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Introduction

This dissertation is the result of four years of research aimed at developing the necessary
mathematical tools to facilitate decision-making under uncertainty. Nearly all decision-
making processes are subject to uncertainty. For example, retail business owners must
decide about the number of products to be ordered before the realization of actual de-
mand. Financial risk managers are constantly rebalancing their investment portfolios
based on estimations of future returns. To facilitate decision-making under uncertainty,
we need algorithms that can efficiently extract information from data, make proper risk
assessments, and find optimal decisions within limited time frames.

A good algorithm for decision-making in an uncertain environment must be based
on a proper theory of risk measurement. Among the various risk theories proposed in
the literature, the expected utility theory, introduced by Daniel Bernoulli in his work
FExposition of a New Theory on the Measurement of Risk in 1738, and later axiomatized
by von Neumann and Morgenstern| [1944], is widely recognized as the benchmark model
for rational decision-making. This theory postulates that the risk of a prospect]] should
be measured by its average utility value, where utility may be interpreted as the amount
of “satisfaction” that is received from a payoff. Furthermore, utility may be different for
each individual, e.g., a gain of 100 euros can be more meaningful to the poor than to the
rich.

Despite the popularity of expected utility models in economic theory, the model itself
is known to be violated by many empirical observations, such as the famous Allais paradox
(see |Allais|[1953). In particular, expected utility is much criticized among psychologists,
who argue that attitude toward risk should not be reflected through the utility values
derived from wealth, but rather through the perceptions of probabilities. Namely, risk
aversion is a result of overweighting the probability of a bad event, and the converse applies
to risk-seeking behavior, where the probability of a good event is overweighted. Therefore,
certain non-linearity in probability weighting must be incorporated in a theoretically
sound way to produce a new model for decision under risk. This insight was eventually
formalized by |Quiggin| [1982] and |Schmeidler| [1986] 1989, who introduced the notion of
rank-dependent probabilities that led to the birth of rank-dependent utility models. This

LA prospect may refer to a lottery, an investment plan, or anything that involves a future payoff
subject to uncertainty.
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advancement has also facilitated the further development of prospect theory by Kahneman
and Tversky| [1979], which is one of the most promising state-of-the-art theories on risk
measurement.

In all previously mentioned theories, there is the implicit assumption that the prob-
ability of each payoff value is known to the decision-maker. This assumption is very
idealistic, since in practice the distribution of a future payoff is never fully specified. The
lack of prior knowledge on probabilities has a significant effect on decision-making under
uncertainty, as demonstrated by [Ellsberg/[1961 who showed that decision-makers tend to
prefer prospects with assessable risks over those that are not. Therefore, besides uncer-
tainty in payoffs, which is commonly referred to as risk, there is also uncertainty in model
specification, which in decision theory is known as ambiguity. To address both risk and
ambiguity, robust decision models have been proposed where risk is measured with respect
to a set of distributions. Examples of such robust models include the mazmin expected
utility by |Gilboa and Schmeidler| [1989], and the wvariational preferences by Maccheroni
et al.| [2006]; see also |Laeven and Stadje| [2024].

Decision-making under uncertainty has also been a central topic in the optimization
community. This is motivated by the observation that solutions of optimization problems
can be very sensitive to small changes in parameter values that belong to the constraint or
objective functions. Notable work that has been done in this direction is the development
of Robust Optimization by Ben-Tal, Ghaoui, and Nemirovski| [2009], who studied opti-
mization problems with worst-case objectives and constraints. Advancements in robust
optimization have also attracted researchers from other fields such as statistics and ma-
chine learning, who have further developed Distributionally Robust Optimization (DRO)
techniques with a particular interest to address distributional uncertainty (see e.g., Duchi
and Namkoong| [2019], Kuhn et al. [2019], Esfahani and Kuhn| [2018], van Parys et al.
[2021], Lam| [2019], Lam and Mottet| [2017]).

Ultimately, to provide a methodology for decision under uncertainty that is applicable
to real-life problems, one must take into account two major components: a proper theory
of risk measurement that is able to capture a decision-maker’s attitude toward risk and
ambiguity, and efficient optimization techniques that allow us to determine the best solu-
tion under the chosen risk model. However, in contrast to expected utility, optimization
of more general decision models, such as rank-dependent utility, is still relatively underde-
veloped. The same holds for robust decision models, which are inherently more difficult to
optimize. Therefore, our first contribution in Chapter [1}is to provide a tractable method-
ology to solve both distributionally robust and non-robust optimization problems where
the risk measures are defined through rank-dependent utility models. The main challenges
associated with these types of optimization problems stem from their rank-dependent na-
ture. We show that for many probability weighting functions including concave, convex

and inverse S-shaped, both the robust and non-robust optimization problem can be re-
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formulated into a rank-independent problem. When the probability weighting function
is concave, the problem can be further reformulated into a convex optimization problem
with finitely many constraints that admits explicit conic representability for a collection
of canonical examples. Although the number of constraints in the reformulated problem
scales exponentially with the dimension of the state space, we circumvent this dimension-
ality curse and provide two types of upper and lower bounds algorithms. They yield tight
upper and lower bounds on the exact optimal value and are formally shown to converge
asymptotically.

While Chapter (1| provides the necessary computational tools to solve a given distribu-
tionally robust risk measure optimization problem, it does not answer the key question
asked among all practitioners, namely, which robust problem should one solve? Indeed,
the specification of a robust optimization problem, which comes down to the construction
of a proper uncertainty set, is a different problem of its own. Our second contribution
in Chapter [2| aims to answer this question in the context of using robust optimization
to address tail uncertainty when measuring risk. We provide a unifying framework to
construct uncertainty sets for a broad class of risk measures, given a specified nominal
model. The framework is based on a parametrization of robust risk measures using two
(or multiple) ¢-divergence functions (see Subsection [I.2.2), which enables us to provide
uncertainty sets that are tailored to both the sensitivity of each risk measure to tail losses
and the tail behavior of the nominal distribution. In addition, our formulation allows for
a tractable computation of robust risk measures and the elicitation of ¢-divergences that
describe a decision-maker’s risk and ambiguity preferences.

As the third contribution of this thesis, presented in Chapter [3] we focus on the sta-
tistical properties of Sample Average Approximations (SAA) for risk-averse stochastic
optimization problems. SAA is widely used as an estimation method for the optimal
value of a stochastic optimization problem by replacing the unknown distribution with
its empirical counterpart constructed from data. Since SAA is a statistical estimator,
it is essential to examine its convergence to the true optimal value. We study SAA for
risk-averse stochastic optimization where the risk of an uncertain goal function is mea-
sured by a law-invariant convex risk measure. Non-asymptotic upper estimation of the
probability of the absolute deviation error between SAA and the true optimal value is
studied and developed under general assumptions on the goal function and risk measure.
In particular, the goal function is allowed to be non-linear, unbounded, and does not
require any pathwise analytical properties such as continuity or convexity. Conditions on
the risk measures are significantly simplified in the coherent case, with prominent exam-
ples including distortion risk measures and expectiles. Furthermore, our non-asymptotic
bounds can be used to construct confidence regions for the true optimal value, including
for stochastic optimization problems with inverse S-shaped distortion risk measures.

Finally, in Chapter ] we examine decision under uncertainty in machine learning
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problems, where the goal is often to find the best learning model that trades off bias
and variability. In statistics, this is also known as the bias-variance tradeoff, where vari-
ance serves as the standard measure of variability. However, variance does not always
adequately represent variability within a population, since it measures deviation only
relative to a single reference point (namely, the expected value). This makes variance
sensitive to outliers, which can deteriorate the performance of ¢-divergence DRO models,
as these types of DRO models are known for their variance regularization effect. There-
fore, we propose a new DRO approach, which we call dual DRO, that is based on maxiance
regularization. Maxiance regularization ensures that the dual DRO approach is more ro-
bust against outliers than ¢-divergence DRO, while also providing the bias and variability
tradeoff. Moreover, optimization of dual DRO models is just as tractable as ¢-divergence
DRO, and can be used as a tractable lower bound on the true optimal expected value

problem with the same O(1/4/n) asymptotic convergence rate as ¢-divergence DRO.



Chapter 1

Robust Optimization of Rank-Dependent
Models with Uncertain Probabilities

1.1 Introduction

Many stochastic optimization problems in management science, operations research, en-
gineering, economics, and finance arise from decisions involving risk (probabilities given)
and ambiguity (probabilities unknown).

A variety of models for decision under risk have been proposed. Among the most
popular and empirically viable models is the rank-dependent utility (RDU) model of
Quiggin| [1982]. In RDU, the utility loss associated to a random variable X under the
probabilistic model P is measured by a rank-dependent evaluation p with respect to a

non-additive, distorted measure h o P{]

puns(X) 2 / —u(X)d(hoP),

where v : R — R is a utility function, assumed to be non-decreasing, and h : [0, 1] — [0, 1],
with ~A(0) = 1 — A(1) = 0 and non-decreasing, is a distortion or probability weighting
function. RDU serves as a pivotal building block of prospect theory |[Kahneman and
Tverskyl, |1979] and encompasses expected utility [von Neumann and Morgenstern), [1944]
when £/ is linear and the dual theory of Yaari| [1987] when wu is affine. It accommodates
Allais| [1953] type phenomena that are incompatible with expected utility. The utility
function captures attitude toward wealth and the shape of the distortion function, e.g.,
concave, convex or (inverse) S-shaped, dictates attitude toward risk. Importantly, under
RDU probabilities of outcomes are weighted according to h(Fx(z)) £ h(P(X < x)),
leading to an evaluation that is non-linear in probabilities, which depend on the ranking

of outcomes. These non-linear and rank-dependent features bring major computational

1See also [Schmeidler| [1986, [1989] for related pioneering developments.
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challenges.

In the aforementioned theories for decision under risk, P is assumed to be given. When
ambiguity is present, P is unknown. Ambiguity is often treated via a worst-case approach
that is robust against malevolent nature. For example, Gilboa and Schmeidler| [1989)
introduce maxmin expected utility, a.k.a. multiple priors, under which risks are evaluated
according to their worst-case expected utility taken over a set of probabilistic models.
Hansen and Sargent| [2001], 2008] propose multiplier preferences under which probabilistic
models far away from a reference model are penalized according to the Kullback-Leibler
divergence (a.k.a. relative entropy). The variational preferences of [Maccheroni et al.
[2006] admit a general penalty function, thus significantly generalizing the maxmin and
multiplier preferences models. Laeven and Stadje| [2024] develop a rank-dependent theory
for decision under risk and ambiguity that encompasses both the dual and rank-dependent
counterparts of (Gilboa and Schmeidler| [1989] and Maccheroni et al.| [2006].

Parallel to these developments, the field of (distributionally) robust optimization has
been studying risk and ambiguity from a computational perspective. In robust optimiza-
tion, ambiguity sets are often constructed exogenously from data, as a confidence region of
the true underlying distribution, rather than endogenously based on preferences. A widely
used family of statistical estimators for distributional uncertainty is given by ¢-divergences
|Csiszar, 1975, Ben-Tal and Teboulle, (1986, (1987, Pardol 2006]. Many distributionally ro-
bust optimization problems with these types of ambiguity sets can be reformulated into
tractable robust counterparts, which can then be solved efficiently using standard opti-
mization algorithms (see e.g., [Ben-Tal et al| 2013, Wiesemann et al., 2014, and Esfahani
and Kuhn, [2018]).

Although a variety of distributionally robust optimization techniques have been devel-
oped for optimization under uncertainty, most of the literature is concerned with stochastic
models in which the probabilities appear linearly in the optimization problems, such as
(possibly generalized) variants of expected value or expected utility maximization. De-
spite the growing interest in and applications of rank-dependent models across a wide
variety of fields (see e.g., Denneberg, (1994 Wakker|, 2010} [Follmer and Schied, 2016, and
the references therein), optimization of these models—whether ambiguity is present or
not—is still relatively underdeveloped. The main difficulties lie in both the non-linearity
in probabilities and the rank-dependence: for each value of a decision vector, the rank-
dependent evaluation of an uncertain objective or constraint can be permuted, since the
ranking of the outcomes depends upon the decision vector.

In this paper, we develop an efficient approach for optimizing rank-dependent models,

with and without uncertain probabilities. More precisely, we study the following nominal
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and robust minimization problems, in a discrete probability space setting:

;gﬁt pu,h7p(f(a> X))> (1'1)

inf sup pu7h7q(f(a> X))> (12)

a€A geDy (p,r)

where a € R™ is the decision vector, A is a set of constraints, X € R! is a random vector,
f:R™ xR — R is a deterministic function, Dy(p,r) is a ¢-divergence ambiguity set
(formally defined in (1.8))), and p, sq(.) is a rank-dependent evaluation (formally defined
in ), for some probability vectors p,q € R™.

Our main contributions can be summarized as follows:

e We show that we can reformulate problems (1.1)) and (1.2)), as well as their epigraph
formulations, into rank-independent, tractable (robust) counterparts, for the vari-
ous empirically relevant shapes of the probability weighting function h, including

concave, convex, and inverse S-shaped functions.

e For concave probability weighting functions, we show that the reformulated robust
counterpart admits a conic representation, provided h and ¢ are conic representable
functions. For a list of canonical examples of h and ¢, we provide explicit epi-
graph representations of the reformulated robust counterpart that can directly be

implemented into standard conic optimization programs such as CVXPY.

e While the reformulated robust counterparts are more tractable than and ,
their multiplicity of constraints increases exponentially in the dimension of the un-
derlying discrete probability space. We provide two types of algorithms to circum-
vent this curse of dimensionality. Each of them, or a combination thereof in the case
of convex and inverse S-shaped probability weighting functions, yields tight upper
and lower bounds that, as we formally establish, converge to the optimal objective
value of the exact problem. Moreover, we show that one of our algorithms can

also be applied to a more general type of rank-dependent model, namely Choquet

expected utility (CEU, [Schmeidler| [1989)

e We provide numerical examples of our approach in applications of robust optimiza-
tion with rank-dependent models and uncertain probabilities, in the context of in-
ventory planning and portfolio optimization. We efficiently obtain optimal decisions
that are robust against uncertainty, and yield accurate optimal objective values.
Concrete examples with codes are provided on https://github.com/GuanJinNL/
ROptRDU. github.io.gitl

2Under CEU, the non-additive measure need not be obtained by distorting an additive probability
measure.
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To our best knowledge, our approach is the first that can handle nominal and dis-
tributionally robust, generic optimization problems involving rank-dependent evaluations

with possibly inverse S-shaped probability weighting functions.

1.1.1 Related Literature

Our work builds on the decision-theoretic literature on evaluating risk and ambiguity.
Specifically, we consider in — the rank-dependent evaluations of |Quiggin| [1982]
and adopt a robust approach as in |Gilboa and Schmeidler [1989], Maccheroni et al.| [2006],
Hansen and Sargent| 2001}, 2008] and Laeven and Stadje [2024], which can be viewed as
(generalized) decision-theoretic foundations of the classical decision rule of Wald| |[1950];
see also [Huber| [1981]. We contribute to this literature by developing corresponding opti-
mization techniques.

An initial connection between robust risk measures and robust optimization has been
studied in an early paper by Bertsimas and Brown| [2009]. They show that a decision-
maker’s preference, as represented by a coherent risk measure, can provide a device for
constructing an uncertainty set for robust optimization purposes. The authors were able to
obtain tractability results for distortion risk measures under a specific parameterization
and the (strict) assumption that the underlying discrete probability space is uniform.
Our paper relaxes these assumptions, while also providing a blueprint for constructing
uncertainty sets tailored to general risk and ambiguity preferences. Postek et al. [2016)]
studied distributionally robust optimization (DRO) problems for a broad collection of
uncertainty sets and risk measures. However, for classes of risk measures that are non-
linear in probabilities, such as distortion risk measures, the tractability remained unknown
(see their Table I); they are covered as special cases in this paper. Although different
choices of uncertainty sets are possible, our paper focuses on uncertainty sets defined by
¢-divergences, which constitute a family of divergences including the Kullback-Leibler
divergence, Burg entropy and Hellinger distance. The study of ¢-divergences in DRO
is motivated by several earlier studies; see e.g., [Ben-Tal and Teboulle| |[1986] |1987] and
Ben-Tal et al.|[2013].

Recently, (Cai et al| [2023] and [Pesenti et al.| [2020] studied DRO problems involving
distortion risk measures with general non-concave distortion functions. Their interesting
results show that the DRO problem associated with a non-concave distortion function is
equivalent to that with its concave envelope approximation provided that the underlying
uncertainty set obeys certain moment conditions. In this paper, we show that this equiv-
alence is typically not satisfied in our general setting, thus requiring novel techniques.
Optimization of non-expected utility models with possibly non-concave distortion func-
tions has also been studied in innovative work of [He and Zhou| [2011], in particular in

the context of portfolio choice, introducing the so-called quantile method; see also |Carlier
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and Dana [2006]. The effectiveness of this method relies on the ability to parametrize
the distributions of all random objective functions {f(a,X),a € A} by a set of quantile
functions that satisfy finitely many constraints. For a general convex function f and
feasibility set A that are considered in , there is, however, no systematic approach
to obtain such a quantile formulation. Our work provides a method to optimize (both
robust and nominal) rank-dependent models for a broad class of decision problems and
can directly be implemented in standard optimization software. Finally, Delage et al.
[2022] and [Wang and Xul [2023] analyze ‘preference robust’ optimization, which considers
uncertainty in the distortion function rather than in the underlying probabilistic model.

The remainder of the paper is organized as follows. Section introduces the setting
and notation. Sections to study the optimization problems and for
concave distortion functions. The techniques we develop are extended in Section to
non-concave, inverse S-shaped distortion functions. Section presents our numerical
experiments. Conclusions are in Section In Appendix we provide all the

proofs, additional examples, and technical details.

1.2 Setup and Notation

1.2.1 Rank-Dependent Evaluation

Let (2, F) be a measurable space. We define the rank-dependent evaluation p, g of
the utility loss associated with a random variable X : 2 — R under a given probability
measure Q on (€2, F) as the integral with respect to the non-additive measure h o Q

[Denneberg;, (1994], or equivalently, as a Choquet integral [Choquet} [1954]:

punalX) 2 [ —u(X)d(hoQ) (13)

00 0
= / h(Q—u(X) > t])dt+/ (h (Q[-u(X) > t]) — 1)dt. (1.4)

0 —00
Here, v is a non-decreasing utility function defined on a suitable domain containing the
support of X. Furthermore, the function A : [0,1] — [0, 1] is a distortion, or probability
weighting, function that is non-decreasing and satisfies h(0) = 0 and h(1) = 1. We note
that p,n0 is also known as a distortion risk measure when wu is the identity function.

In this paper, we consider distortion functions that may be concave, convex or inverse
S-shaped.

Definition 1.1. We say that & is inverse S-shaped if, for some p° € (0,1), we have that

h is concave for p < p° and h is convex for p > pV.

If Q is discrete with |Q2| = m, then the integral ([1.4)) reduces to a rank-dependent sum.
Let 1) > x(2) > ... > Z(y) denote the ranked realizations of X, with {(z)}}", denoting
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the indices of the ranked realizations. The monotonicity of u preserves the ranking of

(x;)™,. Therefore, we have

Puna(X) =) - (h ( - %')) —h ( > %’))) u(za) (1.5)

i=1 j=i+1

with q € [0, 1]™ the probability vector associated to 2 and Z;”:m 41 9G) £ 0, by convention.
A well-known example of a rank-dependent evaluation is the Conditional-Value-at-
Risk (a.k.a. Expected Shortfall; Follmer and Schied|, 2016 Section 4.6), CVaR;_,(X),

which is defined as

1
CV&Rl_a (X) =

11—«

-«
/ VaR,(X)dy, 0<a<1, (1.6)
0

where VaR,(X) £ inf{z : Q(-X < z) > 1 -1}, 0 < vy < 1, is the Value-at-Risk.
For a certain level a € [0,1), CVaR;_,(X) can be interpreted as the (sign-changed)
average of the left (1 — «) - 100% tail of the risk X. It is easily verified that CVaR,_,, is
a rank-dependent evaluation with linear utility function and distortion function h(p) =
min {ﬁ, 1}. Other canonical examples of distortion functions are given in Table of
Appendix [I.A] The distortion function captures attitude toward risk whereas the utility
function describes attitude toward wealth (see e.g., |Quiggin, |1982] [Yaari, [1987, |Chew
et al., 1987, and Eeckhoudt and Laeven, [2021)).

1.2.2 ¢-Divergence Ambiguity Sets

We construct ambiguity (or uncertainty) sets using ¢-divergences. For discrete outcome
spaces € with |Q2] = m, the ¢-divergence I4(q, p) between two probability vectors q,p €
[0,1)™ is defined as

Is(q,p) = émﬁ (%) : (1.7)

Here, ¢ : [0,00) — R is a convex function that satisfies the following conventions: ¢(1) =
0, 00(0/0) £ 0 and 0¢(z/0) = xlim,_,o, ¢(t)/t (see Pardo, 2006, Definition 1.1). For a

nominal probability vector p and r > 0, the ¢-divergence ambiguity set is defined as

Dy(p,r) 2 {q€R™ | q>0, q"1=1,I4(q,p) <r}. (1.8)

Here, 0,1 € R™ are the vectors with all entries equal to 0 and 1, respectively. As
outlined in Ben-Tal et al.|[2013] (Section 3.2), one may construct Dy(p, ) as a statistical
confidence set by replacing p with an empirical estimator p,,. Indeed, as shown in Pardo

[2006] (Corollary 3.1), under the null-hypothesis Hy : p = po, and provided ¢ is twice
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continuously differentiable in a neighborhood of 1 with ¢”(1) > 1, the following object
converges to a chi-squared distributionﬁ

2n R
¢//(1> I¢<p07 pn) ~ X%@—l,l—a' (19)

Here, n is the sample size used for constructing the empirical estimator, and x2,_;,_, is
the (1 — a)-quantile of the chi-square distribution with m — 1 degrees of freedom [ Using
(1.9), one can construct an asymptotic confidence set Dy (Pn,7) by choosing

o,

Xom—11—c-
m m—1,1—«

(1.10)

1.2.3 Problem Formulations, Terminology and Assumptions

We study the following nominal and robust minimization problems:

it pp( (2, X)), (P-Nom)

inf  sup  punqg(f(a, X)), (P)

a€A geDy (p.r)
where a € R" is the decision vector contained in a compact set of constraints A consisting
of convex inequalities, X € R is a random vector, f : R" x R! — R is a jointly convex
function in (a,x), Dy(p,r) is a ¢-divergence ambiguity set defined in (L.8) with respect
to a nominal probability vector p, and p,q(.) is the rank-dependent evaluation defined
in , with respect to some probability vector q € R™.

Henceforth, we often consider the nominal and robust rank-dependent evaluations in

a constraint form induced by the following epigraph formulation:

pu,h,p(f<a7 X))
sup pu,h,q(f<aa X))

a€Dy(p,r)

IN

c, (P-Nom-EG)
c. (P-EG)

IA

That is, we emphasize that we are able to deal with a robust rank-dependent evaluation

both in the objective and in the constraint, where in the latter case we consider the

3From a statistical perspective, it may be more natural to consider I4(Pn, Po), where the true model
po appears as the reference model. However, in the robust optimization literature, I4(po, Pn) appears
more commonly. According to Theorem 3.1 and Corollary 3.1 of [Pardo| [2006], both objects have the
same limiting distribution under the null.

4That iS, ]P)(Z < X?n—l,l—a) =1- «, for Z ~ X%n—l'
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following type of problem:

min g(a)

s.t. sup  pung(f(a, X)) <ec,
9€Dy(p,r)

(P-constraint)

where ¢ is convex in a, and ¢ € R is a fixed parameter (in contrast to being an epigraph
variable). The nominal version of is defined analogously, with the only
difference that the robust constraint is replaced by the nominal constraint .

Additionally, we would like to mention the alternative, but highly related, approach
of defining a robust rank-dependent evaluation, which appears in the decision theory

literature (see e.g., Laeven and Stadjel [2024)):

ﬁrob(X) é sup pu,h,q<X) - 6[¢<q7 p)7 6 > O (111)
q>0,q71=1
In Appendix , we provide additional details on how (|1.11)) can be reformulated similar

to (P-EG]), and that the minimization problem is equivalent to minimizing (1.11)) for
a specific 6.

Let [m] = {1,...,m} for an integer m. The following assumptions are made through-

out this paper:
Assumption 1.2. The optimization problem is finite: —oo < < 00.
Assumption 1.3. The nominal probability vector p satisfies p; > 0 for all i € [m)].

Assumption 1.4. The functions ¢(t), —h(p), —u(f(a,x)) are lower-semicontinuous on

their respective domains.

Assumption 1.5. (P-constraint)) is finite and contains a Slater point, i.e., there ex-

ists ag € Int(A) such that supgep,(p ) Puha(f(20, X)) < c. Furthermore, we assume

(P-constraint]) > infac4 g(a).

Assumption [1.2]can be satisfied if e.g., the image set {u(f(a,x)) | a € A, x € supp(X)}
is contained in a bounded interval. Assumption [1.3| constitutes a weak redundancy con-
dition. Assumption is to ensure that the optimization problem has an optimal

solution in A, and Assumption is to ensure that (P-constraint|) satisfies the strong

duality theorem.

In this paper, the term robust solution refers to an optimal solution of (P]) or (P-constraint]).
Similarly, a nominal solution refers to an optimal solution of (P-Nom]) or the nominal ver-

sion of ([P-constraint]).
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1.2.4 Further Notation

For a convex function g : R? — R, we denote by g¢* its convex conjugate g*(y) =
SUD,cdom(g) 1Y’ Z — 9(2)}, where dom(g) 2 {7 | g(z) < +oo} is the effective domain of
g. Note that ¢g* is always convex, since it is the pointwise supremum of a linear function
in y. Furthermore, ¢* is non-decreasing if dom(g) C [0,00). For A > 0, the perspective
of g is the function g : (z,A) — Ag (%). By convention, §(0,0) = 0 and §(z,0) = oo
for x # 0. Note that ¢ is convex if g is convex. The epigraph of a function g is the set
Epi(g) £ {(z,t) : g(z) < t}. An epigraph may have a conic representation expressed in a
conic inequality >k, where K is a proper cone (i.e., pointed, closed, convex and with a

non-empty interior) and K* denotes its dual cone, defined as
K2 {AcR": A"z >0,Vz € K};

see (Chares| [2009] and Ben-Tal and Nemirovski| [2019] for further details.

1.3 Robust Counterpart of Rank-Dependent Models

In this section, we show how the optimization problems —@ can be reformulated
into rank-independent problems with finitely many constraints. Our idea hinges on the
insight that a rank-dependent evaluation with a concave distortion function admits a dual
representation that is itself a robust optimization problem with linear probabilities and
convex uncertainty set. Although the dual representation holds only for concave distortion
functions, we show in Section [1.6/ how the same idea can be extended to encompass convex
and inverse S-shaped distortion functions. This makes it possible to conduct robust

optimization for a broad class of rank-dependent models.

1.3.1 Reformulation into the Robust Counterpart

We start by reformulating the constraints (P-EG|)—(P-Nom-EG|) with concave distortion
functions, since they form the basis of the more complicated convex and inverse S-shaped
cases described in Section[1.6] In Sections 1.5, without further mentioning, we assume

the utility function to be concave; Section allows u to be non-concave. The reformu-

lation relies on utilizing the following dual representation, which involves a composite

uncertainty set.

Theorem 1.6. Let h : [0,1] — [0,1] be a concave distortion function. Then, for all
(a,c) € R we have that (P-EG)) is satisfied if and only if

m

sup > —gu(fa,x)) <c, (1.12)
(a,)EUy,n(P) ;1
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where Uy p(P) is a convex composite uncertainty set given by

Z?l%zzrﬂji:l
Zz 1]?1@25( ><T

Usi(p) 2 4 (0,q) € R*™ (1.13)
Yies @ < h (Xiey ). ¥J C [m]
;@ > 0, Vi € [m]
As a special case of interest, (P-Nom-EG)|) is satisfied if and only if
sup Y —giu(f(a,x)) < ¢, (1.14)
aEMp(p) i=1

where My (p) is the set induced by h:

Z?il ¢ =1
Ma(p) 2 G e R S i < h (Sieym) W C ) o (1.15)

As a consequence, Theorem implies that the robust problem is equivalent
to the following rank-independent problem that is more suitable for robust optimization

techniques:

min  sup Z giu(f(a,x;)) (P-ref)

acA (g, Q)€U 1 (

Similarly, the nominal problem (P-Noml) can be reformulated to

m

min sup — qgu(f(a,x;)). (P-Nom-ref)
acA ge My (p) ;

Moreover, the equivalence between (P-EG|) and (|1.12]) features an interpretation some-

what similar to that in Bertsimas and Brown| [2009], which connects the shape of an un-

certainty set to decision theory. Indeed, this equivalence can be viewed as a device for
constructing a myriad of preference-based uncertainty sets U, ,(p) for robust optimiza-
tion. In Figure[I.5|of Appendix[I.E] we provide an illustrative visualization of the widely
varying shapes of uncertainty sets U, ,(p) that can be generated by selecting specific
examples of the deterministic, univariate functions h and ¢.

The following theorem establishes how the semi-infinite constraints and -
can be further reformulated into finitely many constraints, yielding a (more) tractable

robust counterpart problem.

Theorem 1.7. Let h : [0,1] — [0,1] be a concave distortion function. Then, we have
that, for all (a,c) € RV the inequality (1.12) holds if and only if there exist «, 3,7,
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(Vj)mez ()\j)zm72 € R, such that

j:l Y ]:1
m " _O‘+Zj:i61j vy 2m —2 * [~V
ok B T pore et L5y Chy (3 <
—ulf(a,x) = B = Y uer Ny <0, vi € [m] (1.16)
Aj,y >0, vje2m-2],
where Iy, ..., Iam_o are all subsets of [m], except the empty set and the set [m] itself.

In the nominal case, we have that the inequality (1.14) holds if and only if there exist
B eR, (N); >0 such that

B + 232:;2 A]h <Zke]j pk) S c,
—u(f(a,%;)) = B = ep, A 0, Vi € [m] (1.17)
BER N >0, Vje€[2m -2

Remark 1.8. For technical reasons, the conjugate (—h)* in Theorem is taken with
respect to the domain [0, 00): (—h)*(y) = sup;so{yt + h(t)}, by defining h(x) = 1 for all
x> 1.

Remark 1.9. In Table , we provide (—h)* explicitly for a collection of canonical exam-
ples. may also be further reformulated using the “optimistic dual counterpart”
[Gorissen et al., [2014]. This approach is particularly useful if (—h)* cannot be computed
analytically, as is the case e.g., for h(p) = ®(®~!(p) +v), v > 0, with ® the standard nor-
mal cdf; see [Wang [2000] and |Goovaerts and Laeven| [2008]. Further details are provided

in Appendix [I.F]

1.3.2 Conic Representability of the Robust Counterpart

In this subsection, we explore the conic representability of the robust counterpart refor-
mulated in Theorem 1.7 Following Ben-Tal and Nemirovskil [2019], a set S C R™ is conic
representable by a cone K if and only if

w

xGS@Hw,A,b:A(X>—b§KO.

A function is said to be conic representable if its epigraph is. The reformulated ro-
bust counterpart (|1.16) in Theorem contains constraints that are expressed in the
perspective of the univariate conjugate functions (—h)* and ¢*. We focus on the conic

representability of these constraints:

A(—h)" (%”) < z, and 7o* G) <t
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In practice, the derivation of the conjugate functions might be difficult. However, the
epigraph representation of a conjugate function does not always require an explicit form
of the conjugate function itself. The following two lemmas provide a generic approach for
determining the conic representation of the epigraph of the perspective function through
that of the function itself. Interestingly, this procedure does not require any derivation of
the conjugate function. In Tables and [L.5], we provide the explicit conic representation
for many canonical examples of the conjugate functions (—h)* and ¢*, where the repre-
sentations are composed of a combination of standard cones such as the quadratic, power,
and exponential. These explicit conic representations are useful for the implementation
of these constraints in standard optimization software such as CVXPY. Details on the
derivations of the epigraph representations can be found in Appendix [1.C|

The following two lemmas originate from Ben-Tal and Nemirovski| [2019] (Proposi-
tions 2.3.2 and 2.3.4), where they were stated only for the quadratic cones. However,

they can be extended to general cones.

Lemma 1.10. If f is conic representable with a cone K, i.e., there ezist (A, v,B,b) such
that

Epi(f) ={(x,t) : 3 w: Ax+tv+Bw+b =k 0},

and Ax +tv+ Bw + b >k 0 for some (x,t,w), then f* is conic representable with the

dual cone K*:
Epi(f*) ={(y,s): 3 €K AT¢ = -y, B"¢ =0,v'¢ = 1,5 > b€}

In particular, f and f* are representable by the same cone if K is self-adjoint.
Lemma 1.11. If f is conic representable with a cone K, then so is its perspective.

We provide an example illustrating how the ideas in the proofs of Lemmas and
can be systematically applied to determine the conic representation of the epigraph of the

perspective transformation of a distortion function.

Example 1.12. Consider h(p) = p"(1—1log(p")), 0 < r < 1. Instead of deriving a closed-
form expression of (—h)*, which can be challenging in specific cases, we determine a conic
representation of the epigraph A(—h)* (_TV) < t by first determining a conic representation
of Epi(—h). We have

(p,t) € Epi(—h) & FJw>0: —w+wlog(w) <t,w <p",w <1,

due to the fact that  — —z + xlog(z) is decreasing on [0,1]. Following the proof of
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Lemma we have that (y, s) € Epi((—h)*) if and only if

_s < i _ — 1 < <" <1t
S_p,wg%geﬂ%{ yptt|—wtwlog(w) st wsy,wsl}

Since this is a bounded convex problem satisfying Slater’s condition, the duality theorem

implies that the minimization problem is equal to

max —&3+ inf {—yp —Ep" (& + & — S)w + Gwlog(w) + (1 — &)t}

£1,62,632>0 p,w>0,teR

= —&: inf {—yp — &p" . —1 1
snax, €+ p,lzilzo{ yp — &p" + (& + & — Dw + wlog(w) }

_ -t 4 (s _ e ey

= max {y—¢3 — € —I—(T‘l’r—’]"lr) i—r SO,
%, (=6 & "yl |y =<0}

where in the last equality we computed inf,>o{—yp — &p"} explicitlyﬂ This gives that
(y,s) € Epi((—h)*) if and only if there exist &, &3, &y > 0 such that

3+ e 578 (7“ﬁ - 7"1%’") E4<s, &<|yleg™, y<o.

Lemma then yields that A(—h)* (_TV) < z if and only if there exist &, &3,&4 > 0 such
that

€5 + e~ E2FE)/A 4 <7“ﬁ — Tfl’"> &<z &GP, v>0,

which is a combination of the power cone and the exponential cone.

In some cases, one can also calculate a conjugate function by writing it as an inf-
convolution. For example, if f is a sum of individual f;’s: f(x) = >, fi(x), then the
conjugate of a sum is the inf-convolution of the sum of the conjugates (see Theorem 2.1,
Bertsimas and den Hertog), 2022):

(fo) (5) = Juf { £ ()

{vi}ie[n] =

=1

where the infimum can eventually be omitted when considering the epigraph formulation.

(7 =) Gy <0, & >0
Pinfy0 —yp — 2" = 4 0 y<0, &=0
—00 Yy 2 0, fg > O
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1.4 Solving the Robust Problem I: A Cutting-Plane
Method

As shown in Theorem [1.7] the number of reformulated constraints grows exponentially,
as 2™, where m is the dimension of the probability vector. If m is of small or moderate
size, then the reformulations in and can be applied to solve the minimization
problems and exactly. However, for larger m, this becomes computationally
intractable. In this section, we show how the reformulation of to (and similarly
for (P-Noml) to (P-Nom-ref])) by Theorem 1.6{enables us to devise a suitable cutting-plane

method, which circumvents this curse of dimensionality.

1.4.1 The Cutting-Plane Algorithm

The standard cutting-plane algorithm is one of the most applied algorithms to solve robust
optimization problems and has shown great efficiency in many applications (e.g., Mutapcic
and Boyd, 2009, Bertsimas et al., 2016). The general idea is simple: Approximate the
uncertainty set U with a suitably chosen subset ¢; C U and solve the corresponding
robust problem, which is often a simpler problem, similar to the nominal problem. If the
solution is feasible according to the robust evaluation with respect to the original set U,
then the process is terminated. Otherwise, the worst-case parameter in I associated with
the current solution is added to U;, and the process is repeated.

In our case, we apply the cutting-plane method to the reformulated problem (P-ref)),
where the uncertainty set is given by the composite uncertainty set U, ,(p). After obtain-
ing a candidate solution using a suitable subset U;, we verify its feasibility with respect
to the original uncertainty set Uy ,(p). This involves solving the following optimization

problem, for a given solution a,:

sup Z —qu(f(ax, x;)).
(a,8)EU,n(P) ;1
At first sight, this seems problematic due to the 2™ number of constraints in Uy ,(p).
Fortunately, this can be avoided, since the equivalent robust rank-dependent evaluation

is the optimization problem:

SUp punalf (. X)). (118)

a€Dy(p,r)

Problem (|1.18)) can be solved efficiently. Indeed, for a given solution a,, we can assess the
ranking of the outcomes: u(f(a;,xn))) > ... > u(f(a;,Xum))). Then, by rewriting the al-
ternating sum in (|1.5), problem ([1.18]) becomes equal to the following convex optimization
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problem:

sup > h (Y ag | (u(f(an,xg-n) — u(f(a., x))) (1.19)
q€D¢(p,7") k=1 j=k

where u(f(as, X)) := 0. The optimal solution of (1.19) is a probability vector q* €

Dy(p,r). This probability vector further yields a * such that Qo = h (Z;”:Z qzkk)) —

h (ZZZ:% 1 qz‘k)) and ¢, = h(qz‘m)), which is precisely the probability vector that con-

stitutes the rank-dependent sum (1.5). The following lemma justifies that we may add

the probability vectors (q*,q*) as the worst-case probabilities at each iteration of the

cutting-plane procedure.
Lemma 1.13. We have that (q*,q") € Uy (D).

We can now describe the cutting-plane procedure in full detail, which we do more

precisely in Algorithm [ We note that the cutting-plane algorithm always computes

Algorithm 1 Cutting-Plane Method
1. Start with U; = {(p, p)}. Fix a tolerance parameter €y, > 0.
2: At the j-th iteration, solve the following problem with the uncertainty set U;:

m

min sup — Y qu(f(a,x;)). (1.20)
acA (a,@)€U; zzl

3: Let (aj, ¢;) be the optimal solution and objective value of ([1.20)). Determine a ranking
of the realizations:

—u(f(aj,xq))) < ... < —ulf(a;,X@m))-

Then, solve the optimization problem , which gives an optimal objective value
v; and a solution (qj, q;).

4: If v; — ¢; < €01, then the solution is accepted and the process is terminated.

5: If not, set U1 = U; U{(q},q;)} and repeat steps .

a lower bound c; on the optimal objective value of , since solving at each
iteration j with respect to a subset U; C Uy (p) is a less conservative problem. Moreover,
the lower bound is improved iteratively, since U; C U; ;. Furthermore, by solving ,
which is a robust rank-dependent evaluation of a particular feasible solution, we obtain
an upper bound v; on at each iteration. Hence, the final step of the cutting-plane
algorithm yields an upper and a lower bound on the exact optimal objective value ,
with a gap value v; — ¢; < €1 > 0 that can be chosen arbitrarily small.

The natural, formal question that arises is whether the cutting-plane algorithm actu-
ally terminates after finitely many iterations, thus yielding convergent upper and lower

bounds as €, — 0. The following theorem, which has its roots in Mutapcic and Boyd
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[2009], states that, for any €, > 0, the termination is indeed guaranteed. We note that
Mutapcic and Boyd [2009] imposes Lipschitz continuity conditions, which we avoid in our

setting.

Theorem 1.14. Let h be a concave distortion function. Suppose SuD,e 4 je(m U(f (@, %)) <

0o. Then, for all e > 0, Algorithm[1] terminates after finitely many iterations.

Remark 1.15. Algorithm [1] also applies to the nominal case (P-Noml), where » = 0 in the
set Uy n(p). Furthermore, Theorem still holds in this case, since its proof does not

depend on the choice of r.

1.4.2 Robust Optimization with a Rank-Dependent Evaluation

in the Constraint

In the previous subsection, we have shown that our cutting-plane algorithm yields con-
vergent upper and lower bounds to problems 7, where the rank-dependent
evaluation appears in the objective function. In this subsection, we discuss how the
cutting-plane algorithm can be adapted to the robust problem , where the
RDU model appears in the constraint, to provide a convergent lower bound. The adapta-
tion of Algorithm [1| to problem is presented in full detail in Algorithm [4]in
Appendix ﬁ The following theorem establishes the convergence of the cutting-plane
algorithm.

Theorem 1.16. Let h be concave. Suppose SuPae 4 cpm U(f(@,%;)) < oo. Then, for all
€l > 0, Algorithm[]] terminates after finitely many iterations. Moreover, if the function

a — u(f(a,x)) is concave for all x € R!, then the optimal objective value of the final

solution obtained from Algorithm[]] converges to that of (P-constraint]), as e — 0.

Thus, using the cutting-plane algorithm, we can obtain lower bounds that converge

to the exact optimal objective value of (P-constraint]), as €,,; — 0. Naturally, one would
also like to obtain an upper bound on ([P-constraint|), as well as a feasible solution of

. We note that this is not guaranteed by the cutting-plane algorithm as
described in Algorithm[4] since it only provides a solution that is feasible within a tolerance
€0l > 0. With this objective in mind, we explore the rank-dependent nature of p,j q(.)
and propose a method to obtain an upper bound and a feasible solution of ,
which requires solving an optimization problem with only 3m + 3 number of constraints.
We first state the following definition.

Definition 1.17. Given an a € A, we let Z(a) denote the set of all permutations
(41, ..,4m) of the index vector (1,...,m) such that the ranking —u(f(a,x;,)) < ... <
—u(f(a, x;,)) holds.

In a nutshell, we replace (1.20)) in Algorithm [1| by (P-constraint)) adapted to the set U; and replace

¢; in step [d] by the constraint parameter c.
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The idea is that for any given solution a, € A, we can determine a ranking of the
realizations {—u(f(ap,x;))}™, and obtain a vector of indices (i,...,4,) € Z(ag). A

natural upper bound on ([P-constraint|) can then be computed by solving the following

optimization problem induced by the ranking (i1, ...,4,) of ay:
“(ag) 2 mi n .
Ua) 2mindg@) | s =Y gufax) et (20

where the rank-dependent uncertainty set is

(

Yo i =Y @i =1

D i1 D (%) <r

S, <0 (Siea,), vk € m
;@ > 0, Vi € [m]

Uy (p) £ { (a,@) € R

\ J

yields an upper bound and a feasible solution of ([P-constraint|). In particular, if ay is
a good approximation of the optimal solution of (P-constraint]), such that the ranking
coincides, then U*(ag) is exactly equal to the optimal objective value of (P-constraint]).

This observation is made precise in the following lemma and is pivotal for developing a
convergent upper bound for (P-constraint)).

Lemma 1.18. Let a* be a minimizer of (P-constraint)). Then, for any ay € A such that
Z(ag) C Z(a*), we have that the value U*(ay) as defined in (1.21)) is equal to the optimal

objective value of ([P-constraint]).
Lemma suggests that if one approximates the optimal solution of (P-constraint)

with a sequence of cutting-plane solutions as €, — 0, then under certain continuity
conditions, the upper bounds computed in ([1.21)) also converge to the exact value. This

is established in the following theorem.

Theorem 1.19. Let h be concave. Assume SUPue 4 jepm U(f(a,%;)) < 00. If the functions
g(a) and u(f(a,x;)) are continuous on A, for alli € [m], and a, is a sequence of solutions

obtained from Algom'thm with €01, — 0, then (U*(ay,))n>1 15 a sequence of upper bounds

that converges to the optimal objective value of (P-constraint)).

1.4.3 Choquet Expected Utility

In this subsection, we briefly discuss how our cutting-plane method can also be extended
to solve optimization problems for a more general rank-dependent model, namely the
Choquet expected utility model [Schmeidler, 1986,|1989]. Let ¢ : F — [0, 1] be a monotone
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set functiorl]|such that (@) = 0, ¢(€2) = 1. The Choquet expected utility model evaluates
a random variable X by the Choquet integral:

00 0
/—Xdcé/ (X > 1) dt+/ (((—X > 1) — 1) dt. (1.22)

0 —00
The rank-dependent evaluation p, g as defined in (1.4) is a special case of the Choquet
expected utility, where c(A) = h(Q(A)). If ¢ is a submodular set functionff] then the
Choquet expected utility can also be written as a worst-case expectation (see Denneberg,
1994), similar to Theorem [1.6}

m ZZZI (jz =1
/—X de=sup—» Gwi, U-2SQER™| Y, G <c(]),VIC|m] p. (1.23)
g > 0, Vi € [m]

The uncertainty set U, has essentially the same structure as the set Uy (p) defined in
and consists of only linear constraints. Therefore, the same procedure of the cutting-
plane algorithm can be extended naturally to solve the more general rank-dependent mini-
mization problem minae 4 [ —f(a, X) de. By contrast, the piecewise-linear approximation
methods, which we will discuss in Section [I.5] constitute a more restrictive, but as we will

explicate in some cases more efficient, approach.

1.5 Solving the Robust Problem II: Piecewise-Linear

Approximation

In this section, we develop a different method for computing lower and upper bounds on
the optimal objective value of (P-ref)), which relies on a suitable approximation of the
distortion functions, and is leveraged in Section [I.6]

1.5.1 Piecewise-Linear Distortion Functions

In this subsection, we show that if the distortion function A is concave and piecewise-
linear, then the exponential complexity of the constraints in Uy, ,(p) can be reduced to
the order of m - K, where m is the dimension of the probability vector, and K is the
number of linear pieces of h.

More precisely, we consider a function h = minjcix) h;, with affine functions h;(p) =
l;-p+b;, such that the slopes l; > --- > [ are decreasing and the intercepts b; < --- < by

are increasing. The affine functions are assumed to be defined on a set of support points

“c(A) < ¢(B), if AC B.
8¢(ANB)+c(AUB) < ¢(A) + ¢(B), VA, B € F.
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0= <z <---<xg =1, such that h(p) = h;(p), if p € [x;_1, 4], for all j € [K].
Furthermore, we impose b; = 0 and [ + bg = 1, so that A(0) = 0 and h(1) = 1. We refer
to this type of function as a K -piecewise-linear distortion function. Clearly, this function
is non-decreasing and concave.

We prove the following lemma.

Lemma 1.20. Let h be a K-piecewise-linear distortion function. Then, (q,q) € Uy n(p)
if and only if there exists t = ({t;;}1)1<, € R™X such that the variables (q,q,t) satisfy

the constraints

G i ti; > 0, Vi € [m], Vj € [K]

G <lj-qi+t, Viem], Vje K]

St < b, Vi€ [K] (1.24)
2211 q4; = ZZI g =1

\Z?ll pi® <Iq,—i> <r.

Hence, for K-piecewise-linear distortion functions, we obtain the following reformula-
tion of the robust counterpart (|1.12]).

Theorem 1.21. Let h be a K-piecewise-linear distortion function. Then, we have that

(a, ¢) satisfies the constraint (1.12) if and only if there exist variables a, B, v, {\ij }icim) je[k]s
{v; 1) € R, such that

(

-
—u(f(a %) — B — S Ay <0, Vi € ] (1.25)
>\ij S Vi, Vi € [m], VJ € [K]

\'77>\z'j7Vj >0, Vi € [m], Vj € [K].

m —a+3 K Al
@+ B+ 3 vy + 3 gt <M) <c

A\

In the nominal case, we have that (1.14)) holds if and only if there exist variables (3, \ij, v; €
R such that (1.25) holds with @ = v = 0, whence the first line becomes  + Z]K:l vib; +

m K
Doim1 21 Nilipi < c.

Thus, for K-piecewise-linear distortion functions, the exponential complexity in the
uncertainty set U, n(p) can be reduced. This result also provides a tractable approxi-
mation for general non-piecewise-linear concave distortion functions, as we outline in the
following subsection, exploiting that each concave function can be approximated uniformly

by a piecewise-linear concave function.
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1.5.2 Piecewise-Linear Approximation of General Concave Dis-

tortion Functions

For a general concave h, we can reduce the complexity in Uy, (p) by approximating h
with a piecewise-linear function h,, such that max,cjo1) [h(z) — he(z)| < € for any given
e > 0. An upper approximation h, > h and a lower approximation h, < h yield an upper
and lower bound on the optimal objective value of , respectively. Uniform approx-
imation of general concave functions with piecewise-linear functions has been studied in
the literature (see, e.g., Imamoto and Tang, 2008, Cox, 1971]).

More specifically, using the concavity of h, one can approximate h from below by
choosing a set of support points {x;}X, and considering the concave piecewise-linear
function that connects the values {h(z;)};. Given an € > 0, the required number of
support points K can be minimized. We briefly describe our approach of determining the
minimal K support points {x;} X such that h is lower approximated by a piecewise-linear
function with a prescribed error €. Set zy = 0. At the i-th iteration, we choose the next

support point z;;; such that the maximal error is equal to e:

{h(x) . h(xiy1) — h(x;)

Tiv1 — X4

A
ei(riv1) = sup
xe[xi,le]

(x —x;) — h(xz)} = €. (1.26)

If e;(1) < ¢, then we simply choose z;;1 = 1. Otherwise, we choose z;;; such that
holds. By construction, the piecewise-linear approximation h. induced by this set
of support points has a maximum approximation error of ¢ and satisfies h, < h, due to
concavity. The existence of such x;,; at each iteration is verified in the following lemma.
Moreover, it implies that we can solve for x;,1 using the bisection method.

Lemma 1.22. Let h be a continuous, increasing, strictly concave function on [0,1]. Then,
ei(Tiy1) is an increasing and continuous function in x,y1. In particular, for any € > 0

and iteration i, if e;(1) > €, then there ezists a x;11 € (z4,1) such that e;(z;41) = €.

1.5.3 The Piecewise-Linear Approximation Method and its Con-

vergemnce

Given a piecewise-linear lower approximation h. < h of h, we can approximate the un-
certainty set Uy (p) with Uy, and apply Theorem [1.21} This yields a lower bound on
(P-ref). Similarly, the concave distortion function k., which we define as

= A )0, p=0
he(p) = (1.27)
min{h.(p) +¢1}, 0<p<1,
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yields an upper approximation of A with uniform error e. Hence, we can also approximate
Usn(P) by Uy (p) and apply Theorem m (note that the constraints (T.25) for A, are
the same as those for h., but with b; replaced by b; + €). This yields an upper bound
for (P-ref) since Uy n(p) C Uy (P). Therefore, we obtain an upper and lower bound
using the piecewise-linear approximation method that we summarize in Algorithm [2 We
also show that both bounds converge to the optimal objective value of the exact problem
(P-ref]), if the approximation error € approaches zero. Thus, Algorithm [2| terminates for
any parameter 6 > 0. This also applies, mutatis mutandis, to problem (P-constraint]).

Algorithm 2 Piecewise-Linear Approximation Method

1: Set an € > 0. Approximate h from below by a K-piecewise-linear distortion function
he such that: (1) The number of pieces, K, is minimized; (2) h.(z) < h(z), Va € [0, 1];
(3) sup,ejo 1 h(x) — he(z) <€

2: Solve problem with Uy ,(p) replaced by Uy, (p), using Theorem [1.21] This
gives a lower bound L* and an optimal solution a*. Do the same with A, to obtain
an upper bound U*.

3: If U* — L* < § for some prescribed § > 0, then we take a* as the final solution.

4: Otherwise, set ¢ — €/2 and perform all previous steps to obtain new bounds and
solutions.

Theorem 1.23. Let h be concave. Suppose SUD,eqcpm w(f(a,%;)) < oo. Then, Al-
gorithm [3 terminates after finitely many iterations, for any €,6 > 0. If the function
a u(f(a,x)) is concave for all x € R, then this also holds when Algom'thm@ is applied

to problem (P-constrain).

1.6 Non-Concave Distortion Functions

In the previous sections, we have discussed how to optimize a rank-dependent model when
the distortion function is concave. We now extend these ideas to convex and inverse S-
shaped distortion functions, which are often found in empirical work (see e.g., Wakker,
2010, Prelec, 1998)). Optimization problems with non-concave distortion functions are
challenging due to their non-convex nature. Moreover, rank-dependent models with non-
concave distortion functions lack a dual representation, which was a pivotal tool that
enabled us to reformulate the rank-dependent problem. In the recent literature (e.g.,
Cai et al., [2023 and Pesenti et al., [2020), uncertainty sets with a specific structure have
been identified for which optimizing the robust distortion risk measure with non-concave
distortion function is equivalent to optimizing the same model with h replaced by its
concave envelope iLH However, this equivalence is typically not satisfied in our setting, as

we state in the following proposition.

9The concave envelope of a function h is the smallest concave function that dominates h.
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Proposition 1.24. Let U be a compact set of probability vectors. Enumerate the realiza-
tions of X as x1 > ... > x,, and suppose that U does not contain the probability vector
for which ¢ = 1, which is concentrated on x1. Then, there exists a continuous distortion
function h such that

SUp pn,q(X) < sup p;, o(X).
qeU qeU

Therefore, it is necessary to study how to reformulate a robust or nominal rank-
dependent evaluation (constraint), in the case of a convex or inverse S-shaped distor-

tion function. We will first study how to reformulate a nominal constraint of the form

(P-Nom-EG)).

1.6.1 The Nominal Problem

Although rank-dependent models do not admit a dual representation for general non-
concave distortion functions, we can still express them as inner robust optimization prob-
lems if the distortion function is convex or inverse S-shaped. The idea is to treat the
concave and convex parts of the inverse S-shaped function separately, where the convex
part is transformed into a concave part via the dual function h(p) = 1 — h(1 — p). This
result is stated in the following theorem. Henceforth, the utility function is allowed to be

non-concave.

Theorem 1.25. Let h : [0,1] — [0,1] be an inverse S-shaped distortion function with
p’ € [0,1] as in Definition . Define the dual function h(p) £ 1 — h(1 — p). Then,
we have that, for all (a,c) € R™* (P-Nom-EG)) is satisfied if and only if there exist
z € R,q € N{*(p) such that

24 ) —gu(f(ax)) <c
=1 (1.28)
sup > —qaulf(ax,)) < =

aEMp*(p)

where
¢ >0
Mtp) 2 qeR™| Y, ,a <h(X,e,p), VI Cm): Y, m<p® ¢, (1.29)
> g =h(°)
and
3 >0
ep) 2L eR™ Y, a6 <h(Xieyp), ¥ Clml: Y, p<1—p" p. (1.30)

Yo G = h(1—p")
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Remark 1.26. In particular, if A is convex, we have that

m

pu,hap(f(a7 X)) = ~ Sj\}lp( )Z CIZU(f(a? Xi))? (1'31)
AENY(P) =1

with p = 0.
Theorem shows that (P-Nom-EG|) can be reformulated into rank-independent

constraints , where the supremum constraint can be reformulated further as in
Theorem However, both and still feature an exponential number of
constraints. As outlined in the previous section, we can circumvent this using piecewise-
linear approximation. Let h be a piecewise-linear, inverse S-shaped distortion function
with its concave and convex parts specified by the concave functions hy, h; (note that hy
is the dual of the convex part of h), respectively, on the domains [0,p°] and [0,1 — p°].

Due to concavity and monotonicity, they can be expressed as minima of affine functions:

hi(p) = min{lgl)p + bgl), . (1)} h(p) = min{l?)p + b§2), . 1(2 o+ bKQ}
(1.32)

defined on the support points

1 1 1 2 2 2
0= ()<s§),.. sg(zlgsg(i:po, 0= ()<s§),...,s§<;_1§s§<i:1—p0,

such that, for all k € {1,..., K },v e {1,..., Ky},

h(p) = 1Mp + 00 vp € [\, s, Tu(p) = 1@p+ 0@ Wp € [, 5@, (1.33)

v

The following theorem establishes a reformulation of the constraints in (1.28]), when A is

piecewise-linear.

Theorem 1.27. Let h be a piecewise-linear, inverse S-shaped distortion function with its
concave and convex part specified by hy, hy as in (1.32)). Then, for any (a,c) € R™*1,
(P-Nom-EG)) is satisfied if and only if there exist variables Nk, Vg, tir., @i > 0, B € R such
that

P(P°) + 3y by 0 S Al e — S qulf(ax)) < e
—u(f(a,x;)) = B — Y32 A <0, Vi € [m]
i < v, Vi€ m], Vk € [K]
7 < lz(f)]?i + tir, Vi € [m], Yk € [K)]
St <00 VE € [Ky)
(2 G = h(1—p").

(1.34)
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Importantly, this yields a problem with only O(m - Ky V Kj) constraints. We note
that, not surprisingly, contains a non-convex constraint due to the product term
giu(f(a,x;)). Hence, the computation of with the reformulated constraints
in requires a mixed-integer nonlinear programming (MINLP) solver, such as BARON
that uses the branch and reduce search method to obtain a global optimum (see e.g., [Ryoo
and Sahinidis, |1996]). In particular, if the set A is polyhedral (i.e., A ={a € R" : Da <
d}), f(a,x) = a’x and u is piecewise-linear, then the nomimal problem (P-Nom-EG])
with constraints can also be solved efficiently by Gurobi (Gurobi Optimization,
LLC| [2023)), using bilinear and special ordered sets of type 2 (SOS2) constraints; see
the precise formulation in in Appendix , further elaboration on the SOS2 con-
straints in , and a numerical study on the performance of Gurobi in this setting in
Section [.7.4

1.6.2 Robust Rank-Dependent Models with Inverse S-Shaped

Distortion

In this subsection, we study the robust constraint when h is inverse-S-shaped.
We note that then (P-EG|) cannot be reformulated using a composite uncertainty set as
in , since the convex part of the distortion function gives rise to a sup-inf term
when combining the set Dy(p,r) with (1.30). However, we can still circumvent this using
a suitable cutting-plane approach, where we iteratively solve a nominal problem using
, and compute the robust rank-dependent evaluation for each nominal solution.
Indeed, for any given feasible solution a, € A, we can assess the ranking of the
outcomes u(f(a’,xq))) > ... > u(f(a’,X@m))). Then, we calculate the robust rank-

dependent evaluation:

m

sup  » h (Z q(k)> (u(f(as), xa-1))) — u(f(aw, X)) - (1.35)

9a€Dy(p.r) ;= —

Problem (|1.35)) is, quite naturally, non-convex and can again be computed using a solver
such as BARON. If h is piecewise-linear and the divergence function ¢ is linear or

quadratic, then one can also solve ([1.35]) using SOS2 constraints in Gurobi. Specifically,

K

given a set of support points (Z;, h(t;))jzg, where 0 =to <t <--- <tx 1 <tg =1, the
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SOS2 constraints can be formulated as follows:

max — u(f(a.,x _I_Zzz flas, xi-1))) — u(f(a., x@)))

D
%‘EER%I;’;Z) =2
zcR™
K
subject to Z q(k Z Nijtj, Vie{2,...,m}
k=i J=1

K (1.36)
Zi = Z )\Z]h(t]), Vi € {2, ce ,m}

)\ij > 0,5082, Vi € [m], V) e [K]

The SOS2 constraints control, for each i € [m], the variables {\;;}1, in a way such that
only two adjacent A;;, \; j41 can be non-zero. Since the support points {¢; }]K:o are ordered,
the two non-zero adjacent variables \;;, \; j+1 ensure that we are only optimizing within
each interval [t;,¢;41].

Thus, we can now introduce Algorithm |3, the cutting-plane approach that enables us

to solve the robust problem for piecewise-linear, inverse S-shaped distortion functions.

Algorithm 3 Cutting-Plane Method with Inverse S-Shaped Distortion Func-
tion
1: Start with ¢y = {p}. Fix a tolerance parameter €y, > 0.
2: At the j-th iteration, solve the following problem with the uncertainty set U, to
obtain a solution a; and optimal objective value c;:

min sup pypq(f(a, X)), (1.37)

acA qel;

by applying the reformulation in Theorem to each element of U;.

3: Determine the robust rank-dependent evaluation v; of a; by solving , which
gives an optimal solution qj.

4: If v; — ¢; < €01, then the solution a; is accepted and the process terminated.

5: If not, set U1 = U; U{qj}, and repeat steps

The following theorem establishes that this cutting-plane method terminates after

finitely many iterations.

Theorem 1.28. Let h be an inverse S-shaped, piecewise-linear distortion function. Sup-
pose that SUDac 4 cim) [u(f(a,%;))| < 0o. Then, for all €0 > 0, Algom’thm@ terminates

after finitely many iterations.

Next, we examine the convergence of the piecewise-linear approximation to prob-

lems (P-Nom)) and (P)). In conjunction with Theorem [1.28] it constitutes, in a sense, the
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master theorem of the paper.

Theorem 1.29. Let h be an inverse S-shaped distortion function and let h. be such that
SUPyeio1] |7(P) —he(p)| < €. Suppose that SUPae 4 jepm) u(f(a,%;))| < o0. Then, the optimal
objective value of for he converges to that of h, as e — 0.

Similarly, for the robust problem , Algom'thm@ if applied to h., yields an optimal
objective value that converges to the exact optimal objective value of for h, as both
€tol, € — 0.

We note that when h is an inverse-S-shaped distortion function, the piecewise-linear
approximation specified by {h;, b} in provides neither a lower bound nor an upper
bound on i(p), for all p € [0,1]. Indeed, h; is a lower approximation of i on [0, p°], whereas
1 — hy(1 — p) is an upper approximation of h on [py, 1]. Nonetheless, if one aims to bound
h on the entire [0,1], then we can apply the same device as in (1.27): either translate
h; with an € (the maximal error) to obtain an upper piecewise-linear approximation of h
on [0, p°], or do the same with the dual function h; for a lower approximation on [p°, 1].
Theorem [I.29 then implies that the corresponding lower and upper bounds on the optimal
objective value of (or (]ED), computed from these piecewise-linear approximations
of h, will converge to the exact optimal value, as ¢ — 0.

Finally, we note that Algorithm |3| can also be adapted (similar to Algorithm [4|in the
Appendix) to solve problem ([P-constraint|), where the rank-dependent evaluation with
inverse-S-shaped distortion function is in the constraint. Hence, we also present the
following theorems with similar statements as in Theorems and [I.29]

Theorem 1.30. Let h be an inverse S-shaped, piecewise-linear distortion function. Sup-
pose that u(f(a,x;)) is continuous in a € A for all i € [m]. Then, for any € > 0,
Algorithm |3 terminates after finitely many iterations when applied to (P-constraint]). Fur-

thermore, if h is also continuous, then the final solution a.,,, of Algorithm[d gives a lower

bound g(a.,.,) that converges to the optimal objective value of (P-constraint|) as € — 0.

Theorem 1.31. Let h be an inverse S-shaped distortion function. Suppose that u(f(a,x;))
is continuous in a € A for all i € [m|. If g, appearing in the objective, and h are con-
tinuous, then for any distortion function he such that he(p) < h(p) for all p € [0,1] and

Suppepo1) [7(p) — he(p)| < €, the optimal objective value of (P-constraint|) for h. converges
to that of h, as e — 0.

1.7 Numerical Examples

In this section, we illustrate the various methods developed in this paper by applying them
to two canonical examples of optimization problems: the newsvendor problem and the

portfolio choice problem. In both examples, we compare the solution of the robust problem
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Figure 1.1: Single-item newsvendor problem. This figure displays the worst-case evaluation
WC(ag) £ supgep o(p.r(n)) CVaRi—q,(.) under the robust and nominal solutions, for a range of
values of r(n) = x3 .95/(2n) and ag = 0.4,0.3,0.2,0.1.
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to the solution of the nominal problem (P-Noml|). We use the phrase “robust/nominal

solution” to refer to the solution of the robust/nominal problem.

1.7.1 Robust Single-Item Newsvendor

In the single-item newsvendor problem, a seller is uncertain about the demand for a
certain product, and has to decide in advance how many units of the product have to be
ordered and stocked in the inventory. Let d; > 0 denote the realization of the demand in
state 7. Furthermore, let: ¢ be the ordering cost of one unit, v > ¢ be the selling price,
s < ¢ be the salvage value per unsold item returned to the factory, and [ be the loss per
unit of unmet demand, which may include both the cost of a lost sale and a penalty for
the lost customer goodwill. Finally, let y be the number of items ordered, i.e., the decision

variable. The profit function 7(d;, y) is defined as

w(di,y) 2 vmin{d;, y} + s(y — di) — U(di —y)+ — ey
= (s —v)(y —di)+ —U(di —y)+ + (v —c)y. (1.38)

Note that 7(d;, y) is concave in y since it is a sum of concave piecewise-linear functions

in y for all i. Assume that the demand d; € {4, 8,10}, which corresponds to low, medium,
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and high demand, with nominal probabilities p = {0.375,0.375,0.25}. Furthermore, we
assume that the number of items ordered will not exceed the maximum demand, i.e.,
y < 10. Finally, we set the parameter values ¢ = 4,v =6,s = 2,1 = 4.

We solve both the robust problem (]E[) and the nominal problem (P-Noml), where the
decision variable y is subject to the constraint 0 < y < 10, d is the uncertain parame-
ter, and 7(d,y) is the random objective function. The nominal and robust newsvendor
problem is studied in Eeckhoudt et al. [1995] and Ben-Tal et al.| [2013], respectively,
assuming expected utility preferences. We choose CVaR1_q, (see (L.6)) to be our rank-
dependent evaluation p, pq. This corresponds to a piecewise-linear distortion function
h(p) = min{p/(1 — ap), 1} and a linear utility function u(x) = z. For the robust problem
(P), we choose the KL-divergence function ¢(t) = tlog(t) —t+ 1, and set the radius of the
divergence set Dy(p,7) to be r = x3 45/(2n) as in (1.10), where n is the sample size that
we assume that p is estimated from. A larger value of the objective function indicates a
larger (i.e., worse) evaluation of the utility loss; a value of ap = 0.4 means that the worst
60% of the utility loss distribution is considered.

As the cardinality of realizations of the uncertain parameter d is merely 3, we can
readily invoke Theorem to solve both the reformulated nominal and robust problems
and exactly, without reducing the number of constraints. We then
perform the following experiment: For each «g, we first obtain a nominal solution to
(P-Noml). Then, for each radius 7(n) = x395/(2n), we obtain a robust solution to ([P).
To compare the robust solution with the nominal solution, we calculate their worst-case
evaluation Supgep, (p,r(n)) CVaRi—q,(.) under the radius r(n). This is repeated for a range
of n =10, 20,...,200, and ag = 0.4,0.3,0.2,0.1. As n increases, the ¢-divergence radius
r decreases, and thus there is less ambiguity.

The results are displayed in Figure Quite naturally, we observe that the differences
between the worst-case evaluations of both solutions decrease as n increases. We also
observe a decrease in the value of the worst-case evaluation as g decreases, reflecting
that the CVaR,_,, risk measure itself is monotonically decreasing in ag. Furthermore, we
see that for lower values of ag, the differences between the worst-case evaluations of both
solutions are already small for small sample size n. Moreover, we observe a flat, constant
worst-case evaluation of the robust solution at level —2. This is the largest (i.e., worst)
value that the robust rank-dependent evaluation attains for a robust solution y* = 7.
This conservativeness occurs when n is relatively small.

To further illustrate the differences between the robust and nominal solutions, we
use the Hit-and-Run algorithm (see Appendix for further details) to sample 5,000
probability vectors q from the KL-divergence uncertainty set for n = 50. For each sampled
vector q, we calculate the CVaR;_,, evaluation, with ag = 0.4. As shown in Figure [I.2]
the evaluation of the nominal solution exhibits a large variance. It also exceeds the largest

(i.e., worst) evaluation of the robust solution. On the other hand, the robust solution
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Figure 1.2: Single-item newsvendor problem (continued): This figure displays, for each sampled
probability vector q from the KL-divergence uncertainty set for n = 50, the corresponding
CVaRi_q,(.) evaluation with ap = 0.4 of the robust and nominal solutions.

I Robust Solution
2.5 Nominal Solution

shows less variance and is concentrated at the value —2, which as mentioned above, is the

most conservative evaluation that the robust optimal solution attains.

1.7.2 Robust Multi-Item Newsvendor

We next examine the multi-item newsvendor problem, where each item in a set of items
features its own uncertain demand. Let dgj ) be the i-th realization of the j-th item’s
demand, 1 = 1,2,3. We take j = 1,2,3 and consider the sum of the individual profit

functions
Trot(d, y) = m (dV, y1) + 7o (dP o) 4+ m5(d®, y3), (1.39)
where
m;(d9,y;) = v;min{dY, y;} + s;(y; — dV) . = LAY = y) 4 — ey, (1.40)

with vj, s;,1;,¢; the parameters corresponding to item j. We assume that the demand
takes on the same possible values for all items, i.e., dl(j ) ¢ {4,8,10} for all j. Since each
realization of d) contributes to a possible realization of 7 (y,d), there are in total m =
3% = 27 possible realizations. We solve again problems (]ED and with the same
preference specification as in the single-item problem. Since the CVaR;_,, risk measure
has a piecewise-linear distortion function, we can apply Theorem to solve and
(P-Nom-ref)) in this higher-dimensional setting. We take the nominal probability p € R*"
to be the probability of each combination of realizations of (dV,d®, d®)), which is the
product of the probabilities p™), p®, p® of each individual realization. The parameters
we use are given in Table|1.1]

Similar to the single-item problem, we investigate the differences between the worst-
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Table 1.1: Multi-item newsvendor problem. This table displays the parameters used in the
multi-item newsvendor problem. ' ' .
Ttem(j) | c L e )
1 4 6 2 41037 0375 0.25
2 5 8 25 3] 025 0.25 0.5
4

3 5 1.5 40127 0.786 0.087

Figure 1.3: Multi-item newsvendor problem. This figure displays the worst-case evaluation
WC(ag) £ SUPgeD, (p,r(n)) CVaRi—q(.) under the robust and nominal solutions, for a range of
values of r(n) = x3 9.95/(2n) and ag = 0.9,0.8,0.4,0.3.
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case evaluations of the robust and nominal solutions, for a range of n and «ay. We choose
ag = 0.4,0.3 to compare the results with the single-item problem, and oy = 0.9,0.8 to
explore higher values of agy. From Figure [1.3] we observe that in the multi-item problem,
the worst-case evaluation is much lower (i.e., better) than in the single-item problem,
which speaks to the diversification benefits of a multi-item inventory. The overall pattern
is similar to the single-item case: for relatively low ag, the difference in worst-case evalu-
ation between the robust solution and the nominal solution is smaller than for larger ay.

The same holds as the sample size n increases.
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1.7.3 Robust Portfolio Choice with Concave Distortion Func-
tion

In this subsection, we investigate the performance of the cutting-plane algorithm and
the piecewise-linear approximation method described in Algorithms [I] and [2, by studying
robust portfolio optimization problems. We consider the returns of six portfolios formed
on size and book-to-market ratio (2x3) obtained from Kenneth French’s data libraryF_U]
We use monthly returns from January 1984 to January 2014. This gives us a total of
m = 360 return realizations for each of the six portfolios. We denote by r € RS the
uncertain return of the six portfolios, with empirical realizations rq,...,r3s. We solve

the following nominal and robust portfolio optimization problems:

- T
min punp(l+ar) (1.41)
min - sup  punq(l+a’r), (1.42)

a€A qeDy(p.r)

where 1 + alr is the total wealth after one period with initial wealth normalized to
unity, which is evaluated under the rank-dependent utility model. The decision variable
a € RS is subject to the constraints A = {a € RS | Z?Zl a; = 1,a; > 0}. The nominal
probability p is set to be the empirical distribution with p; = ﬁ. We use the modified
chi-squared divergence function ¢(z) = (z — 1), with radius r = Lx35095. We choose
the concave distortion function h(p) = 1 — (1 — p)?, motivated by two decision-theoretic
papers: |Eeckhoudt et al.| [2020] and Eeckhoudt and Laeven| [2021]. Furthermore, we
choose the exponential utility function u(z) = 1 — e/ with A = 10.

We solve problems (1.41))-(1.42) with the cutting-plane method described in Algo-
rithm [I] and compare its performance to the piecewise-linear method described in Al-
gorithm [2| formally relying on Theorems and [1.23] As shown in Table both
algorithms yield a very small gap between the upper and lower bounds they provide. The
piecewise-linear approximation method is typically more efficient, but this is not surpris-
ing, since the cutting-plane method is a more general method and utilizes less structure

of the problems at hand.

Ohttps://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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Table 1.2: Robust portfolio choice. This table displays the results of Algorithms [1f and [2| when
applied to the robust problem (1.42)) and the nominal problem ([1.41]). The respective tolerance
parameters are set to ;o = 0.0001 and ¢ = 0.001.

Panel A: The cutting-plane method
Problem Lower Bound Upper Bound # Cuts Run Time
Robust -0.08953 -0.08948 5 54 sec
Nominal -0.09403 -0.09397 5 22 sec

Panel B: Piecewise-linear approximation
Problem Lower Bound Upper Bound Run Time
Robust -0.08951 -0.08948 14 sec
Nominal -0.09401 -0.09398 7 sec

Additionally, for the cutting-plane algorithm, we calculate the worst-case rank-dependent
evaluation of the nominal solution, which is equal to —0.08938. We also calculate the eval-
uation of the robust solution under the nominal distribution p, which is equal to —0.09395.
As we can see from the table, the worst-case evaluation of the nominal solution is not
much larger than that of the robust solution (cf. the first rows of the Panels A and B), sug-
gesting that the nominal solution is already “near-optimal” for the robust problem .
Similarly, the robust solution is also “near-optimal” for the nominal problem (1.41). It
appears that when the dimension m of the state space is large, the robust and nominal

problems do not yield highly different solutions in this example.

1.7.4 Robust Portfolio Choice with Inverse S-shaped Distortion

Function

In this subsection, we investigate portfolio optimization problems ([1.41)—(1.42) when h
is an inverse S-shaped distortion function. In particular, we examine the Prelec [1998]

distortion function:
ha(p) 21— exp(—(—log(1—p))¥), O0<a<l. (1.43)

We focus primarily on o = 0.6, 0.75, which are broadly consistent with common empirical
findings (Wakker] 2010, p. 260). We consider a linear utility function, u(x) = z, to
isolate the effect of inverse S-shaped probability weighting. To obtain an upper and
lower bound on problems 7, we approximate Prelec’s function from above and
below, using piecewise-linear functions. The approximation procedure is carried out by
applying the method described in Section separately to the concave and convex parts

of Prelec’s function, where we minimize the number of linear pieces under a pre-specified
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Figure 1.4: Prelec’s distortion. This figure displays Prelec’s distortion function (1.43)) and its
upper and lower piecewise-linear approximations (dashed) for « = 0.6, 0.75. The approximation
error is set to € = 0.l
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approximation error.E The shape of Prelec’s function and its respective upper and lower
piecewise-linear approximations are displayed in Figure |1.4

We generate 100 return data for 5 assets using the same numerical scheme as in
Esfahani and Kuhn| [2018], where the returns for each asset j € {1,...,5} are composed of
two factors: r; = 1) +;, with a systematic risk factor ¢» ~ N(0,0.02) and an idiosyncratic
risk factor v; ~ N(0.037,0.25j), for the j-th asset. Here, N(p, o) denotes the Gaussian
distribution. By construction, the asset with a higher index j has a higher expected return
and standard deviation.

We obtain lower and upper bounds on the nominal problem by implementing the
constraints of Theorem for the lower and upper piecewise-linear approximation
of h, respectively, in the Gurobi solver (Version 11.0.3). Next, we invoke Theorems m
m Hence, a lower bound for the robust problem (|1.42)) is obtained by calculating the
lower bound implied by the cutting-plane method described in Algorithm 3| (where we set
€to1 = 0.001), while using the lower approximation of h. Then, with the solution obtained
from the cutting-plane method, we determine an upper bound on by calculating
its worst-case evaluation using the SOS2-constraints as in , where we use the upper
approximation of h. For the robust problem, we consider the total variation divergence
¢(t) = [t — 1|. We choose the radius for the robust problem to be r = Lx2 o where
m = 100.

The results are displayed in Table[I.3] We observe very tight upper and lower bounds.
Furthermore, Gurobi solves both the nominal and robust problems — effi-
ciently. As we can observe from Panel A, the evaluation of the nominal solution decreases

with . This is not surprising. Indeed, as we can see in Figure [1.4] Prelec’s function has

1 The approximation error is chosen to be € = 0.003 leading to 19, 13, and 6 linear pieces for a =
0.6, 0.75, 0.95.
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Table 1.3: Robust portfolio choice with inverse S-shaped distortion function. Upper and lower
bounds (UB and LB) obtained for the nominal problem and the robust problem
when h is Prelec’s distortion function with o € {0.6, 0.75, 0.95} (see Figure and the diver-
gence function is given by ¢(t) = |t — 1|. The cardinality of return realizations is m = 100.

Panel A: Solutions Nominal Problem
o LB UB  Run Time (LB) Run Time (UB)

0.6 -1.144 -1.142 1.34 sec 1.21 sec
0.75 -1.153 -1.152 0.44 sec 0.90 sec
0.95 -1.162 -1.160 0.43 sec 0.30 sec

Panel B: Solutions Robust Problem
a LB UB  # Cuts Run Time (LB) Run Time (UB)

0.6 -1.041 -1.040 9 314 sec 2.77 sec
0.75 -1.039 -1.038 9 142 sec 1.45 sec
0.95 -1.036 -1.035 9 98 sec 0.37 sec

the property that if g < a1, then hq,(p) > ha, (p) for the concave segment p € [0,1—1/¢],
which covers more than half of the interval [0, 1]. Interestingly, Panel B of Table re-
veals that the robust evaluation of the robust solution can exhibit an opposite, mildly
increasing relationship with respect to a. This is because in the robust case, if the radius
r is sufficiently large, then the worst-case probability qu) of the worst-case realization
can be such that ¢f,,) > 1 —1/e (recall that (m) denotes the index of the highest ranked
realization, as in ([1.35))). When this happens, all distorted decumulative probabilities in
the objective function of are increasing in «, since then all decumulative probabil-
ities are on the interval [1 — 1/e, 1]. If the radius r would be set sufficiently small, then
the same decreasing pattern with respect to o as in Panel A would also emerge in the

robust case.
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1.8 Concluding Remarks

In this paper, we have shown that nominal and robust optimization problems involving
rank-dependent models can be reformulated into rank-independent, tractable optimiza-
tion problems. When the distortion function is concave, we have demonstrated that this
reformulation admits a conic representation, which we have explicitly derived for canon-
ical distortion and divergence functions. Whereas the multiplicity of constraints in the
reformulation increases exponentially with the dimension of the underlying probability
space, we have developed two types of algorithms, and combinations thereof, to circum-
vent this curse of dimensionality. We have formally established that the upper and lower
bounds the algorithms generate converge to the optimal objective value. Finally, we have
illustrated the good performance of our methods in two examples involving concave as well
as inverse S-shaped distortion functions, efficiently yielding nominal and robust solutions
that generate very tight upper and lower bounds on the optimal objective values.

As a direction for future research, one can investigate whether the approach developed
in this paper can be extended to encompass robust optimization problems with general
law-invariant convex functionals (Follmer and Schied| [2016], S. 4.5), which also admit a

dual representation.
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1.A Tables|1.4/and [1.5

Distortion family Function Conjugate Epigraph of perspective Conic
h(p), p € [0,1] (=h)*(y), y <0 M=h)*(54) <z A>0 representation
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n>1 c(n)=(n"7 1 —n w1 —v+& <0, &> 6,
§2,83,64 > 0.
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MAXMINVAR B e ey (6 ) oy < 2 PC
n = - '
L]y T §2,63>0
"(1— log(p") &+ Ne—(E2+8&)/A 4 (7-ﬁ — 7&)54 <z
Lookback Transform {p ( ((; Sg P Closed form unknown LT EXP x PC
re (0,
§2,83,84,v >0

Table 1.4: Canonical distortion functions with explicit expressions of their conjugates (—h)* and conic representations of the epigraphs of
their perspectives. The cones are abbreviated as: CQ: quadratic cone, PC: power cone, EXP: exponential cone. Note that (—h)*(y) = +o0
for y > 0; see Remark For Expectation and CVaR;_,, see [Follmer and Schied|[2016/, Section 4.6; for Proportional Hazard, see Wang
[1995]; for Absolute Deviation and Gini Principles, see Denneberg| [1990b|; for Dual Moments, see Muliere and Scarsini| [1989| and
Eeckhoudt et al.|[2020]; for MAXMINVAR, see |Cherny and Madan|[2009]; for Lookback Transform, see Denneberg| [1990a/.
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Table 1.5: Canonical ¢-divergence functions taken from Table 2 of Ben-Tal et al.| [2013|, but with the explicit epigraphs of their perspec-
tive functions (provided in the fourth column) and corresponding conic representations (provided in the fifth column). The cones are
abbreviated as: CQ: quadratic cone, PC: power cone, EXP: exponential cone.
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1.B Proofs

Proof of Theorem [1.6, Let q be an arbitrary probability vector and denote by Q the
corresponding probability measure on the sigma-algebra 2/’l i.e., the set of all subsets of
Q. Recall Eqn. (1.3). By Denneberg [1994], pp. 16-17, the set function induced by the
composition ko QQ is monotone and submodular. It then follows from Proposition 10.3 of
Denneberg [1994] that, for any X : Q — R,

puna(X) = sup Eg[—u(X)],

qceMy(q)

with Mj(q) defined in (1.15)).

Hence, we have that

SUP  pung(f(a, X)) = sup  sup Eg[-u(f(a, X))]
a€Dy(p.1) q€Dy(p,r) GEMp(q)

= sup - Z giu(f(a,x;)),
(@a)eUpn(P)

where U, ,(p) is as defined in ((1.13). This proves the stated result. O]

Proof of Theorem [1.7. Suppose that a pair (a,c) € R" ! satisfies the inequality

sup  — Z gu(f(a,x;)) <ec. (1.44)
(a,8)EUp, 1 (P) i=1
Then, the left-hand side of (1.44)) constitutes a maximization problem upper bounded by

¢ < 0o. Moreover, the set Uy ,(p) contains (p,p) as a Slater point, since ¢(1) =0 < r
and h(} yer, Pr) > D oper, P for all subsets I; C [m] that are not ) and [m}m Therefore,

12This is because h(x) > z for all z € (0,1) due to concavity (excluding the trivial case where h(z) = x
for all z € [0, 1]).
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strong duality holds, and we consider the Lagrangian function

L(aa q, EIa «, ﬁ? ()\j)ja 7)

—a+ B+ 4+ —(u(fa,x)) +

i=1

ZM
>
idng
=
_|_
L
ié

/\
INgE
3
=
/-\
L/

~—

kGI

om_9

—Z “Nh (D e ]

kel

for a, 8 € R and ),y > 0. We analyze sup, 450 (2, q,q, @, 3, (A;);,7), which excluding
the constant o + 3 + ~r is equal to:

sup Z—(u(f(a,xl Z)\ ZC]k—i‘Z —g; — 7pz¢( )
.20 j=1 kel;
am 2
- Z Aj(=h) ZQk
=1 kel
=sup y  —(u(f(a,x;)) Z N Y ak sup Z —ag; — Vpio (q’>
a0 "= j=1 kel; az0 5
2m 2
= 2N D
j=1 kel;

We examine both supremum terms separately. The first supremum gives:
> (st = 30 3 =3 = (s <+ 3 0 ) a
q>0 kel q>0 Ju€l;

0 ifu(f(a,x;)+ B+ Zj;z‘elj Aj 20, Vi

oo else.
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The second supremum gives:

Sulgz —Qq; — 7p1¢ ( ) Z )‘ Z qk
q>

kEIj
om_9
= sup Z —ag; — 7pz¢( ) Z)‘ wi:ZQk
q20 -0 kel;
W yeeny Wom _o >
om_2 2m—2
msp Y -ag- o (£) = A = X w | w-
..... m_ q> i—1 i—1 =1
W17 yeeny wom 2>0 J J

2m 2
: 4
= inf supz —a + Z vi | @ — vpi¢ (;) sup Z —vjw; — Xj(=h)(w;)
w1

wesVom _o
T q>0 juel;

om_9
= inf Zpl sup | —a + Z vi | t—0(t) | + Z Aj(—=h)* (_)\—yj)
1y--V/2m 2 j

..... t>0 j: 16[ j=1

m —a+ Y = .
— f ; * VRIS )\—h* 7
. 1132m2i2p7¢< S >+j21 J( )(Aj>’

-----

with ¢* and (—h)* the conjugates of ¢ and —h.
Therefore, strong duality implies that a pair (a, c¢) satisfies ([1.44]) if and only if

" —Q+ Y e Y e —V;
nf A" JHEL) M(=h) | — ) <
e S ( )+ S (5 =

- Y
)‘] =0 =1

subject to —u(f(a,x;)) — 8 — Z A; <0, Vie [m].

Juel;

Since the infimum is attained due to the boundedness of the primal problem (|1.44]) and

the strong duality theorem, we may remove the infimum sign and obtain that the above

holds if and only if there exist A\;,v > 0, «, 5,v; € R such that

(

m o [ O Xjuer; Vi _ « [ —v
a+ B+ar+30 pive (—) +22 i) Aj(=h) (T) <c
_u<f(a7 Xz)) - /6 - Zj:iEIj )\] S O, Vi S [m]
)‘]'77 >0
o, B,v; €R, Vi€ [2m — 2]
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For the nominal problem, the Lagrangian function is given by

9m_9
S L (zq@—l)—z& S (Tn
j=1

kel; kel
—B—FZAh Zpk +Zqz —u( axz‘))_ﬁ—z}\j
kel; jiel;

Hence, we have
m

sup Z —qiu(f(a,%;))
acEMn(p) ;4

= inf SupL(a,ébﬂ?()\j)j)

BGR 220 g>0

= inf 5+Zm D ook | —ulflax) —B— > N <0, Vie[m]y,

ER,A;>0
g 7= ke, juel;

where the above strong duality holds since we are solving a linear programming problem.
Therefore, we have that supgens, (p) 2oy —@Gu(f(a,%;)) < ¢ if and only if there exist
p € R, (\;); > 0 such that

B+ 22 72)‘ h (Zkelj pk> <c
—u(f(a,%;)) = B = X juer, Ay <0, Vi € [m]
BeR N >0, ¥je2m— 2

]

Proof of Lemma [1.10. The proof follows Ben-Tal and Nemirovski| [2019], except that

we replace the quadratic cone with a general cone. We have
Epi(f*) ={(y.s) 1y x = f(x) <5,9x} = {(y,s) 1y’ x =t < 5,¥(x,t) € Epi(f)}.
Therefore, (y,s) € Epi(f*) if and only if
)r(%i’vr‘ll{—yTx%—t cAx+tv+Bw+b =g 0} > —s.

This minimization problem is strictly feasible and bounded from below. Hence, the conic

duality theorem (see Ben-Tal and Nemirovski, 2019) implies that it is equal to

mgax{—bTﬁ ATE= —y B¢ =0,viE=1¢c K}
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Therefore,

Epi(f*) ={(y,s): €K : AT¢ =—y, B¢ =0,v'E=1,5s>b"¢}.

Proof of Lemma [1.11]. Following Ben-Tal and Nemirovski| [2019], we have

Epi(f) = {(x,)\,t) Vi <§> < t} = {(X, A ) <}; ;) € Epl(f)}
A(x/\w,t/\)T — b=k 0}

(x,A,1) (

(x,\,t): AW € RF - A(x/\, Ww/\ t/N)T —b =k 0}
(x,\, 1) A(x,w,t)T — \b =k 0}
(x,\,t): IW € RF: [A, —b)(x, W, t,\)" =k O}.

]

Proof of Lemma [1.13, By definition, q* € D,(p,r). Hence, we only need to show that
q* € M(q*). Using Lemma 4.98 of |[Follmer and Schied| [2016], we have that p, o« (X) >
Eg+[—X] for all random variables X (where p, o+ (X) is as defined in with measure
Q = q*). In particular, this holds for all X = —1 4, for any measurable set A C 2. Hence,

(a@",q") € Uy n(p). -

Proof of Theorem [1.1]) First, we have, for any a',a? € A,

> qu(f(a® %)) Z f@',x:))| < a2l (u(f(a®, %)) — ulf(a', )il
= = (1.45)

< llallili(u(f(a®,x:) — u(f(a', %)) -
= [[(u(f(a®,x:)) — u(f(a', %))y 2.

where the first inequality follows from Cauchy-Schwarz; and the second inequality follows
from ||gl||2 < ||@|; for a probability vector q, since g; < i for |gi| < 1.

Suppose now that the cutting-plane method has not terminated at the ¢-th iteration,
i.e., the optimal solution and objective value (a;, ¢;) violate the €g-feasibility condition
at step |4 of Algorithm . Let (q;,q;) be the new worst-case scenarios that are added to
U, at step [f] of Algorithm [T} Then, by definition, we have

—qu (a5, %;)) — ¢ > €rol. (1.46)
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For any s > t, we also have that at the s-th iteration:

—an flag,x;)) — ¢, 0, (1.47)

since this is part of the constraint at the s-th iteration. Let ¢ be the optimal objective
value of . By Assumption , we have that —oo < ¢ < oo. Furthermore, we have
¢ > ¢; for any iteration ¢ since the cutting-plane algorithm always yields a lower bound
on (P-ref). Hence, we may assume that for ¢ and s sufficiently large, the lower bound
improvement is upper bounded, i.e., ¢, — ¢; < %etol, since otherwise the cutting-plane will

yield a lower bound that exceeds ¢, after finitely many iterations. Therefore, it follows

from (T46)~(T-A7) that
Y qzz’u(f(ah Xz Qtz asa X ) > €tol — (Cs - Ct) Z 161:017
i=1 2

which implies that

1

1Cu(f(as, x4)) — ulf(ar, x:)))i1ll2 > 5€tor: (1.48)

This shows that the minimum distance between any two outcomes of the cutting-plane
method, when evaluated in utilities, is at least 1 2 €tol.-

The idea is now to show that if the cutting-plane method does not terminate, then
there is a sequence of infinitely many cutting-plane solutions {a;}52, for which the cor-
responding vector (u(f(a;,x;)))/, remains in a bounded set. Since we know from above
that for each of these solutions their utility values are a distance %etol away from each
other, we conclude that the cutting-plane method must terminate since a bounded set
can not contain infinitely many disjoint balls with radius %etol, as argued in Mutapcic and
Boyd [2009].

Therefore, we define

T = {(U(f(a, Xi)))ita

ac A, sz (a,x;)) 6}

Then, for all iterations ¢, we have (u(f(as,x;)))", € T, since p € Y, for all ¢ > 1, hence
we have the inequality — > ", p;u(f(ay,x;)) < ¢, < é We show that 7 is bounded in
the Euclidean 2-norm ||.[l2. Indeed, by assumption, M £ sup,c 4 ;e u(f(a,%;)) < .
Hence, for all vectors (u(f(a,x;)))™, € T, its individual entry is always bounded from
above by M. It remains to show that all its entries are also bounded from below. Let

Pmin = min”; p; > 0 (by Assumption and ipin(a) = argmin;u(f(a,x;). Then, we
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have for all (u(f(a,x;)))™, €T,

D@t (@ X @) = Y paulfax)) <é
1#imin(a)
which implies
c+ M < c+M
Pinin(a) Pmin

_U’(f(av Ximin(a))) <

=
c+ M
u(f(a, Ximin(a))) Z - Poni > —0Q.
Hence, T is bounded in the Euclidean 2-norm ||.||». 0

Proof of Theorem [1.16, Before we proceed with the proof, we recall the notion of a

KKT-vector. For a generic convex optimization problem

min{ fo(z) | fi(x) < 0,Vi € [L]},

with X a suitable convex subset and fy, ..., f; convex functions, the KKT-vector corre-

sponding to the constraints f;(z) < 0,4 € [L] is a vector A € RY such that

inf {fo(x) + Z/\zfz(x)} = gg/{}{fo(x) | filz) <0,Vi € [L]}.

The existence of the KKT-vector is guaranteed when Slater’s condition and the bound-
edness of the optimization problem are satisfied (see Theorem 28.2, Rockafellar, 1970).
The proof now consists of two parts. In the first part, we show that Algorithm
terminates after finitely many iterations, for any €, > 0. The second part shows the
convergence as €, — 0.
First part: We reexamine the proof of Theorem m First, we have, for any a', a? € A,
the following inequality:

m
axl E axl

Let t be an iteration where Algorithm has not yet terminated and let (q;, ;) be the new

< ll(u(f(a?, %)) — u(f(a', %)) [l2-

worst-case scenarios that are added to U;. Then, we have — > ", ¢ ;u(f(a, X;)) —¢ > €.

For any s > t, we also have that at the s-th iteration — " | g;;u(f(as,x;))—c < 0. Hence,

> €tol,

Zq_;;iu(f(ataxl thl asaxz )
i=1
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which implies that

I(u(f(as, ;) = u(f(an, xi)))ilill2 > €ol-

We define the set

T2 {(u(f(a7 X;)))its

ac A — Zpiu(f(aa x;)) < C} :

Then, for all iterations ¢, we have (u(f(a:,x;))), € T, since p € U; for all t > 1. It
follows from the proof of Theorem that 7 must be bounded in the Euclidean 2-norm
||.]|l2. Hence, Algorithm [4f must terminate after finitely many steps.

Second part: Let g(a.,) be the objective value of the solution a.,, obtained at the

final iteration of Algorithm , for a tolerance parameter €, > 0. Let P(0) be the optimal

objective value of (P-constraint|). Define, for any ¢ > 0,

N

sup  — Z gru(zk(a)) <c+ep.
CRSZPNA ) —

P(¢) £ min {g(a)

acA

By construction, we have P(e1) < g(a,,) since a.,,, is feasible for the problem of P(é).
Furthermore, the cutting-plane algorithm yields a lower bound on P(0). Hence, g(a,,,,) <
P(0) for all €, > 0. Therefore,

0 < P(0) = g(ae,) < P(0) = P(éa)-

Thus, it remains to bound P(0) — P(€) from above. This can be done by utilizing the
strong duality theorem, which is guaranteed by Assumption [I.5] Therefore, we have, for

any € > 0,

P(e) = sup inf g(a) + A (( 7)Sup | — Z gru(zr(a)) —c— e)

A>0 acA €Uy 1 (P
N

> —\e+ ilelag(a) — A" < sup  — Z qru(z(a)) — c)

(@@)€Us,n(P) 1

= —\e+ P(0),

where A\* is the KKT-vector of the problem P(0) corresponding to the supremum con-
straint, which is a strictly positive constant (by Assumption independent of €. Hence,

we have

P(O) - P<€tol> < )\*Etol-
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Therefore, the convergence follows as €, — 0. O

Proof of Lemma [1.18 We first show that, for any a € A, we have that

m

sup Z —qu(f(a,x;)) = sup - Z giu(f(a,x;)) (1.49)

(@D (P) i (@@t} ™ ()

for any ranking (i1,...,4,) € Z(a) as in Definition We fix a, denote Y £ f(a, X)
and consider the ranking u(y)) > ... > u(yum)). By the definition of p,pq(Y) in (1.4),

we have that in our discrete setting p, n.q(Y) is equal to the rank-dependent sum

m

PunalY Z h (Z q0) > u(ye)) — ulya-n)),

where —u(y()) £ 0. We now claim that we have an equality between the rank-dependent

sum above and the following optimization problem:

Inax Z - ( ’ %‘)) (w(y@) — u(yi-1))

=1 Jj=t
subject to Zq_(j) <h (Z q(j)) , Vi€ [m]
=i j=i
> 6=
i=1

Indeed, we can define gy =) (Z;”:Z q(j)> —h <Z;.”:i+1 q(j)>, where q,,, £ h(qm))- Then,
D iy =" <ZT:Z q(j)>, and q* is a probability vector since h(1) =1, h(0) = 0, and h is
non-decreasing. Hence, q* is feasible for the above optimization problem. Furthermore,
since —(u(y@)) — w(yu-1))) = 0 for all ¢ > 2, the maximum is attained at a vector q

such that the constraint > 7" gu) < h (ZT:Z q(j)> is an equality for all 4, which uniquely

defines @*. An expansion of the alternating sum » " — <ZT:Z q(j)) (w(ym)) — u(yi-1)))
shows that it is also equal to the sum > /" —quu(y@)). Therefore, holds for all
a € A and any ranking (i1,...,4%,) € Z(a). Let V* be the optimal objective value of
(P-constraint]). Then, for any ag such that I(ao) C I(a*), we have that U*(ag) < V*,
since a* is feasible for the problem by (|1.49] On the other hand, we also have

(i1,...,%m). Hence, U*(ag) = V™. O

Proof of Theorem [1.19, Let (q;, q;,) € argmax q g cu, ,(p) — 2iz1 GU(f (a0, X;)). De-
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note g(a,q,q) = — >_i", Gu(f(a,x;)). Since the set A x Uy p(p) is compact[| we may
assume that there exists a limit (a,,q},q}) — (ar,qr,qr) € AxU,n(p), as n — co. We
will show that a; must be an optimal solution for (P-constraint)). Indeed, since (q},q})

are maximizers, we have that

m

c+ 6toln Z anz anaxz ) > max ( )_Z@u(f(an7xi))'

(a,9)€Uy 1 (P

Taking the limit as n — oo yields

(a,9) €Uy, 1 (P)

c>— Z(j;iu(f(aL,xi)) > max qu (ar,x;))

Hence, by Theorem [L.6 this implies that a; is feasible for (P-constraint). Since a,

is a sequence of solutions such that g(a,) converges to the optimal objective value of

(P-constraint]) by Theorem [1.16] it follows from the continuity of g that g(a;) equals
to the optimal objective value of (P-constraint|). Hence, a; is an optimal solution of

(P-constraint]). Continuity of the functions —u(f(a,x;)) in a, for all ¢ € [m/|, implies that
there exists some N > 0, such that for all n > N, we have the inclusion of the ranking
set: Z(a,) C Z(ar). Therefore, Lemma [1.18 implies that U*(a,) converges to the optimal

objective value of (P-constraint]). O

Proof of Lemma [1.20. 1f (q, q, t) satisfies the constraints in (1.24), then q; < l;-¢;+t;
for all i € [m] and j € [K]. Then, by the non-negativity of the variables t; ;, we also have
that, for any subset I C [m] and any j € [K],

Na<LYy g+ tiy<l Zqz—l—Zt”<l > g+

i€l i€l i€l i€l el

Hence, >, ¢ < minjex) hj(> .o, ¢;) and thus (q,q) € Uy x(p).
Conversely, let (q,q) € Usn(p). Then, ¢; <l;-q;+1;; for alli € [m] and j € [K] with

t;; = max{q — l;q;,0}. Moreover, we have that, for all j € [K],

Zti’j = Zmax{cji — l]qz,()} = Z (jz — Z l]ql § bj, Where [_|_ é {Z . Qz — l]ql Z 0}

=1 =1 i€I+ i€I+

Hence, (q, q,t) satisfies the constraints in ([1.24)). O

13The set Uy n(p) is compact due to the lower-semicontinuity assumption made in Assumption
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Proof of Theorem [1.21 We reformulate the constraint

max — i gu(f(a,x;)) <e,
i=1

(a,a,t)eUd

where

) Sra =1 G =1 X pe (&) <7
U= (a.at) e R x RIS 1,5 <by, V) € [K]

1=

@ — ljgi < tiy, Vi€ [m], Vj € [K]

We note that (p, p, {max{(l; — 1)p;,0};,}) is a Slater point in ¢/ and that the left-hand
side of the constraint above constitutes a maximization problem upper bounded by ¢ € R.

Therefore, strong duality holds, and we examine the Lagrangian function

L(a7 q, 5170475;% >\Zj7tl,]7yj)

= —ZQiU(f(aaXi)) -« (Z% - 1) -

i=1

K m K
= Oé—i-ﬁ‘i"}/T—f—Zijj — Z (u(f(a,xz)) —f—ﬁ—i—Z)\w) _z'
j=1 i —
m K ' . 'lm K
i=1 j=1 ¢ ¢ i=1 j

We have

_Sup - — Z (u(f(a, X))+ B+ Z)‘ij> i

= (1.50)
0 ifu(f(a,x;)+ 6+ ZjK:l ANij >0, Vi € [m]

oo else,

- - G gi - o Nl
sup § Di —a+ E Aijlj ; -0 ; = E Pive N )
j=1 ’ v i=1

qi;.-,gm >0 i=1
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and

m K . . .
0 if Ny <wvy, Vie[m], Vj € [K]
sup > Y (A — vty = T

b psentm, k20 527 500 oo else.

(1.51)

Therefore, employing the same arguments as in the proof of Theorem 1.7} the reformulated
robust counterpart is given by

( —« K . 7.

ot B+ Bty vib + X piyd” (M> <c
) —u(f(a, Xz)) - B - Z]K:l )\Z-j <0, Vie [m]

Xij < vj, Vi€ [m], Vj € [K]

| B € R, Aij, vy 2 0.

In the nominal case where q = p, we have to reformulate the following constraint:

max g gu(f(a,x;)) <ec,
qt)eunom

where

> G =1
Unom = < (@, t) € RTy x RIF | S 4,5 < by, Vj € [K]
(ji — l]pl S ti,ja VZ € [m], Vj & [K]
The above maximization problem is a linear programming problem bounded from above.

Therefore, strong duality applies, and we examine the Lagrangian function

L(a,q, B, \ij, tij, ;)

i=1 j=1

_5+Zyjb +ZZAU%+Z%<—U fla,x,)) i >+i§: -

’Lj’
=1 j=1

By (1.50)—(1.51)), we have that

inf sup L(a, q, 5, )\z’ja tz’,ja l/j)
Aij,¥520 g,6>0

BeER
= inf {ﬁ—i—Zujb +ZZ)‘Ulﬂp’ (f(a,x;)) — Z)‘” <0,Vi, \j <y, Vi, j}.
ZJBQR =1 j=1 7j=1
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Hence, the reformulated robust counterpart is given by

5+ Sy by + S S Alipi < ¢
—u(f(a, %)) = B — 32, Ay <0, Vi € [m]
Xij < wvj, Vi€ [m|, Vj e [K]

\)\ij,yj >0, Vi € [m], Vj € [K].

Proof of Lemma [1.22, First, we have that

) — h(@is1) — h(zi)
{po

Tiv1 — T4

ei(Tit1) = sup
x€[x;,1

@—xn—mmﬁ,

since, by concavity, the supremum is only taken in the interval [z;, z;11]. Therefore, we
can extend the feasibility region to [z;, 1].
Next, again by concavity, we have that —M(
i+1—%4

of z;41, for all € (x;,1]. Therefore, e;(x;41) is increasing in x;,1. It is also a continuous

x — x;) is an increasing function

function in x;, ;. This is because the function

éi(y) & sup {h(z) —y(z —z;) — h(z:)},
:cE[xi,l]
is convex in y; indeed, it is a supremum of a linear function of y. Hence, ¢; is continuous
on the interior of its domain, which is the whole of R, because €;(y) is a supremum of a

continuous function on a compact interval. Thus, é;(y) exists and is finite everywhere.
h(wi+1)—h(xi))

This implies that e; is continuous for all z;,1 € (x;,1], since e;(x;11) = &; < payw—

is a composition of continuous functions.

Finally, we show the existence of a x;,; such that e;(z;11) = €, for any given € > 0,
under the assumption that e;(1) > e. This is guaranteed if we can find a z € (z;,1)
such that e;(z) < €. Since h has decreasing slope and is increasing, we have that for any
y € (z;,1) and all z € [x;,y]:

h(y) — h(z;)
Yy—x;

h(z) = (# = ;) = h(z:) < h(y) = h(z:).

We note that the maximization problem in e;(y) can be restricted to the interval [z;, y].
Therefore, e;(y) < h(y) — h(x;). Taking y | z;, it follows by the continuity of i that such

a point z must exist. O

Proof of Theorem (Part I). We split the proof into two parts. We first treat
the case of problem (P]) and next the case of problem ([P-constraint)). Fix an a € A and

consider the ranked realizations u(f(a,xa))) > ... > u(f(a,Xm))). Let hq, hy be any two
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lI>

concave distortion functions such that sup,cjo 1 [h1(t) — ha(t)] < €. Set u(f(a,x())) = 0.

Then, we have

m

punalf(@,X) = h (Z %)) (u(f(a,x-1))) — u(f(a,x@)))

=1

< —u(f(a,xw)) + <h2 (Z %’)) + 6) (u(f(a,xi-1))) — u(f(a,x@)))

1=2

i€[m] i€[m]

— pummaf(@, X)) +c- (maxu<f<a, %)) — min u(f(a, x»))

< Pussalf(@ X))+ ¢ (O + mox—u(f(ax))).
where M £ SUDae 4 iem) U(f(@,%;)) < 0o. The idea now is to bound the term maxie )
—u(f(a,x;)) on a subset Ay C A of the feasible region, for which the restriction of the
minimization problem on Ag does not change the original optimal value.
We take hy = h and hy € {hg,ﬁg}. By Assumption there exists ag € A
such that supyep, (p.r) Puhal(f (@0, X)) < co. This implies pypp(f(a0, X)) < oo, hence

max;epn) —u(f(ao,%;)) < oo. Then, we also have that

SUP  Puheq(f (20, X)) < max —u(f(ag,x;)) < oo.
q€D,(p,r) i€[m]

Therefore, we may define the finite number

co = max SUP  Puhyq(f(a0, X)) p < 0.
J=12 | qeDy(p,r)

Then, for all a € A such that Supgep, (p.r) Punya(f (@ X)) < ¢ for any j € {1,2}, we have

that

- Zpiu(f(a, Xz)) < Pu,h]-,p(f(a; X)) < <o, (1'52)
i=1
due to concavity (which implies h;(z) > =z, Vo € [0,1], for any 7 € {1,2}). Therefore, for

all such a, we have,

sup —u(f(a,x;)) < ‘o * M, (1.53)

1€[m] Pmin

as shown in the proof of Theorem [1.14] Define,

sup —u(f(a,x;)) < o+ M} .

1€[m)] Pmin

Aoé{aEA
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Then, we have that for any 7 = 1, 2:

min Sup  Pu,h, (f(aa X)) = min Sup - Pu,h;, (f(a, X)),
acd qepy(pr) ? acdo geDy(pr) !

since any potential minimizer a satisfies Supgep, (p,r) Puh;.a(f (@ X)) < co and thus (1.53).

Therefore,

min = sup  pun q(f(a, X)) =min  sup  pun, q(f(a X))

a€A geDy(p,r) a€A0 geDy (p,r)
. co+ M
<min  SUp  Punsq(f(@, X)) +e- (M+ 0 )
Ao geDy (p.r) Prain

. co+ M
=min  SuUp Punq(f(a, X)) +e€- (M + 2 ) :
a€A gDy (p.r) Pmin

By symmetry, we thus have

. : co+ M
min s puna(f@X) —min sup puralf(@X)| < e (M 4 ) |
acA q€Dy(p,r) acA q€Dy(p,r) Pmin
which approaches zero as € — 0. [

Proof of Theorem (Part II). We define

L. £ min {g(a) SUp  pun.q(f(a, X)) < c} ,

acA €Dy (p,r)

U, £ min {g(a) SUP P q(f(2, X)) < c} :
acA a€Dy(Py7)

and let Fy denote the optimal objective value of . By definition, L, < Py <

U..

We first note that L. has a nonempty feasible set, which follows from Assumption [1.5
and the fact that p, . o(f(a,X)) < punqg(f(a,X)) for all a € A and any probability
vector q. Then, following the first part of the proof of Theorem [1.23] we can show that
for any a € A that is feasible for L., we have that, for all q,

c+M)

prealf (@ X)) 2 puna(f(a X)) — e (1 + £

Therefore, we also have the following implication for any a € A:

c—l—M)

Sp pura(f@ X)) <c=  sup pu,h,q(f<a,x>>gc+e(M+ =

a€Dy(p,r) a€Dy(p,r)
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Hence,

cA

Le 2 min {g(a) Sup  pung(f(a, X)) <c+e (M + M)}

q€Dy(p,r) Pmin

() M
Zsupinfg(a)—i—)\( sup pu,h,q(f(a,X))—c_g(M_i_C-F >>

A>0 acA a€Dy(pr) Pmin

> inf g(a) + A" ( sup  punqg(f(a, X)) —c—e (M + €t M))

acA €Dy (p,r) Pmin

kk M
(:)PO—X"-6<M+C+ )

Pmin
where in (%) we used weak duality and in (xx) we used A*, the KKT-vector of (P-constraint|)

corresponding to the constraint supgep, (p,r) Puha(f (@, X)) < ¢, which is a strictly positive

constant by Assumption [1.5| and does not depend on e. Therefore, we have

M
OSPO—LESA*E(M+C+ >

Pmin
which approaches zero as € — 0.

Similarly, we have the following implication for any a € A:

c+ M
w0 pualf@X) <c-e (M M) o s g (X)) e

a€Dy(p,r) Pmin q€Dy(p,r)
Therefore,
M
Ues <min < g(a) SUp  pung(f(a, X)) <c—e (M + et ) . (1.54)
acA a€Dy(p,7) Pmin

We note that the minimization problem on the right-hand side of (1.54) contains a Slater
point, for € sufficiently small. Indeed, by Assumption , there exists a point ag € int(A),
such that

SUD  pPunq(f(a0, X)) £ ¢ < c.
a€Dy(p;r)

< c—co
Then, for e < —2<M+;:£>, we have that
c+ M
SUP  pPuhq(flag, X)) <c—ce (M + ) . (1.55)
q9€Dy(p,r) Pmin

Therefore, together with Assumption [I.5] as well as the reformulation in Theorem [I.6] we
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may apply the strong duality theorem and obtain the upper estimation

A>0 acA A<Dy (p;r) Pmin

M
Uegsupming(a)—i—)\( sup pu,h,q(f(a,X))—c+e<M+c+ ))

= ming(a) + )\*<6) ( sup pu,h,Q(f<a> X)) —cte€ (M + G M)>

acA a€Dy(p,r) Drmin

< A(e) - € (M + cr M) + supming(a) + A < SUp  pung(f(a, X)) — c)

Pmin A>0 acA A<Dy (p;r)

M
() .G(M+ ct ) LR,
pmin

where \*(€) is the KKT-vector of the minimization problem on the right-hand side of
(1.54)), corresponding to the supremum constraint, which depends on €. As a final step,
we will show that A*(e) can be further bounded by a constant that does not depend on e,

for e sufficiently small. Indeed, let ag be the point in ((1.55)) and let € < ﬁ Since
PO S Uea

Pmin

Py < min g(a) + X'(e ( SUp puna(f(a. X))t e (M ks M))

a€Dy(p,r) Pmin

< g(ag) + \*(e) ( SUP  pPunq(f(ag, X)) —c+e (M + €t M))

a€Dy(p,r) Pmin
% C—(C
which implies that, for all € < 5 ( t;ﬂ)’ we have

M () < 2(9(a0) — o) £ O~

C— Cp

Hence, for e sufficiently small,

M
ogUe—Pogc*-e(MJchr )
Pmin

which converges to zero as € — 0. O

Proof of Proposition [1.2]). Choose the function h(p) = p*. Then h(0) =0, h(1) =1
and h(p) < p, Vp € (0,1). Due to the compactness of U, there exists a maximizer q* of
SUPgeys Phq(X). Let ﬁ(p) = p be the concave envelope of h. By the assumptions on U, we
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have that q] < 1. Hence,
(0= 0= 3 (1 (1) < ($24t) ) s 0,
=2 k=i k=i

since h(p) > h(p) for all p € (0,1) and z;_; — z; > 0 for all i € [m]. Therefore,
SUPqgeus Pﬁ,q<X) > SUPgey Phq(X). O

Proof of Theorem [1.25 1t is sufficient to show that for any X, with outcomes {z;}7,,

we have

ph,p( = sup Z —q;T; — Sup Z%xzv

qeMp*(p) ;4 qeNY(p) 1
since punp(f(a,X)) = prp(u(f(a,X)). Let —xq) > ... > —x(m be the ranked realiza-
tions of X. Let k* be the index where h (ZS L D(s) ) <ij1p ) Then,

ph,p(X)

() (B0 (0 )
t (h (Z P<s>> - h(p°)> (=Ten) > <h (ZP@) —h (ZP@)))

(=20)),

where an empty sum Zgzl is zero by convention. We can also express the second line of
the previous expression in terms of the dual function h(p) = 1 — h(1 — p), and rearrange

the indices to obtain:

£ 6] () -l o) e
1;2 ( (ZP ) —h (SZZ;IP ))) (i) + (ﬁ(l —p°)—h (8;121?(3)))

(=T 41))

m—k*—1 i1
- Z < (Z P(m—s+1 > - B (Z p(ms+1)>> * X (m—it+1)
s=1

=1

m—k*—1
(h(l - - ( Z Pm—s+1 )) " L(k*+1),

where the empty sum »_" | is again zero. It remains to show that the sums are equal

s=m-+
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to their dual representations:

m k* ) i—1
sup > —qimi =Y | b (D pe | —h P | | - (=2
acM*(p) =1 i=1 s=1 s=1

- - (1.56)
+ (h(po) —h ( p(s))> (= (ke 11))
s=1
and
m—k*=1 [ [ i1
sup Z qi%; = Z (h <Z p(ms+1)> —h (Z p(merl))) * L(m—i+1)
aEN;Y(p) = i=1 s=1 =1 (1.57)
m—k*—1 ’
+ <h(1 — p(]) —h ( p(m—5+1)>) . x(k‘*-{—l)'
s=1
We will first show (1.56); (L.57) follows similarly. Let hg be defined as follows:
h(p) p=p°
ho(p) = 0 0 (1.58)
h(®”) p=p

Then, hg is non-decreasing and concave. Let P be the probability measure induced by

the vector (p;)™,. Then, by Lemma , p1 = hg o P is a monotone, submodular set

function. By the definition of a Choquet integral, we have

B () ) e -] o

Moreover, since p; is monotone and submodular, we have by Proposition 10.3 of Den-
neberg [1994],

/ —Xduy = {Z — ;s

which involves the same feasible set as in ((1.29)).

Similarly, define the function

qz>0 Z%Sho (Zl%) VJC ZQZ—hO }

ied ied

(1.59)



CHAPTER 1. ROBUST OPTIMIZATION OF RANK-DEPENDENT MODELS
WITH UNCERTAIN PROBABILITIES 69

Then, Ay is concave and non-decreasing. Hence, by the same arguments as above, we have

that s = ho o P is monotone and submodular. Therefore,

m— k*—l i i—1
/XdIU’Q (77/ (Zp(m—s—‘rl)) - }_L (Zp(m—s+1)>> * T(m—i+1)
s=1 s=1
B m—k*—1
+ <h(1— - ( Z Ps))) T (ke 11)-

C]iZO,ZQzSho(sz) VJ C | ]Z%:ho(l—po)},

e i€

Moreover, we have

/Xdﬂz = sup {Z ¢iTi
i=1

which implies (|1.30)). O

Lemma 1.B.1. Let Q be a set and let F = 2% be the collection of all subsets of €.
Furthermore, let h : [0,1] — R be a non-decreasing concave function such that h(0) = 0

and let P : F — [0,00) be an additive set function. Then, . = h o P is a monotone,

submodular set function.

Proof. Monotonicity of u is clear due to the additivity of P and the monotonicity of h.
Let A, B € F. Additivity of P also implies that

P(AUB)+ P(ANB) = P(A)+ P(B).
Let a £ P(A), b= P(B). Then, we have
P(ANB)2i<a<b<u® P(AUB).

Since b — i = u — a, we have that by concavity of h,

h(b) = h(@) _ h(u) = h(a)
b—i —  u—a
which, via h(i) + h(u) < h(a) + h(b), implies the submodularity of . O

Proof of Theorem [1.27. By Theorem|[1.25 it is sufficient to show that the sets Mg*(p)
and N{¥(p) are the projection of the following sets on the coordinates q and g, respec-

tively:

g >0

g <1Wp; +t0, Vi e [m)], Vk € K]
z“ti,?<bk,wfe[ 1 ’
Zi:IQi_h( )

M;i(p) = { g € R™, tV) e R™ (1.60)
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and

>0

G < zk p2+t§,§), Vi € [m], Vk € [Ka)]
St < WP VE € [K)

Z?il Qz - B(l - p())

Niy(p) = qe R™ ¢ e R™ . (1.61)

We will only show this for M (p), since the case for N7 (p) is identical, mutatis mutandis.
Let (q,t") € MgA(p). Then, ¢; < Z,E;l) “pi+ tg,? for all ¢ € [m] and k € [K;]. Thus, for
any subset I C [m], we also have that, for all j € [K;],

Doa <UD opt Y oty <l Zpﬂrzt LY pi+ by

iel el el iel il

Hence, q € M*(p). Conversely, let q € Ms*(p). Then, ¢; < l,(gl) “pi + tﬁ,? for all i € [m]
and k € K] with t,g,i) £ max{q; — l,(cl)pz-, 0}. Moreover, we have, for all k € [K}],

Ztﬁ) = Zmax{qi - l,(gl)pi, 0} = Z q; — Z l;(gl)Pz' < 521)7 where I 2 {itgi— ll(cl)pz‘ > 0}.
i=1 i=1

el el

Indeed, the last inequality follows from the fact that, for any q € M;*(p), we have
that > .., ¢ < l,(:) Yol + b,(:) if Yc;pi < h(p°). For any index set I such that

(*)
>ierpi > h(p°), we also have that l,(:) Yoierbi+ b,(:) > l,(:)h(po) + b,(j) > lgih(po) + bgz —
h(p°) > 3 .c; ¢, where (x) follows from our ordering of the slopes and the intercepts
0" o,

holds for the index set I,. Thus, ( q.t) € MA(p). The reformulation in (L.34) now
follows as in Theorem [L.21] O

as described in Hence, the inequality under consideration indeed

Proof of Theorem [1.28, We first note that, by Theorem [1.25]

m

puna(f(a, X)) = sup Z —gu(f(a,x;))— sup > Gu(f(a,x;)).

qGMCd(q i=1 4eN(a) ;4

Since Uy C Dy(p, ), we have that for each iteration ¢, the cutting-plane procedure yields
a lower bound ¢! on the true optimal objective value @, which we denote by ¢. By
Assumption , ¢ is finite. Hence, we may assume that |¢® — ¢f| < %etol, for all s,t
sufficiently large. Otherwise, the lower bounds will attain or exceed ¢ after finitely many
iterations. Assume now that s > t. Let q' be the worst-case probability vector added to

U, and let a;, a, be the optimal solutions obtained at the ¢, s-th iteration. By definition,

m m

sup Z —qu(f(a’,x;)) — sup chiu(f(at,xi)) > '+ €l (1.62)
aeMp?(qt) qeENZY(aY)
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and

sup > —qu(f(a’,x;)) — sup Y Gu(f(a’,x;) < ¢ (1.63)

aeMg(at) i3 qeEN(at) i3
Therefore,
sup Y —qu(f(a’,x))— sup Y —gu(f(a’,x))
qeMp*(qt) i=1 aeMz*(qt) i=1
+ sup Y Gu(f(a’,x;)) — sup Giu(f(a',x;))
4eNgv(a') . 4eNy(at)

We can further upper bound the differences of the suprema as follows:

sip S —gulfatx) - s> —gu(f(a’x)
qeMp*(a’) ;4 qeM*(qt) i=1

< L Z —gi(u(f(@’, %)) — u(f(a’,x,)))

< s [l x) — (@ x)

< I(u(f(a®, %)) — u(f (@', %))y |l2-

Similarly,

sup > Gu(f(a’,x)) — sup > Gu(f(a',xi) < [[(u(f(a®,x;) —u(f(a’, %)
4eNv(a') 5 aeNyv(at) 5
Therefore,

(7)) — u(Fa )l > e

However, we have the assumption that sup,e 4 e [u(f(a,%;))| < co. Hence, this leads
to a similar contradiction as in the proof of Theorem [1.14] Therefore, the cutting-plane

procedure must terminate. O

Proof of Theorem [1.29. Let M £ sup,c 4 ;cpm lu(f(a,%;))| < co. Similar to the proof
of Theorem|1.23] for any two distortion functions hy, hy such that sup,¢(o 1y |71 (p) —ha(p)| <
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¢, we have that

b (F(8.X)) < punan(£(a, X)) + - <maxu<f<a, x.)) — min u(f(a, xi»)

1€ [m] 1€ [m}

< Punhap(f(a, X)) +2Me.

Since 2M e does not depend on both a and q, we have that, in the nominal case,

i P,y p(f (2, X)) = Wi Py p (£ (a2, X))’ < 2Me,

and similarly, in the robust case,

min = sup Py q(f(@, X)) —min  sup  pun,.q(f(a, X)) < 2Me,

a€A qeDy(p,r) ac€A qeDy(p,r)

which both approach zero as ¢ — 0. Since Algorithm [3] yields a final objective value ¢*
such that

¢ —min sup puna(f(@X))| < e

ac€A qeDy(p,r)

it follows that

" —min  sup  punq(f(a,X))| < €o +€2M — 0,

a€A qeD, (p,r)

as €1, € — 0. ]

Proof of Theorem [1.30, The proof that Algorithm [3| terminates after finitely many
steps for problem ([P-constraint|) is similar to the proof of Theorem [1.28| where we now

take ¢®* = ¢! = ¢, with ¢ the constraint value in (P-constraint]). To show convergence, we

note that U; C Dy(p,r). Hence, g(a.,,) is always a lower bound of (P-constraint|), for
which we denote its optimal objective value by P(0). We define

cA

P(eo) 2 Ianin {g(a)

sup Pu,h,q(f(aa X)) <c+ 6t01} .

a€Dy(p,r)

Then, by Algorithm [3| the final solution a,, is feasible for the minimization problem of
P(€to1). Hence, P(eio1) < g(ac,,) < P(0). It remains to show that lim,, o P(e01) = P(0),
which follows from the proof of Theorem below. n
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Proof of Theorem [1.31|. Let

cA

— Ia]lnin {g(a)

SUp  Pun.q(f(a, X)) < c} :

qa€Dy(p;r)

Then, by the proof of Theorem [1.29] for all a € A,

sup pu,he,q(f<aa X)) - sup pu7h7q(f(a> X))

a€Dy(p,r) a€Dy(p,r)

< eM,

where M £ 2 SUDae 4 iefm) [U(f (@, %i))| < 0o, which follows from the continuity of u( f(a, x;))
in a and the compactness of A. Hence, we conclude that P(e) < L. < P(0), where P(0)

is the optimal objective value of (P-constraint|), and

P(¢) £ min {g(a)

acA

S punalf(a,X)) < o+ eM} .

a€Dy(p,r)

We will now show that lim. o P(e) = P(0), hence concluding the proof. To show this,
we use Berge’s maximum theorem (Berge, 1963), for which we have to show that the

set-valued function

qa€Dy(p,r)

eHG(e)é{aEA: sup pu,h,q(f(a,X))gc—l—eM}

is a compact-valued, continuous correspondence at € = 0. We first examine compactness,
which entails that for each € > 0, the set G(€) must be compact. We note that since A
is compact, we have that G(e) is bounded for all ¢ > 0. Hence, we only need to show
that G(e) is closed. This holds if a — supgep, (p,r) Pu,na(f(a, X)) is continuous, which can
be proven as follows: by Lemma [1.B.2] we have that (q,a) — punq(f(a,X)) is jointly
continuous in (q,a). Since the set Dy(p,r) is compact and independent of a, Berge’s
maximum theorem implies that a — supgep, (pr Puha(f(a, X)) is continuous. Hence,
G/(€) is compact.

We now show that G(e) is lower-and upper-hemicontinuous at ¢ = 0. For upper-
hemicontinuity, we must show that G(0) is non-empty, which holds due to Assump-
tion and that, for any ¢, — 0 and any sequence a; € G(e;), there exists a con-
vergent subsequence a;, such that a; — ay € G(0). Note that due to the com-
pactness of A, there is indeed a subsequence a;, — a; € A. It remains to show
that we have ag € G(0). This follows from continuity: Supgep, (p,r) Puha(f (@0, X)) =
limy oo SUPgeD, (p,r) pung(f(aj,, X)) <limyoc+ €, M =c.

Finally, for lower-hemicontinuity at ¢ = 0, we have to show that, for every a; € G(0)

and every sequence €¢; — 0, there exist a J > 1 and a sequence a; such that, for all
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j > J, we have a; € G(¢;) and a; — ag. However, since €; > 0 for all j, we can take the
sequence a; = ag € G(¢;). Hence, we may apply Berge’s maximum theorem to conclude
that lim. o P(e) = P(0), which concludes the proof. O

Lemma 1.B.2. Let u(f(a,x;)) be continuous in a for alli € [m] and let h be a continuous

distortion function. Then, the rank-dependent evaluation function

<q7 a) = p%h,Q(f(a? X))7
is jointly continuous in (q,a).

Proof. For any a € A, we denote the indices 1(a), ..., m(a) such that

_u(f(a7 Xl(a))) S T S —u(f(a, Xm(a)))a

and we define

Au(f(a,x1(a)) = —u(f(a,X1@)), Au(f(a,Xia))) = u(f(a,Xi-1@)) — u(f(a,Xi@)),

for i = 2,...,m. Denote the index set

Ti(ag) ={i €{2,...,m} : Au(f(ao, X(ay))) > 0}.

We enumerate the elements in Z, (ag) as iy < -+ < ig, for K = |Z(ag)] < m — 1. Set
iop = 1 and ix 1 = m+1. Then, the index set [m] is partitioned into K + 1 disjoint classes
I; £ {i(ap) : i;.1 < i < i;}, with j € [K + 1], that have the following two properties:
(i) If k,1 € [m] are indices of adjacent classes, e.g., k € II; and [ € II;;; for some j, then
u(f(ao,xx)) — u(f(ao,x1)) = Au(f(ao, X, (a))) > 0. (ii) If k, [ belong to the same class
I1;, we have u(f(ap,xx)) — u(f(ag,x;)) = 0. Continuity of u(f(a,x)) in ay implies that
for all a sufficiently close to ag, the ranking indices 1(a), ..., m(a) can also be partitioned
such that {i(a) : 1,1 <i <i;} = {i(ag) : 1;o1 <@ <i;}, for all j € [K +1]. In particular,
this means that within each class, the ranking indices of a constitute a permutation of
that of ag.
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Hence, we have

Punalf(a X))

K41 i;—1

= Zh (Z Qk(a)> a Xz(a Z Z h (Z qk Au a Xz(a )
i=1 k=1

312131

K+1 K+1 ;-1 m
=> h Z tha) | Dulf(a,x; @)+ > > h (qu > fla,Xi@))
j=1

k= Z] 1 7j=11i= ZJ 1+1 k=1

K+1

(%a)—):((m,ao) Z h
j=1

= Pu,h,qo (f(a(b X))

Z q0,k(ap) Au(f(amxijfﬂao))) +0
k=i;_1

This completes the proof. n

1.C Derivations of the Conjugate Functions and Their
Epigraphs

In this appendix, we provide detailed derivations of the explicit conjugate functions, as
well as the epigraphs of A\(—h)*(5¢) < 2,A > 0, and 'ygb*( ) <t,v >0, for the collection

of canonical examples in Tables[1.4H1.5; we only provide the details in case the derivations

are considered to be non-trivial.

1.C.1 Distortion Functions

1+7r <1/2
e For h(p) = ( p pl/ and 0 < r < 1, we examine the conjugate
(1—=r)p+r p>1/2

(—h)*(y) = max{ S[%p;)(y +(1+ r))t,sgll)(y + (1 —=r)t+r}
We have (—h)*(y) = oo for y > —(1 — 7). For —(1+7r) <y < —(1 —7r), we
have (—h)*(y) = max{1/2(y + (1 +7)),1/2(y + (1 — 7)) + 7} = 1/2(y + (1 + r)).
For y < —(1+r), (—=h)*"(y) = max{0,1/2(y + (1 —r)) +r} = 0. Therefore,
(—h)*(y) = max{(y+ 1 +7)/2,0}, fory < —(1—r).

e Let h(p) = (1+7r)p—rp* 0 <r < 1. For y <0, we have

(—h)*(y) = sup {ty + (L +r)t —rt*} = sup {(y + (1 +r))t — rt*}.
t€[0,1] te[0,1]
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Differentiating the objective w.r.t. ¢ yields
y+ (14+r)—2rt,

which is non-negative for ¢ < %1:” and negative otherwise. If %1:” < 0, then the
derivative is always negative, hence the maximum is obtained at ¢ = 0 and thus
we have (—h)*(y) = 0. If %{FM > 1, then the derivative is always positive, hence
(—=h)*(y) = y + 1. If L € [0, 1], then the maximum is attained at ¢ = LEH

Hence, for y < 0, we have

Lmax{y+1+7r0}2 y+1<r
(hyw) =14 "

y+1 y+1>r.
The epigraph of (—h)* can be represented by

(

t:t1+t2+7“

y+tl-—r=y+y

t > 4—1Tmax{y1—|—2r,0}2—7", to > Y2

@ <0,y2 > 0.

Indeed, let (y,t) € Epi((—h)*). If y+1—1r <0, then we can choose y; =y+1—r,
ty=t—r,yp=1t,=0. If y+1—17 >0, then choose y; =t; =0, yo =y + 1 —7,
to=1—r.

Conversely, let (y,t,y1, Y9, 11, t2) satisfy the above constraints. Define

Lmax{z+2r0}2—r 2<0
fle)=3"

z z > 0.
Then, (—h)*(y) = f(y+1—r)+r. Hence, (—h)*(y) <t < f(y+1—7r) <t—r. Since
y1 <0, y2 > 0, we have that y; < y1 + y2 < yo. Since f is convex and f(0) = 0, we

have

fyr +v2) — f(y1) < f(y2) — £(0)
Y2 o Yo

I

and thus f(y1 +y2) < f(y1) + f(y2). Therefore, (=h)"(y) = fly+1—r)+r =
fn+u) < fln)+ flp)+r<ti+to+r=t
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The epigraph of A(—h)*(5¢) < z is then given by

(
2 =21+ 2

A1) =6+ 6
(21+/\)Z\/w72+(21—>\)27 29 2> &
&+2r <w

\51 S O,SQ,UJ,V Z 0.

I-(1-p)" 0<p<l L .
e For h(p) = , we will derive a tractable reformulation of
1 p>1

the epigraph (—h)* using duality. We have
Epi(—h) ={(p,t) € Rs>g x R : 3 (u,uz) € ]RQZO cup — 1 <tuy < u}/n, 1 —p<us}.

Indeed, let (p,t) € Epi(=h). If 0 < p < 1, then (1 —p)" — 1 t. We can
choose ug = 1 —p > 0 and uy = vy > 0. If p > 1, then —1 t. We can
choose u; = uy = 0. Conversely, let (p,t,u,us) satisfy the above constraints. If
p > 1, we have t > —1 4+ wu; > —1. Thus, (p,t) € Epi(—=h). If 0 < p < 1, then
(1—-p)"—1<uy—1<wu; —1<t Hence, we also have (p,t) € Epi(—h).

<
<

Consider the epigraph of (—h)*. We have

Epi((—h)") ={(y,s) :yp = (=h)(p) < s,Yp = 0} ={(y,s) :yp — t < 5,¥(p, 1) € Epi(—h)}.
Therefore, we have that (y, s) € Epi((—h)*) if and only if the optimization problem

. 1/n
— —1< < —n <
pmgzuz%,teR{ yp+tluy — 1 <tjus <uy" 1 —p < us}

is bounded below by —s. Since this is a convex problem with a point p = 1,uy =
0,u; = 1,t = 0 that satisfies Slater’s condition, we may apply the duality theorem

and obtain that this optimization problem is equal to

inf — ¢ 11—t — 1—p—
Gpax o inf L uPt + &1(w )+ & (uy —uy") + E3(1 — p —ua),

which, after some rewriting is equal to

__n_ __1 e
max {—1+& + (n" a1 —n"m1)E [y + & < 0,6 > &)
£2,63>0
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Therefore, we have

Epi((=h)")

{(,8) 36, E > 01— &5+ (n 71 —n w1)E 1 < s,y + 6 < 0,6 > &)

{(1,9) T 6 &> 011 — &+ (T — )G < 5,6 < £y7 1N
y+83<0,6 > &Y

This gives the reformulation of the epigraph of the perspective A\(—h)*(5%) < z as

( n
A—&+(n i —n w)g <z

n—1 no
& <& AT

—v
)\(—h>*(7) S2E Qv+ <0
§2 > &3
\52753754 > 0.
(I-(1=pm¥" 0<p<l1 . .
e For h(p) = , we will derive a tractable reformulation
1 p>1

of the epigraph (—h)* using duality. We have

Epi(—h) = {(p,t) € Rsg x R: Fuy,us > 0:uy > —t,ui/n >y, (1—ug)/m>1—p

, Ug S 1}

Indeed, if (p,t) € Epi(—h), then for 0 < p < 1, we have —(1 — (1 — p)")¥/™ < t.

Choose ug = (1 — (1 —p)") and u; = ué/

" gives the right inclusion. If p > 1, then
choose uy = 1 = uy, which also gives the right inclusion. Conversely, let (p, t, u, us)
satisfy the above constraints. If 0 < p < 1, then, by construction, (p,t) € Epi(—h).

If p> 1, we have u; < ué/n < 1. Hence, t > —u; > —1, thus (p,t) € Epi(—h).

Consider the epigraph of (—h)*. Again, we have

Epi((=h)*) ={(y.s) :yp — t < 5,¥(p, 1) € Epi(—h)}.

Therefore, we have that (y,s) € Epi((—h)*) if and only if the optimization problem

min +tu > =t u" > up, (1 —u >1_
p,ul,zo,we[o,l],terg{ yp +tlu = —t uy" >, ( 2) /" > p}
is bounded below by —s. Since this is a convex problem with a point p = 2, uy =

1,u3 = 1/2,t = 1 that satisfies Slater’s condition, we may apply the duality theorem
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and obtain that this optimization problem is equal to

+ inf —(y+&)p+ (1 — &)t + (& — — &y
&221%?20{53 p’u12075?€[071}7t6R (y+&)p+ (1= &)t + (& — &)ur — Euy

— &1 —uz)"}

= dnax {6 + iel%gl] —&uy" — &1 —un) "6 = 1,y + 65 < 0,6 > &)

£2,632>0 u

)

The convex function —&uy™ — &(1 — up)¥/™ has derivative

d 1 1-n in
quy 5(53(1—?@) no—&uy" ),

which has a root at

& &3
n—1 "~ n—1
Uy" (1 —ug)

1 n—1

&1 —uz) " = Euy"

_n_
n—1

2 +&

Since we are examining a convex function, this is where the minimum is attained.

Hence, we have

£ 1/n n_ 1/n
inf —&uy" — &1 —up)V" = —& - | — & | =—=—
uacl0] s & s T

n:Ll _|_§n:l1 n n 1
— 2 3 — _ n—1 n—1 e
T gty TR

Therefore,

Epi((=h)*) = {
{(y7 8) = 52753 >0: Z/+§3 < 0752 > 17 _53 + H(f%&’))”i < 8}7

n—1 —

(y,8) 136,820y +8§3<0,6>1, =6+ ( F—Fféﬁ)%l < s}

where ||.||, is the p-norm for p > 1. Thus, the reformulation of the epigraph of the

perspective A\(—h)*(5%) < z is given by

—UV

)‘(_h)*( A\ )S z <= _V+€3 < 07 52 > )‘7 _£3+ H(£27£3)Hﬁ <z, 52753 > 0.
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1.C.2 Divergence Functions

e For ¢*(y) = e¥ — 1, we have

Ve — D <tew—n<t ef <L ow—y<tylogl)+s<0.
ol w

Note that log(1) is the relative entropy.

e For ¢*(y) =2 —2y/1—y, y <1, we have

7(2—21/1—£)§t,3<7<:>27—27,/u§t,3<7
Y Y

@27—27\/§§t,v:7—5,8<'y(:)2’y—2\/vvSt,v:'y—s,v>0
Y

o2y —2w<t,w <yo,w>0v="y—57v>0

1

1
<:>27—2w§t,\/w2+1(7—v)2§5(74—1}),

w>0,v=y—sv>0,

where in the last equivalence we used the equality zy = 1((z + y)? — (z — y)?).

e For ¢*(y) = =1+ ﬁ,y < 1, we have

1 1
—1—1—1—§t,y<1¢>—1—|—v§t,—Sv,wzl—y,w>0
-y

= &

(0 —w)? <

e~ =
N —

S —1+v<t 1+

The epigraph of the perspective function can then be obtained as

(v+w),w=y—s,w>0.

N | —

1
7@5*(5)St@—v+v§t,\/72+z(v—w)2§
g

(v+w),w=1—y,w>0.

e For ¢*(y) =y+ (0 — 1)(M)%. We show that the epigraph can be represented by a

0

power cone, which is P& £ {z € R? : 292}~ > |as|, z1, 25 > 0}, for 0 < o < 1.

More on tractability of power cones can be found in (Chares| [2009]. We have that

=l
S

v+ @D <ty 0 vorte <1 s <

6 0 6

Syt O- 1w <ty <wr 1

IN
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is conic quadratic representable. Hence, so is the epigraph of the perspective

1" (D) <t s+ (0 - 1)0TTw <t |s| < witt .47,
f}/

e Similarly, for ¢*(y) = $(1 —y(1 —0))77 — 5,y < =5, we have that

1 1 _ _
5gt,y<ﬁ@|w\g(t9+1)%-11—%,w:1—y(1—9),
1

< —
y 1_07

51— y(1 - 6)7

is conic quadratic. Hence, so is the epigraph of the perspective

1) St ful S+ T w=y - s(1-0),s <
- -

1.D Robust Rank-Dependent Evaluation Using Pe-

nalization

This section investigates the comparison between

SUD  Puhg(); (1.64)
a€Dy(p,7)
and
Prob(") = sup Punal) —0Is(a,p), 6> 0, (1.65)
q€ m

and associated optimization problems, where A,, denotes the set of all m-dimensional

probability vectors.

Lemma 1.D.3. Let h: [0,1] — [0,1] be a concave distortion function. Then, the robust
risk measure pr defined in (1.65) admits the dual representation

ﬁrob(X) = sup EQ[_U<X)] - C((_l))

qQ€Am
with ambiguity index

oo,  else;

c(@) = inf 0I;(q,p) +a(@a),  ala.q)

where My(q) is as defined in (1.15]).
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Proof. By Denneberg [1994], Proposition 10.3, we have the dual representation

Puna(X) = sup Eq[—u(X)] —a(q,q).

9€Am

Hence, we derive

~ - 4di
Prob(X) = sup pupq(X) — 92Pi¢ (;)
i=1 !

qQEAm,

= sup sup Eg[—u(X)] —a(q,q) — GZpigb (]%)

Q€A €A,
_ ¢ q;
= sup sup Eg[—u(X)] —«a(q,q)—0 i@ | —
quI:nquI:n al~u()) @.9) Z-legb(]?i)
. _ = qi
= sup Eg|—u(X)|— inf | a(q,q)+0 0 [ —
sup Bql-u(X)] A( @a) Zw(p))

= sup Eg[—u(X)] - c(a).

qcinm
[

We next show that a decision-maker who minimizes ((1.64) obtains the same minimizer
as when minimizing ([1.65)), for a specific 6.

Proposition 1.D.4. Assume the existence of a minimizer a* € argminge 4 SUpgep,(
punqg(f(a,X)). Then for each r > 0, there exists a 6%, such that

pr)

a’ € argmiin,e 4 sup punalf (8. X)) = 0°4(a,p).
qEAm

Proof. As we have shown in Lemma [1.D.3| minaesupgen,, Punq(f(a, X)) — 014(q, p) is
equivalent to

‘ m ) m 4
mind s s~ qu(flax)) 03 po (—) | (1.66)
acA | >0 geMy(a) Zl Zl pi
ql'1=1
for any fixed constant ¢ > 0. Let a* be a solution of minae 4 Supgep, (p,r) Puhalf(@ X))

Then, strong duality implies the existence of a v* (depending on a*), such that

m

sup sup — Z giu(f(a",x;))
qa€Dy(p,r) G€EMp(a) ;5

" " | (1.67)
=y s s = gadfax) - e (£)).
i=1 i=1 v

q>0 geMy(q)
ql1=1
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Since a* is a minimizer, we also have
s suwp — > qulfa’x)
a€Dy(p,r) AEMp(a) ;3
< sup osup — Y gu(f(a,x;))
q€Dy(p,m) @EMp(q) i=1
. = _ - 4q;
=inf ¢yr+ sup  sup — > qu(f(a,x;) —7v ) _ piod (—)
720 q>0 GeMy(q) ; ; pi
qf1=1
* - P * S i
<ot s =S du(fas) -1 Y one (L),
q>0 geMp(a) - i=1 pi
qf1=1
Bringing v*r to the left-hand side of the inequality, we obtain from ((1.67)) that
m B . i} m QZ
sup sup — > Gu(f(a’,x;)) =7 pio (—)
920 geMp(a) - i=1 b
qf1=1
=N * - 4
< sup sup — Z%‘U(f(a, X)) — ZP1¢ (—) ;
q>0 geMp(a) - i=1 pi
qT1=1
for any a € A. Hence, a* is also a solution of (1.66)), where 6* = ~*. O
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1.E A Visualization of the Various Shapes of the Un-
certainty Set U, ,(p)

1.2 1.2
1.01 1.0
0.81 081
- 0.6 - 0.6
q2 q>
0.44 0.4 1
0.21 021
0.0 0.01
-0.2 ! ! ! ! ! ! -0.2 ! ! ! ! ! !
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
a1 a1
(a). n =00 (b). m» =500
1.2 1.2
1.0 1.04
0.8 1 0.81
- 0.6 - 0.6
q> Q2
0.41 0.4
0.21 0.2
0.0 1 0.04
-0.2 T T T T T T -0.2 T T T T r r
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
a1 a1
(¢). n =100 (d). n=5

Figure 1.5: Projections of the uncertainty set Uy (p) in on the coordinates (q1,q2),
for p =(1/3,1/3,1/3) and r = %X3.95,27 plotted for a range of values of the sample size n. We
choose the modified chi-squared divergence function ¢(t) = (¢t —1)? and the second dual moment
distortion function h(p) = 1 — (1 — p)2. As n approaches 0, we observe that the uncertainty set
grows and the projection eventually approaches the entire probability simplex in R?, the case in
which the decision-maker is completely ambiguous w.r.t. p.

1.F The Optimistic Dual Counterpart

Beck and Ben-Tal [2009] and |Gorissen et al.[[2014] have shown that a robust minimization
problem with a compact convex uncertainty set can also be reformulated by considering
the optimistic dual counterpart, obtained by maximizing the dual of its uncertain problem

over all uncertain variables. In this section, we derive and reformulate the optimistic dual
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counterpart of the robust problem

m

sup  — Z(jiu(f(a, x;)) < c} , (1.68)

acA,ceC (a,9)€Uy 1 (P) i=1

min {aTd+C~c

where

Zyil q4; = Z;r;l g =1
2211 pin (%) <r
ZieJ ¢ < h (ZieJ Qi) ) VJ C [m]

Uy n(p) = 4 (q,q) € R*™"

Here, we have either (C = R,d = 0, = 1) or (C = {¢},d # 0, = 0), where d €
R", ¢y € R. Note that U, ,(p) is a compact set since it is bounded and closed due to
Assumption that the functions ¢, —h are lower-semicontinuous convex functions.

To derive the optimistic dual counterpart of (1.68), we first consider its uncertain
problem, which for a given (q,q) € Uy x(p) is defined as

acA,ceC

min {aTd+C~c

(1.69)
= min {aTd+(-c

acRI ceC

=Y au(f(ax) e fila) <0 [LJ} -

Here, recall that A is a set represented by convex inequalities, hence we can express it as
A={aeR!|f;(a)<0,i=1,...,L}, for some convex functions f;’s. Assume that (1.69)
satisfies Slater’s condition and is bounded from below. Then, the dual of ([1.69)) is given
by

Y0,--,YL=>0 acRI ceC

m L
max_inf {aTd+<~c—onqiu<f<a,xz->>—yoc+§jykfk<a>}- (1.70)
=1 k=1

The optimistic dual counterpart is defined by maximizing the dual over all uncertain

variables in the uncertainty set, i.e.,

m L
. T —
sup max  inf ad+(-c—y Y qu(fla,x;))—voc+ > wyrfr(a) .
(q7q)€u¢7h(p) YOse-ey yr,>0 aERI,CEC { ZZ:; ( ( )) kZ; ( )
(OD)

The following theorem states a reformulation of (OD]).

Theorem 1.F.5. The optimistic dual counterpart is equivalent to the following
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concave problem:

m L
_ Az * "7k
sup — > Zi(-uo f)* (__>Xi> — > ur(fr (—) — YoCol =
2,ZERY, ; ) Yodi ; (v) Yk 0T

m L
subject to Z)‘i = —an —-d
k=1

=1
Z 2z = Z Zi = Yo
=1 =1
>z —yoh (%) <0,vI €2”,
0

(1.71)

iel
Z Yopi @ —yor <0,
i—1 YoDi

where z = yoq and z = yoq. If Slater’s condition holds for problem (1.71)), then (1.68)
is equal to (1.71)). Moreover, the KK T-vector of (1.71)) corresponding to the dual equality

constraints Y .- A = — Zﬁzl 1, — d gives the optimal solution of (1.68)).

Proof. We have that

inf {aTd + ¢ c—yo Z giu(f(a,xi)) — yoc + Z ykfk(a)}
i=1 k=1

acR! ceC

m L
= inf {aTd — Yo Z qu(f(a,x;)) + Z yk:fk(a)} + tlfelg(g — Yo)c
i—1 k=1

acR!

m L
= — sup {—aTd +yo Y qul(flax)) =) ykfk(a)} +inf(C —yo)c.
k=1

acR/! i—1
Note that C is either R (if { = 1) or {¢} for some ¢y € R (if { = 0). Hence, we have that
—YoCo if C = Co

icgg(c—yo)c: 0 fC=R, yo=1

—00 else.
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We examine the supremum term. We have

I
acR i=1

sup {—aTd +yo Y qu(fax) =y ykfk(a)}

m L
= sup {—aTd + Yo Z gau( f(wi, ;) — Z Y fr (Vi)
, : k=1

i=1

w;, =a, vy =a,i € [m],k € [L]}

L m

_ T T T _
= Al}'l.f}f\my sup {—a d+ Z Ai (w; —a) + Z (Vi — a) + Yo Z; giu(f(wi, x;))

a,Wi,..., Wim, i—1 ke
N5 ERT vy, v ERS = =1

_Zyszk(vk>}

m L T m
= in£ sup - (ZAH—an—i—d) a+Z)\iTwi — o (—u) (f (Wi, X;))
b ’ 1 k=1

N5 ERT vy, v ERT i= =t
L
+ Z Ni Vi — ykfk(Vk)}
k=1
m A = UANES -
= inf Zyo%'(—uof)*( 17Xi>+zyk(f’f)* (_k> Z’\i:_znk_d '
MoAm, | = Yodi | Y —1 k=1
Mooy nLERI ¢ B ' -

where (—u o f) denotes the composition of the two functions. A change of variables
z = yoq and Z = ypq and a multiplication of the constraints in Uy ,(p) by yo yields the
desired statement. O

1.G Optimization of Rank-Dependent Models in the

Constraint

We describe in detail the adaptation of Algorithm [I] to (P-constraint]) in Algorithm [4]

1.H SOS2-Constraints Formulation

Let w : [lp, ug] — R be a non-decreasing, piecewise-linear utility function defined on some
interval [lo, uo] that contains the image set {a’x; | a € A,i € [m]}. Let {t;,u(t;)}, be
the support points of u, where [y = t; < -+ < tx = ug. Then, the constraints in (|1.34)
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Algorithm 4 Cutting-Plane Method with RDU Constraint

1. Start with U; = {(p,p)}. Fix a tolerance parameter €y, > 0.
2: At the j-th iteration, solve the following problem with the uncertainty set U;:

m

sup > —qu(f(a,x;)) < c} . (1.72)

(a,Q)€U; =1

min {g(a)

acA

3: Let a; be the optimal solution of (1.20]). Determine the ranking:

—u(f(a;,xq))) < ... < —u(f(a;,Xm))-

Then, solve the optimization problem (|1.19)), which gives an optimal objective value
v; and a solution (qj}, q;).

4: If v; — ¢ < €01, then the solution is accepted and the process is terminated.

5: If not, set U1 = U; U{(q},q;)} and repeat steps [2f{5]

can be formulated using the following bilinear and SOS2 constraints:

(5 () + Tt vy + S S Nl p = S Gis < e
—2 = =3 A <0, Vi € [m]

it < v, Vi€ [m], Yk € [K]]

g < l](f)pi + tir, Vi € [m], Vk € [K)]

m ot < WP Wk e K
> i ik < by (K] (1.73)

Aij >0, SOS2, Vi € [m], Vj € [K].

1.I The Hit-and-Run Algorithm

In this appendix, we explain how the Hit-and-Run algorithm is applied to generate a
uniform sample on the ¢-divergence set. Let S be an open subset in R?. The general
procedure of the Hit-and-Run algorithm is fairly simple. Start with an interior point
zy € S. Choose uniformly a random direction u € 9D where 0D = {r € R?: ||z, = 1}.
Draw uniformly a scalar A € {\ € R : zy+ Au € S} and then update x¢ with o+ Au. It is
shown by [Bélisle et al. [1993] that for a convex set S, this sampling process will converge
to a uniform sample on S.

To apply the Hit-and-Run algorithm to the ¢-divergence uncertainty set, we first re-
parametrize the set. Recall the definition of the ¢-divergence set . Using the equality
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q’1 = 1, it is clear that we can parametrize the ¢-divergence set with the following set:

Dy(alp,7)
ml m—l . 1 _ Zm—l ]
£{qeR™Mq20,1-) g ZQZP@(&) tp | izt B < L
i=1 i=1 bi Pm
(1.74)

Since this is a set with convex inequalities, and we assume Slater’s condition, its interior is
an open convex set. Hence, we can apply the Hit-and-Run algorithm to obtain a uniform
sample of the interior of 75¢(q|p,r) and thus also the interior of Dy(p,r) due to their
one-to-one correspondence.

The precise procedure is the following.

e We start with an interior point q; € intf%(q]p, 1), where we set qop = (p1, ..., Pm—1)-
Then, we draw a uniform element u € 9D of dimension d = m — 1. This can be done
X

by drawing d standard normal i.i.d. samples X = (X7, ..., X;) and setting u = X

where ||.||2 is the Euclidean 2-norm. Then, u follows a uniform distribution on 0D.

e Given u and gy, we determine the set A 2 {\ € R: q; + \u € 15¢(q|p,r)}. Note
that since f)d,(q\p, r) is convex, bounded and closed, there exist Apin, Amax Such that
[Amin; Amax] = A. We may find both values using a bisection search. Indeed, since
qr € int@¢(q|p, r), there exists a sufficiently small Ay > 0 such that Ay € A. Take
a sufficiently large A; > A¢ such that A; ¢ A, which also exists since A is bounded.

Then, perform the bisection search on [Ag, A1] to find Apax. Do the same for Api,.

e We draw a random A € [Apin, Amax] and update qxy1 = qi + Au. We then repeat

the process.



Chapter 2

Constructing Uncertainty Sets for Ro-
bust Risk Measures: A Composition
of ¢-Divergences Approach to Com-
bat Tail Uncertainty

2.1 Introduction

Model misspecification, especially in the tails, is an inevitable issue that underlies the
practice of financial and operational risk management. One way to safeguard against
model uncertainty is distributionally robust optimization (DRO). The idea is to consider
a set of plausible models, often referred to as the uncertainty /ambiguity set, and evaluate
the worst case among all these models. DRO has its roots in classical robust optimization,
pioneered by Ben-Tal et al. [2009], as well as in economics and decision theory, in the works
of Gilboa and Schmeidler| [1989], Maccheroni et al.| [2006], and Hansen and Sargent| [2008],
which provide decision-theoretic foundations of the classical decision rule of [Wald, [1950];
see also Huber| [1981].

An essential part of distributional robust optimization is to choose a proper uncertainty
set. In data-driven optimization, DRO is often used to address sampling errors of empirical
risk minimization, employing uncertainty sets that are calibrated to offer certain statistical
guarantees. For this line of research, we refer the readers to works such as |Ben-Tal et al.
[2013], Esfahani and Kuhn|[2018], Lam| [2019], Duchi et al. [2021], van Parys et al.| [2021].
In risk management, such as the calculation of capital requirements, one typically works
with a pre-specified nominal model (e.g., an internal model proposed by the regulator)
instead of the empirical distribution. In this case, the goal is to construct uncertainty sets
that are sufficiently large — yet still plausible — to protect against model misspecification.

In much of the DRO literature, the respective optimization problem is studied in

90
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a risk-neutral environment, where a random loss is evaluated under its expected value.
In finance, insurance, and economics, it is more natural to model a decision maker’s
preferences using a risk measure that is nonlinear. This complicates the choice of a
suitable uncertainty set, since in some cases the linearity assumption is crucial for deriving
a tractable reformulation of the (primal) robust problem. Moreover, the sensitivity of a
risk measure to the tails of a distribution also determines the suitability of the specification
of an uncertainty set. For example, an evaluation of the entropic risk measure (Follmer
and Schied, 2016, Example 4.13) induced by expected exponential utility preferences is
only finite for light-tailed distributions. This implies that any uncertainty set containing
a heavy-tailed distribution is inadequate for the entropic risk measure. Therefore, the
following question naturally arises: given a risk measure and a pre-specified nominal
model, how should one properly specify an uncertainty set that is not too conservative
(and not too restrictive), and that in addition admits a tractable reformulation?

In this paper, we provide an answer to the above question by proposing a simple, yet
unifying framework to specify uncertainty sets for a broad class of risk measures, based
on ¢-divergences. Introduced by (Csiszar [1975], ¢-divergences are statistical measures
for probability models that have received much attention in the DRO literature since
the work of Ben-Tal et al|[2013]. Uncertainty sets that are defined as a ball around a
nominal model, measured using a ¢-divergence, have been extensively studied by |Kruse
et al.| [2019, 2021] in the context of model risk assessment. Interestingly, ¢-divergences
are also strongly connected to risk measures. As shown by |Ben-Tal et al.| [1991], Ben-Tal
and Teboulle [2007], the four major classes of risk measures: Expected utility, optimized
certainty equivalents, shortfall risk measures (a.k.a. u-Mean certainty equivalents), and
distortion risk measures, all admit a robust representation with a ¢-divergence penalty
function.

Our main contributions can be summarized as follows. By utilizing the pivotal role
of ¢-divergences in both robust optimization and risk theory, we characterize a wide
range of distributionally robust risk measures in terms of two ¢-divergences (¢1, ¢2): a
¢1-divergence that specifies the risk measure through an inner robust representation, and
a ¢o-divergence that controls an outer ambiguity set to address model uncertainty. We
call this the composition approach, since the parametrization with two ¢-divergences is
formulated as a composite robust optimization problem with two layers of uncertainty.
This approach allows us to translate the problem of choosing an uncertainty set for a
risk measure into the task of specifying a ¢, function given ¢;. By deriving a tractable
reformulation of the composite robust problem, we show that our (¢1, ¢) characterization
is not only computationally tractable, but also provides a blueprint for how to calibrate
the ¢o-divergence uncertainty set to address tail uncertainty, given a risk measure and a
nominal model. For risk measures such as the Conditional Value-at-Risk and the entropic

risk measure, we provide examples showing the inadequacy of standard divergences to
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evaluate model risk for certain nominal models, and provide explicit constructions of
new ¢o-divergences that address these shortcomings, using our suggested framework. In
addition, we show that our composition representation also offers other advantages, such
as the elicitation of the divergences (¢1, ¢o) through suitable queries to decision makers,
and a natural extension to include a higher level of uncertainty using globalized robust
optimization (as introduced in |Ben-Tal et al.|2017)), that also offers more flexibility in the
construction of uncertainty sets. These results serve as extra tools for selecting proper
divergences that are customized to a decision maker’s risk and ambiguity preferences.

Finally, we provide a brief review of other related literature. Lam and Mottet| [2017]
studied the robust optimization approach to address tail uncertainty by constructing un-
certainty sets that impose shape constraints on probability densities. The tractability
of their formulation relies on an explicit representation of the risk measure in terms of
density functions, which are not always obtainable for risk measures that are outside
the expected utility framework. On the other hand, the tractability of our composite
divergences formulation can be achieved via convex duality. Breuer and Csiszar| [2016]
used ¢-divergences to measure model risk and provided a tractable reformulation of the
corresponding worst-case expectation problem. Building upon this work, |Kruse et al.
[2019, [2021] demonstrated how specific ¢-divergences can be designed to control the tail
behaviors of the distributions in the divergence ball. Our work extends and unifies the
results of Breuer and Csiszar| [2016] and |Kruse et al. [2019} 2021] to risk measures that are
not simple expected values, such as the optimized certainty equivalents and shortfall risk
measures. (Glasserman and Xu/ [2014], [Schneider and Schweizer| [2015], Laeven and Stadje
[2013] have used the Kullback-Leibler divergence to measure model risk for many finan-
cial problems, such as option hedging and portfolio credit risk management. Bertsimas
and Brown| [2009] provided a method for constructing uncertainty sets using coherent risk
measures. Robust risk measures with uncertainty sets that are defined using the Wasser-
stein distance have also been studied by works such as Bartl et al. [2020] and Bernard
et al.| [2024], where the focus is more on tractability than on calibration of uncertainty
sets.

The remaining parts of the paper are organized as follows: Section formalizes our
composite divergences approach in more detail. Sections and establish the condi-
tions that we impose on ¢ for different types of risk measures and provide explicit exam-
ples of the construction of new divergences, tailored to a given risk measure and nominal
model. Section [2.5shows how to elicit divergences from robust risk measures, and Section
discusses the computational aspects of robust risk measures, as well as an extension
of our framework using globalized robust optimization to address higher levels of uncer-
tainty. Numerical examples of robust options hedging and inventory planning problems
are presented in Section [2.7] Conclusions are in Section Proofs and additional tech-

nical details are contained in the Appendix. Computer code to implement the procedure
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developed in this paper is available from: https://github.com/GuanJinNL/Uncertainty-
Sets-for-Robust-Risk-Measures.git.

2.2 ¢-Divergences and Risk Measures

Let @y denote the set of all non-negative functions ¢ : R — [0, 00) that are convex and
normalized, i.e., ¢(1) = 0, with an effective domain dom(¢) £ {t € R | ¢(t) < oo} C
[0,00) that also contains a neighborhood around 1. The ¢-divergence between any two

measures (not necessarily probability measures) P and Q on an event space (€2, F) is
defined as
foo(R)dP Q<P

+00 else,

I(@QP) 2 1)
where Q < P denotes absolute continuity with respect to P (i.e., P(4A) = 0 = Q(A) =
0,YA € F), and ?1% denotes the Radon-Nikodym derivative of Q with respect to P. As
in [Pardo| [2006], we adopt the conventions: ¢(0) = limo ¢(t), 06 (0/0) = 0, 0¢ (a/0) =
lim.gep (afe) = alimy o ¢(t)/t, a > 0. We note that for any probability measures
Q, P, we have [,(Q,P) > 0 and I,(P,P) = 0. If P and Q have density functions f,g,
respectively, with respect to some o-finite measure dz on RE] then can be expressed

more explicitly in terms of real-valued density functions:

Iy(g, f) = /qu(%) flx)de.

Let X : 2 — R be a random payoffE] As shown in Ben-Tal and Teboulle [1987,
2007] and |Ben-Tal et al.| [1991], many types of risk measures/certainty equivalents admit
a robust representation with a ¢-divergence penalization. This is a consequence of the
dual relationship between a utility function and a ¢-divergence function through the
Legendre-Fenchel transformation (a.k.a. convex/concave conjugate: for any 1, its convex
and concave conjugates are 1*(y) £ supyepe{y’x — ¥(x)} and . (y) £ —(=1)*(—y)).
For example, the optimized certainty equivalent (OCE) defined with respect to a utility
function v and a probability measure P, can be obtained and represented by the following

robust problem, where all probability measures Q < IP are penalized by ¢ = —u,:

poce,IP<X) = sup EQ[_X] - I¢(Q7 ]P))
{Q:0<P} (2.2)

— inf{n - Eefu(X + )]}

Therefore, the OCE is also known as a divergence risk measure, which includes examples

!Such as the Lebesgue measure or the counting measure or a combination of both.
2Negative payoffs are interpreted as losses.
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such as:

e Conditional Value-at-Risk (CVaR,) at « € (0, 1), for which ¢(t) = dj01/q1-a)(t) is
the indicator function on [0,1/(1 — «)] f

e Entropic risk measure p..(X) £ log (Elexp(—yX)]) /v, v > 0, for which ¢(t) =
(tlog(t) —t+1)/v, for t > 0.

The class of utility-based shortfall risk measures (Follmer and Schied, 2016, Section
4.9), a.k.a. u-Mean certainty equivalents, can also be represented in terms of a ¢-divergence

function:

psep(X) Esup sup Eg[—X]— I, (Q,P)
A>0 {Q:Q<P} (2.3)

= inf {n | Ee[—u(X +n)] <0},

where ¢*(t) = A\¢ (t/\) and ¢(t) = —u,(t).
Furthermore, for expected utility, the ¢-divergence based robust representation takes

the form of a maximization over all finite measures, instead of only probability measures:

Ep[—u(X)] = sup  Eo[-X] - I,(Q,P), (2.4)
{Q:Q<P,Q() <00}
where again ¢ = —u,.

Therefore, ¢-divergences constitute basic building blocks for expected utility, utility-
based shortfall risk measures, and optimized certainty equivalents. Using a second ¢o-
divergence, we can parametrize robust risk measures of these classes by a composition of ¢-
divergences. We can address ambiguity in two ways: Either by means of the multiple prior
approach (in the spirit of (Gilboa and Schmeidler] [1989)) via an uncertainty set — which
we denote using p® (where s comes from sets), or by means of the multiplier preference
approach (in the spirit of [Hansen and Sargent| 2008, [Maccheroni et al., [2006} Laeven
and Stadje, 2024) through penalization — which we denote using p' (where [ comes from
penalization). In the case of OCE risk measures, this leads to the following composite

robust formulations, where the maximization is taken over the two measures/variables

(Q Q):

pf)ce,]P’o (X) < sSup _Sup E@[_X] o I¢>1 (@7 Q)a (25)
{Q: 14, (Q,Po)<r} {Q:Q<Q}

0 r el

3For a set C € R™, the indicator function is defined as ¢ (x) = {+ ¢c
oo z¢C.
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and

pf)ce,[?’o (X) = sup 7S}lp E@[_X] - I¢>1 (Qa Q) - I¢>2 (Q7 IEDO) (26)
{Q:Q«Po} {Q:Q<Q}

Other classes of robust risk measures are defined similarly. We note that for any constant
A > 0, we have M,(Q,P) = 1,,(Q,P). Hence, the representations in and also
include penalization constants that are not equal to one. Throughout this paper, we fix
Py as a given nominal distribution. Py may be a distribution that is already specified in
an economic model, or a distribution calibrated from a parametric family. Furthermore,
we assume that X € L' (IPy) (i.e., [ |X]dPy < 00).

In the following section, we extensively study the robust OCE risk measures as the
prime example of this paper. We show that by reformulating the problems and
into finite-dimensional dual problems, we can obtain a blueprint for constructing ¢
that is specifically tailored to a given risk measure associated with ¢; and to the nominal
model Py.

2.3 Divergence Choices for Robust OCE Risk Mea-

sures

2.3.1 Necessary and Sufficient Conditions for Finite Robust OCEs

To illustrate the importance of choosing a proper ¢o-divergence for a robust risk mea-
sure, consider an indicator divergence function ¢z o(t) = dj0,1/(1-a) (%), for some a- € (0, 1).
Then, any alternative distribution with a density function ¢ that has a heavier tail than
the nominal density fo (i.e., lim, o g(x)/fo(x) = o0) will induce an infinite divergence
value with respect to ¢o . Indeed, the likelihood ratio g(z)/ fo(z) exceeds 1/(1—a) for suf-
ficiently large values of x, eventually lying outside the effective domain of ¢, ,. Therefore,
the ¢-divergence uncertainty set induced by ¢, , does not include any distributions that
have a heavier right-side tail than the nominal distribution, while heavy-tailed losses are
often the real threats in financial risk management that one wishes to be robust against.

The choice of ¢o-divergence also depends on the sensitivity of a given risk measure
to tail losses. For example, the entropic risk measure p.1(X) = log(E[exp(—X)]) is only
finite for distributions for which the tail of their density functions decays faster than
exp(—|z|). However, if the modified chi-squared divergence ¢9(z) = (x — 1)? is used to
construct an uncertainty set where the nominal model for Y £ —X is the exponential
distribution fo(y) = Aexp(—Ay) for y > 0, A > 1, then this can lead to an infinitely
pessimistic robust risk evaluation. Indeed, any exponential distribution g(y) = nexp(—ny)
with n < 1 < A < 2n has a finite modified chi-squared divergence with respect to fo.

Therefore, the modified chi-squared divergence ball will contain the distribution g for
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sufficiently large radius r. However, since 1 — 7 > 0, the entropic risk measure is infinite
under the distribution of ¢g. In fact, for any radius » > 0, one can construct a density
g, that has the same asymptotic tail behavior as exp(—ny), and such that I,,(g, fo) < r
(see |[Kruse et al.2021). Therefore, in this particular example, the modified chi-squared
divergence ball will always lead to an infinite robust entropic risk measure evaluation, for
any radius r > 0.

Motivated by these examples, it is thus important to establish the necessary and
sufficient conditions that one must impose on ¢9 to ensure a finite evaluation of the
resulting robust risk measures. For robust OCE risk measures p;.p, and pf)ceypo, these
conditions can be identified by reformulating pf..p, and pl.p, into finite-dimensional
problems using convex duality. This is stated in the following theorem, where for any
divergence function ¢, we define 0¢* (s/0) £ 0 if s < 0 and 0¢* (s/0) £ oo if 5 > 0.

Theorem 2.1. Let X € LY(Py) and ¢1, p2 € ®g be lower-semicontinuous. Then, we have

the following equalities:

pf)ce,IP’o (X) = 911915‘6]1% _91 - 02 + E]P)O [¢2(¢1( X) + 91)] (27)
Poce,Pg (X) - ) ;\QI;ER _01 - 92 + Ar + ]EPO [A¢2 ( ! \ : : (28)
1,02€

Furthermore, if the following conditions are satisfied:
1. @7 and ¢} are differentiable on R,

2. Each domain set ]:( ) 2 {0 € R? | [,B"(w,0)dPy(w) < oo} and F(0,)) £
{(6,)) € R? x /s B*(w, 8, \)dPy(w) < oo} has non-empty interior, where
B'(w,0) £ ¢2<¢1<02 X(w)) +01) and §(w,0,)) £ Agj (w).

Then, there exist dual solutions 8 and (9 \*) that attain the minimum in ) and (2.8).
Moreover, if 0* € int(F(0)) and (8°,\*) € int(F(0,)\)), then the partzal demvatzves of
B*(w,.) and B*(w,.,\) with respect to the variable 0, evaluated at the dual solutions 6*

and (é*, M), are the worst-case densities of the measures Q*, Q* with respect to Py that
attain the mazximum of the primal problems (2.6) and (2.5)).

As a direct consequence of Theorem [2.1], we derive the following necessary and sufficient

conditions for the finiteness of pS.. 5, (X) and pl. p, (X).

Corollary 2.2. Let X € LY(Py) and ¢1, ¢y € @y be lower-semicontinuous. Suppose there

exists a real-valued density function fo(x) for the distribution of X under Po. Then, we
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have that p..p,(X) < oo, if and only if there exist 61,0, € R, A\ > 0, such that

/R A, (WQQ —o)+ 91) folw)dz < oo. (2.9)

A

Simalarly, we have that pf)cePO(X) < 00, if and only if there exist 01,05 € R, such that

/]R(b; (97 (0s — ) + 01) fo(z)dx < co. (2.10)

The integral conditions and displayed in Corollary show that the
finiteness of a robust OCE risk measure is completely determined by the tail behaviors
of three components: (¢}, @1, fo), where ¢35, fo control the content of the ¢o-uncertainty
set, and ¢} encodes the sensitivity of the risk measure to losses in the tail. This provides
a guideline on how to calibrate an uncertainty set to a given risk measure and nominal

model. Namely, one must choose the ¢o-divergence function such that its conjugate ¢3
satisfies the integral condition in ([2.9) or (2.10)).

Remark 2.3. In practice, the nominal distribution of X might not be explicit since it
can depend on many risk factors Zi,...,Z;, where only the nominal distributions of
the marginals Z;’s are specified and have an explicit form. In Section [2.C|, we provide
a sufficient condition under which one can choose the divergence based on the nominal

distributions of Z;’s.

Using Corollary [2.2], we perform several tail analyses and illustrate how most standard
choices of ¢-divergences are not suitable to address tail uncertainty for some commonly
used risk measures and nominal distributions. Throughout this paper, we use the big O
notation fi(xz) = O(fa(z)) if limsup,_,.. | fi(x)]/]f2(x)| < oo, and the small o notation

fi(x) = o fa(x)), if we have limg, o0 [f1(2)| /] f2(x)] = 0.

Example 2.4. Consider the CVaR,, risk measure with a log-normal nominal model.
A common choice of a ¢-divergence is the Kullback-Leibler divergence (a.k.a. relative
entropy, see |Csiszar, (1975 and Hansen and Sargent|, [2008), where ¢(t) = tlog(t) —t + 1.
Its conjugate is given by ¢*(s) = exp(s) — 1. The CVaR, risk measure is an
OCE risk measure with ¢i(s) = max{s/(1 — «),0}. However, examining the integral
condition reveals that for any 61,05 € R, A > 0, the integrand has a tail behavior
of O (exp {|x|/(Aa)}), which diverges to +00 as © — —oo. Hence, the uncertainty set
induced by the Kullback-Leibler divergence is too conservative for the CVaR,, risk measure
under a log-normal nominal model. In Table 2.1 we give an overview of the finiteness
status of robust CVaR under other nominal distributions and ¢-divergences. Moreover,
we note that the same results as in Table [2.1] also apply to robust OCE risk measures
with a picewise-linear utility function, as given in [Ben-Tal and Teboulle, [2007, Example
2.3].
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Example 2.5. Another popular ¢-divergence is the x2-distance given by ¢(t) = (t—1)%/t.
However, its conjugate ¢*(s) = 2—2v/1 — s, s < 1, is only finite on the domain on (—oo, 1),
i.e., ¢*(s) = o0, for s > 1. Hence, the integral condition (2.9 can never be satisfied if
the y2-distance is used to define a robust OCE risk measure, for any nominal distribution
that has unbounded support towards —oo.

Similarly, other canonical examples of ¢-divergences such as the Burg entropy ¢(t) =
—log(t) +t — 1, total variation distance ¢(t) = |t — 1|, and polynomial divergence ¢(t) =
(tP —p(t —1) —1)/(p(p — 1)) with degree p < 1, all have a conjugate function ¢* that
is infinite on a certain interval [a,00) (see Table 2 of Ben-Tal et al|2013 and page 6 of
Pardo|2006). Hence, they all lead to an infinite robust OCE risk evaluation for a nominal

distribution with unbounded support towards —oc.

Example 2.6. The entropic risk measure p.,(X) = log (E[exp(—vX)]) /v is an OCE
risk measure with ¢j(z) = (exp(yz) — 1)/7. Due to its exponential growth behavior,
the entropic risk measure has an infinite evaluation for heavy-tailed distributions and,
therefore, the same applies to its robust counterpart. For the Gaussian distribution, the
entropic risk measure is finite and equal to u + y0?/2. However, if one chooses the KL-
divergence to define a robust entropic risk measure with a Gaussian nominal model, then
condition (2.9) is not satisfied for any 6;,6, € R, A > 0, since the integrand has tail

asymptotics of the order

ol 2)

which diverges to oo as x — —oo. Therefore, the KL-divergence is not adequate to address

model uncertainty for the entropic risk measure, under many nominal distributions such
as the Gaussian and Weibull distributions, as shown in Table [2.2]

Example 2.7. The OCE risk measure with a quadratic utility function

r—zx® <l

i z>1,

is equivalent to the mean-variance evaluation y — 02 /2, as shown in Ben-Tal and Teboulle
[2007, Example 2.2]. In Table we also provide an overview of the finiteness status of

this robust OCE risk measure under different nominal distributions and ¢-divergences.

From these examples, we observe that many standard choices of ¢-divergence uncer-
tainty sets often lead to infinitely conservative robust risk evaluations. On the other hand,
the polynomial divergence ¢(t) = (t? —p(t—1)—1)/(p(p—1)) can often be made to satisfy
the finiteness conditions and , by choosing a sufficiently large p. Indeed, an

examination of its conjugate function ¢*(s) = max{l + s(p — 1), 0}1’%1 /p — 1/p shows
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Divergence (1) N(uo®) WOk W(no®)  Plemp) Hw)
tlogt —t+1
>
(Kullback-Leibler) <oo <ooekzl o0 > >
(" —pt+p—1)/(p(1—p)) »_ _
(Polynomial,p>1) < 00 < o0 < 00 <oo<:)p_1<p0 <oo(:)p_1<1/
(t-1)°
(Modified x2-distance) < o0 < oo < o0 <00 & pg > 2 <oo&ev>2
)2
(Qt .1) /t 00 00 00 00 00
(x*-distance)
|t —1]
(Variation distance) >0 o o > o
(Vt-1)?
(Hellinger distance) o o o o o
—logt+t—1
(Burg entropy) o0 o o0 o0 o0

Table 2.1: Finiteness status of robust CVaR,, risk measures and for different
divergence measures versus nominal distributions. N(u,c?) and In(u, 0?) are respectively
the normal and lognormal distribution with mean u and variance o?. W (Ao, k) denotes
the Weibull distribution with scale A\ and shape k. P(x,,,po) is the Pareto distribution
with scale x,, and shape py. t(r) denotes the Student’s t-distribution with v degrees of
freedom. Details of derivations can be found in Section 2.F]

that as p — oo, ¢* approaches the linear function ¢*(s) = s, which is the least con-
servative conjugate function of the ¢-divergence that only considers the nominal model
(i.e., ¢(1) = 0, ¢(t) = +oo elsewhere). However, the drawback of a polynomial di-
vergence uncertainty set is that it can be very restrictive. For example, consider two
Weibull distributions g(x) = kz* lexp(—2*) and f(z) = lz''exp(—2') with k& < [.
Then, any polynomial divergence ¢(t) = O(t?) with p > 1 would give I4(g, f) = o0,
since ¢ (g(x)/f(x)) f(x) = O(z*exp((p — 1)a' — pa*)). Therefore, when the nominal
distribution belongs to the Weibull class, an uncertainty set induced by the polynomial
divergence does not include any other Weibull distribution that has a heavier tail. Hence,
apart from the conditions in Corollary 2.2 we need to impose additional constraints on
the conjugate function ¢3, such that the corresponding divergence ¢, is not too restrictive.

We will address this issue in the next subsection.

2.3.2 Controlling the Tail Properties of Distributions in a Di-

vergence Ball

As illustrated by the previous examples, many classical divergences fail to guarantee the
finiteness of a robust risk measure, due to improper matching of tail behaviors between
o5, o7, and fy. Therefore, to construct an alternative ¢,-divergence that addresses this
issue, we can specify a new tail function Qz(s), s > 0 that is compatible with (¢, fo) in the
sense of Corollary , and then set ¢3(s) = (s), for s > 0. Since the integral conditions
in Corollary depend only on the tail behavior of ¢3(s) as s — oo, we may simply set
¢5(s) = exp(s) — 1 on the domain s < 0. Finally, the new tail function t(s) must be
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Divergence ¢(t) N(p,0?) W (Ao, k) In(p,0%)  P(xm,po) tv)
tlogt —t+1
(Kullback-Leibler) > o > > OO
D _ — — k>1
(" —pt+p—=1)/(p(1 = p)) < <00 - - ~
(Polynomial, p > 1) k=1 and % <%
—1)2 k> 2
.(t 21). <00 &y > 202 < oo & 00 00 00
(Modified x*-distance) E=2and v> X\
(t—1)%/t
(x2-distance) > o0 > > OO
|t —1]
(Variation distance) 0 o0 >0 o0 o
(Vt-1)?
(Hellinger distance) > o > > o
—logt+t—1 o o o o o
(Burg entropy)

Table 2.2: Finiteness status of robust entropic risk measures and with parame-
ter v > 0, for different divergence measures versus nominal distributions, with exponential
utility OCE. N(p,0?) and In(u, 0?) are respectively the normal and lognormal distribu-
tion with mean p and variance 0. W (Ao, k) denotes the Weibull distribution with scale
Ao and shape k. P(z,,,po) is the Pareto distribution with scale z,, and shape py. t(v)
denotes the Student’s t-distribution with v degrees of freedom. Details of derivations can
be found in Section R.EL

normalized such that (¢3)* becomes a ¢-divergence function (i.e., a convex, non-negative
function satisfying ¢(1) = 0 and dom(¢) C [0,00)). This can be done by choosing t)(s)
to be increasing and convex with 1(0) = 0 and ¢/(0) = 1. To conclude, we propose the

following construction: let ¢ be an increasing, convex differentiable function on [0, c0)
such that ¢”(0) # 0. Set, for s > 0,

7 1 " !
Y(s) = 0] ((s) + (¥"(0) —¢'(0)) s — (0)) (2.11)
and define the function )
=" =0 (212

exp(s) —1 s<0.

By construction, we have (¢5) (0) = 1 and (¢3)”(0) = 1. These are normalization con-
ditions that ensure ¢9(1) = 0,¢5(1) = 0 and ¢5(1) = 1, where ¢y = ¢5* (the first two
conditions are needed for ¢, to be a ¢-divergence, and ¢5(1) = 1 is often desirable in
the statistical application of ¢-divergences, see Remark 1 of Kruse et al.|2019 and |Pardo
2006). The following proposition, which is an application of Corollary 23.5.1 of Rock-
afellar| [1970], verifies that ¢3, as defined in , is indeed the conjugate function of a

¢-divergence.

Proposition 2.8. The function ¢ = (¢5)*, where @5 is defined in ([2.12)), is a convez,
non-negative function on [0,00) with ¢2(1) = 0. If ¢ in (2.11)) is strictly convex and

continuously differentiable with lim, o 1’ (s) = oo, then ¢o is finite on [0,00) and we
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Divergence (1) N(uo®) WOk W(no®)  Plemp) Hw)
tlogt —t+1
>
(Kullback-Leibler) <oo <ooekz22 o > >
(" —pt+p—1)/(p(1 —p)) 2p 2p
(Polynomial,p>1) < o0 < o0 < o0 <oo<:)p_1<p0 <oo(:)p_1<1/
(t-1)°
(Modified x2-distance) < o0 < oo < o0 < o0& py >4 <ooev>4
)2
(Qt .1) /t 00 00 00 00 00
(x*-distance)
|t —1]
(Variation distance) >0 o o > o
(Vt-1)?
(Hellinger distance) o o o o o
—logt+t—1
(Burg entropy) o0 o o0 o0 o0

Table 2.3: Finiteness status of robust quadratic OCE risk measures (i.e., and
with ¢7(s) = s+s2/2 for s > —1 and ¢%(s) = —1/2 for s < —1, see Ben-Tal and Teboulle,
2007, Example 2.2) for different ¢,-divergences versus nominal distributions. N(u,c?) and
In(p, 0?) are respectively the normal and lognormal distribution with parameters p and
o2. W (o, k) denotes the Weibull distribution with scale \g and shape k. P(z,,,po) is the
Pareto distribution with scale x,,, and shape py. t(r) denotes the Student’s t-distribution
with v degrees of freedom. Details of the derivations can be found in Section

have that ¢4(t) = ((¢5))71(t), for t > 0.

Besides the finiteness of a robust risk measure, it is also desirable to have a diver-
gence that is not too restrictive, and allows for distributions with heavier tails than the
nominal one in the divergence ballﬁ Intuitively, the degree of penalization induced by ¢o
is determined by its growth rate as ¢ — oo, which is governed by the derivative ¢}(t).
Therefore, one must control ¢45(t) to adjust the content of a divergence ball. However, if
the divergence is constructed through the conjugate as in , then there is not always
an explicit form of ¢/, available that allows us to examine its growth behavior as t — oo.
Indeed, although the equality ¢4 = ((¢35))~! holds, the inverse of (¢3) cannot always be
calculated explicitly. Therefore, it would seem more convenient to specify ¢, through its
derivative instead of the conjugate, and to derive sufficient conditions for and
in terms of ¢, (e.g., by bounding the conjugate using ¢3(s) < s(¢h)~1(s), similarly as in
Kruse et al.|2019). This creates a dilemma, since the latter construction does not give an
analytical expression for the conjugate function and its derivatives, which is important
for the use of optimization techniques to compute the robust risk measures via their dual
problems, as we elaborate in Section [2.6, Nevertheless, we can resolve this dilemma as
follows: first, we use the divergence construction as given in to obtain an explicit
conjugate function ¢. Second, we calculate the derivative (¢3)’, which gives (¢4)~! by
Proposition . Finally, we may find functions with similar tail properties as (¢3)" that

provide upper and lower bounds on (¢3)’, for which the inverse can be explicitly calcu-

1A divergence ball is a set of the form {Q | I,(Q,P) < r}.
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lated for examining the content of a divergence ball. We state this more precisely in the

following proposition.

Proposition 2.9. Let ¢o be a continuous divergence function with a strictly increas-
ing derivative ¢,. Suppose | is a continuous function such that its inverse satisfies
(W) Hy) < (9h) " y) for all y > yo, for some yy € R. If for some d > 1, we have that

1
lim sup ¢ (—) z|7 < oo, 2.13
2] 00 1 fO (ZE) ‘ | ( )
then for any probability density g such that the likelihood g/ fo is bounded on any compact
subset of (—o0, 0], we have that if g has a finite d-th moment: [*_g(z)|z|*dz < oo, then
we also have 14,(g, fo) < 00.

On the other hand, if there exists a divergence function 1y € ®q such that (¢5)~(y) <

(V5)Hy) for all y > 0, we have that I4,(g, fo) = oo, if Ly,(g, fo) = oo, for any density
function g.

2.3.3 Examples of Tailored Divergences

In this subsection, we provide examples of new ¢o-divergences that are tailored to a given
risk measure and nominal model. We will only specify ¢3(s) for s > 0 in these examples,

since we always set ¢5(s) = exp(s) — 1, for s <0 as in (2.12)).

Example 2.10. Consider the CVaR,, risk measure with the generalized log-normal nom-

inal distribution, for which the density function is given by

1 1
- - qQ — )P <0
ol eXp{ Dortos el = a) } z <0,

fo()
where p € R0 > 0,p > 2, and C > 0 is a normalization constant. As shown in
Example[2.4] the KL-divergence is not suitable for this combination of nominal model and
risk measure. Hence, using the construction method in (2.12)), we propose the following

divergence specified by its conjugate function:

®5(s) = c1(s + €) exp {p (ald)p log” (s + e)} + s+, 520, (2.14)

where the constants are ¢; = 1/(p*(a® + a)exp(a — 1)), ca = 1 —exp(a)(ap + 1)c1, c3 =
—exp(a + 1)¢; with a = 1/(p(0d)?) and d > 1. We note that the proposed divergence
contains the parameters (o, p), due to its dependence on the log-normal nominal
model. It also contains a parameter d > 1, which controls the moments of the distribu-
tions in its divergence ball. Notably, the divergence is independent of the parameter

« of the Conditional Value-at-Risk, which is due to the linearity of the ¢ function corre-
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sponding to the CVaR,, risk measure, which does not determine the asymptotic behavior

of the integrand in ([2.10).

Lemma 2.11. The function ¢35 defined in 18 strictly convex and twice continuously

differentiable on R. Its conjugate ¢y = (¢5)* belongs to ®y. Moreover, ¢ satisfies

and , for the CVaR,, risk measure and the generalized log-normal nominal model.
In addition, for any continuous probability density g defined on (—o0, 0| that has finite

d-th moment: ffoo g(x)|z|* < 0o, we have that I4,(g, fo) < oo. Conversely, for any density

function g such that liminf, , . |x|""tg(z) > 0, where t € (1,d), we have I4,(g, fo) = .

Example 2.12. Consider now the CVaR,, risk measure with a Weibull nominal distribu-

tion, for which the density f; is given by:

fola) = & (%)p{— ('“’7')} <0,

where \, £ > 0. If £ < 1, the Weibull distribution becomes heavy-tailed, and the robust
CVaR,, risk measure defined by the KL-divergence will lead to an infinite evaluation. To

match the exponential tail of fj, we propose the following divergence:
d3(s) = ci(s + 1) exp{(s + D9} + ¢35 + ¢3, s >0, (2.15)

where d > 1, and the normalization constants are ¢; = 1/(ep(2p + 1)), co = 1 — (1 +
p)/(p(2p+1)), cs = —=1/(p(2p+ 1)) with p = k/d.
Lemma 2.13. The function ¢} defined in 18 strictly convex and twice continuously
differentiable on R. Its conjugate ¢y = @5 belongs to ®y. Moreover, ¢} satisfies the finite-
ness conditions and , for the CVaR,, risk measure and the Weibull nominal
model.

In addition, for any continuous probability density g defined on (—o0, 0] that has finite
d-th moment: fi)oo g(x)|z|¢ < oo, we have that 1,,(g, fo) < co. Conversely, for any density
function g such that liminf, , . |x[""tg(x) > 0, where t € (1,d), we have I4,(g, fo) = .

Example 2.14. Consider the entropic risk measure p. . with the Weibull nominal distri-
bution, where k£ > 1. Table shows that the KL-divergence is generally not suitable for
the entropic risk measure. Moreover, as mentioned previously, the polynomial divergence
is too restrictive since its uncertainty set does not include any Weibull distributions with

a heavier tail than the nominal one. Therefore, we propose the following divergence:

|
(290"

where the constants are ¢; = 1/(k*(a® + a)exp(a — 1)), ¢ =1 —exp(a)(ak +1)/c;, c3 =
—exp(a+1)/e¢; with a =1/ (2y\)".

o5(s) = c1(s+e) exp{ logk(s—i-e)} + cos+c3, s> 0, (2.16)
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Lemma 2.15. The function ¢} defined in 15 strictly convex and twice continuously
differentiable on R. Its conjugate ¢o = @5 belongs to ®y. Moreover, ¢ satisfies the
finiteness conditions and , for the entropic risk measure (with parameter v >
0) and the Weibull nominal distribution fo with parameters (A, k). Furthermore, for
any Weibull density function g with parameters (A1) such that 1 < | < k, we have

I¢2(gaf0) < 0.

2.4 Other Types of Robust Risk Measures

In this section, we show that the formulation with two ¢-divergences (¢1, ¢2) provides a
general framework that also encompasses other families of robust risk measures. Similar
to the previous section, we establish the necessary and sufficient conditions for finiteness
and derive the finite-dimensional dual problems of the corresponding robust risk measures.

In this section, we focus on the class of robust shortfall risk measures[’] which can be

characterized as follows:

pep(X) Ssup  sup  sup Eg[-X] - 1,(Q,Q). (2.17)
X>0 (@i, (QP0)<r} {Q:0<Q}

By examining the dual of (2.17]), we can again establish the finiteness conditions for ([2.17))
in terms of the tail behavior of ¢}, ¢5 and fo.

Theorem 2.16. Let X € LY(Py). Let ¢1, ¢y € @ be lower-semicontinuous. Then, we
have that p} p(X) < 0o, if and only if there exist 01,0, € R,n > 0, such that

/R né; (W_ez - 7+ 91) fole)de < 61— nr. (2.18)

Moreover, we have the duality relation:

paplX) = inf {82 | Er, [8"(X,00,0,m)] < 61 — 7}, (2.19)

01,02€R
where (X, 01, 03, m) £ noj (LX),
A similar duality result cannot be obtained if the robust shortfall risk measure is
defined by adding a second ¢, penalization (such as in (2.6))), due to the non-convex
product term AQ in Iy (@,@)ﬁ Nevertheless, as an alternative, we note that one can

5We briefly note that the robust expected utility risk measure can also be formulated in terms of two
¢-divergences (¢1, ¢2). Indeed, as shown in , expected utility can be represented by the divergence
¢1 = —us. The dual reformulation of robust expected utility risk measures has already been derived in
Breuer and Csiszar| [2016], and its implication for divergence choices has been studied in Kruse et al.
[2019, 2021).

®This is also the case for , but the set formulation in allows us to circumvent the non-
convexity by a change of variable.
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instead also define a robust shortfall risk measure by adding the ¢, penalization to the
expectation constraint in , and then apply the reformulation in Breuer and Csiszar
[2016] for the robust expectation. This would lead to the dual formulation in ([2.26)).

The necessary and sufficient conditions for pg p(X) < oo as established in are
not easy to directly verify analytically. Indeed, the integral on the left-hand side of
requires an explicit calculation, whereas in , for example, one only needs to perform
an asymptotic tail analysis. To work around this, we note that the right-hand side of
(2.18)) is independent of 5, whereas the left-hand side is monotonically decreasing as
Ay — oo. This allows us to develop a set of tests presented in the following corollary,
where can be verified without the need for an explicit calculation of the integral in
(2.18)).

Corollary 2.17. Let the assumptions of Theorem be fulfilled, and suppose that

¢t (—00) £ lim,_, o ¢i(s) exists, either finite or equal to —oo. Then, the following holds:

1. If there exist no 0,05 € R, n > 0, such that

/RW; <¢>’{(—92 ; 7) + 91) folz)dz < o0, (2.20)

then p% p(X) = oo.

2. If for all 01,05 € R, n > 0 that satisfy (2.20), we have

ne; (W) > 0, — 1, (2.21)

then p p(X) = oo (if ¢pj(—00) = —o0, we define g (%) 2 limy s oo e (g)}
for anyn > 0,6, € R).

3. If there exist some 01,60, € R, n > 0, such that (2.20) holds, and
(= 0
s (B0 gy, o

then, pg p(X) < oo.

Example 2.18. Consider a shortfall risk measure with a quadratic ¢, (t) = (t—1)%. Then,

2 _
gy = ST 2

—1 s < —2.

We show that the robust shortfall risk measure with the following combinations of diver-

gence ¢, and nominal distribution fy is finite for r < 1:
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(1) Polynomial divergence with p = 3 and Log-normal distribution
(2) KL-divergence and Gaussian distribution (with o <'1)
(3) Modified x2-divergence and Student-t distribution (with v > 4)
: We apply Corollary . First, for any 6,,0, € R, n > 0, as x — —o0,

& (¢T(—92 ; r) + 0,

) folw) = O (|70 exp (~ log? 2]/ (20%)))

which is integrable for any p > 1. Hence, is satisfied for any 61,0, € R, n > 0. It
remains to verify . This can be verified numerically. We find that for #; = 0.1098,
n = 0.01, is satisfied for all » < 1.

[2)} For any 61,0, € R and n > 02/2, we have that for x < 2 — 6, (note that the

remaining part of the integrand below for is integrable z > 2 — 6,):

o (5515 0 o (- ) )

We note that 1/(4n) — 1/(20%) < 0 since n > ¢*/2. Hence, is satisfied for any
01,0, € R and n > 02/2. It remains to verify (2.22). We find numerically that for
0, = 0.2098, n = 0.501, is satisfied for all 0 < 1,7 < 1.

: For any 6,0, € R, n > 0, we have that as © — —o0,

o3 (AL o) = 0 (ol ),

which is only integrable if v > 4. It remains to verify (2.22)). We find numerically that
for #; = 0.1098, n = 0.501, ([2.22)) is satisfied for all r < 1.

As a final remark, we briefly mention distortion risk measures, which are defined by
non-additive integrals associated with a distortion function A : [0,1] — [0,1] (see |Den-
neberg, (1994, Follmer and Schied, 2016, Section 4.6, and [Follmer and Knispel, 2013). If a
robust distortion risk measure is defined by a ¢o-divergence uncertainty set as in (2.5)) (i.e.,
SUD{Q.1,, (Q.F)<r} pn(X), where py, is a distortion risk measure) then a sufficient condition on
its finiteness can be established through that of CVaR,, whenever the distortion function
is concave and has a finite derivative at zero (i.e., A'(0) < 00). Indeed, a distortion risk
measure with a concave distortion function h and finite A’(0) can always be upper bounded
by the CVaR, risk measure, where the level « satisfies 1/(1 — ) > h/(0). This follows
from the fact that CVaR,, is itself a distortion risk measure with h(p) = min{p/(1—«), 1}.



CHAPTER 2. UNCERTAINTY SETS FOR ROBUST RISK MEASURES 107

2.5 Elicitation of Divergences from Robust Risk Mea-

sures

In the previous sections, we have shown that the robust risk measures characterized by
(¢1, ¢2) can be reformulated as finite-dimensional dual problems in terms of the conjugates
(o1, ¢%). In this section, we study the inverse problem of recovering the (¢, ¢%) from the
robust risk measures. In the non-robust case where ambiguity is not present, it is shown
by |Ben-Tal and Ben-Israel [1991], Ben-Tal and Teboulle [2007] that utility functions that
are normalized and strongly risk-averse (i.e., u(0) = 0,u(z) < z,Vz € R) can be elicited
by querying the certainty equivalent values (EU, OCE, and u-Mean) of random variables
X,, which for any € R are defined as

x  with probabilit
X, = P yp (2.23)
0  with probability 1 — p.

More precisely, for any certainty equivalent CE € {EU, OCE, u-Mean}, we have the limit
relation
lim CE(X,) = u(z). (2.24)
0 p
Our goal is to extend the identity to robust risk measures, which we show to be
possible for the robust risk measures {pl, p, pcop; plgp} that are defined through penal-
ization. In the case of robust expected utility pémp, such an extension is already evident
due to its duality relation to OCE (see (2.2))):

Penp(X) = Inf =0 + B[} (67(—X) + 0)],

where the right-hand side is equal to —OCE, p(u(X)), for u(z) £ —¢i(—x) and v(z) =
—¢3(—x). Since identity (2.24) holds for the OCE, it follows that if ¢5(z) < z, Va €
R\ {0}, then we have that

li pfsu,]P(Xp)
m —-—-

i 822 (7). (225)

In Proposition [2.19] we state that the same relation can also be derived for the
robust OCE risk measure p.,p and the robust shortfall risk measure pém through their
dual formulation. Recall that the dual of p! . p is given in (2.7). The robust risk measure
plsfy]p, which is defined by replacing the expected utility constraint in ([2.3]) with its robust

counterpart, has the following dual formulation:

péf,P(X) :eliegfeR {02 | Eple5(01 — u(X + 02))] < 01} . (2.26)
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Proposition 2.19. Let ¢1, ¢y € ®¢ be lower-semicontinuous, twice continuously differen-
tiable, and dom(¢;) = dom(p3) = R. Assume furthermore that ¢i(s) > s, ¢3(s) > s for
all s # 0. Then, for X, defined in (2.23)) with any v € R, we have

l l
lim poce,P(Xp) _ gb;(gb}‘(—@), lim psf,IP(Xp)

pl0 P = ¢5(¢1(—2)). (2.27)

Therefore, Proposition suggests a method for measuring the divergences ¢7, ¢3, by
conducting the following experiment. One can first measure ¢, by retrieving the certainty
equivalent for a sequence of X, where p is known and tends to zero. In this case, the
decision maker is not ambiguous and gives a measurement of u(z) = —¢j(—x). In
a second experiment, we determine the robust certainty equivalent for X, where p is now
hidden from the decision maker. This will yield ¢5(¢;(—x)). Of course, this only allows
us to recover the values of ¢; on the image set of ¢;. On the other hand, the values of ¢}
outside this image set do not contribute to the values of the robust risk measure and can
thus be taken arbitrarily.

Finally, we note that besides the elicitation of divergences, the formulation of the
robust OCE and robust shortfall risk measures in terms of (47, ¢3) also allows us to
characterize risk aversion by simple convexity conditions imposed on ¢7, ¢3. We refer the

readers to Section [2.D] for more details.

2.6 Computing the Robust OCE Risk Measures

In this section, we discuss the computation of a general robust OCE risk measure using the
sample average approximation (SAA). Theorem states that robust OCE risk measures
can be reformulated into the finite-dimensional dual problems and (2.8), which
are stochastic programming problems. The SAA method approximates these stochastic

optimization problems by replacing Py with the empirical distribution constructed from

samples X7, ..., Xy generated from IPy. This leads to the following optimization problems:
| N
9%22}1@ —01 — 02+ N ; 05 (91(02 — Xi) + 61) (2.28)
and
~ 1§y (9102 = X0) + 0,
HII%ER—& —(92+)\7“+N;)\¢2 ( ) ) : (2.29)

The formulations in (2.28) and (2.29)) are convex optimization problems with only two or

three variables. Therefore, they can be efficiently solved using the ellipsoid method (see,

e.g., Bland et al.[1981). This is particularly useful if ¢} is only subdifferentiable, such
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as for the CVaR, risk measure where ¢j(z) = max{z/«,0}. If both ¢} and ¢} are conic
representable, then (2.28) and (2.29)) can also be solved using conic optimization software.
Otherwise, one can consider using solvers such as CVXOPT and IPOPT. In practice, we

observed that the ellipsoid method and conic solvers are the most promising ones for the

problems ([2.28)) and | -

The consistency of the SAA method, both in the objective value and the associated
solutions, has been established in Theorem 5.4 of [Shapiro et al.| [2009], which requires the
assumption that the optimal solutions of the true stochastic problems ([2.7]) and (| . are
contained in a compact set, for any nominal distribution P. The followmg proposition
states that this is indeed the case.

Proposition 2.20. Let X € L'(Py) and ¢y, po € §g be lower semi-continuous. Suppose
that condition (2.10) holds. Then, the decision variables 01,05 in the dual problems (12.7))

and (2.8) can be restricted to a compact set, without changing the optimum.

Together with Proposition and Theorem 5.4 of Shapiro et al. [2009], we can now
state the consistency of the SAA method for robust OCE risk measures.

Theorem 2.21. Let X € L'(Py) and ¢%, ¢35 be proper, non-decreasing convex functions
that satisfy the following conditions:

1. dom (@) = dom(g3) =
2. ¢5(s) > s, ¢i(s) > s, for all s £ 0 and ¢7(0) = ¢5(0) =

Assume furthermore that there exists a (69,05, \g) such that for all (01,0, \) in a neigh-
borhood of (69,69, \o), we have

Eg, {m;(%( : HQI)} <

Then, as the sample size N — oo, the SAA approrimations ) and - converge

both in the optimal objective value and in the optimal solutions to those of the true problems

(2.7) and (2.8)), with probability 1.

Although the SAA method converges theoretically, it might be very slow in practice
due to a lack of data in the tails of the nominal distribution Py of X. As noted by [Smith

and Winkler| [2006], empirical risk minimization often underestimates the true risk. If

we have a closed-form expression of the nominal density function fy, then importance
sampling can also be employed to improve the performance of SAA through a change of
measure. For example, let g be the density function of a measure Py such that Py < Py,

and let Y3,..., Yy be i.i.d. samples of Py. Then, through a multiplication of a likelihood
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factor, we can also express the SAA of (2.29)) as

N
. 1 L0502 =Y+ 01\ f(YD)

91%118]1@ —01 = O+ Ar+ 21 Ap; ( 3 oV (2.30)

1,02€ =

Note that the likelihood factor f(Y;)/g(Y;) does not depend on the decision variables, and
thus does not affect the tractability of (2.30)).

2.6.1 Addressing Sampling Errors and Model Misspecification
Using Globalized Robust Optimization

Another way to address the underestimation of the true value of the robust OCE risk
measure by SAA is to add an extra uncertainty set to the nominal probability from which
the SAA of the robust OCE risk measure is sampled, using a third divergence ¢3. This is

formulated as the following globalized robust OCE risk measure:

Pocepo(X) = sup sup  sup  Bg[-X] -1, (Q.Q) — [5,(Q.P).  (231)
{P:Ips (P,Po)<r} {Q:Q<P} {Q:Q<xQ}

We call the globalized robust OCE risk measure since it utilizes the idea of glob-

alized robust optimization introduced by [Ben-Tal et al| [2017]. We note that

provides an upper bound on , due to the extra uncertainty set that is added to ad-

dress the sampling error induced by the SAA approximation for computing a robust risk

measure. In the following theorem, we show that can also be reformulated as a

finite-dimensional dual optimization problem.

Theorem 2.22. Let X € L'(Py) and ¢1, g2, ¢3 € @y be lower-semicontinuous. Then, we
have the following duality:

Pocepe(X) = nf =01 =05 — Oy + Ar + Bz, [y"(X, 01, 02,03, A)] (2.32)

01,02,03€R

where v* (X, 01, 0,03, \) = \¢3; (¢§(¢*{(63—§()+62)+91>'

We note that the globalized robust OCE risk measure also offers a new alternative
for constructing uncertainty sets to address tail misspecification. Indeed, the duality
relation leads to the following integral condition that guarantees the finiteness of
the globalized robust OCE risk measure under the nominal Py, namely that there must
exist 01,605,603 € R and A > 0 such that

/R)\gb; (¢§(¢’{(93 —x)+062) +6

3 ) fo(z)dz < oo. (2.33)
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The presence of an extra divergence ¢ in condition , compared to the non-globalized
case (2.9), offers certain flexibility advantages. Instead of defining a single, more compli-
cated divergence to tailor the tails of the conjugate functions and the nominal density,
we can also use a composition of two elementary divergences ¢3 o ¢3. For example, a
composition of the KL-divergence ¢5(z) = O(e”) and the polynomial divergence with
¢5(x) = O(xP) for some p > 1, would result in a tail behavior ¢5(¢5(—z)) = O(exp(|z|P))
as r — —oo, which can be a suitable divergence for CVaR,, risk measures and a Weibull
nominal distribution with shape parameter £ > 1. The advantage of using a combination
of a KL-divergence ¢3 and a polynomial divergence ¢, is that both divergences have an

explicit form of ¢ and conic representable ¢* functions.

2.7 Numerical Illustrations

In this section, we present three numerical experiments in which we utilize the results es-
tablished in Section[2.3]to construct uncertainty sets for robust CVaR, risk measures. The
Python codes for each experiment are provided at https://github.com/GuanJinNL/Uncertainty-
Sets-for-Robust-Risk-Measures.git.

2.7.1 Toy Examples

We first investigate a toy example where a payoff variable X follows a distribution sup-
ported on [—oo, —1) with density g(x) = 2/|z|® for z < —1 (i.e., —X is a Pareto random
variable with scale 1 and shape 2). We aim to measure its CVaR o75 at level 0.975, align-
ing with the Basel I1I regulation. The true CVaRg g75(X) value under g is equal to 12.649
(see Norton et al.|[2021]). Since the true distribution g(x) is often unknown, we compute
the robust CVaRg 975, which we define as in by means of a ¢-divergence uncertainty
set with a radius r > 0. We let the nominal distribution be fy(z) = 2.2/|z|*? for x < —1,
which is slightly different from g(z) and thus there is model misspecification. We inves-
tigate two polynomial divergences with p = 3 and p = 11, and their ability to address
this model misspecification. We note that according to Table 2.1, both divergences will
ensure a finite robust CVaR g75 evaluation. However, the polynomial divergence set with
p = 3 contains g(z) for r sufficiently large, whereas for p = 11 it does not contain g(z) for
any r > OE] Therefore, we expect the robust CVaRg g7 risk measure with p = 11 tends
to underestimate the true CVaRg g7s.

For each radius r considered, we generate 10 times 500 samples from the nominal
distribution fy and calculate the SAA of the robust CVaR 975 value for the two polynomial
divergences with p = 3 and p = 11. The SAA of the robust CVaRg 975 with polynomial

"Indeed, g(x)/fo(x) = O(|[*2). For ¢o(t) = O(t"), [." é2 (9(x)/fo(x)) fo(w)dw < oo if and only if
p < 11.
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divergence is given by the conic optimization problem (2.29), where ¢5(s) = max{s/(1 —
a),0} and ¢5(s) = max {1+ s(p — 1), O}P%l /p — 1/p. The results are displayed in Table
2.7 As we can observe, the polynomial divergence uncertainty set with p = 3 is able
to account for model misspecification when r» > 0.02, where the robust CVaR 75 value
provides an upper estimate on the true CVaRgg75. On the other hand, the polynomial
divergence with p = 11 is too restrictive and still underestimates the true risk. This
illustrates that a suitable uncertainty set needs to be sufficiently large to protect against

model misspecification, yet still plausible.

Divergence Radius () Robust CVaRgo7; (p =3) Robust CVaRggr5 (p = 11)

0.001 9.445 9.043
0.005 10.589 9.448
0.01 11.320 9.652
0.02 12.212 9.874
0.05 13.278 10.180
0.1 14.190 10.417

Table 2.4: SAA of Robust CVaR g75 risk measure with polynomial divergences of degrees
p =3 and p = 11, calculated for 500 samples drawn from the nominal fy, for each radius
r. The SAA values are taken as the median value over 10 repetitions, for each r.

In a second experiment, we investigate the effect on the SAA of the robust CVaRg.g75
risk measure when we choose a ¢o-divergence that does not ensure a finite evaluation.
According to Table [2.1 we have an infinite evaluation under f; when we use the KL-
divergence. Therefore, we calculate the SAA for both the polynomial divergence
with p = 3 and the KL-divergence across different sample sizes generated from fj, where
we fix r = 0.05. The results are shown in Table[2.5] As we can see, the SAA of the robust
CVaRyg 975 risk measure induced by the KL-divergence provides a much more conserva-
tive upper estimation of the true CVaRgg75(X) than the one induced by the polynomial
divergence. To make this difference even more visible, we use importance sampling to
draw more data from the tail by sampling under the Pareto distribution g(z) = 1/z2.
The results are given in Table Since we are sampling from the tails, it is expected
that the values in Table are larger than the ones in Table 2.5l However, in contrast
to the polynomial divergence, the SAA of the robust CVaR g75 risk measure induced by
the KL-divergence now provides overly and “implausibly” conservative upper bounds on
the exact CVaRgg75(X) value. Moreover, it is sensitive to extreme values, as is displayed
by the drastic increase in SAA values when the sample size changes from 2500 to 3000.
This is because the robust CVaR g75(X) risk measure under the KL-divergence is, in fact,

infinite.
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Sample Size Robust CVaRgg75 Polynomial Robust CVaRg g75 KL

500 11.388 14.765
1000 11.452 14.650
1500 12.748 18.349
2000 13.298 18.775
2500 13.250 19.264
3000 17.439 44.461
3500 17.202 43.343
4000 16.713 42.267
4500 16.611 41.507
5000 16.161 40.680
5500 16.306 40.219
6000 15.967 39.580

Table 2.5: SAA for the robust CVaRg 975 risk measure with divergence radius » = 0.05,
computed for a range of sample sizes drawn from the nominal distribution fy(z) =
2.2/|z|*%, x < —1. Results are displayed for ¢y in chosen to be the polynomial
divergence with p = 3 and the KL-divergence.

Sample Size Robust CVaRgg75 Polynomial Robust CVaRg 975 KL

500 21.870 122.423
1000 21.471 116.577
1500 21.911 175.000
2000 22.271 178.624
2500 21.377 186.414
3000 21.548 1400.889
3500 21.693 1384.170
4000 21.649 1369.866
4500 21.666 1356.501
5000 21.669 1346.487
5500 21.703 1336.832
6000 21.796 1328.153

Table 2.6: SAA for the Robust CVaRgg75 risk measure with divergence radius » = 0.05,
computed for samples drawn using importance sampling under the sampling distribution
g(r) = 1/2%, * < —1. Results are displayed for ¢, in being the polynomial
divergence with p = 3 and the KL-divergence.

2.7.2 Discrete Delta Hedging in the Black-Scholes Model

We consider a discrete delta hedging strategy for a call option under the Black-Scholes
framework. In this model, the stock price S follows a geometric Brownian motion with

drift pug and volatility og > 0, i.e.:

dSt/St = IlLSdt —|— O'Sth,
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with W; a standard Brownian motion. The call option with strike price K and a maturity
time T has a final payoff given by C(Sr) £ max{Sr — K, 0}.

The discrete delta hedging strategy is implemented by constructing a self-financing
portfolio that aims to optimally replicate the payoff of the call option. At each time step
t; =1T/n (for some n € Nand i € {1,...,n}), the value of the portfolio is the sum of the
stock value, Stock(7), and the cash value, Cash(i), that grows with an interest rate r;.
The portfolio is self-financing, which means that any rebalancing of the amount invested
in one asset is only achieved by buying or selling the other asset. Let dg;, denote the
number of shares of the stock held at time [¢;_;,t;), which we calculate using the Black-
Scholes option pricing formula as in the continuous-time setting. The dynamics of the

stock value and the cash value are determined by the following recursive relation:

StOCk(tl) = Sti : 6S,ti
Cash(t;) = exp (%) Cash(t;—1) — S, - (05t — 058, ) (2.34)
- kO - k : |5S7ti - 5S,ti_1| : Stia

where we have added a transaction cost, ko + k - |05+, — dsy, .| - St, with ko, k > 0, which
consists of a fixed amount ky and a cost that is proportional to the volume of the trade
executed. The initial values of Stock(0), Cash(0) are determined by the price of the call
option at time zero according to the Black-Scholes option pricing formula. The hedging
error, which we aim to measure, is defined as the absolute difference between the call

option payoff and the payoff of this hedging strategy, evaluated at the maturity date 7"
Xerror 2 |C(St) — Stock(T') — Cash(T)| .

In the absence of transaction costs and with rebalancing occurring over infinitesimally
small time intervals (i.e., in continuous time), the hedging error equals zero. In this
experiment, we will measure the risk associated with the hedging error Xe.o, both in
the nominal (when the divergence radius » = 0) and the robust setting (when r > 0).
Measurements of model risk of hedging error have been previously studied by [Kruse et al.
[2019] and Glasserman and Xu|[2014]. In contrast to these studies, where they examined
the expected hedging error, we measure the nominal and robust Conditional Value-at-Risk
of Xemror at level o = 0.95.

To choose a proper ¢o-divergence for measuring ambiguity, we first note that 0 <
ds,, < 1 by the Black-Scholes formula. Hence, according to the dynamics given in ([2-34),
one can show that there exists a constant C' > 0, such that X, satisfies :

|Xerror| S C (1 + ZS%> .
=1
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Figure 2.1: Absolute hedging error measured by the nominal and robust Conditional
Value-at-Risk at confidence level o = 0.95, as a function of the hedging frequency.
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Therefore, we can choose the divergence according to the nominal distribution of the risk
factor Sy, which, for each i, follows a log-normal distribution with o; = iog/y/n. Hence,
we can set the volatility parameter of the divergence in to be ¢ = max; 0; = 0g.
Furthermore, we choose d = 2, so that our ¢o-divergence set may contain distributions
with tails as heavy as |z]| 2.

As a comparison, we choose the same parameters as in Kruse et al| [2019], where
ps = 0.05, 09 = 0.3, rp = 0.01, T"=1, S =1, K =1, ky = 0.0002 and k = 0.005.
We vary the hedging frequency n and simulate for each frequency 50000 hedging error
data points. Then, we calculate the SAA approximation of the CVaRgg5 value of the
hedging error, as well as that of the robust CVaRg g5 value, with the radius in set
to be r = 0.1. The results are given in Figure 2.1 As we can see, both the nominal and
the robust tail risk of the hedging error display a U-shape as a function of the hedging
frequency, suggesting a tradeoff between transaction cost and hedging error. We see that
the optimal hedging frequency in the nominal case is around 100, slightly larger than the
case investigated in Kruse et al|[2019], where the expected hedging error was measured.
In the robust case, the optimal frequency is increased to around 200, which is twice as
large as in the nominal case. Moreover, the difference between the robust risk value and
the nominal risk value is much larger at low hedging frequencies, and starts decreasing
at higher frequencies until reaching near stability for frequencies higher than 400. This
shows that for high hedging frequencies, the hedging portfolio is more robust against

model uncertainty.
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2.7.3 Risk-Averse Newsvendor Optimization

In the newsvendor problem, a stock owner must decide a priori about the amount of
products that need to be ordered, before the demand is realized. Let d be a realized
demand value of the uncertain demand variable D. Furthermore, we let ¢ be the ordering
cost per unit, v > ¢ be the selling price per unit, s < ¢ be the salvage value per unsold
item returned to the factory, and [ be the loss per unit of unmet demand. If the stock
owner decides to order y number of items of the product, then the profit function is given
by:

7(y,d) £ vmin{d,y} + smax{y — d,0} — Imax{d —y,0} — cy.

In the classical newsvendor problem, one minimizes the expected loss, E[—7(y, D)],
with respect to the choice variable y. In a risk-averse setting, the expectation operator
is replaced, and a risk measure such as Conditional Value-at-Risk, CVaR, (7 (y, D)), is
minimized, where a controls the degree of risk aversion of the decision maker. In the
absence of ambiguity, the risk-averse newsvendor CVaR minimization problem admits a

closed-form solution (see (Gotoh and Takano|2007), which is given by:

E+V _,(U0l-a)\ U-V __ (BEa+U
o F Tl et
Yoom = g (E+U TErU E+U )’

(2.35)

where F~! is the quantile function of the random demand variable, and E £ ¢ — s, U £
v+l—c, VEv—c

We investigate the effect of model uncertainty on the optimal number of items ordered,
by solving the following robust CVaRg ¢5(7(y, D)) newsvendor minimization problem using

the ellipsoid method, for N = 50,000:

N
: 1 o (01(02 — (y, Dy)) + 61
r){lzlgl — 01 — 0y + A\r + N Z Yo < 3 ) (2.36)
y,91,02€R =1
where Dy, ..., Dsyooo are demand samples drawn from either the heavy-tailed log-normal
distribution with parameters up = 0 and op = 1, or the Weibull distribution with
shape parameter k& = 1/2 and scale parameter A = 1. Moreover, we have ¢j(s) =

max{s/(1 — «),0}, with a = 0.95.

We solve for a range of radii » > 0, where a larger r represents a higher
degree of model uncertainty. To choose a proper ¢,-divergence, we note that 7(y, D) is
a piecewise-linear concave function in D, and thus |7 (y, D)| also satisfies for some

constant C' > 0] Hence, we may choose the ¢y-divergence according to the nominal

8Specifically, for C = max{l, |v — s|} - max {1, MM}

max{l,|Jv—s|}
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distribution of the demand D. If the nominal distribution is log-normal, then we choose
with 0 = op = 1, p = 2 and d = 2 similarly as in the Black-Scholes example
of the previous subsection. If the nominal distribution is Weibull, then we choose the
divergence with the shape parameter & and d = 2. For the remaining parameters,
we choose v = 8, ¢ =4, s = 2 and [ = 4. Then, one can calculate using that
the optimal decision without model uncertainty under the log-normal and the Weibull
nominal distributions are given by v’ = = 4.2 and y.,, = 8.5. The robust results are
displayed in Table 2.7 which show that a higher degree of model uncertainty increases
the optimal number of items ordered. This is because for each unit of unmet demand,
the stock owner pays a price of [(y — d). When the demand is heavy-tailed, a large
loss in profit can occur when extremely large demand values are realized. Therefore, the
optimal number of items ordered in the robust newsvendor problem is larger than
the nominal solution , since it must hedge against the potential large loss due to

unmet demand.
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Nominal Distribution: Log-normal(yp =0, op =1)

Divergence radius »  Optimal Number of Items Ordered (y)

0.001 4.514
0.005 5.093
0.01 5.488
0.02 6.168
0.05 7.5957
0.1 8.894
0.2 11.506
0.4 16.244
0.5 19.115

Nominal Distribution: Weibull (k =1/2, A =1)

Divergence radius »  Optimal Number of Items Ordered (y)

0.001 9.796
0.005 11.157
0.01 12.094
0.02 13.262
0.05 15.350
0.1 17.590
0.2 20.943
0.4 25.776
0.5 26.949

Table 2.7: The effect of model uncertainty on the optimal number of items ordered in
the robust newsvendor optimization problem . The larger the parameter » > 0, the
higher the degree of model uncertainty. The demand samples Dy, ..., Dsygoo are drawn
from either the heavy-tailed log-normal(up = 0,0p = 1) distribution, or the Weibull
distribution (k = 1/2, A = 1). The divergence ¢; is Jj1/(1-a) With a = 0.95. The
divergence ¢o is given by with ¢ = op = 1, p = 2 and d = 2, when the nominal
distribution is log-normal. When the nominal distribution is Weibull, the divergence ¢,
is given by with d = 2. The remaining parameters of the newsvendor problem are
given by v =8, c=4, s=2and [ =4.
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2.8 Concluding Remarks

In this paper, we have proposed a unifying framework to construct suitable uncertainty
sets for robust risk measures. It parametrizes a broad class of robust risk measures in
terms of two ¢-divergences, (¢1, ¢2), where ¢; specifies the risk measure and ¢o specifies
the ambiguity set. We have shown that this framework is not only computationally
tractable, but also offers a blueprint to systematically construct ¢-divergence uncertainty
sets that are tailored to a given risk measure and nominal model. In addition, this
framework extends naturally to include higher levels of uncertainty using globalized robust
optimization. For many robust risk measures, we can also elicit the divergence functions

(¢1, ¢2), which serves as an extra tool for calibrating the uncertainty set.

Appendix

2.A Proofs

Proof of Theorem [2.1] Due to the absolute continuity relations Q < Q < Py, there
exist probability density functions g¢,g with respect to the measure Py, such that the

optimization problem:

Sup E@[_X] - I¢>1 (©7 Q) - I¢2 (Q?PO);
{Q:Q<Po}
{Q:QxQ}

can be formulated as an optimization problem over density functions:

~ / B(w, g(w), §(w))dPo(w),

9,920, Q
fg ngP’o:l,fQ ngP():l

where
Blw,s,t) & X(w)t + sé1 (é) +d2(s),  st>0.

Note that B(w,s,t) = +oo for s < 0 or t < 0 since both ¢; and ¢, take the value +oo
on the negative real line. By assumption, ¢; and ¢, are convex lower-semicontinuous
functions that have an effective domain with non-empty interior. Therefore, (w, s,t) is
a normal convex integrand (in the sense of Lemma 2 of |Rockafellar||1968 and Proposition
14.39 of |Rockafellar and Wets 2004) Furthermore, there exists a feasible point, namely
the constant function (g, g) )t Jo Blw, 1,1)dPy(w) = Ep, [X] + ¢1(1) 4+ ¢2(1) < 0.
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Therefore, applying Theorem yields

inf /B(w,g(w),g(w))dpo(w): sup 91+92—/Q,8*(w,0)dIP’0(w),

9,5>0, Q 61,02€R
fQ gdPOZI,fQ gdPp=1

where

B*(w, ) = sup 015 + Oyt — X (w)t — s¢y (E> — ¢9 (8)

5,t>0 S

= sup s — ¢ (s) +sup(fy — X(w))t — s (é)

$>0 >0

= supbhs — ¢ (s) + s¢1(62 — X(w))

s>0

= @501 + ¢1 (62 — X(w))).

Finally, to obtain the worst-case density, we have that Ep, [¢5(¢7(02 — X) +61)] < o0
for some (6, 6s). Hence, the dual problem is finite and there exists a dual solution
(63, 63) by Theorem[2.B.2] If furthermore (65, 63) € int(F(8)), then Ep, [¢3(4}(62 — X) + 61)]
is differentiable at (7, 63) by Theorem[2.B.4] Therefore, the partial derivatives (g*(w), g*(w))
2 (0p,5*(w, 0), 0,8 (w, 8)) evaluated at 8*, for each w € €, satisfy the first-order condi-
tion of the dual problem (2.7):

/Qg*(w)d]P’O(w) =1, /Qg*(w)dIP’o(w) -1

Hence, it follows from Theorem that the worst-case densities are given by the partial
derivatives.

Similarly, the optimization problem

sup sup Eg[-X] -1, (Q,Q)
{Q:14,(Q,Po)<r} {Q:0«Q}

can be rewritten as the following optimization problem over density functions with respect

to the measure Py:

i a _(w) A
Tk X(@)gw) + gw)or (L2 ) dPo(w) £~y (237)
fQ gdPoigig’gdPozl /Q (g(w) )

Jo #2(9(w))dPo(w)<r

Assume without loss of generality that Jy > —oo. Then, we also have that Jy < oo, since
(9,9) = (1,1) is a feasible solution. Hence, Theorem implies that

Jo = sup —\r + inf / X(w)g(w) + g(w)dr (9(W>) + A2 (g(w))dPy(w).
Jq 9dPo=1, [, gdPo=1
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We first examine the case when A = 0, for which the above would become

Jo = . gdpoi%lgg7gdP0:1/§2X(w)§(w) + g(w)ds <%> dPy(w)

= essinf(X).

On the other hand, since 0¢3(s/0) = 0 for s < 0 and +oo otherwise, we have

sup Oy + 6y — Ep, {Ogb; (¢’{(92—X)+91>]

61,62€R 0

= sup {0 + 0 | esssup¢j(f2 — X)+ 6, <0}
61,02€R

= sup Oy — @7 (0 — essinf(X))
0>€R

= essinf(X).

Hence, the duality formula holds in the case of A = 0. Assume now A > 0. Define
Ba(w, s,t) £ X (W)t + s¢r (L) + Ad2 (s). Note that Sy is only finite when s,¢ > 0. Then,
applying Theorem yields

Jo= sup —Ar+6;+6, — / Bx(w, 01, 02)dPy(w).
0, 02eR ?

It remains to compute £5(w, 01, 602), which is equal to f5(w, 01, 602) = A\ <w>.
Now for the worst-case densities, we note that the domain set F(6, \) is assumed to be
non-empty, thus a dual solution (07, 05, \*) exists by Theorem [2.B.2| If the dual solution

also lies in the interior of F(8,\), then we have differentiability by Theorem [2.B.4} and
thus the dual solution must satisfy the gradient conditions

[ty (=X g

L
/Q(@)' (91‘ + eb’{(@f*— X(w))) (620 — X(w))dPo(e) = 1
[ O X g (R XN g (B0 XD g

where the third condition is equivalent to [, ¢» <(gb§)’ (M)) dPy(w) = r, due
to the relation ¢y = ¢3*. Therefore, the partial derivatives (¢*(w), §*(w)) = (95, 5% (w, 8),
Oy, 5 (w, )) evaluated at (0%, \*) are indeed feasible density functions of the primal prob-

lem (237).
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Finally, the partial derivatives are indeed also the worst-case densities, since
Jo= N7 05 465 = [ 55.0,07,63)Ro()
Q

S w)g*(w *(w 9'(w) * *(w w
oyt [ X @)+ g @i (D) X ol ) dra(e)

- / X(@)7" (@) + g" (@)1 (%) dPo(w).

where (x) follows from the worst-case densities of ([2.6]). O

Proof of Corollary[2.2 Recall that from Theorem 2.1 we have

sup  Eg[—X] = I, (Q.Q) — 15, (Q.Po) = inf —01 — 0> + Eg, [¢5(6](02 — X) +01)].
{Q:Q«Po} 01,02€R

(2.38)

Hence, if Ep, [¢5(¢;5(f2 — X) + 61)] = oo holds for all 6,05, then the infimum on the
right-hand side of (2.38)) is indeed always oo. If Ep, [¢5(45 (02 — X) + 01)] < oo for some
01,05 € R, then this infimum is bounded away from —oo. Similarly, (2.9)) follows from

23). =

Proof of Proposition [2.8 By the assumptions on v, we have that ¢*(s) as defined in
is an increasing, continuous convex function on R with ¢*(0) = 0 and (¢*)'(0) = 1.
By definition, we have that ¢(t) £ sup,.g st — ¢*(s). Therefore, ¢ is convex. We also
have that ¢(t) = +oo for t <0, since ¢*(s) < 0 for s < 0 and thus ¢(t) > sup,., st = o0,
if ¢ < 0. Moreover, ¢ is non-negative on [0, 00) with ¢(1) = 0. Indeed, ¢*(0) = 0 ensures
that ¢(t) > 0-t — ¢*(0) = 0, and (¢*)'(0) = 1 implies that ¢(1) = 0 (Theorem 23.5,
Rockafellar|[1970)). Therefore, ¢ € &y and is thus a ¢-divergence function.

If 4 is strictly convex and differentiable, then ¢* is, by construction, strictly convex
and differentiable on R. Theorem 26.3 of [Rockafellar| [1970] implies that its conjugate
¢ = (¢*)* is essentially smooth. Therefore, ¢ is differentiable on the interior of its effective
domain, denoted as dom(¢). By Corollary 23.5.1 and Theorem 23.4 of Rockafellar| [1970],
we have that dom(¢) contains the image of the derivative (¢*)’, which is the set (0, 00),
since by assumption ¢ is continuous and strictly increasing with limg ., 1'(s) = oo, and
that (¢*)'(s) = exp(s), for s < 0. Furthermore, ¢(0) = 1 < oo, since ¢(t) = tlogt —t + 1
on t < 1. Hence, dom(¢) = [0,00). Moreover, Corollary 23.5.1 of Rockafellar| [1970]
implies that ¢ = ((¢*)")". O

The proof of Proposition [2.9| relies on the following Lemma.

Lemma 2.A.1. Let f,g be two strictly increasing functions. If for some yo € R that
= (y) < g7 (y) for ally = yo, then f(x) > g(), for all x> f~"(yo)-
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Proof of Lemma [2.A.1 We prove by contradiction. Suppose there is a zo > f~!(yo)
such that f(xzg) < g(zo). Then, f(xy) > yo. Since f,g are increasing, we have that

f=1, g7! are also increasing. Therefore,

zo = f 1 (f(z0)) < g7 (flx0)) < 9~ (9(x0)) = 0,

which is a contradiction. O

Proof of Proposition [2.9, Since ¢, is strictly increasing and non-negative for ¢t > 1,
we have that for t > 1,

w=[@@®swwM®smw.

Since (¥]) " (y) < (¢4) " H(y) for all y > yo, Lemma implies that for all ¢ > ¢, where
to £ max{(¢})" (o), 1}, we have that 1| (t) > ¢5(t) > 0. Therefore, we have

[ (i) e
Lo () e [ o (55) ot

v gte) o
s/x:fo( 0, (f(( )))fo( )dx—f—/x:fgéaﬂg(x)gbg (%) a.

Since ¢, is bounded on [0, 1], we only need to bound the second integral. By the limit
assumption , there exists a ug, such that for all x € R with |z| > ug, we have
Wl <f0($ > M|z|?, for some constant M > 0. We have that fy(z) — 0 as |a:| — 00.
Hence, there exists a xg > ug such that for all z € R with |z| > z(, we have that 7 ( 3 > to.
We then split the following integral by xg:

[ e (40 a

“fo(x)

g(x)
g(x)d! ( ) dz +
'g<zz))>1ﬂ{:r;:\x|§xo} ( ) ? fo(l‘) z: 22)

T F0( fo(@)

>1n{a:|z| >0} 9(w)dh (?O(é)) ) dx.

The first term is bounded by the assumption that is bounded on any compact interval,
and that ¢, is bounded on any compact interval as Well, due to its continuity. Therefore,

we only need to examine the second term. Due to the non-negativity and monotonicity
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of ¢y, 1} on [1,00), we have,

L: 9) 1 {z:|z| >0} 9(@)%, (JZJ((Z))) o= /:c:|12z0 9(@)% (Jgo((xx))) &
1

fo(z)

Conversely, if there exists a divergence ¢, such that (¢3) (y) < (¢5)"(y) for all y > 0,
then we have that ¢4(t) > ¥4(t) for all £ > 1. Since ¢o(1) = 1)2(1) = 0, this also means
that

o= [ Gy (s)ds > / uh(s)ds = d(t), V> 1

Therefore, we have

Lo (hy) o= [

fo(=)

o, V2 (?0(2)) fo(w)da.

fo(=)

Since 1), is bounded on [0, 1], we have that I,,(g, f) = oo if and only if

/x; o) -, P2 (;]0((:;))) fo(z)dr = oo,

fo(=)

which implies that 1,,(g, f) = oo. O

Proof of Lemma [2.11]. Following the construction in (2.12)), we choose ¥(s) = (s +
e) exp(alogf(s + €)), where a = 1/(p (0d)?). Clearly, 1(s) is increasing and twice contin-
uously differentiable on s > 0. Moreover, it is strictly convex, since its second derivative
is given by

aplog? ?(s 4 e) exp(alog?(s + ¢))(aplog’ (s + €) + p + log(s +¢e) — 1)

¥i(s) = s+e ’

which is strictly positive for all s > 0. Hence, ¢; as defined in satisfies all properties
given in Proposition 2.8

We now show that the conjugate function ¢} satisfies the condition , which also
implies (2.9). For any 6; > 0,60, € R, we have that ¢}(f> — 2) = max{(f, — z)/a,0}.

Since fo(z) has support (—oo,0], we have that (0 — z)/a > 0, if x < x for some .
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Therefore, for all z < xy, we have

63 61160~ )+ 00) folo) = 63 (102~ 0)+01) o oxp { = Ltog(la) — |

We analyze the asymptotic behavior of the above function. We have that

1 1 1
* - _ - o _ P
0 (a<92 ) + 91) Colz) exp{ poP (log || — ) }

¢ (202 + |z]) + 61 + ) 1 1 1
= = . log? | — — — (1 — )P
Cola] P o o8 o (Ot lal) +01 e ) =S (log fr] — p)

Co (l(92+|x|)+91) +03 1
(6] . o 1 _ p
+ ( Cola exp po_p( og lz| — p)

~0(1)-exp

1 1 1
p (2 . )P
p(od) log (a(92 + [af) + 601 + €> pa,,(log |z — w) ) +

01)-exp (==L (lo(el) ~ ).

We only need to examine that,

1 1 1
P - _ p
exp (p(ad)f’ log (a(ﬁg + |z]) + 61 + e) pap(log |z| — 1) )

1 p 1 w b og? |x o(1))?
S (p( o Lo (m (a+ o )) — log? (1 + <1>>)
)

1 P o 1 og” |z o(1))?
= exp (p(a log? |z| (1 + o(1)) papl g’ z|(1 + (1)))

~ exp (—]% log” |2] (%(1 Fo(1)? — (14 0(1))p)> |

I
@

p

Therefore, the above expression has the same asymptotic as exp (—% log” |z (dip — 1))
po
Since d > 1,p > 2 =1/d? — 1 < 0, we have that (2.10) is satisfied.
Finally, to show that the divergence ball of ¢ contains distributions that have finite

d-th moment. First, we examine the derivative of ¢3, which is also equal to (¢})™!:

o] exp{mlogp(s—l—e)} (@logp_l(s—i—e) + 1) +c >0

exp(s) s <0.

(05)'(s) =

We define a function

clexp{mlogp(sjte)} (@%— 1) +cy s>0

exp(s) s <0.

() (s) =
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We note that (¢3)'(s) > (¥4)7!(s), for all s € R. Moreover, v} is given by

1
}—e t>1

log(t) 0<t<1.

-
o<
S~—
I
@D
]
go]
—N—
RS
]
Q
&
S
=}
0
7 N
e}
’q\ ~+
al—| |
=18
£
~
S~
5

By Proposition , we only have to show that the limit (2.13) holds. We have that,

4 (77m;) =t (Ot {gstomte -} 1
e { <p(0d)p o (m exp {]ﬁuog 2] - u)p} .0(1)>> }
— exp { (pwd)” ' (zﬁﬂog [l = )"+ log o] + 0(1)» ;}

— exp ((d” (log || — p)" - O(1))7 )
= O(Ja%).

Hence, 1} satisfies the limit (2.13))

Similarly, we can also construct a function that bounds (¢3)" from above. For any

~v > d, we define

B2 (s) = max {exp {p(ylg)p (logP(s +e) — 1)} : (¢§)’(s)} s> 0
exp(s) 5 <0,

Then, we have that (¢3)'(s) > (¢5)(s) for all s € R. Moreover, ¢3(s) £ fos(@‘)’(y)dy is
an increasing convex function with 13(0) = 0, (¢%3)'(0) = 1. Hence, 1, £ 3* is also a
divergence function, and (¥3)" = (¢4)~! by Proposition .

To show that the divergence 1), excludes all densities g that satisfy lim inf,_,_ . |z g(z)
> 0, for any t € (1,d). We let v € (¢,d) and use Proposition 3 of Kruse et al.| [2019], for

which we have to verify the limit conditions

o
lim sup mﬁ () < o0
u—voo 1y (u)

and

lim inf > 0, 2.39

T——00 |x|t ( )

for all constants ¢ > 0. We note that since — > —L— due to v < d, we have that
p(yo)P ~ p(do)?
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(103)(s) = (¥3)'(s) = exp {m(logp(s +e)— 1)}, if s is sufficiently large. This means

that for u sufficiently large, we have 1(u) = exp {(p(va)p log(u) + 1)%} — e. Hence, we
have that

s Y5 _ o @) + ) 00) (plyo) log(w) + 1)
= Ji_{f)lo(’ya)p(p(”ya)p log(u) + 1)%_1 =0 < oo,

since 1/p — 1 < 0 due to p > 2. We also have that, for any constant ¢ > 0:

3=

)

I 1~L~c = ex P(log |z| — p)? -log |x
3 (5 ) = e (7o lel = 0+ 00) - og e+ 0(1)

= |z[" - exp(O(1)).
Therefore, we have that lim,_,_ || 4% <m : ISCI% : c) = lim,, o |27 exp(O(1)) >
0, since v > t. Therefore, we have that I, (9, fo) = oo, which implies that I,,(g, fo) = oo,
by Proposition [2.9, [

Proof of Lemma [2.13. Following the construction in (2.12)), we choose 1(s) = (s +
1) exp((s + 1)P), where p = £. The second derivative of 1 is given by:

P"(s) = p(s+ 1" Lexp((s + 1)")(p + p(s + 1) + 1),

which is positive for all s > 0. Hence, 9 is an increasing, strictly convex, and twice
continuously differentiable function on s > 0. By Proposition , ¢35 defined in ([2.15)
induces a divergence function. We examine condition . Choose an arbitrary 0, €
R,0; > 0. For x — —o0, we have that

¢5(01(02 — x) + 01) fo(z)
Cafim ) (3 ()
— O(|2]*) - exp (ém’é L0(1) - (%k» +0 (ya;\kexp <_ (%)k» |

k
Since & < k, we have that the term exp <é\x|§ -0(1) — (% >> is integrable. Hence,

condition (2.10) is satisfied.

To examine the content of the divergence ball, we first examine the derivative of ¢3,
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which is equal to

crexp((s +1)4) <1 +E(s+ 1)§> +cp s>0
exp(s) s < 0.

(65)'(s) =

We then define the auxiliary function

crexp((s+1)4) (1+5 4+ s>0
exp(s) s <0,

(5) " (s) =

which has inverse

d —c
log(t) 0<t<1.

Uy(t) =

We examine the asymptotic behavior:

Yl (ﬁ) = log% (\x!l’“ exp ((%) k) -O(l)) -1
- ((%)k + (1 — k) log |x| + O(l)) -1

= O(Jz|*.

Hence, we have lim sup,_, . |z| %/, ( e )> < 00. Pr0p081t10n1mphes that 14, (g, fo) <
oo for any continuous density g with finite d-th moment.

On the other hand, for any v > 1, we can define the function

max {exp (7(5 +1)i— 7) : (¢§)’(s)} s> 0

(5)'(s) =
exp(s) s <0.
Then, we have that (¢3)/(s) > (¢3)'(s) for all s € R, and that ¢} (s fo (3
is an increasing convex function with ¢%(0) = 0, (¢3)(0) = 1. Hence, Py & ;* is

a divergence function by Proposition . Since the term exp (7v(s + 1)5) dominates
the term exp <(s + 1)§> in (¢3) as s — oo, we have that for s sufficiently large, that

(103 (s) = exp (7(3 + 1)5 — ’y). Hence, for u sufficiently large, we have that

Jh(u) = (M)Z—L

g
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Therefore, to apply Proposition 3 of Kruse et al. [2019], we examine the limit conditions

Y
lim sup M = lim sup ik: (

U—00 (¢2 ! U) u—oo Y

1 —1
og(u) + 7) <,
¥

and for any ¢ € (1,d), any constants ¢ > 0, we have

k i
imint 0} (s - - ) ol = imint (((’7) +0<1og|x|>) -o<1>> ol

= O(|z]*" > 0.
Hence, by Proposition (2.9)), we have that I,,(g, fo) = oo, for any g such that liminf, ,
|| tg(z) > 0. O

Proof of Lemma [2.15 1t follows from the proof of Lemma that ¢4 as in (2.16)
is convex and twice differentiable and indeed defines a ¢-divergence. It remains to show
that ¢} satisfies condition ([2.10) and (2.9)). To verify this, we choose §; = 0, = 0. Then,

we examine

@5 (y(exp {7]z|} — 1»; (%)He}(p {_ (%'Y}

— i(y(exp {rlal} — 1)+ €) exp {ﬁ log” (+(exp {1z} — 1>>}

O RO I O))]

k
Since k& > 1, O <exp (’y[x\ — <‘%|> )) is integrable. Therefore, we only examine the

dominant terms that determine the asymptotics:

exp {7|5L“| n (27;)\)’“ log® (y(exp {~|z[} — 1)) — (%) }

— exp {7]$| + (%)k (1+0(1)) - (%)k}
=0 (eXp {’Y|x| + ((Qi\)k - %) mk}) .

Hence, this term is integrable and therefore (2.10)) is satisfied.
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We have that the derivative of ¢} is given by

1 €xp {W log® (s + e)} (ﬁlogk_l(s +e)+ 1) +c s>0

exp(s) s < 0.

(#5)'(s) =

We define a function

1 k k
B clexp{—klog (s—f—e)}(—k—l—l)—l—@ 5s>0
(¢;) 1(8) — (27)\) (27)\)

exp(s) s <0.

We note that (¢3)'(s) > (¢5)71(s), for all s € R. Moreover, v is given by

log(t) 0<t<1.

We consider a Weibull distribution g with slightly heavier tail:

(2) L=\ EAY
x)=—|— exp | — | —
where 1 < [ < k. Then, we show that I,,(g, fo) < co. Following the proof of Proposition

2.9, it is sufficient to show that the following function is integrable on {x : |z| > x¢} for

some xy € R:
1

g9(z)ey <%) 7

=0 t-tesnf = (1) o ( (1) 0y () 00
=0 <|a;|l-1 exp {— (‘—i’)l + 27|x|}) .

Since [ > 1, we have that g(z)¢) (fo%w)) is indeed integrable. Therefore, 1,,(g, fo) <

00. O

Proof of Theorem [2.16. We express the following optimization problem in terms of
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density functions:

sup sup  sup Eg[-X] -1, (Q,A\Q).
A>0 {Q:14, (Q,Po)<r} {Q:0<Q}
B A>omf>0 X+ g ( Ag(w))om»ow

Jq 9(w)dPo(w 1 Jo G(w)dPo(w)=
Jo ¢2 w))dPo (w)<r
Due to the product A\g(w), this is a non-convex problem. However, using the substitution

g(w) = Ag(w), this is equivalent to the following convex problem

. _ - glw
o 2 inf [ Xt + i (42) aruco)
)\>079ng0, (9] g(w>
Jo §(w)dPo(w)=A, [, g(w)dPo (w)=1

Jo A2 (22 )dPo (w) <Ar

Assume without loss of generality that pg is finite. To apply Theorem we choose
X = (0,00)x LLQ)x L1(), C = (0,00) x L1 () x L (), G(N, 7, 7) fgmz( >dIP’ (w)—
Ar, HX G, 9) = ([ (w)dPo(w), [, §(w)dPo(w)) — (A, 1). Then, we have that for f; = 1
the constant function, (1, f1, f1) is a point such that H(1, fi, f1) = (0,0) and G(1, f1, f1) <
0. Furthermore, (0,0) is an interior point of the image set of H. Hence, strong duality

implies that

. _ N glw glw
po=swp—gra+ | int [ X)) + 50 (M) G (M> )
>0 2>0,3,5>0, g(w) A
Jq 9(w)dPo(w)=A
1 3(w)dPo(w)=1

We first study the case when the supremum is attained at n = 0, in which case we have
that

= inf X
=, )X
Jo §(w)dPo(w)=X
Jo §(w)dPo(w)=1

> inf X(w)g(w)dPy(w) = essinf(X).
2>0,,5>0,

ng dPO(w)

ng w)dPp(w)=1

/lg\\
E
+
=i
£
=
7 N
‘Ql

) dFofe)

On the other hand, taking A = 1, § = g shows that essinf(X) is also an upper bound of
po. Hence, pp = essinf(X). The dual formula (2.19)) states that when n = 0, essinf(X)

is equal to
sup {—92 Ep, [O(b; (¢1( )—1—91)] S@l},
01,02€R 0

which implies that 0 < 0; < —¢§(—0; — essinf(X)). This inequality is satisfied if we take
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—0y = essinf(X) and 6, = 0, but violated if —f; > essinf(X). Hence, the duality formula
(2.19) holds for n = 0, and we only have to examine the case where the supremum is
attained at n > 0, where strong duality implies

>0 A>0
91,02€R 9920

po = sup inf (—nr+6;)\+ 0 + /Qﬁ,,y,\(w,g(w),g(w)) — 619(w) — O2g(w)dPy(w),

where

ﬁmﬂﬁu&t>:4¥@»t+s¢l(t)-+An¢2(§).

s
Note that when n > 0, 8, \(w, s,t) is only finite when s,¢ > 0. Analogous to the proof of
and Theorem [2.B.3] we have

inf Lﬁn,x(w7§(w)>g(w)) — 019(w) — Oag(w)dPy(w)

9,920
=~ [ Bialw. 81,000,
Q
where [, 85 \(w, 01, 02)dPo(w) = +o00 if 7 = 0 and for 5 > 0, we have

[ Biateon0aat) = [ ey (2EAC =T apy ),

Hence, we have

po = sup O+ gg (91 —nr— /Qﬁéb; (91 i ¢>{(9727_ X(w))) CHPO(”)) A

n>0
01,02€R
0 (e — X
= sup {92 0, —nr — / nes < 1+ 910 (w))) dPy(w) > 0}.
n>0 9] n
61,02€R

]

Proof of Corollary|[2.17. Clearly, (2.18)) can only hold if there actually exists 61,6, €
R, n > 0, such that (2.20) is finite. Hence, suppose there exists some 01,05 € R, n>0
such that (2.20) is finite. If there also exists a 6, € R, such that

/ﬁ@(ﬂ“%;”+&>EMsta—W, (2.40)
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then, we must have

inf /Rﬁ(b; (gba{(_(92 % 7+ 01) fo(x)dz < ) — .

0>2€R

since both ¢35 and ¢] are non-decreasing, monotone convergence theorem implies that

inf /Rﬁgb; <¢T(_92 ; z) 91) fo(z)dz

02€R

:/ lim 7¢3 (qﬁ(_% jx) +91> fo(z)dx
R n

92—}—00

[ ¢i(=00) +6 [ ¢1(=00) +0
=/n¢2< i(zo0) + & (z)dz = ¢ i(zoo) 46}
R n Ui
Therefore, if 0, satisfies (2.40)), then one cannot have
_ e [ 91(—00 +0 ~
s (%) > 0y — .

Hence, if (2.21]) holds for all 6y, 65,7, then (2.18)) cannot hold.
On the other hand, if there exists some 61,05 € R, 77 > 0 such that (2.20)) is finite, and

s <w> < él —nr,

then it follows from the monotone convergence theorem that there exists a 65 € R such

that (2.40]) is satisfied, and thus ([2.18]). O

Proof of Proposition [2.19 Let z € R, and denote S(z,p) = pl . p(X,). We note that

: 95(,p)
i poce p(Xy) /P = o o

We have that,

S(x,p) = nf —01 — 0y + p(d3(¢7(02 — ) + 61) + (1 — p)d3(¢1(62) + 61),

01,02€R

and we denote

F(01,02,p) = =01 — 02 + p(d3(87 (02 — 2) + 61) + (1 — p)¢3(¢1(02) + 61).
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We note that for each p, the optimal value 6, (x, p), O5(z, p) satisfy the first-order conditions

p(05) (¢5(02 — x) + 61) + (1 — p)(93) (67 (02) + 61) =

1
p(93)'(67(02 — ) + 01)(67) (62 — ) + (1 = p)(#5) (1(02) + 01)(471)'(02) = 1.

Since ¢7(0) =0, (¢7)'(0) =1 for i = 1,2, we have that (0,0) satisfies the above condition
for p = 0. Hence, 6;(z,0) = 6(x,0) = 0. Now, by the Envelope theorem (see e.g.,
Mas-Colell et al., [1995)), we have that

0S(z,p)  OF(01,02,p)

Op Ip (61(z,p),02(z,p),p)
= ¢3(¢7(02(x,p) — ) + 01(z,p)) — d5(d71(02(2,p)) + 01(z,p)).

Hence,

dS(z, p)

ap - ¢;(¢y{(‘92(*x’0) - :L‘) + ‘91(3370)) - gb;(qf)i(gg(l’,())) + 91(1‘70))

p=0

= ¢3(91(=x)).

We now examine the robust shortfall risk measure. We first note that by weak duality,

we have pl.. p(Xp) < plgp(X}) for all p > 0. Therefore, we already have
!
.. Pst P(Xp)
lim inf ————= > ¢3(¢7(—x)).
ninf 5 2 > 636 (~)
We will now show the reverse. By definition, we have that

1

1
;péf,P(Xp) = ol?egfek {592 pd5(91 (=02 — ) + 61) + (1 — p)d5 (1 (—02) + 01) < 91}

= inf {0y | pp5(¢1(—pba — x) + 01) + (1 — p)P5(d1(—pba) + 01) < 61}

01,02€R

We bound the above infimum by considering only cases when ¢#; = 0. Then, we show that
as p | 0, the following inequality holds for any 6 > ¢5(¢1(—x)):

pe3(91(—pbz — x)) + (1 — p)@3(¢1(—pba)) < 0.
The above inequality holds if and only if

O5(91(—p02))

G367 (s — 7)) — G367 (—p) < 6y - PR
y4%)

As p | 0, the left-hand side converges to ¢3(¢j(—=z)), and the right-hand side converges
to 6y - lim;_, w =05 -1 = 0y. Since 0y > ¢3(¢5(—x)), the above inequality is feasible
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for p sufficiently small. Therefore, we also have lim sup,,, ps”"

) < 63(61(x). O
Proof of Theorem [2.22. We have that (2.41)) is equivalent (up to a sign convention)
to the following optimization problem over density functions

Minimize /QX(w)g( )+ Glw )¢1(~§ ;) + g(w)2 <M) dPo(w)

9(w)
subject to / g(w)dPy(w) = /Qg(w)dIP’o(uJ) :/Qg(w)d}P’o(w) =1 (2.41)
/¢3 ))dPo(w) < r
(w), §(w) = 0.

We denote the optimal value of the primal problem (2.41)) as Jy

. Note that Jy < o
since the constant unity function ¢,g3,g = 1 is a feasible solution and we assumed
o0 X(w

Joy X (w)dPy(w) < oo. Strong duality then implies that

= sup —Ar n w)g(w) + g(w M w M
O ey [ Xt + o (2 + gtron (24
+ Ap3(g(w))Po(w).

Suppose this supremum is attained at A = 0, then we would have Jy = essinf(X). The
dual formula in (2.32)) would also yield

sup 01 + 65 + 05 — Ep, [%3 (¢2(¢1(93 — X)) +6y) + Hlﬂ
01,602,03€R 0
sup 0y + 03 — ¢5(d7(02 + 05 — essinf(X)))
02,03€R
= essinf(X).

Hence, the duality formula holds if the supremum is attained at A = 0. We may now

assume that the supremum is at A > 0. Applying Theorem and Theorem 14.60 of
Rockafellar and Wets [2004], gives the duality

Jo= sup —Ar+0;+0+0;— / Br(w, 01, 02, 03)dPy(w)
01,02,03€R 9]

A>0

where

Balw, t1,ta,t3) = X(w)ts + tacs (tz) +t109 (tl) + Ags(t1).
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We note that Sy (w,t1, s, t3) is only finite if ¢1,t9,t3 > 0, since A > 0. Therefore, we have

t t
By (w, 01,02,05) = sup 01ty + Osty + Osts — X(w)ts — tagy (—3> — 1o <t_2> — Aps(t1)
1

t1,t2,t3>0 to

= sup Qltl + 02t2 + t2¢>{(¢93 — X(w)) — t1¢2 (i—?) — /\gbg(tl)

t120,t2>0
= su>% 91?51 + t1¢;(¢>{<03 — X(W)) + 92) - )\¢3(t1)
t1>
oy [ 93(01(05 — X(w)) +62) 4 64
[
Proof of Proposition [2.20. Denote
K (01,02) = =01 — 02 + B, [¢3(67 (02 — X) +01)]. (2.42)

Since ¢9(1) = 0, we have that ¢(s) > s,Vs € R. Therefore, for any 6y, 60, € R:
K (01,02) > =0 + Ep, [¢7(02 — X)] .

Since ¢y € Py, we have that dom(¢p,) has a non-empty interior around 1. Therefore, let

zo < 1 < yo be such that ¢o(z0), p2(yo) < co. Then, we have that

¢1(02 — X) > max{zo(f2 — X) — b1 (o),
Yo(O2 — X) — ¢1(yo) }-

Hence,

K(@l, ‘92) Z max{(xo — 1)92 — le(l’()) — .T()EPO [X],
(yo — 1)02 — é1(yo) — woEr, [X]}.

By assumption, there exists a (07, 65) such that K(67,05) < co. We now claim that 6,

can be restricted to the set

1

.I’O—]_

(61(a0) + 0By [X] + K(O1,09), —— (01(00) + e, [X] + K (67,05)
(2.43)

Indeed, if 6, < —(¢1(20) + xoEp, [ X] + K (07, 605)), then since (zo — 1) < 0, we have that

o

K(01,02) > (9 — 1)05 — ¢1(x0) — 2oEpy[X]
> K(67,063).
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Similarly, if 02 > 2= (d1(yo) + yoEr, [X] + K (67, 63)), then K(6:,0:) > K(65,03).
Now, let Ly > 0 be a number such that [—Ls, Ls] contains ([2.43)). We may thus restrict
Oy on [—Ls, Ly]. Then, by the non-decreasing property of ¢7, ¢5, we have that

K(01,02) > =01 — Ly + Ep, [¢5(67(—La — X) + 01)]
> —0y — Ly + Ep, [p5(—Ly — X + 61)]. (2.44)

Again, let Ty < 1 < g be such that ¢5(Zo), #5(7o) < co. Then, with the same argument,

we may restrict #; on the interval

- ((Zo + 1) Lo + ToEp, [X] + ¢2(Zo) + K(07,03))

o (G e+ ey [X]+ 6al) + K 67,63

Hence, 61,6, can be both restricted to compact sets, without changing the optimum. We

now examine

"0y — X
V (61,05, \) & =60, — 0y + M + Ep, {Agb;(%(@z . )+91)]‘

We note that since Ag3 (£) = supo{st — Aga(s)} = (Ag2)*(s) and ¢ > 0, we have
that A¢j; (£) is non-increasing in A, and that (Ag2)*(s) > s, Vs € R. Therefore, for any
01,05 € R and A > 0, we have

V(01,02 A) = =t — b3 + Ar + Ep, [(Ap2)* (91 (02 — X) + 01)]
—6)1 — 92 -+ )\7’ + EPO [¢T(02 — X) + 91]
Z AT — EIP’O[X]

Since V (07, 65,1) = K(07,65) < 0o, we have that A may be restricted to the set

|:O V(@T, 957 1) +]E1P0[X]:|
) T‘ *

Let L) denotes this upper bound of A. Then, we have that for all A\ € [0, L,],

V(0,00 0) > —0) — 0y + Eg, {sz (¢1( = X) + 91)1

> —0a + Ep, [¢7(02 — X)] .

Hence, 05 can be bounded by the same interval as in (2.43]), thus we may assume that
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0y € [—Lg, Lo for some Ly > 0. Then, we also have

V(01,02 0) > 0, — Ly + By, {Lw; (‘ﬁf(‘% - X)+ el)}

Ly
—Ly— X+ 6,
Ly

= —01 — Lo+ Ep, [(Lrxg2)" (=L — X +01)].

> —01 — Ly + Ep, {LWS (

Since Ly¢s is also a divergence function belonging to ®q. It follows from the analysis of
(2.44) that 6, can also be bounded in the interval

(B0 + 1)L T, [X] + Laga(To) + K (65, 05))

To —

) go ] ((QO + 1)L2 + gOEPo[X] + LA¢2(?;0) + K(erv 9;)) )

where Zo < 1 < g are such that Zg, 7o € dom(¢s). O

Proof of Theorem (2.21. We verify the six conditions of Theorem 5.4 in Shapiro et al.
[2009]. We have that (2.7)) is equal to

inf Ep, [¢5(¢% (0 — X) +61) — 0 — 6] 2 inf Ep [F(6, X)],
02€R OcR2

01,02€

and ([2.8) is equal to

¢ (0, — X) + 0,
A

inf  Ep, [Wg (

A>0,01,02€R

) —0; — 0y + )\r] £ Az(i),%feRQ Ep, [G(O, X, X)],
where we replaced A > 0 with A > 0, which does not change the optimization problem.
By our assumptions dom(¢3) = dom(¢]) = R, it follows from convexity that ¢, ¢3
are continuous on R. Therefore, the functions F'(6, X (w)) and G((0, A\, X (w)) are convex,
lower-semicontinuous functions in @ or (6, ) with non-empty interior effective domain,
for each w € Q. Clearly, for each 8 or (8, ), they are also measurable functions in w.
Hence, it follows from Proposition 14.39 of Rockafellar and Wets| [2004] that they are
normal convex integrand. Therefore, conditions (i) and (ii) of Theorem 5.4 are satisfied.
The sets R? and R? x [0, 00) are also closed and convex. Thus, (iii) of Theorem 5.4 is
satisfied. We also have that for any 8 € R? and w € Q, that F(6, X (w)) > —X(w) and
for any € RZ XA > 0 and w € Q, that G(0,\, X (w)) > —X(w) + M > —X(w). Since
X is assumed to be Py-integrable, it follows from Theorem 7.42 of [Shapiro et al. [2009]
that condition (iv) of Theorem 5.4 holds. Condition (v), which requires boundedness and
non-emptiness of the set of solutions follows from Proposition [2.20] and the assumption.
Finally, condition (vi), requires that the law of large number must hold pointwise for
F(0,X) and G(0,\, X). For cases where Ep,[F'(0, X)] < oo or Ep,[G(0, A\, X)] < oo, this
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is trivial. For other cases, this holds by Theorem 2.4.5 of Durrett| [2019], due to the fact
that F/(0,X) > —X and G(0,\, X) > —X, with Ep,[—X] < o0. O

2.B Minimizing Convex Integral

Let (2, F,P) be a probability space. Consider the convex integral minimization problem

over integrable functions.

Js(a) = inf /ng ))dP(w), (2.45)

geLll (a

where a € R? and the set of d-dimensional non-negative P-integrable functions with value

a, denoted as:

L (a) = {g = (g1, 94q) ‘ gi(w) >0, /le-(w)d]P’(w) =a;,Vi = 1,...,d}.

Here, B(w,y) : R — R is a convex function in y for P-almost every w and a normal
convex integrand in the sense of Rockafellar and Wets [2004]. Furthermore, we assume
that dom(8(w,y)) C [0,00)¢ for all w € Q. Therefore, (2.45) is also equivalent to

_ it / B(w (), (2.46)

geLl(a)

where £1(a) is the set of all P-integrable functions with integral equals to a:

/Qgi(w)dIP(w) —a,Vi=1,... ,d} .

In the sequel, we let £ £ | J, _zs £'(a) denote the set of all P-integrable functions. Prob-
lem (22.46) can be reformulated using Lagrangian duality. Since we are optimizing over

£ = {e =0

density functions, which belong to an infinite-dimensional vector space of integrable func-
tions, we invoke the following Lagrangian duality theorem given in [Luenberger [1969),

which we state here for completeness.

Theorem 2.B.2 (Luenberger 1969, exercise 8.8.7). Let X be a real vector space, C a
convex subset of X. Let f be a real-valued convex functional on C and G : C — R? a
convex mapping, i.e., G(Ax1+(1—N)xg) <pa AG(x1)+(1—N)G(x3), V1,29 € C, A € (0,1)
(r <gay < x; <y, Vi) Let H: X — R™ be an affine mapping, i.e., H(x) = Ax + b for

some linear mapping A. Consider the optimization problem,

= inf{f(z) | z € C,G(x) < 0, H(z) = 0},

TEX

where O denotes the zero-vector. Assume the existence of a x; € C such that G(x1) <ga 0
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and H(xy) = 0. Suppose also that 0 is an interior point of the image set {y € R™ | H(z) =
y for some x € C}. If uo is finite, then there exists a p* € R with g >ga 0 and v* € R™,
such that

po = inf{f () + " G(z) + v H(x)}

= inf{f(x) + n' G(x) + v" H(z)}.
ueRm

To apply Theorem [2.B.2, we set X = (£')? and H(g) = [, g(w)dP(w) — a. Note that
the zero vector 0 € R? is an interior point of the image set of H, since any vector € € R?

sufficiently close to 0 is the image of H(a + €) of the constant function g(w) = a + €.
Hence, Theorem can be applied to Jz(a) if Jz(a) < +o0.

Theorem 2.B.3. Assume Jsz(a) < +o0o. Then, we have the duality

Js(a) = sup 87a — Ky(6), (2.47)

OcRd

where Kg(0) = [, 6*(w,0)dP(w) and 5*(w,8) is the convex conjugate of B(w,y). More-
over, if Jg(a) > —oo, then there exists 8 € R? such that the supremum in ([2.47) is

attained.

Proof. Applying Theorem to (2.46) yields that
%(>—mmea+wm¥/m%gw»—¢éwmwm.

9cRY gell

We have,

1nf/ﬁ w, g(w Tg(w)dP(w)

gell
Aﬁ@% y) - 67y)dP(w)
(=) /Q inf (B(,y) — 07y)dB(w)

—memww>

where the interchange of infimum and integral in (x) follows from [Rockafellar and Wets
[2004], Theorem 14.60], for which we may apply the theorem since Jz(a) < oo and L is
decomposable (see Rockafellar and Wets| [2004], Definition 14.59). In (**) we used that

B(w,y) = +oo if y has negative component. Finally, the existence of 8" is guaranteed by
Theorem 2.B.2l O

Hence, the primal problem Js(a) can be reformulated into a finite-dimensional dual
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problem as in (2.47)). We call the solutions of the corresponding problems the primal and
dual solution respectively. The following Theorem establishes the condition in which a
convex function of the form 6 — K3(0) = [, f*(w, 0)dP(w) is differentiable.

Theorem 2.B.4. Let 6 € RY. If int(dom(Kp)) # 0 and 5*(w, ) is differentiable on its
interior effective domain for P-a.e. w € ). Then, Kz is differentiable on int(dom(Kpg))

and we have
VEK,(0) /Q V5 (w0, 0)dP(w).

Proof. Since Kp is a convex function, we can show its differentiability by showing its
directional derivative function is linear (Rockafellar| [1970], Theorem 25.2). Let 6y €
int(dom(Kp)). For any other 8 € int(dom(Kj)), we examine its directional derivative

.1 : Lo .

lim — (Kp(0g + (0 — 0y)) — K5(60y)) = hm/ — (8" (w, 00+ (0 — 6p)) — " (w, B))) dP(w).
tl0 ¢ tl0 Jo t

Since, 6y € int(dom(Kj4)), we have that 8y € int(dom(8*(w,-))) for P-a.e. w € Q. For

these w, the difference quotient

w(0) £ 5(8"(, 00 +1(0 — 00)) — 5'(, 00)

is non-increasing as t | 0 (Theorem 23.1, Rockafellar| [1970]). Therefore, the quotient

.(t) — qu(3) is negative and non-increasing for ¢ < 1/2. Hence, applying the monotone

convergence theorem and removing the term qw(%

number since 8,6, € dom(f8*(w,-)), for P-a.e. w € Q) shows that Kj is differentiable at
6. Indeed,

) afterward (note that ¢,(3) is a finite

13%1% (K5(80 + (60 — 60)) — K4(6,)) = /Qltig} %(ﬁ*(w’ B + 18 — 00)) — 5 (w, 0))dP(w)

© / (6 — 8y, V5" (w, 00))dP(w)
(x) <9 ~ 00,/§2V6*(w,00)dP(w)>7

where in (x) we used the differentiability of 8*(w,-) and in (x%) we used the linearity of

inner product. O

Theorem 2.B.5. Assume Jz(a) < +oo. Let 8 be such that Kg(0*) < oo. If the partial

derivatives go+ (w) = V*(w, ") exist for P-almost every w and satisfy:

/Qgg* (w)dP(w) = a. (2.48)

Then, 0™ is a dual solution and gg+ is a primal solution. On the other hand, if a primal
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solution g* exists, then g* = g+ for a particular dual solution 8, if the partial derivatives

V5" (w, 0%) at this particular " ezists, for P-almost every w € €.

Proof. By the definition of the conjugate, we have for any & € R? and functions g, the

inequality
Bw,gw)) + 7 (w, 0) > 0" g(w). (2.49)

Inequality ([2.49) is tight if and only if the gradient of §*(w,-) at 6 exists and is equal to
g(w) ([Rockafellar, |1970], Theorem 23.5). Integrating both sides of (2.49)) with respect to
w, for any function g such that [, g(w)dP(w) = a yields

/5(w,g(w))dIP(w)+/B*(w,0)dIP’(w) > 0"a. (2.50)
Q Q

In particular, inequality (2.49) is an equality for gg-(w) = V*(w, ") with 6" that satisfies
condition ([2.48). Hence, we have that (2.50)) is also an equality and thus

| Bl @) aP) = "0 = [ (0. 07)P(w),

Therefore, by Theorem we conclude that 8 is a dual solution and gg- is a primal
solution.

Conversely, let g* be a primal solution. Then, Jz(a) is finite, and thus a dual solution
0" exists and we must have K3(60") < oco. Furthermore, holds for g* and 6" and
is an equality. Therefore, we have that the following integral with a positive integrand is

/B ) + B*(w, 87) — (g% (w))7 6" dP(w) = 0.

Hence, (2.49)) is an equality for g* and 6" for P-a.e. w € Q. Therefore, g* = go+, by
Rockafellar| [1970], Theorem 23.5. O

2.C Detalils for Remark 2.3

In practice, X might depend on many underlying risk factors Zi,...,Z;, where only
the nominal distributions of the marginals are specified and have an explicit form. The
following proposition, adapted from Kruse et al. [2019], allows us to choose the divergence

based on the nominal distributions of the marginals.
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Proposition 2.C.6. Let X € L'(IPy). Suppose there exists a constant C' > 0, such that
1X|<C (1 +) ]ZJ) : (2.51)
i=1

holds Py-almost surely. If there exist 61,605 € R such that, for alli=1,...,1,
Ep, [0 (61 + ¢1(62 + C(1 +m - [Zi])))] < oo,

then the integral conditions (2.9) and (2.10) are also satisfied.

Proof. Apply Corollary [2.2] and note that

Ep, [¢5 (61 + ¢7(62 — X))] < Ep, |¢5 | 01 + ¢} (92+C(1+§:|Zi|)>)]

=1

o O )]

< Ep, |5 | 01+ — Z¢1 92+C(1+m|Z\))>

1
= Ep, | ¢} E201+¢T(02+C(1+m|2i|))
i=1

< 3 Eay 65 01 + 01 (6 + C1L+ mIZ))]

where we used Jensen’s inequality and the monotonicity of the conjugate functions ¢7, ¢3.
O

2.D Characterization of Risk Aversion of Robust OCE

and its Preservation of Convex Order

The formulation of the robust OCE and robust shortfall risk measures in terms of (¢, ¢3)
also allows us to characterize risk aversion by simple convexity conditions imposed on

@1, 5. We say that a robust risk measure p € {pl. p, péw} is risk-averse, if and only if
p(X) > Ep|—X],VX. (2.52)

We show that for the robust OCE and shortfall risk measures, the risk aversion property

can be easily characterized by some mild conditions on ¢, ¢3.

Proposition 2.D.7. For any non-decreasing convex function ¢i, ¢35 with ¢5(0) = ¢3(0) =
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0, we have that pécevp satisfies (2.52), if and only if
P3(x) > x,¢1(x) >z, Vo € R,

If we further assume that ¢i(x) > 0,Vz > 0, then we have that pém satisfies (2.52)), if
and only if
¢5(x) > x,Vr € R.

Proof of Proposition [2.D.7. For p.,p, we have that (2.52) implies that for all = € R,
that

inf {—61 — 0y + ¢3(¢7(02 — ) + 01)} > —x,

01,02€R

which implies in particular that for 6, = x:
¢5(01) > 01,¥0; € R.
It also implies that for 6; = —¢j(z), s = 2x, that
o1(z) > z,Vr € R,

Conversely, if ¢(x) > x, ¢7(z) > z, Vo € R, then by the monotonicity of ¢F, ¢5, we have
that for any 6,6, € R and any X:

—01 — 0y + Epl@5(01(02 — X) + 01)] > =01 — 02 + Epll — X + 0] > Ep[—X].
For pém, we have that (2.52)) implies that for all z € R,
Lt {6 | 63(61(~0s — ) +01) < 01} = —a
This implies that for all x, 60, € R,
O3(91(= (=) —x) + 61) = ¢5(61) > 01.

On the other hand, if ¢5(x) > x for all x € R, then for any ¢; € R and any random

variable X,

Ep[¢5(01(—02 — X) +01)] < 01 = Ep[¢i(—02 — X)] <0
= ¢7(—0; + E[-X]) <0.

By the non-decreasing property of ¢ and the assumption that ¢f(x) > 0,Vz > 0, we can
then conclude that the above inequality implies that 6, > E[—X]. Therefore, pl; p(X) >
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Ep[—X]. ]

Furthermore, it is also easy to show that the robust OCE and shortfall risk measure
preserve convex order. We say that X is convex less order than Y, i.e. X <., Y if for all
convex function f, we have Ep[f(X)] < Ep[f(Y)].

Proposition 2.D.8. Let ¢, ¢35 be a non-decreasing convex function. Then

X ch Y = péce,IF’<X) S pf)ce,IF’(Y)
and péf,IP’(X) < Plsf,JP(Y)-

Proof of Proposition [2.D.8. Suppose X <., Y, then, we have that for all 0,0, € R,
Ep[¢5(07(02 — X) + 01)] > Ep[¢5(h7(02 — Y + 61)],

since the function ¢3(¢7(f2 — x) + 61) is convex in z. Hence, p! . p(X) < ple.p(Y).
Similarly, the function ¢3(¢;(—602 — x) + 61) is also convex in z. Therefore, for any
6,.0, € R, if X <., Y, then

E[p5(91(=02 = Y) +61)] < 01 = E[p5(91(—02 — X) +61)] < 61

Hence, py;»(X) < plgp(Y). 0

2.E Additional Details on Tail Analysis

In this section, we examine conditions (2.9) and (2.10) for the combinations of ¢o-
divergences and nominal distributions fy (distribution of X under Py) that are displayed
in Table 2.1 and 2.2} for respectively the Conditional-Value-at-Risk and the entropic risk

measure. We examine the following nominal distributions fo(x):

e Gaussian N(u,0): fo(x) = (x_u)2> , z€R

1
V2mo? CXp <_ 202

Lognormal In(p, 0?): fo(x) = mgl\/g exp (-%) , <0

. NN e\ F
Weibull W (A, k): fo(x) = ¥ (/\—0> exp (— (A_o> > , <0

Pareto P(x,,po): fo(x) = TLT;EE?, < T

) (g4a)
Student-t t(v): fo(x) = \/513(3) <1 + %) , x€R

For the divergences, we have the following conjugate functions (see Ben-Tal et al.|2013):

e Kullback-Leibler: ¢3(s) = exp(s) —1
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e Polynomial p > 1: ¢}(s) = ;;max{l + s(p — 1),0}ﬁ — ]lj

—1 s < —2

e Modified y2-divergence: ¢3(s) =
s+s%/4 s> -2

2.E.1 Details for Table 2.1

For CVaR,, we have that ¢j(s) = max{s/(1 — «),0}. We also note that all nominal
distributions considered in Table 2.1 have fy(z) > 0 for all x € (—o0, ¢) for some ¢ € R.
Hence, for all divergences such that ¢4(s) = oo if s sufficiently large (such as Burg entropy,

variation distance), the corresponding robust CVaR,, risk measure is not finite.

e Gaussian vs KL-divergence: as x — —oo, we have

0 (A¢; (W? S 91) fb(x))

o (52 52
~0 ()\eXp ()\(1\:U_| 5 (x;(jfy» :

which is integrable for any 6,60, € R, A > 0. As x — oo, we have ¢j(6; —x) = 0 for

all x > 05. Then, the above integrand is also integrable.

e Pareto vs KL-divergence: as x — —oo, we have

0 (o (AB=IEN) o)

92+|J}‘
- 11—« + 91 plem‘pO
=0 <)\ (exp ( 3 1 o
_ ’I| —po—1
—O()\exp (A(l—a) || ,

which is not integrable for any 6,60, € R, A > 0.

e Log-normal vs KL-divergence: for x — —o0,

O ()\ (eXp (—%L\—F 91) — 1) m exp (__(log @‘z_ ,u)2>>
0 (hewp () - QoA )

which is not integrable for any 6,0, € R, A > 0.
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e Weibull vs KL-divergence: we have the tail behavior

(= (5) ) 6= ()

For A > 0, this is integrable if k: > 1, and not integrable it k<1 Fork=1, we

note that if we choose any A > 2% then % < 0. Hence, condition (2.9) is

1 a’ (1 a)
satisfied.

e Student’s t vs KL-divergence: As x — —oo, we have

o (s (o (EE22) ) B (11 2) ),

Clearly, the exponential term exp ( /\(fc_la)) dominates the polynomial term (1 + x—i) 7

Hence, we have no integrability for any 6,6, € R, A > 0.

e Gaussian vs Polynomial p > 1, we examine the tail behavior for x — —oo (the case

for x — oo follows similarly, where ¢} (6 — z) = 0 for all = > 6,), we have

0 </\ <1 ; (% + %) v 1>) " exp (=(a = u>2/<202>)) ,

which is integrable for any 6,6, € R, A > 0.

e Log-normal vs Polynomial p > 1, we study the tail behavior

; (A (1 (e 4 2 - 1>>pfl e (—W))
-0 (|x|p/<p1)1 exp (—W))
~0 (exp (_1052\233! + pi . 1og(x))) )

which is integrable for any 6,6, € R, A > 0.

e Weibull vs Polynomial p > 1, the tail behavior is

oo (Do) () (1))

which is integrable for any 6,0, € R, A > 0, since k£ > 0.
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e Pareto vs Polynomial p > 1, the tail behavior is

92+ |I| 01 % p0|l’m|p0
14 (270 ) g,
¢ <A( (i + ) o)

-0 (|x’p/(p—1)—po—1) ’

which is integrable for any 6,05 € R, A > 0, if and only if 1% < Po.

e Student’s t vs Polynomial p > 1: As z — —o0, we have
oa(1s (Ll 0y, "~ 1 o
MNi—a) AV v
-0 (,mlp/(p—l)—l/—l) ’

which is integrable if and only if p/(p — 1) < v.

e Modified x? vs Gaussian: we have

02+|z| 2
e T (v — p)?
11—«
0 A(f) *xp <_ 202 ) ’

which is integrable for any 6;,60; € R, A > 0.

e Log-normal vs Modified x?: we have

Oo+|a| 2
e T 1 (log || — p)?
I Sl S I _ el P
ON D) ( By ) 2] exp ( = ) ,

which is integrable for any 6,60, € R, A > 0.

e Pareto vs Modified x?: as + — —o0, we have

02+|JI‘ 2
fatlel | g
9] )\( l—a)\ 1) |x|—p0—1 ’

which is integrable if and only if 2 — 1 — py < —1, which is equivalent to pg > 2.

e Modified x? vs Weibull: as 2 — —oo, we have

02+|z| 2 k-1 k
11—« + 01 |.77‘ ‘iL"
Ol A ( 3 N exp N ,

which is integrable for £ > 0 and any 6,60, € R, A > 0.
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e Student’s t vs Modified x?: as z — —o0, we have

02+ | 2 v+l
S+ AN
ol <1—_1> (Hﬂf_) |
A v

which is integrable for any 6,,6, € R, A > 0 if and only if v > 2.

2.E.2 Details for Table [2.2

For the entropic risk measure p. ,(X) = log (E[exp(—yX)]) /v, v > 0, we have ¢}(s) =
(exp(s/y) —1)/~v. We note that Log-normal, Pareto, Weibull with £ < 1, and Student’s t
distribution do not have a finite moment generating function. Hence, the robust entropic
risk measure for those nominal distribution is not finite for any divergences. We also note
that for all divergences such that ¢3(s) = oo if s is sufficiently large (such as Burg entropy,
variation distance), the corresponding robust entropic risk measure is not finite, for the

nominal distributions that we consider in Table 2.2

e Weibull vs KL-divergence: we have

0 (o (AE=IEA) i)

Y (Aexp <§<exp((92 — xAW - 1)+ 01> <|%!)“exp <_ (%‘)k» ,

which is not integrable for any k£ > 0, and #,,0, € R, A\ > 0.

e Gaussian vs KL-divergence: we have

lex 92—1‘ — ‘91 T — 2
O<Aexp<w< p(( A>/v D)+ >exp<_< 1 ))

which is not integrable for any 61,0, € R, A > 0.

e Weibull vs Polynomial p > 1: we have

0 (<§<exp<<92 Y. 1)))”p1 ('j“—')xp (— ('r'))) |

We note that the integrability of the integrand above is mainly determined by the

o (122, (12
yp—1 Ao

growth of
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as r — —OoQ.

If £ > 1, then we clearly have integrability. If & = 1, we have integrability if and

if P a2
only if 9 < 5

e Gaussian vs Polynomial p > 1: we have

A (p 202

: L(exp (222) = 1) + 04 o Pﬂ@(p(@) |

the tail behavior of this integrand is determined by the growth of

2l p (@ —p)?
exp - :
vp—1 202

which is integrable.

e Weibull vs Modified y?: we have

ol (%(exp((ez —9;)/7— D) +91>2 (%)’“exp (_ (%Y) |

for which the integrability depends on

(P ()
Xp | — — —— — .
PA2 ™ ) U

For k > 2, we have integrability, whereas for k < 2 we do not. If £ = 2, then this is

integrable if and only if v > Ag.

e Gaussian vs Modified x?: we have

o <$<exp<<ez —2)/7-1) +91>2€Xp ()

A 202

for which the integrability depends on

x? a2
exp | — — —
P v 202%)7

which is integrable if and only if v > 202,
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2.E.3 Details for Table [2.3

We consider the OCE risk measure with the following quadratic utility function as in
Example 2.2 of |Ben-Tal and Teboulle [2007]:

s+1is2 s> -1
Pi(s) = ?

1

e Gaussian vs KL-divergence: as x — —o0o, we have

0 (o (AB=TER) o)

s (o () ) ()

(b (5 =)

which is integrable for any #;,0, € R by choosing A > o
¢5(0y —x) = —1/2 for all x > 63 + 1. Then, the above integrand is also integrable.

2. As ¢ — oo, we have

e Pareto vs KL-divergence: as x — —oo, we have

O (A¢; (¢T(92 —)\ﬁ) + 81) f0<x>>
<0 (o () ) )

z? I
=0 ( Aexp X |z| P07 )

which is not integrable for any 61,0, € R, A > 0.

e Log-normal vs KL-divergence: for x — —o0,

o <A (exp ((92 —2)2/2 +A(92 — )+ 01) - 1) mexp (_W))
:O(Aexp((%—l’)Q_(10g|$|—u)2_log‘x’>)7

2\ 202

which is not integrable for any 6,60, € R, A > 0.
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e Weibull vs KL-divergence: we have the tail behavior

o) ) LG (6] ))

This is integrable if k > 2, and not integrable if k < 2. For k = 2, it is integrable if

we choose any A > \g/2.

e Student’s t vs KL-divergence: As x — —oo, we have

O</\(exp((92—$)2/2+>\(92—x)+91>_1)%71(2)(1—}_%2)u;1>7

which is not integrable for any 61,0, € R, X\ > 0.

e Gaussian vs Polynomial p > 1, we examine the tail behavior for x — —oo (the case

for x — oo follows similarly, where ¢5(f2 — x) = 0 for all x > 6,), we have

0 ()\ (1 + ((62 — x)z/iJr b:—2) 9—)\1) (p— 1)) a exp (—(z — M)Q/(QUQ))> :

which is integrable for any 61,6, € R, A > 0.

e Log-normal vs Polynomial p > 1, we study the tail behavior

O(A (1+ ((02—56)2/2)\+(92—x)+%) @—D)Ig&mexp (_W))

which is integrable for any 6,6, € R, A > 0.

e Weibull vs Polynomial p > 1, the tail behavior is

O()\ (1+ ((92—95)2/2A+(92—x)+%) (p—l))&/\%(%)“exp (_ (%)k)>

which is integrable for any 6,0, € R, A > 0, since k£ > 0.

e Pareto vs Polynomial p > 1, the tail behavior is

19 (A (1+ ((eg—x)2/2A+ (65 — 2) +%) (p‘l))&ﬁiﬁ’;f)

-0 (|x|2p/(p—1)—po—1) 7

which is integrable for any 6,60, € R, A > 0, if and only if pszl < Po-
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e Student’s t vs Polynomial p > 1: As z — —o0, we have,

0 ()\ (1+ ((92 —50)2/2; (0, —2) 0_;> - 1)),,1'3 (H%Z)_u;l)

-0 (|x’2p/(p*1)*1/*1) ’

which is integrable if and only if 2p/(p — 1) < v.

e Modified x? vs Gaussian: we have

o (A ((92 — )22 +A(92 — ) +91)2€Xp (_%D |

which is integrable for any 61,6, € R, A > 0.

e Log-normal vs Modified y?: we have

o (A((92—96)2/2+>\(92—$)+91>2’%|exp (_(log!;c(\r;uy))’

which is integrable for any 6,05 € R, A > 0.

e Pareto vs Modified x?: as x — —o0, we have

o (A ((92 —2)2/2+ (0, — 2) +91)2 |I|_p0_1> |

A

which is integrable if and only if 4 — 1 — py < —1, which is equivalent to py > 4.

e Modified x? vs Weibull: as 2 — —oo, we have

s ) )

which is integrable for £ > 0 and any 61,0, € R, \ > 0.

e Student’s t vs Modified x?: as z — —o0, we have

(e (1)),

which is integrable for any 6,,6, € R, A > 0 if and only if v > 4.




Chapter 3

Sample Average Approximation of Risk
Functionals: Non-Asymptotic Error

Bounds

3.1 Introduction

Many decision problems in finance, microeconomics and operations research suppose that
the decision maker has preferences that are represented by a real-valued risk measure p, in
the sense that a random loss X is preferred to Y, if and only if p(X) < p(Y). An optimal
decision can therefore be formulated as a solution of the following risk minimization

problem:

inf p(G(6,2)), (3.1)

where © C R™ is a compact space of decisions, Z is a d-dimensional random vector
with distribution PZ, and G(6,7) is a goal function. Depending on the choice of p, ©
and G, problem encompasses a wide range of decision problems, including portfolio
optimization, inventory management, as well as learning problems such as (generalized)
least squares regressions.

A simple example of p is the expected value, in which case the decision maker is
supposed to be risk neutral. This assumption is, however, too idealistic, and one is often
more inclined to work with a p that accounts for risk aversion. Besides the expected
value, other popular choices of p include expected utility evaluations, optimized certainty
equivalents, and distortion risk measures. In this paper, we assume that p is a member of
the class of law-invariant, convex risk measures, which encompasses all aforementioned
examples and more (see e.g., Follmer and Schied| [2016], [Follmer and Knispel [2013]).

In general, the parameterized distribution of the goal function G is unknown, and the
only available information must be inferred from an i.i.d. sample, formally expressed by

a sequence (Z;);jen of independent d-dimensional random vectors on a probability space

154
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(Q, F,P) that are identically distributed as the d-dimensional random vector Z. By law-

invariance, we may associate p with a functional R, on sets of distribution functions. In
this case, (3.1]) reads as follows:

oL R (F0).

where Fy is the distribution function of G(6, 7). Based on the i.i.d. sample (Z1,..., Z,),

we may replace any distribution function Fy with its empirical counterpart ﬁnvg, defined

by
~ 1 <&
Fn,@(t) = E Z ]]-(—oo,t] (G(Qv Z]))
j=1

Then the original optimization problem (3.1)) may be approximated by the following
one, which is generally known as the Sample Average Approximation (SAA):
inf R,(F, . 2
i Ry(Fug) (n€N) (3.2
An interesting and highly relevant question is the following: How good is the SAA
approximation? Since (3.2) depends on each realization of the i.i.d. samples, one way to

answer this question is to examine the following deviation probability:

P({] inf Ry(Fuo) = inf Ry(Fo)| = ¢}) (n€N.e>0). (3.3)

The deviation probability provides a means to quantify the approximation error of
SAA by measuring the likelihood that the true optimal value infgee R, (Fg) lies within
the interval infoco R, (ﬁn’g) + €. It is therefore crucial to have an upper estimate on (3.3))
that depends explicitly on the sample size n (which we refer to as a non-asymptotic upper
bound), since this would shed light on the sample size n that is required to achieve a given
confidence level 8 > 0 for the interval infgce R, (F\nﬁ) + €. A simple way to obtain an
upper bound on the deviation probability is through Markov’s inequality, which estimates
by its expected deviation:

P(URER(Fus) ~ pER(R) 2 c}) <E

it Ro(Fuo) = Jnf Ry (1) /e

Then, the expected deviation can be further estimated using upper bounds that are
obtained, for example, in Bartl and Tangpi| [2022]. However, the best possible convergence
rate that can be achieved for the expected deviation is known to be 1/y/n, since the
expected value itself is a law-invariant risk measure. Therefore, an estimation of
based on Markov’s inequality and expected deviation can be too conservative for practical
purposes, as it implies that the sample size n must be at the order of 1/(8¢)? to achieve a
confidence level [ for the deviation probability, which can be very large even for modestly

small € and S.
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In the risk neutral case, where p is the expected value, it is widely known that tighter
estimation than Markov’s inequality on the deviation probability can be obtained. For
example, the classical Hoeffding’s inequality Hoeffding| [1963] asserts that for any distri-

butions with bounded support, one has

'

where B > 0 is such that |X| < B almost-surely. The bound in (3.4) is more efficient

than Markov’s inequality, since it reduces the sample size n to log(2/3)B?/e? for a given

%i){i — E[X]| > e> < 2exp (—neQ/B2) , (3.4)

confidence level 8. Similar bounds for stochastic optimization problems involving expected
values have also been established in Kréatschmer [2024a] using tools from empirical process
theory and Talagrand’s inequality (see [Talagrand (1994, 1996). However, to the best of
our knowledge, there are currently no universal approaches on how to obtain explicit non-
asymptotic upper bounds for the deviation probability that are analogous to (3.4),
for general law-invariant convex risk measures and non-linear goal functions G. Indeed,
past works such as Bartl and Tangpi [2022] and [Kratschmer| [2024a] have obtained bounds
on for only subclasses of p and G (see Section for a more detailed discussion on
related literature). Moreover, the literature on SAA for risk-averse stochastic optimization
has primarily focused on risk measures that are closely related to expected utility theory
(such as the optimized certainty equivalent and the robust expected utility, see Ben-Tal
and Teboulle [2007], Duchi and Namkoong| [2021], |Follmer and Schied| [2016]), while little
attention has been devoted to the important class of distortion risk measures that are
motivated by rank-dependent utility theory (see |Quiggin| /1982, Schmeidler| 1986, [1989).
A major reason for this is that distortion risk measures are, in general, more difficult to
handle due to their non-linearity in probability.

The main goal of this paper is to address the aforementioned gaps in the literature
on non-asymptotic upper bounds for (3.3). In particular, we pay special attention to
distortion risk measures, for which the conditions of our main results can be simplified
significantly. For a clear presentation, we summarize our non-asymptotic upper bound
on the deviation probability in the following informal representation of our main

theorem:

Main Theorem (Informal). Under certain regularity conditions imposed on the risk
measure p, and the assumption that the goal function G(#, z) is uniformly bounded by
some B > 0 for all # € © and z € R?, if the function class {G(6,- | § € O} has a finite
complexity measure (defined by a uniform entropy integral), then there exists a ¢ > 1

that is determined by the risk measure p, and constants C7, Cs > 0 that can be calculated
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explicitly, such that

]P’({‘ Hig(g Rp<ﬁn,9) — Hig(g RP(F9)| > e}) < exp (—C’mqu/BQq) , (3.5)

for all € > Cy/n'/(0),

A clear distinction between our bound for general law-invariant risk measures and
Hoeftding’s bound for expected values is the dependence on a parameter ¢ > 1, which
measures how much a risk measure p overweights the right-tail probability for large loss
realizations. This indicates that the SAA convergence rate for risk measures, uniformly
over all distributions, is at least 1/n'/(29 which is worse than the usual rate 1/y/n unless
q = 1 holds for the risk measure. The dependence on ¢ is not due to a deficiency in our
estimation method, but rather the existence of distortion risk measures that overweight
the right-tail probability by a power of 1/q. This is stated formally in Subsection m,
where we provide a lower bound on the supremum of the deviation probability over
all distributions.

In summary, our contributions are as follows.

e We provide non-asymptotic upper estimation for the deviation probability
that (i) holds for a general class of convex law-invariant risk measures, (ii)
allows for non-linear goal functions, and (iii) features explicit constants, enabling
the construction of confidence regions. In addition, we provide an upper bound that
is similar to for goal functions with unbounded support.

e As compared to previous work by [Bartl and Tangpil [2022] where a similar bound as
in with a ¢g-dependence is obtained for linear goal functions, our bound on (3.3)
requires less strict assumptions, achieves a tighter convergence rate with a smaller
q, and is derived using different proof techniques, based on an empirical process

“peeling device” and McDiarmid’s concentration inequality McDiarmid, [1989].

e In particular, we show that the conditions for our main theorems are significantly
simplified for the class of distortion risk measures and expectiles, providing explicit
upper bounds on that are easily obtainable for these risk measures. Moreover,
our estimation methodology can also be adapted to provide an upper bound on
for rank-dependent utility risk measures, where the distortion function has an

inverse S-shape.

In the following subsection, we review some of the existing literature.

3.1.1 Related literature

Sample average approximation for risk-neutral stochastic programs has been well studied

in the literature, where a general survey can be found in Kim et al.|[2015]. Consistency and
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asymptotic normality for both the optimal values and solutions are established in works
such as [Shapiro| [1993, 2013, [Shapiro et al| [2009]. Non-asymptotic lower and upper
confidence bounds on the deviation probability for risk-neutral stochastic programs
have been provided by |Guigues et al. [2017], under the assumption that the goal function
(G is convex in the decision variable, and the additional sub-Gaussian conditions that are
imposed on the distributions of G(0, Z,) — Ep[G(0, Z;)]. On the other hand, |Kratschmer
[20244] was able to provide non-asymptotic upper estimates on for more general goal
functions GG, but not for a lower estimate.

The most related works on non-asymptotic upper bounds for SAA of risk-averse
stochastic programs are Bartl and Tangpi [2022] and Kratschmer| [2024a]. Bartl and
Tangpi| [2022] provides non-asymptotic convergence rates for SAA of stochastic programs
with general convex risk measures, both for the deviation probability and the expected
deviation. However, their bounds do not have explicit constants, and the goal function G
in the stochastic program is restricted to linear cases, and is uniformly bounded in # € ©
when estimating the deviation probability. By contrast, the upper bounds provided by
Kratschmer [2024a] do allow for non-linear, unbounded goal functions and have explicit
constants, but are only available for stochastic programs where the risk measures are ex-
pected loss, upper semi-deviations, and divergence risk measures. Our work significantly
extends the results of these two papers by establishing non-asymptotic upper bounds
for SAA of stochastic programs with (i) general risk functionals encompassing convex
risk measures and rank-dependent utility functionals with inverse S-shaped probability
weighting functions, where (ii) the goal functions may be non-linear and unbounded, and
(iii) the bounds feature explicit constants. The explicitness of the constants enables the
construction of confidence regions. In addition, when the goal functions G are uniformly
bounded, our non-asymptotic upper bound yields convergence rates that are tighter than
Bartl and Tangpi [2022].

As an alternative to SAA, recent work by (Chu and Tangpil [2024] also investigated the
approximation of risk-averse stochastic programs using the stochastic gradient Langevin
dynamics method. Under the assumption that the goal function is bounded, Lipschitz
continuous, with a bounded gradient, they obtained explicit non-asymptotic upper bounds
on the mean squared approximation error that decay with a rate of 1/n to the remaining
positive constants that depend on the choice of the parameters. As compared to our work,
we focus on the deviation probability , providing a bound that decays faster to zero
with n than any moment bounds through Markov’s inequality. However, we do note that
their bound is independent of the dimension of the decision space ©.

Asymptotic approximations of SAA for risk-averse stochastic programs have also been
studied by Kratschmer| [2024b], in the case of expected loss, upper semi-deviations, and
divergence risk measures. Central limit theorems for risk-averse stochastic programs have

also been established by |Chen et al.| [2024] for risk measures that are composite functionals,
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and by |Guigues et al.|[2018] for risk measures that have a discrete Kusuoka Kusuoka/ [2001]
representation. A central limit theorem for law-invariant coherent risk measures in the
non-optimization setting has been studied by Belomestny and Kratschmer [2012] and
Pflug and Wozabal [2010].

3.1.2 Outline

This paper is organized as follows. Section summarizes the main assumptions that
are made in this work and introduces the necessary preliminaries. Section presents
the main result in a formal setting. Moreover, we also discuss the main assumptions
imposed on the risk measures that are made throughout this paper and show that they can
be simplified for some canonical examples of convex risk measures, such as the distortion
risk measures with concave distortion functions. Section shows the application of our
main result in Section to the estimation of the deviation probability for distortion
risk measures with an inverse S-shaped distortion function, which is a major class of non-
convex risk measures that are extensively used in behavioral economics (see, e.g., |Wakker
2010). Section extends the main result, namely Theorem , to unbounded goal
functions. Finally, the proofs of the main results are provided in Section [3.7]

3.2 Set up

Let (2, F,P) be a fixed atomless complete probability space, and let LP(Q2, F,P) denote
the usual LP-space on (Q, F,P) (p € [1,00]), where we tacitly identify random variables
that are different on P-null sets only. Furthermore, X stands for some R-vector space of
P-integrable random variables, enclosing all P-essentially bounded random variables. The
vector space X will be equipped with a norm || - ||x and the P-a.s. order >p such that
(X, || |la, =q) is a Banach lattice which is solid, i.e., X € X if |[Y| > |X| for some Y € X,
and rearrangement invariant, meaning that a random variable X on (€, F,P) belongs to

X whenever it has the same distribution as some Y € X. In addition, we assume
klim |X — X ANE||x =0, for nonnegative X € X. (3.6)
—00

Prominent examples are provided by LP(Q2, F,P) with the usual LP-norm for p € [1, o).
Next, let us fix any law-invariant convex risk measure, p : X — R, which by definition

is a convex mapping satisfying, in addition, the following properties.

e monotonicity:

p(X) <pY) for X, Y € X with X <Y P—as,
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e cash-invariance:

p(X +¢)=p(X)+c for X € X ,ceR,

e law-invariance:

p(X) = p(Y) for indentically distributed X,Y € X.

If in addition p is positively homogeneous (meaning p(AX) = Ap(X) for any A > 0), then
p is called a law-invariant coherent risk measure. Throughout this paper, we also impose

the following additional property for p.

e Lebesgue property
lim p(Xy) = p(X)
k—o00
for any sequence (Xj)ren in X which is uniformly bounded w.r.t. the P-essential

sup-norm and converges P-a.s. to X € X.

The Lebesgue property is always fulfilled if X' contains at least one random variable which
is not P-essentially bounded (see Delbaen 2009, Theorem 3).

The outstanding example of a law-invariant convex risk measure with the Lebesgue

property is provided by the Average Value at Risk, which we recall now.

Example 3.1. Let o € (0,1). Then the mapping p = AVQR,, : L'(Q, F,P) — R, defined

by
1

el e aorn

where F'y denotes the left-continuous quantile function of the distribution function F,
is called the Average Value at Risk w.r.t. a (e.g., Follmer and Schied|[2016, Shapiro et al.
2009)). It has the following useful representation

AV@R,(X) =

z€R 11—«

. (X —a2)* 1
AVQR,(X)=infE |——+z|, for X € L'(Q,F,P) (3.7)
(see e.g., [Kaina and Riuschendorf 2009)). In particular, AVQR, may be identified as a
law-invariant coherent risk measure.

The Average Value at Risk is the building block of all law-invariant convex risk mea-

sures that satisfy the Lebesgue property due to the Kusuoka representation, given by

)= s /[ AVaR,(x) ulde) = 5,00 ) (33)

pedom(Bp)



CHAPTER 3. SAA RISK FUNCTIONALS 161

where dom(/5,) denotes the effective domain of the function /3, (see Proposition in
Appendix [3.A]) defined as

B,: M([0,1)) = RU{oo}, pr>  sup AVQR,(X) p(da), (3.9)
X€EL>®(Q,F,P) [071)
p(X)<0

where M([O, 1)) is the set of all Borel probability measures on [0, 1), and AVQR, stands
for the expectation.

The Kusuoka representation is a powerful tool for deriving an upper bound for the de-
viation probability , as it allows us to decompose p into smaller “pieces” of AVQR,,
that are easier to analyze. Indeed, the SAA of AVQR,, is itself a standard stochastic
optimization problem involving the expected value due to the representation . Con-
venient ways to find upper bounds of the deviation probabilities for expected values
may be provided by general devices from empirical process theory, which are based on cov-
ering numbers for classes of Borel measurable mappings from R? into R w.r.t. LP-norms.
Therefore, we restrict ourselves to goal functions G that satisfy the following proper-
ties, which are conventional for the applications of empirical process theory in stochastic

programming.
(A 1) G(0,-) is Borel measurable for every 6 € ©.

(A 2) There exists a strictly positive Borel measurable mapping ¢ : R? — R such that
£(Z1) € X and
sup |G(0, 2)| < &(z), for z € RY.
G

(A 3) There exists an at most countable subset © C © and (P?)"-null sets N,, such that

inf B [|G(0, Z,) — G(0, Z))|| = inf max |G(6,2) — G(0,2)| =0,

USE) 0O je{l,...,n}

forneN, 0 €0, and (z,...,2,) € R\ N,,.

I(A 1)] and (A 2)| are standard conditions imposed on function classes. is used for
establishing measurability for (3.3) (see e.g., Lemma [3.23)).

The complexity of a function class is measured by its uniform entropy integral and

covering numbers. We recall these concepts adapted to our situation. Let us fix any
nonvoid function class F of Borel measurable mappings from R? into R and any probability

measure Q on B(R?) with metric dg, induced by the LP-norm || - ||g, for p € [1, 00).

e Covering numbers for F
We use N (7], F, Lp(@)) to denote the minimal number to cover [F by closed dg ,-balls
of radius 1 > 0 with centers in F. We define N (n,F, LP(Q)) £ oo if no finite cover

is available.
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e An envelope of F is defined as some Borel measurable mapping Cr from R? into
R satisfying sup,cp |h| < Cp. If an envelope Cr has strictly positive outcomes, we

shall speak of a positive envelope.
e My, denotes the set of all probability measures on B(R?) with finite support.

e The uniform entropy integral for a class F of Borel measurable functions from R?

into R with an arbitrary positive envelope Cr of F is denoted as:

1)
J(F,Cp,é)é/ sup \/log (2N (e [|Crllg2, F, L*(Q))) de, (3.10)
0 QeMsgy

for any 6 > 0

For our purposes, the following function class is the most relevant one, which we denote

F° £ {G(0,-) | 0 € ©}. (3.11)

The derivation of our upper bound on the deviation probability (3.3) requires a finite
uniform entropy integral for the function class (3.11]). This is satisfied if the covering

number in the integrand has polynomial rate, i.e., there exist K > e and v > 1, such that
N (e [Crllg2 F®, L*(Q)) < (K/e)’

holds for Q € My, and € € (0,1). Then, through a change of variable and integration by

parts, the uniform entropy integral can be upper bounded as follows:

/0 Vulog (K/e)de < 2y/vlog(K).

Examples of function classes with explicit upper bounds on J(F,Cp,d) are provided in
Section 2 of |[Kratschmer| [2024a]. Here, we briefly summarize two main examples from
Kratschmer [2024a].

Example 3.2 (Holder continuous functions). If the goal function G(0,z) satisfies the
Hélder condition for # € R™, 2 € R? namely there exists an @ € (0,1], and a square

PZ-integrable strictly positive mapping C : RY — (0, c0), such that for z € R? 6,,60, € ©:
G(61,2) — G(02,2)] < C(2)[|61 — 6213,

then, under some mild conditions given by Proposition 2.6 of |[Kratschmer| [2024a], there

!Throughout this paper, y + log(y) is defined as the inverse function of z + e®.
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exists an envelope function & for F®, such that for § € (0,1/2],

J(F®,¢,6) < 25\/ (3m + 1) In(2) + gln(Q/cS).

Example 3.3 (Two stage mixed-integer stochastic programs). In two stage mixed-integer
stochastic programs, the goal functions can be typically represented by a member of the
class of piecewise-linear Holder continuous functions, where G has the following structure
(see Kratschmer|[2024a/ and |[Eichhorn and Romisch| 2007, p.121):

k
where
e k. si,...,8 €N,

o G' satisfies and is Holder continuous with &; € (0, 1] and square integrable
strictly positive mapping C; for ¢ € {1,... k},

e Ay are Borel measurable and affine linear for z € RY, and i € {1,...,k}, | €
{17--~>3i};

ea cRforie{l,....,k}andl € {l,...,s},

e [; =(0,00) or [0,00) forie {1,...,k} and l € {1,...,s;},

e The set
{ﬂ{Azl(ev)—'—a; elil} | i€ {17""k}7 le {17"‘781'}}
=1

forms a partition of R%.

By Proposition 2.8 of Kratschmer| [2024a], if G has the above piecewise-linear structure,

then there exists an envelope function ¢ for F€, such that for § € (0, 1],

J(F®,¢€,0)

k k
< 26, | k + 2kmlog(3) + mlog(4k/6) > " 1/B8; +10g(2) + (5 + 2log(4k/0))(m +2) > s;.

=1

3.3 Deviation probabilities

Throughout this section, we restrict ourselves to law-invariant convex risk measures p

which are normalized, meaning p(0) = 0, and goal functions G(0, z) that are uniformly
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bounded in 6, i.e., is satisfied with €& = B for some 0 < B < oo. We first
present our main result for coherent risk measures, for which an upper bound on the
deviation probability can be established under quite explicit conditions imposed on
p. Extension to the case of general convex risk measures will be discussed in Subsection
9.9.9.

3.3.1 The Coherent Case

Let p be a coherent risk measure. To derive an upper bound on the deviation probability,

we impose the following condition on p:

(A 4) There exists some ¢ € [1,00) such that

where we introduce the auxiliary mapping
By [0,1] = R, £ p(La-g)(0)),

where U denotes any random variable which is uniformly distributed on (0, 1), and there-
fore 1(j1-4,1)(U) is a Bernoulli random variable that takes the value 1 with probability ¢.
Under (A 4)| we may state the following theorem.

Theorem 3.4. Let p be a law-invariant coherent risk measure which satisfies the Lebesgue
property, and let assumptions (A 1), (A 2), [(A 3) and |(A 4) be fulfilled with q € [1,00),
¢ = B €R, and constant N, € R. If J(F®, B,1/8) is finite, then,

(1

~

Ju8 R Frna) = R (F0)

> s}) <P (sup Ry(Fno) — Rp(Fe)\ > e)

0c®

n t? e
S exXp | — —2¢q
24q+1 (t + 1)2 B2q Nq

holds fort > 0 if
e> Ny B 270128 (04 1) VI [J(F9,B,1/8) +3/2)' /"t 0.
Here P* denotes the outer probability w.r.t. P.

The proof may be found in Section [3.7.1 where Theorem [3.4] is proved together with
Theorem [3.10], which is stated under the more general assumption of p being a convex

risk measure.
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Remark 3.5. The mapping infycq Rp(ﬁn’g) — infpee R,(Fp) is measurable on (Q, F,P),
and thus the deviation probability does not need to be replaced by an outer measure P*.
This is stated in Lemma [3.23]

Remark 3.6. The upper bound in Theorem depends on the parameter g through €.
As we will discuss in Subsection [3.3.4] the exponent of € determines the convergence rate
of infycq Rp(ﬁnﬂ). In particular, we provide a lower bound on the deviation probability

in Theorem [3.15, which shows that a dependence on ¢ is necessary for the upper bound
in Theorem [3.4]

The idea behind condition |(A 4)|is that it measures how much the coherent risk mea-
sure p overweights the right-tail probability of a loss distribution. This is best illustrated
by the class of distortion risk measures, where the auxiliary function Ep simplifies to the

distortion function A, as we elaborate in the next example.

Example 3.7. A concave distortion function is a concave non-decreasing mapping h :

[0,1] — [0, 1] satisfying h(0) = 0 and h(1) = 1. Every such mapping h induces via

pn(X) 2 / [h(P(X > 2)) — 1] dz + /000 h(P(X > z)) dx

—00

a coherent risk measure on X consisting of all random variables X on (2, F,P) satisfying
1 2 / B(P(|X| > o)) dz < o (3.12)
0

(see e.g. Denneberg 1994 or Follmer and Schied 2016). This is because p, may be viewed

as a Choquet integral w.r.t. the submodular set function h(P).

The set X is a vector space, and the mapping || - ||, defined by (3.12), is a norm on X
(seeDenneberg| 1994, Proposition 9.4). Moreover, if i is continuous, then X', endowed with
| - ||» and the P-a.s. order >p is a solid, rearrangement invariant Banach lattice meeting
property (see |Denneberg| (1994, Proposition 9.5 with Theorem 8.9). Continuity of h
also implies the Lebesgue property (see Denneberg 1994, Theorem 8.9).

For any Bernoulli variable Y that takes the value 1 with probability p, we have that
pn(Y) = h(p). Therefore, the auxiliary function h,, coincides with the distortion function
h. Hence, in the case of distortion risk measures, condition is equivalent to the
existence of a ¢ > 1, such that

h(t)

sup ——~ < 00.
te(0] 11/

In Table we provide examples of distortion functions with upper bounds for the terms

N, and the range rg(q) of q such that [(A 4)| holds.
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Distortion Family h(p), p € [0,1] N, rg(q)
Proportional Hazard p*, a€(0,1) 1 q>1/a
Gini Principles (1+a)p—ap? ac(0,1) 1+ a q>1
Dual Moments 1—(1-p)k k>1 k q>1
MAXMINVAR 1—(1-pM* E>1 Kk q>k
a+1/q

LB-transform p*(1 —log(p®)), a € (0,1) exp (W) g 4>1/a

Table 3.1: Examples of distortion functions with upper bounds on N, and the range rg(q)
of ¢ such that holds. For Proportional Hazard, see[Wang| [1995]; for Gini Principles,
see Denneberg [1990b]; for Dual Moments, see Muliere and Scarsini| [1989] and |[Eeckhoudt
and Laeven [2021], Eeckhoudt et al.| [2020]; for MAXMINVAR, see Cherny and Madan
[2009]; for LB-Transform, see Denneberg| [1990a].

Moreover, we note that for any coherent risk measures p with a Kusuoka representation
(B.8), there exists a set H,, of distortion functions, such that p(X) = sup,cqy, pn(X) (see
Section 4.6, |[Follmer and Schied||2016). Therefore, condition is also equivalent to
the existence of a ¢ > 1, such that supc (o 1) SUppeyy, h(t)/tY1 < .

Next, we shall focus on expectiles, genuinely introduced in the paper Newey and Powell
[1987], for which the condition can also be verified explicitly.

Example 3.8. For a € (0, 1), the mapping
p*: L*(Q,F,P) = R, X+ argmin [aH(X )3+ (1 —a)|[(X — .:E)_Hg} ,
zeR

is well-defined and known as the ezpectile w.r.t. «. It has been shown in Bellini et al.|[2014]
that it is a law-invariant coherent risk measure for any o € [1/2,1). Fixing o € [1/2,1),

the associated auxiliary function h,« of p satisfies

at

e (1) = l—a+t2a—1)

In particular, since o« > 1/2,

~ hpe (t) o o
= "o < sup = . for every ¢ € [1,00).
e V71 Tiepoyl—a+tR2a—-1) 1-a Y [ )

3.3.2 Alternative Bound for Coherent Risk Measures

Until now, we have derived upper bounds on the deviation probability (3.3) under as-
sumption (A 4) for coherent risk measures, namely that the auxiliary function h,(t) must

approach zero at a rate of /9 for some ¢ > 1. For coherent risk measures that do not
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satisfy (A 4)| we can still derive an upper bound on the deviation probability by modify-
ing the estimation technique in the proof of Theorem |3.10, This is stated in the following

theorem.

Theorem 3.9. Let p be a normalized law-invariant coherent risk measure that satisfies
the Lebesgue property, and assumptions (A 1), |(A 2),|(A 3) be fulfilled with £ = B € R
and finite J(F®, B,1/8). Then K. = inf {K € N | 4B h,(275+1) < ¢} is well-defined for
any € > 0, and

(i

B RolFoo) = ot R(F)

> 6}) <P (SUP Ro(Fr) — Rp(Fe)‘ > 6)

0cO

n t?
< - _
= 2304 {2 In(4) eXp( 8 4K (t+1)2 B?)

holds for t > 0 and
£ 2K571 128 (t+ 1) \/5 B[J(FG’B,l/S) —’—3/2]/\/%

Here P* denotes the outer probability w.r.t. P.

The proof may be found in Section We note that Theorem holds under
very general conditions, namely that K, always exists due to the Lebesgue property. As
a tradeoff, the bound can be conservative for small €, since it depends exponentially on
K.. An application of Theorem will be given in Section when we estimate the

deviation probability for inverse S-shaped distortion risk measures.

3.3.3 Extension to General Convex Risk Measures

If p is a general convex risk measure that is not coherent, then is extended to the

following condition imposed on the Kusuoka representation (3.8]):

(A 5) There exists some ¢ € [1,00) such that

tA(1—a)
f[01) 1= H(da)

1/a < oo forb>0.

N,p = sup sup

t€(0,1] rEM([0,1))
Bp(r)<b

We note that for coherent risk measures, is equivalent to since the function
3, vanishes on its effective domain due to positive homogeneity of p. Under [(A 5)| we
obtain the following theorem concerning the deviation probability , which directly
implies Theorem when p is coherent (by substituting N, 45,5 with N, in the following

statement).
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Theorem 3.10. Let p be a normalized law-invariant convex risk measure which satisfies
the Lebesgue property, and let assumptions|(A 1), |(A 2), [(A 3) and|(A 5) be fulfilled with
q €[1,00), £ = B € R, and constants Ny, € R (b > 0) as in . If J(F®, B,1/8) is
finite, then

(i

> e ) <P (sup[Ry(Fua) - Ry(F0)| 2 )

0cO

i Ro(Fne) = inf Ry (Fy)

n t? %
sexp | — 4g+1 2 P2 N24
244+l (t +1)2 B% Nq’(4B+5)

holds for t,6 > 0 whenever
e > Nyupis - B 2271128 (t + 1) V2)'/¢ [J(F®, B, 1/8) + 3/2]"/*/n"/9.

Here P* denotes the outer probability w.r.t. P.

The proof may be found in Section |3.7.1}

Remark 3.11. Theorem [3.10] allows us to construct a confidence region for the unknown

optimal value infgeg R,(Fp). Indeed, given a confidence parameter 3, for any e that sat-
isfies the condition of Theorem m, if the sample size n > 2008 for ¢ = 1/(2%+1(¢ +

Ct2e2a
1)QB2QN331B+5), then the interval infpce R,(F}4) & € contains infgeo R,(Fy) with proba-

A

bility 1 — 8. Moreover, we note that infgeg R, (F,9) is a convex optimization problem for

many risk measures (see, e.g., Ben-Tal and Teboulle| 2007, Ben-Tal et al.|[2013 and |Jin
et al.|2025D)).

Although assumption |(A 5)|is less explicit than|(A 4)|in the coherent case, we can still
provide some sufficient conditions on |(A 5)|that are more assessable. This is discussed in

the following remark.
Remark 3.12. Let q € [1,00). Suppose that representation (3.8)) satisfies

M,e s (Am(—iggmm»wmm)<w. (313

peEM([0,1)) e

Then, for any p from the effective domain of 5, and every ¢ € [0, 1],

tA(1—a) 1 / 1 —
AU TY da) <t . (da) =tV (M, + B,(1)).
[ e ey < [ o) =0 (W 4.5, 0)
Hence, [(A 5)|is satisfied with N,, = M, + b for b > 0.

A criterion to ensure (3.13]) for ¢ € (1, 00) is provided by the property of g-regularity,
which was introduced in Bartl and Tangpi| [2022]. By definition, p is called ¢g-regular with
q € (1,00) if for any random variable X, on (€, F,P) which is Pareto-distributed with
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location parameter 1 and scale parameter g,

J/\/[\q £ sup p(X, AN k) < o0.
keN

In terms of the representation (3.8]), the application of the monotone convergence theorem

yields

= sw | [ Avan,x, ulde) = 5,00 )

neM([0,1))

q 1
neM([0,1)) ( [0,1) 4 — 1 (1- a)l/q (d) p( )

q / 1 qg—1
= —— sup 7 p(da) — —— f (M)) :
q—1 emon) ( o1 (1 —a)t/a q °

Finally, 0 = p(0) = sup,ec r(0,1))[—B,(11)] and therefore 3, is nonnegative. Hence (3.13) is
fulfilled with M, < (¢ — 1) M,/q.

As an application of Remark we shall examine utility-based shortfall risk mea-

sures.

Example 3.13. Let [ : R — R denote a non-constant, non-decreasing convex function,
and xy be an element from the topological interior of the range of [. Furthermore, it is
assumed that there are Ny > 0 and p € [1,00) such that I(z) < Ny ()P holds for
z € R. Then with ¢y 2 inf{c € R | I(—c) <z},

Prao - LP(Q,F,P) - R, X —inf{z e R|E[l(X — )] <20} — o

defines a normalized law-invariant convex risk measure which satisfies the Lebesgue prop-
erty. As a convex risk measure on a Banach lattice, it is also continuous w.r.t. the

LP-norm (see Ruszczynski and Shapiro 2006, Proposition 3.1).

For any ¢ € (p, 00), every random variable X, on (2, F,P) which is Pareto-distributed
with location parameter 1 and scale parameter ¢ belongs to LP(Q2, F,P). In particu-
lar, supgen Piao(Xq A k) = pru,(X,) for ¢ € (p,00) due to LP-norm continuity of p .
According to Remark condition is fulfilled for every ¢ € (p,o0), where the
corresponding constants M, satisfy the following upper estimation

_ q—l

q qg—1
Mq < q pl,xo(Xq) <

Cp.

—Lint {2 € B|E[((X, ~ 2)")'] < Ny w0} -
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3.3.4 Sharpness of Convergence Rates

In this subsection, we discuss the convergence rate of the sequence

inf R,(Flg) — inf R,(Fp) (3.14)
( B RR))

0cO neN

that can be obtained from the bounds given in Theorems and [3.10[ An immediate
consequence is that we may provide the following simple criterion for the tightness rates

of the sequence (|3.14)).

Theorem 3.14. Let p be a law-invariant convex risk measure which satisfies the Lebesgue
property, and let assumptions |(A 1), |(A 2), [(A 3) be fulfilled with &€ = B € R and

J(F®,B,1/8) < co. If p satisfies[(A 5) q € [1,00), or if p is coherent and meets[(A 4)

with the same q, then the sequence

1/(29) | Foo)— i
(1 Rt~ it )

neN
1s uniformly tight.

Proof. Let q € [1,00) such that p satisfies with ¢, or with ¢ if p is coherent.
Then, applying Theorem or Theorem both with t = 1, there is some ]/\\fq > ( such

that
£ g2
> L)< —
P <{ — nl/(29) }) = &P ( 249+3 4 B2 ]’\7(12(1

holds for every & > N, - B[22 256 v/2]/7 [J(F®, B, 1/8) +3/2]"* and any n € N. In

O

particular,
. . 1/(29) |: -~ o > _
Eli)rgo lliris;}pP ({n elgcg R, (Fno) 9125 R,(Fp)| > 5}) 0,
which completes the proof. 0

Theorem provides a means of characterizing the convergence rate of the sequence
(3-14), in the sense that is bounded by €/n'/?9 with high probability, uniformly
over all distributions, if € is a sufficiently large constant. A similar conclusion on the
n~1/(9 convergence rate is established in Theorem 5.1 of Bartl and Tangpi| [2022], which
only holds for linear goal functions and ¢ > 1. We emphasize that compared to [Bartl
and Tangpi| [2022], our Theorem m provides a strict improvement for the convergence
rate. Indeed, besides the fact that Theorem holds for non-linear goal functions, it

—-1/2

also includes cases where the best possible n rate can be achieved. This is true for

risk measures such as the Average Value at Risk, the Expectiles from Example [3.8] and
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the Dual Moments distortion risk measures as in Table 3.1} where Theorem holds for
q = 1. The rate improvement is not only for risk measures that satisfyfor q=1. For
example, the MAXMINVAR distortion risk measure of order k > 1 in Table satisfies
the condition of Theorem 5.1 in Bartl and Tangpi [2022] only for ¢ > k, whereas Table
3.1 shows that Theorem [3.14] also holds for MAXMINVAR with ¢ = k. As we mentioned
earlier in Remark , is a more general condition than the “g-regularity” imposed
by Bartl and Tangpil [2022].

It is also important to investigate whether the factor €2 in the bounds of Theorem
and can be replaced by €%, which would then yield the usual 1/y/n convergence
rate for ¢ > 1. In the following theorem, we state that it is impossible to achieve this
independence of ¢, meaning our bounds provide convergence rates that are tight up to a

factor of two, uniformly over all distributions.

Theorem 3.15. For any q > 1, there exists a coherent risk measure p, such that Nq < 00

as in and

SBPQ (‘Rp(ﬁn) — R,,(F)’ > e) > exp <—C~’qne‘1(1 + 0(62))) :

1
\/2a+3
for alln > 3 and 1/(2nY9) < e < (1 — 1/n)Y9/2 A 1/4, where the supremum is taken
over all probability measure Q on (2, F), Fn,F are the empirical and true distribution

functions under Q, and

C, 2 21 (g + 1) log(2) — 2ol + !
e 1—-1/20 2

The proof is provided in Section [3.7.2]

3.4 Distortion Risk Measures with Inverse S-Shaped

Distortion Function

In this section, we examine distortion risk measures with an inverse S-shaped distortion
function, which are widely used in behavioral economics, as they capture risk preferences
that are more consistent with empirical findings in decision-making (see Wakker [2010)).
A distortion function h is inverse S-shaped, if there exists a py € (0,1) such that h is
concave on [0, p], but convex on [pg, 1].

To provide an upper bound on the deviation probability for distortion risk mea-
sures with an inverse S-shaped distortion function, we will represent p as the difference of
two distortion risk measures with concave distortion functions. Each of these is a convex
risk measure to which Theorem |3.4]can be applied individually. This is achieved by consid-
ering the dual function h(p) = 1 —h(1 —p) that is associated with a distortion function .
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Given an inverse S-shaped distortion function h, we define ho(p) = min{h(p), h(po)} and
ho(p) £ min{h(p), 1 — h(po)}, for p € [0,1]. Note that both hy and hq are non-decreasing
concave functions on [0, 1], and we denote their normalized versions as h.. = ho/h(po)
and he, = ho/(1 — h(po)). The following lemma states the representation of a distortion

risk measure with inverse-S-shaped distortion function in terms of h.. and h.,.

Lemma 3.16. Let h be an inverse S-shaped distortion function. Then, we have that

pr(X) = h(po)pn..(X) — (1 = h(po))pn.,(—X).

Therefore, we see that upper bounds on the deviation probability for distortion risk
measures with inverse S-shaped distortion functions can be provided by bounding their
concave and convex parts given by h.. and h.,. We state this in the following theorem,
where Nq,cc,ﬁq,m, denote the constants in [(A 4)|for h.. and h, (recall that by Example

B.7 B, () = h(t)).

Theorem 3.17. Let py, be a distortion risk measure with an inverse S-shaped distortion

function. Let|(A 1), [(A 2) with & = B € R, |(A 3), |(A 4) be fulfilled with q1,qs € [1,00)
such that N g, ce; Ngy.co < 00. Suppose that J(F®, B,1/8) is finite. Then,

P ({ sup Ry, (Fua) = Ry, (Fo)] > })

n t? g2
sexp | = 6q1+1 2 2 2q1 N2
200141 (¢t +1)2 B2n h(py)2an N

q1,cc

n t? 2@
+exp | — p—
2601 (¢ 4 1)2 B2 (1 — h(py))2eN

q2,cv

holds fort > 0 if

e> max Ny B [PUU128 (04 1) VYT [J(FO, B,1/8) +3/2) V7 nt/ e

(q,c) 6{((11 7CC)7(qQ 70‘))}

-max{h(po),1 — h(po)}.

Here, P* denotes the outer probability w.r.t. P.

Example 3.18. Let hy, hy be two distortion functions that satisfy with ¢, g0 > 1
(such as the examples in Table [3.1). Let py € (0,1). Then, the function

}lf;(])> - }Zl(])) ]) f; 1)0
o —h
- S 8hy(1—p) p > p,

ShS

cec? Ccv

is an inverse S-shaped distortion function, such that the corresponding h satisfies

Ny ces Nggev < 00.
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Example 3.19. Consider the Kahneman-Tversky function (see Tversky and Kahneman
1992), which is defined as

(1-p)°

@y S

h(p) =1—

One can show that the Kahneman-Tversky function satisfies qucc, Wq,w < oo, forqg=1/p5.
The details are provided in Section [3.8.2]

However, there are inverse S-shaped distortion functions for which their convex part
he, does not satisfy qu < oo for any ¢ > 1. One prominent example of this is Prelec’s

distortion function (see [Prelec|1998), defined as
h(p) =1—exp(—(—log(l—p))*), 0 <a <1

Indeed, for Prelec’s distortion function, we have that for p < 1/e,

heulp) = exp (~(~ log(p))*) - % 0<a<l.

However, since for any ¢ > 1,

1

exp (—(=log(p)®*) _ .. 1 1 a1 (1 _
;E)l i/ = 11%1 exp 5log 5 1 —log 5 = 00,

we have that Nq,cv = oo for any ¢ > 1. Hence, Theorem cannot be applied to Prelec’s
function. Instead, one should use Theorem to estimate the deviation probability for

the convex part h., of Prelec’s function.

3.5 Extension to Goal Functions with Unbounded
Support

The previous sections concern only uniformly bounded goal functions. In this section,
we provide an upper bound on the deviation probability (3.3)) when the goal functions

G have unbounded support. This requires several technical adjustments to the proof of
Theorem [3.10, namely

1. Instead of a uniform bound B as the envelope function, we assume that ¢ is inte-

grable up to some order r > 2 (i.e., ||{||pz, < 00).

2. The deviation quantity Rp(ﬁmg) — R, (Fp) is decomposed into a part with bounded
goal functions for the application of Theorem [3.10] and a remaining part that re-

quires further estimation.
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3. If p is a convex risk measure that is not coherent, then has to be modified,
since one can no longer use 4B + ¢ as an upper bound for the penalty function in

the Kusuoka representation.

Given an envelope function § with ||£[|pz, < oo, the decomposition step of the aforemen-
tioned technical adjustment is carried out by introducing an auxiliary function ¢, : R —
R defined by ¢,.,(x) = (£ Aw,.,) V (—w,.,), where for n € N, we set w,, = (2n)Y" ||€||pz ..
Note that the image of ¢,,, is always contained in the interval [—w, ,,w,,]. The pur-
pose of ¢, is solely to restrict the objective function G on a compact support, as we
will consider the class of functions ¢, ,(G(6,7)) for 6 € ©. We let Ff "™ to denote the
distribution function of ¢, (G(0, Z)), and ﬁ;’ ™" the corresponding empirical distribution

function based on 71,..., Z,.

Finally, besides the auxiliary function ¢, ,, we also introduce the auxiliary events,

{ Zg ) < 2E[E(Z )]} (n € N). (3.15)

After introducing all the necessary notations, we can state our main theorems on the
deviation probability (3.3)), when G has unbounded support. Similar to Section we
separate the coherent case and the general convex case.

If p is coherent, then we may provide the following upper bound on (3.3) under as-

sumption (A 4)|

Theorem 3.20. Let p be a normalized law-invariant coherent risk measure which satisfies

the Lebesgue property, and let assumptions|(A 1), |(A 2), [(A 3) and|(A 4) be fulfilled for

some q € [1,00). Suppose the envelope function & as z'n satisfies ||£||pz . < oo for
somer > qV 2. If JF®, £ 1/4) < oo, then for any t,6 >0,

( =)
n172q/r t2 €2q

<exp|— — +P(Q\ B;,),
210+3 (¢ 4 1)2N.7||€[1% |

Jb R o) = Ja Rol )] 2

whenever t,6 > 0 satisfies

. (256(t + 1)[[€]122 [T (F®,€,1/8) + 3/2])"/98N,
€= nl/a)—1/r

N AN ||€||p2 0q/ (r — q)

nt/a—1/r

The proof is presented in Section |3.7.6|
Let us discuss the further estimation of the probability P(Q\ BS ), which is similar to
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the case of r = 2 as discussed in Remark 3.2 of Kratschmer| [2024a], using the substitution
g=¢72
Remark 3.21. We have the following estimations on P(Q \ B ).

(1) If £(Z,) is integrable of order 2r, then Cantelli’s inequality implies

Var[¢" (7))

13
FONBL) < TRE1Z0P 1 Varle (2]

(2) If Elexp(A™(Z1))] < oo for some A > 0, then by Remark 3.2 of Kratschmer| [2024a],

we have that

B(Q\ BS,) < exp (—nE[¢"(Z)]/(852)) V exp (—nE[¢" (21)]/(430))

for n € N and

5> sup ([E[(€(2) —Ele"(Z))*]| /&)

kEN,k>2

If p is a convex risk measure that is not coherent, then we impose the following
condition on the Kusuoka representation (3.8)), which, by Remark [3.12] also provides a

sufficient condition on |(A 5)]

(A 6) There exists r,q € [1,00) with r > ¢ V 2, such that ||{]|pz, < co and

—t A 4 z,) V1
Mf,q = sup (/[0 ; ( <||1€!Pa7)1>/c\1/ p(da) — ﬁp(,u)) < 00.

pedom(8,)

We note that similarly as in Remark |3.12] an upper bound on Mi 4 can also be provided

by the g-regularity condition introduced in Bartl and Tangpi [2022], namely one has

¢ _q .
M;g < == 5w p(Xiyygl,z vig A R);

where X7  is the Pareto distribution with scale parameter A > 0 and shape parameter g.

Theorem 3.22. Let p be a normalized law-invariant convex risk measure which satisfies

the Lebesque property, and let assumptions|(A 1), |(A 2), [(A 3) and|(A 6) be fulfilled for
some q € [1,00) and r > qV 2. Denote b, = 2M£7q + 9. Then, the mapping

gud ol Fna) = U R (F0)
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is a random variable on (Q, F,P). Moreover, if J(F®,£,1/4) < oo, then for any t,d > 0,

g )

< P* <sup R,,(F\nyg) — Rp(Fg)‘ > e)
9co

JE8 R Fna) = U R (F0)

n1—2q/7’ t2 €2q

Sexp| — 2 2
< 200t (t+1)* Noj €]y,

Pz,r

) SR\ BE)

whenever t,6 > 0 and

((256(t +1)|[€]132,. [T (F®, &, 1/8) 4 3/2]) /98Ny, ,
1/@a)—1/r
Vi
+ 4[3Mr,q + 5] ||£||IP’Z,7"'

nt/a—1/r

>

The proof is presented in Section |3.7.6|

Finally, let us comment on the bounds in Theorems [3.20] and [3.22] Note that if G
is uniformly bounded in €, then we may take £ = B < oo, which means r = oo and
P(Q\ BS,) = 0. Then, the rate in Theorems [3.20 and [3.22| recovers back to n~/(%),
which is the same as in Theorem for the bounded case. Moreover, combining the
estimation of P(Q2\ BS,) in Remark the bound in Theorems [3.20| and |3.22| yields

a smaller confidence region for the true optimal value infypeg R,(Fp) than the moment

bound provided in Bartl and Tangpi| [2022], which through Markov’s inequality decays in
the order of 1/n'/(@@=1/m)=1/(=2) "which is always slower than 1//n.

3.6 Conclusion and Discussion

By utilizing the Kusuoka representation of law-invariant convex risk measures and tools
from empirical process theory, we obtain non-asymptotic upper estimations on the devi-
ation probability under more general conditions imposed on the goal functions and
risk measures, as compared to Bartl and Tangpi [2022] and Krétschmer [2024a]. As a
direction of future research, it would be valuable to investigate further if the convergence
rate n~ /(20 established in Theorem can be improved to n~1/7.

3.7 Proofs

Lemma 3.23. Let assumptions |(A 1) - [(A 3) be fulfilled. If p satisfies the Lebesgue
property, then the mapping

g8 o F0) = JaE RolFno)
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is a random variable on (2, F,P) for every n € N. If in addition G is lower semicontin-

uwous in 0, then the mapping

sup }R F)—R (ﬁng)’
6co

is also a random variable on (0, F,P).

Proof. First of all, {R,(Fy) | 0 € ©} is bounded from below due to[(A 2)| Fix any n € N.
Let & be from , and let © be some at most countable subset of © as in assumption
3)l The left-continuous quantile function of a distribution function F' will be denoted by
F*. We may select some random variable U on the atomless probability space (2, F,P)

which is uniformly distributed on (0, 1).
By assumption |(A 3)| there is some A, € F with P(A,,) = 1 such that

inf max {\G(e Zj(w)) —G(9,Z;(w))|} =0, forweA,,0€0.

9e0 je{l,...,n}
Let w € A, and 0 € O be arbitrary. We may find some sequence (ﬁk)keN in © such that
ﬁnﬂgkw(aj) — ﬁnﬂw(x) at every continuity point x of ﬁn,0|w Then Fm9 |w( a) — Fn e\w( «)
at every Continuity point « of ﬁfmw(a) (see e.g., van der Vaart||1998, Lemma 21.2). In

partlcular Fe onw(U) = F<, (U) P-a.s.. Since in addition the sequence (ﬁgﬁkW(U))kGN

n,0|w
,,,,,

~ ~

P(Fro000)) = p(Frpw(U)). (3.16)

Finally, note that F* (U) is distributed according to the empirical distribution based

n,¥|w

on G(U,Z1(w)),...,G(0, Z,(w)) for ¥ € © and w. Thus, we have shown

inf R ,( mﬂw) = 1nfR o n9|w> forwe A,.
9e0

Since © is at most countable, and (€2, F,P) is complete, it remains to show that Rp(ﬁnﬂ)
is a random variable on (2, F,P) for every 6 € ©.

For this purpose, let F(; ..... o) denote the left-continuous quantile function of the
empirical distribution function based on (z1,...x,) € R". In the same way as we derived
convergence (i3.16]), we may use the Lebesgue property again to verify the continuity of
the mapping,

¢ R" =R, (z1,...,2,) — p(F, o (U))-

Thus Rp(ﬁn,g) =¢o (G0, 2),...,G(0,2,)) is a random variable on (2, F,P) for every
g e€0.

For the remaining part of the proof, let us assume that G(-, z) is lower semicontinuous
for every z € R% Note that G(-,2) is bounded due to , and by we may find
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some A € F with P(A) = 1 such that

inf (G(9, Z1(w)) — ¢(0)) = inf (G(8, Z1(w)) —(0)), forw € A,

0cO 0cO

for any continuous mapping ¢ : © — R. This implies that

Inf (G(0,21) —0(6))

is a random variable on (£, F,P) for any continuous mapping ¢ : © — R, because O is
countable and (2, F,P) is complete. Since © is compactly metrizable, we may draw on
Theorem 2.1 and Remark 1.1 both from Levin| [1994] to conclude that G is measurable
w.r.t. the product cg-algebra B(0) @ B(R?) of the Borel o-algebra B(©) on © and the
Borel o-algebra B(R?) on R?. As a further consequence, po (G(-, Z1),...,G(-, Z,)) is also
B(©) ® B(RY) measurable. Moreover, in view of Corollary in Appendix along

with assumption , the mapping
© =R, 0~ p(G0,2))) (3.17)
is lower semicontinuous. Therefore, the mapping
O x Q> R, (B,0) > 00 (G0, Z:w)), ... G(0, 2,())) — p(G(0. 22)

is B(0©) ® B(R?) measurable, and it is also bounded in @ for every w € Q due to
along with the monotonicity of p. Hence, completeness of (£, F,P) implies that

sup | R, (Flg) — RP(FQ)‘ —sup o (G0, 21),...,G(0, Z,)) — p(G(0, 2))]
90 G

is a random variable on (£, F,P) (see van der Vaart and Wellner| 2023, Example 1.7.5).
This completes the proof. O

In the following proofs, we shall make use of the usual notation from empirical process

theory

n

(B, ~P)(f) 2 3" ($(2) - ElF () (318)

i=1

for P#-integrable mappings f : R — R.
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3.7.1 Proof of Theorem (3.10

For any € > 0, we have the following inequality:

(i

Recall that G is uniformly bounded by B. Hence, for every, 6 € O,

> g}) <P <sup Ry(Frg) — Rp(pg)‘ > e) .

0cO

g8 RerFna) = e R (F0)

Rao(Fy) = |xi‘réfBE[(G(6’, Z) —2)" + (1= a)z]/(1 - a),

n

Ro(Fua) = int % > (6(0.2) —2) " + (1 - a)a] /(1 .

Define the function class F§ £ {[G(0,-) — z]" | § € ©,2 € [-B, B]}, and furthermore
A, = sup sepo |(Pn — P)(f)|. We obtain

1

Ral(Fy) — Ra(Fuo)| < — |S|u<% ‘(Pn ~P)([G(6,-) - J,r))
= 1 i o fS;Fp% (P = P)(f)] = 1A_na, for a € [0,1),0 € ©.

Let Mps = {pn € M | B(u) < (4B +6)}, for § > 0 (note that if p is coherent, then we
may simply replace Mp s with {yx € M | f() = 0}). We obtain from Proposition
in Appendix [3.A] that

Ruo(Fy) = sup ([m)wm u(d@)—ﬂp(u)),

HEMB 5

Ro(Fug) = sup ([Ol)na@nﬂ) ulde) = 5,00 )

wEMB 5

Since the class F9 is uniformly bounded by the constant 2B, we have for any § and every
0> 0:

~

R, (Fnp) _RP(FQ)‘ < sup /
[0,1)

Ra(FG) - Ra<ﬁn9)’ ,u(doz)

HEMB,s
A,
< sup / ( A QB) p(da). (3.19)
HEMB 5 J[0,1) l -«
Next, note that A,, < 2B holds pointwise so that in view of ([3.19)
{Sup R,(Frg) — Rp(Fg)( > o} c{0<A,<2B} = Q. (3.20)
90 Ko
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where Q,x = {2571A, < 2B <25A,}. For K € N and w € Q,,; we obtain

A
= " fora<1-—217K
1A” A 2B -«

—a < 2B for a >1— 217K,
This implies by (3.19)),
Ro(Fua.) = RolF)|

1
< sup <An(w) / p(da) +2B p([1 — 2K, 1))) , fordeo,6>0.
HEMB s [0,1—21-K) -«

Furthermore, for any Borel probability measure p on [0,1) and every ¢ € [0, 1],

EA=) o) = (1 - t1
/[0’1) u(de) = (L . >>+t/

1l—« [0,1—1) l1—«

p(da).
Hence, recalling A, (w) < 2275 B and 2B < 28A,(w),

‘Rp<ﬁn,9|w) - RP(FG)‘
< sup (/[o Anfw) - 2718 p(da) + 2B / A ) u(da))

HEMB s 1-21-K) et 0,1) 11—«
2K A (1 -
< 2B sup / (1=a) p(da)
neEMp s J0,1) e
2K A (1 -
< 2KA,(w)  sup / (1-a) wu(da), for 6 € ©,0 > 0. (3.21)
peMp 5 J10,1) -«

Moreover, for w € Q with 27'A,(w) < 2B < A, (w), we have 2B < A, (w)/(1 — «) for
every a € [0,1). Therefore,

‘Rp(ﬁn,glw) . R,,(F(,)( <2B < A, (w). (3.22)

Now, let £ > 0. Putting together (3.20) with (3.21]) and (3.22)), we may observe

sup Rp(ﬁn,e) - Rp(FG)‘
=G

- 2K A (1 -
<oy An+ Y Lo, -25A, sup / : _< o) p(da), (3.23)
K=1 HEMB5 J[0,1) «
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for every § > 0. Invoking assumption with ¢ € [1,00) and the constant N, (if p is
coherent, then use assumption (A 4)| with constant N,), we have

2K

2K A (1 -
sup / S p(da) <25 Nyapys) 20779, for 6 >0, K € N.
peMg.s J0,1) l—a

This implies

217K A (1 - )
11—«

]]_QnK’QKAn sup /
[0,1)

HEMB s

pi(der)

<lg,-2- o(K=1)(a=1)/q N, aB1s) An

=1g,, - Ny@nte) 2 o(K=1)(¢=1)/q A%q—l)/q Ai/q

<o, Nyupss 2 o =Dla=D/a 92=K)a=V/a Bla—)/a Al/a
< 1lq,.  Nywupis - 9(2a=1)/a gla—1)/q Ai/q for § > 0, K € N.

Since Ny up4s) = 1 for 6 > 0, and since A,, < 2B we may also observe

la,, - An = 1q, .A%qfl)/q A}l/q =g, .9le=1)/a gla—1)/q A:l/q

n0

< Lo, - Ny@pis) .92a=1)/a pla-1)/q Ai/q7 for & > 0.

Hence, combining ([3.23)) with (3.20)), we end up with

P* ({Sup R,(Flg) — Rp(Fg)’ > 5})

9e®
< P* ({Z Lo, - Nywpis) - 227 D/0 Ba-b/a Al/a > 5})
K=0
P ({ A a for § > 0 (3.24)
<P n = — — , for 6 >0. .
N§7(4B+5).2(2q 1) B(g-1)

Recall the at most countable subset © C © from assumption [(A 3) In view of Lemma

we may further conclude from (3.24])

P ({Sup R, (Flg) — Rpm,)‘ > s})

0cO
gq
S ]P) j2§ ‘(]P)n - ]P))(f)‘ Z NZII(4B+6) . 2(2q71) B(qfl) 9 (325)
I k)

where F; £ {[G(6,) — 2]* | § € ©,z € I} for some countable dense subset I C [~ B, B].
We want to apply the concentration inequality in Theorem from Appendix to
upper estimate the deviation probabilities on the right-hand of the inequality ({3.25]).
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For this purpose, note that the constant function 2B is a positive envelope of F 1, and
recall from Lemma [3.24]

J(F;,2B,1/2) < 4 J(F®, B,1/8) + 6.

Since in addition, the function class F ; is at most countable, we may conclude from
Theorem 2.1 in Krétschmer| [2024a]

32V2B o 128 V2 B[J(F®, B,1/8) + 3/2]
E |sup |(P, — P < =—=— J(F;,2B,1/2) < .
-2 < 2222 (625,09 it

If ¢ >0and € > Nyupis) - B 2271 128 (¢ + 1) V2]'/1 [J(F®, B, 1/8) + 3/2] "/ /n!/),
then

gq
Nj,(4B+6) .9(2¢-1) Blg—1)
o te? N cd
S (t41) N§(4B+5) -2Ca=1) Bla=1) T (¢t 4 1) qu(43+6) .9(2¢-1) Blg-1)
> L LE | sup [P~ P)(f)||, for5>0
— — sup n — , or .
(t+1) Nyapis - 2007 Bl =

Therefore in this case, by Theorem from Appendix

gq
g <{?2ﬁpz ’(Pn - P)(f)’ - Ng,(4B+6) - 2(2¢=1) Bla-1) }>

n t? g%
< exp <_8 (t + 1)2 B2 N;,%4B+6) . 4(2¢-1) B2(‘11)>
Sexp(— ntt e 5 ), for 6 > 0.
249+l (t 4 1)% B2 Nq,%4B+6)
This completes the proof due to (3.25)). U

3.7.2 Proof of Theorem (3.15

Let Xi,..., X, be iid. Bernoulli variables with parameter p. Let F, be the empirical
distribution function induced by Xi,..., X, and F' the distribution function of X;. Let
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p be a distortion risk measure with h(t) = '/ for ¢ > 1. Then, we have that,

P(|R, () - RP(F)} >c) =P <% Z":X> 1a il s 6)

Let p = €4. Then the above becomes

P <zn: X, >n (e —I—pl/q)q> =P (zn: X, > n(2€)q> .

i=1

We assume 1/(2n'/9) < e < (1 —1/n)"7/2 A 1/4. Then by Lemma 4.7.2 of |Ash| [1990]

(see also [Ferrante [2021)), we have the following lower bound on the binomial distribution:

P (i X; > n(ze)q>
>P (Z X; > nl(2€)in] /n)

=1

! nl/n|| €
> T S P ea )
> \/2(11+_4nexp(—nD(((2e)qn} /n || €1)), (note that [(2€)%n] < 2(2¢)n),
where
D@l | @) = (297 g (mgzjm) ) <1 _ nzzqm) log (%)

q q q _
< 2(2¢)n log 2(2)n\ 1 (2¢)In log 1—e¢
n nel n 1 — 2w

n

— 29 (g 1 1)e log(2) — (1 — (26)7) log (11_‘—&:)(1) |
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We note that

Hence,

D0yl | ) < 2074 + Deto(2) — (1 - (207) (2 et + O

= <2q+1(q +1)log(2) — fj—z/;q) €+ O(e*).

Hence, we have that
P (Z X; > n(26)q>
i=1

> o (= (2704 D 1os(2) - 275 ) 1+ O + 3 loxt/n) )
s P (—n (2q+1(q + 1) log(2) — fj—z/lzq + 1) (14 0(e )))

where we note that log(n)/n < € iff log(n) < ne?. Since ne? < n — 1, we have log(n) <
n — 1, which is iff 1 < (n — 1)/log(n), which holds for all n > 3. O

3.7.3 Proof of Theorem (3.9

We re-examine the proof of Theorem [3.10, Let {Q,x}x>0 be the disjoint partitions
introduced in the proof of Theorem where Q. 2 {2871A, < 2B <2%A,}. Using

the fact that p is coherent (hence, (3, vanishing on its effective domain), we have

sup Rp(ﬁn,e) - Rp(FG)‘
)

S loy - Aut ) Lo, 250, sup U=2) ) (da)
1 —
K=1 HEM, By (1)=0J0,1) «

=lo, - An+ Y Lo, 250, h,(215).

K=1
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For K > 1, and w € Q,k, we have that
25 A, h,(2'75) < 4Bh,(2'7F).

For a given € > 0, let K, £ min{K € N | 4Bh,(27¥) < €}. Then, for K > K., we have
that

~

sup Rp(Fnﬂ) — ’R,p(Fg)‘ S 4Bﬁp(21—K> < €.
0cO

Hence,

{sup Rp(ﬁnﬁ) - RP<F9)‘ > e} N U Q.x = 0.
6cO K>K.

Therefore, using h,(t) < 1,V € [0, 1], we have

Ke—1
P* (sup R, (Frp) — R,J(Fg)‘ > e) < P* (1% A+ D T, - 254, By (2F) > e)
0cO K=1

Kc—1
<P (11% A+ Y 1o, 264, > e>

K=1

=

e—1

< P*(An>i>.

QK
K=0

Now, following the same arguments as in the proof of Theorem [3.10] we may use Lemma
[3.24] to obtain the further estimation:

P ({Sup R, (Flg) — Rp<F9)( > g})

0cO
< Kz_:o P ({?gﬁp (P, = P)(f)| > 2%}) : (3.26)

where F; £ {[G(6,-) — 2]* | § € ©,z € I} for some countable dense subset I C [~ B, B].
To apply the concentration inequality in Theorem [3.B.4] we note that the constant func-
tion 2B is a positive envelope of F 7, and recall from Lemma m

J(F;,2B,1/2) < 4 J(F®, B,1/8) + 6.
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Since in addition, the function class ﬁl is at most countable, we may conclude from
Theorem 2.1 in Kréatschmer| [2024a]

32V2B 128 v2 B[J(F®, B,1/8) + 3/2]
E [sup |(P, —P)(f)|| < —~=— J(F;,2B,1/2) < :
feﬁpz‘( ) )‘] NG ( / ) NG

If t >0and e > 2571128 (¢t + 1) V2 B[J(F®, B,1/8) + 3/2]/\/n, then for arbitrary
Kc{o,...,K. -1},

e te n € - te
2K (t+1)2K  (t+1)2K 7 (t+1) 2K

+E

ap |, —P)(f)\] .

feFr

Therefore in this case, by Theorem from Appendix

c n t? 2
: <{?2§ ‘(Pn _]P)(f)} = 2_K}> < exp (_2 AKHT (£ + 1) Bz) ;

for K € {0,..., K. — 1}. Therefore,

P* ({sup Ro(Frp) — Rp(Fa)’ > 5}) < Kle Xp (_2 4k+1n(f+821)2 BQ)

=C) o
Ke—1 rkt1 2 2
nitse
< E — d
= /k exp( 408 (t+1) BQ) !

K n t2 52
= — du.
/0 eXp( 8 (t+ 1) B2> "
Invoking the change of variable formula, we may further proceed
K. n 2 &2
— d
/0 eXp( w8 (t+1) 32) "
- / ! n t? &2 1 p
exp | —
= o TP\ S e 02 B2) y m@®

4K5 1 n t2 62
< IRV LS
= Tn(4) /MS P ( Y8+ 1)y 32) Y

- 1 n t? 2
=2304 2 In(4) P\ 84K (1112 B2)°

where in the last step the assumption e > 25:=1128 (t+1) v2 B[J(F®, B,1/8)+3/2] /y/n

has been taken into account. The proof is now complete.
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3.7.4 Auxiliary Lemma for Proofs of Theorems (3.10, 3.9‘ and
3.22

The following lemma is repeatedly used in proofs of Theorems [3.10, 3.9 and B.22] In
Theorems [3.10] and the goal functions are assumed to be uniformly bounded by some
B € R, whereas in Theorem |3.22] goal functions are allowed to have unbounded support.
Therefore, to state the following lemma for both the bounded and unbounded cases, we
adopt the following rules for interpreting the notations ¢,, and w,,. Namely, for the
proofs of Theorems and , Lemma is applied with w,,, = B and ¢, ,(z) = z,
whereas for the proof of Theorem [3.22) Lemma is applied with w,,, = (2n)""|¢||p2.,
and ¢, (z) = (r Aw,,) V (—w,,,). Moreover, we denote the function class

o0 2 {[6,,(G(0,) = 2] |0 €6, € [~wn, ]} (3.27)
Lemma 3.24. Let - be fulfilled. Furthermore, let © be the at most countable
subset of © from . Then for any n € N, the function class Fgfif’" satisfies the

following properties.

1) For countable dense subset I of [—w,.p, Wy ).

sup !(Pn — ]P’)(f)’ = sup |(P,— ]P’)(((;Sm/ oG(0,-) — m)+)‘ P— a.s..

feFSorn (0,3)€OXT

wr,n

2) If I is some countable dense subset of [—wy.n, W], then a positive envelope of F;" &

{(qﬁm oG(0,-) — az:)+ |0 €0,z € I} is given by & + w,.,, and

J(F" €4 wyn, 0) < 4 J(F® €,6/4) +6  ford € (0,4].

Proof. Statement 1) follows immediately from assumption |(A 3){along with the continuity

of ¢, , because

[(frn 0 G(0,2) = 2) 7 = (¢ 0 G(9,2) =) 7|
< |prn 0 G(0,2) = ¢ 0 GV, 2)| + |2 — |
<|G(0,2) — G(¥,2)|+ |z —y|, forh ¢eOanduzx,yeR.

Concerning statement 2), let I be any countable dense subset of [—w,.,, w;,]. Condition
ensures that £ + w,,, is a positive envelope of the function class F;n defined in the
display of statement 2).

For § € ©,2 € R, we set F(0,x,-) = (G(@, )= x)+, so that by definition the class F;"

consists of all functions F(0, z,-) with (,2) € © x I. In the next step, we want to derive
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upper estimates for the uniform entropy integrals J (F;n, £+ Wy p, 5). Therefore, let us fix
n >0 and Q € My, with support supp(Q). Consider any (6, z), (9,y) € © x I such that
the inequalities ||G(0,-) = G(Y,-)||a2 < 1 [|€]lpz2/2 and |z —y| < 0w, /2 are valid. Since

®rn 1s 1-Lipschitz continuous, then

HF(@,J‘, ) - F(,L97y’ )”(2@72 = Z Q({Z}> ‘F(eaxaz) - F(ﬂayaz>’2

zesupp(Q)

<4 Y QU [I68,2) = G, 2)" + |z — yI’]

z€supp(Q)

< 0* [I€ + wrn G-
Hence, setting F© £ {G(6,-) | 0 € O},

N(ﬂ||€ + wr,nHQ,QvFr,nv LQ(Q))
< N(nli€lloz2/2.F°, L*(Q)) - N(n wrn/2,1,] - )
< N(nll¢llo2/4,F®, L(Q)) - N (1) wen/4, [=trp, wrn), | - ),

where for nonvoid bounded J C R and 7 > 0, we denote by N(7,J,| - |) the minimal
number to cover J by intervals of the form [z — 77,2 4+ 7] with = € J. Note that

N(?] wr,n/47 [_wr,na wr,n]7 | : I) S 8/77

holds. Then using change of variable formula we may conclude for any ¢ € (0, 4]

JEF", &+ (W, + B),6)

4
— [ sw \flog (2 Nn 1€+ (wn + B)o. By LH@)
0 QEMHH

6
< [ sw \flog @NlEloa/4.F, L) + log(s/ndy
0 QEMﬁn

0 0
< [ sw \flog eNGlloa/tFo, L@+ [ iowlady
0 QeMay 0
5/4
=4 J(F® €,6/4) +4 / Vlog(2/u) du.
0

Furthermore, we may use a change of variable formula along with integration by parts to
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obtain
0/4 1 00
/ V1og(2/€)de < / Vlog(e/€)de = / V1+te'dt
0 0 0
< / (14 1/2)e " dt = 3/2.
0
This shows statement 2) and completes the proof. O

3.7.5 Proofs of Results from Section (3.4

We start with the derivation of Lemma [3.16]

Proof of Lemma [B.16l By definition, we have

ph(X):/Oooh(IP[X>t])dt+/0 (h (P[X > t]) — 1) dt.

— 00

Let I’ be the quantile function of X, and p, the separation point between the concave

and convex part of h. We note that for any ¢t > F* (1 —po), we have that P(X > t) < p.
Suppose first that F'< (1 — pg) > 0. Then, we have that

/Ooh(IP’[X>t])dt

F(1—po) 00
:/ h(PLX > t])dt+/ h(PLX > 1)) dt

F+<(1—po)

Fe(op) s
:/ 1—h([P[X§t])dt+/ ho (P[X > t]) dt

F(1—po)

B /F‘_(l—po) 1~ hipo) — 5 (P[X < t])dt + /OO ho (P[X > t]) dt.

We also note that t > —F“ (1 —pg) < P(—X >t) < 1— py. Hence, the first integral is

also equal to

/ ) R (PX > )t

[ h) X 2 s

= [ ) o X 2 s as

—00

= [ 1 non) B BLx > s)as.
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Furthermore, we have

/0 (h (P[X >t]) —1)dt = —/0 h(P(X < t))dt

Moreover,

/ " ho(B(X > £)) — hipo)dt =0,

—0o0

since for t < F<(1 — pg), ho(P(X > t)) = h(po). Therefore, assembling all equalities
yields that

wX) = [ hoBX > dhar+ [ " ho(B(X > ) — hipo)dt

—00

—<AdeM—Xb>QM&+/OBMP}de@—(L—Mm»@>

—00

= N(P0) Pro/n(pe)(X) — (1 = 1(P0)) Pho/(1—h(po)) (—X)-

Now, suppose F*< (1 —pg) < 0. Then,

/OUMMX>ﬂy—Dﬁ

—0o0

) /F‘_(I—Po) G PLX = ) 1) di /0 (h(PIX >1]) —1)dt

oo F+(1—po)

F~(1-po) _ 0
:_/ hmxgmﬁ+/ (ho (P[X > #]) — 1) dt

oo F<(1—po)

- —/“ o (Pl—X > s])ds+/0 (ho (PLX > 1)) — 1) dt.

F<(1—po) F+<(1—po)

We note that

/w hio (P—X > s]) ds
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and

/F i(l_m) (ho (PX > 1]) — 1) dt

- /_(; (ho (P[X > t]) — h(po)) dt + (1 — h(po))F~ (1 — po).
Hence,

/: (h(B[X > £]) — 1) dt

_ /(; (ho (PLX > 1]) — h(py)) dt — /000 Fo (P[—X > s]) ds.
Moreover,

/OOO BB(X > 1))dt = /Ooo ho(P(X > £))dt,

and

/ " Bo(B(=X > )) — (1 — h(po))ds = 0.

— 0o
Hence, we again have

0

on(X) = / " ha(POC> )+ [ (o (BLX > ) — )

—00

. / o (PX 2 sl)ds— [ R(P(=X > ) — (1~ hlw)ds.

oo

Let us turn over to the proof of Theorem [3.17

Proof of Theorem B.17l Let § € © and Fj , ﬁn_ , denote respectively the true and em-
pirical distribution functions of —G(6, Z). Then, we have that

P (sup[on(Fs) = pul)] > <)

0cO

< P (500 on. (Fuo) = g (0] 2 e/ 20 )

~

P (s [on. (Fg) = e (Fp)| = /200 = i) )

Note that the class {—G(0,7) : 0 € O} is also uniformly bounded by B and has the same
covering numbers as the class F®. Hence, applying Theorem to each separate term
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gives the statement. O]

3.7.6 Proof of Theorem (3.20 and Theorem (3.22

To begin the proof, let us first introduce the following notation:

1/q
s q 7
Lonard) 2 (gt ) 2GH,40) el 620)  (325)
- — 1
L(”?Qﬂn) £ 2NqH€H]P’Z,rL— (329)

r—gq nl/a—1/r"
The following proposition allows us to reduce the unbounded problem to a bounded one.

Proposition 3.25. If r € [2,00) N (g, 00), then the inequalities

P(UERAFus) — i Ro(B)] 2} 0 B3, )

<P ({sup|R,(Fug) — Ry(Fy)| = 2} n BE,)
0cO

<P ({sup R (F5) - Ry(FP™)| > e~ Lnra. )} 1 B,)
0cO

hold for any 6,e > 0 and every n € N. Here P* denotes the outer probability w.r.t. P.

Moreover, if p is coherent, then one may replace L(n,r,q,d) with i(n, q,7).

The proof is relegated to Section [3.7.7]

In the next step, we want to bound the penalty function in Kusuoka representation

(3.8)) for Rp(ﬁﬁg”) and R,(Fy™) on the auxiliary event B .

Proposition 3.26. Under assumptions|(A 1), |(A 2) and|(A 6) with ¢, as well as Mf”
as in|(A 6), we obtain the following Kusuoka representation for 6 € ©,n € N and 6 > 0:

Ro(Fpit) = suwp ([ Ra(F ) ulda) = B(w) ifwe B,
uEdom(ﬁp) [0’1)
Bp () <25 4 +5

Ro(Fy) = sup ([ Ra(F)™) plda) = B,(n)),
;J,Edom([}p) [0’1)

Bp(n) <275 g+
where R, stands for the functional associated with AVQR,,.

Proof. Let § € ©,n € N and § > 0. We fix any w € B and denote by F\n,g(-,w) the

empirical distribution function based on £(Z;(w)), ..., &(Za(w)).
Since (9, F, P) is atomless, we may find random variables X ) Y« on (2, F,P) which
have respectively F\nyg(', w) and ﬁf;l’; as distribution functions. Both random variables are

P-essentially bounded so that they belong to X'. Furthermore, the distribution functions
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F_xw, Fyw, Fxw of =X @) Y and X« respectively, satisfy pointwise the inequalities
Fxw < Fyw < F_xw due to[(A 2)] Moreover, by again, we also have —¢(7;) <
orn(G(8,Z1)) < &(Zy). Hence, by Proposition (see Appendix [3.A))

Ro(Feir) = s (| Ra(Eln) p(da) = B(w) ifwe BE,.
,uedom(ﬁp) [071)
Bp(n)<2p(2X (@) 45
Ro(Fy™ = swp ([ Ru(Fy) plda) = By(n)).
nEdom(Bp) [0,1)

Bp(n)<2p(26(Z1))+6

Furthermore, by Lemma 4.3 in Bartl and Tangpi| [2022], and recalling » > ¢ as well as
w € B

n,r?

1/r

1/q

2 <% S &2 (W))q) 2 (% 2516 (ZJ(W))T)

AVQR,(2X ) <

(1 —a)t/a - (1—a)l/a
27 |1€ |l
- (1-a)te

Also, by Lemma 4.3 in Bartl and Tangpil [2022],

2lelsz, _ 20Elez,
(1—a)e = (1 —a)l/d

AV@R,(2¢) <

So we may conclude 2p(2X @) v 2p(2¢) < QMiq which completes the proof. O
Now we are ready to show Theorem [3.20| and (3.22]

Proof of Theorem [3.20l Let us fixn € Nand d,e > 0, and let I be any countable dense

subset of [—w, ,, w;,], whereas O is the at most countable subset of © from assumption
(A 3)|

Clearly, the inequality

H»({

is valid. Then, since p is coherent, Proposition [3.25| implies that

inf R,(Fy) — in Rp(ﬁn,g)‘ > g}) <P ({ sup | R, (Fy) — Rp(ﬁn,g)‘ > g})

0cO 0cO

p* <{ sup | R, (Fy) — Rp(ﬁn,e)’ > 5} N Bfw)
0cO

< ({sup Ry (BS5) = Ry(FP™) | 2 e~ Limra)} 1 BS,).
0cO
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By the Kusuoka representation (3.8, we have that

Ro(Fi) - Ry ) < s [ [R(F) = Rt

p:Bp(1)=0

A,
S A (2w )(do),
wiBp(m)=0 Jo,1) 1 —

where A,, = sup FeEO:onn |(P,, — P)(f)| with Fgﬁf’" as defined in (3.27)). Then, following
the proof of Theorem 3 10, we obtain that

sup | R (F5") = Ra(F;™")
6co

< NqQ(qul)/qwizl/qA}l/q'
Hence, we obtain,

P’ ({gggm (Fei) = Ry ()| = e = Linra)} 0 BE,)

N e—L n,q,r)|?
<P*{{ sup |[(B, —P)(f)| > [_q 2< (q)l]) :
fery" Nq2 qilwr,n

where

" £ {(¢rn0G(0,-) —2)" | (0,0) €O x I}, Lin,q.r) = 2N, || le2,, - ¢ _1

—q nl/a—1/r"

To further estimate the deviation probability, we want to apply the concentration inequal-
ity (Theorem in Appendix [3.B.4) to F;"

Firstly, every member of this class is Borel measurable, and £ + w,,, is a positive
envelope. Since in addition F;n is at most countable, we may apply Theorem 2.1 from
Kratschmer| [2024a] to conclude

E | sup |(B, —P)(f)] J(F;" €+ wpn, 1/2).

feFr"

16 \/§ Hg"’wr,nu]}"zﬁ
<
_— \/ﬁ

Therefore, by Lemma, [3.24],

256 [|£]lpz -
E | sup |(P, — P)(f)}] S — e [J(F®.¢,1/8) +3/2]. (3.30)
JerFy
For abbreviation, we set
= c
N 201 /gy
T2 L(n,q,r)

NqQ(qul)/qngT:l)/q )
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Now, if € satisfies the lower bound in the statement, which is

((t + 1)256|||[pz - (J (F, €, 1/8) + 3/2))1/qu2<2q—1>/qw§?;1>/q

€>2L(n,q,r)+ 1/ 2a)—1/(ar) ’

then inequality (3.30]) implies

_ 74
- T &
(—L)> 50 VE

=rn

(t+1) sup |(Py, —P)(f)}]

fefFy
Hence
- t — (— L) t &
g— L) = g—L)? > — + E P, —P )
-1 =g C-L'+ >y 5t fs;;gJ( )(f)|]

Finally, note that the mappings from F;n are uniformly bounded by 2w, ,,. Thus, applying

Theorem (see Appendix to F;" yields

P ({ sup |R,(Fy) — Rp(ﬁn,e)‘ > 5} N be,r)

0cO

gﬁ»({fsup (Ba— P 2 <s—f>q}
t

gq
sup |(Pn—P)(f)| > _+E
<{f6F?” t+1 2

| /\

| /\

nt: g
92q+3 (t+1 2w2

( nl— 2q/r t2

21043 ( N, llelz

O

Proof of Theorem [3.22 We modify the proof of Theorem 3.20, Denote b, 5 = 2Mi_q+5
and M, , £ {u € M| B,(1) < b.s}. Then, Proposition [3.25| implies that for general

convex risk measure p,

P ({ sup | R, (Fy) — Rp(ﬁn,e)’ > g} N Bfw)

0cO

< ]P’*({ sup [R, (E%5") = R, (Fy™)| > e = L(n, nqﬁ)} a Bfm>>
0cO

where L(n,q,r,0) is as defined in (3.28). By the Kusuoka representation (3.8]), we have
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that

Ra(E7i") = Ra(E7™)

RAF) RN < s [ p(do)

neMs, s

A,
< sup / A 2w, pu(dar),
HEMbr,é [D 1) 1 -

where A,, = sup fertnn |(P,, — P)(f)| with ]erqif" as defined in (3.27)). Then, proceed the
same as in the proof of Theorem [3.20] to obtain that

P ({ sup \Rp(ﬁﬁg") — R,,(Ff"")‘ >e— L(n,r,q, 5)} N Bgr)
0cO

« e—L(n,q,r,0)|?
<P ({ sup |- B)()| > EHRen Y
feFy" NI, 22a—1qy,%,

q,br.s

where N, is the constant defined in assumption , which is finite by assumption

(A 6), Next, set

g2 c
Ny, 5220 /a5 D/
Ta L(n,q,r,0)

N, ,2a-D e D/0°

Following the proof of Theorem further, if € satisfies the lower bound in the statement,

which means

((t + 1)256]1 2, (FO, €, 1/8) + 8/2)) Y9N, 209~/ afs /o
nl/(29)—1/(qr) ’

€ >2L(n,q,7,6) +
then we obtain by applying Theorem (see Appendix [3.B)) to F;" that

p* ({ sup |R,(Fy) — Rp(ﬁn,e)( > s} N Bi,r>

€6
<P ({fsup (B, = P)()] > <s—Z>q}
t &t
({;%;? P )

| /\

n t2
22q+1 2w2

1 2q/7 t2
TP T ey 2N2q H€|| |

q;brs
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3.7.7 Proof of Proposition (3.25

The starting point is the following auxiliary result.

Lemma 3.27. Let & from be PZ-integrable of order v for some r > 2. Then,

U LR (Fus) — i Ro(B)| 2 ) 1 B,

o R R 2 ) 1
0cO®

C {sup|R, (Fri) =Ry ()| +sup [R, (Fy™") = Ry(F)| = ¢} 11 B
€O 6co

n,r’

fore >0 andn € N.

Proof. This follows from the fact that on B¢, we have that

n,r?

Zg T < E[E(2)),

which implies that £(Z;) < (2n)Y"||¢||pz,. In particular, this means that ﬁfg” = ﬁmg on
the event Bfw. ]

It remains to provide an upper estimate for

sup ’Rp(Ff"”) ~R,(Fy)|, (neN).
0€0

Proposition 3.28. Let[(A 1), [(A 2) be fulfilled with & from[(A 2}, and let r,q € [1,00)
and Miq be as in|(A 6). Ifr € [2,00) N (g,00), then

21618 ‘Rp(Ff"”) — Rp(F9)| < L(n,r,q,8), ford >0, neN.

If p is coherent that satisfies assumption |(A 4), then one may replace L(n,r,q,0) with

L(n,r, q) as defined in (3.29)).

Proof. Let n € N and fix o > 0. We note that the following inequalities
are valid for € © and z € R?. Hence, by Proposition in Appendix [3.A]

[Ro(F5"") = Ry (F)|

< s |
nedom(8) J0,1)

Bp(n)<bs

AVQR, (@,n(a(e, Zl))> — AV@R,(G(0, Zl))‘ u(da), forfeO,
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where by = 2p(2§ (Zl)) + 6. Furthermore, by monotonicity and subadditivity of the

Average Value at Risk, we obtain
AVOR, (6, (G(6, 21)) ) = AVOR,(G(60, 21)|

< AV@RQ< ¢rn (G (0, Z1)) — G0, Zl)D
— AV@R, ((G(e, Z1) +wrn) + (G0, Z1) — wr,n)+>

< AVGR, (2 (§(Z) — wea) )

for & € [0,1). In addition, 2 (£(Z1) — wm)Jr is integrable of order ¢ < r by assumption
on &, so that by the proof of Lemma 4.3 in Bartl and Tangpi [2022]

2 [[(€(21) = wrn) " [,

AVQR, <2 (&(Zy) — wm)+> < T )1/q , for a€]0,1).
—«
Therefore, we may conclude
sup [R,,(Fy"") — Ry (Fy)|
=)
2 Z1) — Wy *
< o [ HEE b ) @31
nedom(8p) J[0,1) (1 — a)
Bp(u)<bs+o

Since ¢ is P?-integrable of order » > ¢, and using in the first step the change of variable

formula, we may further observe

6= ) ey =0 [ 0= {620 > })

r,n

r—q

[ P > ) d

<4 / Ty p{E(Z) > y)) dy

rn

B B
S r w;;q ||€||IP’Z,7' - r (Qn)(T*Q)/T HSHPZJ»' (332)

Finally,

4 z 1 L
/[01) (1——104)1/‘7 plda) < /[01) % plda) < Mf“,q + B(n), for p € dom(p).



CHAPTER 3. SAA RISK FUNCTIONALS 199

Hence,

1 7
sup / —w“(da) <3M,;, +9.
o.1) (1

pEdom(Bp) — a)

Bp(n)<bs+3
If p is coherent, then the estimation may be modified. Indeed, Since AV@QR,, is also a

distortion risk measure with h(p) = min{p/(1 — «), 1}, we have

AVaR, (2 (6(2) ~wen) ") = 2/°° (L-FG)AI-a),

Wr,n 1 -«

where Fg(y) is the distribution function of £. Then, we have

sup [R,, (Fy™) = Ry (Fy))|

0cO®
> (1 —F; A (1 —
< sup / 2/ (1—Fe(y) A ( Oé)dy (da)
pEdom(B) [0’1) Wrn 1 —
Bp(n)<0
> 1—F; A(1—
— s 2/ / (1 — Fe(y)) A ( a)dy (da)
pedom(B) Wr.n J[0,1) 1-— «
Bp(r)<0

<2 [ (1= F)""N,dy

< 9N, / E[¢(2,)]Yay " 1dy

T T q —r
= 2N, [l€ll77, ——wit

PZ’TT —q r,n
< 2N, e 1
— Q||£||PZ,TT _ qnl/qfl/”
= E(n,r, q).
]

Now, Proposition [3.25 is an immediate consequence of Lemma together with
Proposition [3.28| 0

3.8 Additional Details for Distortion Functions

3.8.1 Some Details on Table |3.1

o If h(p) = (1 — (1 — p)*)V/*, then

lim 22 iy <ﬂ)l/k - <lim ﬂy/k = k\/*,

p
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Hence, N, < oo for ¢ > k. Moreover, N, < k'/* for ¢ > k, since Ny = k'/*, due to
the fact that # is decreasing in p (since it is the slope of the concave function
h(p) =1 — (1 — p)* between [0, p]).

e If h(p) = p*(1 — log(p®)) for a € (0,1), then lim, o p*~ /(1 — log(p*)) < oo if and

only if ¢ > 1/a. To calculate Nq, we examine the first order condition:

d -1/q
Z oY1 —log(p?)) = 0
)’ (1 —log(p™))

p* N a = 1/q)(1 = log(p®)) — ap®~op=*tet =0
S — (p)
a—1/q s

—1
p—on ().
a*q — a

— — 1 1
Ny =exp (M) (1+—>
a*q —a aq— 1
(—a—i—l/q)( aq )
= exp 5 .
a*q —a aq— 1

3.8.2 Extra Details on Kahneman-Tversky’s Distortion Func-

Hence,

tion
Recall the Kahneman-Tversky’s function

(1—-p)°

h(p) =1— 0<p <L

ey
Its dual function is given by

h P 0 1

= ,0<p <.
D= a0
To show Ny/gp,, < o0, it is sufficient to notice that
h 1
tim M2) iy 1.

0 700 (4 (1—p)) 7
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Now, to show N4, < oo, we need to show lim,o h(p)/p® < co. This is equal to

1— (1-p)¥

178 1
lim ((=p)s+pe)" " — lim (@ =p)7+) S0k . 1
pl0 p’ pl0 p’ ((1—p)?+p?)/°
1/8
B () N (e DL 1
= lim - lim E
plo p’ Pl (1= p)? +p?)
1/8
T (€ O Rl (el U
pd0 pr ’

provided the last limit exists. Hence, to examine it, we use L’Hopital’s rule and differen-

tiate both the numerator and the denominator. This gives

L =p)? + )" (8P = B(L—p)P) + B(L — )P
pl0 ppPt

(L=p) + ) (1= (1= p)P 7 pP) + (1 = p)*p

Appendix

3.A Kusuoka representation

Let p : X — R be the law-invariant convex risk measure on the R-vector space X as
introduced in Section . Furthermore, let 3, be the function on the set M([O, 1)) of
all Borel probability measures on [0, 1) which has been introduced by . We want to
verify the Kusuoka representation for p.

Proposition 3.A.1. If p satisfies the Lebesque property, then under the assumptions on
X made in Section[3.9, then

o) = s ([ AVORLCE) n(da) - 5,0 )
peM([0,1)) [0,1)

holds for every X € X. Moreover, if p is coherent, then B,(1) = 0 for any p from the

effective domain of 3,.

Proof. First of all, 3, vanishes on its effective domain if p is coherent due to positive

homogeneity.

Since p fulfills the Lebesgue property, its restriction to L>(€2, F,P) satisfies the fol-
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lowing property
p(Xk) /7 p(X) whenever Xy 7~ X and Xy, X € L>=(Q, F,P). (3.33)

Under this property, we may draw on Theorem 4.62 from Follmer and Schied| [2016] to

conclude

p(X)= sup </ AVaQR,(X) p(da) — 5,)(#)) , for X € L>(Q, F,P). (3.34)
neM([0,1)) \J[o,1)

Denoting the effective domain of 3, by dom(f,), we may introduce via

px = s [ avar,x) o) = 5,0

pEdom(B,)

the mapping p : X — R U {oc}. Recall that the mappings from X are assumed to be
P-integrable. We have

|[AVAR,(X)| < AVQR,(|X]), fora€ (0,1)and X € X, (3.35)

because the Average Value at Risk satisfies monotonicity and sublinearity. Furthermore,
the Average Value at Risk is continuous w.r.t. the L'-norm (see Ruszczynski and Shapiro,
2006, Proposition 3.1). This means

lim AV@R,(IX| A k) = AV@R,(|X]), for a€ (0,1),X € X. (3.36)
—00

Combining (3.35)) and (3.36]), we may conclude by monotone convergence that

/[0 | JAVERL(X)] ude) — 5,(0)
— [ELX]] u({0}) + /( AVER, ()] (do) = 5,0

< E[IX]] p({0}) + /(O : AV@R,(|X]) plda) = By(n)

k—o0

= i (BIXIAR+ [ AVORLXIAR) ulda) = 5,0

(0,1)
holds for any p € dom(5) and every X € X. Moreover, as a law-invariant convex risk

measure on a Banach lattice, p is norm-continuous (e.g., [Ruszczynski and Shapiro, 2000,

Proposition 3.1]), and ||| X| — |X| A k”x — 0 for k — o0, if X € X due to (3.6). Hence,
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in view of (3.34)), we end up with

L 1({0))]+ [ JAVER(X)] n(da) = () < Jim p(1X| A ) = p(1]),

(0,1)

for 4 € dom(f) and X € X. In particular,
p(X) <p(|X]) <oo, for X eX.

Then p may be verified easily as a law-invariant convex risk measure so that it is also
continuous w.r.t. || - |x. Since p and p coincide on L>(2, F,P) by (3.34), and since
L>(Q,F,P) is a dense subset of X w.r.t. || - |x by (3.6), the norm continuity of both
mappings yields that they also coincide on the entire space X. This completes the proof.

O

For any X € X, we denote its distribution function by Fx. If we restrict p to subsets
{X € X | Fy < Fx < F_y pointwise} for some nonnegative Y € X', we may bound the

penalty function 3, in the Kusuoka representation.

Proposition 3.A.2. Let Y € X withY > 0 P-a.s.. Then, with the Kusuoka representa-
tion from Proposition we may find some b € R such that

)= s [ avar,x) o) = 5,0

pedom(Bp)
Bp (1) <b+d

holds for any 6 > 0, and arbitrary X € X satisfying Fy < Fx < F_y pointwise. Here
dom(3) denotes the effective domain of B. Sufficient choices are b = p(2 Y) —2 p(=Y)
orb=2p(2Y) — 3p(0).

Proof. Fix 6 > 0 and X € X with Fy < Fyxy < F_y pointwise. This implies Fyy < Fox.
We shall denote the expectation by AVQR,. In view of the Kusuoka representation
derived in Proposition [3.A.1] we may restrict the supremum to all 4 € M such that

p0) = 5/2< [ AVGR,(X) (da) ~ Byli)

[0,1)

Then, by positive homogeneity of the expectation and Average Value at Risk along with
the Kusuoka representation from Proposition [3.A]

—5/2

[ o AV@R,(2X) p(da) —/apm)] X - [ AV@R,(X) u(da) - B,()

0,1)
— p(X) = p(X) +0/2 = p(2X) = 2p(X) +6/2.
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Since the expectation as well as the Average Value at Risk are monotone, p satisfies
this property as well by the Kusuoka representation. This means, in particular, that
p(=Y) < p(X) due to Fx < F_y pointwise, and AVQR,(2X) < AVQR,(2Y) for every

a € [0,1) because Fy < Fx pointwise and thus Fyy < Fyx pointwise. Hence,

By(1) < p(2Y) = 2p(~Y) +36,

and the first statement follows with b = p(2Y) —2p(—Y). Moreover, convexity of p implies
—p(=Y) < p(Y) — 2p(0). In addition, by the Kusuoka representation p(0) + 5,(1) > 0
holds for 1o € dom(/3,) so that by positive homogeneity of the Average Value at Risk we

may conclude

201) = s [ Avar,ey) pio) - 26,0

nedom(By)

< s ([ AVGRLEY) uda) - 5,0)) + pl0) = V) + p(0).
[0,1)

pedom(By)
Thus, we end up with b < 2p(2Y) — 3p(0), which completes the proof. ]

As a consequence of the representation result in Theorem [3.A.1] we may verify the

following type of Fatou property.

Corollary 3.A.3. Let p fulfill the Lebesque property, and let { Xy, X, Y | k € N} C X
such that iminf, o Xy > X P-a.s. and sup,ey | Xi| <Y P-a.s. Then,

liminf p(X}) > p(X).
k—o0

Proof. By assumption X, £ infjen >k X; and X & SUDen X are well-defined random
variables on (9, F, P) satisfying X; <Y P-a.s. for k € Nand X <Y P-a.s. These random
variables belong to X because X is solid. Furthermore, we may find by Proposition |3.A.2
a set M of Borel probability measures on [0, 1) such that /5, is bounded on M, and

oV) = sup ([ AVRLT) utde) - 5,00 ) (3:37)
peM \J[0,1)

for Y € {X;, X, X, X,Y | k € N}, where AVQR, stands for the expectation. By the

dominated convergence theorem the sequence (X )ren converges to X w.r.t. the L'-norm.

Hence, by L'-norm continuity of the expectation and the Average Value at Risk, we obtain

AVQR,(X},) — AVQR,(X). Moreover, X}, > X, P-a.s. for k € N, and X > X P-as.

Then, by monotonicity of the expectation and the Average Value at Risk

lim inf AV@R, (X)) > lim inf AVQR,(X}) > AVQR,(X) > AVAQR,(X),

k—o0
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a € [0,1). Finally, observe AVQR,(X;) > AVQR,(-Y) for a € [0,1) due to the
monotonicity of expectation and Average Value at Risk again. Then the application of
the Fatou lemma yields

lim inf / AVOR,(Xy) p(da) > / AVOR,(X) p(da).
[0,1) [0,1)

k—o0

Now, the statement of Corollary may be derived easily from the representation [3.37]
]

3.B A concentration inequality

Let (Z;);jen be a sequence of independent, identically distributed d-dimensional random
vectors on (€2, F,P). The main tool for the proof of Theorem is the following con-

centration inequality.

Theorem 3.B.4. Let F be some at most countable set of real-valued Borel measurable
mappings on R? that are uniformly bounded by some positive constant b. Then for every

n € N and any € > 0, we have

P({S, > E[S,] +¢}) < exp (;;;) ,

where S, = SUP fcp } Z?Zl f(Z;) —n E[f(Zl)} ’

Proof. Since the mappings from F are uniformly bounded, and since F is at most count-

able, the function

h:R™ SR, (21,...,2,) — sup Zf ;) E[f(Z1)]
feF
is Borel measurable and bounded. Furthermore, it satisfies for z1,. .., z4, 2 € R? and any

i € {1,...,n} the inequality
‘h<217 SR 7ZTL> - h(Zi, . '7Z;)| < i‘ug‘ ’f(Z@) - f(zzl” < 2b7
€

where z! £ z and zj- = z; if j # 1. Hence, we may conclude immediately the statement
from McDiarmid’s bounded differences inequality (see e.g., Gine and Nickl, 2016, Theorem
3.3.14). O



Chapter 4

A New Distributionally Robust Op-
timization Model Based on Maxiance

Regularization

4.1 Introduction

A large part of the data-driven optimization literature has been concentrated on finding

optimal solutions for the following problem:

min Ep, [I(x, &)], (4.1)

xeX

where [(x, £) is some real-valued loss function that evaluates a decision variable x con-
tained in a compact convex set X C R? and an uncertain parameter & € R* following
the true, but often unknown, distribution Py. Problem encompasses a broad class of
decision problems in operations research, statistics and economics, with examples includ-
ing regression/classification problems, portfolio optimization and inventory management
problems.

A very direct approach to solve is to replace the true expectation with its sample

average approximation (SAA), formulated as

min B [I(x, )], (4.2)
where P, is the empirical distribution constructed from an i.i.d. sample of &,,...,&,.

However, SAA is known to be sensitive to overfitting, see for example Smith and Winkler
[2006] that discusses the shortcomings of SAA in decision analysis. To address this, various
distributionally robust optimization (DRO) models have been proposed as an alternative
for SAA, where the expected loss value is minimized with respect to a set of distributions.

One popular example is DRO based on ¢-divergence ambiguity sets, which has emerged in

206
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many applications, see e.g., Duchi and Namkoong| [2019], |[Duchi et al.|[2021], |Lam| [2019],
Ben-Tal et al.| [2013], Postek et al| [2016]. It is formulated as the following min-max
optimization problem:
min  sup  Eg[l(x,&)], (4.3)
xex Q:1,(Q,Pp)<r
where the ¢-divergence 1,(Q,P) = [, ¢ (42) dP, for a convex function ¢ : [0, 00) — [0, 00)
with ¢(1) = 0, serves as a variational measure between two probability measures Q and
P.

From a decision-theoretic perspective, the optimization problem can be motivated
from variational divergence preferences (Maccheroni et al.|[2006)). Another main reason
that makes ¢-divergence DRO an attractive model is its equivalence to mean-variance
regularization, when r — 0. This has been recognized in |Gotoh et al.| [2018, 2021], Duchi
and Namkoong|[2019], Duchi et al.| [2021], Ben-Tal and Teboulle|[2007]. In particular,
provides a tractable methodology for minimizing both the bias and variance. When there
are near-optimal solutions of that have loss distributions with much larger variance
than that of the true optimum, ¢-divergence DRO is able to exclude those solutions,
whereas SAA is unable to make such a distinction.

However, the use of the variance as a measure of variability has important limitations.
For example, it is only justified when the distribution is symmetric. Otherwise, a large
variance does not necessarily imply a high degree of variability among a sample of realized
values (for instance, consider the sample (1,1, 1, 1,6), which has a large variance, but not
necessarily much variability). By definition, variance is the squared difference between
a realized value and its mean. Since this measures the variability with respect to one
reference point, it makes variance sensitive to outliers, which is one of the main causes for
overfitting. By contrast, the Gini’s mean difference (GMD), introduced by Corrado Gini
in 1912, which is a well-known measure among economists who study income inequality

(see e.g., |Gini |[1912} 1921)), is based on relative differences, and defined as:
Loy _ x@
§E|X - X%, (4.4)

where, for a random variable X, X X® denote two i.i.d. copies. The advantages of
GMD as a substitute for variance have been demonstrated in many examples in statistics
and economics, such as regression models and portfolio theory. We refer the readers to
notable works by |[Yitzhaki [1982], Shalit and Yitzhaki [1984], Olkin and Yitzhaki [1992],
and the textbook by [Yitzhaki and Schechtman [2012]. In decision theory and the eco-
nomics of risk, the GMD, which is referred to as maziance in |[Eeckhoudt and Laeven
[2021], has emerged as the key ingredient for constructing a local index of absolute risk

aversion in non-expected utility theoryf_-] similar to the appearance of variance in expected

1See | Yaari [1987], Quiggin| [1982], Schmeidler| [1986} [1989] for more background on non-expected utility
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utility theory. To emphasize the dual relationship between variance and GMD that is also
highlighted in this paper, we will henceforth adopt the maxiance terminology as suggested
by [Eeckhoudt and Laeven| [2021].

When outliers are present in the data, using a variance regularization model such as
¢-divergence DRO to address overfitting in SAA can, in fact, produce counter-effective
results. To illustrate this, consider a simple decision problem that only involves choosing
between a linear combination of two loss distributions X and Y according to their expected
loss. This problem is formulated as (4.1), where & = (X,Y), X = [0,1] and [(z,&) =
X + (1 —2)Y. The two loss distributions are defined as X = Unif|[5, 7] + 25¢, which is
a sum of a uniform distribution on [5, 7], with a Bernoulli variable e that takes the values
1 with probability 0.05 and zero otherwise (¢ may be interpreted as some exogenous
noise, such as measurement errors). On the other hand, ¥ = Unif[1.85,12.85]. By
construction, E[X] = 7.25 < 7.35 = E[Y]. Therefore, X is the optimal choice with the
minimal expected loss (corresponding to the optimal solution = = 1 of (4.1))). Suppose
we do not know the true distributions but only observe 1,000 samples of both X and
Y, as represented in Figure [£.1] It can be observed that, except for the outliers, the
samples of Y exhibit a larger variability than X. Since their true expected values are
also very similar, the empirical mean of Y can sometimes be less than that of X due
to sampling errors, leading to the wrong conclusion that Y is the optimal solution for
(4.1) (for example, in the particular realizations given in Figure , we have the sample
mean E[X] = 7.47 > 7.45 = E[Y]). If one uses ¢-divergence DRO to address overfitting,
then the bias is even more towards Y, since the empirical standard deviation estimated
from the 1,000 data in Figure yields 6x = 5.96 > 3.2 = y, due to the presence
of outliers. On the other hand, the maxiance is less affected by the outliers of X: it
outputs an estimate of 1.70 for X and a value of 1.85 for Y. Therefore, in this situation,
we see that the maxiance provides a more appropriate, outlier-robust representation of
variability, and is a more reasonable choice than the variance.

Motivated by this example, we aim to construct a new DRO model, where not the
variance but the maxiance is regularized. It turns out, as we formally establish in the
paper, that such construction is completely dual to the standard DRO procedure, in the
sense that it considers deviations in a different dimension: while the traditional DRO
such as makes a distributional shift in the probability plane, our new DRO does
that in the outcome plane. To emphasize this duality, we will call our new DRO model
dual DRO, and refer to the ¢-divergence DRO in as primal DRO.

More precisely, given a positive loss random variable X = [z1;p1, Z2;D2, ..., Tn; Dnl
with outcomes z; that take probabilities p;, we define the dual DRO by minimizing the

expected loss, under the shifted outcome values that are penalized from the nominal

theory.
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Figure 4.1: This figure displays 1,000 samples drawn for two distributions: X =
Unif[5, 7] + 25¢ and Y = Unif[1.85,12.85], where Unif|a, b] is the uniform distribution
on [a,b] and € ~ Ber(0.05) is a Bernoulli random variable with success probability 0.05.

outcomes (z1, ..., ,), measured using a ¢-divergence with a penalization constant 6 > 0:
" 1
® — Ay - =

Psp(X) = A;rel]lfw ;:1 Filyi + 515(Ay, Ax). (4.5)

Here, we define Ax = (Axy, ..., Az,) with Az; = x;—x;_1 fori =2,... ,nand Az, = xy,
and similarly for Ay. We assume that the outcomes are ordered: z; > 0, Ax; > 0, for
all i > 2. We let F; = Z?:l p; for i = 1,...,n denote the decumulative probabilities, so
that for any Ay € R} = {a e R": a; > 0}, we have > | F;Ay; = > piy;. Moreover,
we define the divergence I,(Ay,Ax) = > " | Ax;¢ (Ay;/Ax;). Let us comment more
on . We note that the dual DRO is designed to minimize both the expected loss
and a measure of relative differences. If X admits a distribution that has large relative
differences, then I4(Ay, Ax) is a large penalization term since it is a sum of the variations
Ax; with non-negative coefficients ¢p(Ay;/Az;) > 0. Therefore, when solving a dual DRO

optimization problem:
min pf o (1(x,€)). (4.6)

xeX
where we minimize the dual DRO risk measure of the loss function under the empirical
distribution P, = L% 1 te, constructed from ii.d. data (€,,...,&,) (where ¢, denotes
the Dirac delta distribution), we are effectively searching for a decision x that minimizes
the expected loss and relative differences of its distribution I(x, &) ~ P,.

Our main contributions may be summarized as follows:
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e We prove the asymptotic equivalence between dual DRO and mean-maxiance
regularization, as 6 — 0. This equivalence is also shown to hold uniformly across
all decision variables, for the optimization problem . Furthermore, we extend
this asymptotic equivalence to a primal-dual DRO model, where we consider both
distributional and outcomes shifts penalized by two ¢-divergences. This leads to
a more general mean-maxiance-variance regularization model, encompassing mean-

variance regulatization and mean-maxiance regularization as special cases.

e We show that the minimization problem (4.6 can be computed by solving a convex
optimization problem that provides tight lower and upper bounds on . We
then provide numerical examples where the solution of a dual DRO optimization
problem can be more attractive than the ones obtained from the primal DRO and
the empirical risk minimization, in terms of finding an optimal solution for the true

minimization problem minyer Ep, [[(x, &)].

e Finally, we establish the asymptotic convergence rate of the dual DRO minimiza-
tion problem (4.6) as an estimator and a lower bound on the true optimal value
minyey Ep, [I(x,£)]. We show that a similar dual DRO upper bound can also be

obtained.

Finally, we give a brief review of other related literature. Besides the equivalence between
¢-divergence DRO and mean-variance optimization that are established in |Gotoh et al.
[2018], |Duchi and Namkoong| [2019], [Duchi et al. [2021], regularization effects of other
DRO models have also been established in for example |Gotoh et al.| [2020]. In particular,
it is known that Wasserstein DRO regularizes the gradient norm of the decision function
(see, e.g.,|Gao et al.[2022). This has led to the application of Wasserstein DRO in machine
learning, such as improving the robustness of regression models against outliers, see e.g.,
Chen and Paschalidis| [2018], and other learning tasks, see [Kuhn et al,|[2019]. Recent
papers by Bartl and Mendelson| [2022] and [van Parys and Zwart|[2025] have also examined
robust estimation procedures for the optimal expected value problem in the setting
of heavy-tailed distributions. Bartl and Mendelson| [2022] proposed a novel procedure for
estimating the solution and objective value of that attains the optimal Gaussian
rate in finite samples. However, their desired statistical property comes at the expense
of computational tractability. Van Parys and Zwart| [2025] examined the rate at which
the probability of over- and underestimating the true expected value decays for various
data-driven formulations. In particular, they showed that the mean-variance model (with
a O(1/4/n) penalization coefficient for the standard deviation) has a large overestimation
probability for the expected value when the distributions are heavy-tailed. On the other
hand, the dual DRO model based on mean-maxiance regularization that we propose in

this paper is computationally tractable, and can serve as an attractive new data-driven
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formulation for heavy-tailed distributions, as our numerical simulations suggest that the
maxiance is (much) more robust against outliers than the variance.

The remaining parts of this paper are organized as follows: we first introduce the
maxiance and its relation to distortion risk measures in Section [4.2] We then prove our
main results on asymptotic equivalence in Section 4.3 In Section [4.4] we study the
minimization problem , and its statistical properties are established in Section .
Finally, a concluding remark is provided in Section [£.6]

4.2 Preliminaries

4.2.1 ¢-Divergences

We start by recalling the definition of a Csiszar ¢-divergence. Let ¢ : R — [0,00) be
a convex function such that ¢(1) = 0 and dom(¢) C [0,00). Then, the ¢-divergence

between any two non-negative vectors p,q € R} is defined as:

Iy(a,p) £ pio (%) :
i=1 v

We note that I4(q,p) is jointly convex in q and p, and that I4(q,p) > 0, I,(p,p) =
0. Furthermore, we adopt the convention 0¢ (0/0) = 0 and 0¢ (¢/0) = lim,_,o ¢(z)/z.
Throughout this paper, we assume lim,_,., ¢(2)/z = oo and that ¢ is sufficiently smooth
at 1 (i.e., infinitely differentiable at 1). We note that these assumptions are not restrictive,
since they hold for many canonical examples of ¢-divergences (see Section 1.2 of |Pardo
2000)).

For any convex function f : R? — R, we denote by f*(y) = SUDxedom () yix— f(y) as
the convex conjugate of f. Furthermore, for any concave function g : R* — R, we denote
by ¢.(y) = infxedom(g) Y’ x — g(x) the concave conjugate of g. We note that a convex
conjugate is always convex, and a concave conjugate is always concave. In particular, we
have that ¢*(y) = sup,>q ¥z — ¢(v) and (—¢).(y) = inf,>o yz + ¢(x). By definition, the
following relation holds:

(=0):(y) = —0"(—y), Yy €R. (4.7)

In the following proposition, we summarize some properties of ¢* that are frequently used

in this paper.
Proposition 4.1. Let ¢ be a Csiszar ¢-divergence function. Then
1. ¢* is non-decreasing.

2. ¢*(0) =0 and ¢*(y) >y, for ally € R.
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If ¢ is also three times continuously differentiable at 1 with ¢"(1) > 0, then ¢* is twice
continuously differentiable at 0, with (¢*)(0) = 1, (¢*)"(0) = 1/¢"(1), and (¢*)"(0) =
—¢"(1)/(¢"(1))°.

4.2.2 Maxiance and Distortion Risk Measures

For a random variable X, the maxiance is defined as
ii,(X) £ Emax{ X" X@1] - E[X], (4.8)

where XM, X® areii.d. draws of X. We note that the maxiance can also be expressed as
iy (X) = E[X] —E[min{X®, X®}]P| Throughout this paper, we also refer to the quantity
E[min{ X", X@}] as the second dual moment (terminology adopted from Eeckhoudt
et al.[2020). As mentioned previously, the maxiance is also equal to the Gini’s mean
difference that measures the average of the absolute difference between two i.i.d. random
variables. Indeed, one has my(X) = E[X®) — X®)|/2: see Section 5 of Eeckhoudt and
Laeven| [2021].

An important tool that allows us to study the dual DRO model is by relating
it to the class of distortion risk measures. This class of risk measures is characterized
by a distortion function h : [0,1] — [0, 1] that is non-decreasing and satisfies h(0) = 0,
h(1) =1 (see Section 4.6 of Follmer and Schied [2016| for more detail). Given a distortion
function h, the corresponding distortion risk measure of a loss variable X is defined as

the Choquet integral

o) 0
on(X) é/ h(IP’[X>t])dt+/ (h(PX > 1)) — 1)dt. (4.9)

0 —00
If X = [z1;p1,22;D2,...,Tn;Pn) is a discrete random variable with realizations x;’s that
take probabilities p;’s, such that z; < x9 < ... < z,, then p,(X) becomes a rank-

dependent sum

pn(X) = Z h(Fy) (z; — xi-1), (4.10)

where F,; = Z;L:z p; for « = 1,...,n, are the decumulative probabilities and we denote
Ty = 0. The class of distortion risk measures contains many interesting examples. This
includes the Conditional Value-at-Risk/Expected Shortfall (when h(p) = min{p/a, 1}),
and the Value-at-Risk (when h(p) = 151(p)). If h(p) = 2p — p?, then the corresponding
distortion risk measure is also equal to a mean plus maxiance evaluation.

Further Notations. Throughout this paper, we adopt the landau O notation, where

a, = O(b,) if limsup,,_, |a,/b,| < oo, and a, = o(b,) if lim,_, |a,/b,| = 0. Similar

2This can be verified by noting that E[max{X®, X)1] + E[min{ X1 X?)}] = 2E[X].
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notations for stochastic convergence are adopted from van der Vaart| [1998]. We also write
X, X for convergence in outer probability, as defined in [van der Vaart and Wellner

[2023] (page 52). Moreover, for any integer n, we let [n] :=={1,...,n}.

4.3 Asymptotic Equivalence of Dual DRO and Mean-

Maxiance Optimization

In this section, we establish the asymptotic equivalence between dual DRO and mean-
maxiance optimization. We study the dual DRO model in a discrete probability setting,
since data-driven optimization often relies on the empirical distribution. Let (2, F) be
a sample space and X : 2 — R a positive random variable that is distributed on n
support points 0 < z; < x5 < ... < x,, with probabilities py,po, ..., p,. We assume that
min; p; > 0 (otherwise, discard those x;’s where p; = 0).

Let ¢ be a divergence function. We recall the definition of the dual DRO model,
where instead of with respect to the probabilities, we optimize with respect to the payoffs

dimension Ay, controlled by a ¢-divergence penalization term:

Ay€R? 4]

1=

“~ 1
Prp(X) = inf " FiAy + <I4(Ay, Ax), >0, (4.11)
1

where I5(Ay, Ax) = > Ax;é (Ay; /Ax;).
Our first main result is the asymptotic equivalence between the dual DRO model and

mean-maxiance regularization as 6 — 0, which is stated in the next theorem.

Theorem 4.2. Let ¢ be a ¢-divergence function that is twice continuously differentiable
at 1. Then, we have that

pso(X) = (1 - ﬁ) Ep[X] + M#(l)mgp()() +0(6). (4.12)

We note that the dual DRO in is a minimization problem that can be solved
explicitly, and is (modulo a positive constant) equal to a distortion risk measure. This
result dates back to Ben-Tal et al. [1991], which shows that many classes of risk measures
admit a robust representation with a ¢-divergence penalization. As shown in the proof
of Theorem , the dual DRO model in is proportional to the following distortion

risk measure:

C00) S, Ty, e

[1>
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Figure 4.2: This figure displays the shape of the distortion function hs(p) = % with

varying 0, where ¢ is the Kullback-Leibler divergence given by ¢(t) = tlogt —t + 1.

where the distortion function hs : [0,1] — [0, 1] is given by hs(p) = (—¢)«(dp)/(—®).(9).
This gives the dual DRO an interpretation from decision theory, which implies that
decision-making with the dual DRO model is within the axioms of Yaari’s dual the-
ory (see |Yaari|1987). The parameter §, which controls the degree of penalization in the
dual DRO model , shapes the concavity of the distortion function hs. As shown in
Figure a larger 0 gives more concavity to hg, which puts larger probability weights
on the worst outcomes of the loss random variable X.

As we can see in ({£.12)), the asymptotic analysis of pgp(X ) shows that there is still
a factor —9/(2¢"(1)) in front of the expectation, since p?p(X ) is by definition a lower
bound on the expectation. This is not entirely analogous to the primal ¢-divergence
DRO case, where only the variance is penalized by a “first-order” factor. It turns out
that the expansion of the distortion risk measure R?’p(X ) excludes the delta factor at the

expectation, and the maxiance emerges as the only first-order penalized factor.

Proposition 4.3. Let ¢ be a ¢-divergence that is twice continuously differentiable at 1.
We have that 5
1) . —
R5,(X) = Ep[X] + Mmzp(x) +0(9).

As is apparent from (4.13]), pgp(X ) and ’Rf{p(X ) differ only by a multiplicative factor.
Therefore, minimizing p?,p as in (4.6) yields the same optimal solution as minimizing Rgp.
The only difference is that in the former case, one obtains a lower bound on the expected
value, while the latter yields an upper bound. Finally, we can extend the primal DRO and
dual DRO to a primal-dual DRO model, where we consider shifts in both the outcome
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space and the probability space, measured by two divergences ¢ and 1. More precisely,

we define

g 1 1
wp(X) = inf i + —1s(Ay, Ax) — —1,(q, p). 4.14
Pivdarn(X) = sup A%M;qy + 5 1oAY, A%) = = 1y(a, ) (4.14)
The next result states the asymptotic equivalence of a primal-dual DRO model to

mean-variance-maxiance regularization.

Theorem 4.4. Let ¢, be two Csiszar ¢-divergence functions that are both twice contin-
uously differentiable with ¢”(1) > 0 and ¥"(1) > 0. Assume p; > 0 for alli =1,...,n.
Then, we have that

o) = (1= 777 ) Bl + g Vans ) (1.15)
n %@p(){) 4 o(61) + 0(62) + O(6159m).

4.4 Optimization of Dual DRO Models

In this section, we first discuss how to solve a dual DRO minimization problem in a

data-driven setting, Then we numerically investigate the performance of dual DRO.

4.4.1 Solving Dual DRO

Let &,,...,€, an i.i.d. sample of data of £&. Then, we consider the following dual DRO

minimization problem with respect to the empirical distribution P, = o te/n

min pj;(n)m(z(x, £)), (4.16)

xeX

where we assume that the positive loss function [(x, &) is convex and continuous in x,
for each random vector € in R*. We recall that the dual DRO evaluation p?(n)ﬁn(l(x, £))
is a rank-dependent evaluation for each decision x € X. Indeed, for any fixed x € X,
we must first rank the outcomes by indices i(x) such that I(x, &) < ... <UX, &, )
Then, according to , we have that

’ e i, ] ‘ _ BVig

where Al(x7£1(x)) = l(x7£1(x))7 and AZ<X7 éz(x)) = Z(X7£z(x)> - l(X7€(i—1)(x)) for i =
2,...,n. Hence, we see that optimization of dual DRO models is fundamentally dif-

ferent from its primal counterpart (4.3), due to its rank-dependent nature on the decision
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variable. To circumvent this, we use (4.13), which gives

P, 106 €)) = ﬁ Zl(—@* (5(n)n_Ti+1> Al(x, &)

Therefore, the dual DRO minimization problem (4.16) is equivalent to a distortion risk

measure minimization problem, where the distortion function is

homy(p) = (=0)«(6(n)p) /(= ). (6(n)).

The idea now is to invoke tools from risk theory (see Proposition 10.3 of Denneberg1994)),
which is summarized in the following proposition that states an equivalence between

distortion risk measures and robust optimization.

Proposition 4.5. Let h : [0,1] — [0,1] be a distortion function that is concave, non-
decreasing, and satisfies the boundary conditions h(0) = 0 and h(1) = 1. If X =
[1; 1, T2 P2y - -+, T Pu] 1S @ discrete random variable with realizations x;’s that take prob-

abilities p;’s, such that 1 < xo < ... < x,, then we have that

n

Ph(X): sup qi%;,
qaEM"(p );

where p(X) is the rank-dependent sum as defined in (4.10)), and M"(p) is the set

q>0, Zqz—l Zq]<h(2p]> VJ Cn } (4.17)

jeJ jeJ

M"(p) = {qGR"

Hence, by (4.13), it immediately follows from Theorem that problem (4.16) is
equivalent to a min-max problem, where the uncertainty set is given by (4.17)), for h =

hs(ny- This leads to the following lemma.

Lemma 4.6. We have for any 6(n) > 0,

—0),(8 ' n
mi;r}p?(n) @n(l(x7 £)) = ( 925()5(7(1)(”)) min max Zqil(x, i)- (4.18)
XeE ) xXE qEMé(n) —

where

q>0, iqizl, > g5 < sy <Z%) NJ C [n]}. (4.19)

i=1 jeJ jeJ

We note that although the right-hand side of (4.18)) is a primal DRO problem, the
ambiguity set /\/lf(n) is fundamentally different from the canonical examples that are

considered in the standard DRO literature, namely sets that are based on statistical
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distances or imposed moment conditions. Instead, ./\/l?(n) uses probability weighting, and
it contains 2™ number of constraints: q € ./\/l?(n), if and only if the probability of any event
under the distribution q is bounded by the probability of that event under the distorted
empirical distribution. Due to this complexity, the right-hand side of cannot be
solved using the standard reformulation technique as developed in [Ben-Tal et al.| [2013].
Fortunately, optimization of distortion risk measure with discrete probabilities has been
studied in previous work by [Jin et al. [2025b]. One way to efficiently compute is to
use a piecewise linear approximation of the concave function hs(,), both from below and
from above. This gives an upper and a lower bound on the optimal value , both of
which converge as the approximation error of hs,) tends to zero. More precisely, for any
concave distortion function h, one may approximate h from below with a piecewise-linear
function by, = min;—; __x h;, where hj(p) = l; - p + b; are affine functions such that the
slopes [; > ... > [k are decreasing, and the intercepts b; < ... < bx are increasing. The
affine functions are defined on a set of K support points 0 = sy < 51 < ... < sg = 1,
such that hr(p) = h;(p), if p € [sj_1,s5], for all j = 1,..., K. Moreover, we may
impose b; = 0 and lx + bx = 1, so that hy(0) = 0 and hp(1) = 1. Therefore, if one
replaces hg(,) by its lower piecewise-linear approximation hy < hg(,), then the ambiguity
set M?(n) is approximated by the smaller subset M"% (1/n) (see definition in (4.17)),
where 1/n = (1/n,...,1/n) € R". Hence, can be approximated with the lower
bound minyex SUPgeprie (1/m) Doy Gl(X,§;). As shown by [Jin et al| [2025b], this lower
bound can be computed as the following convex optimization problem with O(n - K)

number of constraints, as summarized in the following theorem.

Theorem 4.7. Let h, = min;<j<x h; be a piecewise-linear concave distortion function.
Then, we have that minyex SUPgepshz (1/n) Yo qil(x,&;) can be computed by solving the

following optimization problem:

K 1 m K
min B+ vibi 1> D> dals
BiAij Vs Jj=1 i=1 j=1

K
stl(x,&) = B— Y N <0, Vi€ [n] (4.20)

j=1
)\ij S vj, Vi € [n], VJ S [K]
Aijayj > 0, Vi € [TL], VJ S [K]

We further note that as outlined by |Jin et al. [2025b], for any constant € > 0, one
can find a piecewise-linear approximation h; < h, with the smallest number of K pieces,
that satisfies the error bound sup,¢(o 1 |22 (p) — h(p)| < €. This allows us to minimize the
number of constraints in (4.20). Furthermore, for any approximation function h; with

error bound €, one can also obtain an upper approximation of hy > hsny by defining the
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function

hap) =4 =y
L\pP) =
min{h,(p) + €1} 0<p<1.

Then, the ambiguity set /\/l?(n) is contained in the larger set M”% (1/n). This allows us to
also compute an upper bound on (4.18]), by solving minyex SUD e 0, (1/m) Yo al(x,€,),
which again can be computed using (4.20)), by simply replacing the constants b; with b;+e.
As further shown by Jin et al| [2025b], if infxex =1, . 1(X,&;) > —oo holds, then both
bounds converge to the exact value (4.18) as ¢ — 0. Since our loss function is assumed

-----

to be positive, this condition is automatically satisfied.

4.4.2 A Numerical Investigation of the Advantages of Dual DRO

We investigate numerically the difference between dual DRO ([4.5), primal DRO (4.3)),
and SAA (4.2)), as data-driven methods for obtaining solutions of the true nominal prob-
lem infyer Ep,[I(x,€&)]. In the following two simulation studies, we show that the dual
DRO model can provide solutions that are closer to the true optimum of the nominal
problem than the primal DRO and the SAA, when the true optimal solution has a small
“variability”, but a large variance due to the presence of outliers. The Python codes for
each experiment are provided on https://github.com/GuanJinNL/Dual_DRO.

Example 1: Toy Example

We consider a linear stochastic optimization problem with two loss random variables
& = (&,&) that follow a similar distribution as the example presented in Figure . We
let & = Unif[6, 8] 4 26¢,, where ¢, is a Bernoulli random variable that takes the value 1
with probability 0.05. Let £ = Unif[0.4,16.4]. Then, E[§] = 8.3 < 8.4 = E[&]. Hence,
in the linear optimization problem where X = {x € R? | 1 + x5 = 1,2, > 0,25 > 0} and
I(x,&) = xT¢, it is clear that x = (1,0) should be the true optimal solution, i.e., & is the
optimal choice among the linear combinations of loss distributions x1&; + 22&s.

To compare the performance between primal DRO, dual DRO, and SAA, we generate
100 samples of £ of size n € {50, 100, 200, 500, 1,000, 2,000} and record the average (among
the 100) weight X7 qq Which is defined as the projection value on & of the optimal
solution obtained from each model € {saa, p.dro, d.dro}.ﬂ For both primal and dual DRO
models, we choose the KL-divergence ¢(t) = tlogt—t+ 1. Then, for each sample of size n
that we draw from £, we choose for the primal DRO model the radius r(n) = x§.5,/(2n),

and for the dual DRO model, we choose 6(n) = y/2X§ 95.,/n. According to Proposition ,

3We solve the dual DRO using ([4.20), and a piecewise-linear approximation of hs(ny with uniform
approximation error e = 0.0001.
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identity (4.13) and Duchi et al.|[2021], we have that for each x € {x1,Xs},

sup  Eqll(x,£)]

Q:I4(QPr)<r(n)
2
— By [1(x,€)] + | T2 | Varg, [i(x,€)]
+o(1/n), (p-DRO)
and
o(n) 4

2
— B3 [1(x,€)] + 1 222, [1(x,€)]

+o(1/n). (d.DRO)

Therefore, our choice of r(n) and d(n) ensures that the coefficients for expectation, stan-
dard deviation, and the maxiance are all equal, for a fair comparison.

The results are displayed in Table As we can observe, the average optimal weight
on & for the dual DRO model is higher than those for SAA and primal DRO for all
sample sizes n. This shows that dual DRO is typically better at identifying the optimal
choice &, in cases where SAA underperforms due to its sensitivity to the large maxiance
of &, and primal DRO underperforms due to its sensitivity to outliers of &;. To further
examine the difference between primal and dual DRO relative to the performance of SAA,
we calculate the average optimal weight on & for both DRO models conditionally upon
the realizations fi; > fio and [i; < fip, where [i1, iz are empirical estimates of E[¢;], E[&,].
Indeed, the two cases fi; < fio and fi; > fip correspond to the situations where SAA
makes either a perfectly correct or an incorrect decision, respectively. As we can observe
from Table when ji; > fip, which is the case when SAA outputs the correct optimal
solution (1,0), the dual DRO also does that by putting almost all weights on &, while the
primal DRO puts only half of the weight on &. On the contrary, when [i; < fis, which is
the case when SAA is incorrect and outputs a solution (0, 1), both the dual and primal
DRO will make the correction by allocating weights on &, and on average the dual DRO

model does that more than its primal counterpart.

Example 2: Optimal Insurance Portfolio

We consider an insurance portfolio optimization problem, where the insurer aims to design

an insurance policy with the optimal risk exposure between two claim distributions. The
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Table 4.1: This table displays the average optimal weight on &; obtained from solving the
dual DRO, the primal DRO, and the SAA over 100 samples of £ of size n. This average is
also calculated conditionally upon sample realizations ji; > i and ji; < jio, Where fi1, fio
are empirical estimates of E[¢], E[&,].

n i>isaua KT d.dro iT,p.dro §>{,d.dro 1> KT p.dro, i1 >fi2 §>{,d.dro p1<fio KT p.dro, i1 <fio
50  0.570 0.652  0.393 0.988 0.544 0.206 0.192
100 0.550 0.647  0.346 0.979 0.465 0.240 0.201
200 0.510 0.673  0.380 0.985 0.513 0.348 0.242
500 0.610 0.679  0.375 0.986 0.479 0.198 0.211

1000 0.630 0.749  0.453 0.990 0.564 0.339 0.264
2000 0.790 0.852  0.499 0.992 0.558 0.328 0.280

problem is formulated as
inf B, [(2& + (1~ )€2)"), (4.21)

where &;,&; are two positive claim distributions and z is the fraction of coverage that
the insurer is willing to provide. To account for risk-aversion, a convex loss function
I(z) = 25 is applied.

We let log(&1) ~ uy + 0171 +b be a mixture of normal and Bernoulli distributions with
=5, o1 = 0.2, Z; standard normal and b Bernoulli distributed with parameter 0.05.
Let log(&) ~ po + 0925 with parameter pus = 5.1, 09 = 0.29, and Z, standard normal.
The parameters are chosen such that & has a larger variance than &, but has a smaller
maxiance on the other hand.

We investigate the performance of SAA, primal DRO, and dual DRO in this example
using the same choices of ¢, (n) and §(n) as in the toy example given in Subsection [£.4.2]
Using 100 samples of size 1,000 for (&3, &), we repeatedly solve the SAA, primal DRO, and
dual DRO formulations of and record their optimal solutions. The performance
of each solution x* of the three models is evaluated by an empirical estimation of their
expected loss Ep,[(2*&; + (1 — 2%)&) '] using a second independent test sample of (&, &)
of size 1,000,000, and then averaged over 100 repetitions.

The results are displayed in Table As we can observe, the solutions obtained from
dual DRO have the lowest average expected loss as compared to SAA and primal DRO,

whereas primal DRO has the worst performance, due to the large variance of &;.

Example 3: Median Estimation

We provide another example where the dual DRO model exhibits more robustness against

outliers than its primal counterpart. We investigate the problem of estimating the median
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Average Expected Loss of Solutions

SAA 2214
Primal DRO 2222
Dual DRO 2213

Table 4.2: This table displays the average expected loss (estimated using an independent
sample of (&1, &) of size 1,000,000) of 100 solutions obtained from solving each data-driven
model (SAA, primal DRO, dual DRO) using 1,000 samples of ({1, &2).

of a distribution, which is also the optimum of the following nominal problem:
inf B, |1 €], (4.22)

Using the example given by Duchi and Namkoong [2019], we let £ € {—1,0,1} be a
distribution that takes the value 0 with some probability dy, and the values —1 and 1 with
probability (1 — dg)/2. Clearly, the true median is equal to zero. Duchi and Namkoong
[2019] has shown that for this particular distribution, the primal DRO model will provide
a better estimation of the median than the SAA model, as d; — 0. For this experiment,
we also consider a perturbation £ = £ + e, where e is an adversarial attack on the data
of & such that it takes the value 0 with some probability 1 — €y, but the value 300 with
the remaining small probability ¢;. We set 9 = 0.01 and ¢y = 0.009. By construction,
the true median of £ is still equal to 0.

We then solve the SAA, the primal DRO, and the dual DRO versions of problem (4.22))
for a sample size of n = 1,000, over 100 repetitions. We again use the KL-divergence.

For the primal DRO model, we choose the radius r(n) = x§ g99.1/n- The 6(n) in the dual
DRO model is then set to be 6(n) = y/2x§gg9,1/n to ensure equal penalization of both

DRO models, similar to the previous example. To compare the performance of the three
models, we count the number of accepted solutions (over 100 trials) of each model, where
a solution is considered accepted if it has an absolute value within 0.01 of the true median
0. We do this both for the samples of £, and the samples of £, i.e., the perturbed samples.

The results are given in Table [4.3] As we can observe, in the case where the data
¢ is not perturbed, the primal DRO model outperforms the SAA model as predicted by
Duchi and Namkoong| [2019], and the dual DRO model shows even better performance.
However, when the perturbed data &’ is used, the performance of the primal DRO model
quickly deteriorates, whereas the dual DRO model is still yielding a similar number of
accepted solutions. This again shows that the dual DRO model is more robust against

outliers.
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No perturbation With perturbation

SAA 26 22
Primal DRO 50 22
Dual DRO 86 84

Table 4.3: This table displays the number of accepted solutions obtained from each model,
over 100 repetitions. A solution is accepted if its absolute value is within 0.01 of the true
median value 0.

4.5 First-Order Asymptotics of Dual DRO Estima-

tors

In this section, we establish the asymptotic convergence rate of the dual DRO model as
an estimator of the true expectation minimization problem (4.1)), by deriving the limiting

distribution of the following quantity

i (i 5, (10.€) - mig B 16x,6)] ). (4.23)

In addition, as suggested by Proposition an upper bound on (|4.1)) can also be obtained
by simply minimizing the distortion risk measure as defined in (4.13)). Hence, we are also

interested in examining the limiting distribution of

Vn <mln7€¢S ( (x,€)) — mmE]pO[ (X,{)]) . (4.24)

xeX

To study both and , we use tools from empirical process theory, where
we view the empirical measure as a random element in [*°(#), the set of all bounded
real-valued functions defined on a class HEI In the context of our problem, we define the
function class H = {x € X' : I(x,&) : Q@ — R}. We assume that H has an envelope function
M, : R¥ — R, such that sup, y |I(x,€)] < My(€), V& € R*. We also introduce the
following notation, where for each x € X', we denote the second dual moment dms p,(x) =
Ep, [min{l(x, €M), I(x, £#)}], g, (x) = Varp, (I(x, £)) and with a slight abuse of notation
iy p, (X) = Tap, (I(x, &)). Furthermore, for an empirical distribution B, = LY e, We
denote dm, p (x) = Ep .5 [min{l(x, €M), 1(x,£®)}], as an evaluation with respect to the
product measure P, x P, and m,p (x) = Ep [l(x,£)] — dm,yp (x).

We first examine the measurability of and as functions of 2 to the

outcome space R.

Proposition 4.8. The functions minyey R ( (x,€)) : © = R and minyey pé( ( (x,€)) :

Q0 — R are measurable, zfl(x,f) s a Camtheodory function, i.e., continuous in X, for all

4Note that since X is assumed to be compact and Z(x,é) continuous in x for all é € R*, we have
SUPyey Max;—1, . nl(X,&;) < 0o, and therefore (4.23) and (4.24) can also be viewed as elements in [*°(H).

.....
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&, and measurable in é, for all x.

The derivation of the limiting distributions for (4.23]) and (4.24)) requires the following
theorem, which states that the maxiance regularization effect of dual DRO models also

holds uniformly in the decision space.

Theorem 4.9. Let ¢ be a ¢-divergence function that is four times continuously dif-
ferentiable at 1. Assume that the envelope function My of the class H is integrable
(i.e., Ep,|Ma(€)] < o0). Let 6(n) := 6(&,,...,&,) be a measurable function such that
(& (w),..., &, (w)) >0 for all w € Q and 6(n) 50, Then, we have that

(5(n)
¢/,< ) ( )+€n( )

O(n) _ i
2(;5//(1) my 5 (%) + €n(X),

P, (106,6)) = B [1(x,€)] -
Ry, 5 (1x,6)) = Bg I(x,€)] +

where SUpe en(X)]/3(n), SUPey [én(x)]/5(n) 5 0

We are now ready to state the following main theorem, which shows that if we choose
= \/r/n, for some r > 0, then (4.23]) and (4.24]) converge to a non-centered Gaussian

process. This requires the assumption that the class H is Py-Donsker, which means that

\/ﬁ(]ﬁ’n —Pg) converges weakly to a tight limit, as elements in {*°(#). This is, for example,
satisfied for function classes that are Holder continuous (see Example 2.11.13 of van der
Vaart and Wellner|[2023 for more details).

Theorem 4.10. Let ‘H be a Py-Donsker class with a square integrable envelope function
M. Assume ¢ is four times continuously differentiable in a neighborhood of 1. Denote
Ap, = argmin, v Ep, [I[(x,£)]. Then, we have that for §(n) = \/7/n,

i (i, (1. €)) — iy B, 1. €)

: VT
B, 006~ 53/ )

and
vn <£{réi£1 Ry 5, (106 €)) — min B, [i(x, g)])

~ inf G(x)+ VT

xexy, 2gr(1) %)

where G(x) is a mean-zero Gaussian process with covariance

Cov(xy,x2) = Cov(l(x1,£),1(x2,§)), =xi,X2 € X.



CHAPTER 4. DUAL DRO 224

As shown in Theorem , at a rate of 1/4/n, the gap between the dual DRO upper
and lower bounds with the true nominal optimal value converges in probability to zero.
Moreover, the bias term is the evaluation of the Gaussian process (which is also present
in SAA and primal DRO) and the extra maxiance term (or the second dual moment)
on the set of optimal solutions of the true nominal problem (4.1)). This is different from
the bias term of the primal DRO, where the standard deviation is the extra term in the
bias besides the Gaussian process (see |Duchi et al.|2021)). As mentioned in Yitzhaki and
Schechtman| [2012] (identity (2.21)), the maxiance is always dominated by the standard
deviation.ﬂ This is especially true in the case of a heavy-tailed distribution, where the
variance is much larger than the maxiance. Therefore, dual DRO typically has a smaller
bias than primal DRO.

We note that as a consequence of Theorem ,if Ay = {x*}, then we can approxi-
o, (102.8)) and minge R (1(x.€))
constitute one-sided lower and upper bounds for mmxe x Ep,[I(x,€&)] with a Gaussian dis-

mate the asymptotic probability that minyey p j

tribution. Indeed, let ® denote the standard normal cumulative distribution function.
Then, we have that

Jim P (i, o (16x,8)) < mip B 1 €)]) =@ (2 ) (as)

Jim P ({{2% B, I0x,€)] < min RS, o (1(x, g))) - (%{f )ﬁjfo(( ))) L (4.26)

Equations (4.25)) and (4.26)) allow us to calibrate r (and thus §(n)) such that the quantities
Minyey pa( ( (x,€)) and mingey R¢ ( (x,&)) become one-sided lower and upper

bounds for the optimal value minyey Epo[ ( ,€)] under a certain confidence value «.

Since x* is an unknown quantity, the calibration of r through (4.25) and ( - ) will
require splitting the sample (&, ..., &,,) into two independent parts, where the first part is
used to obtain a consistent estimator for x* (for example, one can use the solution of SAA
as the consistent estimator), and the second part is used to estimate op,(x*), dms p, (x*)
and my p,(x*). In Section , we provide more details on this calibration of 7.

If Ap, contains more than one solution, then the non-centered Gaussian process in
Theorem becomes hard to evaluate. In this case, we note that the limiting probability
on the left-hand side of can be bounded from below by the right-hand side of (4.25).

Namely, for any x* € Ay , one has

lim P(ggnp( . 16,6)) sg;mzmux,en) > cp( vr dmm(";)).

2¢"(1) op,(x*

Therefore, one can still calibrate r in the same procedure as previously discussed to ensure

®Using identity (2.21) of |Yitzhaki and Schechtman [2012], one can derive that my(X) < %O'X <ox,

for any distribution X.



CHAPTER 4. DUAL DRO 225

that minyey p6 ( (x,&)) becomes a lower bound on the optimal value with a certain
confidence level a This is, however, not possible with the dual DRO upper bound in
. In that case, one may consider an alternative upper bound for the optimal value.
For example, using a second independent sample, one can estimate Ep,[l(Xqdro, €)] of
the dual DRO solution X4qro obtained from solving minyey p° 5() ( (x,€)), since for any

feasible solution x € X, Ep, [l(x, )] is an upper bound for mmxe x EPO[ (x,8))].
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4.6 Conclusion

We have developed the dual DRO model that is shown to be asymptotically equivalent
to mean-maxiance regularization. As illustrated with numerical examples, dual DRO
provides (much) more robustness against outliers than the ¢-divergence primal DRO does
due to its maxiance regularization effect. This makes dual DRO an attractive model
when used to address overfitting in empirical optimization. In addition, the dual DRO
model can also be generalized to a primal-dual DRO model, where both the variance
and the maxiance are regularized. Furthermore, we show that optimization of dual DRO
models enjoys similar tractability as ¢-divergence primal DRO, and provides moreover an

estimator with a smaller bias for the nominal optimal value infycy Ep, [[(x, £)].

Appendix

4.A Proofs

Proof of Proposition [4.1] Since dom(¢) C [0, 00), we have that ¢* is non-decreasing.
We have that ¢*(0) = —inf,>0 ¢(z) = 0 and that ¢*(y) = sup,>oyr — ¢(x) >y — ¢(1) =
y. If ¢ is twice continuously differentiable at 1 with ¢”(1) > 0, then the first order
condition y — ¢'(x) = 0 of ¢*(y) is satisfied for y in a neighborhood of 0 = ¢/(1). It
then follows from the implicit function theorem that in a neighborhood of 0, there exists
a continuously differentiable function z(y), such that z2(0) = 1 and y — ¢'(2(y)) = 0.
Therefore, in a neighborhood of 0, we have that ¢*(y) = yz(y) — #(2(y)), (¢*)' (v) = 2(v),

(67" (4) = #() = i and (6)" (W) = "(v) = Gy a

Proof of Theorem [{.2. As a preliminary step, following a similar argument as in The-
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orem 6.1 in Ben-Tal et al.| [1991], we have that

00t {353 (32)
+ | 5= i—1 i

Z inf FAyl+ Angb(Ayl)

— Ay;> A.Tl
() e = 1 Ay;
1:Ax; >0 Yi= v
A A
= Z Ainf {FA—’% —d)( %)}A%
1:Ax; >0 Aiji R4 xl
:.Z Stle%f {5Ft— — }sz—f— Z JOF) Az
i Az1>0 Az, =
1
g Z:: 5F A.T“

where at (x) we used that if Az; = 0, then 0¢ (%) = oo for all Ay; # 0, and thus
the infimum is obtained at Ay; = Ax; = 0, where 0¢ (%) = 0. By Proposition H, we
have that ¢* is twice continuously differentiable at 0, with ¢*(0) = 0, (¢*)'(0) = 1 and
(¢*)"(0) = ¢,+(1) Moreover, we have that (—¢).(—z) = —¢*(—xz). Therefore, using a

second-order Taylor expansion around 0, we obtain

Php(X) = = Z (0F;) A

-1 [<—¢>*<o> + (0L O0T, + L0/ 0P (F) + o) (F?| Ac,
~— 0 ~ = 2 ~ 2

= ;FZA@- ~ 5 ;(Fi) Az; + 0(6) - ;(Fi) Az;

_ ) o )

- Z FiAx; — 2D ;(Fi) Az; + o(6)

= Ep[X] — Ep[min{ X", X3} + o(6)

0
2¢/(1) °

) o _
= 1— 2¢”<1)) EP[X] + Mmzp(){) + 0(5)
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Proof of Proposition [{.3 We have that

n

: > (o) (F A

(—=9).(0) &

1 27 2
=G ZaFsz 2¢”( )5FA:01+0(5)

Rgip(X) —

= 22 g ZdF Ar - 5 ( [ A - o(#”)
=7 2¢3($5 o) ;FlA.TZ 2¢//<1)5Fz Azx; + 0(0)
— zilesz + . 2¢,}(11)5 = o00) — 1) iilFZsz 2570 iFlel + 0(9)
n 1 n n
_ ; Fidwi+ (£ %;;1,})5;1(25)) > FiAw; - (bff(l) ;F?A@%—o(é)
= ;FzAxl + : 21;(— )0(51—2 0(5)> 2(;5’(’5(1) ;E T 20 (1) ;FZAHTZ + 0(0)

[]

Proof of Theorem [{.4] Since 61,0, — 0, we may assume, without loss of generality,
that 0; < 1. Following the proof of Theorem [4.2] we have that

1 ;
Pap(X) = = swp {qu 2¢,, <Z q;) Az; — 5—219@'1/1 <;—Z>} + 0(d1).
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We have
R
1 (ZH:PJ> +22pquk pﬁ(Zq] p3> (4.27)
nl ( 3 pj> +22Zp32qk+ (Zq] p])

3

1=

1=

Hence, we have that

2
Pmp = sup Z q;iTi — ¢,, z;p] Z qQAr; — 2pi¢) (Zq?:) 2¢// <Z 4G~ p])

GIP’"

- Ax; + ¢" (Z p]> Ax; + 0(dy).

We note that the last two terms above do not depend on q. Hence, we examine only

sup Zqz% ¢,, ij Z QAT — PW (%) 2¢,, (Z q; — p]> Ax;

qE]P’”

2 sup E(q).

qePn?

We have that each q € P", and 4; < 1:

n n

51 20, 1 & qi
E max AZ BTN Az__ ) -
() < s+ 7y D Aok Gy DA @EW(m)

3 R
S (1 + ¢//(1)) Lmax 52 Zzlpz¢ (pz) 9

2
since Y 7 pj > p_;qr < 1 and (Z?:Z q —pj> < 4, for all i = 1,...,n. On the other
hand, we also have E(p) > > " | pix; — &
if q € P" is any probability vector such that

S b (q—) > 6,
i—1 Di

( 770 Lmax- Therefore, we have that for all 5 > 0,
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where K > 0 is any constant (independent of 47, dy), such that

K> ( PTG )xmax szxl (4.28)

Then, for all such q, we would have F(q) < E(p). Therefore, we may choose any positive
constant K that satisfies (4.28]), such that for all 5 > 0, we can restrict q in a ¢-divergence
ball without changing the optimum:

sup F(q) = sup E(q).
qeP” qePn: 3 1pzw(;’,—i)S52K

2
Our next step is to bound the quadratic term > (Z;‘:l qj — pj> Ax; of E(q) in the

order of §. From Lemma [4.A.1} it follows that for all q € P™ such that > | p;¢) (%) <
0o K with 9y sufficiently small, then the following inequality holds for all i =2,... . n

n

(Z q; — p]) < n - Z) Z(Qj _pj)2 S nZ( p] < TLZ < 4¢"( )n52K

j=i

where we used Cauchy-Schwarz for the first inequality. Hence, we also have

dl " L")
2¢//( )Z <Z 4 — p]) Az;| < 2¢//( )4770 né?KZA ¢//<1)n5152meax

= 0(5152 . TZ)

Thus, for all g € P" such that > | p;¢) (g—) < 6, K, the following holds

q) = Zqz‘% - ¢” ij Z%Al'z pzw ( > + O(6102 - n)
i=1 =1

Hence, we have shown that

sup E(q) = sup Ei(q) + O(6192 - n).
qeP™: 0 pitp () <02 K a€P S piyp () <6 K

We now work back towards

sup Ei(q) = sup Ei(q). (4.29)
aePh S pi( L) <6 K ack”
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Indeed, using the same argument before, we also have that

) < s + s~ 3 Zw(%)

and Ey(p) > >0 piri — ¢,,( (1) Tmax- Hence, our choice of K that satisfies (4.28]) also

ensures (4.29). We now examine:

wamﬁ=ﬂwp§:%L <W E:ME:%A% 2m¢(%)

q€epP” qePn
: 4
= su g prAz; | i — m¢(—)
E@Z( g Lo ) g (2
1 4
= inf A+ su T g prAT; — A | @ — —pitb (—)
w3 (gt ZZ ) a g
= inf A + iZPi sup | Gx(z; — (5/}62 Zzpk vy | 2 (%)
AER 02 =" gier, o ey i Di
, 1 & 0102 .
=inf A + — ; sup | Oa(x; — Ax; |t —1
AR 0y ;p tex, ( 2 (1 ;;pk J) -
S VILE o e 5,352 S na ).
AER (52 i1 ¢ J=1 k—j

(4.30)

By proposition we have that ¢*(0) = 0, (¢*)(0) = 1, (¢*)"(0) = ¢+(1) and (¢*)" is
increasing around zero due to convexity. With these properties, we use a similar argument
of Proposition 2.1 in Ben-Tal and Teboulle| [2007] to show that we may restrict A to any
compact set [—b, b] with b sufficiently large (see Lemma [4.A.2)). This gives us

/\el[ngb A4 — 55 4 szl/) <62 [xz A— ¢// ZZpkij ) )

J=1 k=j
Denote B;(\) £ 2, — A — ¢,,(1) Z] 1 2_h—; PxAz;. Note that B;(A) is a continuous function
of X\ and is thus bounded on a compact set A € [—b,b]. Therefore, by using a Taylor

expansion of ¢* around zero, we obtain

_ , 1 2/ 2
,\e[ bb] 52 Zpﬂ/) (025; N mf /\+52 sz (2B +p12¢”(1)52(31(>\))

+ 0(683).
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The above expression can be further expanded to

Zpﬂh ¢” 2 (Z ZpkAa:J) pi + 500 AE1[r711;7b] ;méz(&()\))? + 0(d2)

J=1 k=j

2
RS o [ w 1 _ n ,
- ;pm ¢"(1) 2 (JZZ pj) A%; + 29" (1) Ael[rig,b] ;1%52(32()\)) +0(02),

=1

where

n

; (jipj)gmi = Z <Z > m%) pi

J=1 k=j

follows from examining the derivations in (4.27) and ([4.30). We expand d,B;()\)?, which

1S

i n 2
(52B1(/\)2 = (52 (l’l — d)// Z ZpkALU]>

Jlkj

— (i — N\)? — 20,0 (z; — <¢,, Z > pk.A.r]> ¢,, <Z > pkACL’J)

JlkJ

= (52(‘@2 - )\)2 + O<5162)

Therefore, we have that
mf Z piba(B = G, Vary(X) + O(6,0,),

by taking b sufficiently large such that > " | p;x; € [—b,b]. Hence, we obtain as a final

expression

pxp<X) =E [X] 2¢(,5,( )Varp 2¢,, Z <ij) Az;+o 51) + 0(62> + 0(5152 )

_ 02 _L ) min_ G o n
= E,[X] + W ) arp (X) 2¢”<1)Ep[ {XW, XN + 0(61) + 0(d2) + O(616 - n)
(52 51 —
=( o ) PX] s Vg (X) i (X)  0(6) + o)
+ 0(61(52 . TL)

]

Lemma 4.A.1. Suppose that v is a Csiszar ¢-divergence function such that i is twice
continuously differentiable at 1 with ¢"(1) > 0. Then, for any constant K > 0, there
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exists a 69 > 0, such that for all 65 < 0y, we have
n ) n ) 2
> pi (q—> <LK = p (@ - 1) < 6K - 49(1),
X Di y Di
i=1 i=1

A .
where we assume Ppin = min; p; > 0.

Proof. Since 1(1) = 0 and ¢'(1) = 0, a Taylor expansion shows that

S (1) = 3o [U2 (1) s (£ -0) (%)),

where lim;_,; Ro(t) = 0. Then, for all g € P" such that > . p;® (%) < 0K, we have
that foralli =1,...,n

it (%:) < ZPM (%:) < 0, K.

=1

Hence, for all i, we have

(8 (&) < 6K /pi < 69K /puin-
Since 1 is twice continuously differentiable around 1 with ¢”(1) > 0, it follows from
convexity that 1 is strictly decreasing on [0, 1] and strictly increasing on [1, 00]. Hence,
we have for any € > 0, that My(e) = maXse(i—e,1+¢ Y () > 0. Therefore, for all §, > 0 such
that 0K /pmin < My(€), we have that

1

ﬁ—1’ <eVi=1,...,n.
Since lim;_,; Ry(t) = 0, there exists an € > 0, such that for all dy < My(€)pmin/K £ 5,

we have

4 _ 1‘ < e Vi
Di

S piw (q—> < 6K =
i=1 pi

]
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Hence, for all 5 < dg, we have

sk >S o (E) o5, (4 ) [ %
oK > pip o => pi ) 1 5 TR .
i=1 ! i=1 t !

t SRS ()
SR XICEDE

which gives

Z (— - 1)2 < 5K - 4" (1).

Lemma 4.A.2. The following optimization problem

=1 k=j

1 n . (51(52 ) n

=1
can be restricted to a compact set of .

Proof. Examining the first-order condition of the above infimum gives that the optimal

A* must satisfy the if and only if condition,

sz ( 2 <$z W' ZZPkA% — A" )) (4.31)

Jj=1 k=j

Let b be any number such that b > max;cp, |2; — w,‘f—zo) Z;zl ZZZJ. prAx;|. Suppose that
any optimal A\* satisfies \* ¢ [—b,b]. If A* > 0, then we have

Ti— W’ Z ZpkAxJ <x;— 1/)” Z ZpkAIJ b, Vi=1,.

Jj=1 k=j J=1 k=j
By the first order condition (4.31)) and the monotonicity of (¢*)', we thus also have

S nwy (52 ( e Zzpkmj ))

Jlkj

> ipl(l/}*)/ (52 <x1 wu ZzpkA% — A ))

jlk’*
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On the other hand, we have by the definition of b, that
Ti = W’ Z ZpkAwJ =0,
J=1 k=j

which implies

Zpi(@b*)' (52 (:Bl W Z pkA:vJ )) < (¥)'(0) = 1.

Hence, we have

Seor{e(o o)

JlkJ

which implies that b is optimal. Therefore, we may indeed restrict A\ to a compact set
[—b, b] with b sufficiently large. O

Proof of Proposition [{.8 Since R¢ ( (x,€)) = p(S ( (x,€))0(n)/(=¢).(6(n)),

it is sufficient to examine only the measurablhty of minyex R ( (x,&)). For ease of
notation, we denote d,(w) = 6(&;(w),...,&,(w)). Let II(n) denote the set of all permu-

tations of the set {1,...,n}. For any constant ¢ € R, we have,

{ :1nf sup Zq,xﬁ w)) < }

qGML;n (wy =1

1
:mU w: sup Zqzxﬁ <C+ﬁ

n>1xex qGM(;n(w) i=1
"L (—)s (6(w) - = 1
MU S e =]

_ (0. () =)
=N U U{ S iy e < +n}

n>1 geH xeX

N {w Sl X,£0(1)(W)) <. <l(x, £a(n)(w>>} 5

where the set

R N L e J TP
U {“"Z o) e s m}

xeX =1

N {w 1%, &) (@) < -0 UK €y (@)}

is measurable, since the function I(z, é) is a Caratheodory function (hence its epigraph
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is a measurable set-valued function) and X is a closed set (see Section 7.2.3 of Shapiro
et al.[2009). O

Proof of Theorem [{.9 We show the identity for p?(n) , since the proof for R? 5(n) B is

similar. Fix x € X and let [(x,&;(x) < <UX, &%) Followmg the proof of Theorem
[4.2] we have that for all possible realizations w € €, that

n

P, 105.6)(6) = 555 3 (=) ()™= ) Al ()
R SR o VRV et it SN it ?
@) 2 (‘“ " = g (™ =)

L (0)"(&) (5@)(@”‘7”1) ) Al(X, &6 ()

6
g 5(n)(w) = (n—i—+1\7
— E;l(x,si(w))— 25(1) ; (T) Al(x, &) (w))
I O] Cec) NI )

Hence, we have that e,(x)(w) = >0, M(V( )(w) ("’Ti“)?’Al(x, §ix)(w)), where
&n(w) € 10,0(n)(w)]. Since ¢* is smooth around zero, its third derivative is bounded in a
neighborhood of zero. This means that there exists an ¢y > 0, such that for all w such
that d(n)(w) < €, there exists a constant C' > 0 such that w < C. Hence, for all

such w, we have that

S Sy I £ € o) sup S ”‘T"“Al(x, &0 )
- i?%?nzl ol
<C-d(n ZMQ

where the latter inequalities follow from the assumption. Now given any € > 0, we have

the following inequalities (note that €, (x) is measurable since it inherits the measurability

(] .
of pé(n)ﬁn).

P (sup 5slen01 > €) < 2o ({sup s fen] > e 0 o) < )

xXEfX 5( ) xeEX )

+P, ({i‘éE 5(1 Sl > g} A {6(n) > 60}) |
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Since d(n) 2.0, we have that the second term vanishes as n — co. Hence, we only

examine the first term, and we have that

B ({sup ——le(x)] > b 0 {3(n) < e} ) <o XM@ N {6(n) < a0}
({smatateoor>efniso sca) <o (fami S » oo <)

<P, (5(71)5 Z My(€)) > g) .

By assumption, Ep [|M3(€)| < oo. Hence, the law of large number and §(n) 5o

imply the convergence in probability 5(71)% Yo My(€) =i 0, which then implies that
P

SUDxex |€n(X)]/0(n) — O. O

Proof of Theorem [{.10. Let 6(n) = /r/n. Using Theorem {4.9, we have,
Vi (005 HX€»—EmW&®D

= V(B (105.€)) ~ Ea, (x.€)]) — 5 Yy, () + Viea(x),

where sup,¢ .y v/l (X)| 5 0. Since # is Py-Donsker, we have that together with Lemma
[4.A.8 the following weak convergence of processes indexed by x € X

VT
2¢"(1)

Similarly, it follows from Theorem that we also have the weak convergence

Vi (02,16 )) = B2 10 €)]) = G() = gordmaz, (), in 15(H).

\/F

MEQ’PO (), in ZOO(H)

v <R?(n),@n<l(" §)) — Ep, [l('>€)]> ~ G(-) +

Adopting the same notations as in Duchi et al. [2021], we let T'(P) £ minyex Ep[l(x, £)].
Using Lemma [4.6] we have that

mmp 5(n) ( (x,8)) — mlnEPo[ (x, )]

min max L Vr/n) 1(x ~ nin .
R e T o ;qzl( €) — minEp,[i(x,€)]

= max min L Vr/n) x mm s [I(x
qué(") x€X \/7”/_71 ; ( € ) 0[ ( aé)]
QeM, (B v /n T(Q) — T(Py),

where we interchanged the minimum and maximum by applying the minimax theorem,
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which holds since we have a convex-concave function in (x,q) on compact feasible sets.
Moreover, we identified the probability vector q € ./\/l?(n) (as defined in (4.19))) with a

measure Q = Y | gite, and we denote the set

M3 B0 2 {3 e

=1

q€M¢ }

where ¢, denotes a Dirac measure.
Denote the influence function I F'(x,Py) = I(x, &) —Ep,[l(x, )] (see Lemma 17 of Duchi
et al.|2021)). Following the proofs outlined by |Duchi et al.| [2021], we start by examining

max (7(Q) —T(Py)) — max inf Eq[lF(x,Po)]

r/n QEMG, (Br) QEM, (Br) XEXE,
< swp (=9)-lyr/n) (T(Q) T(B,) — inf Eg[IF(x, 1@@])
QGM(;( )( ) ,/T/n XEX
£ sup ) |kn (Q)].
QeMF,, (Bn)

Our first goal is to show that for any ¢ > 0,

limsupP; | vn  sup |k, (Q)| > €| =0. (4.32)
n—00 QEM?M)(P”)

To do this, we choose for any ¢’ > 0, a sequence of measurable selection (see Lemma

LAG) Q, € My, (), such that [£(Q,)] > (1 — &) SUPqe g (b, [Hin(Q)]- This gives
S(n)\"

the bound,

B[ ve s k@2 €| < B (Valma(@)] > (1-8)e).

QeMF,, (Bn)

Therefore, it remains to show that \/nk,(Q,) Zoo. Viewing Q,, as a mapping Q,, :
Q — [*°(H), we have that by Lemma that all subsequences of /n(Q, — Py) are
asymptotically tight and measurable. It follows from Prohorov’s theorem (van der Vaart
and Wellner|2023)) that every subsequence of /n(Q,, —Py) has a further subsequence that
converges to a weak limit. Hence, we may choose a subsequence such that \/W (Qngm)—
Py) ~ Z for a tight weak limit Z and that

limsup P v/ (@u)| > (1= 8')e) = Tim By (3/n(m) [ongny (@umy)| > (1= 8')e) =0,

n—o00 m—o0

where the latter is obtained by applying the functional delta theorem (Theorem 1, Romisch
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2006)) to conclude that

vn(m )( (Qnim)) — (IP’O)— mf E@( JE(x, ]P)o)]) P,

Then, we have that

i (s, (1. €)) — iy B, 1. €)

= n max —(_¢)* ( \/7"/_71) —
- (QGM?(M(I@%) \/7"/_71 T(Q) T(]P)O))

QeMY,, (Bn) \Vr/n

Vr/n
© /m (=9).(v/r/n) inf EgllF(x,Py)] — vr T (Po) + 0p(1)

() inf /1 max MEQ[IF(X,P())]— VT T(PPy) + 0p(1)

= in n  max M X — X ——\/F 0
_XG/‘ffuifo\/—@er(n)(Fn) i (el ) = el O = 5 gy T(FO) + 0p(1)

= in n max —(—gb)*(\/r/_n) x _ x
o xe/é;fo \/_ <Q6Mf(n)(1@’n) \/T/_n EQU( 76)] ]EPO[Z( ) )])

by (1 - %) Boy 1%, €)] — T () + o,(1).

where for (x) we used \/_( d))\/(T Vr/) 1) = ¢‘,,[( iy +0(1) and (4.32), and for (xx) we

used the minimax theorem to interchange the sup-inf. Since for any x € Ay , we have
Ep, [[(x,&)] = T(Py), we have that the above is equal to

. VT PR VT
x@gﬁ(@é e e el O] Erll 75)]>+2¢,,(1)T(P0)

\/_
0N

. VT
I )

(Po) + 0p(1)
dmg’po (X),

where for the latter convergence we also used that infimum operator is continuous with
respect to the supremum norm, and thus we may apply the continuous mapping the-
orem. Indeed, for any f,g € [°°(H) such that sup,cqy |(f — ¢)(h)| < €, we have that
|infyepe f(h) — infrep g(h)| < suppey [(f — g)(R)] <€, where H* = {l(z,.) 1 v € A5} C
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H.

Similarly, we have

Vi (mip R, (1. €) — mip s 1(x.)))
Vi max T(Q) - T(R)
QEM(;(H)(PTL)

=+v/n  max  inf Eg[IF(x,P)] + 0,(1)

QeMY,,, (Br) XEX%,

= inf Vn max Eg[IF(x,Po)] + 0,(1)
XGX* QEM(S(”)( )

= inf \/ﬁ< max  Eg[l(x,£)] — Ep,[I(x E)]) + 0p(1)

Qer(n)(Pn)

m
The proof of the above theorems is supplemented with a couple of technical Lemmas.

Lemma 4.A.3. Let ¢ be four-times continuously diﬁerentiable around 1 and q € M¢n),
where ./\/l?( is the set defined in - Suppose 6(n) = \/r/n. Then, we have that for

any 1 =,1...,n,

+ o(1).

Proof. Fix i € [n]. By definition of M"st (p) (see definition in (4.17)), we have that

| 0y = (Z0):(6()1/n) _ 925 (Vi) Voo ¢,, 2L+ O(RE)
= P () = (=¢).(0(n)) —9) (V7 V- 2¢"<1)n s+ OV
w Ve T0GR)

- 1 T r
1- 2¢"7(1) \/E+ O(E)

1 11 [r 1 r
G S TC o \/_+0% (2¢//(1)ﬁ\/¥<1_5)+0(ﬁ>)

Hence,
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On the other hand, we have

G=1-3 ¢;>1~hs (ZUTL)

i J#
o (VE- D)
(=) (V)
L VEO-D w0 D - SR (-2 o (5)
\/g_w}u)r f;//// 1)371 n+0( )
<1—%>—wa<1—%>2 s (-3 +o ()
oV~ @ +o (i)

1=
N

r2

13

Hence,

L ( 1)_<1—%>—mﬁ<1—%>2 s (1= )" +o (75)

G —— =

" " - mVE — s +o (i)

Ty (‘w}(n T <1‘%>‘ 0 1>)>H<1‘%>< (“‘))
w (o)

= 0+o0) (57 (1-5) - e (1) (2-5)
()

= (o) (g Vir (2o (m))

A S L)
2¢" (1) ny/n ny/n

]

Lemma 4.A.4. Let ¢ be four times continuously differentiable around 1. Suppose 6(n) =
V(€ ..., €,)/n where r(€, ..., €,) 5 v for some rg > 0 and r(&(w),..., &, (w)) >
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0,Vw € Q,¥n > 1. Then, we have that any q € ./\/l?(n) satisfies

+ 0p(1).

‘ (&1, €n)
- 29"(1)

Proof. Following the proof of lemma |4.A.3, we have that

i (-2 < e (LGB (1- 1) o (Mot ),
and that
ot

eei (T (D) SR (D))

+0op(1)) -

Hence, an application of continuous mapping theorem and Slutsky’s theorem gives that

+ 0,(1).

‘ (€15 €n)
T 2071

]

Recall that we defined the function class H = {x € X : [(x,€) : Q@ — R}. For any
h € H, we denote h(§) = I(x, &).

Lemma 4.A.5. Let H be Py-Donsker with L2-integrable em)elope My, : Q — R,

Ep, [M2(€)] < o0 and |I(x, &(w))] < Ma(€(w)), for allw € Q. Letd(n) = \/r(&,,...,&, /n
where r(&y,...,&,) L vy for some ro > 0 and r(&(w),..., &, (w )) > 0,Yw € Q,Vn > 1.
Then, for any sequence Q,, € M?(n) (]IADn), we have that the sequence of mapping v/n(Q, —
Py) : Q@ — I°(H) is asymptotically tight.

Proof. By Theorem 1.5.7 of van der Vaart and Wellner| [2023], we have that 1/n(Q,, — Py)
is asymptotically tight if and only if (i). the marginal \/n(Q, — Py)h is asymptotically
tight for all h € H, (ii). There exists a semi-metric ||.|| on H such that (#,|.||) is totally
bounded, and (iii) v/n(Q,, —Py) is asymptotically uniformly equicontinuous in probability
(with respect to the semi-metric ||.||), which means that for all € > 0, we have (where P§

denotes the outer probability)

lim sup P < sup  |v/n(Q, —Po)(h — h)| > 6) =0.

6—0,n—00 [|h—h'||<d
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We note that for any semi-metric ||.|| on H, we have
lim sup P ( sup  [v/n(Q, —Po)(h — 1) > e)

§—0,n—00 [|h—h'|| <8
Vn(Q, —P,)(h—1)| > e/2>

>6/2>.

By assumption, we have that H is Py-Donsker, which means that \/E(IEDH—IP’O) ~+ G, where
G is a tight Gaussian limit. By Example 1.5.10 in van der Vaart and Wellner| [2023], this
implies that \/ﬁ(I@’n —Py) is asymptotically uniformly equicontinuous in probability, with
respect to the Ly semi-metric ||.||2, and that (H, ||.||2) is also totally bounded. Therefore,

we may take the Lo semi-metric and conclude that the second term above vanishes as

< limsup Pj ( sup

6—0,n—00 |[h—h'||<8

Vn(®, —Po)(h — h')

+P5( sup
||h—h'||<d

0 — 0,n — oco. Therefore, we examine only the first term. We have that for any € > 0,
P;| sup > €
[h—h'||<d
* - 1
=P ( sup \/ﬁZ(q@n — —)(h(&) = ()| > 6)
|[h—h'|| <6 P n

SB[ s S 12| S (&) €] > ¢

llh—h"[|<d i=1 N4

V(@ = By)(h = 1)

Now, since Q,, € Mgs(n) (I@’n), we have by Lemma |4.A.4| that for all w € €,

= 1\? "1 r(& (w),..., &, (w ’
Z(qi,n(w)—ﬁ> S;ﬁ(\/( (2;/,<1) ( ))—i—en(w))

(V& &)Y
()

L (M) ),

where e,, €, £ 0. This gives that

- 1\? r&(w),.... &, (w -
n E(qi,nw)—g) s\/ Gl sl ) )

i=1

Since the right-hand side is a random variable that converges in probability to /r/2¢" (1),
it is uniformly tight. Hence, for any ¢ > 0, there exists a constant M > 0 such that for



CHAPTER 4. DUAL DRO 244

all n > 1, we have

n 2
Py Z(qm—%) <M 2P0<\/%+én§M)zl—é

=1

Hence, we have that for any € > 0,

1 BTN D U N = SIS B L)L B

|h—n'||<5 i=1 i=1

. 1 n , n | B 1 B
<Py W J - ;(h(éi) — W(&))?| > €/M N HJ ;(%,n SPsMop ) +e

<wy | s || 2SO - wig))?] > e/ | e

_ n
|h—h'||<8 —

Finally, the above outer probability vanishes as n — 00,0 — 0, due to the assumption
that #H is Py-Donsker and that we may take ||.|| to be the Ly semi-metric. This proves
the equi-continuity.

Now let h € H. It only remains to show that the marginal /n(Q, — Pg)h is also
asymptotically tight. Since /n(Q,, —Py)h is a real-valued sequence, it is sufficient to show
that for any € > 0, there exists a constant My > 0, such that liminf,, ., (Po).(]v/n(Q, —
Po)h| < My) > 1 —e. We have that

\/E(Qn - ]P)O)h = \/E(Qn - IAPn + IAPn - PO)h
= \/ﬁz (Qi,n - %) h(&;) +v/n (% Z h(&;) — Eg, [ME)]) :

=1

We examine the first sequence v/n >, (¢, — =) h(§;). Invoking Lemma again
gives that for all w € €,

V& @) &, @) 1y
< < a0 +en<w>> 2 e

VA3 (e -3 ) &)

Hence, we have that for all w:

n

Vil(Qu(e) ~ Bo)h] < (“ e &) +en<w>> LS e @)

2¢"(1) =
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Now, since Ep,|h(£)] < oo due to Ep,h%(€) < oo, we have that

(V “;’,,( )’ ) Z\ (%Em |

Furthermore, the central limit theorem and continuous mapping theorem imply that

TL

—Zh — Egyfh >]'~»\N<O,Varpo<h<s>>>r.

Hence, Slutsky’s theorem implies that

< R ) o el+ v

< N0, Varz, (h(€)))] + W@Emms)r.

Hence, the above sequence of measurable functions is weakly convergent, and thus it is a

= Z h(&,) — Ep, [h(£)]

uniformly tight sequence, which means that for any e > 0, there exists a constant M > 0,
such that for all n > 1,

P). ( Vi3 (=3 ) )

r(&,...,&,) 1 &
21%(( s +en>52\h(£i)l+\/_

i=1

> h(&,) — B, ()

< Mo)

Hence, we may also conclude that /n(Q, — Py)h is asymptotically tight. H

>1—e.

Lemma 4.A.6. Let £, = (&,,...,&,) be i.i.d. random vectors and let §(€,) : © — Ry
be a measurable function. For any € > 0, there exists a measurable selection q(w) : Q@ —

./\/l?( ey such that the associated random measure Q, = " | ¢;(w)te, satisfies

K@) = (1 =€)  sup  |x(Q)],

¢
QGM(S(& )(Pn)

forallw € Q, where k(Q) = T(Q)—T(PO)—infxeXH;;O Eq[/F(x,Po)], A5, = argmin, . yEp, [[(x,§)].

Proof. We apply Theorem 4.10 in [Rieder [1978|. By definition, we have that ~(Q) =
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infyer > iy Gl(%,&;) — infxex; dor 1 qil(x,&;). Hence, we define a function
u:2xR"—=R

7q 1anQz X€ _XIEI};* Zqz X€

We define

" (=0). (0, (@) - )
D= [ ¢=1¢>0> ¢ < EENEERT) VT C [n]

i=1 jeJ

We note that D € F x B(R"), since all constraint functions in D are (separable) mea-
surable functions in the variables (w,q). Moreover, the section set D(w) = {q € R" :
qc¢c Mf(gn) (w)} is a subset of R™ and thus has a countable dense subset, for all w € €.
Finally, we note that u is measurable in w for each q, and continuous in q for each w.
Indeed, measurability follows from the fact that [ is a Carathéodory function. To show
continuity, it suffices to show that for each w, the function q — infxex Y ., ¢:l(x, &;(w))
is continuous (the case for q +— infyex; Yoo qil(x,€;(w)) is identical). Indeed,

S MNCLIEIES FNE

D (g1 — @)l §i(w))‘

i=1

< sup
xeX

< _max &) la - al

Since X is assumed to be compact and (., &;(w)) is continuous for all 7, the maximum
exists. Therefore, u is a Carathéodory function and thus is measurable with respect to
the product sigma-algebra F x B(R") (Theorem 7.36, Shapiro et al.[2009). Since D is a
measurable set, it is also measurable with respect to the restricted sigma-algebra imposed
on D. Therefore, the conditions of Theorem 4.10 in Rieder| [1978] are satisfied, and a

measurable selection exists. O

Lemma 4.A.7. Let X4,..., X, be i.i.d. samples of a measurable random variable X with
Ep[X?] < 0o. Denote the order statistics X1y < X(a) < ... < X(n). Define AXqy = Xy,
AXy = X — X1y fori=2,...,n. Then, we have that

- n—1 + 1 2 P .
Y (——— ) AX = Epmin{ Xy, X5},

- n
=1
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Proof. We have that

" n—i+1 ZA 1 .

i=1 1<i<j<n

= % ZXi + % Zmin{Xi, X;}
i=1

1<j

1 — n—1 2 ,
=1

n n(n—1) 4=
1<)

We note that & > | X; L 0and -2 > iy min{ X, X} KA Ep[min{ X7, X5}] by The-

n(n—1)
orem 12.3 of van der Vaart| [1998] for U-statistics. Hence, the statement follows. O

We recall the notation of the dual second moment that is evaluated using two i.i.d.
random variables £, £@ . dmy p(x) = Epyp[min{l(x, W 1(x, €.

Lemma 4.A.8. Let H = {l(x,.) | x € X} be a Donsker class with a square integrable
envelope M. Then, by viewing the second dual moment dmyp,(.),dm,p (.) as a mapping
in I>°(H), we have that

dmlﬁpn(.) ~ dmlpo(.), m ZOO(H) (433)

Proof. Since H is Donsker, we have that by viewing the empirical measure P, as a mapping
in [*°(H), that

\/ﬁ(]ﬁ)n - ]P)O) ~ Ga

where G is a tight, measurable Gaussian process in [*°(#). By Example 1.5.10 of
van der Vaart and Wellner| [2023], it follows that under the L' semi-metric p1p,(x,y) =
Ep,[|l(x,&) — l(y, &)|], H is totally bounded. We now show (4.33|) using Theorem 1.5.4 of
van der Vaart and Wellner [2023]. The convergence of the marginals follows from Lemma
M.A7 To establish asymptotic tightness, we use Theorem 1.5.7 of jvan der Vaart and

Wellner| [2023] and show that dm, s (.) is asymptotically uniformly p;-equicontinuous in
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probability. Indeed, we note that for any x,y € X
dm 5, () — sz, (7))

LSS min{i ). 1(x.€,)} — min{l(y. €). (7. )}

< 520 Y max {lix €) 3.6 l1x. ) — U3, €)1}
< 530Dl ) 3.6 + 16k, )) 1036,

2 n
T n Z 1(x,&) — Uy, &) = 2/’1,11%()(’ y)-
i—1

Hence, for any n, €, 9, we have

P* sup
pl,]P’O (x,y) <d

Now, we note that since H is Donsker, it is certainly Glivenko-Cantelli. Since Glivenko-

. €
dm, 5 (x) — dmyp (y)’ > e) <P ( sup  py s, (X,y) > 5) .

P1,py (X,¥) <6

Cantelli is preserved under continuous mapping of multiple function classes (Theorem
2.10.5, van der Vaart and Wellner|2023), we have that

sup pl,]f”n (X’ Y> — PPy (X, Y> - 07
x’y

in outer probability. Hence, we have that for any § < €/2:

pl,ﬂ)o (X7Y)<6 Pl,]P’O (x7y)<6 2

* € * €
P ( sup pl,pn(xay)>§> =P ( sup pl,I@’n(X7Y)_pl,Po(X7Y)+p1,P0(X7Y)>_>

pl,]P’O (X7Y) <6

« €
<P < sup |p1,]f"n <X7 Y) - pl,PO(Xu Y>| > 5 - 6)

* €
<P (s, (x.3) ~ pian(x )| > 5 —0)
X7y

n—oo

— 0.

Hence, this establishes the equi-continuity in probability and proves (4.33)). O

Lemma 4.A.9. Let I(x, é) be a loss function that is continuous in X, for everyé € R".
Assume we have a random vector € taking values in él, e ,En € R™, with probability

p = (p1,--.,pn). Then, for any upper-semicontinuous concave distortion function h :
[0.1] — [0,1] (non-decreasing, h(0) = 0, h(1) = 1, we have that the rank-dependent



CHAPTER 4. DUAL DRO 249

evaluation

15 continuous in X.

Proof. Using the dual representation of rank-dependent model (see Denneberg| 1994)), we
have that

Rhpp(x) = max qu

aEMp(p) “

where

Mu(p) = {qeR”

q>0, Z%—quéh(Zpl) vJ C [n }

ied e

Since h is upper semi-continuous, and M, (p) is a set of probability vectors, it follows that
M, (p) is compact. Moreover, the function (q,x) — Y ., ¢l(x, €,) is jointly continuous.
Hence, continuity of Ry, p(x) follows from an application of Berge’s maximum theorem
(Berge||1963)). O

4.B Details on Dual DRO Confidence Bounds

To construct dual DRO confidence bounds, we can split the data (§;,...,€,) in half:
(§1,---,&,0) and (&) ...,§,»), and use the first half to obtain a consistent empirical
estimator X,/» of the optimal solution x*. Then, with the second half of the sample,

which is independent of the first, we can compute the following empirical estimator

2
— H@)e" ()] 75 0 (12, €) = 7 03 U2, €0)
r&,...,&,) = : ,
> <”/i;/{1) Al(%n/2,€(1)

where 0 < [(X/2,€(1)) < - < U(Xn2,&(/2))- By the law of large number, Lemma W
and continuous mapping theorem, we have that /r(&,,...,&,) converges in probability

to & [mmz o EV(I\)/)M?;’(* 5(2)5}} The guarantee of the dual DRO confidence bounds is then
0

formally stated in the following theorem.

Theorem 4.B.10. Let H be a Py-Donsker class with a square integrable envelope func-
tion Ms. Assume ¢ is four times continuously differentiable in a neighborhood of 1. If

mingey Ep, [[(X, &)] has a unique solution x*, and \/r 51, ,&,) is a consistent estima-
()¢ (1)4/Var
227 ()97(1)/ Varsy , for any a € (0,1), and that

Epy [min{l(x*,6 ™M) 1(x* 5(2))}

tor that converges in probability to
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for allm > 1, w € Q, we have r(&)(w),..., €, (w)) > 0. Then, for §(&,...,&,) =

\/7" (&4,-..,&,)/n, we have that the following coverage guarantee:

lim P, <min p?(g ¢ )Pn(l(x, £)) — I)zlegflEpo I(x,8)] < O) = .

n—00 xeEX 1oy n

()" ar x*
On the other hand, if \/7(&4,...,&,) converges in probability to 207 ()" ) \i;;()’(l( ’5)),

mg,]po (l(x
then we have that

lim P, (mian(51 gn)ﬁmn(l(x, &) —minEp,[I(x,£)] > 0) =

n—oo xeX  9(&1yes ) xeX

Proof of Theorem [{.B.10. We revisit the proof of Theorem Let T(P) £ minye
Ep[l(x,£)]. Using Lemma [4.6| and the minimax theorem, we have that

“min gl o, (06.€) — minEr U(x.€)

| U St gy
- iy S S ) gl
" ™ oy ) T@ TR0,

~0). (061, &) - 2

mNr S A L

3
3
/\
/\ %\

(4.34)

where ¢, denotes the Dirac delta measure. Again, we denote the influence function
IF(x*,Py) = I(x*, X) — Ep, [I(x*, X)], and we examine the quantity

wp Ika(Q)

QEMGe, .. (Br)

2 s (S Sl Q) - 1B Bl PG )|
QEMGe, ... (Br) b
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Our first goal is to show that for any ¢, > 0, we have

limsup P | vn sup |kn(Q)| > € | =0. (4.35)
n—00 Qe M6(€1 77777 ¢, )(IP’n)

Fix dp > 0, and choose a measurable selection (see Lemma [4.A.6])

. R
Qn(w) € Mé(gl(w) 13 (w))(Pn)

,,,,, n

with Q,(w) = "1 ¢i(w)tg,(w), such that

[fn(@n(w))] = (1 = o) sup [kn(Q)]

. )
QEMGie, (). 8 (w)) )

Therefore, monotonicity of outer measure gives that

msupP; (Vi sup [ka(@) > e | < limsup Py (vValka(Qu)] > (1—do)eo)

n—o00 QE./\/I ‘. )(@n) n—00

As a mapping Q,, : 2 — [*°(H), we have that by Lemma the sequence /n(Q, —Py)
is asymptotically tight. Hence, Prohorov’s theorem (van der Vaart and Wellner| 2023))
implies that there exists a subsequence such that the weak convergence \/W (@n(m)
Py) ~~ Z holds for a tight limit Z and that

limsup P (v/n|kn(Q,)] > (1 — y)eo) = lim P (\/ M) Fnm) (Qumy)| > (1 —0")e ) =0,
n—oo m—0o0

where the latter is obtained by applying the functional delta theorem (Theorem 3.10.4,

van der Vaart and Wellner|2023), and that (@(((5(#5)5)) — 1, to conclude that

(_(b;zg(&’ 5 ,)ﬁn)) V() (T (Q@um) = T(Po) = Eq,,,, [[F(x",Po)]) = 0.

Hence, this proves (4.35]). Using Theorem , we thus have that in a similar argument
as in the proof of Theorem [£.10] that

max (_¢)*(5(€17,€n>) - o (_¢)*(6(€1a7€n))
(QEMf(gl §n>(1@’n) 6(617 tee 7£n) T<@) T(PO)> * <1 5(517 s 7£n) )

%Em (min{7FM (x*,Py), [F? (x*, Py)}]

P*

T(Py) — Bp [[F(x*,Py)] + %o

Therefore, using the Slutsky’s theorem (example 1.4.7 of van der Vaart and Wellner|2023)

and the fact that convergence in outer probability implies weak convergence (Lemma
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1.10.2 of van der Vaart and Wellner 2023), we have that

\/ﬁ max (_¢>*(5<€17 ce ’ﬁn))T(Q) . T(]P;O)

QEM?(gl 7777 En)(P”) 6(€1> s aén)

1 Qb” \/Val"[po 76))
2¢"(1 >Epo[mm{l<x* g, 1(x, €M)}
- (Eg, [min{ I F(x*, ]P’O) IF®(x*,Po)}] + T(Py))

= N(O) VarPO(Z(X*7 E))) - \/VBI]P’O *7 6))

~ N(0, Varp, (I(x", §))) —

Hence, we have that

lim ]P;O <\/ﬁ max <_¢)*(5(£17 s 7£n>>T(@) . T(]P)()) < 0)

n—00 QG/\/l:?(sl ’’’’ gn)(I[ADn) 5(617 s 7£n)
=P (N (0, Vs, (I(x", €))) = &~ (a)y/Varg, (I(x", €)) < 0)
=®(@ a)) = a.

Finally, if instead we have that /r(&,,...,&,) converges in probability to 25;((10&(2”6()1))'
>0 ?
\/Varp, (I(x*, €)), then we have that

vn (fgcl Rl es, 106€)) = minEx [1(x, 5”)

=Vn (fg} (- ¢)<§1E§;.’.£.n,)§ ))p?@l,...,sn),ﬁ’n(l(x’5)) ~ min Ee, [(x; 5”)
o \/_ (g}:-l;r(l pé (&1500€,) ( (X 5)) mlnE]P’o[ (X>£)])

USIEEER 3 — min (l(x
" \/ﬁ (<<_¢>*<5(£1> e ,fn)) 1) xEX pé(ﬁl ces€n) P (l( ?5))>
Oé) \/VaI"IP’O 75))EIP0 [min{l(x*, £(1))7 Z(X*, £(2))}]

N(0, Varp, (I(x*,&)) — h

Bor, (1", £))
! a)\/varPO (Z(X*’E)) x<*
Bor, (I, €))Ll &)

= N(0, Varp, (I(x*, €)) + & (a)/Varg, (1(x*, £)).
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Summary in English

This dissertation presents four research papers on the subject of decision under uncer-
tainty, with a focus on decision-making in a risk-averse setting. The aim is to develop
robust optimization and statistical techniques to obtain and analyze solutions for stochas-
tic optimization problems, where the uncertain objective function is evaluated by a risk
measure.

In Chapter [I} we study distributionally robust optimization problems for a rich class
of risk measures with ambiguity sets defined by ¢-divergences. The risk measures are
allowed to be non-linear in probabilities, are represented by Choquet integrals possibly
induced by a probability weighting function, and encompass many well-known examples.
Optimization for this class of risk measures is challenging due to their rank-dependent
nature. We show that for various shapes of probability weighting functions, including
concave, convex and inverse S-shaped, the robust optimization problem can be reformu-
lated into a rank-independent problem. In the case of a concave probability weighting
function, the problem can be reformulated further into a convex optimization problem
that admits explicit conic representability for a collection of canonical examples. While
the number of constraints in general scales exponentially with the dimension of the state
space, we circumvent this dimensionality curse and develop two types of algorithms. They
yield tight upper and lower bounds on the exact optimal value and are formally shown to
converge asymptotically. This is illustrated numerically in a robust newsvendor problem
and a robust portfolio choice problem.

In Chapter [2, we study a robust optimization approach to combat tail uncertainty
by proposing a unifying framework to construct uncertainty sets for a broad class of risk
measures, given a specified nominal model. Our framework is based on a parametrization
of robust risk measures using two (or multiple) ¢-divergence functions, which enables us
to provide uncertainty sets that are tailored to both the sensitivity of each risk measure to
tail losses and the tail behavior of the nominal distribution. In addition, our formulation
allows for a tractable computation of robust risk measures, and elicitation of ¢-divergences
that describe a decision maker’s risk and ambiguity preferences.

In Chapter 3| we study Sample Average Approximation (SAA) for risk-averse stochas-
tic programs, where the risk of an uncertain goal function is measured by a law-invariant

convex risk measure. We provide non-asymptotic upper estimation on the deviation prob-
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ability of absolute error between SAA and the true optimal value under more general
assumptions for the goal function and risk measure, as compared to previous works by
Bartl and Tangpi [2022] and Kratschmer| [2024a]. In particular, the estimation is based on
conditions from empirical process theory, which allow the goal function to be non-linear,
unbounded, and do not require any pathwise analytical properties such as continuity or
convexity. Conditions on the risk measures are also readily verifiable in the coherent case,
with prominent examples including distortion risk measures and expectiles. Furthermore,
our non-asymptotic bound contains explicit constants that can be used to construct con-
fidence regions for the true optimal value and can also be adapted to provide estimates
for stochastic programs with inverse S-shaped distortion risk measures.

Finally, in Chapter ] we propose a new DRO model, which we call dual DRO, that
is based on mazxiance regularization, a variability measure also known as the Gini’s mean
difference. As we illustrate with numerical examples, this difference in regularization
scheme ensures that the dual DRO model is more robust against outliers than ¢-divergence
DRO, while also providing a tradeoff between bias and variability. Furthermore, we show
that optimization of dual DRO models is just as tractable as ¢-divergence DRO, and can
be used as a tractable lower bound on the true optimal expectation value problem with

the same O(1/4/n) asymptotic convergence rate as ¢-divergence DRO.



Nederlandse Samenvatting (Summary
in Dutch)

Dit proefschrift bestaat uit vier onderzoeksartikelen over het onderwerp van beslissingen
onder onzekerheden, met een focus op beslissingsproblemen in risico-averse instellingen.
Het doel is om robuuste optimalisatie- en statistische technieken te ontwikkelen voor het
oplossen van stochastische beslissingsproblemen, waarbij de onzekere doelfunctie door een
risicomaat geévalueerd wordt.

In Hoofdstuk [1| bestuderen we robuuste optimalisatieproblemen voor een brede klasse
van risicomaten, waarbij de onzekerheidsverzameling via een ¢-divergentie gedefinieerd
is. De risicomaten mogen niet-lineair zijn in de kansen, zijn gerepresenteerd via een
Choquet integraal met een wegingsfunctie en omvat vele bekende voorbeelden. Opti-
malisatieproblemen met deze klasse van risicomaten zijn extra uitdagend vanwege de
rangafhankelijkheid. We laten voor verschillende vormen van de kanswegingsfunctie, zo-
als concaaf, convex en omgekeerd S-vormig, zien dat het robuuste optimalisatieprobleem
geherformuleerd kan worden tot een rangonafthankelijk probleem. In het geval van een con-
cave kanswegingsfunctie kan het probleem verder geherformuleerd worden tot een convex
optimalisatieprobleem dat een expliciete kegelrepresentatie toelaat onder veel voorbeel-
den. Ondanks dat het aantal voorwaarden van het herformuleerde probleem exponentieel
stijgt met de dimensie van de toestandsruimte, omzeilen we deze moeilijkheid door het
ontwikkelen van twee typen algoritmes. Beide geven strakke boven- en ondergrenzen die
convergeren naar de exacte optimale waarde. Dit is geillustreerd met voorbeelden uit
robuust voorraadbeheer en portefeuilleoptimalisatie.

In Hoofdstuk [2| gebruiken we robuuste optimalisatie om staartonzerkeheid aan te pak-
ken. We introduceren een universeel raamwerk om onzekerheidsverzameling te construe-
ren voor een brede klasse van risicomaten, gegeven een nominaal model. Ons raamwerk
is gebaseerd op een parametrisatie van robuuste risicomaten met twee of meerdere ¢-
divergenties. Deze methode biedt ons de mogelijkheid om onzekerheidsverzamelingen te
bouwen die afgestemd zijn op de gevoeligheid voor staartonzekerheden van risicomaten
en het staartgedrag van nominale modellen. Daarnaast maakt onze formulering een goed
hanteerbare berekening van robuuste risicomaten mogelijk, evenals het afleiden van ¢-

divergenties die de risico- en ambiguiteitsvoorkeuren van een beslisser beschrijven.
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In Hoofdstuk [3| bestuderen we de “Sample Average Approximation” (SAA) van risico-
averse stochastische optimalisatieproblemen, waarbij het risico van een onzekere doel-
functie gemeten wordt door een distributie-invariante risicomaat. We geven een niet-
asymptotische bovengrens voor de afwijkingskans tussen de SAA-schatting en de werke-
lijke optimale waarde onder voorwaarden op de doelfunctie en risicomaten die algeme-
ner zijn dan Bartl and Tangpi [2022] en |[Kratschmer| [2024a]. In het bijzonder mag de
doelfunctie niet-lineair en onbegrensd zijn, zonder enige aanname over analytische eigen-
schappen zoals convexiteit en continuiteit. De voorwaarden op de risicomaten zijn ook
direct verifieerbaar in het coherente geval, met belangrijke voorbeelden zoals distortie-
risicomaten en expectielen. Daarnaast kunnen onze bovengrenzen gebruikt worden om
betrouwbaarheidsinterval voor optimale waarde te construeren, ook voor stochastische
optimalisatieproblemen met omgekeerd S-vormige distortierisicomaten.

Ten slotte introduceren we in Hoofdstuk [4| een nieuw DRO-model, dat we de zoge-
naamde duale DRO noemen en dat gebaseerd is op maxiance-regularisatie, een maat voor
variatie die ook bekend staat als de “Gini’s mean difference”. Zoals we illustreren met
numerieke voorbeelden, zorgt maxiance-regularisatie ervoor dat het duale DRO-model
veel robuuster is tegen uitschieters dan DRO’s die gebaseerd zijn op ¢-divergentie. Daar-
naast is het duale DRO-model ook bijna equivalent met een bias-variatie-model en biedt
dezelfde computationele voordelen als ¢-divergentie-DRO-modellen. Bovendien kan het
duale DRO-model dienen als een ondergrensschatting voor de exacte optimale waarde,

met een statistische convergentiesnelheid van O(1/4/n).
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