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Iteration and Dependence Again 

Luca Incurvati 

As late as 1971, George Boolos could say of the iterative conception that 
although ‘well known among logicians’, ‘[a]uthors of set-theory texts either 
omit it or relegate it to back pages; philosophers, in the main, seem to be 
unaware of it, or of the preeminence of . ZF, which may be said to embody it’ 
(Boolos, 1971, 218, fn. 3). 

Much has changed since then. Mainstream set theory textbooks such as 
Devlin (1993) and  Jech  (2003) characterize the cumulative hierarchy in their 
initial sections. And—no doubt partly thanks to Boolos’s own influence—the 
iterative conception has come to be regarded by philosophers of mathematics 
as the conception of set lying behind the axioms of at least several of the axioms 
of first-order Zermelo-Fraenkel set theory (. ZF). Moreover, . ZF—perhaps with 
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the addition of the Axiom of Choice, thus giving rise to . ZFC—is now widely 
regarded by philosophers as the standard axiomatic system for set theory. 

Indeed, after the publication of Boolos’s article, things moved quickly. Two 
central works on the iterative conception, namely Charles Parsons’s (1977) 
‘What is the iterative conception of set?’ and the chapter on the concept of 
set of Hao Wang’s (1974) From Mathematics to Philosophy, appeared in the 
subsequent years and were reprinted, together with Boolos’s article, in a special 
section on the iterative conception in the famous Philosophy of Mathematics 
collection (1983), edited by Paul Benaccerraf and Hilary Putnam.1 A new  
paradigm had emerged. 
With the paradigm in place, philosophers began to inquire into its meta-

physical underpinnings. Early accounts of the iterative conception by Boolos 
(1971), Joseph Shoenfield (1965, 1977) and Wang (1974) presented the con-
ception appealing to the idea of sets being constructed in stages. Dissatisfaction 
with this constructivist understanding of the iterative conception, however, led 
to the emergence of a different approach.While the roots of this new approach 
can already be found in Parsons’s 1977 paper, its explicit articulation appears 
for the first time in the 1980s, in the work of James van Aken (1986), who 
formulates a set theory based on the idea of a set presupposing its elements in 
a metaphysical sense. Then in the 1990s and the 2000s, partly thanks to Kit 
Fine’s (1995) work on essence, this idea of metaphysical presupposition starts 
being spelled out in terms of the notion of metaphysical dependence, and it 
becomes customary in the philosophical literature to understand the iterative 
conception in terms of this notion.2 

In previous work (Incurvati, 2012, 2020), I have defended a minimalist 
understanding of the iterative conception, which dispenses with the idea 
that a set presupposes or is metaphysically dependent upon its members. I 
will not rehearse my arguments here. My aim is instead to clarify what is 
at stake in the debate between the dependency account and the minimalist 
account of the iterative conception. In particular, I will distinguish this debate 
from the debate between actualist and potentialist accounts of the iterative 
conception. These two debates, I will argue, concern different aspects of

1By contrast, the previous edition of the collection only contained one paper on the iterative conception, 
namely Kurt Godel’s ‘What is Cantor’s continuum problem’ (1947). 
2Philosophers who subscribe to an understanding of the iterative conception in terms of dependence 
include Potter (2004), Linnebo (2008), Schaffer (2009), Trogdon (2013), Gasser (2015), Wigglesworth 
(2015) and  Mount (2019). Notably, Potter identifies a platonist understanding of set theory with the 
dependency account of the iterative conception, and in more recent work goes as far as saying that ‘[m]uch 
of the interest in the philosophy of set theory consists in trying to make [the notion of dependency of a 
set upon its members] clearer’ (Potter, 2020, 391).  
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the conception. I will then use this distinction to assess some arguments 
that Mark Gasser (2015) has advanced against ante rem structuralism. In 
particular, I will show that this distinction means that there are two different 
objections in Gasser’s article. The first objection is that the iterative conception 
conflicts with dependence claims made by structuralists. As I have suggested in 
previous work, ante rem structuralists can address this objection by endorsing 
a minimalist account of the iterative conception. The second objection is that 
the indefinite extensibility of the set concept conflicts with the idea that the 
cumulative hierarchy is exhausted by the ZFC axioms. I chart various possible 
ways of addressing the second objection and show that disentangling ante rem 
structuralism from the idea that mathematical structures ought to be given 
by implicit definitions opens up a novel way of dealing with the objection. 
Having defended ante rem structuralism against Gasser’s objections, I will, 
however, close the chapter by contending that although my arguments show 
that ante rem structuralism is compatible with the iterative conception, there 
are still reasons to favour a more deflationary understanding of structuralism, 
advocated by John Burgess (2009, 2015), Joel Hamkins (2021, 32ff.) and  
Gasser himself. 

1 The Cumulative Hierarchy Structure 

According to the iterative conception of set, sets are obtained by iterated 
application of the set of operation starting with some basic objects. The set 
of operation takes any given objects and delivers a set. The objects that are 
given are the basic objects and any objects obtained before or at a given state 
of the iteration process. The basic objects are usually called individuals or, in 
honour of the German founders of set theory, Urelemente. Anything which  
is not a set can be taken to be one of the Urelemente. In the abstract study 
of sets, however, it is customary to dispense with Urelemente altogether and 
assume that there are no basic objects. As a result, all sets will be pure—their 
transitive closure contains nothing but sets—and the domain of quantification 
only includes sets. 
This informal description of the iterative conception can be made more 

formal. Note, first, that the process of iterating the set of operation is assumed 
to take place in an orderly manner and can therefore be indexed by ordinals. 
And, second, observe that, at any stage of the iteration process, the set of 
operation collects together any totality of things previously obtained. It is easy 
to see that this is tantamount to forming all members of the powerset of the 
preceding stage at a successor stage and taking unions of things formed at



250 L. Incurvati

earlier stages at a limit stage. The upshot is that, on the iterative conception, 
sets appear at some level of the cumulative hierarchy of sets, . V: 

Definition 10.1 (The Cumulative Hierarchy) Let . On be the class of all 
ordinals. Then the cumulative hierarchy is the transfinite sequence .  Vα : α ∈
On such that: 

. V0 = ∅;
Vα+1 = P(Vα);

Vλ =
 

α<λ

Vα if λ is a limit ordinal.

Once thus sharpened, the central tenet of the iterative conception is in fact a 
theorem of . ZFC: 

Proposition 2 Every set belongs to some . Vα. 

Indeed, Proposition 2 is equivalent to the Axiom of Foundation over the other 
.ZFC axioms. 

The cumulative hierarchy picture of the set-theoretic universe provides 
important structural insights. At the same time, it raises two fundamental 
questions about the structural richness of the universe. The first question 
concerns the height of the hierarchy, the second its width. Such questions, 
however, are in principle separate from the key structural element of the 
iterative conception that every set appears at some . Vα (Proposition 2). We 
can illustrate this point with the help of some formal results from set theory 
which deserve to be better known. 

The distinction between the key structural element of the iterative concep-
tion that every set appears at some . Vα and the structural question concerning 
the height and width of the hierarchy took some time to emerge. This is 
probably due to certain features of the Zermelo-style axiomatization which 
are worth pausing on. Let us start with a first-order setting, i.e. by considering 
. ZFC. We have noted that this theory proves that every set belongs to some 
. Vα and that this statement is equivalent to the Axiom of Foundation over the 
other . ZFC axioms. It can be shown that Replacement is needed to derive from 
Foundation the assertion that every set belongs to some . Vα. This is why . ZF2
and .ZFC2 (the second-order versions of . ZF and . ZFC, obtained by replacing the 
Replacement Schema with the corresponding second-order axiom) are quasi-
categorical—given any two models, one is isomorphic to an initial segment of
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the other—but the result no longer holds if we drop Replacement (Uzquiano, 
1999). 
Replacement, therefore, leads a double life within Zermelo-style axiomatiza-

tions: it contributes both to enforcing the cumulative hierarchy structure upon 
the set-theoretic universe and to increasing the lower bound of the cumulative 
hierarchy. In particular, whilst any . Vλ with . λ a limit ordinal greater than . ω
is a model of Zermelo set theory (. ZF without Replacement) and its second-
order cousin, some such . Vλs, for instance, .Vω+ω, are  not models of  .ZFC or 
.ZFC2. Indeed, it can be shown that .Vκ | ZFC if and only if . κ is a worldly 
cardinal, where a cardinal is worldly just in case it is uncountable and strong 
limit. Moving to the second-order context, we have that .Vκ | ZFC2 if and 
only if . κ is an inaccessible cardinal, where a cardinal is inaccessible just in case, 
as well as being worldly, it is regular. 

Can we do better? Yes, we can. Our starting point will be an axiomatization 
of set theory presented byDana Scott (1974). Scott’s axiomatization is intended 
to be directly based on the cumulative hierarchy picture of the universe of 
sets. It makes use of a two-sorted first-order language: we have variables 
.x, y, . . . ranging over sets and variables .V , V  , . . . ranging over levels ordered 
by membership. (Scott’s term is ‘partial universes’, but we shall refer to them 
as ‘levels’ to emphasize the connection with the cumulative hierarchy.) In 
addition to Extensionality and the Separation Schema, we have three axioms: 
an Axiom of Accumulation, which states the members of a level are the 
members or subsets of earlier levels; an Axiom of Restriction, which asserts 
that every set belongs to some level (and embodies, therefore, the key tenet of 
the iterative conception); and an Axiom of Reflection, which says that every 
property expressible in the language of first-order set theory is completely 
reflected in some level. The precise form of the latter does not really matter 
for our purposes, but, as Scott himself shows, it is equivalent to Infinity and 
Replacement over the other axioms of his system. 

Scott-Potter set theory (. SP) is a descendant of Scott’s system which has a 
one-sorted language and in which the notion of a level is explicitly defined in 
terms of membership (Potter, 2004, see also van Aken, 1986). Moreover, . SP
does not explicitly include the Accumulation Axiom, since this now follows 
directly from the definition of a level in terms of membership. Finally, in . SP
the Reflection Axiom is replaced by an Axiom of Creation, stating that there 
is no highest level, and an Axiom of Infinity, asserting the existence of a limit 
level. 

Now, let .SP− be . SP without its existence axioms, that is, the Axioms 
of Creation and Infinity, and let .SP−

2 be .SP− with the Separation Schema 
replaced by its second-order counterpart. Then we have the following result,
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first explicitly noted in Incurvati (2010, 130) and proved in detail by Tim 
Button and Sean Walsh (2018, 184):  

Theorem 10.3 The models of .SP−
2 are all and only the . Vαs. 

This result shows that by switching to a Scott-style axiomatization—a theory 
more directly based on the iterative conception of set—we have clearly 
separated issues concerning the key structural component of the hierarchy 
from questions concerning its height, that is, questions about how far the 
iteration of the set of operation goes. In particular, the result shows that, by 
making it part of our initial axiomatization that every set belongs to some 
level, we can completely fix the cumulative structure of the hierarchy whilst 
leaving it completely open how far the hierarchy goes. Indeed, the cumulative 
hierarchy structure enforced by . SP−

2 , a theory which has the central tenet of 
the iterative conception as an axiom, has a model in . V0. 

2 Distinguishing Between Two Debates 

Having now separated issues concerning the key structural component of the 
hierarchy and questions concerning its height, we can put this distinction to 
philosophical use. In particular, it allows us to clarify what is at stake in two 
central debates in the philosophy of set theory and the relationship between 
them. These debates are the debate between dependency and minimalist 
accounts of the iterative conception and the debate between actualism and 
potentialism. 

Let us start from the first debate. According to the dependency account, the 
iterative conception is to be understood as the conception of set which takes 
sets to be ontologically or metaphysically dependent upon their members. This 
account of the iterative conception is explicitly endorsed by Michael Potter 
(2004) and Øystein Linnebo (2008), but, as mentioned, earlier developments 
of the account can also be found in work by van Aken (1986) and  Parsons  
(1977). On the dependency account, the key structural element of the iterative 
conception that every set belongs to some level of the cumulative hierarchy 
is to be established by appealing to structural features of the metaphysical 
dependence relation. For this to be possible, the dependence relation must 
behave structurally like the ancestral of the membership relation in iterative
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set theory. Thus, the dependence relation must be antisymmetric, irreflexive, 
transitive and well founded.3 

According to the minimalist account (Incurvati, 2012, 2020), by contrast, 
the content of the iterative conception is exhausted by saying that sets are 
the objects obtained by iterating the set of operation. Note that while the 
minimalist account is not committed to the thesis that sets are dependent on 
their members, it is not committed to the negation of this thesis either. Thus, 
minimalism is strictly speaking compatible with the possibility that sets are 
dependent upon their members, although this, on the minimalist account, is 
not part of the content of the iterative conception of set.4 Furthermore, on the 
minimalist approach, the correctness of the iterative conception—the fact that 
every set appears at some level of the cumulative hierarchy—is defended by 
appealing to an inference to the best conception: the iterative conception should 
be preferred to its rivals because it fares better with respect to certain desiderata 
on conceptions of set. 

Thus, the debate between the dependency account and the minimalist 
account concerns how to understand and motivate the key structural compo-
nent of the iterative conception. But what about the ‘iterative’ in the ‘iterative 
conception’, captured by the idea that sets are the things obtained by iterating 
the set of operation? 

This component is not what is at stake in the debate between the depen-
dency and the minimalist account of the iterative conception and does not 
even appear in the dependency account. Yet, this component of the iterative 
conception is key to its claim to explain the set-theoretic paradoxes. For 
according to a plausible diagnosis, these paradoxes arise because on the naïve

3The dependency theorist’s reliance on the dependency relation having certain structural features is 
critically discussed in Incurvati (2012, 75–79) and Incurvati (2020, 53–58). Which structural features 
the dependence relation must be assumed to have at the outset and which ones can be derived is 
controversial. Following the treatment of set theory in Scott (1974), to which we shall return below, van 
Aken (1986) motivates axioms for the set-theoretic hierarchy by appealing to structural features of the 
notion of metaphysical presupposition. Like Scott, van Aken is able to derive a principle of induction 
on membership, which immediately entails that the sets are well founded, without explicitly imposing 
a well-foundedness requirement. However, the derivation uses the Separation Schema, which would be 
contentious in certain non-well-founded settings, since it allows one to derive the existence of the Russell 
set from the existence of a universal set. For more on the significance of Scott’s result, see Boolos (1984) 
and Incurvati (2020, 80). 
4An analogy with minimalism about truth might help. Minimalism about truth is sometimes understood 
as being committed to the thesis that truth is not a substantive property (see, e.g., Horwich, 1998; Horsten, 
2009). However, it is possible to understand minimalism about truth as simply holding that the content 
of the truth predicate is exhausted by the T-Schema or the T-rules. On this understanding, minimalism 
about truth is committed neither to truth being substantive nor to truth not being substantive. For a 
defence of this understanding of minimalism about truth (and of minimalist accounts of other notions 
such as proposition and attitude), see Incurvati and Schlöder (2023). 
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conception of set we have both indefinite extensibility and universality of 
the set concept (Russell, 1906; Incurvati,  2020). According to the indefinite 
extensibility of the set concept, whenever we have succeeded in defining a set 
u of objects falling under the concept of set, there is an operation which, given 
u, produces an object which intuitively falls under the concept of set but is not 
already contained in u. According to the universality of the set concept, there 
is a set of all objects falling under the concept of set. These two principles 
are classically inconsistent. The iterative conception deals with the conflict 
between indefinite extensibility and universality by retaining the former at the 
expense of the latter. 

Minimally, this means that the hierarchy is unbounded in the sense that 
there is no highest level.5 This is exactly what . SP’s Axiom of Creation says and 
delivers Powerset and Pairing in the context of the . SP− axioms. 

But one might want to go further. We are told that the process of iterating 
the set of operation is indexed by ordinals, but how far does this process go? 
An initial option is to say that it goes as far as the ordinals. This sanctions an 
axiom stating that for every . α there is a . Vα, which is, in effect, an instance of the 
Replacement Schema (Incurvati, 2020, 92–93). But how far do the ordinals go? 
A frequent answer is that the process of iterating the set of operation should be 
iterated as far as possible. In terms of the hierarchy, this amounts to endorsing 
the following principle: 

Height Maximality There are as many levels of the hierarchy as possible. 

What Height Maximality delivers is a matter of dispute: according to some, 
it licenses suitable lower bounds in the form of axioms of (higher) infinity or, 
more directly, reflection principles, with further disputes about exactly what 
forms of reflection are sanctioned by Height Maximality. We need not enter 
these disputes here. See Incurvati (2017) for an overview. 

The discussion about questions of height brings us to the second debate in 
the philosophy of set theory to be considered, namely that between actualists 
(see, e.g., Uzquiano, 2003; Burgess, 2004) and potentialists (Hellman, 1989; 
Linnebo, 2013; Studd, 2019). Actualism holds that there is a definite totality 
or plurality of all sets: the hierarchy is actual. Potentialism, on the other hand, 
denies that there is such a definite totality or plurality: the hierarchy is potential 
in nature. In the context of iterative set theory, potentialism and actualism are

5When using the terminology of ranks, this is tantamount to saying that every set has lower rank than 
some set. 



10 Iteration and Dependence Again 255

often understood as having specifically to do with the height of the hierarchy. 
Thus, height actualism holds that there is a definite totality or plurality of 
all ordinals, which means that the hierarchy is actual in height, whilst height 
potentialism holds that there is no such definite totality or plurality, which 
means that the hierarchy is potential in height. 

Note here that the debate between actualists and potentialists in height 
ultimately concerns how to understand the process of iterating the set of 
operation. Actualism holds that the ordinals indexing this iteration process 
form a definite totality or plurality, whereas potentialism holds that they do 
not. 

The upshot is that the debates between the dependency account and 
the minimalist account on one side and the debate between actualist and 
potentialists on the other concern different aspects of the iterative conception 
of set and the associated cumulative hierarchy picture. Indeed, one can find 
all combinations of views in the literature. Potter (2004) holds that there is a 
primitive relation of dependence holding between a set and its members, but 
is an actualist about both height and width.6 Linnebo (2008) holds there to 
be a relation of metaphysical dependence between a set and its members, to 
be analysed in terms of the notion of essence articulated by Fine (1994, 1995) 
and E.J. Lowe (2003, 2005) among others,7 but is one of the main proponents 
of a potentialist understanding of the cumulative hierarchy of sets (Linnebo, 
2013). My minimalist account of the iterative conception was partly inspired 
by remarks by Boolos (1989), who was a thoroughgoing actualist and has been 
described as having ‘no use’ for the notion of indefinite extensibility (Burgess, 
2004, 205). Finally, in the paper in which the cumulative hierarchy structure is 
presented for the first time (Zermelo, 1930), Ernst Zermelo, in describing the 
universe of sets as an open-ended sequences of normal domains, has often been 
interpreted as endorsing or at least suggesting some form of potentialism about 
the universe of sets, which he characterizes as never reaching true completion 
(Zermelo, 1930, 431). At the same time, Zermelo’s position in the same paper 
seems to fall within the minimalist camp, as has been argued, in effect, by 
Daniel Isaacson (2010). The combination of minimalism and potentialism is 
even clearer in the case of Charles Parsons. Throughout his career, Parsons has

6For the view that the dependency relation should be considered a primitive and not further analysable 
in the metaphysics literature, see, e.g., Thomasson (1998, Ch. 2) and Barnes (2012, 879). 
7In particular, Linnebo takes the dependence relation holding between a set and its members to be a 
relation of identity dependence, in the sense that a set depends on its members for its identity. In fact, 
Fine has used the case of the relation between sets and their members to criticize a modal account of 
dependence and motivate his own essentialist account. For a response to Fine’s arguments, see Wildman 
(2013). 
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been a key proponent of a potentialist understanding of set theory. And while, 
as we noted earlier, a dependency account was suggested by remarks in his 1977 
paper, Parsons has moved away from such an understanding of the iterative 
conception, endorsing instead the idea that the iterative conception does not 
involve any substantial notion of presupposition or dependence between a set 
and its members (see, especially, Parsons, 2008, Ch.  4).  
How about the debate between actualists and potentialists in width? As  

we have seen, when properly formulated, second-order axiomatizations of 
set theory based on the iterative conception settle, at least at the semantic 
level, questions concerning the width of the hierarchy. For this reason, the 
appropriate setting for width potentialism is a first-order one. In this setting, 
the Separation Axiom is formulated as a schema, with one instance for each 
property expressible in the language of first-order set theory . L∈. But at each 
level, one should like to collect together all subsets of sets already formed, not 
only those defined by properties expressible in . L∈. Even here, however, the 
debate between actualists and potentialists in width concerns whether there 
is a definite totality of all subsets of a given level, not how to understand or 
motivate the key structural component of the iterative conception. 

3 Structuralism and Dependence 

In this section, I consider an objection recently advanced by Gasser (2015) 
against a certain brand of mathematical structuralism. The distinctions drawn 
in the previous section will put us in a position to see that, in fact, Gasser is 
putting forward two distinct objections. 

Before turning to Gasser’s objection, it is important to delimit its intended 
target. As is well known, many varieties of mathematical structuralism have 
been formulated and discussed. Gasser’s target is the version of structuralism 
known as ante rem structuralism and famously defended by Stewart Shapiro 
(1997). At a first pass, we can characterize ante rem structuralism as the thesis 
that mathematics is about a realm of structures existing independently of any 
system instantiating them and that mathematical objects are positions in such 
structures. As we shall see, one issue that we will have to confront is precisely 
what ante rem structuralism amounts or should amount to. For the time being, 
however, this characterization will do.
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Gasser argues that the iterative conception is incompatible with ante rem 
structuralism. Having introduced the iterative conception, he writes: 

Now note that there is more to the sets suggested by the iterative conception 
than to the sets construed by a structuralist. For instance, the notion that sets are 
“built up” from certain elements suggests a form of dependence absent from a 
purely structuralist point of view—on the iterative conception, a set’s elements 
must somehow “already be there” for the set to be formed, while the structuralist 
view says nothing at all about the dependence of sets on their elements. (Gasser, 
2015, 15)  

As formulated, the objection is related to one advanced by Linnebo (2008), 
according to whom the ante rem structuralist is best understood as subscribing 
to two dependence claims. The first states that every object in a structure 
depends on every other object in that structure. The second says that every 
object in a structure depends on the structure itself. Because ante rem struc-
turalism is committed to these two dependence claims, Linnebo argues, it 
conflicts with the iterative conception, since on that conception a set depends 
on its members but not vice versa, and a set, far from depending on . V, depends 
only on its members. 

Following Parsons, Gasser claims that a committed ante rem structuralist 
should regard the iterative conception only as ‘part of an explanation by 
analogies, not necessarily part of the literal truth about sets’ (Parsons, 1995, 
79).8 But, he says, there is evidence that the iterative conception is not used 
only as an analogy. Hence, he concludes, we have a conflict between ante 
rem structuralism and mathematical practice. It is of course open to ante 
rem structuralists to bite the bullet and insist that this conflict has to be 
resolved in favour of ante rem structuralism. Using a distinction by Burgess 
(1983) and familiar from the debate on mathematical fictionalism, this way 
of resolving the conflict would make the ante rem structuralist approach a 
revolutionary one (as opposed to a hermeneutic one, aiming to provide a 
faithful interpretation of mathematical discourse and practice). However, such 
a revolutionary approach would seem to undercut one of the main motivations 
for ante rem structuralism, namely the indifference in mathematical discourse 
and practice to non-structural features of mathematical objects.

8Note that, as observed above, Parsons now endorses something akin to a minimalist account of the 
iterative conception, and it will be argued below that on a minimalist account the iterative conception is 
not reduced to an explanation by analogies. Thus, there appears to have been a shift in Parsons’s views on 
the matter over the years. 
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In support of the claim that the iterative conception is not only used as an 
explanation by analogies, Gasser gives an oft-quoted passage by Gödel: 

[T]he axioms of set theory by no means for a system closed in itself, but, quite 
on the contrary, the very concept of set [i.e. the iterative conception] on which 
they are based suggests their extension by new axioms which assert the existence 
of still further iterations of the operation “set of”. (Gödel, 1964, 260)  

Gasser’s claim is that since the iterative conception is used to describe the 
universe of sets and provides a richer conception than what is codified in . ZFC, 
this is incompatible with ante rem structuralism. 

The conflict between the iterative conception and ante rem structuralism 
does not arise on the minimalist account (see Incurvati, 2012; Incurvati,  
2020, Ch. 2). In particular, since the minimalist account is not committed 
to there being a metaphysical dependence relation holding between a set and 
its members but not vice versa, it allows the ante rem structuralist to hold on 
to the view that every set in the hierarchy is dependent on every other set 
in the hierarchy and on the hierarchy itself. Gasser (2015, 16) is correct that 
Gödel does not use the iterative conception simply as an analogy: according 
to Gödel, the iterative conception describes a universe of sets in which the 
standard axioms of set theory hold. But the minimalist account does not 
reduce to saying that the iterative conception is just part of an explanation 
by analogies; on the minimalist account, the iterative conception commits 
someone who asserts it unconditionally to believing that sets are part of a 
cumulative hierarchy arranged into levels and that the universe of sets satisfies, 
for instance, the Powerset Axiom. What the minimalist account rejects is 
the idea that the iterative conception ought to be understood in terms of 
metaphysical dependence. 

Gasser thinks that structuralism is better understood as a hypothesis about 
mathematical practice. Thus, he insists that whether or not the iterative 
conception can be understood according to the minimalist account, ‘some 
notion of dependence mattered to Gödel’s take on the iterative conception’ 
(Gasser, 2015, 15, fn. 31), and that this suffices to show that structuralists 
are wrong to think that mathematical practice does not concern itself with 
non-structural aspects of mathematical objects. Such non-structural aspects are 
important in the foundations of mathematics, Gasser argues, as in Gödel’s case. 
Now, I am sympathetic with Gasser’s way of understanding structuralism— 
or, at the very least, its core motivation—as a hypothesis about mathematical 
practice, and I will return to this below. Moreover, we can set aside, for 
current purposes, the possible reply that Gödel’s remarks on the iterative
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conception could be taken to belong not to mathematical practice, but to 
philosophical aspects of the foundations of mathematics, which should be 
considered distinct from mathematical practice. For if that reply were viable, 
one might then argue that as long as there is no conflict between the practice of 
set theorists studying the mathematical properties of the cumulative hierarchy 
of sets and structuralism, then structuralists are off the hook: all that we have 
is a conflict between two different interpretations of mathematical practice, 
namely the structuralist one and Gödel’s. Instead, I would like to contend that 
the passage quoted above provides no evidence that Gödel understood the 
iterative conception as involving metaphysical dependence. 

Gasser insists that Gödel understood the iterative conception in a way that 
a structuralist cannot allow. He again quotes Gödel, when he remarks that the 
iterated powerset operation 

is to be understood so as to include also transfinite iteration, the totality of 
sets obtained by finite iteration forming again a set and a basis for a further 
application of the operation. (Gödel, 1964, 259, fn.  13)  

Thus, Gasser concludes, ‘Gödel may not have had any robust notion of 
dependence in mind here, but this is nonetheless more than a structuralist 
can allow’ (2015, 15). Again, however, there appears to be no evidence in the 
quoted passage that Gödel took sets to be metaphysically dependent on their 
members. Thus, Gasser has failed to provide the required argument that there 
is a conflict between ante rem structuralism and the iterative conception based 
on the notion of metaphysical dependence. 

Nonetheless, the fact that Gasser focuses on passages in which Gödel 
is concerned with iteration of the set of operation going beyond what is 
sanctioned by the axioms of set theory suggests that Gasser might have a 
different objection in mind. We should distinguish between two possible 
objections to ante rem structuralism. The first is that the iterative conception, 
at least as understood by Gödel, encodes a notion of dependence, which ante 
rem structuralism cannot allow. The second is that the iterative conception, at 
least as understood by Gödel, describes a structure which is not exhaustively 
captured by the .ZFC axioms. The discussion in Sect. 1 shows that these are 
potential conflicts between the iterative conception and ante rem structuralism 
which concern different components of the iterative conception (or under-
standing thereof ). The first is based on how the basic cumulative hierarchy 
structure is to be understood. This is what the debate between dependency 
and minimalist accounts of the iterative conception is about. The second 
is based on the indefinite extensibility of the set concept on the iterative
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conception. How this indefinite extensibility is to be understood, we saw, is 
what the debate between actualists and potentialists in height is about. The 
minimalist account provides a way for the ante rem structuralist to deal with 
the first objection to ante rem structuralism and, as we have seen, there is no 
evidence that Gödel endorsed more than a minimalist understanding of the 
key structural component of the iterative conception. The question is whether 
there is nonetheless a conflict between ante rem structuralism and the indefinite 
extensibility of the set concept, which the iterative conception endorses. 

In the next section, we will explore the options for ante rem structuralists for 
dealing with the second objection based on an alleged conflict between ante 
rem structuralism and the iterative conception of set. It should be emphasized, 
however, that the conflict, if it exists, would appear to be much more general 
than the objection would seem to suggest when formulated on the basis of the 
iterative conception. For, as we noted earlier, the iterative conception retains 
the indefinite extensibility at the expense of universality in its solution of the 
set-theoretic paradoxes, but it is by no means the only conception which does 
so. For instance, the graph conception of set (Incurvati, 2014) also endorses the 
claim that the concept of set is indefinitely extensible. Indeed, the conception 
sanctions a theory whose universe can be characterized by means of an iterative 
process, albeit one allowing for non-well-founded sets (see Incurvati, 2020, 
§7.7). 

4 Structuralism and Indefinite Extensibility 

I have argued that, in his discussion of Gödel, Gasser appears to have in mind a 
different objection to ante rem structuralism than the one based on the alleged 
dependence of a set upon its members on the iterative conception. For, when 
discussing Gödel, Gasser seems to focus on the supposed conflict between ante 
rem structuralism and a different aspect of the iterative conception, namely 
the indefinite extensibility of set concept. Gasser presents the objection in the 
following passage: 

On the structuralist view of sets, it’s not clear what this richer conception [i.e. 
a conception that is not exhausted by the .ZFC axioms] could possibly tell us. 
For a structuralist, sets are essentially just positions in the structure of the set-
theoretic universe—that is, as Parsons puts it, positions in the structure common 
to any “domain of ‘objects’ related in a relation called ‘membership’ satisfying 
conditions that can then be stated in the language of set theory,” for instance the 
conditions stated by the .ZFC axioms. (Gasser, 2015, 15)
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We can offer the following preliminary reconstruction of the argument 
in the passage, intended to establish that there is indeed a conflict between 
ante rem structuralism and the indefinite extensibility of the set concept, as 
sanctioned by the iterative conception. 
1. According to ante rem structuralism, sets are just positions in a structure 
characterized by some set of axioms (e.g. the .ZFC axioms). 

2. On the iterative conception, the concept of set is indefinitely extensible. 
3. Hence, the cumulative hierarchy is not exhausted by any set of axioms. 

(From 2) 
4. This contradicts (1). 
How could ante rem structuralists respond? At first sight, premise (1) is simply 
a statement of the ante rem structuralist view, so we can set it aside for the time 
being. We shall have occasion to return to it below. Similarly, we can set aside 
premise (2), since we are assuming with Gasser that ante rem structuralists 
want to hold on to the iterative conception as part of mathematical practice 
and that, therefore, rejecting it would clash with the original motivation of ante 
rem structuralism, namely that of giving its due to mathematical discourse and 
practice. Given this, the only possibility left for ante rem structuralists would 
seem to be to challenge the entailment from (2) to (3). 

One way to do this would be to focus on second-order axiomatizations 
of set theory, as indeed many ante rem structuralists have done (see, e.g., 
Shapiro, 1997; Leitgeb, 2020a,b; for a defence of ante rem structuralism in 
a first-order setting, see Resnik, 1997). For in a second-order setting, we must 
distinguish between two readings of ‘exhausted’ in ‘the cumulative hierarchy is 
not exhausted by any set of axioms’, model-theoretic and proof-theoretic. Some  
structuralists have argued that, once we focus on second-order axiomatizations, 
the cumulative hierarchy is model-theoretically exhausted by some set of 
axioms. In the literature, we find two strategies which aim to accomplish this. 

The first strategy holds that the hierarchy is model-theoretically exhausted 
by some set of axioms because it is genuinely indeterminate how far the 
hierarchy goes beyond what is ensured by those axioms. For instance, Isaacson 
considers the .ZFC2 axioms, whose models are all . Vκ with . κ an inaccessible 
cardinal. He then writes: 

[W]hat is undecided in virtue of this degree of non-categoricity is genuinely 
undecided, in the same way that the fifth postulate of Euclid’s geometry is 
genuinely undecided by the other axioms. (Isaacson, 2010, 53)
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The idea is that, say, the assertion that there is an inaccessible cardinal does 
not have a determinate truth value because it is true in some models of . ZFC2
and false in others. The result that the models of .ZFC2 are all . Vκ with . κ an 
inaccessible cardinal was famously proved by Zermelo (1930),9 and a position 
similar to Isaacson’s may be reasonably ascribed to Zermelo himself. For as, 
we noted above, Zermelo, describes the universe of sets as an open-ended 
sequences of normal domains, exhausted by the .ZFC2 axioms. 
The second strategy holds that the hierarchy is model-theoretically 

exhausted by some set of axioms because there is a set of axioms that 
categorically characterizes it. For instance, Gabriel Uzquiano (2002) appeals 
to VannMcGee’s (1997) result that .ZFCU2 plus the axiom that theUrelemente 
form a set and the assumption that the quantifiers range over everything (i.e. 
the theory can only have models which contain everything) is categorical with 
respect to the pure sets. 

Does this mean that ante rem structuralists must reject Gödel’s claim that 
the iterative conception suggests further iterations of the set of operation and 
so sanctions the indefinite extensibility of the set concept? Not necessarily. 
In particular, remember that we should distinguish between two readings of 
‘exhausted’ in ‘the cumulative hierarchy is not exhausted by any set of axioms’. 
Helping themselves to this distinction, ante rem structuralists could insist that 
although model-theoretically the hierarchy is exhausted by the axioms of . ZFC2
or .ZFCU2 plus the Urelemente Axiom and the assumption that the quantifiers 
range over everything, it is not so exhausted proof-theoretically, that is, axioms 
of higher infinity allow us to prove more about what holds in the cumulative 
structure as characterized by the axioms. Thus, ante rem structuralists can try 
to resolve the conflict between their position and the indefinite extensibility of 
the set concept by resisting the entailment from (2) to (3) in Gasser’s argument. 

This is not to say, however, that the two strategies we have outlined on 
the ante rem structuralist’s behalf are not without problems. In the case of the 
first strategy, the role of axioms asserting the existence of levels . Vκ for . κ an 
inaccessible cardinal appears problematic. For, one the one hand, the truth 
values of these axioms is said to be indeterminate. And, on the other, these 
axioms must be suggested by the iterative conception itself, to give its due to 
the indefinite extensibility of the set concept. The problem does not arise for 
the second strategy, which holds that the cumulative hierarchy has been fully 
characterized and so the role of axioms of higher infinity is clear: they make

9The theory Zermelo actually considered in his paper was a version of . ZF2 without Infinity. For this 
reason, the theory also has models in . Vω. 
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proof-theoretically explicit what was already model-theoretically secured by 
the axioms of set theory, motivated by the iterative conception of set. 

The challenge for the second strategy is rather whether McGee’s categoricity 
result does deliver what it purports to. As I argued in previous work (Incurvati, 
2016), the result’s assumption that the quantifiers range over everything 
jeopardizes its significance: there is no clear sense in which the result shows 
that the axiomatic theory fixes a single structure in a way that can be explained 
by appealing solely to our use and practice using that axiomatic theory. In 
other words, it is easy enough to specify an axiomatic theory that singles out 
the intended model using a meta-axiom that rules out unintended models by 
fiat; what is needed is an explanation as to why those models are unintended 
and, in ruling out models that do not encompass everything by assuming that 
the quantifiers do range over everything, McGee’s result fails to provide the 
required explanation. 

Thus, both strategies to deal with the apparent conflict between ante rem 
structuralism and the indefinite extensibility of the set concept on the iterative 
conception appear to have problems. However, I am now going to argue 
that challenging the entailment from (2) to (3) in our earlier reconstruction 
of Gasser’s argument is not the only option for ante rem structuralists. For 
consider our reconstruction again. In that reconstruction, we followed Gasser 
in taking structuralism to be committed to the thesis that sets are just positions 
in a structure characterized by some set of axioms (e.g. the .ZFC axioms). 
However, this thesis is best seen as a combination of two theses, leading to 
the following reconstruction of the argument: 
1. According to ante rem structuralism, sets are just positions in a structure. 
2. According to ante rem structuralism, structures are always characterized by 

some sets of axioms. 
3. Hence, according to ante rem structuralism, sets are just positions in a 

structure characterized by some set of axioms (e.g. the . ZFC axioms). (From 
1 and  2)  

4. On the iterative conception, the concept of set is open-ended. 
5. Hence, the cumulative hierarchy is not exhausted by any set of axioms. 

(From 4) 
That sets are just positions in the structure of the set-theoretic universe is part 
and parcel of the ante rem structuralist doctrine. And a recurrent theme in 
the writing of structuralists is that structures are fully characterized by the
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axioms, which can then function as implicit definitions of those structures. 
For instance, Shapiro writes: 

Ultimately, mathematical structures are characterized axiomatically (as implicit 
definitions), or they are defined in set theory. (Shapiro, 1997, 258)  

Given that the cumulative hierarchy cannot be found as a set within itself, 
it must be given by a coherent axiomatic characterization, which then works 
as an implicit definition of the cumulative hierarchy. 

Structuralism entails a relativity of objects. Rather than objects simpliciter, we 
speak of objects of a structure. Each mathematical object is implicitly or explicitly 
tied to the structure of which it is a place. Structures, in turn, are characterized 
by coherent theories, via devices like implicit definition. (Shapiro, 1997, 258)  

In other words, with ordinary (pure) mathematics, a given theory is an implicit 
definition of a freestanding structure or a class of freestanding structures. 
(Shapiro, 1997, 260)  

Although Shapiro himself (1997, 165) interprets Hilbert as an eliminative 
structuralist, the Hilbertian origins of the view that mathematical structures 
are given by coherent sets of axioms which work as implicit definitions 
are clear. And the view is, of course, an important and influential one in 
mathematics and its philosophy. However, it should be stressed that, unlike 
the thesis that mathematical objects are positions in a structure, this view is 
not part and parcel of the ante rem structuralist doctrine. It is an additional 
commitment that ante rem structuralists may but need not undertake. And 
rejecting this commitment allows ante rem structuralists to turn the apparent 
conflict between their view and the indefinite extensibility of the set concept 
on its head. It is precisely our grasp of the fact that the set of operation is to 
be iterated indefinitely and that, as a result, the concept of set is indefinitely 
extensible that makes it the case that iterative set theory is about the cumulative 
hierarchy of sets. Even if the indefinite extensibility of the set concept as 
embodied by the iterative conception cannot be fully captured by the axioms 
of iterative set theory, this does not mean that it cannot contribute to our 
understanding of the structure iterative set theory is meant to be about. As 
Benacerraf once put it: 

Even if we agree […] that the determinants of mathematical meaning must lie 
somewhere in our use of mathematical language, why think use to be captured



10 Iteration and Dependence Again 265

(or capturable) by axioms (we do argue about new axioms)? (Benacerraf, 1985, 
111) 

Thus, distinguishing between the thesis that sets are positions in a structure 
and the thesis that structures are characterized axiomatically allows us to see 
another possible avenue of response to Gasser’s objection. In particular, the 
ante rem structuralist can hold on to the thesis that sets are positions in a 
structure but accept that the indefinite extensibility of the set concept on the 
iterative conception shows that some structures cannot be fully characterized 
by any set of axioms. This, however, is compatible with thinking that remarks 
such as Gödel’s on the indefinite extensibility of the set concept on the iterative 
conception have a role to play in our grasp of the mathematical structure 
iterative set theory is about, namely the cumulative hierarchy. Thus, although 
standard presentations of ante rem structuralism do often say that structures 
are always given by set of axioms via implicit definitions, this aspect should be 
distinguished from the thesis that mathematics is the science of structures and 
that mathematical objects are positions in structures.10 

5 Conclusion 

The debate between minimalist and dependency accounts and the debate 
between potentialist and actualist accounts concern different aspects of the 
iterative conception, and indeed all four positions in the resulting logical space 
have been occupied in the literature. Distinguishing between these two aspects 
of the iterative conception allows us to distinguish clearly two objections 
against ante rem structuralism based on the iterative conception. The first 
objection is that the ante rem structuralist cannot allow for the possibility of a 
set asymmetrically depending on its members. I have argued that the ante rem 
structuralist can address this objection by endorsing the minimalist account of 
the iterative conception. The second objection is that the ante rem structuralist 
cannot allow for the indefinite extensibility of the set concept, as embodied 
by the iterative conception. I have charted various avenues of response to the 
second objection, and argued that, by distinguishing between the thesis that

10Shapiro distinguishes between algebraic (e.g. group theory, field theory and ring theory) and non-
algebraic theories (e.g. arithmetic and set theory). The latter are about a class of structures whereas the 
former are intended to be about a particular structure. Algebraic theories are typically understood to 
be about all and only their models—a group is nothing but a model satisfying the group axioms. One 
natural possibility for the ante rem structuralist would therefore be to hold on to the idea that structures 
are characterized axiomatically, but to reject it for non-algebraic theories. 
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mathematics is the science of structures andmathematical objects are positions 
in those structures on the one hand and the idea that mathematical structures 
are given by axioms as implicit definitions on the other, we can identify a so 
far neglected avenue of response to the second objection. 

Having criticized ante rem structuralism, Gasser ends his paper by defend-
ing an understanding of structuralism which does not involve substantial 
claims about the ontology of mathematics. Instead, on this understanding, 
structuralism is simply a thesis about the practice of mathematics: ordinary 
mathematicians pursue mathematics by ignoring non-structural features of 
mathematical objects. Burgess and Hamkins too are critical of metaphysically 
loaded understandings of structuralism, and defend versions of structuralism 
which similarly concern the waymathematics is to be practised. Burgess (2015) 
endorses what he callsHardy’s Principle (1940) that in mathematics it is enough 
for there to be some interpretation of symbols on which the axioms come out 
as true, but it does not matter whether there aremany interpretations, since we 
can adopt any of them. The only questions about the choice of interpretation 
are pragmatic, concerning which interpretation is most convenient for certain 
purposes. Similarly, Hamkins (2021) defends what he calls structuralism in 
practice, which is again not an ontological thesis but rather a thesis about 
how mathematics is to be pursued: by ignoring non-structural features of 
mathematical objects and by stating theorems and formulating mathematical 
concepts so that they are invariant under isomorphism. 

Having spent the bulk of this chapter defending ante rem structuralism 
against Gasser’s objections, I want to now end it on a reconciliatory note by 
expressing my sympathy for a non-ontological understanding of structuralism 
and outlining my reasons for this sympathy. As we saw, Gasser holds that 
there are aspects of set-theoretic practice that allegedly appeal to non-structural 
aspects of mathematical objects. I have argued that set-theoretic practice does 
not appeal to dependence relations between a set and its members, and that 
one can avoid having to regard the indefinite extensibility of the set concept 
as resting on non-structural features of mathematical objects by rejecting 
the idea that structures must be fully characterizable by axioms. Burgess 
and Hamkins, for their part, argue against structuralism on the basis of the 
existence—indeed, abundance—of non-rigid structures in mathematics. This 
is the well-known Burgess–Keränen objection (Burgess, 1999; Keränen, 2001), 
which has been extensively debated (see, e.g., Button, 2006; Shapiro,  2006; 
Leitgeb & Ladyman, 2008; Shapiro,  2008), and I will not enter this debate 
here. 
For my reasons for being sympathetic with a non-ontological understanding 

of structuralism are different. I agree with Gasser, Burgess and Hamkins
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that the structuralist insight that mathematical practice ignores non-structural 
features of mathematical objects is an important one, which should have a 
central place in one’s philosophy of mathematics. Moreover, and unlike Gasser, 
Burgess and Hamkins, I agree with ante rem structuralists that this insight does 
not only have consequences for the understanding of mathematical practice. 
In particular, ante rem structuralists are right when they typically contend 
that the semantics of mathematical talk should be sensitive to mathemati-
cians’ indifference to non-structural features of mathematical objects. This is 
because, from a broadly pragmatist perspective, one should avoid assigning 
to expressions semantic values that are not needed to explain their functional 
role—the function they play in our practices (see Incurvati & Schlöder, 2023, 
esp. Ch. 1). 

Thus, in general, it would seem correct to assign to mathematical expres-
sions meanings that do not appeal to non-structural features of mathematical 
objects. This makes the ante rem structuralist position prima facie very 
appealing. For consider the two major alternatives from the structuralist 
camp, which dispense with structures as sui generis entities (and hence are 
eliminativist in nature). The first alternative consists in taking the meaning 
of mathematical expressions to be given by a background ontology, typically a 
set-theoretic one. On this view, the meaning of, say, arithmetical expressions 
can be given by the vonNeumann ordinals. However, this meaning assignment 
is arbitrary—the meaning of arithmetical expressions could have as well been 
given by identifying their referents with the Zermelo ordinals. The reference 
of numerical expressions is therefore relative to an initial choice of reference 
assignment, which is why this kind of structuralism is sometimes called 
relativist (Reck & Price, 2000). The problem for relativist structuralism is that 
whatever choice one makes, the semantics ends up ascribing to mathematical 
expressions semantic values that are not needed to explain their functional 
role, since the assignment settles questions such as whether the number 1 is 
a member of the number 3, which appear to be extraneous to mathematical 
practice. 

The second alternative aims to improve on relativist structuralism by 
not focusing on an arbitrarily chosen assignment of possible referents but 
rather universally quantifying over all of them. Arithmetical statements, for 
instance, are to be reconstructed as generalizations over all systems of objects 
instantiating ‘the natural number structure’, though there is no need to appeal 
to a sui generis natural number structure over and above the particular systems 
of objects instantiating it. The problem for this universalist version of struc-
turalism (Reck & Price, 2000) is that it cannot take mathematical statements 
at face value, which would seem to count against it. More importantly, the
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particular way in which arithmetical statements are semantically analysed on 
the universalist structuralist view appears to be non-compositional (Leitgeb, 
2020a, 325).  

However, from the natural language semantics fact that one should assign 
to mathematical expressions semantic values which do not appeal to non-
structural features of mathematical objects and that are compositional, one 
need not draw the metaphysical conclusion that mathematical objects do not 
have non-structural features. This conclusion is only forced upon us if we 
regard the assignment of meaning to mathematical terms to proceed in a 
broadly referentialist manner, so that when we assignmeaning tomathematical 
expressions we fix all of their properties by assigning to them a referent. From 
an inferentialist perspective, in particular, objects can have properties going 
beyond what they must have on the basis of their semantics. There may be 
extra-semantics reasons for regarding mathematical objects as having non-
structural features. The fact that the functional role of mathematical talk does 
not appeal to non-structural features of mathematical objects does not imply 
that mathematical objects do not have such features (or, of course, that they do 
have them). These remarks are no doubt sketchy, but I hope that they indicate 
a promising direction for the development of a version of structuralism which 
is not metaphysically loaded and gives its due to mathematicians’ indifference 
to non-structural features of mathematical objects.11 For now, I conclude that 
there is no conflict between structuralism and the iterative conception of set. 
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