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Abstract

Let F be the function field of an irreducible, smooth, projective curve over a finite field.
Let A be the ring of functions on the curve which are regular away from a fixed closed
point∞. Let F∞ be the completion of F at∞.

Consider an integral model ϕ of a Drinfeld A–module over a finite extension of F .
We associate to such a model an element (the L–value of ϕ) of F∞, mimicking the
residue at 1 of the Dedekind zeta function of a number field, or the top coefficient at 1
of the L–function of an elliptic curve over Q. The class module of ϕ is an A–module
of finite cardinality, which serves as an analogue of the class group of a number field,
or the Tate–Shafarevich group of an elliptic curve. The regulator of ϕ is an invertible
sub–A–module of F∞ and looks like the regulators of number fields and elliptic curves.
The aim of this thesis is to present a conjectural formula which relates the L–value, the
class module and the regulator of ϕ. It could be regarded as a function field analogue
of the class number formula for number fields or the BSD conjecture for elliptic curves;
hence the name “a class number formula for Drinfeld modules.”

Our conjecture is a direct generalisation of a theorem by Taelman which states that
the formula holds if A = Fq[t]. The current manuscript generalises his work, by
introducing the analogues of his L–values, class modules and regulators for general A,
by stating a conjectural formula, and by proving it for all A which are principal ideal
domains. We also show how our techniques can be used to prove the class number
formula in specific cases, for example, when the curve has genus zero.





Samenvatting

Zij F het functieveld van een irreducibele, gladde, projectieve kromme over een eindig
veld. Zij A de ring van functies op de kromme die overal regulier zijn, behalve in een
vast gekozen gesloten punt∞. Zij F∞ de completering van F bij∞.

Beschouw een integraal model ϕ van een Drinfeld A–moduul over een eindige
uitbreiding van F . Aan zo’n model verbinden we een element (de L–waarde van
ϕ) van F∞, gelijkaardig aan het residu bij 1 van de Dedekind zeta functie van een
getallenveld, of de leidende coëfficiënt bij 1 van de L–functie van een elliptische
kromme over Q. Het klassemoduul van ϕ is een eindig A–moduul en dient als het
analogon van de klassegroep van een getallenveld, of de Tate–Shafarevichgroep van
een elliptische kromme. De regulator van ϕ is een inverteerbaar deel–A–moduul
van F∞ en lijkt op de regulatoren van getallenvelden en elliptische krommen. De
bedoeling van dit proefschrift is om een vermoeden te formuleren dat de L–waarde,
het klassemoduul en de regulator van ϕ in één formule verbindt. Deze formule zou
kunnen worden beschouwd als een functieveldenvariant van de klassegetalformule voor
getallenvelden of het BSD–vermoeden voor elliptische krommen; vandaar de naam
“een klassegetalformule voor Drinfeld modulen.”

Ons vermoeden is een directe generalisatie van een stelling van Taelman die zegt dat
de formule klopt als A = Fq[t]. Dit proefschrift veralgemeent zijn werk, door de
analogons van zijn L–waarden, klassemodulen en regulatoren voor algemene A in te
voeren, door een vermoedelijke klassegetalformule voor Drinfeld modulen op te stellen,
en door deze formule ook effectief te bewijzen voor alle A die hoofdideaaldomeinen
zijn. We geven ook aan hoe onze technieken gebruikt kunnen worden om de
klassegetalformule te verifiëren in specifieke situaties, bijvoorbeeld, wanneer de
kromme geslacht nul heeft.
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Introduction

Like almost every gentle introduction into the domain of function field arithmetic, we
begin our discourse with the close resemblance between elementary number theory and
arithmetic in polynomial rings over finite fields. Among the many properties shared
by Z and Fq[t] (where Fq denotes a finite field with q elements) is the existence of a
Euclidean algorithm, which entails that both these rings are principal ideal domains.
But one also swiftly realises, for example, that their unit groups are finite, that they
both contain infinitely many prime elements, that their nontrivial residue rings are
finite, and that almost verbatim analogues of the theorems of Fermat (the little one)
and Wilson concerning congruences modulo primes hold for polynomials over finite
fields as well. The idea that Z and Fq[t] are in many ways similar is the starting point
of basic function field arithmetic, as well as a leitmotif in contemporary research.

Deeper classic results for integers, such as the quadratic reciprocity law and Dirichlet’s
theorem about primes in arithmetic progressions, have direct counterparts in the world
of polynomials over finite fields as well, and they have been known for a long time;
Dedekind already had a version of reciprocity in Fq[t], and Kornblum proved an
analogue of Dirichlet’s theorem before the first world war. (For these, and other
analogies, see [43].) Sometimes, however, the situation becomes more manageable
in the function field world, often due to geometric techniques, and conjectures from
the realm of number fields become theorems on the function field side. The earliest
compelling example of such a turn of events is the proof of a function field analogue
of the Riemann hypothesis by Weil in the 1940’s. Sometimes even, theorems for
polynomials lead to conjectures for integers, as was the case when Masser and Oesterlé
formulated their abc–conjecture based on a theorem on polynomials which was proven
shortly before by Mason and Stothers, cf. [33, IV.7].

1



2 INTRODUCTION

—— Special values ——

A classic topic in the number field world is the study of special values of zeta functions.
In a paper [11] from 1935, which initiated the study of special values in positive
characteristic, Carlitz set out to find expressions for the values

ζFq [t](n) :=
∑

a∈Fq [t]+

1
an

of the Fq[t]–analogue of the Riemann zeta function, where Fq[t]+ denotes the set of
monic polynomials in Fq[t] and n is an integer.

For n ≤ 0, the above sum is not absolutely convergent. But if we group the terms by
degree, then the sum is actually finite, as for every d > |n|, the degree d part of the
sum is zero. We hence get a statement which is similar to the rationality of the values
of the Riemann zeta function at negative integers:

Proposition —— For n ≤ 0 we have ζFq [t](n) ∈ Fq[t] after grouping by degree.

To make sense of ζFq [t](n) for positive integers n, we note that the series converges
absolutely in the completion Fq((1/t)) of Fq(t) with respect to the valuation −deg. In
many respects, the situation Z ⊂ Q ⊂ R is similar to Fq[t] ⊂ Fq(t) ⊂ Fq((1/t)). We
will return extensively to this analogy in Chapter 1, but as an appetiser we mention
here that Z sits discretely and co–compactly in R, just as Fq[t] does in Fq((1/t)).

One of Carlitz’ results is the analogue of Euler’s revolutionary observation that the
value of the Riemann zeta function at an even positive integer n is a rational multiple of
πn. In light of this, Carlitz constructs an element π̃ in an algebraic closure of Fq((1/t))
satisfying the following property:

Theorem (Carlitz) —— For every positive integer n which is divisible by q − 1 there
exists an f ∈ Fq(t) such that ζFq [t](n) = fπ̃n.

(The numbers 2 = |Z×| and q − 1 = |Fq[t]×| in this theorem equal the number
of “signs” in the respective rings.) Just like π is transcendental over Q and satisfies
ker(exp: C → C×) = 2πiZ, Carlitz’ π̃ is transcendental over Fq(t) and is closely
related to an exponential function for Fq[t], whose construction we shall now sketch.

—— Carlitz’ module and exponential ——

There are many ways to define the above π̃, but the most relevant one to our exposition
uses the Carlitz module and associated exponential function. Let Fq[t]{τ} be the non–
commutative ring of polynomials in τ over Fq[t], in which multiplication is determined
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by the law τa = aqτ for all a ∈ Fq[t]. Consider the morphism of Fq–algebras

ϕC : Fq[t]→ Fq[t]{τ} : t 7→ τ + t.

This is what we nowadays call the Carlitz module. For every Fq[t]–algebra R, we get a
homomorphism Fq[t]{τ} → EndFq R by letting τ act as r 7→ rq onR. Pre–composing
with ϕC induces a new Fq[t]–module structure on R, which we denote by C(R). The
action of Fq[t] on C(R) will be denoted with ∗. In other words, for a ∈ Fq[t] and
x ∈ C(R) = R, we have a ∗ x := ϕC(a)(x). In particular, t ∗ x = tx+ xq .

Just like the exponential map R→ R× is a morphism of Z–modules, an exponential for
the Carlitz module should be a morphism of Fq[t]–modules Fq((1/t))→ C(Fq((1/t))).
Now, there exists a unique power series

expC X = X + e1X
q + e2X

q2
+ · · · ∈ Fq((1/t))[[X]]

such that expC(tX) = expC(X)q + t expC(X). It has infinite radius of convergence
and hence defines a function expC : Fq((1/t))→ Fq((1/t)) satisfying

expC(af) = a ∗ expC(f) in C(Fq((1/t)))

for all a ∈ Fq[t] and f ∈ Fq((1/t)). In other words, expC is a morphism of Fq[t]–
modules Fq((1/t)) → C(Fq((1/t))). It similarly defines a function C∞ → C(C∞),
where C∞ denotes the completion of an algebraic closure of Fq((1/t)). One can prove
that the kernel of this morphism of Fq[t]–modules is free of rank one; π̃ can now be
defined as a chosen generator of this kernel.

Carlitz’ exponential function should hence be regarded as the analogue of the ubiquitous
exponential map C → C× (or R → R×), while the Carlitz module resembles the
multiplicative group functor, which sends commutative rings to their group of units.

—— A class number formula ——

Now that we encountered Carlitz’ exponential function, we eventually arrive at his
instance of the class number formula for Drinfeld modules which is the topic of this
manuscript. It is not an analogue of the Eulerian special values at even positive integers,
but rather resembles Dedekind’s class number formula from the number field world.
(We will get back to this analogy in Chapter 3.) Carlitz’ formula states that

ζFq [t](1) =
∑
j≥0

1
(t− tq)(t− tq2) · · · (t− tqj )

.

Estimates of the coefficients of expC show that its restriction to Fq[[1/t]]→ Fq[[1/t]] is
a bijection. So there exists a unique logC(1) ∈ Fq[[1/t]] such that exp(logC(1)) = 1.
The above formula can now be re–interpreted as follows.
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Theorem (Carlitz) —— We have ζFq [t](1) = logC(1).

The starting point of this thesis is a generalisation of Carlitz’ formula for ζFq [t](1) to
all Drinfeld Fq[t]–modules over finite extensions of Fq(t) by Taelman [55]; Carlitz’
module is a Drinfeld module avant la lettre. Taelman associates to every such Drinfeld
Fq[t]–module a so–called class module and a kind of regulator, and relates these two to
a special L–value, in a formula that could arguably be called a function field analogue
of the class number formula and the Birch and Swinnerton–Dyer conjecture. Our aim
is to understand what happens to this formula if we replace Fq[t] by general Drinfeld
rings A. To this end, we create a framework in which a class number formula for
general A can be stated, introduce the canonical A–versions of the Fq[t]–definitions
of Taelman’s objects and then make some progress towards proving the conjectured
formula, in particular proving it for all PIDs.

We now turn to a detailed description of our main results.

—— Into more detail ——

We start by setting some notation. Let X be a geometrically irreducible, smooth,
projective curve over Fq and let F = Fq(X) be its function field. Choose a closed
point∞ on X . Let F∞ be the completion of F at∞ and let v∞ : F×∞ � Z be the
normalised valuation. Let A = OX(X \ {∞}) be the ring of functions on F which are
regular away from∞. The prototype of such a Drinfeld ring A is Fq[t]; our goal is to
replace the latter by general Drinfeld rings in Taelman’s formula. We refer the reader to
Chapter 1 for more about Drinfeld rings, as well as the definition of a Drinfeld module
and objects associated to it.

There are various problems which may arise by considering general A: the point∞
may not be rational, A may not be generated by one element as Fq–algebra and it may
not even be a principal ideal domain. This last issue already occurs when one wants
to define the L–value associated to a Drinfeld module. Our main result on Drinfeld
modules over finite fields however shows that there is no need to worry:

Theorem —— Let k be a finite field which is an A–algebra. Let ϕ be a Drinfeld
A–module over k of rank r and let E be its associated functor of points. Then there
exists a unique L(ϕ) ∈ F× such that

FittA k = L(ϕ) FittAE(k) and v∞(L(ϕ)− 1) ≥
dimFq k

r dimFq Fq(∞) .

This result was already known to Gekeler [19], but we present a different proof in
Chapter 3. In the course of the proof, we actually show that FittA k and FittAE(k)
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are both principal ideals and we express generators of these ideals as determinants of
endomorphisms of some finitely generated A–module. The remainder of the proof then
consists of some careful local analysis over F∞.

The existence of (local) L(ϕ)’s with the above properties enables us to define (global)
L–values of Drinfeld modules. More precisely, from now on let ϕ be a model of a
Drinfeld A–module over the integral closure R of A in a finite extension K of F . Then
the Euler product ∏

m

L(ϕ mod m),

running over all maximal ideals of R, converges to an element L(ϕ) in F∞. Now let
E and exp: K∞ → E(K∞) be respectively the functor of points and exponential
function of ϕ.

Proposition —— The following A–module has finite cardinality:

H(ϕ) := E(K∞)
E(R) + expK∞

.

The finite A–module H(ϕ) serves as an analogue of the class group in the class number
formula and the Tate–Shafarevich group in the BSD conjecture. To introduce a kind of
regulator in the class number formula, we need the following result.

Proposition —— The sub–A–modules R and exp−1E(R) of K∞ are discrete and
co–compact.

Let Pic(A,F∞) be the group of invertible sub–A–modules of F∞. In Chapter 2 we
associate an element Reg(ϕ) ∈ Pic(A,F∞) to the sub–A–modulesR and exp−1E(R)
of K∞. It is an explicit realisation of

(detA exp−1E(R))⊗ (detAR)−1

as sub–A–module of F∞, and it should be regarded as a kind of regulator of the
Drinfeld module ϕ. The class number formula conjecture can now be stated as follows:

Conjecture —— In Pic(A,F∞) we have

L(ϕ)A = Reg(ϕ) · FittA H(ϕ).

The main theorem from Taelman’s paper [55] is that the above conjecture is true if
A is Fq[t]. In Chapter 4 we use this knowledge to try tackling the general conjecture.
More precisely, for every t ∈ A \ Fq , we have a norm morphism Nm: Pic(A,F∞)→
Pic(Fq[t],Fq((1/t))). The main result from Chapter 2, Theorem 2.27, implies that
class number formulas are compatible with taking norms:
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Proposition —— Let CNF(ϕ) := L(ϕ)−1 ·Reg(ϕ) ·FittA H(ϕ) ∈ Pic(A,F∞) and
define CNF(ϕ|Fq [t]) ∈ Pic(Fq[t],Fq((1/t))) similarly for the Drinfeld Fq[t]–module
ϕ|Fq [t]. Then we have Nm(CNF(ϕ)) = CNF(ϕ|Fq [t]).

Together with Taelman’s result, this shows that CNF(ϕ) has trivial norms down to
Pic(Fq[t],Fq((1/t))), for every t ∈ A \ Fq. We prove that if an element of F×∞ has
trivial norms down to every Fq((1/t))×, then its logarithmic derivative is actually a
differential on the curve X which is regular everywhere. This is the main ingredient in
the proof of this thesis’ culminating result:

Theorem —— Suppose that A is a PID. Then

L(ϕ)A = Reg(ϕ) · FittA H(ϕ) in Pic(A,F∞).

(Besides Fq[t] – for every prime power q – there exist only four other Drinfeld rings A
which are PIDs. We will come back to these rings in Chapter 4.)

To conclude this introduction, we clarify the structure of the thesis.

—— Outline ——

Chapter 1. Function fields and Drinfeld modules

We start by fixing some terminology and notation on function fields. We explain what
Drinfeld rings are and prove some preliminary results needed in the remainder of the
thesis. We then move to the definition of Drinfeld modules, and associate to them a
functor of points, a rank and an exponential function.

Chapter 2. Invertible lattices

The second chapter starts with some algebraic preliminaries on determinants and
locally free modules. We then set up a framework of invertible A–lattices. We define
a group structure on the set of these lattices and introduce the notion of an index of
two higher dimensional lattices. We eventually turn to relative settings, constructing a
norm morphism on lattices and, among other things, showing that the norm of an index
equals the index downstairs. The proof of this result takes up a large part of Chapter 2.

Chapter 3. Protagonists of the class number formula

We start by proving the existence of the local L–values of Drinfeld modules with the
desired properties. From the principality of the Fitting ideals, we deduce that the field
of definition of a Drinfeld A–module (of generic characteristic) should contain the
Hilbert class field of A. We then introduce the class module and regulator, and state
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the conjectural class number formula. The remainder of the chapter is concerned with
Hecke characters for function fields. To every Drinfeld module of rank one we associate
such a Hecke character and we show that the L–values of the Drinfeld module and its
Hecke character correspond. As a particular instance of this, we show that the L–value
of a sign–normalised Drinfeld module of rank one is a Goss ζ–value.

Chapter 4. The class number formula – Progress & established cases

Here we exploit the observation that every function field over Fq contains infinitely
many subfields which are isomorphic to Fq(t), in contrast with the unicity of Q in every
number field. The reason why this is important, is the fact that we know that the class
number formula holds if A = Fq[t]. So, taking norms down to every possible subfield
isomorphic to Fq(t), we may hope to gather some information on the class number
formula in the case that A is not Fq[t]. This is precisely what we do in the fourth
chapter. We begin by showing, in relative settings, that the norm of a class number
formula is the class number formula downstairs. This implies, by Taelman’s result,
that the class number formula holds after taking norms down to subfields isomorphic
to Fq(t). We show that the logarithmic derivative of an element of F×∞ whose norms
down to every Fq((1/t))× are trivial, is regular everywhere. From this we deduce the
class number formula for all PIDs. We finish by verifying the class number formula for
a specific Drinfeld A–module, where A is a specific Drinfeld ring of class number two.





Chapter 1

Function fields and
Drinfeld modules

In this introductory chapter we discuss the needed preliminaries on function fields and
Drinfeld modules. We introduce the function field variants of Z ⊂ Q ⊂ R and we
verify the analogues of a few classical statements about these rings, like the fact that
the unit group of Z is finite, that Z is a Dedekind domain with finite residue rings, that
Z sits discretely in R and that the quotient R/Z is compact. Besides being important
results for the chapters to come, these similarities should convey the philosophy that
the arithmetic of number fields is closely mirrored by that of function fields.

Adhering to this philosophy, Drinfeld modules have been designed to emulate the
multiplicative group and elliptic curves from the number field world. (Drinfeld [16]
draws parallels to elliptic curves with CM as well. Of course, in this case, the analogy
is not with the elliptic curve as an abelian group, but as a module over the imaginary
quadratic CM ring.)

In this expository chapter we review the basic theory of function fields and Drinfeld
modules. Most results are folklore or due to Drinfeld.

1.1 Function fields

Function fields

LetX be a geometrically irreducible, smooth, projective curve over a finite field Fq with

9
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q elements. Let ξ be the generic point of X . For every non–empty affine open V ⊂ X
the inclusion OX(V ) → OX,ξ induces an isomorphism Frac(OX(V )) → OX,ξ, cf.
[35, Prop. 2.4.18]. The field OX,ξ is called the function field of X , and we denote it by
F or Fq(X). It is a finitely generated extension of Fq of transcendence degree one, cf.
[35, Prop. 2.5.19]. The condition that X is geometrically irreducible is equivalent to
the property that Fq is algebraically closed in F , cf. [35, Cor. 3.2.14].

Some authors prefer a more algebraic description of function fields, by considering
finitely generated extensions of Fq of transcendence degree one in which Fq is
algebraically closed. However, every such extension is the function field of a smooth
projective curve over Fq , cf. [35, Prop. 7.3.13], so these descriptions are equivalent.

For every closed point x ∈ X , the ring OX,x is a one–dimensional regular local ring,
hence a discrete valuation ring with fraction field F . Proposition 7.4.18 in [25] says
that, conversely, all discrete valuation rings having fraction field F and containing Fq
arise as the local ring OX,x at some closed point x of X .

Completions

From now on, we fix a closed point∞ on X . Let F∞ be the completion of F with
respect to the valuation defined by∞. Let d∞ = dimFq Fq(∞) be the degree of∞
and let v∞ : F×∞ � Z be the normalised (i.e., surjective) valuation.

Drinfeld rings

Let A = OX(X \ {∞}) be the sub–Fq–algebra of F consisting of those functions
which are regular away from ∞. We call A a Drinfeld ring. Note that one can
reconstruct F and∞ from A, as F is the fraction field of A and∞ is the only place of
F at which A has non–positive valuation.

Example —— Let X = P1
Fq be the projective line over Fq and pick a rational point

∞ on X . Then F = Fq(t), A = Fq[t] and F∞ = Fq((1/t)).

One can prove that X \ {∞} is affine. (Cf. [63]; use Riemann–Roch to construct [35,
Prop. 5.1.31] an embedding X → Pnk = Proj k[x0, . . . , xn] such that the affine open
subsetD+(x0) of Pnk intersectsX atX\{∞}.) This implies thatX\{∞} = Spec(A),
so in particular, the maximal ideals of A correspond to the closed points 6= ∞ of X .
The integral domain A has dimension one, so every of its nonzero prime ideals is
maximal. This implies that A is a Dedekind domain, as the localisation of A at every
of its nonzero prime ideals is a discrete valuation ring (because all of these correspond
to closed points on X). The class group of A, which is the same thing as the Picard
group of isomorphism classes of line bundles on Spec(A), is finite [43, Lem. 5.6].

Proposition 1.1 —— Let t ∈ A \ Fq . Then:

• F is a finite extension of Fq(t).
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• F∞ ∼= F ⊗Fq(t) Fq((1/t)), so F∞ is a finite extension of Fq((1/t)).

• A is a finitely generated Fq[t]–module.

• A is the integral closure of Fq[t] in F .

Proof. Since Fq is algebraically closed in F , t is transcendental over Fq . Hence F is a
finite extension of Fq(t), as F is finitely generated and has transcendence degree one
over Fq. The only place of F extending the valuation −deg on Fq(t) is v∞ (because
−deg is negative on t ∈ A) so F∞ ∼= F ⊗Fq(t) Fq((1/t)), cf. [47, II.3].

Note that A is a discrete subgroup of F∞, as {x ∈ F∞ | v∞(x) > 0} is an
open neighbourhood of 0 intersecting A trivially. A particular instance is that Fq[t]
is a discrete subring of the local field Fq((1/t)). We also know that the quotient
Fq((1/t))/Fq[t] is compact, as Fq((1/t)) = Fq[t]+Fq[[1/t]], where Fq[[1/t]] is compact.

Lemma 1.5 (whose proof we postpone for now just to keep the exposition clear) implies
that A is finitely generated as Fq[t]–module. This entails that A is integral over Fq[t],
cf. Lemma 2.35. Since A is integrally closed in F (because A is a Dedekind domain),
we find that A must be the integral closure of Fq[t] in F .

Corollary 1.2 —— We have A× = F×q .

Proof. If t ∈ A× \ F×q , then t−1 ∈ A is integral over Fq[t]. Since Fq[t] is integrally
closed in Fq(t), this would imply that t−1 ∈ Fq[t], a contradiction.

Corollary 1.3 —— A is discrete and co–compact in F∞.

Proof. Pick an element t ∈ A\Fq . Then Fq[t] is discrete and co–compact in Fq((1/t)).
Since A is finitely generated and projective as Fq[t]–module (as it is torsion–free), the
claim follows from the fact that F∞ ∼= F ⊗Fq(t) Fq((1/t)) and Proposition 1.6.

Proposition 1.4 —— For every nonzero ideal I of A, the quotient A/I is finite. For
all a ∈ A \ {0} we have dimFq (A/a) = −d∞v∞(a).

Proof. SinceX is a variety,A is finitely generated as Fq–algebra. So for every maximal
ideal m of A, the field A/m is a finitely generated Fq–algebra, so Zariski’s Lemma [33,
Cor. IX.1.2] says that A/m is a finite field. This implies that all residue rings are finite.

A principal divisor has degree zero, so for all a ∈ A \ {0} we have

0 = deg(div(a)) = v∞(a)d∞ +
∑
p

vp(a) dimFq (A/p),

where the sum runs over all maximal ideals p of A. The equality dimFq (A/a) =
−d∞v∞(a) now follows from the following computation:∑

p

vp(a) dimFq (A/p) =
∑
p

dimFq (A/pvp(a)) = dimFq (A/a).
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Similarities

We have shown that A is a Dedekind domain, that all its residue rings are finite, that its
unit group is finite and that it is discrete and co–compact in F∞. So our setting bears
many similarities with the one of classical arithmetic, with A playing the role of Z, F
replacing Q and F∞ taking over from R. Another similar situation is the following:
F an imaginary quadratic extension of Q, A the ring of integers of F and F∞ = C.
(Note that Dirichlet’s unit theorem implies that the group of units of the ring of integers
of a number field can only be finite if it is Q or an imaginary quadratic field.)

Overview

In this thesis, we will repeatedly use the following notation:

Fq a finite field with q elements
p the characteristic of Fq
X a smooth geometrically irreducible projective curve over Fq
∞ a (fixed) closed point on X
d∞ the degree dimFq Fq(∞) of∞
F the function field Fq(X) of X
A the ring of functions in F which are regular on X \ {∞}
F∞ the completion of F at∞
v∞ the normalised valuation F×∞ � Z

Lattices in local fields

We prove the results which were needed in the proofs of Proposition 1.1 and its
corollary, and which we shall need later on as well. This exposition is based on section
2.3 of [15] and section 4.6 of [21].

Let A be a discrete subring of a non–archimedean local field K, i.e., a field which
is complete with respect to a discrete valuation and whose residue field is finite. Let
F ⊂ K be the fraction field of A. Assume that K/A is a compact abelian group. Let
V be a finite dimensional vector space over K. It is well–known that all K–norms on
V compatible with a fixed absolute value on K are equivalent to each other, and we
endow V with the resulting topology. A subgroup H ⊂ V is discrete if and only if
there is an open neighbourhood U of 0 in V with H ∩ U = {0}.

Lemma 1.5 —— Let V be a finite dimensional K–vector space and let H ⊂ V be a
discrete A–module. Then:

(a) H is closed.

(b) H is finitely generated and we have dimK(H ⊗A K) ≤ dimK V .
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Proof of (a). Let δ > 0 be such that the ball B(0, 2δ) (with centre 0 = 0V and radius
2δ) intersects H trivially. Write U = B(0, δ) and suppose that H is not closed.
Take v ∈ V \ H such that every open neighbourhood of v intersects H . Then the
neighbourhood v + U intersects H infinitely often, so take different w,w′ ∈ U such
that v + w, v + w′ ∈ H . These satisfy w − w′ = (v + w) − (v + w′) ∈ H and
w − w′ ∈ B(0, 2δ), contradicting B(0, 2δ) ∩H = {0}.

Proof of (b). Let 〈H〉K be the sub–K–vector space of V generated by H . The
dimension of 〈H〉K over K is finite and 〈H〉K has a basis consisting of elements of H .
Let {h1, . . . , hr} ⊂ H be such a K–basis of 〈H〉K and write H0 = h1A+ · · ·+ hrA.
As H is discrete in V , choose a real number δ > 0 such that the open ball B(0V , 2δ)
(with radius 2δ, around 0V ) intersects H trivially. If we write U = B(0V , δ) then
U +H0 is a neighbourhood of 0 in V/H0, whose intersection with H/H0 is {0}. So
H/H0 is a discrete subgroup of V/H0. Note that 〈H〉K/H0 is compact because K/A
is compact and 〈H〉K → (K/A)r :

∑
xihi 7→ (x1, . . . , xr) is a surjective morphism

of topological groups whose kernel is H0. Since H is closed in 〈H〉K , we conclude
that H/H0 is compact as well, and from its discreteness it now follows that H/H0
is actually finite. This shows that H is finitely generated, because H0 is manifestly
finitely generated. The inequality follows from the observation that

dimK V ≥ dimK〈H〉K = r = dimK(H0 ⊗A K),

and that dimK(H0 ⊗A K) = dimK(H ⊗A K) because we have a surjective map
(H/H0)⊗A K → 〈H〉K/〈H0〉K whose image is trivial.

Proposition 1.6 —— Let H be a finitely generated projective A–module in a finite
dimensional K–vector space V . Consider the map θ : K ⊗A H → V : x⊗ h 7→ x · h.

(a) θ is injective if and only if H is discrete in V .

(b) θ is an isomorphism if and only if H is discrete in V and V/H is compact.

Proof of (a). Assume that H is discrete in V . Then H is discrete in the image im(θ)
of θ, so Lemma 1.5 implies that

dimK im(θ) ≥ dimK(H ⊗A K) = dimK ker(θ) + dimK im(θ).

This implies that θ is injective. Now suppose conversely that θ is injective. A finite
generating set, of size r, of the A–module H induces a surjective map Ar → H , whose
kernel we denote by P . The splitting of this map yields an isomorphism Ar ∼= H ⊕ P .
Since K is flat over A, the image of H ⊕ P → (K ⊗A H)⊗K (K ⊗A P )→ Kr is
a free A–module of rank r. But every finitely generated free sub–A–module of Kr,
is discrete in Kr. The image of H in Kr is hence discrete as well. But the image of
H lands in the image of K ⊗A H . So H is discrete in K ⊗A H . Injectivity of θ now
implies that H is discrete in V .
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Proof of (b). By (a) we may assume that θ is injective and that H is discrete in V .
Let {h1, . . . , hr} ⊂ H be a K–basis of 〈H〉K and let H0 = h1A + · · · + hrA. By
the assumption that H is discrete, we have that H/H0 is finite. Note that 〈H〉K =
im(θ), so θ is surjective if and only if r = dimK V . Moreover, V/H0 ∼= (K/A)r ×
KdimK V−r, so V/H0 is compact if and only if r = dimK V . So it suffices to prove that
V/H0 is compact if and only if V/H is compact. But this follows from the observation
that V/H is the quotient of the Hausdorff space V/H0 under the continuous action of
the compact (finite) topological group H/H0, cf. [10, Th. I.3.1].

1.2 Drinfeld modules

1.2.1 Definitions

We keep the notation from the previous section and recall the basic definitions from
Drinfeld’s seminal paper [16].

LetK be anA–field, i.e., a field which is anA–algebra. Let i : A→ K be the structural
morphism. The twisted polynomial ring K{τ} (with respect to the q–Frobenius) is the
noncommutative ring of polynomials in τ in which multiplication is twisted by the rule
τx = xqτ for all x ∈ K. Let D : K{τ} → K be the map

∑
i xiτ

i 7→ x0.

Definition 1.7 —— A Drinfeld A–module over K is a morphism ϕ : A → K{τ} of
Fq–algebras such that D ◦ ϕ = i.

Example —— The Carlitz module is the Drinfeld Fq[t]–module

Fq[t]→ Fq(t){τ} : t 7→ t+ τ.

For example, t2 + 1 gets mapped to (t+ τ)(t+ τ) + 1 = (t2 + 1) + (t+ tq)τ + τ2.

Remarks ——

• Many authors exclude the trivial Drinfeld module ϕ : A→ K{τ} : a 7→ i(a)τ0,
but we allow it.

• Drinfeld Fq[t]–modules over an Fq(t)–field K correspond bijectively to
polynomials in K{τ} whose constant term is the image of t in K.

• If R is a sub–A–algebra of K such that the image of A under ϕ lies in R{τ}, we
say that ϕ : A→ R{τ} is a model of ϕ over R.



DRINFELD MODULES 15

Functor of points

Let ϕ be a Drinfeld A–module with a model over an A–algebra R. Let S be a
commutative R–algebra. By letting τ act as x 7→ xq on S, we get a morphism
R{τ} → EndFq S of Fq–algebras. Composition with ϕ yields a morphism A →
EndFq S, which induces a newA–module structure on S. We denote the corresponding
functor AlgR → ModA by Eϕ, or E if it is clear which Drinfeld module we are
considering. So the A–module Eϕ(S) is the abelian group S with the following action
of a ∈ A on x ∈ S: a · x := ϕ(a)(x), where τ acts on S as the q–th power Frobenius.

Example —— Let E : AlgFq [t] →ModFq [t] be the functor of points associated to

ϕ : Fq[t]→ Fq[t]{τ} : t 7→ t+ τ.

Let p ∈ Fq[t] be monic and irreducible. The following Lemma implies that p acts
as x 7→ xq

deg p

on E(Fq[t]/p). Hence, p− 1 annihilates E(Fq[t]/p), which could be
regarded as an analogue of Fermat’s little theorem.

Lemma 1.8 —— Consider the model ϕ : Fq[t]→ Fq[t]{τ} : t 7→ t+ τ of the Carlitz
module. Let p ∈ Fq[t] be monic and irreducible. Then ϕ(p) ≡ τdeg p mod p.

Proof. Let d be the degree of p, let k be the finite field Fq[t]/p and let f ∈ k[Z]
be the polynomial ϕ(p)(Z) obtained by reducing the coefficients of ϕ(p) modulo p
and using the rule τ(Z) = Zq. Since D(ϕ(p)) = p, we have f ∈ Zqk[Z], so f has
strictly less than deg f = qd roots. Now, if γ ∈ k is a root of f , then the morphism of
Fq[t]–modules Fq[t]→ E(k) : a 7→ a · γ = ϕ(a)(γ) lands in the set of roots of f . If
γ 6= 0, then the kernel of this morphism is a strict ideal of Fq[t] containing p, so we
get an injective map from Fq[t]/p to the set of roots of f . This contradicts the fact that
f has strictly less than qd roots, so γ = 0 is the only root of f . Since f is monic of
degree qdeg p, we infer that f = Zq

d

, i.e., ϕ(p) ≡ τd mod p.

Rank of a Drinfeld module

Proposition–Defintion 1.9 —— Let ϕ be a Drinfeld A–module over K. Then there
exists a rational number r such that

degτ ϕ(a) = −rd∞v∞(a) (= r dimFq (A/a))

holds for all a ∈ A \ {0}. We call it the rank of ϕ.

Proof. We can take r = 0 if ϕ is trivial. So assume that ϕ is not trivial. We claim
that ϕ is injective. Indeed, otherwise kerϕ would be a nonzero prime ideal of the
Dedekind domain A, as K{τ} has no nontrivial zero divisors. This would imply that
kerϕ is maximal, so the image of ϕ is a subfield of K{τ}, hence a subfield of K. This
contradicts the assumption that ϕ is not trivial, so ϕ is indeed injective.
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The function A \ {0} → Z : a 7→ −degτ ϕ(a) yields a valuation on F . It is negative
on A, so it defines the place∞, i.e., − degτ ◦ϕ and v∞ are equivalent, as desired.

Example —— The Carlitz module ϕ : Fq[t]→ Fq(t){τ} : t 7→ t+ τ has rank one.

Proposition 1.10 —— Let ϕ be a Drinfeld A–module over K of rank r and fix an
algebraic closure K of K. Then r is an integer and for every a ∈ A whose image in K
is nonzero we have

E(K)[a] ∼= (A/a)r,
i.e. the a–torsion submodule of E(K) is isomorphic to (A/a)r.

Proof. We sketch the proof from [43, Th. 13.1]. For every nonzero ideal I of A, let

µ(I) = {x ∈ E(K) | ∀y ∈ I : ϕ(y)(x) = 0}

be the I–torsion submodule of E(K). Since µ(IJ) = µ(I)⊕ µ(J) for coprime I and
J , it suffices to prove that µ(pe) ∼= (A/pe)r for all positive integers e and all maximal
ideals p of A which are coprime to ker(A→ K). First note that ](µ(pe)) = ](A/p)er
by reducing to the case when pe = xA is principal; then µ(x) is the set of roots of a
separable polynomial (as x 6= 0 inK) of degree qdegτ ϕ(x), which equals ](A/p)er. We
infer that µ(pe) ∼= (A/pe1)⊕ · · · ⊕ (A/pen) for some positive integers e1, . . . , en ≤ e
with sum er. Counting p–torsion shows that ](A/p)n ≤ ](µ(p)) = ](A/p)r, i.e.,
n ≤ r. So n = r and e1 = · · · = en = e, whence µ(pe) ∼= (A/pe)r.

Example —— Let E be the functor of points of the Carlitz module and let p ∈ Fq[t]
be monic and irreducible. Then

E (Fq[t]/p) ∼= Fq[t]/(p− 1),

another manifestation of the similarity between the Carlitz module and the multiplica-
tive group Gm. To prove this, one could mimic the proof that the multiplicative group
of a finite field is cyclic, cf. [21, Th. 3.6.3]. Alternatively, it follows from the above
proposition: as E(Fq[t]/p) is annihilated by p− 1 ∈ Fq[t] \ pFq[t], it is a sub–Fq[t]–
module of E(Fq[t]/p)[p − 1] ∼= Fq[t]/(p − 1). Since both modules have cardinality
qdeg p, this inclusion is an isomorphism, as desired.

Proposition 1.10 is one of the many ways in which Drinfeld modules of rank one are
similar to the multiplicative group – as the n–torsion of C× is isomorphic to Z/n –
and Drinfeld modules of rank two are similar to elliptic curves – as the n–torsion on
an elliptic curve over an algebraically closed field K is isomorphic to (Z/n)2 if n is
coprime to charK.

Another analogy is that adjoining to K the 0 6= a–torsion of a rank one Drinfeld
A–module over K yields an abelian extension of K, with Galois group isomorphic
to a subgroup of (A/a)×. This observation is the starting point for explicit class field
theory for function fields, cf. [27], [28], [21, Chap. 7].
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1.2.2 Drinfeld exponential

This subsection is based on the proof of Theorem 2.1 in [15]. Let K be a field which
is an A–algebra, and assume that the structural morphism i : A → K is injective.
Let ϕ : A → K{τ} be a Drinfeld module. Let K{{τ}} be the ring of formal sums∑
i≥0 ciτ

i with ci ∈ K, in which addition and multiplication are defined as in K{τ}.

Lemma 1.11 —— Let K and ϕ be as above. There exists a unique power series
eϕ ∈ 1 +K{{τ}}τ such that eϕi(a) = ϕ(a)eϕ holds for all a ∈ A.

Proof. If ϕ has rank zero then eϕ = 1 is the unique solution. Else, choose an arbitrary
a ∈ A \ Fq; then degτ ϕ(a) > 0. So there exists a unique e ∈ 1 + K{{τ}}τ
satisfying ei(a) = ϕ(a)e by induction on the coefficients of e. We want to show that
ei(b) = ϕ(b)e for all b ∈ A \ {0}. Note that f = ϕ(b)ei(b)−1 satisfies

fi(a) = ϕ(b)ei(b)−1i(a) = ϕ(b)ei(a)i(b)−1 = ϕ(b)ϕ(a)ei(b)−1 = ϕ(a)f,

so f = e, by the unicity of e. This is equivalent to ei(b) = ϕ(b)e.

Proposition–Defintion 1.12 —— Let K be a finite field extension of F∞ and let
mK be the maximal ideal corresponding to the unique extension of v∞ to K, cf.
[41, II.4.8]. Let ϕ : A → K{τ} be a Drinfeld module. Then eϕ defines a function
exp: K → K : x 7→

∑
j≥0 ejx

qj with the following properties:

• The map exp: K → E(K) is a morphism of A–modules.

• For all sufficiently large n, exp |mn
K

is an isometry of mnK , and exp(mnK) = mnK .

• The map exp is open and continuous.

Proof. Let a ∈ A \ Fq be arbitrary and write eϕ = 1 + e1τ + e2τ
2 + · · · and

ϕ(a) = i(a) + c1τ + · · · + csτ
s, with ci, ei ∈ K. Let n ≥ s and compare the

coefficients at τn in eϕa = ϕ(a)eϕ to find that

(aq
m

− a)em = c1e
q
m−1 + · · ·+ cse

qs

m−s.

Denote the unique extension of v∞ to K by v, let γ = min(v(c1), . . . , v(cs)) and let
bj = q−jv(ej) for all j. Then v(a) < 0 and the above equation imply that

v(a) + bm ≥ q−mγ + min(bm−1, . . . , bm−s).

For m large enough we have q−mγ − v(a) ≥ 1, so bm ≥ 1 + min(bm−1, . . . , bm−s).
So there exists a constant C > 0 such that bj ≥ Cj for all sufficiently large positive
integers j. This shows that v(ejxq

j ) ≥ (Cj + v(x))qj tends to +∞ for j → +∞.
Since K is complete with respect to v, we get a function

exp: K → K : x 7→
∑
j≥0

ejx
qj = eϕ(x).
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We now prove that this function satisfies the desired properties. By the very definition
of eϕ it is clear that exp: K → E(K) is a morphism of A–modules. To prove the
second property, note that there exists an integer n ≥ 0 such that n > −v(ej)/(qj − 1)
for all j ≥ 1, because v(ej) ≥ Cjqj > 0 for all j sufficiently large. For all x ∈ K with
v(x) ≥ n we then have v(ejxq

j ) − v(x) = v(ej) + (qj − 1)v(x) > 0 for all j ≥ 1.
Since exp(x)−x =

∑
j≥1 ejx

qj , we conclude that v(exp(x)) = v(x) for all x ∈ mnK .
So exp is an isometry of each mmK with m ≥ n, and in particular exp(mmK) = mmK .
The continuity and openness of exp follow from the second property and the fact that
the powers of mK form a basis around 0 of the topology on K.

Example —— Let ϕ : Fq[t]→ Fq(t){τ} : t 7→ t+ τ be the Carlitz module and let E
be its functor of points. The associated exponential is the morphism

exp: Fq((1/t))→ E(Fq((1/t))) : f 7→ f +
∑
i≥1

fq
i

(tqi − t) · · · (tqi − tqi−1)
.

Since the coefficients of eϕ− 1 have positive valuation, the function exp is an isometry
on {x ∈ F∞ | v∞(x) ≥ 0}. In particular, there exists a unique element log(1) ∈
Fq[[1/t]] such that exp(log(1)) = 1. The ancestor of all special values in positive
characteristic, from Carlitz’ paper [11], is the following:∑

f∈Fq [t] monic

1
f

= log(1).

The class number formula for Drinfeld modules we present in this thesis, is a
generalisation of the above identity.

Remarks ——

• If ϕ has rank zero, then expϕ = idK : K → K.

• If K = F∞ then Drinfeld [16] proves that expϕ is surjective and that its kernel
is a finitely generated and discrete sub–A–module of F

sep
∞ which is invariant

under Gal(F sep
∞ /F∞). This is part of his proof that the category of rank d

Drinfeld A–modules over a finite extension K of F is equivalent to the category
of rank d finitely generated discrete sub–A–modules of K

sep
which are invariant

under Gal(Ksep
/K). This is another manifestation of the similarity between the

multiplicative group and elliptic curves on the one hand, and Drinfeld modules
of rank one and two on the other. While [C:R] = 2, the extension F

sep
∞ /F∞ is

infinite, so we have Drinfeld modules of arbitrary rank.



Chapter 2

Invertible lattices

The class number formula for Drinfeld Fq[t]–modules from [55] is stated as an equality
of elements of Fq((1/t)). Some reflection on the formation of these elements however
reveals that this is only possible because Fq[t] comes with a canonical “sign” function
(the leading coefficient) and because all of its ideals are principal. For example, one
associates a monic generator to the Fitting ideal of the class module of a Drinfeld
Fq[t]–module, but one runs into trouble when Fq[t] is replaced by general Drinfeld
rings. A more intrinsic statement would hence be to assert that the sub–Fq[t]–modules
of Fq((1/t)), so–called invertible lattices, associated to both sides of the class number
formula coincide, because this does not involve taking generators nor imposing that
they would be monic. The goal of this chapter is to create a framework for these
invertible lattices: we define a group operation on them, we show how to compute in
this group and we explain what happens in relative settings.

In the first part, though, we recall some basic commutative algebra, mainly about
determinants and finitely generated and locally free modules. We follow up with a
segment about finitely generated modules over Dedekind domains, in which we define
Fitting ideals. The final and largest section is devoted to the theory of invertible lattices.

The first part of the chapter is expository, while the second one develops the language
of invertible lattices and interprets some known results into this language.

19
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2.1 Determinants and locally free modules

In this section, R will always be a commutative ring. Standard references for the results
mentioned in this part are [7], [9], [33] and [38].

For every multiplicative subset S of R the functor −⊗R S−1R from the category of
R–modules to the category of S−1R–modules is exact. But we also have a kind of
converse statement, in the form of the following local–global principle: a sequence
M → N → P of R–modules is exact if and only if for every prime ideal p of R the
sequence Mp → Np → Pp of Rp–modules is exact. Here, and henceforth, Rp denotes
the localisation of R by R \ p, and Mp is M ⊗R Rp. Since localisations are flat, they
commute with taking Hom (something we will use repeatedly in the future):

Lemma 2.1 —— Let M and N be R–modules and let S be a flat R–algebra. Suppose
that M is finitely presented. Then the map

HomR(M,N)⊗R S → HomS(M ⊗R S,N ⊗R S) : ϕ⊗ s 7→ ϕ⊗ (· s)

is an isomorphism of S–modules, which is functorial in both arguments M and N .

Proof. FixN and consider the functors F,G : Modop
R →ModS defined by F (M) =

HomR(M,N)⊗RS andG(M) = HomS(M⊗RS,N⊗RS) on objects. Since taking
Hom’s and tensor products − ⊗R S is left exact (as S is flat), F and G are left
exact as well. Now let M be a finitely presented R–module and take a presentation
Rs → Rt →M → 0. This induces a commutative diagram

0 F (M) F (Rt) F (Rs)

0 G(M) G(Rt) G(Rs)

in which the rows are exact and the vertical maps are the ones from the enunciation.
Since F (Rt) = N t ⊗R S = (N ⊗R S)t = G(Rt) via our map F (Rt)→ G(Rt), we
see that the two rightmost vertical arrows in the above diagram are isomorphisms. The
Five Lemma now implies that F (M)→ G(M) is an isomorphism as well.

2.1.1 Nakayama’s lemma and local freeness

We first recall Nakayama’s famous result and some of its corollaries.

Proposition 2.2 (Nakayama’s lemma) —— Let I be an ideal of a commutative ring
R. Let M be a finitely generated R–module satisfying M = IM . Then there exists an
a ∈ R such that aM = 0 and a− 1 ∈ I .



DETERMINANTS AND LOCALLY FREE MODULES 21

Proof. Let x1, . . . , xm ∈ M be generators of M . Let rij ∈ I satisfy xj =
∑
i rijxi

for all j. Let a be the determinant of the matrix Im−(rij). Since this matrix annihilates
(x1, . . . , xn), we have (by multiplying with the adjoint) that axi = 0 for all i, whence
aM = 0. Now note that a− 1 ∈ I because of the form of the matrix.

Corollary 2.3 —— Let R be a local ring and let m be its maximal ideal. Let M be
an R–module and let N ⊂ M be a submodule. If M/N is finitely generated and
M = N + mM holds, then M = N .

Proof. Nakayama applied to M/N shows that M/N is annihilated by an element of
1 + m. But all elements of 1 + m are units of R, so M/N = 0.

Corollary 2.4 —— Finitely generated projective modules over a local ring are free.

Proof. Let R be a local ring with maximal ideal m. Let M be a finitely generated
projective R–module. The R/m–vector space M/mM has finite dimension, say d.
Let x1, . . . , xd ∈ M be such that x1, . . . , xd is a basis of M/mM . This implies that
M = mM +

∑
i xiR, and hence M =

∑
i xiR. Let N be the kernel of the surjective

map Rd → M : (ri) 7→
∑
i rixi. Since M is projective we have Rd ∼= M ⊕ N , so

N is finitely generated, and (R/m)d ∼= (M/mM) ⊕ (N/mN), so comparing R/m–
dimensions shows that N = mN . The above Corollary and the finiteness of N now
implies that N = 0, i.e., f is an isomorphism.

So if M is a finitely generated projective R–module, then for every prime ideal p, the
Rp–module Mp is free of finite rank. The following result gives a converse statement:

Proposition 2.5 —— For a finitely generated R–module the following are equivalent:

• M is projective.

• There exists a locally constant function r : Spec(R) → Z such that the Rp–
module Mp is free of rank r(p) for all prime ideals p of R.

• There exist f1, . . . , fn ∈ R generating the unit ideal, such that for each i, the
Rfi–module Mfi is free.

In that case, M is finitely presented and flat.

Proof. Cf. [9, II.5.2] or [64, I.2]. Note that every projective module is flat.

An R–module M satisfying any one of the above conditions, will be called locally free,
and we denote its associated rank function Spec(R)→ Z by rkM . We say that M is
locally free of rank n if rkM is the constant function with value n.

Note that if R is an integral domain and M is finitely generated and locally free, then
rkM is constant because Spec(R) is connected, as it is the closure of the point (0). In
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more concrete terms, let F be the fraction field ofR and let p be an arbitrary prime ideal
of R. Each element of R \ p is invertible in F , so F is an Rp–algebra and therefore

F rkM (p) ∼= Mp ⊗Rp
F = M ⊗R F ∼= F rkM ((0)),

i.e., rkM (p) = rkM ((0)) = dimF (M ⊗R F ).

The last application of Nakayama’s lemma we mention here, is the fact that finitely
generated projective modules of constant rank over a semi–local ring are free. We first
need the following corollary to Nakayama’s lemma:

Corollary 2.6 —— Let M be a finitely generated module over a commutative ring R.

(a) If f : M →M is a surjective endomorphism, then it is injective.

(b) If M is locally free of rank n and x1, . . . , xn ∈M generate M , then they form
a basis.

Proof of (a). Since f commutes with R–scalars, X ·m := f(m) defines a structure
of an R[X]–module on M . It is finitely generated as such, and XM = M because
f is surjective. Nakayama yields an Y ∈ R[X] such that (1 +XY )M = 0. Now, if
m ∈M satisfies f(m) = 0 then 0 = (1 +XY ) ·m = m+ Y · f(m) = m.

Proof of (b). We want to prove that the surjective map Rn → M : (ri) 7→
∑
i rixi

is injective, so we may assume that R is local and that M is free of rank n. Let
{y1, . . . , yn} be a basis of M and consider the unique morphism f : M → M of
R–modules satisfying f(yi) = xi for all i. It is surjective because x1, . . . , xn generate
M . Now use (a) to see that f is an isomorphism, whence so is its composition with
Rn →M : (ri) 7→

∑
i riyi.

Proposition 2.7 —— Let R be a commutative ring with only finitely many maximal
ideals. Then all finitely generated locally free R–modules of constant rank are free.

Proof. We sketch the proof from [32]. Let m1, . . . ,mr be the maximal ideals of R.
Let M be a finitely generated locally free R–module of rank n. For every i, pick
xi1, . . . , xin ∈ M such that their images in Mmi form a free basis over Rmi . By the
Chinese remainder theorem, there exist x1, . . . , xn ∈M such that xj ≡ xij mod miM
for all i and j. (Indeed, maximal ideals are comaximal, so R→

∏
iR/mi is surjective.

Right exactness of −⊗RM implies that M →
∏
i(R/mi)⊗RM =

∏
iM/miM is

surjective as well.) Then Mmi =
∑
j xijRmi implies that Mmi =

∑
j xjRmi . The

morphism Rn → M : (t1, . . . , tn) 7→
∑
j tjxj is surjective because it is surjective

locally at every maximal ideal of R. Hence {x1, . . . , xn} generates M . Now use
Corollary 2.6 to conclude that M is free.
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2.1.2 Invertible modules and fractional ideals

An R–module M is said to be invertible if it is finitely generated and locally free of
rank one. The reason for this terminology, is that for such M , the map

M ⊗R HomR(M,R)→ R : m⊗ f 7→ f(m)

is an isomorphism because it is an isomorphism locally. Note that HomR(M,R) is
again finitely generated, and that it is locally free of rank one by Lemma 2.1. The
tensor product hence endows the set of isomorphism classes of invertible R–modules
with the structure of an abelian group, called the Picard group Pic(R).

When R is an integral domain, with fraction field F , we can give a concrete
interpretation of Pic(R), using the following concepts. A fractional ideal is a nonzero
sub–R–module I of F such that rI ⊂ R for some nonzero r ∈ R. Note that every
nonzero finitely generated sub–R–module of F is a fractional ideal. So for Noetherian
domains, fractional ideals may also be defined as being the nonzero finitely generated
sub–R–modules of F .

If I and J are fractional ideals, then their product IJ = {
∑
i xiyi | xi ∈ I, yi ∈ J} is

again a fractional ideal. A fractional ideal I is called invertible if there exists a fractional
ideal J such that IJ = R. If such J exists, then J equals I−1 := {r ∈ F | rI ⊂ R}.
Indeed, IJ ⊂ R implies that J ⊂ I−1, while I−1 = JII−1 ⊂ JR = J , so J = I−1.
There is no possible confusion between an invertible fractional ideal and a fractional
ideal which turns out to be an invertible module:

Proposition 2.8 —— Let R be an integral domain. Let I be a fractional ideal of R.
Then I is an invertible R–module if and only if I is invertible as a fractional ideal.

Proof. Theorem 4 in section II.5.6 of [9].

The Picard group Pic(R) can now be interpreted as the group of invertible fractional
ideals, modulo the free ones. We postpone the proof of this fact until Proposition 2.21,
where it will be shown to hold in even greater generality.

2.1.3 Exterior powers

Let M be an R–module and let n be a nonnegative integer. The n–th exterior power∧
nM of M is the quotient of M⊗n by the submodule generated by all elements of the

form x1 ⊗ · · · ⊗ xn with xi = xj for some i 6= j. By definition,
∧0M = R.

A map f : M⊗n → N of R–modules is called alternating if f(x1 ⊗ · · · ⊗ xn) = 0
whenever xi = xj for some i 6= j. The quotient map M⊗n →

∧
nM is clearly
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alternating, but it is moreover universal with this property: if f : M⊗n → N is an
alternating map of R–modules, then it factors through M⊗n →

∧
nM , and vice versa.

The image of an elementary tensor x1 ⊗ · · · ⊗ xn under M⊗n →
∧
nM is denoted by

x1∧· · ·∧xn. For example, x∧y = −y∧x holds in
∧2M because (x+y)∧(x+y), x∧x

and y∧y are all zero. More generally, we have xπ(1)∧· · ·∧xπ(n) = sgn(π)x1∧· · ·∧xn
for all permutations π : {1, . . . , n} → {1, . . . , n}.

When M is finitely generated locally free of rank r, we denote the r–th exterior power∧
rM by detR(M) or det(M), and call it the determinant of M . We briefly summarise

the relevant facts about these determinants of modules.

Proposition 2.9 —— Let M be a finitely generated locally free R–module of rank r.

(a) For all commutative R–algebras S, the S–module M ⊗R S is finitely generated
locally free of rank r and the map

detS(M ⊗R S)→ detR(M)⊗R S : ∧i (mi ⊗ 1) 7→ (m1 ∧ · · · ∧mr)⊗ 1

is an isomorphism of S–modules.

(b) If {x1, . . . , xr} is a basis for M , then detR(M) is free with basis x1 ∧ · · · ∧ xr.

(c) The determinant detR(M) is an invertible R–module.

Proof of (a). The map is easily shown to be an isomorphism by exhibiting its inverse.
A finite generating set of the R–module M induces a finite generating set of the S–
module M ⊗R S. It remains to be shown that this module is locally free of rank r.
Let P be a prime ideal of S and let p be the inverse image of P under the structural
morphism R→ S. Then SP is an Rp–algebra and M ⊗R Rp is free of rank r, so

(M ⊗R S)⊗S SP = M ⊗R SP = (M ⊗R Rp)⊗Rp
SP

is a free SP–module of rank r.

Proof of (b). In general, cf. [7, II.7.8],
∧
nM is trivial if n > r, and is free of rank(

r
n

)
if 0 ≤ n ≤ r. But we just include and prove the statement about the determinant

here. It is clear that x1 ∧ · · · ∧ xr generates detR(M), so we want to prove that it is
not torsion. The function

Mr →M⊗r : (y1, . . . , yr) 7→
∑
π∈Sr

sgn(π)yπ(1) ⊗ · · · ⊗ yπ(r)

is multilinear and alternating, so it induces a map detR(M) → M⊗r. The image of
x1 ∧ · · · ∧xr under this map is not torsion because it is a nontrivial linear comibination
of elements of the basis {xi1 ⊗ · · · ⊗ xir | i1, . . . , ir ∈ {1, . . . , r}} of the free R–
module M⊗r. Hence x1 ∧ · · · ∧ xr is not torsion and detR(M) is freely generated by
this element.
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Proof of (c). This follows from (a) and (b).

If f : M → N is a morphism of R–modules and n is a nonnegative integer, then∧
nf :

∧
nM →

∧
nN is the morphism of R–modules defined by

(
∧
nf)(x1 ∧ · · · ∧ xn) = f(x1) ∧ · · · ∧ f(xn).

It comes from the alternating map x1⊗ · · · ⊗ xn 7→ f(x1)∧ · · · ∧ f(xn). In particular,
if M and N are locally free of the same rank, we have a map det f : detM → detN .

2.1.4 Determinants of endomorphisms

Let M be an invertible R–module and consider the morphism

R→ EndRM = HomR(M,M) : r 7→ (M ·r→M).

We claim that the above map is an isomorphism. First note that by localising (and using
Lemma 2.1) we can reduce to the case that M is free of rank one. And in that case, the
claim is clear by choosing a one–element basis.

Now let M be a finitely generated locally free R–module of rank r ≥ 1. Taking
determinants induces a map EndRM → EndR detM . Composing this map with
the inverse of R → EndR detM yields a morphism EndRM → R which shall be
denoted by detR(−,M). For every endomorphism f : M → M , detR(f,M) is the
unique element of R such that detR(f) is the multiplication by detR(f,M) map.

Example —— If M is a free R–module of finite nonzero rank and f : M →M is an
endomorphism of M , then detR(f,M) equals the determinant of the matrix of f with
respect to any chosen basis of M .

An important example is the following. Let S be a commutativeR–algebra which, as an
R–module, is finitely generated and locally free of constant rank. (Henceforth we say
that S is a finite locally free R–algebra.) For every s ∈ S we have an endomorphism
S → S : x 7→ xs. The determinant of this endomorphism is denoted by NS/R(s) ∈ R
and is called the norm of s. Note that the endomorphism is an isomorphism if and only
if s ∈ S×, and in that case, we have NS/R(s) ∈ R×.

Remarks ——

• The following diagram commutes for every prime ideal p of R:

EndRM R

EndRp
Mp Rp

detR(−,M)

−⊗RRp

detRp (−,Mp)
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In particular, if R is an integral domain with fraction field F , then detR(f,M)
equals detF (f⊗idF ,M⊗RF ). The advantage of having defined the determinant
globally (instead of just using this as a definition for the determinant), is that we
now know that detF (f ⊗ idF ,M ⊗R F ) is actually an element of R.

• If f and g are two endomorphisms of M , then detR(f) ◦ detR(g) = detR(fg)
as maps, propagating to the equality detR(f,M) detR(g,M) = detR(fg,M)
in R. This equality may be cumbersome to prove using a classical cofactor
expansion definition of the determinant, but we get it for free here.

2.1.5 Length of a module

The length of an R–module M is the supremum of the set of all integers n for which
there exists a filtration 0 = M0 ( M1 ( · · · ( Mn = M of sub–R–modules of M .
Lengths are additive in short exact sequences:

Lemma 2.10 —— If 0 → M1 → M2 → M3 → 0 is a short exact sequence R–
modules of finite length then

length(M2) = length(M1) + length(M3).

Proof. Combining filtrations of M1 and M3 to a filtration of M2 shows that ≥ is true.
(First inject the filtration of M1 into M2, then add to the image of M1 the inverse
images of the filtration of M3.) A filtration of M2 restricts to a filtration of M1 and
maps to a filtration of M3. There may be equal modules in these induced filtrations,
but not at the same place: if both the restriction to M1 as the image in M3 of two given
submodule of M2 are equal, then the initial submodules of M2 were equal. This shows
the reverse inequality.

Examples ——

• Let V be a finite–dimensional vector space over a field k. Then V has length
dimk(V ). Indeed, by choosing a basis of V over k and gradually adding the basis
vectors we see that lengthk(V ) ≥ dimk(V ). The reverse inequality follows
from the fact that in a filtration the dimensions are strictly increasing.

• Let m be a maximal ideal of R and let M be an R–module which is annihilated
by m. Then M is a vector space over R/m, and

lengthR(M) = dimR/m(M).

Indeed, we can go back and forth betweenR– andR/m–filtrations ofM because
every R–module annihilated by m is an R/m–module and vice versa.
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• Let R be a discrete valuation ring, let m be the maximal ideal of R and let n be
a nonnegative integer. Then lengthR(R/mn) = n. (In other words, for every
nonzero x ∈ R, the length of R/(x) equals the valuation of x.) Indeed, the short
exact sequences of the form

0→ mn−1/mn → R/mn → R/mn−1 → 0

show that it suffices to prove that dimR/m(mn/mn+1) = 1 holds for all
nonnegative integers n. But this is true because multiplication by the n–th
power of a uniformiser induces an isomorphism R/m→ mn/mn+1.

Lemma 2.11 —— Let R be a commutative ring. Let f : M → N be an injective
morphism of finitely generated locally free R–modules of the same rank. Then
det f : detM → detN is injective. If moreover R is a principal ideal domain
then the cokernels of f and det f have the same length.

Proof. We may assume thatM andN are free of rank r. The mapMr →M⊗r defined
by (x1, . . . , xr) 7→

∑
σ∈Sr (sign σ)xσ(1)⊗· · ·⊗xσ(r) is multilinear and alternating, so

it factors through a map αM : detM →M⊗r. The proof of Proposition 2.9 shows that
αM maps a one–element basis of detRM to a nontorsion element, so αM is injective.
Define αN similarly and note that αN det f = f⊗rαM , so it suffices to prove that
f⊗r : M⊗r → N⊗r is injective. But this follows from the following observation: if
ϕ1 : M1 → N1 and ϕ2 : M2 → N2 are injective morphisms of A–modules, and M2
and N1 are flat, then ϕ1 ⊗ ϕ2 = (idN1 ⊗ϕ2) ◦ (ϕ1 ⊗ idM2) is injective.

Now assume that R is a principal ideal domain. We identify M with its image in N . By
[33, III.7.8] there exists an R–basis {m1, . . . ,mr} of N and elements d1, . . . , dr ∈ R
(so–called elementary divisors) such that {d1m1, . . . , drmr} is anR–basis ofM . Then
m1 ∧ · · · ∧ mr and (d1m1) ∧ · · · ∧ (drmr) form one–element bases of detN and
detM respectively. From the equality

(det f)(d1m1 ∧ · · · ∧ drmr) = d1 · · · dr · (m1 ∧ · · · ∧mr)

we deduce that the length of det(N)/ det(M) ∼= R/(d1 · · · dr) equals the valuation
of d1 · · · dr, which is also the length of N/M ∼=

⊕
iR/(di).

In particular, we have:

Corollary 2.12 —— Let R be a discrete valuation ring and let M be a free R–module
of finite rank. Let f ∈ EndR(M) be injective. Then the length of M/ im(f) is equal
to the valuation of detR(f,M) ∈ R.

Proof. The endomorphism det f of detM is multiplication by detR(f,M), and the
length of R/(detR(f,M)) equals the valuation of detR(f,M).
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2.2 Modules over Dedekind domains

A Dedekind domain is by definition an integral domain R satisfying any one of the
following equivalent properties:

• Every fractional ideal of R is invertible.

• R is Noetherian and integrally closed, and every nonzero prime ideal of R is
maximal (i.e., R has Krull dimension ≤ 1).

• R is Noetherian and for every maximal ideal m, Am is a field or a discrete
valuation ring.

• Every nonzero ideal of R can uniquely be written as a product of prime ideals.

Examples —— All principal ideal domains (in particular: Z, polynomial rings over
fields and discrete valuation rings) are Dedekind domains. The ring of integers of a
number field is a Dedekind domain, and so are all Drinfeld rings A from Chapter 1.

We recall a few results on Dedekind domains:

• Krull–Akizuki theorem. Let R be a one–dimensional Noetherian integral
domain, and let K be a finite extension of the fraction field of R. Then the
integral closure of R in K is a Dedekind domain.

• Approximation theorem. Let v1, . . . , vn be pairwise inequivalent valuations of
a field F . Let a1, . . . , an ∈ F be given elements. Then for every m ≥ 0 there
exists an x ∈ F such that vi(x− ai) > m for all i.

Strong approximation theorem. Let R be a Dedekind domain. Let P be a
finite set of prime ideals and let n : P → Z and f : P → Frac(R) be functions.
Then there exists an x ∈ Frac(R) such that for all prime ideals p we have
vp(x− f(p)) = n(p) if p ∈ P and vp(x) ≥ 0 if p 6∈ P . (Here, vp stands for the
normalised p–adic valuation.)

• Structure theorem. Let R be a Dedekind domain and let M be a finitely
generated R–module. Then M is projective if and only if it is flat if and only if it
is torsion–free. So if T (M) denotes the torsion submodule ofM , thenM/T (M)
is projective, whenceM ∼= T (M)⊕M/T (M). In order to describe the structure
of finitely generated modules over Dedekind domains it now suffices to consider
the torsion and the projective cases:

• If M is finitely generated and torsion then M ∼= (R/pe1
1 )⊕ · · · ⊕ (R/penn )

for some maximal ideals pi and positive integers ei. These (pi, ei) are
unique up to permutation.
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• If M 6= 0 is finitely generated and projective then M ∼= Rn−1 ⊕ I for
some positive integer n and some nonzero ideal I , whose class in Pic(R)
is uniquely determined.

(Proofs of these facts can – for example – be found in [9, VII.2], [38] or [41].)

2.2.1 Fitting ideals

In this section, R is always a Dedekind domain.

Lemma 2.13 —— Let I be a nonzero ideal of R and let p be a maximal ideal of R.
The Rp–module (R/I)p has length vp(I), the exponent at p in the factorisation of I .

Proof. By the Chinese remainder theorem and the additivity of length and vp, it suffices
to prove this in the case that I = qn is the power of a maximal ideal q of R. If q = p
then (R/I)p = Rp/p

nRp has length n because Rp is a discrete valuation ring. On the
other hand, if q 6= p then qRp = Rp. Indeed, otherwise qRp would be contained in the
unique maximal ideal pRp of Rp, so q ⊂ p, which is impossible because p and q are
different maximal ideals. This implies that (R/qn)p is trivial if q 6= p, as desired.

Now let M be a finitely generated and torsion R–module. By the structure theorem
and the above Lemma, all localisations Mp at maximal ideals p have finite length, and
only finitely many of them are nontrivial. So the following definition makes sense:

Definition 2.14 —— Let M be a finitely generated and torsion module over R. The
Fitting ideal FittRM of M is the product

∏
p p

lengthRp
(Mp).

Remarks ——

• For every nonnegative integer n, for every commutative ring R and for every
finitely presented R–module M , one can define a Fitting ideal FittkRM , cf. [33,
XIX §2]. What we call the Fitting ideal, is the 0–th Fitting ideal in this generality.

• Let G be a finite abelian group, say G =
⊕

i Z/diZ, where d1, . . . , dn are
positive integers. Then FittZG = (d1 · · · dn) = |G|Z is the ideal of Z generated
by the cardinality of G. This will serve as a motivation for the definition of the
Euler factors of the L–value in the next chapter: we will replace the cardinalities
in classical Euler factors by Fitting ideals.

• For R = Fq[t], the Fitting ideal of M is generated by the evaluation at X = t of
the characteristic polynomial detFq [X](X − t,M [X]) of the endomorphism t of
the finite Fq–vector space M .

• Since lengths are additive in short exact sequences, taking Fitting ideals is
multiplicative in short exact sequences.
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• By Lemma 2.13, FittR(R/I) =
∏

p p
vp(I) = I for all nonzero ideals I of R.

Hence, for all nonzero ideals I1, . . . , In of R, we have

FittR
⊕
j

R/Ij =
∏
j

FittR(R/Ij) = I1 · · · In.

Since every finitely generated torsion R–module is of the form
⊕

j R/Ij , this
yields an alternative definition for the Fitting ideal.

• An immediate consequence of Lemma 2.11 is that if M and N are finitely
generated projectiveA–modules of the same rank and thatM is a sub–A–module
of N then FittA(N/M) = FittA(detA(N)/ detA(M)).

Proposition 2.15 ([47]) —— Let R be a Dedekind domain and let M be a finitely
generated locally free R–module. If f ∈ EndR(M) is injective then

FittR(M/ im(f)) = (detR(f,M)).

Proof. Tensoring the short exact sequence 0→M
f→M →M/ im(f)→ 0 with the

fraction field F of R shows that (M/ im(f))⊗R F = 0. The structure theorem now
implies that M/ im(f) is torsion, so we can indeed consider its Fitting ideal. Let p be
a maximal ideal of R. Then Rp is a discrete valuation ring, Mp is free and fp is still
injective, so Corollary 2.12 implies that

lengthRp
(Mp/ im(fp)) = vp(detRp

(fp,Mp)) = vp(detR(f,M)).

This implies that FittR(M/ im(f)) =
∏

p p
vp(detR(f,M)) = (detR(f,M)).

2.2.2 Intermezzo: Grothendieck groups

Proposition 2.15 says that if 0 → M → M → T → 0 is a short exact sequence
of finitely generated modules over a Dedekind domain and M is projective, then the
Fitting ideal of T is principal. (It even yields an explicit generator.) The aim of
this section is to understand this kind of phenomena in a more conceptual way, by
describing the Grothendieck group of a Dedekind domain. Our exposition will only be
a brief recount of the theory. The interested reader may however consult the textbook
reference [53], while [40] and [45] present the same content, but are a bit denser.

Let R be a commutative ring and let C be the category (fg R–Mod) of finitely generated
R–modules or the category (fg projR–Mod) of finitely generated projectiveR–modules.
The Grothendieck group of C is the abelian group with one generator for every
isomorphism class [M ] = {M ′ ∈ obj(C) |M ∼= M ′} of objects in C and one relation
[M ] + [M ′′] = [M ′] for every short exact sequence 0 → M → M ′ → M ′′ → 0
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in C. For example, [M ] + [M ′] = [M ⊕M ′] for all objects M and M ′ of C. The
Grothendieck group of (fg R–Mod) and (fg proj R–Mod) are denoted by G0(R) and
K0(R) respectively. For example, if R is a field, then G0(R) ∼= K0(R) ∼= Z via the
dimension map. For Dedekind domains these Grothendieck groups are only slightly
more convoluted:

Proposition 2.16 —— Let R be a Dedekind domain. The map

K0(R)→ Z⊕ Pic(R) : [M ] 7→ (rk(M),det(M))

is an isomorphism of groups.

Proof. We first check that the definition makes sense, implying for free that the map
is a homomorphism. Independence of representative is obvious and since every short
exact sequence of finitely generated projective R–modules splits, we need to verify
that rk(M) + rk(M ′) = rk(M ⊕M ′) and det(M)⊗R det(M ′) = det(M ⊕M ′) for
all finitely generated projective R–modules. The first claim follows from the fact that
dimensions of vector spaces are additive. The second claim follows from a general
formula for the exterior power of a direct sum.

The map is clearly surjective, as it maps the class of an invertible R–module M to
(1,M), and these elements generate the group Z⊕ Pic(R). For injectivity, note that
every element of K0(R) can be written as [M ] − [Rn] for some integer n and some
finitely generated projective R–module M . Now let [M ]− [Rn] be in the kernel of the
map. Then rk(M) = n and det(M) ∼= R. Moreover, since R is a Dedekind domain
and M is torsion–free of rank n, there exists an ideal I of R such that M ∼= Rn−1 ⊕ I .
But then I = det(M) ∼= R, so M ∼= Rn, whence [M ]− [Rn] = 0.

Proposition 2.17 —— Let R be a Dedekind domain. The map

K0(R)→ G0(R) : [M ] 7→ [M ]

is an isomorphism of groups.

Proof. It suffices to construct the inverse map. LetM be a finitely generatedR–module
and take a surjection Rm → M for some nonnegative integer m. The kernel K of
Rm →M is a submodule of Rm. Since R is Noetherian and Rm is finitely generated,
so is K. Since K is finitely generated and torsion–free, it must be projective. This
shows that M has a finite resolution consisting of finitely generated projective R–
modules, from now on called a good resolution. We define the Euler characteristic of
such a resolution P• → M → 0 to be the element

∑
j(−1)j [Pj ] of K0(R). Using

Schanuel’s Lemma one can show that this element is independent of the choice of
resolution. So we can define the Euler characteristic χ(M) of M to be the Euler
characteristic of any good resolution of M . Using the Horseshoe Lemma one proves
that χ is additive in short exact sequences, so χ induces a map G0(R)→ K0(R). It
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now suffices to show that [M ] = χ(M) holds in K0(R) for every finitely generated
projective R–module M and that [M ] = χ(M) holds in G0(R) for every finitely
generated R–module M . Each of these equalities follows from the fact that χ(M) =∑
j(−1)j [Pj ] for some good resolution P• →M → 0.

The philosophy of the above results is as follows. We have an explicit isomorphism
K0(R) ∼= Z ⊕ Pic(R), so we have a good understanding of the elements of K0(R).
On the other hand, G0(R) is more flexible because one can exploit far more short exact
sequences. For example, apart from the relation [M ] + [M ′] = [M ⊕M ′] – which is
true in K0(R) as well – we can also use [I] + [R/I] = [R] for every ideal I of R when
working in G0(R). So one computes in G0(R), works towards elements of K0(R) and
concludes there. Let us put this heuristic to work:

Proposition 2.18 —— Let R be a Dedekind domain.

(a) Let T be a finitely generated and torsion R–module. Then [T ]+ [FittR T ] = [R]
holds in G0(R).

(b) Let 0 → M → M → T → 0 be a short exact sequence of finitely generated
R–modules. Then FittR T is principal.

Proof of (a). The structure theorem says that T ∼=
⊕

j R/Ij for some nonzero ideals
I1, . . . , In of R. In G0(R) we now have

[T ] =
∑
j

[R/Ij ] =
∑
j

([R]− [Ij ]) = n[R]− [I1 ⊕ · · · ⊕ In]

= n[R]− [Rn−1 ⊕ FittR T ] = [R]− [FittR T ].

We have used that R ⊕ IJ ∼= I ⊕ J for all nonzero ideals I and J of R. This is true
because the short exact sequence 0 → IJ = I ∩ J → I ⊕ J → I + J → 0 splits,
yielding the desired isomorphism if I+J = R. For general I and J , multiply the ideals
with an adequate element – whose existence is guaranteed by the strong approximation
theorem – to render them coprime.

Proof of (b). Tensoring with the fraction field of R and using the structure theorem
shows that T is torsion. In G0(R) we have 0 = [M ]− [M ] = [T ] because of the given
short exact sequence, so [R] = [FittR T ] holds in G0(R). Since R and FittR T are
finitely generated and projective, we infer that [R] = [FittR T ] holds in K0(R) as well.
Now using the explicit isomorphism K0(R)→ Z⊕Pic(R) we find R ∼= FittR T .

Note that, though item (a) says that [T ] + [FittR T ] = [R], this does not necessarily
yield a short exact sequence of the form 0 → FittR T → R → T → 0. It merely
implies the existence a finite number of short exact sequences, whose corresponding
relations in G0(R) imply that [T ] + [FittR T ] = [R].
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2.3 Invertible lattices

2.3.1 The group of invertible lattices

Let A→ B be a flat morphism of commutative rings.

Definition 2.19 —— • An invertible A–lattice in B is a couple (M,α), where M
is an invertible (i.e., locally free of rank one) A–module and α is an isomorphism
of B–modules M ⊗A B → B, which we call a “trivialisation.”

• We say that (M,α) and (M ′, α′) are equivalent if and only if there exists an
isomorphism f : M →M ′ of A–modules such that α′ ◦ (f ⊗ idB) = α.

M ⊗A B B

M ′ ⊗A B B

α

f⊗idB idB

α′

(2.1)

• Let Pic(A,B) be the set of equivalence classes of invertible A–lattices in B.
The class of (M,α) is denoted by [(M,α)].

Remarks and notation ——

• We will often describe an isomorphism α : M ⊗A B → B of B–modules by
specifying an element α−1(1) of M ⊗AB. The underlying claim then is that the
B–module M ⊗A B is freely generated by that element. Note that (M,α) and
(M ′, α′) are equivalent if and only if there exists an isomorphism f : M →M ′

of A–modules such that (f ⊗ idB)(α−1(1)) = (α′)−1(1).

• The A–module A together with the natural isomorphism A⊗A B → B forms
an A–lattice in B, which will notation–abusively be denoted by A.

• Assume that the structural morphism A → B is injective. If (M,α) is an
invertible A–lattice in B then the map M → B : m 7→ α(m ⊗ 1) is injective
because M is flat and A → B is injective. So its image α(M ⊗ 1) is a sub–
A–module of B which is isomorphic to M . Conversely, every such invertible
sub–A–module of B is an A–lattice in a canonical way. So Pic(A,B) is just the
set of invertible sub–A–modules of B if A→ B is injective. (One has to check
that two lattices give the same submodule if and only if they are equivalent.)

• The structural morphism A → B is injective if A and B are integral domains
and B is flat over A. Indeed, for every a ∈ A \ {0} the map A ·a→ A is injective,
so its base change B ·a→ B needs to be injective as well.
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The tensor product (M,α)⊗ (M ′, α′) of two invertible A–lattices in B is the invertible
A–module M ⊗AM ′ together with the natural trivialisation

(M ⊗AM ′)⊗A B → (M ⊗A B)⊗B (M ′ ⊗A B) α⊗α
′

−→ B ⊗B B → B.

Note that this morphism maps (m⊗m′)⊗ 1 to α(m⊗ 1)α′(m′ ⊗ 1) for all m ∈M
and m′ ∈M ′. So taking associated sub–A–modules of B transforms tensor products
of invertible A–lattices to products (inside B) of sub–A–modules of B.

The tensor product clearly descends to a binary operation on Pic(A,B), and it turns
out to define a group structure on this set:

Proposition 2.20 —— The tensor product endows Pic(A,B) with the structure of a
commutative group.

Proof. The tensor product is readily checked to be associative and commutative, and to
have A as neutral element. We need to prove that every invertible A–lattice (M,α) has
an inverse in Pic(A,B). Note that the dual module M∨ = HomA(M,A) becomes an
A–lattice (M,α)∨ in B via the element α ∈ HomB(M ⊗AB,A⊗AB) = M∨⊗AB.
(One needs flatness of the A–algebra B to use Lemma 2.1.) It hence suffices to prove
that (M,α)⊗(M,α)∨ is equivalent toA. Now note that the natural isomorphism ofA–
modules f : M⊗AM∨ → A : m⊗ϕ 7→ ϕ(m) makes the diagram (2.1) commute.

The neutral element A of Pic(A,B) will henceforth be denoted by 1.

Let C be a flat B–algebra. Then we have a group morphism Pic(A,B)→ Pic(A,C)
which we call base change from B to C: the element [(M,α)] gets mapped to
[(M,αC)], where αC is the isomorphism

M ⊗A C →M ⊗A B ⊗B C
α⊗idC−→ B ⊗B C → C.

2.3.2 Structure

Let A be an integral domain and let B be a field of which A is a subring. For every
b ∈ B×, the sub–A–module bA of B comes with a natural isomorphism of B–modules
bA⊗AB → B. (The map B → bA⊗AB : x 7→ b⊗ b−1x is its inverse.) This induces
a homomorphism B× → Pic(A,B).

Proposition 2.21 —— Let A be an integral domain and let B be a field of which A is
a subring. Then the following sequence of abelian groups is exact:

1 A× B× Pic(A,B) Pic(A) 1b7→bA [(M,α)]7→[M ]
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Proof. Exactness at A× follows from the injectivity of A → B. Exactness at B×

follows from the observation that bA is trivial in Pic(A,B) if and only if its associated
sub–A–module is equal to that of A, i.e., bA = A, which is equivalent to b ∈ A×.
Exactness at Pic(A,B) follows from the fact that the free sub–A–modules of B are
the ones of the form bA with b ∈ B×.

Lastly, for exactness at Pic(A) it suffices to prove that M ⊗A B ∼= B for every
invertible A–module M ; picking one such isomorphism then yields an element of
Pic(A,B) whose image is [M ]. Now note that B is a Frac(A)–algebra, so the claim
follows from the fact that M is locally free of rank one.

Remarks ——

• Let A and B be as in Proposition 2.21. Every invertible sub–A–module M of B
comes with a canonical map M ⊗AB → B, which is an isomorphism because it
is nonzero and the B–dimensions of the source and target are equal to one. This
shows that taking associated submodules identifies the group Pic(A,B) with the
group of invertible sub–A–modules of B.

• In particular, Pic(A,Frac(A)) is the group of invertible fractional ideals, as
introduced in subsection 2.1.2. So the Picard group of an integral domain can be
interpreted as the group of invertible fractional ideals, modulo the free ones.

2.3.3 The index of two lattices of higher rank

Recall that we assume that B is flat over A. Let M and N be finitely generated locally
free A–modules and let u : M ⊗A B → N ⊗A B be an isomorphism of B–modules.
The invertible A–module [M :N ] := HomA(detAM,detAN) comes with a canonical
isomorphism ũ : [M :N ] ⊗A B → B induced by u. Indeed, Lemmas 2.9 and 2.1
provide a natural isomorphism

[M :N ]⊗A B → HomB(detB(M ⊗A B),detB(N ⊗A B)), (2.2)

and this last B–module is freely generated by detB u.

Definition 2.22 —— Let M and N be finitely generated locally free A–modules and
let u : M ⊗A B → N ⊗A B be an isomorphism of B–modules. Then the index
[M :N ]u ∈ Pic(A,B) of N in M is the class of (HomA(detAM,detAN), ũ).

Examples ——

• For every invertible A–lattice (M,α) in B, the isomorphism of A–modules
HomA(A,M)→M : ϕ 7→ ϕ(1) induces an equality [A:M ]α−1 = [(M,α)].
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• Suppose that M and N are already isomorphic over A, say via ϕ : M → N .
Then [M :N ]u is the A–lattice in B generated by detB((ϕ⊗ idB)u−1, N ⊗AB).
(This implies that [M :N ]ϕ⊗idB is trivial in Pic(A,B).) Indeed, the A–module
[M :N ] is generated by detA u, and the isomorphism 2.2 maps detA ϕ ⊗ 1 to
detB(ϕ⊗ idB), which is equal to the chosen generator detB u of [M :N ]⊗A B
up to the determinant of (ϕ⊗ idB)u−1.

• Let A be an integral domain and let B be a field of which A is a subring. Let V
be a B–vector space of finite dimension r. Let {m1, . . . ,mr} and {n1, . . . , nr}
be two B–bases of V and consider the sub–A–modules M =

∑
imiA and

N =
∑
i niA of V . The inclusions of M and N in V induce isomorphisms

α : M⊗AB → V and β : N⊗AB → V . Then [M :N ]β−1α = det(Q)A, where
Q is the r× r matrix (bij) over B whose entries satisfy nj =

∑
i bijmi for all j.

Indeed, note that ϕ : M → N : mi 7→ ni defines an isomorphism over A, so the
lattice [M :N ]β−1α is generated by detB(β(ϕ⊗ idB)α−1, V ). This is precisely
the determinant of Q, as {m1, . . . ,mr} is a basis of V and for all j we have

β(ϕ⊗ idB)α−1(mj) = β(ϕ⊗ idB)(mj ⊗ 1) = β(nj ⊗ 1) =
∑
i

bijmi.

Lemma 2.23 —— Let M , N and P be finitely generated locally free A–modules
and let u : M ⊗A B → N ⊗A B and v : N ⊗A B → P ⊗A B be isomorphisms of
B–modules. Then in Pic(A,B) the following holds:

[M :N ]u[N :P ]v = [M :P ]vu.

Proof. The composition ofA–linear morphisms isA–bilinear, so it induces a morphism
ofA–modules f : [M :N ]⊗A [N :P ]→ [M :P ]. This is an isomorphism because locally
it is just the multiplication map A⊗AA→ A. So it suffices to prove that f ⊗ idB maps
the element of ([M :N ]⊗A [N :P ])⊗A B defining [M :N ]u[N :P ]v to the element of
[M :P ]⊗A B defining [M :P ]vu. Denote the base change M ′ ⊗A B of an A–module
M ′ by M ′B , and consider the he canonical commutative diagram

([M :N ]⊗A [N :P ])⊗A B [MB :NB ]⊗B [NB :PB ]

[M :P ]⊗A B [MB :PB ]

f⊗idB composition

The top morphism maps the element defining [M :N ]u[N :P ]v to detB u⊗ detB v and
the bottom morphism maps the element defining [M :P ]vu to detB(vu).

Corollary 2.24 —— Let (M,α) and (N, β) be two invertible A–lattices in B. Then

[M :N ]β−1α[(M,α)] = [(N, β)] in Pic(A,B).
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Proof. Use that [(M,α)] = [A:M ]α−1 and [(N, β)] = [A:N ]β−1 .

Proposition 2.25 —— Let A be a Dedekind domain and let F be its fraction field.
Let Λ ⊂ Λ′ be finitely generated locally free A–modules of the same rank. Then
the inclusion i : Λ → Λ′ induces an isomorphism i ⊗ idF and the associated index
[Λ′:Λ] ∈ Pic(A,F ) is equal to FittA(Λ′/Λ).

Proof. Since F is flat over A, the tensored map i ⊗ idF is still injective. It is hence
surjective as well because it is an injective map between F–vector spaces of the same
dimension. To prove the second claim, note that we may assume that Λ and Λ′ have
rank one. Indeed, the index only sees detA Λ and detA Λ′, while Lemma 2.11 tells us
that detA i is still injective and that FittA(Λ′/Λ) = FittA(detA Λ′/ detA Λ) holds.

So suppose Λ′ has rank one and choose an F–isomorphism α′ : Λ′ ⊗A F → F .
Then α = α′(i ⊗ idF ) is an isomorphism Λ ⊗A F → F . So consider the elements
[(Λ, α)] and [(Λ′, α′)] of Pic(A,F ) and let I = α(Λ⊗ 1) and J = α′(Λ′⊗ 1) be their
associated sub–A–modules of F ; these are nonzero fractional A–ideals. Corollary 2.24
says that [Λ′:Λ][(Λ′, α′)] = [(Λ, α)] in Pic(A,F ). So it suffices to prove that the
fractional A–ideals FittA(Λ′/Λ) · J and I are equal. Now note that Λ′/Λ ∼= J/I
because the isomorphism Λ′ → J = α′(Λ′ ⊗ 1) maps Λ to I = α(Λ⊗ 1). One hence
wants to show that FittA(J/I) · J = I , which is true because for every maximal ideal
p of A, the Ap–module Jp/Ip ∼= A/pvp(I)−vp(J) has length vp(I)− vp(J).

Remarks and examples ——

• If M is a finitely generated torsion module over a Dedekind domain A, then
we can associate to M the invertible A–lattice FittAM in F . An alternative
way to attach an element of Pic(A,F ) to M would be to consider the invertible
A–lattice [P :Q](u⊗idF )−1 in F associated to an arbitrary two–term resolution
0 → Q

u→ P → M → 0 of M , where P and Q are finitely generated locally
free A–modules. Proposition 2.25 however shows that this is just a way of taking
the Fitting ideal, and it is sometimes used as a definition for the Fitting ideal.

• Let G be a commutative group and let H be a subgroup of finite index. The
inclusion H ⊂ G induces an index [G:H] ∈ Pic(Z,Q). Proposition 2.25 (and
the equality FittZM = |M | · Z for all finite abelian groups M ) tells us that it is
equal to the ideal of Z generated by the group–theoretic index [G:H] = |G/H|
of H in G, i.e., the number of (left) cosets of H in G.

• Let I be a nonzero (integral) ideal of a Dedekind domain A. Then the index
[A:I] ∈ Pic(A,F ), induced by the inclusion I ⊂ A, equals I .
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2.3.4 The norm morphism

Let B0 be a flat A0–algebra and let A be a finite locally free A0–algebra. Let B be the
A–algebra A⊗A0 B0, which is finitely generated and locally free as B0–module by
Lemma 2.9, and which is flat as A–algebra.

B0 B = A⊗A0 B0

A0 A
f.g. loc. free

flat

In this section we introduce a homomorphism Nm: Pic(A,B)→ Pic(A0, B0) which
behaves well under the operations on the Pic’s, such as base change or taking indices.
This is an adaptation to our setting of the general machinery of Ferrand [18] who
for all finite locally free R → S introduces a functor NS/R : ModS →ModR (so
not only on invertible modules) which commutes with base change, and such that
NS/R(S) = R and NS/R(·s : S → S) equals ·NS/R(s) : R→ R for all s ∈ S.

Definition 2.26 —— For every A–module M , let iM be the canonical and
functorial isomorphism M ⊗A0 B0 → M ⊗A B of B–modules. The norm map
Nm: Pic(A,B)→ Pic(A0, B0) is the function mapping [(M,α)] to [A:M ](αiM )−1 .

Note that A and M are locally free A0–modules of the same rank. The underlying
A0–module of Nm([M,α]) is HomA0(detA0 A,detA0 M), where detA0 A is not
necessarily isomorphic to A0.

The main result on norms, which will imply that Nm is a group morphism, is the
following. It says that the norm of the index in Pic(A,B) of two modules is equal to
the index of the same modules, but now taken in Pic(A0, B0).

Theorem 2.27 —— Let M and N be finitely generated locally free A–modules and
let u : M ⊗A B → N ⊗A B be an isomorphism of B–modules. This induces an
isomorphism u0 = i−1

N ◦ u ◦ iM : M ⊗A0 B0 → N ⊗A0 B0 of B0–modules. Then
Nm([M :N ]u) = [M :N ]u0 in Pic(A0, B0). So we get a canonical isomorphism

detA0 HomA(detAM,detAN)⊗A0 (detA0 A)−1

∼−→ HomA0(detA0 M,detA0 N).

We will dedicate a whole section to the proof of this theorem, which boils down to a
formula of Deligne [14] involving norms and determinants. But first we digress on its
ramifications. The first is that Nm is the unique function Pic(A,B) → Pic(A0, B0)
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satisfying Theorem 2.27, hence yielding an alternative, non–explicit definition of the
norm map. (To prove this, note that if [A:M ]α−1 = [(M,α)] ∈ Pic(A,B) then
i−1
M α−1iA = (αiM )−1.) Another consequence, the multiplicativity of Nm, follows at

once:

Corollary 2.28 —— The map Nm: Pic(A,B)→ Pic(A0, B0) is a group morphism.

Proof. Let [(M,α)] and [(N, β)] be arbitrary elements of Pic(A,B). Lemma 2.23
implies that [(M,α)]−1[(N, β)] = [M :N ]β−1α. So Theorem 2.27 applied to M , N
and u = β−1α (and the same Lemma again) shows that

Nm([(M,α)]−1[(N, β)]) = [M :N ]i−1
N
β−1αiM

= Nm([(M,α)])−1 Nm([(N, β)]).

Upon replacing [(M,α)] by its inverse, it now suffices to show that Nm([(M,α)]−1) =
Nm([(M,α)])−1. But this is just Theorem 2.27 applied to M , A and u = iAα.

Theorem 2.27 tells us that taking indices behaves well under taking norms. So it seems
natural at this point to include three results about further compatibilities between norms
and other operations, postponing the proof of the Theorem just a little more.

Proposition 2.29 —— Let B0 be a flat A0–algebra and let C0 be a flat B0–algebra.
Let A be a finite locally free A0–algebra. Define B = A⊗A0 B0 and C = A⊗A0 C0.
Then the following diagram of base changes and norms commutes:

Pic(A,B) Pic(A,C)

Pic(A0, B0) Pic(A0, C0)

(−)C

Nm Nm

(−)C0

Proof. Every element of Pic(A,B) is an index, so let M and N be finitely generated
locally free A–modules and let u : M ⊗A B → N ⊗A B be an isomorphism of B–
modules. Consider the morphisms u1 and u2 defined by the following commutative
diagram, whose rows are the natural isomorphisms:

M ⊗A0 C0 M ⊗A C (M ⊗A B)⊗B C

N ⊗A0 C0 N ⊗A C (N ⊗A B)⊗B C

u1 u2 u⊗idC

The equality ([M :N ]u)C = [M :N ]u2 and Theorem 2.27 yield that Nm(([M :N ]u)C)
equals [M :N ]u1 . On the other hand, the morphisms in the analogous diagram
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(M ⊗A B)⊗B0 C0 (M ⊗A0 B0)⊗B0 C0 M ⊗A0 C0

(N ⊗A B)⊗B0 C0 (N ⊗A0 B0)⊗B0 C0 N ⊗A0 C0

u⊗idC0 u0⊗idC0 u3

satisfy (Nm([M :N ]u))C0 = ([M :N ]u0)C0 = [M :N ]u3 . So it now suffices to note
that u1 = u3, because the two diagrams merge into one whose horizontal maps are
idM⊗A0C0 and idN⊗A0C0 and whose vertical maps are u1 and u3.

The second compatibility result will relate the exact sequences for Pic from
Proposition 2.21. Consider the mapNA/A0 : Pic(A)→ Pic(A0) which sends the class
of an invertible A–module M to the class of [A:M ] = HomA0(detA0 A,detA0 M).
This is well–defined, as an isomorphism A→M induces, via the determinant map, an
isomorphism [A:M ]→ [A:A] ∼= A0.

Proposition 2.30 —— Let A0 be an integral domain and let B0 be a field which is
a Frac(A0)–algebra. Let A be an integral domain which is finite locally free as A0–
algebra. Assume that B = A⊗A0 B0 is a field. The following diagram is commutative:

1 A× B× Pic(A,B) Pic(A) 1

1 A×0 B×0 Pic(A0, B0) Pic(A0) 1

NA/A0 NB/B0 Nm NA/A0

Proof. The left hand square commutes because because norms of elements behave well
under base change. The right hand square commutes because of the very definitions
of Nm and NA/A0 . So it remains to be proven that Nm(bA) = NB/B0(b)A0 holds
in Pic(A0, B0) for all b ∈ B×. Since ϕ : A → bA : a 7→ ab is an isomorphism
over A, Nm(bA) is the free A–module generated by detB(u(ϕ ⊗ idB), B), where
u : (bA)⊗A0 B0 → B : ba⊗ b0 7→ b · (a⊗ b0) is the inverse of the B0–isomorphism
defining Nm(bA). Now note that u(ϕ⊗ idB) : B → B is multiplication by b.

The condition that B is a field is automatically satisfied if B0 is the fraction field F0 of
A0 because thenA⊗A0F0 is the fraction field F ofA. Indeed, note thatR := A⊗A0F0
is the localisation of A by A0 \ {0}, so it injects into F . It hence suffices to note that
R is a field: for every r ∈ R \ {0} the linear endomorphism R

·r→ R of a finite
dimensional F0–vector space is injective (as R injects into a field, it is an integral
domain), hence surjective, implying that 1 ∈ rR. This proves the claim.

Finally, we venture into the realm of Dedekind domains again. Let A0 be a Dedekind
domain and let F0 be its fraction field. Let A be the integral closure of A0 in a finite
extension F of F0. Then A is a Dedekind domain (Krull–Akizuki, cf. [41, I.12.8]),
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F is its fraction field and the inclusions of A and F0 in F induce an isomorphism
A⊗A0 F0 → F of F0–algebras. If, additionally, A is finitely generated as A0–module,
then it is locally free (because it is torsion–free), so we can consider the norm map
Nm: Pic(A,F )→ Pic(A0, F0).

Corollary 2.31 —— Let A0 be a Dedekind domain, let F0 be its fraction field and let
A be the integral closure of A0 in a finite extension F of F0. Assume that A is finitely
generated as A0–module. Then Nm(FittAM) = FittA0 M holds in Pic(A0, F0) for
every finitely generated torsion A–module M .

Proof. Since Fitt and Nm are multiplicative, and M is a finite direct sum of quotients
of A, it suffices to prove that Nm(I) = FittA0(A/I) for all nonzero ideals I of A. Let
i : I → A be the inclusion of a nonzero ideal I into A. Proposition 2.25 twice and
Theorem 2.27 imply that

Nm(I) = Nm([A:I](i⊗idF )−1) = [A:I](i⊗idF0 )−1 = FittA0(A/I).

A particular instance is the following. Let P be a nonzero prime ideal of A, and write
p = P ∩A0 and fP = dimA0/p(A/P), which is finite because A is finitely generated
as A0–module. Any chosen isomorphism A/P→ (A0/p)fP of A0/p–vector spaces
is automatically an isomorphism of A0–modules, so Nm(P) = FittA0(A/P) = pfP .
This equality is actually often used as the very definition for the ideal norm in extensions
of Dedekind domains.

2.3.5 Proof of the norm–index theorem

We will expand the following proof of Deligne in section 7 of [14]: Pour F0 et F1 des
fibrés vectoriels sur S du même rang, on dispose d’un isomorphisme canonique

(∗) det g∗F0 ⊗ (det g∗F1)−1 = NS/R(detF0 ⊗ (detF1)−1)

compatible à la localisation surR, et caractérisé par le fait que pour tout isomorphisme
u : F1 → F0, les trivialisations des deux membres déduites de u se correspondent. De
tels isomorphismes u existent localement sur R et que (∗) ne dépende pas du u choisi
exprime que pour v un automorphisme de F1, on a det(v, g∗F1) = NS/R det(v, F1).

Before we delve into the proof, we fix some notation. Let R be a commutative
ring and let S be a finite locally free commutative R–algebra. If M and N
are finitely generated locally free R–modules, we denote the invertible R–module
HomR(detRM,detRN) by [M :N ]R. Note that if u : M → N is an isomorphism
of R–modules then [M :N ]R is a free R–module generated by detR u. In particular,
if u : M → N is an isomorphism of finitely generated locally free S–modules, then
S → [M :N ]S : 1 7→ detS u is an isomorphism of S–modules, so [S:[M :N ]S ]R is
generated by detR(S → [M :N ]S : 1 7→ detS u).
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Theorem 2.32 —— Let R be a commutative ring and let S be a finite locally free
commutative R–algebra. For all finitely generated locally free S–modules M and N
of the same rank, there exists an isomorphism

ϕS/R(M,N) : [M :N ]R → [S:[M :N ]S ]R
of R–modules with the following properties:

• (Compatibility with base change) If R′ is a commutative R–algebra then the
maps ϕS⊗RR′/R′(M ⊗R R′, N ⊗R R′) and ϕS/R(M,N) ⊗R idR′ are equal
after canonically identifying the sources and targets.

• (Isomorphic case) If u : M → N is an isomorphism of S–modules then
ϕS/R(M,N) is the unique morphism of R–modules which maps detR u to
detR(S → [M :N ]S : 1 7→ detS u).

• (Functoriality) If u : M1 →M2 and v : N1 → N2 are isomorphisms of finitely
generated locally free S–modules, then ϕS/R(M1, N1) and ϕS/R(M2, N2) are
equal after identifying the sources and targets using u and v.

The idea of the proof is to construct ϕ locally after a faithfully flat base change that
renders M and N isomorphic and then glue this to the desired morphism. So the first
result we need, is the existence of such a trivialising faithfully flat base change. But
for the convenience of the reader, we start by recalling the technique of faithfully flat
descent of morphisms.

Faithfully flat descent of morphisms

This overview is based on Exposé VIII of SGA 1 [26].

Let R be a commutative ring. An R–module M is called faithfully flat if it is flat and
M ⊗R N 6= 0 for all R–modules N 6= 0. Equivalently, M is faithfully flat if and only
if the following condition is satisfied: a sequence N → N ′ → N ′′ of R–modules is
exact if and only if M ⊗R N →M ⊗R N ′ →M ⊗R N ′′ is exact. If M is a faithfully
flat R–module and R′ is a commutative R–algebra, then M ⊗R R′ is faithfully flat
over R′. A commutative R–algebra R′ is called faithfully flat if it is faithfully flat
as R–module, and in that case the structural morphism R → R′ is injective. Indeed,
its kernel I is an ideal of R and the base change of I ↪→ R induces an isomorphism
I ⊗R R′ ∼= IR′ = 0, so I = 0 by faithful flatness. An example of such a faithfully flat
R–algebra is Rf1 × · · · ×Rfn , where f1, . . . , fn ∈ R satisfy (f1, . . . , fn) = R.

To ease notation, if M is an R–module and R′ is an R–algebra, then denote M ⊗R R′
by M ′ and M ⊗R R′ ⊗R R′ by M ′′.

Proposition 2.33 —— Let M be an R–module and let R′ be a commutative faithfully
flat R–algebra. Consider the morphisms δ1 : M ′ →M ′′ : m⊗ x 7→ m⊗ x⊗ 1 and
δ2 : M ′ →M ′′ : m⊗ x 7→ m⊗ 1⊗ x. The following sequence of R–modules is exact:
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0 M M ′ M ′′
idM ⊗1

δ2

δ1

Proof. It suffices to prove that the sequence becomes exact after tensoring it on the
right over R with R′. Consider the map µ : R′ ⊗R R′ → R′ : x ⊗ y 7→ xy. Then
idM ⊗µ is a left inverse to (idM ⊗1) ⊗ idR′ , so this last map is injective and hence
idM ⊗1 is injective. For exactness at M ′, it is clear that the image of idM ⊗1 is
contained in the kernel of δ1 − δ2, so now suppose that

∑
imi ⊗ xi ⊗ yi ∈ M ′′

satisfies
∑
imi ⊗ xi ⊗ 1 ⊗ yi =

∑
imi ⊗ 1 ⊗ xi ⊗ yi. Applying µ to the last

two factors shows that
∑
imi ⊗ xi ⊗ yi =

∑
imi ⊗ 1 ⊗ xiyi holds in M ′′, i.e.,∑

imi⊗xi⊗yi = (idM ⊗1⊗idR′)(
∑
imi⊗xiyi) lies in the image of idM ⊗1⊗idR′ .

This proves exactness at M ′.

Faithfully flat descent for morphisms amounts to the following:

Corollary 2.34 —— Let R′ be a commutative faithfully flat R–algebra and let M and
N be R–modules. The following sequence is exact:

HomR(M,N) HomR′(M ′, N ′) HomR′⊗RR′(M ′′, N ′′)−⊗idR′ ∆2

∆1

The right hand morphisms ∆i map ϕ : M ′ → N ′ to the morphism M ′′ → N ′′ of
R′ ⊗R R′–modules defined by m⊗ 1⊗ 1 7→ δi(m⊗ 1).

Proof. Since HomR(M,−) is left exact, Proposition 2.33 yields an exact sequence
HomR(M,N) → HomR(M,N ′) → HomR(M,N ′′). The canonical identification
HomR(M,P ) = HomS(M ⊗R S, P ) for all R–algebras S and all S–modules P ,
translates our exact sequence to the desired one.

This means that, given R–modules M and N , to construct a morphism M → N it
suffices to choose a faithfully flat R–algebra R′ and to then construct a morphism
ϕ : M ⊗R R′ → N ⊗R R′ satisfying some braiding condition in the following sense.
From ϕ there are two ways of forming a morphism M ′′ → N ′′ of R′ ⊗R R′–modules,
using δ1 and δ2, and these two formations should be identical.

Existence of a trivialising base change

We will now prove, in the situation of the enunciation of Theorem 2.32, the existence of
a faithfully flat base change R→ R′ for which S ⊗R R′ is free over R′ and M ⊗R R′
and N ⊗R R′ are free over S ⊗R R′. The statements in the following lemma are
folklore; its third claim can for example be found as Cor. 3 in [9, IV.2.5].

Lemma 2.35 —— Let f : R→ S be a finite map of commutative rings.
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(a) Every element of S is integral over R.

(b) If S is a field and f is injective, then R is a field.

(c) Let p be a maximal ideal of R. Then S⊗RRp is semi–local, i.e., has only finitely
many maximal ideals.

Proof of (a). Let y ∈ S be arbitrary. Let x1, . . . , xn ∈ S be generators of S as R–
module and let A = (aij) be a matrix over R such that yxj =

∑
i f(aij)xi. Consider

the matrix B = yIn − f(A) over S. Multiplying Bx = 0 with the adjoint of B yields
det(B)x = 0, i.e., det(B)xi = 0 for all i. But the xi generate S as R–module, so this
implies that det(B)s = 0 for all s ∈ S, and in particular for s = 1. This shows that
det(B) = 0, which is a monic polynomial equation in y over R.

Proof of (b). Take an arbitrary nonzero x ∈ R. Then f(x) ∈ S is nonzero, hence
invertible. Item (a) therefore implies the existence of x0, x1, . . . , xn−1 ∈ R satisfying
f(x)−n + f(xn−1)f(x)1−n + · · · + f(x0) = 0. This equation rewrites as 0 =
1 + f(xn−1x+ · · ·+ x0x

n) and hence x(xn−1 + · · ·+ x0x
n−1) = −1 by injectivity

of f . This shows that x is invertible in R.

Proof of (c). Since S ⊗R Rp is finite over Rp, we may assume that R is local and we
want to prove that the finite R–algebra S has only finitely many maximal ideals. Let P
be a maximal ideal of S. The injective map R/f−1(P)→ S/P realises the field S/P
as a finite R/f−1(P)–algebra. This implies that R/f−1(P) is a field as well by (b).
(Alternatively, use going–up for integral algebras.) The assumption that R is local now
implies that f−1(P) = p.

Now note that S/pS is a vector space over R/p of finite dimension, say d. If S had
infinitely many maximal ideals, then pick d + 1 of them, say P1, . . . ,Pd+1. By
maximality we have Pi + Pj = S for all i 6= j, so the Chinese remainder theorem
yields a surjective map S →

∏
i(S/Pi). Its kernel

⋂
iPi contains pS, as f−1(Pi) = p

holds for all i. Now observe that in the surjective map S/pS →
∏
i(S/Pi) the domain

has smaller (R/p)–dimension than the target, which is impossible. So S has at most
d = dimR/p(S/pS) maximal ideals.

We are now ready to prove the announced existence of a good base change.

Proposition 2.36 —— Let R, S, M and N be as in Theorem 2.32. Then there exists
a faithfully flat R–algebra R′ such that S ⊗R R′ is a free R′–module, and M ⊗R R′
and N ⊗R R′ are free S ⊗R R′–modules.

Proof. Let p be an arbitrary maximal ideal ofR. Proposition 2.7 and Lemma 2.35 imply
that Mp := M ⊗RRp is free over Sp, say with basis {x1, . . . , xn}. By multiplying the
denominators appearing in {x1, . . . , xn}, we find a g ∈ R \ p such that x1, . . . , xn are
elements of Mg. Expressing a finite generating set of the S–module M as Sp–linear
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combinations of x1, . . . , xn, we find an h ∈ R \ p such that these linear combinations
have coefficients in Sh. Then Mgh is free over Sgh, with basis {x1, . . . , xn}.

Repeating this procedure for the S–module N and the R–module S, we find an
fp = f ∈ R\p such thatMf andNf are free Sf–modules and Sf is free overRf . The
collection of all these fp generate R: otherwise the ideal I generated by them would
be contained in a maximal ideal p, contradicting fp ∈ I ∩ (R \ p) ⊂ p ∩ (R \ p) = ∅.
This implies that there exists a finite R–linear combination of these fp which equals 1,
i.e. there exists a finite set P of maximal ideals of R such that {fp | p ∈ P} generates
the unit ideal. The R–algebra R′ =

∏
p∈P Rfp satisfies the desired properties.

Construction and unicity of a local isomorphism

Let R, S, M and N be as in Theorem 2.32. Let R′ be a faithfully flat R–algebra such
that S′ := S ⊗R R′ is free over R′, and M ′ := M ⊗R R′ and N ′ := N ⊗R R′ are
free over S′. Since M and N have the same rank, we can now choose an isomorphism
u : M ′ → N ′ of S′–modules. Consider the isomorphism

Φu : [M ′:N ′]R′ → [S′:[M ′:N ′]S′ ]R′ : detR′ u 7→ detR′
(
S′ → [M ′:N ′]S′
s 7→ sdetS′ u

)
,

as in the isomorphic case of Theorem 2.32.

Lemma 2.37 —— The map Φu is independent of the choice of u.

Proof of the claim. Choosing another u is the same as choosing an S′–automorphism
v of M ′. We want to prove that Φu(detR′(uv)) = detR′(s 7→ sdetS′(uv)). Since
detR′(uv) = detR′(v,M) detR′(u) and similarly for S′, it suffices to prove that

detR′(v,M ′) = detR′(·detS′(v,M ′), S′).

This is, as we will soon point up in more detail, in essence a statement about
determinants of block matrices, so let us first recall the following result.

Let R be a commutative ring and let A be an m×m matrix over Matn(R), i.e., each
entry of A is an n × n matrix over R. Suppose that these blocks commute pairwise.
Then we can take the determinant D(A), which is an n × n matrix over R. Of this
matrix we now again take the determinant det(D(A)), but now in Matn(R) instead of
Matm(Matn(R)). Alternatively, one could also view A simply as an mn×mn matrix
and then take its determinant det(A). The result is the same: det(D(A)) = det(A).

We sketch the proof of this fact, following [7, III.9.4] and [30]. Use induction on m.
For m = 1 we have D(A) = A, so the formula is evident. Now suppose the formula is
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true for all smaller m. Let A(i,j) be the blocks of A and write B = A(1,1). The product
I 0 · · · 0

−A(2,1) I · · · 0
...

...
. . .

...
−A(m,1) 0 · · · I




I 0 · · · 0
0 B · · · 0
...

...
. . .

...
0 0 · · · B

A

is of the form
(
B ∗
0 N

)
, where N is a (m − 1) × (m − 1) block matrix all of

whose blocks have dimension n and commute. Note that BD(N) = Bm−1D(A) and
det(B) det(N) = det(B)m−1 det(A), so the induction hypothesis implies that

det(Bm−1D(A)) = det(BD(N)) = det(B) det(N) = det(B)m−1 det(A).

We would hence be done if det(B) is not zero nor a zero divisor. For the general case,
we embed R in the polynomial ring R[X] and consider the matrix AX obtained from
A by replacing A(1,1) by XI +A(1,1). The above discussion shows that det(AX) =
det(D(AX)) because det(XI+A(1,1)) is monic of degree n, hence not zero nor a zero
divisor. Now set X = 0 in this equality of polynomials to find det(A) = det(D(A)).

It is time to put this result to work. Recall that we have an endomorphism v : M ′ →M ′

of a finite free S′–module M ′, and that S′ is free over R′. Let {x1, . . . , xm}
be a basis of M ′ over S′ and let {y1, . . . , yn} be a basis of S′ over R′. Then
{x1y1, x1y2, . . . , xmyn} is a basis of M ′ over R′. For every s ∈ S′, let ρ(s)
be the n × n matrix over R′ such that syj =

∑
i ρ(s)ijyi for all j. The map

S′ → Matn(R′) : s 7→ ρ(s) is a homomorphism, so for all sij ∈ S′ the block matrix
(ρ(sij))ij has block–determinant ρ(det(sij)).

Now write v(xj) =
∑
i sijxi for some sij ∈ S′. Then

v(xjy`) = y`v(xj) =
∑
i

sijxiy` =
∑
i,k

ρ(sij)k`xiyk

so (ρ(sij)kl)(i,k),(j,`) is the matrix of v with respect to the chosen R′–basis of M ′.
This can also be seen as a block matrix with commuting blocks ρ(sij), so the result
about determinants of block matrices says

detR′(v,M ′) = det(D((ρ(sij))ij)) = det(ρ(det((sij)ij)))

= det(ρ(detS′(v,M ′))) = detR′(·detS′(v,M ′), S′).

This is precisely what we wanted to prove.

So we write Φ instead of Φu. Note that Φ satisfies the glueing condition needed for
faithfully flat descent. Indeed, with the notation of Corollary 2.34, one verifies that



INVERTIBLE LATTICES 47

∆iΦ = Φ∆iu and then concludes that ∆1Φ = Φ∆1u = Φ∆2u = ∆2Φ because Φ is
independent of the choice of the chosen isomorphism M ⊗R R′ ⊗R R′ → N ⊗R
R′ ⊗R R′. Faithfully flat descent now yields a morphism [M :N ]R → [S:[M :N ]S ]R
whose base change to R′ is exactly Φ, after canonically identifying sources and targets.

This morphism is independent of the choice of a “good” faithfully flat base change.
Indeed, let R′′ be another faithfully flat R–algebra such that S′′ = S ⊗R R′′ is free
over R′′ and such that M ′′ and N ′′ are free over S′′. Then R′ ⊗R R′′ is faithfully flat
over R. Moreover, isomorphisms M ′ → N ′ and M ′′ → N ′′ induce isomorphisms
M ⊗R (R′ ⊗R R′′) → N ⊗R (R′ ⊗R R′′) whose corresponding Φ are the same.
So faithfully flat descent with respect to R′ ⊗R R′′ yields a morphism [M :N ]R →
[S:[M :N ]S ]R whose base change to R′ and R′′ are the Φ coming from the chosen
isomorphisms M ′ → N ′ and M ′′ → N ′′ respectively. This shows that the morphisms
obtained by faithfully flat descent using R′ and R′′ are identical.

Proof of Theorem 2.32

We have already proven the existence of a morphism [M :N ]R → [S:[M :N ]S ]R whose
base change to every “good” faithfully flat R–algebra R′ is the one induced, as in the
isomorphic case of Theorem 2.32, by any isomorphism M ⊗R R′ → N ⊗R R′. We
want to prove that this family of morphisms ϕS/R(M,N) : [M :N ]R → [S:[M :N ]S ]R
satisfies the conditions in the Theorem.

First of all, the ϕ are isomorphisms because there exists a faithfully flat base change
after which they become an isomorphism. Moreover, if R′ is a commutative R–algebra,
then the maps ϕS′/R′(M ′, N ′) and ϕS/R(M,N)⊗ idR′ coincide because they must
coincide after a “good” faithfully flat base change over R′. The isomorphic case is
treated similarly: if u : M → N is an isomorphism of S–modules and R′ is a “good”
faithfully flat base change, then the base change to R′ of [M :N ]R → [S:[M :N ]S ]R
induced by u is Φu⊗idR′ , i.e., we know which global morphism glues to the local one.

Finally, functoriality follows in a similar manner: pick a faithfully flat R → R′

trivialising S,M1 and N1, and choose an isomorphism u1 : M ′1 → N ′1. Then u1
induces, via M1

∼→M2 and N1
∼→ N2, an isomorphism u2 : M ′2 → N ′2. If we denote

the isomorphisms [M1:N1]R → [M2:N2]R and [S:[M1:N1]S ]R → [S:[M2:N2]S ]R by
iR and iS respecitvely, then iSϕS/R(M1, N1)i−1

R glues the local isomorphism induced
by u2. This implies that iSϕS/R(M1, N1)i−1

R = ϕS/R(M2, N2), as desired.

Proof of Theorem 2.27

Theorem 2.32 yields an A0–isomorphism [M :N ]A0 → [A:[M :N ]A]A0 of which we
want to prove that it makes the appropriate diagram (induced by u and u0) of the
form (2.1) commute. To prove this, we need to carefully keep track of the maps
defining Nm([M :N ]u) and [M :N ]u0 . Write M0 = M ⊗A0 B0, N0 = N ⊗A0 B0,
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MB = M ⊗A B and NB = N ⊗A B. The functoriality of Lemma 2.32 and its
compatibility with base change yields a commutative diagram

[M :N ]A0 ⊗A0 B0 [M0:N0]B0 [MB :NB ]B0

[A:[M :N ]A]A0 ⊗A0 B0 [B:[M0:N0]B ]B0 [B:[MB :NB ]B ]B0

ϕA/A0 (M,N)⊗idB0 ϕB/B0 (M0,N0) ϕB/B0 (MB ,NB)

in which the right hand square is functorially induced by the isomorphisms iM and
iN . Now note that the top composition maps the generator of [M :N ]A0 ⊗A0 B0
defining [M :N ]u0 first to detB0 u0 and then to detB0 u. On the other hand,
the bottom composition maps the generator of [A:[M :N ]A]A0 ⊗A0 B0 defining
Nm([M :N ]u) to detB0(B → [MB :NB ]B : 1 7→ detB u). Since this equals
ϕB/B0(MB , NB)(detB0 u0), we see that ϕA/A0(M,N)⊗ idB0 identifies the chosen
generators, as desired. This completes the proof of Theorem 2.27.

2.3.6 Valuations of lattices

In this section we specialise the previous subsection to the situation in which A is a
Drinfeld ring over a finite field Fq, with its designated place∞, and K = F∞ is the
completion of the fraction field of A with respect to∞. Let h be the cardinality of
Pic(A) and d∞ be the degree of∞.

Proposition 2.38 —— There exists a unique homomorphism Pic(A,F∞)→ Q whose
composition with F×∞ → Pic(A,F∞) is v∞.

Proof. Let M ∈ Pic(A,F∞). The exact sequence from Proposition 2.21 implies
that Mh = fA for some f ∈ F×∞. So if the map exists then it must send M to
v∞(f)/h. Conversely, note that this definition is independent of the choice of f because
v∞(A×) = 0, and that it yields a homomorphism because (MN)h = MhNh.

From now on, we denote the map Pic(A,F∞)→ Q by v.

Proposition 2.39 —— Let M be a finitely generated torsion A–module. Then

v(FittAM) = −1
d∞

dimFq M.

Proof. First, we prove that if I is a nonzero ideal of A and n is a positive integer,
then dimFq (A/In) = n · dimFq (A/I). We may assume that I is a prime ideal. The
surjective map A/In+1 → A/In shows that it suffices to prove that In/In+1 ∼= A/I
for all n. Take x ∈ In \ In+1. Then In = In+1 + (x), because In+1 ( In+1 + (x) ⊂
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In, and there is only one such ideal because I is prime. Hence multiplication with x
induces a surjective map A→ In/In+1. Its kernel is not A and contains the maximal
ideal I , so we have A/I ∼= In/In+1.

To prove the Proposition, it suffices to show that dimFq (A/I) = −d∞v(I) for all
nonzero ideals I of A. Take a generator a ∈ A of the principal ideal Ih. Then
h · dimFq (A/I) = dimFq (A/Ih) = dimFq (A/a) and, by definition of v we have
h · v(I) = v∞(a). So the claim follows from Proposition 1.4.

Corollary 2.40 —— Let Λ ⊂ Λ′ be two finitely generated locally free A–modules of
the same rank. Then the associated index [Λ′:Λ] ∈ Pic(A,F∞) has valuation

v([Λ′:Λ]) = −1
d∞

dimFq (Λ′/Λ).

Proof. This follows from Propositions 2.25 and 2.39.

Now take an arbitrary t ∈ A \ Fq. Proposition 1.1 implies that we have a norm
map Nm: Pic(A,F∞) → Pic(Fq[t],Fq((1/t))) as in Corollary 2.31. We denote the
valuation on invertible Fq[t]–lattices in Fq((1/t)) by v0.

Proposition 2.41 —— For all t ∈ A \ Fq the following diagram commutes:

Pic(A,F∞) Pic(Fq[t],Fq((1/t)))

Z Z

Nm

v v0

·d∞

Proof. Take f ∈ F×∞ such that Mh = fA and define f0 = NF∞/F0,∞(f). Then
Nm(M)h = Nm(Mh) = f0A0 implies that v(Nm(M)) = v0(f0)/h. It hence
suffices to prove that [F :Fq(t)]v∞(f) equals −v∞(t)v0(f0). Note that v0 extends
uniquely to the valuation v∞ in the finite extension F∞ of the complete discretely
valued field F0,∞, so cv∞ = v0 ◦NF∞/F0,∞ for some c ∈ Q×. Evaluation at t yields
cv∞(t) = −[F :Fq(t)] and evaluating at f then proves the desired equality, once we
observe that

[F :Fq(t)] = [F∞:Fq((1/t))] = v∞(1/t)d∞
by the “n = ef” formula, cf. [47, II.3].





Chapter 3

Protagonists of the
class number formula

In this chapter we introduce the protagonists of a class number formula for Drinfeld
modules. We start by associating to a Drinfeld module an L–value which looks like
the residue at 1 of the Dedekind zeta function of a number field and the value at 1 of
the L–function of an elliptic curve. The second object appearing in the formula is a
finite module which resembles the class group of the ring of integers of a number field
and the Tate–Shafarevich group of an elliptic curve. The third and last object in the
formula, the so–called regulator, will be the index of two lattices. One of these lattices
is similar to the lattice of logarithms of units of a number field, so we could regard this
index as an analogue of the regulator of a number field or an elliptic curve.

The formula we conjecture in this chapter relates these three quantities and hence could
be considered an analogue of the class number formula for number fields and the Birch
and Swinnerton–Dyer conjecture for elliptic curves. It has recently been proven by L.
Taelman in the case that the considered Drinfeld ring is Fq[t], and in the final chapter
of this thesis we extend this result by proving it for Drinfeld rings which are principal
ideal domains and by showing progress towards settling it for general Drinfeld rings.

In the first section, we give a new proof of a theorem by Gekeler on Drinfeld modules
over finite fields. In section 2 we use this result to generalise Taelman’s definition of
the L–value of a Drinfeld module, and we introduce the other protagonists. We end
this chapter by touching upon the topic of Hecke characters for function fields: we
use a result from Takahashi [57] to associate such Hecke characters to every rank one
Drinfeld module, we discuss the link between the L–values associated to the Hecke
character and the Drinfeld module, and we show that the special value at 1 of Goss’
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zeta functions can be interpreted as the L–value of an appropriate Drinfeld module.

3.1 The L–value

Let A be a Drinfeld ring, coming from a designated place∞ of a function field F . We
use the same notation as in Section 1.1.

3.1.1 On finite Drinfeld modules

Introduction

An A–algebra which is a finite field will henceforth be called a finite A–field.

Theorem–Defintion 3.1 —— Let k be a finiteA–field, let ϕ : A→ k{τ} be a Drinfeld
module of rank r and with functor of points E. There exists a unique u ∈ F× such that

FittA k = uFittAE(k) and v∞(u− 1) ≥
dimFq k

rd∞
.

We call u the L–value of ϕ and denote it by L(ϕ).

Remark —— The title of this subsection is a reference to a paper of Gekeler [19], in
which he proves Theorem 3.1 by examining the action of τdimFq k on the Tate modules
of ϕ. While he looks at the Tate modules at every finite place of A (and from that
knowledge deduces a global result), we express the Fitting ideals directly as global
determinants and only need some analysis at∞.

If ϕ has rank zero, then the A–modules k and E(k) are the same, so the Theorem holds
with u = 1. The proof of Theorem 3.1 in the case that ϕ has positive rank comprises
the remainder of this subsection.

Fitting ideals

The map ϕ : A→ k{τ} endows k{τ} with an A–module structure via multiplication
on the left: a · f := ϕ(a)f for all a ∈ A and f ∈ k{τ}. For every f ∈ k{τ},
multiplication by f on the right is an endomorphism of the A–module k{τ}. We
denote this endomorphism by ·f .

Proposition 3.2 —— Let k be a finite A–field. Let ϕ : A → k{τ} be a Drinfeld
module of positive rank and with functor of points E. Then the A–module k{τ} is
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finitely generated locally free, and we have

FittA k = (detA(·τ, k{τ}))

FittAE(k) = (detA(·(τ − 1), k{τ})).

Proof. There exists an element a ∈ A such that ϕ(a) 6= 0. Since finite fields are
perfect, one can write every element of k{τ} as ϕ(a)g + s, where g, s ∈ k{τ} and
either s = 0 or degτ s < degτ ϕ(a). Iterating this process, we find that each element
of k{τ} can be written as

s0 + ϕ(a)s1 + ϕ(a)2s2 + · · ·+ ϕ(a)dsd = 1 · s0 + a · s1 + · · ·+ ad · sd

for some nonnegative integer d and s0, . . . , sd ∈ k{τ} equal to 0 or of degree strictly
smaller than degτ ϕ(a). This proves that k{τ} is finitely generated because there are
only finitely many polynomials in k{τ} of degree strictly smaller than degτ ϕ(a). The
A–module k{τ} is torsionfree because ϕ is injective and k{τ} has no zero divisors.

We now prove the claims about the Fitting ideals. Let i : A → k be the structural
morphism of the A–field k and let D : k{τ} → k be the ring morphism sending a
polynomial to its constant coefficient. SinceD◦ϕ = i,D is a morphism ofA–modules.
The following is then an exact sequence of finitely generated A–modules:

0 k{τ} k{τ} k 0·τ D

The claim about FittA k now follows from Proposition 2.15. The claim about
FittAE(k) follows similarly from the short exact sequence

0 k{τ} k{τ} E(k) 0·(τ−1) σ

in which σ is the morphism k{τ} → E(k) :
∑
i ciτ

i 7→
∑
i ci.

Remark —— In particular, the Fitting ideals of the A–modules k and E(k) are
principal if the rank of ϕ : A → k{τ} is positive. The fact that FittA k is principal
may seem to be unrelated to the Drinfeld module, but apparently the mere existence of
a Drinfeld–A–module of positive rank over k implies this principality. This will lead
us to the Hilbert class field of A later in this section.

Completion of the Drinfeld module

Let k be a finite A–field and let

k{{τ−1}} =

∑
i≥i0

xiτ
−i | i0 ∈ Z, xi ∈ k
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be the non–commutative ring of formal Laurent series in the variable τ−1 with
coefficients in k, where multiplication is defined by the rule τ−1x = x1/qτ−1 for
all x ∈ k. (Note that every element of k has a unique q–th root in k.) This is a division
ring, and it is even a field if k = Fq . The map

vτ : k{{τ−1}}× → Q :
∑
i

xiτ
−i 7→ min{i | xi 6= 0}

is a valuation with respect to which k{{τ−1}} is complete and which coincides with
−degτ on the subring k{τ}.

Lemma 3.3 —— Let k be a finite A–field. Let ϕ : A→ k{τ} be a Drinfeld module of
positive rank. There exists a unique morphism of fields ϕ̂ : F∞ → k{{τ−1}} such that
the diagram

A F∞ Z

k{τ} k{{τ−1}} Z

ϕ ϕ̂

v∞

·rd∞

vτ

commutes. Now k{{τ−1}} becomes an F∞–vector space via multiplication with ϕ̂ on
the left, and the following map is an isomorphism of F∞–vector spaces:

F∞ ⊗A k{τ} → k{{τ−1}} : f ⊗ g 7→ ϕ̂(f)g.

Proof. Since ϕ is injective, it extends to a function F → k{{τ−1}} which, by virtue
of the identity degτ ◦ϕ = −rd∞v∞ on A \ {0}, is continuous with respect to the
topologies induced by v∞ on F and vτ on k{{τ−1}}. The fact that F is dense in F∞
and that k{{τ−1}} is complete with respect to vτ , now shows that ϕ extends uniquely
to a morphism ϕ̂ : F∞ → k{{τ−1}} satisfying vτ ◦ ϕ̂ = rd∞v∞.

We now prove the isomorphism. Proposition 3.2 says that theA–module k{τ} is finitely
generated and locally free. The F∞–vector space k{{τ−1}} has finite dimension.
Indeed, let a ∈ A be such that ϕ(a) 6= 0 and write δ = degτ ϕ(a). For every
f ∈ k{{τ−1}} \ {0} there exist x ∈ k, m ∈ Z and n ∈ {0, 1 . . . , δ − 1} such that
vτ (f −ϕ(a)mxτn) > vτ (f). By iterating, we see that the finite set {xτn | x ∈ k, n ∈
{0, 1, . . . , δ − 1}} generates k{{τ−1}}.

Proposition 1.6 now says that it suffices to check that k{τ} is discrete and co–
compact in k{{τ−1}}. But this follows from the observation that the open and
compact neighbourhood B = τ−1k[[τ−1]] of 0 satisfies B ∩ k{τ} = {0} and
B + k{τ} = k{{τ−1}}.
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The characteristic polynomial of τ

Let M be a finitely generated locally free module over a commutative ring R.
Proposition 2.9 says that the R[X]–module M ⊗R R[X] is finitely generated and
locally free. For every endomorphism ψ ∈ EndRM of M , the determinant

detR[X]
(
idM ⊗X − ψ ⊗ idR[X] |M ⊗R R[X]

)
∈ R[X]

is called the characteristic polynomial of ψ and is denoted by Pψ,R.

Now let ϕ : A → k{τ} be a Drinfeld A–module of positive rank r over the finite
A–field k. Let Pτ ∈ A[X] be the characteristic polynomial of the endomorphism
·τ of the finitely generated locally free A–module k{τ}. Lemma 3.3 (and the fact
that characteristic polynomials commute with base change) shows that this is the
characteristic polynomial of the endomorphism ·τ of the finite dimensional F∞–vector
space k{{τ−1}} as well.

Lemma 3.4 —— LetK be a field which is complete with respect to a discrete valuation
v and let L/K be a finite field extension. Denote the unique extension of v to L by v as
well, cf. [41, II.4.8]. Let α ∈ L and let P ∈ K[X] be the characteristic polynomial of
the K–linear map L ·α→ L. Then v(λ) = v(α) for all roots λ ∈ K of P .

Proof. By [41, II.4.8], the unique extension of v to L× is the map

L× → Q : α 7→ v(detK(·α,L))
[L:K] .

It suffices to prove that each root of P has the same valuation, because then v(P (0)) =
deg(P )v(λ) = [L:K]v(λ), so

v(λ) = v(P (0))
[L:K] = v(detK(·α,L))

[L:K] = v(α).

Now let E be a splitting field of P over L and note that Gal(E/K) acts on the set
of roots of P . This action is transitive because each orbit gives a factor over K of
the (irreducible) minimal monic polynomial of L ·α→ L. Since detK(·σ(λ), E) =
σ(detK(·λ,E)) = detK(·λ,E) for every σ ∈ Gal(E/K), we conclude that all roots
of P have the same valuation.

The following is the Riemann hypothesis for ϕ.

Proposition 3.5 ([19]) —— Let λ be a root of Pτ ∈ A[X]. Then

v(λ) = −1
rd∞

.
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Proof. Let d be the dimension of k over Fq. Note that K = ϕ̂(F∞)(τd) is a field, as
every element of k{{τ−1}} commutes with τd, and it is a finite extension of ϕ̂(F∞) ∼=
F∞. Since λ is a root of the characteristic polynomial of ·τ ∈ EndF∞ k{{τ−1}}, we
find that λd is a root of the characteristic polynomial of ·τd ∈ EndF∞ K. Therefore,
v(λd) = v(τd), so it suffices to prove that rd∞v(τd) = −d. But this follows from the
fact that vτ/(rd∞) is the unique extension of v∞ to K, because vτ ◦ ϕ̂ = rd∞v∞.

Proposition 3.6 —— Let d = dimFq k. Then Pτ ∈ A[Xd].

Proof. Let V be the abelian group k{{τ−1}}. The map

F∞ × k → EndAb V : (f, λ) 7→ (v 7→ ϕ̂(f)vλ)

is Fq–bilinear, so we have a map R := F∞ ⊗Fq k → EndAb V , endowing V with
the structure of an R–module. Since V is finitely generated over F∞, it is finitely
generated over R as well. Since R is a finite product of fields (as k is the quotient
of Fq[X] by a separable polynomial), we find that the R–module V is locally free.
(Indeed, let R = F1 × · · · × Fn be a finite product of fields. For every i let πi
be the canonical projection πi : R → Fi. Then ker(π1), . . . , ker(πn) are all of R’s
maximal ideals. The claim now follows from the observation that the localisation
Rker(πi)

∼= R/ ker(πi) ∼= Fi is a field for every i.)

Let ψ be the F∞–endomorphism ·τ of V . Then Pτ = Pψ,F∞ and we have

ψ ((f ⊗ λ) · v) = ϕ̂(f)vλτ = ϕ̂(f)vτλ1/q = (f ⊗ λ1/q) · ψ(v)

for all f ∈ F∞, λ ∈ k and v ∈ V . In particular, ψd ∈ EndR V and we claim that

Pψ,F∞(X) = Pψd,R(Xd).

We follow the proof from [56, Lemma 7.1]. For i ∈ {1, . . . , d} let Vi be the R–module
whose underlying abelian group is V and whose R–action is given by

(x⊗ λ) · v = (x⊗ λ1/qi)v

where the action on the right hand side is the original R–action on V . Note that Vd is
the original V . Consider the R–module W = V1 ⊕ · · · ⊕ Vd and the R–morphisms
α : V ⊗Fq k →W : v ⊗ λ 7→ (1⊗ λ) · (v, v, . . . , v) = (vλ1/q, vλ1/q2

, . . . , vλ) and

Ψ: W →W : (v1, . . . , vd) 7→ (ψ(vd), ψ(v1), . . . , ψ(vd−1)).

If {λ1, . . . , λd} is an Fq–basis of k, then the matrix (λq
j

i )i,j is invertible, as any
nontrivial k–linear combination between its columns would yield a polynomial a0X +
a1X

q + · · · + ad−1X
qd−1 ∈ k[X] of which all elements of k would be a root. This

implies that α is an isomorphism. Moreover, the following diagram commutes:
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V ⊗Fq k W

V ⊗Fq k W

ψ⊗idk

α

Ψ

α

Extension of scalars yields that Pψ,F∞ = Pψ⊗idk,R = PΨ,R. Since ψ : Vi → Vi+1 is
R–linear for each i, the following Lemma now implies that PΨ,R(X) = Pψd,R(Xd),
as desired: Pτ = Pψ,F∞ = Pψd,R(Xd) is indeed a polynomial in Xd.

Lemma 3.7 ([56, Lem. 7.2]) —— Let R be a commutative ring and let

Md
α1−→M1

α2−→M2 −→ · · · −→Md−1
αd−→Md

be morphisms of finitely generated locally free R–modules. Let α : Md →Md be their
composition. Consider the following R–endomorphism of M = M1 ⊕ · · · ⊕Md:

µ : M →M : (m1, . . . ,md) 7→ (α1(md), . . . , αd(md−1)).

Then
detR[X](1−Xµ,M [X]) = detR[X](1−Xdα,Md[X]).

In particular, if all Mi have the same rank, then Pµ,R(X) = Pα,R(Xd).

Proof. This follows from the observation that the block matrix
I 0 0 · · · 0 −XA1

−XA2 I 0 · · · 0 0
0 −XA3 I · · · 0 0
...

...
...

...
...

0 0 0 · · · −XAd I


has determinant det(1−XdAd · · ·A2A1), because for all block matricesA,B,C with
A square and B and Ct of the same dimensions, we have

det
(
A B
C I

)
= det

(
I B
0 I

)
det
(
A−BC 0

C I

)
= det(A−BC).

The claim about the characteristic polynomials is clear, as rkRM = d · rkRMd.

Proof of Theorem 3.1 for r > 0
Proof. Let d = dimFq k and let Pτ ∈ A[Xd] be the characteristic polynomial of
·τ ∈ EndA k{τ}. By Proposition 3.2 it suffices to show that u = Pτ (0)/Pτ (1)
satisfies v∞(u− 1) ≥ d/(rd∞). Write

Pτ = (X − λ1) · · · (X − λn)



58 PROTAGONISTS OF THE CLASS NUMBER FORMULA

for some λ1, . . . , λn ∈ F , and let c0 = 1 and cj = (−1)j
∑
i1<···<ij λi1 · · ·λij for

j ∈ {1, . . . , n}. Then Pτ (X) = c0X
n + c1X

n−1 + · · · + cn, so cj = 0 for j not
divisible by d, and cn = Pτ (0) (which is nonzero, as it generates FittA k). For all j we
have v(λ−1

i1
· · ·λ−1

ij
) = j/(rd∞) by Proposition 3.5, so v(cj/cn) ≥ (n − j)/(rd∞).

We now infer that

v

(
Pτ (1)
Pτ (0) − 1

)
= v

∑
d|j 6=n

cj
cn

 ≥ min
d|j 6=n

n− j
rd∞

= d

rd∞
,

which implies that v∞(Pτ (0)/Pτ (1)− 1) ≥ d/(rd∞), as desired.

Example

Let A = Fq[t] and let ϕ : A→ A{τ} : t 7→ t+ τ be the Carlitz module. Let f ∈ A be
monic and irreducible of degree d and consider the finite A–field k = A/(f), together
with the reduction ϕ : A → k{τ}. Note that {1} is a basis of k{τ} over A ⊗Fq k
and that τd ≡ ϕ(f) mod f by Lemma 1.8, i.e., τd = (f ⊗ 1) · 1. This implies that
X − (f ⊗ 1) is the characteristic polynomial of ·τd ∈ EndA⊗Fqk

k{τ}, so Xd − f is
the characteristic polynomial of ·τ ∈ EndA k{τ}. Hence

L(ϕ) = −f
1− f = f

f − 1 = 1 + f−1 + f−2 + · · ·

indeed satisfies v(L(ϕ)− 1) = −v(f) = d.

3.1.2 Special values of Drinfeld modules

We recall the following instrumental result to the theory of ζ– and L–functions.

Lemma 3.8 —— Let R be a commutative, finitely generated Fq–algebra. Then:

(a) For every maximal ideal m of R, the field R/m is finite.

(b) For every positive integer d there exist only finitely many maximal ideals m of R
such that dimFq R/m = d.

Proof of (a). The field R/m is a finitely generated algebra over Fq. So Zariski’s
Lemma [33, Cor. IX.1.2] says that R/m is a finite field.

Proof of (b). For every such m we can choose a morphism of Fq–algebras R → Fqd
whose kernel is m (hence every morphism can come from at most one m). Now note
that there exist only finitely many morphisms R→ Fqd of Fq–algebras, as R is finitely
generated and the target is finite.
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Let R be an A–algebra which is an integral domain and which is finitely generated
as Fq–algebra. Let ϕ : A → R{τ} be a model of a Drinfeld module. For every
maximal ideal m of R we consider the Drinfeld module ϕ mod m : A→ (R/m){τ}.
For every positive integer d, let Maxd be the set of maximal ideals m of R satisfying
dimFq R/m = d, and define

Ld =
∏

m∈Maxd

L(ϕ mod m).

Proposition 3.9 —— The sequence (
∏

1≤d≤n Ld)n converges to a 1–unit in F∞.

Proof. Let r be the rank of ϕ. Theorem 3.1 says

v∞(L(ϕ mod m)− 1) ≥
dimFq (R/m)

rk(ϕ mod m)d∞
≥

dimFq (R/m)
rd∞

.

This proves that v∞(Ld − 1) ≥ d/(rd∞) for every d. Hence (
∏

1≤d≤n Ld)n is a
Cauchy sequence in the complete field F∞, so it converges, clearly to a 1–unit.

Definition 3.10 —— Let R be an A–algebra. Suppose that R is an integral domain
and that it is finitely generated as Fq–algebra. Let ϕ : A → R{τ} be a model of a
Drinfeld module. The converging product∏

m

L(ϕ mod m) ∈ F∞

over all maximal ideals m of R is called the L–value of ϕ and is denoted by L(ϕ).

Remarks ——

• If R is a finite A–field, then the zero ideal is the only maximal ideal of R, so the
above definition of L–values is compatible with the one for Drinfeld modules
over finite fields from the previous subsection.

• We call L(ϕ mod m) the Euler factors of the L–value of ϕ.

• The Euler factors resemble the ones in the class number formula for number
fields and the Birch and Swinnerton–Dyer conjecture for elliptic curves.

The Dedekind zeta function ζK of a number field K is defined for s ∈ C with
real part > 1 by

ζK(s) =
∏
p

(1−N(p)−s)−1.

The class number formula then expresses the residue lims→1(s − 1)ζK(s) in
terms of invariants of the number field. The Euler factor at p in the product
defining ζK converges to

1
1−N(p)−1 = ](OK/p)

]((OK/p)×)
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as s → 1. So the residue of interest in the class number formula for number
fields is similar to the L–value of Drinfeld modules, in the sense that our Euler
factors mimic the limit of the Euler factors of ζK as s→ 1. On the other hand,
we define the L–value of a Drinfeld module without considering an L–function;
our product of Euler factors converges, while ζK(1) =∞.

As for elliptic curves: the behaviour, for an elliptic curve E/Q, of the function

x 7→
∏
p≤x

p

]E(Fp)

is precisely what led Birch and Swinnerton–Dyer to their conjecture, cf. [4]. The
L–function of E is defined as a product of Euler factors at every prime p, and
if E has good reduction at p, then the corresponding Euler factor converges to
p/]E(Fp) as s→ 1. The conjectural BSD–formula now predicts the order of the
zero (again a different phenomenon, compared to the pole of ζK and the nonzero
and finite L–values of Drinfeld modules) at s = 1 of the L–function, as well as
the leading coefficient.

3.1.3 Fields of definition of Drinfeld modules

This subsection, as well as Proposition 3.32, came to fruition thanks to discussions
with Bruno Anglès.

Notation —— Let K be a finite extension of F . The group Pic(OK ,K) of fractional
ideals of K is denoted by FracIdK . Define the homomorphism NK/F : FracIdK →
FracIdF by N(q) = pf for every maximal ideal q of OK , where p = q ∩ A and
f = dimA/p(OK/q).

Hilbert class fields [16, 28] ——

• First we recall the definition of Frobenius elements. Let K be a finite extension
of F and let q be a maximal ideal of the integral closure OK of A in K. Let
p = A ∩ q and let G(q) = {σ ∈ Gal(K/F ) | σ(q) = q} be the decomposition
group of q. The map

G(q)→ Gal ((OK/q)/(A/p)) : σ 7→ (σ mod q)

is always surjective. If it is injective, we say that K/F is unramified at q. In that
case, there exists a unique element inG(q) mapping to the generator x 7→ x](A/p)

of the target. If K/F is moreover abelian, then this element is independent of
the choice q of a prime above p, and so we denote this unique Frobenius element
by Frobp. It has order dimA/p(OK/q) in Gal(K/F ).

• The Hilbert class field H of A is, by definition, the maximal abelian, unramified
extension of F which is totally split at∞.
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• There is an isomorphism Pic(A)→ Gal(H/F ) of groups mapping a maximal
ideal p to the Frobenius morphism of an arbitrary prime of H above p.

• The norm of every ideal of OH down to A is principal. Indeed, let q be a
maximal ideal of OH and let p = A ∩ q. Then Frobp ∈ Gal(H/F ) has order
f = dimA/p(OH/q), so p has order f , i.e., the ideal norm pf of q is principal.

Proposition 3.11 —— LetK be a finite extension ofF such that there exists a Drinfeld–
A–module over K of positive rank. Then K contains the Hilbert class field of A.

(To be precise, we should say that K contains a copy of the Hilbert class field, but we
assume both these fields are already embedded in a common, larger field.)
Proof. Let H be the Hilbert class field of A and let OK be the integral closure of A in
K. Since H/F is Galois, it is the splitting field of a separable polynomial f over F .
Then HK is the splitting field of f over K, so HK/K is Galois.

For every σ ∈ Gal(HK/K) we have σ(H) ⊂ H . Indeed, H is generated over F by
the roots of σ, and for every root a ∈ H of f , σ(a) is again a root of f . So we have an
injective homomorphism ρ : Gal(HK/K)→ Gal(H/F ) : σ 7→ σ|H . The extension
HK/K is hence abelian. Since H/F is unramified, so is HK/K.

Let (·, HK/K) : FracIdK → Gal(HK/K) and (·, H/F ) : FracIdF → Gal(H/F )
be the homomorphisms extending the respective maps p 7→ Frobp.

Let q be a maximal ideal of OK , let p = q ∩ A and f = dimA/p(OK/q). Since
OK/q is an A/p–vector space of dimension f , we have OK/q ∼=A/p (A/p)f , so
OK/q ∼=A (A/p)f . We conclude that N(q) = pf = FittA(OK/q). Moreover, the
reduction of (NK/F (q), H/F ) = (p, H/F )f ∈ Gal(H/F ) mod p maps x mod p to
x](A/p)·f = x](OK/q) mod p. So the following diagram commutes:

FracIdK Gal(HK/K)

FracIdF Gal(H/F )

(·,HK/K)

NK/F ρ

(·,H/F )

Let ϕ : A→ K{τ} be a Drinfeld module of positive rank. For all but finitely primes q
of OK , the reduction ϕ mod q is well–defined and has positive rank.

To prove that H ⊂ K, it suffices to show that every Gal(HK/K) is trivial. So
take σ ∈ Gal(HK/K) and let – by virtue of Chebotarev’s density theorem – q be
a maximal ideal of OK such that ϕ mod q has positive rank and (q, HK/K) = σ.
Proposition 3.2 now implies that FittA(OK/q) is principal, so

ρ(σ) = ρ((q, HK/K)) = (N(q), H/F ) = (FittA(OK/q), H/F ) = idH .
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Since ρ is injective, we conclude that σ = idHK , as desired.

Remarks ——

• Proposition 3.11 indicates that the Hilbert class field of A is essential to the
theory of Drinfeld modules.

• Drinfeld [16] and Hayes [27, 28] were the first to use Drinfeld modules in the
class field theory of function fields. They already prove Proposition 3.11 in the
case that the Drinfeld module has rank one. The general case can be deduced
from this one. For example, Goss [21, Sec. 7.1] uses exterior powers of T–
modules or shtukas to produce a rank one Drinfeld module over the perfection
of the field of definition, so he concludes that H must be contained in this field
of definition. He immediately adds “It would be nice to have an argument that
does not use the perfection of [the field of definition]. . .”

The fact that FittA k is principal if there exists a Drinfeld A–module of positive rank
over the finiteA–field k enabled us to prove that the Hilbert class field ofA is contained
in every field of definition of every Drinfeld–A–module of positive rank over finite
extensions of F . We can also go the other way round:

Proposition 3.12 —— Assume that we know Proposition 3.11 to hold. Let K be a
finite extension of F and letOK be the integral closure ofA inK. Let ϕ : A→ OK{τ}
be a model of a Drinfeld module of positive rank and let m be a maximal ideal of OK
such that the reduction ϕ mod m has positive rank. Then FittA(OK/m) is principal.

Proof. Let k be the finite field OK/m and let p be the kernel of the composition of
A→ OK with OK � OK/m = k. Then k is an A/p–vector space, say of dimension
f . Since FittA k = pf , it suffices to prove that the order of p in Pic(A) divides f .

The isomorphism Pic(A)→ Gal(H/F ) maps p to Frobp, so the order of p in Pic(A)
is equal to dimA/p(OH/(OH ∩m)). Since H ⊂ K (because there exists a Drinfeld–
A–module of positive rank over K), we have inclusions A/p ⊂ OH/(OH ∩ m) ⊂
OK/m = k, so the order is indeed divisible by f .

3.2 The class number formula

In this section we introduce the class module and regulator of Drinfeld modules,
generalising the work from [54] to general A.
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Setting

Let K be a finite extension of F and letOK be the integral closure of A in K. Let K∞
be the ring K ⊗F F∞. For every place v of K, let Kv be the completion at v. Then
[47, II.3] canonically identifies the F∞–algebras K∞ and

∏
v|∞Kv .

Proposition 3.13 ——

• The A–module OK is finitely generated and locally free.

• The Fq–algebra OK is finitely generated.

• The subspace OK of K∞ is discrete and co–compact.

Proof. First note that OK is a discrete subgroup of K∞, as
∏
v mKv is an open

neighbourhood of 0 in K∞ intersecting OK trivially. (Indeed, for every x ∈ OK \ {0}
we have

∏
v NKv/F∞(x) = NK/F (x) ∈ A \ {0}, so there exists a v | ∞ such that

v∞(NKv/F∞(x)) ≤ 0, i.e., v(x) ≤ 0.)

So Lemma 1.5 implies that OK is finitely generated as A–module. It is moreover
locally free because it is torsion–free and A is a Dedekind domain. The claim that OK
is finitely generated as Fq–algebra follows from the first claim and the fact that A is
finitely generated as Fq–algebra, as the curve defining A is a variety. The final claim is
a direct consequence of Proposition 1.6.

Let ϕ : A → OK{τ} be a model of a Drinfeld A–module over OK and let E be its
associated functor of points. For every place v of K above∞ Proposition 1.12 yields a
morphism expv : Kv → E(Kv) of A–modules which is open and continuous. These
merge into a morphism

exp: K∞ → E(K∞) : (xv)v 7→ (expv(xv))v

which is open and continuous with respect to the product topology on K∞.

The class module

Definition 3.14 —— The class module of ϕ is the A–module

H(ϕ) := E(K∞)
E(OK) + expK∞

.

Proposition 3.15 —— H(ϕ) is finite.

Proof. The quotient H(ϕ) is compact, because E(OK) is co–compact in E(K∞), and
is discrete, because exp is open, i.e. expK∞ is open in E(K∞).
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The regulator

The lattice of logarithms of units defining the regulator that appears in the class number
formula for number fields has a direct analogue in our situation:

Definition 3.16 —— Let U(ϕ) be the sub–A–module exp−1E(OK) of K∞.

Proposition 3.17 —— U(ϕ) is a discrete and co–compact subspace of K∞.

Proof. Let n be a positive integer such that expv is an isometry on each mnKv , cf.
Proposition 1.12, and consider the compact open subset B =

∏
v|∞mnKv of K∞.

We first prove that U(ϕ) is discrete. Let f1, f2, . . . be a sequence in U(ϕ) converging to
0. Then exp(f1), exp(f2), . . . is a sequence in E(OK) converging to 0. Since E(OK)
is discrete in E(K∞), this means that exp(fi) = 0 for all sufficiently large i. But for
all sufficiently large i we also have fi ∈ B, so exp(fi) = 0 implies fi = 0 because
exp is a component–wise isometry on B. This shows that U(ϕ) is discrete.

Now note that exp induces a short exact sequence of topological groups

0 K∞
U(ϕ)

E(K∞)
E(OK) H(ϕ) 0exp

in which the first map is open and E(K∞)/E(OK) is compact. So K∞/U(ϕ) is an
open, hence closed, hence compact, subgroup of E(K∞)/E(OK).

Remark —— Dirichlet’s unit theorem says that the group of units of the ring of
integers of a number field is finitely generated, and the Mordell–Weil theorem states
that the group of rational points on an abelian variety over a number field is finitely
generated. In contrast, Poonen [42] proved that if ϕ : A → K{τ} is a Drinfeld A–
module of positive rank over a finite extension K of F then the A–module E(OK)
is not finitely generated. However, Proposition 3.17 and Lemma 1.5 now say that
exp−1E(OK) is finitely generated, and this is what Taelman regards as an analogue
of Dirichlet’s unit theorem in [54].

The map U(ϕ)⊗AF∞ → K∞ induced by the inclusions of U(ϕ) and F∞ in K∞ is an
isomorphism, because of from Propositions 1.6 and 3.17. So we have an isomorphism
OK ⊗A F∞ = K∞ → U(ϕ)⊗A F∞ of F∞–vector spaces.

Definition 3.18 —— The regulator of ϕ is the index

Reg(ϕ) := [OK : U(ϕ)] ∈ Pic(A,F∞)

induced by the isomorphism K∞ → U(ϕ)⊗A F∞.
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The class number formula

Definition 3.19 —— The class number formula for ϕ is the A–lattice

CNF(ϕ) := L(ϕ)−1 · FittA(H(ϕ)) · Reg(ϕ) ∈ Pic(A,F∞).

We say that the class number formula is true for ϕ if CNF(ϕ) = 1, i.e., if the lattice
FittA(H(ϕ)) · Reg(ϕ) is free and generated by L(ϕ).

Conjecture —— The class number formula is true for all ϕ.

This is the conjecture towards which this thesis tries to progress. We will prove the
conjecture if A is a principal ideal domain in Chapter 4, but we now mention some
important cases in which it is already known.

Example —— Suppose that ϕ has rank zero, i.e., ϕ(a) = a for all a ∈ A. Then
the exponential associated to ϕ is just the identity map K∞ → K∞, implying that
H(ϕ) = 0 and U(ϕ) = OK , i.e., Reg(ϕ) = 1. Since L(ϕ) = 1, we infer that the class
number formula is true for ϕ.

Theorem 3.20 ([55]) —— Let OK be the integral closure of Fq[t] in a finite extension
of Fq(t). Let ϕ : Fq[t] → OK{τ} be a model of a Drinfeld Fq[t]–module over OK .
Then the class number formula is true for ϕ.

Proof. First note that Taelman’s L(E/OK) is our L(ϕ). Indeed, for each maximal
ideal m of OK , his |OK/m|/|E(OK/m)| equals L(ϕ mod m) because the latter is
the quotient of generators of FittFq [t](OK/m) and FittFq [t](E(OK/m)), and it is a
1–unit.

To prove that Theorem 1 in [55] implies that CNF(ϕ) = 1, it suffices to check that
Taelman’s index function [−:−] corresponds to ours. Write A = Fq[t] and F∞ =
Fq((1/t)), and let Λ and Λ′ be two discrete and co–compact sub–A–modules of a finite
dimensional F∞–vector space V . The inclusions of Λ and Λ′ in V induce isomorphisms
i : Λ⊗A F∞ → V and i′ : Λ′ ⊗A F∞ → V . Choose an A–isomorphism σ : Λ→ Λ′.
The composition Σ = i′ ◦ (σ⊗ idF∞)◦ i−1 : V → V is an F∞–linear automorphism of
V and maps Λ to Λ′. So Taelman’s index [Λ:Λ′] is the monic representative of F×q det Σ.
Since detA σ generates HomA(detA Λ,detA Λ′), our index [Λ:Λ′](i′)−1i is the sub–A–
module generated by the F∞–determinant of i−1 ◦ i′ ◦ (σ ⊗ idF∞) = i−1 ◦ Σ ◦ i. So
our [Λ:Λ′] is generated by det Σ, as desired.

Example —— Let ϕ : Fq[t] → Fq[t]{τ} be the Carlitz module and let Ô∞ be the
subring of F∞ = Fq((1/t)) consisting of those elements with nonnegative valuation.
The exponential function exp associated to ϕ is an isometry on Ô∞, so exp(F∞)
contains Ô∞. We infer that H(ϕ) = 0. Now let log(1) ∈ Ô×∞ be the 1–unit such that
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exp(log(1)) = 1. One can prove (use Corollary 4.29, e.g.) that U(ϕ) = log(1)Fq[t].
The class number formula for the Carlitz module hence reads

log(1) = L(ϕ) =
∏
p

(1− p−1)−1 =
∑

f∈Fq [t] monic

1
f
.

This formula was already known to Carlitz in 1935 [11].

3.3 Hecke characters for function fields

Let A,∞ and F be as introduced in Section 3.1. Let K be a finite extension of F . Let
OK be the integral closure of A in K. Then OK is a Dedekind domain and it is finitely
generated as A–module, cf. Proposition 3.13.

We recall the norm morphism on ideals. Let FracIdK = Pic(OK ,K) denote the group
of nonzero fractional ideals of K, and define FracIdF = Pic(A,F ) similarly. Let
Nm: FracIdK → FracIdF be the norm morphism as in Corollary 2.31. For every
x ∈ OK we have Nm(xOK) = NK/F (x)A. Moreover:

Lemma 3.21 —— For every nonzero ideal I of OK we have

dimFq (OK/I) = dimFq (A/Nm(I)).

Proof. It suffices to check this when I = m is a maximal ideal of OK . Corollary 2.31
says that Nm(m) = (A ∩m)fm , where fm = dimA/(A∩m)(OK/m), so

dimFq (A/Nm(m)) = fm dimFq (A/(A ∩m)) = dimFq (OK/m),

as desired.

3.3.1 Continuous maps on idèles

Let AK be the ring of adèles of K, i.e., the subring of the product
∏
vKv (with v

running over all places of K) consisting of those elements (xv)v such that xv 6∈ O×v
for only finitely many places v. The unit group A×K is called the group of idèles.

The topology on A×K is defined by the basic opens
∏
v Uv, where Uv ⊂ K×v are open

and Uv = O×v for all but finitely many v. Note that we may restrict the Uv to range
over basic systems of opens at each K×v . This turns A×K into a topological group.

Lemma 3.22 —— Let χ : A×K → G be a morphism of groups whose kernel is open.

(a) Then χ(O×v ) = 1 for all but finitely many v.
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(b) Let x = (xv)v ∈
∏
v O×v be such that xv = 1 for all v for which χ(O×v ) 6= 1.

Then χ(x) = 1.

(c) Suppose that G has no nontrivial p–torsion, where p is the characteristic of K.
Then for all places v of K and all x ∈ 1 + mv we have χ(x) = 1.

Proof of (a). The kernel must contain an open neighbourhood of 1, i.e., a set of the
form

∏
v Uv containing 1, where all but finitely many Uv are equal to O×v . All but

finitely many of these O×v are then subsets of the kernel of χ.

Proof of (b). The set of places of K is countable, so we can add the xv to 1 gradually:
if v1, v2, . . . are the places of K, then define xn ∈ A×K by xn,vi = xvi for i ≤ n and 1
otherwise. Then xn converges to x in A×K , while χ(xn) = 1 for all n. Since x · kerχ
is an open neighbourhood of x, there exists an n such that xn ∈ x · kerχ, so χ(x) = 1.

Proof of (c). Let v be a place of K and consider the morphism χv : K×v → G induced
by χ. There exists a basic open neighbourhood 1 + mnv of 1 which is contained in
the kernel of χv. Now consider the finite p–group H = (1 + mv)/(1 + mnv ). The
restriction of χv to 1 + mv → G factors through H → G. This last morphism is trivial
because G has no p–torsion and H is a finite p–group. So 1 + mv → G is trivial as
well, as desired.

One could restate item (c) by saying that the so–called conductor of χ is square–free,
which was already observed by Goss in [20, p.125].

3.3.2 Hecke characters and associated L–values

Let K be a finite extension of F and let F0 be a subfield of F such that F is a finite
Galois extension of F0. Let K×∞ be the subgroup

∏
v|∞K×v of A×K .

Definition 3.23 ([24, 57]) ——

• A Hecke character is a homomorphism χ : A×K → F× satisfying the following
properties:

(1) The kernel of χ is open;

(2) χ(K×∞) ⊂ F×q ;

(3) There exists a function n : Gal(F/F0)→ Z such that for all x ∈ K× we
have χ(x) =

∏
σ σ(NK/F (x))n(σ).

• We call w(χ) :=
∑
σ n(σ) ∈ Z the weight of χ.

• We say that χ is unramified at v if χ(O×v ) = 1 6= χ(K×v ).
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Remarks ——

• Note that if χ : A×K → F× is a Hecke character, then χ(
∏
v-∞O×v ) ⊂ F×q .

Indeed, by Lemma 3.22(b) it suffices to check that χ(O×v ) ⊂ F×q for the finitely
many places v of K for which χ(O×v ) 6= 1. Since the residue field of v is
finite, there exists a positive integer d such that (O×v )d ⊂ 1 + mv. This implies
that χ(O×v )d ⊂ χ(1 + mv) = {1} by Lemma 3.22(c) and the fact that F× has
no nontrivial p–torsion (as F is a field of characteristic p). Hence χ(O×v ) is a
subgroup of the torsion subgroup F×q of F×, as desired.

• Definition 3.23 is less flexible than the one from [5], in which more Hecke
characters are allowed in order to accommodate the ones attached to Drinfeld
modular forms.

Lemma 3.24 —— Let χ be a Hecke character. Then for all x ∈ K× we have

v∞(χ(x)) = w(χ)v∞(NK/F (x)).

Proof. It suffices to prove that v∞(σ(y)) = v∞(y) for all y ∈ F× and all σ ∈
Gal(F/F0). Note that there is only one place∞0 of F0 below∞, so there exists a
constant c 6= 0 such that v∞ = cv∞0 ◦NF/F0 as functions F× → F×0 . The desired
equality now follows from the observation that NF/F0(σ(y)) = NF/F0(y).

Let χ : A×K → F× be a Hecke character. For every place v of K at which χ is
unramified, every uniformiser at v under the map K×v ↪→ A×K

χ→ F× has the same
image, which we denote by χ(v). Since χ(K×v ) 6= 1 for unramified v, we have
χ(v) 6= 1. We define

L(χ, v) = (1− χ(v)−1)−1

if χ is unramified at v and L(χ, v) = 1 otherwise.

Proposition–Defintion 3.25 —— Let χ be a Hecke character of positive weight. Then
the product

∏
v-∞ L(χ, v) converges to an element L(χ) ∈ F×∞.

Proof. It suffices to prove that there exists a constant c > 0 such that

v∞(L(χ,m)− 1) = cdimFq (OK/m)

holds for all maximal ideals m of OK at which χ is unramified. Let m be such a
maximal ideal and let π ∈ K×m be a uniformiser at m. Let π be the image of π in A×K .
Let h be the class number of OK and choose a generator x ∈ OK of the principal ideal
mh. Then xπ−h ∈

∏
v|∞K×v ×

∏
v-∞O×v , so χ(x)χ(m)−h ∈ F×q . Hence

hv∞(χ(m)) = v∞(χ(x)) = w(χ)v∞(NK/F (x))
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by Lemma 3.24. Proposition 1.4 and Lemma 3.21 imply that

−d∞v∞(NK/F (x)) = dimFq (A/NK/F (x))) = dimFq (OK/xOK).

We now infer from xOK = mh and the above equalities that

v∞(χ(m)) = w(χ)
h

v∞(NK/F (x)) = −w(χ)
d∞

dimFq (OK/m).

This implies that v∞(L(χ,m)− 1) = cdimFq (OK/m), where c = w(χ)/d∞ > 0 is
independent of m.

3.3.3 Hecke characters of rank one Drinfeld modules

Let ϕ : A → OK{τ} be a model of a rank one Drinfeld A–module over OK . Let S
be a finite set of places of K including the places extending∞, as well as the finite
places of K where ϕ has bad reduction, i.e. those maximal ideals m of OK for which
ϕ mod m has rank zero.

Proposition 3.26 —— Let m 6∈ S be a maximal ideal of OK . Then there is a unique
Nϕ(m) ∈ A such that Nm(m) = Nϕ(m)A and ϕ(Nϕ(m)) ≡ τdimFq (OK/m) mod m.

Proof. This is a consequence of Lemma 9.4 in [28], as Hayes explains when he
constructs his x(p) on page 207. Note that we already knew that the norm of m is
principal because K contains the Hilbert class field of A, by Proposition 3.11.

Proposition 3.27 —— Let m 6∈ S be a maximal ideal of OK . Then the A–module
E(OK/m) is isomorphic to A/(Nϕ(m)− 1). In particular:

L(ϕ mod m) = (1−Nϕ(m)−1)−1.

Proof. Let k be the finite field OK/m and write a = Nϕ(m) − 1. Note that Nϕ(m)
acts as the identity on E(k), i.e., every element of E(k) is an a–torsion point. Since
ϕ mod m has rank one, and a is coprime to A ∩m, Proposition 1.10 implies that

E(k) ⊂ E(k)[a] ∼= A/a.

Since v∞(a) = v∞(Nϕ(m)), we have

dimFq (A/a) = dimFq (A/Nϕ(m)) = dimFq k,

where the last equality follows from Lemma 3.21. This implies that E(k) ∼= A/a.

The equality L(ϕ mod m) = (1 − Nϕ(m)−1)−1 follows from the fact that both are
1–units, and the equalities FittA k = (Nϕ(m)) and FittAE(k) = (Nϕ(m)− 1).
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Theorem–Defintion 3.28 ([57]) —— There exists a unique morphism χϕ : A×K → F×

satisfying the following conditions.

• χϕ|K× = NK/F

• The kernel of χϕ is open

• For every m 6∈ S and all x ∈ K×vm ⊂ A×K we have χϕ(x) = Nϕ(m)vm(x).

Proof. This is the third corollary to Theorem 3 in [57].

Let FracIdSK be the group of fractional ideals ofK which are coprime to every maximal
ideal in S. Extend Nϕ to a homomorphism FracIdSK → F×.

Corollary 3.29 —— Let x ∈ K× satisfy x ∈ 1 + mv for all v ∈ S. Then

Nϕ(xOK) = NK/F (x).

Proof. Let p be the characteristic of F . Note that F× has no nontrivial p–torsion.
Since the kernel of χϕ is open, Lemma 3.22(c) implies that χϕ(xv) = 1 for all places
v of K and all xv ∈ 1 + mv. Separating the S–component by writing x = (xS , x0)
with xS ∈

∏
v∈S(1 + mv), we see that NK/F (x) = χϕ(x) = χϕ(xS , 1)χϕ(1, x0),

where χϕ(xS , 1) = 1 (because all components of (xS , 1) are 1–units) and χϕ(1, x0) =
Nϕ(xOK) (because of Lemma 3.22(b) and the third property of χϕ).

Proposition 3.30 —— χϕ is a Hecke character which is unramified outside S. For
every m 6∈ S we have

L(χϕ,m) = L(ϕ mod m).

In particular, if χ has good reduction everywhere, then L(χϕ) = L(ϕ).

Proof. To prove that χϕ is a Hecke character, we need to check that χ(K×∞) ⊂
F×q . Take an arbitrary x = (xv)v ∈ A×K satisfying xv = 1 for all v - ∞. Strong
approximation yields an element y ∈ K× such that xvy ∈ 1 + mv for all v ∈ S. As
in Corollary 3.29, one now proves that χϕ(xy) = Nϕ(yOK). This implies that χϕ(x)
equalsNϕ(yOK)NK/F (y)−1, which is an element of F×q becauseNϕ(m)A = Nm(m)
for all m 6∈ S. This proves that χ(K×∞) ⊂ F×q .

Now, if m 6∈ S then χϕ(x) = Nϕ(m)vm(x) for all x ∈ K×vm , so χϕ(x) = 1 if x ∈ O×v
and χ(ϕ(x)) = Nϕ(m) if vm(x) = 1. This proves that χϕ is unramified outside S
and that χ(vm) = Nϕ(m) for all m 6∈ S. The equality L(χϕ,m) = L(ϕ mod m) now
follows from Proposition 3.27.
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Remarks ——

• Takahashi’s definition (in [57]) for a Hecke character is Definition 3.23 in which
only F = F0 is allowed and (3) is replaced by the condition that χ|K× = NK/F .
He then proves that every such Hecke character comes from a DrinfeldA–module
over K, and that this Drinfeld module is unique up to K–isogeny. He moreover
shows a converse to Proposition 3.30: χϕ is unramified at a maximal ideal m of
OK if and only if ϕ is isomorphic to a Drinfeld module with a model over OK
which has good reduction at m.

• Goss computes a few Hecke characters of Drinfeld modules in [22] and [23].

• Note that χϕ is independent of the choice of S. Indeed, if S′ ⊃ S, then χϕ
satisfies the conditions imposed for S′ as well.

• Note that χϕ only depends on the isomorphism class of ϕ. Indeed, let a ∈ K×
be such that ψ = a−1ϕa lands inOK{τ}. We claim that χϕ = χψ . It suffices to
prove that if m is a maximal ideal of OK such that ϕ and ψ have good reduction
mod m, then Nϕ(m) = Nψ(m). Since Nϕ(m)A = Nm(m) = Nψ(m)A,
there exists an x ∈ A× = F×q such that Nψ(m) = xNϕ(m). Writing d =
dimFq (OK/m), we find that modulo m that

τd ≡ ψ(Nψ(m)) ≡ a−1ϕ(Nψ(m))a ≡ xa−1ϕ(Nϕ(m))a

≡ xa−1τda ≡ xaq
d−1τd ≡ xτd mod m.

From this we deduce that x− 1 ∈ m ∩ Fq = {0}, i.e., x = 1, as desired.

• Corollary 3.29 looks innocent, but already in the case of A = OK = Fq[t] one
needs to use the reciprocity law in Fq[t]. We briefly sketch how this comes up.

Residue symbols. Let p ∈ Fq[t] be irreducible. For every a ∈ A let (a/p) be the
unique element of Fq such that

a1+q+···+qdeg(p)−1
≡ (a/p) mod p.

The map (−/p) : A → Fq is multiplicative and factors through A → A/p. If
a, b ∈ A \ {0} and b = ξp1 · · · pr is the factorisation of b into monic irreducibles
p1, . . . , pr (and ξ ∈ F×q ), then we write (a/b) = (a/p1) · · · (a/pr).

Reciprocity. [43, Th. 3.5] Let a, b ∈ Fq[t] be coprime. Then

(a/b) = (−1)deg(a) deg(b)`(a)deg(b)`(b)− deg(a)(b/a),

where ` : Fq[t] \ {0} → F×q maps a polynomial to its leading coefficient.

Corollary 3.29 for A = OK = Fq[t]. Let a ∈ Fq[t] \ {0} and consider the rank
one Drinfeld Fq[t]–module

ϕ : Fq[t]→ Fq[t]{τ} : t 7→ t+ aτ.
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If p ∈ Fq[t] is monic, irreducible and coprime to a then the coefficient at τdeg(p)

in ϕ(p) equals a1+q+···+qdeg(p)−1
, so Nϕ(pFq[t]) = (a/p)−1p. We infer that

Nϕ(fFq[t]) = (a/f)−1f

for all monic polynomials f ∈ Fq[t] which are coprime to a.

Now let x ∈ Fq(t)× satisfy x ∈ 1 + mv for all v ∈ {∞} ∪ {p | a}. Then
x = f/g for some monic f, g ∈ Fq[t] of the same degree and coprime to a, so

Nϕ(xFq[t]) = (a/g)(a/f)−1x.

So to prove Corollary 3.29 in this situation, we need to show that (a/f) = (a/g).
The reciprocity law says that this is equivalent to (f/a) = (g/a), so it now
suffices to observe that (f/p) = (g/p) for all irreducible divisors p of a. (Indeed,
vp(x− 1) ≥ 1 implies that f ≡ g mod p.)

3.3.4 Goss’ ζ–values as L–values of Drinfeld modules

Fix a group homomorphism sgn : F×∞ → Fq(∞)× extending the identity on F×q
and which is trivial on the 1–units 1 + m∞. We say that a Drinfeld A–module
ϕ : A → F∞{τ} over an algebraic closure of F∞ is sgn–normalised if there exists
a σ ∈ Gal(Fq(∞)/Fq) such that for each a ∈ A the leading coefficient of ϕ(a) is
equal to σ(sgn(a)). A sgn–normalised Drinfeld module of rank one is called a Hayes
module for sgn. We fix a Hayes module ϕ for sgn.

Let H+ be the field extension of F generated by the coefficients of some ϕ(a) (with
a ∈ A nonzero). It is known, c.f. [21, 7.4], that H+ is independent of a, that ϕ lands
in OH+{τ}, and that it has good reduction everywhere.

Lemma 3.31 —— Let K be a finite extension of H+ and let m be a maximal ideal of
OK . Then sgn(Nϕ(m)) = 1.

Proof. We say that a fractional ideal is positively generated if it is generated by an
element of sgn 1. The extensionH+/F is abelian and unramified, and the kernel of the
map FracIdH+ → Gal(H+/F ) is equal to the group of positively generated fractional
ideals, c.f. [21, 7.4]. Write p = A ∩ m and f = dimA/p(OK/m). Then the order
of Frobp ∈ Gal(H+/F ) equals dimA/p(OH+/(OH+ ∩m)), which is a divisor of f .
Hence Frobfp is trivial, i.e., pf = NmK/F (m) = Nϕ(m)A is positively generated, say
by a ∈ A. Then a = ξNϕ(m) for some ξ ∈ F×q , and we want to prove that ξ = 1.

Lemma 3.21 says that dimFq (A/a) = dimFq (OK/m), and we denote this common
value by d. Since ϕ has rank one and is sgn–normalised, the coefficient at τd in ϕ(a)
equals 1. From ϕ(a) = ξϕ(Nϕ(m)) ≡ ξτd mod m we now infer that ξ = 1.



HECKE CHARACTERS FOR FUNCTION FIELDS 73

Goss defined (e.g. [21, 8.6] or [61]) a relative ζ–function

ζsgn
OK/A : C×∞ × Zp → C×∞ : s 7→

∏
m

(1−NmK/F (m)−s)−1,

where C∞ is the completion of an algebraic closure ofF∞ and where the exponentiation
of the ideal depends on the choice of the sign function, cf. [21, 8.2]. The integers
Z can be embedded in Goss’ “complex plane” C×∞ × Zp, and we can describe the
exponentiation NmK/F (m)1 ∈ C×∞ easily: it is the positive generator Nϕ(m) of
NmK/F (m). (Recall that ϕ is any Hayes module for sgn.) So

ζsgn
OK/A(1) =

∏
m

(1−Nϕ(m)−1)−1 = L(ϕ).

We summarise the above discussion as follows.

Proposition 3.32 —— Fix a sign function sgn : F×∞ → F(∞)×. Let K be a finite
extension of the normalising field H+ for sgn. Then there exists a model of a sgn–
normalised Drinfeld module ϕ : A→ OK{τ} of rank one and we have

ζsgn
OK/A(1) = L(ϕ).

That is, to compute ζ, take a good Drinfeld module (depending on sgn) and compute
the intrinsic (not depending on sgn) L–value.

3.3.5 CM situations

Let A,F and K be as before. Let A0 be a sub–Fq–algebra of A which is a Drinfeld
ring as well. Let ϕ : A → K{τ} be a Drinfeld A–module over K. This induces a
Drinfeld A0–module ϕ0 = ϕ|A0 : A0 → K{τ}. We call the diagram

A0 A

K{τ}
ϕ0

ϕ

a CM situation; one could say that “the Drinfeld A0–module ϕ0 over K has complex
multiplication by A.” Denote the fraction field of A0 by F0 and let F∞ and F0,∞ be
the completions of F and F0 with respect to ∞ and the place ∞0 of F0 below ∞.
(This∞0 is the place at infinity of A0.)

Proposition 3.33 —— rk(ϕ0) = [F :F0] rk(ϕ)
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Proof. Let a ∈ A0 \ Fq . Then

v∞(a) rk(ϕ) dimFq Fq(∞) = −degτ ϕ(a) = v∞0(a) rk(ϕ0) dimFq Fq(∞0)

Note that the valuations v∞ and v∞0 in this formula are the normalised ones, i.e., the
ones whose image is Z. LetO0 andO be the valuation rings of∞0 and∞ respectively,
and let π0 and π be uniformisers. Let e ≥ 1 be such that π0O = πeO. Since v∞ and
v∞0 are scalar multiples of each other on F0,∞, and v∞(π0) = e = ev∞0(π0), we
find that v∞(a) = ev∞0(a). So it suffices to prove that [F :F0] = e · [Fq(∞):Fq(∞0)].
Since∞ is the unique place of F extending∞0, we have F∞ = F ⊗F0 F0,∞, so the
desired equality is just the “n = ef” formula, cf. [47, II.3].

Proposition 3.34 —— Let A0 ⊂ A be Drinfeld rings whose fraction fields F0 ⊂ F
form a finite Galois extension. Let OK be the integral closure of A in a finite extension
of F . Let ϕ : A → OK{τ} be a model of a rank one Drinfeld A–module which has
good reduction at every maximal ideal of OK . Then

L(ϕ|A0) =
∏

σ∈Gal(F/F0)

L(σ ◦ χϕ).

Proof. Let m be a maximal ideal of OK . We will show in Proposition 4.2 that
L(ϕ|A0 mod m) = NF/F0(L(ϕ mod m)). Proposition 3.30 says that

NF/F0(L(ϕ mod m)) = NF/F0(L(χϕ,m)) =
∏
σ

L(σ ◦ χϕ,m).

This implies the desired equality.

So, if a model of a Drinfeld–A0–module ϕ0 over OK has CM by A via a rank
one Drinfeld module ϕ, then the L–value of ϕ0 is the product of L–values of the
Gal(F/F0)–conjugates of the Hecke character of ϕ. This is completely analoguous to
the setting of elliptic curves: the L–function of a CM elliptic curve is the product of
the Hecke L–series of the Gal(K/Q)–conjugates of its Grössencharacter, where K is
an imaginary quadratic field.



Chapter 4

The class number formula –
Progress & established cases

The main result of this chapter is that the class number formula is true if the coefficient
(Drinfeld) ring A is a principal ideal domain, adding four more rings to the list of
Drinfeld rings for which the class number formula is known to hold. L. Taelman [55]
showed for all q that the formula holds for A = Fq[t]. This knowledge is exactly
what enables us to prove the formula for all PIDs, but which also helps us pinpoint the
possible obstructions in general.

The idea is that for every nonconstant element t of A, we have a norm map
Nmt : Pic(A,F∞)→ Pic(Fq[t],Fq((1/t))), where F∞ is the completion of Frac(A)
with respect to the fixed place∞. We prove that class number formulas are compatible
with taking norms, i.e., if ϕ is a Drinfeld A–module over a finite extension of
Frac(A), then Nmt(CNF(ϕ)) = CNF(ϕ|Fq [t]). So Taelman’s result tells us that
the class number formula of a given Drinfeld module has trivial norms down to every
Pic(Fq[t],Fq((1/t))). We now assume that the class number formula is trivial in
Pic(A). This is of course certainly true if A is a PID, and even in general, M. Mornev
proved (in yet to be published work) this triviality in Pic(A) if the Drinfeld module
has good reduction everywhere.

F×∞ Pic(A,F∞) Pic(A) 0

Fq((1/t))× Pic(Fq[t],Fq((1/t))) 0

CNF ?7→1

CNF7→1 (Taelman)

75
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To prove the class number formula, we now want to describe which elements of
F×∞ have constant norms down to every Fq((1/t))×. We show that the logarithmic
differential of such an element must be regular, and we deduce that if no nonzero
logarithmic derivative is regular, then only trivial elements have trivial norms. This is
precisely what happens in the case of PIDs. An other way to have no nonzero regular
logarithmic derivatives, is that the curve has genus zero; at the very end of the chapter
we verify the formula for a specific Drinfeld module in that case.

All the results in this chapter, except for the expository material on differentials on
curves and the Cartier operator, are original and rely upon the material presented in the
previous chapters.

To conclude this introduction, we mention what is known about special values for
general A. D. Thakur [60, 62] proves the class number formula for the unique sign
normalised rank one Drinfeld modules over the four “extra” PIDs, and he proves
transcendentality statements about higher special ζ–values. G. Anderson [1] proves
that some special values are log–algebraic, i.e. their exponential is algebraic. B. Lutes
and M. Papanikolas [36] compute the transcendence degree of a field generated by
special L–values for the four PIDs, using an extension of Anderson’s results on special
polynomials to the four rings. On the other hand, V. Lafforgue [31] expresses v–adic
special values, at arbitrary places v 6=∞ of the function field, in terms of extensions
of shtukas. In [56], a special value formula for coherent τ–sheaves is shown.

The most recent advancement though is still unpublished work [2] of B. Anglès, T.
Ngo Dac and F. Tavares Ribeiro, in which the authors prove the class number formula
for all sign-normalised Drinfeld modules of rank one over finite abelian extensions
of the Hilbert class field of arbitrary A, as well as a generalisation of Anderson’s
log–algebraicity. The example at the end of this chapter is covered by their new results.

4.1 The norm argument

4.1.1 Setting and notation

Function field and Drinfeld ring

We recall the setting from Section 1.1. Let X be a geometrically irreducible, smooth,
projective algebraic curve over a finite field k of characteristic p. Let F = k(X) be its
function field, let∞ be a closed point of X and let A = OX(X \ {∞}).
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Completions

Let p be a closed point of X . The completion of F with respect to the valuation defined
by p is denoted by Fp. Its valuation ring (those elements of Fp with nonnegative
valuation) and maximal ideal (those elements of Fp with positive valuation) are denoted
by Ôp and m̂p respectively. The residue field k(p) = Ôp/m̂p is a finite extension of k.
Since k(p) is perfect and Ôp is a complete discrete valuation ring and they have the
same characteristic, the structure theorem for these rings, cf. [47, II.4], implies that
Ôp is isomorphic to the univariate power series ring k(p)[[π]] over k(p), identifying the
valuations. This endows Ôp with the structure of a k(p)–algebra, and this structure is
natural: Prop II.4.8 loc. cit. says that there exists a unique system of representatives
k(p) → Ôp (i.e., a set–theoretical section of the quotient map Ôp → k(p)) which
commutes with p–th powers, and that this map automatically is a morphism of rings.

Relative settings

(Proposition 1.1) For every t ∈ A \ k, the dimension [F :k(t)] is finite. This choice of a
t induces a morphism X → P1

k of curves and we denote the image of∞ ∈ X by∞0.
The only place of F extending the valuation −deg on k(t) is v∞, so the only point
of X lying above∞0 is∞. This implies that F∞ = F0,∞0 ⊗k(t) F , where F∞ and
F0,∞0 = k((1/t)) are the completions of (F, v∞) and (k(t),−deg) respectively.

The class number formula

Let K be a finite extension of F and let ϕ : A → R{τ} be a model of a Drinfeld
A–module over the integral closure R of A in K. The L–value, the class module
and the regulator of ϕ are denoted by L(ϕ) ∈ F×∞, H(ϕ) and Reg(ϕ) ∈ Pic(A,F∞)
respectively. The class number formula for ϕ is the A–lattice

CNF(ϕ) := L(ϕ)−1 · FittA(H(ϕ)) · Reg(ϕ) ∈ Pic(A,F∞).

We say that the class number formula is true for ϕ (resp. A) if CNF(ϕ) = 1 (resp. if
it is true for all Drinfeld A–modules of the above form). Theorem 3.20 says that the
class number formula is true for A = k[t], i.e., if X = P1

k and∞ is rational.

We recall our plan of action in this chapter. First we show that in a relative setting
A/k[t], the norm of the class number formula over A equals the class number formula
over k[t]. Then we use Taelman’s result to conclude that the norm of a fixed class
number formula over A down to every possible k[t] (of which there are many) must
be trivial, and we derive some properties from this knowledge. In particular, we show
that the class number formula is true if A is a PID. Moreover, if no nonzero global
differential on X is of the form f−1 df with f ∈ F×∞ (for example if the genus of X is
zero) then the class number formula can be verified by checking that it is generated by
a 1–unit; we treat a specific example at the end of this chapter.
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4.1.2 Norms of the class number formula

The aim of this subsection is to prove in a relative setting A/k[t] that the norm of the
class number formula for a Drinfeld A–module is equal to the class number formula
for the induced Drinfeld k[t]–module. To prove the compatibilities of the L–values,
we need some local analysis in relative settings.

Lemma 4.1 —— Let K be a complete field with respect to a discrete valuation v and
let L be a finite extension of K. Let w be the unique extension of v to L.

(a) L is complete with respect to w, and the valuation ring OL of L is a free module
of rank [L:K] over the valuation ring OK of K.

(b) The norm NL/K : L× → K× is continuous and maps 1–units to 1–units, i.e., if
x ∈ L× satisfies w(x− 1) > 0 then v(NL/K(x)− 1) > 0.

Proof. Let mK and mL be the maximal ideals of OK and OL respectively. Let
κ = OK/mK and λ = OL/mL be the residue fields.

The proofs of all the claims in (a) can be found in Section II.2 of [47]. One
actually constructs a basis of OL over OK explicitly: {x1, . . . , xn} ⊂ OL is a
basis if {x1, . . . , xn} forms a basis of OL/mKOL over κ. In particular, we have
NL/K(x) mod mK = detκ(·x | OL/mKOL) for all x ∈ OL.

Let us now prove (b). For every ideal I of OK , the elements of IOL are precisely
the ones whose coordinates with respect to a given OK–basis of OL all lie in I . This
shows that NL/K(1 + mnKOL) ⊂ 1 + mnK for all positive integers n. Let e be the
positive integer satisfying mKOL = meL. Then NL/K(1 + menL ) ⊂ 1 + mnK for all
positive integers n, which implies continuity.

To prove the claim about 1–units it suffices, by virtue of the observation in (a), to show
that detκ(·x | OL/mnL) = Nλ/κ(x mod mL)n holds for all positive integers n. This is
clear for n = 1, and for n ≥ 1 we see that the sub–`–algebra mnL/m

n+1
L of OL/mn+1

L

is invariant under the action of x, so

detκ(·x | OL/mn+1
L ) = detκ(·x | mnL/mn+1

L ) · detκ
(
·x |
OL/mn+1

L

mnL/m
n+1
L

)
= detκ(·x | λ) · detκ(·x | OL/mnL).

The claim now follows by induction on n.
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Proposition 4.2 —— Let ϕ : A→ R{τ} be a model of a Drinfeld A–module over the
integral closure R of A in a finite extension of F . For every t ∈ A \ k we have

Nm(CNF(ϕ)) = CNF(ϕ|k[t]),

where Nm is the norm morphism Pic(A,F∞)→ Pic(k[t], k((1/t))).

Proof. Note that ϕ0 := ϕ|k[t] : k[t] → R{τ} is indeed a model of a Drinfeld k[t]–
module. Let K∞ = F∞ ⊗A R and let exp ∈ K∞[[X]] be the exponential power series
associated to ϕ. From the equation exp(tX) = ϕ(t)(exp(X)) it follows that exp is the
exponential for ϕ0 as well. Moreover, the functor of points E0 : AlgR →Modk[t]
of ϕ0 is the composition of the functor of points E : AlgR →ModA of ϕ, with the
forgetful functor ModA →Modk[t].

We have Nm(FittA H(ϕ)) = Fittk[t] H(ϕ0) follows from Corollary 2.31 and
Proposition 1.1 because H(ϕ0) and H(ϕ) are the same A0–modules. Moreover,
Nm(Reg(ϕ)) = Reg(ϕ0) follows from Theorem 2.27 because Reg(ϕ), resp. Reg(ϕ0)
is the index of the A–lattices, resp. k[t]–lattices, R and exp−1E(R) in K∞.

By the multiplicativity of Nm, it now suffices to show that Nm(L(ϕ)A) = L(ϕ0)k[t].
Let Nt be the norm map F×∞ → k((1/t))×. By continuity of Nt it suffices to prove for
every maximal ideal m of R that

Nt(L(ϕ mod m)) = L(ϕ0 mod m).

So write κ = R/m and recall that the local Euler factors L(ϕ mod m) and
L(ϕ0 mod m) are the unique 1–units u ∈ F× and u0 ∈ k(t)× respectively
satisfying FittA κ = uFittAE(κ) and Fittk[t] κ = u0 Fittk[t]E0(κ). Since
Nm(FittAM) = Fittk[t]M for every finitely generated torsion A–module M , we
find that u0 Nm(Fittk[t]E0(κ)) = Nt(u) Nm(Fittk[t]E0(κ)), so Nt(u)/u0 lies in
k[t]× = k×. But Nt(u)/u0 is a 1–unit, so Nt(u) = u0, as desired.

Corollary 4.3 —— Let ϕ be a DrinfeldA–module as above. Let Nm: Pic(A,F∞)→
Pic(k[t], k((1/t))) be the norm morphism for some t ∈ A\k. Then Nm(CNF(ϕ)) = 1.

Proof. This follows from Theorem 3.20 and Proposition 4.2.

Corollary 4.4 —— Let ϕ be a Drinfeld A–module as above. Then v(CNF(ϕ)) = 0,
where v is the valuation on lattices, as defined in Subsection 2.3.6.

Proof. This follows from Corollary 4.3 and Proposition 2.41.

Proposition 4.2 indicates that we are interested in those elements of F×∞ whose
norms down to k((1/t))×, for every t ∈ A \ k, is a constant. Before we can say
something meaningful about these elements with constant norms, we recall the theory
of differentials on curves.
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4.1.3 Differentials on curves

Let R be a commutative ring and let S be a commutative R–algebra. An R–derivation
of S into an S–module M is a morphism d: S →M of R–modules such that d(xy) =
xdy+ y dx for all x, y ∈ S. (In particular: dr = r d1 + dr = 2 dr, i.e., dr = 0 for all
r ∈ R.) Taking the free S–module with generators the set of symbols {dx | x ∈ S},
and quotienting out by the sub–S–module generated by the above relations yields an
S–module ΩS/R together with an R–derivation d: S → ΩS/R. This derivation into
the so–called module of relative (Kähler) differentials is universal: every R–derivation
S →M factors through d. In other words, ΩS/R represents the functor that maps an
S–module M to the S–module of R–derivations of S into M .

We now return to the setting of a geometrically irreducible, smooth, projective curve
X over a finite field k of characteristic p. Since Ω−/k commutes with base change,
one can construct a sheaf ΩX/k on X which restricts to (ΩOX(U)/k)∼ on every affine
open subset U of X , cf. [35, Prop. 6.1.17]. Since X is assumed to be a smooth curve,
ibid. Proposition 6.2.2 says that ΩX/k is locally free of rank dimX = 1. In particular,
ΩA/k = ΩX/k(X \ {∞}) is an invertible A–module, and ΩF/k is a one–dimensional
F–vector space, being the stalk of ΩX/k at the generic point of X . An alternative
way to phrase this last claim, is to say that the natural map ΩA/k ⊗A F → ΩF/k is an
isomorphism because of ibid. Proposition 6.1.8.

Now let p be a closed point of X . The choice of a local uniformiser π at p yields
an isomorphism of Fp with k(p)((π)), identifying the p–adic and π–adic valuations.
Whereas ΩA/k and ΩF/k are locally free of rank one , the module of differentials ΩFp/k

is too large. For example, if the characteristic of k is zero, then [38, Th. 26.5] says
that the differentials of a transcendence basis of k((π)) over k form a basis of Ωk((π))/k
over k. We need to take “continuous” differentials to get something manageable again:
consider the Fp–vector space

Ω̂Fp/k :=
ΩFp/k⋂

n≥0 m̂
n
p dÔp

,

together with the canonical map d: Fp → Ω̂Fp/k.

Lemma 4.5 ([48, II.11]) —— Let π be a local uniformiser at p, identifying Fp with
k(p)((π)).

(a) Let f = adπ
d +ad+1π

d+1 + · · · be an element of Fp, with ad, ad+1, . . . ∈ k(p),
and write f ′π =

∑
n≥d nanπ

n−1 ∈ Fp. Then df = f ′π dπ holds in Ω̂Fp/k.

(b) dπ forms a basis of Ω̂Fp/k over Fp.

(c) The kernel of d: Fp → Ω̂Fp/k is F pp .
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Proof of (a). We have to show that df − f ′π dπ ∈ m̂Np dÔp for every integer N ≥ 0.
Write g =

∑
d≤n<N anπ

n and note that f = g + πN+1g0 with g0 ∈ Ôp. Hence
f ′π = g′π + πNg1 for some g1 ∈ Ôp. Since dg = g′π dπ holds in ΩFp/k, we find

df − f ′π dπ = (N + 1)πNg0 dπ + πN+1 dg0 − πNg1 dπ ∈ m̂Np dÔp.

Proof of (b). Item (a) shows that dπ generates the Fp–vector space Ω̂Fp/k, so it suffices
to show that Ω̂Fp/k 6= 0. Note that Fp → Fp : f 7→ f ′π is a k–derivation of Fp. The
induced map Dπ : ΩFp/k → Fp sends dπ to 1 (hence is surjective) and

⋂
n≥0 m̂

n
p dÔp

to
⋂
n≥0 m̂

n
p = 0. Hence Dπ induces a surjective map Ω̂Fp/k → Fp, so Ω̂Fp/k 6= 0.

Proof of (c). This follows from the fact that f ′π = 0 if and only if f is a Laurent series
in πp, which, by virtue of k(p)p = k(p), is equivalent to f ∈ F pp .

The natural Fp–linear map ΩF/k ⊗F Fp → Ω̂Fp/k is an isomorphism because it is
nonzero and the source and target have the same Fp–dimension.

We can now define the following local invariants of differentials on curves.

Definition 4.6 —— Let p be a closed point of X and let ω ∈ Ω̂Fp/k. Let π be a local
uniformiser at p and write ω = f dπ, for some f =

∑
n anπ

n ∈ Fp
∼= k(p)((π)).

Then the valuation of ω is vp(ω) := vp(f) ∈ Z ∪ {+∞} and the residue of ω is

resp(ω) := Trk(p)/k(a−1) ∈ k.

Composing with ΩF/k → Ω̂Fp/k yields vp : ΩF/k \ {0} → Z and resp : ΩF/k → k.

Note that vp induces a topology on Ω̂Fp/k (the m̂∞–adic topology).

Lemma 4.7 —— (a) The map resp is k–linear and resp(df) = 0 for all f ∈ Fp.
For all ω ∈ Ω̂Fp/k with vp(ω) ≥ 0 we have resp(ω) = 0. So resp is continuous.

(b) Ω̂Fp/k is complete and ΩF/k ⊂ Ω̂Fp/k is dense.

Proof of (a). The second property follows from the observation that formal derivatives
of Laurent series in π do not contain a π−1 term. The rest is clear.

Proof of (b). The isomorphism Fp → Ω̂Fp/k : f 7→ f dπ and its inverse are continuous,
so the completeness of Ω̂Fp/k follows from the completeness of Fp. Since ΩF/k is a
one–dimensional sub–F–vector space of the one–dimensional Fp–vector space Ω̂Fp/k,
it is dense.

Let us return to Definition 4.6: one still has to verify that vp(ω) and resp(ω) are
independent of the choice of a uniformiser. So let Π = c1π + c2π

2 + · · · be another
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one, with c1, c2, . . . ∈ k(p). Then c1 6= 0, ω = f dπ = f(c1 + 2c2π+ · · · )−1 dΠ, and
vp(c1 + 2c2π + · · · ) = 0, so the valuation of ω is indeed invariant. On the other hand,
J.–P. Serre [48, Prop. II.5’] proves that a−1 is independent of the choice of uniformiser,
by first showing this in characteristic zero and then arguing that the desired equality is
just an integer polynomial identity in the coefficients c1, c2, . . ., of which we now know
that it is true for all specialisations of c1, c2, . . . ∈ C. (Note that Serre assumes k to be
algebraically closed, but his proof for this Proposition works just fine for every k.)

An alternative way to prove the invariance of the residue, is to show that the above
notion of residues coincides with the one from [59], in which J. Tate first develops
a theory of traces of so–called finite potent linear operators on infinite dimensional
vector spaces, and then defines the residue as the trace of a finite potent commutator of
some k–endomorphisms of Fp. Since Tate’s construction is intrinsic, the independence
of the choice of uniformiser is then immediate. So let us show the compatibility of
Tate’s residues with the above.

We use the notation from [59]. First note that Tate’s residue is a map r : ΩFp/k → k,
which by property (R2) ibid. factors through a map Ω̂Fp/k → k, of which we want
to prove that it equals resp. One could also use Tate’s framework to define a residue
map r = resFp

Ôp

: ΩFp/k(p) → k(p) (with his notation). Theorem 2 ibid. then shows

that r(
∑
n ant

n dt) = a−1, upon choosing a local uniformiser π. So we want to prove
that the following diagram commutes

ΩFp/k(p) k(p)

ΩFp/k k

r

Trk(p)/k

r

in which the left hand vertical map is induced by the k–derivation Fp → ΩFp/k(p).
To compute r(f dg) for some f, g ∈ Fp one takes appropriate f1, g1 ∈ Endk(p)(Fp)
and defines r(f dg) to be the trace over k(p) of the finite potent k(p)–endomorphism
f1g1−g1f1 of Fp. The point is now that f1 and g1 work for r(f dg) as well, so we want
to prove that Tate’s traces satisfy TrV/k = Trk(p)/k ◦TrV/k(p) for every k(p)–vector
space V . By the very construction of these traces, it suffices to prove this equality for
finite dimensional V , reducing the statement to a straight–forward computation upon
choosing appropriate bases. This proves that Tate’s residues coincide with the above.

We now state two classic results about residues.

Theorem 4.8 (Residue formula [48, Prop. II.6], [59]) —— For all ω ∈ Ωk(X)/k we
have that

∑
p resp(ω) = 0, the sum being taken over all closed points p of X .
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Theorem 4.9 (Serre duality [48, Th. II.2], [59]) —— (All p are closed points of X .)
Let D =

∑
p np[p] be a divisor on X . Let Ω(−D) be the k–vector space

{ω ∈ Ωk(X)/k \ {0} | ∀p : vp(ω) ≥ np} ∪ {0}.

Let AX be the k–algebra

{(fp)p ∈
∏
p

Fp | fp ∈ Ôp for all but finitely many p}

of adèles on X . Let AX(D) = {(fp)p ∈ AX | ∀p : vp(fp) ≥ −np}. Then the map

Ω(−D)× AX
k(X) + AX(D) → k : (ω, (fp)p) 7→

∑
p

resp(fpω)

is a perfect pairing.

Remarks ——

• A sanity check for the definition of the pairing: if (fp)p ∈ k(X) + AX(D)
and ω ∈ Ω(−D) then

∑
p resp(fpω) = 0. Indeed, if (fp)p ∈ AX(D) then

vp(fpω) ≥ 0, so resp(fpω) = 0 for all p. On the other hand, if f ∈ k(X), then
fω ∈ Ωk(X)/k, so

∑
p resp(fω) = 0 by the residue formula.

• The duality theorem says that Ω(−D) is isomorphic to the k–vector space of
k–linear maps AX → k vanishing on k(X) and AX(D), which are often called
Weil differentials, e.g. in [43].

• The genus of X is defined as the dimension of the k–vector space Ω(0) of all
ω ∈ Ωk(X)/k satisfying vp(ω) ≥ 0 for all closed points p of X .

We now fix a closed point∞ onX and introduce the Drinfeld ringA = OX(X \{∞}).

We write 〈f, ω〉 = res∞(fω) for all f ∈ F∞ and ω ∈ ΩF∞/k. Note that 〈f, ω〉 = 0 for
all f ∈ F∞ and ω ∈ m̂

−v∞(f)
∞ dÔ∞, so 〈−,−〉 descends to a map F∞ × Ω̂F∞/k → k.

Corollary 4.10 —— The following is an exact sequence of A–modules:

0 A F∞ Homk(ΩA/k, k) 0f 7→〈f,−〉

Proof. For every positive integer n, Theorem 4.9 puts the k–vector spaces Ω(n∞) and
AX/(F +AX(−n∞)) in duality. We start by describing this last vector space without
using adèles. Let i be the inclusion of F∞ in AX . The density of F in its completions
and strong approximation imply that AK = F + AK(0) + i(F∞). In particular, the
map F∞ → AX/(F +AX(−n∞)) induced by i is surjective. We claim that its kernel
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is equal to A+ m̂n∞. If f ∈ F∞ satisfies i(f)− g ∈ AX(−n∞) for some g ∈ F then
vp(g) ≥ 0 for all p 6=∞, so g ∈ A, and v∞(f−g) ≥ n, i.e. f = g+(f−g) ∈ A+m̂n∞.
Conversely, i(m̂n∞) ⊂ AX(−n∞) and a− i(a) ∈ AK(−n∞) for all a ∈ A. So Serre
duality yields an isomorphism

F∞
A+ m̂n∞

→ Homk(Ω(n∞), k) : f 7→ 〈f,−〉. (4.1)

Note that the non–∞ components of i(f) are zero, so the sum over all p in Serre duality
reduces to one term in the above map (4.1). We are ready to prove exactness.

For exactness at F∞, note that the residue formula and the observation that
resp(ΩA/k) = 0 for all p 6= ∞ imply that res∞(ΩA/k) = 0, so A is contained
in the kernel. Conversely, (4.1) implies that the kernel is contained in

⋂
n≥1(A+ m̂n∞).

So it suffices to prove that this intersection equals A. Suppose that f ∈ F∞ can be
written as f = an+fn with an ∈ A and fn ∈ m̂n∞ for all n ≥ 1. If am 6= an for some
m and n, then 0 ≥ v∞(am − an) = v∞(fn − fm) ≥ min(m,n) > 0. So all an are
equal to some a ∈ A, and hence v∞(f − a) = v∞(fn) ≥ n for all n, i.e., f = a ∈ A.

For exactness at Homk(ΩA/k, k), let α ∈ Homk(ΩA/k, k) be arbitrary. For every
positive integer n let fn ∈ F∞ be such that α(ω) = res∞(fnω) holds for all ω ∈
Ω(n∞) ⊂ ΩA/k. For all m ≥ n we have fm − fn ∈ A+ m̂n∞. In particular, for all n
there exist an ∈ A and xn ∈ m̂∞ such that fn = f1 + an + xn. From

xm − xn = (fm − fn)− (am − an) ∈ (A+ m̂n∞) ∩ m̂∞ = m̂n∞

we deduce that the sequence (xn) converges to an element x ∈ F∞. We claim that
α = 〈f1 + x,−〉. Let 0 6= ω ∈ ΩA/k be arbitrary and let n = −v∞(ω). Let m ≥ n be
such that v∞(xm − x) ≥ n. Then

fm − f1 − x = am + (xm − x) ∈ A+ m̂n∞,

so α(ω) = res∞(fmω) = res∞((f1 + x)ω), as desired.

Corollary 4.11 —— The following is an exact sequence of A–modules:

0 ΩA/k Ω̂F∞/k Homk(A, k) 0ω 7→〈−,ω〉

Proof. Since Ω := ΩA/k is flat, it suffices to prove that the vertical maps in the
following naturally constructed commutative diagram are isomorphisms:

0 A⊗A Ω F∞ ⊗A Ω Homk(Ω, k)⊗A Ω 0

0 Ω Ω̂F∞/k Homk(A, k) 0

α⊗ω 7→(a7→α(aω))
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The left hand vertical map is clearly an isomorphism. The middle vertical map is a
nonzero map between one–dimensional F∞–vector spaces, whence an isomorphism. It
now suffices to prove the following Lemma.

Lemma 4.12 —— Let k → R be a morphism of commutative rings and let M be an
invertible R–module. Then the following map is an isomorphism of R–modules:

Homk(M,k)⊗RM → Homk(R, k) : f ⊗m 7→ (R→ k : r 7→ f(rm)).

Proof. Step 1. For all x, y ∈M we have x⊗ y = y⊗ x in M ⊗RM . Indeed, the map
M ⊗RM →M ⊗RM : x⊗ y 7→ x⊗ y − y ⊗ x is just the zero map locally. So we
may assume that M is free of rank one, take a basis {m} of M over R, take r, s ∈ R
such that x = rm and y = sm, and then compute that x⊗ y = rs ·m⊗m = y ⊗ x.

Step 2. For all x, y ∈ M and f ∈ HomR(M,R) we have f(x)y = f(y)x in M .
Indeed, the evaluation map HomR(M,R)⊗RM → R is an isomorphism, hence so is
the map HomR(M,R)⊗RM ⊗RM →M : f ⊗ x⊗ y 7→ f(x)y. Now use Step 1.

Step 3. The evaluation map HomR(M,R) ⊗R M → R is an isomorphism, so take
f1, . . . , fr ∈ HomR(M,R) and m1, . . . ,mr ∈ M such that

∑
i fi(mi) = 1. One

now checks, using Step 2, that the map

Homk(R, k)→ Homk(M,k)⊗RM : f 7→
∑
i

(ffi)⊗mi

is a two–sided inverse to the one from the enunciation.

4.1.4 Elements with constant norms

For every t ∈ A \ k we let Nt be the norm from F∞ to k((1/t)). We also introduce the
logarithmic derivative homomorphism

dlog : F×∞ → Ω̂F∞/k : f 7→ f−1 df.

It is continuous because for all n ≥ 1 and x ∈ m̂n∞ we have

v∞(dlog(1 + x)) = v∞(d(1 + x)) = v∞(dx) ≥ n− 1.

Lemma 4.13 —— Consider the map

r : F×∞ → Homk(A, k) : f 7→ (a 7→ res∞(a dlog f)).

Let t ∈ A \ k and define r0 : k((1/t))× → Homk(k[t], k) similarly. Then the following
diagram commutes:
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F×∞ Hom(A, k)

k((1/t))× Hom(k[t], k)

r

Nt −◦(k[t]↪→A)

r0

Proof. Step 1. Let p be a closed point of the curve X , let a ∈ Ôp and f ∈ F×p . Then

resp(af−1 df) = vp(f) Trk(p)/k(a).

Indeed, if vp(f) = 0 then vp(af−1 df) ≥ 0, so both sides equal zero. So it suffices to
note that if π is a local uniformiser at p, then

resp(adlog π) = resp(aπ−1 dπ) = Trk(p)/k(a),

because a is congruent to a mod π in k(p)((π)) ∼= Fp.

Step 2. For all a ∈ k[t] and f ∈ F× we have

res∞(af−1 df) = res∞0(aNt(f)−1 dNt(f)).

Indeed, since ω := af−1 df ∈ ΩF/k and ω0 := aNt(f)−1 dNt(f) ∈ Ωk(t)/k, the
residue formula says that it suffices to prove for every closed point p0 6=∞0 of P1

k that∑
p7→p0

resp(ω) = resp0(ω0), the sum being taken over all closed points of X above

p0. The advantage is now that a ∈ Ôp0 because a ∈ k[t], so we can use the previous
item to see that the desired equality is equivalent to∑

p7→p0

vp(f) Trk(p)/k(a) = vp0(Nt(f)) Trk(p0)/k(a).

Since k(p) is a finite extension of k(p0), say of degree dp, we have that Trk(p)/k(a) =
dp Trk(p0)/k(a), so it suffices to prove that

vp0(Nt(f)) =
∑
p

vp(f)dp.

Let F0 = k(t) and note that F ⊗F0 F0,p0 =
∏

p Fp by [47, II.3], so Nt(f) =∏
pNp(f), where Np is the norm NFp/F0,p0

. We hence want to prove that
vp0(Np(f)) = vp(f)dp for every p 7→ p0. The well–known “n = ef” formula
loc. cit. says that if π ∈ F0,p0 is a local uniformiser at p0, then vp0(Np(π)) =
[Fp:F0,p0 ] = vp(π)dp. Since the places vp0 ◦ Np and vp of Fp are equivalent, this
implies that vp0 ◦Np = dpvp, as desired.

Step 3. Using the density of F in F∞ and the fact that dlog, res and Nt are continuous,
we deduce from Step 2 that

res∞(af−1 df) = res∞0(aNt(f)−1 dNt(f))

for all a ∈ k[t] and f ∈ F×∞. This is precisely the commutativity of the diagram.



THE NORM ARGUMENT 87

Proposition 4.14 —— Let f ∈ F×∞ satisfy Nt(f) ∈ k× for all t ∈ A \ k. Then
v∞(f) = 0 and dlog f ∈ ΩA/k ⊂ Ω̂F∞/k.

Proof. Let v0 be the restriction of v∞ to k((1/t)). Then the places v0 ◦Nt and v∞ of
F∞ are equivalent, so v0(Nt(f)) = 0 implies that v∞(f) = 0. Now consider the map

ρ : Ω̂F∞/k → Homk(A, k) : ω 7→ (a 7→ res∞(aω)),

whose kernel is ΩA/k by Corollary 4.11. To show that dlog f ∈ ΩA/k it suffices to
prove that ρ(dlog f) is the zero map. Let t ∈ A \ k be arbitrary. Since Nt(f) ∈ k×
implies that dNt(f) = 0 in Ω̂k((1/t))/k, the commutativity of the diagram

F×∞ Hom(A, k)

k((1/t))× Hom(k[t], k)

ρ dlog

Nt −◦(k[t]↪→A)
ρ0 dlog0

entails that ρ(dlog f) is trivial on k[t]. In particular, ρ(dlog f)(k) = 0 and
ρ(dlog f)(t) = 0 for all t ∈ A \ k. This implies that ρ(dlog f) = 0, as desired.

Corollary 4.15 —— Assume that dlog(Ô×∞) ∩ Γ(X,ΩX/k) = 0. If f ∈ F×∞ satisfies
Nt(f) ∈ k× for all t ∈ A \ k, then f ∈ k(∞)×.

Proof. Suppose that f ∈ F×∞ \ k(∞)× has trivial norms. Writing f as a Laurent series
over k(∞) shows that f = gp

n

for some integer n ≥ 0 and some g ∈ F×∞ \ F p∞. Then
g has trivial norms as well because xp ∈ k× implies x ∈ k× for all x ∈ k((1/t)).
Lemma 4.5 and Proposition 4.14 now imply that dlog g is a nonzero element of
dlog(Ô×∞) ∩ Γ(X,ΩX/k). This contradicts the assumption, so no such f exists.

Corollary 4.16 —— Let ϕ be a model of a Drinfeld A–module over the integral
closure of A in a finite extension of F . Assume that CNF(ϕ) = fA for some f ∈ F×∞.

(a) If the genus of X is zero and f is a 1–unit, then CNF(ϕ) = 1.

(b) If dlog(Ô×∞) ∩ Γ(X,ΩX/k) = 0 and k(∞) = k, then CNF(ϕ) = 1.

Proof. In both cases we have dlog(Ô×∞) ∩ Γ(X,ΩX/k) = 0 because the dimension of
the k–vector space Γ(X,ΩX/k) = Ω(0) is equal to the genus of X . Proposition 4.2
implies that Nt(f) ∈ k× for all t ∈ A \ k, so f ∈ k(∞)× by Corollary 4.15. In both
cases, f is a 1–unit, so this implies that f = 1.

Remarks ——

• We would like to stress that, in the case that X has genus zero, item (a) of
Corollary 4.16 says that to verify the class number formula for a given ϕ, it
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suffices to check that FittA(H(ϕ)) · Reg(ϕ) is a free lattice generated by a
1–unit. This avoids the approximation of the L–value, whose convergence is
often rather slow.

• We have dlog(F×∞)∩Γ(X,ΩX/k) = dlog(Ô×∞)∩Γ(X,ΩX/k). Indeed, assume
that ω = dlog f ∈ Γ(X,ΩX/k) for some f ∈ F×∞. Now write f = πng, where
n = v∞(f) and g ∈ Ô×∞ and note that ω = nπ−1 dπ + dlog g, where v∞(ω)
and v∞(dlog g) are non–negative. This implies that n = 0 holds in k(π), i.e., p
divides n, which shows that ω = dlog g ∈ dlog(Ô×∞).

• The first step in the proof of the commutativity of the diagram in the proof of
Proposition 4.14 is a hands–on version of Tate’s property (R4) in [59]. One of
its consequences is that resp(f−1 df) = vp(f)[k(p):k] holds for all f ∈ F×
and all closed points p of X . The residue formula for the global differential
f−1 df ∈ ΩF/k therefore reads as the statement that the degree of the prinicpal
divisor (f) on X is zero modulo p:

0 =
∑
p

resp(f−1 df) =
∑
p

vp(f)[k(p):k].

• If instead of Pic(A,F∞) we look at Pic(A,F ), then we can easily describe the
elements all of whose norms are trivial: the map

Pic(A,F )
∏
t∈A\k

Pic(k[t], k(t))
∏

Nm

is injective. Indeed, let I 6= A be a fractional ideal of A; we shall prove that
some norm of I is not trivial. Let p be a prime appearing in its prime ideal
factorisation and let n be a positive integer such that pn is principal, say pn = tA
for some t ∈ A. Let Nm: Pic(A,F ) → Pic(k[t], k(t)) be the corresponding
norm map. From the equality pn = tA it follows that p is the only prime ideal
lying above the prime ideal (t) in the extension A/k[t]. (If t ∈ q 6= p then
A = q + pn = q + tA ⊂ q.) So Nm(I) is a fractional ideal of k[t] whose
(t)–adic valuation equals fpvp(I) 6= 0. Hence Nm(I) 6= 1 in Pic(k[t], k(t)).

The idea is now that the settings in which dlog(Ô×∞) ∩ Γ(X,ΩX/k) is trivial, lend
themselves to significant progress towards the class number formula.
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4.2 The class number formula for PIDs

This section is devoted to the proof of the following generalisation of Theorem 3.20.

Theorem 4.17 —— Let A be a Drinfeld ring which is a PID. Let ϕ : A→ R{τ} be a
model of a Drinfeld A–module over the integral closure R of A in a finite extension of
F . Then

L(ϕ)A = Reg(ϕ) · FittA H(ϕ) in Pic(A,F∞).

That is, the class number formula is true for principal ideal domains. Besides Fq[t]
(for every q), there are four more Drinfeld rings which are a PID, and we list them in
Subsection 4.2.3. The proof of Theorem 4.17 will be postponed until that point as well,
as we need to go through some preliminaries first.

We still use the notation from Subsection 4.1.1.

4.2.1 The Cartier operator

In this subsection, which is again about differentials on curves, we introduce an operator
which was first considered by J. Tate [58] (he called it a substitute for the trace in
inseparable extensions of degree p, e.g. F/F p) and which was subsequently generalised
by P. Cartier [12] (after whom the operator is now named) to varieties of arbitrary
dimension. The reason why this operator will eventually be useful to us, is that it can be
used to characterise logarithmic differentials, so it is a tool for checking the hypotheses
of Corollary 4.15 and 4.16.

Proposition 4.18 (Cartier operator) ——

(a) There exists a unique homomorphism C : ΩF/k → ΩF/k satisfying

– C(df) = 0 for all f ∈ F
– C(f−1 df) = f−1 df for all f ∈ F×

– C(fpω) = fC(ω) for all f ∈ F and ω ∈ ΩF/k

(b) For every closed point p ofX there exists a unique homomorphismCp : Ω̂Fp/k →
Ω̂Fp/k satisfying the above properties, but with F replaced by Fp.

(c) The following is an exact sequence of abelian groups:

1 F× F× ΩF/k ΩF/k
p dlog C−1

Lemma 4.19 —— We have [F :F p] = p. In particular: F = F p(x) for all x ∈ F \F p.
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Proof. We recall the proof from [43, Prop. 7.4]. Let x ∈ F be such that F is a finite
extension of k(x). The isomorphism F → F p : x 7→ xp maps k(x) to k(x)p, so

[F :k(xp)] = [F :F p][F p:k(x)p] = [F :F p][F :k(x)].

It follows that [F :F p] = [k(x):k(xp)]. So it suffices to prove that [k(x):k(xp)] = p.
The minimal polynomial of x over k(xp) divides Xp − xp, which equals (X − x)p
in k(x), so it must be of the form (X − x)n for some 1 ≤ n ≤ p. The coefficient
−nx at Xn−1 is an element of k(xp) ⊂ F p, so if n < p then −n ∈ (k×)p would that
x ∈ k(x)p, a contradiction. This means that [k(x):k(xp)] = n = p.

The second claim follows from the fact that if x ∈ F \ F p, then F ⊃ F p(x) ) F p,
where F/F p has (prime) degree p.

Proof of Proposition 4.18. Proof of (a). Choose x ∈ F \ F p. Then F = F p(x) and
dF p = 0 imply that dx generates the F–vector space ΩF/k. So for every ω ∈ ΩF/k
there exist unique y0, . . . , yp−1 ∈ F such that

ω = (yp0 + yp1x+ · · ·+ ypp−1x
p−1) dx,

and we set C(ω) = yp−1 dx. This was the only possible way to define C(ω),
because yp0 + yp1x + · · · + ypp−2x

p−2 dx ∈ dF and C(ypp−1x
p−1 dx) must equal

yp−1xC(x−1 dx) = yp−1 dx. We refer the reader to [58], [12] or [44] for the
straightforward proof the C satisfies the conditions, which moreover implies that
C is independent of the choice of x.

Note that if vp(ω) ≥ np for some integer n ≥ 0, then vp(C(ω)) ≥ n. Indeed,
vp(f) = mini{pvp(yi) + i} because the valuations are all different, as they are
different modulo p. Hence p(vp(yi) + 1) > pvp(yi) + i = vp(f) ≥ np, which implies
that vp(yi) ≥ n for all i. In particular, vp(C(ω)) = vp(yp−1) ≥ n.

Proof of (b). To prove the existence of the local Cartier operators, one can proceed in
two ways. Either mimic the above construction: the choice of a local uniformiser π
at p yields a basis {1, π, . . . , πp−1} of F∞ ∼= k(p)((π)) over F p∞. One then similarly
defines the operator and proves that it satisfies the desired properties (proving that it
fixes dlog’s is easier in this case) and we are done. An alternative is to derive Cp as the
limit of C: with respect to vp, ΩF/k is dense in Ω̂Fp/k and Ω̂Fp/k is complete. This
construction has the desired properties because d and dlog are continuous.

Proof of (c). In (a) we proved that if x ∈ F \ F p, then dx generates ΩF/k 6= 0, so
dx 6= 0. Since dF p = 0, we have exactness at F×. The second property listed in
(a) shows that dlog(F×) ⊂ ker(C − 1). The reversed inclusion is the content of
Proposition 7 in Chapter II of [13]. (The condition dω = 0 in that Proposition is
automatic, as ΩF/k has dimension one, so Cartier’s Ω2(F/F p) is trivial.)
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Remarks ——

• Since dx, xdx, . . . , xp−2 dx ∈ dF , the kernel of C is dF .

• Since the local Cp satisfies the conditions from the global C, the restriction of
Cp to ΩF/k equals C.

• Iterating the Cartier operator dimFp k times yields a k–linear endomorphism
C(k) of ΩF/k, which still satisfies the properties from Proposition 4.18(a), after
replacing p by |k|. We call this the k–linear Cartier operator.

• If ω ∈ Ω̂Fp/k and n ∈ Z≥0 satisfy vp(ω) ≥ np, then vp(C(ω)) ≥ n. The proof
of this fact depends on how one prefers to construct Cp: either mimic the above
proof for C and ΩF/k, or deduce it from that case. A corollary to this observation
is that the Cartier operator maps Γ(X,ΩX/k) into itself.

• Serre duality puts Γ(X,ΩX/k) and H1(X,OX) in duality. Under this duality,
the Cartier operator is the dual of the Frobenius operator on H1(X,OX), as
Serre himself observes in [46, Prop. 9].

4.2.2 Regular logarithmic derivatives

Let Pic0(X/k) be the finite group of divisors (formal sums of closed points) of degree
0 on X modulo divisors of elements of F×.

Proposition 4.20 ([46]) —— The p–torsion subgroup of Pic0(X/k) is canonically
isomorphic to G := dlog(F×) ∩ Γ(X,ΩX/k).

Proof. IfD is a degree 0 divisor onX such that pD = (f) for some f ∈ F×, then write
ωD = dlog f ∈ dlog(F×) ⊂ ΩF/k, which is independent of the choice of f because
dlog of a constant is zero. Moreover, for all g ∈ F× we have ωD+(g) = dlog(fgp) =
dlog f = ωD, so ω− induces a homomorphism Pic0(X/k)[p] → dlog(F×). Now
observe that ωD ∈ Γ(X,ΩX/k) for all D ∈ Pic0(X/k)[p]. Indeed, take f ∈ F×

such that pD = (f). For all closed points p of X we have f = gpu for some
g ∈ F×p and u ∈ Ô×p . Then vp(dlog f) = vp(dlog u) ≥ 0. Since p was arbitrary,
this means that ωD = dlog f ∈ Γ(X,ΩX/k). So ω− induces a homomorphism
Pic0(X/k)[p]→ dlog(F×), of which we now want to prove that it is an isomorphism.

It is clearly injective, as pD = (f) and dlog f = 0 imply that f ∈ F p, so D = 1
p (f)

is principal. To prove surjectivity, let f ∈ F× satisfy dlog f ∈ Γ(X,ΩX/k). We want
to show that vp(f) ∈ pZ for every closed point p of X , as this would imply that (f) is
the image of [ 1

p (f)] ∈ Pic0(X/k)[p]. So choose a local uniformiser π at p and write

f = πnu with n = vp(f) and u ∈ Ô×p . Then nπ−1 dπ = dlog f − dlog u ∈ Ω̂Fp/k

must have nonnegative valuation, implying that n = 0 in k, i.e., p | n.
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Remark —— The group G = dlog(F×) ∩ Γ(X,ΩX/k) has order pσ for some
0 ≤ σ ≤ g, where g is the genus of X . This is exercise 4.16 in [51] (as well as
Proposition 10 in [46]) and we sketch its proof for the convenience of the reader. The k–
vector space Γ(X,ΩX/k) has dimension g, so it suffices to prove that if ω1, . . . , ωn ∈ G
are linearly dependent over k, then they are linearly dependent over Fp. Take a minimal
relation

∑
i xiωi = 0 for some xi ∈ k (i.e., the number of nonzero xi is nonzero but

minimal). Take yi ∈ k such that ypi = xi and note that

0 = C

(∑
i

ypi ωi

)
=
∑
i

yiC(ωi) =
∑
i

yiωi

because ωi ∈ dlog(F×). Now take an index j for which xj 6= 0 and note that
0 =

∑
i(y

p
i − y

p−1
j yi)ωi has at least one nonzero coefficient less. By minimality of

the original relation, we find that ypi = yp−1
j yi, i.e., yi/yj ∈ Fp for all i. This implies

that the relation 0 =
∑
i yiωi is actually a relation over Fp, as desired.

Corollary 4.21 —— For every closed point p of X we have

dlog(F×) ∩ Γ(X,ΩX/k) = dlog(F×p ) ∩ Γ(X,ΩX/k).

Proof. One inclusion is obvious, so suppose that ω ∈ dlog(F×p ) ∩ Γ(X,ΩX/k). Since
ω ∈ dlog(F×p ), we have ω = Cp(ω). On the other hand, Cp(ω) = C(ω) because
ω ∈ ΩF/k. So ω ∈ Γ(X,ΩX/k) satisfies C(ω) = ω, which means that ω ∈ dlog(F×)
because of Proposition 4.18(c).

This shows, together with Proposition 4.20, that dlog(F×p ) ∩ Γ(X,ΩX/k) is trivial if
and only if p - |Pic0(X/k)|. We can therefore rephrase item (b) of Corollary 4.16:

Corollary 4.22 —— Suppose that p - |Pic0(X/k)|. Let ϕ be a model of a Drinfeld
A–module over the integral closure of A in a finite extension of F . If CNF(ϕ) = fA
for some 1–unit f ∈ F×∞, then CNF(ϕ) = 1. In particular: if p - |Pic0(X/k)|,
k(∞) = k and CNF(ϕ) = 1 in Pic(A), then CNF(ϕ) = 1 in Pic(A,F∞).

Proof. Follows from Corollaries 4.15 and 4.21.

Remarks ——

• Let (E,∞) be an elliptic curve over k, where ∞ is its designated rational
point. Then E(k) ∼= Pic0(E/k) by mapping a k–rational point p to the class of
[p]− [∞], cf. [50, Th. X.3.8]. So if the Drinfeld ring A arises from an elliptic
curve with no rational p–torsion, then the only possible obstruction for the class
number formula lies in Pic(A).
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• Concerning Proposition 4.14: I do not know whether the kernel of the map
F×∞ →

∏
t∈A\k k((1/t))× : f 7→ (Nt(f))t can be larger than k(∞)×. Its kernel

would be k(∞)× if the following map were injective:

N : Ô×,1∞ →
∏
t∈A\k

Fq((1/t))× : f 7→ (Nt(f))t,

where Ô×,1∞ denotes the group 1 + m̂∞ of 1–units. Indeed, if f ∈ F×∞ satisfies
Nt(f) ∈ k× for all t ∈ A\k, then g := f |k(∞)|−1 ∈ Ô×,1∞ satisfiesNt(g) ∈ k×,
so Lemma 4.1 implies that Nt(g) = 1. This would imply that g ∈ kerN = {1}
and hence f ∈ k(∞)×.

So we are interested in the kernel Z of N . Note that Ô×,1∞ is a Zp–module
by exponentiation and that Z is a sub–Zp–module of Ô×,1∞ . Since F p∞ gets
mapped to zero by dlog, we get an injective map Z/(Z ∩ F p∞) → Ω̂F∞/k.
Now note that Z ∩ F p∞ = pZ, because if f ∈ F×∞ satisfies N(fp) = 1, then
N(f) = 1. The injective map Z/pZ → Ω̂F∞/k of Fp–vector spaces lands in
dlog(F×∞) ∩ Γ(X,ΩX/k) (Proposition 4.14), of which we have proven that it
has dimension at most g over Fp. Nakayama’s lemma now implies that Z is a
finitely generated Zp–module of rank at most g.

4.2.3 Principal ideal domains: four more rings

Proof of Theorem 4.17. Suppose that the Drinfeld ring A is a principal ideal domain.
Leaving out the point∞ in every divisor, we get an injective map Pic0(X/k)→ Pic(A)
which fits into a short exact sequence

0 −→ Pic0(X/k) −→ Pic(A) deg−→ Z/d∞Z −→ 0,

where d∞ = dimk k(∞). (See [21, Lemma 4.1.2]; the third map is surjective because
there exists a degree one divisor only involving closed points in X \ {∞}.) Since A is
assumed to be a principal ideal domain, we must have Pic0(X/k) = 0 and d∞ = 1.
The Theorem now follows from Corollary 4.22.

The condition that d∞ = 1 and Pic0(X/k) = 0 both hold, is however quite restrictive.
Using Riemann–Roch and the Weil conjectures one can prove that there exist, up to
isomorphism, only finitely many function fields of curves of class number one (i.e.,
Pic0(X/k) = 0) and of positive genus, and one can moreover explicitly describe these,
cf. [37] and [34]. (Actually, their list was only recently completed, cf. [52], [49] and
[39].) From this explicit list, it follows that apart from A = k[t], the only other A with
class number one are the following:

• A1 = F2[x, y]/(y2 + y + x3 + x+ 1)
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• A2 = F4[x, y]/(y2 + y + x3 + α) where α ∈ F4 satisfies α2 + α+ 1 = 0

• A3 = F3[x, y]/(y2 − x3 + x+ 1)

• A4 = F2[x, y]/(y2 + y + x5 + x3 + 1)

Each of these arise as the ring of regular functions on a curve Xj away from a fixed
closed point∞j of degree one, and we denote the fraction field of Aj by Fj = k(Xj).
So one could now prove Theorem 4.17 by checking that dlog(Ô×∞j

) ∩ Γ(Xj ,ΩXj/k)
is trivial for each j. We show how this can be done through explicit computations.

If j ∈ {1, 2, 3} then Xj is an elliptic curve, so Corollary 4.22 says that it suffices to
prove that p - |Xj(k)|. Now just compute that |X1(F2)| = |X2(F4)| = |X3(F3)| = 1.
For j = 4 we will prove directly that dlog(Ô×∞4

) ∩ Γ(X4,ΩX4/F2) is trivial. We first
determine x in F4,∞4 = F2((π)), where π = x2/y is a uniformiser at ∞4. Since
y2 + y = x5 + x3 + 1, we see that z := x−1 satisfies z = π2 + πz2(π+ z+ πz3) and
v∞(z) = 2. Plugging in z = π2 +O(π3) in the equation for z yields

z = π2 + π(π4 +O(π6))(π + π2 +O(π3)) = π2 + π6 + π7 +O(π8).

We hence have x = π−2 + π2 + π3 +O(π4). This shows that dx = (π2 +O(π4)) dπ
and x dx = (1 + O(π2)) dπ are linearly independent over F2 and have nonnegative
valuation at∞4. Since x is regular away from∞4 and X4 has genus 2, we conclude
that {dx, xdx} forms an F2–basis of Γ(X4,ΩX4/F2). So we want to prove that if
(c + c′x) dx ∈ dlog(Ô×∞) for some c, c′ ∈ F2, then c = c′ = 0. Now note that
(c + c′x) dx would then be fixed by the F2–linear Cartier operator C. Moreover,
C(dx) = 0 and C(x dx) = C(x2 dx/x) = xC(dx/x) = dx, so we would have

(c+ c′x) dx = C((c+ c′x) dx) = cC(dx) + c′C(xdx) = c′ dx,

i.e., c = c′ = 0. This concludes the proof.

4.3 An example with nontrivial Picard group

4.3.1 Setting: the Drinfeld ring and Drinfeld module

The Drinfeld ring A, the finite extension and completions

Let k = Fq be a finite field with q elements and let α ∈ Fq \ F2
q . (In particular: q is

odd.) Let β be a square root of α in Fq2 . We consider the genus 0 curve X = P1
Fq and

the Fq–algebra

A := Fq[x, y]
(y2 − αx2 − 1) .
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Proposition 4.23 ——

• The map SpecA → X given by the function T = αx/(y − 1) is an open
immersion, and the complement of the image is the unique degree two point∞
of X . In particular, A ∼= OX(X \ {∞}).

• The embedding of the Fq–algebra A into the function field F = Fq(T ) of X is
given by x 7→ 2T (T 2 − α)−1 and y 7→ 2α(T 2 − α)−1 + 1.

• A uniformiser at∞ is π := x−1. The embedding ι : F → Fq2((x−1)) defined by

ι(x) = π−1 and ι(y) = βπ−1 + (2β)−1π + · · ·

realises F∞ = Fq2((π)) as the completion of F with respect to v∞.

• We have an isomorphism A⊗Fq Fq2 → Fq[t, t−1] of Fq2 –algebras, given by

x⊗ 1 7→ (t− t−1)/(2β) and y ⊗ 1 7→ (t+ t−1)/2.

Proof. Choose an affine line Spec(Fq[T ])) inX and denote the closed point V (T 2−α)
of Spec(Fq[T ])) by ∞. We want to describe OX(X \ {∞}) ⊂ Fq(T ). A rational
function in T is regular onX\{∞} if and only if it is of the form (T 2−α)−mf for some
m ∈ Z and f ∈ Fq[T ] of degree < 2m. It follows that the morphism Fq[x0, y0]→ A
of Fq–algebras defined by x0 7→ T (T 2 − α)−1 and y0 7→ (T 2 − α)−1 is surjective. It
is clear that x2

0 − αy2
0 − y0 lies in its kernel, and one shows by a direct computation

that 0 is the only element of the form f(y0) + x0g(y0) with f, g ∈ Fq[y0] in the kernel.
(The degree of the image of f(y0) is even, while the degree of the image of x0g(y0)
is odd.) So we get an isomorphism Fq[x0, y0]/(x2

0 − αy2
0 − y0) ∼= OX(X \ {∞}). A

linear change of variables x 7→ 2x0 and y 7→ 2αy0 + 1 now yields that OX(X \ {∞})
is isomorphic to A and that the first three items of the Proposition hold true. The fourth
claim follows from the third. For the final claim, we note that the we have an inverse
map, given by t 7→ (y ⊗ 1) + (x⊗ β) and t−1 7→ (y ⊗ 1)− (x⊗ β).

We adopt the notation introduced in the above Proposition, and we write K = F2
q(t),

OK = Fq2 [t, t−1] and K∞ = F∞ ⊗F K. The last item realises A inside OK as
Fq[t+ t−1, β(t− t−1)]. We then have t = y + βx.

Proposition 4.24 —— • The extension K/F has degree 2 and its Galois group is
generated by the Fq–automorphism σ of K defined by β 7→ −β and t 7→ t−1.

• OK is the integral closure of A in K.

• We have an isomorphism ι : K∞ → F∞ × F∞ of F∞–algebras, satisfying
ι(f) = (ι(f), ι(f)) for all f ∈ F∞, ι(β) = (β,−β) and

ι(t) = (2βπ−1 + (2β)−1π + · · · , (2β)−1π + · · · ).



96 THE CLASS NUMBER FORMULA – PROGRESS & ESTABLISHED CASES

Proof. From t = y+βx it follows that [K:F ] = [Fq2(x, y):Fq(x, y)] = 2. The second
claim follows from the fact that σ has order 2 and that it fixes x = (t − t−1)/(2β)
and y = (t+ t−1)/2. To prove that OK is the integral closure of A in K, let a ∈ K
be integral over A and write a = f + βg with f, g ∈ F . Then 2f = a + σ(a) is
σ–invariant, so 2f ∈ A. Similarly, f2 − αg2 = aσ(a) ∈ A. From 2, α ∈ A× it
now follows that f ∈ A and g2 ∈ A. In the Dedekind domain A, the condition
g2 ∈ A is equivalent to g ∈ A, so all integral elements lie in A+ βA = Fq2 [x, y] =
Fq2 [y + βx, y − βx] = Fq2 [t, t−1]. The reverse inclusion is obvious.

To prove the last item, note that K = F (β) ∼= F[b]/(b2 − α), so

K∞ ∼=
F∞[b]

(b2 − α)
∼=

F∞[b]
(b− β) ×

F∞[b]
(b+ β)

∼= F∞ × F∞.

This isomorphism maps f ∈ F∞ clearly to (f, f), while β gets maps to b by the first
isomorphism and hence to (β,−β) by the compostion. The value of ι(t) can now be
computed from the expression t = y + βx.

Note that F∞ is complete with respect to vx−1 , and that the composition of ι with
the projection π1 onto the first coordinate, maps t to an element of valuation −1.
This composition realises F∞ as the completion of K = Fq2(t) with respect to
−deg = vt−1 (this is the only valuation of K for which t has valuation −1). Similarly,
the projection π2 onto the second coordinate realises the second factor as the completion
K with respect to vt.

The Drinfeld module and exponential

From now on we assume q = 3 and α = −1, i.e., A = F3[x, y]/(x2 + y2 − 1). The
morphism of F3–algebras ϕ : A→ OK{τ} defined by

ϕ(x) = x+ yτ − βt5τ2 and ϕ(y) = y + xτ + t5τ2

is a model of a Drinfeld A–module over OK of rank one. (Recall that x = (t −
t−1)/(2β) = β(t− t−1) and y = −(t+ t−1) in OK .) The exponential e(Z) ∈ K[[Z]]
associated to ϕ is the unique power series of the form e(Z) = e0Z+e1Z

3+e2Z
9+· · ·

satisfying e0 = 1 and e(yZ) = ϕ(y)(e(Z)) = ye(Z) + xe(Z)3 + t5e(Z)9. For
example, we have

e1 = −1
xy

= −βt2

t4 − 1 and e2 = −t16(t10 − 1)
(t4 − 1)3(t18 − t10 − t8 + 1) .

Let vt and vt−1 = −deg be the two valuations of K = F9(t) extending v∞.

Lemma 4.25 —— For all i ≥ 0 we have vt(ei) ≥ 1
2 i3

i and vt−1(ei) ≥ 2
9 i3

i.
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Proof. Note that vt(e0) = vt−1(e0) = 0, vt(e1) = vt−1(e1) = 2, vt(e2) = 16 and
vt−1(e2) = 4. From vt(x) = vt(y) = −1 and the recursion formula

(y3i − y)ei = xe3
i−1 + t5e9

i−2

we get that vt(ei) − 3i = vt(xe3
i−1 + t5e9

i−2) ≥ min(3vt(ei−1) − 1, 9vt(ei−2) + 5)
for all i ≥ 2. An easy induction shows that vt(ei) ≥ 1

2 i3
i for all i ≥ 0. The proof of

the second claim is analogous.

This shows that the power series e0Z + e1Z
3 + · · · defines an F3–linear function

exp: K∞ → K∞, where the action of the coefficients of the power series is via ι. In
more concrete terms: if we denote the j–th coordinate of ι(ei) ∈ F∞ × F∞ by e(j)

i

(for all j ∈ {1, 2} and i ≥ 0) then v∞(e(j)
i f3i) ≥ 3i−2(2i + 9v∞(f)) tends to +∞

for all f ∈ F∞. Hence
∑
i e

(j)
i f3i converges in F∞ for all f ∈ F∞, and we denote

the limit by expj(f). Then exp is just (exp1, exp2) on F∞ × F×, which is K∞ via ι.

Lemma 4.26 —— For every j ∈ {1, 2} we have Ô∞ ⊂ expj(F∞).

Proof. Take an arbitrary f ∈ Ô∞. For all i ≥ 1 we have v∞(e(j)
i ) > 0, so

v∞(e(j)
i f3i) > 3v∞(f). This implies that v∞(expj(f) − f) > 3v∞(f). So

expj |Ô∞ : Ô∞ → Ô∞ is an isometry and we claim that it is surjective. To prove

this, define the sequence (fi)i≥0 in Ô∞ by f0 = f and fi+1 = fi + f − expj(fi) for
i ≥ 0. Then gi := expj(fi)− f satisfies v∞(gi+1) = v∞(expj(gi)− gi) > 3v∞(gi).
So expj(fi) converges to f , which implies that fi+1 − fi = f − expj(fi) converges
to 0 and hence (fi)i≥0 converges to some g ∈ Ô∞ satisfying expj(g) = f , as expj is
clearly continuous.This concludes the proof that Ô∞ ⊂ expj(F∞).

4.3.2 Verification of the class number formula

The class module

Proposition 4.27 —— The class module H(ϕ) is trivial.

Proof. Since Ô∞ ⊂ expj(F∞) for j ∈ {1, 2} and exp = (exp1, exp2), we know
that Ô∞ × Ô∞ ⊂ exp(K∞). So it suffices to prove that every element (f, g) of
F∞ × F∞ can be written as the sum of an element of Ô∞ × Ô∞ and an element of
the image of OK in F∞ × F∞. The image of t−1 = y − βx ∈ OK is (s, s−1) where
s = ι(y) − βι(x), while the image of β is (β,−β). So the image of OK is the set
{(a, σ(a)) | h ∈ F9[s, s−1]}, where σ is the morphism F9[s, s−1] → F9[s, s−1] of
F3–algebras defined by β 7→ −β and s 7→ s−1.
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Now note that v∞(s) = 1, so we can decompose f = f+ + f− and g = g+ + g−

where f+, g+ ∈ F9[[s]] and f−, g− ∈ s−1F9[s−1]. Write a = f− + σ(g−) and note
that (a, σ(a)) = (f− + σ(g−), σ(f−) + g−) is an element of OK satisfying

(f, g)− (a, σ(a)) = (f+ − σ(g−), g+ − σ(f−)) ∈ Ô∞ × Ô∞,

because σ maps s−1F9[s−1] to sF9[s] ⊂ Ô∞.

The regulator

We want to describe the lattice U(ϕ) = exp−1(E(OK)) in K∞. Note that (1, 1)
and (β,−β) are elements of OK that also lie Ô∞ × Ô∞ ⊂ exp(K∞). Lemma 4.26
hence implies that there exist f, g ∈ Ô∞ × Ô∞ such that exp(f) = (1, 1) and
exp(g) = (β,−β).

Proposition 4.28 —— We have U(ϕ) = fA+ gA and

Reg(ϕ) = (1− π4 − π6 +O(π8)) ·A.

Proof. Using the algorithm described in the proof of Lemma 4.26, one proves that

f = (1− βπ2 + (β + 1)π4 + π6 +O(π8), 1− βπ2 + βπ4 +O(π8))

g = (β − π2 + (β + 1)π4 + βπ6 +O(π8),−β + π2 − π4 +O(π8)).

Now note that OK = (1, 1)A + (β,−β)A and Λ := fA + gA ⊂ U(ϕ) are free
sub–A–modules of K∞ of rank 2. The action of F∞ on K∞ is diagonal, so we have(
f
g

)
= Q

(
(1, 1)

(β,−β)

)
, in which Q is the following 2× 2 matrix over F∞:

(
1− βπ2 + (β − 1)π4 − π6 +O(π8) βπ4 + βπ6 +O(π8)

−βπ4 − βπ6 +O(π8) 1 + βπ2 − (β + 1)π4 − π6 +O(π8)

)
.

So the index [OK :Λ] ∈ Pic(A,F∞) is generated by det(Q) = 1− π4 − π6 +O(π8).
Since H(ϕ) is trivial, the following proposition yields that Λ = U(ϕ). In particular,

Reg(ϕ) = [OK :Λ] = (1− π4 − π6 +O(π8)) ·A.

Proposition 4.29 —— Let ϕ : A → R{τ} be a model of a Drinfeld A–module over
the integral closure R of A in a finite extension of F . Let Λ be a finitely generated
locally free sub–A–module of U(ϕ) of the same rank as R. The inclusions of Λ and
F∞ in K∞ = F∞ ⊗A R induces an isomorphism Λ ⊗A F∞ → K∞, and hence a
lattice [R:Λ] ∈ Pic(A,F∞). If dimk H(ϕ) = dimk k(∞) · v([R:Λ]), then Λ = U(ϕ).
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Proof. Write d∞ = dimk k(∞). Since v(CNF(ϕ)) = 0, Proposition 2.39 says

dimk H(ϕ) = −d∞ · v(FittA H(ϕ)) = d∞ · v([R: U(ϕ)]).

Moreover, [R:Λ] = [R: U(ϕ)][U(ϕ):Λ], where the index [U(ϕ):Λ] is defined using
the isomorphism Λ⊗A F∞ → U(ϕ)⊗A F∞ induced by the inclusion of Λ in U(ϕ).
Taking valuations and using the hypothesis shows that v([U(ϕ) : Λ]) = 0. The equality
Λ = U(ϕ) now follows from Corollary 2.40.

Remark —— To approximate f , define f0 = (1, 1) and fi+1 = fi + (1, 1)− exp(fi)
for i ≥ 0. (One needs only finitely many coefficients of exp to compute this up to
some fixed precision.) This sequence rapidly converges to f : after computing f3 one
already finds an element

f̃3 = (1− βπ2 + (β + 1)π4 + π6 + βπ8 − (β + 1)π10 + π12 + · · · − π80,

1− βπ2 + βπ4 + (β + 1)π8 − (β + 1)π10 + π14 + · · ·+ (1− β)π80)

satisfying exp(f̃3) = (1 − π80 + O(π82), 1 − π80 + O(π82)). Since exp1 and exp2
are isometries on Ô∞, we deduce that the two coordinates of f̃3 − f have valuation
80. This illustrates the rapid convergence of the procedure, i.e., the regulator is easily
computable with very high precision.

The L–value

At this point we can already conclude that CNF(ϕ) is generated by a 1–unit, so
Corollary 4.16 assures us that the class number formula holds for ϕ. But to show how
to compute the L–value of ϕ, we give an explicit description of the Euler factors of
L(ϕ). Using this, we find the L–value up to precision O(π7).

Note that OK = F9[t, t−1] is the localisation of F9[t] by the multiplicative system
〈t〉 = {tn | n ∈ Z}. So the map f 7→ fOK defines a bijection between the set S of
monic irreducible polynomials f 6= t in F9[t] and the set of maximal ideals of OK .
Since the leading coefficient of ϕ(y) is t5, the Drinfeld module ϕ has good reduction
at every maximal ideal of OK . Let Nϕ be as in Subsection 3.3.3.

Proposition 4.30 —— For every f ∈ S we have Nϕ(fOK) = NK/F (f).

Proof. Recall that the Galois group of the extension K/F is generated by the
automorphism σ of K = F9(t) defined by β 7→ −β and t 7→ t−1. Write
f = a0 + a1t+ · · ·+ tn with a0, a1, · · · , an−1 ∈ F9 and note that a0 6= 0 because f
is monic, irreducible and not equal to t. Then

NK/F (f) = (a0 + a1t+ · · ·+ tn)(σ(a0) + σ(a1)t−1 + · · ·+ t−n).
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To prove the claim, we need to show that the coefficient at τ2n in ϕ(NK/F (f)) is
congruent to 1 mod fOK . Now, to compute ϕ(NK/F (f)), we should realise NK/F (f)
as an element of A, i.e., as a polynomial in x and y over F3, modulo x2 + y2 − 1.

Writing a = 2n−1(a3
0 + a0) and b = β2n−1(a3

0 − a0), we see that NK/F (f)− ayn −
bxyn−1 ∈ A is a polynomial in x and y of total degree < n. Moreover, a3 = a and
b3 = b, so a, b ∈ F3. From ϕ(x) = x + yτ − βt5τ2 and ϕ(y) = y + xτ + t5τ2 it
follows that the coefficient at τ2n in ϕ(NK/F (f)) equals (a− bβ)(t5)1+9+···+9n−1

.

Now let ` be the field OK/fOK . Since `/F9 is a cyclic extension, generated by the

9–Frobenius, we have t1+9+···+9n−1

= N`/F9(t). On the other hand, the matrix of the
F9–endomorphism t of ` with respect to the basis {1, t, . . . , tn−1} has determinant
(−1)na0. We conclude that (t5)1+9+···+9n−1 ≡ (−1)na5

0 mod fOK . Now note that
a− bβ = 2na3

0, so (a− bβ)(−1)na5
0 = (−2)na8

0 = a8
0 = 1 because a0 ∈ F×9 . All of

the above proves that NK/F (f) is a generator of NK/F (fOK) such that the coefficient
at τ2n in ϕ(NK/F (f)) is congruent to 1 mod fOK , as desired.

Proposition 3.30 now shows that

L(ϕ) =
∏
f∈S

(1−NK/F (f)−1)−1.

For every f ∈ S we have

−2v∞(NK/F (f)) = dimF3(A/NK/F (f)A) = dimF3(OK/fOK) = 2 deg(f).

So v∞((1−NK/F (f)−1)−1−1) = −v∞(NK/F (f)−1) = deg(f). So if we want to
compute L(ϕ) ∈ F∞ = F9((π)) up to finite precision, say modulo πn, then it suffices
to compute the product over all f ∈ S of degree < n. For example, the computation∏

a∈F×9

(1−NK/F (t+ a)−1)−1 = (1 + x2)2

x2(x2 − 1) = (1 + π2)2

1− π2

= 1 + π4 + π6 + π8 + · · ·

shows that L(ϕ) ≡ 1 mod π2.

We let Sage compute the product over all f ∈ S of degree ≤ 6. The result is that

L(ϕ) ≡ 1− π4 − π6 mod π7.

Since H(ϕ) is trivial, and Reg(ϕ) = (1−π4−π6+O(π8))·A, the above approximation
of L(ϕ) verifies the class number formula for ϕ (which we know to be true) up to
precision O(π7).



Outlook

In this thesis we presented a class number formula for Drinfeld modules and showed
that it is true if the Drinfeld ring A is a principal ideal domain. Though our techniques
seem to yield progress towards settling the conjecture for all A, there are still many
questions that remain unanswered.

M. Mornev has proven, for general A, that the class number formula of a Drinfeld
A–module with good reduction everywhere is trivial in the Picard group of A. This
result is however still a conjecture in general, and it is clearly necessary for the holy
grail – the class number formula for all Drinfeld modules. (It would moreover be
interesting to study the behaviour of the Fitting ideals of class modules in Pic(A).)

If the class number formula is trivial in Pic(A), then it is an element of F×∞ with trivial
norm down to Fq((1/t))×, for every t ∈ A \ Fq. This seems to be such a restrictive
condition, that I conjecture that only the constants Fq(∞)× of F×∞ satisfy it. Chapter 4
contains some evidence for this conjecture (for example, the logarithmic derivative of
such an element must be a differential on the curve which is regular everywhere) and it
is settled in some cases, but remains unsolved in general.

Proving the conjectures in the above two paragraphs would yield the class number
formula if the point∞ defining A is rational. At the horizon, one sees a generalisation
to abelian A–modules (higher dimensional variants of Drinfeld modules) as in [17].
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Voor de niet–expert

Dit hoofdstuk komt diegenen waarvan de wiskundige bagage ontoereikend is gebleken
om dit proefschrift volledig te doorgronden te hulp. We beginnen met wat klassieke
sommen met een onverwachte uitkomst, leggen dan uit waarom je jezelf een amateur–
getaltheoreticus mag noemen als je weet dat het vier uur na het ochtendjournaal van 9
uur tijd is voor het middagnieuws van 1 uur, herhalen daarna wat veeltermen zijn, en
gooien dit uiteindelijk allemaal tesamen om te schetsen waar deze thesis over gaat.

—— Speciale waarden ——

In 1644 dook voor het eerst het volgende probleem op.

Bepaal de waarde van de oneindige som 1 + 1
4 + 1

9 + 1
16 + · · ·

Met andere woorden, als je van elk natuurlijk getal het kwadraat neemt (1, 4, 9, 16, . . .)
en daarvan de omgekeerden blijft optellen, dan komt de uitkomst steeds dichter bij een
getal te liggen (we zeggen dat de reeks convergeert); de vraag is welk getal dat is.

1 + 1
22 + · · ·+ 1

102 = 1, 54976773116654 . . .

1 + 1
22 + · · ·+ 1

1002 = 1, 63498390018489 . . .

1 + 1
22 + · · ·+ 1

10002 = 1, 64393456668156 . . .
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Het probleem oogt onschuldig, maar het heeft één man (bij wiskundigen) plotsklaps
wereldberoemd gemaakt: Leonhard Euler. Het duurde inderdaad een aantal jaar
alvorens John Wallis met zekerheid kon zeggen dat de uitkomst met de cijfers 1, 64 . . .
begon (heb je al een idee wat het exacte antwoord is op basis van deze cijfers?) en vele
grote wiskundigen uit die periode beten hun tanden stuk op het vraagstuk, maar Euler
kwam uiteindelijk met het juiste antwoord in 1734:

1 + 1
4 + 1

9 + 1
16 + · · · = π2

6 = 1, 6449340668 . . .

Ja, π! Sta even stil bij hoe gek het is dat π in deze formule opduikt. Dit was een grootse
prestatie en deed velen terugdenken aan Leibniz’ gevierde formule voor π uit 1674:

1− 1
3 + 1

5 −
1
7 + · · · = π

4 .

Niet toevallig vermeldt Bernhard Riemann in 1859 Euler in de inleiding van het artikel
waarin hij zijn befaamde zèta–functie (vanaf nu ζ genoteerd) introduceert. Als n een
natuurlijk getal is dat minstens 2 is, dan kan de functiewaarde van deze functie in n als
volgt gedefinieerd worden:

ζ(n) = 1 + 1
2n + 1

3n + 1
4n + · · ·

Euler’s formule zegt dus dat ζ(2) = π2/6, en in het algemeen kan je bewijzen dat
de waarde van ζ bij een even natuurlijk getal n altijd gelijk zal zijn aan πn maal een
rationaal getal (een breuk). Gek genoeg, is daarentegen vrijwel niets geweten over
de waarden van ζ bij oneven natuurlijke getallen. Men kan bijvoorbeeld (nog maar
sinds 1979) bewijzen dat ζ(3) niet rationaal is, maar daar houdt het zo’n beetje op:
men weet niet of ζ(3) “algebraïsch” is, d.w.z., voldoet aan een veeltermvergelijking,
en er bestaat momenteel al helemaal geen “Euleriaanse” formule voor ζ(3). Om nog
wat aan de mystiek toe te voegen, vermelden we dat deze ζ–functie het onderwerp
is van een anderhalve eeuw oud open probleem – de Riemannhypothese – dat tot de
Millenium Prize Problems behoort; een oplossing zou je dus zomaar 1 miljoen dollar
kunnen opleveren. Maar voor alle duidelijkheid, en alvorens iemand mij om geld komt
vragen: ik hou me niet bezig met Riemann’s zèta–functie of de Riemannhypothese.

Waar ik me dan wél mee bezig houd, heeft te maken met een waarde van ζ die we tot
nu toe gemakshalve genegeerd hebben. De definitie van ζ(n) hierboven kan namelijk
onmogelijk ook voor n = 1 gelden, aangezien de som

1 + 1
2 + 1

3 + 1
4 + · · ·

oneindig groot wordt. Omdat een wiskundige tekst zonder bewijs toch maar kaal is,
gaan we dit eventjes aantonen.



VOOR DE NIET–EXPERT 105

Bewijs. We groeperen de termen in de som als volgt:

1
3 + 1

4 >
1
4 + 1

4 = 1
2

1
5 + 1

6 + 1
7 + 1

8 >
1
8 + 1

8 + 1
8 + 1

8 = 1
2

1
9 + 1

10 + · · ·+ 1
16 >

1
16 + 1

16 + · · ·+ 1
16 = 1

2
Op deze manier toon je dus aan dat

1 + 1
2 + 1

3 + 1
4 + · · · > 1 + 1

2 + 1
2 + 1

2 + 1
2 + · · ·

en dat het linkerlid dus onmogelijk kan convergeren. Hiermee is de bewering bewezen,
en dat laten we merken door een vierkantje aan het einde van deze regel te plaatsen. �

Maar tóch is de waarde van ζ bij 1 interessant. Als je immers in de definitie van ζ niet
enkel natuurlijke getallen toelaat, maar ook alle reële getallen strikt groter dan 1, dan
kan je bestuderen wat er met de functie

(s− 1)ζ(s) = (s− 1)
(

1 + 1
2s + 1

3s + · · ·
)

gebeurt als s dichter en dichter bij 1 komt te liggen. Het antwoord is dat de bovenstaande
waarde dan naar 1 convergeert; wiskundigen zouden zeggen dat ζ(s) een pool heeft
bij s = 1 met residu 1. En dat is het beginpunt van het verhaal dat uiteindelijk tot de
klassieke stellingen en vermoedens leidt waarop mijn onderzoek gebaseerd is.

Dit verhaal is nogal lang en ingewikkeld, maar toch wil ik hier, zonder té technisch te
worden, heel kort name–droppend een van die klassieke analogons proberen schetsen.
Een veralgemening van het feit dat (s − 1)ζ(s) naar 1 convergeert als s naar 1 gaat,
is de zogenaamde klassegetalformule voor getallenvelden (veralgemeningen van de
rationale getallen), bewezen door Richard Dedekind in 1863. In deze formule wordt
het residu van een functie analoog aan de Riemann ζ–functie (maar dan voor het
getallenveld) uitgedrukt in termen van invarianten van het getallenveld. Zo duikt π op
in deze formule, maar ook een natuurlijk getal – het klassegetal – dat meet hoe ver
het getallenveld verwijderd is van een eigenschap die vergelijkbaar is met de unieke
factorisatie van gehele getallen in priemgetallen.

De term “class number formula” in de titel van deze thesis verwijst precies naar
deze klassegetalformule, aangezien mijn onderzoek zich toespitst op een gelijkaardige
formule, maar dan in de parallelle wereld van functievelden. De bedoeling van de
volgende twee deeltjes is om een indruk te geven van die wereld.

(Wie meer te weten wil komen, Googlet Basel problem, Riemann zeta function, Special
values of L–functions, Class number formula en/of BSD conjecture.)
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—— Modulorekenen ——

Om met de deur in huis te vallen en om met een positieve boodschap te beginnen: je
kan al modulo 12 en 24 rekenen, maar je wist het gewoon nog niet. Als een drie uur
durende kaskraker om 22:00 begint, dan zou je immers nooit zeggen dat hij om 25:00
zal eindigen, maar wel dat je om 1 uur naar bed kan, of de volgende film op Netflix
kan aanklikken.

Wat je in dagmodulorekenen dus doet, is twee getallen (22 en 3) bij elkaar optellen,
en van het resultaat 24 aftrekken tot je een getal tussen 0 en 23 bekomt. Deze laatste
operatie is wat we modulorekenen noemen: we zeggen dat 25 congruent is met 1 modulo
24, maar ook dat 99 congruent is met 3 modulo 24 omdat 99− 24− 24− 24− 24 = 3.

Je weet nu al hoe je de som van twee getallen modulo 24 kan berekenen, maar het
product nemen is even eenvoudig: bereken het product zoals je het gewoon bent, en
trek dan herhaaldelijk 24 van het resultaat af tot je tussen 0 en 23 belandt. Bij wijze
van voorbeeld: de som van 13 en 15 is 4 modulo 24 omdat 13 + 15 = 28 = 4 + 24, en
hun product is 3 modulo 24 omdat 13 · 15 = 195 = 3 + 8 · 24.

Vanaf nu zal p altijd een priemgetal aanduiden, en noteren we met Fp de verzameling
die bestaat uit de getallen 0, 1, . . . , p − 1. Je weet nu ook hoe je kan optellen en
vermenigvuldigen in die verzameling: reken modulo p in plaats van 24. (Bereken dus
de optelling en vermenigvuldiging zoals je het gewoon bent, en trek dan herhaaldelijk
p van het resultaat af tot je in Fp belandt.)

Voorbeeld. Als p = 3, dan is F3 de verzameling {0, 1, 2} en kan je de optelling en
vermenigvuldiging in F3 aflezen uit de volgende tabellen:

+ 0 1 2

0 0 1 2
1 1 2 0
2 2 0 1

· 0 1 2

0 0 0 0
1 0 1 2
2 0 2 1

—— Veeltermen ——

Als het woord “veelterm” al een belletje doet rinkelen, dan denk je waarschijnlijk aan
het oplossen van veeltermvergelijkingen. De eenvoudigste veeltermvergelijkingen,
die je al jarenlang beheerst, zijn de lineaire. Je weet uiteraard dat 3 de enige waarde
van x is waarvoor 2x − 6 gelijk is aan aan nul. Als je dan nog eens in je geheugen
graaft, kan je waarschijnlijk aantonen dat 3 −

√
7 en 3 +

√
7 de enige waarden van

x zijn waarvoor x2 − 6x + 2 gelijk is aan nul. De lineaire veelterm 2x − 6 en de
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kwadratische veeltermn x2 − 6x+ 2 hebben dus geen geheimen meer voor je. Maar
er zijn ook ingewikkeldere veeltermen, zoals x5 − 4x+ 2, waarvan een diepe stelling
in de wiskunde zegt dat de nulpunten niet te beschrijven vallen aan de hand van
vierkantswortels, derdemachtswortels, vierdemachtswortels, enz. Wees echter gerust:
we hoeven in deze tekst geen veeltermenvergelijkingen op te lossen. Het enige wat we
nodig hebben, is de optelling en vermenigvuldiging van veeltermen.

De optelling van twee veeltermen is erg intuïtief: verzamel de termen bij eenzelfde
macht van x. Zo is bijvoorbeeld (2x− 6) + (x2 − 6x+ 2) gelijk aan x2 − 4x− 4.

De vermenigvuldiging gebeurt distributief : bereken het product van elk koppel termen
in de haakjes en neem dan de som van al die producten. Zo geldt bijvoorbeeld

(2x− 6) · (x2 − 6x+ 2) = (2x3 − 12x2 + 4x) + (−6x2 + 36x− 12)

= 2x3 − 18x2 + 40x− 12.

Tot nu toe hebben we enkel veeltermen bekeken waarvan de coëfficiënten gehele
getallen zijn, maar we zouden precies hetzelfde kunnen doen als de coëfficiënten
elementen van Fp zijn, waarbij we uiteraard de optelling en vermenigvuldiging van
de coëfficiënten dan modulo p moeten uitvoeren. De verzameling (voor wiskundigen:
ring) van alle veeltermen met coëfficiënten in Fp wordt met Fp[x] genoteerd.

Voorbeeld. In F3[x] geldt

(x2 + x+ 1) · (x3 + 2x+ 1) = x5 + x4 + 1.

We zijn nu eindelijk in staat om te vermelden wat de parallelle werelden zijn waarvan
sprake op het einde van het deeltje over speciale waarden: de gehele getallen (Z) lijken
erg op de veeltermen met coëfficiënten in Fp (Fp[x]). Zo kan je in Fp[x] bijvoorbeeld
ook “delen met rest”: zoals de rest bij deling van 7 door 3 gelijk is aan 1 omdat
7 = 2 · 3 + 1, zo is de rest bij deling van x3 + 2x + 1 door x2 + x + 1 in F3[x]
gelijk aan 2x + 2 omdat x3 + 2x + 1 = (x − 1)(x2 + x + 1) + 2x + 2. Een ander
gelijkaardig fenomeen, is dat elke veelterm in Fp[x] op essentieel unieke wijze te
schrijven valt als het product van “priemveeltermen” (veeltermen die niet deelbaar zijn
door niet–constante veeltermen van kleinere graad), zoals elk natuurlijk getal op unieke
wijze te schrijven valt als het product van priemgetallen.

Dit is slechts een greep uit het arsenaal gelijkenissen tussen Z en Fp[x], maar het zou
ons te ver leiden om precies te formuleren op welke manier deze ringen nog allemaal
verwant zijn. Aan de lezer met wat wiskundige achtergrond en met interesse in verdere
analogieën, wordt het deeltje over Drinfeld rings in Sectie 1.1 van deze thesis echter
warm aanbevolen.
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—— Synthese ——

We hebben bewezen dat de reeks 1+ 1
2 + 1

3 + · · · niet convergeert, met andere woorden,
dat de waarde ζ(1) van de Riemann ζ–functie niet gedefinieerd is. Maar toch was
het gedrag van ζ(s) in de buurt van s = 1 interessant, en gaf het aanleiding tot een
zogenaamde klassegetalformule. De bedoeling is nu om een analoge formule in de
parallelle wereld van veeltermen te beschrijven.

In de som 1 + 1
2 + 1

3 + · · · moeten we dan uiteraard de noemers van de breuken
vervangen door positieve veeltermen in Fp[x]. Hierbij noemen we een veelterm positief
als de coëfficiënt bij de hoogste macht van x in die veelterm gelijk is aan 1. Zo is
x2 + x+ 1 positief, maar 2x+ 1 niet.

Je kan de veeltermen ordenen per graad, dat is de hoogste macht van x die erin voorkomt.
Zo is 1 = 1 · x0 de enige positieve veelterm van graad 0, en zijn de veeltermen van
graad 1 precies de lineaire veeltermen. We noteren nu, voor elk natuurlijk getal n, de
verzameling positieve veeltermen in Fp[x] van graad n, met Fp[x]n. De som in de
veeltermenwereld die het dichtst aanleunt bij de reeks 1 + 1

2 + 1
3 + · · · uit de wereld

van gehele getallen, is dan de volgende:

ζFp[x](1) =
∞∑
n=0

∑
f∈Fp[x]n

1
f
.

Dit is ingewikkelde wiskundige notatie voor iets eenvoudigs: voor elk natuurlijk getal
n neem je de omgekeerden van de positieve veeltermen in Fp[x] van graad n, die
sommeer je dan, en dan sommeer je de uitkomsten voor n = 0, 1, 2, . . . Met andere
woorden, sommeer de inversen van alle positieve veeltermen in Fp[x].

Je fronst nu uiteraard je wenkbrauwen en stelt jezelf de vraag of deze reeks dan wél
convergeert. Pertinente vraag! Merk op dat de som niet meer in de verzameling van
reële getallen leeft, waar alles wat we over de Riemann ζ–functie verteld hebben zich
afspeelde. Er is hier dus nood aan een analogon van de reële getallen, en dat is in dit
geval de verzameling van “oneindige veeltermen” a0 +a1/x+a2/x

2 + · · · in 1/x, met
coëfficiënten in Fp. De niet–wiskundige lezer kijkt nu vreemd op en vergeet best dit
stuk, terwijl de wiskundige lezer opmerkt dat deze verzameling dan nog een topologie
behoeft alvorens we over convergentie kunnen praten. Maar geloof me maar als ik
vertel dat de reeks wel degelijk convergeert in een bepaalde zin (die niet esoterisch is).

Voorbeeld. Voor p = 3 zijn x, x+ 1 en x+ 2 de enige positieve veeltermen van graad
1. Dus geldt∑

f∈F3[x]1

1
f

= 1
x

+ 1
x+ 1 + 1

x+ 2 = (x+ 1)(x+ 2) + x(x+ 2) + x(x+ 1)
x(x+ 1)(x+ 2) .
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Als je nu je beste modulorekenkrachten bovenhaalt, kan je narekenen dat deze breuk
gelijk is aan 2/(x3 + 2x). Als je dan nog gebruik maakt van het feit dat −1 congruent
is met 2 modulo 3, dan vind je dat∑

f∈F3[x]1

1
f

= 1
x− x3 .

Leonard Carlitz veralgemeende in 1935 de formule uit het voorbeeld. Hij bewees
namelijk voor alle natuurlijke getallen n ≥ 1 dat∑

f∈Fp[x]n

1
f

= 1
(x− xp)(x− xp2) · · · (x− xpn)

en dus geldt

ζFp[x](1) = 1 + 1
x− xp

+ 1
(x− xp)(x− xp2)

+ · · ·

Deze formule is het prototype van de “class number formula for Drinfeld modules”
waarvan sprake in de titel van deze thesis: de formule

L(ϕ)A = Reg(ϕ) · FittA H(ϕ)

uit Stelling 4.17 wordt precies de formule van Carlitz als je voor ϕ een specifiek
Drinfeldmoduul, het Carlitzmoduul, neemt.

—— Afsluitende slogan ——

Als je íéts van deze tekst moet onthouden, is het de slagzin dat dit proefschrift als doel
heeft om klassieke, doch schitterende formules voor gehele getallen te vertalen naar de
parallelle wereld van veeltermen. Wiskundige schoonheid pur sang.
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