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Chapter II

Skipfree, all-sided, driftless

random walk in the quadrant in

the case s = 1:

the uniformization of Q(x, s) = 0,

the complete solution of the

backward conditions,

an explicit formula for the

generating function P (x, y, s)

II.0 Summary of Chapter II

This chapter logically links up with Chapter VI. Here, viz. in Sec. II.4, we con-

struct a function (viz. P̂ (x, y)) which is identified for the generating function

P (x, y, s) for s = 1 for all-sided, driftless random walk. However, the proof

of this identification depends on Basic Theorem II.4.55 which is proved only in

Chapter VI and says, essentially, that in the case of all-sided, driftless random

walk P (x, y, s) has the limit P̂ (x, y) for s → 1.

In addition, P̂ (x, y) is evaluated for y = (1, 1) and negative correlation coefficient

ρ, proving that P (x, y, s) converges in this case. (The result is used in Sec. I.2 to

prove with a stochastic monotonicity argument that there is no convergence in

the case of nonnegative correlation coefficient.) Although P̂ (x, y) has a different

form in the even and the non-even random walk case we use a notation which

covers both cases.

In Sec. II.1 (resp. Sec. II.2) the zero locus of the kernel is uniformized by

means of simply periodic functions (viz. rational functions of the exponential
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76 II.0

function) for s = 1 in the case of all-sided, driftless and even (resp. non-even)

walk. All constants needed in the uniformization are expressed explicitly in the

transition probabilities of the random walk.

In Sec. II.3 solutions of the transformed backward conditions are continued

analytically as meromorphic functions into the whole complex plane. This contin-

uation is used to construct the complete solution of the homogeneous backward

conditions; it turns out there are many solutions. Such a continuation can also

be carried out in other degenerate cases and in the nondegenerate (elliptic) cases.

However, we do not use this technique for the solution of the nonhomogeneous

backward conditions in Chapter V; we use Fourier analysis instead.

II.0.1 Summary of Sec. II.1

In Sec. II.1 we consider even random walk, taking s = 1. We uniformize the

zero locus of the kernel and carry out the corresponding transformation of the

backward conditions (B 2′) and (B 2′′), obtaining (B 3′) and (B 3′′).
The zero locus K of the kernel is degenerate, because it has two double points

(Property 2); if these double points are removed then K becomes disconnected,

with components K± (Property 3). Also, the restriction K1 of the zero locus to

points with coordinates in the open unit disc is disconnected, with components

K±
1 (Proposition4). The uniformization of the zero locus is used to transform the

backward conditions (B 2′) resp. (B 2′′) into the conditions (B 3′) resp. (B 3′′) . In

both (B 3′) and (B 3′′) the arguments of the unknown functions satisfy two linear

relationships, giving two equations. We prove the equivalences (B 2′) ⇐⇒ (B 3′)
and (B 2′′) ⇐⇒ (B 3′′); the forward implications are trivial, but the reversed ones

depend on Lemma 6, which is proved at the end of the section. (This lemma is

also used in Proposition II.2.33 and PropertyV.7.2.)

Of course, the simple solution mentioned in Subsec. I.1.5 of the backward con-

ditions in the case s = 1, y = (1, 1) carries over into a simple solution of the

corresponding backward conditions (B 3′′). This is checked at the end of the

section.

II.0.2 Summary of Sec. II.2

Here we consider non-even random walk with s = 1. The section is modeled after

Sec. II.1.

The zero locus of the kernel has precisely one double point, viz. (1, 1) (Subsec.

II.2.1).

In order to uniformize this zero locus we determine, in Subsec. II.2.2, the

location of the zeros of the two discriminants (the so-called c-values). The result

can be found in Proposition 3 (the value 1 is a double zero of the discriminants).

Also the location of the corresponding d-values is determined (i.e. if one of the
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coordinates of a point in the zero locus of the kernel is a c-value, then the other

coordinate is the corresponding d-value).

In Subsec. II.2.3 the zero locus K of the kernel is uniformized. The method

is the same as the one used in Sec. V.4, where we use doubly periodic functions

f1 and f2; here we use, because of degeneracy, simply periodic functions g1 and

g2 (which are even and assume the value 1 at infinity). Each one of these two

functions is determined by a differential equation involving the corresponding

discriminant. The upshot is: if (x1, x2) = ( g1(z1), g2(z2) ) is a point of the zero

locus of the kernel, then the arguments z1 and z2 are linearly related in a special

way, and vice versa (Theorem15).

We can and do express all constants involved explicitly in the one step transition

probabilities of the random walk (Theorem18 and Remark 19).

Subsec. II.2.4 is modeled after Sec. V.5 and contains descriptive properties of

the uniformizing functions g1 and g2. We use the same notations as in Sec. V.5,

but here with a hat. The inverse image under gk of the open unit disc is (modulo

the period 1) a “generalized vertical strip” Ŝk containing the imaginary axis as

an axis of symmetry. Also the “generalized vertical half planes” Âk (resp. B̂k)

are introduced (which are the union of Ŝk and the right (resp. left) half plane).

These strips are pictured in Fig. 4, and are the analogues of the “generalized

horizontal strips” introduced in Sec.V.5.

The subsequent Subsec. II.2.5 is modeled after Sec.V.6 Here we determine the

inverse image under the uniformization mapping of K1 (i.e. the set of points of K
with coordinates in the open unit disc) and related sets. The results are stated

in (124)-(125), and Property30, and are pictured in Fig. 5 (which is the analogue

of Fig.V.6.1).

In Subsec. II.2.6 we introduce notations for several functions, sets and con-

stants, similar to the ones in the previous section, in order to have at our disposal

a common notation for both the case of the even walk and the case of the non-even

walk.

Next, in Subsec.II.2.7, we use the constructed uniformization to transform the

backward conditions I.3.(B 2′) (resp. I.3.(B 2′′)) into the conditions (B 4′) (resp.

(B 4′′)). The difference with the (B 3′)-conditions from the previous section is the

presence of the symmetry condition in the (B 3′)-conditions (due to the fact that

in the non-even case the g-functions are even, whereas in the even case they are

odd), which replaces one of the two equations from the (B 3′)-conditions.

As the previous section, we conclude the present section with checking the

simple solution in the y = (1, 1) case, see Subsec. II.2.8.

II.0.3 Summary of Sec. II.3

This section deals with two subjects. The first two subsections deal with the

analytic continuation of solutions of the backward conditions I.3.(B 3′)-(B 4′).
The needed strips and half planes are introduced in Subsec. II.3.1.
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In Subsec. II.3.2 the continuation of solutions is constructed. This continua-

tion is only used in the next subsection, and not elsewhere in this thesis.

The last Subsec. II.3.3 deals with the complete solution of the backward con-

ditions. Here the complete solution of the homogeneous version of the backward

conditions is constructed. The complete solution of the inhomogeneous version

of the backward conditions arises by adding a particular solution. The needed

particular solution is constructed in Sec. II.4.

II.0.4 Summary of Sec. II.4

In this section we construct the function P̂ (x, y), which is shown (at the end of

the section) to be identical with the generating function P (x, y, s) for s = 1. The

proof of the identity P̂ (x, y) ≡ P (x, y, 1) depends on Basic Theorem 55, which

can only be proved in Chapter VI. The section is concluded with proving that

P̂ (x, y) for y = (1, 1) collapses into the simple form (155) if −1 < ρ < 0.

The construction of the function P̂ (x, y) runs as follows:

P̂ (x, y) =
LP0(x, y) − P0(x, y)

Q(x, 1)
(150)

(for P0(x, y) see I.3.(10), and Q(x, 1) is the kernel, see II.1.(9) resp. II.2.(38) ),

with LP0 defined by

LP0(x, y) = ΛH0(z, y) with (x1, x2) = ( g1(z1), g2(z2) )(141)

where g1 and g2 are the two uniformizing functions from the preceding sections.

The function ΛH0(z, y) is defined as follows:

ΛH0(z, y) = lim
M→∞

∑
k=1,2

(
ΩM

φ H
)
k

(zk, y)(132)

(where z = (z1, z2)). Here each one of the summands on the right is the sum of

two I-integrals, viz.
(
ΩM

φ H
)
i
(zi, y) =

∑
λ=±

−λIλ,M
φ Hλ

j (zi, y)(44)

where i = 1, 2 with j = 3− i; the I-integrals in the above sum are defined in (28).

After some preparations in Subsec. II.4.1 we start in Subsec. II.4.2 with the

definition of the I-integrals, see (28), and sums thereof, see (44). In each integral,

the integration path is a vertical line suitably modified to pass between the poles

of the integrand in the right way, and connecting level − iM with level + iM

(so the path is contained in the horizontal strip ICM , see (32)). The functions

(44) are used, then, to construct the solution (ẐM
0 (y), ẐM

1 (z1, y), ẐM
2 (z2, y) ) (see

(52)) of the “truncated” version of the backward conditions (B 3′), i.e. with z1 and

z2 restricted to ICM . In order to obtain the solution of the backward conditions

(B 3′) resp. (B 4′) themselves we must take the limit for M → ∞. It turns out
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that the resulting improper I-integrals (and sums (44) thereof) do not always

converge (notably there is no convergence if one of the y-values is �±, with �±

defined in (83), see Corollary 30), while the sum (132) does converge (provided

y ∈ Y(σ̂), see Property 39 and (101)).

In Subsec. II.4.3 we repair the deficient convergence properties of the I-

integrals. Each I-integral is modified by subtracting from it a suitably chosen

J-integral; the modified integrals (and sums thereof) carry a tilde (̃ ). The J-

integrals are chosen in such a way that the sum in (132) remains intact, and with

it also the constructed solution of the truncated version of the backward condi-

tions (B 3′), see the Corollaries 18 and 21. In addition, the modified integrals

(and sums thereof) obey the same symmetry conditions as the original ones.

In Subsec. II.4.4 we investigate the convergence of the above defined modified

integrals (and sums thereof). In order to deal with the even walk and the non-

even walk simultaneously we introduce in (83), (90), . . . , (101) some notations.

The results can be found in Proposition 26 through Corollary 28. In particular,

the sum (132) has a finite limit if (z, y) satisfies (118), and the same result holds

for the solution (ẐM
0 , ẐM

1 , ẐM
2 ) of the truncated backward conditions. (The

convergence properties of the J-integrals, the not modified I-integrals and the

not modified sums (44) are given in Proposition29 and Corollary30, respectively;

the proof of the proposition is deferred to Subsec. II.4.8.) For the limit functions

we maintain the same notations, but without the superscript M .

In Subsec. II.4.5 we investigate the continuity and the regularity of the limit

functions. For that purpose the improper integrals are divided into a central part

and the two tails. The regularity of the central part is dealt with in Proposition

31 (a detailed proof of this proposition is given in Subsec. II.4.10). The tails are

dealt with in Theorem35 (the proof is deferred to Subsec. II.4.10). Observe that

we obtain regularity in y1 and y2 (in the closed unit disc) only if y1 �= �± �= y2

(cf. (83)); in the remaining values of y = (y1, y2) (viz. y1 = �± or y2 = �±) we

obtain in case of convergence only continuity. These regularity and continuity

properties carry over to the complete modified integrals and the modified sums

(44) giving regularity in z for z ∈ Ŝ1 × Ŝ2 and

regularity in y for y ∈ (U1)
2 as well as continuity in y for y ∈ Y(σ̂) .(∗)

The proofs of Proposition 31 and Theorem 35 are collected in Subsec. II.4.10.

There, we first state and prove general theorems (viz. Theorem73 through Corollary

76) concerning the regularity of integrals with a parameter. Next we prove

Proposition 31 and Theorem 35. In the proof of the theorem we need an ex-

tra estimate of the integrand (Proposition 77). The difficulty here are the cases

yk = �μ (k = 1, 2; μ = ±) .(∗∗)

Remark The reason for proving the continuity in the cases (∗∗) is the following.

In this chapter we assume that Basic Theorem II.4.55 is proved only for values
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of y1 and y2 in the open unit disc, which enables us to identify P̂ (x, y) with

P (x, y, 1) for these values of y1 and y2. In order to extend this identification to

(and, with it, to prove the convergence of P (x, y, 1)) for values of y1 and y2 on

the unit circle, we use the continuity of P̂ (x, y) in the cases (∗∗).
In Subsec. II.4.6 the function P̂ (x, y) is constructed.

First, in II.4.6.1, we obtain as the limit of the triplet (ẐM
0 , ẐM

1 , ẐM
2 ) the triplet

( Ẑ0(y), Ẑ1(z1, y), Ẑ2(z2, y) ), which solves the backward conditions II.1.(B 3′) (resp.

II.2.(B 4′) ). Also we obtain the function ΛH0(z, y) (see (132) ), which is the sum

of the Ẑ-functions, and conclude (∗) for these functions, and regularity in z for

fixed y ∈ Y(σ̂). In addition we prove that the equation of the backward con-

ditions is satisfied for all y ∈ Y(σ̂) (not just for all y1 and y2 in the open unit

disc), see Proposition 44; in the proof we need Lemma 43; this fact is needed in

Proposition 50.

Next, in II.4.6.2, we transform the Ẑ-triplet into a solution ( X̂0(y), X̂1(x1, y), X̂2(x2, y) )

of the backward conditions I.3.(B 2′) and obtain the function LP0(x, y) as the sum

of the X̂-functions. Also, we prove (∗) for these functions, and regularity in x for

fixed y ∈ Y(σ̂); the regularity needs Lemma II.1.6, the continuity needs an ana-

logue, viz. Lemma 49. In addition we prove that the equations in the backward

conditions are satisfied for all y ∈ Y(σ̂), see Proposition 50. This fact is needed

in the proof of Proposition 53, viz. at the point where we apply Lemma54.

Finally, in II.4.6.3, we transform the X̂-triplet into a solution P̂ (x, y) of the back-

ward conditions I.3.(B 1′), see Theorem51. Also we prove, in Proposition 53, (∗)
for this function, and regularity in x ∈ U2. The proof needs Lemma I.3.9 and

Lemma 54. Part I of the latter lemma (where y is fixed) is an application of a

more general version of Lemma I.3.9, viz. Lemma I.3.16. Part II is the analogue

of Lemma I.3.9 with in the hypothesis and in the conclusion the regularity in y

replaced by continuity in y. The proof of Lemma54 is deferred to the end of the

section, viz. Subsec. II.4.11.

In Subsec. II.4.7 we identify P̂ (x, y) with the power series P (x, y, 1). The

tool is Basic Theorem55, which identifies lims→1 P (x, y, s) with P̂ (x, y) provided

x=(x1, x2), is not in the zero locus of the kernel and x1, x2, y1, y2 are in the

open unit disc. We use this in Theorem58 to show that the power series P (x, y, 1)

converges and coincides with P̂ (x, y) also for x1, x2 in the zero locus of the kernel,

using the regularity of P̂ (x, y); in fact, continuity of P̂ (x, y) suffices (open and

dense subset). Next (Theorem60) we use the continuity and regularity properties

of P̂ (x, y) to prove that P (x, y, 1) can be continued to U2 ×Y(σ̂), the continued

function satisfying (∗). It remains to be shown that — in the case −1 < ρ < 0

— P̂ (x, y) collapses into the simple function from Theorem I.1.13 (which is also

mentioned at the end of the sections II.1 and II.2). For this we need Lemma 61,

which is proved in Subsec. II.4.9 with separate proofs for the even walk case and

the non-even walk case.
















































































































































