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One-dimensional evaporative cooling of magnetically trapped atomic hydrogen

P. W. H. Pinkse,* A. Mosk, M. Weidemu¨ller,† M. W. Reynolds, and T. W. Hijmans
Van der Waals–Zeeman Instituut, Universiteit van Amsterdam, Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands

J. T. M. Walraven
FOM Institute for Atomic and Molecular Physics (AMOLF), Kruislaan 407, 1098 SJ Amsterdam, The Netherlands

~Received 5 January 1998!

We report experiments on evaporative cooling of spin-polarized atomic hydrogen gas confined in a cryo-
genic magnetic trap, and present a model of the trapped gas based on a generalized truncated Boltzmann
approximation for the phase-space distribution function. The model takes into account the dimension of the
evaporation@three-dimensional~3D! or 1D# and the time dependence of both the depth and the shape of the
confining potential. Our observations are consistent with 1D evaporative cooling. To attain maximal phase-
space density, we used the model assuming 1D evaporative cooling to optimize the evaporation procedure.
With this work, the low dimension of evaporation was identified as the bottleneck thus far preventing us from
achieving Bose-Einstein condensation in trapped atomic hydrogen.
@S1050-2947~98!08006-8#

PACS number~s!: 03.75.Fi, 67.65.1z, 32.80.Pj
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I. INTRODUCTION

Since its introduction for magnetically trapped atomic h
drogen@1–3#, evaporative cooling has proven to be a po
erful technique to increase the phase-space density of tra
gases. It was used, in the case of alkali vapors, to reach
critical density required for Bose-Einstein condensat
~BEC! @4#. As the only cooling technique currently appl
cable at high phase-space density, it plays a central rol
the rapidly expanding field of BEC in ultracold gases@5#.

Evaporative cooling occurs when energetic atoms are
from a trap as a result of elastic interatomic collisions. Th
atoms carry with them a disproportionate share of the th
mal energy, and the remaining trapped atoms collision
equilibrate to a lower temperature. The availability of en
getic atoms decreases exponentially as the ratio of trap d
to temperature increases, so to keep evaporation going
necessary to decrease the trap depth to track the temper
~forced evaporation!.

The most efficient form of evaporative cooling is plau
bly ‘‘ergodic’’ evaporation, in which all atoms acquiring
total energy exceeding the depth of the trap are quickly l
In this case the rate of evaporation is just the rate at wh
interatomic collisions promote atoms to energies higher t
the trap depth. Experimentally, efficient evaporation can
sult when an equipotential surface of the trap is made abs
ing, for example with material walls@6#, a microwave reso-
nance @7#, or an optical resonance@8#. Then atoms with
sufficient energy to reach the equipotential are efficien
pumped from the trap, and the evaporation is almost ergo
@9#.

However, evaporation can be much less efficient than
the ideal situation. As discussed by Surkov, Walraven,

*Present address: Fakulta¨t für Physik, Universita¨t Konstanz, Fach
M701, D-78457 Konstanz, Germany.

†Present address: Max-Planck-Institut fu¨r Kernphysik,
Saupfercheckweg 1, D-69117 Heidelberg, Germany.
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Shlyapnikov, whether the collisionless motion of the ato
in the magnetic trap is regular or stochastic can have p
found consequences for the efficiency of evaporative coo
@10#. An important notion is the ‘‘effective dimension o
evaporation’’ @10#. Ergodic evaporation is ‘‘three dimen
sional’’ ~3D!, since the criterion for the escape of an ato
from the trap is based on the total energy of the atom. In
situation where the motional degrees of freedom of the a
are uncoupled and the energy of motion in only one direct
determines the escape, the evaporation is ‘‘one dimension
~1D!. Everything else being the same, the rate of 1D eva
ration is slower than that of 3D evaporation by a factor a
proximately four times the dimensionless ratio of the tr
depth to the temperature of the gas@10#.

In practice, to compete with other processes that lead
atom loss and heating, fast 3D cooling is to be preferred.
hard to realize true three-dimensional evaporative coo
@5#. For example, for the heavier alkalis gravity will displac
the surface of constant potential energy from the magn
resonance~rf! ejection surface, which removes the energe
atoms and in this way will reduce the dimensionality of t
evaporation~bottlenecking of the evaporation process!. De-
spite its expected ubiquity, no investigation of 1D evapo
tion has yet been reported.

In this paper we present a detailed analysis of our eva
rative cooling experiments, and present a model of
trapped gas based on a generalized truncated Boltzmann
proximation for the phase-space distribution function. T
model can be configured to describe 3D or 1D evapora
cooling, including the time dependence of both the depth
shape of the confining potential. Our observations are c
sistent with the 1D evaporative-cooling version of o
model. To attain maximal phase-space density, we optimi
the evaporation procedure, using the knowledge that
evaporation process is consistent with 1D evaporation.

The paper is organized around two main parts: the fi
part describes the experiments, and the second is devot
a description of the 1D and 3D evaporation models. Afte
brief introduction of our assumptions and terminology
4747 © 1998 The American Physical Society
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Sec. II A, and trapping potentials in Sec. II B, we present
apparatus~Sec. III A! and the experiments showing the lo
dimensionality of the evaporation~Sec. III B!. Following
this, we present measurements of forced evaporative coo
experiments~Sec. III C! that were optimized to reach a hig
phase-space density. The second part of the paper starts
a general discussion of the evaporation model~Sec. IV!, fol-
lowed by the details for the 1D~Sec. V! and 3D cases~Sec.
VI !. Finally, we discuss the implications of the dimension
ity of evaporation for the attainment of Bose-Einstein co
densation of atomic hydrogen in our apparatus.

II. PRELIMINARIES

A. Physical picture

The description of evaporative cooling in this paper
based on the model introduced in Refs.@11# and @12#. We
consider a nondegenerate Bose gas, confined by an ext
potential U(r ) in which the atoms move quasiclassicall
The gas is described by the distribution of atoms in ph
space~the space of atomic positionr and momentump!. The
energy of an atom,e, is given bye5p2/2m1U(r ), wherem
is the atom mass. Interactions between the atoms pro
collisions, but we neglect their contribution to the energy,
the density of atoms is low. We assume that the phase-s
distribution is thermal, characterized by a temperatureT, in
the generalized sense of Ref.@12#, even when the trap dept
is finite and the gas is evaporating. This means that in
part of phase space occupied by trapped atoms the ph
space density is proportional to exp(2e/kT), with k the
Boltzmann constant. The peak phase-space density~often
called simply the ‘‘phase-space density’’! is written n0L3,
wheren0 is a real-space atom density, called the ‘‘referen
density,’’ andL is the thermal de Broglie wavelength, d
fined byL5(2p\2/mkT)1/2. Typically n0 is approximately
equal to the actual real-space density at the center of the
this equality becomes exact in the limit of an infinitely de
trap. For a given trapping potential, the state of the ga
completely determined by the variablesn0 and T, which
form a natural basis for a thermodynamic description
evaporative cooling. The number of atoms in the trap,N, is
related to the reference density by the effective volumeVe ,
defined byVe5N/n0 . The external potential can be useful
characterized by the exponentg which describes howVe
scales with temperature:Ve}Tg. From a perfectly isolated
infinitely deep trap, atoms can only escape by internal de
processes. In our experiments, spin-dipole relaxation@13#
was the dominant loss mechanism. Dipolar relaxation le
to loss of particles and to heating. Because it is a two-b
process, it becomes more important at high densities. In
der to cool the gas to low temperatures and high densities
efficient cooling process, such as evaporative cooling, is
quired.

The simplest way to model evaporative cooling is to co
sider a fixed potential with a variable cutting edge, that
termines the depth of the trap, as was done in Refs.@11# and
@12#. However, in many situations~including our experi-
ments! it is impossible to lower only the trap depth witho
changing the rest of the trapping potential. The question
dressed in this paper is that of what happens under a ge
potential change of a trap of finite depth? A quantitat
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answer will be given in later sections. Here we discuss t
point qualitatively, in order to define the different process
and to clarify the terminology.

In our modeling we assume that states can be categor
as trapped or untrapped.Evaporationoccurs when atoms ar
promoted to untrapped states by collisions with other ato
Atoms in untrapped states are assumed to leave the trap
fore colliding with another atom~no collisional recapture!.
For this, the gas should be in the Knudsen regime—the m
free path of an atom should exceed the size of the gas cl
which is a typical situation for most experiments. In contra
to the assumptions in Refs.@11# and @12#, the condition that
discriminates the trapped atoms from the untrapped atom
not only a function of the total energy. The 3D and 1
evaporation processes differ in the criterion~the escape cri-
terion! which distinguishes trapped states from untrapp
states. For 3D evaporation the escape criterion involves s
ply the total energy of the atom. For 1D evaporation t
energy associated with the motion of an atom in a particu
direction ~the escape direction! should be considered.

It is worth mentioning that the question of whether t
evaporation is 3D or 1D can depend on the gas density, e
when maintaining the condition of having a Knudsen g
When the collision time is longer than the ergodic mixin
time at low density~giving 3D evaporation!, it may be
shorter at high density~giving 1D evaporation if there is a
single escape direction!. To avoid dealing with this crossove
between 3D and 1D evaporation, in this paper we only c
sider cases where the degrees of freedom of the collision
motion of atoms are either completely mixed~full ergodic-
ity!, or not mixed at all.

Atoms that are lost because the trap becomes too sha
to confine them are said to bespilled @12#. In a quantum-
mechanical picture these are the particles that occupy s
that are removed from the trap. Spilling is a single-parti
process that is independent of collisions. If spilling is do
quickly ~faster than the collision rate! it can be used to ana
lyze the energy distribution of the trapped atoms@14#. In
forced evaporative cooling the trap depth is lowered to
crease the evaporation rate. It is important to bear in m
that the atoms spilled as a direct result of this lowering
not, properly speaking, evaporated, and they do not cha
the temperature directly. They are simply lost, leaving
rest of the distribution function unchanged.

A simple case of spilling occurs when only the trap dep
is lowered in an otherwise unchanged potential. We refe
this case as ‘‘pure spilling.’’ Spilling in most alkali exper
ments is pure spilling, because the trap depth is lowered
reducing the frequency of the rf field, which can be realiz
independently from the magnetic trapping field. On the ot
hand, it is not necessary to decrease the trap depth to
atoms. For instance, when adiabatically compressing a
e.g., by increasing the spring constant of a harmonic trap,
keeping the trap depth constant, the level splitting increa
and states are forced out of the trap.

Work is done by~or on! the trapped gas if the trappin
potential is varied. We consider variations of the potential
a time scale sufficiently slow in comparison with the col
sion time that the thermal character of the distribution is
appreciably disturbed. In this case, for example, increas
the spring constants of a harmonic trap leads to adiab
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compression and heating of the gas. If work is done su
ciently slowly, it is a reversible process that does not cha
the entropy of the gas. This also holds for slow adiaba
changes of the trapping potential that changeg, in which
case the phase-space density can be changed in a reve
way @15#.

B. Trapping potentials

In our experiments evaporation is 1D because the lon
tudinal and transverse degrees of freedom of atomic mo
are uncoupled, and only the longitudinal motion of the ato
determines their escape from the trap. Our trap is of the Io
type @16#, and its potential can be approximated by

U~x,y,z!5Aa2~x21y2!1@U01Uz~z!#22U0 , ~1!

whereUz(z) is determined by the axial coils and can have
complicated shape, andUz(z0)50, wherez0 is the coordi-
nate of the trap minimum. The potential offset parameterU0
is determined by the magnetic field at the trap minimum. T
leading off-axis behavior is described by the transverse
tential gradienta due to the Ioffe bars. An important speci
case is the trap we call Ioffe quadrupole~IQ!, for which the
axial potentialUz is harmonic,Uz(z)5bz2. For an infinitely
deep IQ trap the three parametersU0 , a, andb describe the
potential completely.

In addition to the supposed infinitely extending magne
trapping potential, usually a surface is present at which
oms are removed from the trap. We assume here that
surface coincides with an equipotential surface of trunca
energye t . Atoms with a trajectory crossing this surface a
thought to be removed from the trap immediately. Note t
if the potential energy is chosen to be zero at the trap m
mum, as we will assume throughout this paper,e t is just the
depth of the trap~in the direction of the pumping surface,
least!.

As shown in Ref.@17#, whenU0.e t the transverse and
longitudinal degrees of freedom in a Ioffe trap are effectiv
uncoupled. This conclusion was reached considering
Ioffe potential, including small terms beyond the approxim
tion of Eq.~1!. It is noteworthy that for typical Ioffe traps th
ratio of transverse and longitudinal oscillation frequencies
large, which makes this uncoupling a robust phenomen
When working at ultralow temperatures the conditionU0
@kT is inevitable in our Ioffe trap, and becausee t is not so
very much greater thankT, one can easily appreciate th
uncoupling is essentially unavoidable in practice.

WhenU0 is much larger thane t the potential is separabl
in its variables—to a very good approximation—and we m
write the potential as

U~x,y,z!5U'~x,y!1Uz~z!, ~2!

the sum of the longitudinal potentialUz(z) and a transverse
potential which is essentially harmonic,U'(x,y)5mv'

2 (x2

1y2)/2. The oscillation frequency for the transverse moti
is given byv'5a/AmU0. If the potential is separable, th
energye of an atom can be considered to be the sum o
transverse energy,e' , and a longitudinal energy,ez , which
are uncoupled~between collisions! and conserved~for a con-
stant trap!. In our 1D evaporation model we will discus
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traps of the form of Eq.~2! with evaporation determined b
the longitudinal potentialUz . We will give expressions for
generalUz and harmonicU' .

A general class of separable potentials was analyze
Ref. @18#. These potentials are of the form

U~x,y,z!5~x/lx!
1/dx1~y/ly!1/dy1~z/lz!

1/dz, ~3!

where, e.g.,lx sets the length scale in thex direction, anddx
sets the power law. The harmonic trap is a special case,
dx5dy5dz5

1
2 , and, e.g.,lx5vxA2/m. We will give ex-

pressions for this class of traps as well.

III. EXPERIMENTS

A. Apparatus

In our experiments we use the cryogenic Ioffe trap wh
was described in detail elsewhere@19#. It consists of four
racetrack-~oval-! shaped coils providing radial confinemen
and a set of four cylinder-symmetric axial confinement co
creating magnetic-field profiles such as that shown in Fig
The potential is approximately given by Eq.~1!.

The trap is loaded with atomic hydrogen produced
dissociation of molecular hydrogen in a cryogenic dischar
and thermalized into the trap by collisions of the atoms w

FIG. 1. Schematic of the apparatus. On the right side an o
view of the experimental cell is sketched, together with the sup
conducting coils forming the magnetic trap. The axial confinem
coils are labeled, from top to bottom,U ~upper!, M ~middle!, L
~lower!, andD ~dissociator!. The set of four racetrack coils creatin
the radial confining field are indicated withQ. Also shown is the
Lyman-a beam path for optical spectroscopy of the trapped gas.
the left side a possible field profile, along the axis and along
wall, is indicated.
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the helium-coated wall and with each other. To obtain h
densities, the superfluid4He film was covered with a mono
layer of 3He. A typical sample just after loading consists
1012 atoms at a temperature of 70 mK. At the start of t
experiment, the wall of the experimental cell can play a ro
as in Ref.@6#, but the sample quickly cools away from th
wall, and the depth will be determined by a maximum o
magnetic field barrier as will be assumed in the rest of t
paper. Evaporative cooling is performed by varying the c
rents in the axial coils to reduce the depth of the trap. Ato
escaping from the trap are cryopumped away.

It is important to note that our trap is constructed w
superconducting coils optimized primarily to sustain a h
trap depth with minimal dissipation~using persistent curren
switches!, rather than fine control over the field. The unce
tainties in the trap depth are estimated to be on the orde
0.5 mT. Careful attention had to be paid to current lag
cause of the high self-inductances of the coils and the fi
resistance of the normal state of the persistent-cur
switches. Fortunately, most of these parameters are kno
and the current lag in the coils can be anticipated when p
gramming a field change by integrating the differential eq
tions connecting the magnet power supply currents with
actual currents in the coils, taking into account the relaxat
time due to the protection, and switch resistors which sh
the superconducting coils@20#.

The trapped gas is probed optically, using narrow-ba
light resonant with the Lyman-a transition ~wavelengthl
5122 nm!. The light beam is passed through the gas~see
Fig. 1!, and the total transmission is measured as a func
of frequency. Comparison with theoretical spectra enable
to characterize the trapped gas by, e.g., its temperature
peak density. Details of the spectroscopic technique can
found in Ref.@21#.

B. Experimental evidence of 1D evaporation

The question of whether evaporation in our experimen
situation is better described by 1D or 3D evaporation w
answered by the experiment described in this section.
evaporation experiment was performed starting with sam
of 1.731011 atoms at 25 mK with a density of 3
31012 cm23, as determined by Lyman-a spectroscopy.
Next, the trap depth was reduced from 0.15 K to a value
than 0.1 mK~dashed line in Fig. 2!, by lowering the upper
confinement barrier. In this case this was done by reduc
the current in theM coil in four linear sweeps. As a conse
quence the trap depth changes relatively fast at the end o
procedure. After the reduction of the trap depth, the sam
was probed by taking Lyman-a spectra of 10-s duration, an
found to have temperatures of about 1 mK.

We simulated the evolution of the gas using two versio
of our evaporation model, one simulating 3D evaporat
and the other simulating 1D evaporation. Both versions
the model will be described later in this paper in detail. F
computational efficiency we assume that the trap is eff
tively harmonic in thez direction~IQ trap!. The full expres-
sions for the field are used to find the truncation energye t
and from the behavior ofU(r ) near its minimum, the trap
parametersa, b, and U0 . The real trap was then approx
mated by an IQ trap with these parameters. In the 1D c
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we found no significant difference when the fullz depen-
dence was replaced by the IQ approximation. We do
expect significant differences in the 3D case either.

The results of the simulations are shown in Fig. 3,
gether with temperature and density obtained from the sp
tra. The evolution calculated for 3D evaporation predicts
monotonously increasing density and decreasing temp
ture, while the 1D evaporation gives rise to a sharp declin
density after an initial modest increase. Once the trap de
is lower than the ‘‘temperature,’’ cooling ceases~in the 1D
case!, because an evaporating particle carries away insu
cient energy. In this case the momentum distribution of
oms in the trapped gas cloud is a disk in the (vx ,vy) plane.
One might well expect that the models, based on the tr
cated Boltzmann distribution, will become inaccurate wh
h ~the ratio of trap depth to temperature! becomes of order
unity. It is hence not surprising that the data are not in qu
titative agreement with either model. The data are, howe
consistent with the 1D evaporation model, and not at all w
the 3D evaporation model. The 1D truncation of the pha
space distribution is taken into account when calculating t
oretical Lyman-a spectra for the determination of temper

FIG. 2. Plot of the trap depth and the temperatures predicted
the 3D and 1D evaporation models vs time, during lowering of
current through one of the axial confinement coils. The symbols
measured data points. The initial condition is a density of
31012 cm23 and a temperature of 25 mK. The conditions are ch
sen such as to accentuate the difference between 1D and 3D e
ration.

FIG. 3. The same results as in Fig. 2, now plotted in theT-n0

plane, showing results of simulations employing 3D and 1D eva
ration. The open circles are spaced 10 s apart. The dashed
indicates the slope for a trajectory without atom loss~assuming a
harmonic potential!. The solid symbols are experimental point
starting att585 s, spaced 10 s apart, in two series of measu
ments. The error bars on one of the series are obtained by fi
with different approximations to the Lyman-a beam profile.
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ture and density from the data. Using a 3D-trunca
distribution leads to even lower derived densities and ma
the discrepancy between the 3D model and these data
larger.

Although we cannot conclude with certainty from th
comparison between these data and the models that
evaporation is purely one dimensional, it does show tha
model based on 1D evaporation describes the forced ev
ration in our Ioffe trap at low temperatures much better th
a model based on 3D evaporation.

C. Optimized 1D evaporation

Armed with the knowledge that evaporation in our Iof
trap is more 1D than 3D, we aimed to arrive at the high
attainable phase-space density, using the model~described in
detail below! based on 1D evaporation to optimize the tr
jectory through phase space. The optimal model trajec
was found by computer optimization of the evaporation p
cess to obtain the highest phase-space density. In this
mization the currents through four of the five magnets w
used as adjustable parameters, taking into account the s
ing conditions and the technical constraints imposed by
apparatus.

High radial confinement during loading of the trap ma
mizes the number of trapped atoms, and assures the hig
initial densities for the evaporation experiment. On the ot
hand, tight radial confinement leads to very small sample
low temperatures, making the optical thermometry difficu
Therefore we reduce thea coefficient during the first stage
of the ramp. The ramp-down rate of the radial confinem
coils was limited by the risk of quenching of the superco
ducting wires. The final current configuration was fixed to
sure that a trap of finite depth remained at the end.

To simplify the calculation of the optimal ramp setting
further, the ramp was divided into seven linear curre
sweeps. Both the duration of every linear sweep and
destination currents were optimized using a computer p
gram based on the one-dimensional evaporation model,
including the fullz dependence of the field. It was check
that in both the radial and axial directionse t /\v decreased
monotonically, withv the radial or axial trap oscillation fre
quency. This indicates that no empty trap states are in
duced, which is necessary for the model to be valid, as
be discussed in Sec. VI C.

The effect of adiabatic compression or decompression
the trap is also taken into account in the model. Howev
because the product of curvaturesv'

2 vz in the optimized
ramp turns out to be constant within 20%, this hardly infl
ences the result. We also found that during the simula
evolution the effective-volume exponentg remains in the
narrow range 1.4,g,1.6. This means that adiabat
changes of the phase-space density@15# do not play an es-
sential role in the present experiments.

It is interesting to look at the evolution of the truncatio
parameterh during the optimized ramp. This is depicted
Fig. 4. Note that the value ofh is, apart from some oscilla
tions, steadily decreasing. This reflects the need for acce
ated evaporation due to the increasing importance of dip
heating with decreasing temperature. The oscillations a
result of the linear sweeps which form the building blocks
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the total ramp. This indicates that, in principle, a better o
timized ramp would be possible by using another optimi
tion scheme which can deal with more complicat
~smoother! ramps, or simply a larger number of linear one
However, the fact that the wiggles inh are hardly reflected in
Fig. 3 indicates that this could not have gained more tha
few percent in, e.g., the density, because evaporation
certainh corresponds to a certain slope in theT-n0 plane.

We typically start with 431012 atoms loaded into the trap
at a density of 731012 cm23 and a temperature of 0.11 K
Because spectroscopy is difficult if the trapping field
changing, we repeated the ramp a number of times, the
time stopping after the second linear sweep, and the n
time stopping after the third linear sweep until the total ram
of seven sweeps, in order to map out the complete traject
Every time that we broke off the ramp, the currents in t
magnets were allowed to relax to the currents set by
power supplies at that moment. We also simulated these
tial ramps, to compare with data. Before every~partial! ramp,
we reloaded the cell with atomic hydrogen. The loading p
cedure leads to roughly the same starting conditions, but
cause the loading depends on the temperature of the
variations of order 30% in density can occur. Figure 5 sho
the ramps to step 2,3,...,7. The curve labeled 7 is the c
plete optimized ramp.

There is reasonable agreement between the data an
1D model for the ramps to step 5. The discrepancy betw
the model and the data at steps 6 and 7 are probably du

FIG. 4. Calculated evolution of the truncation parameterh in a
ramp optimized using the model based on 1D evaporation.

FIG. 5. Evolution of trapped gas on then0-T plane. The curves
are simulations based on 1D evaporation. The solid symbols on
theoretical curves are spaced 10 s apart. The larger, open sym
are experimental data points. The solid circles are measured
ramp to step 2. The corresponding theoretical curve has o
circles, etc.
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the fact that the spectroscopy becomes less sensitive to
temperature below 1 mK. Spectroscopy is better at determ
ing the number of atoms and, as can be seen in Fig. 6,
discrepancy is smaller. Also, deviation of the trap depth d
to the stray fields becomes more important at small t
depths, as well as errors in the estimation of the calcula
currents due to, e.g., neglect of the mutual inductances o
coils, and noise of the power supplies. Other possible sou
of systematic errors are heating of the cloud by the pr
light and heating by background gas produced by the ed
current heating of the cell when ramping the magnets.

The highest phase-space density achieved can be fou
the upper left corner of Fig. 5:n0L3.0.05, a little more than
an order of magnitude short of BEC. This represents,
believe, the limit of the present apparatus. At the end of
paper we will discuss how this limit might be circumvente

IV. MODELING THE TRAPPED GAS

A. Introduction

The first descriptions of evaporative cooling assumed
the trapped atoms had energies distributed according
Boltzmann distribution truncated at the trap depth@22–25#.
Luiten, Reynolds, and Walraven@11# proved by numerical
solution of the Boltzmann equation that for nondegener
Bose gases the evaporation process conserves the trun
Boltzmann distribution rather accurately. Expressions w
derived for the evolution of the thermodynamic quantit
and for the rate of evaporation. Walraven extended this
scription by incorporating the effect of continuously redu
ing the trap depth, introducing the notion of spilling@12#.
Berg-So”rensen discussed how to incorporate the time dep
dence of the trap parameters for an IQ trap@26#.

Detailed modeling of evaporative cooling is possible u
ing the direct simulation Monte Carlo~DSMC! method
@27,28#. This powerful method, originally introduced for ca
culations of gas dynamics@29#, does not require any assum
tions regarding the form of the distribution function. Th
DSMC method has been used to study the difference
tween 3D and 1D evaporation@27#, including the effect of
quantum statistics@28#. It is also well suited to study evapo
rative cooling in complicated situations, such as when
collision cross section is energy dependent or when the m
free path of the atoms is comparable to the size of the
cloud. It demands, however, rather fast computers, espec

FIG. 6. Evolution of the number of atoms as a function of tim
for ramp steps 2~top! to 7 ~bottom!. The curves are simulation
based on 1D evaporation. The experimental data points are
nected with the corresponding theoretical curve by a vertical lin
the
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if evaporation ramps are to be optimized.
Here we will work with the thermodynamic description

generalizing it to include evaporative cooling in two limitin
cases~3D and 1D!, and to include the time variation of bot
the depth of the trap and the shape of the confining poten
As explained in Sec. II A, we limit our modeling of th
trapped gas to the description of an ideal gas in the Knud
regime. In this section we will discuss aspects of the mod
ing that are independent of the nature~dimensionality! of the
truncation. Later, we discuss the variables and equations
are specific to the 1D~Sec. V! or 3D case~Sec. VI!.

To include the time evolution of the trap in the formalis
in a simple way, we introduce a single symbolu, which is an
abbreviation for the set of independent control parame
needed to determine the trapping potential. In our case th
are the five independently controllable currents through
different coil sets. In principleu could include the frequency
of a rf field applied for evaporation. In yet other versions
the modelu might represent a single parameter. For examp
if only the truncation energye t is varied thenu can be iden-
tified with e t . The trapping potential is, in general, a fun
tion of r which depends parametrically onu. With the pas-
sage of timeu varies, as determined by the ramp progra
imposed upon the power supplies.

B. Thermodynamics

We describe the trapped gas by its classical phase-s
distribution of atomsf (r ,p), which we normalize as in Ref
@11#, such that the total number of atoms,N, is given by

N5~2p\!23E d3r d3p f~r ,p!. ~4!

Note that, with this normalization,f corresponds to
quantum-mechanical occupation numbers. Here we cons
a nondegenerate gas, i.e., withf !1. To allow a thermody-
namic description we use a generalization of the trunca
Boltzmann approximation employed in Ref.@11#. We as-
sume that an atom can be identified as ‘‘trapped’’ or ‘‘u
trapped’’ on the basis of its instantaneous position in ph
space, that the untrapped atoms are efficiently removed,
that the trapped atoms are described by a thermal distr
tion. More precisely, the phase-space distribution is assu
to have the form of an equilibrium distribution

f ~r ,p!5n0L3e2U~r !/kTe2p2/2mkT ~5!

for r ,p, such that the atom is trapped and to be zero e
where. This distribution is characterized by two paramete
the ~maximum! phase-space densityn0L3 and the tempera-
ture T. The only difference between the distribution in th
case of 1D and 3D evaporation is the criterion for truncati
In the case of 1D evaporation, an atom leaves the trap if iz
energyez5Uz(z)1pz

2/2m exceedse t and, hence,f 50 for
ez.e t . In the case of 3D evaporation an atom escapes
trap if its total energye5U(r )1p2/2m exceedse t and,
hence,f 50 for e.e t .

Although a true thermal equilibrium does not exist in
evaporating gas, the truncated Boltzmann approximation
the phase-space distribution allows us to adopt many of
methods and results of statistical mechanics. A central qu

n-
.
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tity is the effective volumeVe(T,u), defined byVe5N/n0 .
The effective volume isL3 times the single-particle partition
function ~see Ref.@11#!, and hence can be used to calcula
all thermodynamic functions. We limit ourselves to cond
tions with sufficient particles to be insensitive for the cho
of ensemble. The energyE of the trapped gas is given b
@30#

E5~ 3
2 1g!NkT, ~6!

where g5(T/Ve)(]Ve /]T)u , the partial derivative being
evaluated at constantu ~i.e., holding the trap fixed!. For a full
thermal~not truncated! distribution an atom has an averag
kinetic energy (3/2)kT and an average potential energygkT.
For a truncated distribution, this interpretation of the tw
terms in Eq.~6! is not legitimate, although their sum is sti
the total energy. The entropyS of the trapped gas is given b

S5Nk~ 5
2 1g2 ln n0L3!. ~7!

This expression can be derived from the partition funct
@15#, even when the partition function refers to a trunca
phase-space distribution. The entropy of a truncated ga
smaller than the entropy of a gas with the sameN andE in
thermal equilibrium in a deep trap@31#.

The energy and entropy of the trapped gas are funct
of N, T, andu, which act as the sole independent thermod
namic variables of the trapped gas. In terms of these v
ables the time dependence ofE andS can be written as

Ė5S 3

2
1g D kTṄ1CṪ1S ]g

]u D
T

NkTu̇ ~8!

and

Ṡ

k
5S S

kN
21D Ṅ1C

Ṫ

T
1H S ]g

]u D
T

1
1

Ve
S ]Ve

]u D
T
J Nu̇, ~9!

with the heat capacityC[(]E/]T)N,u given by the usual
expression@11#

C5S 3

2
1g1T

]g

]TD kN. ~10!

The last term in Eq.~8! is, in the special case that only th
trap depthe t is varied and the potential is otherwise u
changed, the product ofė t and the ‘‘heat of truncation’’
@12,26#.

C. Differential equations for the evolution of the gas

To determine the time evolution of the trapped gas,
numerically integrate the differential equations forN andT:

Ṅ5Ṅev1Ṅu1Ṅrel , ~11a!

CṪ5Ėev1Ėu1Ėrel2S 3

2
1g D kTṄ2S ]g

]u D
T

NkTu̇.

~11b!
n
d
is

s
-
ri-

e

Equation~11a! simply reflects thatṄ is the sum of the inde-
pendent contributionsṄev, Ṅu , and Ṅrel for the rate of
change of the number of trapped atoms due to evapora
trap changes~spilling!, and dipolar relaxation, respectively
In Eq. ~11b! the rate of change of the energy of the trapp
gas is also written as a sum of the independent contribut
Ėev, Ėu , and Ėrel for the rate of change of energy due
evaporation, trap changes~spilling and work!, and dipolar
relaxation, respectively. At each time stepṄ and Ṫ are
calculated—all contributions and auxiliary quantities are
ther known functions ofN, T, andu or can be determined by
numerical differentiation@32#. We will now consider the
contribution of evaporation, trap changes, and dipolar rel
ation in turn.

D. Evaporation

Elastic collisions between the trapped atoms lead
evaporation by promoting atoms to untrapped states. We
sume isotropic ~s-wave! scattering with a velocity-
independent collision cross sections58pa2, wherea is the
scattering length. Evaporation causes a rate of chang
atom number,Ṅev, and energy,Ėev, which we can express
in terms of effective volumesVev and Wev introduced as
follows @11#:

Ṅev52n0
2s v̄e2hVev, ~12a!

Ėev5ṄevS h1
Wev

Vev
D kT, ~12b!

with h5e t /kT, and the thermal velocity defined asv̄
5A8kT/pm. This shows explicitly the dependence on t
atomic collision cross sections and the gas temperatureT
and reference densityn0 . The effective volumes depend onl
on the trapping potential, the truncation parameterh, and the
nature of the phase-space truncation~dimensionality of
evaporation!. For 1D truncation we derive these volumes
Sec. V. For 3D truncation this was done in Ref.@11#; for
convenience we reproduced the expressions in Ref.@33#.

E. Spilling and work

If the trapping potential is changed, some atoms are
from the trap due to spilling, and the remaining atoms m
change their energy~i.e., do work on the magnet power sup
plies!. Spilling is distinct from evaporation—it occurs eve
in the absence of collisions. In the 1D situation where
transverse and longitudinal motions of the atoms are dyna
cally uncoupled, spilling can lead to anisotropic energy d
tributions withTz,T' if the potentialUz(z) is varied on a
time scale short compared to the thermalization time of
trapped gas, but slowly compared with the oscillation per
for z motion @17#. This was partially the case in the exper
ment distinguishing 1D from 3D evaporation, presented
Sec. III B. In our other experiments, however, we typica
have variations of the trapping potential slow compared
the collision time scale, and in our model will assume th
the gas distribution is described by a single temperature
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By changing the trapping potential or trap depth~via the
control parametersu! we induce a rate of changeṄu in the
number of trapped atoms andĖu in the total energy. These
quantities depend upon the nature of the phase-space tru
tion ~3D or 1D!. In principle, they can be derived from th
Boltzmann equation for a gas in a time-dependent poten
at least for the case of 3D truncation@26#.

Atoms are spilled from the trap because they occu
quantum bound states which are lost from the trapping
tential. The rate of change of the number of trapped ato
due to spilling,Ṅu , is found straightforwardly by counting
the atoms in the lost states. Expressions are derived for
truncation in Sec. V C, and for 3D truncation in Sec. VI
For a fixed trap shape,Ṅu is simply related to the rate o
change of the trap depth@12#. This is not true in general
because variation of the shape of the trapping potential
lower the energy of atoms near the trap edge~adiabatic ex-
pansion!, and prevent them from being spilled even if the
original energy exceeded the final trap depth.

To calculate the rate of change of the energy of
trapped gas due to changing the trap,Ėu , we must account
for the energy of the spilled atoms and for the effect of tr
variations on the energy of those atoms which rem
trapped~i.e., the work done by the trapped gas against
confining potential!. For a deep trap, changes in the tr
shape can even lead to adiabatic variations of the peak ph
space density~degeneracy! of the gas@15#. The simplest way
to derive Ėu is through consideration of the entropy of th
gas. As the trap is varied, entropy is carried away by
spilled atoms. Within the truncated Boltzmann approxim
tion, changing the trap does not cause any other entr
changes because the phase-space distribution is always
mal. Hence the rate of change of the entropy of the trap
gas due to variation of the trapping potential,Ṡ, is propor-
tional to Ṅu . We write

Ṡu5Ṅusu , ~13!

where the entropy removed per spilled atom,su , depends on
the nature of the truncation. We calculatesu for 1D trunca-
tion in Sec. V, and for 3D truncation in Sec. VI.

Once we knowsu , the rate of change of the energy of th
trapped gas follows from substitutingṪ obtained from Eq.
~9! into Eq. ~8!. This gives

Ėu5Ṅu~su1k ln n0L3!T2
NkT

Ve
S ]Ve

]u D
T

u̇. ~14!

This expression forĖu can then used in Eq.~11b! for the
evolution of the temperature of the trapped gas.

An easy way to calculatesu is by considering the specia
case of pure spilling~reducing the truncation energye t while
preserving all other trap parameters!. In this caseT and n0
are constant, allowing us easily to determinesu as a function
of T, n0 , u, and the type of truncation. For more complicat
changes of the trapping potentialsu will be the same. All that
matters is that spilled atoms come from the truncation ed

In an infinitely deep trap (Ṅu50), the last term of Eq.
~14! gives rise to adiabatic~de!compression of the therma
ca-
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cloud, and the derivative ofg in Eq. ~11b! gives rise to a
variation of n0L3 proportional toeg @15#. In a finite depth
trap these effects cannot be separately attributed to these
derivatives. However, it can easily be verified for a finit
depth power-law trap thatn0L3}eg if no atoms are lost. Of
course, for a real gas in a finite-depth trap the collisio
required to maintain the truncated Boltzmann distributi
will also lead to evaporative cooling, which will tend to ob
scure the adiabatic contribution to changes of the pha
space density.

F. Dipolar relaxation

Inelastic collisions between atoms are also important
the evolution of the trapped gas. For atomic hydrogen, s
relaxation in binary collisions is the dominant inelastic pr
cess. The contributions due to dipolar relaxation of the ato
in binary collisions,Ṅrel andĖrel , are calculated assuming
temperature independent rate constantG depending upon
magnetic field as calculated in the literature@34#. The loss
rate follows from Ṅrel52n0

2GV2e , where V2e

5*d3r @n(r )/n0#2 is the effective volume for binary colli-
sions. For the determination ofĖrel , given by Ėrel5(3/2
1g2)kTṄrel , we use the two-atom energy parameterg2
[(T/2V2e)]V2e /]T. Because the average energy that p
ticles take away after an inelastic collision is much less th
the trap depth and because collisions predominantly occu
the core of the distribution, the truncation is not importa
for the determination ofg2 .

V. 1D MODEL DETAILS

In this section we will discuss the features specific to
model with 1D evaporation, which we have used to analy
and optimize our experiments.

A. 1D thermodynamics

In the case of 1D evaporation, the phase-space distr
tion f (r ,p) is truncated on the basis of thez energy of the
atom, given by ez[Uz(z)1pz

2/2m. That is, it has the
Boltzmann form Eq.~5! in the region of phase space whe
ez,e t , and is zero elsewhere. In this case the density dis
bution of atoms in position space, given byn(r )
5(2p\)21*d3p f(r ,p), is

n~r !5n0e2U~r !/kT erf Ae t2Uz~z!

kT
. ~15!

The error function erf(x)[2p21/2*0
x exp(2t2)dt may also be

written asP( 1
2 ,x2), where P is the incompleteg function

@35#. This density distribution is used in the calculation
the optical spectrum of the trapped gas in our experimen

For a trap potential which is separable into transverse
longitudinal parts, the effective volumeVe can be written as
the product of an effective areaAe ~transverse!, given by

Ae5E
2`

` E
2`

`

dx dy e2U'~x,y!/kT, ~16!

and an effective lengthLe ~longitudinal!, given by
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Le5E
z1

z2
dz e2Uz~z!/kT erf Ae t2Uz~z!

kT
, ~17!

wherez1 andz2 are the turning points—the two solutions fo
z of the equatione t5Uz(z). When the transverse confine
ment is harmonic, we haveAe52pkT/mv'

2 . For the case of
a potential of the form of Eq.~3!, the effective area is given
by

Ae54lxlyG~dx11!G~dy11!~kT!dx1dy, ~18!

and the effective length is given by

Le52lzG~dz11!P~dz11/2,h!~kT!dz, ~19!

wherelx , ly , andlz are the scaling parameters of Eq.~3!.
The average energy of a trapped atom,E/N, given by Eq.
~6!, is determined byT and g. In the case of a separab
potential we can write g5g'1gz , with g'

5(T/Ae)(]Ae /]T)u and gz5(T/Le)(]Le /]T)u . For har-
monic transverse confinement,g'51. For power-law poten-
tials of the form given by Eq.~3!, we haveg'5dx1dy and

gz52
1

2
1a

Pa11

Pa
, ~20!

with a5dz11/2 and the abbreviationPa[P(a,h) for the
incompleteg function evaluated at the dimensionless tr
depthh @36#. The effective exponentgz always lies between
2 1

2 ~for h50! and dz ~for h5`!. For generalUz(z), we
evaluategz by numerical integration along the trap axis.

In our modeling we use expressions appropriate to a
monic transverse potentialU' , and evaluate longitudina
quantities likeLe and gz by numerical integration. The de
rivative (]g/]T)u needed for the specific heat is found b
numerical differentiation ofg. For a general power-law po
tential @Eq. ~3!#, the heat capacity~at constantu and N! is
given by

C5NkH 11dx1dy1a
Pa11

Pa
F ~a11!

Pa12

Pa11
2a

Pa11

Pa
G J .

~21!

B. 1D evaporation rate

Evaporation contributes to particle and energy loss
cording to Eq.~12!. Here we employ kinetic theory to calcu
late the effective volumesVev and Wev for the case of 1D
evaporation. The volumeVev is found by considering all pai
collisions which occur per unit time in a gas described by
z-truncated Boltzmann distribution, summing all atom
which are promoted to longitudinal energyez.e t . The cal-
culation of the ‘‘excess energy’’ volumeWev is analogous,
but the total energy of the escaping atoms is summed.

Consider a collision, at positionr , of an atom of momen-
tum p1 with an atom of momentump2 . To simplify matters
we introduce the average momentump̄5(p11p2)/2 and the
relative momentumq5(p12p2)/2. Collisions conservep̄
and reorientq ~according to an isotropic distribution fo
s-wave scattering!. The number of collisions in volumed3r
at r during timedt involving a pair of atoms with averag
r-

-

e

momentum in volumed3p̄ at p̄ and relative momentum in

volumed3q at q is equal toG(r ,p̄,q)d3r d3p̄ d3q dt, where

G5
8s

~2p\!6 U q

mU f ~r ,p̄1q! f ~r ,p̄2q!, ~22!

with s58pa2, m the atomic mass, and the 8 arriving fro
the Jacobiand3p1d3p258d3p̄d3q. To sum all collisions we
integrate over all of the six-dimensional (p̄,q) space.

Figure 7 shows the relevant collision geometry in mome
tum space. For a given axial coordinate in the trap,z, an
atom will escape if it acquires az momentum whose magni
tude exceeds the local escape momentumQ(z) given by
Q2/2m5e t2Uz(z). The relevant quantities arep̄z ~the z
component of the average momentum, conserved in c
sion!, q ~the magnitude of the relative momentum, also co
served!, qz ~the z component of the relative momentum b
fore collision!, and qz8 ~the z component of the relative
momentum after collision!. By symmetry we need only con
sider p̄z ,qz.0. Because the distribution of relative mome
tum after collision is isotropic,qz8 is distributed uniformly
between 0 andq. Because we are interested in the fraction
the atoms that escape per collision, we may chooseqz8.0.
Depending on the momenta involved, one or two atoms
escape in a collision~in contrast to 3D evaporation, wher
only one atom can be lost per collision!. The left sphere in
Fig. 7, whereQ2 p̄z,q,Q1 p̄z depicts the first situation
where only one atom can be lost from the trap. The sec
situation is depicted by the right sphere in Fig. 7, whereq

.Q1 p̄z and two atoms can be lost.
The rate at which atoms are lost from the trap is the in

gral, over position, average momentum and relative mom
tum, of the product of the collision kernelG given by Eq.
~22!, and the mean number of atoms leaving the trap
collision. For the left sphere in Fig. 7@q,Q(z)1 p̄z# the
mean number is just

1

q E
Q~z!2 p̄z

q

dqz8 . ~23!

For the right sphere in Fig. 7@q.Q(z)1 p̄z#, two contribu-
tions should be added: the first corresponding with the s

FIG. 7. Collision spheres for calculation of 1D evaporative co
ing, projected onto thex-z plane. Atoms are trapped if theirz
momentum lies between2Q andQ. The sphere radius is the rela

tive momentumq. Left: Q2 p̄z,q,Q1 p̄z ; only one atom can

evaporate. Right:q.Q1 p̄z ; one or both atoms can evaporate.
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ation that only one atom escapes~though there is enough
total energy for the escape of two!, and the second in which
two atoms escape, yielding the mean number

1

q F E
Q~z!2 p̄z

Q~z!1 p̄z
1 dqz81E

Q~z!1 p̄z

q

2dqz8G . ~24!

In addition, we note that the*d3q integration over relative
momenta before the collision~with qz.0! can be written as
is

-

e
ly

ct

-

al
E d3q52pE
0

Q~z!2 p̄z
dqzE

Q~z!2 p̄z

`

q dq, ~25!

where thedqz integration is limited to select those collision
which occur in a truncated distribution. Thedq integration
should be split further into two parts corresponding to t
two situations of Fig. 7.

From the above considerations we find the following e
plicit expression~exact within the 1D truncated Boltzman
approximation! for the rate of change of number of trappe
atoms,Ṅev, and their energy,Ėev:
S Ṅev

Ėev
D 5

264psn0
2L6

~2p\!6m E
2`

` E
2`

`

dx dye22U' /kTE
z1

z2

dz e22Uz /kTE
2`

` E
2`

`

dp̄xdp̄ye
2~ p̄x

2
1 p̄y

2
!/mkTE

0

Q

dp̄ze
2 p̄z

2/mkTE
0

Q2 p̄z

dqz

3H E
Q2 p̄z

Q1 p̄z
dq qe2q2/mkTE

Q2 p̄z

q

dqz8S 1
e1

D1E
Q1 p̄z

`

dq qe2q2/mkTF E
Q2 p̄z

Q1 p̄z
dqz8S 1

e1
D1E

Q1 p̄z

q

dqz8S 2
e11e2

D G J ,

~26!
y is

olli-
ted,

l

te

-

te-
wherez1 andz2 are the two solutions forz of the equation
e t5Uz(z). The energy of the atom on the upper~1! or
lower ~2! hemisphere in Fig. 7 after the collision
e6 [ U'1Uz1(p̄6q8)2/2m5 U'1Uz 1 ( p̄21q212p̄xqx8

12p̄yqy862p̄zqz8)/2m. The p̄xqx8 and p̄yqy8 terms will inte-
grate to zero. The prefactor in Eq.~26! comprises the factors
appearing in Eqs.~5! and ~22!, a factor of 4 due to the re
striction to positiveqz and p̄z , and a factor 2p from the
integral of azimuthal directions ofq before collision.

In the calculation ofṄev, the integration over transvers
average momentum may be done immediate
*2`

` *2`
` dp̄xdp̄y exp@2(p̄x

21p̄y
2)/mkT#5pmkT. The integra-

tion over the transverse position contributes to the prefa
of the remaining integrals the two-body effective area

A2e5E
2`

` E
2`

`

dx dy e22U' /kT. ~27!

After some manipulations, theṄev part of Eq. ~26! leads,
with Eq. ~12a!, to the effective volume for the 1D evapora
tion from an arbitrary separable potential

Vev5A2eE
z1

z2
dz ek2hF~A2k!, ~28!

where the local trap depth parameter is given byk(z)[@e t
2Uz(z)#/kT, and the functionF is defined by

F~a!5E
0

a

dx ea2/22x2
~a2x!

erfc~a2x!1erfc~a1x!

A2
,

~29!

with erfc(x)512erf(x). The argumenta is the local escape
momentumQ in units of the one-dimensional rms therm
momentumAmkT. The calculation ofĖev proceeds similarly
to that ofṄev. In fact we needVev, because the volumeWev
:

or

depends on it, as can be seen from Eq.~12b!. The integral
over the transverse coordinates of the transverse energ
found to be 2n0

2s v̄e2h(5/41g2')VevkT, with g2'

5(T/2A2e)]A2e /]T. The energy (5/41g2')kT is the aver-
age transverse energy of the atoms weighed with their c
sion rate. Since the transverse distribution is not trunca
we may useA2e(T)5Ae(T/2) and g2'(T)5g'(T/2)/2.
With a harmonic potential for thex-y motion, A2e(T)
5pkT/mv'

2 andg2'51/2. After the evaluation of the axia
part, we obtain

Wev5~ 5
4 1g2'!Vev1A2eE

z1

z2
dz ek2hG~A2k!, ~30!

where the functionG is given by

G~a!5E
0

a

dx ea2/22x2
~a2x!

3Fe2~a2x!2
~a1x!1e2~a1x!2

~a2x!

2A2p

1S x22a2

2 D erfc~a2x!1erfc~a1x!

A2
G . ~31!

Equations~28! and ~30! are consistent with the approxima
expressions given for a particular trap shape in Ref.@10#. The
functionsF andG are plotted in Fig. 8. For efficient calcu
lations, approximations ofF andG are given in Ref.@37#.

C. 1D spilling and work

The number of atoms in a trap can be written as the in
gral of the product of the density of statesr~e! and the en-
ergy distribution functionf (e) as N5*r(e) f (e)de, where
r(e)5(2p\)23*d3p d3rd(U1p2/2m2e), and f (e)
5n0L3 exp(2e/kT) for the nondegenerate regime~see, e.g.,
Ref. @12#!. As is easily verified with thed-function rule
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*d(x2y)d(y2a) f (x)dy5 f (x)d(x2a), this integral fac-
tors in a perpendicular and a longitudinal part, for a se
rable potential:

N5E
0

`

de'r'~e'!E
0

e t
dezrz~ez! f ~e'1ez!, ~32!

with

r'~e'!5
1

~2p\!2 E E d2p'd2r'dS U'1
p'

2

2m
2e'D ,

~33!

rz~ez!5
1

2p\ E E dpzdzdS Uz1
pz

2

2m
2ezD . ~34!

Equation~32! is written for a trap of finite depth in thez
direction only. The transverse integral in Eq.~32! can be
expressed in terms of the effective areaAe , giving

N5E
0

e t
dezrz~ez!Aen0Le2ez /kT. ~35!

We see that the number of atoms in states withz energyez is
Aen0Le2ez /kT. The number of states of one-dimension
motion bound in the potentialUz(z), which we denoteNz ,
is given by

Nz5E
0

e t
dezrz~ez!5

2A2m

2p\ E
z1

z2Ae t2Uz~z!dz. ~36!

For example, ifUz(z) is harmonic, we haveNz5e t /\vz .
The number of quantum states in the trap is a function o
of the trap shape, parametrized by the set of indepen
coordinatesu.

To find the rate at which atoms are spilled from the trap
the potential is varied, we count the atoms in the quant
states ofz motion which are lost from the trap, finding

Ṅu5Aen0Le2hṄz , ~37!

i.e., Ṅu is the product of the number of atoms associated w
each state ofz motion at the trap edge and the rate of chan
of the number of these states@38#. We require thatṄz,0,
otherwise empty states are introduced at the trap edge
the picture of a truncated Boltzmann distribution would
destroyed. Hence the model can only describe situation

FIG. 8. FunctionsF andG used in calculation of 1D evapora
tion rate from an arbitrary trap. In the limita→`, F→ 1

2 and G
→ 3

8 . Also shown is the ratioG/F, which lies between 0 and 3/4
-
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which the trap becomes shallower in the sense of suppor
fewer bound states. This criterion is easily met when dea
with forced evaporation.

The rate of change of energy due to trap changes,Ėu , is
calculated using the entropy argument discussed in Sec
The entropy carried away by spilled atoms is found by co
sidering the case of pure spilling~the trap edge is lowered
while the potential shape is held constant!. In this case, the
rate of change of energy is given by

Ėu5~11g'1h!kTṄu , ~38!

because a particle barely escaping over thez barrier will on
average take awaykT of transverse kinetic energy,g'kT of
transverse potential energy, and exactlye t of z energy. Equa-
tion ~38! is easily verified for a general power-law potenti
or an IQ potential, by taking the derivative of (3/
1g)NkT with respect toe t . Equations~6! and~7! allow us
to write the entropy asS5E/T1Nk(12 ln n0L

3). Differen-
tiating this expression with respect to time, bearing in mi
that for pure spilling bothT andn0L3 are constant, we im-
mediately find that the entropy removed by an atom spil
from a 1D truncated distribution is

su5k~21g'1h2 ln n0L3!. ~39!

Becausesu is independent of the manner of trap change t
caused the spilling, we can use it for changes of the t
other than pure spilling. Equation~14! gives the following
expression for the rate of change of the energy of the trap
gas due to more general changes of the trapping potenti

Ėu5~21g'1h!kTṄu2
NkT

Ve
S ]Ve

]u D
T

u̇. ~40!

Equations~37! and~40! are used in Eq.~11! for the evolution
of N andT for the evaporating gas in the 1D model.

VI. 3D MODEL DETAILS

In this section we consider 3D~ergodic! evaporation. As
in the 1D case, we choose the Ioffe quadrupole~IQ! trap as
an example to evaluate quantities analytically.

A. 3D thermodynamics

The phase-space distribution functionf (r ,p) given by the
Boltzmann form@Eq. ~5!# is now to be truncated on the bas
of the total energy of the atom, as in Ref.@11#. This leads to
a real-space density distribution

n~r !5n0e2U~r !/kTPS 3

2
,

e t2U~r !

kT D . ~41!

The reference densityn0 is related to the number of atomsN
by n05N/Ve , where the effective volumeVe for a IQ trap is
given by

Ve56AIQL3~kT!4~P41 2
3 jhP3!, ~42!
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with Pa[P(a,h) @36#. Furthermore,j[U0 /e t , and the trap
constantAIQ5(2mp2)3/2/@2(2p\)3a2Ab#.

The parameterg is obtained from Eq.~6!, and the known
expression for the total energy of an energy-truncated ga
an IQ trap@11#, giving
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g52
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2
1

12P516P4jh

3P412P3jh
. ~43!

The heat capacityC ~at constant trap depth and number
atoms! is calculated straightforwardly by differentiating th
total energy. We find that
C512Nk
15P4P6212P5

21~10P3P626P4P5!jh1~4P3P523P4
2!j2h2

~3P412jhP3!2 . ~44!
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B. 3D evaporation rate

The rate of change of the number of atoms and the ene
in the trapped gas,Ṅev andĖev, are given by Eq.~12!, with
effective volumes for evaporationVev andWev calculated for
three-dimensional truncation. For an IQ trap, expressions
these volumes were first derived in Refs.@11,33#. Integral
expressions for the volumesVev andWev for 3D evaporation
from an arbitrary trap, analogous to Eqs.~28! and ~30!, can
be found in Ref.@11#.

C. 3D spilling and work

To obtainṄu in the case of three-dimensional truncatio
we calculate the number of quantum states in the trap,N, by
integrating the density of statesr~e! from 0 to e t . For an IQ
trap, for whichr(e)5AIQ(e312U0e2), this leads to

N5AIQ~ 1
4 e t

41 2
3 U0e t

3!. ~45!

The rate of change of the number of trapped atoms du
spilling is then given by

Ṅu5n0L3e2hṄ, ~46!

i.e., the product of the occupation number of states at the
edge and the rate of change of the number of these stat

In the case of 3D truncation, to prevent the introduction
empty trap states it is not sufficient to assume thatN de-
creases in time. Anisotropic variations of the trap can lead
introduction of empty states, spoiling the picture of a tru
cated Boltzmann distribution, even while decreasing the t
number of states. However, during forced evaporation
trap depth is typically so strongly reduced that no signific
introduction of empty states occurs due to variation of
shape of the trapping potential. In other words, states are
from the trap in all directions. For a harmonic trap this co
cept can be made precise: empty states are not introduc
e t /\vx , e t /\vy , ande t /\vz are all decreasing functions o
time.

The rate of change of energy of the trapped gas du
trap changes, accounting both for the spilling of atoms a
for the work done by the trapped atoms as the trap is
formed, is determined, as in the 1D case, using the entr
argument introduced in Sec. IV. To find the entropy carr
away by the spilled atoms, we consider ‘‘pure spilling
where the truncation edgee t is reduced but the shape of th
gy

or

,
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trap remains the same. In this caseĖu5e tṄu , and, because
temperatureT and~reference! densityn0 do not change, it is
easily found that the entropy removed by each atom spi
over the trap edge is given by

su5k~11h2 ln n0L3!. ~47!

Equation~14! can now be used to write the rate of change
energy due to more general trap changes as

Ėu5~11h!kTṄu2
NkT

Ve
S ]Ve

]u D
T

u̇. ~48!

Equations~46! and~48! are used in Eq.~11! for the evolution
of N andT for the evaporating gas in the 3D model.

VII. CONCLUSION

Our data show clearly that in an important class of tr
geometries evaporation is bottlenecked by the nonergo
motion of the trapped atoms when the selection of escap
atoms is based on the energy in one direction only~1D
evaporation!, as predicted in Ref.@10#. This is in contrast to
the situation at high temperatures, which was found to
described by a 3D evaporation picture@6#.

We have derived an evaporation model based on the t
cated Boltzmann approximation, which can describe eit
3D or 1D evaporation. For 1D evaporation we present a
netic theory derivation of the evaporation rate. The mo
improves on previously published models by describing p
cesses such as atom spilling, adiabatic compression,
even adiabatic changes of the phase-space density. Th
pressions are well suited to optimize ramp trajectories
forced evaporation. For common traps analytic expressi
are given for important quantities.

With this work, the low dimension of evaporation wa
identified as the bottleneck thus far preventing us fro
achieving Bose-Einstein condensation in trapped atomic
drogen. Using a ramp optimized for 1D truncation, w
reached a phase-space densityn0L3'0.05 in our experi-
ments. Our model predicts that BEC is attainable in hyd
gen provided one can arrange sustained 3D evaporation

A way to avoid the 1D evaporation bottleneck is to u
magnetic-resonance-induced evaporation@7#. This would
also allow evaporative cooling of the trapped gas witho
varying the currents in the superconducting magnets.
atomic hydrogen, it appears feasible to use theF5mF51 to
F5mF50 hyperfine transition, for example, to eject atom
from the trap. For lowB0 , the rf transition frequency is the



n
h
b
d

D
i

s.
ing

en-

of
rts

57 4759ONE-DIMENSIONAL EVAPORATIVE COOLING OF . . .
1.4-GHz hyperfine splitting. To obtain efficient evaporatio
the rf need only pump energetic atoms to the untrapped
perfine state on a time scale shorter than the mean time
tween collisions. Considerations such as those presente
Ref. @5# imply that a loop-gap resonator with aQ of 103 and
a rf-field volume on the order of 1 cm3 would yield efficient
evaporation with a power dissipation of 1mW, compatible
with the cryo-environment. Another way to arrange 3
evaporation is to bring the high-energy wings of the gas
contact with a material pumping surface.
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