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Chapter I

Probabilistic introduction. Some

results. Functional equations

I.0 Summary of Chapter I

Chapter I is mainly devoted to probabilistic aspects of discrete time, discrete

space random walk in the north-east quadrant with absorbing boundary. Also,

we mention a result concerning the duration of the walk, which is proved only in

the subsequent chapters, and give an application. Finally, we derive the forward

equation and the backward equation for the generating function of the transition

probabilities, which are the basis of the analytical approach in this thesis.

I.0.1 Summary of Sec. I.1

Sec.I.1 is devoted to probabilistic aspects of random walk on the positive quadrant

(including the positive half axes and the origin) with absorbing boundary.

In Subsec. I.1.1 we introduce some terminology. The walk is called left-

continuous (resp. right-continuous) if both coordinates of the step are skipfree

in negative (resp. positive) direction; the walk is called one-sided if the step dis-

tribution lives on a half plane (with the origin on its boundary), and all-sided

otherwise; and, finally, the walk is called even if the step distribution lives on the

“even” points (i.e. the sum of the coordinates is even) of the plane, and non-even

otherwise.

The n-step transition probabilities p(i, j, n) (from i to j in n steps) are deter-

mined by the forward recursive relations (which arise by conditioning on the last

step, and also by the backward recursive relations (which arise by conditioning

on the first step). Also, we mention the reversed walk, which arises by changing

the sign of the step.

In Subsec. I.1.2 we show that for skipfree, all-sided random walk the state

space is either the whole quadrant (viz. in the case of non-even walk) or consists

of the even points of the quadrant (viz. in the case of even walk).
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22 I.0

In Subsec.I.1.3 we introduce the generating function P (x, y, s) of the p(i, j, n);

also we consider the partial generating functions g(i, j|s) which arise by generat-

ing with respect to the time n only), and sums thereof, viz. g(Q, j|s) (summation

over all i) and g(i,Q|s) (summation over all j). These so-called Green functions

satisfy similar forward and backward relations (viz. g(i, j|s) satisfies (36 A) (for-

ward) and (36 B) (backward)); g(Q, j|s) satisfies (39 A) (forward), and g(i,Q|s)
satisfies (39 B) (backward). Also, we relate g(i,Q|s) to the first exit time τi from

the quadrant of the walk starting in point i; in particular, g(i,Q|1) = IE τi.

In Subsec. I.1.4 the so-called embedded random walk is obtained from the

original walk by removing all steps of size zero. Here we relate some quantities

of the random walk to the corresponding ones of the embedded walk.

In Subsec. I.1.5 we check that the backward relations (39 B) with s = 1 admit

a simple positive solution φ(i) in the case of left-continuous driftless random walk

with negative ρ, where ρ is the correlation coefficient of the coordinates of the step.

We can conclude IE τi ≤ φ(i). Equality is obtained in Chapter II (see Theorem

II.4.63) for skipfree, all-sided, driftless random walk with −1 < ρ < 0. (For that

purpose we need a theorem, viz. Basic Theorem II.4.55, which is proved only in

Chapter VI, using an explicit expression for the generating function P (x, y, s),

obtained in Chapter V by means of the uniformization method.) This result is

formulated (without proof) in Theorem 13 and Corollary 14. Next we complete

this result. First, we remove, in Proposition 15, the restriction of all-sidedness

(hence, allowing ρ = −1). Then we extend the result by proving IE τi = ∞ if

ρ ≥ 0 for skipfree, driftless random walk; for the one-sided case see Proposition

15, and for the all-sided case see Theorem 16. The proof of Theorem 16 is based

upon a stochastic monotonicity argument and can be found in the next section.

The above results are collected in Theorem17.

In Subsec. I.1.6 we apply the above result to the first ascending ladder epoch

of the skipfree, driftless random walk in the plane. Using a well-known duality

argument we compute the probability of the occurrence of an ascending ladder

epoch. This settles a question asked by P. Greenwood, see p. 10, concerning

skipfree, all-sided, even random walk with negative correlation coefficient (�= −1).

I.0.2 Summary of Sec. I.2

Section I.2 is devoted to the proof of Theorem I.1.16.

In Subsec. I.2.1 we introduce stochastic monotonicity (or stochastic domi-

nance). We show that the expectation of the exit time increases if the exit time

increases stochastically, that the exit time increases stochastically if the random

walk increases stochastically, and that the random walk increases stochastically

if any step increases stochastically. So the expectation of the exit time increases

if any step increases stochastically.

In Subsec. I.2.2 we prove that the expectation of the exit time τi is infinite

for skipfree, all-sided, driftless walk with nonnegative correlation coefficient in
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the following way. If ξ has the distribution of each step of such a walk, then we

construct for negative ρ a ˜ξ = ˜ξ(ρ) which is stochastically greater than ξ and has

correlation coefficient ρ. If τ̃ i(ρ) is the exit time for the walk with step ˜ξ, then it

follows IE τi ≥ IE τ̃ i(ρ) = 1/(−ρ) .

I.0.3 Summary of Sec. I.3

Sec. I.3 is devoted mainly to the forward and backward conditions.

In Subsec. I.3.1 the forward equation (5A) and the backward equation (5 B)

are central. The generating function of the transition probabilities P (x, y, s) sat-

isfies the forward equation in the left-continuous case, and the backward equation

in the right-continuous case. Combined with a regularity condition (simultane-

ous in (x, y, s) ) these equations are called the forward resp. backward conditions

(A 1) resp. (B 1). These conditions determine the generating function completely,

as they imply the forward resp. backward recursive relations I.1.(13)–(14)–(15).

The equation (5 A) resp. (5 B) is linear and not homogeneous; so the unicity of

the solution depends on the corresponding homogeneous equation (which, in the

forward case resp. backward case, doesn’t contain x resp. y). An interpretation

of nontrivial solutions (if any exist) of the homogeneous equations for fixed s is

supplied in Proposition 3. In Propositions 4 and 5 we consider the nonhomoge-

neous equations (5A) and (5 B) for fixed s; in Proposition 5 we fix also x = (1, 1)

(forward case) resp. y = (1, 1) (backward case). Combined with the appro-

priate regularity condition, these equations imply the forward resp. backward

relations I.3.(36 A) resp. (36 B) and I.3.(39 A) resp. (39 B) for the power series

coefficients. It appears in Chapter IV that the equations for fixed s, 0 < s < 1,

are uniquely solvable, because of the structure of the zero locus of the kernel (for

fixed s). The kernel (see p. 17) is a modification of the generating function of the

step distribution, viz. A(y) − y1y2 (forward case), resp. B(x) − x1x2 (backward

case), where y−1
1 y−1

2 A(y) is the generating function of the step distribution, and

B(x) = x2
1x

2
2A(x−1

1 , x−1
2 ). In the sequel we restrict ourselves to skipfree, all-sided

random walk, and have chosen to solve the backward equation (rather than the

forward one).

In Subsec. I.3.2 we consider two modifications of (B 1), viz. (B 1′) and (B 1′′).
In (B 1′), we fix s = 1 and require regularity of the solution function F as a

function of the remaining variables x1, x2, y1, y2 in the open unit disc. Under the

additional assumption of zero drift this system is completely solved in ChapterII.

The complete solution of the homogeneous equation is constructed in Subsec.I.3.3,

see TheoremII.3.8, and a particular solution, viz. ̂P (x, y) of the nonhomogeneous

equation is constructed in Sec. II.4, see Theorem II.4.51.

We want to prove that ̂P (x, y) is identical with the generating function P (x, y, s)

for s = 1 (which, by the way, is not known to converge in advance). This

identification is not easy; we need Basic Theorem II.4.55, which is proved in

Chapter VI. For that proof we need to solve the other modification of (B 1),
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viz. (B 1′′) in Chapter V. In (B 1′′) we fix s ∈ (0, 1) and y1, y2 in the open unit

disc, and require regularity of the solution function as a function of x1, x2 in

the open unit disc only. In Chapter V this system is solved (using results from

Chapters III and IV); the final solution is given in Corollary V.7.4. The solution

turns out to be unique, and can be identified, therefore, with the generating

function P (x, y, s) (which in advance is known to converge for those values of

x, y, and s). Basic Theorem II.4.55 says that P (x, y, s) has the limit ̂P (x, y)

for s → 1 (for almost all values of x). Using power series theory we conclude

P (x, y, 1) ≡ ̂P (x, y).

The first step in solving the conditions (B 1′) resp. (B 1′′) consists of restricting

x to the zero locus of the kernel. This results in modified conditions (B 2′)
resp. (B 2′′) where the unknown function in (x1, x2) is no longer present. There

remain, apart from an unknown constant, an unknown function in x1 and an

unknown function in x2 (the two “marginals” of the unknown function); so the

variables x1 and x2 are separated. The implication (B 1) =⇒ (B 2) (omitting

primes) is trivial, but the inverse implication requires a suitable condition. One

such condition is that the relevant part of the zero locus of the kernel (viz. both

coordinates x1 and x2 are in the open unit disc) doesn’t contain double points,

see Propositions 8 and 10; crucial here is Lemma 9 (which supplies a sufficient

condition for the quotient of two holomorphic functions to be holomorphic itself).

It turns out that in both cases (B 2′) and (B 2′′) this condition is fulfilled (for (B 2′)
see Subsec. II.1.5 resp. II.2.7, and for (B 2′′) see Property V.7.1). The next step

is to uniformize the zero locus of the kernel; this is carried out in Chapter II and

ChapterV.

In Subsec. I.3.3 we consider the kernel (denoted by Q(x, s) ), which is bi-

quadratic for skipfree random walk, giving rise to two discriminants, each one a

polynomial (in x1 resp. x2) of degree at most 4. We allow x1 and x2 to be infinite,

with the effect that each one of the discriminants has exactly 4 zeros (possibly

coinciding). (In solving the backward equation, however, x1 and x2 remain re-

stricted to the open unit disc.) First, we introduce notations for the coefficient

functions in the kernel. Next,we show that double points in the zero locus of the

kernel (i.e. the second order zeros of the kernel) occur where both discriminants

vanish simultaneously, or (in general) where at least one of the discriminants

(and, hence, both of them) has a multiple zero (Corollary14). We conclude with

Property 15, which is useful in the construction of a uniformization of the zero

locus (used in Property II.2.12 and PropositionV.4.4 ).






































































































