. For a three-string centered at zero and a symmetric distribution of the

remaining quantum numbers of other strings, the deviation along the real axis ε
(3)
j

must vanish due to the symmetry, while Eq. (3.31) allows δ
(3)
j = 0 simultaneously.

In this case the Bethe equations for the three-string become singular. The existence
of such singular solutions is similar to the spin- 1

2 case, where the Bethe equations
however become singular at λ = ± 1

2 i. It has been argued analytically [101] that
the matrix elements of singular states must vanish. Our spin-1 results will provide
numerical evidence for this statement.

Away from the singular solution at zero root center, but still for small deviations,
(rj)

2
in Eq. (3.31) becomes exponentially small in system size. This scaling implies

that for small root centers, three-string deviations are exponentially suppressed with
system size. For root centers far away from zero, the three-string deviations remain
large. The size of the deviations will yield numerical problems in the evaluation of
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the matrix elements exponentially close to the singularities. In general this difficulty
is overcome in the spin- 1

2 case by regularizing the matrix element expressions. With
large two-string deviations and either small or large three-string deviations within
a Bethe state, the regularization of the different behavior for the strings in this case
needs to be treated with special attention in Sec. 3.5.

Another special class of solutions emerges among the two-spinon excitations in
the S = 0 subsector, see Tab. 3.2. A symmetric distribution of quantum numbers in
this case with a three-string and a single one-string located at zero, provides a prob-
lem for the singular three-string solution at zero. Coinciding rapidities in general
lead to vanishing Bethe vectors, but whenever different string quantum numbers
coincide at zero, string deviations usually regularize these cases. However, in this
case the three-string deviations vanish, and the one-string and real rapidity from
the three-string coincide, forming an exceptional solution to the Bethe equations.
It has been argued that this class of solutions, however, yields a non-zero Bethe
vector [110]. We will again provide numerical evidence that the matrix elements of
these exceptional singular states vanish.

3.3.6 Exotic states

Several situations exists where large deviations fundamentally alter the structure
of a string solution. In the two-particle sector, for large root centers, deviations
are large as well. For narrow pairs of conjugate roots with high quantum numbers
close to the limiting quantum numbers, the string deviation can become so large
that the rapidities hit the real axis, and start deviating on the real axis. As such,
the two-string is effectively split up into two one-strings, and is also known as a
collapsed two-string. These states emerge from N = 21 onwards [111] for spin- 1

2 ,
and from N = 11 onwards for spin-1.

Whenever overdeviated narrow pairs of two-string rapidities are encountered (if

the deviation iterates towards δ
(2)
j = − 1

2 ), the Bethe quantum numbers J± of the
two-string are transferred over to a pair of one-strings, and are calculated in the
deviated string parametrization as if they were one-strings. In this way, collapsed
two-strings can readily be included in all computations.

Another class with special behavior of string deviations is encountered when
two string quantum numbers coincide at zero at a parity symmetric set of quantum
numbers, an example which has already been given for the spin-1 chain in the
previous subsection, Sec. 3.3.5. Similarly, one could consider a coinciding one-string
and three-string in the spin- 1

2 model. In this case, only the two-strings have singular
behavior at the origin, such that the real rapidities of the coinciding one-string
and three-string will push each other apart symmetrically on the real axis. The
structure of these colliding strings could be captured by a different parametrization,
giving a convergent iterative root solving procedure [101]. However, when matrix
elements are computed involving these states, divergencies in the determinants might
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arise as the the two real rapidities become close to each other. These divergencies
can however be resolved as long as the numerical precision of the computation is
sufficiently high [6].

Further insights on exotic configurations of overdeviated string states were pos-
sible after the application of a solving method for the Bethe equations based on
homotopy continuation [112]. In the supplementary materials of Ref. [112], tables
of all rapidities of all solutions to the Bethe equations at N = 12 have been given,
in which a few very interesting examples of overdeviated string states have been
encountered. The examples that will be discussed below were not obtained through
the iterative method [101].

One of the examples consists of the state with coinciding two-string and four-
string quantum numbers at zero, being an example of colliding even strings. The
two-string at zero is a singular solution to the Bethe equations, but the results from
Ref. [112] still yield solutions with the two-string and four-string pushing each other
away from the origin, giving six non-coinciding roots. This is in contrast to the spin-
1 exceptional solution, where the rapidities of the colliding one-string and singular
three-string stayed on top of each other, leading to coinciding roots at zero. Why
the exact coincidence of the roots of the singular strings occurs in the spin-1, while
it does not occur in the spin- 1

2 model, is still an open question.

An additional insight from the tables of complex roots produced by the homotopy
continuation root solving method contains deviations in the imaginary direction for
a colliding one-string and three-string for a special combination of non-zero string
quantum numbers in the presence of another two-string. These imaginary deviations
have been noticed by Ref. [113], where it has been argued that the individual string
constituents become non-selfconjugate. The full solution to the Bethe equations
however remains self-conjugate, while the center rapidity of the three-string becomes
imaginary, yielding an individually non-selfconjugate string. This state could be
obtained by an iterative solving procedure by adopting the right parameterization
consisting of a string deformation in the imaginary direction for the one-string and
the three-string.

3.4 Matrix elements with arbitrary precision

The sum of all included matrix element contributions (irrespective of their energy
and momentum) provides a quantitative measure on the quality of the computed
dynamical structure factors. A comparison with an analytic expression for the
integrated density of the dynamical structure factor in Eq. (1.6) yields a saturation
value for the sum rule of the corresponding computation,

taā ≡
∫ ∞

−∞

dω

2π

1

N

∑

q

Saā(q, ω) = 〈SaSā〉c. (3.36)
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In this section, we will show that the sum rules can be saturated to 100% up to
arbitrary precision when all string deviations of all Bethe states are taken into
account properly.

3.4.1 Sum rules

For the various structure factors the integrated densities are

t±∓ = 〈S±S∓〉, (3.37)

tzz = 〈SzSz〉 − 〈Sz〉2, (3.38)

where the expectation values and spin operators are written in the single spin basis.
The sum rules can therefore be evaluated by using the relevant spin-s representation
for the spin operators. In the spin- 1

2 representation of local spin matrices, by using
S±S∓ = 1

2±S
z, the sum rules of the dynamical structure factors of the (anisotropic)

spin- 1
2 Heisenberg model are, at finite magnetic field,

t±∓ =
1

2
± 〈Sz〉 =

1

2
±
(

1

2
− M

N

)
, (3.39)

tzz =
1

4
− 〈Sz〉2 =

1

4
−
(

1

2
− M

N

)2

. (3.40)

In the spin-1 representation of local spin matrices the relation S−S+ = 2 −
SzSz − Sz holds, from which follows

t±∓ = 2− tzz − 〈Sz〉2 ± 〈Sz〉. (3.41)

Unfortunately, it is not possible to derive sum rules for each structure factor inde-
pendently from each other in finite field. However, for zero field simplifications can
be made. Due to the spin rotational symmetry, the structure factors in the trans-
verse and longitudinal direction become equal up to a factor of two, tzz = 1

2 t
−+,

such that

t−+ = t+− =
4

3
, tzz =

2

3
. (3.42)

The sum rule of the matrix elements is calculated by integrating over the expres-
sion for the dynamical structure factor with the resolution of the identity inserted
in Eq. (1.11),

taā =
1

N

∑

α

∣∣F aq ({λGS}, {α})
∣∣2, (3.43)

while F aq ({λ}, {µ}) is computed from Eqs. (2.82), (2.97), (2.127) or (2.139) respec-
tively.

The sum rules serve as an important quantitative check on the performed com-
putations. For small system sizes when all states and string deviations are included
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in the computations, the sum rules should be saturated exactly. In practice, this
means in a numerical procedure a saturation up to arbitrary (machine) precision.
For large system size computations, sum rules serve as a quantitative measure of the
saturation of the truncated sums over matrix elements, as it is not possible to include
all states of the exponentially large Hilbert space anymore in the summations.

All contributions in the summand of Eq. (3.43) are positive. An overshoot of
the sum rule therefore indicates erroneous matrix element contributions, which for
example can occur when the string deviations are neglected for the two-string ap-
pearing in the four spinon excitations of the spin- 1

2 chain. An example of this
erroneous sum rule overshoot (and its solution) will be covered in Sec. 3.5.3.

3.4.2 Arbitrary precision computations

When including all states including all string deviations, the sum of all matrix
elements must be exactly equal to sum rule (3.42). In this section, we solve the
Bethe states of the spin-1 chain up to arbitrary high precision including all string
deviations by the method described in Sec. 3.3, while determinants of the matrix
elements will be computed to the same high precision as well. At this point, the full
complex rapidities appearing inside a string can simply be plugged into Eqs. (2.127)
and (2.139), where we do not need to worry about singularities in the determinant
if string deviation is small. These effects are not a problem at this stage since the
precision of the numerics is arbitrarily high. For the computations, we make use of
the arbitrary precision computation library ARPREC [114].

The saturation for the matrix element contributions of several types of Bethe
states have been computed for small system sizes, for zero field as well as finite field.
For the latter, matrix element contributions for both the longitudinal and transverse
dynamical structure factor have been computed, while matrix element contributions
from lower weight states (see App. A) must be included as well. In both cases, we
saturate the available sum rules to exactly 100% up to arbitrary precision making
use of the ARPREC algorithm.

State t−+

1 one-string

1 two-string
1.3298902414257309778968260082398925737462210732701764927080799842

1 three-string 0.0034430919076023554365073250934407595871122600631568406252533493

Table 3.3: Spin-1 chain at N = 4 and zero field, stating the transverse sum rule
saturation of all Bethe states with distinct string configurations. t−+ =
4
3 .

In Tab. 3.3-3.6, sum rule saturation results are stated up to 64 digits for 4 and 6
lattice sites, for all Bethe states within a specific string configuration. Without the
correct treatment of string deviations, this exact saturation would not have been
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State t−+

1 one-string 0.6846990312590646393713079482707358515307377231873608519159514473

State tzzHW

2 one-strings 0

1 two-string 0.4511844635310912540668073936841415065474726562814123394313899782

Table 3.4: Spin-1 chain at N = 4 and finite field, M = 2, stating the sum rule
saturation of all Bethe states with distinct string configurations. The
contribution of lower weight states is incorporated in the sum rule.
tzzHW = 5

4 −
7
6 t
−+.

State t−+

1 one-string

2 two-strings
1.3255257488748488860163283692758424230579681706120362031941046259

1 two-string

1 three-string
0.0075055971882272731525334425805834021031872300622757573898167819

2 one-strings

1 three-string
0.0002622186877160566127125335739058592402906351705930607556314381

1 one-string

1 four-string
0.0000397543061725485159834550328504808640766215971193428953405972

1 five-string 0.0000000142763685690357755328701511680678106758913089690984398903

Table 3.5: Spin-1 chain at N = 6 and zero field, stating the transverse sum rule
saturation of all Bethe states with distinct string configurations. t−+ =
4
3 .

possible. The exact sum rule saturation of our computations completes a consistency
check on the algorithm.

Furthermore, we provide numerical evidence for the statement that matrix ele-
ments of singular pair states vanish [101]. We saturate the sum rule to identically
one, where all matrix elements of singular pair states were not taken into account,
implying that their contributions must vanish identically. By the same token, we
can imply that matrix elements of exceptional solutions to the Bethe equations for
spin-1 vanish as well.

One exceptional solution to the Bethe equations is within the states containing
one one-string and one three-string in Tab. 3.6, where for the symmetric state the
two real rapidities coincide. The saturation of the sum rule of the remaining states
to identically 100% indicates that the matrix element of the exceptional state must
vanish.

In this section, we showed that the sum rules of the dynamical structure factor
computations can be saturated to 100%, up to arbitrary precision. This example
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State t−+

1 one-string

1 two-string
0.9114222449196104572254525102473452066445024764065529440308002752

3 one-strings 0.0004074719549408679440733606676982892360610948842848397581256742

1 three-string 0.0002114163546684467910556012520301073762100126243669746431148786

State tzzHW

2 one-strings

1 two-string
0.0002848110766734939157393853106721216300909654070606992945276071

2 two-strings 0.4814244133454303130164163967970538203043691866313212111429643782

1 one-string

1 three-string
0.0097493792684611458741399625435615923330214237710012341463743817

1 four-string 0.0000489630975675354619147600426821508218381318451001928009748890

Table 3.6: Spin-1 chain at N = 6 and finite field, M = 4, stating the sum rule
saturation of all Bethe states with distinct string configurations. The
contribution of lower weight states is incorporated in the sum rule.
tzzHW = 14

9 −
7
6 t
−+.

showed the sum rule saturation for the spin-1 chain, but similar results can be
obtained for the spin- 1

2 chain and other integrable higher spin chains as well. The
tables showed the results for 64 digits, but in principle can be easily scaled up to
arbitrarily high precision. This exact saturation of the sum rules is only possible if
all string deviations are included correctly in the Bethe states as well.

3.5 Matrix elements with reduced determinants

For Bethe states containing deviated string solutions to the Bethe equations, the
full complex rapidities enter directly in the matrix element expressions of the local
spin operators. This leads however to divergencies in the determinant expressions
for small string deviations. Likewise, rows and columns in H-matrix become equal
up to leading order, leading to indeterminacies in the expressions. High precision
is needed to compute these determinants with full deviated string solutions, if the
deviations become small. Computing Bethe states and the relevant determinants is
a computationally demanding task to perform at high precision. We therefore wish
to absorb any arising divergencies analytically for deviated strings.

For pure string solutions, these divergencies can be absorbed by rearranging the
determinants of the Gaudin matrix and H-matrix [115, 116]. However, with these
rearrangements, all string deviations are neglected, while we encounter situations
where we still would like to include the string deviations. For example, for the four-
spinon excitations of the spin- 1

2 chain (consisting of a single two-string supplemented
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with real rapidities), the two-string deviation is exponentially small for small root
centers, while the deviations are large away from the origin.

For the spin-1 chain as elaborated in Sec. 3.3, we encounter equivalent behavior
for Bethe states with exponentially small deviations for the three-string with small
root center, while the remaining two-strings still have fairly large deviations. A
straightforward generalization of the reduced determinants for the spin- 1

2 chain [116]
is not sufficient, as the effect of the remaining important deviations would be ne-
glected.

We therefore aim to remove singularities from the determinants and prefactors
present in the matrix element expressions for small string deviations, while keeping
track of the effect of the algebraically large deviations of the other strings in a single
Bethe state.

3.5.1 Reduced Gaudin determinant

The singularities present in the norm of the Bethe states can be extracted from the
Gaudin determinant as follows. The Gaudin matrix can be written as

Φab = δab


da −

∑

k 6=a

oak


+ (1− δab)oab, (3.44)

where

da = N∂λaθ2s(λa), (3.45)

oab = ∂λaθ2(λa − λb). (3.46)

The scattering terms of adjacent roots inside a string will cause the divergences

oa,a+1 = (δa+1 − δa)−1 +O(1). (3.47)

We will consider the general case, where we perform the reduction of a single
n-string, while keeping the other string deviations finite. The first step is to add
the first n − 1 rows to the nth row and then add the first n − 1 columns of the
resulting matrix to the nth column. The internal scattering terms within the string
will cancel by performing the additions and therefore the divergent oa,a+1 terms are
not present in the nth row and column. The determinant will not change under this
addition. The nth-row and column are now given by

Φan = Φna =





da −
∑M
k=n+1 oak for a < n,

∑n
l=1

[
dl −

∑M
k=n+1 olk

]
for a = n,

∑n
l=1 oal for a > n.

(3.48)
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The first (n − 1) x (n − 1) block of the Gaudin matrix up to leading order only
contains the divergent self-scattering terms

det Φs0 =

n−1∏

a

(δa+1 − δa)−1. (3.49)

The reduced Gaudin determinant is given by the remaining entries after cutting off
the first n− 1 rows and columns

Φr
ab =

( ∑n
l=1

[
dl −

∑M
k=n+1 olk

] ∑n
l=1 olb∑n

l=1 oal Φ̃ab

)
. (3.50)

Using the same logic as in the derivation of the Bethe-Gaudin-Takahashi Eqs. (3.7),

n∑

l=1

[
dl −

M∑

k=n+1

olk

]
= N∂λ(n)Ξn,2s(λ

(n))−
n∑

l=1

M∑

k=n+1

∂λlθ2(λl − λk), (3.51)

where λ(n) is the root center of the string and λj are taken as the rapidities inside
the n-string with zero deviations. This situation assumed the presence of only one
reduced string with exponentially small deviations, but it can easily be extended to
multiple reduced strings. The scattering terms between two reduced strings must

then be replaced by their Bethe-Gaudin-Takahashi equivalents Θnm(λ
(n)
j − λ(m)

k ).
The remaining rapidities outside the reduced n-string can still be entered in this
expression including their string deviations. The divergences of the n-string with
exponentially vanishing deviations are now extracted from the determinant using
the explained reduction,

det Φ = det Φr
n−1∏

a

(δa+1 − δa)−1. (3.52)

The divergent product will cancel against the divergences in the products present
in the prefactors of the matrix elements.

The fidelity of the reduction of the determinant for deviated string solutions
could be verified by comparing to arbitrary precision computations of the determi-
nant for various values of two-string deviations, both small and large. We therefore
construct a Bethe state with varying system size and M = 4, consisting of two
real rapidities and one two-string, with the two-string center away from the origin.
Fig. 3.2 (left) shows the deviation of the two-string as a function of the system size
N , computed by solving the Bethe equations for these states. The range of N is
taken such that we have both large and small two-string deviations.

Subsequently the norms of the Bethe states are computed from the Gaudin
determinants, both with arbitrary precision and full two-string deviations taken
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Figure 3.2: Bethe states with M = 4, two one-strings and one two-string, for various
system size. Left: deviations of the two-string as function of system size.
Right: comparison of the Gaudin determinant 1 − arprec

red , with arprec
computed with arbitrary precision, and reduction with double floating
point precision.

into account, and by the reduced Gaudin determinant with double floating point
precision (16 digits), where the deviation is put to zero in the reduced determinant
computation.

The arbitrary precision result is obviously the result which is always fully correct,
as we take the precision high enough to compute the divergent terms in the matrix
elements. In practice, for the state with the smallest deviations at δ(2) = 10−80, the
computation is performed with 100 digits.

Fig. 3.2 (right) shows the relative difference between the arbitrary precision de-
terminants and reduced determinants. For very small two-string deviations, both
approaches yield almost equal norms, as the two-string deviation that is being ne-
glected by the reduction scheme was very small in the first place. However, the error
becomes much larger for larger deviations, meaning important contributions from
the two-string deviations are thrown away if the string deviation is neglected. This
might have implications on the computations of observables, for which a drastic
example is shown in Sec. 3.5.3.

3.5.2 Reduced H-determinant

The H-determinant becomes indeterminate, as columns become equal to leading
order as deviations get exponentially close to zero. A similar rearrangement must
be applied to these determinants as well,
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Hab({µ}, {λ})

=
1

φ0(µa − λb)


∏

j 6=a

φ2(µj − λb)−
[
φ−2s(λb)

φ2s(λb)

]N ∏

j 6=a

φ−2(µj − λb)


 (3.53)

=
1

φ0(µa − λb)


∏

j 6=a

φ2(µj − λb) +
∏

k

φ−2(λb − λk)

φ2(λb − λk)

∏

j 6=a

φ−2(µj − λb)


 (3.54)

= K+
abG

+
b +K−abG

−
b

F̃−b
F̃+
b

, (3.55)

where

K±ab = φ−1
0 (µa − λb)φ−1

±2(µa − λb), (3.56)

Gcb =
∏

1≤k≤M

φ2c(µk − λb), (3.57)

F̃ cb =
∏

1≤k≤M

φ2c(λb − λk), (3.58)

F cb =
∏

k 6=b−c

φ2c(λb − λk). (3.59)

By substituting the Bethe equations in Eq. (3.53), the expression for the H-matrix
is now identical to that in the spin- 1

2 case. The derivation of the reduced H-matrix
goes along exactly the same lines [116],

Hr
ab = K−ab if b < n, (3.60)

Hr
an =


F

0
0F

0
1

G0
n

n∏

j=2

G0
j




n∑

b=0

G0
bG

0
b+1

F 0
b F

0
b+1

[
(δb0 + δbn − 1)Lab + (δb0 + δbn)K−ab

]
, (3.61)

where Lab = ∂µK
−
ab and we adopt a notation which includes the non-root values of

the b = 0 and b = n + 1 elements of a string solution. The other columns of the
H-matrix remain unchanged for strings with finite deviations. The rapidities of the
reduced strings are simply the rapidities of the non-deviated string. In the presence
of a single reduced n-string,

Hr
ab =





K−ab if b < n,

Hr
an if b = n,

Hab otherwise.

(3.62)
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For the H−-matrix for spin-1, the last column remains unchanged as well,

H−,rab =

{
Hr
ab if b < M,

2s φ−1
2s (µa)φ−1

−2s(µa) if b = M.
(3.63)

In the corresponding matrix elements, the determinants should be replaced by
their reduced versions, and the divergent prefactors arising from scattering terms
between adjacent roots inside a reduced string should be left out. The scheme from
this section is encoded in the algorithm by flagging an individual string with a
boolean value if the string deviation is smaller than a set threshold. The algorithm
then takes care to use to correct expressions absorbing and canceling the divergencies
in the determinants for individual strings, while other string deviations in the Bethe
states are still included.

3.5.3 Spin-1
2

sum rule saturations

The presence of a two-string in the four-spinon Bethe states raises the question

whether the deviations δ
(2)
j of the string hypothesis in Eq. (3.3) could be neglected

in the dynamical structure factor computations for the spin- 1
2 chain. At zero field, a

summation over all two-spinon states supplemented with all four-spinon states (ne-
glecting two-string deviations) overshoots the sum rule, implicating that neglecting
all deviations leads to erroneous results. Fig. 3.3 shows this overshooting of the sum
rule when the two-string deviations are put to zero (the pure string hypothesis) for
various system sizes.

String deviations are handled more carefully by introducing a real parametriza-

tion for the two-string rapidities in terms of the two-string center λ
(2)
j and two-string

deviation δ
(2)
j , and solving Bethe equations (3.1) iteratively in this parametriza-

tion [101]. For small rapidity two-string centers, the deviations are exponentially
vanishing in system size, while for two-string centers away from zero, the deviations
can take on larger values.

For small string deviations, the determinant expressions become divergent. The
reduced forms of the determinants of Eqs. (3.52), (3.62) and (3.63) ensure cancella-
tion of these divergencies, which however comes at the price of neglecting the string
deviations. In order to handle both large and small two-string deviations, we adopt
an algorithm where reduced expressions in terms of the string center are used when-
ever the string deviation is small, while for large string deviations the rapidities of
the deviated string are inserted directly into the original determinant expressions.

We compute the two-string deviations for all four-spinon states and compute the
matrix elements using the aforementioned scheme, keeping track of the deviations

in the determinants whenever |δ(2)
j | > 10−8. With this method, the sum rule of

all two-spinon and four-spinon contributions is saturated by 99.98% at N = 100,
implying the absence of erroneous contributions which were present when deviations
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Figure 3.3: Sum rule saturations as a function of system size for the dynamical
structure factor computation for the isotropic spin- 1

2 chain at zero field,
including all two-spinon and four-spinon Bethe states, showing the com-
putation where all two-string deviations of the four-spinons are neglected
(pure string hypothesis), along with the results of the scheme keeping
track of all large string deviations, and absorbing the divergencies due to
small string deviations analytically for deviations |δ(2)| < 10−8. For the
former, the sum rule is clearly overshot, while for the latter, it remains
underneath 1 perfectly.

were neglected. Fig. 3.3 furthermore shows the resulting sum rule saturations of this
computational scheme including two-string deviations remains safely below 100% for
all two-spinon and four-spinon states.

3.6 Conclusions

In this chapter, spinon Bethe states have been classified in terms of their string
configurations, for the spin- 1

2 Heisenberg model and the spin-1 Babujan-Takhtajan
model, while expressions have been derived to numerically calculate these Bethe
states including all deviated strings as well. Moreover, we described a computational
scheme based on the algebraic Bethe ansatz to evaluate the determinant expressions
for matrix elements of local spin operators between two Bethe states with deviated
string solutions for integrable spin-s chains, obtained in Chap. 2.

The original, full form of the matrix elements expressions are used within this
scheme whenever the deviations are large. However, when deviations are small,
divergencies and indeterminacies in the determinants need to be either absorbed
analytically, or computed with much higher numerical precision. In this chapter,
we have shown that analytical removal is more efficient, a method which resorts to
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reduced determinant expressions. Reduced determinants are computed with usual
double floating point precision, such that the computationally demanding arbitrary
precision is not needed. With double floating point precision for the evaluation
of the determinants, the threshold for reducing a string is for deviations around

|δ(n)
j | = 10−8. It must be noted that reduction is possible for individual strings in

a single Bethe state, such that other string deviations within this Bethe state can
still be taken into account.

When including all relevant Bethe states and deviations, the sum rules must
be saturated exactly by the matrix element summations. We showed that this is
the case for small system sizes up to arbitrary precisions for the Bethe states with
deviated strings computed in this chapter. On the other hand, for large system size
computations, sum rules provide for a quantitative measure on the truncation of the
sum over matrix elements.

The importance of our method of handling string deviations in matrix elements
was outlined by the two-string deviations arising in the four-spinon contributions to
the transverse dynamical structure factor of the spin- 1

2 Heisenberg model. When all
deviations are neglected (which is the case for the pure string hypothesis), it leads to
an overshoot of the relevant sum rule, which indicates erroneous contributions from
the neglected string deviations. When the string deviation is computed accordingly,
the saturation remains safely below 100% when including all two- and four-spinon
contributions.

For the Babujan-Takhtajan spin-1 model, the majority of the rapidities in the
low-lying excitations from the ground state are arranged in strings, for which the
two-strings generally contain algebraically small deviations. The optional string
reduction scheme from this chapter is therefore imminent for the three-strings, as
they can become exponentially small for small root centers, similar to the two-strings
in the spin-1

2 chain.
The procedure outlined in this section therefore allows for the computation of

matrix elements between Bethe states, including the effects of both small and large
string deviations.



Chapter 4

Spinon dynamics

The existence of fractionalized collective excitations is one of the most interesting
features of quantum many-body physics. In antiferromagnetic quantum spin chains,
examples of such collective modes are generally known as spinons [62], which are
fractionalized spin- 1

2 excitations created pairwise by spin flips on the antiferromag-
netic state. The exact eigenstates are obtained by the Bethe ansatz [16, 18, 83] as
plane waves of magnons with amplitudes derived from their scattering phases, see
also Sec. 1.3. In this context, spinons are the hole-like modes in a sea of interacting
magnons at zero field and can be pictured in real space as propagating domain walls
in the local antiferromagnetic ordering of the spins.

Experimentally, spinon physics is demonstrated in inelastic neutron scatter-
ing [43–49] on quantum spin chains near zero temperature. The incoming neutron
interacts with the magnetic moments of the (quasi) one-dimensional spin chain ma-
terial, without influencing the electronic structure due to its neutral charge. The
differential cross section of the scattering neutrons is directly related to the dynam-
ical structure factor [51, 52], see Eq. (1.6). The dynamical structure factor has the
shape of the (multi-)spinon continua, while the value of the correlation corresponds
to the intensity. The dynamical structure factor therefore serves as an important
connection between theory and experiments, see also Sec. 1.2.

The goal of this chapter is twofold. First, we will elaborate on the computa-
tional strategy for dynamical structure factors based on the algebraic Bethe ansatz.
The results for matrix elements including string deviations from Chap. 3 will find
their first application in the computation of the dynamical structure factor of the
Babujan-Takhtajan spin-1 chain, based on summations over spinon states. This part
of the chapter in based on results published in Ref. [1]. Second, we apply our strat-
egy of matrix element summations from algebraic Bethe ansatz to computations of
the local magnetization in real space. This will allow to show the spatial behavior
of spinons in the anisotropic spin-1

2 Heisenberg model and the Babujan-Takhtajan
spin-1 chain. The latter is based on results published in Ref. [3].

79
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4.1 Dynamical structure factor computations

By inserting a resolution of the identity in Eq. (1.6), the spin-spin correlation in
the dynamical structure factor becomes a sum over matrix elements of a single spin
operator with the ground state and an excited spinon state, see Eq. (1.11). This
algebraic Bethe ansatz based computation of the dynamical structure factor further-
more relies on determinant expressions [91, 92, 95, 97] of matrix elements in terms
of the rapidities of the Bethe states. The employment of this method constitutes
the main theme of this thesis, which fundamentals has been discussed elaborately
in Chap. 2 and 3.

By summing over the matrix elements of spinon states, many properties of the
dynamical structure factor have previously been evaluated for the Heisenberg an-
tiferromagnet at finite system size [117–119], including the effects of anisotropic
interactions [116] and the presence of a magnetic field [120, 121]. In this chapter,
we add the computation of the dynamical structure factor of the spin-1 Babujan-
Takhtajan model to this list, as well as computations of the time evolution of spinons
in real space from computation of the local magnetization profile.

The goal of this section is to give an example computation for the transverse dy-
namical structure factor of the spin- 1

2 isotropic Heisenberg model, following Eq (1.11).
On top of the explanation of the main method of retrieving dynamical structure
factors from algebraic Bethe ansatz, we furthermore present an idea to reduce the
computational effort needed by interpolating the matrix elements based on the holes
of the two-spinon quantum numbers, instead of computing the full spectrum of two-
spinon excitations.

The insertion of a resolution of the identity in the spin-spin correlation induces a
summation of the size of the dimension of the Hilbert space, which is exponentially
large in system size. However, the ability to pick the most contributing spinon
states based on their matrix element values keeps this strategy viable. Sum rules
provide a quantitative measure on the truncation of the summation over spinon
states. Practically, it is not necessary to include all intermediate states to achieve
high sum rule saturations well beyond 99%. Usually, at zero field, two- and four-
spinon excitations are sufficient for high saturation.

The ABACUS routine [78] consists of an adaptive scanning algorithm through
the Bethe states, to identify the most relevant matrix elements. High saturations
are achieved within relatively short computation times, as the less relevant states
are not computed by the adaptive scanning algorithm.

A remarkable general property of the Bethe ansatz is that all Bethe states can be
obtained exactly and independently from each other based on defining the quantum
numbers of a state. The Bethe ansatz computation of each individual element of
the matrix element summations is “embarrassingly parallel”, which allows for the
employment of massive parallelization schemes on computer clusters, in principle
allowing to include a massive amount of matrix elements in the summations.

The classification of the important spinon excitations used in the computations
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throughout this chapter are given in Sec. 3.2.3 for the spin- 1
2 Heisenberg model

and Sec. 3.2.4 for the spin-1 Babujan-Takhtajan model. Fig. 4.1 shows the typical
quantum number distribution of two-spinon states.

| ◦ • • • • • • • • • • • • • • ◦|
| • • ◦ • • • • • • • • ◦ • • • •|

Figure 4.1: Quantum numbers {J2-sp
j } of two example two-spinon states, repre-

sented by the filled black dots, also denoted by just specifying the lo-
cation of the two holes {q0, q1}. The state on top is considered as the
starting point of the scanning between two-spinon states, while the lower
state is an example of all the states that can be constructed by taking
all combinations of moving the holes inside the sea.

Once the Bethe equations are solved starting from the quantum numbers of
a spinon state, the momentum and energy are readily obtained by evaluation of
Eqs. (3.10) and (2.116) (Eq. (3.11) for reduced strings) respectively. The matrix
elements for the spinon state with the ground state of the Fourier transformed spin
operator Saq = 1√

N

∑N
j=1 e

iqjSaj are calculated using the matrix elements derived in

Chap. 2. The normalized transverse form factor in momentum space for two Bethe
states {µ}M and {λ}M−1 appearing in Eq. (1.11) is given by the Fourier transform
of Eq. (2.127) as

|F−q |2 = Nδq,qλ−qµ

M∏

j=1

|φ−2s(µj)|2
M−1∏

j=1

|φ−2s(λj)|−2

j 6=k∏

j,k

|φ2(µj − µk)|−1

·
j 6=k∏

j,k

|φ2(λj − λk)|−1 |detH−({µ}, {λ})|2

||{µ}|| ||{λ}||
, (4.1)

where ||{λ}|| = |det Φab({λ})| and the H−-matrix is given by Eq. (2.128).

Going beyond the implementation of the ABACUS routine, we include devia-
tions of string solutions whenever encountered. Relevant determinant reductions
for strings with small deviations are included in order to analytically absorb arising
divergencies, following Chap. 3.

Two delta functions arise in momentum and energy respectively upon evaluation
of Eq. (1.11), leading to delta peaks in the graphical representation with momentum
and energy of the spinon states with respect to the ground state, while the intensity
takes the value of Eq. (4.1). To be able to represent the finite size dynamical
structure factor in a two-dimensional heatmap, the delta function in energy arising
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in Eq. (1.11) needs to be smoothened by a Gaussian,

δ(ω − ωα) =
1√
πε
e−(ω−ωα)2/ε2 , (4.2)

where the value of the width ε is of order 1/N .
Fig. 4.2 (left) shows the typical result of a dynamical structure factor computa-

tion at N = 500, for the isotropic spin- 1
2 Heisenberg model at zero field, summed

over all two-spinon states consisting of real rapidities only. The dynamical struc-
ture factor is evaluated from Eq. (1.11), while the matrix elements are computed by
Eq. (4.1) and the delta functions in energy are smoothened by Eq. (4.2). The sum
rule saturation of the two-spinon contribution at N = 500 is 92.61%, while much
higher sum rule saturations are possible, but involve the inclusion of higher spinon
states beyond the two-spinons.
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Figure 4.2: Left: Transverse dynamical structure factor for the isotropic spin- 1
2

Heisenberg model at N = 500, containing the two-spinon contributions,
making up for 92.61% of the sum rule. These contributions are ob-
tained by interpolation of the form factors on the hole quantum numbers
(q0, q1), where 3119 out of 31375 Bethe states have been calculated ex-
plicitly, while the remainder of the contribution has been interpolated.
Right: Form factor as a function of the hole quantum numbers (q0, q1),
showing the possibility of an interpolation scheme on the computation
of the majority of the states due to the smooth behavior.

Fig. 4.2 (right) shows the logarithm of Eq. (4.1) as function of the hole parameter
q0 for two-spinon states specified by the hole parameters (q0, q1). The shape of the
matrix elements as function of the hole parameters is sufficiently smooth to allow for
an interpolation scheme to calculate the majority of the two-spinon matrix elements.

We only compute a few matrix elements on the plane of (q0, q1), while the other
grid points are interpolated. At N = 500, we therefore only explicitly compute 3119
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out of 31375 two-spinon states in order to interpolate the remaining states. This
interpolation scheme in the hole parameters of the two-spinon states allows for a
scale up of the system size, while it might be an idea as well when the scan sector
of intermediate states is extremely large.

4.2 Dynamical correlations of the spin-1 chain

The results of the main computation on the dynamical structure factor for the
Babujan-Takhtajan spin-1 chain defined in Eq. (1.6) will be given in this section.
We restrict to the case of zero temperature and zero magnetic field and focus on the
transverse dynamical structure factor. It is not possible to include contributions of
all states anymore for higher system sizes as the Hilbert space becomes exponentially
large with system size. Therefore we perform the sum of the matrix elements only
over a selected part of the Hilbert space, containing specifically the two-spinon
and four-spinon contributions described in Tab. 3.1. While arbitrarily large (even)
numbers of spinons can contribute, the discussion below on the sum rule saturation
of our results implies that they give negligible corrections.

The two-spinon and four-spinon Bethe states including all string deviations are
obtained by the iteratively solving the parametrization of the Bethe equations for
string deviations elaborated in Sec. 3.3. The matrix elements of these Bethe states
with respect to the ground state are then computed by the determinant expression
from Eq. (4.1). For larger system sizes it is possible to perform the numerical
calculations with machine precision rather than arbitrary precision, provided that
the divergencies in the determinants arising for exponentially small deviations are
removed analytically, as in Sec. 3.5.

Within the two-spinon and four-spinon states, only three-string deviations can
have exponentially small deviations, for which the reduced determinant expressions
in Eq. (3.63) must be used. Only if the three-string deviations become smaller than
O(10−8), we put the deviation to zero and use the reduced formalism for the matrix
elements. The algorithm keeps track of the remaining two-string deviations at all
times.

Fig. 4.3 shows the transverse dynamical structure factor for a system size of 200
sites including all two-spinon and four-spinon contributions. At this system size, the
sum rule contribution of the two-spinon states containing two-strings and a single
real rapidity is 89.88%. The two different types of four-spinon contributions are
shown separately in Fig. 4.4 and yield a sum rule contribution of 2.80% and 6.47%
respectively. The total sum rule saturation of the dynamical structure factor at
N = 200 is 99.16%.

Fig. 4.5 shows fixed momentum cuts of the dynamical structure factor, where
the data is being compared to ABACUS [116, 120] results for the spin- 1

2 case. Due
to a lower integrated density, it is obvious that the spin- 1

2 dynamical structure
factor is smaller than the spin-1 data at all momenta and energies. Therefore,
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Figure 4.3: Transverse dynamical structure factor of the Babujan-Takhtajan spin-1
chain at N = 200, including two-spinon and four-spinon contributions,
with a sum rule saturation of 99.16%.

Figure 4.4: Four-spinon contributions to the transverse dynamical structure factor
at N = 200. Left: two-strings and a single three-string. The sum rule
contribution is 2.80%. Right: two-strings, a single three-string and two
one-strings (real rapidities). The sum rule contribution is 6.47%.
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Figure 4.5: Fixed momentum cuts of the transverse dynamical structure factor at
N = 200 for spin-1 (sum rule saturation 99.16%), spin- 1

2 (sum rule
saturation 99.24%) and spin- 1

2 normalized to the spin-1 sum rule. Inset:

SInt =
∫ ω

0
dω′S(k, ω′) = 2π

∑
ωα<ω

|Fα|2.

to be able to make a comparison of the shape of the correlations, we normalize
the spin- 1

2 dynamical structure factor to the spin-1 sum rule. At small momenta,
the normalized spin- 1

2 correlations are above the spin-1 data, while with increased
momenta towards q = π, the spin-1 correlations are higher near the lower boundaries
of the spectrum. The correlation remains below the normalized spin- 1

2 correlations
at higher energies.

At q = π, we show a cumulative plot of the matrix elements for states with the
smallest energies in Fig. 4.5. Again, the spin-1 dynamical structure factor is higher
close to the lower boundary, while it lies below the normalized spin- 1

2 dynamical
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structure factor at higher energies.
The real space-time dependent correlation function is obtained by inverse Fourier

transforming the results,

〈Saj (t)Sā0 (0)〉 =
1

N

∑

α

|F aqα |
2e−iqαj−iωαt (4.3)

and is plotted in Fig. 4.6. We compare our results at equal time to the predictions
on the asymptotics from the continuum limit described by conformal field theory.
The integrable chains of spin-s have a critical low-energy sector [24, 25, 122–127]
described by the SU(2) level 2s Wess-Zumino-Novikov-Witten models [128]. Under
non-Abelian bosonization, the spin-spin correlations are asymptotically given by
those of the fundamental WZNW primary fields, this leading to the prediction that
in an infinite system, the dominant antiferromagnetic correlations decay as a power
law

〈Saj Sā0 〉 ∼
(−1)j

|j|2∆
, (4.4)

in which the scaling dimension ∆ = h + h̄ can be obtained from the primary field
scaling dimension for a general SU(n) level k WZW model [128],

h = h̄ =
n2 − 1

2n(n+ k)
. (4.5)

Substituting the values for level k = 2 and performing a conformal mapping to
finite size so that the distance function becomes j → N

π sin(j πN ), the conformal field
theory prediction for the asymptotics of the correlations of the Babujan-Takhtajan
chain is thus

〈Saj Sā0 〉 ∼ (−1)
j

[
N

π
sin
(
j
π

N

)]− 3
4

, (4.6)

up to a non-universal prefactor and subleading corrections.
We plot our results against this prediction in Fig. 4.6, where the prefactor has

been used as the only fitting parameter. For comparison, we also give the corre-
sponding fits for the spin- 1

2 case. As is clearly seen, the agreement is excellent over
all distances but the very smallest.

4.3 Spinons in real space

The aforementioned approaches are mainly focussed on momentum-energy resolved
spinon physics, both in experimental and theoretical context. Motivated by the
possibility of tracking spatial phenomena in realizations of quantum spin chains in
optical lattices, along with the importance of spinon dynamics for inelastic neu-
tron scattering experiments on (quasi) one-dimensional antiferromagnets, we aim to
compute the spatial behavior of spinons from algebraic Bethe ansatz in this section.
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Figure 4.6: Equal time spin-spin correlation at N = 200 with sum rule saturation
99.16% for spin-1, compared to the prediction from the SU(2) level 2
WZW-model. The prefactor has been used as fitting parameter only.
The same comparison is shown for spin- 1

2 data from ABACUS at N =
200 (sum rule saturation 99.24%) and the SU(2) level 1 WZW-model.

The work from Ref. [129] explored the real space-time behavior of a linear com-
bination of equally weighted two-spinon states using Bethe ansatz techniques at
zero field, giving rise to a locally magnetized state diffusing in time. In the present
section, we construct the initial state by acting with a local spin flip on the an-
tiferromagnetic ground state obtained from Bethe ansatz, mimicking the spin-flip
caused by a neutron scattering off the chain. This procedure creates precisely the
state for which the weights of the spinon states are computed or measured directly
from the transverse dynamical structure factor in Eq. (1.6). The time evolved ex-
pectation value of the local magnetization 〈Szj (t)〉 can be obtained from algebraic
Bethe ansatz techniques at finite size, making it possible to visualize the spinons
propagating through the chain.

Additionally, this method allows for the time-evolved evaluation of two-point
correlations in real space after the local spin flip. Due to the locality of the in-
teractions, the Lieb-Robinson bound [130] dictates that the buildup of correlations
cannot occur faster than the propagation velocity of the spinons. We therefore con-
sider the spin-spin correlation between two sites separated from each other with
the spin flip in the center, which become correlated as the spinon passes by on
both sites, displaying a light cone around the spin flip. Moreover, we compute the
nearest neighbor spin-spin correlation at a fixed site, showing the behavior of the
antiferromagnetic correlation during the passing of the spinon.

This section is structured in the following way. In Sec. 4.3.1, we show the
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time evolution magnetization profiles of the spinons, visualizing the propagation
of spinons in real space. Sec. 4.3.2 focusses on results for the dynamics of two
spinons in the Babujan-Takhtajan spin-1 chain. Sec. 4.3.3 shows the buildup of
correlations while the spinons propagate along the isotropic Heisenberg chain.

4.3.1 Spinon dynamics in the anisotropic Heisenberg chain

The following section focusses on the real space-time dynamics of spinons, where in
particular we elaborate on the construction of the initial state and show results for
the time evolution of the magnetization profile.

The initial state is constructed by acting with a local spin flip on the ground
state,

|Ψ(0)〉 =
√

2S+
j0
|{λGS}〉 =

∑

{λ}

C{λ}|{λ}〉 , (4.7)

where the coefficients C{λ} are given by the matrix elements of the spin raising
operator on site j0,

C{λ} =
√

2〈{λ}|S+
j0
|{λGS}〉. (4.8)

The spectral weights |C{λ}|2 for each spinon state |{λ}〉 correspond to the weights
as computed or measured from the transverse dynamical structure factor (1.6) for
inelastic neutron scattering experiments.

Therefore, the expectation value of the local magnetization 〈Szj (t)〉 at site j is
computed by Eq. (1.14), by summing over all matrix elements 〈{µ}|Szj |{λ}〉. The
matrix elements between the spinon states occurring in Eqs. (4.8) and (1.14) are
computed by determinant expressions from algebraic Bethe ansatz results, using the
method derived in Chap. 2 and 3.

A full double Hilbert space summation in Eq. (1.14) is not feasible, nonetheless,
two-spinon states (Eq. (3.15)) carry the majority of the spectral weight. In the
thermodynamic limit, the two-spinons carry 72.89% of the spectral weight, while at
finite system size at N = 100 considered in the computations of the current work,
already 96.85% is ascribed to the two-spinon states. Four-spinon (Eq. (3.17)) states
can be included to achieve a higher overlap of the computed state with the initial
state.

As described in Sec. 3.5.3, the four-spinon states contain deviated two-string
solutions, which can be included explicitly by solving the Bethe equations in the
parameterization of the deviations and by employing the appropriate reductions of
the determinant expressions.

As the full spectrum of four-spinon solutions would induce a double summation
ofO(N8) terms, we only select the largest |C{λ}| of the four-spinon states to make up
for 99.00% in total of the sum rule, which for N = 100 comes down to the inclusion
of the 3640 (out of 749700) most important four-spinon states. Initial states with
higher saturation (up to 99.98% for four-spinons at N = 100) can be achieved,
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but the double summation over matrix elements implies a quadratic increase in
computation time for the local magnetization with respect to the number of included
four-spinon states. The remaining four-spinon states representing 0.98% of the sum
rule saturation are therefore not included in the initial state at N = 100.

Time slices of the time evolved magnetization profiles evaluated from Eq. (1.14)
for propagating spinons are displayed in Figs. 4.7, 4.8 and 4.9 for different values of
∆, including the isotropic case (∆ = 1), a case away from the isotropic case and a
high value of ∆ towards the Ising limit respectively. In the remainder, we place the
up spin at site j0 = 0.
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Figure 4.7: Time slices of spinon propagation originating from a local spin flip at
j0 = 0 on the ground state at N = 100 for ∆ = 1. The initial state
is a projection with total normalization sum rule of 99.00%, including
all two-spinon states (96.85%) and the most important 3640 four-spinon
states (2.15%). In the top left panel, the CFT prediction from Eq. (4.9)
for the magnetization of the initial state is shown.

In the isotropic case ∆ = 1, the antiferromagnetic ordering in the initial state
starts to decrease with increasing distance from the local spin flip. The shape of the
magnetization profile of the initial state can be described by the antiferromagnetic
longitudinal spin-spin correlations. As the spin at site j = 0 is always pointing
upwards with Sz0 |Ψ(0)〉 = 1

2 |Ψ(0)〉, we can identify 〈Szj Sz0 〉 = 1
2 〈S

z
j 〉. Furthermore,

the antiferromagnetic longitudinal spin-spin correlation for the isotropic Heisenberg
chain of infinite length can be obtained by the conformal field theory description of
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the critical low-energy sector [24,123,124,131], and is given to first order as

〈Szj Sz0 〉 ∼ D1
(−1)j

j
. (4.9)

The prefactor D1 could be fitted from the finite size scaling behavior of the Umklapp
matrix elements [132–135]. Subsequently a conformal transformation to finite size

j → N

π
sin(jπ/N) (4.10)

is applied. In Fig. 4.7, the conformal field theory prediction of the initial magnetiza-
tion profile of the spinon state from Eq. (4.9) is plotted on top of the algebraic Bethe
ansatz finite size computation of the magnetization, showing agreement between the
results.
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Figure 4.8: Time slices of spinon propagation originating from a spin flip at j0 = 0 at
N = 100 for ∆ = 1.5. The initial state is a projection on all two-spinon
states with 97.17% saturation of the normalization sum rule.

At ∆→∞ the ground state |{λ}GS〉 becomes equal to the Neél state,

|Neél〉 =
1√
2

(| ↑↓ · · ·〉+ | ↓↑ · · ·〉) , (4.11)

so the spin raising operator creates exactly three adjacent spins aligned upwards in
the antiferromagnetic ordering. By acting with the spin raising operator, only one
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Figure 4.9: Time slices of spinon propagation originating from a spin flip at j0 = 0
at N = 100 for ∆ = 10. The initial state is a projection on all two-spinon
states with 99.999% saturation of the normalization sum rule.

of the two antiferromagnetic ordered states in Eq. (4.11) is selected. The state with
high ∆ shown in Fig. 4.9 has nearly perfect Néel order of the spins at 〈Szj 〉 = ± 1

2 .
Furthermore, at ∆→∞, the initial state is fully overlapped with two-spinon states
only, making the computation of observables exact in this limit.

From Fig. 4.9 a few observations could be made. The spinon is moving like a
domain wall, as all spins flip to their opposite signs after the passing of the spinons.
However, this domain wall is not strictly localized around one lattice site, but rather
has a finite extent. After the spinon passed by, the magnetization does not restore to
exactly the opposite of the initial value as one would expect from the propagation of
a pure, strictly localized, single domain wall between the two Neél ordered domains,
but remains around 0.2. This behavior remains even for much higher values of ∆.
Furthermore, the expectation value 〈Sz0 〉 of the spin at j = 0 immediately starts
to decrease rather than staying pointing upwards, suggesting that the two domain
walls created around j = 0 start to propagate in both directions, rather than moving
only outwards with respect to j = 0 (which should have let the spin at site j = 0
pointing upwards).

Further behavior of the spin flip on the antiferromagnetic ground state could be
studied from the fluctuations of the spin expectation values from the initial state,
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Figure 4.10: Spinon propagation shown in plots of the magnetic fluctuations
〈δSzj (t)〉 at single sites as a function of time for ∆ = 1 (top) and
∆ = 10 (bottom).

which would also be useful for the study of correlations in the next section,

δSzj (t) = Szj (t)− Szj (0) . (4.12)

Single site plots for the fluctuations from the initial state for the magnetization
〈δSzj (t)〉 are shown in Fig. 4.10. For the ∆ = 10 case, it is noted that two adjacent
spins anti-aligned originally, start collapsing almost simultaneously as the spinon
passes by.

In Ref. [61] the time evolved block decimation procedure has been applied to
compute the local magnetization after two spin flips on adjacent sites, showing the
propagation of bound states from a fully polarized state. Further results show the
time evolution of two adjacent spin flips on a state with finite magnetization in
the gapless phase, supporting a wavefront of the bound states, as well as a second
(slower) wavefront for which the velocity is matched to the spinon velocity from
Bethe ansatz. The results from this section similarly demonstrated the propagation
of spinon wavefronts, but are calculated here at zero magnetization from a single
spin flip, solely relying on the algebraic Bethe ansatz method.
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4.3.2 Spinon dynamics in the Babujan-Takhtajan spin-1 chain

The availability of determinant expressions for matrix elements of local spin op-
erators for integrable higher spin chains [97] allows for an extension of the time-
evolution computation after a local spin flip towards the Babujan-Takhtajan spin-1
chain, of which the Hamiltonian reads [20–23]

H =
J

4

∑

j

[
ŜjŜj+1 − (ŜjŜj+1)2

]
. (4.13)

The dynamical stucture factor of this integrable spin-1 chain has been computed
as well, based on summations of matrix elements of the two-spinon and four-spinon
excitations [1].

The corresponding Bethe equations of this integrable higher spin chain are sim-
ilar to the spin- 1

2 isotropic Heisenberg model, with only a modification in the first
term, see Eq. (3.1).

The ground state for J > 0 favors antiferromagnetic ordering with M = N down
spins (with zero total magnetization), for which the corresponding set of rapidities
consists of M2 = N/2 two-strings. The existence of a macroscopic number of bound
states already in the ground state (as opposed to spin- 1

2 models), makes the analysis
of two-string deviations even more important, see Chap. 3.

The most important excitations after a spin flip can be considered by breaking
up one of the two-strings from the ground state, and placing one rapidity back on
the real axis. The number of available Bethe states of this type of excitations with
string configuration M1 = 1, M2 = N/2−1 is determined from the limiting quantum
numbers and turns out to be the same as Eq. (3.15) for the two-spinon excitations
of the isotropic spin- 1

2 model. For the spin-1 model, this type of excitations could
be pictured as two hole-like modes in the sea of two-strings, being similar to two
hole-like modes in the sea of one-strings resembling two-spinons in the spin- 1

2 chain.
Four-spinons in the spin-1 chain could be considered by adding a three-string, but
are left out of consideration in this analysis.

Fig. 4.11 shows the time evolution of a local spin flip on the ground state of the
Babujan-Takhtajan spin-1 chain, projected on all two-spinon states in theM = N−1
sector, for a chain consisting of N = 100 sites. The sum rule saturation of all two-
spinon states is 92.33% at this system size. All string deviations have been included
in the computation of the relevant matrix elements.

The initial shape of the local magnetization can again be extracted from con-
formal field theory. The critical low-energy sector is described by the SU(2) level-
2 Wess-Zumino-Novikov-Witten model [125–128], which yields for the asymptotic
behavior of the longitudinal antiferromagnetic spin-spin correlations of an infinite
chain

〈Szj Sz0 〉 ∼ D1
(−1)j

j
3
4

. (4.14)
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Figure 4.11: Time slices of two-spinon propagation originating from a spin flip at
j0 = 0 at N = 100 for the isotropic spin-1 Babujan-Takhatajan model.
The initial state is a projection on all two-spinon states (consisting of
hole-like modes in a sea of two-strings) with 92.33% saturation of the
normalization sum rule. In the top left panel, the CFT prediction from
Eq. (4.14) for the magnetization of the initial state is shown.

With the appropriate transformation to finite size (see Eq. (4.10)), Eq. (4.14) is
plotted on top of the computed data in Fig. 4.11, showing agreement for the shape
of the initial magnetization profile for both approaches. The slight discrepancy is
attributed to the incomplete saturation of the normalization sum rule.

4.3.3 Spin-spin correlations

Besides the magnetization expectation value, the method of summing over matrix
elements of local spin operators between Bethe states at finite size allows for the
computation of two-point correlations by inserting a resolution of the identity and
summing over all relevant matrix elements. In this way, one can for example display
the buildup of correlations between two separated spins after a spin flip is applied
in the middle of the two spins. Moreover, the nearest-neighbor spin-spin correlation
could be studied as well while the spinons pass by at a specific site. Both quantities
acquire an error in the results due to the usage of an extra (truncated) summation
over states, which could be quantified by keeping track of sum rules and by compar-
ing the results for low system sizes to exact numerical diagonalization. We restrict



4.3. SPINONS IN REAL SPACE 95

to the isotropic Heisenberg model (∆ = 1) in the analysis of spin-spin correlations
in this section.

The equal time spin-spin correlation between two spins at sites ±j yields, see
also Fig. 4.12,

〈Ψ(0)|δSzj (t)δSz−j(t)|Ψ(0)〉, (4.15)

while the spin-flip creating the spinons is located in the middle of the two spins
at j = 0 in the initial state |Ψ(0)〉. The consideration of the fluctuations of Szj
with respect to the initial state (see Eq. (4.12)) accounts for the initial values of the
spin-spin correlation and assures that Eq. (4.15) starts from zero at zero time.

S+
0

· · · ↓ ↑ ↓ ↑ ↓ ↑ ↑ ↑ ↓ ↑ ↓ ↑ ↓ · · ·
δSz−j(t) δSzj (t)

Figure 4.12: Illustration of the location of the spins at sites ±j between which the
correlation is computed in Eq. (4.15), relative to the location of the
spin flip creating the spinon excitations.

Fig. 4.13 shows the time evolved results of the computation of Eq. (4.15). As the
spinon passes by at site j, it becomes correlated to the spin at site −j opposite with
respect to the spin flip. The propagation of the build up of correlations takes place
at the spinon propagation velocity v = Jπ/2, giving a clear image of a light-cone
effect, with zero correlation outside the light cone. Applying a local spin flip on
the ground state therefore satisfies the Lieb-Robinson bound [130], stating that no
correlation can propagate faster than the (spinon) velocity in the system.

The antiferromagnetic nearest-neighbor correlations are computed from

〈Ψ(0)|Szj (t)Szj+1(t)|Ψ(0)〉, (4.16)

while the results of this computation (again by inserting a resolution of the identity
and summing over matrix elements) are plotted in Fig. 4.14. As the spinon passes
by, the antiferromagnetic correlation collapses and then revives again, showing oscil-
lations after the passage of the spinon. This observation is in particular interesting
as the expectation value of the local magnetization collapses at ∆ = 1 (see Fig. 4.7),
while the antiferromagnetic correlation is restored after the passage of the spinon.

The computational method adopted in this section for the spin-spin correlations
requires an extra resolution of the identity 1 =

∑
{α} |{α}〉〈{α}| between the two

spin operators in the two-point functions of Eqs. (4.15) and (4.16). For the matrix
elements of Sz for the isotropic case ∆ = 1, the intermediate states |{α}〉 can contain
either zero or one infinite rapidity. These matrix elements of states containing
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Figure 4.13: The spin-spin correlation between two sites at ±j, with the up spin in
in the middle at j = 0, computed for ∆ = 1 and N = 32. Top: single
site plots as function of time. Bottom: heatmap showing the light-
cone effect in the build up of the correlations at the spinon propgation
velocity.

an infinite rapidity can be expressed as matrix elements of states without infinite
rapidities, [136]

〈{µ}M |Sz|{λ,∞}M 〉 = −1

2
〈{µ}M |S−|{λ}M−1〉. (4.17)

Again, it is computationally unfeasible to include all states in the summation over
intermediate states. We therefore restrict to the highest-weight two-spinon and four-
spinon states at M = N/2 − 1 as constructed in Sec. 3.2.3, and the lower weight
states containing M1 = N/2−2 real rapidities and one infinite rapidity, and the lower
weight states (see App. A) with M1 = N/2 − 4, M2 = 1 and one infinite rapidity.
For the latter, two-string deviations are properly taken into account. The errors
induced by the truncation of the summation to these types of intermediate states
are quantified in Fig. 4.15. The saturation of the extra intermediate summations on
all two-spinon and four-spinon states exceeds at least 99%, while for known exact
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values for the spin-spin correlation at j = 0, the induced error stays within 1% of
the exact result.
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dinal spin-spin correlation on the same site, which should be 1/4.

An additional reliability check of the computations of spin-spin correlations based
on matrix elements of single spin operators (including all two-spinon and four-spinon
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states) can be performed by comparison with exact diagonalization at low system
size (N = 12). From the right panels of Fig 4.16, it can be seen that the differences
with the results from exact diagonalization are small.
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correlations from Eq. (4.15) (top) and the nearest neighbor correlations
from Eq. (4.16) (bottom). Right panels: difference between the results
from exact diagonalization and matrix element summations from alge-
braic Bethe ansatz.
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4.4 Conclusions

In this chapter, we studied the dynamics of spinon excitations from the antiferro-
magnetic ground state in the anisotropic spin- 1

2 Heisenberg model and the Babujan-
Takhtajan spin-1 chain, both focussing on momentum-energy resolved computations
of the dynamical structure factor, as well as on the spatial tracking of the spinons
in the local magnetization profile.

Dynamical structure factor

The dynamical structure factor of the Babujan-Takhtajan spin-1 chain has been
computed numerically at zero field and zero temperature. Correct treatment of the
string deviations makes it possible to obtain the roots of the Bethe equations up
to high precision. Two-spinon and four-spinon Bethe states have been constructed
by perturbing the sea of two-strings from the ground state with one-strings and
three-string respectively. The matrix elements of these states are shown to provide
over 99% of all contributions to the dynamical structure factor at N = 200.

Our work for the dynamical structure factor of the spin-1 Babujan-Takhtajan
chain might be extended to finite magnetic field, by summing over the matrix ele-
ments of the important contributing Bethe states. Another interesting possibility
would be to compare to the two-spinon contributions in the thermodynamic limit
directly from recent results [74] from the vertex operator approach [65,72,73]. The
anisotropic case of the spin-1 chain [27, 137] might provide avenues for further ex-
tensions. Moreover, due to the existence of matrix element expressions for chains
of arbitrary spins at each lattice site, generalization of our method to mixed, alter-
nating or impurity spin chains would be within reach as well. Another interesting
extension might be provided by applying the strategy to the Uimin-Lai-Sutherland
model [28–30], being the only other example of an integrable bilinear-biquadratic
spin-1 model solvable by the nested Bethe ansatz.

Real space dynamics

We demonstrated the real space-time dynamics of spinons in the (an)isotropic
Heisenberg chain and the Babujan-Takhtajan spin-1 chain, initiated from a local
spin flip on the antiferromagnetic ground state, reflecting precisely the state for
which the spectral weights of the spinon states are measured or computed in the
dynamical structure factor for inelastic neutron scattering purposes.

The propagation of the domain walls in the antiferromagnetic ordering of the
spins is visualized for different values of anisotropy by computing the local expec-
tation value of the magnetization as a function of time. Matrix element expressions
in determinant form for local spin operators between the Bethe states allow to con-
struct the initial state with a local spin flip and to compute the time evolution of
its local magnetization and spin-spin correlations.
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The magnetization profiles for the propagating spinons show almost simultane-
ous spin flip processes for pairs of neighboring anti-aligned spins. After the passing
of a spinon, the antiferromagnetic order is destroyed for ∆ = 1, but the anti-
ferromagnetic correlation between nearest neighbors survives, showing oscillatory
behavior. At high ∆ towards the Ising limit, no revival of the magnetization to
its initial value is visible, while the domain wall is not sharp either. These ob-
servations can be explained from the domain walls created adjacent to the initial
spin flip, which can propagate in both directions simultaneously after the spin flip.
Moreover, correlations between two separated spins were considered, showing the
buildup of correlations only after the passing of the spinon, displaying a light-cone
effect. The evolution of the correlation therefore satisfies the Lieb-Robinson bound,
as the correlations spread at the spinon propagation velocity.

The algebraic Bethe ansatz methods at finite size employed here could be im-
plemented towards more out-of-equilibrium situations in spin chains, for which the
dynamics could be computed from the determinant expressions for matrix elements
of spin operators between Bethe states. Candidates for applications of this method
are the addition of (non-)integrable spin-spin interactions or local (driven) magnetic
fields to the Heisenberg Hamiltonian, which will be the main topic of Chap. 6.



Chapter 5

Quasi-soliton scattering

The Heisenberg chain supports distinct bound states of magnons, whose dynamics
has been investigated theoretically [61] and has recently been observed experimen-
tally [60]. One could view such bound magnon excitations as the quantum equiv-
alents of classical solitons. This equivalence is however only partial: on the one
hand, these quantum mechanical modes represent exact eigenstates and are stable
under time evolution; on the other hand, being exact eigenstates of translationally-
invariant systems, they are not spatially localized. That said, as is usually the case
in quantum mechanics, it is possible to adopt a ‘complementary’ picture and create
spatially localized excitations by forming wave packets of fundamental excitations
by linearly combining states over a range of differing momenta. Locality however
comes at a price: the wave packet, mixing together states at different energies, will
disperse and is thus not stable over long timescales, unlike its classical counterpart.
We use the term quasi-soliton for such a wave packet construction, an example of
which was recently studied in the context of the Lieb-Liniger model [138], while
their mutual scattering has been studied in quantum spin chains [139,140].

We construct spatially localized wave packets of n bound magnons using linear
combinations of these string states of length n with Gaussian-distributed momenta.
We call them ‘n-string wave packets’. We further demonstrate that the method
based on Chap. 2 and 3 provide a framework to evaluate the time-dependent expec-
tation value of the local magnetization 〈Szj (t)〉 from Eq.(1.14), which can be used
to track those localized magnon-like wave packets. We investigate their stability
and mutual scattering using a combination of scattering theory, Bethe ansatz, and
numerically exact calculations.

At large anisotropy ∆ � 1, magnon bound states resemble having downturned
spins on neighboring sites. An n-string wave packet is thus closely approximated
by a consecutive block of n downturned spins. While this correspondence breaks
down at smaller ∆, this provides motivation to study the evolution of states with
downturned spins on a consecutive block of sites. In addition, this is exactly the

101
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type of initial state prepared in experiments [59, 60]. Scattering of such blocks has
been explored in Ref. [139] by means of the time evolved block decimation algorithm,
where a spatial displacement of two sites was observed for the block at several ∆, and
explained at large ∆ in terms of energy conservation. In this chapter, we connect
scattering phase shifts with trajectory displacements in order to provide a Bethe
ansatz derivation of the observed displacements in Ref. [139].

In Sec. 5.1, we elaborate on the construction, stability and time evolution of scat-
tering of n-string wave packets. We also compare with the stability of consecutive-
site spin blocks. Sec. 5.2 provides details involving scattering theory and considers
the analytical results for scattering trajectory displacements. In Sec. 5.3 these scat-
tering theory expressions are compared with numerical measurements. The ∆→∞
limit is treated analytically, comparing with numerical data for spin block initial
states.

This chapter is based on Ref. [2].

5.1 Bound magnon wave packets

5.1.1 Constructing n-string wave packets

The strings described in the previous section do not correspond one to one to lo-
calized bound states of downturned spins, but rather are translationally invariant
constituents of Bethe eigenstates. In order to create states of n bound magnons
with localized magnetization features, we construct Gaussian wave packets by sum-
ming over single n-string states (labeled by the string center λ(n)) with momenta
distributed around p,

|Ψ(0)〉 = N0

∑

p

e−ipx−
α2

4 (p−p)2

|λ(n)(p)〉 , (5.1)

where N0 is a normalization constant.
The energy contribution E(n)(p) of a string of length n to the energy E{λ} is

E(n)(p) = J
φ2(0)

φ2n(0)
(cos(p)− εn) . (5.2)

where εn = cos(nζ), 1, cosh(nζ) for |∆| < 1, ∆ = 1, and ∆ > 1, respectively. The
momentum p = p(n)(λ) of an n-string with string center λ is given by

p(n)(λ) = π − θn(λ) . (5.3)

In the following we use the convention −π < p(n) ≤ π. Eqs. (5.2) and (5.3) are only
the correct formulas for energy and momentum of a string if the thermodynamic
limit is taken while keeping the number M of rapidities finite (i.e. zero density).
The dressing of energies and momenta can then be neglected. For all finite size
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calculations, we use Eq. (3.11) for the energy valid for any finite size, hence including
the dressing of energies. Note further that for a single n-string the minimum of the
energy dispersion is always at λ(n) = 0, i.e. at momentum p(n) = π.

In the thermodynamic limit and for a finite numberM of rapidities, each separate

bound magnon represented by a string quantum number I
(n)
j can be associated to

a single particle momentum p
(n)
j

p
(n)
j = p(n)(λ

(n)
j ) = π − 2π

N
I

(n)
j . (5.4)

In the construction of the initial states in the finite size calculations of the following
sections, we use Eq. (5.4) to identify the asymptotic momenta, i. e. the momenta
of the wave packets when they are well-separated in space. This identification is
exact if the wave packets are infinitely distant. For a finite but large distance, small
dressing effects do play a role, but we can neglect them in our analysis.

Unitary time evolution under Hamiltonian (1.3) implies an expression of the
velocities of the wave packets by expanding the dispersion relation (5.2) around
p = p to first order,

v =
∂E(n)(p)

∂p

∣∣∣
p=p

= −J φ2(0)

φ2n(0)
sin(p) . (5.5)

The prefactor can be expanded for large anisotropy,

φ2(0)

φ2n(0)
' (2∆)−n+1 , (5.6)

implying that wave packets constructed from higher strings have a lower velocity in
real space.

In the remainder of this section we will analyze the stability of n-string wave
packets, along with the stability of another form of a localized multi-magnon, a
consecutive-site spin block. The two constructions are closely related to each other
for large ∆.

5.1.2 Stability of n-string wave packets

The center of the wave packet x(t) and its width ∆x(t) are respectively given by
the expectation value and the variance of the position operator

x̂ =

N∑

j=1

j

(
1

2
− Szj

)
. (5.7)

In the continuum limit, the sum over all possible n-string momenta p = p(n) can
be approximated by an integral. For the width of the Gaussian wave packet in real
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space we obtain

∆x(t = 0) :=

√
〈Ψ(0)| [x̂− x(0)]

2 |Ψ(0)〉 ≈ α

2
. (5.8)

String solutions, being associated with bound states of magnons with expo-
nentially decaying wave functions, will add exponential terms to the shape of the
n-string wave packets in real space. By inserting the complex momenta of the in-
dividual constituents of the string solutions to the Bethe wave function, it can be
shown that for example a 2-string state with momentum π/2 contains exponentials
in the Bethe wave function reading e−(x2−x1)/ξ, with an effective binding length
ξ = 2/ ln(2∆2). This average distance between the constituent particles in the
string states provides a lower bound to how localized the wave packets constructed
out of such string states can be.

For α < ξ(∆), the wave packet will start to lose its Gaussian shape in real space
in favor of a simple exponential decay around the wave packet center. This issue
can be circumvented by choosing large enough Gaussian widths, but will require
much higher system sizes. The effective binding length becomes smaller at higher
anisotropy, making the problem of the extra exponentially decaying shape to the
Gaussian wave packet construction relevant only at |∆| . 1.

Induced by the nonlinear dispersion relation of the magnons, the width of a wave
packet in real space will furthermore increase in the course of time,

∆x(t) =

√
α2

4
+
δ2
nt

2

α2
, (5.9)

obtained by expanding the dispersion relation (Eq. (5.2)) appearing in the time
evolution operator to second order around the average momentum, yielding

δn =
∂2E(n)(p)

∂p2
|p=p. (5.10)

The broadening of n-string wave packets in real space is therefore described by the
initial width α and

δ2
n = J2

(
φ2(0)

φ2n(0)

)2

cos2(p) . (5.11)

To first order, all strings of arbitrary length are stable at momenta p = ±π/2, but
possess a non-trivial dependence on the anisotropy for other momenta. Moreover,
the broadening of 1-string wave packets is not influenced by the anisotropy. The
anisotropy dependent factor can again be approximated in the large anisotropy
limit given by Eq. (5.6), showing that the stability of the wave packets increases
with increasing anisotropy and string length.

In Fig. 5.1 the magnetization profile of a diffusing 2-string wave packet with zero
group velocity computed from algebraic Bethe ansatz is shown, using Eq. (1.14) with
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matrix elements from Eq. (2.97). We used as average momentum p = π since the
energy dispersion relation has its minimum there. Furthermore, fitted parameters
on the time-dependent wave packet width are compared to the theoretical values of
δ2
n for 2- and 3-strings.

The diverging behavior at low anisotropy of both δ2
n and the effective binding

length of strings constrain the applicability of scattering theory results for the planar
regime |∆| < 1.
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Figure 5.1: Left: Decaying 2-string wave packet with zero group velocity (bound
state of two magnons with Gaussian momentum distribution centered
with α = 4 around p = π, where the energy dispersion has its minimum),
in a chain of N = 100 sites, calculated from algebraic Bethe ansatz
matrix elements. Right: prefactor δ2 of the t2 dependence of the wave
packet width. Theoretical curve, Eq. (5.11) with p = π and J = 1, as
a function of ∆. The data points are retrieved by fitting δ2 from the
decaying wave packets from the Bethe ansatz time evolutions.

5.1.3 Stability of spin blocks

A similar or even more drastic dispersing behavior can be observed for blocks of n
adjacent sites. Fig. 5.2 shows the time evolution of a block of 20 upturned spins in
a ferromagnetic chain of downturned spins for different anisotropy parameters ∆.
The results shown in Figs. 5.2 and 5.7 were obtained by M. Ganahl using the time
evolving block decimation (TEBD) algorithm. [61,75,76,139]

In the axial regime ∆ > 1, the initial state mostly projects onto many-magnon
bound states, namely n-strings with n ≤ 20, which for such anisotropy values are
tightly bound and thus have a large overlap with the initial spin block. A quan-
titative analysis of the overlap between the initial spin block and large strings is
provided by Refs. [141] and [142] for a comparable situation involving a prepared
domain wall state containing M consecutive down-spins on a polarized background.
The overlaps between the M -spin block state and a few string configurations are
considered, where the normalization saturation becomes entirely dominated by the
M -string states with increasing anisotropy.
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Since the spin blocks mostly contain large strings for large anisotropy, they
display slow dispersion (see Eq. (5.2)), meaning that the initial spin block remains
more or less intact in time over long time scales. However, as the isotropic point
∆ = 1 is approached, the nature of the overlaps drastically changes. eigenstates with
combinations of smaller strings start carrying a larger fraction of the total overlap
with the initial state. Under time evolution, one thus sees spacetime propagation
lines corresponding to shorter strings, which disperse more rapidly. By the time one
has entered the planar regime, 0 < ∆ < 1, the initial spin block decomposes into all
available string lengths including the most rapidly-dispersing 1-string states, leading
to a rapid dispersion of the magnetization throughout the ‘light cone’ defined by
the maximal group velocity of the 1-strings.

Figure 5.2: Decay of a block of 20 upturned spins in a chain of N = 1000 sites
for different values of anisotropy, computed using TEBD. Around the
isotropic point ∆ = 1, the behavior of the spin block changes drastically,
as the spin block becomes less tightly bound and will start to decay into
smaller strings. TEBD data and plot produced by M. Ganahl.

A comparison of Figs 5.1 and 5.2 (both at p = π) shows that spin blocks decay
faster than n-string wave packets of the previous subsection, which has a twofold
explanation. First, an n-string wave packet is a superposition of n-string Bethe
states which have no decay channel into strings of smaller lengths. In contrast, in
the superposition of the initial spin block state all smaller string lengths are allowed
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and actually present. Second, in the momentum distribution of the spin block,
momenta belonging to high velocities are not Gaussian-like suppressed. Therefore,
states with high velocities (p ≈ π/2) are more dominant in the spin block state than
in the n-string wave packet both with p = π. However, the spin-block state and the
n-string wave packets become similar at higher ∆, such that the analytic predictions
on scattering displacement becomes applicable to both cases.

5.1.4 Observation of bound states

Sec. 5.1 focusses on the construction of wave packets of bound magnons from Bethe
ansatz and their time evolution and compares the results to time evolution of spin
blocks by the time evolved block decimation algorithm. Related to the latter proce-
dure, we now would like to consider an initial state with two consecutive spin flips on
adjacent sites with respect to the fully polarized reference state, calculated from the
methods elaborated in Chap. 2 and 3. The dynamics of such a state has previously
been investigated theoretically in real space by the TEBD algorithm in Ref. [61] and
has been observed experimentally in optical lattices [60] as well. The initial state
with two consecutive spin flips overlaps with Bethe states with M = 2 consisting of
real rapidities and two-strings respectively. One then expects to see two wavefronts
evolving from the block of two spin flips, the wavefront of the one-strings moving
away at higher velocity then the wavefront of the two-string. This expectation has
been verified in Ref. [61].

With the correct summations of matrix elements of local spin operators from
Chap. 2, it is also possible to construct the initial state with double spin flips (and
study the time evolution) from algebraic Bethe ansatz. The initial state is

|Ψ(0)〉 = S−j0S
−
j0+1|0〉 =

∑

{λ}

C{λ}|{λ}〉, (5.12)

where
C{λ} =

∑

{µ}

〈{λ}|S−j0 |{µ}〉〈{µ}|S
−
j0+1|0〉. (5.13)

Using Eq. (1.14) with matrix elements from Eq. (2.97), the local magnetiza-
tion as function of time can be computed. The result is plotted in Fig. 5.3 (left),
constructing the exact time evolution of the state with two consecutive spin flip
by including all Bethe states at M = 2 in the initial state with 100% sum rule
saturation. Fig. 5.3 (left) reproduces the TEBD results of Ref. [61] by algebraic
Bethe ansatz, showing the same features; one wave-front associated to the (faster)
one-string states, and one wave-front associated to the (slower) two-string states.

In addition, our method allows to project on separate classes of Bethe states in
the initial state, Eq. (5.12). Fig. 5.3 (center) shows the time evolution of the initial
state projected on the one-string Bethe states only, while Fig. 5.3 (right) shows the
time evolution of the initial state projected on the two-strings only. The latter two
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Figure 5.3: Time evolution of an initial state with two consecutive spin flips on adja-
cent sites with respect to a fully polarized state, calculated from matrix
element summations from algebraic Bethe ansatz. Left: Exact time
evolution including all relevant Bethe states, containing two wavefronts
for the one-strings and two-strings respectively, reproducing previous
results [61] of the TEBD algorithm. Center: Projecting the initial state
on the Bethe states with one-strings only. Right: Projecting the initial
state on the Bethe states with two-strings only.

figures explicitly distinguish the origin of the two wavefronts by projecting on the
specific one-string and two-string states.

5.2 Scattering theory

While the construction and stability of bound magnon wave packets have been
discussed in the previous section, we are now in the position to construct an initial
state with two bound magnon wave packets with opposite momenta, eventually
leading to a mutual scattering process under time evolution.

5.2.1 Scattering n-string wave packets

The pre-scattering bound magnon initial states |Ψ(0)〉 are composed of two Gaussian
wave packets, where the construction relies on allocation of individual momenta to
distinct strings within a single Bethe state according to Eq. (5.4). We localize two
Gaussian wave packets labeled by j = 1, 2 with average momenta pj around two
well-separated lattice sites

|Ψ(0)〉 = N0

∑

p1,p2

cp1,p2
|λ(n)(p1), λ(m)(p2)〉 , (5.14)

where

cp1,p2 = e−i(p1x1+p2x2)−α2

4 (p1−p1)2−α2

4 (p2−p2)2

. (5.15)
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For simplicity, we label Bethe states here only by the two string centers λ(n) and

λ(m) instead of the whole set {λ} ≡ {λj}n+m
j=1 = {λ(n)

1,a}na=1 ∪ {λ
(m)
2,b }mb=1. The two

centers are respectively uniquely determined by the momenta p1 and p2 via Eq. (5.3).
Due to the energy dispersion (5.2) of the bound magnons, the relative velocity of
the wave packets is maximized at p1 = −p2 = −π/2.
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Figure 5.4: Time evolution of 〈Szj (t)〉 illustrating scattering n-string wave packets,
computed using algebraic Bethe ansatz, for N = 100, ∆ = 2, p1 =
−p2 = −π/2 and α = 4. Left: scattering of 1-string wave packets
(single magnons). Right: scattering of 2-string wave packets (bound
magnons).

Fig. 5.4 shows time-dependent magnetization profiles for scattering of 1- and 2-
string wave packets respectively, computed from the algebraic Bethe ansatz matrix
elements Eq. (2.97). A close examination of the profiles shows distinctive features
akin to soliton scattering, namely that the wave packets emerge out of a collision
intact, but spatially displaced. This displacement will be quantified in the next
section.

5.2.2 Scattering phase shift and displacement

The initial state constructed from Bethe states is prepared as two wave packets of
bound states of an arbitrary finite number of magnons with initial average positions
and momenta (xj , pj), according to Eq. (5.15). The m- and n-string wave packets
are constructed separately at large separation, such that their motion before and
after scattering can be considered to be free. In particular, the motion of the center
of each wave packet is

xj(t) =

{
xj + vjt before scattering,

xj + vjt− χj(p1, p2) after scattering,
(5.16)

given in units of lattice distance, where the group velocity vj was defined in Eq. (5.5).
Note that, in the case of single magnon scattering for example, a negative average
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momentum pj yields a positive velocity vj and vice versa (see Eq. (1.8) with J
positive).

In order to relate the displacement χj(p1, p2) of the trajectories to the scattering
phase shift, we resort to some elementary reasonings from scattering theory. In a
general one-dimensional theory, a single stable particle (with label j) can be written
as

ψj(xj , t) =

∫
dpj
2π

ψj(pj) e
ipjxje−itEj(pj). (5.17)

Now we consider two particles with positions (x1, x2) and momenta (p1, p2) and
make a few important assumptions. First, the particles are well-separated in their
initial state, such that x1 � x2, while the separation is much larger than the radius
of the interaction, such that the prescattering time evolution is free. Additionally,
v1 > v2, such that the particles will eventually come close to each other and interact.
Secondly, bound states are characterized by complex-conjugate rapidities, leading
to exponentially decaying terms in the Bethe ansatz wave functions (Eq. (1.7)) with
respect to the center of mass coordinate. We do not denote these exponentially
decaying terms and label the bound states with the position of the center of mass
only.

With these assumptions, the prescattering wave functions are factorized in the
asymptotic region,

ψ(x1, x2, t) = ψ1(x1, t)ψ2(x2, t). (5.18)

The postscattering wave functions, long after scattering in the asymptotic region
again, are

ψ(x1, x2, t) =

∫
dp1

2π

dp2

2π
ψ1(p1)ψ2(p2)S(p1, p2) ei(p1x1+p2x2)e−it (E(p1)+E(p2)),

(5.19)

where the scattering matrix is given by

S(p1, p2) = eiχ(p1,p2), (5.20)

relating the prescattering and postscattering states to each other. For elementary
particles, Eq. (5.20) is a consequence of conservation of energy and momentum, and
is therefore valid for any model with a short-range potential. However, if one of these
particles is not elementary but is a bound state, the previous simple form of the
postscattering wave function is not true anymore for any model. The bound state
can decay and scattering can be diffractive. However, for the anisotropic Heisen-
berg model, being an integrable model satisfying the Yang-Baxter equation (2.11),
scattering is always non-diffractive. Eq. (5.16) therefore assumes that all scatter-
ing processes occur without particle production, which is the case in this chapter.
Examples of bound magnon wave packets scattering on a local potential displaying
diffractive scattering due to integrability breaking terms in the Hamiltonian will be
given in Chap. 6.
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The displacement χj(p1, p2) can be obtained by expanding the scattering phase
shift around the average momenta,

χ(p1, p2) = χ(p1, p2) + ∂piχ(p1, p2)(pi − pi) + ... , (5.21)

where we sum over repeated indices. The second term shifts the position of the
particle in Eq. (5.19), such that the displacement of the postscattering trajectories
in Eq. (5.16) is given as

χj(p1, p2) = ∂pjχ(p1, p2)
∣∣
p1=p1,p2=p2

, (5.22)

where we introduced the notation with subscript j to refer to the momentum deriva-
tive χj = ∂χ

∂pj
of the scattering phase shift χ.

Within the Bethe ansatz, the scattering phase shift is obtained by the permuta-
tion of two magnons in the Schrödinger equation for the Bethe ansatz wave functions,
see Eq.(1.9). Likewise, the scattering phase shift of two bound magnons of arbi-
trary length is given by the scattering kernel Θnm of the Bethe-Gaudin-Takahashi
Eqs (3.9),

χ(n,m)(p1, p2) = Θnm

(
λ(n)(p1)− λ(m)(p2)

)
, (5.23)

which consists of a sum over the functions θs, s = |n − m|, . . . , n + m, defined in
Tab. 2.1, see also Eq. (3.9).

5.2.3 Displacements from Bethe ansatz

An analytic expression for the displacement as a function of anisotropy and incoming
momenta can be extracted from the Bethe ansatz scattering phase, according to
Eqs. (5.22) and (5.23). For the scattering of an n-string wave packet labeled by 1
with an m-string wave packet labeled by 2, the displacements on the trajectories of
the n- and m-string wave packets (j = 1, 2 respectively) are given as a function of
momenta as

χ
(n,m)
j (p1, p2) =

∂Θnm

(
λ(n)(p1)− λ(m)(p2)

)

∂pj

∣∣∣∣∣p1=p1
p2=p2

. (5.24)

The n- and m-strings with centers λ(n) and λ(m) carry momenta p1 and p2, respec-
tively. The wave packets are located such that x1 � x2 and v1 > v2.

We first discuss the planar case |∆| = | cos(ζ)| < 1. By inverting Eq. (5.3), we
express the string center of an n-string in terms of its momentum as

λ(n)(p) = atanh

(
tan

nζ

2
tan

π − p
2

)
. (5.25)
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Due to Eq. (3.9), expression (5.24) for the displacement consists of a sum of the
momentum derivative of the functions θs of which the individual terms are computed
as

∂θs(λ
(n)(p1)− λ(m)(p2))

∂p1
=
∂θs(λ

(n) − λ(m))

∂λ(n)

∂λ(n)(p1)

∂p1

=
sin(sζ)

cos(sζ)− ch(2λ
(n)
1 − 2λ

(m)
2 )

sin(nζ)

cos(nζ)− cos(p1)
. (5.26)

For the scattering phase shift of two 1-string wave packets with p1 = −p2 =
−π/2, the displacement is given as a function of anisotropy as

χ
(1,1)
1

(
−π2 ,

π
2

)
=

sin(2ζ) tan(ζ)

cos(2ζ)− ch(4 atanh(tan ζ
2 ))

=
1

1 + ∆2
− 1 . (5.27)

The latter result could have been also obtained directly by taking the derivative of
Eq. (1.9).

Similarly, the scattering displacement of two 2-string wave packets becomes

χ
(2,2)
1

(
−π2 ,

π
2

)
=

2 sin(2ζ) tan(2ζ)

cos(2ζ)− ch(4 atanh(tan ζ))

+
sin(4ζ) tan(2ζ)

cos(4ζ)− ch(4 atanh(tan ζ))

=
16∆6 − 4∆4 + 5

(4∆4 + 1)(1 + (2∆2 − 1)2)
− 3 . (5.28)

The validity of the latter equation only extends to the region where ∆ > 1/
√

2, as
2-strings with momentum p = ±π/2 do not exist for lower anisotropy [61,86], which
can be shown from the anisotropy dependent maximum string quantum numbers.
Negative parity 2-strings do not exist for 0 < ∆ < 1, therefore these states are not
suitable for the construction of 2-bound magnons with p = ±π/2 below ∆ = 1/

√
2,

implying that Eq.(5.28) has no physical meaning for ∆ < 1/
√

2.

For the regime ∆ > 1, Eqs (5.27) and (5.28) hold as well, since the θs(λ) for
both regimes are just rotated in the complex rapidity plane with respect to each
other. Starting from θs(λ) for ∆ > 1 with ζ = acosh(∆) therefore yields identical
results for the scattering displacements.

The displacements for the scattering of an 1-string wave packet at a 3-string
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wave packet is given by

χ
(1,3)
1

(
−π2 ,

π
2

)
= − (4∆2 − 1)2(4∆2 − 3)

2(4∆2 + 1)(4∆4 − 3∆2 + 1)
, (5.29)

χ
(1,3)
2

(
−π2 ,

π
2

)
=

(4∆2 − 1)3

2(4∆2 + 1)(4∆4 − 3∆2 + 1)
, (5.30)

χ
(1,3)
1

(
−π2 , π

)
= − 2∆(2∆ + 1)3(2∆2 + ∆− 1)

(2∆2 + 2∆ + 1)(8∆4 + 8∆3 + 1)
, (5.31)

χ
(1,3)
2

(
−π2 , π

)
=

2∆2(2∆ + 1)4

(2∆2 + 2∆ + 1)(8∆4 + 8∆3 + 1)
. (5.32)

5.3 Comparison of scattering theory and numerics

5.3.1 Displacements from algebraic Bethe ansatz calculations

The displacement in the trajectories induced by scattering effects is easily deduced
from the time evolution data of Fig. 5.4. For symmetric cases with identical particles,
the average position of the magnetization of a single wave packet can be computed
on one half of the system as a function of time,

〈j〉left
av (t) =

∑N/2
j=1 j

(
1
2 − 〈S

z
j (t)〉

)
∑N/2
j=1

(
1
2 − 〈S

z
j (t)〉

)

=
2

M

N/2∑

j=1

j

(
1

2
− 〈Szj (t)〉

)
. (5.33)

The result for the scattering between two 2-string wave packets is plotted in Fig. 5.5.
Note that the plotted average location of the wave packet in Fig. 5.5 by means of
Eq. (5.33) does not resemble the actual trajectories when the wave packets spa-
tially overlap with each other, as the trajectories are not properly defined during
the scattering event. A linear fit with the same slope is applied to the propagation
of the average position of the wave packet before and after scattering. The horizon-
tal difference between the two straight lines is the displacement of the wave packet
due to scattering effects. The procedure of measuring the displacements by means
of Eq. (5.33) was performed for multiple values of anisotropy ∆. Moreover, these
results can be compared with Eq. (5.24), where the displacements for the situations
of Fig. 5.5 are specifically given by Eqs (5.27) and (5.28) as function of anisotropy.
The results are plotted in Fig. 5.5 as well, showing agreement between both ap-
proaches. The explicit time evolution relying on algebraic Bethe ansatz matrix
elements provides confirmation of the analytical predictions for the displacements.

Besides symmetric scattering situations, colliding distinct n-string and m-string
wave packets can be constructed and traced in the time-evolved magnetization pro-
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Figure 5.5: Left: Measurement of the scattering displacement from Bethe ansatz
time evolution of bound magnons at ∆ = 2, by computing the average
location of the wave packets according to Eq. (5.33) and taking the
horizontal difference of the linear fits. Right: Scattering displacement
(in units of lattice distance) for single and bound magnons as function of
anisotropy. Measured data from algebraic Bethe ansatz time evolution
of magnetization (see left panel) compared to the derivative of scattering
phase shifts, see Eqs (5.27)-(5.28).

file. Fig. 5.6 shows the scattering between an 1- and a 3-string wave packet. Two
situations are distinguished, the former with both wave packets at maximal velocity
at p1 = −p2 = −π/2, where the larger string moves much slower because of its
effective mass, see Eq. (5.6). The latter situation consists of an incoming 1-string
wave packet scattering on a stationary wall of a 3-string wave packet at p2 = π.
The corresponding analytic scattering displacements, Eqs (5.29)-(5.32), are shown
adjacent to the time evolution plots in Fig. 5.6. The scattering displacements are
measured from the time evolution by imposing a Gaussian fit on the wave packet
after scattering and comparing the average location to the time evolution of a sin-
gle wave packet without scattering. In the lower right panel (p2 = π), the fitting
procedure of the average location of the 3-string wave packet becomes less accurate
for decreasing ∆.

In the planar regime where |∆| < 1, we encounter substantial limitations (as de-
scribed in Sec. 5.1.3) on both the construction of the scattering wave packets, as well
as on the comparison to results of scattering theory. Due to the effective binding
length of the individual constituents of the string states, the tails of the magne-
tization profile of the wave packets start overlapping with each other significantly
at low ∆, invalidating important assumptions of scattering theory which include
asymptotic separation of the wave packets before and after scattering. Comparison
of the measured displacements to scattering theory is therefore not meaningful for
higher strings in the planar regime. Only going to much larger system sizes would
resolve the aforementioned issue.
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Figure 5.6: Left: time evolution from algebraic Bethe ansatz of 〈Szj (t)〉 for a sin-
gle magnon wave packet with momentum p1 = −π/2 scattering against
a 3-string wave packet with momentum p2 = π/2 (top) and p2 = π
(bottom) respectively, with N = 100, ∆ = 2 and α = 4. Right: Corre-
sponding scattering displacements (in units of lattice distance) as func-
tion of anisotropy, see Eqs (5.29)-(5.32), where the points are measured
displacements obtained from the time evolution data.

5.3.2 Displacements from TEBD calculations for scattering
of spin blocks compared to the Ising limit

The scattering displacement turns out to have a particularly simple form at large
anisotropy. In particular, it was found in Ref. [139] that when a propagating n-
particle cluster is incident on a larger block, the block is displaced by 2n sites. This
can be explained from the Bethe ansatz results presented in previous subsections,
by taking the Ising limit ∆ → ∞ of Eq. (5.24) for the displacement of an n-string
wave packet scattering at an m-string wave packet.

First, we obtain for all s

lim
∆→∞

∂θs
(
λ(n)(p1)− λ(m)(p2)

)

∂p1
= −1 , (5.34)

which is independent of n, m, p1, and p2. Using Eq. (3.9) for the phase shift between
an n-string and an m-string eventually yields

lim
∆→∞

χ
(n,m)
1 (p1, p2) = −2 min(n,m) + δnm . (5.35)
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Thus, the scattering displacement for unequal wave packets (n 6= m) is equal to
twice the number of particles in the smaller wave packet.

The leading order term of the Ising limit in Eq. (5.35) can be given for the case
where cos(p1 − p2) 6= 0 as

χ
(n,m)
1,LO = −δnm

(
(2− δn1)

cos(p1 − p2)

2
− δn1

2

)
∆−2

− (1− δnm)
cos(p1 − p2)

2|n−m|−1
∆−|n−m|

− (2 min(n,m)− δnm)
cos(p1)

2n−1
∆−n , (5.36)

yielding an error estimate for Eq. (5.35). A systematic expansion for all momenta
becomes cumbersome due to the summation in Eq. (3.9) and is left out of considera-
tion. If cos(p1−p2) = 0, the leading contribution is given by the third line of (5.36).
If further cos(p1) = 0, the leading order terms will be formed by higher powers like
∆−2n for n = m or ∆−2|n−m| for m 6= n.

Figure 5.7: TEBD time evolution of scattering of a two-spin block state with a block
of 10 upturned spins at ∆ = 5. The block of 10 upturned spins is shifted
by four lattice sites upon impact of the 2-string like bound magnon. This
is in correspondence with Eq. (5.35), yielding a shift of four caused by a
2-string on a larger string. TEBD data and plot produced by M. Ganahl.

Fig. 5.7 shows TEBD results of the scattering of a two-spin block excitation
with a block consisting of 10 adjacent spins at ∆ = 5.0. The initial 2-spin block
was created by upturning two neighboring spins at lattice sites 2 and 3. The first
site (with open boundary conditions) is energetically inaccessible for large ∆; hence
the 2-spin block travels to the right and is incident on the 10-spin block. The
displacement is clearly by 4 sites, as predicted by Eq. (5.35). A similar displacement
by 2 sites in the case of a single incident particle was highlighted in Ref. [139].

Although the 2-spin block and the 10-spin block are not explicity prepared as
wave packets in this case, at large ∆, string states are tightly bound, and therefore
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these blocks may be understood intuitively to be close to 2-string wave packets
and 10-string wave packets. The Ising limit Eq. (5.35) thus provides a satisfactory
explanation to the shift observed in these numerical experiments.

Even more, it was observed [139] that the behavior of the scattering displacement
of a large spin-block state close to the isotropic point at ∆ = 1.1 still resembles the
scattering behavior of the large ∆ limit by shifting the spin-block by two lattice
sites upon scattering. In order to explain this from Bethe ansatz, we take the limit
of Eq. (5.24) for the scattering of a large string (m � 1) with center λ(m)(p2) and
an 1-string with center λ(1)(p1) at all values of ∆ > 1,

∂θs
(
λ(1)(p1)− λ(m)(p2)

)

∂p2

∣∣∣
m�1

=
(
1 +O(e−sζ)

) (
1 +O(e−mζ)

)
, (5.37)

where s can only take on the values s = m− 1 or s = m+ 1, due to Eq. (3.9). The
latter equation finally gives for the displacement of the large m-string at ∆ > 1,

χ
(1,m)
2 (p1, p2)

∣∣
m�1

= 2 +O(e−(m−1)ζ) , (5.38)

implying that already at ∆ = 1.1 (ζ = 0.4436), the scattering displacement of
a large spin block should still be close to two sites, as is in agreement with the
aforementioned observation.

5.4 Conclusions

In this chapter, we have studied the quantum analogue of soliton-like scattering
phenomena in the anisotropic spin- 1

2 Heisenberg chain, by utilizing the algebraic
Bethe ansatz expressions for matrix elements of local spin operators. We considered
quantum scattering of localized excitations, created from linear combinations of
Bethe states with Gaussian-distributed momenta, constructing wave packets of n
bound magnons. This construction allows to study scattering phenomena of wave
packets containing an arbitrary number of bound magnons.

The algebraic Bethe ansatz time evolution of the colliding wave packets of bound
magnons displays a spatial displacement in the trajectories of the wave packets
under scattering, consistent with scattering theory results. For various values of
anisotropy, fits on the displacements of the time evolved trajectories are in agreement
with analytical results on the displacement from the derivative of the Bethe ansatz
scattering phase shifts, for several combinations of string lengths.

The scattering phase shift can also be measured directly as well for the scat-
tering between two localized single-magnon wave packets, again matching phase
shift expressions provided by Bethe ansatz. Using TEBD, scattering displacements
from spin-block states have been studied, showing similar scattering features and
validating the analytic predictions of the Ising limit for the scattering displacement.
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The experimental realizability of real time tracking of localized excitations in
the Heisenberg spin chain [59, 60] might provide an opportunity to study dynam-
ical scattering phenomena of (bound) magnons. A possible manifestation of such
phenomena might be provided by the soliton-like scattering effects analyzed in this
chapter. Moreover, the results on the scattering displacements could in principle be
extended to other Bethe ansatz solvable models.



Chapter 6

Time evolution with
additional interactions

The preceding chapters elaborated on an exact numerical method using matrix ele-
ment expressions from algebraic Bethe ansatz in order to evaluate spin observables
and correlations in integrable spin- 1

2 and spin-1 chains, motivated by the experi-
mental realizability of these models. The applicability of Bethe ansatz is however
limited to scarce situations where the underlying model is integrable. Meanwhile,
experiments on (quasi) one-dimensional spin systems often unavoidably experience
extra noise or perturbations from the environment, such as coupling between dif-
ferent layers of a three-dimensional material realizing effective staggered magnetic
fields, which cannot be modeled directly using finite size algebraic Bethe ansatz
methods. On the other hand, time-dependent magnetic potentials or additional
spin-spin interactions are applied on purpose to study out-of-equilibrium dynamics
within the spin chain.

A few numerical procedures are available for the computation of expectation
values for generic (not necessarily integrable) quantum spin chain models, the most
obvious example being exact diagonalization. The strategy is to determine the ac-
tion of the Hamiltonian on a basis of states, and diagonalize the resulting matrix
numerically. However, as the dimension of the Hilbert space grows exponentially
with system size, so does the computational effort. The sparseness of the Hamil-
tonian can be exploited to achieve some increment in system size, but the system
size will always be limited. More efficient computations rely on density matrix
renormalization group procedures, which are mainly effective for one-dimensional
systems [75,76].

This chapter forms part of a broader research effort to use the integrable ba-
sis as computational basis for nonintegrable models, by perturbing the integrable
model. This has for example been exploited by perturbing integrable quantum

119
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field theories [143–146], constructing two-dimensional models based on integrabil-
ity [145,147–150], or by using the Bethe ansatz as computational basis in numerical
renormalization group procedures [151], where the latter has been applied to the
Lieb-Liniger model [152]. Applications of numerical renormalization group proce-
dures exploiting algebraic Bethe ansatz techniques for spin chains are under devel-
opment.

In particular, in this chapter, the Suzuki-Trotter decomposition of the time evo-
lution operator will be employed in a basis of Bethe states to consider time evolution
under the Heisenberg Hamiltonian with an additional potential, while all relevant
matrix elements are evaluated using algebraic Bethe ansatz expressions. The main
inspiration to pursue this approach for quantum spin chains stems from the devel-
opment and application of the method for the central spin model in Ref. [79].

For spin chains, the perturbation potential might contain magnetic fields, or
additional spin-spin interaction terms. These potentials can both be global, trans-
lationally invariant, or even be applied locally on a single site. In addition, the
Suzuki-Trotter decomposition allows for the consideration of time-dependent poten-
tials, which is however not explored within this chapter, but is possible in future
extensions.

The global perturbations considered in this chapter can be divided in two classes,
the first example containing terms with single spin operators, realizing a magnetic
field applied to every site. In particular, the application of a staggered longitudi-
nal magnetic field to the Heisenberg model will be considered. The second class of
global perturbations involves the addition of spin-spin interactions, including lon-
gitudinal spin-spin interactions (effectively realizing a change in anisotropy) and
isotropic spin-spin interactions, which results in the addition of next-nearest neigh-
bor exchange coupling.

The local perturbations offer the possibility to study non-diffractive scattering
on the potential, on either a locally applied magnetic field potential or by changing
the local exchange coupling. In this way, the decay of bound states by non-integrable
perturbations can be studied. Moreover, a local change in the exchange coupling
provides for a change in the boundary conditions of the chain, where a precise
cancellation of the a single nearest neighbor interaction link constructs an open spin
chain. Furthermore, by adding long range exchange couplings at the appropriate
places, a two-dimensional lattice is constructed.

All different classes of initial states as earlier discussed in this thesis will be
used for the aforementioned potentials, such as wave-packets of bound magnons and
single or double spin flips on either the fully polarized state or the antiferromagnetic
ground state. In the present chapter, exact diagonalization of the full Hamiltonian
serves as an important benchmark and is used as verification of the Suzuki-Trotter
decomposition results.

The organization of chapter is as follows. Sec. 6.1 starts with a discussion of
the method, where the exponential spin operators need to be related to the matrix
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element expressions from algebraic Bethe ansatz. The results of computations on
global perturbations on a polarized initial state are given in Sec. 6.2. Results and
limitations for antiferromagnetic initial states are discussed in Sec 6.3. The scat-
tering of bound magnon wave packets on a local potential is considered in Sec. 6.4.
Results for the construction of a two-dimensional lattice using a one-dimensional
chain are given in Sec. 6.5. Sec. 6.6 provides a number of concluding remarks and
limitations of the method, along with an outlook towards future applications. The
results of this chapter are based on Ref. [5].

6.1 Suzuki-Trotter decomposition method

The basis of all computations consists of Bethe states of the time-independent inte-
grable Hamiltonian HXXZ (Eq. (1.3)),

|Ψ(t)〉 =
∑

i

Ci(t)|ψi〉 =
∑

{λ}

C{λ}(t)|{λ}〉. (6.1)

The initial state Ci(0) can be constructed similar to all initial states previously used
in this thesis, either by applying local spin flips on the antiferromagnetic ground
state or fully polarized state, or by constructing wave packets of bound magnons
with Gaussian distributed momenta.

The time-evolution of the given initial state is given by the perturbed Hamilto-
nian,

H = HXXZ + V (t), (6.2)

while V (t) consists of spin operators.
For every time step, the coefficients of the Bethe states are updated according

to the second order Suzuki-Trotter decomposition (Eq. (1.17)) of the propagator,

Ci(t+ dt) ≈ 〈ψi|U (2)(t, dt)|Ψ(t)〉 (6.3)

=
∑

j

Cj(t)〈ψi|U (2)(t, dt)|ψj〉 (6.4)

=
∑

j

Cj(t)e
−i dt2 (Ei+Ej)〈ψi|e−idtV (t+ dt

2 )|ψj〉, (6.5)

which comes down to evaluating the matrix elements of the exponential of the spin
operators appearing in V (t). All matrix elements are calculated in a parallelized
numerical fashion as described in Chap. 3 and stored in memory of the computer
running the algorithm. The coefficients for every time step can then be evaluated
from the application of the decomposed propagator (summing over the exponential
matrix elements stored in memory according to Eq. (6.5)) to the coefficients of
the previous time step. Bethe states with infinite rapidities might be present in
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all summations over states appearing in the computations, and must be handled
accordingly, see App. A.

The next important step is to evaluate all relevant matrix elements of exponen-
tials of (multiple) local spin operators, which is done efficiently by writing the wave
function in a local spin basis for the relevant spin operators. We consider exponen-
tials consisting of one and two spin operators respectively in the remainder of this
section.

6.1.1 Exponential matrix elements

To evaluate matrix elements of exponentials of spin operators, we resort to the local
spin basis for a state |ψ〉, following Ref. [79],

|ψ〉 = |ψ+〉+ |ψ−〉, (6.6)

where

|ψ+〉M =
∑

k

c+k | ↑〉 ⊗ |φk〉M , (6.7)

|ψ−〉M =
∑

k

c−k | ↓〉 ⊗ |φk〉M−1. (6.8)

(6.9)

The states |φk〉M containM down flipped spins, and are orthonormal, M 〈φk|φk′〉M ′ =
δkk′δMM ′ , while furthermore the coefficients c±k must be normalized,

∑
k |c

+
k |2 +

|c−k |2 = 1.
Spin operators can be applied to the full state |ψ〉 in order to pick up individual

components of the local state basis. We therefore make use of the fact that

S+|ψ〉 = S+|ψ−〉 =
∑

k

c−k | ↑〉 ⊗ |φk〉M−1, (6.10)

where the site labels on which the spin operators act are not written explicitly, but
are assumed to act on the site of the local state basis. Moreover, the matrix element
of the spin raising operator between two states is

〈ψ|S+|ψ̃〉 = 〈ψ+|S+|ψ̃−〉

=
∑

k

(c+k )∗〈↑ | ⊗ 〈φk|M
∑

k′

c̃−k′ | ↑〉 ⊗ |φk′〉M−1

=
∑

k

(c+k )∗c̃−k . (6.11)

Likewise, the matrix element of the spin lowering operator is

〈ψ|S−|ψ̃〉 =
∑

k

(c−k )∗c̃+k . (6.12)
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For the diagonal elements, the action of two subsequent spin operators is

S−S+|ψ〉 = S−S+|ψ−〉 =
∑

k

c−k | ↓〉 ⊗ |φk〉M−1, (6.13)

with matrix element

〈ψ|S−S+|ψ̃〉 = 〈ψ−|S−S+|ψ̃−〉

=
∑

k

(c−k )∗〈↓ | ⊗ 〈φk|M
∑

k′

c̃−k′ | ↓〉 ⊗ |φk′〉M−1

=
∑

k

(c−k )∗c̃−k . (6.14)

Analogously,

〈ψ|S+S−|ψ̃〉 =
∑

k

(c+k )∗c̃+k . (6.15)

These expressions for matrix elements of spin operators are very useful to remove
the c±k from the final expressions for matrix elements of exponential spin operators.
For generic operators Ol acting on site l, the matrix elements in the local basis are

〈ψ+|Ol|ψ̃−〉 = 〈↑ |Ol| ↓〉
∑

k

(c+k )∗c̃−k = 〈↑ |Ol| ↑〉〈ψ|S+
l |ψ̃〉, (6.16)

〈ψ−|Ol|ψ̃+〉 = 〈↑ |Ol| ↓〉
∑

k

(c−k )∗c̃+k = 〈↑ |Ol| ↑〉〈ψ|S−l |ψ̃〉, (6.17)

〈ψ+|Ol|ψ̃+〉 = 〈↑ |Ol| ↑〉
∑

k

(c+k )∗c̃+k = 〈↑ |Ol| ↑〉〈ψ|S+
l S
−
l |ψ̃〉, (6.18)

〈ψ−|Ol|ψ̃−〉 = 〈↓ |Ol| ↓〉
∑

k

(c−k )∗c̃−k = 〈↑ |Ol| ↑〉〈ψ|S−l S
+
l |ψ̃〉. (6.19)

We are now in place to consider the matrix elements of exponential spin opera-
tors. First, the action of the exponential of the longitudinal spin operator is

e−icS
z
l |ψ+

j 〉 =

∞∑

n=0

(−ic)n(Szl )n|ψ+
j 〉 = e−ic/2|ψ+

j 〉, (6.20)

e−icS
z
l |ψ−j 〉 =

∞∑

n=0

(−ic)n(Szl )n|ψ−j 〉 = eic/2|ψ−j 〉, (6.21)
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such that the matrix elements are of the form

〈ψi|e−icS
z
l |ψj〉 = 〈ψ+

i |e
−icSzl |ψ+

j 〉+ 〈ψ−i |e
−icSzl |ψ−j 〉

= e−ic/2〈ψi|S+
l S
−
l |ψj〉+ eic/2〈ψi|S−l S

+
l |ψj〉

= e−ic/2〈ψi|(
1

2
+ Szl )|ψj〉+ eic/2〈ψi|(

1

2
− Szl )|ψj〉

=
1

2

(
e−ic/2 + eic/2

)
δij +

(
e−ic/2 − eic/2

)
〈ψi|Szl |ψj〉

= cos(c/2)δij − 2i sin(c/2)〈ψi|Szl |ψj〉. (6.22)

Eq. (6.22) is the first applicable result for matrix elements of the exponential
longitudinal spin operator, as the remaining matrix elements 〈ψi|Szl |ψj〉 are com-
putable using the determinant expressions from algebraic Bethe ansatz, see Chap. 2.
This strategy will be employed in the next sections.

6.1.2 Exponential matrix elements of interactions

In this section, expressions for matrix elements of exponentials consisting of two
spin operators will be derived, again in the local basis of the two spins, extending
the results of Ref. [79].

Local spin basis

We again construct the local spin basis for a state |ψ〉,

|ψ〉 = |ψ++〉+ |ψ−−〉+ |ψ+−〉+ |ψ−+〉, (6.23)

however now containing a decomposition of the tensor products in two separate local
spins,

|ψ++〉M =
∑

k

c++
k | ↑↑〉 ⊗ |φk〉M , (6.24)

|ψ−−〉M =
∑

k

c−−k | ↓↓〉 ⊗ |φk〉M−2, (6.25)

|ψ+−〉M =
∑

k

c+−k | ↑↓〉 ⊗ |φk〉M−1, (6.26)

|ψ−+〉M =
∑

k

c−+
k | ↓↑〉 ⊗ |φk〉M−1. (6.27)

Again, orthonormality gives M 〈φk|φk′〉M ′ = δkk′δMM ′ , with normalized coefficients∑
k |c

++
k |2 + |c−−k |2 + |c+−k |2 + |c−+

k |2 = 1.
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Following the strategy of the derivation of a single local spin, all matrix elements
of generic operators Olm acting on two separate sites l and m are

〈ψ++|Olm|ψ̃++〉 = 〈↑↑ |Olm| ↑↑〉
∑

k

(c++
k )∗ c̃++

k

= 〈↑↑ |Olm| ↑↑〉〈ψ|S+
l S
−
l S

+
mS
−
m|ψ̃〉

= 〈↑↑ |Olm| ↑↑〉

(
〈ψ|ψ̃〉

4
+
〈ψ|Szl |ψ̃〉

2
+
〈ψ|Szm|ψ̃〉

2
+ 〈ψ|Szl Szm|ψ̃〉

)
,

(6.28)

〈ψ−−|Olm|ψ̃−−〉 = 〈↓↓ |Olm| ↓↓〉
∑

k

(c−−k )∗ c̃−−k

= 〈↓↓ |Olm| ↓↓〉〈ψ|S−l S
+
l S
−
mS

+
m|ψ̃〉

= 〈↓↓ |Olm| ↓↓〉

(
〈ψ|ψ̃〉

4
− 〈ψ|S

z
l |ψ̃〉

2
− 〈ψ|S

z
m|ψ̃〉
2

+ 〈ψ|Szl Szm|ψ̃〉

)
,

(6.29)

〈ψ+−|Olm|ψ̃+−〉 = 〈↑↓ |Olm| ↑↓〉
∑

k

(c+−k )∗ c̃+−k

= 〈↑↓ |Olm| ↑↓〉〈ψ|S+
l S
−
l S
−
mS

+
m|ψ̃〉

= 〈↑↓ |Olm| ↑↓〉

(
〈ψ|ψ̃〉

4
+
〈ψ|Szl |ψ̃〉

2
− 〈ψ|S

z
m|ψ̃〉
2

− 〈ψ|Szl Szm|ψ̃〉

)
,

(6.30)

〈ψ−+|Olm|ψ̃−+〉 = 〈↓↑ |Olm| ↓↑〉
∑

k

(c−+
k )∗ c̃−+

k

= 〈↓↑ |Olm| ↓↑〉〈ψ|S−l S
+
l S

+
mS
−
m|ψ̃〉

= 〈↓↑ |Olm| ↓↑〉

(
〈ψ|ψ̃〉

4
− 〈ψ|S

z
l |ψ̃〉

2
+
〈ψ|Szm|ψ̃〉

2
− 〈ψ|Szl Szm|ψ̃〉

)
,

(6.31)

〈ψ+−|Olm|ψ̃−+〉 = 〈↑↓ |Olm| ↓↑〉
∑

k

(c+−k )∗ c̃−+
k

= 〈↑↓ |Olm| ↓↑〉〈ψ|S+
l S
−
m|ψ̃〉, (6.32)

〈ψ−+|Olm|ψ̃+−〉 = 〈↓↑ |Olm| ↑↓〉
∑

k

(c−+
k )∗ c̃+−k

= 〈↓↑ |Olm| ↑↓〉〈ψ|S−l S
+
m|ψ̃〉. (6.33)
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The exponential of the longitudinal spin-spin interaction consists of four terms,
derived by applying the previously derived matrix elements,

〈↑↑ |e−icS
z
l S

z
m | ↑↑〉 = 〈↓↓ |e−icS

z
l S

z
m | ↓↓〉 = e−ic/4, (6.34)

〈↑↓ |e−icS
z
l S

z
m | ↑↓〉 = 〈↓↑ |e−icS

z
l S

z
m | ↓↑〉 = eic/4. (6.35)

The final result for the full matrix element of the exponential of the longitudinal
spin-spin interaction is therefore

〈ψ|e−icS
z
l S

z
m |ψ̃〉 = e−ic/4

(
1

2
〈ψ|ψ̃〉+ 2〈ψ|Szl Szm|ψ̃〉

)

+ eic/4
(

1

2
〈ψ|ψ̃〉 − 2〈ψ|Szl Szm|ψ̃〉

)

= cos(c/4)〈ψ|ψ̃〉 − 4i sin(c/4)〈ψ|Szl Szm|ψ̃〉. (6.36)

The exponential of the isotropic spin-spin interaction consists of six terms, which
are similarly derived as

〈↑↑ |e−icSl·Sm | ↑↑〉 = 〈↓↓ |e−icSl·Sm | ↓↓〉 = e−ic/4, (6.37)

〈↑↓ |e−icSl·Sm | ↑↓〉 = 〈↓↑ |e−icSl·Sm | ↓↑〉 =
1

2
e−ic/4 +

1

2
eic3/4, (6.38)

〈↑↓ |e−icSl·Sm | ↓↑〉 = 〈↓↑ |e−icSl·Sm | ↑↓〉 =
1

2
e−ic/4 − 1

2
eic3/4. (6.39)

The final result for the full matrix element of the exponential of the isotropic
spin-spin interaction is therefore

〈ψ|e−icSl·Sm |ψ̃〉 = e−ic/4
(

1

2
〈ψ|ψ̃〉+ 2〈ψ|Szl Szm|ψ̃〉

)

+

(
1

2
e−ic/4 +

1

2
eic3/4

)(
1

2
〈ψ|ψ̃〉 − 2〈ψ|Szl Szm|ψ̃〉

)

+

(
1

2
e−ic/4 − 1

2
eic3/4

)(
〈ψ|S−l S

+
m|ψ̃〉+ 〈ψ|S+

l S
−
m|ψ̃〉

)

=

(
3

4
e−ic/4 +

1

4
eic3/4

)
〈ψ|ψ̃〉+

(
e−ic/4 − eic3/4

)
〈ψ|Sl · Sm|ψ̃〉.

(6.40)

The spin-spin matrix elements arising in Eqs. (6.36) and (6.40) are computed
from the algebraic Bethe ansatz matrix elements by inserting resolution of the iden-
tity and summing over the relevant states.
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6.1.3 Site and time-dependent operators on all spins

The most generic perturbing potential on the Heisenberg Hamiltonian is time-
dependent, and has a varying spatial distribution over all lattice sites,

V (t) =

N∑

l=1

hl(t)Ol, (6.41)

where the parameter hl(t) is a function of time and lattice site l, and the operator Ol
may consist (in this chapter) of one or two spin operators.

To derive an expression for matrix elements of this generic spatially varying
potential, the exponential of the potential is assumed to be of the form

〈ψi|e−icOl |ψj〉 = alδij + bl〈ψi|Ol|ψj〉 (6.42)

for complex parameters al, bl, which is clearly the case for Eqs. (6.22), (6.36) and (6.40)
derived in the previous subsection.

The results of the previous subsection are generalized to time and space depen-
dent potentials, and are summarized below by stating the relevant parameters al, bl.
The time-dependence in al, bl, hl is left implicit. This shorthand notation will be-
come of use when deriving the final expression for the matrix elements of the full
space-dependent potentials.

For a longitudinal space- and time-dependent magnetic field with potential

V (t) =

N∑

l=1

hl(t)S
z
l , (6.43)

the parameters yield, according to Eq. (6.22),

al = cos

(
dt

2
hl(t+

dt

2
)

)
, bl = −2i sin

(
dt

2
hl(t+

dt

2
)

)
. (6.44)

For a space- and time-dependent longitudinal spin-spin interaction potential

V (t) =

N∑

l=1

∆l(t)S
z
l · Szl+1, (6.45)

the parameters yield, according to Eq. (6.36),

al = cos

(
dt

4
∆l(t+

dt

2
)

)
, bl = −4i sin

(
dt

4
∆l(t+

dt

2
)

)
. (6.46)

For a space- and time-dependent isotropic exchange interaction potential

V (t) =

N∑

l=1

Jl(t)Sl · Sl+s, (6.47)
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the parameters yield, according to Eq. (6.40),

al =
3

4
exp

(
−idt

4
Jl(t+

dt

2
)

)
+

1

4
exp

(
3i
dt

4
Jl(t+

dt

2
)

)
, (6.48)

bl = exp

(
−idt

4
Jl(t+

dt

2
)

)
− exp

(
3i
dt

4
Jl(t+

dt

2
)

)
. (6.49)

The full matrix elements of the exponential of the potential which are employed
in the second order Suzuki-Trotter decomposition of the propagator (Eq. (6.5)) are
now derived as a function of the relevant al, bl parameters as

〈ψi|e−idtV (t+dt)|ψj〉 = 〈ψi|e−idt
∑N
l=1 hlOl |ψj〉

= 〈ψi|
N∏

l=1

e−idthlOl |ψj〉

=
∑

α,β,...,γ

〈ψi|e−idth1O1 |ψα〉〈ψα|e−idth2O2 |ψβ〉

〈ψβ |...|ψγ〉〈ψγ |e−idthNON |ψj〉

=
∑

α,β,...,γ

(a1δiα + b1〈ψi|O1|ψα〉)(a2δαβ + b2〈ψα|O2|ψβ〉)...

· (aNδγj + bN 〈ψγ |ON |ψj〉)

=
∑

α,β,...,γ

δiαδαβ ...δγj

N∏

h=1

ah

+
∑

α,β,...,γ

N∑

l=1

bl〈ψαl |Ol|ψαl+1
〉δiα...δγj

N∏

h=16=l

ah +O(dt2)

= δij

N∏

h=1

ah +

N∑

l=1

bl〈ψi|Ol|ψj〉
N∏

h=16=l

ah +O(dt2). (6.50)

The former derivation assumes commutation of the spin operators Ol among them-
selves. This is true for the magnetic field potentials (with a single longitudinal spin
operator) and for the longitudinal spin-spin interaction potential. However, the full
isotropic exchange couplings do not mutually commute. If the spin operators do not
mutually commute, then an extra error O(dt2) is introduced in the former derivation
from the first line to the second, which can be overcome by taking small enough
time steps in the end. It will be shown later that the error in the expectation values
as a result of the non-commutation vanishes as the time step size is decreased.

The final result, which will be employed in the second order Suzuki-Trotter
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decomposition, yields

〈ψi|e−idtV (t+dt)|ψj〉 =

N∏

h=1

ah

(
δij +

N∑

l=1

bl
al
〈ψi|Ol|ψj〉

)
+O(dt2). (6.51)

6.1.4 Summary

The method employed in this chapter is based on the second order Suzuki-Trotter
decomposition of the time evolution operator of the XXZ Hamiltonian with addi-
tional potential V (t). Time evolution is performed in the basis of Bethe states, from
an initial state |Ψ(0)〉, which is constructed from local spin operators acting on a
reference state, or by assigning weights to the states from a Gaussian distribution
of the momenta of (bound) magnons.

The method requires to compute all relevant matrix elements from algebraic
Bethe ansatz (Chap. 2 and 3) in Eq. (6.51), with parameters al, bl listed in Sec. 6.1.3.
This computation is performed in a parallelized fashion, after which all matrix ele-
ments of single spin operators are stored in memory. For time-dependent potentials,
the summations in Eq. (6.51) must be performed at every time step from the matrix
elements stored in memory. For time independent potentials, this step only has to
be done only once, while the full propagator of Eq. (6.51) is stored in memory as
well and is accessed later again at every time step of the time evolution of the state.

Finally, the time evolution of the state in the basis of Bethe states is performed
by updating the coefficients of the Bethe states according to Eq. (6.5) at every time
step. The resulting expectation value of the local magnetization for the state |Ψ(t)〉
is subsequently computed by Eq. (1.14) at every time step.

6.2 Results for the polarized state

The results for the time evolution under the Heisenberg Hamiltonian with an addi-
tional magnetic potential are stated in this section, specifically applied to an initial
state from a spin flip on the fully polarized state. The cases below are assessed
systematically according to the steps of the computation given in the summary in
Sec. 6.1.4.

6.2.1 Staggered field

A staggered magnetic field in the longitudinal direction applied to the Heisenberg
spin chain consists of the magnetic potential

V = h

N∑

j=1

(−1)jSzj . (6.52)
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For the first computation from the fully polarized state, the initial state is taken to
be a spin flip on the vacuum,

|Ψ(0)〉 = S−j0 |0〉, (6.53)

such that the coefficients of the Bethe states are obtained from the spin lowering
matrix elements from algebraic Bethe ansatz,

C{λ}(0) = 〈{λ}|S−j0 |0〉. (6.54)

The results of the expectation value of the local magnetization, obtained by the
method summarized in Sec 6.1.4, are plotted in Fig. 6.1 for three values of the
staggered magnetic field strength h.
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Figure 6.1: Expectation values of the local magnetization for the Heisenberg model
with a staggered longitudinal field, with strengths h = 0, J/8, J/4 from
left to right. The initial state is a single downturned spin on the fully
polarized state, |Ψ(0)〉 = S−j0 |0〉, while time evolution is performed using
a second order Suzuki-Trotter decomposition.

The results are compared to exact diagonalization in Fig. 6.2, by taking the dif-
ference of the expectation values of the local magnetization in both computations.
From these results, it can be concluded that the error vanishes if the time step size
is decreased, therefore validating the approach using the Suzuki-Trotter decompo-
sition of the time evolution operator, while all matrix elements are computed using
algebraic Bethe ansatz.

6.2.2 Next-nearest neighbor interactions

In addition to the nearest neighbor exchange interactions in the Heisenberg spin
chain, next-nearest neighbor exchange coupling is added to the Hamiltonian, using
the potential

V = J2

N∑

j=1

Sj · Sj+2. (6.55)
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Figure 6.2: Difference between time evolution of expectation values from the second
order Suzuki-Trotter decomposition and exact diagonalization for stag-
gered magnetic field strength h = J/8, computed at two different sites
(left and right panels) and for various time step sizes δt. The results
show a decreasing error of the decomposition with decreasing time step
size.
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Figure 6.3: Expectation values of the local magnetization for the Heisenberg model
with a additional next-nearest neighbor exchange interactions, with
strengths J2 = 0, J/4, J/2 from left to right. The timescale is nor-
malized such that J + J2 = 1. The initial state is a single downturned
spin on the fully polarized state, |Ψ(0)〉 = S−j0 |0〉, while time evolution
is performed using a second order Suzuki-Trotter decomposition.

The results of the expectation value of the local magnetization, obtained by
the method summarized in Sec 6.1.4, are plotted in Fig. 6.3 for three values of
the next-nearest neighbor exchange coupling J2. The initial state consists of a
single downturned spin on a fully polarized background, similar to Eq. (6.53). The
procedure is again compared to exact diagonalization in Fig. 6.4, by taking the
difference of the expectation values of the local magnetization in both computations.
Again, the error decreases as the time step size of the decomposition decreases.
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Figure 6.4: Difference between time evolution of expectation values from a second
order Suzuki-Trotter decomposition and exact diagonalization for next-
nearest neighbor exchange coupling J2 = J/2, on an initial state with
a single downturned spin on a polarized background, computed at two
different sites (left and right panels) and for various time step sizes δt.
The results show a decreasing error of the decomposition with decreasing
time step size.

Subsequently, the same time evolution procedure with additional next-nearest
neighbor interactions is performed for an initial state consisting of two adjacent
downturned spins on a polarized background,

|Ψ(0)〉 = S−j0S
−
j0+1|0〉, (6.56)

such that the overlap coefficients of the Bethe states become

C{λ}(0) =
∑

{µ}

〈{λ}|S−j0 |{µ}〉〈{µ}|S
−
j0+1|0〉. (6.57)

The results for the expectation values of the local magnetization for the initial
state with two adjacent downturned spins are plotted in Fig. 6.5. For increasing
next-nearest neighbor coupling J2, it is noticed that the slowest wavefront associated
to the two-string excitations tends to disappear in the time evolved magnetization
profile.

A comparison with respect to exact diagonalization in Fig. 6.6 once again displays
a decreasing error as the time step size of the decomposition decreases, validating
the approach using the second order Suzuki-Trotter decomposition.

6.2.3 Anisotropy quench

In this section, we consider changing the anisotropy for an initial state consisting of
two adjacent downturned spins on a polarized background, equivalent to Eqs. (6.56)
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Figure 6.5: Expectation values of the local magnetization for the Heisenberg model
with a additional next-nearest neighbor exchange interactions, with
strengths J2 = 0, J/4, J/2 from left to right. The timescale is nor-
malized such that J + J2 = 1. The initial state consists of two adja-
cent downturned spin on the fully polarized state, |Ψ(0)〉 = S−j0S

−
j0+1|0〉,

while time evolution is performed using a second order Suzuki-Trotter
decomposition.
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Figure 6.6: Difference between time evolution of expectation values from a second
order Suzuki-Trotter decomposition and exact diagonalization for next-
nearest neighbor exchange coupling J2 = J/2, on an initial state with
two adjacent downturned spins on a polarized background, computed
at two different sites (left and right panels) and for various time step
sizes δt. The results show a decreasing error of the decomposition with
decreasing time step size.

and (6.57). The additional longitudinal spin-spin interactions are given by the
potential

V = ∆Q

N∑

j=1

Szj S
z
j+1, (6.58)
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which effectively changes the anisotropy of the Heisenberg model from ∆ to ∆+∆Q.
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Figure 6.7: Expectation values of the local magnetization for the Heisenberg model
with additional longitudinal spin-spin interactions computed in the basis
of ∆ = 1, effectively realizing spin chains with different anisotropies at
∆ = 3/4, 1, 5/4 from left to right. The initial state consists of two adja-
cent downturned spin on the fully polarized state, |Ψ(0)〉 = S−j0S

−
j0+1|0〉,

while time evolution is performed using a second order Suzuki-Trotter
decomposition.

The time evolution is performed in the basis of Bethe states at ∆ = 1, while
time evolution with the additional anisotropic exchange interactions from Eq. (6.58)
is performed using the second order Suzuki-Trotter decomposition, summarized in
Sec. 6.1.4. The results for the expectation values of the local magnetization are
plotted in Fig. 6.7. The results are consistent to the analysis in Sec. 5.1 on the
propagation velocity of the wavefronts for various string lengths. The results of
Fig. 6.7 distinguishes two wave-fronts for each value of anisotropy, one for the one-
strings (the unbound magnons), and one for the two-strings (the bound magnons).
The velocity of the one-strings is clearly independent of the anisotropy, which is con-
sistent with Eq. (5.5). The two-string velocity decreases for increasing anisotropy,
which is similarly consistent with Eqs. (5.5) and (5.6). It is also noted that for
increasing anisotropy, the initial state consisting of two adjacent downturned spins
becomes more overlapped with the two-strings.

The results are compared to exact diagonalization in Fig. 6.8, showing a de-
creasing error as the time step size of the decomposition decreases, validating the
approach for the anisotropy quench procedure using the second order Suzuki-Trotter
decomposition as well.

Clearly, the results from this section could have been obtained by doing the
computations directly in the basis of the anisotropic spin chain, as the initial state
consists of two downturned spins. However, when one takes for example the anti-
ferromagnetic ground state at a certain ∆ as an initial state, and time evolves it
under a different ∆, then one has to resort the Suzuki-Trotter decomposition. The
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Figure 6.8: Difference between time evolution of the expectation values from a sec-
ond order Suzuki-Trotter decomposition and exact diagonalization for
two values of ∆Q at site j0, on an initial state with two adjacent down-
turned spins on a polarized background, for various time step sizes δt.
The results show a decreasing error of the decomposition with decreasing
time step size.

latter is an example of a quantum quench in the anisotropy, and is considered in
Sec. 6.3.2.

6.3 Results for the antiferromagnet

For the computations on the fully polarized state, the results of the Suzuki-Trotter
decomposition showed perfect agreement with the expectations of the method, the
error given by the difference of the expectation value vanishes with decreasing step
size. This is a nice result, but on the other hand not very exciting; the dimensions
of the important subsectors of the Hilbert space are proportional to the system size
for only one or two down spins, such that an exact diagonalization algorithm can
reach the same order of system sizes as the algebraic Bethe ansatz method.

It would therefore be much more interesting to address the models considered
in the previous section from an antiferromagnetic ground state, with a macroscopic
number of down spins, and an exponentially large Hilbert space. The dynamics
from an antiferromagnetic state at zero field are much harder to assess with exact
diagonalization. However, we still would like to verify the correctness of our results
for the Suzuki-Trotter decomposition with respect to exact diagonalization, and
therefore perform the computations on spin chains with much smaller system size,
at N = 16.
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6.3.1 Staggered magnetic field

The first prototypical computation consists of a staggered longitudinal magnetic
field,

V = h

N∑

j=1

(−1)jSzj (6.59)

with staggered field strength h. The time evolution for the Heisenberg model with
this additional potential is computed from an initial state consisting of the antifer-
romagnetic ground state of the Heisenberg model at zero field,

|Ψ(0)〉 = |{λGS}N/2〉. (6.60)

The results for the time evolved expectation value of the local magnetization are
plotted in Fig. 6.9. The application of a staggered magnetic field on the otherwise
translationally invariant zero magnetized antiferromagnetic ground state causes the
local magnetization to fluctuate. The total magnetization remains zero, such that
the fluctuations shown in Fig. 6.9 are opposite for even or odd lattice sites. For a
higher staggered magnetic field strength, both the frequency and amplitude of the
fluctuations in the local magnetization increase.

The right panels of Fig. 6.9 show the difference of the expectation values with
respect to exact diagonalization. For a decreasing time step size, the error compared
to exact diagonalization seems not to vanish. This is attributed to the truncation
of the intermediate summations, which is unavoidable for a state in the Hilbert
space subsector of the antiferromagnetic ground state. Typically, the summations
over matrix elements are truncated to the two- and four-spinon states, which are
not sufficient to yield an exact answer. It is therefore important to assess the
error introduced by the truncation of the intermediate summations in the case of
computations on an antiferromagnetic initial state.

6.3.2 Anisotropy quench

Similar to Sec 6.2.3, the anisotropy ∆ of the anisotropic Heisenberg model could be
modified by the potential

V = ∆Q

N∑

j=1

Szj S
z
j+1. (6.61)

It is therefore possible to study the dynamics of an eigenstate of the Heisenberg
model at ∆, while it is evolved under the time evolution of ∆ + ∆Q. We take the
antiferromagnetic ground state of the ∆ = 1 model as the initial state,

|Ψ(0)〉 = |{λGS}N/2〉. (6.62)

With both a translationally invariant potential and a translationally invariant
initial state, the time evolved expectation value of the local magnetization will
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Figure 6.9: Left: Expectation value of the local magnetization for a staggered mag-
netic field with h = J/100, J/10 from top to bottom respectively, while
the initial state consists of the antiferromagnetic ground state of the
Heisenberg model |Ψ(0)〉 = |{λGS}N/2〉. Right: Difference with respect
to exact diagonalization. In this case, decreasing the time step size δt
does not lead to a smaller error compared to exact diagonalization, which
is attributed to the truncation of the intermediate summations.

remain constant. However, time dependent behavior can be found in the non-
equal time two-point spin-spin correlations. The autocorrelation, nearest neighbor
correlation and next-nearest neighbor correlation are therefore evaluated using an
intermediate summation over Bethe states in the two-point correlators, for states
evolved from the second order Suzuki-Trotter decomposition for ∆Q = 1/10 and
∆Q = 1/5. The results are plotted in Fig. 6.10, along with the computation of the
two-point correlations from exact diagonalization.

Only two-spinons and four-spinons are considered in the time evolved state
Eq. (6.5). Moreover, the intermediate summations are truncated to the two-spinons
and four-spinons as well. For higher ∆Q and longer times, it becomes clear from
Fig. 6.10 that the Suzuki-Trotter decomposition loses accuracy.
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Figure 6.10: Second order Suzuki-Trotter decomposition (solid lines) and exact diag-
onalization (dashed lines) results for the Heisenberg model with N = 16
sites and additional anisotropic spin-spin interactions, time evolved
from the antiferromagnetic ground state of the ∆ = 1 model. Left:
∆Q = 1/10. Right: ∆Q = 1/5. From top to bottom, the real (blue
lines) and imaginary (red lines) parts of the autocorrelation, nearest
neighbor, next-nearest neighbor correlation have been plotted. For
higher ∆Q and longer times, it becomes clear that the Suzuki-Trotter
decomposition loses accuracy, which is attributed to the limitation to
the two- and four-spinon states.
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6.4 Scattering on local potentials

Additional interactions to the Heisenberg Hamiltonian allow to consider local fields
or interactions on single sites as well, instead of the global potentials considered
in the previous chapters. In particular, it would be interesting to consider the
reflection and transmission of localized excitations on these single site potential
barriers, visualized from the local magnetization profiles.

In particular, we construct wave packets of bound magnons following the con-
struction of Sec. 5.1, and let them scatter on local potentials on a single site. Two
classes of potentials are considered in this chapter, either by applying a local mag-
netic field on a single lattice site, or by locally changing the exchange coupling
between two neighboring spins. The latter also allows for complete cancellation of
the interaction, realizing an open spin chain.

Reflection and transmission amplitudes are defined by the subtotal of the local
magnetization on the left and right side of the local potential, measured a sufficient
time after scattering. Furthermore, the decay of bound states into other classes of
Bethe states upon scattering on the local potential can be visualized. The sums of
overlap coefficients

∑
{λ} |C{λ}(t)|2 over individual string configurations are plotted

as function of time as well, showing the decay of string configurations into others.
Furthermore, the overlap coefficient

∑
{λ} |C{λ}(tafter))|2 is plotted as a function

of the local potential strength. The aforementioned potential strength dependent
quantities are determined by repeating the computations for a range of local per-
turbation strengths and measuring them at a time sufficiently long after scattering.

All computations are performed according to the Suzuki-Trotter decomposition
of the time evolution operator, where all relevant states and matrix elements are
computed using algebraic Bethe ansatz. The initial states in this section are again
close to full polarization, such that all intermediate Bethe states are included in all
summations, including all lower weight states (see App. A). Therefore, the problem
of previous sector with incomplete summations does not appear again, and the error
of the computations will only depend on the time step size, similar to the results of
Sec. 6.2.

6.4.1 Scattering on a local magnetic field

All results containing the scattering of a wave packet consisting of either a sin-
gle magnon or a bound state of two magnons respectively, are computed for the
scattering on a local magnetic field

V = hfS
z
jf
, (6.63)

where the local magnetic field strength is denoted by hf on a single site jf . In what
follows, the local field is applied to the center of the chain at jf = N/2.

The reflection and transmission amplitudes of the wave packet on the potential
are defined as the subtotals of the magnetization on both sides of the local potential,
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measured at a time long after scattering (but before the next scattering occasion
due to the boundary conditions),

R(hf ) =

N/2∑

j=1

〈Szj (tafter)〉, (6.64)

T (hf ) =

N∑

j=N/2+1

〈Szj (tafter)〉. (6.65)

The first initial state we consider is constructed as a one-string wave packet,

|Ψ(0)〉 = N0

∑

p

e−ipx−
α2

4 (p−p)2

|{λ(1)}〉 (6.66)

with α2 = 12. The time evolution of the local magnetization using the Suzuki-
Trotter decomposition is plotted in Fig. 6.11 (left) for hf = J . The one-string
partially reflects and transmits on the local magnetic field. Fig. 6.11 (right) shows
the reflection and transmission coefficients for the one-string wave packet. These
coefficients are determined by running the calculation for a range values of the local
magnetic field strength hf and computing them according to Eqs. (6.64) and (6.65)
at a sufficiently long time after the scattering.
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Figure 6.11: Left: Scattering of a one-string wave packet on a local magnetic field
with hf = J at site jf = 32. Right: Reflection and transmission
coefficients as a function of the magnetic field strength. Only positive
values of hf are shown as the results are symmetric for negative hf .

The other scattering situation that will be considered consists of an initial state
consisting of a two-string wave packet, with α2 = 8,

|Ψ(0)〉 = N0

∑

p

e−ipx−
α2

4 (p−p)2

|{λ(2)}〉. (6.67)
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The expectation value of the local magnetization is plotted in Fig. 6.12 (left),
similarly showing reflection and transmission of the wave packet on the local mag-
netic field.
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Figure 6.12: Left: Scattering of a two-string wave packet on a local magnetic field
with hf = J at site jf = 32. Right: Summations over all overlap coef-
ficients

∑
{λ} |C{λ}(t)|2 over specific string coefficients as a function of

time, plotted for the computation in the left panel at hf = J , showing
the decay of the overlap of the (bound magnon) two-string Bethe states
into states consisting of real rapidities (unbound magnons).

The initial state consists of Bethe states with two-strings only, while the scatter-
ing on the local perturbation provides a decay channel of the two-strings into real
rapidities. The summations over all overlap coefficients

∑
{λ} |C{λ}(t)|2, where the

sum runs over the Bethe states within a specific string configuration, are plotted in
Fig. 6.12 (right) as a function of time, showing a clear decay of overlap of the wave
function with two-strings into Bethe states consisting of one-stings. The bound state
of two magnons therefore decays into states with two unbound magnons.

By repeating the computation of the two-string wave packet scattering for a
range of local magnetic field strengths, the reflection and transmission amplitudes
and sums over overlap coefficients for the various string configurations at times
sufficiently long after scattering are determined and plotted in Fig. 6.13.

The reflection and transmission amplitudes in Fig. 6.13 (left) show expected be-
havior as a function of magnetic field strength. For hf = 0, there is no magnetic field
present and the transmission amplitude of the wave packet beyond site jf = N/2
is maximal at 1. For values of the magnetic field away from zero, the transmission
starts to decrease, eventually going to zero as the local field becomes strong.

Interesting behavior of the two-string wave packet upon scattering on the local
magnetic field in deducted from Fig. 6.13 (right), showing the summations over all
overlap coefficients

∑
{λ} |C{λ}(tafter)|2 for specific string coefficients as a function

of the magnetic field strength. As expected, at jf = 0, the state remains within the
two-string sector. The decay of the two-string states into states with real rapidities
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Figure 6.13: Left: Reflection and transmission coefficients for the scattering two-
string wave packets on a local magnetic field as a function of the
magnetic field strength. Right: Summations over all overlap coeffi-
cients

∑
{λ} |C{λ}(tafter)|2 over specific string coefficients as a function

of the magnetic field strength. The decay of the overlap of the (bound
magnon) two-string Bethe states into states consisting of real rapidi-
ties (unbound magnons) is therefore visualized as a function of the
magnetic field strength.

is the strongest in the intermediate region. At high local fields, the two-string tends
to reflect entirely on the potential, not decaying into one-strings.

6.4.2 Scattering on a local interaction potential

The same initial state as for the previous subsection with wave packets of bound
magnons are again scattered on a local potential, which now consists of adding
an individual extra spin-spin exchange coupling between two adjacent spins. This
effectively changes a single nearest neighbor interaction within the spin chain. The
potential, with interaction strength Jf , is given by

V = JfSjf · Sjf+1. (6.68)

Once again, the reflection and transmission of the wave packet on the local
interaction potential are similarly defined as function of the additional interaction
strength Jf as

R(Jf ) =

N/2∑

j=1

〈Szj (tafter)〉, (6.69)

T (Jf ) =

N∑

j=N/2+1

〈Szj (tafter)〉. (6.70)
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Figure 6.14: Left: Scattering of a one-string wave packet on an additional local spin-
spin interaction with Jf = −J at site jf = 32, effectively removing
the spin-spin interaction at that site, realizing an open spin chain and
therefore showing full reflection of the wave packet. Right: Reflection
and transmission coefficients as a function of the additional local spin-
spin interaction strength.

A one-string wave packet is constructed, similar to Eq. (6.66) with α2 = 12, and
evolved in time in Fig 6.14 (left) for Jf = −J . This specific choice of the local inter-
action parameter makes the nearest neighbor interaction effectively vanishing, such
that the model becomes an open spin chain. The one-string wave-packet therefore
fully reflects on the local potential at jf = N/2. Fig 6.14 (right) shows the reflection
and transmission amplitudes as a function of the additional local spin-spin interac-
tion strength. At Jf = 0 the transmission amplitude becomes 1, while the reflection
amplitude vanishes as expected. At Jf = −J the reflection amplitude becomes 1,
while the transmission amplitude vanishes, showing the cancellation of a single local
spin-spin interaction, effectively realizing an open spin chain.

A two-string wave packet is constructed, similar to Eq. (6.67) with α2 = 8, and
evolved in time in Fig 6.15 (left) for Jf = −J/2. The summations over all overlap
coefficients

∑
{λ} |C{λ}(t)|2, where the sum runs over the Bethe states within a

specific string configuration, are plotted in Fig. 6.15 (right) as a function of time,
showing that the scattering on the local perturbation again provides a decay channel
of the two-strings into real rapidities.

Fig 6.16 (left) shows the reflection and transmission amplitudes as a function
of the additional local spin-spin interaction strength, while in Fig 6.16 (right) the
summations over all overlap coefficients

∑
{λ} |C{λ}(tafter)|2 have been plotted for

specific string coefficients as a function of the Jf .

At Jf = 0 the transmission amplitude becomes 1, while the reflection amplitude
vanishes as expected. At Jf = −J the reflection amplitude becomes 1, while the
transmission amplitude vanishes, showing the cancellation of a single local spin-spin
interaction, effectively realizing an open spin chain. Furthermore, at Jf = −J , the
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Figure 6.15: Left: Scattering of a two-string wave packet (bound magnons) on an
additional local spin-spin interaction with Jf = −J/2 at site jf = 32,
showing both transmission and reflection of the wave packet. Right:
Summations over all overlap coefficients

∑
{λ} |C{λ}(t)|2 over specific

string coefficients as a function of time, plotted for the computation in
the left panel at Jf = −J/2, showing the decay of the overlap of the
(bound magnon) two-string Bethe states into states consisting of real
rapidities (unbound magnons).

summation of overlap coefficients over the two-string states remains at 1, such that
the two-string fully reflects on the boundary without decaying into other strings.
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Figure 6.16: Left: Reflection and transmission coefficients for the scattering two-
string wave packets on a local interaction perturbation as a function of
Jf . Right: Summations over all overlap coefficients

∑
{λ} |C{λ}(tafter)|2

over specific string coefficients as a function of Jf . The decay of the
overlap of the (bound magnon) two-string Bethe states into states con-
sisting of real rapidities (unbound magnons) is therefore visualized as
a function of Jf .



6.5. SQUARE LATTICE 145

6.5 Square lattice

The final example application of the Suzuki-Trotter decomposition based on al-
gebraic Bethe ansatz matrix elements that will be assessed in this thesis, covers
the two-dimensional Heisenberg model. The model consists of nearest neighbor ex-
change interactions between spins on a two-dimensional square lattice with sides of
length L, such that the total number of spins is N = L2. The Hamiltonian is then
given as

H2D =
∑

〈i,j〉

Si · Sj (6.71)

where 〈i, j〉 restricts the sum to nearest neighbors.

Figure 6.17: Schematic representation of the square lattice (black dots) with L = 5,
containing a folded one-dimensional Heisenberg model (black lines)
with additional long-range interactions from Eq. (6.72) (blue dashed
lines), effectively constructing the two-dimensional Heisenberg model.
The two red lines correspond to the removal of the boundary conditions
of the one-dimensional Heisenberg model.

By folding a one-dimensional Heisenberg spin chain and adding the correct long-
range interactions between all legs of the chain, the two-dimensional Hamiltonian
could be established. In the view of the Suzuki-Trotter decomposition method
elaborated in this chapter, the additional long-range interactions are contained in
the perturbation potential

V = −S1 · SN +

L−2∑

p=0

L−2∑

l=0

Sl+Lp+1 · S2L−l+Lp , (6.72)

while the computation of the time evolution of a given initial state is performed in
the basis of the Bethe ansatz eigenstates of the one-dimensional Heisenberg model.
The folded one-dimensional Heisenberg spin chain chain with long-range interaction
is schematically represented in Fig. 6.17, while the equation for the corresponding
potential is given in Eq. (6.72). The first term removes the periodic boundary con-
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ditions, while the summation places the long-range interactions at the appropriate
places.

From practical point of view, it is desirable to work with the Bethe states for
even system sizes N = L2. This however does not limit the applicability of the
method to even L, as the length of the chain can be set at N+1 = L2 +1 for odd L,
while subtracting an additional interaction link on the boundary with respect to
Eq. (6.72).

From the fully polarized state, we consider two different initial states with a
single downturned spin, with the spin flip applied in the corner and in the center
of the square lattice, respectively. The time evolution of the initial state is per-
formed with the method summarized in Sec. 6.1.4, with perturbation potential from
Eq. (6.72). The left hand panels of Figs. 6.18 and 6.19 shows the time evolution of
the expectation value of the local magnetization 〈Szj0〉 on the site of the downturned
spin.
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Figure 6.18: Left: Expectation value of the local magnetization at the site of the ini-
tial spin flip (at the center of the square lattice) for the two-dimensional
Heisenberg model with L = 5, evolved in time using the Suzuki-Trotter
decomposition based on algebraic Bethe ansatz. Right: Difference of
the expectation value of the local magnetization with respect to exact
diagonalization. The difference vanishes for decreasing time step size
in the Suzuki-Trotter decomposition δt.

As an important verification of the Suzuki-Trotter decomposition method based
on algebraic Bethe ansatz for the effective two-dimensional Heisenberg model, the
results are compared to time evolution using exact diagonalization. The differences
of both approaches for the expectation values of the local magnetization on the site
of the downturned spin are plotted in the right hand panels of Figs. 6.18 and 6.19
for both initial states. For a decreasing time step size in the Suzuki-Trotter decom-
position, the difference with exact diagonalization vanishes, validating the method
of this chapter once again, this time for the addition of long-range spin-spin inter-
actions.
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Figure 6.19: Left/right: Analogous to Fig. 6.18, with the initial spin flip at the
corner of the square lattice.

The expectation values of the local magnetization for the two-dimensional Heisen-
berg model with L = 9, evolved in time using the Suzuki-Trotter decomposition
based on algebraic Bethe ansatz, are plotted in Figs. 6.20 and 6.21 for an initial
state with a spin flip on the site in the center and corner of the square lattice,
respectively.
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Figure 6.20: Expectation values of the local magnetization for the two-dimensional
Heisenberg model with L = 9 and an initial state with a spin flip on
the site in the center of the square lattice, evolved in time using the
Suzuki-Trotter decomposition based on algebraic Bethe ansatz.
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Figure 6.21: Expectation values of the local magnetization for the two-dimensional
Heisenberg model with L = 9 and an initial state with a spin flip on
the site in the corner of the square lattice, evolved in time using the
Suzuki-Trotter decomposition based on algebraic Bethe ansatz.
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6.6 Conclusions

The algebraic Bethe ansatz has been employed as a framework and basis for com-
putations on spin chains with additional magnetic fields or interactions. The time
evolution operator to an initial state in the Bethe basis is applied by a second or-
der Suzuki-Trotter decomposition, while all relevant matrix elements are computed
using the determinant expressions in terms of the Bethe states, as elaborated in
Chap. 2 and 3. The main steps of the method have been summarized in Sec. 6.1.4,
while some concluding remarks on the method are given below.

Physical results

The additional potentials to the Heisenberg spin chain could in principle contain
generic space and time dependent interaction parameters. In particular in this
chapter, the method has been applied to several global and local time-independent
perturbation potentials, consisting of either additional magnetic fields or additional
spin-spin interactions.

Regarding global magnetic fields, we applied a staggered longitudinal field on
both a polarized state with a single spin flip and on the antiferromagnetic ground
state, after which the time evolution was computed. The latter causes the local
magnetization to fluctuate oppositely on even or odd lattice sites. While the stag-
gered magnetic field strength increases, both the frequency and amplitude of the
fluctuations in the local magnetization increase as well.

For global additional spin-spin interactions, two examples have been elaborated,
being an additional longitudinal spin-spin interactions, or additional next-nearest
neighbor interactions. The former effectively changes the anisotropy of the Heisen-
berg model. For both cases, the expectation values of local magnetization and the
spin-spin correlations have been computed as function of time.

The local perturbations considered allowed for the study of scattering phenom-
ena on local integrability breaking potentials for wave packets of bound magnons.
From the subtotals of the local magnetization on the left and right hand side of
the local perturbation, reflection and transmission amplitudes have been defined,
which have been retrieved as a function of the perturbation strength parameters
by running the computations for a range of parameters. Similarly, the outcoming
total overlap coefficients per class of string configurations within the basis of Bethe
states have been retrieved as a function of perturbation strength. The latter results
are in particular interesting, as it showed the decay of bound states (two-strings)
into unbound states of magnons (real rapidities) occurring at the local integrability
breaking potential, with behavior dependent on the perturbation strength.

The local perturbation consists of either a local magnetic field, or a local change
in the nearest neighbor spin-spin interaction. For the latter, it has been shown
that by exactly adding a perturbative interaction that cancels a single nearest-
neighbor interaction in the spin chain, the periodic boundary conditions are effec-
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tively changed to open boundary conditions.
Moreover, an example computation for the two-dimensional Heisenberg model

has been given, by adding the appropriate long-range spin-spin interactions to the
one-dimensional spin chain. These additional long-range interactions can be con-
tained in the perturbation potential in the Suzuki-Trotter decomposition, while
the time evolved results of the decomposition are matched to exact diagonaliza-
tion results on the two-dimensional lattice. The results show the propagation of
two-dimensional magnons in real space.

Limitations

In the ideal case when all relevant states within a sector of fixed magnetization can
be included, the time step size of the decomposition and the perturbation strength
determine the error. Perfect agreement with exact diagonalization is found for states
close to polarization, as the difference between the approaches vanishes with decreas-
ing step size. However, no substantial computational gain is achieved when using
the Suzuki-Trotter decomposition combined with algebraic Bethe ansatz for states
close to full polarization, as these states are also easily accessible to exact diagonal-
ization. What is however unique to the Suzuki-Trotter decomposition method, is
the construction of n-string wave packets (bound magnons), as the string content is
known in advance for a Bethe state. For exact diagonalization, it is not a priori clear
what the string content of each individual eigenstate is, so matching each eigenstate
of exact diagonalization to Bethe ansatz solution is necessary, and is not trivial to
do.

For situations where the magnetization is not conserved by the perturbation,
or for initial states with macroscopic number of downturned spins (such as the
antiferromagnetic ground state), truncations of summations over states are neces-
sary. This introduces a systematic error which does not vanish with decreasing
step size, as states which might become relevant are simply excluded. However, the
Suzuki-Trotter decomposition still yields reasonable results in comparison to exact
diagonalization for small perturbations. It makes the validation of truncated results
however much more difficult at high system sizes and stronger perturbations. How-
ever, the antiferromagnetic states are not even accessible for exact diagonalization
as the dimension of the Hilbert space grows exponentially with system size. There-
fore, more research into assessing the error would be interesting, as well as to take
another approach to Hamiltonians with additional potentials by enriching numerical
renormalization group procedures with algebraic Bethe ansatz matrix elements for
spin chains.

Outlook

Avenues for extensions of the Suzuki-Trotter decomposition method based on matrix
elements expressions from algebraic Bethe ansatz might be provided by decomposing
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the time evolution operator in imaginary time. In this way, the ground state of all
spin chain models with additional potentials mentioned in this chapter might be
determined in the basis of Bethe states. For example, it would be interesting to
determine the antiferromagnetic ground state of the two-dimensional Heisenberg
model.

Furthermore, an extension of the method considering the matrix elements could
be towards a density matrix renormalization group application, in a shot to possibly
overcome the limitations raised by the truncation of matrix element summations for
the antiferromagnetic states. Some further ideas for the construction of potentials
on top of the integrable quantum spin chains considered in this chapter are given
below.

In the context of additional global magnetic fields containing only single spin
operators, all forms of space dependent magnetic traps could be applied to the spin
chain. Even time-dependent local or global magnetic fields could be applied, which
might drive the spin chain to a new exotic equilibrium situation.

A uniform or staggered magnetic field in the transverse direction could be consid-
ered on top of an anisotropic Heisenberg chain (with anisotropic in the longitudinal
direction), having relevance for spin chains with Dzyaloshinskii-Moriya interactions.
These antisymmetric exchange interactions could also be added directly by using a
potential consisting of the relevant spin-spin interactions.

In the context of the two-dimensional Heisenberg model constructed from a
folded spin chain model with additional interactions, other two-dimensional lattice
geometries might be considered as well, such as the honeycomb or triangular lattice,
by adding the relevant additional interactions at the right places. Additionally, on a
square lattice, the exchange interaction strength could be made dependent on the di-
rection on the lattice, effectively given a square lattice with many adjacent quantum
spin chains with weak couplings to neighboring spin chains. This situation reflects
actual quasi one-dimensional crystals, consisting of a two- or three-dimensional lat-
tices of atoms. The strong interaction coupling in one of the directions compared to
the others then effectively turns the crystal into many one dimensional spin chains.
The much weaker coupling between these spin chains remains however present, and
could be modeled by tuning the couplings in the potentials in the right way.

Finally, the method could be extended to the spin-1 bilinear-biquadratic Hamil-
tonian as well by using the Bethe states of the Babujan-Takhtajan spin-1 model as
computational basis. It would then be particularly interesting to change the ratio
of the bilinear and biquadratic terms in the Hamiltonian, by adding a perturbation
potential to Eq. (1.4) which contains either the bilinear or biquadratic interactions.
In this way, the full phase diagram of the spin-1 bilinear-biquadratic Hamiltonian
could be considered [26].



Chapter 7

Dynamical correlations of
excited states

Important features of one-dimensional quantum many-body systems are the pres-
ence of strongly correlated physics and fractionalization into quasiparticles. The
Tomanaga-Luttinger liquid [153, 154] has proven to provide a universal low-energy
description for critical theories of one-dimensional quantum gases and spin systems.
Meanwhile, bosonization techniques [155, 156] have led to accurate descriptions of
the long-range asymptotics of correlations for the models involved.

On the other hand, a class of integrable theories exist in one dimension for which
all eigenstates can be obtained by Bethe ansatz [16] in an exact manner, a property
which is exploited extensively throughout this thesis. A prototypical example of a
Bethe ansatz solvable model, besides the Heisenberg spin chain, is the Lieb-Liniger
model [157, 158] of delta-interacting bosons. For both models, the algebraic Bethe
ansatz [83] provides a method to compute matrix elements of local operators between
two Bethe states at finite system size. A summation over relevant matrix elements of
particle-hole like excitations allows for efficient evaluations of dynamical correlation
functions and expectation values of local operators.

The corresponding bosonized Tomonaga-Luttinger liquid descriptions of the afore-
mentioned models are characterized by universal Luttinger parameters as the com-
pressibility and sound velocity. These universal parameters can be fitted from the
energy level statistics of the model at finite system size offered by alternate (exact)
computational methods, such as Bethe ansatz [131]. For example, the compress-
ibility is readily fitted by the energy levels calculated from integrability upon addi-
tion or removal of particles from the Fermi sea. Moreover, analysis of the system
size scaling of matrix elements of Umklapp states [132–135] calculated by algebraic
Bethe ansatz methods allows for the determination of non-universal exponents and
prefactors appearing in correlation functions of the bosonized theory.

153
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Consequently, asymptotics of correlations with respect to the ground state are
well-described by the Luttinger theory with (non-)universal parameters fitted from
integrability. Another class of states for which this bosonization procedure accu-
rately describes the correlations can be created by giving a finite opposite momen-
tum to two groups of particles, in fact splitting the Fermi sea in two seas. The
corresponding multicomponent Tomonaga-Luttinger liquid theory and its correla-
tions were recently obtained for the Lieb-Liniger model [159,160].

The physical motivation to study such states with a double Fermi sea with op-
posite momentum kicks originates from experiments where a Bragg pulse is applied
to a gas of interacting bosons to create an initial state with counter propagating
particles, leading to a quantum realization of the famous Newton’s cradle [32].

Another motivation is related to spin ladders, where the states appear with a
Fermi sea consisting of distinct pockets [161,162].

The aim of this chapter is to extend the approach for the Bose gas with double
Fermi seas elaborated in Ref. [160] to the anisotropic Heisenberg spin chain. Here, we
compute the dynamical structure factor for this class of excited zero-entropy states
from integrability. The static spin-spin correlations are subsequently studied from
both the matrix element summation approach from algebraic Bethe ansatz and the
multicomponent Tomonaga-Luttinger predictions supported by parameter fitting
from integrability, which show resemblance for both the long-range asymptotics and
short distances.

An additional motivation to consider the dynamical structure factor for this
class of excited zero-entropy states stems from the desire to develop the adaptive
scanning algorithm of the ABACUS routine beyond states away from ground state
in the Heisenberg model, which could be relevant for the calculation of thermal
correlations at a future research stage.

This chapter is an extraction of the author’s contribution to Ref. [4] and is
structured in the following way. Sec. 7.1 describes the setup from Bethe ansatz
of the zero-entropy critical states consisting of a state with two Fermi seas, while
the dynamical structure factor of these states are evaluated using algebraic Bethe
ansatz matrix element summations in Sec. 7.2. Sec. 7.3 gives the multicomponent
Tomonaga-Luttinger liquid approach to the real space correlations, which are com-
pared to the algebraic Bethe ansatz results in Sec. 7.4.

7.1 Zero-entropy critical states in the XXZ model

The Hamiltonian of the anisotropic Heisenberg spin chain (XXZ model) in a longi-
tudinal magnetic field is given as [17,18]

H = J

N∑

j=1

[
Sxj S

x
j+1 + Syj S

y
j+1 + ∆

(
Szj S

z
j+1 −

1

4

)
− hSzj

]
, (7.1)
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with periodic boundary conditions SN+1 = S1. In this chapter, we fix J∆ > 0 such
that the ground state in zero field is antiferromagnetic, and furthermore restrict our
analysis to the quantum critical cases with ∆ = 1 and |∆| < 1. The Tomonaga-
Luttinger theory is applicable to these regimes, allowing for a comparison of both
theories.

The Bethe ansatz wave functions [16,18] are constructed from the fully polarized
vacuum state |0〉 = ⊗Nj=1| ↑j〉 as plane waves of magnons, see Eq. (1.7). Each eigen-
state of Hamiltonian (7.1) is specified by a unique, non-coinciding set of rapidities
{λ} satisfying Bethe equations, see Eq. (3.1). The Bethe quantum numbers Jj are
(half-odd) integers for N+M (even) odd respectively and form the starting point of
the construction of Bethe states at finite system size. The set of rapidities {λ} can
be obtained by solving the logarithmic Bethe equations numerically by an iterative
procedure for a given set of non-coinciding quantum numbers {J}.

In general, rapidities can take on complex values, while the full set {λ} solving
Bethe equations must remain self-conjugate, leading to an arrangement of the ra-
pidities in terms of string solutions. String solutions will not be considered for the
initial state consisting of two separate Fermi seas of real rapidities. However, string
solutions can occur in the intermediate states of the matrix element summations
described in Sec. 7.2.

The ground state in both zero and finite magnetic field consists of real rapidi-
ties [163], where the magnetization sector M (and therefore also the number of
rapidities) is fixed by the magnetic field, with the field strength h acting as a La-
grange multiplier. The quantum numbers of the ground state are

JGS
j = −M + 1

2
+ j for 1 ≤ j ≤M. (7.2)

At zero field (M = N/2), the ground state is the only state with real, finite rapidities,
implying there is no room for magnon-like excitations in the quantum numbers. In
order to apply a shift in the quantum numbers of the Fermi sea, one therefore has
to resort to finite field, since there are now many more possibilities for the quantum
numbers available beyond the occupation of the Fermi sea alone.

We define the state |Φs〉 with separated Fermi seas at magnetization M by
applying a shift s to the ground state quantum numbers as

JΦs
j =




JGS
j − s if 1 ≤ j ≤ M

2 ,

JGS
j + s if M2 < j ≤M.

(7.3)

The effect of shifting the quantum numbers, separating the Fermi sea, is illustrated
in Fig. 7.1. We like to call such a state a Moses state.

Four Fermi points are identified, labeled by i, j, k = 1, 2 for the left and right
sea, and a, b, c = 1, 2 for the left or right Fermi point respectively. Furthermore,
Fermi momenta are defined by kia = 2π

N Jia, while signs for each left or right Fermi
point in a sea are defined as s1 = −1, s2 = 1.
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{JGS
j } ◦ ◦ ◦ ◦ • • • • | • • • • ◦ ◦ ◦ ◦
{JΦs
j } ◦ ◦ • • • • ◦ ◦ | ◦ ◦ • • • • ◦ ◦

Figure 7.1: Illustration of the distribution of quantum numbers for the ground state
(top) and the state with split Fermi sea (bottom) at finite magnetic
field. The size of the gap between the two Fermi seas is 2s holes.

7.2 Dynamical structure factor

The dynamical structure factor constitutes an important connection between in-
elastic neutron scattering experiments and theory for quantum spin systems. It is
directly related to the differential cross section from scattering experiments on the
one hand, while it is computable theoretically from both analytical and (exact) nu-
merical methods. The dynamical structure factor is defined as the Fourier transform
of the spin-spin correlation in Eq. (1.6) where the label a = z,± distinguishes the
longitudinal and transversal structure factors respectively.

For spin chains at zero temperature, the expectation value of spin-spin corre-
lation is evaluated with respect to the ground state of Hamiltonian (7.1). In the
context of computations for the state with split Fermi sea, the reference state is
taken to be |Φs〉 defined from the quantum numbers given by Eq. (7.3).

The dynamical structure factor is evaluated by inserting a resolution of the
identity in Eq. (1.6), such that the correlator turns into a sum over matrix elements
of the split Fermi sea state and its excitations,

Saā(q, ω) = 2π
∑

α

|〈Φs|Saqα |α〉|
2δ(ω + ωΦs − ωα). (7.4)

The intermediate states |α〉 are composed of particle-hole excitations on the state
with double Fermi seas. An adaptive scanning procedure through the most relevant
intermediate states is applied using the ABACUS algorithm [78] in order to evalu-
ate the dynamical structure factor. The rapidities of the intermediate states can be
obtained by solving Bethe equations (3.1) with corresponding quantum numbers by
an iterative numerical procedure. Subsequently, determinant expressions in terms
of the rapidities [93–95, 116] based on Slavnov’s formula [91, 92], as elaborated in
Chap. 2 are employed to evaluate the matrix elements 〈Φs|Saqα |α〉. Besides interme-
diate states consisting of real rapidities, the states |α〉 can contain string solutions
as well. In this case, the Bethe-Gaudin-Takahashi equations [102] in terms of string
centers are solved, while their matrix elements can be computed by using reduced
determinant expressions [116], Eqs. (3.52), (3.62) and (3.63).

By integrating over energy and summing over all momenta for Eq. (1.6), sum
rules for the total intensities of the structure factors can be derived, yielding a quan-
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titative measure on the completeness of the truncated matrix element summations.
The sum rules are given by

∫ ∞

−∞

dω

2π

1

N

∑

q

Szz(q, ω) = 1
4 − 〈S

z〉2, (7.5)

∫ ∞

−∞

dω

2π

1

N

∑

q

S−+(q, ω) = 1
2 − 〈S

z〉, (7.6)

where the magnetization is 〈Sz〉 = 1
2 −

M
N . Sum rule saturations for all ABACUS

computation results of dynamical structure factors used throughout this chapter are
listed in Tab. 7.1.

s Szz S−+

∆ = 1
10 0 99.50% 99.50%

2 99.50% 98.52%

6 99.50% 97.73%

12 99.16% 95.27%

∆ = 1
2 0 99.50% 99.50%

2 98.73% 99.49%

6 98.05% 99.90%

12 98.00% 98.16%

∆ = 1 0 99.38% 99.50%

2 98.04% 99.50%

6 98.00% 99.12%

12 97.80% 98.80%

∆ = 1 6l, 18r 95.67% 98.01%

Table 7.1: Sum rule saturations for all data obtained from the ABACUS algorithm
at N = 200 and M = 50 for various values of the anisotropy and the
momentum shift in the Fermi seas. The bottom row shows the saturations
for an asymmetric shift of the quantum numbers.

The longitudinal dynamical structure factors (Eq. (1.6) with a = z) are shown
in Fig. 7.2 for ∆ = 1

10 , containing plots for the ground state, as well as for states
with a double Fermi sea with varying momentum shifts in the quantum numbers.
Fig. 7.3 shows equivalent plots of the longitudinal dynamical structure factor at
∆ = 1. The transverse dynamical structure factors (Eq. (1.6) with a = −) have
been plotted in Fig. 7.5 for ∆ = 1. In order to be able to visualize the delta functions
in energy appearing in Eq. (7.4), Gaussian smoothening has been applied to the data

as δ(ω)→ e−ω
2/ε2/(

√
πε), the width ε being of the order of 1/N .
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The boundaries of the spectra shown in Figs. 7.2 and 7.3 can be explained by the
particle-hole excitations for all possible combinations upon removal and addition of
particles from and towards all four possible Fermi points. The boundaries of the
spectra are equivalent to Fig. 2 in Ref. [160], for the particle-hole excitations for
the double Fermi sea in the Lieb-Liniger model.

In particular, for increasing momentum shift s, the energy of the reference state
increases with respect to the ground state, opening up the possibility of the popula-
tion of the branches of the spectrum at negative energy. Moreover, the incommen-
surate points (at zero energy) start moving in momentum. Broad continua of the
spectrum remain with sharply defined thresholds, such that the Tomonaga-Luttinger
liquid paradigm retains its validity.
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Figure 7.2: Longitudinal dynamical structure factor Szz(q, ω) at N = 200, M = 50,
∆ = 1

10 computed from summations of matrix elements obtained from
algebraic Bethe ansatz. From left to right, the momentum shifts in
the quantum numbers are s = 0, 2, 6, 12. The corresponding sum rule
saturations of the data are listed in Tab. 7.1.
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Figure 7.3: Longitudinal dynamical structure factor Szz(q, ω) at N = 200, M = 50,
∆ = 1 computed from summations of matrix elements obtained from
algebraic Bethe ansatz. From left to right, the momentum shifts in
the quantum numbers are s = 0, 2, 6, 12. The corresponding sum rule
saturations of the data are listed in Tab. 7.1.

7.3 Multicomponent Tomonaga-Luttinger liquid

This section will state expressions for real space spin-spin correlations following
form multicomponent Tomonaga-Luttinger liquid theory [164–166]. The expressions
have straighforwardly been generalized to spin chains from the Bose gas results of
Ref. [160]. A full description of the multicomponent Tomonaga-Luttinger liquid is
beyond the scope of this thesis, which is however stated more extensively in [4].

The anisotropic Heisenberg Hamiltonian can be mapped into spinless fermions
by the Jordan-Wigner transformation. Chiral fermions ψia can subsequently be in-
troduced in the continuum limit for each of the Fermi points kia of the interacting
spinless fermions. An effective Hamiltonian of the chiral fermions can be written
down by linearizing the spectrum around the Fermi points, which is an essential
ingredient to the Tomonaga-Luttinger liquid paradigm. The fermions are bosonized
and diagonalized by a Bogoliubov transformation, leading to the effective Hamilto-
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Figure 7.4: Transverse dynamical structure factor S−+(q, ω) at N = 200, M = 50,
∆ = 1

10 computed from summations of matrix elements obtained from
algebraic Bethe ansatz. From left to right, the momentum shifts in
the quantum numbers are s = 0, 2, 6, 12. The corresponding sum rule
saturations of the data are listed in Tab. 7.1.

nian

HTL =
∑

ia

savia
2π

∫
dx(∂xϕia)2 (7.7)

which is quadratic in the bosonic fields ϕia. The sum over ia runs over all four
Fermi points, with effective velocities via associated to each of them. The finite size
corrections to Hamiltonian (7.7) are

H
1/N
TL =

∑

ia,jb,kc

π

N
scṽkcUia,kcUjb,kcN̂iaN̂jb (7.8)

where the Bogoliubov parameters Uia,jb follow from the Bogoliubov transformation
of the bosonic fields and generalize the universal compressibility parameter K in
equilibrium (with a single Fermi sea), and can furthermore be fitted from the energy
levels calculated from integrability upon addition or removal of particles from the
Fermi sea, see also the next section.
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Figure 7.5: Transverse dynamical structure factor S−+(q, ω) at N = 200, M = 50,
∆ = 1 computed from summations of matrix elements obtained from
algebraic Bethe ansatz. From left to right, the momentum shifts in
the quantum numbers are s = 0, 2, 6, 12. The corresponding sum rule
saturations of the data are listed in Tab. 7.1.

The real space longitudinal correlation is given from multi component Luttinger
theory as, generalizing the results from Ref. [160] to the anisotropic spin- 1

2 chain,

〈Sz(x)Sz(0)〉TL = s2
z −

1

4π2x2

∑

ia,jb,kc

sasbUia,kcUjb,kc

+
∑

ia6=jb

Aia,jb
4π2

(−1)δab(1−δij) cos[(kia − kjb)x]

(
1

x

)µia,jb
, (7.9)

containing the non-universal prefactors Aia,jb and exponents µia,jb.
By the same token, the real space transverse correlation is given from the mul-

ticomponent Luttinger theory as

〈S−(x)S+(0)〉TL =
∑

ia,ε

Bia,ε
2π

(−1)δsa,εe−ikia,εx
(

1

x

)µia,ε
, (7.10)

containing non-universal prefactors Bia,ε and exponents µia,ε.
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The determination of the non-universal exponents and prefactors appearing in
Eqs. (7.9) and (7.9) is performed from analyzing the system size scaling of matrix
elements of Umklapp states [132–135], calculated by algebraic Bethe ansatz methods
in the next section.

7.4 Real space correlations

The real space spin-spin correlations of the double Fermi sea state are directly ob-
tained from the ABACUS dynamical structure factor data from Sec. 7.2 by applying
an inverse Fourier transform,

〈Saj (t)Sā0 (0)〉 =
1

N

∑

α

|〈Φs|Saqα |α〉|
2eiqαj−iωαt. (7.11)

All computations have been carried out at system size N = 200 with magnetization
M = 50, for various values of anisotropy and momentum shifts in the Fermi seas.
The sum rule saturations of all ABACUS data used in this section are listed in
Tab. 7.1. The results for the static real space correlations (t = 0) are plotted as
data points in Figs. 7.7-7.8 (longitudinal, a = z) and Figs. 7.9-7.10 (transverse,
a = −) respectively. The multicomponent Tomonaga-Luttinger model predictions
for the correlations with fitted parameters from integrability are incorporated in the
figures as well.

The longitudinal real space correlation from Eq. (7.9) requires the determination
of three classes of parameters. First, the parameters Uia,jb can be deduced from
the behavior of the energy upon removal or addition of particles to all four Fermi
points. We therefore consider the second derivative of the finite size corrections to
the Tomonaga-Luttinger model (Eq. (7.8)) and define a matrix Gia,jb as

Gia,jb =
N

π

∂2E0

∂Nia∂Njb
(7.12)

=
∑

kc

scṽkcUia,kcUjb,kc . (7.13)

By considering all possible combination of adding and removing particles to the
four Fermi points, the second derivative with respect to energy can be calculated
from the energy levels obtained from Bethe ansatz (Eq. (2.54)). Subsequently, the
eigenvectors of the matrix Gia,jb yield all the parameters Uia,jb.

The remaining non-universal prefactors Aia,jb and exponents µia,jb can be ob-
tained using the system size scaling behavior of the Umklapp matrix elements, from
the relation

|〈Φs|Szq |ia, jb〉|2 =
Aia,jb
4π2

(
2π

N

)µia,jb
, (7.14)
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where |ia, jb〉 is defined as the Umklapp state by removing a particle at the Fermi
point labeled by ia and placing it back at the Fermi point labeled by jb. By scaling
the system size N , the parameters Aia,jb and µia,jb are directly obtained by a
linear fit to the logarithm of Eq. (7.14) for all 6 combinations of Umklapp states.
This procedure is repeated for all values of anisotropy and momentum shifts in the
quantum numbers considered here. The values of the prefactors and exponents are
plotted in Fig. 7.6 as function of anisotropy for a fixed value of the momentum shift
to the Fermi seas.
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Figure 7.6: Non-universal prefactors (left column) and exponents (right column)
as a function of anisotropy for the static real space 〈Sz(x)Sz(0)〉 (top
row) and 〈S−(x)S+(0)〉 (bottom row) correlations of the multicompo-
nent Tomonaga-Luttinger model, computed from integrability for a state
with a double Fermi sea at N = 200, M = 50 and momentum shift
s = 12.

In order to compare the multicomponent Tomonaga-Luttinger model predictions
to finite size results, a conformal transformation

x→ N

π
sin(πx/N) (7.15)

is applied to the scaling behavior of Eq. (7.9). The resulting expressions for the
longitudinal real space correlations, along with the parameters obtained by the
procedure described above, are plotted in Figs. 7.7 and 7.8. Fig. 7.7 shows the
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correspondence of the multicomponent Tomonaga-Luttinger model to the matrix
element summations obtained from ABACUS at N = 200, M = 50, for a momen-
tum shift in the Fermi seas of s = 12. For all distances but the very smallest, both
approaches show good agreement. Fig. 7.8 displays a comparison at very short dis-
tances for different momentum shifts and anisotropy, still showing a large agreement
in both approaches, in a regime where the Tomonaga-Luttinger model is not a priori
expected to give bonafide predictions.
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Figure 7.7: Longitudinal static real space correlation 〈Sz(x)Sz(0)〉, at N = 200,
M = 50 for several values of the anisotropy, for a state with momentum
split in the Fermi sea by s = 12. The figure compares the ABACUS re-
sults (points) to the multicomponent Tomonaga-Luttinger model (lines).

Similar to the determination of the non-universal prefactors and exponents for
the longitudinal case, the scaling relation

|〈Φs|S−q |ia, ε〉|2 =
Bia,ε
2π

(
2π

N

)µia,ε
(7.16)

allows for the determination of the parameters Bia,ε and µia,ε for the purpose of
Eq. (7.10). The Umklapp state |ia, ε〉 is defined by the removal of a particle at
the Fermi point labeled by ia, while ε = ± dictates the direction of the shift in
the quantum numbers due to change in the parity after changing the number of
particles. Again, the prefactors and exponents are obtained by fitting the finite size
scaling behavior of Eq. (7.16) and their values are plotted in Fig. 7.6 as function of
anisotropy for a fixed value of the momentum shift to the Fermi seas.
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Figure 7.8: Longitudinal static real space correlation 〈Sz(x)Sz(0)〉 for very short
distances, at N = 200, M = 50 for several values of the anisotropy, for
states with a momentum split in the Fermi sea by s = 2, 6, 12 (from left
to right panels respectively). The figure compares the ABACUS results
(points) to the multicomponent Tomonaga-Luttinger model (lines).
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Figure 7.9: Transverse static real space correlation 〈S−(x)S+(0)〉, at N = 200, M =
50 for several values of the anisotropy, for a state with momentum split
in the Fermi sea by s = 12. The figure compares the ABACUS results
(points) to the multicomponent Tomonaga-Luttinger model (lines).
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Figure 7.10: Transverse static real space correlation 〈S−(x)S+(0)〉 for very short
distances, at N = 200, M = 50 for several values of the anisotropy, for
states with a momentum split in the Fermi sea by s = 2, 6, 12 (from left
to right panels respectively). The figure compares the ABACUS results
(points) to the multicomponent Tomonaga-Luttinger model (lines).

The transverse real space correlations from Eq. (7.10) are plotted for several
values of the anisotropy in Fig. 7.9 for a fixed value of the momentum shift and
in Fig. 7.10 for short distances and three separate values of the momentum shift,
respectively. The non-universal prefactors and exponents are obtained by the afore-
mentioned method, while the conformal transformation to finite size from Eq. (7.15)
has been applied as well. Both figures show again perfect agreement for large dis-
tances, while the agreement is also good for short distances with respect to system
size. The smallest momentum shift (s = 2 in Fig. 7.10) shows the worst agreement
at very short distances. It is probable that a Tomonaga-Luttinger model with an
impurity would reproduce this situation more accurately than a multicomponent
model.

Finally, all previous procedures have been applied to a state where an asym-
metric momentum shift is employed to separate the Fermi seas. Fig. 7.11 shows
the corresponding longitudinal and transverse dynamical structure factors and real
space correlations obtained from ABACUS at N = 200, M = 50, and the multi-
component Tomonaga-Luttinger model. The parameters for the latter have been
obtained from the fitting procedure described in this section, applied to system size
scaling behavior of Umklapp matrix elements on the asymmetric Fermi points. Once
again, the real space correlations display agreement for both the asymptotics as well
as for short distances for both approaches.
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Figure 7.11: Dynamical (left column) and static (right column) correlations for a
state with an asymmetric momentum shift for the two Fermi seas by
sl = 6, sr = 18, at N = 200, M = 50, ∆ = 1. The panels in the
right column show the resemblance between the real space correlations
obtained from ABACUS (points) and the multicomponent Tomonaga-
Luttinger model (lines). The saturation of the ABACUS data is given
in Tab. 7.1.

7.5 Conclusions

Dynamical and static correlations for excited zero-entropy states with double Fermi
seas have been considered for the anisotropic Heisenberg spin chain, by using meth-
ods based on integrability and the multicomponent Tomonaga-Luttinger liquid.
These Moses states are constructed by splitting the Fermi sea apart in two seas, giv-
ing opposite momentum shifts to both seas. Dynamical correlations are computed
efficiently by summing over relevant matrix elements of particle-hole excitations on
top of all four Fermi points of the two seas at finite system size. The algebraic Bethe
ansatz provides determinant expressions to evaluate these matrix elements exactly.
Similarly, static real space correlations have been evaluated as well.

The multicomponent Tomonaga-Luttinger model provides for the real space cor-
relations as well, up to (non-)universal prefactors and exponents. From energy
data and finite system size scaling of Umklapp matrix elements between all four
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Fermi points, all remaining parameters could be set from integrability, providing
for a parameter-free fit of correlations. Both the matrix element summations and
the Tomonaga-Luttinger model predictions have been obtained for several values of
anisotropy and (a)symmetric momentum shifts in the Fermi seas, showing agreement
for all distances but the very shortest. The predictions of the Tomonaga-Luttinger
model are explicitly expected to hold for the long distance asymptotics of the cor-
relations. However, we remark that even for very short distances both approaches
still tend to coincide, only breaking down for small momentum shifts in the Fermi
seas.

7.6 Outlook on thermal correlations

The results from this chapter show the utilization of the ABACUS routine to com-
pute correlations in quantum spin chains with a reference state away from the ground
state, creating possibilities towards the consideration of correlations of more general
(thermal) excited states.

In the dynamical structure factor computations in this thesis, the temperature
had been fixed at zero, such that the correlations are computed with respect to
the ground state. For spin chain compounds close to zero temperature, this closely
resembles the inelastic neutron scattering experiments. However, it would be desir-
able to perform the dynamical structure factor at finite temperature, not only to
include the effects of the small but finite temperature in the experiments, but even
more to study the competition between quantum magnetic and thermal effects in
the antiferromagnetic materials.

The thermal expectation value of the spin-spin correlation appearing in the dy-
namical structure factor Eq. (1.6) is computed by taking the Gibbs trace, which in
the Lehmann representation yields Eq. (1.10), consisting of a double Hilbert space
summation. Following the strategy of Ref. [167] employed for the Bose gas, we aim
to compute thermal correlations from matrix element summations. To overcome the
intractable double Hilbert space summations, one can resort to the thermodynamic
limit and turn the thermal summation into a functional field integral, which is com-
puted by a saddle point approximation. The saddle point is computed from the
thermodynamic Bethe ansatz. In the latter method, the Bethe states are charac-
terized by rapidity densities ρ(λ) rather than discretized rapidities. The thermody-
namic limit of Eq. (1.10) therefore becomes a functional field integral over rapidity
densities

Saā(q, ω)|TDL =
2π

Z
∑

α

∫
Dρ e−βF [ρ]|〈Ωρ|Saq |α〉|2δ(ω − ωα + ωΩ), (7.17)

where the free energy is given by F [ρ] = E[ρ] − TS[ρ]. The saddle point approxi-
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mation of the functional field integral reads

Saā(q, ω) = 2π
∑

α

|〈ΩT |Saq |α〉|2δ(ω − ωα + ωΩT )(1 +O(N−1)), (7.18)

where |ΩT 〉 is the saddle point state following a thermal rapidity distribution ob-
tained from thermodynamic Bethe ansatz. The discretization of the saddle point
state at finite system size introduces an error of order O(N−1).

Eq. (7.18) can be computed following the approach of Ref. [167] for the repulsive
Bose gas. However, this model does not contains string solutions, while the Heisen-
berg model does contain strings in the excited (thermal) states. In the remainder of
this section, we discuss the presence of strings in the thermal states, and determine
the reference states on which the scanning of intermediate states must be applied
onto within the ABACUS routine.

In the thermodynamic Bethe ansatz [87], Bethe states are characterized by den-
sities of rapidities. In the framework of the string hypothesis, the Bethe-Gaudin-
Takahashi equations are derived by starting from densities of string quantum num-
bers and hole quantum numbers

ρn(xn) =
1

N

∑

n∈{I(n)}

δ(xn − n/N), (7.19)

ρhn(xn) =
1

N

∑

n∈{I(n)
h }

δ(xn − n/N), (7.20)

such that, in the thermodynamic limit, ρn(xn) + ρhn(xn) = 1, while xn(λ) is a
mapping between the string centers and the string quantum numbers. The densities
of the centers of the strings are then given by

ρn(λ) = ρn(xn(λ))
dxn(λ)

dλ
, (7.21)

ρhn(λ) = ρhn(xn(λ))
dxn(λ)

dλ
. (7.22)

The Bethe-Gaudin-Takahashi equations in the thermodynamic limit are obtained
by replacing the sum over rapidities in Eq. (3.7) by an integral with rapidity density
as 1

N

∑
k →

∫∞
−∞ dλ ρ(λ), such that

θn(λ)−
∞∑

m=1

∫ ∞

−∞
dλ′Θnm(λ− λ′)ρm(λ′) = 2πxn(λ). (7.23)

Taking the derivative with respect to λ yields

an(λ)−
∞∑

m=1

Anm ∗ ρm(λ) = ρn(λ) + ρhn(λ), (7.24)
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where the derivatives of the kernels are defined as

an(λ) =
1

2π

d

dλ
θn(λ), (7.25)

Anm(λ) =
1

2π

d

dλ
Θnm(λ). (7.26)

The energy of a thermodynamic Bethe state is determined by integrating the
driving term

dn(λ) = hn− πJan(λ) (7.27)

over the string center densities,

E

N
= −h

2
+

∞∑

n=1

∫ ∞

−∞
dλ dn(λ)ρn(λ). (7.28)

The thermal equilibrium is obtained by minimizing the free energy,

f =
E − TS
N

, (7.29)

which is given in terms of the string center densities by using the Yang-Yang en-
tropy [168] as

f = −h
2

+

∞∑

n=1

∫ ∞

−∞
dλ[dnρn − T (ρn + ρhn) ln(ρn + ρhn) + Tρn ln ρn + Tρhn ln ρhn].

(7.30)

By putting the functional variation of the free energy to zero δf = 0 and using
Bethe equations, the constraint on the string center densities satisfying thermal
equilibrium yields [87]

ln ηn(λ) =
dn(λ)

T
+

∞∑

m=1

Anm ∗ ln(1 + η−1
m (λ)), (7.31)

where

ηn(λ) =
ρhn(λ)

ρn(λ)
. (7.32)

The ratio of the string center center distributions ηn(λ) can be solved numerically
for a given finite temperature using the factorized form given in Ref. [87]. Starting
from an initial guess of the distributions, the distributions solving Eq. (7.31) are
obtained iteratively. The convolutions are evaluated using the convolution theorem,
while the corresponding Fourier transforms are performed using the Fast Fourier
Transform algorithm. Eq. (7.24) is subsequently solved to obtain the string center
densities ρn(λ) from the ratios ηn(λ) using the same techniques. The integrated
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densities of string centers must sum up to the total number of down spins in the
system

∞∑

n=1

n

∫ ∞

−∞
dλ ρn(λ) = µtot (7.33)

where µtot = 1
2 −〈S

z〉 = M/N is the total down spin with respect to the pseudovac-
uum. The thermal state in the thermodynamic limit is now fully determined by the
numerically obtained string center densities ρn(λ) at a given finite temperature.

In order to perform the usual matrix element summations in the dynamical
structure factor computations, we need to establish a representative state |ΩT 〉 at
finite system size from the string center densities in the thermodynamic limit. For
the Heisenberg model, this state has to be discretized with the correct distribution
of rapidities over multiple string sectors. To analyze the string composition of such a
discretized state, we consider the fraction of rapidities of a state present in a specific
string sector

Pn =
n

µtot

∫ ∞

−∞
dλ ρn(λ), (7.34)

which has been plotted in Fig. 7.12 for various string lengths as a function of tem-
perature, obtained by numerically solving the string center densities explicitly for a
range of temperatures.
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Figure 7.12: Relative string filling Pn for representative thermal states as function
of temperature for the first eight string lengths at h = 0 in the thermo-
dynamic limit. Discretizing a state at a given temperature from these

string distributions, with string quantum numbers I
(n)
j discretized from

the densities ρn(λ), allows for the employment of the matrix element
summation method of Eq. (7.18).

From Fig. 7.12 it is seen that at zero temperature, all rapidities are located in the
sea of one-strings, such that the dynamical structure factor computation falls back on
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the ground state, as expected. Already for temperatures of the order of the quantum
antiferromagnetic interaction strength, the fraction of rapidities in the one-string
sector is substantially reduced with respect to the ground state. The presence of a
large number of long strings in the discretized representative state seems to severely
complicate the computation. However, at T = J , with a discretized system size at
N = 100 and M = 50, the highest string length is only a three-string. In practice,
the summation over intermediate states can be performed on such a state, with

string quantum numbers I
(n)
j set from discretizing the string center densities ρn(λ).

Optimization of the ABACUS scanning routine for matrix element summations of
intermediate states on top of the thermal states computed in this section constitutes
the next important step towards the computation of the dynamical structure factor
at finite temperature for the Heisenberg spin chain following the numerical methods
based on algebraic Bethe ansatz employed in this thesis.



Chapter 8

Conclusions

The recurring theme of the research described in this thesis comprised the exact nu-
merical computation of local spin expectation values and correlations for integrable
models of quantum magnetism, relying on determinant expressions of matrix ele-
ments of local spin operators from algebraic Bethe ansatz. The models involved are
integrable quantum spin chains, such as the anisotropic Heisenberg spin- 1

2 chain and
the Babujan-Takhtajan spin-1 chain, while (non-)integrable magnetic potentials or
spin-spin interactions terms in addition to the Hamiltonians of the integrable spin
chain models have been considered as well.

The main challenge of the computations of observables involves the correct eval-
uation and inclusion of string deviations in the matrix element determinants. It has
been shown in several places that neglecting the string deviations in determinants
is not sufficient, while exponentially small deviations arise likewise. For the latter,
the arising divergencies in determinant expressions must be absorbed analytically.
Another challenging aspect involves the truncation of intermediate summations and
control over the associated error using sum rule saturations.

The dynamics of spinon excitations over the antiferromagnetic ground state has
been studied in two separate approaches, focussing on the propagation of spinon
excitations in real space, while addionally the dynamical structure factor of the
Babujan-Takhtajan spin-1 chain has been evaluated. The latter involved the in-
evitable incorporation of string deviations, as the overwhelming majority of the
rapidities of the spin states are located in string solutions. It would be interesting
to compare the numerical algebraic Bethe ansatz results of the dynamical structure
factor of the spin-1 chain to the two-spinon contributions directly in the thermody-
namic limit, recently obtained from the vertex operator approach [74].

Scattering phenomena of localized bound states of magnons with Gaussian dis-
tributed momenta have been studied, where the trajectories of the bound magnon
wave packets acquired a spatial displacement upon scattering. The Bethe ansatz
phase shifts have been used in conjunction with scattering theory reasonings to pre-

173
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cisely compare to the numerical time-evolution results on the spatial displacements.
By applying a second order Suzuki-Trotter decomposition of the time evolution

operator, additional potentials to the Heisenberg model have been considered. The
time evolution of initial states is performed in the basis of Bethe states, while all
matrix elements are evaluated in the usual way using algebraic Bethe ansatz. Exam-
ples of global potentials included a staggered magnetic field, next-nearest neighbor
interactions, or a change in the anisotropy. Local potentials on a single site are con-
sidered as well, for example by scattering a wave packet of bound magnons on them.
Reflection and transmission amplitudes of the wave packets on these non-integrable
potentials have been plotted as function of the interaction parameter. Similarly,
the decay of bound states is visualized through the time evolution of overlap co-
efficients for specific classes of strings. Furthermore, by canceling a single local
spin-spin interaction term using the potential, the periodic boundary conditions of
the Heisenberg model can be modified.

The Suzuki-Trotter decomposition in combination with algebraic Bethe ansatz
gives perfect comparison with exact diagonalization for states close to full polariza-
tion, as the difference between both methods vanishes as the time step size of the
decomposition decreases. For antiferromagnetic states, the truncation of the basis
to only two- and four-spinon states is not sufficient, as systematic errors are intro-
duced by these truncations. More research is necessary to identify the most impor-
tant states for these perturbations and to get a quantitative indicator on the error.
However, small perturbation parameters of the potential still yielded comparable
results with respect to exact diagonalization. By adding the appropriate long-range
interactions to the Heisenberg spin chain, the two-dimensional Heisenberg model
has effectively been reconstructed. By treating the long-range interactions with the
Suzuki-Trotter decomposition, the time evolution of two-dimensional magnons on
the square lattice has been visualized. The difference of the expectation values with
respect to exact diagonalization again vanishes for decreasing time step size.

Dynamical correlations of excited states have been computed, where the reference
state is constructed by adding an opposite momentum shift to two halves of the
Fermi sea. Correlations in real space have been compared to the multicomponent
Tomonaga-Luttinger liquid predictions of the correlations, while the non-universal
prefactors and exponents are fitted on the finite size scaling of the Umklapp matrix
elements and energies, showing excellent agreement between the two approaches,
only breaking down for small momentum shifts. The computation of dynamical
correlations of these states constitutes an important first development in the method
consisting of matrix element summations based on excited states, with the possibility
of extending this method in the future to compute thermal dynamical structure
factors.

Further remarks, outlooks, technical details and limitations on the aforemen-
tioned applications have elaborately been discussed in the conclusion section of the
individual chapters.



Appendix A

Matrix elements of lower
weight states

Lower weight states, present in the spectrum of the isotropic spin chains, have been
introduced in Sec. 3.2.1. Lower-weight states are constructed by acting with the
total spin lowering operator S−0 on a highest-weight state. In Bethe ansatz, these
lower weight states are represented by adding infinite rapidities to a set of finite
rapidities,

|{λ, n∞}M 〉 ∝ (S−0 )n|{λ}M−n〉. (A.1)

In this appendix, expressions are derived for matrix elements of local spin operators
between Bethe states containing an arbitrary number of infinite rapidities in both
the left and right state. We therefore rely on the important property highest-weight
states are annihilated by the total spin raising operator, S+

0 |{λ}M−n〉 = 0, such
that expressions for matrix elements between lower weight states can be derived by
commuting the S+

0 operator through the other operators until it annihilates on the
right state [136],

F aq ({µ}, {λ,∞}) =
〈{µ}|[Saq , S−0 ]|{λ}〉√

〈{µ}|{µ}〉〈{λ}|S+
0 S
−
0 |{λ}〉

. (A.2)

This equation can be worked out by the commutation relations,

[Szq , S
±
0 ] = ± 1√

N
S±q , [S+

q , S
−
0 ] =

2√
N
Szq ,

[Szav, S
±
0 ] = ± 1

N
S±0 , [S+

0 , S
−
0 ] = 2Szav,

while the magnetization of a spin-s chain is

〈Szav〉 =
1

N
(sN −M). (A.3)

175



176 APPENDIX A. MATRIX ELEMENTS OF LOWER WEIGHT STATES

A.1 Existing results spin-1
2 chain

Before we start with the derivation for matrix elements with multiple infinite rapidi-
ties in both states, we state some existing results [136] on matrix elements of lower
weight states containing one or two infinite rapidities. These results can readily be
obtained by commuting the spin operator through in Eq. (A.2), and are given as

|〈{µ}M |Szq |{λ,∞}M 〉|2 =
|〈{µ}M |S−q |{λ}M−1〉|2

N − 2M + 2
, (A.4)

|〈{µ}M |S+
q |{λ,∞}M+1〉|2 =

4|〈{µ}M |Szq |{λ}M 〉|2

N − 2M
, (A.5)

|〈{µ}M |S+
q |{λ, 2∞}M+1〉|2 =

2|〈{µ}M |S−q |{λ}M−1〉|2

(N − 2M + 1)(N − 2M + 2)
. (A.6)

A.2 Matrix elements of two lower weight states

The goal of this section is to derive expressions for matrix elements of local spin
operators in which both the left state 〈{µ, n∞}M | and right state |{λ, n∞}M 〉
contain an arbitrary number infinite rapidities, and obtain an expression in terms of
the highest weight matrix elements between left state 〈{µ}M̃ | and right state |{λ}M̃ 〉,
where M̃ = M − n.

The resulting prefactors of the matrix elements can be checked by comparing
the sum rules for a spin-spin correlation evaluated on reference state 〈{µ}M̃ | in each
highest weight sector, and comparing back to the sum rule holding for reference
state 〈{µ, n∞}M |. We therefore for each correlation check if the contributions at
M̃ together with the relevant prefactor sum up to the sum rule value at M .

We therefore need expressions for the contribution of the highest weight states

to sum rules at M̃ . At finite field, we have 〈Sz〉M̃ = 1
2 −

M̃
N , and therefore

t−+ =
1

2
− 〈Sz〉M̃ =

M − n
N

, (A.7)

tzz =
1

4
− 〈Sz〉2

M̃
=

1

4
−
(

1

2
− M − n

N

)2

, (A.8)

t+− =
1

2
+ 〈Sz〉M̃ = 1− M − n

N
. (A.9)

The S−+(q, ω) is entirely given by the contribution of highest weight states.
From there, the sum rule contributions of highest weight states in Szz(q, ω) can be
obtained by subtracting the lower weight contribution from S−+(q, ω) multiplied
by the prefactor from Eq. (A.4). The highest weight contribution to the S+−(q, ω)
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correlation is derived analogously.

t−+
HW = t−+ (A.10)

tzzHW = tzz −
t−+
HW

N − 2(M − n− 1)
(A.11)

t+−HW = t+− − 4
tzzHW + 〈Sz〉2

M̃

N − 2(M − n)
−

2t−+
HW

(N − 2(M − n) + 1)(N − 2(M − n) + 2)
(A.12)

Normalization

The computed matrix elements of lower weight states need to be normalized. The
norm of a lower weight state can be computed by commuting the spin raising oper-
ators through, while every pair of operators is equal to S+

0 S
−
0 = S−0 S

+
0 + 2Szav, such

that

〈{λ, n∞}M |{λ, n∞}M 〉 ∝ 〈{λ}M−n|(S+
0 )n(S−0 )n|{λ}M−n〉

= 〈{λ}|
n−1∑

i=0

(S+
0 )n−1−i2Szav(S

+
0 )i(S−0 )n−1|{λ}〉

=

n−1∑

i=0

1

N
(N − 2(M − n− (n− 1− i)))〈{λ}|(S+

0 )n−1(S−0 )n−1|{λ}〉

=

n∏

ñ=1

n−1∑

i=0

1

N
(N − 2(M + ñ+ i))〈{λ}|{λ}〉

=

n∏

ñ=1

1

N
(N − 2M + ñ+ n)(n− ñ+ 1)〈{λ}|{λ}〉

=
1

Nn

n!(N − 2M + 2n)!

(N − 2M + n)!
〈{λ}|{λ}〉. (A.13)

Matrix elements S−q

We proceed by calculating the matrix elements of S−q on two lower weight states.
The main strategy consists in commuting the spin raising operators through.

The left state contains n infinite rapidities, such that the right states can contain
either n, n− 1, or n− 2 infinite rapidities.
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For a right state with n infinite rapidities,

〈{µ, n∞}M |S−q |{λ, n∞}M−1〉 ∝ 〈{µ}M−n|(S+
0 )nS−q (S−0 )n|{λ}M−n−1〉

=

n∏

ñ=1

1

N
(N − 2M + ñ+ n)(n− ñ+ 1)〈{µ}M−n|S−q |{λ}M−n−1〉

=
1

Nn

n!(N − 2M + 2n)!

(N − 2M + n)!
〈{µ}M−n|S−q |{λ}M−n−1〉. (A.14)

For a right state with n− 1 infinite rapidities,

〈{µ, n∞}M |S−q |{λ, (n− 1)∞}M−1〉 ∝ 〈{µ}M−n|(S+
0 )nS−q (S−0 )n−1|{λ}M−n〉

=

n−1∏

ñ=1

1

N
(N − 2M + ñ+ n)(n− ñ+ 1)〈{µ}M−n|S+

0 S
−
q |{λ}M−n〉

= 2
1

Nn− 1
2

n!(N − 2M + 2n− 1)!

(N − 2M + n)!
〈{µ}M−n|Szq |{λ}M−n〉. (A.15)

For a right state with n− 2 infinite rapidities,

〈{µ, n∞}M |S−q |{λ, (n− 2)∞}M−1〉 ∝ 〈{µ}M−n|(S+
0 )nS−q (S−0 )n−2|{λ}M−n+1〉

=

n−2∏

ñ=1

1

N
(N − 2M + ñ+ n)(n− ñ+ 1)〈{µ}M−n|S+

0 S
+
0 S
−
q |{λ}M−n+1〉

= −2
1

Nn−1

n!(N − 2M + 2n− 2)!

2(N − 2M + n)!
〈{µ}M−n|S+

q |{λ}M−n+1〉. (A.16)

The final results are obtained by dividing by the normalizations, and are listed
below.

|〈{µ, n∞}M |S−q |{λ, n∞}M−1〉|2 =
(N − 2M + n+ 1)(N − 2M + n+ 2)

(N − 2M + 2n+ 1)(N − 2M + 2n+ 2)

· |〈{µ}M−n|S−q |{λ}M−n−1〉|2 (A.17)

|〈{µ, n∞}M |S−q |{λ, (n− 1)∞}M−1〉|2 = 4
n(N − 2M + n+ 1)

(N − 2M + 2n)2

· |〈{µ}M−n|Szq |{λ}M−n〉|2 (A.18)

|〈{µ, n∞}M |S−q |{λ, (n− 2)∞}M−1〉|2 =
n(n− 1)

(N − 2M + 2n− 1)(N − 2M + 2n)

· |〈{µ}M−n|S+
q |{λ}M−n+1〉|2 (A.19)

The resulting prefactors of the previous equations can be verified, by checking
whether they reproduce the t−+ sum rule for reference state 〈{µ, n∞}M | in com-
bination with the previously derived prefactors. All highest weight sum rules are
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multiplied by the relevant lower weight factor to give the lower weight sum rule,

(N − 2M + n+ 1)(N − 2M + n+ 2)

(N − 2M + 2n+ 1)(N − 2M + 2n+ 2)
t−+
HW

+ 4
n(N − 2M + n+ 1)

(N − 2M + 2n)2

(
tzzHW + 〈Sz〉2

M̃

)

+
n(n− 1)

(N − 2M + 2n− 1)(N − 2M + 2n)
t+−HW =

M

N
=

1

2
− 〈Sz〉M . (A.20)

This result shows that the prefactors multiplied by the highest weight contributions
to the sum rule at M̃ , reproduce the sum rule at M , constituting a consistency
check of the results.

Matrix elements Szq

We proceed by calculating the matrix elements of Szq on two lower weight states.
The main strategy consists in commuting the spin raising operators through.

The left state contains n infinite rapidities, such that the right states can contain
either n− 1, n, or n+ 1 infinite rapidities.

In the derivation, we make use of the commutation relation by writing SzqS
−
0 =

S−0 S
z
q − 1√

N
S−q . For a right state with n infinite rapidities,

〈{µ,n∞}M |Szq |{λ, n∞}M 〉 ∝ 〈{µ}M−n|(S+
0 )nSzq (S−0 )n|{λ}M−n〉

=〈{µ}M−n|
(

(S+
0 )n(S−0 )nSzq −

n√
N

(S+
0 )n(S−0 )n−1S−q

)
|{λ}M−n〉

=
[ n∏

ñ=1

1

N
(N − 2M + ñ+ n)(n− ñ+ 1)

− 2n

N

n−1∏

ñ=1

1

N
(N − 2M + ñ+ n)(n− ñ+ 1)

]
〈{µ}M−n|Szq |{λ}M−n〉

=
1

Nn

n!(N − 2M)(N − 2M + 2n− 1)!

(N − 2M + n)!
〈{µ}M−n|Szq |{λ}M−n〉. (A.21)
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For a right state with n− 1 infinite rapidities,

〈{µ,n∞}M |Szq |{λ, (n− 1)∞}M 〉 ∝ 〈{µ}M−n|(S+
0 )nSzq (S−0 )(n−1)|{λ}M−n+1〉

=〈{µ}M−n|
(

(S+
0 )n(S−0 )n−1Szq −

n− 1√
N

(S+
0 )n(S−0 )n−2S−q

)
|{λ}M−n+1〉

=

n−1∏

ñ=1

1

N
(N − 2M + ñ+ n)(n− ñ+ 1)〈{µ}M−n|S+

0 S
z
q |{λ}M−n+1〉

− n− 1√
N

n−2∏

ñ=1

1

N
(N − 2M + ñ+ n)(n− ñ+ 1)

]
〈{µ}M−n|S+

0 S
+
0 S
−
q |{λ}M−n+1〉

=
−1

Nn− 1
2

n!(N − 2M + 2− 2)!

(N − 2M + n− 1)!
〈{µ}M−n|S+

q |{λ}M−n+1〉. (A.22)

The last matrix element, with n+ 1 infinite rapidities, can be found by complex
conjugation and replacements.

The final results are obtained by dividing by the normalizations, and are listed
below.

|〈{µ, n∞}M |Szq |{λ, (n+ 1)∞}M 〉|2 =
(n+ 1)(N − 2M + n+ 1)

(N − 2M + 2n+ 1)(N − 2M + 2n+ 2)

· |〈{µ}M−n|S−q |{λ}M−n−1〉|2 (A.23)

|〈{µ, n∞}M |Szq |{λ, n∞}M 〉|2 =
(N − 2M)2

(N − 2M + 2n)2
|〈{µ}M−n|Szq |{λ}M−n〉|2

(A.24)

|〈{µ, n∞}M |Szq |{λ, (n− 1)∞}M 〉|2 =
n(N − 2M + n)

(N − 2M + 2n− 1)(N − 2M + 2n)

· |〈{µ}M−n|S+
q |{λ}M−n+1〉|2 (A.25)

The resulting prefactors of the previous equations can be verified, by checking
whether they reproduce the tzz sum rule for reference state 〈{µ, n∞}M | in com-
bination with the previously derived prefactors. All highest weight sum rules are
multiplied by the relevant lower weight factor to give the lower weight sum rule,

(n+ 1)(N − 2M + n+ 1)

(N − 2M + 2n+ 1)(N − 2M + 2n+ 2)
t−+
HW +

(N − 2M)2

(N − 2M + 2n)2
tzzHW

+
n(N − 2M + n)

(N − 2M + 2n− 1)(N − 2M + 2n)
t+−HW =

M(N −M)

N2
=

1

4
− 〈Sz〉2M

(A.26)

This result shows that the prefactors multiplied by the highest weight contributions
to the sum rule at M̃ , reproduce the sum rule at M , constituting a consistency
check of the results.
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Matrix elements S+
q

The matrix elements of S+
q on two lower weight states are readily computed by

taking the complex conjugate of the S−q results, along with the replacements M →
M + 1 and the proper shifts for n→ n+ {0, 1, 2}. The results are

|〈{µ, n∞}M |S+
q |{λ, (n+ 2)∞}M+1〉|2 =

(n+ 1)(n+ 2)

(N − 2M + 2n+ 1)(N − 2M + 2n+ 2)

· |〈{µ}M−n|S−q |{λ}M−n−1〉|2, (A.27)

|〈{µ, n∞}M |S+
q |{λ, (n+ 1)∞}M+1〉|2 =

4(n+ 1)(N − 2M + n)

(N − 2M + 2n)2

· |〈{µ}M−n|Szq |{λ}M−n〉|2, (A.28)

|〈{µ, n∞}M |S+
q |{λ, n∞}M+1〉|2 =

(N − 2M + n− 1)(N − 2M + n)

(N − 2M + 2n− 1)(N − 2M + 2n)

· |〈{µ}M−n|S+
q |{λ}M−n+1〉|2. (A.29)

The resulting prefactors of the previous equations can be verified, by checking
whether they reproduce the t+− sum rule for reference state 〈{µ, n∞}M | in com-
bination with the previously derived prefactors. All highest weight sum rules are
multiplied by the relevant lower weight factor to give the lower weight sum rule,

(n+ 1)(n+ 2)

(N − 2M + 2n+ 1)(N − 2M + 2n+ 2)
t−+
HW

+
4(n+ 1)(N − 2M + n)

(N − 2M + 2n)2

(
tzzHW + 〈Sz〉2

M̃

)

+
(N − 2M + n− 1)(N − 2M + n)

(N − 2M + 2n− 1)(N − 2M + 2n)
t+−HW = 1− M

N
=

1

2
+ 〈Sz〉M . (A.30)

This result shows that the prefactors multiplied by the highest weight contributions
to the sum rule at M̃ , reproduce the sum rule at M , constituting a consistency
check of the results.

A.3 Spin-1 chain

In this section, similar results to the equations of Sec. A.1 will be stated, for the
isotropic spin-1 Babujan-Takhtajan chain rather than the spin- 1

2 chain. The results
are similar, and are obtained by commuting the spin raising operator through. The
commutation relations stated in the introduction are spin independent, and therefore
hold for this section as well. For a lower weight state with one infinite rapidity, the
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resulting lower weight matrix elements are computed by

|F+
q ({µ}M , {λ,∞}M+1)|2 =

2|F zq ({µ}, {λ})|2

N −M
, (A.31)

|F zq ({µ}M , {λ,∞}M )|2 =
|F−q ({µ}, {λ})|2

2(N − (M − 1))
, (A.32)

|F−q ({µ}M , {λ,∞}M−1)|2 = 0. (A.33)

For a lower weight state with two infinite rapidities, the prefactor is derived by
commuting S+

0 through twice and by realizing that we act on a highest weight
state, which gives

〈{λ}|S+
0 S

+
0 S
−
0 S
−
0 |{λ}〉 = 〈{λ}|(8SzavS

z
av −

4

N
Szav)|{λ}〉

=
8

N2
(N −Mλ)

(
N −Mλ −

1

2

)
〈{λ}|{λ}〉. (A.34)

The only non-vanishing matrix element for a state containing two infinite rapidities
is F+, where the corresponding highest weight state is in the subsector of F−, such
that Mλ = Mµ − 1.

|F+
q ({µ}M , {λ,∞,∞}M+1)|2 =

|F−q ({µ}, {λ})|2

2 (N −Mµ + 1)
(
N −Mµ + 1

2

) (A.35)

The results imply that the S−+ structure factor only contains contributions
from highest-weight states, while the Szz structure factor contains contributions
from highest-weight states and states containing one infinite rapidity, and the S+−

structure factor contains contributions from highest-weight states, states containing
one infinite rapidity and states containing two infinite rapidities. These implications
hold for the spin- 1

2 case as well.
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Summary

Dynamics of quantum spin chains from integrability

The study of several quantum magnetic phenomena in this thesis is driven by the
experimental realizability of quantum spin chain models of one-dimensional mag-
netism. In the first place, inelastic neutron scattering experiments on (quasi) one-
dimensional crystals probe the differential cross section of the scattering neutrons.
This quantity is directly related to the dynamical structure factor, which is theo-
retically accessible using the computational methods described in this thesis. The
second experimental motivation is driven by developments in the field of ultracold
atoms in optical lattices, allowing for space-time resolved measurements in quan-
tum spin chains. The existence of bound states of magnons could be shown in these
experiments, while theoretically, bound states require a special technical treatment
in the computations in this thesis.

The theoretical models used to study these physical phenomena are integrable
quantum spin chains, in particular the anisotropic Heisenberg spin- 1

2 model and
the Babujan-Takhtajan spin-1 model, while additional (non-)integrable magnetic
potentials or spin-spin interactions terms are considered as well.

Both aforementioned experimental approaches to assess the dynamics of spin
chains are computationally accessible by numerically summing up large amounts
of matrix elements of local spin operators between eigenstates of the quantum in-
tegrable spin models in a parallelized fashion. The availability of matrix element
expressions from quantum integrability constitutes an important connection be-
tween the deep mathematical structure of integrable spin chains and experimentally
measurable local observables and correlations on magnetic systems.

Matrix elements

The algebraic Bethe ansatz has been developed in a wider research ambition by the
Leningrad school in the 1980s to generalize the classical inverse scattering method to
the quantum case and to establish a quantum theory of solitons. The second quanti-
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zation formalism, combined with the connection to spin chain models inspired by the
coordinate Bethe ansatz from 1931, led to the construction of useful computational
tools. Most importantly, Slavnov’s formula expresses the scalar product between
Bethe states in a determinant representation, as a function of the rapidities of the
Bethe states.

Another important result covers the matrix elements of local spin operators
between Bethe states for integrable spin-s chains. It allows for an elegant represen-
tation in the form of a determinant, whose entries solely depend on the rapidities of
the two respective Bethe states. Determinant expressions of matrix elements form
the cornerstone of the exact numerical computations of all observables considered
in this thesis. The explicit construction of the relevant Bethe states at finite system
size is required for this method to work, and is performed by numerically solving
for the rapidities characterizing a Bethe state from the Bethe equations.

Spinons

The dynamics of spinon excitations from the antiferromagnetic ground state was
studied in antiferromagnetic quantum spin chains. Spinons are fractionalized col-
lective excitations created pairwise by a local spin flip on the antiferromagnetic
state, which are constructed and evolved in time using the algebraic Bethe ansatz
method. This state reflects precisely the spinon states measured or computed in the
dynamical structure factor, with relevance for neutron scattering experiments.

In Bethe ansatz, spinons are the hole-like modes in a sea of interacting magnons
at zero field while by computing their time evolution using matrix element sum-
mations, they can pictured in real space as propagating domain walls in the local
antiferromagnetic ordering of the spins. By computing the expectation value of the
local magnetization and spin-spin correlations, spinons are visualized as propagating
domain walls in the antiferromagnetic spin ordering with anisotropy dependent be-
havior. The spin-spin correlation after the spin flip displays a light cone, satisfying
the Lieb-Robinson bound for the propagation of correlations at the spinon velocity.

Bound states and strings

For the higher spin antiferromagnets, the spectrum of low-lying excited Bethe states
becomes dominated by bound states, while even for the spin- 1

2 chain, single bound
states of two magnons are present in the four-spinon excitations. In the Bethe states,
bound states manifest themselves as complex valued conjugate strings of rapidities.
At finite system size, these strings are deformed from the thermodynamic string
hypothesis by string deviations, which are obtained by a solving procedure of the
Bethe equations in a parametrization of deviated strings. Many examples with large
deviations from the pure string picture had been showed, along with their influence
on the computation of observables.
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The original full form of the matrix elements expressions can be used when the
deviations are large. However, when deviations are small, divergencies and indeter-
minacies in the determinants need to be either absorbed analytically, or computed
with much higher numerical precision. The procedure outlined in this thesis allows
an efficient inclusion of effects of both small and large string deviations.

Spin-1 dynamical structure factor

The dynamical structure factor of the Babujan-Takhtajan antiferromagnetic spin-1
chain is computed numerically. By inserting a resolution of the identity in the
spin-spin correlation, the dynamical structure factor becomes a sum over matrix
elements of a single spin operator with the ground state and an excited spinon
state. By keeping track of the relevant sum rules, we are able to pick the most
contributing spinon states in the otherwise exponentially large sum, and truncate
to the two- and four-spinon excitations to still provide over 99% of all contributions
to the dynamical structure factor at N = 200. The real-space spin-spin correlation
is obtained by a Fourier transform of the results, and displays asymptotics which fit
predictions from conformal field theory.

Quasi-soliton scattering

The quantum scattering of magnon bound states in the anisotropic Heisenberg spin
chain is shown to display features similar to the scattering of solitons in classi-
cal exactly solvable models. Localized colliding Gaussian wave packets of bound
magnons are constructed from string solutions and evolved in time. The local mag-
netization profile shows the trajectories of colliding wave packets of bound magnons,
which obtain a spatial displacement upon scattering. Analytic predictions on the
displacements for various values of anisotropy and string lengths are derived from
scattering theory and Bethe ansatz phase shifts, matching time evolution fits on the
displacements.

Time evolution with additional interactions

The time evolution of initial states in spin chains with additional magnetic fields or
spin-spin interactions are considered using a second order Suzuki-Trotter decompo-
sition of the time evolution operator, while all relevant matrix elements concerning
the exponential of the perturbing potential are computed using the determinant
expressions in the basis of the Bethe states. The initial state is constructed by
acting with local spin operators on a reference state, or by imposing Gaussian wave
packets of bound magnons. These excitations are then tracked in the time evolved
expectation value of the local magnetization, showing the effects of the potentials
in real space.

Perfect agreement between the exact diagonalization and the method relying
on the Suzuki-Trotter decomposition using algebraic Bethe ansatz is found for the
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time evolution of initial states close to full polarization. For antiferromagnetic ini-
tial states, a truncation of the summations over intermediate states becomes how-
ever unavoidable. For small additional interaction strengths, the method still gives
reasonable results in comparison to exact diagonalization. The validation of the
truncated results becomes however much more difficult at high system sizes.

A staggered magnetic field has been applied on the antiferromagnetic ground
state, which caused the local magnetization to fluctuate in time, oppositely on even
or odd lattice sites, depending on the staggered magnetic field strength. By adding
global additional spin-spin interactions, two physically relevant situations are ex-
plored. The first being the addition longitudinal spin-spin interactions, which effec-
tively changes the anisotropy of the spin chain. The other example consists of the
addition of next-nearest neighbor interactions.

Local integrability breaking potentials have been considered in order to study
scattering phenomena of wave packets of bound magnons. Reflection and trans-
mission amplitudes have been defined as a function of local perturbation strength.
Moreover, the decay of bound magnon (two-string) wave packets into two unbound
magnons (real rapidities) is visualized as well. The periodic boundary conditions of
the original Heisenberg chain could be changed to open by canceling out a single
spin-spin interaction term, which is also reflected in the scattering results.

Moreover, by adding long-range interactions, an effective two-dimensional Heisen-
berg model is constructed, for which the propagation of two-dimensional magnons
in real space has been calculated.

Correlations away from the ground state

Dynamical and static spin-spin correlations are computed for a class of zero-entropy
eigenstates of the anisotropic Heisenberg model, where the Fermi sea consisting of
interacting magnons has been separated by giving a finite opposite momentum shift
to both halves of the Fermi sea.

The multicomponent Tomonaga-Luttinger model predicts the static spin-spin
correlations, with expressions characterized by (non-)universal prefactors and expo-
nents. In turn, these parameters have been fitted from finite system size scaling of
energy levels and matrix elements of Umklapp states. This approach shows good
correspondence to summations over matrix elements by algebraic Bethe ansatz, for
both the large distance asymptotics, as well as for the short distance behavior, only
breaking down for small momentum shifts in the Fermi seas.

The computation of dynamical correlations for states away from the ground state
is an important development of the method of matrix element summations towards
the computation of thermal correlations, which makes use of a representative state
acquired by discretizing a thermal state in the thermodynamic Bethe ansatz. The
computation of thermal correlations constitutes a challenging future application of
the exact numerical methods based on algebraic Bethe ansatz.



Samenvatting

Dynamica van integreerbare quantum spin ketens

Het onderzoek naar verscheidene quantum magnetische fenomenen in dit proef-
schrift is gedreven door de experimentele realiseerbaarheid van quantum spin keten
modellen voor eendimensionaal magnetisme. In de eerste plaats wordt in inelas-
tische neutronenverstrooiing aan (quasi) eendimensionale kristallen de differentiële
cross-sectie van de verstrooiende neutronen gemeten. Deze kwantiteit is direct ge-
relateerd aan de dynamische structuurfactor, welke theoretisch bepaald kan worden
door middel van de computationele methoden beschreven in dit proefschrift. De
tweede experimentele motivatie wordt gedreven door ontwikkelingen in het veld van
ultrakoude atomen in optische roosters, die de mogelijkheid geven om metingen uit
te voeren in de reële ruimte van de quantum spin ketens. Het bestaan van gebonden
toestanden van magnons kan worden aangetoond in deze experimenten en vragen
om speciale aandacht in de berekeningen uitgevoerd in dit proefschrift.

De theoretische modellen die worden gebruikt om deze fysische fenomenen te
bestuderen, zijn integreerbare quantum spin ketens, in het bijzonder het anisotrope
Heisenberg spin- 1

2 model en het Babujan-Takhtajan spin-1 model, eventueel met
additionele (niet-)integreerbare magnetische potentialen of spin-spin interacties.

Beide eerdergenoemde experimentele benaderingen zijn theoretisch te onderzoe-
ken door middel van het sommeren van grote hoeveelheden matrix elementen van
lokale spin operatoren tussen eigentoestanden van quantum integreerbare model-
len. Een belangrijke connectie tussen de mathematische structuren en experimen-
teel meetbare observabelen en correlaties van magnetische systemen wordt gevormd
door de uitdrukkingen voor de matrix elementen gebaseerd op integreerbaarheid.

Matrix elementen

De algebräısche Bethe ansatz is ontwikkeld door de Leningrad school in de jaren
tachtig in het kader van een bredere ambitie om de klassieke inverse verstrooiings-
methode te generaliseren naar de quantummechanica, en om een quantumtheorie
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van solitonen te ontwikkelen. Het tweede quantisatieformalisme, gecombineerd met
de connectie met spin keten modellen gëınspireerd door de coördinaat Bethe ansatz
uit 1931, heeft geleid tot de ontwikkeling van bruikbare rekenmethoden. De formule
van Slavnov drukt het scalaire product tussen twee Bethe toestanden uit als een
determinant, als functie van de rapiditeiten van de Bethe toestanden.

Een tweede belangrijk resultaat van de algebräısche Bethe ansatz beslaat de-
terminant uitdrukkingen voor matrix elementen van lokale spin operatoren tussen
Bethe toestanden voor integreerbare spin-s ketens. Deze determinanten vormen de
hoeksteen van exacte numerieke berekeningen voor alle observabelen beschouwd in
dit proefschrift. Voor deze methode dienen de relevante Bethe toestanden expliciet
te worden uitgerekend voor eindige systeemgrootte, wat uitgevoerd wordt door alle
rapiditeiten numeriek te bepalen vanuit de Bethe vergelijkingen.

Spinons

De dynamica van spinon excitaties boven de antiferromagnetische grondtoestand
is bestudeerd in quantum spin ketens. Spinons zijn gefractionaliseerde collectieve
excitaties en kunnen worden gecreëerd in paren door middel van lokale spin flips
op de antiferromagnetische toestand. Deze toestand reflecteert exact de spinon toe-
standen die worden uitgerekend of gemeten in de dynamische structuurfactor, met
relevantie voor inelastische neutronenverstrooiing aan spin ketens. De constructie
en tijdsevolutie van spinons is bepaald vanuit de algebräısche Bethe ansatz.

Spinons zijn, in de context van Bethe ansatz, de hole-modes in een zee van inter-
acterende magnons in nul magnetisch veld. Door het uitrekenen van de tijdsevolutie
door middel van het sommeren van matrix elementen, kunnen spinons worden gevi-
sualiseerd in de reële ruimte als propagerende domeinmuren in de lokale antiferro-
magnetische ordening van de spins, met gedrag afhankelijk van de anisotropie. De
spin-spin correlatie na de spin flip heeft de vorm van een lichtkegel, welke voldoet
aan de Lieb-Robinson grens voor de voortplanting van correlaties met de spinon
snelheid.

Gebonden toestanden en strings

Voor de hogere spin antiferromagnetische modellen is het spectrum gedomineerd
door gebonden toestanden. Ook voor de spin- 1

2 keten komen gebonden toestanden
voor in de vier-spinon excitaties. In de Bethe toestanden manifesteren gebonden
toestanden zichzelf als geconjugeerde strings van rapiditeiten in het complexe vlak.
Deze strings ondervinden een deformatie ten opzichte van de thermodynamische
stringhypothese als gevolg van de eindige systeemgrootte. Deze deformatie kan
uitgerekend worden door middel van een numerieke procedure waarin de strings
in de Bethe vergelijkingen worden geparametriseerd in termen van de deformatie.
Voorbeelden met grote deformatie blijken aanwezig te zijn, waarbij hun invloed op
de observabelen expliciet is uitgerekend.
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De originele, volledige uitdrukkingen van de matrix elementen kunnen worden
gebruikt indien de deformaties groot zijn. Echter, voor kleine deformaties dienen
aanwezige divergenties in de determinanten analytisch te worden geabsorbeerd in
de uitdrukkingen, of dienen ze uitgerekend te worden met veel hogere precisie. De
procedure beschreven in dit proefschrift draagt er zorg voor dat het effect van string-
deformaties efficiënt kan worden opgenomen in de berekeningen.

Spin-1 dynamische structuurfactor

De dynamische structuurfactor van de Babujan-Takhtajan spin-1 keten is numeriek
berekend. Door een resolutie van de identiteit toe te voegen in de spin-spin correla-
tie, verandert de dynamische structuurfactor in een sommatie over matrix elementen
van een eenzijdige spin operator met de grondtoestand en een geëxciteerde spinon
toestand. Door het bijhouden van de somregel saturaties is het mogelijk om de
meest bijdragende spinon toestanden mee te nemen in de sommaties. De twee- en
vier-spinonbijdragen geven al meer dan 99% van de saturatie op N = 200. De spin-
spin correlatie in de reële ruimte is gegeven door de Fouriertransformatie van de
resultaten en komt overeen met voorspellingen vanuit de conforme veldentheorie.

Quasi-solitonverstrooiing

De quantumverstrooiing van gebonden magnontoestanden in het anisotrope Heisen-
berg model laat eigenschappen zien die gelijk zijn aan de verstrooiing van solitonen
in exact oplosbare klassieke modellen. Gelokaliseerde botsende Gaussische golfpak-
ketten van gebonden magnons kunnen worden geconstrueerd en geëvolueerd in de
tijd vanuit stringtoestanden. Het lokale magnetische profiel laat de trajecten van de
botsende golfpakketten zien, welke een verplaatsing oplopen tijdens het verstrooi-
ingsproces. Analytische voorspellingen voor deze verplaatsing als functie van de
anisotropie en stringlengte zijn afgeleid vanuit Bethe ansatz en de verstrooiingsthe-
orie en komen overeen met de numerieke tijdsevolutie resultaten.

Tijdsevolutie met additionele interacties

De tijdsevolutie van initiële toestanden in spin ketens met additionele magnetische
velden of spin-spin interacties kan worden bepaald door middel van een tweede orde
Suzuki-Trotter decompositie van de tijdsevolutie operator, terwijl alle relevante ma-
trix elementen van de exponentiaal van de verstoorde potentiaal kunnen worden
berekend met behulp van de algebräısche Bethe ansatz in de basis van Bethe toe-
standen. De initiële toestand is geconstrueerd door de actie van lokale spin opera-
toren op een toestand, of door de samenstelling van Gaussische golfpakketten van
gebonden magnons. Deze excitaties zijn gevolgd in de lokale magnetisatie, zodat
het effect van de potentialen in de reële ruimte zichtbaar wordt.

Perfecte overeenkomst tussen exacte diagonalisatie en de methode gebaseerd op
de Suzuki-Trotter decompositie en algebräısche Bethe ansatz is aangetoond voor
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de tijdsevolutie van toestanden dichtbij volledige polarisatie. Voor antiferromag-
netische initiële toestanden is een afkapping van de sommaties over tussenliggende
toestanden echter onvermijdbaar. Voor kleine interactiesterktes geeft de methode
nog steeds redelijke resultaten in vergelijking met exacte diagonalisatie. De validatie
van de afgekapte resultaten is echter slecht mogelijk op hogere systeemgrootte.

Een alternerend magnetisch veld is toegepast op de antiferromagnetische grond-
toestand, zodat de lokale magnetisatie fluctueert in de tijd, tegenovergesteld op even
en oneven roosterpunten, afhankelijk van de magnetische veldsterkte. Door globale
spin-spin interacties toe te voegen, kunnen twee fysisch relevante situaties worden
bekeken. Het eerste voorbeeld beslaat de toevoeging van longitudinale spin-spin
interacties, zodat de anisotropie effectief verandert. Het andere voorbeeld beslaat
het toevoegen van volgende-naastliggende interacties.

Lokale integreerbaarheidsbrekende potentialen zijn gebruikt om verstrooiingsfe-
nomenen van golfpakketten van gebonden toestanden te bestuderen. Reflectie en
transmissie amplitudes zijn gedefinieerd als functie van de lokale interactiesterkte.
Het verval van gebonden magnon (twee-string) golfpakketten naar twee ongebonden
magnons (reële rapiditeiten) is aangetoond in het lokale magnetisatie profiel. Bo-
vendien kunnen de periodieke randvoorwaarden van het Heisenberg model op deze
manier worden veranderd naar open randvoorwaarden.

Daarnaast is het tweedimensionale Heisenberg model gereconstrueerd door middel
van het toevoegen van de juiste lange-afstand spin-spin interacties, zodat de propa-
gatie van tweedimensionale magnons kan worden uitgerekend en gevisualiseerd.

Correlaties van geëxciteerde toestanden

Dynamische en statische correlaties zijn uitgerekend voor een klasse van nul-entropie
eigentoestanden van het anisotrope Heisenberg model, voor welke de Fermi-zee,
bestaande uit interacterende magnons, is gesepareerd door het toepassen van een
symmetrische momentumverschuiving op beide helften van de Fermi-zee.

Het multicomponent Tomonaga-Luttinger model voorspelt de statische spin-spin
correlaties, waarvoor de uitdrukkingen worden gekarakteriseerd door (niet-)univer-
sele voorfactoren en exponenten. Deze parameters zijn gefit uit de systeemgrootte
schaalbaarheid van de energieniveaus en matrix elementen van Umklapp toestan-
den. Deze methode heeft een grote correspondentie met de sommaties over matrix
elementen uit de algebräısche Bethe ansatz, zowel voor de asymptoten op grote af-
stand, als voor het gedrag op kleine afstanden, terwijl de methode alleen faalt voor
kleine momentumverschuivingen in de Fermi-zee.

De berekening voor dynamische correlaties voor geëxciteerde toestanden is een
belangrijke ontwikkeling in de methode van matrix elementen sommaties voor de
berekening van thermische correlaties, gebruikmakende van een representatieve toe-
stand verkregen uit het discretiseren van een toestand uit de thermodynamische
Bethe ansatz. Het uitrekenen van thermische correlaties vormt een uitdagende toe-
komstige applicatie van de numerieke algebräısche Bethe ansatz methode.
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