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Chapter V

Skipfree, all-sided random walk

in the quadrant in the case

0 < s < 1:

the uniformization of Q(x, s) = 0

for fixed s,

the unique solution of the

backward conditions,

determination of the generating

function P (x, y, s)

V.0 Summary of Chapter V

In this chapter we solve the backward conditions I.3.(B 1′′). For that purpose we

follow Groeneveld [27] in outline. In particular, we use Groeneveld’s approach

to the uniformization of the zero locus of the kernel. Because our random walks

(with absorbing boundary) have a simpler structure than the ones (with reflect-

ing boundary) considered by Groeneveld, we need in the solution of the relevant

functional equation only part of his machinery. However, we remove the tech-

nical condition that s is close to 0, which is present in the available part of the

manuscript.

In order to solve the backward conditions I.3.(B 1′′) we first uniformize the

zero locus of the kernel by means of elliptic functions.

Secondly, we use the uniformization to transform the conditions I.3.(B 2′′) (which

turn out to be equivalent to I.3.(B 1′′)) into the conditions (B 3′′).
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352 V.0

Thirdly, we solve the conditions (B 3′′) using the results of Chapter IV. The

solution, finally, is transformed (using the inverse transformation) into the desired

expression for the generating function P (x, y, s). We now summarize the contents

of the chapter’s seven sections.

V.0.1 Summary of Sec. V.1

The uniformizing functions are elliptic only if the zero locus of the kernel is

equivalent (topologically) to a torus, and this is the case iff every point in the

zero locus is “simple” (i.e. not a double point). In that case we call the kernel

nondegenerate. In Sec. V.1 (see Theorem 1) we establish in the case 0 ≤ s ≤ 1

necessary and sufficient conditions for nondegeneracy, using results from Chapter

II and the subsequent section V.2. A sufficient condition is 0 < s < 1 together

with all-sidedness.

V.0.2 Summary of Sec. V.2

In Sec.V.2 we, first, investigate the location of the four zeros of each discriminant;

these zeros are called the “c-values”. The results are collected in TheoremV.2.3.

The zeros turn out to be real, two of them appearing inside the interval (−1, +1),

the remaining ones outside [−1, +1] (in the case 0 < s < 1). Also (Corollary 5)

the values of the cross ratios of the four zeros are investigated.

Next, we investigate the so-called “d-values”. Each c-value is associated with a

unique d-value: if for a point with coordinates (x1, x2) belonging to the zero locus

of the kernel one of the discriminants vanishes (i.e. the corresponding coordinate

is a c-value), then the other coordinate is the associated d-value. The d-values

are computed (Proposition 6) and their location determined (Proposition 7). We

conclude this section with a corollary on the real part of the zero locus of the ker-

nel. The real part consists of two distinct closed curves, with distinct projections

on each axis. From Corollary 8 one sees that one of these curves is completely

contained in the north-east quadrant.

V.0.3 Summary of Sec. V.3

The line of argument in this chapter is interrupted in Sec.V.3. The content of this

section is principally taken from Groeneveld’s manuscript [27]. Here we study a

special case of the biquadratic equation, viz. the one corresponding to all-sided,

driftless, even random walk in the case 0 < s < 1. The computations in this

section are used in Secs. VI.4–6.

First (Subsec.V.3.1), we compute the c-values and the d-values.

Next (Subsec.V.3.2), we characterize this case by means of its c- and d-values.

We use this characterization in final Subsec. V.3.3 to construct a transfor-

mation from the general nondegenerate biquadratic equation into the special
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case. The transformation consists of the cartesian product of two fractional lin-

ear transformations (i.e. each one of the two coordinates is transformed by a

fractional linear transformation separately). This coordinate transformation can

be used to construct a uniformization of the nondegenerate biquadratic equa-

tion in the general case. For that purpose it is necessary, first, to construct

uniformizing functions in the special case, which are elliptic; next, in the gen-

eral case the uniformizing functions are found immediately by using the above

fractional linear transformations. An advantage of this procedure is that the el-

liptic functions needed in the special case are well-known, viz. modifications of

Jacobi’s sn-functions (see V.5.(99)). However, we do not follow this route fur-

ther; instead, in the next section we construct a uniformization in the general

case directly, without first transforming the equation into a simpler one.

V.0.4 Summary of Sec. V.4

This section is a continuation of Sec.V.2 and is devoted to the uniformization of

the biquadratic equation

Q(x, s) = 0

(where x = (x1, x2), and s is fixed, 0 < s ≤ 1) in the nondegenerate case, using

results of Sec. V.2. The construction is as follows. Solving the equation for one

of the two variables, say x2, results in an expression which is a rational function

of both x1 and the square root of the discriminant D1(x1) (omitting s). From

this expression it can be seen that the problem of uniformizing the biquadratic

equation is tantamount to the problem of uniformizing the equation

˜x2
2 = D1(x1)

where ˜x2 is a linear function of x2 (with coefficients quadratic in x1).

The solution of the latter problem is well-known. Because of nondegeneracy,

the discriminant is a polynomial of degree 4 (or 3, if one of the zeros is infi-

nite). For x1 substitute a second order elliptic function, say x1 = f1(v), whose

second order values are exactly the zeros of the discriminant; it turns out that

˜x2 equals df1(v)/dv (apart from a constant factor), and so x2 is a second order

elliptic function with the same period lattice, say x2 = h2(v). The result is the

uniformization

(x1, x2) = (f1(v), h2(v)) .(i)

Following Groeneveld we treat x1 and x2 symmetrically. Reversing the role of x1

and x2 we obtain a second, similar uniformization

(x1, x2) = (h1(v), f2(v)) .(ii)
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The functions h1 and h2 still are in an awkward form. However, the two uni-

formizations are locally bijective and, therefore, essentially the same. In our case

this leads to

hk(v) = fk(v ± στ) (k = 1, 2)(iii)

where τ is an imaginary period and σ is a real constant.

The section can be summarized as follows.

After having stated the assumptions (which guarantee nondegeneracy) we first

(in Subsec. V.4.1) construct the two elliptic functions f1 and f2, and specify the

differential equations determining them (Theorem1).

Next (in Subsec. V.4.2), we construct the two uniformizations and prove bi-

jectivity (Theorem2).

Finally (in Subsec. V.4.3), we express the h-functions in the f -functions; the

tool here is Theorem1.

We conclude this section with a different description of the uniformization The-

orem 8): if (x1, x2) = (f1(z1), f2(z2)), and (x1, x2) is a zero of the kernel, then

the relationship between z1 and z2 is a linear one (of a special kind).

V.0.5 Summary of Sec. V.5

Sec. V.5 is devoted to a description of the two elliptic functions f1 and f2 sepa-

rately (which are even and second order elliptic with primitive periods 1 and τ ,

with τ on the positive imaginary axis). In Subsec.V.5.1 we determine the inverse

image under fi (i = 1, 2) of the real axis, and of the upper and lower half plane.

Next, in Subsec. V.5.2, we locate the zeros resp. poles (associated with the

constants αi and βi, which are introduced here), and the inverse image under fi
of the values +1 resp. −1 (associated with the constants γi and δi, which also

are introduced here).

These constants also depend on s. Because we intend to vary s, we establish

in the next Subsec. V.5.3 the regularity (resp. continuity) of these constants as

functions of s ∈ (0, 1] (in case of nondegeneracy).

We continue, in Subsec. V.5.4, with determining the inverse images under f1

and f2 of the interior of the unit circle. These are needed because in the backward

conditions x1 and x2 are restricted to the open unit disc. It turns out that each

of these inverse images consists of a series of disjoint “generalized open horizontal

strips”, which differ only an imaginary period (a multiple of τ), see Proposition10,

where the strip containing the real axis and related to fi is called Si. According

to Proposition IV.1.3, Si is the intersection of a unique “generalized open upper

half plane” Ai and a unique “generalized open lower half plane” Bi. We show

that Ai (resp. Bi) is the union of Si with the open upper (resp. lower) half

plane. In order to complete the picture we also determine the inverse image of

the exterior of the unit circle, with similar results; the generalized strips involved

carry a prime; they separate the unprimed ones.
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In the next Subsec. V.5.5 we identify the boundaries of the above “general-

ized strips” (see Corollary 14). Also, we describe the way the complex plane is

partitioned by the associated “generalized half planes” (Property 15). The “gen-

eralized strips” and “generalized half planes” from the foregoing are pictured in

Fig. 2.

We conclude this section (Subsec. V.5.6) with some special types of random

walk. We characterize each type by means of conditions on the discriminants,

and relate these conditions to conditions on the elliptic functions f1 and f2. It

turns out that in the case of symmetric random walk all “generalized strips”

and “generalized half planes” are ordinary ones (Property 21). Our last example

concerns the driftless, even random walk, which also was dealt with in Sec. V.3.

Here we show that in this case the elliptic functions f1 and f2 are a modification

of Jacobi’s sn-function (see (97) and (99)), and collect some properties of f1 and

f2 in this case.

V.0.6 Summary of Sec. V.6

After having investigated in Sec. V.5 the “generalized strips” associated with f1

and with f2 separately, we proceed in Sec.V.6 with investigating the relationship

between the two sets, as the functions f1 and f2 are used to uniformize the zero

locus of the kernel as described in Sec.V.4, see (i), (ii), (iii). The uniformization

is used in Sec. V.7 to transform the backward conditions, and the transformed

conditions will be shown to have the form (˜L) from Sec. IV.1.

First (Subsec. V.6.1 and Subsec. V.6.2), we show that the conditions (S0),

(S1), (S2), and (S3) from Subsec. IV.1.2 are satisfied (0 < s < 1), see Theorem

10.

Secondly (Subsec.V.6.3), we investigate the curve

K1(s) = {(x1, x2) : | x1 |< 1, | x2 |< 1, Q((x1, x2), s) = 0} .

We construct the inverse image of K1(s) and related sets under the mapping (i)

resp. (ii). The results can be found in Theorem12 and in (27) and (30); they are

pictured in Fig. 1.

We conclude this section (Subsec.V.6.4) with translating some technical con-

ditions occurring in the foregoing into simple conditions on s and the one step

transition probabilities of the random walk. These technical conditions cover

cases where the intersection of a “generalized open upper half plane” and an

associated “generalized open lower half plane” fails to be a “generalized open

horizontal strip” because their union doesn’t cover the whole plane (this doesn’t

happen in the case 0 < s < 1).
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V.0.7 Summary of Sec. V.7

In the final Sec. V.7 we determine the generating function P (x, y, s) (0 < s < 1)

by solving the backward conditions I.3.(B 1′′).
In Subsec. V.7.1 we first check that the conditions I.3.(B 1′′) are equivalent

to the conditions I.3.(B 2′′). Next, we transform the conditions I.3.(B 2′′) into a

set of conditions called (B 3′′) (using the uniformization of the zero locus of the

kernel constructed in Sec.V.4) and show equivalence (using results of the sections

Sec.V.5 andV.6).

In the subsequent Subsec. V.7.2 we solve the conditions (B 3′′). The central

theorem here is Theorem 3. This theorem is a straightforward application of

TheoremIV.5.4, and all that needs to be done is checking the hypotheses of that

theorem, which is easy.

The solution of (B 3′′) still needs to be transformed into the corresponding

solution of I.3.(B 1′′). This is done in the final Subsec. V.7.3; the result is the

desired expression for the generating function P (x, y, s).














































































































































































































