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Chapter III

Elliptic functions and theta

functions

III.0 Summary of Chapter III

In this chapter we study elliptic functions and the four Jacobian θ-functions;

these functions will be used in the subsequent chapters.

III.0.1 Summary of Sec. III.1

This section is devoted to the theory of elliptic functions. Second order elliptic

functions are used in Sec.V.4 to uniformize the biquadratic equation Q(x, s) = 0

for fixed s ∈ (0, 1) (for Q see definition I.3.(11) ).

III.0.2 Summary of Sec. III.2

Here we study the four θ-functions, as the logarithmic derivative of one of the

θ-functions occurs in the integrals which solve the functional equations studied

in Chapter IV (Sec. IV.4); this logarithmic derivative therefore also occurs in the

expression for the power series P (x, y, s) (see definition I.1.(28) ), which is derived

in Chapter V, see Sec.V.7.

The θ-functions are entire and have period 1, and it is well-known that every

elliptic function can be written as a quotient of products of θ-functions. The

Fourier series as well as the infinite products representing them converge very

rapidly, and so these functions are suitable for numerical evaluations of elliptic

functions. This is another reason to study the θ-functions.

Finally, θ-functions are used to determine the behaviour of elliptic functions in

case the absolute value of the quotient τ of their basic periods tends to infinity.

The parameter τ is chosen in the upper half plane. In our applications τ

is restricted to the positive imaginary axis. In Sec. III.2 we also study the limit

behaviour of the θ-functions if τ tends to 0 or to ∞ i. This behaviour will be used

in Chapter VI for the computation of the limit of P (x, y, s) for s → 1, 0 < s < 1,

in the case of skipfree, all-sided, driftless random walk.
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