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48 Chapter 3

aBsTraCT

In many unsupervised learning problems, data can be available in different representa-
tions, often referred to as views. By leveraging information from multiple views we can 
obtain clustering that is more robust and accurate compared to the one obtained via 
the individual views. We propose a novel algorithm that is based on neighbourhood 
co-regularization of the clustering hypotheses and that searches for the solution, which 
is consistent across different views. In our empirical evaluation on publicly available 
datasets, the proposed method outperforms several state-of-the-art clustering algo-
rithms. Furthermore, application of our method to recently collected biomedical data 
leads to new insights, critical for future research on determinants of the cervicovaginal 
microbiome and the cervicovaginal microbiome as a risk factor for the transmission of 
HIV. These insights could have an influence on the interpretation of clinical presentation 
of women with bacterial vaginosis and treatment decisions.
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inTrOduCTiOn

The multi-view paradigm [1-3] is particularly suitable for learning on datasets having 
more than a single data representation. A classic example is a web document classifi-
cation task [1], where documents are represented via two different views - one that is 
based on the links and another one based on the text document. Complex, structured 
data with multiple representations are frequently encountered in the biomedical 
domain, making multi-view methods a natural application choice. Although in many 
circumstances the individual data representation can be sufficient for training a model, 
a combination of the multiple views can lead to more robust and accurate predictions 
compared to the ones obtained via the individual views.

The multi-view paradigm has been successfully applied to various learning problems 
such as semi-supervised classification e.g. [4], regression e.g. [5], preference learning e.g. 
[6] and clustering e.g. [3, 7]. Our work concerns an unsupervised multi-view learning al-
gorithm that builds upon the spectral clustering method [8, 9]. The proposed algorithm 
is conceptually different from the existing methods as it uses novel neighbourhood 
co-regularization technique to adapt cluster assignments for different views. Unlike in 
previous studies that consider aggregation of clusters based on the individual data rep-
resentations e.g. [10-13], our method promotes consistent cluster assignments across 
multiple views and penalizes solutions that differ significantly. The closest in spirit to our 
method is the recent work described in [7], where for the first time a co-regularization 
framework was successfully applied to a clustering task. However, our co-regularization 
approach is fundamentally different and is geared towards solutions that capture local/
neighbourhood-based relations in the dataset. Furthermore, the optimization problem 
in our work differs from [7] and leads to a simpler closed form solution with fewer terms 
involved.

We apply the proposed method to a recently collected biomedical dataset from a study 
aimed at investigating cervicovaginal microbiome compositions. As the determination 
of microbial community compositions is becoming increasingly complex due to new 
molecular laboratory methods, unsupervised learning techniques have become an es-
sential part of microbiome studies, e.g.[14, 15]. We demonstrate that, unlike in previous 
studies, the proposed neighbourhood co- regularized multi-view spectral clustering al-
gorithm (NCMSC) identifies distinct clusters within the group of women with a “healthy” 
cervicovaginal microbiome and within the group of women with bacterial vaginosis 
(BV). Our observation will aid the analysis of the determinants of the cervicovaginal mi-
crobiome and the cervicovaginal microbiome as risk factor for other adverse outcomes, 
such as transmission of sexually transmitted infections (STIs) and HIV.
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neigHBOurHOOd CO-regularized mulTi-view sPeCTral ClusTering

Consider we are given a dataset containing multiple representations. Let X(𝑣) = {x(𝑣)
i }n

i=1  
Note that here superscript 𝑣 denotes the representation for a single view. Let A(𝑣) de-
note an adjacency matrix of the graph constructed using the data representation in a 
view 𝑣. We can write the normalized Laplacian matrix as L(𝑣) = D(𝑣)-1/2A(𝑣)D(𝑣)-1/2, where 
D(𝑣) is the corresponding degree matrix. Following [8] the standard special clustering 
problem (or single view spectral clustering [7]) solves the optimization problem

 

min
!(!)∈ℛ!  ×  !

𝑡𝑡𝑡𝑡 𝑄𝑄 ! !𝐿𝐿(!)𝑄𝑄(!) ,	  	  s.t.    𝑄𝑄 ! !𝑄𝑄(!) = 𝐼𝐼  

	  
 

(1)

where 𝑄(𝑣) ∈ ℛ𝑛 × 𝑐 denotes the cluster assignment matrix and 𝑐 is number of predefined 
clusters. In spectral clustering the final cluster membership is obtained by applying the 
k-means algorithm on the rows of the matrix 𝑄(𝑣).The algorithm we propose extends the 
standard spectral clustering framework by using neighbourhood co-regularization tech-
niques that naturally allow to leverage information from multiple views. Let us denote 
the cluster assignment matrix 𝑄(𝑣) = (q(𝑣)

1 ,…, q(𝑣)
c )𝑇. Slightly overloading our notation, we 

denote the confidence that a data point 𝑥𝑗 belongs to the cluster 𝑐 as [qc]j. For simplicity, 
in the derivations below we omit the cluster index.

We define the 𝑘 neighbors of data point x(𝑣)
i  as 𝑁 (x(𝑣)

i ) = {x(𝑣)
i1

,…, x(𝑣)
ik

} or 𝑋(𝑣)
i  = (x(𝑣)

i1

,…, x(𝑣)
ik

)𝑇 ∈ ℛ𝑘× 𝑑 where 𝑑 is the dimensionality of the data point in a view 𝑣. Also, the 
corresponding cluster assignments can be written as q(𝑣)

i  = (q(𝑣)
i1

,…, q(𝑣)
ik

)𝑇 ∈ ℛ𝑘. Below 
we generalize local linear regularization [16, 17] to a multi-view setting. In our setting, 
for each data point x(𝑣)

i , projections 𝑊𝑖 = (𝐰(1)
i ,…, 𝐰(M)

i )𝑇 ∈ ℛ𝑀× 𝑑 are learned via min𝐰(𝑣)
i

 
𝐽(𝑊𝑖), where
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min
𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣)∈𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛 × 𝑐𝑐𝑐𝑐

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿(𝑣𝑣𝑣𝑣)𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣)� ,  s.t.  𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣) = 𝐼𝐼𝐼𝐼 

 
where 𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣) ∈ ℛ𝑛𝑛𝑛𝑛 × 𝑐𝑐𝑐𝑐 denotes the cluster assignment matrix and 𝑐𝑐𝑐𝑐 is number of predefined clusters. 
In spectral clustering the final cluster membership is obtained by applying the k-means algorithm on 
the rows of the matrix 𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣).The algorithm we propose extends the standard spectral clustering 
framework by using neighbourhood co-regularization techniques that naturally allow to leverage 
information from multiple views. Let us denote the cluster assignment matrix  𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣) =

�q1
(𝑣𝑣𝑣𝑣), … , q𝑐𝑐𝑐𝑐

(𝑣𝑣𝑣𝑣)�
𝑇𝑇𝑇𝑇

 . Slightly overloading our notation, we denote the confidence that a data point 𝑥𝑥𝑥𝑥𝑗𝑗𝑗𝑗 

belongs to the cluster 𝑐𝑐𝑐𝑐 as �q𝑐𝑐𝑐𝑐�𝑗𝑗𝑗𝑗. For simplicity, in the derivations below we omit the cluster index.  

 

We define the 𝑘𝑘𝑘𝑘 neighbors of data point x𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) as 𝑁𝑁𝑁𝑁 �x𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)� = �x𝑖𝑖𝑖𝑖1
(𝑣𝑣𝑣𝑣), … , x𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(𝑣𝑣𝑣𝑣)� or 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) =

�x𝑖𝑖𝑖𝑖1
(𝑣𝑣𝑣𝑣), … , x𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(𝑣𝑣𝑣𝑣)�
𝑇𝑇𝑇𝑇
∈ ℛ𝑘𝑘𝑘𝑘×𝑑𝑑𝑑𝑑 where 𝑑𝑑𝑑𝑑 is the dimensionality of the data point in a view 𝑣𝑣𝑣𝑣. Also, the 

corresponding cluster assignments can be written as q𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) = �𝑞𝑞𝑞𝑞𝑖𝑖𝑖𝑖1

(𝑣𝑣𝑣𝑣), … , 𝑞𝑞𝑞𝑞𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(𝑣𝑣𝑣𝑣)�

𝑇𝑇𝑇𝑇
∈ ℛ𝑘𝑘𝑘𝑘. Below we 

generalize local linear regularization [16, 17] to a multi-view setting. In our setting, for each data 

point 𝐱𝐱𝐱𝐱𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣), projections 𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖 = �𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(1), … ,𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑀𝑀𝑀𝑀)�

𝑇𝑇𝑇𝑇
∈ ℛ𝑀𝑀𝑀𝑀×𝑑𝑑𝑑𝑑 are learned via min𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)  𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖), where  

 

𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) = �  � ��𝐪𝐪𝐪𝐪(𝑣𝑣𝑣𝑣)�𝑗𝑗𝑗𝑗 − 𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)�
𝐹𝐹𝐹𝐹

2
+ λ�𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣=1𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑣𝑣𝑣𝑣)∈𝑁𝑁𝑁𝑁�𝐱𝐱𝐱𝐱𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)�

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣=1

 

+ 𝜈𝜈𝜈𝜈 �  �  �𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) − 𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑢𝑢𝑢𝑢)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑢𝑢𝑢𝑢)�
𝐹𝐹𝐹𝐹

2
.

𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑣𝑣𝑣𝑣)∈𝑁𝑁𝑁𝑁�𝐱𝐱𝐱𝐱𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)�

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣,𝑢𝑢𝑢𝑢=1
𝑣𝑣𝑣𝑣≠𝑢𝑢𝑢𝑢

 

 
The first term in equation (2) stands for a multi-view version of the problem where we aim to find a 
weight vector that corresponds as closely as possible to the optimal clustering solution, the second 

term is the L2 regularization on the weight vector 𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣), and the third term is a co-regularization that 

promotes agreement among different views on the obtained clustering. Once the local predictors for 
all views have been constructed (see Appendix) we can compute the sum of the prediction errors for 
all clusters  

𝐽𝐽𝐽𝐽𝑐𝑐𝑐𝑐 = ���𝐻𝐻𝐻𝐻(𝑣𝑣𝑣𝑣)𝐪𝐪𝐪𝐪𝑙𝑙𝑙𝑙
(𝑣𝑣𝑣𝑣) − 𝐪𝐪𝐪𝐪𝑙𝑙𝑙𝑙

(𝑣𝑣𝑣𝑣)�
2

𝑐𝑐𝑐𝑐

𝑙𝑙𝑙𝑙=1

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣=1

 

                                    = ���𝐪𝐪𝐪𝐪𝑙𝑙𝑙𝑙
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇 ��𝐻𝐻𝐻𝐻(𝑣𝑣𝑣𝑣) − 𝐼𝐼𝐼𝐼�𝑇𝑇𝑇𝑇�𝐻𝐻𝐻𝐻(𝑣𝑣𝑣𝑣) − 𝐼𝐼𝐼𝐼�� 𝐪𝐪𝐪𝐪𝑙𝑙𝑙𝑙

(𝑣𝑣𝑣𝑣)�
𝑐𝑐𝑐𝑐

𝑙𝑙𝑙𝑙=1

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣=1

 

     = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�𝐐𝐐𝐐𝐐𝑇𝑇𝑇𝑇�(𝐇𝐇𝐇𝐇− 𝐈𝐈𝐈𝐈)𝑇𝑇𝑇𝑇(𝐇𝐇𝐇𝐇− 𝐈𝐈𝐈𝐈)�𝐐𝐐𝐐𝐐�, 
 
where 𝐐𝐐𝐐𝐐 is a (𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 × 𝑐𝑐𝑐𝑐) matrix containing the cluster assignments for all views and 𝐇𝐇𝐇𝐇 is a 
(𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 ×𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀) matrix containing predictions of the linear classifiers estimated via minimization of (2). 
Thus, the optimization problem we solve to determine cluster assignment matrices for all views is 
 

(2) 

(1) 

 

(2)

The first term in equation (2) stands for a multi-view version of the problem where we 
aim to find a weight vector that corresponds as closely as possible to the optimal cluster-
ing solution, the second term is the L2 regularization on the weight vector 𝐰(𝑣)

i , and the 
third term is a co-regularization that promotes agreement among different views on the 
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obtained clustering. Once the local predictors for all views have been constructed (see 
Appendix) we can compute the sum of the prediction errors for all clusters
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min
𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣)∈𝑅𝑅𝑅𝑅𝑛𝑛𝑛𝑛 × 𝑐𝑐𝑐𝑐

𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐿𝐿𝐿𝐿(𝑣𝑣𝑣𝑣)𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣)� ,  s.t.  𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣) = 𝐼𝐼𝐼𝐼 

 
where 𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣) ∈ ℛ𝑛𝑛𝑛𝑛 × 𝑐𝑐𝑐𝑐 denotes the cluster assignment matrix and 𝑐𝑐𝑐𝑐 is number of predefined clusters. 
In spectral clustering the final cluster membership is obtained by applying the k-means algorithm on 
the rows of the matrix 𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣).The algorithm we propose extends the standard spectral clustering 
framework by using neighbourhood co-regularization techniques that naturally allow to leverage 
information from multiple views. Let us denote the cluster assignment matrix  𝑄𝑄𝑄𝑄(𝑣𝑣𝑣𝑣) =

�q1
(𝑣𝑣𝑣𝑣), … , q𝑐𝑐𝑐𝑐

(𝑣𝑣𝑣𝑣)�
𝑇𝑇𝑇𝑇

 . Slightly overloading our notation, we denote the confidence that a data point 𝑥𝑥𝑥𝑥𝑗𝑗𝑗𝑗 

belongs to the cluster 𝑐𝑐𝑐𝑐 as �q𝑐𝑐𝑐𝑐�𝑗𝑗𝑗𝑗. For simplicity, in the derivations below we omit the cluster index.  

 

We define the 𝑘𝑘𝑘𝑘 neighbors of data point x𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) as 𝑁𝑁𝑁𝑁 �x𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)� = �x𝑖𝑖𝑖𝑖1
(𝑣𝑣𝑣𝑣), … , x𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(𝑣𝑣𝑣𝑣)� or 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) =

�x𝑖𝑖𝑖𝑖1
(𝑣𝑣𝑣𝑣), … , x𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘

(𝑣𝑣𝑣𝑣)�
𝑇𝑇𝑇𝑇
∈ ℛ𝑘𝑘𝑘𝑘×𝑑𝑑𝑑𝑑 where 𝑑𝑑𝑑𝑑 is the dimensionality of the data point in a view 𝑣𝑣𝑣𝑣. Also, the 

corresponding cluster assignments can be written as q𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) = �𝑞𝑞𝑞𝑞𝑖𝑖𝑖𝑖1

(𝑣𝑣𝑣𝑣), … , 𝑞𝑞𝑞𝑞𝑖𝑖𝑖𝑖𝑘𝑘𝑘𝑘
(𝑣𝑣𝑣𝑣)�

𝑇𝑇𝑇𝑇
∈ ℛ𝑘𝑘𝑘𝑘. Below we 

generalize local linear regularization [16, 17] to a multi-view setting. In our setting, for each data 

point 𝐱𝐱𝐱𝐱𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣), projections 𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖 = �𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(1), … ,𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑀𝑀𝑀𝑀)�

𝑇𝑇𝑇𝑇
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(𝑣𝑣𝑣𝑣)  𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖), where  

 

𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) = �  � ��𝐪𝐪𝐪𝐪(𝑣𝑣𝑣𝑣)�𝑗𝑗𝑗𝑗 − 𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)�
𝐹𝐹𝐹𝐹

2
+ λ�𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣=1𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑣𝑣𝑣𝑣)∈𝑁𝑁𝑁𝑁�𝐱𝐱𝐱𝐱𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)�

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣=1

 

+ 𝜈𝜈𝜈𝜈 �  �  �𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) − 𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑢𝑢𝑢𝑢)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑢𝑢𝑢𝑢)�
𝐹𝐹𝐹𝐹

2
.

𝐱𝐱𝐱𝐱𝑗𝑗𝑗𝑗
(𝑣𝑣𝑣𝑣)∈𝑁𝑁𝑁𝑁�𝐱𝐱𝐱𝐱𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)�

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣,𝑢𝑢𝑢𝑢=1
𝑣𝑣𝑣𝑣≠𝑢𝑢𝑢𝑢

 

 
The first term in equation (2) stands for a multi-view version of the problem where we aim to find a 
weight vector that corresponds as closely as possible to the optimal clustering solution, the second 

term is the L2 regularization on the weight vector 𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣), and the third term is a co-regularization that 

promotes agreement among different views on the obtained clustering. Once the local predictors for 
all views have been constructed (see Appendix) we can compute the sum of the prediction errors for 
all clusters  

𝐽𝐽𝐽𝐽𝑐𝑐𝑐𝑐 = ���𝐻𝐻𝐻𝐻(𝑣𝑣𝑣𝑣)𝐪𝐪𝐪𝐪𝑙𝑙𝑙𝑙
(𝑣𝑣𝑣𝑣) − 𝐪𝐪𝐪𝐪𝑙𝑙𝑙𝑙

(𝑣𝑣𝑣𝑣)�
2

𝑐𝑐𝑐𝑐

𝑙𝑙𝑙𝑙=1

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣=1

 

                                    = ���𝐪𝐪𝐪𝐪𝑙𝑙𝑙𝑙
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇 ��𝐻𝐻𝐻𝐻(𝑣𝑣𝑣𝑣) − 𝐼𝐼𝐼𝐼�𝑇𝑇𝑇𝑇�𝐻𝐻𝐻𝐻(𝑣𝑣𝑣𝑣) − 𝐼𝐼𝐼𝐼�� 𝐪𝐪𝐪𝐪𝑙𝑙𝑙𝑙

(𝑣𝑣𝑣𝑣)�
𝑐𝑐𝑐𝑐

𝑙𝑙𝑙𝑙=1

𝑀𝑀𝑀𝑀

𝑣𝑣𝑣𝑣=1

 

     = 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡�𝐐𝐐𝐐𝐐𝑇𝑇𝑇𝑇�(𝐇𝐇𝐇𝐇− 𝐈𝐈𝐈𝐈)𝑇𝑇𝑇𝑇(𝐇𝐇𝐇𝐇− 𝐈𝐈𝐈𝐈)�𝐐𝐐𝐐𝐐�, 
 
where 𝐐𝐐𝐐𝐐 is a (𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 × 𝑐𝑐𝑐𝑐) matrix containing the cluster assignments for all views and 𝐇𝐇𝐇𝐇 is a 
(𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 ×𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀) matrix containing predictions of the linear classifiers estimated via minimization of (2). 
Thus, the optimization problem we solve to determine cluster assignment matrices for all views is 
 

(2) 

(1) 

where 𝐐 is a (𝑀n × 𝑐) matrix containing the cluster assignments for all views and 𝐇 
is a (𝑀n × 𝑀n) matrix containing predictions of the linear classifiers estimated via 
minimization of (2). Thus, the optimization problem we solve to determine cluster as-
signment matrices for all views is

 
min

𝐐𝐐∈ℛ!"×!
𝑡𝑡𝑡𝑡 𝐐𝐐! 𝐇𝐇− 𝐈𝐈 ! 𝐇𝐇− 𝐈𝐈 𝐐𝐐 ,   	  s.t.	      𝐐𝐐!𝐐𝐐 = 𝐈𝐈	  

	  
 

(3)

The above problem is closely related to the standard spectral clustering and the so-
lutions for all views are given by top-𝑐 eigenvectors of the matrix 𝐋=(𝐇−𝐈)𝑇(𝐇−𝐈). 
Similarly to [7] we can use any of the obtained cluster assignment matrices 𝑄(𝑣) in the 
final k-means step of the clustering algorithm. In our experiments, we observe no major 
dependence of the clustering performance on the choice of a particular 𝑄(𝑣).

related work

There have been a number of multi-view clustering algorithms proposed that build 
on the idea of leveraging information from different graphs/data representations. For 
example, in [10] the authors obtain a graph cut which on average is the most suitable 
for multiple graphs and provide a random walk formulation of the clustering problem. 
A clustering algorithm that constructs a graph based on nodes from two views and 
solves a standard spectral problem, is proposed in [11]. Other approaches for multi-view 
clustering fuse the information from multiple graphs based on matrix factorization [12] 
or consensus learning techniques [13].

The central idea behind all these methods is to construct clustering for the individual 
views and to reconcile them in the final solution. Our neighbourhood co- regularized 
multi-view clustering algorithm is conceptually different from these methods as the 
cluster assignments for the individual views are adapted based on neighbourhood 
co-regularization implemented via the third term in the equation (2). Informally, our 
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method promotes consistent cluster assignments across multiple views and penalizes 
solutions that differ significantly.

Recently an unsupervised learning algorithm using a co-regularization approach has 
been proposed in [7]. The co-regularization we propose here is notably different and 
is geared towards clustering that captures local/neighbourhood-based relations in the 
dataset. This in turn leads to a simpler closed form solution with fewer terms involved. 
Furthermore, our algorithm can be straightforwardly formulated as a kernel-based 
method, which can make it suitable for learning non-linear dependencies when estimat-
ing cluster assignments.

We also note that the co-regularization framework has recently attracted considerable 
attention in the machine learning community and proved to work well on a wide range 
of learning problems e.g. [2, 5, 6]. Moreover, theoretical investigations demonstrate that 
the co-regularization approach reduces the Rademacher complexity by an amount that 
depends on the “distance” between the views [18, 19]. We expect that a similar type of 
analysis can be applied to our algorithm and we aim to investigate this in the near future.

exPerimenTs On BenCHmark daTaseTs

To empirically validate the performance of the NCMSC algorithm, we compare the 
results of five algorithms on four benchmark datasets. Following [17] we select publicly 
available datasets, namely Newsgroup, UMIST, WebACE, and USPS.

To evaluate the performance of the algorithms, we compare the obtained clusters with 
the true class labels in each of the datasets. For this purpose we use two performance 
measures - clustering accuracy (ACC) and normalized mutual information (NMI) [13]. The 
clustering accuracy performance measure estimates the relationship between comput-
ed clusters and the class labels. Informally, it measures the extent to which data points 
contained in the clusters correspond to the class label and sums up matches between all 
class-cluster pairs. The normalized mutual information criterion reports mutual informa-
tion between the obtained clustering and the true clustering, normalized by the cluster 
entropies. NMI ranges between 0 and 1 with a higher value indicating a closer match to 
the true clustering.

In our experiments we compare the performance of the proposed NCMSC algorithm 
with four other clustering methods, namely k-means (K-Means), hierarchical clustering 
(HC), spectral clustering (SC), and co-regularized multi-view spectral clustering (CMSC) 
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[7]. For HC we use Euclidean distance. For NCMSC, CMSC and SC, the weights on data 
graph edges are computed by Gaussian functions. Similarly to [17] the variance is 
determined by local scaling. All regularization parameters in CMSC and our approach 
are determined by searching the grid {0.1, 1, 10}, and the neighbourhood size is set by 
searching the grid {20, 40, 80}. In the experiments we consider two views for the NCMSC 
and CMSC algorithms, which are created by partitioning of the feature vector into two 
parts (random partitioning has been successfully used in previous studies e.g. [5, 6]).

It can be observed from the Table 1 and Table 2 that the NCMSC algorithm performs bet-
ter compared to other clustering methods. We suggest that our algorithm outperforms 
CMSC due to the employed co-regularization procedure, which uses neighbourhood-
based cluster assignment models and, therefore, captures additional “local” relations in 

the data. Also, multi-view algorithms in general tend to perform better than their single 
view counterparts and k-means or hierarchical clustering tend to perform poorer than 
SC-based approaches.

exPerimenTs On a CerviCOvaginal miCrOBiOme daTaseT

We also apply the proposed NCMSC algorithm to a new biomedical dataset contain-
ing results from experiments on a single channel phylogenetic microarray designed to 
characterize cervicovaginal microbiota [20]. The dataset is from an ongoing study aimed 
at identifying groups of women with similar cervicovaginal microbial compositions, the 

Table 1. Clustering accuracy results

algorithm HC k-means sC CmsC nCmsC

UMIST 0.4127 0.4372 0.6432 0.6824 0.6914

USPS 0.7354 0.7399 0.9312 0.9561 0.9732

Newsgroup 0.3223 0.3234 0.5211 0.5734 0.5811

WebAce 0.3123 0.3131 0.4553 0.5625 0.5893

Table 2: Normalized mutual information results

algorithm HC k-means sC CmsC nCmsC

UMIST 0.6441 0.6481 0.7623 0.8121 0.8236

USPS 0.8231 0.8521 0.9732 0.9832 0.9917

Newsgroup 0.2114 0.2212 0.4962 0.5213 0.5283

WebAce 0.1323 0.1431 0.3842 0.5125 0.5298
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determinants of these compositions and their possible association with adverse repro-
ductive health outcomes.

dataset preparation

Data from microarray experiments are available for 196 cervical samples from women 
who participated in an observational prospective cohort study aimed at estimating 
the HIV-1 incidence in Kigali, Rwanda [21]. BV was diagnosed using Gram stain and 
microscopy using Nugent scoring [22], which is considered the golden standard. BV is a 
disruption of the cervicovaginal microbiome characterized by a reduction of lactobacilli 
and an increase of mostly anaerobic bacteria that leads to an increased risk of preterm 
birth and sexually transmitted infections [23-25]. A Nugent score of 0-3 was considered 
as BV negative, 4-6 as intermediate microbiota and 7-10 as BV positive.

We have followed standard microarray preprocessing strategies as described, for ex-
ample, in [26]. For each spot, signal over background ratios (S/B) are calculated. If the 
signal is not confidently above background [26], the S/B ratio is set at 1. Samples for 
which the positive controls (general bacterial probes) show a low S/B ratio, are discarded 
from the analysis. Lowess smoothing was performed for plate normalization.

The NCMSC algorithm is applied to the preprocessed dataset. The parameters and views 
are obtained as described in Section 3. We run NCMSC with predefined number of clus-
ters ranging from 3 to 10. Next, we compute the co-occurrence matrix [13] (see Figure 1) 
that reveals the true number of clusters in the data. For example, former research on 
the vaginal microbiome of asymptomatic American women described five clusters [15].

results

Based on the co-occurrence matrix six separate clusters are identified (see Figure 1). As 
would be expected, lactobacilli are present in most samples. The first cluster is dominat-
ed by Lactobacillus crispatus (all 3 probes targeted at L. crispatus/ L. kefiranofaciens give a 
positive signal in 8/11 samples), the second and largest by Lactobacillus iners (75-78/83 
samples have a positive signal for the three probes targeted at L. iners) and the third to 
sixth cluster by bacteria which are known to be associated with bacterial vaginosis, such 
as Gardnerella vaginalis, Atopobium vaginae, Mobiluncus mulieris, Prevotella spp., Dialister 
spp., Sneathia spp. and Megasphaera spp. Furthermore, comparing the obtained cluster-
ing to the diagnosis of BV by gram stain Nugent scoring shows that this diverse group 
is indeed associated with BV, while cluster I and II are associated with the absence of BV. 
Figure  1 shows the average Nugent score per cluster. Interestingly, the BV-associated 
group also divides into several clusters.
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Our analysis confirms the results of two recent studies, that is [14] in which 93% of women 
without BV had a vaginal microbial community dominated by either Lactobacillus crispa-
tus or Lactobacillus iners and [15] where clusters with low Nugent scores were dominated 
by respectively Lactobacillus crispatus, Lactobacillus iners, Lactobacillus gasseri and Lac-
tobacillus jensenii. Unlike in these studies, our approach clearly distinguishes between 
clusters within the lactobacilli-dominated group and within the BV-associated group.

Contrary to the benchmark datasets, there is no standardized way of comparing clus-
tering methods on this biomedical dataset. Although most of the methods were able 
to separate the BV-negative from the BV-positive group, only NCMSC is able to clearly 
identify and differentiate between six cluster groups. Other methods do not separate 
the Lactobacillus crispatus from the Lactobacillus iners cluster, even though scientific 
evidence increasingly shows that these should be separate clusters [14, 15].

figure 1. Co-occurrence matrix based on the clusters obtained by the NCMSC algorithm. Patients that 
often co-occur in different solutions receive a high co-occurrence score. I-VI: Number of the cervicovaginal 
microbiome community cluster. Average Nugent scoring per cluster based on gram stained microscopy 
denoted in coloured bar below the co-occurrence matrix. A Nugent score of 0-3 is considered negative for 
bacterial vaginosis (BV), 4-6 as an intermediate state and 7-10 as BV-positive.
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COnClusiOn

As the determination of microbial community compositions is becoming increasingly 
complex due to new molecular laboratory techniques, unsupervised learning methods 
have become an essential part of microbiome studies. In this paper we propose a novel 
algorithm for the analysis of complex microbiome data. Our work extends the spectral 
clustering method [8, 9] to a multi-view setting. We propose neighbourhood co-reg-
ularization approach to promote consistent cluster assignments across multiple views 
and to penalize the solutions that differ significantly. Our approach is fundamentally 
different from existing multi-view methods and is geared towards solutions that capture 
local/neighbourhood-based relations in the dataset.

We have evaluated the performance of the proposed algorithm on several publicly avail-
able datasets and applied our method to a recently collected microarray dataset. On all 
these datasets the NCMSC algorithm outperformed other clustering methods.

When applied to the microbiome data, besides confirming previous studies, the NCMSC 
algorithm identifies clusters within the lactobacilli-dominated group and within the 
BV-associated group. This observation will help to identify determinants of the cervi-
covaginal microbiome and cervicovaginal microbiome compositions associated with 
other adverse outcomes, such as transmission of STIs and HIV. BV is a difficult to treat 
condition and the separation of BV-positive women into clusters with different microbial 
compositions can potentially be important for clinical presentation and treatment deci-
sions.
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aPPendix

Given the matrix formulation of our optimization problem, we can find the following 
closed form for the solution. Taking the partial derivative of 𝐽(𝑊𝑖) with respect to w(𝑣)

i

we get
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Appendix  
Given the matrix formulation of our optimization problem, we can find the following closed form for 

the solution. Taking the partial derivative of 𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) with respect to w𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) we get 

 
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) 𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) = −2𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) �𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) − 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)� + 2λ𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) 

− 4𝜈𝜈𝜈𝜈 � 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) �𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) − 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑢𝑢𝑢𝑢)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑢𝑢𝑢𝑢)� .

𝑀𝑀𝑀𝑀

𝑢𝑢𝑢𝑢,𝑣𝑣𝑣𝑣=1,𝑢𝑢𝑢𝑢≠𝑣𝑣𝑣𝑣

 

 

By defining 𝐺𝐺𝐺𝐺𝜈𝜈𝜈𝜈 = 2𝜈𝜈𝜈𝜈(𝑀𝑀𝑀𝑀 − 1)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇, 𝐺𝐺𝐺𝐺λ = λ𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇 and  𝐺𝐺𝐺𝐺 = 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇, we can rewrite the above 

term as 
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) 𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) = 2�𝐺𝐺𝐺𝐺 + 𝐺𝐺𝐺𝐺𝜈𝜈𝜈𝜈 + 𝐺𝐺𝐺𝐺λ�𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) − 2𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) 

 

By defining 𝐺𝜈=2𝜈(𝑀−1)𝑋(𝑣)
i 𝑋(𝑣)T

i ,𝐺λ=λ𝑋(𝑣)T
i  and 𝐺=𝑋(𝑣)

i 𝑋(𝑣)T
i , we can rewrite the above 

term as  
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part of microbiome studies. In this paper we propose a novel algorithm for the analysis of complex 
microbiome data. Our work extends the spectral clustering method [8, 9] to a multi-view setting. We 
propose neighbourhood co-regularization approach to promote consistent cluster assignments 
across multiple views and to penalize the solutions that differ significantly. Our approach is 
fundamentally different from existing multi-view methods and is geared towards solutions that 
capture local/neighbourhood-based relations in the dataset.  
 
We have evaluated the performance of the proposed algorithm on several publicly available 
datasets and applied our method to a recently collected microarray dataset. On all these datasets 
the NCMSC algorithm outperformed other clustering methods.  
 
When applied to the microbiome data, besides confirming previous studies, the NCMSC algorithm 
identifies clusters within the lactobacilli-dominated group and within the BV-associated group. This 
observation will help to identify determinants of the cervicovaginal microbiome and cervicovaginal 
microbiome compositions associated with other adverse outcomes, such as transmission of STIs and 
HIV. BV is a difficult to treat condition and the separation of BV-positive women into clusters with 
different microbial compositions can potentially be important for clinical presentation and 
treatment decisions.  
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Appendix  
Given the matrix formulation of our optimization problem, we can find the following closed form for 

the solution. Taking the partial derivative of 𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) with respect to w𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) we get 

 
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) 𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) = −2𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) �𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) − 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)� + 2λ𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) 

− 4𝜈𝜈𝜈𝜈 � 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) �𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) − 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑢𝑢𝑢𝑢)𝑇𝑇𝑇𝑇𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑢𝑢𝑢𝑢)� .

𝑀𝑀𝑀𝑀

𝑢𝑢𝑢𝑢,𝑣𝑣𝑣𝑣=1,𝑢𝑢𝑢𝑢≠𝑣𝑣𝑣𝑣

 

 

By defining 𝐺𝐺𝐺𝐺𝜈𝜈𝜈𝜈 = 2𝜈𝜈𝜈𝜈(𝑀𝑀𝑀𝑀 − 1)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇, 𝐺𝐺𝐺𝐺λ = λ𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇 and  𝐺𝐺𝐺𝐺 = 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇, we can rewrite the above 

term as 
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) 𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) = 2�𝐺𝐺𝐺𝐺 + 𝐺𝐺𝐺𝐺𝜈𝜈𝜈𝜈 + 𝐺𝐺𝐺𝐺λ�𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) − 2𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑇𝑇𝑇𝑇𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖

(𝑣𝑣𝑣𝑣) 
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−4𝜈𝜈𝜈𝜈 � 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(𝑢𝑢𝑢𝑢)𝑇𝑇𝑇𝑇𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖
(𝑢𝑢𝑢𝑢).

𝑀𝑀𝑀𝑀

𝑢𝑢𝑢𝑢,𝑣𝑣𝑣𝑣=1,𝑢𝑢𝑢𝑢≠𝑣𝑣𝑣𝑣

 

 

At the optimum we have 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕w𝑖𝑖𝑖𝑖
(𝑣𝑣𝑣𝑣) 𝐽𝐽𝐽𝐽(𝑊𝑊𝑊𝑊𝑖𝑖𝑖𝑖) = 0 for all views, thus we get the exact solution by solving  

 

�
𝐺𝐺𝐺𝐺1 −2𝜈𝜈𝜈𝜈𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(1)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(2)𝑇𝑇𝑇𝑇 ⋯

−2𝜈𝜈𝜈𝜈𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(2)𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(1)𝑇𝑇𝑇𝑇 𝐺𝐺𝐺𝐺2 ⋯
⋮ ⋮ ⋱

��
𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖

(1)

𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖
(2)

⋮

� = �
𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖

(1)𝑇𝑇𝑇𝑇𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖
(1)

𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
(2)𝑇𝑇𝑇𝑇𝐪𝐪𝐪𝐪𝑖𝑖𝑖𝑖

(2)

⋮

� 

 

with respect to 𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖
(1), … ,𝐰𝐰𝐰𝐰𝑖𝑖𝑖𝑖

(𝑀𝑀𝑀𝑀). Note that the left-hand side matrix is positive definite and therefore 
invertible.  
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with respect to 𝐰(1)
i ,…,𝐰(M)

i . Note that the left-hand side matrix is positive definite and 
therefore invertible.
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