
Appendices

(Not for Publication)

A Steady state

In this section, we derive the steady state around which the model is log-linearized, where

gross inflation equals 1.

Evaluating equation (27) in the main text at the zero inflation steady state gives

m̄c =
θ − 1

θ
= ζ−ζ (1− ζ)−(1−ζ) w̄1−ζ (rK)ζ . (1)

From the first order conditions of the households it follows that in this steady state we

must have

R̄ =
Π̄

β
=

1

β
, (2)

r̄K =
1− (1− δ) β

βZ̄
, (3)

C̄−σ = γ̄, (4)

r̄K = γ1 + γ2

(
Z̄ − 1

)
. (5)

Normalizing Z to 1 (and letting γ1 = 1
β
− (1− δ) so that (3) is satisfied ) yields:

r̄K = γ1. (6)
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Having set Z = 1 simplifies the resource constraint at the steady state which reads as:

Ȳ = C̄ + Ī + Ȳ ḡ. (7)

Moreover, from the wage setting equation of labor unions, it follows that

C̄−σw̄ (1− τ̄w) = H̄η θw
θw − 1

. (8)

Furthermore, normalizing technology A, to 1, it follows from equation (21) in the main

text that

Ȳ = K̄ζH̄1−ζ . (9)

Using the law of motion of capital, we can express steady state investment as a function

of steady state capital:

Ī = δK̄. (10)

So that the resource constraint writes as:

Ȳ =
1

1− ḡ
(
C̄ + δK̄

)
. (11)

Using the steady state marginal cost (1) and (6), we derive the following relation for the

real wage at the steady state

w̄ =

(
θ − 1

θ

)( 1
1−ζ )

ζ
ζ

1−ζ (1− ζ) γ
−ζ
1−ζ
1 . (12)

From the firm’s cost minimization problem we may write the steady state real wage and
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rental rate of capital as follows:

r̄K = m̄cζ

(
H̄

K̄

)1−ζ

w̄ = m̄c (1− ζ)

(
K̄

H̄

)ζ
. (13)

Combining the two equations above and (6) we receive:

H̄ = γ1
1

w̄

1− ζ
ζ

K̄. (14)

Substituting (14) in the production function (9), we get:

Ȳ =

(
γ1

w̄

1− ζ
ζ

)1−ζ

K̄. (15)

Combining (11) and (15), we receive:

(
γ1

w̄

1− ζ
ζ

)1−ζ

K̄ =
1

1− ḡ
(
C̄ + δK̄

)
. (16)

Solving for C̄, we get:

C̄ = (1− ḡ)

((
γ1

w̄

1− ζ
ζ

)1−ζ

− δ

1− ḡ

)
K̄. (17)

Plugging (17) into (8) we get:

[
(1− ḡ)

((
γ1

w̄

1− ζ
ζ

)1−ζ

− δ

1− ḡ

)
K̄

]−σ
(1− τ̄w) w̄ = H̄η θw

θw − 1
. (18)

Exploiting relation (14), we can expand further:
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[
(1− ḡ)

((
γ1

w̄

1− ζ
ζ

)1−ζ

− δ

1− ḡ

)
K̄

]−σ
(1− τ̄w) w̄ =

[
γ1

1

w̄

1− ζ
ζ

K̄

]η
θw

θw − 1
. (19)

Gathering terms and solving for K̄, we end up to the following expression:

K̄ =

{[
(1− ḡ)

((
γ1

w̄

1− ζ
ζ

)1−ζ

− δ

1− ḡ

)]−σ
(1− τ̄w) w̄

[
γ1

w̄

1− ζ
ζ

]−η
θw − 1

θw

} 1
η+σ

,

(20)

where the equilibrium steady state real wage is given by (12). Using (14) and (20) the

equilibrium value of labor reads as:

H̄ =
γ1

w̄

1− ζ
ζ

{[
(1− ḡ)

((
γ1

w̄

1− ζ
ζ

)1−ζ

− δ

1− ḡ

)]−σ
(1− τ̄w) w̄

[
γ1

w̄

1− ζ
ζ

]−η
θw − 1

θw

} 1
η+σ

.

(21)

Since we have expressed private consumption, C̄ and investment Ī as a function of K̄,

we are able to pin them down by plugging (20) in (10) and (17), respectively. We can pin

down output by plugging (20) into (15).

Then we turn to the government budget constraint. In steady state, it reduces to

b̄ =
Π̄
(
τ̄ + τ̄W w̄ H̄

Ȳ
− ḡ
)

1− β
, (22)

where we assume that steady state lump sum taxes and transfers are 0, and where we used

(2) to substitute for the gross interest rate. Having pinned down w̄, H̄ and Ȳ above, we

are able to also pin the steady state debt ratio down. Clearly, the model features a unique

steady state.
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B Derivation of Household’s Value Function

Households solve a maximization problem that includes utility within the planning horizon

as well as a valuation of the state at the end of the horizon. This valuation can be seen

as an approximation of the utility that households are expected to obtain after the end

of their planning horizon, given their accumulated wealth at the end of their horizon. In

particular, in the spirit of Woodford (2019), we assume that this approximation is obtained

by using a value function which is consistent with a future stationary equilibrium where

there are no shocks or other frictions and all variables other than then the household’s

own consumption, bond capital holdings and investment/capital decision are at the steady

state.1 Here we also assume that capital utilization is fixed at Zi = 1, and that there are

no investment adjustment costs: S(.) = 0. The F.O.C. w.r.t. capital and investment, (??),

at the stationary equilibrium then implies:

Rk

P
= γ1. (23)

Our considerations regarding households’ assumptions about what happens after the

end of their horizon imply that the maximization problem can be cast as follows:

V (B,K) = max
C
{u(C) + βV (B′, K ′)} s.t. K ′+

β

Π̄
B′ = X̄+(1− δ + γ1)K+

B

Π̄
−C, (24)

where the last term of the RHS of the budget constraint, X̄, consists of labor income, profits

and taxes/transfers which the household considers to be at the stationary equilibrium. To

derive the value function, V (.), we implement value function iteration. We start with:

1Given that we also assume a non-stochastic steady state as well as no growth in total factor productivity
in the long-run, all variables do not grow at a stationary equilibrium, like the steady state.
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V i,0 (B,K) = 0. (25)

Here, the optimal consumption at the initial period (period zero) is determined by the

household’s budget constraint, assuming K ′ = B′ = 0:

C = (1− δ + γ1)K +
B

Π̄
+ X̄. (26)

At the steady, we have that (1− δ + γ1) = 1
β
. Therefore, optimal consumption at iteration

0 reads also as follows:

C =
1

β
K +

B

Π̄
+ X̄. (27)

The above expression produces an optimized value:

V i,1 (B,K) = u

(
1

β
K +

B

Π̄
+ X̄

)
, (28)

or

V i,1 (B,K) = u

(
1

β

(
K +

βB

Π̄

)
+ X̄

)
. (29)

which is the updated value function in the household’s new maximization problem in

iteration 1. Using thus this value function, the household’s maximization problem reads

as follows:

V (B,K) = max
C,K′,B′

{u(C) + βu

(
1

β

(
K ′ +

βB′

Π̄

)
+ X̄

)
}

s.t. K ′ +
β

Π̄
B′ = X̄ +

1

β
K +

B

Π̄
− C. (30)
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Plugging the budget constraint into the value function, the problem writes as follows:

V (B,K) = max
C
{u(C) + βu

(
1

β

(
X̄ +

1

β
K +

B

Π̄
− C

)
+ X̄

)
}. (31)

From the F.O.C. of the maximization problem above and by monotonicity of the utility

function we get that:

C =
1

1 + β

(
1

β
K +

B

Π̄

)
+ X̄, (32)

and the optimal decision for B′ and K ′ is thus:

K ′ +
βB′

Π̄
=

β

1 + β

(
1

β
K +

B

Π̄

)
. (33)

Therefore, the value function for optimization problem for iteration 2 is computed as

follows:

V i,2 (B,K) = u (C) + βu

(
1

β

(
K ′ +

βB′

Π̄

)
+ X̄

)
. (34)

Substituting for the optimal consumption and optimal choice for the assets from (32) and

(33), we get

V i,2 (B,K) = u

(
1

1 + β

(
1

β
K +

B

Π̄

)
+ X̄

)
+ βu

(
1

β (1 + β)

(
K +

βB

Π̄

)
+ X̄

)
= (1 + β)u

(
1

1 + β

(
1

β
K +

B

Π̄

)
+ X̄

)
. (35)

Continuing in a similar vein up to infinity we get that the limiting function for the

optimal consumption decision is given by:

C = (1− β)

(
1

β
K +

B

Π̄

)
+ X̄, (36)
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and the optimal decision for B′ and K ′ is thus:

K ′ +
βB′

Π̄
= (1− β)β

(
1

β
K +

B

Π̄

)
, (37)

while the value function is given by:

V i (B,K) = (1− β)−1 u

(
(1− β)

(
1

β
K +

B

Π̄

)
+ X̄

)
. (38)

Similar toWoodford (2019), this problem describes the optimal intertemporal consump-

tion decision of the household assuming that all variables that the household is not directly

choosing are in steady state. Under this assumption households make fully optimal deci-

sions in steady state. Moreover, when they have more wealth at the end of the horizon,

they realize how this will allow them to consume more after their horizon and hence obtain

more utility. However, they are not sophisticated enough to plan how e.g. wages and profits

would change after their horizon if they would have different consumption levels. The value

function hence captures partly how future utility depends on end of horizon wealth, but in

a boundedly rational matter that only approximates the complete true value function.

C Log-linear model

C.1 Optimal consumption decision

The log-linearized optimality conditions of the household (including budget constraints)

are given by

Ĉi
s = Ĉi

s+1 −
1

σ
(Ei

tR̂s − Ei
tπs+1), s = t, t+ 1, ...t+ T − 1, (39)

8



Î is =
1

1 + β
Î is−1 +

1

κ (1 + β)
Q̂i
s +

β

(1 + β)
Î is+1, s = t, t+ 1, ...t+ T − 1, (40)

Q̂i
s = β (1− δ) Q̂i

s+1 + $̂i
s+1 − $̂i

s + βrkr̂ks+1, s = t, t+ 1, ...t+ T − 1, (41)

b̃it+T+1 = − K̄

βȲ
K̂t+T+1 +

C̄

ΥȲ
Ĉi
t+T +

C̄

σΥȲ
R̂t+T , (42)

K̂i
t+T+1 = −βγ̄

− 1
σ

σΥK̄
γ̂it+T −

βȲ

K̄
b̃it+T+1, (43)

Î it+T = Î it+T−1 −
1

κ

(
σĈi

t+T + γ̂it+T

)
, (44)

b̃is+1 =
w̄H̄

βȲ
((1− τ̄W )(Ei

tŵs+E
i
tĤs)− Ei

t τ̃
W
s ) +

1

β
b̃is + b̄(R̂s −

1

β
Ei
t π̂s) +

Ξ̄

Ȳ β
Ei
tΞ̂

i
s

+
γ1K̄

βȲ

(
r̂kt + K̂i

t

)
− C̄

βȲ
Ĉi
s −

Ī

βȲ
Î is −

1

β
τ̃s, s = t, t+ 1, ...t+ T.

(45)

Plugging the capital accumulation equation (4) in the main text in its log-linear form to

substitute out for investment, Ît, we receive the following expression for the household

budget constraint:
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b̃is+1 =
w̄H̄

βȲ
((1− τ̄W )(Ei

tŵs + Ei
tĤs)− Ei

t τ̃
W
s ) +

1

β
b̃is + b̄(R̂s −

1

β
Ei
t π̂s) +

Ξ̄

Ȳ β
Ei
tΞ̂s

+
γ1K̄

βȲ

(
r̂ks + K̂i

s

)
− C̄

βȲ
Ĉi
s −

K̄

βȲ

(
K̂i
s+1 − (1− δ) K̂i

s

)
− 1

β
τ̃s. s = t, t+ 1, ...t+ T,

(46)

Taking the K̂t+1 term to the LHS we receive:

b̃is+1 +
K̄

βȲ
K̂i
s+1 =

w̄H̄

βȲ
((1− τ̄W )(Ei

tŵs + Ei
tĤs)− Ei

t τ̃
W
s ) +

1

β
b̃is + b̄(R̂s −

1

β
Ei
t π̂s) +

Ξ̄

Ȳ β
Ei
tΞ̂s

+
γ1K̄

βȲ

(
r̂ks + K̂i

s

)
− C̄

βȲ
Ĉi
s +

K̄

βȲ
(1− δ) K̂i

s −
1

β
τ̃s, s = t, t+ 1, ...t+ T. (47)

Gathering the K̂i
s terms and using the fact 1− δ + γ1 = 1/β, we receive the following:

b̃is+1 +
K̄

βȲ
K̂i
s+1 =

w̄H̄

βȲ
((1− τ̄W )(Ei

tŵs + Ei
tĤs)− Ei

t τ̃
W
s ) + b̄(R̂s −

1

β
Ei
t π̂s) +

Ξ̄

Ȳ β
Ei
tΞ̂s

+
γ1K̄

βȲ
r̂ks −

C̄

βȲ
Ĉi
s +

1

β

(
b̃is +

K̄

βȲ
K̂i
s

)
− 1

β
τ̃s, s = t, t+ 1, ...t+ T. (48)

Iterating the log-linearized budget constraints from period t+ T backward gives:

βT+1

(
b̃it+T+1 +

K̄

βȲ
K̂i
t+T+1

)
=

(
b̃it +

K̄

βȲ
K̂i
t

)
− C̄

Ȳ

T∑
s=0

βs(Ĉi
t+s) +

Ξ̄

Ȳ

T∑
s=0

βs(Ei
tΞ̂t+s)

+ b̄
T∑
s=0

βs
(
βEi

tR̂t+s − Ei
t π̂t+s

)
+
w̄H̄

Ȳ

T∑
s=0

βs
((

1− τ̄W
) (
Ei
tŵt+s + Ei

tĤt+s

)
− Ei

t τ̃
W
t+s

)
+
γ1K̄

Ȳ

T∑
s=0

βsEi
t r̂
k
t+s −

T∑
s=0

βsEi
t τ̃t+s. (49)
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Using (42) we receive

βT+1 C̄

ΥȲ
Ĉi
t+T + βT+1 C̄

σΥȲ
Ei
tR̂t+T

=

(
b̃it +

K̄

βȲ
K̂i
t

)
− C̄

Ȳ

T∑
s=0

βs(Ĉi
t+s) +

Ξ̄

Ȳ

T∑
s=0

βs(Ei
tΞ̂t+s)

+ b̄
T∑
s=0

βs
(
βEi

tR̂t+s − Ei
t π̂t+s

)
+
w̄H̄

Ȳ

T∑
s=0

βs
((

1− τ̄W
) (
Ei
tŵt+s + Ei

tĤt+s

)
− Ei

t τ̃
W
t+s

)
+
γ1K̄

Ȳ

T∑
s=0

βsr̂kt+s −
T∑
s=0

βsEi
t τ̃t+s. (50)

Next, we use the Euler equation to substitute for future consumption. Iterating the Euler

equation gives

Ĉi
t+s = Ĉi

t +
s−1∑
j=0

1

σ
(Ei

tR̂t+j − Ei
tπt+j+1), T − s ≥ 1. (51)

Substituting for future consumption in (50) gives:

βT+1 C̄

ΥȲ

(
Ĉi
t +

T−1∑
j=0

1

σ
(Ei

tR̂t+j − Ei
tπt+j+1)

)
+ βT+1 C̄

σΥȲ
R̂t+T

=

(
b̃it +

K̄

βȲ
K̂i
t

)
− C̄

Ȳ

T∑
s=0

βs

(
Ĉi
t +

s−1∑
j=0

1

σ
(Ei

tR̂t+j − Ei
tπt+j+1)

)

+
Ξ̄

Ȳ

T∑
s=0

βs(Ei
tΞ̂t+s) + b̄

T∑
s=0

βs
(
βEi

tR̂t+s − Ei
t π̂t+s

)
+
w̄H̄

Ȳ

T∑
s=0

βs
((

1− τ̄W
) (
Ei
tŵt+s + Ei

tĤt+s

)
− Ei

t τ̃
W
t+s

)
+
γ1K̄

Ȳ

T∑
s=0

βsEi
t r̂
k
t+s −

T∑
s=0

βsEi
t τ̃t+s. (52)

Taking contemporaneous consumption to LHS of the equation gives the current decision
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of consumer i

C̄

Ȳ

(
βT+1

Υ
+

1− βT+1

1− β

)
Ĉi
t

=

(
b̃it +

K̄

βȲ
K̂i
t

)
− C̄

Ȳ

T∑
s=1

βs

(
s−1∑
j=0

1

σ
(Ei

tR̂t+j − Ei
tπt+j+1)

)
+

Ξ̄

Ȳ

T∑
s=0

βs(Ei
tΞ̂t+s)

+ b̄

T∑
s=0

βs
(
βEi

tR̂t+s − Ei
t π̂t+s

)
− βT+1 C̄

ΥȲ

T−1∑
j=0

1

σ
(Ei

tR̂t+j − Ei
tπt+j+1)

+
w̄H̄

Ȳ

T∑
s=0

βs
((

1− τ̄W
) (
Ei
tŵt+s + Ei

tĤt+s

)
− Ei

t τ̃
W
t+s

)
+
γ1K̄

Ȳ

T∑
s=0

βsEi
t r̂
k
t+s − βT+1 C̄

σΥȲ
R̂t+T −

T∑
s=0

βsEi
t τ̃t+s. (53)

Aggregating this equation over all households yields an expression for aggregate consump-

tion as a function of aggregate expectations about aggregate variables, only.

C̄

Ȳ

(
βT+1

Υ
+

1− βT+1

1− β

)
Ĉt

=

(
b̃t +

K̄

βȲ
K̂t

)
− C̄

Ȳ

T∑
s=1

βs

(
s−1∑
j=0

1

σ
(EtR̂t+j − Etπt+j+1)

)
+

Ξ̄

Ȳ

T∑
s=0

βs(EtΞ̂t+s)

+ b̄
T∑
s=0

βs
(
βEtR̂t+s − Etπ̂t+s

)
− βT+1 C̄

ΥȲ

T−1∑
j=0

1

σ
(EtR̂t+j − Etπt+j+1)

+
w̄H̄

Ȳ

T∑
s=0

βs
((

1− τ̄W
) (
Etŵt+s + EtĤt+s

)
− Etτ̃Wt+s

)
+
γ1K̄

Ȳ

T∑
s=0

βsEtr̂
k
t+s − βT+1 C̄

σΥȲ
R̂t+T −

T∑
s=0

βsEtτ̃t+s. (54)
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C.2 Investment decision

Iterating (41) forward, we obtain

Q̂i
t = βT (1− δ)T Q̂i

t+T +
1

β (1− δ)

T∑
s=1

βs (1− δ)s $̂i
t+s −

T−1∑
s=0

βs (1− δ)s $̂i
t+s

+
βγ1

β (1− δ)

T∑
s=1

βs (1− δ)s r̂kt+s. (55)

From equation (7) in the main text, we have that:

$̂s = −σĈs, s = t, t+ 1, ...t+ T. (56)

Plugging (56) into (55) we receive:

Q̂i
t = βT (1− δ)T Q̂i

t+T −
σ

β (1− δ)

T∑
s=1

βs (1− δ)s Ĉi
t+s + σ

T−1∑
s=0

βs (1− δ)s Ĉi
t+s

+
βγ1

β (1− δ)

T∑
s=1

βs (1− δ)s r̂kt+s. (57)

Plugging (51) into (57) we end up to the following expression for Q̂i
t:

Q̂i
t = βT (1− δ)T Q̂i

t+T −
σ

β (1− δ)

T∑
s=1

βs (1− δ)s
(
Ĉi
t +

s−1∑
j=0

1

σ
(Ei

tR̂t+j − Ei
tπt+j+1)

)

+ σ

T−1∑
s=0

βs (1− δ)s
(
Ĉi
t +

s−1∑
j=0

1

σ
(Ei

tR̂t+j − Ei
tπt+j+1)

)
+

βγ1

β (1− δ)

T∑
s=1

βs (1− δ)s r̂kt+s.

(58)

13



Gathering the consumption terms yields:

Q̂i
t = βT (1− δ)T Q̂i

t+T − β (1− δ)
T∑
s=1

βs (1− δ)s
(
s−1∑
j=0

(Ei
tR̂t+j − Ei

tπt+j+1)

)

+
T−1∑
s=0

βs (1− δ)s
(
s−1∑
j=0

(Ei
tR̂t+j − Ei

tπt+j+1)

)
+

βγ1

β (1− δ)

T∑
s=1

βs (1− δ)s r̂kt+s. (59)

From (42) and (43) and by combining (56), we receive the following law of motion for Q̂i
t:

Q̂i
t = −βT (1− δ)T Ei

tR̂t+T − β (1− δ)
T∑
s=1

βs (1− δ)s
(
s−1∑
j=0

(Ei
tR̂t+j − Ei

tπt+j+1)

)

+
T−1∑
s=0

βs (1− δ)s
(
s−1∑
j=0

(Ei
tR̂t+j − Ei

tπt+j+1)

)
+

βγ1

β (1− δ)

T∑
s=1

βs (1− δ)s r̂kt+s. (60)

Using (42) - (44) it follows that

Î it+T =

(
ÊtÎ

i
t+T−1 +

1

κ
R̂t+T

)
. (61)

This can be used to solve (40) from period t+ T − 1 backward to

Î it = Î it−1 +
1

κ

T−1∑
s=0

βsQ̂i
t+s + βT

1

κ
R̂t+T . (62)

Iterating (41) s times, in a similar way as the derivation of (60), we can obtain expres-

sions for Q̂i
t+s for any s < T :
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Q̂i
t+s = −βT−s (1− δ)T−sEi

tR̂t+T − β (1− δ)
T−s∑
l=1

βl (1− δ)l
(

l−1∑
j=0

(Ei
tR̂t+s+j − Ei

tπt+j+s+1)

)

+
T−s−1∑
l=0

βl (1− δ)l
(

l−1∑
j=0

(Ei
tR̂t+s+j − Ei

tπt+j+s+1)

)
+

βγ1

β (1− δ)

T−s∑
l=1

βl (1− δ)l r̂kt+s+l.

(63)

Plugging in Qi
t+s in (62) gives

Î it =Î it−1 +
1

κ

T−1∑
s=0

βs
[
− βT−s (1− δ)T−sEi

tR̂t+T − β (1− δ)
T−s∑
l=1

βl (1− δ)l
(

l−1∑
j=0

(Ei
tR̂t+s+j − Ei

tπt+s+j+1)

)

+
T−s−1∑
l=0

βl (1− δ)l
(

l−1∑
j=0

(Ei
tR̂t+s+j − Ei

tπt+s+j+1)

)
+

βγ1

β (1− δ)

T−s∑
l=1

βl (1− δ)l r̂kt+s+l
]

+ βT
1

κ
R̂t+T .

(64)

Î it =Î it−1 −
βT

κ
Ei
tR̂t+T

T−1∑
s=0

(1− δ)T−s + βT
1

κ
R̂t+T +

βγ1

β (1− δ)
1

κ

T−1∑
s=0

βs
T−s∑
l=1

βl (1− δ)l r̂kt+s+l

− β (1− δ) 1

κ

T−1∑
s=0

βs
T−s∑
l=1

βl (1− δ)l
(

l−1∑
j=0

(Ei
tR̂t+s+j − Ei

tπt+s+j+1)

)

+
1

κ

T−1∑
s=0

βs
T−s−1∑
l=0

βl (1− δ)l
(

l−1∑
j=0

(Ei
tR̂t+s+j − Ei

tπt+s+j+1)

)
. (65)

Exploiting the definition for finite sums of fixed parameters, we may re-write equation
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(65) above as follows:

Î it =Î it−1 +

(
1− (1− δ)(1− (1− δ)T )

δ

)
βT

κ
Ei
tR̂t+T +

βγ1

β (1− δ)
1

κ

T−1∑
s=0

βs
T−s∑
l=1

βl (1− δ)l r̂kt+s+l

− β (1− δ) 1

κ

T−1∑
s=0

βs
T−s∑
l=1

βl (1− δ)l
(

l−1∑
j=0

(Ei
tR̂t+s+j − Ei

tπt+s+j+1)

)

+
1

κ

T−1∑
s=0

βs
T−s−1∑
l=0

βl (1− δ)l
(

l−1∑
j=0

(Ei
tR̂t+s+j − Ei

tπt+s+j+1)

)
. (66)

Aggregating gives

Ît =Ît−1 +

(
1− (1− δ)(1− (1− δ)T )

δ

)
βT

κ
EtR̂t+T +

βγ1

β (1− δ)
1

κ

T−1∑
s=0

βs
T−s∑
l=1

βl (1− δ)l r̂kt+s+l

− β (1− δ) 1

κ

T−1∑
s=0

βs
T−s∑
l=1

βl (1− δ)l
(

l−1∑
j=0

(EtR̂t+s+j − Etπt+s+j+1)

)

+
1

κ

T−1∑
s=0

βs
T−s−1∑
l=0

βl (1− δ)l
(

l−1∑
j=0

(EtR̂t+s+j − Etπt+s+j+1)

)
. (67)

C.3 Wage setting

Wages are set according to the aggregated loglinearized version of equation (20) in the

main text:

ŵt+s = ηĤt+s + σĈt+s +
τ̃wt+s

1− τ̄W
(68)
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C.4 Pricing decision

Log linearizing equation (27) in the main text gives:

p̂∗t (j)− p̂t

= (1− ωβ)Ẽj
t

T∑
s=0

ωsβs (m̂ct+s + p̂t+s − p̂t) + (ωβ)T+1Ẽj
t (p̂t+T − p̂t) ,

which can be written in terms of inflation expectations as

p̂∗t (j)−p̂t = (1−ωβ)

[
m̂ct + Ẽj

t

T∑
s=1

ωsβs

(
m̂ct+s +

s∑
τ=1

πt+τ

)]
+(ωβ)T+1Ẽj

t

T∑
τ=1

πt+τ . (69)

Next, equation (28) in the main can be log-linearized to

p̂t = ωp̂t−1 + (1− ω)

∫ 1

0

p̂∗t (j)dj,

from which it follows that

πt =
1− ω
ω

(∫ 1

0

p̂∗t (j)dj − p̂t
)
. (70)

Aggregating (69) and plugging this in in the above expression gives

πt =
(1− ω)(1− ωβ)

ω

(
m̂ct +

T∑
s=1

ωsβsÊtm̂ct+s +
T∑
s=1

ωsβs
s∑

τ=1

Êtπt+τ +
(ωβ)T+1

1− ωβ

T∑
τ=1

Êtπt+τ

)
.

(71)

Writing the Double sum as a geometric series and combing with the final term we can

rewrite this as

πt = κmc

T∑
s=0

ωsβsÊtm̂ct+s +
(1− ω)

ω

T∑
s=1

ωsβsÊtπt+s, (72)
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κmc =
(1− ω)(1− ωβ)

ω
. (73)

C.5 Final model

The log-linearized version of the resource constraint, equation (33) in the main text, reads

as follows:

Ŷt =
C̄

Ȳ
Ĉt +

Ī

Ȳ
Ît + g̃t +

γ1K̄

Ȳ
Ẑt. (74)

Plugging (74) into (53) to substitute out for consumption yields:

C̄

Ȳ

(
βT+1

Υ
+

1− βT+1

1− β

)(
Ȳ

C̄
Ŷt −

Ī

C̄
Ît −

Ȳ

C̄
g̃t −

γ1K̄

C̄
Ẑt

)
=

(
b̃t +

K̄

βȲ
K̂t

)
− C̄

Ȳ

T∑
s=1

βs

(
s−1∑
j=0

1

σ
(EtR̂t+j − Etπt+j+1)

)
+

Ξ̄

Ȳ

T∑
s=0

βs(EtΞ̂t+s)

+ b̄
T∑
s=0

βs
(
βEtR̂t+s − Etπ̂t+s

)
− βT+1 C̄

ΥȲ

T−1∑
j=0

1

σ
(EtR̂t+j − Etπt+j+1)

+
w̄H̄

Ȳ

T∑
s=0

βs
((

1− τ̄W
) (
Etŵt+s + EtĤt+s

)
− Etτ̃Wt+s

)
+
γ1K̄

Ȳ

T∑
s=0

βsEtr̂
k
t+s − βT+1 C̄

σΥȲ
R̂t+T −

T∑
s=0

βsEtτ̃t+s. (75)
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Rearranging terms and solving for output, Ŷt:

Ŷt =

1

ρ

(
b̃t +

K̄

βȲ
K̂t

)
− C̄

Ȳ ρ

T∑
s=1

βs

(
s−1∑
j=0

1

σ
(EtR̂t+j − Etπt+j+1)

)
+

1

ρ

Ξ̄

Ȳ

T∑
s=0

βs(EtΞ̂t+s)

+
1

ρ
b̄

T∑
s=0

βs
(
βEtR̂t+s − Etπ̂t+s

)
− 1

ρ
βT+1 C̄

ΥȲ

T−1∑
j=0

1

σ
(EtR̂t+j − Etπt+j+1)

+
w̄H̄

ρȲ

T∑
s=0

βs
((

1− τ̄W
)

(Etŵt+s + EtĤt+s)− Etτ̃Wt+s
)

+
1

ρ

γ1K̄

Ȳ

T∑
s=0

βsr̂kt+s − βT+1 C̄

σΥȲ
R̂t+T −

1

ρ

T∑
s=0

βsEtτ̃t+s +
Ī

Ȳ
Ît + g̃t +

γ1K̄

Ȳ
Ẑt, (76)

where

ρ =

(
βT+1

Υ
+

1− βT+1

1− β

)
. (77)

Next, note that firm’s j nominal profit is given by,

PtΞt(j) = Pt(j)Yt(j)−WtHt(j)−Rk
t K̃t(j) (78)

After log-linearizing, the real profits of firm j can be written as

Ξ̂t(j) =
1

1− m̄c
(p̂t(j)− p̂t) + Ŷt(j)−

m̄c

1− m̄c
m̂ct. (79)

Aggregate profits can then be written as

Ξ̂t = Ŷt − (θ − 1)m̂ct, (80)
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where we used that m̄c = θ−1
θ

.

Next, we write marginal costs as

m̂ct = (1− ζ)ŵt + ζr̂kt , (81)

and by log-linearizing equation (17) in the main text, use:

r̂ks =
γ2

γ1

Ẑs. (82)

Finally, the loglinearized production function can be solved for aggregate labor as

Ĥt =
1

1− ζ
Ŷt −

ζ

1− ζ
K̂t −

ζ

1− ζ
Ẑt. (83)

We now assume that agents know, or have learned about the above relations between

aggregate variables (which hold in every period). Therefore, expectations about profits,

the price of capital and aggregate can be substituted for. This gives

(1− νy) Ŷt =
1

ρ

(
b̃t +

K̄

βȲ
K̂t

)
+
Ī

Ȳ
Ît + g̃t +

γ1K̄

Ȳ
Ẑt −

1

ρ

T∑
s=0

βsEtτ̃t+s + νy

T∑
s=1

βs(ÊtŶt+s)

− νk
T∑
s=0

βs(ÊtK̂t+s) + νz

T∑
s=0

βs(ÊtẐt+s)− ντ
T∑
s=0

βs
(
Etτ̃

W
t+s

)
+ νw

T∑
s=0

βs (Etŵt+s)

− νr
T∑
s=1

βs
s∑
j=1

(ÊtRt+j−1 − Êtπt+j) +
1

ρ
b̄

T∑
s=0

βs
(
βEtR̂t+s − Etπ̂t+s

)
− 1

ρ
βT+1 C̄

ΥȲ

T−1∑
j=0

1

σ
(EtR̂t+j − Etπt+j+1)− βT+1 C̄

ρσΥȲ
R̂t+T , (84)

with
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νy =
1

θρ
+
(
1− τ̄W

) w̄H̄
ρȲ

1

1− ζ
, (85)

νz =
γ2

ργ1

(
γ1K̄

Ȳ
− θ − 1

θ
ζ

)
−
(
1− τ̄W

) w̄H̄
ρȲ

ζ

1− ζ
, (86)

νk =
(
1− τ̄W

) w̄H̄
ρȲ

ζ

1− ζ
, (87)

ντ =
w̄H̄

ρȲ
, (88)

νw =
(
1− τ̄W

) w̄H̄
ρȲ
− θ − 1

θρ
(1− ζ), (89)

νr =
C̄

Ȳ σρ
. (90)

Next, using (82) in (67) gives

Ît =Ît−1 +

(
1− (1− δ)(1− (1− δ)T )

δ

)
βT

κ
EtR̂t+T +

γ2

(1− δ)
1

κ

T−1∑
s=0

βs
T−s∑
l=1

βl (1− δ)l Ẑt+s+l

− β (1− δ) 1

κ

T−1∑
s=0

βs
T−s∑
l=1

βl (1− δ)l
(

l−1∑
j=0

(EtR̂t+s+j − Etπt+s+j+1)

)

+
1

κ

T−1∑
s=0

βs
T−s−1∑
l=0

βl (1− δ)l
(

l−1∑
j=0

(EtR̂t+s+j − Etπt+s+j+1)

)
. (91)

Using (74) and the production function we can write

ηĤt + σĈt = (
η

(1− ζ)
+
σȲ

C̄
)Ŷt −

ηζ

(1− ζ)
ˆ̃Kt −

σȲ

C̄
g̃t −

σĪ

C̄
Ît −

σγ1K̄

C̄
Ẑt (92)

= (
η

(1− ζ)
+
σȲ

C̄
)Ŷt −

ηζ

(1− ζ)
K̂t −

σȲ

C̄
g̃t −

σĪ

C̄
Ît −

(
σγ1K̄

C̄
+

ηζ

(1− ζ)

)
Ẑt.
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We can plug this into (68) to obtain

ŵt+s = (
η

(1− ζ)
+
σȲ

C̄
)Ŷt −

ηζ

(1− ζ)
K̂t −

σȲ

C̄
g̃t −

σĪ

C̄
Ît −

(
σγ1K̄

C̄
+

ηζ

(1− ζ)

)
Ẑt +

τ̃wt+s
1− τ̄W

(93)

Further, plugging in marginal costs in (72) gives

πt =κw

T∑
s=0

ωsβsÊtŵt+s + κz

T∑
s=0

ωsβsÊtẐt+s + κπ

T∑
s=1

ωsβsÊtπt+s,

κw = κmc(1− ζ), (94)

κz = κmcζ
γ2

γ1

, (95)

κπ =
(1− ω)

ω
. (96)

The capital accumulation equation can be log-linearized to

K̂t+1 = (1− δ) K̂t +
Ī

K̄
Ît. (97)

Cost minimization in the firm problem implies:

rkt = mctAζ

(
K̃t(j)

Ht(j)

)ζ−1

(98)

wt = mctA(1− ζ)

(
K̃t(j)

Ht(j)

)ζ

(99)

Log-linearizing (98) gives

r̂kt = m̂ct + (ζ − 1)( ˆ̃Kt − Ĥt). (100)

Combining this with (81), we can obtain an equation for capital utilization.
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(
γ2

γ1

+
1

1− ζ

)
Zt =

1

1− ζ
Ŷt −

1

1− ζ
K̂t + ŵt. (101)

To complete the model we log-linearize the government budget constraint, equation

(30) in the main text, and substitute for labor using the production function to receive:

b̃t+1 =
1

β
g̃t −

w̄H̄

βȲ
(τ̄W (ŵt + Ĥt) + τ̃Wt ) +

1

β
b̃t + b̄(R̂t −

1

β
π̂t)−

1

β
τ̃t, (102)

b̃t+1 =
1

β
g̃t −

1

β
τ̃t −

w̄H̄

βȲ
τ̄W ŵt −

w̄H̄

βȲ
τ̄W

1

(1− ζ)
Ŷt +

w̄H̄

βȲ
τ̄W

ζ

(1− ζ)
K̂t

+
w̄H̄

βȲ
τ̄W

ζ

(1− ζ)
Ẑt −

w̄H̄

βȲ
τ̃Wt +

1

β
b̃t + b̄(R̂t −

1

β
π̂t). (103)

D Robustness

D.1 Firms with infinite planning horizons

In this section, we perform a robustness exercise where we let firms have an infinite planning

horizon and fully rational expectations. We acknowledge, however, that the role of firms in

our model is modest, as they do not accumulate capital, nor do they face corporate taxes

or subsidies. This limits the extent to which the current exercise can speak to the role of

horizons of firms (in a more general sense) versus that of households.

In this robustness exercise, pricing decisions are made based on the discounted sum

of all expected future marginal costs until infinity. Households, on the other hand, are

still assumed to have finite planning horizons and form expectations accordingly. Since

they do not have the cognitive ability to anticipate how fully rational firms with infinite

planning horizons will set their prices in future periods, households still need to rely on

the same expectation algorithm outlined in section 2.5 in the main text. Households
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Figure A1: Fiscal Multipliers

50 100

0.3

0.4

0.5

0.6

(a) Government spending multipliers
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(b) Labor tax cut multipliers
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(c) Transfer multipliers

Notes: Fiscal multipliers (vertical axis) for the case of fully rational firms (with an infinite plan-
ning horizon) for government spending, labor tax cuts, and transfers for different planning hori-
zons (horizontal axis). Dashed blue are impact multipliers. Dotted orange and solid green are
cumulative multipliers after 12 and 20 quarters, respectively.

thereby implicitly assume that firms make their decisions and form expectations with the

same planning horizon and cognitive limitations as the households themselves. Given the

limitations of their planning horizon, these are the most sophisticated higher-order beliefs

about the expectations and future decisions of firms that households are able to form.

Comparing Figure A1 with Figure 1 in the main text, it, first of all, can be seen that

both figures look very similar. The qualitative results of planning horizons on fiscal mul-

tipliers hence are robust to letting price setters having finite or infinite planning horizons.

Considering the figures more closely quantitatively, it can be observed that the horizon

effects in Figure A1 are somewhat smaller than the horizon effects in Figure 1, especially

when the impact multiplier is concerned. That is, it seems that letting price setters have

infinite planning horizon dampens our results somewhat. However, the horizon effects

observed in Figure A1 are still substantial, especially for the cumulative multipliers.
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D.2 Shock persistence

In this section of the appendix, we discuss robustness to the assumption that fiscal shocks

have an auto-correlation coefficient of 0.97. First of all, we note that when shocks have

low persistence, the model may practically return to steady state after 20 periods, which

implies that agents with a planning horizon of 20 periods would hardly be different from

infinite horizon planners. That is, our setup only really becomes interesting when there is

enough persistence in the model and the shocks. See also discussions in Sections 2.1 and

2.5 of the paper.

That being said, our qualitative results do not rely on calibrating the shock persistence

as high as 0.97. Instead, we find that our main results are robust to assuming, e.g. auto-

correlation coefficients of 0.9, instead. This case is plotted in Figure A2. Comparing that

figure to Figure 1 in the main text, it can, first of all, be seen that less persistent shocks

lead to lower labor tax multipliers for all planning horizons. However, the qualitative effect

of the planning horizon on the multipliers of all three fiscal shocks is the same as in Figure

1 in the main text. Further, as was to be expected, the magnitude of the horizon effects

becomes slightly smaller for shocks that are less persistent. This is because less persistent

shocks make agents with finite planning horizons less wrong about what happens after the

end of their planning horizon, causing their decisions to deviate less from those of infinite

horizon planners.

E The model with Rule-of-Thumb households

In this section, we present the version of our model with rational expectations and two types

of households, namely Ricardian and rule-of-thumb. Ricardian households hold government

bonds, invest in capital, earn labor income, and collect profits from firm ownership. Rule-

of-thumb households are excluded from financial markets and consume entirely out of the
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Figure A2: Fiscal Multipliers
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Notes: Fiscal multipliers (vertical axis) for the case of shock persistence of 0.9 for government
spending, labor tax cuts, and transfers for different planning horizons (horizontal axis). Dashed
blue are impact multipliers. Dotted orange and solid green are cumulative multipliers after 12
and 20 quarters, respectively.
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labor income. The rest of the model, e.g. firms, monetary and fiscal policy, rests the same

as in the paper, but for the case of T =∞. To save space and avoid repetition, we present

thus the maximization problems of the household sector and labor unions alone.

E.1 Households

We follow Gali et al. (2007) and assume a continuum of infinitely lived households, indexed

by i ∈ [0, 1]. A fraction 1 − λ of households have access to capital markets where they

can trade a full set of contingent securities, and buy and sell physical capital (which they

accumulate and rent out to firms). We use the term optimizing or Ricardian to refer to

that subset of households. The remaining fraction λ of households do not own any assets

nor have any liabilities, and just consume their current labor income. We refer to them as

rule-of-thumb households.

Optimizing Housheolds. Let CO
t and HO

t denote consumption and hours of work for op-

timizing households. Preferences are defined by a subjective discount factor β ∈ (0, 1), and

the period utility U(CO
t , H

O
t ). The representative optimizing household seeks to maximize:

Es

∞∑
s=0

βs
[

(CO
t+s)

1−σ

1− σ
−

(HO
t+s)

1+η

1 + η

]
(104)

subject to the sequence of budget constraints:

CO
s + IOs +

BO
s+1

PsRs

≤
(
1− τWs

)
wsH

O
s +

BO
s

Ps
+
Rk
sZsK

O
s

Ps
− a (Zs) K̄

O
s + Ξs −

Ts
Ps
, (105)

and the capital accumulation equation:

KO
s+1 = (1− δ)KO

s +

[
1− S

(
IOs
IOs−1

)]
IOs , (106)
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The first-order conditions for the optimizing households read as follows:

CO
t : $O

s =
(
CO
s

)−σ
, (107)

BO
t+1 : $O

s = βEs

[
$O
s+1Rs

Πs+1

]
, (108)

KO
t+1 : γOs = βEs

[
$O
s+1

(
RK
s+1

Ps+1

Zs+1 − α(Zs+1)

)
+ (1− δ) γOs+1

]
, (109)

IOs : $O
s = γOs

[
1− S

(
IOs
IOs−1

)
− S ′

(
IOs
IOs−1

)
IOs
IOs−1

]
+ βEs

[
γOs+1S

′
(
IOs+1

IOs

)(
IOs+1

IOs

)2
]
, (110)

Zs :
RKs

Ps
= α′ (Zs) , (111)

where wt = Wt/Pt.

Rule-of-Thumb households. Rule-of-Thumb households Rule-of-thumb households are as-

sumed to behave in a hand-to-mouth fashion, fully consuming their current labor income.

They do not smooth their consumption path in the face of fluctuations in labor income, nor

do they intertemporally substitute in response to changes in interest rates. Their period

utility function reads as follows:2

U r
t =

(Cr
t )

1−σ

1− σ
− (Hr

t )1+η

1 + η
(112)

which they maximize subject to their budget constraint:

PtC
r
t =

(
1− τWt

)
WtH

r
t − T rt (113)

Given that they do not smooth their consumption and do not accumulate wealth outside

2We assume that relative risk aversion, σ, and the inverse of the Frisch elasticity of labor supply, η, are
the same across the two household types.
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their labor income, their period budget constraint pins down their consumption, such that:

Cr
t =

(
1− τWt

)
wtH

r
t −

T rt
Pt

(114)

where wt denotes real wage, common to both types of households. Aggregation Aggregate

consumption and hours are given by a weighted average of the corresponding variables for

each household type. Formally,

Ct = (1− λ)CO
t + λCr

t (115)

and

Ht = (1− λ)HO
t + λHr

t (116)

In a similar fashion, aggregate investment, It, and capital, Kt, are respectively given by:

It = (1− λ) IOt (117)

and

Kt = (1− λ)KO
t (118)

E.2 Wage setting

In the monopolistic competitive labor market, labor unions act as wage setters. We assume

a continuum of labor types j which are distributed uniformly across households. Each

labor union sets the wage of a given labor type j. This means that there is a continuum of

labor unions which coincides with the labor types. Households always offer the demanded

quantity of labor of type j at the current wage W j
t+s of the labor union of type j (as in

Gaĺı et al., 2007). We assume that labor unions set wages in a flexible manner at date t.
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Firms allocate labor demand uniformly across different workers of type j, independently of

their household type. Unions set the nominal wage by maximizing the expected discounted

sum of the utility of the households subject to the households’ budget constraint and the

demand for labor of type j.

hjt =

(
W j
t

Wt

)−θw
Ht, (119)

where θw is the intratemporal elasticity of substitution between labor types and Wt is the

nominal wage aggregated over all labor types. Ht is the aggregate demand for labor given

by

Hs =

[∫ 1

0

(
hjs
) θw−1

θw dj

] θw
θw−1

. (120)

Since the union sets the wage at every date, the maximization problem of the union becomes

static. At a generic time t, the union maximizes the utility of the household subject to

(119) and (??). Similar to Gaĺı et al. (2007), each typical union, representing worker of

type j, sets the wage for its workers in order to maximize:

λ

[
(Cr

t (j))
1−σ

1− σ
− (Ht(j))

1+η

1 + η

]
+ (1− λ)

[
(CO

t (j))1−σ

1− σ
− (Ht(j))

1+η

1 + η

]
(121)

subject to the budget constraint of each type of household and the demand for labor (119).

Note that in setting the optimization problem of the union, we have taken into account that

firms allocate labor demand uniformly across different workers of type j, independently of

their household type. It thus follows that in the aggregate we have Ht = HO
t = Hr

t .3 The

first order condition reads:

W j
t (1− τwt ) =

θw
θw − 1

(
hjt
)η(

Cj
t

)−σ . (122)

3For more details, see Appendix A in Gali et al. (2007)
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E.3 Linearized Equilibrium Conditions

Given that HO
t = Hr

t = Ht, the log-linearized consumption of rule-of-thumb households

writes as follows:

Ĉr
t =

wHr
(
1− τ̄W

)
Cr

(
ŵt + Ĥt −

τ̃Wt
1− τ̄W

)
− Y

Cr
τ̃t. (123)

Aggregate consumption and hours read as follows:

Ĉt = (1− λ) ĈO
t + λĈr

t (124)

and

Ĥt = (1− λ) ĤO
t + λĤr

t (125)

Combining (39), (123), (124), (125) and (83), we end up to the aggregate Euler equation:

Ĉt = Ĉt+1 −
1− λ
σ

(
EtR̂s − Etπs+1

)
− λµp∆ŵt+1

− λµp

1− ζ
∆Ŷt+1 +

λµpζ

1− ζ

(
∆K̂t+1 + ∆Ẑt+1

)
+

λµp

1− τW
∆τ̃Wt+1 +

λY

C
∆τ̃t+1 (126)

where µp = wH
(
1− τ̄W

)
/C.

The Phillips curve is given by:

πt =
(1− ωβ) (1− ω)

ω
m̂ct + βEtπt+1 (127)

The rest of the model equations are given by (40), (41), (74), (81), (82), (83), (93),

(97), (100), (101), and (103).
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F The model with a Blanchard-Yaari structure

In this section, we present a version of our model with rational expectations but where

households face every period a probability to die. Specifically, we adopt the specification

of the Blanchard (1985) and Devereux (2010) model of perpetual youth in discrete time

similar to Smets and Trabandt (2012). Households die with probability 1− δ̃ each period

and every period a newborn generation i represents a fraction 1 − δ̃ of total population,

where 0 ≤ δ̃ ≤ 1. In other words, δ̃ captures the probability of survival from one period

to the next. Therefore,
∑∞

t=0 δ̃
t = 1

1−δ̃ represents the average household lifetime. As

pointed out by Smets and Trabandt (2012), an alternative and empirically more plausible

interpretation of 1/1 − δ̃ is that it reflects the effective planning horizon of households.

Households have no bequest motive and the usual Ricardian equivalence breaks down.

The rest of the model, e.g. wage setting, monetary and fiscal policy, rests the same as in

the paper. To save space and avoid repetition, we present thus the maximization problems

of the household and the firm sectors only.

F.1 Households

In every period a new generation/cohort is born. The size of generation i at time t is(
1− δ̃

)
δ̃t−i and total population is of measure 1. The representative household l in each

generation i maximize the expected lifetime utility function:

Es

∞∑
s=0

[(
βδ̃
)s (Ct+s(i))

1−σ

1− σ
− (Ht+s(i))

1+η

1 + η

]
(128)

subject to

Ct(i)+It(i)+
Bt+1

RtPt
≤ 1

δ̃

(
Bt(i)

Pt
+
Rk
tZt(i)Kt(i)

Pt
− a (Zt(i)) K̄t(i)

)
+
(
1− τWs

)
ws(i)Hs(i)+Ξs(i)−

Ts(i)

Pt
,

(129)
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The first order conditions for the optimizing households are summarized below. Since

all households within each generation are identical, we drop indicator i, for convenience.

Ct : $t = C−σt , (130)

Bt+1 : $t = βEt

[
$t+1Rt

Πt+1

]
, (131)

Kt+1 : γt = βEs

[
$t+1

(
RK
t+1

Pt+1

Zt+1 − α(Zt+1)

)
+ (1− δ) γt+1

]
, (132)

It : $t = γt

[
1− S

(
It
It−1

)
− S ′

(
It
It−1

)
It
It−1

]
+ βδ̃Et

[
γt+1S

′
(
It+1

It

)(
It+1

It

)2
]
, (133)

Zt :
RKt

Pt
= α′ (Zt) , (134)

where wt = Wt/Pt.

Aggregate Budget Constraint. Let us now derive the aggregate budget constraint. The

nominal budget constraints of the different generations living in the economy at a given

time t are given as follows:

(
1− δ̃

)[
PtCt + PtIt +R−1

t Bt+1

]

=
(

1− δ̃
)[ (

1− τWt
)
WtNt + PtΞt − Tt

]
(135)
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(
1− δ̃

)
δ̃

[
PtCt + PtIt +R−1

t Bt+1

]

=
(

1− δ̃
)
δ̃

[ (
1− τWt

)
WtNt + PtΞt − Tt

]
+
(

1− δ̃
) δ̃
δ̃

[
Bt +Rk

tZtKt − Pta (Zt) K̄t

]
(136)

(
1− δ̃

)
δ̃2

[
PtCt + PtIt +R−1

t Bt+1

]

=
(

1− δ̃
)
δ̃2

[ (
1− τWt

)
WtNt + PtΞt − Tt

]
+
(

1− δ̃
) δ̃2

δ̃

[
Bt +Rk

tZtKt − Pta (Zt) K̄t

]
(137)

...

Let us denote the relation between generation specific variable xit and aggregate variable

xt as follows:

xt =
t∑

i=−∞

(
1− δ̃

)
δ̃t−ixit

So that the aggregate nominal budget constraint reads as follows:

PtCt + PtIt +
Bt+1

Rt

≤
(
1− τWt

)
WtHt +Bt +Rk

tZtKt − Pta (Zt) K̄t + PtΞt − Tt, (138)

which coincides with the aggregate budget constraint when households have finite lifetimes.

Aggregate Euler equation. We now derive the aggregate Euler equation. It will be conve-

nient to define:

∆(i) =
(
1− τWs

)
Ws(i)Hs(i) + PsΞs(i)− Ts(i) (139)
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Writing the individual budget constraint for period t+ 1,t+ 2, ..., we receive:

t+ 1:

[
Pt+1Ct+1(i) + Pt+1It+1(i) +

Bt+2(i)

Rt+1

−∆t+1(i)

]
δ̃

≤ Bt+1(i) +Rk
t+1Zt+1(i)Kt+1(i)− Pt+1a (Zt+1(i)) K̄t+1(i), (140)

t+ 2:

[
Pt+2Ct+2(i) + Pt+2It+2(i) +

Bt+3(i)

Rt+2

−∆t+2(i)

]
δ̃

≤ Bt+2(i) +Rk
t+2Zt+2(i)Kt+2(i)− Pt+2a (Zt+2(i)) K̄t+2(i), (141)

...

Using (140) to subsitute for Bt+1(i) in (129), we receive:

PtCt(i) + PtIt(i)−∆(i)

+

[
Pt+1Ct+1(i) + Pt+1It+1(i) +

Bt+2(i)

Rt+1

−∆t+1(i)

]
δ̃

Rt

+ δ̃
Bt+2(i)

RtRt+1

≤ 1

δ̃

(
Bt(i) +Rk

tZt(i)Kt(i)− Pta (Zt(i)) K̄t(i)
)

1

Rt

[
Rk
t+1Zt+1(i)Kt+1(i)− Pt+1a (Zt+1(i)) K̄t+1(i)

]
(142)

Using (141) to subsitute for Bt+2(i) in (142), we receive:
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PtCt(i) + PtIt(i)−∆(i)

+ [Pt+1Ct+1(i) + Pt+1It+1(i)−∆t+1(i)]
δ̃

Rt

+ [Pt+2Ct+2(i) + Pt+2It+2(i)−∆t+2(i)]
δ̃2

RtRt+1

+ δ̃2 Bt+3(i)

RtRt+1Rt+2

≤ 1

δ̃

(
Bt(i) +Rk

tZt(i)Kt(i)− Pta (Zt(i)) K̄t(i)
)

1

Rt

[
Rk
t+1Zt+1(i)Kt+1(i)− Pt+1a (Zt+1(i)) K̄t+1(i)

]
δ̃

RtRt+1

[
Rk
t+2Zt+2(i)Kt+2(i)− Pt+2a (Zt+2(i)) K̄t+2(i)

]
(143)

and by iterating forward we can write:

∞∑
s=0

δ̃s∏s−1
s=0Rt+s

Pt+sCt+s(i) +
∞∑
s=0

δ̃s∏s−1
s=0Rt+s

Pt+sIt+s(i)−
∞∑
s=0

δ̃s∏s−1
s=0Rt+s

∆t+s(i)

−
∞∑
s=0

δ̃s∏s−1
s=0 Rt+s

[
Rk
t+s+1Zt+s+1(i)Kt+s+1(i)− Pt+s+1a (Zt+s+1(i)) K̄t+s+1(i)

]
≤ 1

δ̃

(
Bt(i) +Rk

tZt(i)Kt(i)− Pta (Zt(i)) K̄t(i)
)

(144)

where we have imposed the transversality condition. Now we need to work with the first

term on the LHS of the equation above. Using the first order condition (131) and iterating

forward, we receive the following expression:

δ̃s∏s−1
s=0Rt+s

Pt+s
$t+s(i)

=
Pt

$t(i)

 1(
δ̃β
)s
−1

(145)

Using the definition $i
t = (Ct(i))

−σ equation (144) can be rewritten as follows:
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∞∑
s=0

δ̃s∏s−1
s=0Rt+s

Pt+s
$t+s(i)

$
σ−1
σ

t+s +
∞∑
s=0

δ̃s∏s−1
s=0Rt+s

Pt+sIt+s(i)−
∞∑
s=0

δ̃s∏s−1
s=0Rt+s

∆t+s(i)

∞∑
s=0

δ̃s∏s−1
s=0Rt+s

[
Rk
t+s+1Zt+s+1(i)Kt+s+1(i)− Pt+s+1a (Zt+s+1(i)) K̄t+s+1(i)

]
≤ 1

δ̃

(
Bt(i) +Rk

tZt(i)Kt(i)− Pta (Zt(i)) K̄t(i)
)

(146)

Substituting (145) into (146), we receive:

Pt
$t(i)

∞∑
s=0

(
δ̃βs
)

($t+s(i))
σ−1
σ +

∞∑
s=0

δ̃s∏s−1
s=0Rt+s

Pt+sIt+s(i)−
∞∑
s=0

δ̃s∏s−1
s=0 Rt+s

∆t+s(i)

∞∑
s=0

δ̃s∏s−1
s=0Rt+s

[
Rk
t+s+1Zt+s+1(i)Kt+s+1(i)− Pt+s+1a (Zt+s+1(i)) K̄t+s+1(i)

]
≤ 1

δ̃

(
Bt(i) +Rk

tZt(i)Kt(i)− Pta (Zt(i)) K̄t(i)
)

(147)

By rearranging and aggregating, we receive:

Pt
$t

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s[
Bt +Rk

tZtKt − Pta (Zt) K̄t

−
∞∑
s=0

δ̃s∏s−1
s=0Rt+s

Pt+sIt+s +
∞∑
s=0

δ̃s∏s−1
s=0 Rt+s

∆t+s

+
∞∑
s=0

δ̃s∏s−1
s=0Rt+s

[
Rk
t+s+1Zt+s+1Kt+s+1 − Pt+s+1a (Zt+s+1) K̄t+s+1

] ]

(148)
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It is also convenient to write the above expression as follows:

Pt
$t

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s[
Bt − PtIt +Rk

tZtKt − Pta (Zt) K̄t + ∆t

+
1

Rt

(
Rk
t+1Zt+1Kt+1 − Pt+1a (Zt+1) K̄t+1

)
−
∞∑
s=1

δ̃s∏s−1
s=0Rt+s

Pt+sIt+s +
∞∑
s=1

δ̃s∏s−1
s=0 Rt+s

∆t+s

+
∞∑
s=1

δ̃s∏s−1
s=0Rt+s

[
Rk
t+s+1Zt+s+1Kt+s+1 − Pt+s+1a (Zt+s+1) K̄t+s+1

] ]

(149)

By adding and subtracting δ̃
Rt

1∑∞
s=0(δ̃βs)$

σ−1
σ

t+s

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

)
,
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we can write:

Pt
$t

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s

×

[
Bt − PtIt +Rk

tZtKt − Pta (Zt(i)) K̄t + ∆t +
1

Rt

(
Rk
t+1Zt+1Kt+1 − Pt+1a (Zt+1) K̄t+1

)
− δ̃

Rt

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

) ]

+
δ̃

Rt

1∑∞
s=0

(
δ̃βs
)
$

σ−1
σ

t+s

×

[
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

−
∞∑
s=0

δ̃s∏s−1
s=0 Rt+s+1

Pt+s+1It+s+1 +
∞∑
s=0

δ̃s∏s−1
s=0Rt+s+1

∆t+s+1(i)

+
∞∑
s=0

δ̃s∏s−1
s=0 Rt+s+1

[
Rk
t+s+2Zt+s+2Kt+s+2 − Pt+s+2a (Zt+s+2) K̄t+s+2

] ]

(150)

Note that:

Pt+1

$t+1

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s+1

×

[
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

−
∞∑
s=0

δ̃s∏s−1
s=0Rt+s+1

Pt+s+1It+s+1 +
∞∑
s=0

δ̃s∏s−1
s=0Rt+s+1

∆t+s+1(i)

+
∞∑
s=0

δ̃s−1∏s−1
s=0Rt+s+1

[
Rk
t+s+2Zt+s+2Kt+s+2 − Pt+s+2a (Zt+s+2) K̄t+s+2

] ]
(151)

39



So that we can re-write (150) as follows:

Pt
$t

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s

×

[
Bt − PtIt +Rk

tZtKt − Pta (Zt(i)) K̄t + ∆t +
1

Rt

(
Rk
t+1Zt+1Kt+1 − Pt+1a (Zt+1) K̄t+1

)
− δ̃

Rt

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

)
+

δ̃

Rt

∞∑
s=0

(
δ̃βs
)
$

σ−1
σ

t+s+1

Pt+1

$t+1

]
(152)

Using the aggregate budget constraint (138) to substitute out for Bt in the expression

above, we receive:

Pt
$t

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s

×

[
PtCt +

1− δ̃
Rt

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

)
+

δ̃

Rt

∞∑
s=0

(
δ̃βs
)
$

σ−1
σ

t+s+1

Pt+1

$t+1

]
(153)

Since Ct = $
1
σ
t , we have that:

Pt
$t

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s

×

[
Pt$

1
σ
t +

1− δ̃
Rt

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

)
+

δ̃

Rt

∞∑
s=0

(
δ̃βs
)
$

σ−1
σ

t+s+1

Pt+1

$t+1

]
(154)
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Multiplying and dividing the first term of the RHS with $
σ−1
σ

t , we can write:

Pt
$t

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s

×

[
Pt
$t

$
σ−1
σ

t +
1− δ̃
Rt

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

)
+

δ̃

Rt

∞∑
s=0

(
δ̃βs
)
$

σ−1
σ

t+s+1

Pt+1

$t+1

]
(155)

Rearranging yields:

1− $
σ−1
σ

t∑∞
s=0

(
δ̃βs
)
$

σ−1
σ

t+s

 Pt
$t

=
1∑∞

s=0

(
δ̃βs
)
$

σ−1
σ

t+s

×

[
1− δ̃
Rt

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

)
+

δ̃

Rt

∞∑
s=0

(
δ̃βs
)
$

σ−1
σ

t+s+1

Pt+1

$t+1

]
(156)

Multiplying and dividing the RHS with $
σ−1
σ

t , we receive:

1− $
σ−1
σ

t∑∞
s=0

(
δ̃βs
)
$

σ−1
σ

t+s

 Pt
$t

=
$

σ−1
σ

t∑∞
s=0

(
δ̃βs
)
$

σ−1
σ

t+s

×

[
1− δ̃

Rt$
σ−1
σ

t

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

)
+

δ̃

Rt$
σ−1
σ

t

∞∑
s=0

(
δ̃βs
)
$

σ−1
σ

t+s+1

Pt+1

$t+1

]
(157)
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Define:

µt =

∑∞
s=0

(
δ̃βs
)
$

σ−1
σ

t+s

$
σ−1
σ

t

(158)

and multiply and divide the last term of the RHS of (157) by $
σ−1
σ

t+1 to get:

(
1− 1

µt

)
Pt
$t

=
1

µt

[
1− δ̃

Rt$
σ−1
σ

t

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1) K̄t+1

)
+

δ̃$
σ−1
σ

t+1

Rt$
σ−1
σ

t

µt+1
Pt+1

$t+1

]
(159)

Rearranging yields:

µt − 1

δ̃
Rt
Pt
$t

=
1− δ̃

δ̃$
σ−1
σ

t

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1(i)) K̄t+1

)
+

(
$t+1

$t

)σ−1
σ

µt+1
Pt+1

$t+1

(160)

Using the definition (158), the law of motion of µt reads as follows:

µt = 1 +

∑∞
s=1

(
δ̃βs
)
$

σ−1
σ

t+s

$
σ−1
σ

t

(161)

or writing it recursively:

µt = 1 + δ̃β

(
$t+1

$t

)σ−1
σ

µt+1 (162)

Plugging the above expression into (160), we end up with the aggregate Euler equation:

βRt
Pt
$t

=
1− δ̃

δ̃µt+1$
σ−1
σ

t+1

(
Bt+1 +Rk

t+1Zt+1Kt+1 − Pt+1a (Zt+1) K̄t+1

)
+
Pt+1

$t+1

(163)

F.2 Firms

Firms are owned by households and as such they are also subject to a heavier discounting

given the household’s stochastic discount factor. The profit maximization problem of the
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firm producing variety j thus writes as follows:

max Ẽj
t

( T∑
s=0

ωs
(
βδ̃
)s (

Cj
t+s

)−σ [(pt(j)
Pt+s

)1−θ

Yt+s −mct+s
(
pt(j)

Pt+s

)−θ
Yt+s

]
(164)

From this, it is straightforward to derive the first order condition as well as the Phillips

curve.

F.3 Linearized Equilibrium Conditions

Log-linearizing (163) gives the Euler equation

Ĉt =

(
1− 1− δ̃

βR̄δ̃σµC̄

(
b̄+ r̄KK̄

))
Ĉt+1 −

1

σ

(
R̂t − Etπt+1

)
− 1− δ̃
βR̄δ̃σµC̄

(
b̄+ r̄KK̄

)
µ̂t+1

1− δ̃
βR̄δ̃σµC̄

(
ȳ (bt+1 − πt+1) + r̄KK̄K̂t+1r̄

KK̄r̂Kt+1 +
(
r̄KK̄ − γ1

)
Ẑt+1

)
(165)

with:

µ̂t =
βδ̃

1 + βδ̃µ̄
µ̂t+1 −

βδ̃µ̄

1 + βδ̃µ̄
(σ − 1)

(
Ĉt+1 − Ĉt

)
(166)

where, from (163), the steady state gross interest rate now reads as follows:

R̄ =
1

β
+

1− δ̃
δ̃βµ̄C̄

(
b̄+ r̄KK̄

)
(167)

while from (162):

µ =
1

1− βδ̃
(168)

The Phillips curve is given by:

πt =

(
1− ωβδ̃

)
(1− ω)

ω
m̂ct + βδ̃Etπt+1 (169)

43



Investment evolves as

Î is =
1

1 + β
Î is−1 +

1

κ
(

1 + βδ̃
)Q̂i

s +
βδ̃(

1 + βδ̃
) Î is+1, s = t, t+ 1, ...t+ T − 1, (170)

with

Q̂i
s = βδ̃ (1− δ) Q̂i

s+1 + $̂i
s+1 − $̂i

s + βrkr̂ks+1, s = t, t+ 1, ...t+ T − 1, (171)

The government budget constraint is given by

b̃t+1 =R̄g̃t − R̄τ̃t −
R̄w̄H̄

Ȳ
τ̄W ŵt −

R̄w̄H̄

Ȳ
τ̄W

1

(1− ζ)
Ŷt +

R̄w̄H̄

Ȳ
τ̄W

ζ

(1− ζ)
K̂t

+
R̄w̄H̄

Ȳ
τ̄W

ζ

(1− ζ)
Ẑt −

R̄w̄H̄

Ȳ
τ̃Wt + R̄b̃t + b̄(R̂t −

1

β
π̂t). (172)

The rest of the model equations are given by (74), (81), (82), (83), (93), (97), (100),

and (101).
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