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Chapter IV

A system of two linear equations

in two unknown functions and

two unknown constants

IV.0 Summary of Chapter IV

This chapter is independent of the other ones; in it only the θ4-function is used,

which has been introduced in Subsec. III.2.1.

The chapter deals with a system (L) of two linear equations in two unknown

functions and two unknown constants. Systems of this type are studied exten-

sively in Groeneveld [27]. We follow his method closely. A difference is the use

here of “generalized strips”.

The system (L) is described in Sec. IV.1; the solution, obtained by Fourier

analysis, is given in Sec. IV.5. A modification (˜L) of this system arises in Sec.

V.5 as a result of transformations of the backward conditions I.3.(B 1′′), and

the solution of this system (˜L) is used in Sec. V.7 to determine the solution of

the backward conditions, viz. the generating function P (x, y, s) of the transition

probabilities in the case 0 < s < 1.

The contents of this chapter are summarized as follows.

IV.0.1 Summary of Sec. IV.1

In Sec. IV.1 the system (L) is described. Each function occurring in that system

is a complex valued function of one complex variable with period 1. Its domain,

however, is assumed to be a “generalized open horizontal strip”. Such strips are

introduced at the beginning of the section. Three propositions are formulated

containing some intuitively obvious properties of these strips; the proofs of these

properties, however, need some nontrivial topology and are postponed, there-

fore, to the end of the chapter (viz. Subsecs. IV.6.2 and IV.6.3). In particular,

every “generalized open horizontal strip” is the intersection of a unique “gener-
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282 IV.0

alized open upper half plane” and a unique “generalized open lower half plane”

(Proposition3). The basic strips occurring in the system (L) are S1 and S2. The

strip S1 resp. S2 arises, in Chapter V, as the inverse image of the open unit disc

under the mapping f1 resp. f2 (modulo complex periods), where f1 and f2 are

the uniformizing elliptic functions to be defined in Subsec. V.4.1. These strips

are the domains of the unknown functions in the system (L).

For the reader’s convenience we list here the assumptions on the strips, the known

functions and unknown constants in the system (L):

the strips Si (i = 1, 2) satisfy: (S0), (S1), (S2), (S3), and (1),

the known functions F λ
i (i = 1, 2; λ = ±) satisfy: (F0), (F1), and (F2),

the unknown constants v0i (i = 1, 2) satisfy: (8).

Also, we remark that modification (˜L) of the system (L) arises if, in addition, the

assumption (F7) is made.

In the remainder of this section we derive with elementary means some proper-

ties of the solutions of the system (L), notably the unicity (not the existence),

without actually solving the system (the solution is obtained in Sec. IV.5).

IV.0.2 Summary of Sec. IV.2

In Sec. IV.2 we review, for the reader’s convenience, the definitions of some well-

known concepts from complex function theory, viz. paths and chains, the index

function and related concepts, with applications to generalized strips.

IV.0.3 Summary of Sec. IV.3

In Sec. IV.3 we review some well-known formulae from the Fourier analysis of

functions with unit period. Because the domains of our functions are “generalized

open horizontal strips” (rather than ordinary horizontal strips) we need to check

the validity of the usual formulae, including convolution product formulae.

IV.0.4 Summary of Sec. IV.4

In Sec. IV.4 we analyze certain convolution products which play a role in the

solution of the backward conditions, viz. the products f ∗α, f ∗β, and f ∗η; here

f is a general function, and α, β, and η are special ones (introduced in Subsec.

IV.4.1) related to the logarithmic derivative of the θ4-function.

In Subsec. IV.4.2 these convolution products are introduced in the form of

convolution integrals. The existence of these integrals depends on the existence

of the integration paths. These paths must be contained in the domain of f

(which is a “generalized open horizontal strip”), and, in addition, pass in the

right way between the poles associated with α, β, and η. The existence of such

integration paths is established in Proposition 1; the regularity of the resulting

integral is established in Property 2 and Corollary 3.
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After having introduced these integrals we compute in Subsec. IV.4.3 the

Fourier coefficients of these integrals, and so prove they indeed are convolution

products (Proposition 4, Corollary 5).

IV.0.5 Summary of Sec. IV.5

In Sec.IV.5 we show that a suitable linear combination of the convolution integrals

of the kind described in the previous section solves the system (L). The central

theorem here is Theorem4. Using the foregoing, the solution is found in the usual

way, as follows.

First, the linear equations (within the system (L)) in the unknown functions

are transformed into linear equations in the Fourier coefficients of the unknown

functions.

Next, these Fourier coefficients are computed.

Finally, the unknown functions are determined from their Fourier coefficients

using results of the previous section.

The section can be summarized as follows.

First, in Subsec. IV.5.1, we introduce the functions by means of which we will

solve the system (L).

Next, in Subsec. IV.5.2, the system (L) is solved.

In the subsequent Subsec.IV.5.3 we check that the expressions from Theorem 4

indeed do solve the system (L); together with the proof of the uniqueness of the

solution in Sec. IV.1 (see Corollary IV.1.9) this amounts to a different proof of

the central Theorem4.

Finally, in Subsec. IV.5.4, the obtained result is formulated in a different way,

viz. with the aid of the function SF ; this formulation facilitates the computation

of the limit in Chapter VI.

IV.0.6 Summary of Sec. IV.6

The final Sec. IV.6 is devoted to some topological tools used in the foregoing and

contains deferred proofs.

First, in Subsec.IV.6.1, we recall some well-known topological properties used

in the foregoing.

Next, in Subsec. IV.6.2, we recall some topological theorems in the plane

needed in the final Subsec. IV.6.3, which is devoted to the proof of the three

propositions on “generalized open horizontal strips” from Subsec. IV.6.1.
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