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E-Companion to “Appointment scheduling with independent service
times”

EC.1 Proofs

Proof of Lemma 3. The following proof partly follows the approach in Begen and Queyranne (2011).

We first show that if the service times are stochastically independent, then the expectation E[ fn(s,X∗)] can be

computed in O(n3b̄) time. Let S j denote the starting time of job j, and let C j := S j +X j denote its completion

time. The first customer is served punctually, at time zero, so that S1 = 0, and its completion time C1 = X1, so

the probability mass function of C1 is that of X1. For the other start times, we have S j = max
(
∑ j−1

i=1 si,C j−1

)
,

so that

P (S j = k) =


0, if k < ∑ j−1

i=1 si,

P (C j−1 ⩽ k) , if k = ∑ j−1
i=1 si,

P (C j−1 = k) , if k > ∑ j−1
i=1 si.

(EC.1)

If s is integer-valued, then k can only take on the values 0,1, . . . ,nb̄. However, when s is not integer, we

must also consider fractional values that arise from the schedule being considered. The first arrival takes

place at time zero, so that there are at most nb̄ integer values for k, from the second starting time at most

(n − 1)b̄, from the third starting time at most (n − 2)b̄, and so forth. This means that we need to consider

a maximum of n2b̄ different values in total. Then, by conditioning on X j and using independence of X j and

S j, we see that

P (C j = k) =
b j

∑
i=0

P (S j = k− i)P (X j = i) . (EC.2)

Further, P(C j−1 ⩽ k) = P(C j−1 = k) + P(C j−1 ⩽ k − 1). The probability P(C j−1 ⩽ k) can be computed in

O(( j − 1)2b̄) time. Once we have the distribution of S j, we can compute P(C j = k). Computing P(S j =

k) by using (EC.1) requires a constant number of operations, and computing P(C j = k) by using (EC.2)

also requires O(1) operations, since P (X j = i) follows the three-point distribution. Thus, computing the

entire start- and completion-time distributions, for each customer j, requires O(n2b̄) operations, so that the

objective value can be evaluated in O(n3b̄) time. To understand the latter statement, it is important to note

that the waiting-time distribution follows directly from the relation Wj = (C j−1 −∑ j−1
i=1 si)

+.

In order to compute the subgradients, we need to determine the multivariate probability mentioned in

equation (12). This probability represents the likelihood of the completion times of each customer, j =

l, . . . , k − 1, exceeding the scheduled starting time of the next customer. Begen (2010, Section A.3) devel-

oped a recursive computational algorithm to compute such probabilities and the corresponding subgradi-

ents. Their algorithm can be easily adapted to our setting, and it runs in the claimed polynomial time after

substituting the three-point distribution as in the computation of the expectation E[ fn(s,X∗)] above. ■
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Proof of Proposition 4. We first consider the marginal moment model for the uncertain service times

discussed in Mak et al. (2015). Assume knowledge of only the marginal moments of the joint distribution

and consider the min-max problem

min
s∈S

max
P∈F(X ,Q )

EP[ fn(s,X)], (EC.3)

where the probability measure P is chosen from the marginal moment ambiguity set F(X ,Q ) with X =

[a1,b1]× . . .× [an,bn] the Cartesian product of the supports of the individual service times and Q an infor-

mation set that comprises vectors (E[h1(Xk)], . . . ,E[hm(Xk)]) = (q(1)
k , . . . ,q(m)

k ), ∀k, containing information

on m generalized moments for all service time distributions. For the setting with traditional power moments

(i.e., hl(x) = xl), Mak et al. (2015) show that problem (EC.3) is equivalent to

min
s,ζζζ,λλλ

n

∑
k=1

ζk +
n

∑
k=1

m

∑
l=1

q(l)
k λ(l)

k

s.t.
min{ j,n}

∑
i=k

max
xi∈[ai,bi]

(
(xi − si)πi j −

m

∑
l=1

λ(l)
k hl(xi)− ζi

)
⩽ 0, for 1 ⩽ k ⩽ n, k ⩽ j ⩽ n+ 1,

s ∈ S ,

(EC.4)

with the πi j as stated in Proposition 4. These parameters characterize the extreme points of the polyhedron

Λ that describes the feasible set corresponding to the dual of LP (3), see Mak et al. (2015, Section 2).

Recall that (3) determines the total cost fn(s,x) for a given realization of service times x. Close inspection

of the proof of Proposition 2 in Mak et al. (2015) shows that this result also holds for generalized moment

functions such as the MAD dispersion function h(x) = |x − µ|. To see this, note that strong duality for

generalized moment problems holds for the inner maximization in (EC.3) when the generalized moment

vector lies in the interior of the set of feasible moment vectors; see, e.g., Popescu (2005). For mean-MAD

ambiguity, this specializes to the conditions µk ∈ (ak,bk), dk ∈ (0, 2(bk−µk)(µk−ak)
(bk−ak)

),∀k. By analyzing the dual

problem of the semi-infinite LP maxP∈F(D,Q )
EP[ fn(s,X)], an analog of Lemma 1 in Mak et al. (2015) for

generalized moments can be derived. Then, to obtain problem (EC.4), the proof of Proposition 2 in Mak

et al. (2015) exploits the structure of the polyhedron Λ but does not require the functionals hl(x) to be of

a specific form. We thus conclude that equivalence between (EC.3) and (EC.4) also holds for generalized

moments.

Specializing (EC.4) to the case where the mean and MAD are known, (EC.3) gives rise to

min
s,ζζζ,λλλ(1),λλλ(2)

n

∑
i=1

(
ζi + µiλ

(1)
i + diλ

(2)
i

)
s.t.

min{n, j}

∑
i=k

max
xi∈[ai,bi]

{
(xi − si)πi j − λ(1)

i xi − λ(2)
i |xi − µi| − ζi

}
⩽ 0, for 1 ⩽ k ⩽ n,1 ⩽ k ⩽ j ⩽ n+ 1,

s ∈ S .
Since the function to be maximized is piecewise linear, the optimal solution lies either on the boundary

points ai,bi or at the kink point µi. Hence,

max
xi∈[ai,bi]

{(xi − si)πi j − λ(1)
i xi − λ(2)

i |xi − µi| − ζi}= max
xi∈{ai,µi,bi}

{(xi − si)πi j − λ(1)
i xi − λ(2)

i |xi − µi| − ζi}.
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Using the auxiliary variable ξi j to replace the maximum operator by linear inequalities, we obtain

min{n, j}

∑
i=k

ξi j ⩽
min{n, j}

∑
i=k

ζi + siπi j, for 1 ⩽ k ⩽ n,1 ⩽ k ⩽ j ⩽ n+ 1

ξi j ⩾
(
πi j − λ(1)

i

)
bi − λ(2)

i (bi − µi), for 1 ⩽ i ⩽ n, i ⩽ j ⩽ n+ 1,

ξi j ⩾
(
πi j − λ(1)

i

)
µi, for 1 ⩽ i ⩽ n, i ⩽ j ⩽ n+ 1,

ξi j ⩾
(
πi j − λ(1)

i

)
ai − λ(2)

i (µi − ai), for 1 ⩽ i ⩽ n, i ⩽ j ⩽ n+ 1.

This yields (18). ■

Proof of Proposition 5. To justify the first claim, we first notice that the inner maximization problem

maxP∈P 0
(µ,d)

EP[ fn(s,X)] can be written as an equivalent optimization problem over probability distributions

as follows:
max

P
EP[ fn(s,X)]

s.t. P(Xk ∈ [ak,bk], ∀k) = 1,

EP[Xk] = µk, ∀k = 1, . . . ,n,

EP

∣∣∣ k

∑
j=l

X j − µ j

∣∣∣⩽ d̄lk, ∀l, k = 1, . . . ,n, l ⩽ k,

(EC.5)

Using standard results from the theory on generalized moment problems (see, e.g., Shapiro, 2001; Isii,

1962), its dual form can be written as

min
λ(0),λλλ(1),λλλ(2)

λ(0) +
n

∑
k=1

µkλ
(1)
k +

n

∑
k=1

k

∑
l=1

d̄lkλ
(2)
lk

s.t. λ(0) +
n−1

∑
k=1

λ(1)
k xk +

n

∑
k=1

k

∑
l=1

λ(2)
lk

∣∣∣ k

∑
j=l

xl − µl

∣∣∣⩾ fn(s,X), ∀x ∈ [a1,b1]× · · ·× [an,bn],

λ(2)
lk ⩾ 0, ∀l, k = 1, . . . ,n, l ⩽ k.

(EC.6)

Plugging in the definition of fn(s,X) and combining (EC.6) with the outer minimization over S yields (21).

Strong duality follows from Proposition 3.4 in Shapiro (2001) and the stated assumption. For the second

claim, notice that the sum-of-maxima term can be expressed in terms of linear inequalities through full

enumeration (Gorissen and Den Hertog, 2013). This reformulation results in roughly O(n!) semi-infinite

constraints. Each of these constraints is the robust counterpart of a linear optimization problem with a

bounded box uncertainty set. Therefore each semi-infinite constraint can be reformulated in terms of linear

constraints at the cost of an O(n2) increase in the number of variables and constraints, yielding the claimed

LP reformulation. ■

Proof of Proposition 8. We reformulate the inner maximization problem in (23) as a minimization prob-

lem using strong duality, and combine it with the outer minimization over the set of appointment schedules.
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It can thus be shown that the robust CVaR model is equivalent to

min
s,λ(0),λλλ(1),λλλ(2),ϑ

ϑ+
1

1− ρ

(
λ(0) +

n

∑
k=1

[
µkλ

(1)
k + dkλ

(2)
k

])
s.t. λ(0) +

n

∑
k=1

(
λ(1)

k xk + λ(2)
k |xk − µk|

)
⩾ ( fn(s,x)−ϑ)+, ∀x ∈ X ,

≡ min
s,λ(0),λλλ(1),λλλ(2),ϑ

ϑ+
1

1− ρ

(
λ(0) +

n

∑
k=1

[
µkλ

(1)
k + dkλ

(2)
k

])
s.t. λ(0) +

n

∑
k=1

(
λ(1)

k xk + λ(2)
k |xk − µk|

)
⩾ 0, ∀x ∈ X ,

λ(0) +
n

∑
k=1

(
λ(1)

k xk + λ(2)
k |xk − µk|

)
⩾ fn(s,x)−ϑ, ∀x ∈ X ,

where the equivalence relation follows from the definition of the max operator (·)+ := max{0, ·}, and X =

[a1,b1]× . . .× [an,bn]. The second semi-infinite constraint can be handled similarly to the marginal moment

model in Mak et al. (2015) and Proposition 4 with a minor adjustment. For the first one, notice that

λ(0) +
n

∑
k=1

(
λ(1)

k xk + λ(2)
k |xk − µk|

)
⩾ 0, ∀x ∈ X , ⇐⇒ λ(0) ⩾

n

∑
k=1

max
xk∈[ak ,bk ]

(
−λ(1)

k xk − λ(2)
k |xk − µk|

)
,

which yields the other set of constraints in (25), after invoking auxiliary variables as in the proof of Propo-

sition 4. ■

EC.2 Additional numerical results

For all distributions used in this paper, explicit formulas for the MAD d are available:

• Uniform distribution on [a,b]:

d =
1
4
(b− a)

• Beta distribution with shape parameters γ,θ on support [a,b]:

d =
2γγθθΓ(γ+ θ)

(γ+ θ)γ+θ+1Γ(γ)Γ(θ)
(b− a)

• Triangular distribution on [a,b] with mode c:

d =

{
2(b+c−2a)3

81(a−b)(a−c) , for a+ b < 2c,
2(a+c−2b)3

81(a−b)(b−c) , for a+ b > 2c

• Binomial distribution with success probability p and N trials:

d = 2(1− p)N−⌊N p⌋p⌊N p⌋+1(⌊N p⌋+ 1)
(

N
⌊N p⌋+ 1

)
• Discrete uniform distribution on [a,b], with a,b integers and N = b− a+ 1:

d =

{
1
4 N, for N even,
(N−1)(N+1)

4N , for N odd.
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To compare the performance of the robust schedules against some optimal schedules, we use Monte

Carlo simulation to compute the total costs of the mean-MAD schedule for n appointments, where n ∈

{10,15,25}. Our numerical experiments are based on Mak et al. (2015). The service times are generated

under two common distribution types, the beta and triangular distributions, and all service times are in-

dependent but not necessarily identically distributed. That is, for each customer k, we randomly set the

parameters of the beta distribution, γk,θk ∼U( 1
2 ,2), and draw the mode of the triangular distribution from

U(10,20). Let all distributions be supported on the interval [0,30]. For each generated instance, the total

session length is determined as T = ∑n
k=1 µk +R ·∑n

k=1 dk, with R ∈ {−0.5,0,0.5}. Next, we generate 10,000

independent samples from these distributions and use SAA to approximate the schedule that minimizes

(2), which assumes full knowledge of the distribution. We also use SAA and 10,000 independent samples

from the three-point distributions (with matching mean and MAD) to compute the optimal mean-MAD

schedule. In addition, we also solve a second-order conic program, as in Mak et al. (2015), to compute the

mean-variance schedule, which does not specify any correlation or dependency structure. To compare the

out-of-sample performance of the three scheduling solutions, a Monte Carlo simulation is performed. We

generate 1,000,000 scenarios from the underlying distributions that were used to generate the near-optimal

solution. We then estimate the percentage difference between the distributionally robust solutions and the

full-information solution for several performance measures: means, upper semivariances, and four per-

centiles. For each parameter setting and type of distribution, we consider 50 randomly generated instances.

We then report the average percentage differences over these 50 instances for each case.

Table EC.1 provides a number of interesting insights. First, observe that the differences between the

expected costs of the mean-MAD schedule and the near-optimal solution are not large, ranging from 1.2% to

13.6%. Second, congestion in the system, controlled by the parameter R, affects the performance differences

the most, whereas the performance of the mean-MAD schedule is barely dependent on the number of

customers n. In contrast, the performance of the mean-variance schedule deteriorates as n increases since

it guards against scenarios where a large number of consecutive jobs have long durations simultaneously,

which, in the setting with independence, leads to overly conservative schedules and hence high average

costs.
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Table EC.1 Percentage difference between the expected costs of the robust schedules and the full information schedule when

scheduling 25 appointments. The total costs are determined by Monte Carlo simulation.

Mean-MAD Mean-variance
Perf. measure R Xk ∼ P 10 15 25 10 15 25
mean -0.25 Beta(2,θ) 1.6% 1.5% 1.2% 8.0% 11.5% 17.8%

Beta(γ,2) 2.4% 2.2% 2.7% 7.2% 11.6% 20.6%
Triangular 3.5% 4.9% 4.6% 7.9% 12.1% 19.9%

0 Beta(2,θ) 2.2% 2.2% 1.9% 10.9% 16.4% 27.9%
Beta(γ,2) 3.5% 4.4% 4.3% 10.3% 18.4% 31.3%
Triangular 8.6% 6.9% 7.2% 10.8% 18.9% 30.4%

0.25 Beta(2,θ) 4.4% 3.5% 4.0% 16.4% 24.1% 42.0%
Beta(γ,2) 7.2% 6.3% 6.9% 17.0% 25.5% 48.7%
Triangular 12.6% 10.8% 13.6% 17.4% 24.7% 46.5%

We next present some further numerical results for the same experimental setup as in Table EC.1. In

Table EC.2 we add next to the mean two other performance measures: the upper semivariance and the

75th percentile of the total costs. Recall that the upper semivariance of a random variable X is defined as

E[max(0,X − E[X ])2]. In Table EC.3 we present the qth percentiles, for q = 85, 95, and 99. In addition,

we also mention the relative performance of the ‘optimistic’ schedule; that is, the total costs that we would

incur if we work with a schedule that is based on the two-point distribution of Lemma 4.

Tables EC.2 and EC.3 offer various insights. First, observe that the expected costs of the ‘optimistic’

schedule are close to optimal like the total costs of the robust schedules. However, considering the right

tail of the cost distribution, this policy is less useful since it does not guard against the worst-case distri-

bution and therefore also produces less reliable performance for extreme scenarios compared to the robust

mean-MAD and mean-variance schedules. Second, the full information solution outperforms the robust

approaches for the 75th and 85th percentiles in most cases. Third, for the 95th and 99th percentiles, as

well as the upper semivariance, the robust approaches mostly outperform the full information solution. The

increase in expected costs of the robust solutions is thus compensated by reducing the costs in the right

tail. Compared to the full information schedule, the robust schedules produce cost distributions with shorter

right tails and less upside dispersion. The robust solutions are therefore interesting when decision makers

are risk averse and, next to minimizing expected costs, want to protect against extreme scenarios.
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Table EC.2 Percentage difference between the robust schedules and the full information schedule, for several performance

measures, when scheduling 25 appointments. The costs are determined by Monte Carlo simulation.

mean-MAD mean-MAD-β mean-variance
Perf. R Xk ∼ P 10 15 25 10 15 25 10 15 25
mean -0.25 Beta(2,θ) 1.6% 1.5% 1.2% 5.0% 4.1% 3.1% 8.0% 11.5% 17.8%

Beta(γ,2) 2.4% 2.2% 2.7% 5.0% 5.6% 3.9% 7.2% 11.6% 20.6%
Triangular 3.5% 4.9% 4.6% 3.9% 3.6% 3.7% 7.9% 12.1% 19.9%

0 Beta(2,θ) 2.2% 2.2% 1.9% 7.4% 5.3% 5.2% 10.9% 16.4% 27.9%
Beta(γ,2) 3.5% 4.4% 4.3% 9.4% 6.7% 6.2% 10.3% 18.4% 31.3%
Triangular 8.6% 6.9% 7.2% 9.3% 5.4% 5.7% 10.8% 18.9% 30.4%

0.25 Beta(2,θ) 4.4% 3.5% 4.0% 8.7% 10.1% 8.6% 16.4% 24.1% 42.0%
Beta(γ,2) 7.2% 6.3% 6.9% 8.9% 13.9% 9.3% 17.0% 25.5% 48.7%
Triangular 12.6% 10.8% 13.6% 9.6% 11.2% 8.3% 17.4% 24.7% 46.5%

semivariance -0.25 Beta(2,θ) 1.5% -2.8% -5.4% -0.5% 1.7% 5.0% -19.4% -24.5% -30.8%
Beta(γ,2) -9.7% -9.7% -25.8% 11.1% 13.3% 12.5% -20.2% -25.9% -38.4%
Triangular 24.9% -5.5% -23.6% 4.9% 7.0% 9.8% -21.3% -25.7% -36.7%

0 Beta(2,θ) 5.3% -8.3% -10.8% 1.3% 9.5% 11.8% -17.5% -24.8% -30.1%
Beta(γ,2) -8.5% -25.7% -28.8% 25.1% 15.1% 12.7% -19.9% -35.8% -35.1%
Triangular -5.1% 0.2% -23.0% 10.4% 10.4% 13.7% -16.4% -36.1% -34.7%

0.25 Beta(2,θ) -7.0% -9.2% -22.4% 8.0% 14.6% 11.1% -26.3% -20.4% -22.2%
Beta(γ,2) -20.9% -26.9% -31.7% 19.7% 37.7% 13.2% -29.8% -22.6% -23.6%
Triangular 6.3% -22.4% -29.4% 12.3% 28.2% 13.2% -31.3% -24.9% -26.8%

75th
percentile

-0.25 Beta(2,θ) 2.1% 1.3% 0.7% 4.7% 4.3% 3.5% 8.6% 12.0% 17.8%
Beta(γ,2) 2.4% 2.5% 1.7% 5.8% 6.6% 4.4% 9.1% 13.8% 21.1%
Triangular 7.3% 5.6% 3.5% 4.2% 3.8% 4.3% 8.9% 13.3% 20.0%

0 Beta(2,θ) 3.1% 1.8% 1.8% 7.2% 5.9% 5.6% 13.2% 17.8% 28.6%
Beta(γ,2) 4.1% 3.6% 3.6% 11.5% 7.1% 6.4% 13.4% 18.9% 31.9%
Triangular 10.3% 8.5% 6.9% 10.2% 5.4% 5.6% 13.9% 18.5% 30.5%

0.25 Beta(2,θ) 5.2% 4.2% 3.7% 8.9% 10.4% 8.0% 17.3% 26.5% 42.5%
Beta(γ,2) 6.9% 6.0% 6.2% 9.9% 16.2% 9.2% 18.4% 28.1% 48.9%
Triangular 16.0% 11.0% 13.0% 9.5% 12.6% 7.8% 17.3% 26.6% 45.8%
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Table EC.3 Percentage difference between the robust schedules and the full information schedule, for several performance

measures, when scheduling 25 appointments. The costs are determined by Monte Carlo simulation.

mean-MAD mean-MAD-β mean-variance
Perf. R Xk ∼ P 10 15 25 10 15 25 10 15 25

85th
percentile

-0.25 Beta(2,θ) 2.0% 0.7% -0.2% 3.5% 3.7% 3.7% 4.2% 6.7% 11.5%
Beta(γ,2) 0.6% 0.8% -1.0% 6.0% 6.9% 5.0% 5.6% 9.7% 15.4%
Triangular 9.2% 3.6% 0.2% 3.9% 4.0% 4.8% 4.6% 8.5% 13.8%

0 Beta(2,θ) 3.0% -0.1% -0.1% 5.8% 6.1% 6.2% 8.3% 11.7% 20.8%
Beta(γ,2) 2.4% 0.0% 0.3% 12.1% 7.6% 6.7% 9.7% 12.9% 24.8%
Triangular 7.2% 6.7% 3.1% 9.3% 5.9% 6.2% 9.8% 11.7% 22.8%

0.25 Beta(2,θ) 2.2% 1.8% 0.3% 8.2% 10.2% 7.8% 10.6% 19.8% 33.2%
Beta(γ,2) 2.4% 2.1% 2.1% 10.8% 17.1% 8.9% 12.1% 22.2% 40.0%
Triangular 12.9% 6.2% 7.5% 9.1% 13.5% 7.7% 10.2% 19.8% 36.1%

95th
percentile

-0.25 Beta(2,θ) 1.3% -0.1% -1.0% 2.0% 2.4% 3.0% -2.7% -2.1% 0.2%
Beta(γ,2) -1.9% -1.8% -5.6% 5.2% 6.4% 5.5% -2.3% -0.1% 2.8%
Triangular 8.3% 0.3% -4.9% 3.2% 3.8% 4.8% -2.8% -1.1% 1.2%

0 Beta(2,θ) 2.7% -2.2% -3.0% 3.3% 5.5% 6.4% -1.1% 0.0% 5.6%
Beta(γ,2) -1.2% -6.2% -5.8% 10.8% 7.8% 6.9% 0.2% 0.0% 9.7%
Triangular 1.3% 2.6% -3.7% 7.3% 6.0% 7.0% 0.5% -1.3% 7.4%

0.25 Beta(2,θ) -1.9% -2.4% -5.4% 6.3% 9.4% 7.6% -1.8% 6.3% 15.7%
Beta(γ,2) -4.8% -5.2% -5.1% 9.4% 17.2% 8.4% -0.9% 8.8% 22.0%
Triangular 6.2% -2.7% -2.1% 8.1% 14.0% 7.9% -2.6% 6.1% 17.9%

99th
percentile

-0.25 Beta(2,θ) 0.2% -0.6% -1.0% 1.0% 1.3% 1.9% -6.9% -7.9% -8.3%
Beta(γ,2) -2.6% -2.3% -7.2% 4.2% 4.6% 4.5% -8.1% -9.1% -10.2%
Triangular 6.0% -0.5% -5.8% 2.4% 2.9% 3.5% -7.7% -8.5% -10.1%

0 Beta(2,θ) 2.0% -2.0% -3.2% 1.8% 3.9% 4.8% -7.6% -9.4% -8.7%
Beta(γ,2) -2.6% -8.2% -10.0% 8.8% 6.2% 5.8% -9.3% -12.9% -8.2%
Triangular -0.2% 0.8% -7.3% 4.9% 4.5% 6.0% -7.4% -12.7% -9.0%

0.25 Beta(2,θ) -1.7% -3.2% -9.3% 3.9% 6.8% 6.3% -11.7% -8.1% -3.8%
Beta(γ,2) -7.2% -10.6% -11.9% 8.2% 14.6% 7.2% -13.3% -8.0% -0.2%
Triangular 3.4% -8.3% -10.4% 5.9% 11.3% 7.2% -13.3% -9.2% -2.9%

EC.3 Extensions

Section EC.3.1 considers the model where customers no longer arrive punctually at the scheduled times

(or do not arrive at all). In Section EC.3.2 we present a dynamic version of the ASP, which is solved with

techniques from adjustable robust optimization.

EC.3.1 No-shows

Let Ik be a Bernoulli(qk) indicator variable that equals 1 when customer k shows up, and 0 otherwise. The

delay of job k now satisfies

Wk = (Wk−1 + Ik−1Xk−1 − sk−1)
+. (EC.7)

Since expression (EC.7) remains convex in the uncertain parameters, we obtain a similar result as in

previous sections.
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PROPOSITION EC.1. Let all Ik,Zk be independent, with Ik ∼ Bernoulli(qk). Then, the optimization problem

mins∈S minP∈P(µ,d)
EP[ fn(s,X)] can be written as

min
s∈S ∑

ααα∈{1,2,3}n×{0,1}n

( n

∏
i=1

p(i)
αi

(
cw

n−1

∑
k=1

g(k)
ααα + cog(n)

ααα

))
s.t. g(k)

ααα ⩾ 0, k = 1, . . . ,n, ∀ααα ∈ {1,2,3}n ×{0,1}n,

g(k)
ααα ⩾

k

∑
j=l

(q( j)
α j

τ( j)
α j
− s j), k = 1, . . . ,n, l = 1, . . . , k, ∀ααα ∈ {1,2,3}n ×{0,1}n.

(EC.8)

Problem (EC.8) considers all possible scenarios for Xk and Ik. Here we still charge waiting time costs

regardless of whether the customer actually shows up, as in Jiang et al. (2017). Alternatively, one could

waive the waiting time costs when a customer does not show up by modifying the objective function, thus

modeling the waiting time costs as cwIkWk.

The LP in (EC.8) presents a new DRO perspective for ASP with no shows. Other DRO studies are Jiang

et al. (2017) with ambiguity for the no-show variables, and Kong et al. (2020) who extend this model by

introducing time-dependent no-show probabilities and deriving a conic programming formulation. We now

compare our robust approach for partial information to the full information ASP with no shows, an extension

of work in Denton and Gupta (2003) covered in Erdogan and Denton (2013).
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(c) 1− qk = 0.4, co = 1

Figure EC.1 Optimal time allocation for schedules based on known customer no-show probabilities.

n = 10, T = 25, Xk ∼U(1,5)

We now perform some numerical experiments motivated in part by the examples in Section 5.1 of Erdo-

gan and Denton (2013). As a reference, we also consider the setting with all service times independent and

identically distributed as U(1,5). Figures EC.1 and EC.2 provide the optimal schedules for the ASP with no

shows. Figure EC.1 shows that, when no shows occur with probability 1− qk = 0.4, the optimal schedules

allot less time to the customers in the middle of the session to hedge against possible idling of the server in
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(a) qk = 1, co = 20
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Figure EC.2 Optimal time allocation for schedules based on known customer no-show probabilities.

n = 10, T = 25, Xk ∼U(1,5)

case of a no show. In addition, for large overtime costs co = 20, the first two customers are double booked

as with Bailey’s rule.

EC.3.2 Dynamic appointment scheduling

This section considers a dynamic variant of the ASP in which the schedule can be adjusted for future

customers at every arrival epoch. For simplicity, we assume that the required service time of a customer is

sufficiently long so that at the arrival of customer k, the arrival time of customer k+1 can be scheduled. We

next discuss an adjustable DRO approach in which we solve the dynamic ASP in a multistage fashion.

Before serving the kth customer, we observe the realizations x1, . . . , xk−1 of the random variables

X1, . . . ,Xk−1. We can use this knowledge for choosing the optimal value of sk by writing the appointment

slot length as a function of the realizations: sk = sk (x1, . . . , xk−1). Since such functional dependencies typi-

cally give rise to NP-hard optimization problems, in robust optimization one often resorts to so-called linear

decision rules (see, e.g., Ben-Tal et al., 2004; Yanıkoğlu et al., 2019) of the form

sk = zk0 +
k−1

∑
i=1

zkixi, (EC.9)

where the zki become decision variables in the new optimization problem. After substituting (EC.9) into

(5), the problem remains convex in the uncertain parameters. Hence, we can apply Lemma 2 to obtain the

following linear program:
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PROPOSITION EC.2. The optimization problem mins∈S maxP∈P(µ,d)
EP[ fn(s,X)] can be written as

min
s∈S ,z ∑

ααα∈{1,2,3}n

( n

∏
i=1

p(i)
αi

(
cw

n−1

∑
k=1

g(k)
ααα + cog(n)

ααα

))
s.t. g(k)

ααα ⩾ 0, k = 1, . . . ,n, ∀ααα ∈ {1,2,3}n,

g(k)
ααα ⩾

k

∑
j=l

(
τ( j)

α j
− z j0 −

j−1

∑
i=1

z jiτ(i)αi

)
, k = 1, . . . ,n, l = 1, . . . , k, ∀ααα ∈ {1,2,3}n.

(EC.10)

The linear program (EC.10) is an approximation of the distributionally robust multistage problem and

yields an upper bound since we only consider the subclass of linear functions for the decision sk. Neverthe-

less, the solution of (EC.10) still provides a robust schedule, which protects against distributional ambiguity,

but additionally takes into account past realizations and thus makes adaptive decisions. To circumvent com-

putational issues arising from the exponential number of constraints, we can again resort to SAA.

The model (EC.10) is advantageous in practical settings where customers are already on standby, and

thus benefit from regular schedule updates. Consider, for example, delivery services or surgery scheduling

where the patient is already physically present in the hospital (Mahes et al., 2024). Another related line of

research concerns settings in which, next to routine customers which are scheduled in advance, we have

add-on customers that are fitted dynamically into the existing schedule as they call to request appointments,

see Erdogan and Denton (2013); Chen and Robinson (2014).

1 2 3 4 5 6 7

1

2

3

4

5

customer

sk

Max
Min

(a) co = 1

1 2 3 4 5 6 7

1

2

3

4

5

6

7

customer

sk

(b) co = 10

1 2 3 4 5 6 7

1
2
3
4
5
6
7
8

customer

sk

(c) co = 20

Figure EC.3 Optimal time allocation for T = 21, cw = 1 and n = 7 with adjustable schedules based on the worst-case

three-point distribution for a = 1, b = 5, µ = 3 and d = 1. The dashed lines represent the adjustable schedules for three different

service time traces.

Figure EC.3 illustrates the adjustable robust schedules for T = 21, n = 7 and three different overtime

costs. The figures show the range of values that the adjustable schedules assume and also display three pos-

sible traces of the schedule. For low overtime costs, the range of time allocation to the different customers

remains narrow and almost no time is planned for the last customer. For higher values of co, the range
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of values widens and the slot length of the final customer strongly depends on the previous service time

realizations.


