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Chapter 3

Path Planning Framework Using an A* Search

3.1 Path Planning as Part of an Autonomous System

An autonomous system works at different levels of abstraction and at different speeds to produce
a robust and seemingly intelligent mechanism. The levels are: task planning, path planning, reflex
control, servo control, and at the lowest level the hardware.  These levels are shown in Figure 9. 

The task planner determines the proper strategic moves for the task at hand. For instance it may
determine strategies for a manufacturing process or identify the best move based on rules of a
game.  It generates goal states for the system without detailed concern for how they will be carried
out.  It can also identify alternative, but equally good goals, for example, picking from two differ-
ent sources of the same part in an assembly.  Naturally a good task planner should not regularly
plan tasks that are impossible for the machine in the given environment. Typically, the task plan-
ner has the longest cycle time of the elements in the system.

The path planner uses these goal(s), and determines the optimal path from the current position to
the goal position.  The optimal path is the shortest according to a given criterion (time, distance,
etc.), must avoid known forbidden regions (obstacles), and be executable based on the limitations
of the machine (kinematics, control, etc.).  The path must define the proper motion for each of the

Figure 9: Framework for an Autonomous System.
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actuators and is broken down into sub-goals  (setpoints in robotics).  This element can be a bottle-
neck in some systems.  It is not a requirement that the path planner operate in real-time, however
in practice it can take longer to plan than carry out the motion.  Therefore efficient planning meth-
ods are critical to the utility of an autonomous system.

The reflex controller is available in an ideal system.  It uses the sub-goal and sensors to monitor
and ensure safe, collision-free motion.  This is an additional safety mechanism that is provided
near the control level for faster response in the case where the sensors detect a sudden problem.  If
the motion is not safe, then it determines the nearest safe sub-goal along the trajectory of the path
planner’s sub-goal.  In addition, it determines appropriate (smaller) control points for the servo
controller.  In the event that an unexpected obstacle is sensed, then the reflex controller can halt
the motion (and initiate an exception handling step) or take localized corrective action in time by
changing the control points to the servo controller.   The reflex controller is not found on many
machines, but is an improvement to a simpler ‘control program’ that directly divides sub-goals
into control points. Other forms of reflex control can be used simply to identify major errors
between the predicted control and the results and determine the proper response.  This response
may be only to stop and replan, report the problem to the path or task planner, or respond with an
alternative control strategy. 

The servo control uses the control points to find optimal (usually time) trajectories for the individ-
ual actuators (motors).  Servo controllers are commonly available today in hardware with pro-
grammable attributes.  The actuators move the machine hardware to the desired position. 

Generally speaking, these tasks can be performed in parallel.  There are real time performance
issues, but they will not be addressed in this thesis.  The extent to which the planner affects the
various levels will be discussed, along with the breadth of the types of machines that have been
simulated or controlled.  The planning framework and the method for using it will be the subject
of the next sections.

3.2 General Mapping Between the System and Configuration Space

The path planner receives goals from the task planner and determines the optimal way to move
the system from the current status toward the goal, such that a variety of constraints are not vio-
lated. The terms used in the description of the problem can be directly mapped into the graph ter-
minology of A* using a discretized structure called a configuration space. 

Figure 10 gives an overview of the terms as they are described below.  Beyond the mapping of the
problem and terms, there are also issues of granularity of discretization.  They will be touched
upon here, and then discussed further in Section 3.6.1.

3.2.1 Terms for a Framework

The defined terms below form a framework [44] that will later be used to compute paths that can
be carried out by a robot.  Each term is a component that must be defined before the computation
can be carried out.  
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Configuration Space / System Status

The autonomous systems considered must be able to be described in discretized form.  That is, the
systems are characterized by specific key properties (or parameters), each property having one or
more ranges of  valid discrete values.  A system status therefore gives a unique setting for each of
these properties.  The span of all the possible parameter ranges is called the configuration space,
abbreviated CS.

Nodes / States/ Events / Transitions

Because it is a discretized space, the status of the system can be considered identical to individual
nodes, or states in robotics.  Additionally, any events in the system that can cause the change
between one system state and another can be viewed as transitions between the nodes.  

Criterion / Cost

The objective of the system often has a criterion for success, such as fastest, shortest, least expen-
sive, etc.  In many cases, this can be directly translated to a cost incurred for a particular transition
between nodes.  

System / Graph / Configuration Space (continued)

Taken together, the system as a whole, translated to be nodes, transitions and costs, forms a con-
figuration space graph. Even though it is clearly a graph, in this thesis it will continue to be
referred to as a configuration space to be compatible with the original definition [22] and current
literature.

Atomic Actions / Neighborhood / Successors

The allowed atomic actions that cause changes or transitions from one state in the configuration
space to another are encapsulated as the neighborhood.  This neighborhood is a collection of per-
missible successors.  For robots, the permissible successors represent the core capability of the
machine to make certain motions.  Because this usually does not vary based on location, the
neighborhood can be defined once for all locations.  Adjacency is defined only through the neigh-
borhood, not through proximity of the configuration space. The neighbors also may be deter-
mined based upon ‘rules of the game’, so there may be a few neighbors that are selected by a
particular attribute of the controlled object. Assigned to each transition is the cost imposed for
changing between the original state and the neighbor state. Therefore the combination of the
states in configuration space with the transitions between them can be thought of as a graph with
the states as nodes and permissible transitions as directed edges.
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Constraints / Forbidden Regions / Obstacles

For many applications, the system also has constraints.  These define illegal system states, often
because of mechanical limits, interaction with the environment (i.e. obstacles), or imposed rules.
These must be transformed into forbidden regions of nodes in the configuration space.  In some
graphs, the transitions into these nodes are removed, along with the nodes themselves.  Alterna-
tively, the nodes may be marked as illegal, or transitions into the node may have infinite (unattain-
able and high) cost, denoted by ∞.  Each of these techniques will cause the search to avoid the
nodes.

Goal / Start

The system goal may be mapped to one or more equivalent goal nodes in the discretized configu-
ration space.  Multiple goal nodes may exist because the formulation of parameters expressing the
system may have more than one solution describing the system goal. (For example both left
handed and right handed configurations of your arm can reach the same location.) 

The system start is simply transformed to a specific starting node.

Series of Events / Optimal Path

The most desirable series of events leading from the current system status to the desired goal is
analogous to finding the optimal path of transitions from the current node to the goal node requir-
ing the minimum cost while avoiding all illegal nodes.

This desirable series of events therefore can be found by planning a path using the configuration
space nodes, transitions, costs, forbidden regions, goal, and by knowing the starting state.  A
graph search method such as A* provides an efficient mechanism to determine the path.

The components described above can be mapped to many types of problems, but in this thesis a
large number are illustrated from the field of robotics.  Once the components are in place, the A*
algorithm can be used to compute solutions.
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3.3 Mapping A* to Robotics

Robotics applications can best use A* with a few modifications to improve A*’s performance and
to gain greater utility from the result.  In particular, Pearl’s description of A* [34] begins the
search of a graph from one or more ‘starting nodes’ toward the goal node.  The nodes generate the
permissible successors, and use transitions that represent permissible motion from those nodes to
their successors.  Through the process however, the ‘path taken’ results in pointers that point back
toward the start, which then have to be reversed to find the actual path of travel.  

In the configuration space examples, and the robotics description in Figure 10, we will make the
distinction between the original method [30], which uses ‘nodes’, and the current modification
which use ‘states’ for the clarity of the discussion.  The reason is that the A* search has terminol-
ogy that assumes the search begins at a starting node seeking the goal node.   In the robotics appli-
cation, we prefer to begin the search at the goal and seek the start, and have certain assumptions
about the way the graph is generated.  Although subtle, we must remain clear about the domain
(general or robotics).  These issues will be discussed next in more detail.

It must first be observed that a path found between the start and goal node cannot simply be
reversed to obtain the path from the goal to the start, such as travel through cities with one-way
streets.  However the search from the start to the goal can produce the same path as a search per-

Figure 10: Terms Mapped from a Task to CS/A* and CS/A*/Robotics
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formed from the goal to the start, as long as the permissible transitions and their costs are always
taken consistently as directed edges in the graph.

In this framework, using the robotics terminology, the search will begin from start nodes which
represent the goal states.   If the starting nodes of the search are in fact the goal states, then the
successor function of Pearl’s A* is performed by the ‘Neighborhood’ which gives the states that
point into a given node.  A current state is said to have a neighborhood consisting of transitions
that are the permissible motions from the neighboring states to the current state.  This is similar to
the original A*.  Because the search is performed from the goal state however, the pointers that
result from the search will point toward the goal state in the same direction as the transitions. See
Figure 11.  This has two practical consequences. 
 

The first is that it is not necessary to find the path and then reverse it to find the actionable transi-
tions.  Because the pointers point from all states toward the goal, it is immediately possible to fol-
low the pointers toward the goal.  This has the added benefit for some systems where the system
may miss one of the transitions (due to sensing or control problems), and find itself in an unex-
pected state.  From that state it can immediately correct for the error by optimally moving toward
the goal without recomputing the explicated graph.  The explicated graph (described previously in
Section 2.2) gives the optimal path in terms of pointers that lead to the nearest goal.

The second is that the starting state does not need to be known to begin the computation.  The
search can be performed so that the path from all starting states is essentially computed simulta-
neously.  This can be achieved by using a zero heuristic.

As a final note, not every application is well suited to computations originating from the goal
state, such as when the cost of a transition is based upon the accumulated cost from the starting
state.  This is the case for example when computing paths for cars factoring in traffic conditions.
The estimate of any particular cost transition is a function of the time we expect to arrive there.
This must be computed from our current location toward the goal.

This framework provides all the information required to compute the explicated graph containing
transitions and pointers leading toward the goal.  This may also be referred to as the navigation
map, since it can be used for that purpose.  

Figure 11: Computation ‘Starts’ from Goal State.
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Example problems will now be explored along with their use of each of the components in the
framework identified above, and the results that they achieve.

3.4 A Simple Mobile Robot Example

The first example problem will be using a simple mobile robot and a two level floorplan to com-
pute the optimal paths from a current position to the nearest goal.  The robot must travel through
the building to obtain parts from a source (and then later deliver them).  The ‘task planner’ will
determine the possible equivalent locations that are sources for parts.  The mobile robot must then
independently plan and travel a path.  Other factors may also be known, such as the difficulty
(traffic density, sticky floors, etc.) in traveling some routes.  These may have ‘cost penalties’
which are higher localized costs of travel which can be incorporated into the plan.

The building in Figure 14 has two floors, two exits, and one set of stairs. The first floor is on the
left, and the second floor is on the right. The goal locations are in the upper left and lower left cor-
ners of the first floor. The elevator is in the lower right corner and leads to the second floor.  This
shows the level of complexity that can be handled easily.  It shows that the robot situated on the
second floor in the upper left corner has a long path to follow to reach the nearest of the two goals.

Configuration Space

In this case the configuration space is three dimensional.  It consists of a 32 by 32 by 2 state grid
in which the walls represent obstacles, and the range of motion is considered to be only those grid
spaces within the building.  The two levels are joined by the elevator in the lower right corner.
One way to ensure the separation between the first and second floor is to interleave an additional
‘solid’ floor between them, leaving a free space in the lower right corner for the elevator. A pref-
erable representation simply forbids ‘up/down’ transitions unless there is an elevator.

Neighborhood

The neighborhood is the set of permissible motions from any given current position. The motions
are simplified here to be those motions shown in Figure 12, which are the simple east, west, north,
south motions, which neglects the possibility for diagonal moves. This is done to make Figure 14
easier to read.  As a special case at the elevator, there are additional arrows that point up or down,
but are taken only if it makes sense (i.e. within the valid range of floors).  
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Cost Measure

The cost of making a motion is simplified to be one (1.0), for a transition in any of the six defined
neighbors (east, west, north, south, up, down).  An additional penalty occurs in areas where there
is difficulty in passage.  The amount of penalty is determined by the level of difficulty (such as
1000*level of difficulty). In this example, there are four levels of difficulty (numbered 0-3), three
induce a penalty, the fourth indicates no penalty. The darker color represents a higher penalty.
Thus the cost for moving from n to n' = c(n,n') + 1000*difficulty. 

In Figure 14 there is a penalty found on both floors.  These states incur a large (but not infinite)
penalty.  This allows a high cost to traverse the area, providing arrows through that area only if
there is no alternative.

Constraint Transformation

There is no difficulty in performing obstacle transformation. It is a one to one correspondence
with the task space, where the walls are the only forbidden regions. 

Start and Goal States

The A* computation will use the goal states (exits) as the initial (starting) nodes for the search,
and then use the neighborhood to determine the successors of a given node a.  The cost incurred
will be the cost of traveling from the successor to the node a.  

A* to Compute Costs and Paths

Because this example relies on computing the paths from all starting states to the nearest goal
state, a zero heuristic is used, and the A* search is not complete until all OPEN nodes are
exhausted. 

Figure 12: Neighborhood.
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Precedence Order

In the A* process there may be a critical ordering of the neighborhood which does not permit the
evaluation of one neighbor because a nearer logical neighbor is forbidden.  For example, in Figure
13, if  diagonal motion was permitted, it would not be sensible to have obstacles blocking a move-
ment in x and y, but permit motion diagonally.  Although the discretization of the obstacles repre-
sented in these two areas, may in fact permit this motion, it is certainly risky.  The evaluation of an
OPEN node should therefore take this into account if all illegal states are to be avoided com-
pletely.

3.4.1 Planned Solutions

The pointers that result from the A* algorithm form the ‘navigation map’ of Figure 14. This navi-
gation map can be used by the reflex control system to direct the servos to achieve a particular
motion.  The feedback used can be as simple as feedback from sensors in the floor to complicated
vision.  This is used continually to correct the current state of the system.

If there is no exit from a particular location (perhaps because of being locked in a closet), then the
robot would report this as an error to the calling task planner, rather than struggle.
 

3.4.2 Variation:  Intelligent Emergency Exits

Using the same floorplan as Figure 14, we can compute the optimal emergency exit paths for all
inhabitants of a smoky building.  In this case, the objective is to provide exit directions for all the
people of an unfamiliar building (conference center, hotel, etc.) by guiding them step by step.
Observe that currently in a fire, we are all trained to follow blithely the red exit signs even if they
lead directly into the blaze of a fire. Oddly enough, the fire/emergency systems today can specifi-
cally pinpoint the problem areas, but cannot convey that information to the inhabitants. Greater
safety can be achieved by intelligent use of the public address loudspeakers, or by providing
lighted arrows at shoulder height as a guide at logical locations such as junctions. The directions
should lead the inhabitants out of the building by the most direct route, but by avoiding the prob-
lem areas as much as possible. 

Figure 13: Precedence of Neighbors for Robot Examples.
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Even though the problem is simple, the results may still be commercially and personally impor-
tant.  Computationally, the configuration space, obstacle transformation, and neighborhood are
identical to the robot scenario except that the cost penalties might be increased for paths leading
up stairs. An additional penalty (delay) occurs in areas where there is smoke, radiation or other
problem.  Similar to the robot, the amount of penalty is determined by the type of alarm sensed. In
this example, there are three types of alarm. The darker color represents a more severe alarm. 

By indicating crucial arrows from this map on exit-signs, a person located anywhere in the build-
ing will be led to the nearest safe exit by simply following the direction arrows.  Notice that there
is a smoky room on the second floor through which the people must travel in order to exit the
building.  This is not an enviable position to be in, but as this case shows, the arrows can lead the
trapped people more confidently to safety. This also has the advantage that if people can proceed
in a way that avoids emergency areas, then dangers of trampling are reduced because no person
finds he must reverse his direction when discovering the emergency area. If there is no exit from a
particular location (perhaps because of being blocked in by an impassable alarm) causing people
to be trapped, then this could also be apparent to the emergency personnel monitoring the system.
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3.5 Path Planning for a Robot Arm

In the previous example, the configuration space layout was a one-to-one mapping to the task
space layout.  In other words, the definition of movement in the space and the obstacle transfor-
mation were trivial.  Industrial robots however are often robot arms, having several links and
joints.  The joints can be revolute or prismatic.  The same motion planning method can be applied
to such a robot.  This will be discussed next using an example two-link, two jointed robot built by
Newman [28,29].  It is shown in Figure 15 and on the front cover.

Robot arms have multiple joints, defining the number of degrees of freedom of the machine.
They control the motion of the links in ways that are much more complicated than controlling a
single point through a space.  The objective however is still the same, namely to move a robot
from one configuration to another without hitting anything, and to move optimally in some sense
(least end-effector distance, effort, etc.). 

Configuration Space

Because a robot is not a point, but rather a complex interconnection of joints and bodies, it is nec-
essary to find a transformation from the real world (task space) to another problem space, where
the robot can be thought of as a point.  This is precisely the configuration space introduced in Sec-
tion 3.2.1.

Shoulder Angle (θ1)

Elbow Angle (θ2)

Figure 15: Newman’s Two-Link Robot.

0°
Angle Measure

End Effector
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The state of the system must be characterized by one or more parameters which can uniquely
describe that state. For example, the two joint angles of a two-link robot arm uniquely describe
the position of the robot.

Continuing with the two-link robot example, a robot that has shoulder and elbow joints that are
fully revolute, would have a coarsely discretized configuration space as in Figure 17. Because the
robot can continuously rotate either joint, the configuration space in essence wraps around so that
the right edge of the space is not a limit, but is connected again to the left side, and the top is sim-
ilarly connected to the bottom, forming a torus topology.  Each state is specified by the values
assigned to the parameters.  Figure 18 shows an individual state representing the robot nominally
at the quantized pose 120°,60°.  Naturally, all poses within the quantization range [120°± 22.5°,
60°± 22.5°] are mapped to the same state because of the coarse discretization. The mapping from
configuration space to task (or system) space yields a specific nominal pose which can then be
rendered.  This coarseness of discretization will result in some level of inaccuracy, since the
machine will be controlled through the nominal setpoints bringing the machine through possibly
unnecessary locations.

The more standard representation measures the second joint angle relative to the first.  The choice
of representation is often a function of the way in which the (motor) actuators move.  If the actua-
tors are placed at a joint, then it becomes easier to control each of the motors separately as they
move mounted to the robot arm rather than require all motors to move relative to some arbitrary
origin.   The two-link robot built by Newman [29] is belt driven, and because of the coupling, the
angle of each joint is controlled based on the same fixed origin. The robot joint angles are each
measured relative to 0°, which points to the right of the page.  Although non-standard, it also
makes it easier to determine the angle of the second joint by eye. 

A user interface was built to show the configuration space of the robot (on the right) and the pose
or path of the robot in task space (on the left).  It is also used to gather images and gave insight
that led to other fundamental improvements to the method.  There are round obstacles of various
types along the lower left side of the task space that can be dragged into the task space.  In addi-
tion, the user interface provides a way to specify the start and goal position, set the optimality cri-
terion, vary the speed of animation and set individual obstacle states directly in the configuration
space. A snapshot of the user interface for the simulation is shown in used to gather later images is
shown in Figure 16.  This simulation shows the motion of the robot arm in task space on the left
side of the interface, and the configuration space on the right side.  The round obstacles are avail-
able on the left side of task space and are dragged into place.
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Figure 16: Robot User Interface for Simulation.
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Figure 17: Coarse Configuration Space for a 2-Link Robot.

Shoulder (θ1) = 120°

Elbow (θ2) = 60°

Configuration Space Task Space

Figure 18: One Configuration.
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Neighborhood

As stated in Section 3.2.1, the neighborhood in the configuration space is a set of possible
motions for moving ‘legally’ from one state to another assuming no obstacles. It describes the
fundamental motions of the system, and is depicted by an arrow showing the direction of a partic-
ular motion. Therefore if the example robot has one motor that is switched between the shoulder
and elbow joint so that only one can move at a time, then the neighborhood of possible motions is
as in Figure 19.  Note that this neighborhood represents one unit of motion in the horizontal direc-
tion corresponding to a unit change in the shoulder angle, and one unit of motion in the vertical
direction corresponding to a unit change in the elbow angle such as shown in Figure 20.  If this
neighborhood is used on the doubly revolute system shown in Figure 18, which has no joint lim-
its, then the neighborhood would allow the elbow or shoulder transitions representing motion
from 300° to 360° (identically 0°). 
 

Figure 19 is a simplified example of the neighborhood. If the joints could be moved simulta-
neously then four diagonal arrows would be seen as well. In later examples, more neighbors are
used. Here things will be kept simple for the sake of explanation.

Figure 19: Simple 4-connected Robot Neighborhood.

Figure 20: Neighborhood Applied to a Coarsely Discretized CS Graph.
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Cost Measure

In accordance with Section 3.2.1, a cost measure must be associated with each motion, resulting
in a cost-weighted neighborhood  relative to a given state.  It is usually expressed as a function of
the ‘current’ state and the neighbor state, or more specifically, the cost of the transition for mov-
ing from the neighbor state to the current state. The measure need not be memoryless, that is, it
may have cost factors that are a function of prior transitions or states along the path generated so
far. Admissible heuristics also may be employed as part of the cost measure. The measure can be
used to implement an optimality criterion, for example, a cost measure C that will minimize the
total joint angle motion (giving the straightest possible path in configuration space) could be
expressed as the Euclidean distance: 

C(θ1,θ2,δθ1,δθ2) =   

Alternatively, a cost representing the distance traveled by the two-link robot’s end effector (giving
the straightest possible motion in the task space) can be expressed as in Figure 21. 

Constraint Transformation

System constraints as described in Section 3.2.1 are either permanent or temporary.  If a constraint
is ‘permanent’, such as a joint limit, then rather than creating states that cannot be visited, the con-
figuration space can represent the joint limits implicitly.  This can be achieved by using the joint
limits to define the parameter range in the configuration space. If there are temporary constraints,
or constraints between other permanent constraints, in practice it is often simpler to mark the
nodes as illegal.  This maintains the homogeneity of a regular structure which is not only easier to
manage computationally, but makes it simpler to restore the nodes, if the constraint is lifted.
Rules can define the location of obstacles or forbidden states, such as the ‘legal’ squares on a
checkerboard.

Obstacles and self-intersections (the robot body hitting itself), are represented as forbidden
regions; one difficulty using the configuration space technique is determining them. The transfor-
mation of obstacles from task space to configuration space can be very difficult, particularly for

√(δθ1)2 + (δθ2)2

C

L1L2

C(θ1,θ2,δθ1,δθ2) = 

√(L1δθ1)2 + (L2δθ2)2 + 2L1δθ1L2δθ2cos(θ1-θ2)

Figure 21: Formula for Straightest Motion in Task Space.
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high-dimensional spaces with complex shaped obstacles.  More information about transforma-
tions can be found in [58].

In some simple two dimensional cases, the transformation can be obtained by ‘growing’ the exist-
ing obstacle by the size of the controlled mechanism.  For example, a mobile robot that can rotate
about its center axis, is treated as a circular object moving around obstacles.  In this case, as long
as the center position is no closer than the radius distance to the obstacle, then no collision can
occur.  Therefore it is sufficient simply to grow every dimension of the  obstacle by the size of the
radius of the robot.  The robot can then be treated as a point location (at the center axis) moving
about the grown obstacles.

Once the problem grows in complexity because of irregularly shaped obstacles or robots, robots
that change shape with time (like a robot arm) and more complex issues like dynamics, the task of
uncovering the illegal regions becomes more difficult. Others [1,29] have examined such cases,
but no fast, general transform methods currently exist. Fortunately in a variety of problems the
transformation can be performed in real time such as the two dimensional transform above.  To
understand the framework however, the relationship between the task space and configuration
space obstacles is required.

In the simple coarse configuration space of Figure 22 the obstacle in the task space on the right
would transform into the three illegal states in the configuration space on the left. Because each
state in the configuration space actually represents a range of configurations, it is necessary to
require that if any configuration causes a collision, the entire range of configurations will be
restricted by marking the corresponding configuration space state illegal.  These states are there-
fore forbidden by either deleting transitions into the state, creating an infinite cost transitions into
the state, or by having an infinite delay cost for existing in those states.  Regardless of the imple-
mentation, the computed paths will avoid these states.

Configuration Space

Task Space

Figure 22: Obstacle Transformation

ObstacleOne Task Space 
Obstacle Mapping to 
Three Obstacle 
Configuration States 
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Start and Goal States

Goal states are a specification of acceptable target locations. These may be supplied by a higher
level task planner [25,26] or by user specification through the user interface (pointing to a grid on
a map for example).  In the robot example the goal position could be the pose represented by the
(180°, 180°) state.

The starting state must be known in order to issue commands to the controller. It is not required
for the planning process unless a heuristic requiring the starting state is employed.

For either the start or goal pose of the robot, it is likely that the specification will not be in the
form of a set of joint angles, but rather that a more general specification is given.  For example the
required pose is to place the end effector (or gripper) at a specific location.  The joint angles to
achieve this pose (possibly mapping to one or more goal states) can be computed using standard
methods of inverse kinematics [2].

3.5.1 A* to Compute Costs and Paths

Now that the configuration space has been mapped into a graph with a start and goal, costs for
transitions, a possible heuristic, a definition of successors in the neighborhood, and forbidden
regions, then all the elements of the framework are in place. The cost-weighted neighborhood is
simultaneously propagated from all goal states through the configuration space in an A*, least-
cost-first manner until the space is filled (or at least until the start state has been reached).  

Figure 24 shows a 64 by 64 grid of interconnected nodes which represent the same range of joint
motion as Figure 17, but is a more finely discretized configuration space. For clarity, the delinea-
tion of nodes is removed. Each node is connected to 16 local neighbors surrounding it as shown in
Figure 23.  As before, the topology allows both vertical and horizontal wrap-around. 
 

Using A* and a zero heuristic with three goal nodes and two forbidden regions, snapshots of the
intermediate searching are shown in Figure 24(a-c). The path between a start and a goal is deter-
mined in Figure 24(d) by tracing from the start to the goal via the arrows.  The intermediate nodes
are set-points (subgoals) along the way.  Only the resulting pointers of the explicated graph are
shown, not the original graph G0.  In examples like this, the processing of the graph by A* is rem-
iniscent of waves propagating through an area, and is often referred to as wave propagation [12]. 

Figure 23: 16-Connected Neighborhood.
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A* marks each state with the cost to the goal and a pointer toward the neighboring state leading to
the nearest goal. Because pointers are followed from node to node, it will be assumed that any
pointers from a node n to n' will be stored in the node n.  Pictorially, the cost waves cover the con-
figuration space graph as in Figure 24.  In practice, for this two-link example with a relatively
coarse discretization, A* is so fast that the full space can be computed quickly without a heuristic,
since the computation of the heuristic adds time. Whenever there are a large number of states in
the configuration space a heuristic has greater impact on the time to compute. This is to be
expected when generating high dimensional spaces or using fine discretization, since the purpose
of the heuristic is to reduce the number of states explored.
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(a) Waves propagate from goals (b) Waves flow around obstacles

(d) Final pattern and a path(c)  Wavefronts meet and stop

Obstacle Goal

Path

Wavefronts
 Meet

Goal

Goal

Start

Figure 24: Wave-front Snapshots. Waves Move Around Black Areas of Infinite Cost. 
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3.5.2 Planned Solutions

The result of A* is a globally optimal path from every reachable state to the nearest goal. The total
solution is an explication graph with pointers and is shown in Figure 24.  From every state there is
a motion indicated to reach the next feasible state.  In addition, the state also contains the total
cost remaining to reach the goal.  This information alone is useful, since a decision could be made
in advance about whether to attempt the goal based on the commitment to the cost of the path.  By
following from state to state, the goal is ultimately reached.

3.5.3 Variations: Robot Examples using Different Cost Criteria

This framework handles four optimality criteria (cost measures) to guide the behavior of the
robot, namely least communication, straightest path, least effort, and fastest motion.  A* allows an
efficient expansion of the states regardless of the cost measure.  The cost waves are generated
according to the cost.  Each of the examples below uses a different measure of optimality. In all,
the permissible motions are described by a 16-connected local neighborhood.  In all of these
examples the obstacle is in the same position so that the resulting paths can be more clearly com-
pared. For each state in the configuration space there is at least one arrow that shows the next pose
(setpoint) that the robot should achieve. By following these setpoints the robot will move opti-
mally and purposefully to the goal. Note that the imperfections in the end-effector travel are due
in part to the motion required for obstacle avoidance, but also to discretization error. 

Least Communication: Minimum Distance in Configuration Space

The example in Figure 25  minimizes the distance in configuration space.  This corresponds to
minimizing the number of setpoints that must be sent to the reflex controller.  This can be useful if
communication to the robot is the system’s bottleneck.  The cost measure is the Euclidean dis-
tance which is given in at the bottom of the figure as a function of two nodes α and β. The cost
measure as a function of two poses of the robot α = (θ1,θ2) and β =(θ1 + δθ1, θ2+ δθ2). The
transformation of the task space on the left is shown in the configuration space shown on the right.
In the graphics of the implementation, as each state is read-out, the robot animation leaves a trace
of the end-effector.

The path found using a zero heuristic is shown in Figure 25.  This covers the entire space, because
no starting node was selected.  The utility in this complete navigation map can now be seen,
because for every starting state, a path can be constructed to the goal.  For applications where the
goal is likely to be static, but the start may vary, this is an effective method to avoid recomputation
of similar problems. 
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Task Space

Start

Goal

Above: Task Space with 
robot, obstacle and trace 
of end-effector. 

Right: Configuration Space 
with transformed 
obstacles, direction 
arrows and path using 
min. CS distance.

Figure 25: Least Communication.

C(αθ1,αθ2,βθ1,βθ2) =   √(δθ1)2 + (δθ2)2

θ1  

θ2 
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Least Communication: Minimum Distance using an Admissible Heuristic

In  Figure 26, the same cost criterion is used, except an admissible heuristic is used.  The heuristic
gives the straight line (Euclidean) measure h(nθ1,nθ2,sθ1,sθ2) =   , where the
change in angle is measured between the current node and the start. This produces a straight line
from the goal configuration state to the start.  Notice the dramatic reduction in the number of
nodes opened to find the solution.  Even though there are fewer nodes, there is more calculation
required for the heuristic than for local computation of nearby neighborhoods.  The local neigh-
borhoods, because they are consistent, can be pre-computed once for each combination of δθ1 and
δθ2 and placed in a look-up table, whereas this is not possible for every combination of the current
node and start.  The area explored is then an elliptic shape which is bounded by nodes for which
c(g,n)+c(n,s) is constant.  The better the heuristic, the smaller the ellipse.  

    

√(δθ1)2 + (δθ2)2

Task Space

Start

Goal

Above: Task Space with robot 
and no obstacles.

Right: Configuration Space 
path generated by ‘perfect’ 
min. CS distance.

Figure 26: Euclidean Distance using a ‘Perfect’ Admissible Heuristic.

H(Nθ1,Nθ2,Sθ1,Sθ2) =  √(δθ1)2 + (δθ2)2



Section 3.5 - Path Planning for a Robot Arm 51

Least Communication: Minimum Distance &Admissible Heuristic for Two Obstacles

In the  example of Figure 27, there are two obstacles, each transforming to one blob each.  The
heuristic causes the widening as it contacts the obstacle nearer the goal, and then works around
the two ends toward the farther obstacle.  By minor differences in symmetry, the path is found
around one side before the other.  

   

Task Space

Start

Goal

Above: Task Space with robot 
and two obstacles.

Right: Configuration Space 
path generated by ‘perfect’ 
min. CS distance.

Figure 27: Euclidean Distance & Admissible Heuristic for Two Obstacles.
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Straightest Path: Least Travel for the End-Effector

The example in Figure 28 minimizes end-effector travel.  Least end-effector motion will reduce
the distance that the tip of the robot will move, yielding the straightest possible, most direct
motions.   The same cost is given previously in Figure 21, but is restated for convenience.  L1

 

and
L2 are the lengths of the upper arm and lower arm.  L1

 

is measured from the shoulder to the pivot of
the elbow and L2 connects the elbow to the end effector.  
   

Above: Task Space path 
corresponding to Config. 
Space solution.

Right: Resulting field of 
arrows from A* in Config. 
Space using minimum 
distance (straightest end 
effector path) criterion.

Figure 28: Straightest Path

C(θ1,θ2,δθ1,δθ2) = √(L1δθ1)2 + (L2δθ2)2 + 2L1δθ1L2δθ2cos(θ1-θ2)
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Straightest Path: Least Travel for the End-Effector using an Admissible Heuristic

In Figure 29, the heuristic function is the cost estimate given in Figure 28, except that the cost is
from a node α to the starting state.  The heuristic weights the left and right handed symmetric
configurations equally, therefore the search explores each half ring at the same rate.  Only by
chance does the right configuration reach the starting node before the other. 

   

Task Space

Start

Goal

Above: Task Space with robot 
and no obstacles.

Right: Configuration Space 
with path generated by an 
admissible heuristic 
measuring the distance the 
end effector travels.

The result is the straightest 
possible path.

Figure 29: Straightest Path using an Admissible Heuristic.
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Straightest Path: Using an Admissible Heuristic for Three Obstacles

In Figure 30, the search attempts to reach around one side, only to find that path blocked. The
lesser cost path eventually becomes the left branch as the right branch becomes more expensive to
explore.
   

Task Space

Start

Goal

Above: Task Space with robot 
and three obstacles.

Right: Configuration Space 
with path generated by a 
‘perfect’ heuristic 
measuring the distance the 
end effector travels.

Figure 30: Least Travel for End Effector through Three Obstacles using an Admissible 
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Least Effort: Grace with Least power consumption

The example in Figure 31  illustrates the least effort criterion which  minimizes the use of high
mass robot links to reduce power requirements. For the example, the first link is 5 times the mass
of the second link.  This causes a preference to move the lighter link.  The result is also a graceful
motion. The cost measure C is given in the formula within the figure.  In this case, the cost is rep-
resented as the change in the respective angles of the shoulder and elbow since the cost is inde-
pendent of the current location.  The masses of the first and second links are m1 and m2
respectively. 
     

Above: Task Space min path 
corresponding to Config. 
Space.

Right: Configuration Space. 
‘Effort’ cost measured as a 
function of change in joint 
angles where m1 and m2 

are 

the mass of link 1 and link 2.

Figure 31: Least Effort

C(δθ1,δθ2) =      (m1δθ1)2 + (m2δθ2)2 
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Fastest Motion: Minimum Time

The example in Figure 32 shows the fastest path possible for a robot where the second (smaller)
link can move at twice the speed (v2) of the first link (v1).  This is more precisely described by  the
figure’s included formula.  This causes an interesting pattern to emerge in the configuration space.
The pattern shows a darker grey area which results from many arrows pointing in the general
direction of the goal, but having a great deal of latitude for the second link motion until the first
link crosses the boundary into the less grey area.  Because the second link is fast and controlled
independently from the first link, there are many configurations where the second link can easily
reach the goal in the (longer) time required by the slower first link.
       

Figure 32: Minimum Time

Above: Minimum Time 
motion. Second link moves 
twice the rate of the first 
link. 

Right: Configuration Space. 
Dark areas represent areas 
where there are multiple 
paths for the fast link.

C(δθ1,δθ2) = max {    ,    }δθ1
     

δθ2 
v1

       
 v2
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3.6 Performance Issues vs. Quality of Paths

3.6.1 Representational Issues in Configuration Space

Earlier in the framework discussion, the system parameters were discretized into a configuration
space structure.  The immediate question is then how to determine the proper level of discretiza-
tion so that a sufficiently accurate result is produced.  Another factor that effects the accuracy
however, is the number of neighbors that each node has.  The issue is how to trade off between the
level of discretization and the number of neighbors to achieve acceptable results within the
required amount of time. 

From Formula 1, of Section 2.5.1:

 

it follows that the computation time is a function of the number of OPEN nodes, and the total
number of iterations (T) required to find the solution. Both of these are  related to the discretiza-
tion which determines the number of nodes in the graph between the start and goal.  To reduce
computation time, this number should be minimized.

The number of neighbors affects the constant M in the equation.  Assuming the average M << T,
then increasing the number of neighbors has generally little impact on the computation time.

Increasing Discretization

Intuitively, increasing the discretization would seem to improve the accuracy of a straight line
solution, because visually, the line appears to move more directly from start to goal. Figure 33
shows a coarse and fine discretization of an obstacle-free configuration space. By inspection, we
can now see that the total distance by traversing in larger steps vs. smaller steps is equal.  This is
because the sum of the small x steps on the right must equal the large step in x on the left (i.e. the
net distance is the same);  the same is true for y.  Therefore, for any discretization dividing the
space into (1..n) discrete pieces will generate the same cost.   But there is still some utility in
increasing the discretization.

The previous discussion had to do with the sum of distances being equal regardless of discretiza-
tion, but it did not address the fact that the key states of interest, such as the start, goal(s) and
obstacles are also affected by the discretization.  Suppose the true (continuous) start, denoted S*,
is not located nominally in the center of the state as drawn, but rather in the upper left corner of
that coarse state, and the true goal, denoted G* is located in the lower right of its nominal state. In
this case, the naive measure from the centers of the respective states will cause a significant error
compared to the true cost.  

Time =  (γ+1) b  log2 Ω(t)  + T(M(G+C+H) + K(γ+1))

T

Σ
t=1
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Another factor is that the transformed obstacles will label a state as ‘illegal’ if any part of the state
has the possibility of a collision.  In a coarse configuration space, not only will entire regions be
avoided unnecessarily, but it is possible that an existing solution (reaching between two nearby
obstacles) will not be found at all.  The possibility that no solution is found, is therefore the over-
riding concern when defining the configuration space discretization.

    

Neighborhood Variation & Density

A neighborhood defines the transitions that are permitted between one state and others.  It is pos-
sible to have a rich variation in the contribution and number of neighbors.  In a situation where a
4-connected neighborhood (e.g. North, East, South, West) is used, a more valuable neighborhood
that includes the diagonals (NE,NW,SE,SW) would enable a more direct and precise path to be
generated to a diagonally located node. A 16-connected neighborhood, including ‘knights
moves’, such as NNE, would improve the path still further.  In each case the neighbors each con-
tribute a unique direction that cannot be more efficiently created by other neighbor combinations.
Thus a neighbor that is EE, would not be beneficial.  The more uniquely contributing neighbors
there are, the more improved the resulting calculation.

The amount of error for Euclidean distances in 8-connected and 16-connected neighborhoods has
been studied by Dorst [11] to determine accurate unbiased distance measurements on a grid. In
this case the grid of 8-connected neighborhoods is formed from the horizontal, vertical and diago-
nal transitions in configuration space. A 16-connected neighborhood includes the 8 ‘knights-

Figure 33: Coarse vs. Fine Discretization.

Left: Very Coarse Discretization. Total Cost is 2.

Right: More Finely Discretized Transitions have Same Total Cost as Coarse Transitions.

GOAL

START

GOAL

START

G*
S*
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moves’. By using 8 connected neighbors in a discretized Euclidean distance there is a 4% error
compared to the optimal solution. By using 16 connected neighborhoods there is a 1.4% error due
to finer discretization of orientations. Therefore increasing the neighborhood can dramatically
improve the accuracy of the costs determined during the search by providing a more precise path.

3.6.2 Memory Storage

Storage in contemporary computers is not typically difficult for problems described in this chap-
ter.   Frequently however, commercial autonomous and planning (e.g. [42]) systems are pressured
to reduce the total cost of the system, including memory and computer hardware.  It is therefore
valuable to grasp the impact of certain representation decisions in terms of the memory space
required.

The primary storage requirements for the A* algorithm are derived from the size of the configura-
tion space and the heap management system.  The configuration space requirements are the num-
ber of nodes times the size of a single configuration space ‘node’ structure.  For a robot, the
dimensions of a configuration space are defined by the number of degrees of freedom.  In each
dimension, the range of motion defines the limits of the configuration space, but the discretization
of the range multiplies the size of the configuration space.   In a non-specific example where there
are R nodes of resolution in each of D dimensions, there are RD nodes in configuration space.   For
a robot with six degrees of freedom (DOF), typically meaning the machine has six joints, with 100
discretized states per range, there are one trillion (1012) states in configuration space.  Therefore
judicious discretization of the space is required.   Although no longer perfectly optimal, it is also
possible to decouple the problem into two sub-problems of 3 DOF each, typically dividing the
first joints, which provide larger (transportation) motions and last joints, which involve the grip-
per and finer motion.  Using the previous numbers, it is clear that 2x103, is a preferable problem
to solve.

As implemented in the two degree of freedom robot examples, the node structure is one character
(1 byte) used as a flag,  one integer to store the direction arrows (4 bytes) plus the cost as either
float or integer (4 bytes).  The configuration space for the two-link robot arm is 64x64 nodes, giv-
ing a total size of about 37K bytes.  

The heap is the other major use of space.  The heap must be large enough to store the largest num-
ber of OPEN nodes at one time.  Each OPEN node, because it stores only the indices of the con-
figuration state requires 2 short integers (4 bytes total).  In the above examples the heap requires
storage of about 4,000 nodes or about 16K total.

Even though the prime concern throughout this thesis it the time performance of the method, the
relatively large storage requirements must also be of concern.  On Sun machines and those with
memory management allowing for paging of memory, the large size can be accommodated.  Even
still, the larger the memory requirements, the more paging is required.  On (DOS/Windows) PCs,
however, the memory size has historically been a problem, limiting the type of problems that will
work there.
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3.6.3 Sifted Heap

In the implementation of the A* algorithm, it was suggested in Section 2.4.1 that an indirectly
addressed heap of nodes would be more efficient than storing each node and cost, possibly several
times, in OPEN.  The sifted heap permits each node to be stored in the heap only once, with the
value of the node updated in the configuration space as the A* algorithm progresses.  

To implement this, it was also observed that if a value changes in the configuration space, then the
most proper action is to find the node in the heap, and reposition it in the heap.  The difficulty is in
providing an efficient mechanism to achieve this.  In practice this requires a pointer from the con-
figuration space to the associated reference in the heap.  This adds O(N) storage locations.  In
addition, it requires that the heap management system update these pointers with every ‘swap’ of
a node. 

If the sifted heap is used without the repositioning overhead, this reduces the storage requirements
for the maximum heap size, and therefore also reduces the time for each insertion and deletion
within the heap.  As an engineering choice, the savings in space and time must be weighed how-
ever with the number of nodes that are produced out of order, and the significance of those out of
order nodes.

Experiments using the Euclidean cost measure have shown that using the sifted heap mechanism,
approximately 5% of nodes are retrieved out of order, however unless the nodes happen to be
adjacent, there will be no affect (one side of the growing circle will grow first on one side, then
the other).  If they are adjacent, the nodes will be recalculated with correct values, causing the
recalculation of neighbors as well.  In the Euclidean (H=0) example however, there were no recal-
culated nodes, making this a fast and efficient method.  Depending on factors such as the neigh-
borhood size and the overall maximum heap size, the sifted heap may or may not be a useful
option.

3.6.4 Representation Issues Affect Timing

The worst case timing for this algorithm, not counting path following, is O(N log N) for N states
in the configuration space. As seen in Chapter 2, A* is a one pass method with no computation for
obstacle states. Therefore, obstacle strewn environments give faster results than those with no
obstacles as is shown in Table 1. For robot examples, the number of states is determined by the
resolution R (fineness of discretization which is assumed to be equal in each dimension), and the
number of degrees of freedom D, so that N=RD. For m neighbors, Time ∝ mRD log R. Even
though this is exponential, many practical problems have still been solved in acceptable time by
accommodating the most essential factors of each specific problem. Some key factors that
improve computation time are described next.

The nature of this method makes it more efficient for spaces with more obstacles, which are also
typically problems that are the most difficult to perform by inspection. The resolution R is a tun-
able parameter that can be adjusted for regions of greater sensitivity, and has even been adjusted
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dynamically by Featherstone [15] and Verwer [61]. For robotic applications, D may be adjusted
by observing that most machines have the greatest volume of motion in only 3 or 4 degrees of
freedom, whereby the remaining degrees of freedom may be treated in a fixed configuration until
the final manipulation is required. 

For machines with larger numbers of degrees of freedom, major improvements can be made by
decoupling the spheres of motion of the robot.  Motions can be grouped according to the span of
motion - smaller motions grouped first.  This will allow separation of the problem into the major
moving parts first (treating the smaller motion members together) with subsequent computing for
the motion of the small motion members.  In many machines, only a few degrees of freedom
cause most of the motion, allowing this method to work.  However the solution will not be glo-
bally optimal.

In real-time problems, the environment is not static but ever changing. Obstacles and goal oppor-
tunities arrive and depart over time. To keep pace with the changing environment, the planner
must adapt the plan as quickly as possible. In the most current hardware, a 10,000 (100 x 100)
state configuration space with an 8-connected neighborhood with no obstacles (worst case com-
putationally) can be computed from scratch in 595 ms (~1/2 second) on a Sun-4 (SPARCstation
IPX). A similarly connected 90,000 (300 x 300) state configuration space can be computed in
6177ms. Higher connected neighborhoods require more time, as will larger numbers of states.
Even though these times may seem fast, more complex problems are easy to create. 

The trade-off between the time, space and accuracy must be made separately for each implemen-
tation. In Table 1 there are timings for some of the above examples with different numbers of
obstacles. The units are in seconds and were made on a Sun 3/260. With the more current IPX
equipment, similar computations are virtually instantaneous (for example, 270 ms for the Min.
with zero obstacles) but still follow the same pattern showing an improvement in efficiency as the
number of obstacles increases. 
 

3.6.5 Time Bounds

A specific formula was proposed in Section 2.5.1 to describe the detailed behavior of various
actions in the algorithm.  If some of the values are quantified, they can be used to compute lower
and upper time bounds for the application of the algorithm and the error.  The upper bound will
assume a zero heuristic such that all nodes are expanded.  The lower bound assumes an admissible

Table 1: Timing for Some Computations (in seconds)

Cost Measure Zero Obs 1 Obs 5 Obs

Min. Communication 2.3 2.1 1.3

Straightest 2.9 2.9 1.7

Min. Time 3.8 3.6 2.2
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heuristic (Section 2.2.1) leading to the farthest node. Repeating the time expressed in Formula 1
of Section 2.5.1,

 

then for a particular problem, the formula is a function of T,  Ω(t) and  many constants. The values
for γ, and M are known or can be accurately estimated. The number of open nodes as a function of
iteration (Ω(t)), the constant for managing the heap (b), and total CPU time can be measured for a
particular computer and application (configuration space, cost measure, etc.). This permits verifi-
cation of Formula 1 and so, implicitly, of the assumptions it was based on.  It also allows the accu-
rate computation of the other constants (G+C+H).  The time plot can then be generated for a
variety of T’s using the zero and admissible heuristics as bounds for a variety of examples of dif-
ferent cost criteria and heuristics.

The time measurement is now used  in each of the following examples.  The number of open
nodes Ω(t), and newly opened nodes m(t) are collected for each iteration t.  The average of m(1..t)
= γ(t).  The data collected for the actual times were at approximately equal intervals, and between
seven and ten data points are graphed.

Time =  (γ+1) b  log2 Ω(t)  + T(M(G+C+H) + K(γ+1))

T

Σ
t=1
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3.6.6 Euclidean Cost Measure (Min. Communication), Without Obstacles

Euclidean, H=0

Figure 34(a) illustrates the number of open nodes, Ω(t) (written |open(t)| on the plot) for every
iteration t.  This shows the regular growth of the number of nodes until approximately iteration
number 2800, and then it decreases rapidly to 0. Because no specific start is given, all nodes are
expanded.  

The explanation of this is as follows. The search grows consistently from the center of configura-
tion space toward the edges which affects the size of the heap. The heap contains the OPEN nodes
which are those along the circumference of this ever growing circle. The iteration number gives
the total number of states in the area computed in the configuration space.  The circumference (i.e.
number of OPEN nodes at iteration t) might be expected to be about  2*sqrt(OPEN(t)*π), but as
we see in Figure 34(a), the value is a little over twice as high.  This indicates that the ‘thickness’
of the number of OPEN nodes at the edge of the search is also slightly over two.  This is sensible
because the radius of the 16-connected neighborhood is slightly over two at its widest (i.e.
sqrt(5)).  The search continues smoothly until it begins to wrap around the space. This occurs
when the radius is about 30.  At 30, the number of nodes in the heap should be 900π, or about
2800.

The model also requires knowledge about the underlying γ value which describes the number of
newly opened nodes at each iteration t.  In particular, it must be determined if γ can be treated as a
constant. The plot in Figure 34(b) shows that the average number (from 1..T) of newly opened
nodes per iteration is between 1 and 2 for most values of t. Because the value is nearly constant
for most of the range of T, it will be treated as a constant.  The variation can be explained from the
growth of the circle’s circumference.  For the geometry of the growing circle, the larger the
radius, the fewer new nodes along the radius are uninitialized.  As the radius becomes large, the
curvature at the edge of the circle becomes almost flat.  Therefore the new nodes required
approach 1 to advance the edge forward.

The area where the model is predicted to be accurate is when P is small and given by: 

 (1)

For the Euclidean, H=0 computation, if P is about 0.02% (due to dropped terms), and γ is
assumed to be about 1.5, then the formula will hold when the number of open nodes is 100 or
greater.  

Given the expression for time above, we can evaluate the time as predicted by the model com-
pared to the experimental time.  In this example, a goal is placed in the center of a 64x64 (4096)
state configuration space.  

P ≅  γ 2
       (γ + 1)Ω(t)• logeΩ(t) 
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The number of neighbor nodes is constant and known to be 16. For this case then, M, the determi-
nation of the m(t) successor nodes is the number of neighbors. The other values, G,C,H and K are
constants since they perform a specific fixed computation. 

Let the following represent constants:
A = M(G+C+H) + K(γ+1)
C =  (γ+1) b 

so that the computation time is expressed as the following equation:

   Time = AT+C f(t) (2)

and f(t) =   log2 Ω(k)

By performing several experiments, the values for the sum of logs, and A and C can be found for
this specific environment including constraints, neighborhood, and cost measures.  We fit the
model using the measured points according to a standard method [35] (pages 523-524) to deter-
mine where the model is valid.  The two values A and C then define the predicted time for all t.
Based on this, the predicted time according to the model and actual time are plotted as in  Figure
34(c).

Figure 34(c) is a reasonable, but not perfect fit.  One source of this error is believed to be the error
in collecting the CPU time on a Unix system.  Six trials were run to discover a sample variation in
the system performance time.  The deviation varied between 5% and 40% of the average time,
however over several trials (typically 8-10), a ‘mode’ average could be obtained to minimize this
affect. This was the data then used as representative data in the calculation of A and C.  

It is also important to observe that although the order of the algorithm is O(N log N) time, the
plots are straight.  This is somewhat surprising, but indicates that the sum of the constant times
greatly outweigh the heap management overhead for this size problem (4096 states) on a SUN
IPX machine with 32 megabytes of RAM.  As the size of the problem grows to larger than the
memory size, we expect the value of C to increase as memory management overhead increases.

t

Σ
k=1
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Figure 34: Euclidean Cost Measure (Min. Communication) H = Zero Heuristic.

(a) Open Nodes, Ω(t) (b) Average of Newly Opened Nodes, γ(t)

(c) Predicted and Actual Time.  A = 20 ms. C = 5 ms.

Predicted

Actual
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Euclidean, H = Admissible

For the Euclidean cost measure in configuration space, with the admissible heuristic H, we see in
Figure 35(a) the relatively steady growth of open nodes, with a drop and sudden rise just before
the start is found.  This is likely due to a series of unproductive nodes (shown in the middle of the
path), and a final reach to the start. 

The number of newly opened nodes, γ, is about 2 as seen in Figure 35(b), but the raw data (not
shown) has large variations that are averaged out.  The average is used as a representative value to
give an approximate error for large t, however if the worst case is desired, then a value of about
γ=4 would double each of the error estimates below. Because the number of open nodes is small,
the error is more significant than in the h=0 case. When the error for P is about 6%, the model is
expected to be valid for open nodes greater than 10, and 2% for the number of open nodes greater
than 20.

The Euclidean cost measure using the admissible heuristic can also be predicted and then plotted
with the actual time.  These results are shown in Figure 35(c).  The variation in actual time is
fairly small, but because it is quantized in milliseconds, the discretization error appears larger than
it might otherwise.  That is, the measurement is coarse for this brief computation.
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Figure 35: Euclidean Cost Measure (Min. Communication) H = Admissible Heuristic.

Predicted

Actual

(a) Open Nodes, Ω(t) (b) Average of Newly Opened Nodes, γ(t)

(c) Predicted and Actual Time.  A = 370 ms. C = 15 ms.
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3.6.7 Distance Cost Measure (Straightest), Without Obstacles

Distance, H=0

For the distance (of the end effector) cost measure in Figure 36(a & b), the absolute number and
average number of new nodes is similar to the Euclidean version.  The perimeter of the field of
arrows in Figure 36(a) however, grows faster earlier, and in a rectangular shape (covering more
area than the growing circle of the Euclidean cost measure.  

The number of newly opened nodes Figure 36(b) is found to compute the error.  There is a small
spike of new open nodes just before the t=2000 region when the transition cost is nearly zero,
causing a |newopen(t)| of about 5, however this is barely noticeable in the average.  Using 2, the
error is the same as the Euclidean H = admissible case in Section 3.6.6. 

Figure 36(c) shows that the model with constants A = 35 ms. and C = 5 ms. can very accurately
predict the actual experimental time, even when the cost measure and expansion behavior is sig-
nificantly different than the Euclidean case. 
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Figure 36: Distance Cost Measure (Straightest Path) H = Zero Heuristic.

Predicted

Actual

(a) Open Nodes, Ω(t) (b) Average of Newly Opened Nodes, γ(t)

(c) Predicted and Actual Time.  A = 35 ms., C = 5 ms.
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Distance, H = Admissible

This example uses the same starting node as Figure 36 but with an admissible heuristic.  In Figure
37(a), the number of open nodes grows somewhat more erratically but with a clear increasing
trend until the start is found.  The number of newly opened nodes γ in Figure 37(b) is very erratic,
but still seems to average out to about 2.5 for larger t.  The error is then about 2.9% for nodes (t)
over 20. 

Figure 37(c) shows that the model with calculated constants A=225 ms. and C = 28.8 ms. can
very accurately predict the actual experimental time.
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Figure 37: Distance Cost Measure (Straightest Path) H = Admissible Heuristic.

Predicted

Actual

(a) Open Nodes, Ω(t) (b) Average of Newly Opened Nodes, γ(t)

(c) Predicted and Actual Time.  A = 225 ms. C = 28.8 ms.
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3.6.8 Observations about the Model

The constants of A and C have a general trend and form a pattern.  Both A and C are very small
numbers, which should be expected since they are the overhead constants for the implementation. 

Further, we can see that the A and C values for both of the h=0 are about the same.  This is likely
since there are the same number of neighbors in both cases, precomputed integer cost-measures,
and similarly sized graphs. C is not surprisingly the same, since it is strictly a function of b, the
overhead for heap management and γ, the number of newly opened nodes. 

The admissible heuristic versions have significantly larger values of A than their h=0 counter-
parts.  Both values of C are larger because the additional computation required in heap manage-
ment, which must perform arithmetic operations for each swap of the heap to compute g+h = f.
This is because the value of g can be changed in the configuration space, and not be reflected
immediately in the heap (in the current implementation). The significantly higher value for A is
due to the significantly larger (and differing) overhead for computing the function g in a non-pre-
computed way.  The Euclidean measure has a smaller value for A than the Distance measure,
because the straight line calculation requires two squares and a square-root.  The distance mea-
sure, requires several trigonometric functions for each calculation of the function g.

3.7 Related Work

A standard algorithm for general path planning is Dijkstra’s algorithm [10].   It is a general graph
search algorithm that computes a single-source shortest path method that computes the path from
a source vertex s to every vertex v.  The method begins by labelling each vertex with a high (infi-
nite) cost, successively expanding the least cost vertex until all vertices have been expanded.  The
description of the algorithm assumes that the graph G is represented by adjacency lists.  If the
least cost is determined by the use of a priority queue in the form of a linear array, then each
extraction requires O(V), for V total vertices, performed V, times, or O(V2) operations.

There are many other methods and structures however for robot path planning, and each has dif-
ferent limitations.  A selection is presented here, including the piano-movers problem, a visibility
graph based configuration space, the quad-tree concept, a multi-resolution search based on
orthogonal projections, swept bubbles, the variable cost measure, the constrained distance trans-
form (CDT) and potential fields.

The Piano Mover’s Problem as defined by Schwartz and Sharir [37,38] computes the continuous
collision-free path that a piano must take in a two dimensional polygonal environment, or deter-
mines that no motion exists. Based on the number of walls (n), the algorithm requires polynomial
time (i.e. O(n5)).  The method finds the set of possible motions, called critical curves outlined by
the configurations causing collisions, and then defines rules when these curves may be applied. A
search of the possible combinations of rules determines if a solution exists. This thesis is focused
on computing in discretized spaces, which are more directly suitable for computer calculations
since they can be mapped into conventional data structures (e.g. arrays, etc.). 
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The concept of a configuration space is essential to many of the planning applications. A survey
of configuration spaces was presented by Lozano-Perez [24]. He used a ‘visibility graph’ to create
the configuration space.  This graph maps a graph of vertices that represent the corners of obsta-
cles, between which travel is possible in a straight line.  Fixed costs are allocated to each arc, and
the graph is searched between the source and destination.  One disadvantage to the visibility graph
is that it must be re-computed each time the source or destination changes.  It has been shown that
this is an relatively expensive (O(N2) recalculation for a likely occurrence in robotics. 

An alternative structure to configuration space is a quad-tree.  This is a hierarchical, multi-resolu-
tion representation of two-dimensional silhouette images described by Samet [36].  This structure
is obtained by recursively subdividing non-homogeneous regions into finer regions of equal size.
The region is initially considered as a single node at the top of a tree.  If it is non-homogeneous, it
is subdivided into four regions, which become children of the node.  Each region is subdivided
until all the regions are homogeneous or a predefined resolution is reached.  The leaf nodes are
either filled (black) or empty (white).  The non-terminal nodes are called mixed (grey).  The com-
plexity of a quadtree representation described by Hunter and Steiglitz [19], expressed as the total
number of nodes in the tree, is O(p+q), where p is the total perimeter of the object(s) and q is the
depth of the tree.  An octree is a 3-D generalization of the 2-D quadtree concept, where the
regions are recursively divided into eight equal voxels (3-D volume-pixels).  In this case the com-
plexity measure of p is the total surface of the objects measured by the surface area of the smallest
cubes.  This method is useful if the computation can be made in the task space as opposed to the
configuration space of the problem.

Another multi-resolution search based on orthogonal projections of the (task-space) workspace is
described by Wong and Fu [64].  This is a fast robotics path planning method to address the diffi-
culty of the discretization of the obstacles.  A 3-D collision test is decomposed into three 2-D col-
lision tests, without and explicit reconstruction of the 3-D representation.  A path is searched in a
breadth first-fashion on multiple levels of the search space simultaneously.  This method could
benefit by substituting an A* search for the breadth-first search.

Swept bubbles are an improvement that can be used with the presented framework to create a
more concise representation of freespace by breaking regions based on obstacles.  The swept bub-
ble concept described by Featherstone and Verwer [15,61] can divide recursively smaller spaces
according to obstacle occupancy, thus interleaving obstacle computation and planning in such a
way that the obstacle transformation is governed by a planning heuristic. Swept bubbles also pro-
vide a uniform geometric representation of the machine and the obstacle environment which pro-
vides quick intersection tests required for high-dimensional planning.  This also provides a way to
scale the problem to the amount of time available, because a coarse solution can first be com-
puted, and then subsequently refined according to the time remaining.

Verwer [59,60] introduces a variable cost measure, or metric, which increases Euclidean costs by
integer values in the region surrounding obstacles.  This causes the path to not only avoid obsta-
cles, but also avoid the suspense as the path leads near them.  Because the method increases the
cost of motion near obstacles, practical, safe paths can be obtained.  This reinforces the motiva-
tion for using cost measures as a tool to create intelligent motion.  Verwer’s implementation, how-
ever, uses a bucket sort [9] which can only be used if the values of the cost measure are integers,
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and do not span a large range.  Because this is the case for the integer filters upon which the
method is originally based, it is an efficient (linear time) alternative for these types of problems. 

The constrained distance transform (CDT) was originally used in the field of image processing,
where relatively simple computations can be performed efficiently in hardware.  In addition, the
techniques described by Dorst and Verbeek [13] can be used in the field of path planning using a
local masking operation to traverse each of the nodes in a regular grid so that the minimum of the
locally accumulated costs can be found.  The method requires a mask giving the cost difference
for all local ‘neighbors’ to be swept repeatedly over the entire space until no change is made in the
last pass, indicating that the solution has converged.   The advantage of this method is that it can
be processed in parallel in hardware.  Using conventional computers however, the computational
order for an n by n matrix of (N total) nodes is about O(N2).

The potential field technique is analogous to the magnetic property in classical physics, but has
been adapted as a computer algorithm for path finding by Khatib [20].  This method does not pro-
vide a path that is globally optimal, nor does it always finds a solution if there is one, because it
can get stuck in local minima.  The method works by continuously controlling each link’s closest
point to the obstacle. Potential fields do have an advantage however in that they are fast and have
the ability to work on local information only.  Because it is fast, it also provides a way to quickly
respond to changes, such as moving obstacles.  In many ways, the potential field technique is a
nice complement to the global path planning technique because it can operate more responsively
at a level nearer the hardware such as for reflex control.  Finally, potential fields become more
important when the knowledge of the workspace is incomplete, because it provides a quick and
relatively informed response compared with simple servo rules.

3.8 Chapter Summary

A* planning in configuration space solves for a globally optimal path that minimizes cost without
entering illegal states (such as obstacles).  It will also find a solution if one exists.  In addition, if
there is no solution to get to the goal, then this is immediately known because there are no direc-
tion arrows, and a higher control authority can be summoned.  Unlike the potential field tech-
nique, there are optimal-direction arrows at all reachable states. This is useful when controlling a
device or issuing commands that are not carried out perfectly. For machines in the field, unex-
pected slippery terrain or failing gear mechanisms could cause such problems. In this event, if the
controlled device falls off the optimal path, then a new path can be found from any state without
further computation.

As we have seen, there are several elements that are required in the framework: a problem config-
uration (state) space, a neighborhood, a cost measure on the neighborhood, a transformation of the
obstacles/forbidden regions, and a goal set. 

We transform the problem into an easier space in which it can be solved. The problem can be
encapsulated into the kinematic control parameters (usually the joint angles) and the geometry
separately. The planning takes place using the joint angles so that what is computed is a path
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describing a series of setpoints for the joint angles. The solution is then transformed back to the
original ‘task’ space where it is carried out.

The resulting traversal of all reachable configuration states yields pointers directing motion
toward the goal. This is particularly useful for robots because the planning may not have taken
into account dynamics or the robot may not be able to follow a predicted path due to mechanical
wear. If the entire space is covered and the robot fails to track perfectly, then it can begin from any
current state, and try to move optimally toward the goal. In addition, if there are no direction
arrows at a starting state, then the path to the goal is blocked.

For each newly added obstacle configuration, a new wave propagation using A* is required.
Although this can be performed quickly (< 2 seconds on a Sun 3/260 for the example of Figure
25) for two degrees of freedom (DOF), the fact that the algorithm is exponential in the number of
degrees of freedom motivated us to find improvements that are also a function of the degrees of
freedom. One such improvement is specifically targeted at adaptation to changes in the robot
environment.  We call it the Differential A* Method, and it is the subject of Chapter 5.

The time required for a given A* algorithm on a specific machine and graph is characterized by  a
formula: Time = AT+C f(t),  where the constants A and C can be estimated based on previous
experience.  The values for A and C are can be used to predict the time required for similar prob-
lems based on the graph structure, the number of successors, and the computation style (i.e. table
driven or computed on demand) for functions.  The admissible and zero-heuristic versions of the
solution differ in the relative speed of computation, particularly because the admissible heuristic
computes the heuristic on demand, whereas the zero-heuristic relies only on precomputed (table)
entries.

The total time is a function of the number of nodes that must be opened before the solution is
found.  There are far fewer open nodes for the admissible heuristic than the zero heuristic version.
We also show that the number of OPEN nodes is related to the surface area of the growing space
(with h=0).  This surface area is related to the radius of the 16-connected neighborhood which is
sqrt(5).  We may also expect other A* computations with the same neighborhood size to have
sqrt(5)*surface_area states in OPEN, regardless of the cost measure or heuristic.

Finally, the framework described in this chapter is applicable to other complex robots such as a
car.  The car has a different set of permissible motions and a more complicated representation of
the vehicle is required.  The method of treatment for this type of machine, including a description
of an experiment to control it is given next in Chapter 4.




