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Introduction

This thesis studies properties of proper Lie groupoids, focusing on their orbit
spaces and the process of desingularisation in order to increase regularity. It
consists of two main parts, to be found in Chapter 3 and Chapter 4, which
discuss these two focus points respectively.

Given a manifold M , a Lie groupoid G ⇒ M is a smooth object which
captures global symmetries of M . More precisely, a Lie groupoid consists of:

• A manifold of objects M and a manifold of arrows G;

• Two submersions s, t : G →M , called the source and target maps;

• A multiplication G×M G → G, an inversion G → G and a unit morphism
M → G. Here G ×M G ⊂ G × G is the fibre product over the pair (s, t).

These structure morphisms are subject to group-like properties, which encode
the aforementioned symmetries of M . Lie groupoids are simultaneous gener-
alisations of several familiar concepts:

1. Manifolds M , in which G = M ⇒M with only identity morphisms;

2. Lie groups G, in which case M is simply a point: G = G⇒ {∗};

3. Lie group actions θ : G→ Diff(M), where G = G×M ⇒M with source
s = prM and target induced by θ, namely t(g,m) = θ(g)(m).

A Lie groupoid G is called proper if the combined source-target morphism
G →M ×M is a proper map. Properness is often viewed as the correct com-
pactness condition for Lie groupoids and leads to interesting phenomena. The
first interesting phenomenon of properness is that these kinds of Lie groupoids
are linearisable: they admit a local normal form [37, 42, 108, 111]. A second
interesting phenomenon, which helps to prove linearisability, is that they al-
ways admit so-called simplicial metrics and hence they can always be seen as
a Riemannian groupoid [42, 43]. Moreover, a subclass of proper Lie groupoids
model orbifolds [77].

Lie groupoids are a tool to study many different objects. For example,
the holonomy groupoid of a (regular) foliation captures most of the important
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invariants of the foliation, principally its C∗-algebra and its cyclic cohomology
[20, 34, 27, 35]. In the study of Poisson manifolds, one uses Lie groupoids with
a compatible symplectic structure as symplectic realisations. Such symplectic
Lie groupoids are less singular than their underlying Poisson manifold, and
their use allows for the application of symplectic techniques to Poisson geo-
metry [106, 24, 32, 110, 30, 29]. For a more historic note on the origins of Lie
groupoids, we refer to [19, 107].

We will now briefly discuss the major results contained in this thesis. Each
of these result can be viewed as a piece of a generalisation of the correspond-
ence between foliation Lie groupoids G ⇒ M , foliations on M and orbifold
structures on X = M/G, as we will now make precise. For a more in depth
description of each chapter, see the introductions of the chapters themselves.

Orbispaces

The first main part of this thesis, to be found in Chapter 3, examines the orbit
spaces of proper Lie groupoids. If G ⇒ M is a proper Lie groupoid, then its
orbit space is the quotient M/G, which has a point for each orbit t(s−1(x))
in M . Besides being a topological space, it admits more structure as it is the
quotient of an action of a compact Lie group.

When considering Lie groupoids, we often do this up to Morita equivalence.
Morita equivalence is an equivalence relation on the collection of all Lie group-
oids that is weaker than the relation generated by isomorphisms of Lie group-
oids. However it captures plenty of important invariants of the Lie groupoid,
such as its regularity, properness, its orbit space and the structure normal to
the orbits. One can view Morita equivalence as an equivalence of the geometry
transverse to the orbits.

In simple cases, the orbit spaces of Lie groupoids admit the structure of an
orbifold, which have been studied thoroughly [100, 77, 76], and are somehow
only mildly singular. For a general proper Lie groupoid, the orbit space is more
singular than an orbifold and hence a different notion is needed to capture their
singularities correctly.

Most often, such singular spaces are only described as the orbit spaces of
proper Lie groupoids [41, 62], even though orbifolds admit an intrinsic defini-
tion in terms of an orbifold atlas. Motivated by the atlas definition of orbifolds,
we define orbispace atlases and an appropriate notion of equivalence, resulting
in an intrinsic definition of an orbispace. Furthermore, we show that we can
construct such an atlas on the orbit space of any linearisable Lie groupoid,
which therefore naturally defines an orbispace structure on its orbit space.
Conversely, we show that any orbispace atlas canonically defines a Lie group-
oid. These two constructions are related in the following sense (combination
of Proposition 3.2.12 and Theorem 3.2.29).
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Theorem A. Let G be a linearisable (proper) Lie groupoid. Then its orbit
space X admits a canonical (proper) orbispace structure. Moreover, the Lie
groupoid induced by any atlas of this structure is Morita equivalent to G.

When considering morphisms between orbispaces, we can make the cor-
respondence between Lie groupoids and orbispaces even stronger. The above
theorem already shows it is not Lie groupoids, but rather Morita equivalence
classes of Lie groupoids, that define orbispaces. The Morita equivalences
provided by Theorem A are special. Namely, they induce the identity mor-
phism on their orbit spaces. Therefore, defining morphisms of orbispaces in-
trinsically as equivalence classes of orbispace atlas morphisms allows us to
see that the category of orbispaces can be identified with a subcategory of
differentiable stacks (see Theorem 3.3.17).

Theorem B. The category of linear orbispaces is a subcategory of the category
of differentiable stacks:

Clin
orbi = Clin

st ⊂ Cst.

In this correspondence, the subcategories of proper orbispaces and separated
differentiable stacks coincide.

This theorem shows that orbispaces are nothing more than Lie groupoids,
up to the correct notion of equivalence. We remark again that even though in
the literature an orbispace is often defined as a (Morita equivalence class) of
(proper) Lie groupoids, see [41, 15], we define an orbispace through an atlas
and hence the above theorem is non-trivial.

Since linearisations are often induced by simplicial metrics, we continue
with a study of the behaviour of the metric with respect to its orbit space. It
is known, see [86], that given a simplicial metric, the orbit space is a metric
space. This leads to the consideration of Riemannian orbispaces, whose at-
lases have Riemannian charts. At the same time, in [43] the authors prove that
the property of admitting a metric is a Morita invariant, which leads to the
notion of a Riemannian stack. Generalising the above results to the Rieman-
nian world, we show that proper Riemannian orbispaces are in fact separated
Riemannian stacks (see Theorem 3.6.8).

Theorem C. The category of proper Riemannian orbispaces is a subcategory
of Riemannian stacks:

CR,proper
orbi = CR,sep

st ⊂ CR
st.

Interesting questions arise when we focus on foliations. As is known, regular
foliations define orbifolds but also have a smooth holonomy groupoid. For
singular foliations the holonomy groupoid exists as well, but is not always
smooth [7, 38, 9]. It is still unknown which singular foliations admit the
structure of an orbispace on their leaf spaces. If this were true, our results
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would show that there exists a Lie groupoid integrating the foliation up to
Morita equivalence. This Lie groupoid would necessarily be larger than the
holonomy groupoid. An example of this occurrence is the SO(n)-action on Rn
for n ≥ 3. Here its leaf space is an orbit space but the holonomy groupoid is
not smooth.

Desingularisations

The second main topic of this thesis, to be found in Chapter 4, is the regularity
of Lie groupoids. A groupoid is called regular if all its orbits have the same
dimension, and singular otherwise. Among well-known examples of regular Lie
groupoids are foliation Lie groupoids and bundles of Lie groups. In general
[74], the structure of a regular Lie groupoid is determined by fitting in a short
exact sequence

K → G → E,

where K is a bundle of Lie groups and E is a foliation groupoid. This ensures
that regular Lie groupoids are well-understood. As we know that singular Lie
groupoids do not admit such a decomposition, we instead consider the differ-
ence between singular and regular Lie groupoids in order to understand their
structure better. The first result is that the manifold of objects of a linearisable
Lie groupoid is stratified by the dimension of its orbits (Theorem 4.2.5).

Theorem D. Let G ⇒M be a linearisable Lie groupoid. Then M is stratified
by the connected components of manifolds Sk := {x ∈M | codim(Lx) = k}.

Motivated by desingularisations of proper Lie group actions through blow-
ups as in [1, 44], we show that this stratification allows us to blow up a Lie
groupoid to a regular Lie groupoid. Blow-ups procedures have appeared in the
study of Lie groupoids before, see for example [57, 82, 40]. When restricting to
proper Lie groupoids, linearisability allows us to express the blow-up globally
as an action groupoid:

Bl(G) ∼= G ×M Bl(M).

Moreover, the blow-up is less singular than the original Lie groupoid when
we blow up a singular stratum. As the stratification is finite, we obtain the
following result (combination of Theorem 4.3.13 and Theorem 4.3.26).

Theorem E. Any proper Lie groupoid admits a desingularisation to a regular
proper Lie groupoid. Moreover, Morita, equivalent proper Lie groupoids admit
Morita equivalent desingularisations.

Consequences of these theorems can be found in a comparison between the
representations up to homotopy of the Lie groupoid and its blow-up. Since
the adjoint representation of a regular Lie groupoid is relatively simple, se-
quentially blowing up a singular Lie groupoid allows us to describe the adjoint
representation of singular Lie groupoids in simpler terms.
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In the Riemannian world, we use averaging techniques as developed in [42]
to show that we can lift a simplicial metric on a groupoid to a simplicial metric
on the blow-up. This leads to the Riemannian counterpart of Theorem E
(combination of Theorem 4.4.9 and Theorem 4.4.14).

Theorem F. Any proper Riemannian groupoid admits a Riemannian desingu-
larisation. Moreover, Morita equivalent Riemannian groupoids admit Morita
equivalent desingularisations.

When we apply this theorem to the orbispaces defined in Chapter 3, we
can conclude that the Gromov–Hausdorff distance between an orbispace and
the orbit space of its blow-up can be chosen to be arbitrarily small. That is,
each orbispace arises as a limit of orbifolds.

Main contributions of this thesis

The main contents of this thesis can be summarised as follows.

• An atlas description of an orbispace in the spirit of orbifolds;

• Linearisable (proper) orbispaces are exactly linearisable (separated) dif-
ferentiable stacks (Theorem A and Theorem B);

• Proper Riemannian orbispaces are exactly separated Riemannian stacks
(Theorem C);

• A generalisation of desingularisations of proper group actions to de-
singularisations of proper Lie/Riemannian groupoids (Theorem E and
Theorem F).
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1

Chapter 1

Lie groupoids

This first chapter should be viewed as an introduction into the theory of Lie
groupoids, their morphisms and equivalences, and their Riemannian counter-
part, focusing on and describing the material we need in subsequent chapters.
This chapter can safely be skipped in reading if the reader is familiar with Lie
groupoids. Background references for this chapter include [33, 69, 76, 80, 41].

Organization of the chapter:

The structure of this chapter is as follows. In Section 1.1, we recall the defin-
ition of a Lie groupoid, introduce the notion of properness and discuss its
important consequences, and introduce other important classes of Lie group-
oids. In this section we also discuss the various kinds of morphisms between
Lie groupoids. Then in Section 1.2, we continue to investigate the structure
on the set of all Morita equivalences of Lie groupoids, which will be important
for Chapter 3. Finally, in Section 1.3, we recall the notion of a Riemannian
groupoid and a Riemannian morphism.

1.1 Lie groupoids

Lie groupoids can be seen as a generalisation of smooth actions of Lie groups,
with Lie groups (acting at a one-point space) at one end of the spectrum and
smooth manifolds (where there is no action at all) at the other end. Although
a categorical definition of a groupoid is much shorter, we prefer to write it out:

Definition 1.1.1. A Lie groupoid consists of two smooth manifolds G and M ,
together with a set of smooth morphisms {s, t, u, i,m}, namely:

• The source map s : G →M , which is a surjective submersion;

• The target map t : G →M , which is a surjective submersion;
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• The unit map u : M → G, which is an embedding and is denoted by
1x := u(x) for x ∈M . Each u(x) is called a unit ;

• The inversion i : G → G, which is a diffeomorphism and is denoted by
g−1 := i(g) for g ∈ G;

• The multiplication m : G(2) → G denoted by (g2, g1) 7→ g2g1 := m(g2, g1)
is smooth, where G(2) = G ×M G := {(g2, g1) ∈ G × G | s(g2) = t(g1)}.

These are subject to the conditions that:

• The source map is invariant under multiplication from the left, for all
(g2, g1) ∈ G(2):

s(g2g1) = s(g1);

• The target map is invariant under multiplication from the right, for all
(g2, g1) ∈ G(2):

t(g2g1) = t(g2);

• The multiplication is associative, for all (g3, g2), (g2, g1) ∈ G(2):

(g3g2)g1 = g3(g2g1);

• The units act as unit elements, for all x ∈M and all g ∈ G:

s(1x) = t(1x) = x, 1t(g)g = g = g1s(g);

• The inversion acts as an inversion for the multiplication, for all g ∈ G:

gg−1 = 1t(g), g−1g = 1s(g).

Elements of G and M are called arrows and objects respectively and the morph-
isms {s, t, u, i,m} are called the structure morphisms of the Lie groupoid. As
s and t are submersions, G(2) is a manifold and its elements are called com-
posable arrows. For all x ∈ M , s−1(x) is called its source-fibre or s-fibre,
Gx := s−1(x) ∩ t−1(x) its isotropy group and Lx := t(s−1(x)) its orbit. Two
points x, y ∈M are called equivalent if they belong to the same orbit, and the
quotient space X := M/G is called the orbit space of G. Finally, a submanifold
S ⊂M is called saturated if it is a union of orbits, i.e. if Lx ⊂ S for all x ∈ S.

Remark 1.1.2. Throughout this thesis we will use notation similar to G×M G
for the fibre product, which is also called the categorical pull-back. Here the
maps along which we fibre are assumed to be understood and in this case are
the source and target map.

The following well-known theorem elucidates the smooth structure of the
orbits and isotropy structures. A proof can be found, for example, in [76].



1

1.1 — Lie groupoids 3

Theorem 1.1.3. Let G ⇒ M be a Lie groupoid and x ∈ M . Then Lx ⊂ M
is an embedded submanifold, and Gx is a Lie group and a submanifold of G.

Often we will denote a Lie groupoid by only writing out the target and
source map. When writing G ⇒M , the other morphisms are to be understood.
We can extend any Lie groupoid G ⇒ M into a simplicial complex G(k) such
that G(1) = G and G(0) = M by considering, just as for k = 2, the k-composable
arrows. This simplicial complex is called the nerve of G and will play an
important role in Section 1.3, where we will discuss it more thoroughly, see
Definition 1.3.5.

Let us consider some examples of Lie groupoids. We first make precise how
Lie groups and smooth manifolds are extreme examples of Lie groupoids.

Example 1.1.4 (Lie groups). If G is a Lie group, then G := G⇒ {∗} is a Lie
groupoid over a single point space {∗}. Its source and target map are both
the projection onto {∗}, the unit map identifies the identity element in G and
the inversion and multiplication are given by the group inversion and group
multiplication respectively. This Lie groupoid has only one orbit L∗ = {∗},
and its orbit space X is therefore equal to {∗}. The isotropy group G∗ is equal
to the Lie group G itself.

Example 1.1.5 (Manifolds). If M is a smooth manifold, then G := M ⇒M
is a Lie groupoid with source, target, inversion and unit map the identity map
on M . This implies that G ×M G = M and hence we ask the multiplication
to be the identity as well. This Lie groupoid has an orbit Lx = {x} for each
x ∈M and its orbit space X is therefore equal to M . The isotropy groups Gx
are all trivial.

As one can see, for Lie groups all the information is encoded in the space of
arrows, while for smooth manifolds all the information is encoded in the space
of objects. In this sense they are at opposite ends of the spectrum. The next
example shows that Lie groupoids generalise smooth actions of Lie groups.

Example 1.1.6 (Action groupoids). If G is a Lie group, acting smoothly on
a smooth manifold M from the left, then the action groupoid of this action,
defined by

G := G×M ⇒M,

is a Lie groupoid with s(g, x) := x and t(g, x) := g · x. The unit map sends
x 7→ (e, x) and inversion and multiplication are defined as

(g, x)−1 := (g−1, g · x); (g2, gx · x1) · (g1, x1) := (g2g1, x1).

This Lie groupoid has orbits given by the orbits of the group action and its
orbit space is equal to the orbit space of the group action as well. The isotropy
group Gx of a point x ∈M is isomorphic to the stabilizer subgroup of G with
respect to x.
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Apart from Lie groups, actions and smooth manifolds, submersions can
also be included in the world of Lie groupoids.

Example 1.1.7 (Submersion groupoids). If f : M →M ′ is a smooth submer-
sion, then the submersion groupoid of f , defined as

G := M ×M ′ M := {(x1, x0) ∈M ×M | f(x1) = f(x0)}⇒M,

is a Lie groupoid with s(x1, x0) := x0 and t(x1, x0) := x1. The unit map sends
x 7→ (x, x) ∈M ×M ′ M and inversion and multiplication are defined by

(x2, x1)−1 := (x1, x2); (x3, x2) · (x2, x1) := (x3, x1).

Note that G, as a space, is the fibre product of f : M → M ′ with itself. This
Lie groupoid has orbits given by the f -fibres and its orbit space X is therefore
isomorphic to the image of f inside M ′. The isotropy group are all trivial.

By picking f = idM : M → M we get Example 1.1.5 as a special example
of a submersion groupoid. Even though this example looks quite trivial, in
the world of Lie groupoids and their equivalences it is not, as the orbit space
is equal to M and hence has a lot of structure. The following example can
be seen as the correct trivial example, which we will make more precise in
Example 1.1.23. It can again be viewed as a submersion groupoid, but now of
the trivial submersion f : M → {∗}.

Example 1.1.8 (Pair groupoids). If M is a smooth manifold, then the pair
groupoid of M , defined as

G := M ×M ⇒M,

is a Lie groupoid with s(x2, x1) := x1 and t(x2, x1) := x2. The unit map sends
x 7→ (x, x) ∈M ×M and inversion and multiplication are defined as:

(x2, x1)−1 := (x1, x2); (x3, x2) · (x2, x1) := (x3, x1).

Note that G is the submersion groupoid of f : M → {∗}. This Lie groupoid
has therefore a single orbit given by M and its orbit space X is equal to {∗}.
The isotropy groups are all trivial.

Subgroupoids give more examples of Lie groupoids.

Example 1.1.9 (Subgroupoids by restriction). Let G ⇒M be a Lie groupoid
and let S ⊂M be a smooth submanifold. Since s and t are submersions, s−1(S)
and t−1(S) are submanifolds of G. When their intersection is a submanifold
as well, the full subgroupoid of S, defined by

GS = G|S := s−1(S) ∩ t−1(S)⇒ S,
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is a Lie groupoid, with structure maps the restriction of the structure maps of
G. After having introduced Lie groupoid morphisms in Section 1.1.1, we will
see that the inclusion map GS ↪→ G is a Lie groupoid morphism.

There are two special examples of submanifolds S such that GS is a smooth
manifold and hence a Lie groupoid. The first example is when S is saturated,
which happens if and only if s−1(S) = t−1(S). The second special example is
when S = U ⊂M , an open subset.

Just as Lie groups can act on manifolds, so can Lie groupoids. The notion
of an action will generate new examples of Lie groupoids, similar to the action
groupoids of Lie group actions discussed in Example 1.1.6. After discussing
these examples of Lie groupoids in general we will combine subgroupoids with
Lie groupoid actions to discuss an important example of an action groupoid.
Finally, we will finish this section by discussing connections on groupoids,
which will allow us to lift groupoid actions to the tangent level.

Definition 1.1.10. A left-action of a Lie groupoid G ⇒ M on a smooth
manifold P along a smooth map α : P → M consists of a smooth map from
the fibre product θ : G ×M P → P (abbreviated using ·) such that:

• α(g · p) = t(g) for all (g, p) ∈ G ×M P ;

• g2 · (g1 · p) = (g2g1) · p for all (g2, g1 · p), (g1, p) ∈ G ×M P ;

• 1x · p = p for all x = α(p) ∈M .

The map θ is called the action morphism and α is called the moment map of
the action. We denote this using the following diagram.

G P

M

α

If G acts on a vector bundle V →M such that the morphism g· : Vs(g) → Vt(g)
is linear for all g ∈ G, we call V a left representation. Similarly, one can define
right-actions and right representations.

Using the same formulas as in Example 1.1.6, we see that G ×M P is a Lie
groupoid, which we call an action groupoid. Lie group actions are a special
case of Lie groupoid actions, so that there is no confusion in terminology.

Example 1.1.11 (Action groupoids). If G ⇒ M is a Lie groupoid, acting
from the left on P along α : P → M , then the action groupoid of this action,
defined by

H := G ×M P ⇒ P,
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is a Lie groupoid with s(g, p) := p and t(g, p) := g · p. The unit map sends
p 7→ (1α(p), p) and inversion and multiplication are defined by

(g, p)−1 := (g−1, g · p); (g2, g2 · p1) · (g1, p1) := (g2g1, p1).

Note that if G is a Lie group G⇒ {∗}, acting on M along α : M → {∗}, then
H is exactly the action groupoid of the Lie group action as in Example 1.1.6.

The most important example of a representation or an action groupoid, is
the normal representation of a Lie groupoid along a saturated submanifold.

Example 1.1.12 (Normal representation). Let G ⇒ M be Lie groupoid and
S ⊂ M a saturated submanifold. Then G|S acts on ν(S) := TM |S/TS, the
normal bundle of S, along the projection onto S. Let x ∈ S, g ∈ s−1(x) and
let [v] ∈ ν(S) be the class of v ∈ TxM . Since s is a submersion, any such class
can be written as [dgs(X)] for some X ∈ TgG. Using this we define the action
of g on [v] by

g · [dgs(X)] := [dgt(X)]. (1.1)

The resulting action groupoid G|S ×S ν(S) ⇒ ν(S) is called the linearisation
of G along S. In Lemma 1.1.25 below we will see the reason for this name.

As any Lie group action G y M lifts to a tangent action G y TM , we
can wonder if the same holds true for actions of Lie groupoids. This turns
out to be more subtle when the object manifold of G is non-trivial. We need
connections in order to vary smoothly inside the object manifold.

Definition 1.1.13 ([11]). A connection on a Lie groupoid G ⇒M is a bundle
morphism σ : s∗TM → TG such that ds◦σ = id and σu(x) = dxu for all x ∈M .

Definition 1.1.14 ([42]). Let G ⇒ M be a Lie groupoid with connection σ,
acting on a manifold P from the right along a morphism α : P → M , and let
θ : P ×M G → P be its action morphism. Then the tangent lift of the action
is the quasi-action of G on TP from the right, defined by

w · g := dθ(w, σg ◦ dα(w)), for all (w, g) ∈ TP ×M G.

We will denote the action of g by Tθg, i.e. Tθg(w) := w · g.

We will use the existence of this tangent lift in Section 1.3 when performing
averaging to show existence of metrics on particular Lie groupoids. Note that
the lift is only a quasi-action as it is not necessarily associative and each
identity arrow does not necessarily act as the identity map.

1.1.1 Morphisms and Morita equivalences

In order to construct a category with Lie groupoids as objects, we need to
know what the correct notion of a morphism between groupoids is. There are
two commonly used options, which vary in strictness and lead to a different
notion of Lie groupoid isomorphisms. The first definition is straightforward.
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Definition 1.1.15. A Lie groupoid morphism φ : (G ⇒ M) → (G′ ⇒ M ′)
consists of two smooth maps φ1 : G → G′ and φ0 : M →M ′ which preserve the
structure maps and group-like structure:

• The sources and targets are preserved, for all g ∈ G:

s′(φ1(g)) = φ0(s(g)), t′(φ1(g)) = φ0(t(g));

• Units are preserved, for all x ∈M :

φ1(1x) = 1φ0(x);

• Inversion is preserved, for all g ∈ G:

φ1(g)−1 = φ1(g−1);

• Multiplication is preserved, for all (g2, g1) ∈ G(2):

φ1(g2)φ1(g1) = φ1(g2g1).

The morphism φ is called a Lie groupoid isomorphism if both φ1 and φ0 are
diffeomorphisms. In this case we call G and G′ isomorphic, which will be
denoted by G ∼= G′. If φ1 and φ0 are both embeddings, we call G a Lie
subgroupoid of G′. An isomorphism between two Lie groupoid morphisms
φ, ψ : G → G′ is a smooth map ξ : M → G′ such that ξ(t(g))φ(g) = ψ(g)ξ(s(g))
for all g ∈ G.

With this definition it easily follows that the inclusion morphism of a full
subgroupoid as in Example 1.1.9 is an embedding and therefore gives rise to
a Lie subgroupoid. However, many important properties of Lie groupoids like
its orbitspace, are preserved under an equivalence relation which is less strict
than Lie groupoid isomorphism, namely under Morita equivalences. These so-
called Morita equivalences are the isomorphisms arising from a second notion
of Lie groupoid morphisms, namely the weak equivalences.

Definition 1.1.16. A groupoid morphism φ : (G ⇒M)→ (G′ ⇒M ′) is called
a weak equivalence if it satisfies the following two properties:

• It is fully faithful : the map (φ1, t, s) : G → G′ ×(M ′×M ′) (M ×M) is an
isomorphism;

• It is essentially surjective: the map t′◦πG′ : G′×M ′M →M ′ is a surjective
submersion.

If φ0 : M → M ′ is a surjective submersion, φ is called a surjective weak equi-
valence. If there exists a weak equivalence between two Lie groupoids G and
G′, we call them Morita equivalent, which will be denoted by G ' G′.
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Note that if φ is a Lie groupoid morphisms such that φ0 : M → M ′ is
a surjective submersion, then φ is automatically essentially surjective. Fully
faithfulness of φ implies in this case that all maps φk : G(k) → G′(k) are sub-
mersions.

Example 1.1.17 (Subgroupoids). If G ⇒ M is a Lie groupoid and U ⊂ M
an open subset of M , then the inclusion i : G|U → G is a weak equivalence if
and only if each orbit L ⊂ M has non-empty intersection L ∩ U . It is easy
to check that i is always fully faithful and that t : G ×M U = s−1(U) → M is
always submersive. The assumption on U ensures exactly that it is surjective
as well. Thus G is Morita equivalent to G|U in this case.

Weak equivalences are not invertible, in contrast with isomorphisms. In
order to construct an actual equivalence relation on all Lie groupoids which
captures Morita equivalence, we need to formally invert the weak equivalences.
For this one has to use a third Lie groupoid.

Definition 1.1.18. A (surjective) fraction G ← H → G′ consists of a Lie
groupoid H, together with a Lie groupoid morphisms φ′ : H → G′ and a
(surjective) weak equivalence φ : H → G. In diagram form we will denote
it as follows.

G H G′φ′φ

If φ′ is a weak equivalence as well, we say that H is a Morita fraction and G
and G′ are Morita equivalent, which will be denoted by G ' G′. If both weak
equivalences are surjective, then we will call H a surjective Morita fraction.
An isomorphism of fractions between G ← H → G′ and G ← H′ → G′ is a
Morita equivalence H ← H0 → H′ such that the pairs of morphisms H0 → G
and H0 → G′ are isomorphic as morphisms. This is depicted as follows.

G H G′

H0

G H′ G′

If G ← H → G′ is a fraction, then there exists a fraction H′, isomorphic to
H, which is a surjective weak equivalence onto G, see [76]. Therefore, if G and
G′ are Morita equivalent there always exists a fraction H between them with
only surjective weak equivalences.

Using actions of Lie groupoids, we can alternatively capture the information
contained in a fraction in a so-called generalised morphism. Let P be a smooth
manifold and assume that G acts from the left on P along α and G′ acts from
the right on P along α′. If the actions commute and the moment map of each
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action is invariant under the action of the other groupoid, i.e., α(p ·g′) = α(p),
we call (P, α, α′) : G 99K G′ a bibundle from G to G′. This is depicted as follows.

G P G′

M M ′

α α′

An isomorphism of bibundles P, P ′ : G 99K G′ is a diffeomorphism P ∼= P ′

which commutes with both action maps and both submersions. This allows
for an alternative definition of Morita equivalence using bibundles.

Definition 1.1.19. A bibundle (P, α, α′) : G 99K G′ is called right principal if
α is a submersion and the combined source-target map

(s, t) : P ×M ′ G′ → P ×M P ; (p, g) 7→ (p · g, p)

is an isomorphism. If P is right principal, we call the isomorphism class of
(P, α, α′) a generalised morphism from G to G′. Left principal bibundles are
defined similarly. A Morita bibundle is a bibundle which is left and right prin-
cipal, and a Morita equivalence is an isomorphism class of Morita bibundles.

Example 1.1.20 (Subgroupoids). If G ⇒M is a Lie groupoid and U ⊂M an
open subset of M , then P := t−1(U) : G|U 99K G is a Morita bibundle if and
only if each orbit L ⊂M has non-empty intersection L ∩ U with U . Here the
G|U and G-actions are by groupoid multiplication. This bibundle corresponds
to the weak equivalence in Example 1.1.17.

When dealing with Morita equivalences, we will often work with actual bi-
bundles instead of with their isomorphism classes, i.e. with Morita bibundles.
The isomorphism classes of bibundles are important, however, if one wants
to switch views and work with weak equivalences instead. The following con-
struction is due to del Hoyo in [41].

Starting with a representative of a generalised morphism P : G 99K G′, we
can construct a Lie groupoid H := G ×M P ×M ′ G′ ⇒ P , with structure maps

s(g, p, g′) := p · g′;
t(g, p, g′) := g · p;
(g2, p2, g

′
2)(g1, p1, g

′
1) := (g2g1, g

−1
1 p2, g

′
2g
′
1).

The Lie groupoid H, together with its projection φ and φ′ onto G and G′
respectively, is a fraction. Here fully faithfulness of φ follows from the fact
that P ×M P ∼= P ×M ′ G′ and essential surjectivity of φ follows from α being
a submersion.
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Conversely, starting with a fraction G ← H → G′ such that H → G is a
surjective weak equivalence, H acts on the smooth manifold G ×M N ×M ′ G′
from the left along the projection onto N as

h · (g, n, g′) := (gφ(h)−1, t(h), φ′(h)g′).

The action is free and proper and hence the quotient P is a smooth manifold,
see Theorem 1.1.29. Using the left-action of G on itself and the right-action
of G′, we get actions on P along the maps α := t ◦ πG and α′ := s′ ◦ πG′ .
Since we assume φ0 : N → M to be a surjective submersion it follows that
α is one as well. Finally, using fully faithfulness of φ one can show that
P ×M P ∼= P ×M ′ G′, so that P is a generalised morphism. This leads to:

Proposition 1.1.21 ([41]). Generalized morphisms are in one-to-one corres-
pondence with isomorphism classes of fractions.

Let us finish this section by giving another characterization of Morita equi-
valence. Recall that G|S acts on ν(S) for each saturated S ⊂ M . When
S = Lx, a single orbit, there is an action of the isotropy group Gx on νx(Lx).

Theorem 1.1.22 ([41, Theorem 4.3.1]). Let φ : G → G′ be a morphism of
groupoids and X and X ′ the orbit spaces of G and G′ respectively. Then φ is
a weak equivalence if and only if

• The induced topological map X → X ′ is a homeomorphism;

• The induced morphisms of representations

φx : (Gx y νx(Lx))→ (G′φ(x) y νφ(x)(L
′
φ(x)))

are isomorphisms of the normal actions, for all x ∈M .

As mentioned before, the pair groupoids defined in Example 1.1.8 can be
viewed as the Morita trivial Lie groupoids. More precisely:

Example 1.1.23 (Pair groupoids are Morita trivial). Let G := M ×M ⇒M
be the pair groupoid of Example 1.1.8 and let φ : M × M → {∗} be the
projection. Then φ is a weak equivalence. Indeed, both orbit spaces are a
single point space as M ×M has only one orbit. Secondly, Gx = {(x, x)}, a
single point as well and hence the normal representations are equal. Therefore,
Theorem 1.1.22 implies that every two pair groupoids are Morita equivalent.

1.1.2 Proper Lie groupoids and linearisability

The Lie groupoids which play a central role in this thesis are proper Lie
groupoids. The idea behind properness is that it somehow encodes finiteness,
similar to compactness for smooth manifolds. Recall that a continuous map
f : M → M ′ is called proper if f−1(K ′) is compact for all compact K ′ ⊂ M ′.
In the case that M and M ′ are smooth manifolds, it is equivalent to f being
closed and f−1(x′) being compact for all x′ ∈M ′.
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Definition 1.1.24. A Lie groupoid is called proper if the combined source-
target map (s, t) : G →M ×M is a proper map.

Note that if G ⇒M is proper, the isotropy groups Gx = (s, t)−1({(x, x)})
are compact. Moreover, since each orbit Lx can be written as

Lx ∼= {x} × Lx = (s, t)
(
s−1(x)

)
,

and proper maps are closed maps, it follows that all the orbits of G are closed.
Proper Lie groupoids are particularly manageable Lie groupoids as they enjoy
multiple advantages. Before we get into the consequences of properness, let us
briefly revisit our examples and consider when they are proper.

• Lie groups are proper as Lie groupoids if and only if they are compact
as groups;

• Manifolds, submersion groupoids and pair groupoids are always proper;

• Actions groupoids of Lie group actions are proper if and only if the Lie
group acts properly;

• Restrictions of proper Lie groupoids are proper.

Proper Lie groupoids have two particularly useful properties. Firstly,
proper Lie groupoids are linearisable. Recall from Example 1.1.12 that for any
groupoid G ⇒M and S ⊂M a saturated submanifold, its normal representa-
tion is the action groupoid G|S ×S ν(S)⇒ ν(S). The normal representation is
sometimes also called the linearisation of G and is closely related to G itself.
The following well-known lemma explains why.

Lemma 1.1.25. Let G ⇒M be a Lie groupoid and let S ⊂M be a saturated
submanifold. The normal bundles of S and GS form a Lie groupoid

ν(GS)⇒ ν(S),

with structure maps induced by the differentials of the structure maps of G.
Moreover, (π, ds) : ν(GS)→ GS ×S ν(S) is a Lie groupoid isomorphism.

The linearisation of G serves as a local normal form for G around saturated
submanifolds. However, this does not hold for all Lie groupoids, only for the
linearisable ones. Luckily, proper Lie groupoids are linearisable.

Definition 1.1.26. Let G ⇒ M be a Lie groupoid and S ⊂ M a saturated
submanifold. We say that G is linearisable around S if there exist open sets
S ⊂ U ⊂M and S ⊂ V ⊂ ν(S) and an isomorphism

G|U ∼= (G|S ×S ν(S))|V ,

which is the identity on G|S . If G is linearisable around any saturated sub-
manifold, we say that G is linearisable.
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Theorem 1.1.27 ([37, 42, 108, 111]). Proper Lie groupoids are linearisable.

If a Lie groupoid is linearisable, all of its information around a saturated
submanifold is contained in its linearisation. Sometimes it is easier to work
with an even more local picture. For this we have a local model around any
point in M :

Theorem 1.1.28 ([86]). Let G ⇒ M be a proper Lie groupoid and x ∈ M .
Then there exist open subsets x ∈ U ⊂ M , x ∈ O ⊂ Lx and 0 ∈ V ⊂ νx(Lx)
such that

G|U ∼= (Gx × νx(Lx))|V × (O ×O).

Here O ×O ⇒ O is the pair groupoid and Gx × νx(Lx) is the action groupoid
of the isotropy group of G at x. Hence proper Lie groupoids are locally Morita
equivalent to an action of a compact Lie group.

The linearisation theorem can be seen as a generalised slice theorem. The
slice theorem for Lie group actions shows that quotients of free and proper Lie
group actions are smooth manifolds. A similar result holds for Lie groupoid
actions. We call a Lie groupoid action G y P proper if the associated action
groupoid G ×M P ⇒ P is a proper Lie groupoid. We call it free if no non-
identity arrow acts trivially.

Theorem 1.1.29 ([76]). Let G ⇒ M be a Lie groupoid acting freely and
properly on a manifold P with moment map α : P →M . Then the orbit space
P/G is a smooth manifold and the quotient map P → P/G is a submersion.

Proof. Since the action is proper, the groupoid H := G ×M P ⇒ P is proper
and its orbit space is exactly given by P/G. Using the local model of The-
orem 1.1.28, we see that all isotropy groups Hx are compact and act freely on
the normal spaces νx(Lx). The quotients of these Lie group actions are there-
fore manifolds for which the quotient maps are submersions. This provides
charts for P/G.

Example 1.1.30 (Morita equivalence). Let (P, α, α′) : G 99K G′ be a Morita
bibundle. Using the quotient theorem, Theorem 1.1.29, we can retrieve the
diffeomorphism class of the Lie groupoid G′ ⇒M ′ given the action of G on P .

Firstly, we consider the action of G on P . Its action groupoid is isomorphic
to P×M ′P ⇒ P , which is a proper Lie groupoid since all submersion groupoids
are proper. If g ∈ G acts trivially, then it has the same image as a unit arrow
under this isomorphism. Hence the G-action on P is free and proper. Since
G×MP ∼= P×M ′P , it follows that the map P/G →M ′ which sends g·p 7→ α′(p)
is an isomorphism.

Secondly, we consider the action of G on P ×M P through the formula

g · (p, p′) := (g · p, g · p′).
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Similarly to above, the action is free and proper and hence (P ×M P )/G is
a smooth manifold. Moreover, the map (P ×M P )/G ∼= (P ×M ′ G′)/G → G′
which sends [p, g′] 7→ g′ is an isomorphism.

These two quotients together can be viewed as a quotient of the Lie group-
oid P ×M P ⇒ P . The resulting quotient therefore naturally obtains structure
morphisms and hence is isomorphic to G′ ⇒M ′ as a Lie groupoid.

The second important property proper Lie groupoids have is that one can
perform integration on them. Integration on Lie groupoids G ⇒ M is done
on each source-fibre s−1(x) separately. For this we need smoothly varying
measures on the s-fibres of G ⇒M , which are compatible with the Lie groupoid
structure. A thorough introduction on Haar systems can be found in [93].

Definition 1.1.31. A Haar system on a groupoid G ⇒M is a family {µx}x∈M
of measures on the s-fibers s−1(x) such that they are:

• right-invariant : for all g ∈ G, letting Rg : s−1(t(g)) → s−1(s(g)) be the
right translation, one has R∗g(µ

s(g)) = µt(g);

• smooth: for all f ∈ C∞c (G), the map x 7→ µx(f |s−1(x)) is smooth.

Given a Haar system, its support at x ∈M , suppx(µ), is defined as the smallest
closed set K ⊂ s−1(x) such that for all f ∈ C∞c (s−1(x) \ K) we have that
µx(f) = 0. Its support is then the union supp(µ) = ∪x∈Msuppx(µ). The Haar
system µ is called proper if s restricted to supp(µ) is a proper map.

Theorem 1.1.32 ([102]). Lie groupoids admit proper Haar systems if and
only if they are proper.

The main reason we want to be able to integrate is so that we can use
averaging techniques. We will use this later, for example, to prove that metrics
with particular properties exist (see Theorem 1.3.11). Let us discuss an easier
application first.

Example 1.1.33 (Basic forms). Let G ⇒ M be a Lie groupoid with orbit
space X. A smooth form ω ∈ Ωk(M) is called basic if s∗(ω) = t∗(ω) ∈ Ωk(G).
Basic forms are constant on orbits and can be seen as smooth forms on X,
i.e. Ωk(X) := Ωkbas(M). Using a proper Haar system µ and a connection σ on
G ⇒M , we can average and get a map ξ : Ωk(M)→ Ωk(X), defined by

ξ(ω)x(X1, ... , Xk) :=

∫
s−1(x)

ωt(g) (dgt(σg(X1)), ... , dgt(σg(Xk))) dµx(g),

for all X1, ... , Xk ∈ TxM.

Properness of the Haar system ensures that the integrals are finite, smoothness
ensures smoothness of ξ(ω) and right-invariance implies that ξ(ω) is basic.
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Before we briefly discuss some other properties a groupoid can have, let
us make one more remark about the class of all proper Lie groupoids. Since
we wish to study groupoids up to Morita equivalence, we have to wonder if
properness is a Morita invariant property. This turns out to be the case.

Proposition 1.1.34 ([76]). Let G ⇒ M and G′ ⇒ M ′ be two Morita equiva-
lent groupoids. Then G is proper if and only if G′ is proper.

Proof. Let φ : G → G′ be a surjective weak equivalence and assume G′ to be
proper. Then for any compact K ⊂M ×M , we get that

(s, t)−1(K) =
(
(s′, t′)−1(φ(K))

)
×(M ′×M ′) K,

which is the fibre product of two compact sets and hence compact. Conversely,
if G is proper and K ′ ⊂ M ′ ×M ′ is compact, we can assume without loss of
generality that K ′ ⊂ dom(σ) for a local section σ of φ : M →M ′. Hence:

(s′, t′)−1(K ′) = φ((s, t)−1(σ(K ′))).

This is compact as it is the image of a compact set under a smooth map.

1.1.3 Other classes of Lie groupoids

Although properness is the most important property of a Lie groupoid for this
thesis, there are several other properties we will use. We will spend the final
part of this section by defining these other properties, give examples of them
and determining whether the properties are Morita invariant.

• G is called regular if all its orbits have the same dimension and singular
otherwise. If G is singular, we call the collection of orbits of maximal
dimension its regular part and we will denote it by Σreg. Being either
regular or singular is Morita invariant since weak equivalences respect
the codimension of the orbits. This follows from the isomorphisms of the
normal spaces in Theorem 1.1.22.

• G is called s-connected if all s-fibres s−1(x) are connected. In this case all
the orbits of G are connected as well, since they are given by t(s−1(x)).
This property is Morita invariant as follows from the lemma below. Fi-
nally, any Lie groupoid G ⇒ M admits an s-connected subgroupoid
Gs ⇒ M given by ∪xs−1(x)◦, i.e. by the connected components of the
identities 1x ∈ s−1(x).

Lemma 1.1.35. Let φ : G → G′ be a surjective weak equivalence. Then
G is s-connected if and only if G′ is.

Proof. The s-fibres of G are given by s−1(x) = s−1(φ(x))×M ′M . Recall
that the image of a connected space under a continuous map is con-
nected. In our case, the projection s−1(x) → s−1(φ(x)) is surjective
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since φ : M → M ′ is. Hence s−1(x) being connected implies directly
that s−1(φ(x)) is as well. The other implication follows by using that
φ : M →M ′ is a submersion.

• G is called transitive if it has only one orbit. Its orbit space is a single
point and hence Theorem 1.1.22 shows that this property is Morita in-
variant. The pair groupoid M ×M ⇒ M is an important example of a
transitive Lie groupoid.

• G is called étale if dim(G) = dim(M), which happens if and only if s and
t are local diffeomorphisms. This property is not Morita invariant. The
product G × (M ′ ×M ′) ⇒ M ×M ′ of an étale Lie groupoid G with a
pair groupoid M ′ ×M ′ is not étale when dim(M ′) > 0. It is however
Morita equivalent to G.

• G is called effective if it is étale and if each g ∈ G such that g 6= 1x for
all x has non-zero effect, which is defined as eff(g) := germs(g)(t ◦ s|−1

U )
for any open neighbourhood g ∈ U ⊂ G such that s|U and t|U are
diffeomorphisms. The effect can be viewed as a Lie groupoid morphism
eff : G → Γ(M). Here Γ(M) ⇒ M is the Haefliger groupoid, which is
defined as all germs of local diffeomorphisms of M . Then, G is effective
if and only if eff is an injective map. The image eff(G) is by construction
effective for any étale Lie groupoid.

• G is called s-proper if s : G → M is a proper map. Any s-proper Lie
groupoid is t-proper and proper as well. Unlike properness, s-properness
is not Morita invariant. An easy counterexample is provided by consid-
ering the pair groupoid M ×M ⇒M , which is s-proper if and only if M
is compact. Since by Example 1.1.23 any two pair groupoids are Morita
equivalent, we see that s-properness is not Morita invariant. A partic-
ularly useful advantage of s-properness over properness is that such Lie
groupoids are invariantly linearisable, that is, the subsets U and V in
Definition 1.1.26 can be chosen to be saturated, see [37].

• G is called a bundle of Lie groups if s = t. In this case, each arrow in
G lies in an isotropy group, all isotropy groups are isomorphic and G is
a fiber bundle with a Lie group as fibre. These groupoids are proper if
and only if the fibre Lie group is compact.

• G is called a foliation groupoid if all isotropy groups are discrete. This
happens if and only if G is Morita equivalent to an étale Lie groupoid,
see [35]. Foliation groupoids will play an important role when we discuss
foliations (Chapter 2) and orbifolds (Chapter 3).

In [74], Moerdijk shows how some of these properties fit together, which
can be viewed as a classification theorem for (proper) regular Lie groupoids.
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Theorem 1.1.36 ([74]). Any regular Lie groupoid G fits into a short exact
sequence

K → G → E,

with K a bundle of Lie groups and E a foliation groupoid. If G is proper, then
so are K and E.

We will return to this theorem in Chapter 4.

1.2 Structure on Morita equivalences

Similarly to how the set of diffeomorphisms of a smooth manifold is a group,
the set of all Morita bibundles admits extra structure as well. In this section,
we will discuss this extra structure, both in the bibundles viewpoint as well
as in the fraction viewpoint. This structure will be used in Chapter 3, where
we discuss which structure the orbit space of a Lie groupoid admits. We start
with the bibundles viewpoint.

Recall that a Morita bibundle between Lie groupoids G and G′ is a bibundle
(P, α, α′) : G 99K G′ given by a diagram of the following form.

G P G′

M M ′

α α′

As expected of any sort of morphism, we can compose two Morita bibundles.

Definition 1.2.1. The composition of Morita bibundles (P, α, α′) : G 99K G′
and (Q, β′, β′′) : G′ 99K G′′ is given by the bibundle:

P ∗Q := (P ×M ′ Q/G′, α, β′′) : G 99K G′′.

The G′-action which is used to define the quotient is defined by

g′ · (p, q) := (p · (g′)−1, g′ · q), for all s′(g) = α′(p) = β′(q).

The composition of two Morita equivalences is the isomorphism class of the
composition of two representatives:

[P ] ∗ [Q] := [P ∗Q].

Lemma 1.2.2. The composition of two Morita bibundles is a Morita bibundle.

Proof. Let P,Q be two Morita bibundles and P ∗ Q : G 99K G′′ their com-
position. The G-action, G′′-action and moment maps of P ∗ Q are defined
as:

g · [p, q] := [g · p, q], [p, q] · g′′ := [p, q · g′′];
α([p, q]) := α(p), β′′([p, q]) := β′′(q).
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By symmetry it is enough to show that P ∗Q is right principal. Since P and
Q are both right principal, it follows that the map P ×M ′ Q → P → M is
a submersion. The moment α is the induced map under the quotient of the
G′-action on P ×M ′ Q, and hence is a submersion as well. Finally, we have:

P ∗Q×M ′′ G′′ = (P ×M ′ Q×M ′′ G′′)/G′ ∼= (P ×M ′ Q×M ′ Q)/G′
∼= P ∗Q×M P ∗Q.

Remark 1.2.3. In the above proof that P ∗Q is a Morita bibundle, we notice
that if P,Q are only right principal, then so is P ∗Q, i.e. one can also compose
right principal bibundles.

Besides composition, which can be viewed as a sort of product on the set
of all Morita bibundles, we can also consider the inverse of a Morita bibundle.

Definition 1.2.4. The inverse of a Morita bibundle (P, α, α′) : G 99K G′ is
the Morita bibundle given by (P, α′, α) : G′ 99K G, with actions:

g′ · p := p · (g′)−1, p · g := g−1 · p.

The inverse of a Morita equivalence is the isomorphism class of the inverse of
one of its representatives.

The two notions, compositions and inverses, work well together.

Lemma 1.2.5. Let G, G′, G′′′ and G′′′ be Lie groupoids, and P : G 99K G′,
Q : G′ 99K G′′ and R : G′′′ 99K G′′′′ Morita bibundles. The product ∗ on Morita
bibundles has the following properties up to isomorphism:

• Units exist: G : G 99K G is a Morita bibundle and P ∗ G′ ∼= P ∼= G ∗ P ;

• Inverses exist: P ∗ P−1 ∼= G and (P ∗Q)−1 ∼= Q−1 ∗ P−1;

• It is associative: P ∗ (Q ∗R) ∼= (P ∗Q) ∗R.

Proof. For the existence of units we can use the translation as actions and the
source and target map as moment maps. It follows straightforwardly that G
is indeed a Morita bibundle. Moreover, note that:

G ∗ P = G ×M P/G ∼= P,

under the action morphism (g, p) 7→ g · p. For the existence of inverses, we
have that:

P ∗ P−1 = P ×M ′ P/G′ ∼= G ×M P/G′,
where we use that G ×M P → P ×M ′ P , which sends (g, p) 7→ (g · p, p), is an
isomorphism since P is a Morita bibundle. Then, under this isomorphism, the
G′-action, when viewed as a right-action, is given by

(g, p) · g′ = (g, p · g′).
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Hence P ∗ P−1 ∼= G ×M (P/G′) ∼= G through the projection onto G, since
P/G′ ∼= M . Moreover, the map(p, q) 7→ (q, p) descends to an isomorphism
(P ∗ Q)−1 → Q−1 ∗ P−1. Finally, associativity follows by using the identity
morphism on the fibre product P ×M ′Q×M ′′R, which descends to [p, [q, r]] 7→
[[p, q], r].

Remark 1.2.6. When passing to Morita equivalences over Morita bibundles,
the above lemma shows that the set of all Morita equivalences is the arrow
space of a category which has Lie groupoids as object space.

Finally, a useful property of Morita bibundles is that one can restrict them.

Lemma 1.2.7. Let P : G 99K G′ be a Morita bibundle and let U ⊂ M and
U ′ ⊂ M ′ be saturated submanifolds such that PU := α−1(U) = α′−1(U ′).
Then PU : G|U 99K G′|U ′ is a Morita bibundle.

Proof. The actions of G and G′ reduce to GU - and G′U ′ -actions on PU and the
restriction of the moment maps are automatically submersive. Moreover:

PU ×U PU = P ×M P |PU ∼= (P ×M ′ G′)|PU = PU ×U ′ G′U ′ .

A similar computation holds for the other submersion groupoid PU ×U ′ PU
and hence PU is a Morita bibundle.

We will use this lemma for example in Chapter 4. In that chapter we will
also see that one can start with a saturated U ⊂M and let U ′ ⊂M ′ be defined
by α′(α−1(U)) in the above lemma (Lemma 4.3.22).

1.2.1 Weak and strong pullbacks of fractions

In this section we consider the corresponding structure on all Morita equi-
valences in the languages of (surjective) weak equivalences and (surjective)
fractions. This translation will help us in Section 3.4 by realising how orbi-
folds and orbispace functors are examples of the orbispaces we will define. As
the space of fractions is somehow bigger than the space of bibundles, there will
be more difficulties to describe its structure. In particular, the isomorphisms
of the fractions have plenty of structure themselves. After this, we will discuss
two different kinds of its compositions of fraction isomorphisms, horizontal and
vertical, which show that the space of Morita fractions is a bicategory. For
more on bicategories see for example [16].

We start by defining compositions of two fractions. Here we have two
options as well, namely weak and strong pullbacks. We will start with the
weak pullbacks.

Definition 1.2.8 ([76, 41]). Let G ⇒ M , G′ ⇒ M ′ and H ⇒ N be Lie
groupoids and let φ : G → H and φ′ : G′ → H be groupoid morphisms such
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that either φ0 or φ′0 is submersive. Then the weak pullback of G and G′ along
H is defined as the fibre product

G ×N H×N G′ ⇒M ×N H×N M ′.

Its structure maps are given by:

• s(g, h, g′) = (s(g), hφ′(g′), s′(g′));

• t(g, h, g′) = (t(g), φ(g)h, t′(g′));

• (g, h, g′)−1 = (g−1, φ(g)hφ′(g′), g′−1);

• 1(m,h,m′) = (1m, h, 1m′);

• (g2, h2, g
′
2)(g1, h1, g

′
1) = (g2g1, φ(g1)−1h2, g

′
2g
′
1).

We will denote this Lie groupoid by G∗HG′ ⇒M ∗HM ′ or just G∗G′ whenever
the image groupoid H is obvious from the context.

Remark 1.2.9. The definition we use is a bit different than the ones used in
the cited literature, but the difference is only a groupoid isomorphism. This
notion of a weak pullback looks more like the structure one gets by considering
the fraction of a bibundle and therefore has our preference.

If φ : G → H in the above definition is a surjective weak equivalence, the
weak pullback exists and in this case the corresponding projection G∗HG′ → G′
is a weak equivalence.

Lemma 1.2.10. Let φ : G → H and φ′ : G′ → H be Lie groupoid morphisms
such that φ is a surjective weak equivalence. Then π′ : G ∗H G′ → G′′ is a
surjective weak equivalence as well.

Proof. Because fibre products preserve submersiveness and φ0 is a surjective
submersion, so is πH : M ×N H → H and hence so is s ◦ πH : M ×N H → N .
This implies that (M ×N H) ×N M ′ → M ′ is a surjective submersion, which
is exactly π′0. Moreover, we see that:

G ∗H G′ ∼= (H×N×N (M ×M))×N H×N G′
∼= ((M ×N H)× (M ×N H))×N×N G′
∼= ((M ∗HM ′)× (M ∗HM ′))×M ′×M ′ G′.

This shows that π′ is fully faithful.

Recalling surjectivity for Morita fractions, this lemma shows that the fol-
lowing definition makes sense.

Definition 1.2.11. Let G ← H → G′ and G′ ← K → G′′ be two surjective
Morita fractions. Their composition is given by the surjective Morita fraction
G ← H ∗ K → G′′.
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Similar to how Morita bibundles can be inverted, so can Morita fractions.

Definition 1.2.12. The inverse of a Morita fraction G ← H → G′ is the
Morita fraction given by G′ ← H→ G.

Before we can state a lemma similar to Lemma 1.2.5, we have to look
back at what an isomorphism of a fraction exactly is. We have already men-
tioned briefly in Definition 1.1.18 that we have to use isomorphisms of groupoid
morphisms, but these isomorphisms are in fact part of the data.

Definition 1.2.13. Let G ← H → G′ and G ← H′ → G′ be two Morita
fractions. A fraction isomorphism fromH toH′ is a triple (H0, ξ, ξ

′), consisting
of a Morita fraction H ← H0 → H′ and groupoid morphism isomorphisms

ξ : (H0 → H→ G)→ (H0 → H′ → G);

ξ′ : (H0 → H→ G′)→ (H0 → H′ → G′).

We will denote this in diagram form as follows.

G H G′

ξ H0 ξ′

G H′ G′

If both pairs of maps from H0, i.e. H0 → G and H0 → G′, are identical one
can use the identity isomorphisms ξ(y0) = 1x and ξ′(y0) = 1x′ , where y0 is
mapped onto x and x′ under the Lie groupoid morphisms respectively. In this
case, we call (H0, ξ, ξ

′) a strict fraction isomorphism.

Example 1.2.14. Let G α← H β→ G′ be a fraction. The identity fraction

isomorphism of H is given by H id← H id→ H, with ξ = u ◦ α and ξ′ = u′ ◦ β′.
This is a strict fraction isomorphism from H to itself.

We already remarked that the space of all Morita fractions is larger than
the space of all Morita bibundles, even though they are equal when considered
up to equivalence. This shows that Morita fraction isomorphisms must have
more structure. They can be composed as well, which is vital for Chapter 3.

There are two ways to compose fraction isomorphisms: vertically and ho-
rizontally. One should view the vertical composition as changing along the
fractions H and H′, while the horizontal composition changes along the base
groupoids G and G′. In diagram form it becomes clear why we call them
horizontal and vertical.
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Definition 1.2.15. The vertical composition of two fraction isomorphisms
H ← (H0, ξ0, ξ

′
0) → H′ and H′ ← (H1, ξ1, ξ

′
1) → H′′, is given by the fraction

isomorphism

H ← H0 ← (H0 ∗ H1, ξ0 ∗v ξ1, ξ′0 ∗v ξ′1)→ H1 → H′′,

with isomorphisms defined by

(ξ0 ∗v ξ1)(n0, h
′, n1) := ξ1(n1) · α′(h′)−1 · ξ0(n0);

(ξ′0 ∗v ξ′1)(n0, h
′, n1) := ξ′1(n1) · β′(h′)−1 · ξ′0(n0).

Here α′ : H′ → G and β′ : H′ → G′ are the fraction maps. We will denote it by
H0 ∗v H1. In diagram form it is the following composition.

G H G′

ξ0 H0 ξ′0

G H′ G′

ξ1 H1 ξ′1

G H′′ G′

βα

ψ0

φ0

β′α′

ψ1

φ1

β′′α′′

Lemma 1.2.16. The vertical composition of two fraction isomorphisms is
well-defined.

Proof. We need to show that the maps ξ0∗ξ1 and ξ′0∗ξ′1 in the above formula are
indeed isomorphisms of the corresponding groupoid morphisms. We compute
that:

(α′′ ◦ ψ1)(h1) · (ξ0 ∗ ξ1)(s(h0, h
′, h1))

= (α′′ ◦ ψ1)(h1)ξ1(s(h1))(α′ ◦ φ1)(h1)−1α′(h′)−1ξ0(s(h0))

= ξ1(t(h1))α′(h′)−1ξ0(s(h0))

= ξ1(t(h1))α′(h′)−1(α′ ◦ ψ0)(h0)−1ξ0(t(h0))(α ◦ φ0)(h0)

= (ξ0 ∗ ξ1)(t(h0, h
′, h1)) · (α ◦ φ0)(h0).

This computation shows that ξ0∗ξ1 : α◦φ◦π0 → α′′◦ψ1◦π1 is an isomorphism.
If we replace each instance of α by β the same computation and conclusion
also holds for ξ′0 ∗ ξ′1.
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Definition 1.2.17. The horizontal composition of two fraction isomorphisms

H φ← (H0, ξ, ξ
′)

ψ→ H′ and Ĥ φ̂← (Ĥ0, ξ̂
′, ξ̂′′)

ψ̂→ Ĥ′, is given by the fraction
isomorphism

H ∗ Ĥ φ∗hφ̂← (H0 ∗G′ Ĥ0, ξ, ξ̂
′′)

ψ∗hψ̂→ H′ ∗ Ĥ′,
with Lie groupoid morphisms defined by

(φ ∗h φ̂)(h, g, ĥ) := (φ(h), g, φ̂(ĥ));

(ψ ∗h ψ̂)(h, g, ĥ) := (ψ(h), ξ′(s(h))g(ξ̂′(t(ĥ)))−1, ψ̂(ĥ)).

We will denote it by H0∗h Ĥ0. In diagram form it is the following composition.

G H G′ Ĥ G′′

ξ H0 ξ′, ξ̂′ Ĥ0 ξ̂′′

G H′ G′ Ĥ′ G′′

φ

ψ

φ̂

ψ̂

Remark 1.2.18. Although we won’t go into details regarding the structure of
the compositions of fraction isomorphisms, one can show that a fraction ana-
logue of Lemma 1.2.5 is the first part in proving that there exists a bicategory
with as objects Lie groupoids, as 1-arrows Morita fractions and as 2-arrows
the isomorphisms of fractions.

For completeness, we now discuss an alternate way to compose Morita
fractions. From Corollary 1.2.21 it will follow that the two compositions are
essentially the same, i.e. they will be isomorphic as fractions. Recall that two
maps f : M → N and f ′ : M ′ → N are transverse if for all (m,m′) such that
f(m) = f ′(m′) =: n we have that df(TmM) + df ′(Tm′M

′) = TnN .

Definition 1.2.19 ([76]). Let G ⇒M , G′ ⇒M ′ and H⇒ N be Lie groupoids
and let φ : G → H and φ′ : G′ → H be groupoid morphisms such that φi and
φ′i are transverse for i = 0, 1. Then the strong pullback of G and G′ along H is
defined as the fibre product

G ×H G′ ⇒M ×N M ′.

Its structure maps are given componentwise by those of G and G′.

Transversality of the pairs of maps ensures that the arrow set and object
set are naturally smooth manifolds. In this case it immediately follows that
the above is indeed a Lie groupoid. If φ or φ′ is a surjective weak equivalence,
then the pair φ, φ′ is automatically transverse. In this case the corresponding
projection of the strong pullback is a surjective weak equivalence as well.
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Lemma 1.2.20. If φ : G → H is a surjective weak equivalence, then so is the
projection π′ : G ×H G′ → G′.

Proof. Since φ0 is a surjective submersion, so is π′0. Moreover, we see that:

G′×M ′×M ′ ((M ×N M ′)× (M ×N M ′))
∼= G′ ×N×N (M ×M)
∼= (H×N×N (M ×M))×H G′
∼= G ×H G′,

showing that π′ is fully faithful.

Combining Lemma 1.2.20 with Lemma 1.2.10, we can conclude that al-
though weak and strong pullbacks are not isomorphic as groupoids, they are
often Morita equivalent and isomorphic as fractions.

Corollary 1.2.21. Let φ : G → H and φ′ : G′ → H be two Lie groupoid morph-
isms such that φ is a surjective weak equivalence. Then the weak and strong
pullbacks are isomorphic fractions.

Proof. The map φ : G ×H G′ → G ∗ G′ defined by

φ(g, g′) := (g, 1φ(s(g)), g
′),

is a Morita equivalence which commutes with the projection maps onto G and
G′. Hence it is an isomorphism of fractions G ×H G′ ← G ×H G′ → G ∗ G′.

We finish this section with a lemma which discusses the bibundle isomor-
phisms a fraction isomorphism induces. It can be viewed as a translation
between the two viewpoints. Recall that given a Morita fraction G ← H → G′,
the corresponding bibundle is given by P = G ×M ×N ×M ′ G′/H.

Lemma 1.2.22. Let G, G′ be Lie groupoids, G ← H → G′ and G ← H′ → G′
two fractions and H ← H0 → H′ a fraction isomorphism, with isomorphisms
ξ and ξ′ as in the following diagram.

G H G′′

ξ H0 ξ′

G H′ G′′

βα

ψ

φ

β′α′

If P, P ′ and P0 are the bibundles corresponding to H,H′ and H0 respectively,
then the following maps are well-defined bibundle isomorphisms:

φP : P0 → P, [g, n0, g
′] 7→ [g, φ(n0), g′];

ψP : P0 → P ′, [g, n0, g
′] 7→ [gξ(n0)−1, ψ(n0), ξ′(n0)g′].
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Proof. We will prove the second isomorphism, as the first one is simpler.
First we check that the map is well-defined. Since t(ξ(n0)) = α′ ◦ ψ(n0) and
t(ξ′(n0)) = β′ ◦ ψ(n0) we only need to check whether the map is well-defined
on the equivalence class. The following computation shows that this holds.

ψP (h0 ·[g, n0, g
′]) = ψP ([g(α ◦ φ)(h0)−1, t(h0), (β′ ◦ φ)(h0)g′])

= [g(α ◦ φ)(h0)−1ξ(t(h0))−1, ψ(t(h0)), ξ′(t(h0))(β ◦ φ)(h0)g′]

= [gξ(n0)−1(α′ ◦ ψ)(h0)−1, ψ(t(h0)), (β′ ◦ ψ)(h0)ξ′(n0)g′]

= ψ(h0)·[gξ(n0)−1, ψ(n0), ξ′(n0)g′] = ψ(h0)·ψP ([g, n0, g
′]).

One can check that the dimensions of P0 and P ′ are the same and hence we
are left to show that ψP is a bijective submersion. For injectivity, suppose
that

ψP ([g, n0, g
′]) = ψP ([ĝ, n̂0, ĝ

′]).

Then there exists a h′ ∈ H′ such that

h′(gξ(n0)−1, ψ(n0), ξ′(h0)g′) = (ĝξ(n̂0)−1, ψ(n̂0), ξ′(n̂0)ĝ′).

Since ψ is a weak equivalence, there exists a unique h0 ∈ H0 such that
ψ(h0) = h′, s(h0) = n0 and t(h0) = n̂0. The existence of this h0 leads to
the injectivity of ψP , since h0 · (g, h0, g

′) = (ĝ, n̂0, ĝ
′). For surjectivity and

submersiveness, note that ψ is surjective and submersive. Hence any n′ can
be written as n′ = ψ(n0) and a similar statement holds at the tangent level.
Therefore any [g, n′, g′] is the image of [gξ(n0), n0, ξ

′(n0)−1g′], and again a sim-
ilar statement holds at the tangent level. We conclude that ψP is surjective
and submersive. Therefore, it is an isomorphism.

1.3 Metrics and Riemannian groupoids

Combining Riemannian geometry with the study of groupoids leads to consid-
ering Riemannian groupoids, which roughly are Lie groupoids equipped with
a metric. There are several notions of such a metric to be found in the lit-
erature, see for example [42, 50, 53, 86]. Each of these versions ask different
compatibility conditions of the metric with the Lie groupoid structure. The
version of metrics we will use are so-called simplicial metrics and originate
from [42]. A simplicial metric is the strongest version of all the possible defin-
itions of metrics and this will be necessary in Chapter 4 (see Remark 4.4.8).
This section consists of two parts. In the first part we recall the definition of
a simplicial metric, we recall existence results and remark on the impact of a
simplicial metric on linearisability of the Lie groupoid and on its orbit space.
In the second part we discuss Riemannian Morita equivalences. But first, we
start by recalling some basics on Riemannian geometry.
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A metric η on a smooth manifold M consists of an inner product ηx on TxM
for all x ∈M , which varies smoothly with x. For this smoothness condition on
η we need that for all vector fields X,Y ∈ X(M), the function x 7→ ηx(Xx, Yx)
is smooth on M . Most of the linear algebra behind metrics that we need can
be found in Appendix A, so that in the main body we can focus on the smooth
structure.

Important morphisms are so-called Riemannian submersions, which are the
smooth maps for which the derivative is Riemannian surjective at all points.

Definition 1.3.1. A submersion f : (M,η) → (M ′, η′) between Riemannian
manifolds is called a Riemannian submersion if

dxf : ker(dxf)⊥ → Tf(x)M
′ is a linear isometry, for all x ∈M.

In Appendix A, one can read that whenever we have a surjective linear map,
we can define pushforward inner products. Doing this smoothly for metrics on
a manifold is a bit more subtle.

Definition 1.3.2. Let f : (M,η) → M ′ be a submersion. Then η is said to
be f -transverse if for all x′ ∈M ′ and all x1, x2 ∈ f−1(x′) the pointwise push-
forward forms (dxif)∗(ηxi) agree. If η is f -transverse, then the pushforward
metric η′ on M ′ is defined as

η′(df(X), df(Y )) = η(X,Y ), for all X,Y ∈ ker(df)⊥.

Note that η′ is now the unique metric on M ′ such that f : (M,η)→ (M ′, η′)
is a Riemannian submersion.

A particular case of a submersion we would like to consider, is the quotient
map of a free and proper action of a Lie groupoid, see Theorem 1.1.29. If
G ⇒M acts on (P, ηP ), then ηP is called G-invariant if ηP is π-transverse, for
π the quotient map π : P → P/G. Obviously, not all metrics are G-invariant.
When G is a proper Lie groupoid, using the pointwise dual η∗P and the tangent
lift of the action, averaging allows us to construct a G-invariant metric out of
any metric which interacts naturally with Riemannian submersions.

Theorem 1.3.3 ([42]). Let G ⇒ M be a proper Lie groupoid, acting freely
and properly on the right on (P, ηP ) along α : P →M , let π : P → P/G be the
quotient map and let σ and µ be a connection and a proper Haar system on G
respectively. Then the metric Av(ηP ), whose dual is defined by

Av(ηP )∗p(β, β
′) :=

∫
s−1(α(p))

(η∗P )p·g ((Tθg)
∗(β), (Tθg)

∗(β′)) dµα(p)(g);

for all β, β′ ∈ T ∗pP,

is G-invariant. Moreover, if ηP is already G-invariant, then the pushforward
metrics of ηP and Av(ηP ) on P/G agree.
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Suppose furthermore that G acts freely and properly on (P ′, η′P ) from the
right, and that ξ : P → P ′ is a Riemannian submersion which is G-equivariant,
i.e. satisfies ξ(g · p) = g · ξ(p) for all g ∈ G and p ∈ P . Then

ξ : (P,Av(ηP ))→ (P ′,Av(η′P ))

is a Riemannian submersion as well.

Remark 1.3.4. Although the averaged metric Av(ηP ) does depend on choice
of Haar system and connection, its pushed down metric on P/G does not, as
can be checked by direct computation. Since any left-action can be made into
a right-action by p · g := g−1 ·p, we can also average over actions from the left.
As we will have a natural right-action in Section 4.4, we have decided to write
out the formulas just for the right-action.

1.3.1 Riemannian groupoids

We continue in this section by defining a simplicial metric on a Lie groupoid.
Any Lie groupoid G ⇒M generates a symmetric simplicial manifold, called the
nerve, for which the first and zeroth parts are given by G and M respectively.
Roughly spoken, a simplicial metric is going to be a metric on this symmetric
simplicial manifold. Let us make it more precise.

Definition 1.3.5. The nerve of a Lie groupoid G ⇒ M is a symmetric sim-
plicial manifold, of which the k-simplices are given by the fibre products

G(k) := G ×M ... ×M G = {(gk, ... , g1) | s(gj) = t(gj−1) for j = k, ... , 2}.

The simplicial structure of the nerve consists of two sets of maps, which satisfy
some relations. First there are the face maps δkj : G(k) → G(k−1) for j = 0, ... , k,
which are submersions. Using the structure maps of the groupoid, they are
given by δ1

0 = t, δ1
1 = s and for k ≥ 2:

δkj (gk, ... , g1) =

 (gk, ... , g2) if j = 0;
(gk, ... , gj+2, gj+1 · gj , gj−1, ... , g1) if j = 1, ... , k − 1;
(gk−1, ... , g1) if j = k.

Secondly, there are the degeneracy maps σkj : G(k) → G(k+1) for j = 0, ... , k,

which are embeddings. For k = 0, we use the unit map σ0
0 = u and for k ≥ 1:

σkj (gk, ... , g1) =

{
(gk, ... , g1, 1s(g1)) if j = 0;
(gk, ... , gj+1, 1t(gj), gj , ... , g1) if j = 1, ... , k.

The symmetric structure of the nerve consists of smooth actions of the sym-
metric groups Sk+1 on G(k). The symmetric group Sk is generated by the
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transpositions (k, k−1), ... , (1, 0), so it is enough to know how these transpos-
itions act. This results in isomorphisms τkj : G(k) → G(k) for j = 1, ... , k and

can be written down explicitly as τ1
1 = i, the inversion, and for k ≥ 2:

τkj (gk, ... , g1) =


(gk, ... , g3, g2 · g1, g

−1
1 ) if j = 1;

(gk, ... , gj+1 · gj , g−1
j , gj · gj−1, ... , g1) if j = 2, ... , k − 1;

(g−1
k , gk · gk−1, gk−2, ... , g1) if j = k.

For a clear exposition on the structure equations of symmetric simplicial sets,
we refer to, for example, [10].

Example 1.3.6 (Submersion groupoid). Let f : M → M ′ be a submersion
and let G := M ×M ′M ⇒M be its submersion groupoid as in Example 1.1.7.
Then, the k-th component of its nerve, G(k) consists of k+1 fibre copies of M :

G(k) = M ×M ′ ... ×M ′ M = {(xk, ... , x0) | f(xi) = f(x0) for i = 1, ... , k}.

The face maps, degeneracy maps and symmetries are given by:

δkj (xk, ... , x0) := (xk, ... , xj+1, xj−1, ... , x0);

σkj (xk, ... , x0) := (xk, ... , xj+1, xj , xj , xj−1, ... , x0);

τkj (xk, ... , x0) := (xk, ... , xj+1, xj−1, xj , xj−2, ... , x0).

Just like any Lie groupoid generates a nerve, any Lie groupoid morphism
φ : G → G′ extends to a symmetric simplicial morphism between their nerves
by

φk(gk, ... , g1) := (φ1(gk), ... , φ1(g1)), for all (gk, ... , g1) ∈ G(k).

Here being symmetric simplicial means that the set of morphisms {φk}k com-
mute with all the face and degeneracy morphisms and all the Sk-actions.

Definition 1.3.7 ([42]). Let G ⇒ M be a Lie groupoid. A simplicial metric
on G is a collection of metrics η = {ηk}k∈N on {G(k)}k∈N, such that:

• η is simplicial : all face maps G(k) → G(k−1) are Riemannian submersions;

• η is symmetric: all the isometry groups Sk+1 act by isometries on G(k).

A Lie groupoid is called Riemannian if it is equipped with a simplicial metric.

Let us consider three examples. Submersion groupoids, submersion group-
oids of the source map of a Riemannian groupoid, and finally an isometric
action. The latter is actually a non-example and shows the main problem in
the construction of metrics on Lie groupoids. In the proof of the existence
result of metrics for proper Lie groupoids, Theorem 1.3.11, we will explain
how to deal with it.
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Example 1.3.8 (Submersion groupoids). Let f : M → M ′ be a submersion
and let G ⇒ M be the submersion groupoid of this submersion, see Ex-
ample 1.1.7. One can choose metrics η on M and η′ on M ′ such that f is
Riemannian, by first choosing η′ and a metric on ker(df) ⊂ TM → M and
then extending this to TM by orthogonally splitting TM = ker(df)⊕f∗(TM ′).

The submersion groupoid G = M ×M ′ M is a categorical pullback, and
hence Lemma A.2.1 shows that it admits a fibrewise defined smooth metric
η1 = η ∗ η given by

η1((v1, w1), (v2, w2)) = η(v1, v2) + η(w1, w2)− η′(df(v1), df(v2)),

for all (vj , wj) ∈ TM ×TM ′ TM.

This metric is such that the projections onto M are Riemannian submersions.
These projections are exactly the source and target maps. Moreover, the
definition of η1 is symmetric in the M -components as df(v1) = df(w1) and
hence i is an isometry. Similarly, the k-th component of the nerve G(k) is
given by M ×M ′ ... ×M ′ M , with k + 1 copies of M . It therefore admits a
pullback metric ηk. The resulting collection of metrics {ηk}, with η0 = η, is a
simplicial metric on G.

Suppose now that G ⇒ M is a Riemannian groupoid. As s : G → M is a
Riemannian submersion, we can use the previous example to define a simplicial
metric on its submersion groupoid G ×M G ⇒ G. It admits however another
simplicial metric, as the following example shows. This metric is somehow
closer to the existing metric on G.

Example 1.3.9 (Submersion groupoids revisited). Let G ⇒M be a Rieman-
nian groupoid with metric η, and let G ×M G ⇒M be the submersion group-
oid of s : G ⇒ M . Denote the k-th component of its nerve by G[k+1], so that
G[1] = G and G[2] = G ×M G. For each k there is an isomorphism G[k] ∼= G(k),
given by ψ1 = id and by the maps

ψk(gk, ... , g1) := (gkg
−1
k−1, ... , g2g

−1
1 , g1), for all k ≥ 2.

Note that these ψk do not form a simplicial morphism, as they have a shift in
degree. We can, however, use them to pull back the metrics on G(k) to obtain

metrics ψ∗k(ηk) on G[k]. The face maps δ
[k]
i : G[k] → G[k−1] of G ×M G are given

in Example 1.3.6. Therefore we get that for i ≥ 1:

ψk−1 ◦ δ[k]
i (gk, ... , g1) = ψk−1(gk, ... , gi+2, gi, ... , g1)

= (gkg
−1
k−1, ... , gi+3g

−1
i+2, gi+2g

−1
i , gig

−1
i−1, ... , g2g

−1
1 , g1).

For i = 0, the computation yields (gkg
−1
k−1, ... g

−1
3 g2, g2). A similar computation

for the δki ◦ ψk shows that:

ψk−1 ◦ δ[k]
i = δki+1 ◦ ψk for all i = 0, ... , k − 1.
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Since the ψk are isometries, this shows that the face maps of G ×M G are
Riemannian submersions. For the symmetries we compute for i ≥ 2:

ψk−1 ◦ τ [k]
i (gk, ... , g1) = ψk−1(gk, ... , gi+2, gi, gi+1, gi−1, ... , g1)

= (gkg
−1
k−1, ... , gi+2g

−1
i , gig

−1
i+1, gi+1g

−1
i−1, ... , g2g

−1
1 , g1).

For i = 1, the computation yields (gkg
−1
k−1, ... , g4g

−1
3 , g3g

−1
1 , g1g

−1
2 , g2). Again,

similar computations for τki ◦ ψk show that:

ψk−1 ◦ τ [k]
i = τki+1 ◦ ψk for all i = 1, ... , k − 1.

Therefore, all the symmetries are isometries and the pull-back metrics ψ∗k(ηk)
form a simplicial metric on G ×M G ⇒ G. Note that we do not use all the
isometries and face maps from G, since we do not use τkk and δkk .

The next example, that of a compact Lie group acting smoothly, can be
viewed as a toy model for general proper Lie groupoids, since by linearisability
each proper Lie groupoid locally looks like a such a group action up to Morita
equivalence.

Example 1.3.10 (Isometric actions). Let G be a compact Lie group acting
isometrically on a Riemannian manifold (M,ηM ). There is an invariant metric
ηG on G as it is compact. The combined metric ηG⊕ ηM on G := G×M does
not form a simplicial metric, as the inversion i is not an isometry. Note that the
source-map is a Riemannian submersion. Therefore, we need to alter it, using
averaging as in Theorem 1.3.3. This is done as in the proof of Theorem 1.3.11.

Not all Lie groupoids admit simplicial metrics, but in [42] the authors show
that any proper Lie groupoid does. The main ideas of their existence proof
will be used again later, with a slight modification, in Proposition 1.3.22 and
Section 4.4. Due to this, we present a proof here. The important idea behind
the proof is that properness allows us to perform averaging.

Theorem 1.3.11 ([42]). Every proper Lie groupoid admits a simplicial metric.

Proof. Let G ⇒ M be a proper Lie groupoid, µ a proper Haar system The-
orem 1.1.32, and σ a connection. Since s : G → M is a submersion, Ex-
ample 1.3.8 shows that there exists a simplicial metric η̄ on the submersion
groupoid of s, G ×M G ⇒ G. Let us denote the k-th component of its nerve
by G[k+1], so that G[1] = G and G[2] = G ×M G. Then G ⇒ M acts on
the right on the manifold G[k] for all k by multiplication, with moment map
αk(gk, ... , g1) = s(g1). The quotient of G[k] under this action is exactly G(k−1)

with quotient maps q1 = t(g) and

qk(gk, ... , g1) = (gkg
−1
k−1, ... , g2g

−1
1 ), for all k ≥ 2.

Using Theorem 1.3.3, when averaging all the metrics of η̄, the resulting metrics
still form a simplicial metric Av(η̄) on G[2] ⇒ G and we can push it forward to
metrics ηk on G(k). The current situation is depicted in the following diagram.
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... (G[2],Av(η̄1)) (G,Av(η̄0)) G

... (G, η1) (M,η0)

q2 q1

By Lemma A.1.5 it follows that the the face maps are all Riemannian submer-
sions and the symmetries are all isometries. Hence, it follows that the metric
η on G is a simplicial metric.

Remark 1.3.12. Note that for an action groupoid G = G×M of a compact
group G on a smooth manifold M , the Haar system and connection can be
chosen simply to be given by

µx = µ, a measure on G; σ(g,x)(v) := (0, v) ∈ TgG× TxM.

Corollary 1.3.13. Let G be a Lie group acting properly by isometries on
(M,η) and let ηG be an invariant metric on G. Then its action groupoid
G×M ⇒M admits a simplicial metric.

Using metrics it is now easier to prove linearisation results. Just like the
exponential map of a metric of a Riemannian manifold gives tubular neigh-
bourhoods, the exponential maps of a simplicial metric give a linearisation.

Theorem 1.3.14 ([42]). Every Riemannian groupoid is weakly linearisable.

Corollary 1.3.15. Every proper Lie groupoid is linearisable.

As mentioned in [87], another useful consequence of the existence of a
simplicial metric on a Lie groupoid G ⇒ M is that its orbit space X := M/G
becomes a metric space. In [86] the authors show that if G ⇒ M is a proper
Lie groupoid and M carries a so-called transversely invariant metric, the orbit
space X is a metric space, with the metric dX defined by

dX(L,L′) = inf{d(x1, L) + ... + d(xn, Ln−1)}, (1.2)

forn ∈ N, xi ∈ Li for all 1 ≤ i ≤ n− 1, xn ∈ L′.

It is not hard to show that the zeroth component of any simplicial metric η
on G ⇒ M is in fact such a transversely invariant metric. Recall that a map
f : X → Y between metric spaces is called a submetry if there exists a R > 0
such that for all r ≤ R and all x ∈ X one has f(Br(x)) = Br(f(x)). Here
Br(x) denotes the open ball with radius r around x. Riemannian submersions
are important examples of submetries. We find:

Proposition 1.3.16 ([86, 87]). Let G ⇒M be a proper Lie groupoid equipped
with a simplicial metric. Then dX , as in Equation (1.2), turns X := M/G
into a metric space such that the quotient map M → X is a submetry.
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One of the advantages of a simplicial metric is that the normal action acts
by isometries.

Lemma 1.3.17. Let (G ⇒M,η) be a Riemannian groupoid. Then the normal
action of G is by isometries.

Proof. Let g ∈ G, v ∈ NxLx for x = s(g) and let x′ := t(g). For all orbits L,
one has s−1(L) = t−1(L) and hence we get that

dgs
−1(TxLx) = Tx(s−1(Lx)) = dgt

−1(Tx′Lx′).

Since s is a Riemannian submersion, there exists a unique w ∈ ker(dgs)
−1

such that dgs(w) = v. Since v ∈ NxLx, this implies that w ∈ dgs−1(TxLx).
Therefore w ∈ dgt−1(Tx′Lx′) as well and the action of g on v is given by

g · v = dgt(w).

The important thing to note here is that we do not need the projection onto
Nx′Lx′ in this expression. Since s and t are Riemannian submersions, we get
that ||v|| = ||w|| = ||dgt(w)|| = ||g · v||. Hence g acts by isometries.

1.3.2 Morphisms and Morita equivalence

When viewing Riemannian groupoids as their own category we need to discuss
which morphisms are appropriate. If we would just use generalised morph-
isms or weak equivalences of groupoids, we would not be able to differentiate
between choices of metric. Hence we have to adapt the definitions.

Definition 1.3.18 ([43]). A surjective weak equivalence φ : (G, η)→ (G′, η′) is
called Riemannian if all components φk : (G(k), ηk)→ (G′(k), η′k) are Rieman-
nian submersions.

Using this, we say that a fraction G ← H → G′ is Riemannian if H → G is a
Riemannian surjective weak equivalence. Note that we do not put a condition
on the Lie groupoid morphism H → G′. This is similar to the fact that a
suitable notion of Riemannian morphisms between Riemannian manifolds is
difficult to define. Isometries are easier to define and hence so are Riemannian
Morita equivalences. We define these as those Morita bibundles with metric
such that both weak equivalences are Riemannian. The other way of viewing
generalised morphisms is through bibundles.

Definition 1.3.19 ([87]). A right principal Riemannian bibundle from (G, η)
to (G′, η′) is a right principal bibundle (P, α, α′) : G 99K G′, together with
a metric ηP on P such that α is a Riemannian submersion. If (P, α, α′) is
a Morita bibundle and α′ is a Riemannian submersion as well, we call it a
Riemannian Morita bibundle.
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A consequence of the definition of a right principal Riemannian bibundle
is that the metric ηP on P is G′-invariant.

Definition 1.3.20. An isomorphism between two Riemannian bibundles
(P, ηP ) and (P ′, ηP ′) is an isometry P → P ′ which is also a bibundle iso-
morphism. A Riemannian generalised morphism is the isomorphism class of
a right principal Riemannian bibundle. A Riemannian Morita equivalence is
the isomorphism class of a Riemannian Morita bibundle.

Example 1.3.21 (Subgroupoids). If G ⇒ M is a Riemannian groupoid and
U ⊂M is an open subset of M , then G|U is a Riemannian groupoid with the
restricted metric. If moreover L ∩ U 6= ∅ for all orbits L, then

P := t−1(U) : G|U 99K G,

the Morita bibundle of Example 1.1.20, is a Riemannian bibundle when using
the restricted metric of G.

The one-to-one correspondence of Proposition 1.1.21 still exists in the
Riemannian world.

Proposition 1.3.22 ([87]). Let (P, α′, α, ηP ) : (G, η) 99K (G′, η′) be a Rieman-
nian generalised morphism and let H := G×M×P×M ′G′ ⇒ P be the associated
fraction. Then ηP induces a simplicial metric on H for which H is a Rieman-
nian fraction. Conversely, if G ← H → G′ is a Riemannian fraction, then
ηH induces a metric ηP on P := G ×M N ×M ′ G′/H such that (P, ηP ) is a
Riemannian bibundle between G and G′.

Proof. For the first part of the proposition, we use the averaging trick of (the
proof of) Theorem 1.3.11. For this we will construct a metric on the submersion
groupoid H ×P H ⇒ H, although this time we will not use the submersion
metric of Example 1.3.8. See Remark 1.3.23 for an explanation. Denote the
k-th component of the nerve of H ×P H by H[k+1], so that H[1] = H and
H[2] = H×P H. These components can be seen to be isomorphic to

H[k] = G[k] ×M P ×M ′ G′[k],

where the G[k] and G′[k] are defined similarly to the H[k]. Using Example 1.3.9,
we find that ψ∗(η) and ψ′∗(η′) are simplicial metrics on G[k] and G′[k] respect-
ively, where ψ : G[k] → G(k) and ψ′ : G′[k] → G′(k) are the isomorphisms defined
in Example 1.3.9. Using the construction of metrics on fibre products (see
Lemma A.2.1), H[k] carries the metric

η̄kH := ψ∗(ηk) ∗ ηP ∗ ψ′∗(η′k).

Before we start the averaging let us consider the map H[k] → G[k], using the
metric ψ∗(ηk) on the latter. We see that this fits into a diagram as follows.
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H[k] P ×M ′ G′[k] G′[k]

P M ′

G[k] M

prP t′

α

s

Here both squares are pullback diagrams. As t′ is a Riemannian submersion,
it follows that prP is as well and since α is one by assumption on P , so is
the composition P ×M ′ G′[k] → M . This in turn implies that H[k] → G[k] is a
Riemannian submersion.

Now H acts on H[k], but also on G[k], by using the G-multiplication. Note
that the metric for the latter action is invariant since it is already invariant for
the G-action. By picking a Haar system and connection on H, we can average
and push forward both η̄H and ψ∗(η). Since the H-action on G[k] preserves
the metric, the resulting metric on G is again η. Moreover, since the maps
H[k] → G′[k] are Riemannian submersions, so are the maps H(k) → G(k) with
the new metric on H and η on G. Hence H → G is a Riemannian submersion
and the first part of the proposition follows.

For the second part, using the Haar system and connection on H, we can
average the pullback metric η ∗ ηN ∗ η′ on G ×M N ×M ′ G′ and then push it
forward to P to get a metric ηP . We need to prove that the map α : P → M
is a Riemannian submersion. It is given by the quotient of the projection
G ×M N ×M ′ G′ → G as in the following diagram.

G ×M N ×M ′ G′ G

P M

prG

t

α

Here H acts on G by using φ, and its quotient is M . Hence P → M is a
Riemannian submersion if and only if prG is, since the metric η1 on G quotients
to η0. Note that G ×M N ×M ′ G′ fits into a double pullback diagram as below.

G ×M N ×M ′ G′ N ×M ′ G′ G′

N M ′

G M

prG

prN t′

φ0

As in the previous part of this proof, since t′ is a Riemannian submersion, so
is prN and since φ0 is, so is prG . This in turn implies that α : P → M is a
Riemannian submersion. This proves the second part of the proposition.
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Remark 1.3.23. In the first part of the proof of the previous proposition,
we could have tried to use the metric on the submersion groupoid as in Ex-
ample 1.3.8. If we do this however, we have no control over what happens to
the morphism H → G. Therefore, we need to use the metric on G to construct
the simplicial metric on H.

Remark 1.3.24. Using Proposition 1.1.21 one can show that in the Rieman-
nian setting the constructions of Proposition 1.3.22 are dual as well. That
is, generalised Riemannian morphisms are in one-to-one correspondence with
isomorphisms classes of Riemannian fractions.

We finish this section by showing that Riemannian Morita equivalences in-
duce isometries on the respective orbit spaces. One can view this as a Rieman-
nian generalisation of the first part of Theorem 1.1.22.

Proposition 1.3.25. Let φ : (G, η)→ (G′, η′) be a Riemannian surjective weak
equivalence. The induced homeomorphism φX : X → X ′ is an isometry.

Proof. Denote the metrics of X and X ′ as in Equation (1.2) by dX and dX′

respectively. Given a point x ∈M and an orbit L ⊂M we see that d(x, L) ≤ r
if and only if Br(x) ∩ L 6= ∅. Using the surjective submetry φ, this happens
again if and only if Br(φ(x)) ∩ φ(L) 6= ∅. Therefore, one has:

d(x, L) = d′(φ(x), φ(L)).

Using Equation (1.2) we can therefore conclude that

dX(L,L) ≤ dX′(φ(L), φ(L′)).

By surjectivity of φ the reversed inequality holds as well, i.e. φX is an isometry.
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Chapter 2

Foliations and Lie
groupoids

The orbits of a Lie groupoid G ⇒ M define a partition of its manifolds of
objects M , this is an example of a (singular) foliation. When the orbits all have
the same dimension, this foliation said to be regular. For regular Lie groupoids
and regular foliations there exists a converse of the first stamement: any regular
foliation admits a smooth, regular, holonomy groupoid [45, 88, 109].

To be more precise, one has a correspondence of the form as in the diagram
below. Here all the groupoids are assumed to be Lie groupoids, i.e. they are
smooth, and we will explain the diagram almost completely in this chapter.

{
regular

groupoids

} {
regular

foliations

}
{ orbifolds }

{ proper
effective

groupoids

}

{
foliation

groupoids

} {
étale

groupoids

} {
effective

groupoids

}

orbits

holonomy holonomy
along com-
plete trans-
versals

leafspace

effect

In general, the holonomy groupoid of the foliation of a proper Lie groupoid
does not equal the Lie groupoid itself, but rather is a quotient of it. Motivated
by the well-understood regular case, we ask ourselves if a similar diagram
holds for singular, i.e. non regular, Lie groupoids and singular foliations. In
this chapter we will focus on the left part of the diagram, that is the interplay
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between Lie groupoids and foliations. In the next chapter, Chapter 3, we will
focus on the orbifold part.

For singular foliations there is also notion of holonomy groupoid as well.
The following facts are known, however (see [8, 9]):

• The holonomy groupoid of a singular foliation is generally not smooth;

• Not all singular foliations are induced by a Lie algebroid.

Therefore we cannot expect a full diagram in the singular case as above for the
regular case using the holonomy groupoid. However, even when the holonomy
groupoid is not smooth it is still possible that the foliation is induced by a Lie
groupoid. This would mean that it lies in the image of the “orbits” morphism
in the diagram above. This leads to the question whether each foliation lies in
this image.

Question 1. Is every foliation induced by a (proper) Lie groupoid?

Note that the second fact above answers it negatively. However, even if the
“orbits” morphism is not surjective, it is still interesting to know its image.
We ask therefore ourselves:

Question 2. Which foliations are induced by a (proper) Lie groupoid?

In this chapter we start by introducing regular and singular foliations and
regular and singular holonomy groupoids and then we discuss the known results
regarding the above correspondence and above question in the singular world.
Note that for foliations which are induced by a Lie algebroid, this question
simplifies to whether the Lie algebroid is integrable. We will discuss these
problems both in the smooth world and in the Riemannian setting, where we
will study Riemannian foliations.

Organization of the chapter:

The structure of this chapter is as follows. In Section 2.1 we recall the notion
of a regular foliation and that of a Lie algebroid of a groupoid. Further,
we show that regular Lie groupoids induce regular foliation and that regular
foliations define smooth holonomy groupoids, leading to the abovementioned
correspondence. In Section 2.2 we continue with the notion of a singular
foliation, both in the modern language after Androulidakis–Skandalis, as well
as in the classical sense after Stefan–Susmann. We also discuss the singular
holonomy groupoid. In Section 2.3 we do the same for the Riemannian setting,
focusing on orbit-like foliations.
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2.1 Regular foliations and Lie algebroids

In Chapter 1 we saw that any Lie groupoid G ⇒ M partitions M into orbits,
which are smooth submanifolds. This partition is an example of a foliation.
As for Lie groupoids, there are both regular and singular foliations. In this
section we will first focus on regular foliations, and their various equivalent
descriptions. Background references for this section include [58, 76, 92].

Definition 2.1.1. Let M be a smooth manifold of dimension n. A foliation
atlas of dimension k on M is a smooth atlas U with smooth charts of the form
ψ : U → Rk ×Rn−k, such that the transition functions ψ′ ◦ψ−1 are subject to
the condition that its Rn−k-component only depends on Rn−k itself:

ψ′ ◦ ψ−1(x, y) = (ψk(x, y), ψn−k(y)), for all (x, y) ∈ ψ(U) ⊂ Rk × Rn−k.

Two foliation atlases on M are called equivalent if their union is a foliation
atlas. Finally, a regular foliation of dimension k on M is an equivalence class
of foliation atlases of dimension k, which we will denote by U as well.

If we consider a single foliation chart (U,ψ) ∈ U , the open neighbourhood
U ⊂ M gets partitioned into embedded submanifolds ψ−1(Rk × {y}), where
y is an element of Rn−k. These submanifolds are called plaques and, by the
assumption on the transition functions, they glue together to connected im-
mersed submanifolds Lx ⊂ M through x ∈ M . Each these submanifolds are
of dimension k and are called leaves. The tangent spaces of the leaves glue
together to a smooth subbundle of TM .

Definition 2.1.2. A distribution on a smooth manifold M is a subbundle F
of TM which is involutive, i.e., is closed under the Lie bracket.

By the Frobenius theorem there is a one-to-one correspondence between
distributions F on M and regular foliations U on M . One direction is given
by considering the tangent spaces of the leaves and the other one by using
flows of vector fields which lie in F . This gives two different viewpoints on
what a foliation on M is, namely either an atlas or a distribution. From now
on we will call both viewpoints a foliation on M and often write (M,F ), with
F the distribution. Important in both viewpoints is the partition of M into
leaves. We can also consider this directly.

Proposition 2.1.3. Let M be a smooth manifold of dimension n, partitioned
into connected immersed submanifolds {Lx} of dimension k ≤ n. Then the
vector bundle F , defined by F := ∪xTxLx, is a distribution if and only if for
all leaves L and all v ∈ TxLx there exists a vector field X ∈ X(M) such that:

• X(x) = v;

• X(x′) ∈ Fx for all x′ ∈M .
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Proof. First assume that F is the distribution of the foliation. By Frobenius
this implies that Fx = TxLx and hence for each v ∈ TxLx we can pick a section
of the vector bundle F which has image v at x. For the converse, let x ∈ L ⊂M
and pick a basis v1, ... , vk of TxLx. By assumption we can extend it to vector
fields X1, ... , Xk which are tangent to the leaves. By restricting to a smaller
open subset using a bump function, we can ensure that the Xi are linearly
independent at each point. This gives a trivialization of F , which is therefore
a smooth subbundle of TM of rank k. To show involutivity we can use the Lie
bracket on the leaves L. Indeed, for any X,Y ∈ Γ(F ) and any x ∈ L ⊂M we
have [X,Y ](x) = [X|L, Y |L](x) ∈ TL. Hence [X,Y ] is tangent to the leaves at
all points and therefore a section of F , showing involutivity.

This result shows that, for regular foliations the partition into submanifolds
is the key notion. Let us discuss some examples, starting with the partition
into the fibres of a submersion.

Example 2.1.4. Let f : M → M ′ be a surjective submersion. Then, the
partition of M into the connected components of the f -fibres is a regular
foliation on M of dimension dim(M ′)− dim(M).

This example is actually a special case of the partition of a groupoid as it is
the partition of the submersion groupoid M ×M ′ M of f (see Example 1.1.7).
Recall, that any groupoid G ⇒ M partitions M into its orbits, which should
correspond to the leaves of a foliation. To make this more precise, we will
discuss how a regular Lie groupoid leads to a regular foliation. For this, we
need the notion of a Lie algebroid, which can be viewed as a generalisation of
both Lie algebras and tangent bundles.

Definition 2.1.5. A Lie algebroid on a manifold M is a triple (A, ρ, [ , ]), with
A → M a vector bundle, ρ : A → TM a vector bundle morphism called the
anchor, and [ , ] a Lie bracket on Γ(A) such that the anchor and bracket satisfy
the Leibniz rule:

[X, fY ] = f [X,Y ] + Lρ(X)(f)Y, for all X,Y ∈ Γ(A), f ∈ C∞c (M).

A Lie algebroid is called regular if the image ρ(A) ⊂ TM is of constant rank.
In this case, ρ(A) is called the associated foliation of A.

Given a Lie algebroid ρ : A → TM , the Leibniz rule implies that ρ is a
morphism of Lie algebras Γ(A) → X(M). From this it follows that ρ(A) is
involutive. Moreover, if A is regular, then ρ(A) is a vector bundle and this
defines a regular foliation.

Proposition 2.1.6. Let A → M be a regular Lie algebroid with anchor ρ.
Then ρ(A) ⊂ TM is a regular foliation on M .

Let us discuss some examples of Lie algebroids and their foliations.
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Example 2.1.7 (Tangent bundles). If M is a smooth manifold, then A := TM
is Lie algebroid over M with anchor idTM and the Lie bracket of vector fields.
It is regular and its corresponding foliation has a single leaf.

Example 2.1.8 (Lie algebras). If g is a Lie algebra, then A := g is a Lie
algebroid over a one-point space {∗}.

Lie algebroids can be viewed as the infinitesimal objects of Lie groupoids,
parallel to how Lie algebras are the infinitesimal object of Lie groups.

Example 2.1.9 (Lie algebroid of a Lie groupoid). Let G ⇒ M be a Lie
groupoid. Identifying M ∼= u(M) ⊂ G, as an anchored vector bundle its Lie
algebroid is given by

A := ker(ds)|M →M ; ρ = dt|A.

Sections of A are in one-to-one correspondence with invariant sections of TG.
Given X ∈ Γ(A), using right multiplication Rg : s−1(t(g))→ s−1(s(g)) we can
extend it to an invariant section of TG by letting

X̂g := R∗g(Xs(g)).

We can then use this to define the Lie bracket by

̂[X1, X2] := [X̂1, X̂2].

We will denote this Lie algebroid by Lie(G), which is regular if and only if G
is regular. If this is the case, then the leaves of the induced regular foliation
of Lie(G) on M are given by the connected components of the orbits of G.

Remark 2.1.10. Non-isomorphic and non-equivalent groupoids can have the
same Lie algebroid, and not all Lie algebroids come from Lie groupoids. See
[31, 24] for more on this so-called integration problem. However, if a Lie
algebroid A does come from a Lie groupoid G, then the s-connected subgroup-
oid Gs ⊂ G is the, up to isomorphism, unique s-connected Lie groupoid which
satisfies Lie(Gs) = A.

An important notion for regular foliations is the holonomy of its leaves.
Holonomy conveys the way a leaf is twisted inside the manifold and we can
fit all holonomy together into a Lie groupoid. We will spend the rest of this
section to recall the definition of this holonomy groupoid for regular foliations.
We follow the exposition of [76], other references are [45, 88, 109].

Let (Mn, F ) be a k-dimensional foliation, with atlas U . An embedded
submanifold T ⊂M is called transverse to F if for all x ∈ T we have that

TxT ⊕ TxLx = TxM.
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Transversality of T implies that its dimension is equal to n−k. When (U,ψ) is
a single chart of F and γ : I → L ⊂ U is a smooth path in a single leaf, we can
pick two transversals T and T ′ at x := γ(0) and x′ := γ(1) respectively. By
assuming that T and T ′ are small, there exists a diffeomorphism f : T → T ′

such that f(x) = x′ and such that for all y ∈ T ⊂ U , f(y) belongs to the
same plaque as y. Now, if γ : I →M is any path, we can cut γ(I) into a finite
amount of pieces which each lie completely in a single chart. Therefore, we
get that there exists again a diffeomorphism of transversals f : T → T ′ at γ(0)

and γ(1). Let HolT
′

T (γ) be the germ of this diffeomorphism at γ(0). Note that
this germ indeed does not depend on any choices of local diffeomorphisms.

Definition 2.1.11. Two paths γ, γ′ : I → (M,F ) with x := γ(0) = γ′(0) and
γ(1) = γ′(1) are said to have the same holonomy if for a transversal T at x
the germ HolTT (γ−1 ◦ γ′) is trivial.

This definition is well-defined and gives an equivalence relation on all paths
with the same endpoints and each equivalence class contains the homotopy
class of its paths. Using this equivalence relation, we can define a Lie groupoid
Hol⇒M as follows.

Proposition 2.1.12. Let (M,F ) be a regular foliation. For x, x′ ∈ M let
Hol(x, x′) be the holonomy equivalence class of leafwise paths with starting
point x and endpoint x′, which is empty whenever x and x′ do not belong to
the same leaf. Then Hol, defined as:

Hol :=
∐
x,x′

Hol(x, x′), (2.1)

is a (non-Hausdorff) Lie groupoid with source map Hol(x, x′) 7→ x and target
map Hol(x, x′) 7→ x′. Its orbits are exactly the leaves of F . Moreover, if
G ⇒M is any s-connected groupoid such that it induces the foliation F , then
there exists a surjective, submersive groupoid morphism G → Hol.

Remark 2.1.13. For non-Hausdorff Lie groupoids G ⇒ M , we do ask that
M and the s-fibres are Hausdorff, but G itself can be non-Hausdorff.

The groupoid above, called the holonomy groupoid of F , gives a positive
answer to the question whether any regular foliation comes from a Lie group-
oid. The second part of the above statement somehow tells us that it is the
unique smallest one. We call it minimal for this reason.

Looking back at the diagram in the introduction of this chapter, we see the
arrow which points towards étale Lie groupoids. The final part of this section
will be explaining this procedure.

Definition 2.1.14. Let F be a regular foliation of dimension k on M . A
complete transversal is a smooth submanifold T ⊂ M codimension k such
that T intersects each leaf L ⊂M transversally and nontrivially.
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Since T is a submanifold, we can restrict the holonomy groupoid to T .

Definition 2.1.15 ([76]). Let (M,F ) be a regular foliation and i : T ↪→ M
a complete transversal. Its étale holonomy groupoid, HolT is defined as the
restriction of Hol to T :

HolT := i∗(Hol).

Note that, just as the orbits of a Lie groupoid do not have to be connec-
ted, the intersections of the leaves with a complete transversal T also do not
have to be connected. If we broaden our definition of a foliation to allow for
disconnected leaves, T has a natural foliation by the intersection of the leaves
of M . This gives meaning to the second part of the next proposition.

Proposition 2.1.16 ([76]). The étale holonomy groupoid of a transversal T is
an effective Lie groupoid and Morita equivalent to the (full) holonomy groupoid.
Moreover, it induces the disconnected foliation on T .

For singular foliations, which we will discuss now, the answer to the ques-
tion whether there exists a Lie groupoid integrating the foliation is more com-
plicated. There is again a notion of a holonomy groupoid, as we will see in
Section 2.2.3. This groupoid however is often not smooth. If the holonomy
groupoid is not smooth its existence does not imply that there does not exist
a Lie groupoid which induces the foliation, see for Example 2.2.26. Somehow
the minimality condition turns out to be too strong.

2.2 Singular foliations

The generalisation of regular foliations into singular foliations can be done
in several non-equivalent, ways [7, 98, 99, 14]. The first method, which we
will discuss in Section 2.2.1, is the generalisation of the sections Γ(F ) of the
distribution F . Note that F is completely determined by its sections, and
hence this can be viewed as the generalisation of the distribution viewpoint.
Its main advantage is that it allows one to define a singular holonomy groupoid,
see Section 2.2.3.

However, a disadvantage of this method is that different foliations can
induce the same partition of the manifold on which there are defined. The
second method, see Section 2.2.2, is a generalisation of the partition into leaves
viewpoint and hence does not have this disadvantage. We will see in Section 2.3
that this one is most often used in the Riemannian setting.

2.2.1 Singular foliations after Androulidakis–Skandalis

We are led to studying singular foliations, as we are more interested in singular
Lie groupoids. Suppose that M is partitioned into submanifolds Lx of varying
dimension. Then the union F = ∪xTxLx of Proposition 2.1.3 cannot be a
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vector bundle as it does not have constant rank. Therefore, we have to work
with its sections. The main reference for this is the work of Androulidakis–
Skandalis in [7].

Definition 2.2.1 ([7]). Let M be a smooth manifold with C∞(M)-module
of compact vector fields Xc(M). A foliation on M is locally finitely generated
C∞(M)-submodule F ⊂ Xc(M) which is involutive, i.e., closed under the Lie
bracket.

The condition that F is locally finitely generated is there to capture the
local trivializations of vector bundles. Note that we only use compactly sup-
ported vector fields. One can get rid of this condition by looking at a sheaf of
modules instead [104].

Before we continue with some examples, we will discuss how a singular foli-
ation partitions the manifold into its leaves. For any compactly supported vec-
tor field X ∈ Xc(M), its time-1 flow at a point x ∈M is well-defined. Joining
all these flow morphisms together gives a diffeomorphism exp(X) : M → M ,
called its exponential. In [51], the authors prove that these exponential diffeo-
morphisms respect the foliation in the sense that

exp(X)∗(F) = F .

Definition 2.2.2. Let (M,F) be a singular foliation. Let exp(F) ⊂ Diff(M)
be the group generated by exp(X) for X ∈ F :

exp(F) := 〈exp(X) |X ∈ F〉.

The leaves of F are the orbits of exp(F). If all leaves are closed or embedded,
we call the singular foliation closed or embedded respectively.

For x ∈ M , we will denote its leaf by Lx. All leaves are automatically
connected immersed submanifolds, but not always closed or embedded. Let
us discuss some examples.

Example 2.2.3 (Regular foliations). If F ⊂ TM is the distribution of a
regular foliation, then F := Γc(F ) is locally finitely generated, with any local
trivialization of the vector bundle F giving the generators of F . Hence any
regular foliation is an example of a singular foliation. Moreover, in this case
F is a projective module.

Example 2.2.4 (Lie algebroids). If A→M is a Lie algebroid, then F , defined
as F := ρ(Γc(A)), is locally finitely generated. Given a local trivialization,
A|U = 〈X1, ... , Xk〉 in U ⊂ M , the vector fields ρ(X1), ... , ρ(Xk) generate F
on U even though they do not have to be linearly independent.

Example 2.2.5 (Lie groupoids). As a Lie groupoid gives a Lie algebroid, any
Lie groupoid G ⇒ M defines a singular foliation on M . The partition of M
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into leaves of this foliation is by connected components of the orbits of the
groupoid. Moreover, Lie groupoids which have the same Lie algebroid give
the same foliation. Any proper Lie groupoid has closed orbits and hence its
induced foliation is closed.

A method of producing new examples of foliations is by pulling back
through submersions. This construction will be important when we consider
Morita equivalence of foliations and morphisms of bisubmersions in the con-
struction of the holonomy groupoid in Section 2.2.3. Recall that if f : M →M ′

is a smooth map and X ′ ∈ Xc(M) a vector field, its pullback f∗(X ′) is
a section of f∗(TM ′) and defined by f∗(X ′)(x) = X ′(f(x)). Similarly, if
X ∈ Xc(M), then its pushforward df(X) is the section of f∗(TM ′) defined by
df(X)(x) := dxf(X(x)).

Example 2.2.6 (Pullbacks). If (M ′,F ′) is a foliation and f : M → M ′ a
smooth submersion, the pullback foliation F on M is defined by

F := 〈X ∈ Xc(M) | ∃X ′ ∈ F ′ df(X) = f∗(X ′)〉C∞c (M). (2.2)

If X and X ′ are vector fields such that df(X) = f∗(X ′), then the vector fields
are said to be related. The Lie bracket of vector fields is linear and respects
being related, i.e. if Y and Y ′ are related we have:

df([X,Y ]) = f∗([X ′, Y ′]),

it follows that F is involutive. Local generators of F ′ give local generators of
F , so F is indeed a foliation.

Just as we could consider the orbit space of a Lie groupoid, we can consider
the leaf space of a foliation (M,F). It is defined as X := M/F with x ∼ y if
and only if they belong to the same leaf.

Example 2.2.7. Let G ⇒ M be a Lie groupoid and F its induced foliation.
The leaves of F are the connected components of the orbits of G and hence
we get a surjective continuous map ξ : M/F → M/G given by the inclusion
of connected components. The map ξ is a homeomorphism if and only if the
orbits of G are connected, which happens, for example, if G is source-connected.

2.2.2 Singular foliations after Stefan

Instead of focusing on the distribution approach as in the previous section,
originally, Stefan and Sussmann [99, 98] focused more on the partition into
leaves and the atlas-focused definition of a regular foliation. Unlike the reg-
ular case, see Proposition 2.1.3, this description will not be equivalent to the
distribution approach in the singular case.



44 Foliations and Lie groupoids

Definition 2.2.8 ([98]). Let M be a smooth manifold of dimension n and
{Lx}x∈M a partition of M into connected, immersed submanifolds. We will
call the partition a Stefan foliation if for all x ∈M there exists a smooth chart
ψ : U → V ×W ⊂ Rk × Rn−k, where k = dim(Lx), such that:

• It is centered at x: ψ(x) = (0, 0) ∈ V ×W ;

• It is leafwise: for all leaves L, ψ(L ∩ U) = V × l, where is l defined by
l = {w ∈W | (0, w) ∈ ψ(L)}.

The manifolds Lx are called leaves. If all leaves are closed or embedded, we
call the Stefan foliation closed or embedded respectively.

Remark 2.2.9. Originally, Stefan assumed one more condition. In [67], Ku-
barski showed that this extra condition, and also the assumption that each L
is an immersed submanifold, is redundant.

Similar to the case of regular foliations (see Proposition 2.1.3) the tangent
spaces of the leaves can be used to determine whether a partition is a Stefan
foliation.

Proposition 2.2.10. Let M be partitioned into connected, immersed subman-
ifolds {Lx} and let F = ∪xTxLx ⊂ TM . Then {Lx} is a Stefan foliation if
and only if for all x ∈M and all v ∈ TxLx, there exists a X ∈ X(M) with:

• Xx = v;

• Xx′ ∈ F for all x′.

Proof. First assume that the partition is a Stefan foliation and let x ∈M and
v ∈ TxLx. Pick a chart ψ : U → V ×W , centred at x and let k := dim(Lx).
Choose a vector field XV on V such that XV (0) = dψ(v), and extend it to a
vector field X on V ×W by defining:

X(v, w) = (XV (v), 0) ∈ TvV × TwW, for all (v, w) ∈ V ×W.

By the second assumption on the chart, X is tangent to ψ(U ∩L) at all points
and for all leaves L. Hence dψ−1(X) satisfies the two conditions above.

Conversely suppose that every tangent vector to a leaf is the evaluation
of a vector field X such that X(x′) ∈ F for all x′. Let x be arbitrary and
pick a basis v1, ... , vk of TxLx. Let X1, ... , Xk be their associated vector fields.
If we restrict to a small enough open subset x ∈ U ′, we can assume that
the Xi are linearly independent. That is, they span a distribution F ′ ⊂ F ,
which, by Frobenius, leads to a regular foliation of dimension k. Now, let
ψ : U → Rk × Rn−k be a chart of this foliation, centered at x. Recall that its
leaves are given by ψ−1(Rk × {y}) for y ∈ Rn−k. Now let L be any leaf of
the original foliation and let l = {y ∈ Rn−k | (0, y) ∈ ψ(L)}. Since the Xi are
tangent to L on L∩U , we get that for all y ∈ l and all x′ ∈ Rk, (x′, y) ∈ ψ(L).
In other words, ψ(L ∩ U) = Rk × l and hence F is a Stefan foliation.
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Because of this different viewpoint of looking at Stefan foliations, we will
often denote it by (M,F ) and let the partition be understood implicitly.

The description in Proposition 2.2.10 helps by understanding the decom-
position of a singular foliation into leaves. If F is a singular foliation on M ,
by definition of the leaves we have that Fx := {X(x) |X ∈ F} is exactly equal
to TxLx. In other words:

Proposition 2.2.11. Let F be a singular foliation on M and let {Lx} be the
partition of M into its leaves. This partition is a Stefan foliation.

This gives a partial answer to the question whether Stefan foliations are
the same object as singular foliations. Indeed, any singular foliations induces
a Stefan foliation. A converse statement does not hold, as we have already
mentioned that different foliations can induce the same partition. Even worse,
in general, if (M,F ) is a Stefan foliation,there is no canonical way to define a
singular foliation F whose leaves are equal to F . The natural guess to define
F = XF := {X ∈ Xc(M) |X(x) ∈ Fx ∀x} is often not locally finitely generated
as the next standard example shows. Therefore it is even unclear whether all
Stefan foliations integrate to a singular foliation.

Example 2.2.12. Consider R with leaves {x} for x ≤ 0 and R>0. It is a Stefan
foliation. However, the module of all tangent vector fields XF is isomorphic
to {f ∈ C∞(R) |X(x) = 0 ∀x ≤ 0} is therefore not locally finitely generated.
The partition F is however the underlying Stefan foliation of several singular
foliations. Define for example

fn(x) :=

{
0 if x ≤ 0;

e−
1
nx2 if x ≥ 0.

Then Fn := 〈fn〉 induces F for all n ∈ N.

Just like for singular foliations, there is a notion of pullbacks for Stefan foli-
ations, which is important for Morita equivalence. We will focus on embedded
Stefan foliations.

Lemma 2.2.13. Let f : M →M ′ be a submersion onto an embedded Stefan fo-
liation (M,F ′). The partition of M into the connected components of f−1(L′),
with L′ a leaf of F ′, is an embedded Stefan foliation on M .

Proof. Throughout, let L ⊂ f−1(L′) be a leaf and let x ∈ L. Note that
L ⊂ M is an embedded submanifold by Thom’s transversality theorem. By
Proposition 2.2.10, we need to show that v ∈ TxL can be extended to a vector
field which is tangent to each leaf. Recall that TxL = df−1(Tf(x)L

′), so first
assume that df(v) = 0. Since f is a submersion, ker(df) is a vector bundle on
M and we therefore we can find a section of ker(df) which has, at x, value v.
Thus we can assume that v ∈ TxM/ ker dxf and let v′ := df(v) be its image in



46 Foliations and Lie groupoids

TM ′. By assumption there exists a vector field X ′ on M ′ such that X ′(x) = v′.
Using the local normal form of submersions, there exists a neighbourhood of
x and f(x) such that f has the form U × Rn−n′ → U . Note that in these
charts, v = (v′, 0) ∈ TU × Rn−n′ . Each leaf of F which intersects U has the
form L′ × Rn−n′ inside U . Hence extending the vector field X ′ by zero leads
to a vector field on M , which is tangent to all leaves.

Definition 2.2.14. Let f : M → (M ′, F ′) be a submersion onto a Stefan
foliation with embedded leaves. The foliation F on M of Lemma 2.2.13 is
called the pullback foliation.

The following statement, which discusses the intertwining of the pullbacks
of singular foliations and of Stefan foliations is now obvious:

Corollary 2.2.15. Let f : M → (M ′,F ′) be a submersion onto a singular
foliation for which the leaves are all embedded and let F ′ be its induced Stefan
foliation. Then F , the pullback of F ′ through f induces the Stefan foliation
F = f−1(F ′).

We end this section with a note on the structure of the leaves. Recall that
we needed embedded leaves in order to define the pullback of the foliation.
Not all Stefan foliations have embedded leaves, but it turns out that whenever
a leaf is closed, it is automatically embedded.

Proposition 2.2.16 ([48]). Any closed Stefan foliation is embedded.

Using that any singular foliation induces a Stefan foliation, we get that:

Corollary 2.2.17. Any closed singular foliation is embedded.

2.2.3 Holonomy groupoid for singular foliations

We have seen in Example 2.1.9 and Example 2.2.5 that any Lie groupoid
G ⇒ M defines a, possibly singular, foliation on its manifold of objects M .
Moreover, in Proposition 2.1.12 we have seen that the converse holds for regular
foliations as well: any regular foliation comes from a regular Lie groupoid. In
this section we discuss a partial answer to the question whether all foliations
come from Lie groupoids. Just as we could construct a holonomy groupoid
for regular foliations, one can construct one for any singular foliation, c.f. [7].
It should still be viewed as minimal: it is the smallest topological groupoid
that induces the foliation. However, for singular foliations, this groupoid is
not alway smooth and hence the construction only gives a partial answer to
the question. Background references for this section include [7, 89, 38, 39].

Remark 2.2.18. Recall that any regular foliation (M,F ) is an example of
a singular foliation by considering F = Γ(F ). The holonomy groupoid for
singular foliations is in this case isomorphic to the one for regular foliations.
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Remark 2.2.19. In [38, 39], Debord works with Stefan foliations. However,
she only considers almost regular Stefan foliations. These foliations are defined
as the Stefan foliations for which the union of the leaves with maximal dimen-
sion, Σmax ⊂ M , is a dense open subset of M . In this case she defines an
integrating Lie groupoid.

Definition 2.2.20. Let (M,F) and (M ′,F ′) be singular foliations. A bisub-
mersion between M and M ′ is a triple (U, t, s) with U a manifold, and
t : U →M and s : U →M ′ submersions, such that:

s−1(F ′) = t−1(F) = Γc(ker(ds)) + Γc(ker(dt)).

A (local) morphism of bisubmersions U → V consists of a (local) diffeo-
morphism (defined on an open V ) ψ : U → U ′, which commutes with the
submersions onto M and M ′. It is denoted by the following diagram.

U

M M ′

U ′

st

ψ

s′t′

Given a singular foliation (M,F), the isomorphism classes of all bisubmer-
sions between M and M itself form an inverse monoid. Its identity element
is given by (M, id, id), inverses are given by (U, t, s)−1 := (U, s, t) and the
product is defined by using fibre products:

(U, t, s) · (U ′, t′, s′) := (U ×M U ′, t ◦ prU , s
′ ◦ prU ′).

Example 2.2.21 (Lie groupoids). Let G ⇒M be an s-connected Lie groupoid
and let F = ρ(Γc(A)) be its induced foliation. Then (G, t, s) is a bisubmersion
between (M,F) and itself. If G′ ⇒ M ′ is another s-connected Lie groupoid,
with foliation F ′, and φ : G → G′ is a groupoid morphism such that φ0 is a
submersion, then φ1 is a morphism of bisubmersions between (G, φ0 ◦ t, φ0 ◦ s)
and (G′, t′, s′) on (M ′,F ′).

In the above example, submersiveness of φ0 is necessary to guarantee that
φ0 ◦ t and φ0 ◦ s are submersions again.

Example 2.2.22 (Path holonomy bisubmersions). Let (M,F) be a singular
foliation and let x0 ∈M . Then Fx0

:= F/Ix0
F , with Ix0

defined by:

Ix0 := {f ∈ C∞(M) | f(x0) = 0},



48 Foliations and Lie groupoids

is a vector space. Suppose now that X1, ... , Xk ∈ F form a basis of Fx0
. Then

Rk ×M comes with smooth maps s, t : U →M , defined by:

s(c, x) := x; t(c, x) := exp

(∑
i

ciXi

)
(x).

By [7, Proposition 2.10], there exists an open neighbourhood U of (0, x0) in
Rk ×M such that (U, t, s) is a bisubmersion. Such bisubmersions are called
path holonomy bisubmersions and are used in the construction of the holonomy
groupoid.

In order to construct a groupoid out of a set of bisubmersions U on (M,F),
we need the notion of an atlas of bisubmersions. Firstly, a bisubmersion U ′ is
called adapted to the set U if for all u ∈ U ′ there exists a U ∈ U and a local
morphism of bisubmersions U ′ → U such that the domain contains u. Using
this, the set U is called an atlas if it satisfies three properties:

• It is a cover : ∪U∈Us(U) = M ;

• It has adapted inverses: for all U ∈ U , the inverse U−1 is adapted to U ;

• It has adapted products: for all U,U ′ ∈ U , the product U ·U ′ is adapted
to U .

Now, given an atlas U on (M,F), we can construct a groupoid which induces
the foliation F . Since the atlas has adapted inverses and adapted products,
we see that we can only construct it modulo morphisms of bisubmersions.
Therefore, on

∐
U we consider the equivalence relation U 3 u ∼ u′ ∈ U ′ if

and only if there exists a local morphism of bisubmersions U → U ′ such that
u is mapped onto u′. In [7, Corollary 2.11], it is proven that this is indeed an
equivalence relation.

Definition 2.2.23 ([7]). Let U be an atlas of bisubmersions on a singular
foliation (M,F). Its topological associated groupoid GU is defined as:

GU :=
∐
U∈U

U� ∼,

with ∼ the equivalence relation defined by local morphisms of bisubmersions.

If U is only a cover, and not yet an atlas, we can turn it into an atlas by
adding inverses and products when they are not yet adapted. The resulting
groupoid of this atlas will also be denoted by GU .

Definition 2.2.24. Let (M,F) be a singular foliation and let U be a cover
of M by path holonomy bisubmersions as in Example 2.2.22. Its associated
groupoid GU is called the holonomy groupoid of (M,F) and is denoted by
Hol(F)⇒M .
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Remark 2.2.25. Just as in the case of the regular holonomy groupoid, the
orbits of Hol(F) are exactly the leaves of F . If the foliation F = Γ(F ) is
regular, then the holonomy groupoid is smooth and agrees with the earlier
defined notion of the holonomy groupoid. Also similarly to the holonomy
groupoid of regular foliations, the space of arrows is not always Hausdorff.

As the groupoid GU of an atlas U is defined as a quotient, the resulting
space is not automatically smooth. The same holds for the holonomy groupoid
and the following example shows that the holonomy groupoid does not have
to be a Lie groupoid at all.

Example 2.2.26. Consider SO(n) acting linearly on Rn and let F be the
induced foliation. The foliation over Rn\{0} is regular and hence the holonomy
groupoid restricted to Rn \ {0} ' Sn−1 ×R>0 is smooth and minimal. Hence
it is equal to:

Hol(F)|Rn\{0} ' Sn−1 × Sn−1 × R>0.

At the origin, we see that SO(n)×Rn is a path holonomy bisubmersion centered
at the origin and hence the holonomy groupoid is a quotient of this. It turns
out, see [7, Example 3.7], that the isotropy group of Hol at zero is precisely
SO(n). Therefore Hol(F) is not smooth.

Besides regular foliations, where we already knew that the holonomy group-
oid is smooth, there are more cases in which the holonomy groupoid is smooth.

Definition 2.2.27 ([9]). A foliation (M,F) is called projective, if there exists
a smooth vector bundle A→M such that F ∼= Γc(A) as C∞(M)-modules.

Regular foliations are examples of projective foliations, with A = F ⊂ TM .
If a foliation is projective, the vector bundle A can be made into a Lie algebroid
with anchor induced by the isomorphism F ∼= Γc(A) and bracket inherited by
F under this isomorphism. The anchor A→ TM has to be injective on an open
dense subset of M and hence the Lie algebroid is almost injective. These kind
of Lie algebroids are integrable to Lie groupoids, and the smallest integration
gives the holonomy groupoid, see Remark 2.2.19 and [38].

Theorem 2.2.28 ([9]). The holonomy groupoid of a singular foliation (M,F)
is smooth if and only if F is projective. If this is the case, F = ρ(Γc(A)) with
A the Lie algebroid of Hol.

Remark 2.2.29. As mentioned, Theorem 2.2.28 only gives a partial answer
to the question we asked. If the holonomy groupoid is not smooth it is still
possible that there exists a Lie groupoid inducing the foliation.

As we are often interested in proper Lie groupoids or linearisable Lie group-
oids, it is interesting to consider which projective singular foliations have such
a holonomy groupoid. To know this, we first have to know the linear model
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of a foliation, just as the normal representation the linear model is for Lie
groupoids.

Recall that a submanifold S ⊂ M for a Lie groupoid G ⇒ M is called
saturated if it is a union of orbits. Similarly, a submanifold S ⊂ M for a
singular foliation (M,F) is called saturated if it is a union of leaves. In this
case, the smooth functions on its normal bundle ν(S) can be identified with
IS/I

2
S , where IS consists of all smooth functions on M which vanish on S:

IS = {f ∈ C∞(M) | f(s) = 0, ∀s ∈ S}.

This identification is done by [f ] 7→ df |S .

Definition 2.2.30 ([8]). Let (M,F) be a singular foliation, S ⊂M a saturated
submanifold and ν(S) its normal bundle. The linearised foliation Flin on ν(S)
is defined as the foliation generated by linearised vector fields:

Flin := C∞(M) · {Xlin |X ∈ F}.

Here Xlin is defined through the formula Xlin([f ]) := [X(f)].

In perfect analogy with linearisability of Lie groupoids, Definition 1.1.26,
we now define:

Definition 2.2.31. Let (M,F) be a singular foliation and S ⊂M a saturated
submanifold. We say that F is linearisable around S if there exist open sets
S ⊂ U ⊂M and S ⊂ V ⊂ ν(S) and an isomorphism

F|U ∼= Flin|V ,

which is the identity on F|S . If F is linearisable around any saturated sub-
manifold, we say that F is linearisable.

In [8] the authors prove that if L is a leaf such that the Lie groupoid
HolL ⇒ L is Hausdorff, then F is linearisable around L and has compact
isotropy groups if and only if there exists a proper Lie groupoid on an open
neighbourhood of U which induces the foliation. In the case that the holonomy
groupoid itself is smooth, we can reinterpret this as follows:

Proposition 2.2.32. Let F be a closed projective foliation with holonomy Lie
groupoid Hol and assume that Hol is Hausdorff. Then Hol is linearisable if
and only if F is. In this case, Hol is proper if and only if all its isotropy groups
are compact.

2.3 Riemannian foliations

Just as Riemannian geometry can be combined with Lie groupoids, it can
be added to foliation theory. Historically, regular Riemannian foliations were
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considered first, and only afterwards singular Riemannian foliations. Unlike
general singular foliations, as seen in the previous section, Riemannian singular
foliations are roughly defined as a Stefan foliation on a Riemannian manifold,
such that the foliation and metric are compatible. All metrics in this section
are assumed to be complete. Main reference for the general theory is [78], and
[79] is used for the linearisable Riemannian foliations discussed in Section 2.3.1.

Definition 2.3.1 ([78]). Let (M,η) be a Riemannian manifold, F = {Lx}x∈M
a partition of M into immersed submanifolds, called leaves, and define

XF := {X ∈ Xc(M) |Xx ∈ TxLx ∀x ∈M}.

Then (M,F, η) is a called a Riemannian foliation if:

• The leaves are all connected ;

• The module XF is transitive on the leaves Lx : for all v ∈ TxLx there
exists a X ∈ XF such that X(x) = v;

• The metric is adapted : for all geodesics γ : I →M for which there exists
a τ ∈ I such that γ̇(τ) ∈ (Tγ(τ)Lγ(τ))

⊥ satisfies this for all τ ∈ I.

When all the above points hold, but the leaves are not connected, we call the
foliation a disconnected Riemannian foliation. If all the leaves are the same
dimension, we call the foliation regular and singular otherwise. If all the leaves
are closed/embedded submanifolds, we call the foliation closed/embedded.

Remark 2.3.2. Note that the second condition in Definition 2.3.1 is, by
Proposition 2.2.10, equivalent to asking that it is a Stefan foliation. Hence by
Proposition 2.2.16, we have that any closed Riemannian foliation is embedded.

Usually we will work with connected foliations as this is common in the
literature, but sometimes we have to use disconnected ones. The only real
reason to do this is when we want to consider complete transversals T of regular
foliations (M,F, η). Their leaves L ∩ T for L ⊂ M are possibly disconnected.
If we would just consider their connected components, we would create leaves
and hence T/(F ∩ T ) 6= M/F , which is not natural. Every time we will say
something of the form “the connected components of X form a foliation”, the
reader should immediately realise that not taking the connected components
yields a disconnected foliation.

Example 2.3.3 (Homogeneous foliations). Let (M,η) be a Riemannian foli-
ation and a Lie group of isometries G < Iso(M). Then, the partition of M
into the connected components of the orbits of G forms a Riemannian foli-
ation. Such foliations are called homogeneous. More generally, any Lie group
that acts by isometries induces a homogeneous foliation.



52 Foliations and Lie groupoids

Remark 2.3.4. Just as Lie algebroids are examples of singular foliations,
certain Lie algebroids are also examples of Riemannian foliations. In [66],
the authors introduce so-called Killing–Lie algebroids on Riemannian mani-
folds, which are Lie algebroids with a special kind of connection. They then
prove that such Killing–Lie algebroids partition the base space by orbits into
a Riemannian foliation.

The metric assumption we ask for a Riemannian foliation uses the geodesics
of the metric. If f : M → M ′ is a Riemannian submersion, we can use the
metrics to lift paths on M ′ horizontally. For all γ′ : I → M ′ and all x ∈
f−1(γ′(0)), there exists a unique γ : I →M such that for all τ ∈ I:

γ̇(τ) ∈ ker(df)⊥; df(γ̇(τ)) = γ̇′(τ).

We call this the horizontal lift of γ. It is a well-known fact that horizontal lifts
of paths are geodesic if and only if the original path was geodesic. Using this
we can prove the following lemma:

Lemma 2.3.5. All geodesics which are horizontal at some time are horizontal
at all times.

Proof. Let v ∈ ker(df)⊥ and let γ′ be the unique geodesic with γ̇′(0) = df(v).
Then γ′ lifts to a horizontal geodesic γ : I → M such that γ̇(0) = v. Since
geodesics are unique, the geodesic through v is horizontal.

Using this, we can prove that the pullback of the underlying Stefan foli-
ation, as defined in Definition 2.2.14, is again a Riemannian foliation if we pull
back through a Riemannian submersion.

Proposition 2.3.6. Let f : (M,η) → (M ′, F ′, η′) be a Riemannian submer-
sion onto an embedded Riemannian foliation. Then the partition F of M given
by the connected components of Lx = f−1(L′f(x)) is an embedded Riemannian
foliation on M .

Proof. By Lemma 2.2.13, the pullback foliation is again a foliation and hence
we only have to check that the metric is compatible.

Hence, let γ be a geodesic of M such that v := γ̇(τ0) ∈ (TxL)⊥ for γ(τ0) =
x. Since ker dxf ⊂ (dxf)−1(Tf(x)L

′) = TxL we get that v ∈ ker(df)⊥ and
therefore Lemma 2.3.5 implies that γ is horizontal. Its projection γ′ := f ◦ γ
satisfies that γ̇′(τ0) ∈ (Tγ′(τ0)L

′)⊥ and since η′ is adapted this holds for all τ .

Therefore γ̇(τ) ∈ (Tγ(τ)L)⊥ for all τ as well and η is adapted.

The foliation F of the previous proposition is called the pullback foliation
and denoted by f−1(F ′). If we allow disconnectedness of the leaves, we can
define the (disconnected) pullback foliation similarly. Using pullback foliations,
we can define Morita equivalence. Morita equivalence was originally only
defined for orbit-like foliations in [79]. However, the notion makes sense for
general embedded Riemannian foliations.
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Definition 2.3.7 (after [79]). Let (M,F, η) and (M ′, F ′, η′) be embedded
Riemannian foliations, such that the metrics are complete. A Morita equi-
valence between them is a Riemannian manifold (N, ηN ) with two surjective
Riemannian submersions φ : N →M and φ′ : N →M ′ such that:

• The Riemannian submersions do not create leaves: φ−1(L) and φ′−1(L′)
are connected for all leaves L ⊂M and L ⊂M ′;

• Their pullback foliations are the same: φ−1(F ) = φ′−1(F ′).

As the notation suggests, this kind of Morita equivalence is closest to Mo-
rita equivalences of Lie groupoids through weak equivalences. We will make
this more precise in Proposition 2.3.21 and its proof.

Remark 2.3.8. Originally, Molino asks for α and α′ to have connected fibres,
which is more strict than the first condition in the definition we use. In the
spirit of Theorem 1.1.22, Morita equivalences should induce a homeomorphism
on the level of leaf spaces. Our assumption ensures this and is therefore enough.

Remark 2.3.9. The above definition works perfectly well for Stefan foliations
when we use general submersions instead of Riemannian submersions. In [52],
the authors also define a similar pullback definition of Morita equivalence for
singular foliations and it is easy to check that if the singular foliations are
Morita equivalent, then so are the induced Stefan foliations.

Remark 2.3.10. This definition has an obvious drawback that Morita equi-
valence of Lie groupoids does not have. Recall, Example 1.1.17, if G ⇒ M
is a Lie groupoid and U ⊂ M is an open subset such that U ∩ L 6= ∅ for all
orbits L ⊂ M , then G|U ' G. That implies that we can restrict to smaller
manifolds without leaving the Morita class of the Lie groupoid. However, note
that there does not automatically exist a surjective submersion U → M or
M → U . In the Lie groupoids case, this is circumvented by considering the
surjective submersions U ← t−1(U) → M . Since we cannot define this mani-
fold for a foliation, it is unclear whether one can restrict inside the Morita class
of a Riemannian foliation. We therefore think that an improved definition of
Morita equivalence is asked for, using the local structure as in Theorem 1.1.22.

As sometimes disconnected foliations are necessary, e.g. when taking com-
plete transversals of regular foliations, we also need a disconnected version of
Morita equivalence.

Definition 2.3.11. Let (M,F, η) and (M ′, F ′, η′) be embedded, possibly dis-
connected Riemannian foliations, such that the metrics are complete. A Morita
equivalence between them is a Riemannian manifold (N, ηN ) with surjective
Riemannian submersions φ : N →M and φ′ : N →M ′ such that:

• Their pullback foliations are the same: φ−1(F ) = φ′−1(F ′).
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Note that if we do not ask that leaves are connected, then we also do not
have to assume that the fibres of φ and φ′ are connected. The simplicity of this
definition over Definition 2.3.7 is once more a motivation to allow disconnected
foliations in general.

2.3.1 Linearisability: orbit-like foliations

It is not surprising that our first example of a Riemannian foliation, Ex-
ample 2.3.3, is a special case of a partition into orbits of a Riemannian group-
oid. Just as Riemannian groupoids are linearisable, the resulting Riemannian
foliations will be linearisable and therefore not all Riemannian foliations can
come from a Riemannian groupoid. In this section we will recall the local linear
model of a singular foliation. With this, we can determine when a Riemannian
singular foliation is linearisable. In the literature, [79, 6, 5], these are often
called orbit-like foliations.

Given a Riemannian foliation (M,F, η) and a point x ∈ M , a transversal
at x is a submanifold T ⊂ M such that x ∈ T and TxT ⊕ TxLx = TxM .
Tranversals are equipped with natural foliation given by FT := {T∩L |L ∈ F}.

Lemma 2.3.12 ([78, 79]). Let T be a transversal at x ∈ (M,F, η). Then FT
is a Riemannian foliation on T .

Using the metric we get an exponential map exp: NxLx := (TxLx)⊥ →M .
When we restrict it to an open subset V ⊂ NxLx on which exp is a diffeo-
morphism, its image exp(V ) is a transversal at x. Note that V carries the flat
metric, while its image exp(V ) carries the original metric which does not have
to be flat. Hence, exp is not an isometry and we can not use Proposition 2.3.6
directly to pull back the foliation Fexp(V ). However, it can still be done.

Lemma 2.3.13 ([78, 79]). The flat metric on V is adapted to the partition
exp−1(Fexp(V )).

This Riemannian foliation (V, exp−1(Fexp(V )), η0) is called the infinitesimal
transverse model of F at x. Using this we can say when a Riemannian foliation
is linearisable.

Definition 2.3.14 ([79]). A Riemannian foliation (M,F, η) is called linearis-
able at x if its infinitesimal transverse model at x is homogeneous and closed.
If it is linearisable at all x ∈M , then it is called orbit-like.

Note that the only isometries of Rn which fix the origin are elements of
O(n). Therefore, if F is linearisable at x, there exists a closed subgroup G of
SO(n) such that its action on V gives the infinitesimal transverse model. The
reduction to SO(n) comes from the connectedness of the leaves. As SO(n)
is compact, so is G. Moreover, since zero sections are embedded in normal
bundles, any orbit-like foliation is automatically an embedded foliation.
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Remark 2.3.15 ([79]). If a Riemannian foliation (M,F, η) is orbit-like, then
the group of the infinitesimal transverse model at an x ∈M can be chosen to
be the isotropy group of the pseudogroup defined by the flows of elements of
XF = {X ∈ X(M) |X(y) ∈ TyLy, ∀y ∈M}.

Now suppose that (M,F, η) is orbit-like and let (V, FV , η0) be its transverse
model at x, with Lie subgroup G < SO(n) acting linearly on NxLx. On V ×O,
where x ∈ O ⊂ Lx is an open neighbourhood, we can naturally assign the
proper Lie groupoid G := (G× V )× (O × O)⇒ V × O. Assuming that both
V and O are small enough neighbourhoods of x, in NxLx and Lx respectively,
the exponential map exp : NLx → M is a diffeomorphism onto an open
neighbourhood x ∈ U = exp(V ×O). This viewpoint leads to:

Proposition 2.3.16. Let (M,F, η) be a Riemannian foliation and let x ∈
M with leaf Lx ⊂ M . Then F is linearisable at x if and only if x has a
neighbourhood x ∈ U ⊂ M of the form U = V × O, with x ∈ O ⊂ Lx and a
compact group G, acting on V , such that F |U is induced by the Lie groupoid
(G× V )× (O ×O)⇒ V ×O.

Recall, see Theorem 1.1.28, that the proper Lie groupoid of the above
proposition is exactly the local linear model of a proper Lie groupoid. It is
therefore not surprising that proper Lie groupoids induce orbit-like foliations.
In fact, the following is true:

Theorem 2.3.17 ([42, 86]). Let (G ⇒M,η) be a Riemannian groupoid. The
induced partition of M into the connected components of its orbits is an orbit-
like foliation.

Proof. In the references it is shown that the partition into orbits is a singular
Riemannian foliation and the above proposition shows that it is orbit-like.
Note that for any Riemannian groupoid, the isotropy groups Gx do not have
to be compact, but their representations on NxLx are, as they are subgroups
of SO(NxLx).

Since s-connected Lie groupoids have connected orbits and proper Lie
groupoids admit simplicial metrics, this shows that:

Corollary 2.3.18. The space of objects of any proper, s-connected Lie group-
oid admits a simplicial metric such that its partition into orbits is a closed
orbit-like foliation.

Just as Morita equivalence of groupoids can be restricted to proper Lie
groupoids or to Riemannian groupoids, Morita equivalence of Riemannian fo-
liations can be restricted to orbit-like foliations.

Proposition 2.3.19. Let f : (M,η)→ (M ′, F ′, η′) be a Riemannian submer-
sion. Then, the pullback foliation F on M is orbit-like if and only if F ′ is.
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Proof. Let x′ ∈ L′ be a leaf of M ′ and x ∈ L ⊂ f−1(L) a leaf of M such
that f(x) = x′. Then dxf : NxL → Nx′L

′ is an isometry with respect to
the fibre-wise flat metrics on NL and NL′. Moreover, exp−1(Fexp(V )) on any
open V ⊂ NxL is the pullback of exp−1(F ′exp(V ′)) along the isometry dxf .
Therefore, the infinitesimal transversal model of F at x is homogenous if and
only if the infinitesimal transverse model of F ′ at x′ is. That is, F is orbit-like
if and only if F ′ is.

Corollary 2.3.20. For a foliation, being orbit-like is preserved under Morita
equivalence.

Since we now have well-defined Morita equivalences for Riemannian group-
oids and for orbit-like foliations, we can wonder how they are related. Recall
that not all foliations integrate to a Lie groupoid, so we can only start with
Riemannian groupoids and consider their induced foliations.

Proposition 2.3.21. Let (G, η) and (G′, η′) be two Riemannian Morita equiva-
lent, s-connected Riemannian groupoids. Then their induced orbit-like foli-
ations are Morita equivalent.

Proof. Let G ← H → G′ be a Riemannian Morita equivalence such that
φ : H → G and φ′ : H → G′ are surjective Riemannian weak equivalences and
let F, F ′, FH be the foliations by orbits of the groupoids G, G′ and H respect-
ively. Recall that s-connectedness is a Morita invariant property Lemma 1.1.35,
so thatH is s-connected. This implies that it has connected orbits, so we do not
need to take connected components forH either. SinceH ∼= G×(M×M)(N×N),
we get that n1 and n2 belong to the same H-orbit if and only if φ(n1) and
φ(n2) belong to the same G-orbit. That is, each orbit LH of H is given as
LH = φ−1(L) for an orbit L ⊂ M . Since H is s-connected, it follows that
φ does not create extra leaves and that the pullback foliation φ−1(F ) = FH.
The same holds for φ′ and hence φ−1(F ) = φ′−1(F ′).

Corollary 2.3.22. Let (G, η) and (G′, η′) be two Morita equivalent Rieman-
nian groupoids. Then their induced disconnected orbit-like foliations are Mo-
rita equivalent.

2.3.2 Holonomy groupoid for Riemannian Foliations

In this section we will discuss the holonomy groupoid of Riemannian foliations.
As the holonomy groupoid depends on the chosen module F in the singular
case, we will have to work with modules here as well. In the case that F is
regular, we can use the regular version of the holonomy groupoid instead.

Proposition 2.3.23 ([76]). The holonomy groupoid of a regular Riemannian
foliation is Hausdorff. Moreover, if all its leaves are compact, the holonomy
groupoid is proper.
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(sketch). Note that the holonomy groupoid has the leaves of the foliation as
orbits. Hence if the holonomy groupoid is proper, the leaves have to be closed.
Closedness of the leaves is therefore always necessary for Hol to be proper.
In the case that the base manifold M itself is compact, it is sufficient as well.
The proof of the second part of the above proposition uses that compact leaves
have finite, and therefore compact, holonomy. Applying Proposition 2.2.32
then proves the proposition.

We will use this section to generalise and sharpen the above proposition.
A first step between regular and singular Riemannian foliations are the leaf-

closure of regular Riemannian foliations, whose leaves are not closed. A famous
conjecture of Molino stated that the leaf-closure of any singular Riemannian
foliation is again a singular Riemannian foliation. Although he proved it to
be true for the regular foliations [78] and others for some other subcases of
singular Riemannian foliations [79, 6, 3, 2], only recently the same has been
proven for all singular Riemannian foliations.

Theorem 2.3.24 ([5]). The leaf-closure of a singular Riemannian foliation is
a singular Riemannian foliation.

Even though it is interesting to know that the leaf-closure of any Rieman-
nian foliation is again a Riemannian foliation, we will now focus on the leaf-
closures of regular Riemannian foliations. They are singular foliations and we
can use the smooth regular holonomy groupoids to find proper Lie groupoids
integrating them. A part of the proof of the following theorem is based on the
work in [54].

Theorem 2.3.25. Let (M,F, η) be a regular Riemannian foliation and let F
be its leaf-closure. Then F is defined by a proper Lie groupoid.

Proof. If x ∈ M , let NxLx = (TxLx)⊥ be the normal bundle of its leaf and
define the first jet groupoid J 1 of F as:

J 1 = {(x2, x1, A) |xi ∈M, A ∈ Isom(Nx1
Lx1

, Nx2
Lx2

)},

that is, pairs of points in M and isometries between the normal spaces of their
leaves. Note that J 1 ⇒M is a proper transitive Lie groupoid and just as the
étale holonomy groupoid HolT for a complete transversal T is effective, Hol
embeds into J 1 by considering the normal action. Now, let Hol ⇒ M be the
closure of Hol ⊂ J 1. Since it is closed inside a proper Lie groupoid, it is a
proper Lie groupoid itself and it induces the foliation F .

Remark 2.3.26. It is still unknown whether the above Lie groupoid is a
holonomy groupoid. Viewing Γ(F ) inside XF , a suitable choice of topology

on the space of vector fields would allow us to define its closure Γ(F ). It
is interesting to find out whether this a singular foliation itself and whether
its holonomy groupoid is exactly the above constructed Lie groupoid, which
would show that it is projective.
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Remark 2.3.27. Note that the definition of J 1 in the above proof uses that
the foliation is regular, so that each normal space has the same dimension.
Hence the above theorem cannot immediately be generalised to “projective
Riemannian foliations”.

Remark 2.3.28. In [54], the authors use a similar jet groupoid, but for the
étale holonomy groupoid of a complete transversal T . As mentioned in Re-
mark 2.3.10, with the standing notion of Morita equivalence it is not clear that
this étale approach is Morita equivalent to the approach we use above, even
though in spirit they are. Note that when working with complete transversals
one always has to allow disconnectedness of the foliations and equivalences.

Recall that Riemannian groupoids can be viewed as a Lie groupoid with a
compatible metric. Similarly, we can view Riemannian foliations as foliations
with a compatible metric. This leads to the idea that if a Riemannian foli-
ation is integrable to a Lie groupoid, it should be integrable to a Riemannian
groupoid as well. Since different Lie groupoids can induce the same partition,
one realises that this sentiment cannot be completely true. It is however true
in the case of smooth holonomy groupoids. We end this section by proving
exactly this, by defining singular lifts of Riemannian foliations. Note that it
is still unclear whether such lifts always exist.

Definition 2.3.29. Let (M,F, η) be a Riemannian foliation. A singular lift
of F is a singular foliation F on M such that:

• Its partition into leaves is equal to F ;

• The Lie groupoid HolL acts by isometries on NL for all leaves L ⊂M .

It is called projective if F is a projective foliation.

Remark 2.3.30. If X is a Killing vector field on a Riemannian manifold
(M,η), then its flow is an isometry of M . Hence if F is a singular foliation
on a Riemannian manifold (M,η) such that for each x ∈ M , Fx = F/IxF
admits a basis of Killing vector fields, it follows that F is a singular lift of
the Riemannian foliation it induces on M . Existence of Killing vector fields
is not always guaranteed, for example on compact manifolds with negative
Ricci curvature there are no Killing vector fields. Note however that asking
for a basis of Killing vector fields is too strong: we only need isometries in the
normal directions to the leaves and not in the longitudinal directions.

In the final part of this section, we will show that if Hol is the holonomy
groupoid of a projective singular lift F of a closed orbit-like foliation (M,F, η),
then we can extend the metric on M to a simplicial on Hol, turning it into a
Riemannian groupoid. We will do this by showing that the holonomy group-
oid is proper and Hausdorff, so that we can use the averaging techniques of
Section 1.3 to prove existence of the metric.
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To show that the holonomy groupoid is proper, we want to use Proposi-
tion 2.2.32, which tells us that linearisability of F is the same as linearisability
of Hol if we have Hausdorffness. Note that Proposition 2.3.23 tells us that
the holonomy groupoid of a regular foliation is Hausdorff. This holds in more
generality. To this end:

Lemma 2.3.31. Let F be a linearisable projective singular lift of F . Then
Hol is Hausdorff.

Proof. Let L ⊂ M be a leaf. By minimality of the holonomy groupoid, we
know that HolL embeds into Isom(NL), which is defined similarly as the first
jet groupoid, but now just for a single leaf:

Isom(NL) := {(x2, x1, A) |xi ∈ L, A ∈ Isom(Nx1L,Nx2L)}⇒ L.

Since this Lie groupoid is Hausdorff, so is HolL, which implies that the action
groupoid HolL ×NL⇒ NL is Hausdorff. We conclude by linearisability of F
that Hol is Hausdorff.

Remark 2.3.32. Note that in the above lemma we do not need that the leaves
of the foliation are closed.

The next part we need is linearisability of the lift.

Lemma 2.3.33. Let F be a projective singular lift of F . Then F is an orbit-
like foliation if and only if F is linearisable.

Proof. First assume that F is linearisable. By Proposition 2.2.32, it follows
that Hol is linearisable. Its isotropy groups are closed subgroups of SO(n)
for n the codimension of the specific leaf. Hence they are compact and by
Proposition 2.3.16 and linearisability, it follows that F is linearisable.

Conversely, assume that F is linearisable. Then by Proposition 2.3.16
again, we see that there exists a proper Lie groupoid on an open neighbourhood
of each leaf L which defines the foliation. That is, F is linearisable.

Since we know that if the holonomy groupoid is linearisable and has com-
pact isotropy groups, it is proper, see Proposition 2.2.32, we can conclude:

Corollary 2.3.34. The holonomy groupoid of a projective singular lift of a
orbit-like foliation is Hausdorff and proper.

As proper Lie groupoids admit simplicial metrics, see Theorem 1.3.11, the
holonomy groupoid of a projective lift of an orbit-like foliation carries a simpli-
cial metric. Using averaging techniques as in Section 1.3, the following theorem
now follows immediately:

Theorem 2.3.35. Let (M,F, η) be a linearisable singular Riemannian foli-
ation and Γc(A) ∼= F a projective singular lift of F . Then there exists a
simplicial metric {ηk}k∈N on the proper Lie groupoid Hol such that η0 = η.
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Proof. Since the lift of F is projective, it follows that Hol⇒M is a proper Lie
groupoid. Moreover, Theorem 1.3.11 shows that Hol indeed carries a simplicial
metric. The construction of this simplicial metric is based on a choice of
simplicial metric on the submersion groupoid of s : Hol → M . It is then
averaged under the Hol-action and pushed down to Hol itself. As Hol acts by
isometries, it follows that this pushed down metric on M is η itself.
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Chapter 3

Orbit spaces of proper Lie
groupoids

This chapter discusses the orbit spaces X of (proper) Lie groupoids G ⇒ M .
Generally, these orbit spaces are not smooth, but they do carry more structure
than just that of a topological space, encoded in the normal actions of the
(compact) isotropy groups of the Lie groupoid. In [41], see Theorem 1.1.22,
del Hoyo proved that two Lie groupoids are Morita equivalent if and only
if their orbit spaces are homeomorphic and their isotropy group actions are
isomorphic. Therefore, the orbit space is a Morita invariant of Lie groupoids.
Some of the most important Morita-invariant properties of Lie groupoids can
be constructed and retrieved out of their orbit spaces. Examples of such
properties are their cyclic homology [85], and their representation theory [101].

Singular spaces which admit the structure of an orbit space of a (proper) Lie
groupoid arise naturally in a lot of different fields of mathematics. Examples
are moduli stacks such as those of pseudo-holomorphic curves [49] and “local
quotient groupoids” in (twisted) K-theory [46, 47, 103]. However, the main
example which it generalises is that of an orbifold. It is known, see [60, 100, 76],
that the orbit spaces of foliation Lie groupoids are orbifolds. Orbifolds have
an intrinsic atlas-like definition in terms of quotients of effective actions of
finite groups. This allows one to define sheaves [77] and differential forms on
orbifolds. Furthermore, there is a de Rham theorem [36], and a Hodge theorem
in the Riemannian orbifold setting [18]. On the other hand, one can assign
an effective Lie groupoid to each orbifold atlas whose isotropy group actions
exactly recover the charts of the atlas.

Combining del Hoyo’s result mentioned above with this correspondence for
orbifolds leads to the notion of a (proper) orbispace as a Morita equivalence
class of (proper) Lie groupoids [41]. However, to talk about sheaves, differ-
ential forms, cyclic homology and the representation theory of orbispaces, it
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is preferred to have an atlas-like definition of an orbispace. Throughout the
literature there have been plenty of attempts to generalise the atlas approach
to orbifolds to a broader set of:

• Lie groupoids other than effective ones (e.g. [22, 17, 105]);

• Lie group actions other than effective actions of finite groups (e.g. [96,
25, 84, 91]).

In this chapter we unify these attempts and answer the following question:

Question 1. Is there an intrinsic, atlas-based definition of an orbispace which
models the orbit space of a proper Lie groupoid?

The definition of an orbispace that we give in Definition 3.2.4 relates to
orbifolds as follows. Recall that an orbifold atlas roughly consists of charts
which are built from effective actions of finite groups, together with compatib-
ility conditions between these charts. Any successful definition of an orbispace
should capture the orbit spaces of proper Lie groupoids. Therefore we will
have to allow the charts to be given by general actions of compact Lie groups.
This is because they must model the isotropy groups of proper Lie groupoids.
To properly generalise the compatibility conditions for these charts, more care
must be taken. Namely, in the case of orbifolds, there are several equivalent
compatibility conditions one can demand. These are:

(A) Local compatibility (Definition A,[60, 76]);

(B) Global compatibility (Definition B,[77]);

(C) Compatibility by inclusion (Definition C,[94, 95, 100]).

When using compact Lie group actions to build charts, these compatibility
conditions are not equivalent anymore. This makes not all of them suitable
for generalisation. In this chapter we argue that compatibility condition (B) is
the correct one to generalise to orbispaces. Doing this, we succeed in defining
orbispace atlases intrinsically such that they contain orbifold atlases as a spe-
cial case. Moreover, we show that each such orbispace atlas naturally defines
a proper Lie groupoid and that, conversely, each proper Lie groupoid provides
an orbispace atlas for its orbit space. In fact, we show the same is true for any
linearisable Lie groupoid when allowing for non-compact Lie group actions.

The first main theorem of this chapter answers Question 1 positively, by
showing that the structures correspond to each other in the following sense:

Theorem A. Let G be a linearisable (proper) Lie groupoid. Then its orbit
space X admits a canonical (proper) orbispace structure. Moreover, the Lie
groupoid induced by any atlas of this structure is Morita equivalent to G.
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For orbit spaces of proper Lie groupoids, we further show that there ex-
ists an orbispace atlas built from linear actions of compact Lie groups. We
call orbispaces which admit a linear orbispace atlas linear. For a more precise
statement of this theorem, see Proposition 3.2.12 and Theorem 3.2.29.

Having settled Question 1, a follow-up question is to compare the orbispace
atlas definition to the approach of orbispaces as Morita equivalence classes:

Question 2. How does the atlas-based definition of an orbispace relate to the
category of Morita equivalence classes of proper Lie groupoids?

The second part of Theorem A suggests that the category of orbispaces
agrees with the latter. However, when considering morphisms of orbispaces,
things become more subtle. To discuss this we have to recall the notion of a
differentiable stack [15, 23, 65], which we do in Section 3.3.

The second main theorem of this chapter completely answers Question 2
and shows that proper orbispaces are separated differentiable stacks, and not
proper Lie groupoids up to Morita equivalence.

Theorem B. The category of linear orbispaces is a full subcategory of the
category of differentiable stacks:

Clin
orbi = Clin

st ⊂ Cst.

In this correspondence, the subcategories of proper orbispaces and separated
differentiable stacks coincide.

This result can be found in this chapter as Theorem 3.3.17.

As linearisability of a Lie groupoid is often due to the existence of a sim-
plicial metric, one can wonder whether such metrics descend to its orbispace.
This is a Riemannian version of Question 1. We show that this is indeed the
case after defining the notion of a Riemannian orbispace, which has a com-
patible metric on each chart of its atlas. Note that these charts need to be
compatible with each other in a Riemannian way.

There is also a Riemannian version of Question 2. In [43], the authors
show that the existence of metrics on Lie groupoids is a Morita invariant
property. This leads to the notion of a Riemannian stack as a differentiable
stack equipped with a compatible metric.

By combining Theorems A and B we answer this question positively, show-
ing that proper Riemannian orbispaces and separated Riemannian stacks agree.

Theorem C. The category of proper Riemannian orbispaces is a full subcate-
gory of the category of Riemannian stacks:

CR,proper
orbi = CR,sep

st ⊂ CR
st.
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This result can be found in this chapter as Theorem 3.6.8.
These results give us a better understanding of the orbit spaces of proper

Lie groupoids. The atlas-based description of an orbispace allows us to under-
stand the local structure of the orbit space. It can also be viewed as a glueing
construction for Lie groupoids, where the glueing is along Morita equivalences.

Conversely, it allows us to use Lie groupoids when studying orbispaces.
This viewpoint is particularly useful when one studies the differential geometry
of orbispaces. An example is the notion of sheaves on orbispaces and the
differential forms on orbispaces. Using the integrating Lie groupoid of an
orbispace atlas, we show that a de Rham theorem holds for orbispaces in
Section 3.5.

Organization of the chapter:

The structure of this chapter is as follows. In Section 3.1, we discuss the ex-
isting orbifold and orbispace functors one can find in the literature. Whenever
possible, we point out which properties will hold when working with compact
group actions and which ones do not hold. We continue in Section 3.2 with
the definition of an orbispace atlas, both in the language of Morita bibundles
and Morita fractions. In this section, we also show that each atlas defines
naturally a Lie groupoid, and vice versa, in order to prove the Theorem A
Then in Section 3.3, we discuss the morphisms of orbispaces and its category,
proving Theorem B.

In Section 3.4, we return to the literature and show that each of the struc-
tures recalled in Section 3.1 is an instance of an orbispace. Furthermore, in
Section 3.5 we define sheaves on orbispaces and prove a de Rham theorem for
the de Rham complex of an orbispace (see Theorem 3.5.11).

Finally, in Section 3.6, we show that we can do the same in the Riemannian
setting to prove Theorem C. We finish this chapter with a section on the leaf
spaces of foliations in Section 3.7. There we combine the results of Chapter 2 on
foliations and their holonomy (Lie) groupoids with the results in this chapter
on orbispaces.

3.1 Orbit spaces: an overview

In this section we start by discussing the existing orbifold and orbispace functor
definitions one can find in the literature, e.g. [94, 26, 77, 90] for orbifolds, [62,
91, 97] for non-effective orbifolds and [25, 84] for orbispaces. We will remark
when properties do not generalise to our setting of proper Lie groupoids.

Similar to the definition of a smooth structure on a manifold by local charts
which are diffeomorphic to Rn, orbifolds are defined as spaces with local charts
diffeomorphic to quotients of actions of finite groups. More precisely, orbifold
charts are defined as follows:
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Definition 3.1.1. An orbifold chart (V,G, π) of dimension n on a connected
paracompact Hausdorff space X consists of:

• A connected subset 0 ∈ V ⊂ Rn;

• A finite group G acting on V ;

• A G-equivariant topological map π : V → X such that:

– W := π(V ) ⊂ X is open,

– the induced map V/G→W is a homeomorphism.

If the action of G is effective, we call the chart reduced. The induced Lie
groupoid of the chart is the action groupoid G× V ⇒ V .

Whenever (V,G, π) is an orbifold chart, and g ∈ G is an element of the
group, we can view the action by g as an element of Diff(V ). The image
ρ(G) ⊂ Diff(V ) of G under this consideration automatically forms a reduced
orbifold chart (V, ρ(G), π). One should view this as a different chart than the
initial chart, since we will see later on that isotropy matters.

Now that we know what the local structure of an orbispace is, we need
to know how to form an atlas out of the charts, i.e. we need a compatibility
condition. For this we need to introduce some concepts:

• A subset S ⊂ V is called G-stable if for all g ∈ G either g · S = S or
g · S ∩ S = ∅;

• If S is G-stable, then its isotropy group is GS := {g ∈ G | g · S = S};

• The restriction of (V,G, π) to a G-stable subset S is (S,GS , π);

• An embedding of reduced charts (V1, G2, π1) → (V2, G2, π2) consists of
an embedding φ : V1 → V2 such that π2 ◦ φ = π1;

• Two charts (Vi, Gi, πi) for i = 1, 2 are called compatible at x, for x
an element of π1(V1) ∩ π2(V2), if for all pairs (v1, v2) ∈ V1 × V2 such
that π(v1) = x = π(v2) there exists a third chart (U,H, π), embeddings
φi : U → Vi and an element u ∈ U such that vi = φi(u);

• Two charts (Vi, Gi, πi) for i = 1, 2 are called locally compatible if they
are compatible at each point x ∈ π(V1) ∩ π(V2);

• Two charts (Vi, Gi, πi) for i = 1, 2 are called globally compatible if there
exists a third chart (U,H, π) and embeddings φi : U → Vi such that
π(U) = π1(V1) ∩ π2(V2).

A first definition of an orbifold one finds in the literature is through local
compatibility, see [60, 76].
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Definition A. An orbifold atlas {(Vi, Gi, πi)}i∈I on a paracompact Hausdorff
space X consists of a collection of reduced orbifold charts. These are subject
to the conditions that:

• The collection is a cover : X = ∪i∈Iπi(Vi);

• The charts are locally compatible.

Two atlases V and V ′ on X are called equivalent if their union is an atlas. The
space X, together with an equivalence class of atlases, is called an orbifold.

Although local compatibility sounds weaker than global compatibility, in
[77] it was shown that if the spaces of the charts are simply connected one can
derive global compatibility from local compatibility:

Lemma 3.1.2 ([77]). Let X be a paracompact Hausdorff space and let, for
i = 1, 2, (Vi, Gi, πi) be two locally compatible charts on X such that V1 is
simply connected and π1(V1) ⊂ π2(V2). Then there exists a chart embedding
V1 ↪→ V2.

Using this, one can show that for any orbifold atlas as in Definition A, one
can find an equivalent orbifold atlas which has only simply connected charts
and satisfies global compatibility. Therefore, we can reformulate the definition
of an orbifold to the following definition, see [77].

Definition B. An orbifold atlas V = {(Vi, Gi, πi)}i∈I on a paracompact Haus-
dorff space X consists of a collection of reduced orbifold charts. These are
subject to the conditions that:

• The collection is a cover : X = ∪i∈Iπi(Vi);

• The charts are globally compatible.

Two atlases V and V ′ on X are called equivalent if their union is an atlas. The
space X, together with an equivalence class of atlases, is called an orbifold.

Since global compatibility is much easier to work with than local compat-
ibility, this is the definition that we will extend to the orbit spaces of proper
Lie groupoids. Therefore, whenever we mention an orbifold, we mean it in the
sense of Definition B. We say that a paracompact Hausdorff space X admits
an orbifold structure if there exists an equivalence class of orbifold atlases V
such that (X,V) is an orbifold.

Even though the above two definitions are the ones used most often, ini-
tially, see [94, 95, 100, 63], a third kind of orbifold atlases were used. Given an
atlas V on X, using Lemma 3.1.2 one realises that by adding charts for each
intersection, we get an equivalent atlas which satisfies the following definition:

Definition C. A V -orbifold atlas {(Vi, Gi, πi)}i∈I on a paracompact Haus-
dorff space X consists of a collection of reduced orbifold charts. These are
subject to the conditions that:
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• The collection is a cover : X = ∪i∈Iπi(Vi);

• The collection is closed under intersection: for all πi(Vi) ∩ πj(Vj) 6= ∅
there exists a k ∈ I such that πk(Vk) = πi(Vi) ∩ πj(Vj);

• The charts are compatible under inclusion: for all πi(Vi) ⊂ πj(Vj) there
exists a chart embedding φ : Vi → Vj .

Two atlases V and V ′ on X are called equivalent if there exists an atlas W on
X such that V,V ′ ⊂ W. The space X, together with an equivalence class of
atlases, is called a V-orbifold.

Here the V stands for the initial definition of Satake of V -manifolds, see
[95]. We use this notation to differentiate between the Definition B and Defin-
ition C, although it is not common in the literature. Note that the equivalence
condition in Definition C is different than in Definition A and Definition B.
This is necessary as the union of two coverings which are closed under inter-
section does not have to be closed under intersection itself. Of course, any
V -orbifold atlas satisfies global compatibility and hence is an actual orbifold
atlas. However, the inclusion property of the above definition is hard to work
with when we want to generalise towards non effective actions, to which we
will come back in Section 3.2.2.

Remark 3.1.4. Instead of considering an equivalence class of atlases, in the
literature it is common to consider a maximal orbifold atlas under inclusion.
Of course, each equivalence class has a unique maximal atlas and this atlas is
automatically closed under intersections.

From now on, we will work with orbifolds as in Definition B. In the defin-
ition of compatibility of charts, only the existence of an intersection chart is
asked for and no furhter restrictions are assumed on the embeddings. The
following proposition shows that its existence is almost unique.

Proposition 3.1.5 ([76]). Let φ1, φ2 : (V1, G1, π1) → (V2, G2, π2) be two em-
beddings of effective charts. Then:

1. φi(V1) is G2-stable;

2. There exists a unique group isomorphism τi : G1 → (G2)φi(V1) such that
φi(g · x) = τi(g) · φi(x);

3. Each g ∈ G1 defines an embedding φg : V1 → V1 as v 7→ g · v, whose
corresponding group isomorphism is τg : g1 7→ gg1g

−1;

4. There exists a unique g ∈ G2 such that φ2 = φg ◦ φ1.

The last property of the above lemma shows that given two charts, the
embeddings between them are unique up to a group element. As mentioned
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in the introduction of this chapter, orbifolds correspond to proper effective Lie
groupoids. Recall that the effect of an element g ∈ G from an étale Lie groupoid
G ⇒ M was defined as germs(g)(t ◦ s|−1

U ) in Section 1.1.3. One can view the
effect as a Lie groupoid morphism eff : G → Γ(M). Here Γ(M) ⇒ M is the
Haefliger groupoid [59], which is defined as all germs of local diffeomorphisms
of M . Then, G is effective if and only if eff is an injective map. The image
eff(G) is by construction effective for any étale Lie groupoid G.

The first part of the correspondence between orbifolds and proper effective
Lie groupoids is that each orbifold induces such a Lie groupoid.

Theorem 3.1.6 ([76]). Let X be an orbifold with atlas V = {(Gi, Vi, πi)}i∈I .
Define V :=

∐
i∈I Vi and π = qiπi : V → X, and

P := {locally defined diffeomorpshisms f on V |π ◦ f = π|dom(f)}.

Then
GV := {germx(f) | f ∈ P, x ∈ dom(f)}⇒ V (3.1)

is a proper effective Lie groupoid such that X is homeomorphic to V/GHV .

Remark 3.1.7. The set P is a so-called pseudogroup and the formula in
Equation (3.1) defines a Lie groupoid for any pseudogroup [76]. We have
to note however that the space of arrows might not be Hausdorff or second-
countable, but has a smooth structure compatible with sheaf topology.

Remark 3.1.8. Note that it is important that dim(Vi) is constant to define the
pseudogroup P and hence the corresponding Lie groupoid. This will not hold
for the orbispaces that we will consider in Section 3.2. Another thing to remark
is that any element of P, f : Vi → Vj , is a chart embedding Vi|dom(f) → Vj
and hence lifts by Proposition 3.1.5 to a group morphism Gi → Gj . This will
already not hold anymore for non-effective orbifolds.

For the second part of the correspondence between orbifolds and Lie group-
oids, recall that any proper foliation groupoid is Morita equivalent to a proper
étale Lie groupoid.

Theorem 3.1.9 ([76]). Every foliation Lie groupoid G defines a canonical
orbifold structure V on its orbit space X. Moreover, if H ' G is a proper étale
Lie groupoid, then GV is Morita equivalent to eff(H).

We thus see that there exists a natural correspondence between orbifolds
and proper étale Lie groupoids.

3.1.1 Reformulation using weak equivalences

Let us take a closer look at embeddings of reduced orbifold charts. We will
show that to each embedding there is associated a natural weak equivalence,
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which allows us to reformulate the global compatibility condition of an atlas.
This serves both as a motivation for the upcoming sections, as well as a first
step in showing that the orbispaces we define in Section 3.2 are indeed a
generalisation of orbifolds, a fact we prove in Section 3.4.2.

Let (W,H, πW ) and (V,G, π) be two reduced orbifold charts on a para-
compact Hausdorff space X and let φ : W → V be an embedding. Due to
Proposition 3.1.5 there exists unique group isomorphism τ : H → Gφ(W ) such
that φ(h · w) = τ(h) · φ(w) for all (h,w) ∈ H × W . This results in a Lie
groupoid morphism (τ, φ) : H ×W → G× V .

Lemma 3.1.10. (τ, φ) : H ×W → (G× V )|π−1(πW (W )) is a weak equivalence.

Proof. By definition of Gφ(W ), we get that (G × V )|φ(W ) = Gφ(W ) × φ(W ).
Therefore (τ, φ) is an isomorphism onto its image (G× V )|φ(W ) and in partic-
ular a weak equivalence. Applying Example 1.1.17, one has that the inclusion
(G× V )|φ(W ) ↪→ (G× V )|π−1(πW (W )) is a weak equivalence as well, and hence
the lemma follows.

The above lemma is the key insight to the structure of orbifold chart embed-
dings and allows us to rethink the global compatibility condition. If (V,G, π)
and (V ′, G′, π′) are two charts of an atlas V on X, then by assumption there
exists a (W,H, πW ) ∈ V and embeddings φ : W → V and φ′ : W → V ′ such
that U := πW (W ) = π(V ) ∩ π′(V ′) ⊂ X. Using the above lemma, H actually
defines a Morita fraction between the induced Lie groupoids of the charts:

(G× V )|π−1(U) ← H ×W → (G′ × V ′)|π′−1(U).

This Morita fraction still depends on the choice of the embeddings φ and φ′.
There are two ways to get rid of this dependency. Firstly, we can alter the
groupoid H ×W to use the initial choice of embeddings to encode all possible
embeddings in the equivalence:

Lemma 3.1.11. Let H := (G×G)× (H ×W )⇒ G×W be the Lie groupoid
product of the action groupoids of the left-action of G on itself, G × G ⇒ G,
and H ×W ⇒W , and let ξ : H → G× V be defined by

ξ1(g2, g1, h, w) := (g2g1τ(h)g−1
1 , g1 · φ(w)); ξ0(g, w) := g · φ(w).

Then ξ : H → (G× V )|π−1(πW (W )) is a surjective weak equivalence.

Proof. Since φ is an embedding between manifolds of equal dimension, it is
a submersion. Hence so is ξ0. Since ξ0 is also surjective, we see that ξ is
surjective. For fully faithfulness, let (g, v, g2, w2, g1, w1) be any element of the
fibre product of G × V with (G×W )× (G×W ) over V × V . Then we get
that v = g1φ(w1) and g · v = g2φ(w2). Hence g−1

2 gg1 · φ(w1) = φ(w2) and
is therefore an element of Gφ(W )

∼= H. This yields that the fibre product is
isomorphic to G×G×H ×W and hence ξ is fully faithful.
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Remark 3.1.12. Note that if we had started with a different embedding φ,
the resulting Lie groupoids H would be the same and the resulting maps ξ
would be isomorphic.

Remark 3.1.13. Of course, one can use Lemma 3.1.11 on both sides if
(W,H, πW ) is an intersection chart of (V,G, π) and (V ′, G′, π′). The resulting
Lie groupoid is then given byH = (G×G)×(H×W )×(G′×G′)⇒ G×W×G′.
Remark 3.1.14. Note that we could view (G ×W,G × H,π) as a reduced
orbifold chart as well, since G × H is still a finite group, acting effectively.
However, the space on which it acts, G ×W , is not connected. The above
lemma therefore trades the connectedness of the intersection chart for the
surjectivity of the induced Morita fraction.

A second method to deal with the choice of embeddings, which is the
viewpoint we will use, is by monitoring it. Suppose we have three charts
(Vi, Gi, πi), i = 1, 2, 3, such that π(V1) ⊂ π(V2) ⊂ π(V3), and we pick embed-
dings φji : Vi → Vj for i < j as in the following diagram:

G1 × V1 G2 × V2 G3 × V3
τ2
1×φ

2
1

τ3
1×φ

3
1

τ3
2×φ

3
2

Then by 4. of Proposition 3.1.5, we know that there exists a unique g3 ∈ G3

such that
φ3

1 = φg3 ◦ φ3
2 ◦ φ2

1; τ3
1 = τg3 ◦ τ3

2 ◦ τ2
1 . (3.2)

We will come back to the existence of this element g3 in Section 3.4.2, where
we will use the language introduced in Section 1.2 to encode them.

3.1.2 Ineffective orbifolds

A first attempt to generalise the notion of orbifolds can be found in the study
of non-effective or ineffective orbifolds, see for example [62, 91, 97]. These kind
of orbifolds allow non-reduced charts and hence admit (global) isotropy.

A naive guess to define a non-effective orbifold is by repeating one of the
three definitions of an orbifold, but now with non-reduced charts. However, if
(V,G, π) and (V ′, G′, π′) are two non-reduced charts on a paracompact Haus-
dorff space X, and if φ : V → V ′ is an embedding, then there does not have
to exist a unique lift τ : G → G′ such that φ(g · v) = τ(g) · φ(v). Moreover,
not every embedding necessarily lifts to a weak equivalence any more, as the
following example illustrates.

Example 3.1.15. Let G = Z2 × Z2 and H = Z2 act on W = V = R by

(ε1, ε2) · v := ε1v, ε · w = εw;

for all ε, εi ∈ Z2 = {±1}.
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The map φ = id: R→ R is an embedding and has two lifts

(τ±, φ) : Z2 × R→ Z2 × Z2 × R;

(1, w) 7→ (1, 1, w), (−1, w) 7→ (−1,±1, w).

Since Z2 × R only has isotropy at the origin and Z2 × Z2 × R has isotropy
everywhere, we note that neither of the above maps are weak equivalences.

Remark 3.1.16. In the above example, we see that there are precisely two
lifts of the embedding φ and both lifts are constant on the isotropy part. When
going to compact group actions instead of finite group actions, the isotropy is
not discrete any more, so there will be a smooth set of lifts instead of a finite
set. This complicates the discussion even more.

The above example is the first signal that just working with embeddings
will not work as the lifts are not uniquely defined. Therefore, we have to choose
each lift as part of the data of an atlas. In [91], the authors do exactly that
and construct a definition of an ineffective atlas, using Morita equivalences, in
a categorical language. In particular they show:

Theorem 3.1.17 ([91]). Each ineffective orbifold induces a proper étale Lie
groupoid and each proper étale Lie groupoid defines the structure of an inef-
fective orbifold on its orbit space.

3.1.3 Orbispace functors

A second attempt to generalise orbifolds can be found in the study of topolo-
gical orbispaces as in [25, 26] and in orbispace functors as in [84]. Let us start
by introducing compact orbispace charts and the maps the above papers use.

Definition 3.1.18. A compact orbispace chart (V,G, π) on a connected para-
compact Hausdorff space X consists of:

• A connected smooth manifold V ;

• A compact Lie group G acting smoothly on V ;

• A G-equivariant topological map π : V → X such that:

– W := π(V ) ⊂ X is open,

– the induced map V/G→W is a homeomorphism.

A morphism (τ, φ) between two charts (V,G, π) and (V ′, G′, π′) consists of:

• A smooth map φ : V → V ′ such that π′ ◦ φ = π;

• A smooth Lie group morphism τ : G → G′ such that (τ, φ) is a Lie
groupoid morphism.
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If φ is moreover an (open) embedding, we will call (τ, φ) an (open) embedding.

Note that (τ, φ) being an (open) embedding is only an extra condition on
φ. Let us denote, from now on, the category of compact orbispace charts on
X with the morphisms as in the above definition by C(X).

Definition 3.1.19 ([84]). Let X be a connected paracompact Hausdorff space
with open cover U . Define U to be the category with objects connected com-
ponents of finite intersections of sets of U and arrows the natural inclusions.
An orbispace functor on (X,U) is a functor F from U to C(X), such that:

1. U = π(F (U)) for all U ∈ U ;

2. F (U) is connected for all U for all U ∈ U ;

3. F (i) : F (U)→ F (U ′) is an open embedding for all inclusions i : U ↪→ U ′.

Remark 3.1.20. The third condition of an orbispace functor implies that
each F (U) must have the same dimension.

Remark 3.1.21. When looking at the definition of an orbifunctor, one can
see that it is the closest to Definition C of an orbifold, as the collection {F (U)}
is closed under intersection. The functor F monitors which chart embeddings
are chosen in the maps F (i). Recall from Section 3.1.1, that for orbifolds the
composition of embeddings satisfies Equation (3.2), i.e. there always exists a
unique groups element g which interpolates between two embeddings. The
existence of a functor dictates that one should always be able to pick g = e,
which does not need to be true for orbifolds.

Remark 3.1.22. Note that the morphisms of a functor are not assumed to be
weak equivalences. In Section 3.4 we will continue to only consider a subclass
of functors, those that are so-called strongly stable, for which the morphisms
are weak equivalences.

As a consequence of Section 3.2 and Section 3.4, we will see that a special
subclass of orbispace functors, namely the strongly stable functors, which we
will introduce in Section 3.4, define proper Lie groupoids. We will prove:

Theorem 3.1.23. Let X be a connected paracompact Hausdorff space and let
F be a strongly stable orbispace functor on X. Then there exists a proper Lie
groupoid GF ⇒ V such that X is homeomorphic to V/GF .

Remark 3.1.24. Recall, see Theorem 1.1.28, that the local model of a proper
Lie groupoid G ⇒ M around x ∈ M consists of two parts. The first part is
given by the action of the compact isotropy group Gx on νx(Lx), where Lx is
the orbit through x, and the second part is given by a pair groupoid Ox×Ox,
where x ∈ Ox ⊂ Lx is an open subset of x inside its orbit:

G|U ∼= (Gx × νx(Lx))× (Ox ×Ox).
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It is therefore natural to define orbispace charts using these group actions.
However, the dimension of νx(Lx) is equal to the codimension of Lx and hence
is not a constant function on M if the groupoid is not regular. Therefore, in
order to do this, we have to allow for changes in dimension of the acted-on
manifolds.

Alternatively, one can try to keep the orbit data, which is encoded in the
pair groupoid Ox × Ox, inside the charts. Since Ox ∼= Rk for k = dim(Lx),
we can view Ox × Ox as the action groupoid of the Rk-action on itself by
addition. Since Rk is not compact, we would have to allow group actions of
non-compact groups in this approach. Note however that the action of Rk on
itself is proper.

3.2 Proper Lie groupoids and orbispaces

In this section we will define an orbispace atlas, both in terms of bibundles
(Section 3.2.1) as well as in terms of fractions (Section 3.2.2). We also construct
a Lie groupoid out of an atlas, Proposition 3.2.12, and show in Section 3.2.3
that any linearisable Lie groupoid admits such an orbispace atlas on its orbit
space. Together, these results prove Theorem A.

3.2.1 Orbispace atlases

The attempt to consider non-finite group actions as in Definition 3.1.19 is a
first step in modeling any proper Lie groupoid. Important however is that we
also allow the dimensions of the manifolds on which we act to vary. Inspired
by ineffective orbifolds and the motivation in Section 3.1.1, we do not use
embeddings, but instead use Morita equivalences.

Definition 3.2.1. An orbispace chart (V,G, π) on a connected topological
space X consists of:

• A connected smooth manifold V ;

• A Lie group G acting smoothly on V ;

• A G-equivariant topological map π : V → X such that:

– W := π(V ) ⊂ X is open,

– the induced map V/G→W is a homeomorphism.

The chart is called proper if G acts properly on V . We will call it compact if
G is compact and linear if 0 ∈ V ⊂ Rn is an open subset and G acts linearly.
The induced Lie groupoid of the chart is the action groupoid G× V ⇒ V .
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Remark 3.2.2. Note that if a chart (V,G, π) onX is proper, the set π(V ) ⊂ X
is automatically Hausdorff and paracompact. Hence if we have a cover of X
with such charts, the same holds for X. Often we assume X to be paracompact
and Hausdorff to start with, but in order to allow a consideration of linearisable
Lie groupoids and not just proper ones, we need to consider non-Hausdorff
topological spaces.

The next step is to define chart morphisms and chart isomorphisms. Note
that in the following definition, we decide to work with actual bibundles instead
of their isomorphism classes. This will turn out to be useful later on.

Definition 3.2.3. Let (V,G, π) and (W,H, π) be two orbispace charts on
a space X. A chart morphism from V to W is a right principal bibundle
(PWV , αV , αW ) : G × V 99K H ×W such that π ◦ αV = π ◦ αW : P → X. A
chart morphism is an isomorphism if and only if PWV is a Morita bibundle, i.e.
if it is left principal as well.

We introduce some notation to simplify the following definition. Given two
orbispace charts (Gi, Vi, πi) on X, i = 1, 2, with V := π1(V1)∩π2(V2) 6= ∅, de-
note by Vij := π−1

i (V ) ⊂ Vi the two possible “intersections” of the two charts.
These sets are open subsets of V1 and V2 respectively and the compatibility
condition of an orbispace atlas will be defined on such intersections.

Definition 3.2.4. An orbispace atlas V = (V,P, ψ) on a connected topological
space X consists of:

• A collection of orbispace charts V = {(Vi, Gi, πi)}i∈I ;

• A collection of chart isomorphisms

P = {Pij : (Gi × Vi)|Vij 99K (Gj × Vj)|Vji}i,j∈I ;

• A collection of bibundle isomorphisms

ψ = {ψijk : Pij |Vjk ∗ Pjk|Vki → Pik|Vij}i,j,k∈I .

These are subject to the conditions that:

1. The collection is a cover :

X = ∪iπi(Vi);

2. It is associative, for all i, j, k, r:

ψikr ◦ (ψijk ∗ idkr) = ψijr ◦ (idij ∗ ψjkr) : Pij ∗ Pjk ∗ Pkr → Pir;

3. There are units, for all i and for all pij , gi, gj :
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– Pii = Gi × Vi,
– ψiij([gi, pij ]) = gi · pij ,
– ψijj([pij , gj ]) = pij · gj ;

4. There are inverses, for all i, j and all pij ∈ Pij :

– Pji = P−1
ij ,

– ψiji([pij , p
−1
ij ]) = (idi, αi(pij)),

– ψjij([p
−1
ij , pij ]) = (idj , αj(pij)).

The atlas is called proper if all charts are proper. We will call it compact if all
charts are compact and linear if all charts are linear.

Here Pij ∗ Pjk denotes the composition of bibundles as defined in Defini-
tion 1.2.1.

Definition 3.2.5. Let X be a connected topological space. Two atlases V
and V ′ on X are said to be equivalent if there exists an atlas W on X such
that V,V ′ ⊂ W.

Since compact and linear group actions can be Morita equivalent as Lie
groupoids to non-compact and non-linear actions, it follows that compactness
and linearity is just a property of an atlas and not of its equivalence class.
Properness however is a property of the equivalence class as the following
lemma shows.

Lemma 3.2.6. Let V and V ′ be equivalent atlases on a connected topological
space X, such that V is a proper atlas. Then V ′ is a proper atlas.

Proof. As the atlases are equivalent there exists an atlas W on X such that
V,V ′ ⊂ W. We start by showing that W is proper. Therefore, let (W,H, π)
be any chart of W. Since V is already a cover of X, we can cover π(W ) with
charts of V. If (V,G, π) is any chart of V such that π(W ) ∩ π(V ) 6= ∅, then it
follows that H×W restricted to the saturated open subset π−1(π(W )∩π(V ))
is Morita equivalent to the restriction of a proper Lie groupoid. That is, it
is proper. As W can be covered by such saturated open sets, it follows that
it is a proper chart. Therefore W is a proper atlas. Now, since V ′ ⊂ W it
automatically follows that V ′ is a proper atlas as well.

This lemma shows that a proper orbispace is well-defined.

Definition 3.2.7. A pair (X,V) of a connected topological space and an
equivalence class of (proper) atlases on it is called an (proper) orbispace.

We say that a topological space X admits an orbispace structure if there
exists an equivalence class of orbispace atlases V such that (X,V) is an orbi-
space. Similarly for proper orbispace structures. Note that a single space can
admit many orbispace structures as the following examples shows.
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Example 3.2.8. Let X be R≥0. For all n ∈ N, the space X can be written as
the global quotient of the SO(n)-action on Rn, which therefore define proper
orbispace atlases. This single chart is even compact and linear. Note that
none of these atlases are equivalent and hence X admits multiple orbispace
structures.

Remark 3.2.9. If G is a compact Lie group, then automatically the action
of G on V is proper and its induced action groupoid G× V ⇒ V is s-proper.
Since properness, and not s-properness is invariant under Morita equivalence,
it seems more natural to use proper atlases over compact atlases. We will see
in Corollary 3.2.32 that given a proper atlas, we can always find an equivalent
compact atlas. Hence, when working with proper orbispaces one can always
use an atlas consisting of compact Lie groups. As the theory of compact Lie
groups is well-understood, this often preferable.

Remark 3.2.10. Note that quotients of proper group actions are paracompact
and Hausdorff. Hence if X admits a proper orbispace structure, then it has to
be paracompact and Hausdorff.

Remark 3.2.11. For each orbispace atlas V on X there exists a unique max-
imal orbispace atlas on X which is equivalent to V. To see that this holds, let
A be the set of all orbispace atlases equivalent to V. It is partially ordered by
inclusion and if Vi is a chain in A, the union ∪iVi is a well-defined atlas on
X, which belongs to A. Therefore, A is a partially ordered set for which each
chain has an upper bound. By Zorn’s lemma it follows that it has a maximal
element. If V1 and V2 are two such maximal elements, then they are equivalent
atlases and hence there exists a W ∈ A such that V1,V2 ⊂ W. By maximality
this implies that V1 =W = V2.

Even though maximal atlases are often more useful when constructing ob-
jects on orbispaces, e.g. sheaves and morphisms, we will continue to work with
atlases up to equivalence. The main reason we do this is that when construct-
ing examples one does not want to define all the charts, but just a cover. As
we cannot just add two equivalent orbispace atlases (see Proposition 3.2.15),
the equivalence relation is more complicated than for example the equivalence
relation on smooth atlases of smooth manifolds. Therefore, it is important to
know which data is necessary to successfully define an orbispace atlas.

The conditions 2. up to 4. of Definition 3.2.4 model group-like properties of
an atlas. It is therefore only natural that the data of an atlas can be captured
in a Lie groupoid. In the next proposition we construct this Lie groupoid and
it will follow that properness of the atlas captures exactly properness of the
Lie groupoid.

Proposition 3.2.12. Let X be a (proper) orbispace with atlas V. Then

GV :=
∐
i,j∈I

Pij ⇒ V :=
∐
i∈I

Vi (3.3)
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is a (proper) Lie groupoid such that X is homeomorphic to V/GV .

Proof. The defined GV and V are highly disconnected, smooth manifolds, for
which each connected component can have a different dimension. Denote the
induced action groupoids Gi × Vi ⇒ Vi by Gi ⇒ Vi.

Each Morita equivalence Pij : Gi|Vij 99K Gj |Vji comes with moment maps
αk : Pij → Vk for k = i, j. Using these moment maps, we obtain the source
and target maps by

s := qαi :
∐

Pij → V ; t := qαj :
∐

Pij → V.

Since each αi is a submersion, so are s and t. The unit map u is given by

u(vi) = (idi, vi) ∈ Gi = Pii.

Similarly, we can use the morphisms of the atlas to define multiplication and
inversion by

pij · pjk := ψijk(pij , pjk); p−1
ij ∈ P

−1
ij = Pji.

Assumption 2. on the atlas shows that the multiplication is associative, as-
sumption 3. shows that the units act as unit elements and assumption 4.
shows that the inversion acts as an inversion of the multiplication. Hence we
are left to show that s is invariant under the left multiplication and t under the
right multiplication. This however follows from the multiplication of Morita
bibundles.

Now assume that the atlas is proper. Then each Gi is a proper Lie groupoid
and therefore it is enough to show that the combined (αi, αj) : Pij → Vi × Vj
is a proper map. As usual, we will show that it is closed and that the inverse
images of points are compact.

Let v := (vi, vj) ∈ Vi × Vj and pick a p0 ∈ P such that (αi, αj)(p0) = v.
If p0 does not exist, then the preimage of v is empty and hence compact,
which we want to show. Hence assume that p0 does exist. Then we see that
(αi, αj)

−1(V ) ∼= ti((si, ti)
−1({vi} × {vi}) ×M {p0}). By the properness of Gi,

this is a continuous image of a compact set and hence compact. Therefore
(αi, αj) has compact preimages of points. To show that the map is closed,
consider the commutative diagram:

Gi ×Vi Pij ×Vj Gj Pij × Pij

Pij Vi × Vj

(s,t)

πP αi×αj

(αi,αj)

Here (s, t) are the source and target map of the Lie groupoid associated to the
bibundle Pij , as in the correspondence between fractions and bibundles. Since
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Gi and Gj are proper, so is this Lie groupoid and hence (s, t) is a closed map.
If K ⊂ Pij is any closed subset, we have therefore that (s, t)(Gi ×Vi K ×Vj Gj)
is closed. Since αi and αj are quotient maps, we get that (αi, αj)(K) is closed
if and only if (αi × αj)

−1((αi, αj)(K)) is. We will show that this is equal
to (s, t)(Gi ×Vi K ×Vj Gj), which is closed. One of the inclusions is trivial
and follows from the commutativity of the diagram. For the other inclusion,
let (p2, p1) ∈ (αi × αj)

−1((αi, αj)(K)). Then, by assumption, there exists
a p0 ∈ K such that αi(p2) = αi(p0) and αj(p1) = αj(p0). Since Pij is a
Morita bibundle, we find that there exist gj and gi such that p2 = p0gj and
p1 = gip0. In other words, (p2, p1) = (s, t)(gi, p0, gj) ∈ (s, t)(Gi×Vi Pij×Vj Gj).
We conclude that (αi, αj) is a closed map as well.

To prove the final part of the proposition, consider the surjective open
map π := qπi : V → X. Since the Pij are chart isomorphisms, this map
descends to a well-defined map πX : V/GV → X, which is surjective since V
is a cover. Using the quotient topology, it follows that πX is open as well.
Hence to conclude that πX is a homeomorphism, we are left to show that it is
injective. Let π(vi) = π(vj). Then, πi(Vi) ∩ πj(Vj) 6= ∅ and hence Pij exists.
By assumption 2, there exists a p ∈ Pij such that αi(p) = vi and αj(p) = vj .
That is, [vi] = [vj ] ∈ V/GV and πX is injective. We conclude that πX is a
homeomorphism.

Remark 3.2.13. Note that in the proposition we have not used that the Gi
are action Lie groupoids. Therefore, we could also consider an atlas of (proper)
Lie groupoids instead of just action groupoids. This gives a method to “glue”
(proper) Lie groupoids similar to the gluing of stacks [64].

Remark 3.2.14. Note that the constructed Lie groupoid GV ⇒ V resembles
the localisation of a Lie groupoid, which is more often used in integration
problems [13]. When we construct the orbispace atlas of a proper Lie groupoid
G ⇒M in Section 3.2.3, we will however see that the induced Lie groupoid of
such an atlas is not equal to a localisation of G.

Inspired by this, we are able to compare Morita equivalence of Lie groupoids
with equivalence of atlases. If P ′ : G → G′ is a Morita equivalence, then it
naturally induces a morphism between their orbit spaces by Lα(p) 7→ L′α′(p).

Proposition 3.2.15. Let X be a connected topological space and let V and V ′
be two orbispace atlases on X. Then the atlases are equivalent if and only if
there exists a Morita equivalence (P, α, α′) : GV 99K GV′ such that

π ◦ α = π′ ◦ α′ : P → X.

Proof. First assume that the atlases are equivalent. Then we can assume
without loss of generality that V ⊂ V ′. Let V be indexed by I and V ′ by I ′

such that I ⊂ I ′. For simplicity, we denote the charts of V and V ′ by Vi and
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Vi′ respectively, so that the chart isomorphisms of V ′ will be denoted by Pii′

if it goes from a chart of V to a chart which is not of V.
The inclusion of atlases V ⊂ V ′ defines a natural inclusion of Lie groupoids

GV → GV′ , which is an isomorphism onto its image. Hence to conclude that it
is a weak equivalence, we need to show that it is essentially surjective. Note
that its corresponding bibundle is given by

P := V ×V GV′ =
∐

i∈I,i′∈I′
Pii′ .

Since V is already a cover, we see that for each i /∈ I there exists a cover
of π′i(V

′
i ) of elements of V. Therefore the map qiα′i : V ×V GV′ → qiV ′i is

surjective. Since each component is submersive as well, we can conclude that
the inclusion is essentially surjective and hence a weak equivalence. Finally,
note that the induced map i : X → X is the identity map and therefore, the
resulting bibundle will respect X.

Now assume that (P, α, α′) : GV 99K GV′ is Morita bibundle satisfying the
condition in the statement and let W := V ∪ V ′ and Q′ := P ∪ P ′. The
collection Q′ still lacks Morita bibundles between elements of V and V ′. For
i ∈ I and j′ ∈ I ′ such that U := πi(Vi) ∩ π′j(V ′j ) 6= ∅, define Qij′ by

Qij′ := α−1
(
π−1
i (U)

)
= α′−1

(
π′−1
j (U)

)
⊂ P ;

By Lemma 1.2.7 and the assumption that π ◦ α = π′ ◦ α′, they are chart
isomorphisms between the restrictions of Pii and P ′j′j′ and allow us to define:

Q := Q′ ∪ {Qij′ , Q−1
ij′ | i ∈ I, j

′ ∈ I ′}.

We are left to define morphisms ψijk to show that (W,Q) has all the data of
an atlas. So let i, j ∈ I and j′, k′ ∈ I ′ and define

ψijk′ : Pij ∗Qjk′ → Qik′ , [p, q] 7→ p · q;
ψij′k′ : Qij′ ∗ P ′j′k′ → Qik′ , [q, p′] 7→ q · p′.

We will check the four conditions that an orbispace atlas has to satisfy, to
conclude that the constructed data is indeed an orbispace atlas. Since V is a
cover, so is W. For associativity, we can reduce the proof to three cases by
symmetry.

• For the first case, we have to consider Pij ∗Qjk′ ∗P ′k′r′ → Qir′ . But this
map is just the action on the bibundle P and hence they commute.

• The second case is Pij ∗ Pjk ∗ Qkr′ → Qir′ , which follows since GV acts
associatively on P .

• The final case is Pij ∗ Qjk′ ∗ Qk′r → Pir, which follows from the iso-
morphism P ×V P ∼= P ×V ′ GV′ .
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For the existence of units, we just have to prove it for products like Pii×Qij′ .
But here the map ψiij′ is the action of Pii on P and since any identity arrow
always acts trivially, the property follows. A similar argument proves the
existence of inverses, by now noticing that p · g · g−1 = p for all Lie groupoid
actions of G on a bibundle P . By construction, both V and V ′ are included in
W and hence are equivalent.

Remark 3.2.16. The above proposition shows that the orbispace X has more
structure than just the Morita equivalence class of its induced groupoid. The
morphism to X adds information. We will come back to this in Section 3.3.

3.2.2 Atlases in terms of fractions

The definition of an orbispace atlas is quite abstract and does not directly
resemble the original definition of an orbifold. As there is a one-to-one cor-
respondence between Morita equivalences and isomorphism classes of Morita
fractions, we will use this section to define a fraction orbispace atlas. It has
exactly the same data as an orbispace atlas but uses fraction instead of bi-
bundles. As the space of all fractions is bigger than the space of all bibundles,
see Section 1.2, the conditions on the data we have to ask are more complic-
ated. Its main benefit is that the comparison to orbifolds will simplify.

We start with a lemma on the isomorphism class of any Morita fraction
between group actions. As before, if Gi is a Lie group acting on a manifold
Vi, we denote its action groupoid Gi×Vi ⇒ Vi by Gi. Similarly, Hij ×Uij will
be denoted by Hij .

Lemma 3.2.17. Let G1×V1 ← H→ G2×V2 be any surjective Morita fraction
between two Lie group actions. Then there exists a surjective Morita fraction
G1 × V1 ← H′ → G2 × V2 such that:

• H′ is isomorphic to H as an fraction;

• H′ is a Lie group action: there exists a Lie group H which acts smoothly
on a manifold P such that H′ ∼= H × P ⇒ P ;

• The surjective weak equivalences H → Gi × Vi split as group morphisms
τi : H → Gi and surjective submersions φi : P → Vi.

Proof. Let (P, α1, α2) : G1 99K G2 be the bibundle corresponding to H and let
H′ be the fraction corresponding to P , which by construction is isomorphic,
as a fraction, to H. Recall that H′ is given by:

H′ = (G1 × V1)×V1
P ×V2

(G2 × V2)⇒ P.

Hence H′ is isomorphic to the action groupoid of the G1 × G2-action on P
defined by

(g1, g2) · p := (g1, α1(p)) · p · (g−1
2 , g2 · α2(p)).
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Under this isomorphism, the projection maps H′ → Gi are given by:

(g1, g2, p) 7→ (gi, αi(p)).

This completes the proof.

Since Definition 3.2.4 of an orbispace uses Morita bibundles, the above
lemma allows us to only consider a special kind of Morita fractions when
translating to the setting of fractions. If Hij × Uij → Gi × Vi is a surjective
weak equivalence, we will call it split when it splits as a group morphism and
a submersion. Recall that by our notation, if G or H are Lie groups acting,
their action groupoids are denoted by G and H. For the next definition, it is
recommended to recall the structure on the space of Morita fractions developed
in Section 1.2.

Definition 3.2.18. A fraction orbispace atlas V = (V,H,Ψ) on a connected
topological space X consists of:

• A collection of orbispace charts V = {(Vi, Gi, πi)}i∈I ;

• A collection of orbispace charts H = {(Uij , Hij , πij)}i,j∈I which are split
Morita fractions

Gi|Vij
φiij← Hij

φjij→ Gj |Vij ,

called the intersections;

• A collection of orbispace charts Ψ = {(Uijk, Hijk, πijk)}i,j,k∈I which are
Morita fraction isomorphisms

Hij ∗ Hjk
ψ∗ijk← (Hijk, ξiijk, ξkijk)

ψijk→ Hik|π−1
ik (π(Uij))

,

called the triple intersections.

These are subject to the conditions that:

0. The Morita fractions respect X:

πi ◦ φiij = πj ◦ φjij , for all i, j;

1. The collection is a cover :

X = ∪iπi(Vi);

2. It is associative: for all i, j, k, r there exists an exact fraction isomorphism
H0 between (Hijk ∗h Hkr) ∗v Hikr and (Hij ∗h Hjkr) ∗v Hijr as in the
following diagram.
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(Hij ∗ Hjk) ∗ Hkr (Hijk ∗h Hkr) ∗v Hikr Hir

H0

Hij ∗ (Hjk ∗ Hkr) (Hij ∗h Hjkr) ∗v Hijr Hir

3. There exist units:

• Hii = Gi as fractions;

• Hiij = Hij = Hijj as isomorphisms of fractions:

– ψiij = id = ψijj ,

– ψ∗iij(hij) = (φiij(hij), φ
i
ij(hij)

−1, hij),

– ψ∗ijj(hij) = (hij , φ
j
ij(hij)

−1, φjij(hij)),

– ξiiij = ξiijj = ui ◦ φiij and ξjiij = ξjijj = uj ◦ φjij ;

4. There exist inverses:

• Hji = H−1
ij as fractions;

• Hiji = Hij as isomorphisms of fractions:

– ψiji = φiij ,

– ψ∗iji(hij) = (hij , φ
j
ij(hij)

−1, hij),

– ξiiji = ui ◦ φiij for both maps.

The atlas is called proper if one, and then all, of the charts are proper. We
will call it compact if all charts are compact and linear if all charts are linear.

Remark 3.2.19. Note that each condition i ≥ 1 of a fraction orbispace atlas
exactly corresponds to condition i. of an orbispace atlas. The analogue of con-
dition 0. for the normal orbispace atlases is hidden in the assumption that the
Morita bibundles Pij are chart isomorphisms and not just Morita bibundles.

Remark 3.2.20. Instead of the associativity condition as is stated, we could
have asked that

(Hijk ∗h Hkr) ∗v Hikr ∼= (Hij ∗h Hjkr) ∗v Hijr.

We will see however in Proposition 3.2.23 that this is not necessary in order to
define an orbispace atlas and in Section 3.4 that it is not admitted by orbifolds
and orbispace functors.
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Definition 3.2.21. Let X be a connected topological space. Two fraction
atlases V and V ′ on X are said to be equivalent if there exists a fraction atlas
W on X such that V,V ′ ⊂ W. A pair (X,V) of a connected topological space
and an equivalence class of (proper) fraction atlases is called a (proper) fraction
orbispace.

Remark 3.2.22. The definition of a fraction atlas is similar to the orbifold
atlas as in Definition B in the sense that we ask for a weak equivalence between
each two charts that intersect. Note that the equivalence assumption is a bit
more complicated than in Definition B and mirrors Definition C more. A
generalisation to orbispaces of the latter definition however will not work, as
we will explain at the end of this section.

The information contained in a fraction atlas is essentially the same in-
formation as is contained in an orbispace atlas using bibundles. Recall that
the bibundle corresponding to a fraction G ← H → G′, where H ⇒ N is a
Lie groupoid, is given by the smooth manifold P = G ×M N ×M ′ G′/H, with
moment maps α([g, n, g′] = t(g) and β([g, n, g′]) = s′(g′).

Proposition 3.2.23. Let X be a (proper) fraction orbispace with atlas (V,H).
Then P = {Pij}i,j∈I defined by

Pij := (Gi ×Vi Uij ×Vj Gj)/Hij , for all i 6= j,

defines a (proper) orbispace atlas (V,P).

Proof. Using V and the Pi,j defined in the proposition already gives us the
orbispace charts and the collection of Morita bibundles for i 6= j. The formula
of the proposition for Pij is easily seen to be isomorphic to Gi when i = j, by
using the Gi-multiplication and hence we can choose Pii = Gi = Gi×Vi. Since
we use the exact same charts, it is obvious that the atlas will be proper if and
only if the fraction atlas is.

So, looking back at Definition 3.2.4, we are left to define bibundle isomor-
phisms ψ′ijk : Pij ∗ Pjk → Pik. They will correspond to the similarly named
maps of the fraction atlas. To define these maps for i 6= j 6= k, we use
Lemma 1.2.22, in which we show that the maps ψijk and ψ∗ijk lift to bibundle
isomorphisms, which we will denote by αijk and βijk:

αijk : Pijk → Pik; βijk : Pijk → Pij ∗ Pjk.

The αijk and βijk depend on the isomorphisms of Lie groupoid morphisms

ξiijk : φiij ◦ πij ◦ ψ∗ijk → φiik ◦ ψijk;

ξkijk : φkjk ◦ πjk ◦ ψ∗ijk → φkik ◦ ψikijk.

Using them, we can define the ψ′ijk as:

ψ′ijk := αijk ◦ β−1
ijk.
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If i = k we have to make the exception that we then use the multiplication to
Gi. Now that we have defined all data, we are left to check the four conditions
and that the bibundles Pij are in fact chart isomorphisms. To this end, we
have that:

πi ◦ αi([gi, uij , gj ]) = πi(t(gi)) = πi(s(gi)) = πi ◦ φiij(uij)

= πj ◦ φjij(uij) = πj(t(gj))

= πj(s(gj)) = πj ◦ αj([gi, uij , gj ]).

This computation shows that the Pij are indeed chart isomorphisms. That V
is a cover follows directly by the same assumptions on (V,H).

To prove associativity, let i, j, k, r be given and denote (Hijk∗hHkr)∗vHikr
by H1

0 and (Hij ∗hHjkr) ∗v Hijr by H2
0. Since the fraction isomorphism H0 is

strict, we know that H0,H1
0 and H2

0 all define the same map

Pij ∗ Pjk ∗ Pkr → Pir.

We have to show that:

ψ′ikr ◦ (ψ′ijk ∗ idkr) = ψ′ijr ◦ (idij ∗ ψ′jkr).

To show that this holds, we have to work with all the corresponding β and α.
The isomorphisms of fractions give us a diagram of the form as below.

Hij ∗ Hjk ∗ Hkr Hijk ∗ Hkr Hik ∗ Hkr

Hij ∗ Hjkr Hikr

Hij ∗ Hjr Hijr Hir

ψ∗ijk∗hid ψijk∗hid

id∗hψ∗jkr

id∗hψjkr

ψ∗ikr

ψikr

ψ∗ijr ψijr

Lifting it to the level of the Morita bibundles gives us the following diagram.

Pij ∗ Pjk ∗ Pkr Pijk ∗ Pkr Pik ∗ Pkr

Pij ∗ Pjkr Pikr

Pij ∗ Pjr Pijr Pir

β α

α′

β′

αikr

βikr

βijr αijr

We have to prove commutativity of this diagram. At the same time, we also
have the morphisms of H0,H1

0 and H2
0:
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Pij ∗ Pkr ∗ Pkr P i0 Pir,
αi0βi0

which can be viewed as the diagonal in the diagram above. Therefore, the
commutativity of the P diagram follows from showing that the upper right
triangle with P 1

0 in the middle and the lower left triangle with P 2
0 in the

middle commute. We will only show it for the upper-right as the other one is
similar. Let p ∈ Pij ∗ Pjk ∗ Pkr ∼= PHij∗Hjk∗Hkr . We can then write p as:

p = [gi, (uij , gj , ujk, gk, ukr), gr].

Now pick uijk ∈ Uijk and uikr ∈ Uikr such that:

ψ∗ijk(uijk) = (uij , gj , ujk); ψ∗ikr(uikr) = (ψijk(uijk), ξkijk(uijk)gk, ukr).

Then, a tedious computation shows that:

αikr ◦ β−1
ikr ◦ α ◦ β

−1(p) = [giξ
i
ijk(uijk)−1ξiikr(uikr)

−1, ψikr(uikr), ξ
r
ikr(uikr)gr].

With this choice of uijk and uikr we get that (uijk, gk, ukr) ∈ Uijk ∗Gk Ukr and
(1ψijk(uijk), ξ

k
ijk(uijk)gk, 1ukr ) ∈ Hik ∗Gk Hkr. Hence we can define:

u1
0 :=

(
(uijk, gk, ukr), (1ψijk(uijk), ξ

k
ijk(uijk)gk, 1ukr ), uikr

)
∈ U1

0 .

Computing α1
0 and β1

0 gives us that:

β1
0([gi, u

1
0, gr]) = [gi, (ψ

∗
ijk(uijk), gk, ukr), gr] = p;

α1
0([gi, u

1
0, gr]) = αikr ◦ β−1

ikr ◦ α ◦ β
−1(p).

Therefore the upper right triangle of the P -diagram commutes and we conclude
that the ψ′’s are associative. The next part is to prove the existence of units.
If j = i or j = k we can simplify αiij to αiij = id: Pij → Pij , and βiij to:

βiij([gi, uij , gj ]) = [gi, (φ
i
ij(uij), 1φiij(uij), uij), gj ] ∈ PGi∗Hij .

This allows us to compute ψ′iij explicitly and we get that

ψ′iij
(
[1t(gi), [gi, uij , gj ]]

)
= ψ′iij

(
[1t(gi)gi, (φ

i
ij(uij), 1φiij(uij , uij), gj ]

)
= [gi, uij , gj ].

The computation for ψ′jii is similar and leads to the same expression. We
conclude that there exist units for the orbispace atlas V. Finally, for the
existence of inverses we note that since Hji = H−1

ij we automatically get that

Pji = P−1
ij as well. As mentioned before, if i = k in ψijk we have to use the

Gi multiplication. We get that:

ψ′iji
(
[[gi, uij , gj ], [g

−1
j , uij , g

−1
i ]]

)
= ψ′iji

(
[gi, (uij , 1φjij(uij)

, uij), g
−1
i ]
)

= αiji
(
[gi, uij , g

−1
i ]
)

= gig
−1
i = 1t(gi) = 1αi([gi,uij ,gj ]).
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Therefore, inverses exists for V. This finishes the proof and we can conclude
that V is an orbispace atlas for X.

As a consequence of Proposition 3.2.12, we get:

Theorem 3.2.24. Let X be a (proper) orbispace with fraction atlas V. Then

GV :=
∐
i,j∈I

(Gi × Uij ×Gj)/Hij ⇒ V :=
∐
i∈I

Vi

is a (proper) Lie groupoid such that X is homeomorphic to V/GV .

In the final part of this section, we are going to look back at Definition C of
an orbifold and try to explain some obstructions to defining a similar definition
for a fraction atlas and a fraction orbispace. The key property of an atlas in
Definition C is that for each inclusion π(V1) ⊂ π(V2) there should exist a weak
equivalence G1 → G2. In the case that π(V1) = π(V2) we should then have two
weak equivalences, one in each direction. This is not always possible.

Example 3.2.25. Let X = [−1, 1] and consider the two charts (S1,Z2) and
(S2, SO(2)) on X, where the first action is given by ε(x, y) = (x, εy) and the
second by A(x, y, z) = (x,A(y, z)). The inclusion (ε, x, y) 7→ (ε Id, x, y, 0) is a
smooth weak equivalence, but there does not exists a weak equivalence in the
other direction.

The above example shows that using a cover which is closed under inclusion
and has weak equivalences for each inclusion leads to problems when defining
the equivalence class of an atlas. In the example, the two charts do not fit
together in such a cover, but would belong to the same orbispace structure
in the definitions we have above. One could instead ask different notions
of equivalence, for example that they fit in a maximal fraction atlas as in
Definition 3.2.18 or that the Lie groupoids they induce as in Theorem 3.2.24
are equivalent, mimicking Lemma 3.2.30.

Moreover, in Definition C, one asks an inclusion, and therefore a Morita
equivalence, for each inclusion, which translates to a Morita fraction for each
possible finite intersection. In our definition we however only use double in-
tersections and triple intersections as data, and, as we will see more clearly in
Section 3.4.1, quadruple intersections as relations.

3.2.3 The orbispace atlas of a linearisable Lie groupoid

In this section we will show that any linearisable Lie groupoid admits an
orbispace atlas on it orbit space. As proper Lie groupoids are linearisable,
it will follow that proper Lie groupoids admit proper orbispace atlases. This
constitutes a proof of Theorem A. Finally, we will note that the equivalence
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class of the constructed atlas does not depend on the choices we made, so that
the orbit space is canonically an orbispace.

Recall, see Definition 1.1.26, that a Lie groupoid G ⇒M is called linearis-
able if it is linearisable around each saturated submanifold S ⊂ M , i.e. there
exist submanifolds S ⊂ US ⊂M and S ⊂ VS ⊂ ν(S) such that

G|US ∼= (GS ×S ν(S))|VS .

The main examples of linearisable Lie groupoids are Riemannian groupoids
and proper Lie groupoids, see Theorem 1.3.14 and Theorem 1.1.27. Note that
the results of this section are still true if something weaker holds, namely if G
is only linearisable around each of its orbits L.

The most difficult part of the construction of the atlas is the construction
of the chart isomorphisms, with which we will start. In order to define them,
we need to consider saturations of sets.

Definition 3.2.26. Let G ⇒ M be a Lie groupoid. The saturation U sat of a
subset U ⊂M is defined as U sat := t(s−1(U)).

By construction, U sat is saturated and U ⊂ Ssat with equality if and only if
U is saturated. In the case that U ⊂M is an open subset, U sat is open as well.
The following lemma is crucial in the construction of the chart isomorphisms
as it gives the building blocks of the Morita bibundles of the orbispace atlas
we will construct for a linearisable Lie groupoid G.

Lemma 3.2.27. Let G ⇒M be a linearisable Lie groupoid, x ∈M with orbit
L, and x ∈ L ⊂ UL ⊂ M and L ⊂ VL ⊂ ν(L) open neighbourhoods on which
G linearises as

G|U ∼= (GL ×L ν(L))|VL .

Also, let U sat
L be the G-saturation of UL and V sat

L be the GL×L ν(L)-saturation
of VL. Defining Vx := νx(L) ∩ V sat

L we get that:

• The inclusion ix : Gx × Vx → GL ×L V sat
L is a weak equivalence;

• The inclusion iVL : (GL×L ν(L))|VL → GL×L V sat
L is a weak equivalence;

• The inclusion iUL : G|UL → G|Usat
L

is a weak equivalence.

Proof. Using Example 1.1.9, we realise that UL ⊂ U sat
L and VL ⊂ V sat

L are open
subsets which intersects each orbit, so that iUL and iVL are weak equivalences.
Therefore, we are left to prove the same for ix. If

(g, v, v2
x, v

1
x) ∈ (GL ×L V sat

L )×(V sat
L ×V sat

L ) (Vx × Vx),

then v = v1
x and g · v = v2

x which shows that vix are completely determined by
(g, v). Moreover, s(g) = π(v) = π(v1

x) = x and t(g) = π(g · v) = π(v2
x) = x,

showing that (g, v) ∈ Gx × Vx. Therefore ix is fully faithful.
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Since ix is not a surjective submersion on the level of manifolds, we do
have to prove essentially surjectivity. The fibre product (GL×L V sat

L )×V sat
L

Vx
is isomorphic to s−1(x)×Vx and we need to prove that the action map, which
sends (g, vx) 7→ g ·vx, is a surjective submersion onto V sat

L . Since this is just the
target map of GL×LV sat

L ⇒ V sat
L we know that it is a submersion. Surjectivity

follows from V sat
L being saturated: if v ∈ V sat

L is any element, then there exists
a g ∈ GL such that s(g) = x and t(g) = π(v). Hence (g, g−1 · v) is mapped to
v. Hence ix is a weak equivalence.

Translating the weak equivalences of Lemma 3.2.27 to the language of
bibundles gives us the following bibundles.

• t−1(x)×L V sat
L : Gx × Vx 99K GL ×L V sat

L ;

• GL ×L VL : GL ×L V sat
L 99K (GL ×L ν(L))|VL ;

• t−1(UL) : G|UL 99K G|Usat
L

.

Using the linearisation, these can be composed to a Morita bibundle Px. As a
manifold, it is defined by

Px :=
(
t−1(x)×L t−1(UL)

)
/GUL (3.4)

=
{

(g, g′) ∈ t−1(x)× t−1(UL) | s(g) = πν(Lx)(exp−1
x (tg′))

}
/GUL .

As a Morita bibundle Px : Gx×Vx 99K G|Usat
L

it has moment maps αx : Px → Vx
and βx : Px → U sat

L given by the formulas:

αx([g, g′]) := g · exp−1
x (tg′); βx([g, g′]) := s(g′).

Here we denote the isomorphism of the linearisation around the orbit L by
expx, even though it does not have to be defined by a metric, and the GUL
action on t−1(x)×L t−1(UL) is given through the linearisation as well by:

expx(g0, v0) · (g, g′) = (gg−1
0 , expx(g0, v0)g′).

We use these bibundles to define orbispace atlases of linearisable Lie groupoids.

Remark 3.2.28. Let us explain the idea behind each of the three bibundles
defined in Lemma 3.2.27. Suppose that VL ⊂ ν(L) is a neighbourhood of L
on which the Lie groupoid linearises. The picture below gives an example of
such a neighbourhood.
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L

L′

x x′

νx(L) νx′(L)

ν(L)

VL

For two different points in x, x′ ∈ L, we see that there can exist orbits L′

of GL×L ν(L) which do intersect VL ∩ νx(L) but not VL ∩ νx′(L), Therefore, a
choice of x ∈ L has to be made. In the case that L is not compact, that is, G
is not s-proper, there is no “smallest” choice of VL ∩ νx(L) that we can make.
By using the first bibundle, we get rid of this choice.

Then the second bibundle allows us to use the linearisation, which is only
defined on (GL ×L ν(L))|VL . We need to go back to G in order to be able
to compare the charts around two different orbits, since they have G in com-
mon and not their normal representations. The following pictures shows what
neighbourhoods Ux and Uy of linearisation of two orbits Lx and Ly can look
like inside M .

Lx

Ly

L′

M

Ux

Uy
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The two neighbourhoods do not intersect, but they do have orbits, such as
L′, in common and hence their projections onto X intersect. This implies that
we have to compare them. In order to use G, we therefore need to go to their
saturations. The third bibundle allows us to go from G|Ux to this saturation.
Since their saturations intersect, we can use G to compare.

From now on assume that G ⇒ M is linearisable with orbit space X and
let πX : M → X be the projection onto X. By assumption, for all x ∈ M
there exist ULx and VLx such that:

G|ULx ∼= (GL ×L ν(L))|VLx .

Letting Vx := νx(Lx) ∩ V sat
Lx

as in Lemma 3.2.27, we that the Gx-action on
νx(Lx) restricts to an action on the saturated Vx and we get an orbispace
chart:

(Vx, Gx, πx); πx(v) := πX(expLx(g · v)),

where we denote the linearisation map around Lx by expLx and g is any
element of GLx such that g · v ∈ VL. This expression of πx is, of course,
independent of the choice of g. Now choose a countable set I ⊂ M such that
the sets πx(Vx) cover X, choose an ordering on I, and let V be the collection
of orbispace charts:

V = {(Vx, Gx, πx)}x∈I . (3.5)

For two different points x < y ∈ I, if πx(Vx) ∩ πy(Vy) 6= ∅, we will use the
Morita bibundles Px and Py as in Equation (3.4) to compare the charts. Recall
that Px is a Morita bibundle from the chart Gx×Vx to the Lie groupoid G|Usat

Lx
.

We can define the set Uxy inside M as:

Uxy := U sat
Lx ∩ U

sat
Ly ;

The set Uxy is the subset of M on which we can compare the charts of x and
on which we have to restrict the Morita equivalence Px and Py. If we do this,
the corresponding charts have to be restricted as well, to the sets V xxy and V yxy,
defined by

V xxy := Vx ∩ exp−1
Lx

(Uxxy)sat ⊂ Vx;

V yxy := Vy ∩ exp−1
Ly

(Uyxy)sat ⊂ Vy.

Note that Uxxy is saturated as it is an intersection of two saturated sets. This
allows us to restrict Px to Vxy and Uxy as:

Px|V xxy :=
(
t−1(x)×Lx t−1(Uxxy)

)
/G|Uxxy : Gx × V xxy 99K G|Uxy .

Here we let Uxxy := Uxy∩ULx . A similar expression also holds for the restriction
of Py. Hence we can define:

Pxy := Px|V xxy ∗ (Py|V yxy )−1, for all x < y ∈ I. (3.6)
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By construction, we have that V xxy = π−1
x (πx(Vx) ∩ πy(Vy)), so that Pxy is

a Morita bibundle over the correct sets. After defining Pxx := Gx × Vx and
Pyx = P−1

xy for x < y, we are left to define the structure morphisms ψxyz.
They all follow directly from Lemma 1.2.5. For x, y, z all different:

• ψxyz : Pxy ∗ Pyz → Pxz, given by the contraction:

(Px|Uxy ∗ P−1
y |Uxy ) ∗ (Py|Uyz ∗ P−1

z |Uyz ) ∼= Px|Uxz ∗ (P−1
z |Uxz )

∣∣
Vxy
⊂ Pxz;

• ψxyx : Pxy ∗ Pyx → Pxx, given by the contraction and identification:

(Px|Uxy ∗(P−1
y |Uxy ))∗(Py|Uyx ∗(P−1

x |Uyx)) ∼= Px ∗ P−1
x

∣∣
Vxy
∼= Gx×Vx|Vxy ;

• ψxxy : (Gx×Vx)∗Pxy → Pxy, given by the contraction and identification:

(Gx×Vx)∗Pxy ∼= (Px ∗P−1
x )∗ (Px|Uxy ∗Py|−1

Uyx
) ∼= Px|Uxy ∗Py|−1

Uyx
= Pxy;

• ψxyy : Pxy ∗(Gy×Vx)→ Pxy, given by the contraction and identification:

Pxy ∗(Gy×Vy) ∼= (Px|Uxy ∗P−1
y |Uyx)∗(Py ∗P−1

y ) ∼= Px|Uxy ∗Py|−1
Uyx

= Pxy.

Note that we hide the isomorphisms Pyx ∼= Py ∗ P−1
x inside the isomorphisms

of the equations.
In order to conclude that this structure forms an orbispace atlas, as in

Definition 3.2.4, we need to check the conditions 1. to 4. and check that the
bibundles are chart isomorphisms. The first condition holds by construction
because we started with a cover. For the condition on the bibundles, let
pxy = [[gx, g

′
x], [gy, g

′
y]] be any element of Pxy, which implies by definition of

Pxy that s(g′x) = s(g′y) and:

[gx, g
′
x] ∈

(
t−1(x)×Lx t−1(Uxxy)

)
/G|Uxxy ;

[gy, g
′
y] ∈

(
t−1(y)×Ly t−1(Uyxy)

)
/G|Uyxy .

Therefore, we get that:

πx ◦ αx(pxy) = πx(gx · exp−1
Lx

(t(g′x))) = Lt(g′x) = Ls(g′x)

= Ls(g′y) = Lt(g′y) = πy(gy · exp−1
Ly

(t(g′y)))

= πy ◦ αy(pxy).

For the other conditions it is helpful if we explicitly write out the bibundle
isomorphisms. The first step is to simplify the expressions in Pxy ∗ Pyz. Let
[[px, py], [p′y, pz]] be any of its elements. Then, since αy(py) = αy(p′y), we
see that there exists a unique element g ∈ G|Uxy such that py = p′yg. This
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implies that [px, py] = [px, p
′
yg] = [pxg, p

′
y] and therefore that each element p

of Pxy ∗ Pyz can be written as

p = [[px, py], [py, pz]] ∈ Pxy ∗ Pyz. (3.7)

Using this expression, we get that:

ψxyz : [[px, py], [py, pz]]] 7→ [px, pz]. (3.8)

To prove the second condition, we use a similar argument as just above Equa-
tion (3.7) to write any element of Pxy × Pyz × Pzq under its quotients to
(Pxy ∗ Pyz) ∗ Pzq ∼= Pxy ∗ (Pyz ∗ Pzq) as the image of ([px, py], [py, pz], [pz, pq])
and hence we compute that:

ψxzq ◦ (ψxyz ∗ idzq) ([[px, py], [py, pz], [pz, pq]])

= ψxzq ([px, pz], [pz, pq]) = [px, pq]

= ψxyq ([[px, py], [py, pq]])

= ψxyq ◦ (idxy ∗ ψyzq) ([[px, py], [py, pz], [pz, pq]]) .

Hence condition 2. is satisfied. For the third condition, we realise that [px, px]
are exactly the elements of Pxx which are sent to 1αx(px) under the isomorphism
Px ∗ P−1

x
∼= Gx × Vx. Therefore we are left with tautological computations to

prove the third condition:

([px, px], [px, py]) 7→ [px, py];

([py, px], [px, px]) 7→ [py, px].

The last condition is now easy to check as well. Denote the isomorphism
Px ∗ P−1

x
∼= (Gx × Vx) by φx. Then:

ψxyx ([px, py], [py, px]) = φx([px, px]) = 1αx(px);

ψyxy ([py, px], [px, py]) = φy([py, py]) = 1αy(py).

We have shown that V, together with the bisubmersions P and its bibundle
isomorphisms satisfy the conditions of an orbispace atlas.

Theorem 3.2.29. Let G ⇒ M be a linearisable Lie groupoid. Its orbit space
X admits a linear orbispace atlas, which is compact if G is proper.

Therefore, a linearisable (proper) Lie groupoid G ⇒ M gives a (compact)
orbispace atlas V on its orbit space X. Using Proposition 3.2.12, this atlas
defines a (proper) Lie groupoid GV ⇒ V . As expected, the two Lie groupoids
G ⇒M and GV ⇒ V are Morita equivalent.

Lemma 3.2.30. Let G ⇒M be a linearisable Lie groupoid with atlas V con-
structed as above. Then there exists a Morita bibundle P : GV 99K G such that
the following diagram commutes.
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GV P G

V M

X X

π πM

id

Proof. In the notation as above, let P be defined by

P :=
∐
x∈I

Px =
∐
x∈I

(
t−1(x)×L t−1(UL)

)
/GUL .

Recall that each Px : Gx × Vx 99K G|Usat
Lx

is a Morita bibundle with moment

maps αx : Px → Vx and βx : Px → U sat
Lx

defined by

αx([gx, g
′
x]) := gx · exp−1

Lx
(tg′x); βx([gx, g

′
x]) := s(g′x).

This leads to a right-action of G on each Px as [gx, g
′
x] · g0 := [gx, g

′
xg0]. Note

that this is exactly the action of G|Usat
Lx

on Px : Gx × Vx 99K G|Usat
Lx

. Similarly,

we have an action of each Gx = Gx × Vx on Px from the left. To complete the
action of GV on P , we use Lemma 1.2.5, to define

Pyx ×Vx Px → Py; [py, px] · px := py.

This map is well-defined, since if αx(px) = αx(p′x), then there exists an element
g0 ∈ G|Uxy such that px = p′xg0 and hence we can rewrite any [p′y, p

′
x] as

[p′yg0, px]. Therefore, we have the maps and action in the following diagram.

∐
x,y∈I Pxy

∐
x∈I Px G

∐
x∈I Vx M

βα

We are left to prove the two diffeomorphisms of the actions: P×V P ∼= P×M G
and P ×M P ∼= GV ×V P , showing that the actions are principal. Using that
the Px are Morita bibundles, we have

P ×M G =
∐
x∈I

Px ×Usat
Lx
GUsat

Lx

∼=
∐
x∈I

Px ×Vx Px = P ×V P,
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under the action morphism. Similarly:

GV ×V P =
∐
x,y∈I

(Py ∗ P−1
x )×M Px

=
∐
x,y∈I

(Py ×M Px)/G ×M Px

∼=
∐
x,y∈I

Py ×M Px = P ×M P.

This concludes the proof.

As a consequence of the above lemma, we can conclude that the equivalence
class of the constructed atlas does not depend on the choices we made.

Let us summarise the results we have achieved so far. In Theorem 3.2.29
we have shown that linearisable (proper) Lie groupoids admit (proper) orbi-
space atlases on their orbit spaces. Moreover, in Proposition 3.2.12 we have
shown that each (proper) atlas naturally defines a (proper) Lie groupoid and in
Lemma 3.2.30 we have seen that this induced (proper) Lie groupoid is Morita
equivalent to the original one. Together, these results combine to the proof of
Theorem A of the induction.

Theorem 3.2.31. Let G be a linearisable (proper) Lie groupoid. Then its
orbit space X admits a canonical (proper) orbispace structure. Moreover, the
Lie groupoid induced by any atlas of this structure is Morita equivalent to G.

Since each proper Lie groupoid admits a linear and compact orbispace atlas
on its orbit space, this result moreover shows that each proper orbispace atlas
has an equivalent linear compact atlas.

Corollary 3.2.32. Let V be a proper orbispace atlas on X. Then there exists
an equivalent linear, compact atlas V ′ on X.

Proof. The proof that GV is proper still holds. Hence, Theorem 3.2.29 shows
that its atlas V ′ is compact and linear and by combining Lemma 3.2.30 with
Proposition 3.2.15 we get that V and V ′ are equivalent.

Remark 3.2.33. When considering Proposition 3.2.15 and Lemma 3.2.30, one
sees that just viewing orbispaces as Morita equivalence classes of linearisable
Lie groupoids is not precise enough. The Morita equivalence we find between
G and GV is special as it induces the identity map on X. We will come back
to this in Section 3.3 when we define morphisms of orbispaces. It will turn out
that the automorphism group of X is generally nonempty.



3

3.3 — Morphisms of orbispaces 95

3.2.4 An example

In Section 3.4 we will see that each of the structures we discussed in Section 3.1
is an instance of an orbispace. In this section we will briefly discuss a more
interesting example [46, 71].

Let G be a compact Lie group with Lie algebra g and consider the space A
of G-valued connection on the circle S1, and the space LG of G-valued smooth
maps on S1:

A := Ω1(S1, g); LG := C∞(S1, G).

Note that both these spaces are infinite-dimensional. Then LG acts on A by
the equation:

ψ · ω := Adψ(ω)− dψψ−1.

Here Ad is the adjoint representation of G and ψ−1(τ) := ψ(τ)−1 for all
τ ∈ S1. Its resulting infinite-dimensional Lie groupoid LG×A⇒ A is Morita
equivalent to the action groupoid G×G⇒ G of the conjugation of G on itself:

LG×A ' G×G.

One can realise this equivalence explicitly by the holonomy of the connections
in A. The orbit space A/LG is therefore naturally a proper orbispace. We can
extend this example by considering the S1-action on itself by rotation. This
action extends to A and hence defines an infinite-dimensional Lie groupoid

(LG× S1)×A⇒ A.

This S1-action is often called a twist. The quotient space X = A/(LG×S1) is a
proper orbispace as well, but this time not the quotient of compact group action
as before. The charts can be defined by using an infinite-dimensional version of
the slice theorem for Lie group actions as is explicitly done in [71]. Similar to
the LG-action, we find that these slices themselves are finite dimensional as the
codimension of the infinite-dimensional orbits is finite. Note that S1 is compact
and hence the LG×S1-action on A is still proper. Using (LG×S1)×A⇒ A,
we can use the proof of Theorem 3.2.29 to define an orbispace atlas on X.

3.3 Morphisms of orbispaces

When introducing a new object, one always wonders what the correct no-
tion of a morphism is. As (ineffective) orbifolds are defined as equivalence
classes of atlases, defining morphisms between them is complicated. This is
because one should first define a morphism between atlases. The same will
hold for orbispaces. Of course, using the Lie groupoid an orbispace induces,
one could consider Lie groupoid morphisms, or perhaps generalised morphisms
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of Lie groupoids. Our point of view is however the atlas and its equivalence
class. In this section we introduce orbispace morphisms and show that the
resulting category is equivalent to the category of differentiable stacks, which
we will introduce as well. Throughout, we use the notation as introduced in
Section 3.2.1 and Section 3.2.3.

Let us start by recalling the notion of a chart morphism, Definition 3.2.3:

Definition 3.3.1. Let X be a connected topological space and let (V,G, π)
and (W,H, π) be orbispace charts on X. A chart morphism from V to W is a
right principal bibundle (PWV , αV , αW ) : G× V 99K H ×W such that

π ◦ αV = π ◦ αW .

The condition on the bibundle in the above definition should be read as
that PWV lifts the identity morphism id: X → X to the charts. We can also
consider lifts of other continuous maps.

Definition 3.3.2. Let f : X → Y be a continuous map between connected
topological spaces, and let (V,G, πX) and (W,H, πY ) be orbispace charts on
X and Y respectively such that f(πX(V )) = πY (W ). A lift of f is a right
principal bibundle (PWV , αV , αW ) : G× V 99K H ×W such that

f ◦ πX ◦ αV = πY ◦ αW .

We will denote such a lift by P : G× V
f
99K H ×W .

Using these lifts, we can define a morphism between two atlases. Note that
it still depends on the chosen atlas.

We introduce some notation to simplify the following definition. Given a
topological map f : X → Y and orbispace charts (Gi, Vi, πi) and (Wr, Hr, πr)
on X and Y respectively such that U := f(πi(Vi)) ∩ πr(Wr) 6= ∅, denote by
Vir := π−1

i (f−1(U)) and Wri := π−1
r (U) the two possible “intersections” of the

two charts. These sets are open saturated subsets of Vi and Wr respectively
and the compatibility condition of an atlas morphism will be defined on such
intersections.

Definition 3.3.3. An atlas morphism (f,Q, F ) : (X,VX)→ (Y,VY ) between
two orbispace atlases (X,VX) and (Y,VY ) consists of:

• A topological map f : X → Y ;

• A collection of lifts of f

Q =

{
Qir : (Gi × Vi)|Vir

f
99K (Hr ×Wr)|Wri

}
i,r

;

• A collection of bibundle isomorphisms

{Fijs : PXij |Vjr ∗Qjr|Vij → Qir|Vij}i,j,r;
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• A collection of bibundle isomorphisms

{Firs : Qir|Wrs
∗ PYrs|Wsi

→ Qis|Wri
}i,r,s.

These are subject to the conditions that:

1. They are commutative, for all i, j, r, s:

Firs ◦ (Fijr ∗ idrs) = Fijs ◦ (idij ∗ Fjrs) : PXij ∗Qjr ∗ PYrs → Qis;

2. They are associative, for all i, j, k, r, s, t:

Fikr ◦ (ψXijk ∗ idkr) = Fijs ◦ (idij ∗ Fjkr) : PXij ∗ PXjk ∗Qkr → Qik,

Firt ◦ (idir ∗ ψYrst) = Fist ◦ (Firs ∗ idst) : Qir ∗ PYrs ∗ PYst → Qit;

3. There are units, for all i, r and all qir:

Fiir([gi, qir]) = gi · qir, Firr([qir, gr]) = qir · gr.

The triple (f,Q, F ) is called an isomorphism if f is a homeomorphism and all
its lifts Qir are Morita bibundles.

Remark 3.3.4. Given two atlas morphisms (f,Q, F ) : (X,VX)→ (Y,VY ) and
(f ′, Q′, F ′) : (X,V ′X) → (Y,V ′Y ) with VX ⊂ V ′X and VY ⊂ V ′Y , the notation
(f,Q, F ) ⊂ (f ′, Q′, F ′) means that f = f ′ : X → Y , Qir = Q′ir between charts
of VX and VY and Fijs = F ′ijs and Firs = F ′irs whenever both are defined.

The composition of two atlas morphism uses the glueing of smooth mani-
folds along open subsets. Recall that if φ : U → U ′ is a diffeomorphism between
two open subsets U ⊂M and U ′ ⊂M ′, we can glue M and M ′ along φ. The
resulting manifold M ∪φM ′ is given by M tM ′/ ∼ where ∼ is the equivalence
relation generated by u ∼ φ(u).

Let (f,Q, F ) : (X,VX)→ (Y,VY ) and (g,R, G) : (Y,VY )→ (Z,VZ) be two
atlas morphisms. We can define a collection Q ∗ R of lifts of g ◦ f as the
collection of elements:

∪φrQir ∗Rrτ for Qir ∈ Q and Rrτ ∈ R.

Here φr is the diffeomorphism generated by F−1
irs and Gsrτ as in the following

equation:
Qir ∗Rrτ ∼= Qis ∗ Psr ∗Rrτ ∼= Qis ∗Rsτ .

Note that the conditions on F and G assure that this quotient is well-defined.
Similarly, we can define a collection of bibundle morphisms F ∗ G, given by
the equations:

Pij ∗ (∪φrQjr ∗Rrτ ) = ∪φrPij ∗Qjr ∗Rrτ ∼= ∪φrQir ∗Rrτ ;

(∪φrQir ∗Rrτ ) ∗ Pτν = ∪φrQir ∗Rrτ ∗ Pτν ∼= ∪φrQir ∗Rrν .

Using this we can define compositions of atlas morphisms.
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Definition 3.3.5. The composition of two orbispace atlas morphisms

(f,Q, F ) : (X,VX)→ (Y,VY ) and (g,R, G) : (Y,VY )→ (Z,VZ)

is defined as the atlas morphism (g ◦ f,Q ∗R, F ∗G) : (X,VX)→ (Z,VZ).

When (f,Q, F ) : (X,VX) → (Y,VY ) is an atlas morphism and V ′X and
V ′Y are atlases on X and Y which are equivalent to VX and VY respectively,
we can use (f,Q, F ) and to define an atlas morphism (X,V ′X) → (Y,V ′Y ).
By Proposition 3.2.15 there exist Morita bibundles PX and PY between the
induced Lie groupoids of the atlases. Using these bibundles, we can define a
collection Q′ of lifts of f by the formula:

Q′ir := ∪φj ,φsP−1
X |V ′i ,Vj ∗Qjs ∗ PY |Ws,W ′r

.

Here the Vj , V
′
i , Ws and W ′r are charts of VX , V ′X , VY and V ′Y respectively

and the Qjs are elements of Q. This equation should be read with the correct
restriction of Qjs to relevant domains. Moreover, the glueing diffeomorphisms
are given by the following two computations:

P−1
X |V ′i ,Vj ∗Qjs ∗ PY |Ws,W ′r

∼= P−1
X |V ′i ,Vj ∗ P

X
jk ∗Qks ∗ PY |Ws,W ′r

∼= P−1
X |V ′i ,Vk ∗Qks ∗ PY |Ws,W ′r

;

P−1
X |V ′i ,Vj ∗Qjs ∗ PY |Ws,W ′r

∼= P−1
X |V ′i ,Vj ∗Qjt ∗ P

Y
ts ∗ PY |Ws,W ′r

∼= P−1
X |V ′i ,Vj ∗Qjt ∗ PY |Wt,W ′r

.

To define the bibundle isomorphisms F ′ we can use the glueing and the prop-
erties of PX and PY as in the following computations:

PX
′

ij ∗
(
P−1
X |V ′j ,Vk ∗Qkr ∗ PY |Wr,W ′s

)
∼= P−1

X |V ′i ,Vk ∗Qkr ∗ PY |Wr,W ′s
;(

P−1
X |V ′j ,Vk ∗Qkr ∗ PY |Wr,W ′s

)
∗ PY

′

st
∼= P−1

X |V ′j ,Vk ∗Qkr ∗ PY |Wr,W ′t
.

The morphisms (f,Q, F ) and (f,Q′, F ′) are essentially the same morphism on
the level of the orbispaces X and Y . To make this precise we need a notion of
equivalence of morphisms, just as we have a notion of equivalence of atlases.
Similar to equivalence of atlases, this is defined by inclusion.

Definition 3.3.6. Let ViX and ViY , i = 1, 2, be equivalent atlases on X and
Y respectively and let (fi,Qi, Fi) : (X,ViX) → (U,ViY ) be two atlas morph-
isms. We call (f1,Q1, F1) and (f2,Q2, F2) equivalent if there exists an atlas
morphism (f,Q, F ) : (X,VX)→ (Y,VY ) such that for i = 1, 2:

• We have an inclusion of atlases ViX ⊂ VX ;

• We have an inclusion of atlases ViY ⊂ VY ;
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• We have an inclusion of morphisms (fi,Qi, Fi) ⊂ (f,Q, F ).

An orbispace (iso)morphism is the equivalence class of an atlas (iso)morphism.
We denote the resulting category by Corbi.

Often we will denote a morphism, which is the equivalence class of an atlas
morphism (f,Q, F ), by f and assume the rest of the data to be understood.

Remark 3.3.7. The discussion just above Definition 3.3.6 shows that when
f : X → Y is an orbispace morphism and VX and VY are two atlases on X and
Y respectively, we can always find a representative of f as an atlas morphism
(X,VX) → (Y,VY ). This allows us to define composition of two orbispace
morphisms as the equivalence class of the composition of its atlas morphisms.
Similar computations we have done before show that this is well-defined.

The following lemma shows that the notion of an orbispace isomorphism
is well-defined as well.

Lemma 3.3.8. Let f : (X,VX) → (Y,VY ) and f ′ : (X,V ′X) → (Y,V ′Y ) be two
equivalent atlas morphisms such that f is an isomorphism. Then f ′ is an
isomorphism as well.

Proof. As f and f ′ are equivalent atlas morphisms, there exists an atlas mor-
phism f0 : (X,V0

X)→ (Y,V0
Y ) such that f, f ′ ⊂ f0. We first show that f0 is an

isomorphism. Therefore, let Qir ∈ Q. We can consider four cases.

• If Vi ∈ VX and Wr ∈ VY , then Qir ∈ Q and hence it is a Morita bibundle.

• If Vi ∈ VX , but Wr /∈ VY , then since VY is a cover, we can cover the
πr(Wr) by elements Ws ∈ VY . Since each Qis is a Morita bibundle and
Qir ∼= Qis ∗ Psr over Wrs, we conclude that Qir is a Morita bibundle as
well as a composition of two Morita bibundles.

• If Vi /∈ VX but Wr ∈ VY , we can use an argument similar to the previous
case.

• If Vi /∈ VX and Wr /∈ VY , we can use the two previous cases to write
Qir ∼= Pij ∗ Qjs ∗ Psr locally and conclude again that it is a Morita
bibundle.

So f0 is an isomorphism. Now, since f ′ ⊂ f0, we immediately get that f ′ is
an isomorphism as well.

Recall that we have proven that linearisable Lie groupoids have linear orbi-
space atlases. Hence in order to model the orbit space of linearisable Lie
groupoids, we have to restrict our attention to orbispaces which admit a linear
atlas. Note that proper orbispaces are among these.



100 Orbit spaces of proper Lie groupoids

Definition 3.3.9. The category of linear orbispaces, Clin
orbi, is defined as the

full subcategory of Corbi of orbispaces which admit a linear atlas.

Remark 3.3.10. Corollary 3.2.32 shows that the proper orbispaces are a
subcategory of the linear orbispaces.

In order to make the statement “orbispaces are Lie groupoids up to Morita
equivalence” exact, we have to introduce the correct category of Lie groupoids.
Proposition 3.2.15 suggests that considering the category of Lie groupoids up
to Morita equivalence itself does not work, as only special Morita bibundles
should be seen as the identity map of the corresponding orbispace and all others
should be seen as isomorphisms of the orbispace. Let us therefore introduce
the category of differentiable stacks, which we will denote by Cst.

Definition 3.3.11 ([15]). A differentiable stack atlas (G, ξ) on a connected
topological space X consists of:

• A Lie groupoid G ⇒M ;

• A homeomorphism ξ : M/G → X.

The atlas is called proper if G is proper and linear if G is linearisable. We
will denote it by (G, X, ξ). A stack atlas morphism ([P ], f) between two stack
atlases (G, X, ξX) and (H, Y, ξY ) consists of:

• A continuous map f : X → Y ;

• A generalised morphism [P ] : G 99K H.

These are subject to the condition that the following diagram commutes.

G P H

M N

M/G N/H

X Y

ξX ξY

f

Composition of two morphisms is given by ([P ], f) ◦ ([Q], g) := ([P ∗Q], f ◦ g).
We denote the resulting category by Cst,at.

Note here that we work with generalised morphisms and not one of its
representatives. However, if P is any right principal bibundle which makes the
above diagram commute, then each bibundle in its isomorphism class will also
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make the diagram commute. Moreover, f is automatically defined by (P, α, β)
as α(p) 7→ β(p) and can hence be omitted from the notation. In the viewpoint
that [P ] is a lift of the initially defined topological map f , we will continue
denoting it. To get to the correct category, we need to consider the differential
stack atlases up to equivalence.

Definition 3.3.12. A differentiable stack atlas morphism ([P ], f) between
two differentiable stack atlases (G, ξ) and (G′, ξ′) on X is called an equivalence
if f = id and [P ] is a Morita equivalence. The category of differentiable stacks,
Cst, is then defined by

Cst := Cst,at/ ∼ .
A differentiable stack is called separated if one, and then all, of its atlases is
proper. It is called linear if it admits a linear atlas.

Note that since Morita equivalence through isomorphism classes of bi-
bundles is indeed an equivalence relation, so is differentiable stack atlas equi-
valence. As properness is a Morita invariant property, it indeed holds that
each atlas of a separated stack is proper.

Remark 3.3.13. In the literature, stack atlases are often viewed as a rep-
resentable submersion from a smooth manifold M onto the stack X. Given a
Lie groupoid G ⇒ M , we automatically get such an atlas by considering the
projection M → M/G. Conversely, given such a submersion ξ : M → X, the
fibre product M ×X M is smooth and defines a Lie groupoid M ×X M ⇒M .
For more on differentiable stacks see for example [15].

In the remainder of this section we show that Corbi ⊂ Cst. Of course,
some of the work has already been done in previous sections by showing that
each linearisable Lie groupoid admits the structure of an orbispace on its orbit
space, see Theorem 3.2.29, and that each orbispace defines an equivalence class
of Lie groupoids, see Proposition 3.2.12 and Proposition 3.2.15.

We can summarise these results in the following lemma.

Lemma 3.3.14. Let Clin
st ⊂ Cst be the full subcategory of linearisable dif-

ferentiable stacks. Its space of objects is equal to the space of objects of
Clin

orbi. Moreover, the proper orbispaces coincide with the separated differen-
tiable stacks.

Proof. If (G, X, ξ) is a linearisable differentiable stack atlas, Theorem 3.2.29
provides M/G with the structure of an orbispace with an atlas V. We can
push this structure forward to X by considering an atlas of the form:

{(V,G, ξ ◦ π) | (V,G, π) ∈ V}. (3.9)

Under this pushforward, equivalent atlases on M/G are sent to equivalent
atlases on X and hence we have a well-defined map Clin

st,at → Clin
orbi on the level

of their object space as:
(G,X, ξ) 7→ X.
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If ([P ], id) : (G, X, ξ) → (G′, X, ξ′) is an atlas equivalence, then we can use
a similar argument as in the proof of Proposition 3.2.15 to “add” the two
atlases on X. Indeed, we can use the union of both sets of charts and as chart
isomorphisms we can use the original chart isomorphisms or the following for
new pairs of charts:

Px ∗ P ∗ P−1
x′ , (3.10)

where the Px are as in Equation (3.4) and one has to restrict P such that the
above makes sense.

Hence the map factors to a map Clin
st → Clin

orbi. By Proposition 3.2.12, the
map is surjective. For injectivity: if (G, X, ξ) and (G′, X, ξ′) induce the same
orbispace structure on X, then their atlases V and V ′ as constructed above
are equivalent. Hence by Proposition 3.2.15, their resulting Lie groupoids GV
and GV′ are equivalent. Using Lemma 3.2.30, we see that these Lie groupoids
are equivalent to the ones we started with, that is:

G ∼ GV ; G′ ∼ GV′ .

Moreover, these equivalence are always the identity on X. Hence it follows
that the differentiable stack atlases G and G′ are equivalent. The second part
of the statement follows from the fact that proper Lie groupoids induce proper
atlases and vice versa, which was shown before in Section 3.2.

Therefore, we can restrict our attention to the morphisms of orbispaces
and of differentiable stacks. From the above definition, Definition 3.3.12, it
follows that two differentiable stack atlas morphisms ([P ], f) and ([Q], g) are
equivalent if and only if there exist equivalences ([PX ], id) and ([PY ], id) with:

([Q], g) = ([PX ], id) ◦ ([P ], f) ◦ ([PY ], id).

In particular, one needs that f = g, which was the first assumption in the defin-
ition of equivalence of orbispace morphisms, Definition 3.3.6. This is one of
the steps in proving the following lemma, which shows that each differentiable
stack morphism defines a orbispace morphism on its underlying orbispace.

Lemma 3.3.15. Let ([P ], f) : (G, X, ξX) 99K (H, Y, ξY ) be a differentiable
stack atlas morphism between two linear differentiable stacks. Then there exists
a unique orbispace morphism

fP : X → Y.

Moreover, if ([Q], g) is equivalent to ([P ], f), then their induced orbispace
morphisms are equal.

Proof. First of all, we can choose f as the homeomorphism between X and
Y , independent of the chosen atlases. Let VX and VY be atlases on X and
Y respectively, built as in Equation (3.9) by using the atlases on M/G and
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N/H as in Proposition 3.2.12. Recall that in the construction of the atlas,
we constructed the chart isomorphisms through the bibundles Px of Equation
(3.4):

Px : Gx × Vx 99K GUsat
L
.

If (Vx, Gx, πX) and (Wy, Hy, π) are charts of VX and VY respectively, centred
at x ∈M and y ∈ N , then we can define lifts of f as:

Qxy := Px ∗ P ∗ P−1
y . (3.11)

The chart isomorphisms arise naturally as:

(Px ∗ P ∗ P−1
y ) ∗ (Py ∗ P−1

y′ ) ∼= Px ∗ P ∗ P−1
y′ ;

(Px′ ∗ P−1
x ) ∗ (Px ∗ P ∗ P−1

y ) ∼= Px′ ∗ P ∗ P−1
y .

Therefore we have constructed an atlas morphism fP . If P ′ is another rep-
resentative of [P ], then there exist an isomorphism P ∼= P ′ and therefore
isomorphisms Qxy ∼= Q′xy. By considering the atlas V2

X on X which has each
chart twice, denoted by Vx and V ′x for Vx ∈ VX , and chart isomorphisms given
by the original ones, we can construct an atlas morphism which contains both
fP and fP ′ . Using the lifts of f through P for V and the lifts through P ′ of
for V ′, we are left to define isomorphisms of the kind:(

Px′ ∗ P−1
x

)
∗
(
Px ∗ P ∗ P−1

y

) ∼= Px′ ∗ P ′ ∗ P−1
y .

But these are exactly the isomorphism Qxy ∼= Q′xy mentioned before. Hence
the equivalence class of fP does not depend on the chosen representative.

Moreover, since we have seen that different choices of atlases lead to the
same orbispace structure, we conclude that different choices of atlases also lead
to the same equivalence class of atlas morphisms. Hence each differentiable
stack atlas morphism defines an orbispace morphism.

For the second part of the statement assume that there exist equivalences
([PX ], id) : (G, X, ξX) → (G′, X, ξ′X) and ([PY ], id) : (H, Y, ξY ) → (H′, Y, ξ′Y )
such that Q = PX ∗ P ∗ PY and f = g : X → Y . The generalised morphisms
then fit into the following commutative diagram.

G H

G′ H′

P

PY

Q

PX

Now pick two atlases on X and on Y : one induced by G and H and one by G′
and H′ respectively, and add them together, as in the proof of Lemma 3.3.14,
to atlases VX and VY . Note that, by construction, VX uses restrictions of
PX to relate between charts of M/G and M ′/G′, as in Equation (3.10), and
similarly for Y . We will construct an atlas morphism h between these two
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atlases such that fP and gQ are both included. Therefore, we only have to
specify the lifts of h between charts induced by G and H′ and between G′ and
H and we have to specify the bibundle isomorphisms. Let therefore Vx, Vx′ ,Wy

and Wy′ be charts of G,G′,H and H′ respectively, centred at x, x′, y and y′.
We define:

Qxy′ := Px ∗ P ∗ PY ∗ P−1
y ;

Qx′y := Px′ ∗ PX ∗ P ∗ P−1
y .

Most of the bibundle isomorphisms follow naturally as before, and we only
need to specify what to do with the chart morphisms stemming from PX or
PY , as in Equation (3.10). The following choices are natural.

(Px ∗ P−1
X ∗ P−1

x′ ) ∗Qx′y = (Px ∗ P−1
X ∗ P−1

x′ ) ∗ (Px′ ∗ PX ∗ P ∗ P−1
y )

∼= Px ∗ P−1
X ∗ PX ∗ P ∗ P−1

y

∼= Px ∗ P ∗ P−1
y = Qxy;

(Px′ ∗ PX ∗ P−1
x ) ∗Qxy′ = (Px′ ∗ PX ∗ P−1

x ) ∗ (Px ∗ P ∗ PY ∗ P−1
y′ )

∼= Px′ ∗ PX ∗ P ∗ PY ∗ P−1
y′

= Px′ ∗Q ∗ P−1
y′ = Qx′y′ .

Similar computations hold when acting on the right hand side. Hence the
induced orbispace morphisms of ([P ], f) and ([Q], g) are equal.

The following lemma shows the converse: each orbispace morphism lifts to
a differentiable stack morphism.

Lemma 3.3.16. Let f : (X,VX) → (Y,VY ) be an orbispace atlas morphism
and let G ⇒ V and H ⇒ W be the differentiable stack atlases of VX and VY
respectively. Then there exists a unique differentiable stack morphism

([Pf ], f) : (G, X, ξX)→ (H, Y, ξY ).

Moreover, if g is equivalent to f , then their induced differentiable stack morph-
isms are equal.

Proof. Let Q be defined by

Q =
∐
i,r

Qir.

Using the moment maps of Qir, we get moment maps α and β:

α = qiαi : Q→
∐
i

Vi = V ;

β = qrαr : Q→
∐
r

Wr = W.
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Since each Qir is a generalised morphism, each αi is a submersion and hence
so is α. Using the bibundle isomorphisms F , we can define an action of G and
H on Q through the following compositions:

Pij ×Vj Qjs → Pij ∗Qjs
Fijs→ Qis;

Qir ×Wr
Prs → Qir ∗ Prs

Firs→ Qis.

Since the isomorphisms F are bibundle isomorphisms, it follows that each
moment map is invariant under the other action. So we are left to prove that
Q×V Q ∼= Q×W H, through the combined source-target map of the H-action.
One can compute this directly:

Q×W H = (qi,rQir)×W (qr,sPrs) =
∐
i,r,s

Qir ×Wr
Prs

=
∐
i,r,s

(Qir ×Wr
Hr ×Wr

Prs) /Hr

∼=
∐
i,r,s

(Qir ×Vi Qir ×Wr Prs) /Hr =
∐
i,r,s

Qir ×Vi (Qir ∗ Prs)

∼=
∐
i,r,s

Qir ×Vi Qis = Q×V Q.

We conclude that ([Q], f) is a differentiable stack atlas morphism between the
differentiable stack atlases and thus defines a differentiable stack morphism.

For the second part of the statement, let f ′ : (X,V ′X) → (Y,V ′Y ) be an
orbispace atlas morphism which is equivalent to f . Without loss of generality,
we can assume that f ⊂ f ′ and let ([Q′], f ′) be the lifted differentiable stack
morphism. Automatically, we get that f = f ′ : X → Y , so we have to prove
that there exist Morita bibundles PX : G′ → G and PY : H → H′ such that
PX ∗Q ∗PY ∈ [Q′]. Since f ⊂ f ′, we can index VX by a set I and V ′X by a set
I ′ such that I ⊂ I ′. Similarly, for Y we obtain sets R′ ⊂ R. Now define:

PX :=
∐
I,I′

Pi′i; PY :=
∐
R,R′

Prr′ .

These are exactly the bibundles we have used in the proof of Proposition 3.2.15.
We now compute:

PX ∗Q ∗ PY =

∐
i,i′

Pi′i

 ∗G
∐
i,r

Qir

 ∗H
∐
r,r′

Prr′


=
∐
i′,r′

(Pi′,i ∗Gi Qir ∗Hr Prr′) ∼=
∐
i′,r′

Qi′r′ = Q′.
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Note that the indices I and R disappear when we go from a G- and H-quotient
to a Gi- and Hr-quotient. We conclude that f and f ′ induce equivalent differ-
entiable stack atlas morphisms.

Combining these three lemma’s leads to the proof of Theorem C:

Theorem 3.3.17. The category of orbispaces is a full subcategory of the cate-
gory of differentiable stacks:

Clin
orbi = Clin

st ⊂ Cst.

In this correspondence, the subcategories of proper orbispaces and separated
differentiable stacks coincide.

Proof. In Lemma 3.3.14 we showed equality on the level of objects. Combining
Lemma 3.3.15 with Lemma 3.3.16 leads to the same for the arrows if we show
that the two constructions are each others inverse.

If (X,V) is an orbispace, then its corresponding groupoid has charts given
by elements of V. Hence the Px are just the identity Morita bibundles. So
if f is a chart morphism and ([Pf ], f) its lifted differentiable stack atlas mor-
phism, then Equation (3.11) becomes exactly the restriction of P , which are
the original PWV we started with.

The other way around, if ([P ], f) : G → H is a differentiable stack atlas
morphism and fP its orbispace morphism, then Lemma 3.2.30, gives us dif-
ferentiable stack atlas equivalences GVX → G and HVY → H, which are built
by the bibundles Px and Py. Hence Equation (3.11) shows that the lifted
differentiable stack morphism of fP is equal to:

PfP =
∐

Qxy =
∐

Px ∗ P ∗ P−1
y =

(∐
Px

)
∗ P ∗

(∐
P−1
y

)
.

That is, PfP is equivalent to P .

Remark 3.3.18. As we have seen that any orbispace atlas defines a differen-
tiable stack, and not just the linear ones, we can even conclude that we have
an inclusion of categories

Corbi ⊂ Cst.

However, we do need the linearisability of a stack to define its atlas and hence
it is not clear that the above inclusion is surjective.

3.4 Orbispaces of constant dimension

In this section we look back at the definitions of orbifolds and orbispace func-
tors as in Section 3.1. We will see that each of them is a special example of an
orbispace atlas. This roughly corresponds to proper étale and proper regular
Lie groupoids being special examples of proper Lie groupoids.
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Definition 3.4.1. Let X be a connected topological space. An orbispace atlas
V = {(Vi, Gi, πi)}i∈I on X is called:

• of constant dimension if all manifolds Vi are of the same dimension. In
this case, dim(Vi) is called the dimension of V;

• finite if it is of constant dimension and each group Gi is finite;

• effective if it is finite and each group Gi acts effectively.

Remark 3.4.2. Note that none of these properties are properties of the equi-
valence class of an atlas. The pair groupoid Rn × Rn ⇒ Rn can be viewed
as an action groupoid of Rn on itself by translation. Since pair groupoids are
Morita trivial, this can be used in charts to change their dimension without
changing their equivalence class. Therefore being of constant dimension is not
a property of equivalence classes of Lie groupoids and therefore neither are the
other two properties defined above.

Remark 3.4.3. If P : (G ⇒ M) 99K (H ⇒ N) is a Morita bibundle, then by
assumption we have that P ×M P ∼= P ×N H. Hence if dim(M) = dim(N),
we obtain that dim(H) = dim(P ) and similarly dim(G) = dim(P ). Applying
this to the charts of an atlas of constant dimension, we see that all the groups
which are of the same dimension as well. As zero-dimensional manifolds are
finite if and only if they are compact, it follows that an atlas is finite if and only
if it is of constant dimension, compact and one (and then all) of the groups
acting on the charts is zero-dimensional.

The atlas of a linearisable Lie groupoid G ⇒ M was constructed such
that each Vx is an open subset of νx(Lx) and hence of dimension equal to
codim(Lx). For these to be constant and all equal to some n, we need that the
orbits of the Lie groupoid all have the same dimension, i.e. that it is a regular
Lie groupoid. Similarly each group Gx is chosen as the isotropy group of G,
which leads to:

Corollary 3.4.4. The atlas of a linearisable Lie groupoid G ⇒M is:

• of constant dimension if and only if G is regular. In this case, its dimen-
sion is equal to codim(Lx);

• finite if G is étale and proper;

• effective if G is effective and proper.

3.4.1 Orbispace functors as orbispaces

Let X be a paracompact Hausdorff space, U = {Ui}i∈I an open cover and F
an orbispace functor on (X,U), see Definition 3.1.19. It turns out that not all



108 Orbit spaces of proper Lie groupoids

orbispace functors induce orbispaces. The following definition introduces two
properties F can have, which naturally hold for morphisms of orbifold charts,
see Proposition 3.1.5.

Definition 3.4.5. Let F be an orbispace functor on (X,U) and let i : U ⊂ U ′
be an inclusion, where its image F (i) : F (U)→ F (U ′) under F is given by

F (i) = (τ, φ), F (U) = (V,G, π), and F (U ′) = (V ′, G′, π′).

Then:

• the inclusion i : U ↪→ U ′ is called F -stable if for all g′ ∈ G′ one has either
g · φ(V ) = φ(V ) or g · φ(V ) ∩ φ(V ) = ∅;

• if i is F -stable, then its isotropy group G′F is defined by

G′F := {g′ ∈ G′ | g′ · φ(V ) = φ(V )};

• F is called stable if each inclusion in U is F -stable;

• F is called strongly stable if F is stable and for any inclusion in U , the
map τ : G→ G′F is a group isomorphism.

A crucial consequence of F being strongly stable is that the inclusions are
mapped to weak equivalences under F , as we will now show.

Lemma 3.4.6. Let F be a strongly stable orbispace functor on (X,U) and
let i : U ⊂ U ′ be an inclusion. Then F (i) : F (U) → F (U ′) is an isomorphism
onto its image.

Proof. This follows directly from τ : G → G′F being an isomorphism and φ
being an open embedding, as in the proof of Lemma 3.1.10.

Recall that by Example 1.1.9, for any Lie groupoid G ⇒M and open subset
U ⊂M , the inclusion morphism GU → GUsat is a weak equivalence. Hence:

Corollary 3.4.7. Assume that F is strongly stable and let i : U ⊂ U ′ be an
inclusion in U and denote F (i) : F (U) → F (U ′) by (τ, φ) : G× V → G′ × V ′.
Then we have

π′−1(π(V )) = π′−1(U) = φ(V )sat,

and hence F (i) = (τ, φ) : (G×V )→ (G′×V ′)|π′−1(π(V )) is a weak equivalence.

For the remainder of this section, let F be a strongly stable orbispace
functor and without loss of generality assume that the sets U ′ij := Ui∩Uj ⊂ X
are connected for each i, j. Similarly, assume connectivity of the intersections
U ′ijk and U ′ijkr. Using F , the images of the sets Ui, U

′
ij and U ′ijk provide charts

and their intersections.
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• The charts are given by

V = {(Vi, Gi, πi)}i∈I := {F (Ui)}i∈I ;

• The intersections are given by

H = {(Uij , Hij , πij)}i,j∈I := {F (U ′ij)}i,j∈I ;

• The triple intersections are given by

Ψ = {(Uijk, Hijk, πijk)}i,j,k∈I := {F (U ′ijk)}i,j,k∈I .

Note that we still have to endow the intersection and triple intersections with
the structure of Morita fractions and Morita fractions respectively, by defining
morphisms weak equivalences between the Lie groupoids in play. If i : U ′ij ⊂ Ui
is an inclusion, then F (i) is a weak equivalence. This allows us to define almost
all of the morphisms of H and Ψ as the images of inclusions under F :

φiij := F (U ′ij ↪→ Ui) : Hij → Gi|π−1
i (U ′ij)

;

φjij := F (U ′ij ↪→ Uj) : Hij → Gj |π−1
j (U ′ij)

;

ψijk := F (U ′ijk ↪→ U ′ik) : Hijk → Hik|π−1
ik (U ′ijk).

The following lemma delivers us the weak equivalences ψ∗ijk.

Lemma 3.4.8. The map ψ∗ijk : Hijk → Hij ∗ Hjk defined by

ψ∗ijk :=
(
F (U ′ijk ↪→ U ′ij), F (U ′ijk ↪→ Uj)

−1, F (U ′ijk ↪→ U ′jk)
)

(3.12)

is a well-defined weak equivalence.

Proof. Let hijk ∈ Hijk and let (hij , gj , hjk) be its image under ψ∗ijk. Then:

s(φiij(hij)) = s(F (U ′ij ↪→ Ui) ◦ F (U ′ijk ↪→ U ′ij)(hijk))

= s(F (U ′ijk ↪→ Ui)(hijk)) = t(F (U ′ijk ↪→ Ui)(hijk)−1)

= t(gj);

t(φjjk(hjk)) = t(F (U ′jk ↪→ Uj) ◦ F (U ′ijk ↪→ U ′jk)(hijk))

= t(F (U ′ijk ↪→ Uj)(hijk)) = s(F (U ′ijk ↪→ Uj)(hijk)−1)

= s(gj).

Therefore, ψ∗ijk takes values inside Hij ∗ Hjk and is well-defined. To conclude
the lemma, we will show that it is essentially surjective and fully faithful.
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The first of these properties can readily be argued as follows. Any element
of (Hij ∗ Hjk) ×Uij∗Ujk Uijk can be written as (hij , φ

j
jk(hjk)−1, hjk), which is

mapped to:

(hij , φ
j
jk(hjk)−1, hjk) 7→ (t(hij), φ

j
ij(hij)φ

j
jk(hjk)−1, t(hjk)).

Since Hij → Gj is fully faithful, we can always find a hij mapping to a fixed
gj with uij as target. Then, choosing an identity arrow in Hjk shows that
the above map is surjective and, using similar arguments on the tangent level,
submersive. Hence ψ∗ijk is essentially surjective.

Now suppose that ((hij , gj , hjk), u2
ijk, u

1
ijk) lies in the fibre product

(Hij ∗ Hjk)×(Uij∗Ujk)×(Uij×Ujk) (Uijk × Uijk).

For fully faithfulness, we want to prove to be isomorphic to Hijk. Then:

• (hij , u
2
ijk, u

1
ijk) ∈ Hij ×(Uij×Uij) (Uijk × Uijk) ∼= Hijk;

• (hjk, u
2
ijk, u

1
ijk) ∈ Hjk ×(Ujk×Ujk) (Uijk × Uijk) ∼= Hijk;

• φjjk(hjk) = g−1
j = φjij(hij).

By the first two of these consequences, there exist hijijk, h
jk
ijk ∈ Hijk which are

mapped to hij and hjk respectively, and by the third consequence we see that:

φjijk(hijijk) = φjijk(hjkijk).

Since this map is injective, we find that they are equal: hijk := hijijk = hjkijk and
our original element is the image of hijk = hijk. This proves surjectivity and
a similar argument on the level of the tangent spaces proves submersiveness
of the map

Hijk → (Hij ∗ Hjk)×(Uij∗Ujk×Uij∗Ujk) (Uijk × Uijk)

One readily verifies that both spaces are of the same dimension. Moreover, by
assumption the map is injective. Hence ψ∗ijk is fully faithful.

From now on we will abbreviate the right hand side of the defining equation
of ψ∗ijk, Equation (3.12), as F (U ′ijk ↪→ U ′ij) ∗j F (U ′ijk ↪→ U ′jk). We are left to
define isomorphisms ξijk so that ψ∗ijk and ψijk together turn Hijk into an

isomorphism of Morita fractions. As φiij ◦ πij ◦ψ∗ijk = φiik ◦ψijk, and similarly

on the Gk-side, we can choose the isomorphisms ξiijk and ξkijk between them to
be the identities:

ξiijk := ui ◦ φiik ◦ ψijk; ξkijk := uk ◦ φkik ◦ ψijk.
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Proposition 3.4.9. Let F be an orbispace functor on (X,U). The struc-
ture (V,H,Ψ) as defined above is a fraction orbispace atlas on X of constant
dimension.

Proof. Since U is a cover, so is V. Furthermore, since the φijk are orbifunctor
charts morphisms, we have that:

πi ◦ φiij = πij = πj ◦ φkij .

Therefore, we are left to show associativity, existence of units and inverses.
For associativity, let i, j, k, r be given such that U0 := U ′ijkr 6= ∅ and denote

with H0 the Lie groupoid of the chart F (U ′ijkr). Using the same arguments as
in Lemma 3.4.8, we obtain weak equivalences ζ1 : H0 → (Hijk ∗hHkr) ∗v Hikr
and ζ2 : H0 → (Hij ∗h Hjkr) ∗v Hijr defined by

ζ1 =
(
F (U ′0 ↪→ U ′ijk) ∗k F (U ′0 ↪→ U ′kr)

)
∗ik∗kr F (U ′0 ↪→ U ′ikr);

ζ2 =
(
F (U ′0 ↪→ U ′ij) ∗j F (U ′0 ↪→ U ′jkr)

)
∗ij∗jr F (U ′0 ↪→ U ′ijr).

Moreover, since F is a functor, the H0 forms an exact Morita fraction iso-
morphism with weak equivalences ζi, just as each Hijk is an exact fraction
isomorphism.

The next part is to prove the existence of units. Since Ui ∩ Ui = Ui, it
immediately follows that Hii = Gi and φiii : Hii → Gi are the identity maps as
F (id) = id. Hence Hii = Gi as fractions. Simlarly, Hiij = Hij and ψiij = id.
Finally,

ψ∗iij(hij) =
(
F (U ′ij ↪→ Ui)(hij), F (U ′ij ↪→ Ui)(hij)

−1, F (U ′ij ⊂ U ′ij)(hij)
)

=
(
φiij(hij), φ

i
ij(hij)

−1, hij
)
.

Therefore we have that Hiij = Hij as fraction isomorphisms. Proving that
Hijj = Hij as fraction isomorphisms is completely analogous.

Finally, for the existence of inverses we note that since Ui∩Uj = Uj ∩Ui it
immediately follows that Hji = H−1

ij as fractions. Also, U ′iji = Uij and hence

Hiji = Hij as charts, but also as fraction isomorphisms since ψiji = φiij and

ψ∗iji(hij) =
(
F (U ′iji ↪→ U ′ij)(hij), F (U ′iji ↪→ Uj)(hij)

−1, F (U ′iji ↪→ Uji)(hij)
)

= (hij , φ
j
ij(hij)

−1, hij).

This implies that V admits inverses. Since this was the last assumption on
an atlas that had to be shown, we can conclude that V is a fraction orbispace
atlas.

We have now proven that each strongly stable orbispace functor is an ex-
ample of an orbispace in Proposition 3.4.9. As each orbispace atlas induces a
Lie groupoid, we can conclude:
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Theorem 3.4.10. Every strongly stable orbispace functor defines a proper
orbispace. In particular, every strongly stable orbispace functor (X,F ) defines
a proper Lie groupoid GF ⇒ V such that X is homeomorphic to V/GF .

Note that even though the orbispace atlas of a linearisable Lie groupoid
constructed in Section 3.2.3 is of constant dimension if and only if it is regular,
the constructed Lie groupoid GF does not have to be regular even though its
atlas is of constant dimension. Any global quotient of a non-regular Lie group
action gives an example.

Remark 3.4.11. Note that a converse statement, that any orbispace atlas of
constant dimension comes from an orbispace functor, does not hold. The fact
that the isomorphisms ξijk are always equal to the identity is a particularly
nice property which only holds for functors. One could therefore say that every
fraction orbispace atlas of constant dimension is a pseudo-orbispace functor.
Note that such a pseudo-orbispace functor is similar to a prestack as in [65].

3.4.2 Orbifolds as orbispaces

In this section we will show than any orbifold naturally admits a fraction
atlas and hence is an orbispace. Most of the work has already been done in
Section 3.1.1 and the proofs we still have to give are similar to the ones in the
previous section on orbispace functors, Section 3.4.1, to which we therefore
refer.

Let X be an orbifold with atlas V = {(Vi, Gi, πi)}i∈I as in Definition B,
and choose for each πi(Vi) ∩ πj(Vj) 6= ∅, an intersection chart (Uij , Hij , πij),

with two embeddings λiij , λ
j
ij and lifts to group isomorphisms τ iij , τ

j
ij :

φiij = (τ iij , λ
i
ij) : Hij × Uij → Gi × Vi;

φjij = (τ jij , λ
j
ij) : Hij × Uij → Gj × Vj .

By Lemma 3.1.10, we find that we have a set of intersections for the fraction
atlas:

H := {Gi × Vi ← (Hij × Uij)→ Gj × Vj}i,j∈I .

Note that we can assume Hji = H−1
ij as fractions by using the same chart for

the intersection πj(Vj) ∩ πi(Vi) and Hii = Gi by using the chart (Vi, Gi, πi)
for the trivial intersection, together with the identity embedding. Similarly,
for each triple intersection πi(Vi) ∩ πj(Vj) ∩ πk(Vk) 6= ∅, we can choose an
intersection chart (Uijk, Hijk, πijk) and embeddings λrsijk into each Urs for r, s ∈
{i, j, k}. As before, they admit unique lifts to Lie groupoid morphisms φrsijk.
This we assume to ensure the existence of inverses.

This leads to a diagram as depicted below, where the action groupoids
Gi×Vi are denoted by Gi and similar notation for the other action groupoids.
Note that the diagram does not commute!
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Gi

Hij

Gj

Hjk

Gk

Hik

Hijk

giijk

gjijk

gkijk

φiij

φjij φjjk

φkjk

φkikφiik

φijijk

φjkijk

φikijk

Although the above diagram does not commute, by the discussion at the
end of Section 3.1.1 and by Proposition 3.1.5, for each diamond of the above
diagram there exists a unique group element g, such that the diamond com-
mutes up to g-action, as in:

φjij ◦ φ
ij
ijk = λgjijk

◦ φjjk ◦ φ
jk
ijk;

φiik ◦ φikijk = λgiijk ◦ φ
i
ij ◦ φ

ij
ijk;

φkjk ◦ φ
jk
ijk = λgkijk ◦ φ

k
ik ◦ φikijk.

Here we go in the positive direction in each diamond. Using this, we can define
the fraction isomorphisms ψ∗ijk : Hijk → Hij ∗ Hjk as:

ψ∗ijk(h, u) := (φijijk(h, u), (gjijkτ
jk
ijk(h)−1, λjkijk(hu)), φjkijk(h, u)).

Together with the morphism ψijk = φikijk, it forms an isomorphism of fractions
when we define for all u ∈ Uijk:

ξiijk(u) := (giijk, λ
i
ij ◦ λ

ij
ijk(u));

ξkijk(u) := (gkijk, λ
k
ik ◦ λikijk(u))−1.
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Lemma 3.4.12. Hijk is a Morita fraction isomorphism.

Proof. We need to check two things. Firstly, that ψ∗ijk is a weak equivalence.
Note that it is defined such that it lands in Hij ∗ Hjk. Moreover, the exact
same arguments as in the proof of Lemma 3.4.8, shows that it is indeed a
weak equivalence. Secondly, we need to check that the morphisms ξ are both
indeed isomorphisms of the pairs of Lie groupoid morphisms Hijk → Gi and
Hijk → Gk. This follows from the following two computations:

φiik ◦ ψijk(h, u) · ξiijk(s(h, u)) = λgiijk ◦ φ
i
ij ◦ φ

ij
ijk(h, u) · (giijk, λiij ◦ λ

ij
ijk(u))

= (giijk · τ iiij ◦ τ
ij
ijk(h), λiij ◦ λ

ij
ijk(u))

= (giijk, λ
i
ij ◦ λ

ij
ijk(h · u)) · φiij ◦ φ

ij
ijk(h, u)

= ξiijk(t(h, u)) · φiij ◦ πij ◦ ψ∗ijk(h, u);

φkik ◦ ψijk(h, u) · ξkijk(s(h, u)) = φkik ◦ φikijk(h, u) · (gkijk, λkik ◦ λikijk(u))−1

= (τkik ◦ τ ikijk(h) · (gkijk)−1, gkijk · λkik ◦ λikijk(u))

= (gkijk, λ
k
ik ◦ λikijk(h · u))−1 · λgkijk ◦φ

k
ik◦φikijk(h, u)

= ξkijk(t(h, u)) · φkjk ◦ πjk ◦ ψ∗ijk(h, u).

Hence let Ψ be the set of triple intersections:

Ψ := {(Uijk, Hijk, πijk)},

with its structure as Morita fraction isomorphisms. To ensure the existence of
units, we assume that if i = j, i = k or j = k, that we picked a trivial triple
intersection, i.e. a triple intersection which is one of the double intersection.

Theorem 3.4.13. The structure (V,H,Ψ) is an effective fraction orbispace
atlas on X. In particular, every orbifold is naturally an orbispace.

Proof. We have ensured that there are inverses and units by our assumptions.
The only thing we have to check is the associativity condition. Since V is an or-
bifold atlas, for each i, j, k, r, there exists a chart (U0, H0, π0) and embeddings
into each triple intersection. This gives the following diagram.
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r ir i

k kr ikr ik k

jk jkr 0 ijk jk

j jr ijr ij j

r ir i

Here each square commutes up to a unique, fixed group element. Note that in
this diagram the rows and columns are squares as well, if their length is equal
to five. Note that for each ε ∈ {i, j, k, r} there are six ways to get from H0 to
Gε. By uniqueness of the group elements, when one writes these six maps, we
get relations on the group elements. Writing out these relations shows that
the pairs of morphisms in the associativity diagram, H0 → Hij ∗Hjk ∗Hkr and
H0 → Hir commute, where the morphisms from H0 to (Hijk ∗h Hkr) ∗v Hikr
and (Hij ∗h Hjkr) ∗v Hijr are defined analogously to the morphisms ψ∗.

Remark 3.4.14. Note that if X is an orbifold with atlas V, its Haefliger
groupoid is exactly the Lie groupoid we build in Proposition 3.2.12 out of
the induced orbispace atlas. This follows because any locally defined diffeo-
morphism V → V extends to an orbifold chart morphism and we know exactly
how unique they are, which is captured inside the Morita bibundles P .

3.5 Sheaves on orbispaces

In this section we will briefly discuss sheaves on orbispaces. Inspired by sheaves
on orbifolds [77], on Lie groupoids [21, 75], and on stacks [15], we will define
sheaves on orbispaces in the atlas-based viewpoint, their cohomology and dis-
cuss a special example in particular: the sheaves of basic differential forms.
These sheaves together define the de Rham complex of an orbispace and our
discussion will leaf to a de Rham theorem for orbispaces.

Recall that if f : M → M ′ is an open map and S′ is a sheaf on M ′, then
the pullback sheaf f∗(S′) is a sheaf on M defined by f∗(S′)(U) = S(f(U)) for
U ⊂ M an open subset. Submersions are important examples of open maps.
Moreover, if G is a Lie group which acts smoothly on M , a G-equivariant sheaf
on M consists of a sheaf S together with an isomorphism θ : t∗(S) → s∗(S).
Here s and t are the source and target map of the action groupoid G×M ⇒M .
A similar definition makes sense for any Lie groupoid G ⇒ M and results in
G-sheaves.
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Definition 3.5.1. A sheaf S on an orbispace atlas (X,V) with values in a
category C consists of:

• A Gi-equivariant sheaf (S(Vi), θi) on each chart (Vi, Gi, πi) ∈ V;

• A sheaf isomorphism S(Pij) : α∗i (S(Vi)|Vij ) → α∗j (S(Vj)|Vji) for each
chart isomorphism Pij ∈ P;

These are subject to the conditions that:

2. It is functorial, for all i, j, k on Pij ∗ Pjk one has:

S(Pjk) ◦ S(Pij) = ψ∗ijk(S(Pik)) : α∗i (S(Vi))→ α∗k(S(Vk))

3. There are units, for all i:
S(Pii) = θi;

4. There are inverses, for all i, j:

S(Pji) = S(Pij)
−1.

Remark 3.5.2. Given two sheaves S on (X,V) and S ′ on (X,V ′) with V ⊂ V ′,
the notation S ⊂ S ′ means that S(V ) = S(V ) for all V ∈ V and S(P ) = S ′(P )
for all P ∈ P, i.e. they agree whenever both assignments are defined.

Let us explain the composition inside the functoriality condition. Suppose
we have two Morita bibundles P : G 99K G′ and Q : G′ 99K G′′ as in the following
diagram.

G P G′ Q G′′

M M ′ M ′′

α α′ β′ β′′

Suppose furthermore that S, S′ and S′′ are sheaves on M , M ′ and M ′′ re-
spectively, which are equivariant for the respective Lie groupoids, and assume
the existence of two sheaf isomorphisms

fP : α∗(S)→ (α′)∗(S′);

fQ : (β′)∗(S′)→ (β′′)∗(S′′).

To prevent confusion, denote the moment maps of P ∗Q by ᾱ and β̄′′. Then
fQ ◦ fP is a sheaf isomorphism between ᾱ∗(S) to (β̄′′)∗(S′′) on P ∗Q. To see
its construction, let π : P ×M ′ Q → P ∗ Q be the natural projection. Then
π∗(fQ ◦ fP ) is defined by using fP and fQ as in the following equation:

π∗ᾱ∗(S) = π∗Pα
∗(S) ∼= π∗P (α′)∗(S′) = π∗Q(β′)∗(S′)

∼= π∗Q(β′′)∗(S′′) = π∗(β̄′′)∗(S′′).
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Since π : P ×M ′ Q → P ∗ Q is a projection, we have that π(π−1(U)) = U for
all U . Hence we can now use the pushforward along π to get an isomorphism:

fQ ◦ fP : ᾱ∗(S)→ (β̄′′)∗(S′′).

Remark 3.5.3. Note that each condition i ≥ 2 of a sheaf on an orbispace
exactly correspondes to the condition i. of an orbispace atlas (Definition 3.2.4).

Instead of considering sheaves on orbispace atlases, we want to consider
sheaves on orbispaces. Using Remark 3.2.11, we can say that a sheaf on an
orbispace X is a sheaf on its unique maximal atlas. Alternatively, we can use
equivalences of sheaves on atlases.

Definition 3.5.4. Let Vi, i = 1, 2, be equivalent orbispace atlases on X and
let Si be two sheaves on Vi. We call S1 and S2 equivalent if there exists a
sheaf S on an atlas V on X such that for i = 1, 2:

• We have an inclusion of atlases Vi ⊂ W;

• We have an inclusion of sheaves Si ⊂ S.

A sheaf S on an orbispace X is an equivalence class of sheaves on orbispace
atlases on X.

Remark 3.5.5. Given a sheaf S on an atlas (X,V), we can view it naturally
as a GV -sheaf SV , where GV ⇒ V is the induced Lie groupoid of V of Propos-
ition 3.2.12. The above equivalence relation on sheaves on orbispace atlases
hence defines an equivalence relation on Lie groupoid sheaves. Note that under
this equivalence the Lie groupoid itself is not fixed.

Using the above remark, we can use standard techniques of sheaf cohomo-
logy to define the sheaf cohomology groups of a sheaf on an orbispace. A
sheaf S on an orbispace atlas (X,V) naturally defines cohomology groups
Hj(X,V,S) as the right-derived functors of the functor V 7→ S inv

V (V ). Here
a global section σ of SV is called invariant if it is invariant under the sheaf
isomorphism θ : t∗(SV )→ s∗(SV ):

θGV (σ) = σ.

It readily follows that if S and S ′ are equivalent sheaves, their images S inv
V (V )

and S ′inv
V ′ (V ′) agree. Hence we can define cohomology of sheaves on orbispaces:

Definition 3.5.6. Let S be a sheaf on an orbispace X. The cohomology groups
of S are given by

Hj(X,S) := Hj(X,V,S), for any atlas V of X.
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The main example of a sheaf on an orbispace, is its sheaf of (basic) differ-
ential forms. Recall from Example 1.1.33 that a basic differential form on a Lie
groupoid G ⇒ M is a differential form ω ∈ Ωk(M) such that s∗(ω) = t∗(ω).
One can view this as a sheaf on its orbit space M/G.

Definition 3.5.7 ([86]). The basic de Rham complex of a proper Lie groupoid
G ⇒ M is the differential complex of sheaves ΩkX,bas on its orbit space M/G,
which are defined by

ΩkM/G,bas(U) := Ωkbas

(
G|π−1(U)

)
, for all open subsets U ⊂M/G.

Since the de Rham differential commutes with pullbacks of differential
forms, it follows that these sheaves form a differential complex of sheaves on
M/G. In [86] the authors show that the complex of sheaves of basic differential
forms and its cohomology is a Morita invariant. Therefore, the above com-
plex should not be viewed as a differential complex of the topological space
X, but on the orbispace X. This leads to the notion of differential forms on
orbispaces.

Proposition 3.5.8. Let X be an orbispace with orbispace atlas V. Then the
sheaves Ωk of differential k-forms on X, defined by

Ωk(Vi) := ΩkVi/Gi,bas,

form a differential complex of sheaves on X.

Proof. Let Pij ∈ P be a Morita bibundle. When ω ∈ Ωk(Vi) is a basic differ-
ential from, its pullback α∗i (ω) ∈ Ωk(Pij) is basic with respect to the Gi-action
and hence defines a differential form P/Gi = Vj . This yields an isomorphism

Ωk(Pij) : α∗i (Ω
k(Vi)|Vij )→ α∗j (Ω

k(Vj)|Vji).

This isomorphism is the unique map that satisfies the following equation for
all ω ∈ Ωkbas(Vij):

α∗i (ω) = α∗j (Ω
k(Pij)(ω)).

Using this equation, the conditions that Ωk(Pij) has to satisfy are readily seen
to hold. Therefore, each Ωk is a sheaf on X. The formula shows as well that
the de Rham differential of basic forms commutes with the sheaf morphisms
and hence is a differential on the sheaves on X.

Note that for k = 0, the sheaf Ω0 on X consists of its smooth functions.

Definition 3.5.9. The differential complex of sheaves Ωk on X is called the
de Rham complex on X. The cohomology of this complex is called the de
Rham cohomology of X and denoted by Hk

dR(X,R).
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When an orbispace X admits a finite atlas, i.e. an orbispace atlas consisting
of a finite amount of charts, we can use the dimension of the manifolds of the
charts to see that Ωk = {0} for big enough k. An example of this occurrence
is when X is compact. If this is not the case, we can still use the charts and
the induced Lie groupoid of the atlas (see Remark 3.5.5) to understand the
sheaves and their cohomology. By definition the following holds:

Lemma 3.5.10. Let X be an orbispace and let Ωk be the sheaf of differential
k-forms on X. For all atlases V of the orbispace structure on X, the induced
GV -sheaf is the sheaf of basic k-forms on GV .

Theorem 3.5.11 (de Rham theorem). Let X be a proper orbispace. Then for
all j ∈ N there are isomorphisms

Hj
dR(X,R) ∼= Ȟj(X,R) ∼= Hj

sin(X,R).

Proof. Using Lemma 3.5.10, this is a direct consequence of a similar theorem
for the basic de Rham cohomology of proper Lie groupoids G ⇒ M [86]. Its
proof follows the usual pattern for de Rham theorems. Firstly one proves a
Poincaré lemma for the basic differential forms, from which it follows that the
following sequence of sheaves is exact.

R→ Ω0
bas(G)

d→ Ω1
bas(G)

d→ Ω2
bas(G)

d→ ...

Hence it splits into several short exact sequences dΩkbas → Ωkbas → Ωk+1
bas . The

next step is to prove that the sheaves Ωkbas are fine, which follows from the
existence of partitions of unity on M . This implies that the sheaf cohomology
of Ωkbas vanishes for j ≥ 0. Applying this to the long exact sequences generated
by the aforementioned short exact sequences yields the first isomorphism. The
second one follows from basic topology.

A direct consequence of the de Rham theorem is that the de Rham co-
homology of X is finite under some assumptions on X.

Corollary 3.5.12. The de Rham cohomology of a compact, proper orbispace
X is finite.

3.6 Riemannian orbispaces

We have seen in Section 3.2 that linearisability of Lie groupoids is the key
property to construct an orbispace atlas on its orbit space and not the pro-
perness of the Lie groupoid. Often such linearisations come from a metric on
the Lie groupoid. It is therefore natural to restrict ourselves to Riemannian
groupoids and discuss the notion of a Riemannian orbispace.

In [43], the authors have shown that admitting a simplicial metric is a Mo-
rita invariant property of Lie groupoids. This allows fo the definition of the
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category of Riemannian stacks as Riemannian stack atlases modulo Rieman-
nian equivalence, similar to Definition 3.3.12. Using Section 3.3, we can there-
fore define the category of Riemannian orbispaces, CR

orbi, as:

CR
orbi := CR

st, (3.13)

the category of Riemannian stacks [43]. Note that we do not need to as-
sume linearity as any Riemannian groupoid is automatically linearisable. The
subcategory of proper Riemannian orbispaces admits an atlas description as
well, which we will discuss in the remainder of this section.

Definition 3.6.1. A (proper) Riemannian orbispace chart (V, ηV , G, ηG, π)
on a connected topological space X consists of:

• A (proper) orbispace chart (V,G, π);

• A Riemannian metric ηV on V such that G acts by isometries;

• An invariant Riemannian metric ηG on G.

Recall, see Example 1.3.10, that if a Lie group acts by isometries, the
resulting Lie groupoid G = G × V ⇒ V is not a Riemannian groupoid with
respect to the metric ηG ⊕ ηV . However, in the case that the action is proper,
Corollary 1.3.13 shows that we can alter the metric to get a simplicial metric
on G. We will denote the metric on the action groupoid G by η.

Therefore, we restrict ourselves to proper orbispace charts and proper
Riemannian groupoids from now on. We can then define chart morphisms
exactly like before by using Riemannian bibundles and Riemannian Morita
equivalences, see Definition 1.3.19.

Definition 3.6.2. Let X be a connected paracompact Hausdorff space and
let (V, ηV , G, ηG, π) and (W, ηW , H, ηH , π) be two proper Riemannian orbispace
charts on X. A Riemannian chart morphism from V to W is a right prin-
cipal Riemannian bibundle (PWV , ηP , αV , αW ) : (G, ηG) → (H, ηH) such that
(P, αV , αW ) is a chart morphism of the underlying chart. A chart morphism
is an isomorphism if and only if (PWV , ηP ) is a Riemannian Morita bibundle.

Before we can define an atlas, we have to take a closer look at composition of
bibundles in the Riemannian world. If we have two right principal Riemannian
bibundles, (P, ηP ) : G 99K G′ and (Q, ηQ) : G′ 99K G′′, then their composition
P ∗ Q admits a metric as well such that it is a right principal Riemannian
bibundle. This follows as a consequence of Theorem 1.3.3:

Lemma 3.6.3. Let (P, ηP ) : G 99K G′ and (Q, ηQ) : G′ 99K G′′ be two right
principal Riemannian bibundles. Then P ∗Q caries a metric η∗ such that it is
a Riemannian bibundle.
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Proof. The metric ηP ∗ ηQ on P ×M ′ Q is well-defined, since Q → M ′ is a
submersion. Now note that P ∗Q is the quotient of the G′ action on P ×M ′ Q.
After averaging, we can by Theorem 1.3.3 push ηP ∗ ηQ down to a metric on
P ∗ Q, which does not depend on any choices. As the projections P → M
and P ×M ′ Q → P are both Riemannian submersions, so is P ×M ′ Q → M .
Moreover, the metric on M is equal to the pushed down metric of Av(ηP ).
Hence after averaging, the map P ×M ′ Q→M is still a Riemannian submer-
sion. Therefore so is P ∗Q→M .

With some abuse of notation, we will denote the metric η∗ of the previous
lemma by ηP ∗ηQ. Now that we know that metrics on Pij and Pjk automatically
gives a metric on Pij∗Pjk we can define a Riemannian orbispace and its atlases.

Definition 3.6.4. A proper Riemannian orbispace atlas V = (V,P,Ψ) on a
connected paracompact Hausdorff space X consists of:

• A collection of proper Riemannian orbispace charts

V = {(Vi, ηi, Gi, ηGi , πi)}i∈I ;

• A collection of Riemannian chart isomorphisms

P = {(Pij , ηij) : (Gi, ηi)|Vij 99K (Gj , ηj)|Vji}i,j∈I ;

• A collection of Riemannian bibundle isomorphisms

Ψ = {ψijk : (Pij |Vjk ∗ Pjk|Vki , ηij ∗ ηjk)→ (Pik, ηik)|Vij}i,j,k∈I .

These are subject to the condition that forgetting the metrics yields an orbi-
space atlas, i.e. it is a cover, it is associative and admits units and inverses.

Definition 3.6.5. Let X be a connected paracompact Hausdorff space. Two
Riemannian atlases V and V ′ on X are said to be equivalent if there exists a
Riemannian atlas W on X such that V,V ′ ⊂ W. A pair (X,V) of a connected
paracompact Hausdorff space and an equivalence class of Riemannian atlases
is called a proper Riemannian orbispace.

If V is an atlas on X, and Vi is a chart with action groupoid Gi, then by
assumption Pii = Gi. Hence from now on we will denote the first component
of the simplicial metric on Gi by ηii := η1

i . Since orbispace atlases lead to Lie
groupoids, Riemannian orbispaces should lead to Riemannian groupoids.

Proposition 3.6.6. Let X be a proper Riemannian orbispace with atlas V.
Then ηV , whose zeroth and first components are given by

η1
V :=

∐
i,j∈I

ηij ; η0
V =

∐
i

η0
i ,

is a simplicial metric on GV , making it into a Riemannian groupoid.
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Proof. Using Proposition 3.2.12, we know that GV is a proper Lie groupoid.
Hence we only have to show that η1

V and η0
V are the first two components of a

simplicial metric on GV . As GV is proper, we can use the machinery developed
in the proof of Theorem 1.3.11 to get a metric on GV , by first defining one on

the submersion groupoid G[2]
V ⇒ GV of s : GV → V . Since s is a Riemannian

submersion, it follows that we can use η1
V ∗... ∗η1

V on the nerve of this groupoid.
After averaging under the GV -action and pushing it down, we get a simplicial
metric ηV on GV .

By assumption, we know that η1
V is GV -invariant and that t : GV → V is a

Riemannian submersion. Therefore:

t∗(Av(η1
V)) = t∗(η

1
V) = η0

V .

Similarly, since Ψ consists of isometries and the metrics on the compositions
Pij ∗ Pjk are defined by averaging under exactly the same action, we get that
the pushed down metrics on GV are exactly equal to η1

V .

The previous proposition has shown that each proper Riemannian orbi-
space atlas defines a proper Riemannian groupoid. The converse holds as well
and is the content of the following theorem.

Theorem 3.6.7. Let (G, η) be a proper Riemannian groupoid. Then its or-
bit space X admits a unique proper Riemannian orbispace structure, whose
induced Riemannian groupoids are Riemannian Morita equivalent to (G, η).

Proof. Let V ′ be an atlas of G as in Theorem 3.2.29, i.e. the charts (Vx, Gx, πx)
of V ′ are given by:

Gx = s−1(x) ∩ t−1(x); Vx ⊂ NxLx.

By Lemma 1.3.17 we know that Gx acts by isometries on NxLx with respect
to the standard metric η|NxLx . Since G is a Riemannian groupoid, it follows
that the action of Gx on itself is by isometries with respect to the metric η|Gx .
Hence we get metrics ηx and ηGx such that the following are charts:

V := {(Vx, ηx, Gx, ηGx , πx)}.

The set of Morita bibundles Pxy are defined as compositions Pxy = Px ∗ P−1
y ,

where the Px are defined as in Equation (3.4), consisting of a composition of
three Morita bundles. Once we define metrics on the Px, Lemma 3.6.3 shows
that we get metrics on Pxy. We can simplify Px to:

Px = P̂x ∗ t−1(ULx),

where P̂x = t−1(x)×Lx VLx is the composition of the first two of bibundles of
Px. Therefore it is a quotient of the fibre product with metric

P̂x ×VLx t
−1(ULx); ηx := η′x ∗VLx η

1|t−1(ULx ),
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where the metric η′x is the flat metric of the linearisation around Lx. We have
to be careful to use the metrics on VLx and not on ULx to ensure that the
metric is positive-definite and the correct maps are Riemannian submersions.
After averaging along the G-action, the metric can be pushed down to a metric
on Px, which does not depend on choices. By construction, it follows that the
morphisms Ψ are isometries and hence V is a Riemannian orbispace.

Recall that the Morita equivalence P between G and GV of Lemma 3.2.30
is given by:

P =
∐
x

Px.

The above description therefore endows it naturally with a metric such that it
is a Riemannian bibundle. We conclude the second part of the theorem.

With similar arguments as in the proof of Theorem 3.3.17, we get its
Riemannian counterpart, which is Theorem F in the introduction:

Theorem 3.6.8. The category of proper Riemannian orbispaces is a full
subcategory of the category of Riemannian stacks:

CR,proper
orbi = CR,sep

st ⊂ CR
st.

Since Riemannian groupoids induce a metric space structure on their orbit
space, see Proposition 1.3.16, it follows that each Riemannian orbispace is a
metric space as well.

Corollary 3.6.9. Every Riemannian orbispace is a metric space.

3.7 Orbispaces of foliations

In Chapter 2 we studied the question whether each (Riemannian) foliation
comes from a (Riemannian) Lie groupoid. As we have seen that any (Rieman-
nian) orbispace defines a (Riemannian) Lie groupoid, the question can be
reformulated up to Morita equivalence to whether the leaf space of each foli-
ation is an orbispace. In the case that we know that the holonomy groupoid
Hol is a Lie groupoid, we find that its orbit space is an orbispace. Hence, as
an immediate consequence of Theorem 2.2.28 we see that:

Corollary 3.7.1. Let F be a linearisable projective foliation on M . Its leaf
space M/F is an orbispace.

Proof. Since F is projective and linearisable, it follows that Hol ⇒ M is
smooth and linearisable and hence it follows that its orbit space M/Hol is an
orbispace by Theorem 3.2.29. This orbit space is however the same as the leaf
space M/F , which is therefore an orbispace.
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The Riemannian analogue of this corollary is a direct consequence of The-
orem 2.3.35 and Theorem 3.6.7.

Corollary 3.7.2. Let (M,F, η) be a closed orbit-like foliation and assume that
it has a projective singular lift F . Then M/F is a Riemannian orbispace.

Remark 3.7.3. The question whether each orbit-like foliation defines an orbi-
space is still open and very interesting. Note that if F is orbit-like, one auto-
matically gets charts around each point x by considering the infinitesimal
transverse model of F at x. However, these charts are minimal and different
transverse models will not be Morita equivalent on their intersection, so that
the charts only seem to form a “weaker” notion of an orbispace, i.e. a gener-
alisation of Definition A with embeddings of Lie group actions [96]. A clever
method of choosing extra isotropy is necessary in order to find the correct
charts to construct an orbispace atlas.
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Chapter 4

Desingularisations of
proper Lie groupoids

In this chapter we study the process of desingularising proper Lie groupoids
in order to increase their regularity.

Moerdijk obtained in [74], see Theorem 1.1.36, a beautiful structure the-
orem about regular Lie groupoids, by showing that they fit into a short exact
sequence

K → G → E,

where K is a bundle of Lie groups and E is a foliation groupoid. In case G is
proper, K is a bundle of compact Lie groups and E an orbifold groupoid. This
result shows that regular proper groupoids are classified and well-understood.
We have already seen that the orbit space of a proper Lie groupoid can have
more complicated structure than that of an orbifold and hence a similar result
for any proper Lie groupoid is desirable but difficult. In this chapter, we aim
to answer the following natural question instead:

Question 1. How close is a proper Lie groupoid to a regular one?

For a proper action of a Lie group G on a manifold M , it is known, see [1,

44], that M admits a so-called desingularisation M̃ satisfying two conditions:

1. G acts properly and regularly on M̃ ;

2. There is a G-equivariant surjective map M̃ → M which is a diffeo-
morphism on an open dense subset of M̃ .

One should view such a desingularisation as a regular action which is “close”
to the original action. This allows us to use techniques available to regular
proper actions to investigate non-regular proper ones. Note that a proper Lie
group action is a special case of a proper Lie groupoid. In the first main
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theorem of this chapter we present a generalisation of this construction to a
general Lie groupoid.

Theorem E. Any proper Lie groupoid admits a desingularisation to a regular
proper Lie groupoid. Moreover, Morita equivalent proper Lie groupoids admit
Morita equivalent desingularisations.

This result can be found in this chapter as a combination of Theorem 4.3.13
with Theorem 4.3.26.

The main tool we use in the proof of the above result is the blow-up con-
struction for Lie groupoids. The general blow-up construction for Lie group-
oids has been studied recently in the literature, e.g. [57, 82, 40], but in this
chapter we restrict our attention to full subgroupoids of a proper Lie group-
oid. The advantage of properness is that the Lie groupoids can be linearised
around closed saturated submanifolds S ⊂ M . More concretely, a proper
Lie groupoid is locally isomorphic to a linear action groupoid of a proper
Lie groupoid. As the blow-up is a local construction, we are therefore able
to give a relatively simple expression for the blow-up of the groupoid, which
naturally generalises the one of Duistermaat and Kolk in [44] for proper Lie
group actions. Theorem E is proven by systematically performing blow-ups
of saturated submanifolds. This procedure is guided by the introduction of a
dimension stratification of the Lie groupoid, whose existence requires linearis-
ability (Theorem D, here found as Theorem 4.2.5).

The main theorem shows that at the differential topological level, a proper
Lie groupoid is “almost” a regular proper Lie groupoid. To improve our under-
standing of such a desingularisation process, in the second half of this chapter
we investigate Riemannian geometry on proper Lie groupoids and their de-
singularisations. The second main theorem of this chapter is the analogue of
Theorem E, but now in the Riemannian setting.

Theorem F. Any proper Riemannian groupoid admits a Riemannian desingu-
larisation. Moreover, Morita equivalent Riemannian groupoids admit Rieman-
nian Morita equivalent desingularisations.

This result can be found in this chapter as a combination of Theorem 4.4.9
with Theorem 4.4.14. To obtain this result, one needs a thorough understand-
ing of simplicial metrics on Lie groupoids [42], Riemannian Morita equivalences
[43] and lifting of Riemannian metrics along blow-ups [4].

A first consequence of the theory in this chapter is that the orbit space X
of a proper Lie groupoid can be approximated by the orbit space of a regular
proper Lie groupoid with respect to the Gromov–Hausdorff distance. Restating
this in the theory of orbispace and orbifolds of Chapter 3 we conclude that
any proper orbispace is a limit of orbifolds.

A second consequence of the blow-up procedure is that it allows us to com-
pare representations (up to homotopy) of a general (proper) Lie groupoid to
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those on its desingularisation. Often such representations up to homotopy are
simpler on regular Lie groupoids. When one focuses on the adjoint repres-
entation up to homotopy, the existence of the desingularisation allows for a
simplification of the cohomology groups of the representation.

This chapter is based on joint work with H. Posthuma and X. Tang in [87].

Organization of the chapter:

The structure of this chapter is as follows. In Section 4.1 we recall the real
projective blow-up of smooth manifolds. In Section 4.2 we discuss the natural
stratification on any linearisable Lie groupoid. The main result of this section
is Theorem D, showing that any proper Lie groupoid admits a stratification
where each stratum is saturated and each orbit in a fixed stratum has the
same dimension. We use this result in Section 4.3 to define a desingularisation
of a proper Lie groupoid, that is, a regular Lie groupoid which is close to the
original groupoid. We do this by introducing the blow-up of a Lie groupoid.
This proves Theorem E. In Section 4.4, we show that we can do the same
in the Riemannian setting, proving Theorem F. Finally, in Section 4.5, we
use the blow-up construction to study the adjoint representation of a general
proper Lie groupoid.

4.1 Blowing up smooth manifolds

The process of blowing up manifolds, although more often used in algebraic
geometry, is a method to construct a new manifold out of an existing one.
There are multiple versions of blow-ups and the one we will discuss here is the
real projective blow-up. Background references on the blow-up construction
include [70, 56].

The setting for a blow-up consists of a smooth manifold M and a closed
embedded submanifold S ⊂ M . The idea behind the blow-up is to alter M
only in S itself, by somehow adding dimensions, and to leave the rest of M un-
changed. To do this, we need to know what M looks like in a neighbourhood of
S. For this there exist tubular neighbourhood results, which should be viewed
as linearisation results for the ambient manifold M around the submanifold S.

Definition 4.1.1. Let M be a smooth manifold and S ⊂ M a submanifold.
A tubular neighbourhood of S consists of a vector bundle E → S, open neigh-
bourhoods S ⊂ U ⊂ M and S ⊂ V ⊂ E, and a diffeomorphism ξ : V → U
which is the identity on S.

In the above definition, we identify S with its zero section inside the vector
bundle E. Note that the existence of a tubular neighbourhood implies that
S is an embedded submanifold of M , since the zero section inside any vector
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bundle is always embedded. Likewise, it implies that S has to be locally
closed. For the purpose of this chapter, we can restrict to closed submanifolds
instead of locally closed. They will be the only ones we will blow up. Another
consequence from E being a tubular neighbourhood is that its rank, rk(E), is
equal to codim(S).

Lemma 4.1.2. Let S ⊂ M be a closed, embedded submanifold of M and let
ν(S) := TM |S/TS be its normal bundle. Then the normal bundle is a tubular
neighbourhood of S.

Proof. Pick a Riemannian metric on M and identify ν(S) with orthogonal
complement NS of TS inside TM |S :

ν(S) ∼= NS := TS⊥ ⊂ TM |S .

For x ∈M the exponential map is defined by γ̇(0) 7→ γ(1) where γ is a geodesic
on M such that γ(0) = x. It is only defined in an open neighbourhood of the
origin in TxM . Moreover, there exists an open neighbourhood on which it is
injective. Restricting to NxS gives an open neighbourhood V on which the
exponential expS , defined by (expS)x = expx |NxS , is well defined, smooth and
injective. This results in the tubular neighbourhood with ξ = expS .

As mentioned before, we only want to alter M around S. The way we
add dimensions to S, is by replacing each point x in S by all lines through
it, which are normal to S. That is, we work with the projectivisation of the
bundle ν(S). Recall, that if E → S is any vector bundle, its projectivisation
P(E) is a fibre bundle over S with fibres given by:

P(E)s = P(Es) := {l ⊂ Es | l is a 1-dimensional linear subspace}.

Using trivialisations of E one obtains trivialisations of P(E), showing that
it indeed is a fibre bundle. Since dim(P(Es)) = dim(Es) − 1, we see that
dim(P(E)) = dim(E)− 1.

Now suppose that ξ : V ⊂ ν(S) → M is a tubular neighbourhood. Since
ν(S) → S is a vector bundle, we can consider its projectivisation P(ν(S)),
which is a smooth manifold of dimension dim(M) − 1. This projectivisation
encodes all the lines complement to S. In order to remember the original
point, we consider the space:

Ṽ := {(v, l) ∈ V × P(ν(S)) | v ∈ l}. (4.1)

The set Ṽ comes with a natural projection onto V defined by

π : Ṽ → V ; π(v, l) := v.

Lemma 4.1.3. The following properties of Ṽ → V hold:
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1. Ṽ has the structure of a smooth manifold of dimension dim(M) such

that π : Ṽ → V is a smooth proper map;

2. E := π−1(S) ⊂ Ṽ is a smooth submanifold of dimension dim(M) − 1
and is isomorphic to P(ν(S));

3. π|Ṽ \E : Ṽ \ E → V \ S is a diffeomorphism;

4. π|E : E → S is a submersion.

Proof. Assume that M is equipped with a metric η and consider the unit
sphere bundle S(ν(S)), which is defined by

S(ν(S)) = {v ∈ ν(S) | ||v|| = 1}.

It is a smooth manifold, in the same way that P(ν(S)) is. Now we can consider
the smooth morphism

R× S(ν(S))→ ν(S)×S P(ν(S)); (λ, v) 7→ (λv, [v]),

with [v] the line through v and zero. Its kernel is given by the free Z2-action

−(λ, v) = (−λ,−v) and therefore Ṽ is an open subset of the smooth quotient

R× S(ν(S))/ ∼; (λ, v) ∼ (−λ,−v).

Therefore it is a smooth manifold and its dimension is equal to the dimension
of R × S(ν(S)), which is 1 + dim(M) − 1 = dim(M). The morphism Ṽ → V
is the quotient of the smooth morphism (λ, v) 7→ λv and is therefore smooth
as well. Hence property 1. holds.

Since {0} ⊂ R is a smooth submanifold of codimension 1 and E corresponds

to {0} × S(ν(S))/ ∼, it follows that E ⊂ Ṽ is a smooth submanifold of co-
dimension 1 as well. Moreover, just as Pk ∼= Sk/ ∼, so is E ∼= P(ν(S)).
Therefore property 2. holds as well. Now property 3. follows from restricting
R×Sν(S))→ NS to R\{0} and noting that it is a Z2-cover. Therefore, its Z2-
quotient is diffeomorphic to its image. Finally, property 4. follows as ν(S)→ S
is a submersion and hence so are S(ν(S))→ S and P(ν(S))→ S.

The submanifold E ⊂ Ṽ is called the exceptional divisor and is an embed-
ded submanifold of codimension one. Since π is a diffeomorphism onto V \ S,

we see that we indeed only change Ṽ around S. The manifold Ṽ is the local
structure of the blow-up, just as V is the local structure of M . In order to
obtain the global blow-up, we need to glue Ṽ inside M \ S.

Recall that gluing of two manifolds N and N ′ along a diffeomorphism
φ : U → U ′, with U ⊂ N and U ′ ⊂ N ′ open subsets, is defined by first
considering the disjoint union N

∐
N ′. On it, there exists an equivalence

relation generated by u ∼ φ(u). The quotient under this equivalence relation
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is smooth, since we can use the charts of N and N ′, which agree on U and
U ′, to obtain a smooth structure. We denote this new manifold by N ∪φ N ′.
Given smooth morphisms f : N → X and f ′ : N ′ → X, such that f ′ ◦ φ = f
on U , the smooth morphism f ∪φ f ′ : N ∪φ N ′ → X is defined to be equal to
f on N and equal to f ′ on N ′.

Definition 4.1.4. Let S ⊂M be a closed embedded submanifold and let ν(S)
be a tubular neighbourhood of S with diffeomorphism ξ. The blow-up of M
along S is the manifold M̃ , defined by

M̃ := Ṽ ∪ξ◦π (M \ S); Ṽ := {(v, l) ∈ V × P(ν(S)) | v ∈ l}. (4.2)

The blow-down map is the smooth morphism

π := ξ ◦ π ∪ξ◦π id : M̃ →M (4.3)

and the exceptional divisor is the submanifold E := ξ−1(S).

Applying Lemma 4.1.3 and using that the identity map is a proper map,
we obtain the following properties of the blow-up.

Lemma 4.1.5. The blow-down map π : M̃ →M is proper and satisfies:

• π|E : E → S is a submersion;

• π|
M̃\E →M \ S is a diffeomorphism.

We started by choosing a tubular neighbourhood and then defining the
blow-up. The resulting manifold is however independent of this choice.

Proposition 4.1.6. The isomorphism class of the blow-up does not depend
on choice of tubular neighbourhood for S ⊂M .

Proof. Suppose that M̃ and M̃ ′ are the blow-ups of M along S, with two dif-
ferent tubular neighbourhoods ξ and ξ′, and let π and π′ be their respective
blow-down maps. When restricted to M̃ \E and M̃ ′ \E′ they are diffeomorph-
isms onto M \ S. Hence, we can consider the diffeomorphism:

π−1

M̃ ′\E′
◦ π

M̃\E : M̃ \ E → M̃ ′ \ E′.

This diffeomorphism can be extended over E, by considering any element in
E to be a limit of a sequence in M̃ \E. Therefore, the proposition follows.

Remark 4.1.7. Although we will use the real projective blow-up, as defined
above, in the next section, there is another blow-up we would like to mention.
Recall that the local structure Ṽ of the blow-up can be seen as an open subset of
the quotient R×S(ν(S))/ ∼. On R×S(ν(S)) there exists another equivalence
relation induced by the Z2-action given by −(λ, v) = (−λ, v). This is not
a free action, since −(0, v) = (0, v). Its quotient is therefore not smooth.
It is however a smooth manifold with boundary, since it is diffeomorphic to
R≥0 × S(ν(S)). Doing all the constructions as above for this local picture
results in the spherical blow-up [1].
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4.1.1 Properties of the blow-up

In this section, we will prove two results on the behaviour of blow-up with
respect to maps and to fibre products. We will use these results in the up-
coming sections. When f : M →M ′ is a smooth morphism and we are able to
blow-up M and M ′, the morphism f does not always extend to the blow-ups.
There are cases however, that it does lift.

Theorem 4.1.8 ([12]). Let f : M →M ′ be smooth, S′ ⊂M ′ a smooth closed
submanifold and assume that S := f−1(S′) ⊂ M is smooth as well, such
that for all x ∈ S the (normal) derivative dxf |ν(S) : ν(Sx)x → ν(S′x′)x′ is

injective. Then f lifts uniquely to a smooth morphism f̃ : M̃ → M̃ ′ such that
the following diagram commutes.

M̃ M̃ ′

M M ′

f̃

π π′

f

We use this theorem to prove the following:

Corollary 4.1.9. Let f : M → M ′ be a smooth submersion and let S′ ⊂ M ′

be a closed submanifold. Then f lifts to a smooth submersion f̃ : M̃ → M̃ ′

with the blow-ups along f−1(S′) and S′ respectively.

Proof. Since f is a submersion, we have that S := f−1(S′) is a smooth
submanifold. Moreover, TS = df−1(TS′) ⊃ ker df |S . This implies that
ν(S) ⊂ TM/ ker(df), on which df is an isomorphism to f∗(TM ′). Hence
df is a fibrewise injective linear map when restricted to the normal bundle of
S. By Theorem 4.1.8, f therefore lifts to a smooth morphism f̃ . On Ṽ , around
the exceptional divisor E, f̃ looks like:

f̃(v, [w]) := (df(v), [df(w)]); v ∈ V,w ∈ P(ν(S)).

Over M \ S we have that f̃ is equal to f and hence submersive. The local
picture shows that f̃ is also submersive on S.

Since we often work with fibre products, for example when we consider
action groupoids, it is interesting to know how the blow-up procedure interacts
with fibre products. The following lemma, which we will need in later sections,
shows exactly that.

Lemma 4.1.10. Let f : M → N and f ′ : M ′ → N be transverse smooth
maps and let S ⊂ M and S′ ⊂ M ′ be smooth closed submanifolds such that
SN = f(S) = f ′(S′) is also a smooth closed submanifold. Then:

˜M ×N M ′ ∼= M̃ ×Ñ M̃ ′.
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Proof. Since T (M ×N M ′) ∼= TM ×TN TM ′, we have that ν(S ×SN S′) is
isomorphic to ν(S)×ν(SN )ν(S′). Therefore, a choice of tubular neighbourhoods
for S, S′ and SN which are compatible, gives a tubular neighbourhood J for
S ×SN S′ by:

J : ν(S)×ν(SN ) ν(S′)→M ×N M ′,

(v, v′) 7→ (j(v), j′(v)).

Using this tubular neighbourhood for ˜M ×N M ′ gives the desired isomorphism
when we extend it with the identity outside the tubular neighbourhoods, as
all the maps in the following diagram commute.

˜ν(S ×SN S′) ν̃(S)×
ν̃(SN )

ν̃(S′)

ν(S ×SN S′) ν(S)×ν(SN ) ν(S′)

M ×N M ′ M ×N M ′

Π

∼=

π×πN π
′

J

∼=

j×jN j
′

id

This completes the proof.

4.2 Stratifications

In this section we discuss what stratifications are and show that any linearis-
able Lie groupoid admits a natural stratification on its manifolds of objects.
This section is mostly the same as Section 3 of [87]. The main result of this
section, Theorem 4.2.5, shows that we can find a stratification for any proper
Lie groupoid which tells us how singular or not regular the groupoid is. Let
us start by recalling the definition of a stratification [83].

Definition 4.2.1. A stratification of a Hausdorff, second-countable paracom-
pact space X is a locally finite partition {Xi} of X or M into locally closed,
connected subspaces Xi ⊂ X, called strata, such that:

• The partitioning is smooth: each Xi is a smooth manifold with the in-
duced topology from X;

• The Frontier condition holds: the closure Xi of each stratum Xi is a
union of Xi with strata Xj of lower dimension: dim(Xj) < dim(Xi).

When X = M is a smooth manifold on its own, we moreover ask that the strata
are embedded submanifolds, which implies the first condition. A partitioning
which satisfies all the conditions of a stratification except that the strata are
not all connected is called a decomposition.
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Given a stratification {Xi} of X, the Frontier condition induces a partial
order on the set of strata. We say that Xi ≤ Xj if and only if Xi ⊂ Xj .
Moreover, the Frontier condition shows that if Xj is any minimal element of
this partially ordered set, then Xj is closed. Since closed sets in paracompact
Hausdorff spaces can be separated, we conclude:

Lemma 4.2.2. Let {Xi} be a stratification of X and suppose that X1 and
X2 have the same dimension. Then there exist open neighbourhoods U1, U2 of
X1, X2 in X such that U1 ∩ U2 = ∅.

Proof. Since the Frontier condition holds, we know that X1 ∩X2 = ∅. Since
X is Hausdorff and paracompact, we can separate closed sets.

If G ⇒ M is a singular Lie groupoid, then it does have a regular part,
Σreg ⊂ M , consisting of all orbits of maximal dimension. As G restricted
to this subset is a regular Lie groupoid, knowing its structure is interesting.
Similarly, if {Xi} is a stratification of X, it admits a most regular part and
the structure of this most regular part is of interest. In general, it will not be
connected, but under some extra conditions of the stratification it is.

Lemma 4.2.3 ([72]). Let {Xi} be a stratifcation of a smooth manifold M
such that there is no stratum of codimenion one. Then there exists a unique
maximal stratum, Xreg ⊂M , which is open and dense inside M .

Recall that a submanifold S ⊂ M of a Lie groupoid G ⇒ M is called
saturated if it is a union of orbits and G is called linearisable if it is linearisable
around each saturated submanifold. In the rest of this section we will discuss
two different viewpoints on the same stratification of the object manifold M of
a linearisable Lie groupoid G ⇒ M . This stratification of M works well with
the groupoid structure in the sense that each stratum is saturated and hence
uniquely defines a decomposition of the arrow manifold G and a stratification
of the orbit space X.

4.2.1 Dimensional viewpoint

Throughout, let G ⇒ M be a linearisable Lie groupoid. In some cases, we
must assume that the linearisations are induced by a metric η, but for the
existence of the stratification this is not necessary.

Our aim in this chapter is to build a regular Lie groupoid out of G. There-
fore, it is natural to define the following subsets of M :

Sk := {x ∈M | codim(Lx) = k}; 0 ≤ k ≤ dim(M). (4.4)

The number of non-empty Sk’s is a measure of the “singularity” of the Lie
groupoid. A Lie groupoid is regular if and only if there exists only one non-
empty Sk. In general, if m is defined by the highest dimension of orbits, i.e.
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m = min{0 ≤ k ≤ dim(M) |Sk 6= ∅}, then Sm is by definition equal to the
regular part of G. Given a non-empty Sk, its connected components can have
different dimensions. To compute their dimensions, which are important to
show that the sets Sk form a stratification, we have:

Lemma 4.2.4. Let G ⇒ M be a linearisable Lie groupoid, Lx be the orbit
through x ∈M of codimension k and let Sx ⊂ Sk be the connected component
of Sk containing x. Then we have:

dim(Sx) = dim(Lx) + dim
(

(νx(Lx))G
◦
x

)
.

Here V G = {v ∈ V | g · v = v, ∀g ∈ G} for a linear action G y V and G◦ is
the connected component of G at the identity.

Proof. Using the local linearisation around x ∈ M of Theorem 1.1.28, there
exists open neighbourhoods U ⊂ M of x, V ⊂ νx(Lx) of the origin, and
O ⊂ Lx of x such that

G|U ∼= (Gx × νx(Lx))|V × (O ×O)⇒ V ×O.

Hence for any (v, x′) ∈ V ×O, its orbit locally looks like Gx ·v×O. Therefore:

dim(L(v,x′)) = dim(Gx · v) + dim(O), for all (v, x′) ∈ V ×O.

This is equal to dim(Lx) = dim(O) if and only if Gx · v is discrete, i.e. v is
an element of (νx(Lx))G

◦
x . Hence Sx ∩ U ∼= (νx(Lx))G

◦
x ×O, which proves the

lemma.

Now that we have a tool to compute the dimensions of the strata, we can
prove that they form a stratification.

Theorem 4.2.5. Let G ⇒ M be a linearisable Lie groupoid. The connected
components of the subsets Sk ⊂M form a stratification of M .

Proof. Let S ⊂ Sk be a connected component and let x ∈ S \ S. Local
linearisation around x gives open neighbourhoods x ∈ U ⊂M , x ∈ O ⊂ L and
0 ∈ V ⊂ νx(Lx) such that:

G|U ∼= (Gx × νx(Lx))|V × (O ×O)⇒ V ×O ∼= U.

Since x ∈ S there exists an x′ ∈ S ∩ U . Without loss of generality, we can
assume that x′ = v ∈ V . We realise that, locally, Lx′ ∩ U ∼= Gx · v ×O. Since
S is connected, Lemma 4.2.2 implies that dim(Lx′) 6= dim(Lx) and therefore
dim(Lx′) > dim(Lx) and Gx ·v is not discrete. Hence Gx ·v∩νx(Lx)G

◦
x∩V = ∅

and we can view νx(Lx)G
◦
x as a subspace of νx′(Lx′) = νv(νx(Lx)). Moreover,
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Gx′ ∼= Stab(v) < Gx, the stabilizer of v with respect to the Gx-action. Hence
νx(Lx)G

◦
x can be considered as a subspace of νx′(Lx′)

G◦
x′ . We find that:

dim(Sx′) = dim(Lx′) + dim
(
νx′(Lx′)

G◦
x′
)

> dim(Lx) + dim((νx(Lx)G
◦
x) = dim(Sx).

To conclude that the Frontier condition holds, we need to show that Sx, the
stratum through x, lies completely inside S. Let A = Sx ∩ S, so that A ⊂ Sx.
Since S is closed, A is a closed subset of Sx. We will show that it is open
as well and hence by the connectedness of Sx, we conclude that A = Sx. In
the notation as above, if x ∈ S and v ∈ νx(Lx) belongs to S, then for all
x′ ∈ O, all v′ ∈ νx(Lx)G

◦
x and all λ > 0, we have that (v′ + λv, x′) ∈ S. Hence

(v′, x′) ∈ S. Note that Sx ∩U = νx(Lx)G
◦
x ×O. Hence S is indeed open in Sx

and therefore the Frontier condition holds. Note that for all x, we have that
Sx ∩U = νx(Lx)G

◦
x ×O also shows that the Sx are embedded submanifolds of

M . This concludes the proposition.

This allows us to define the dimension stratification.

Definition 4.2.6. Let G ⇒ M be a linearisable Lie groupoid. The strati-
fication by connected components of the subsets Sk is called the dimension
stratification of G.

When the groupoid G ⇒M is not linearisable, the partitioning into connec-
ted components of Sk does not have to be a stratification. Here is an example
of a Lie groupoids whose “dimension stratification” fails to be a stratification
for two reasons: the sets Sk are not smooth manifolds, but have boundary,
and the Frontier condition does not hold.

Example 4.2.7. Let f be a bump-function on R such that f(t) = 0 for all
t /∈ (0, 1) and f(t) > 0 on (0, 1) and let v := f(t) ∂∂t . Now, since v is compactly
supported, its flow exists at each point and we can consider the groupoid
R×R⇒ R such that the target map is the flow of v. Its orbits are (0, 1) and
{t} for t /∈ (0, 1). Therefore, the connected components of the Sk of Equation
(4.4) are (−∞, 0], (0, 1) and [1,∞). The closure of (0, 1) is not a union of
strata and hence the Frontier condition fails. Note also that some of the Sk

have boundary and hence are not manifolds.

Before we continue with the second viewpoint on the dimension stratific-
ation, we discuss some properties regarding the regular part and the most
singular of the stratification. This will be important when we want to show
that using the blow-ups of the previous section we can improve on the strati-
fication with respect to regularity.

Proposition 4.2.8. Let G ⇒M be a linearisable Lie groupoid and define the
integer j = max{0 ≤ k ≤ dim(M) |Sk 6= ∅}. Then the following properties
hold:
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1. Each stratum S ⊂ Sj is closed;

2. For all S1, S2 ⊂ Sj there exist open neighbourhoods Si ⊂ Ui ⊂ M such
that U1 ∩ U2 = ∅.

If, moreover, the linearisations of G come from a simplicial metric η on G,
then we also have that:

3. Each stratum S ⊂ (Σreg)c has dim(S) < dim(M)− 1;

4. Σreg is open, dense and connected;

5. x ∈ Σreg if and only if G◦x acts trivially on νx(Lx).

Proof. Using the proof of Theorem 4.2.5, we know that the orbit Ly of any
y ∈ S \ S has higher co-dimension than the orbits in S itself. Since j is
chosen as the maximum, we conclude the first property. Property 2. then
follows immediately as we can separate closed sets. For property 3. note that
Lemma 4.2.4 implies that if dim(Sx) = dim(M)− 1, νx(Lx)/νx(Lx)G

◦
x is one-

dimensional and therefore generated by a vector v ∈ νx(Lx). Therefore, there
exists g ∈ G◦x such that g·v 6= v and g acts trivially on the rest of νx(Lx). As the
linearisation of G is through a metric, Lemma 1.3.17 shows that ||g · v|| = ||v||
and hence g · v = −v. But this shows that G◦x has a Z2 component, which is a
contradiction with G◦x being connected. Hence there are no codimension-one
strata. Now Lemma 4.2.3 implies property 4. and the final property is easily
realised by the density of Σreg.

Example 4.2.9. If the linearisations do not come from a metric, it does not
have to hold that Σreg is connected. Consider for example the linear action
of R>0 on R by multiplication. Since it is a linear action, it is linearisable.
However, the strata are given by (−∞, 0), {0} and (0,∞). The submanifold
Σreg is still dense and open, but now consists of two components. Note that
this Lie groupoid does not admit a simplicial metric.

4.2.2 Reduced normal orbit viewpoint

Lemma 4.2.4 shows that the action of Gx, or rather the action of G◦x, plays
a crucial role in determining the structure of the strata of the dimensional
viewpoint. Hence it stands to reason to use this action instead to stratify
a linearisable groupoid G ⇒ M . As before, assume that G ⇒ M admits a
metric η, which gives its linearisations. In this subsection we will show that
its dimension stratification is naturally induced from a decomposition.

Given a connected Lie group G acting linearly on a vector space V , define:

S(G,V ) := {x ∈M | (G◦x y νx(Lx)) ∼= (Gy V )}. (4.5)
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These subsets are smooth saturated submanifolds. Moreover, suppose that
x ∈ S(G,V ) for some pair (G,V ). Then we can immediately conclude that
codim(Lx) = dim(νx(Lx)) = dim(V ), and therefore

S(G,V ) ⊂ Sdim(V ).

Moreover, Lemma 4.2.4 shows that all the connected components of the S(G,V )

have the same dimension.

Proposition 4.2.10. The sets S(G,V ) form a smooth decomposition of M .
Moreover, its connected components are equal to the connected components of
the Sk defined in Equation (4.4). Hence the corresponding stratification is the
same as the dimension stratification.

Proof. Using the local linearisation, similarly to the proof of Theorem 4.2.5,
one immediately realises that if S ∩ S′ 6= ∅, then S′ ⊂ S. Once again, us-
ing Lemma 4.2.4, we conclude that the Frontier condition holds. Hence the
partition into sets S(G,V ) forms a decomposition.

Now, let S be a connected component of S(G,V ) and let k = dim(V ). Since
S(G,V ) ⊂ Sk, we can consider the closure of S inside Sk and choose a x ∈
S ∩Sk. Using Theorem 1.1.28, there exists open neighbourhoods x ∈ U ⊂M ,
0 ∈ V ⊂ νx(Lx) and x ∈ O ⊂ Lx such that G|U ∼= (Gx× νx(Lx))|V × (O×O).
For v ∈ νx(Lx) corresponding to x′ ∈ S∩U , we have that Gx′ ∼= Stab(v) < Gx.
This is a closed Lie subgroup of dimension equal to

dim(Gx′) = dim(G)− 2 dim(M) + codim(Lx′).

Since x, x′ both belong to Sk, we see that codim(Lx) = codim(Lx′) = k,
and hence Gx′ ⊂ Gx is a closed Lie subgroup of the same dimension. Hence
G◦x′ = G◦x and x ∈ S, which is therefore closed in Sk. This argument shows
that S ⊂ Sk is also open: given an orbit in S, any orbit has either a different
dimension or the same reduced normal orbit type. That is, for x ∈ S we have
that S∩U = νx(Lx)G

◦
x×O = Sk∩U . Thus S ⊂ Sk is both open and closed and

hence one of its connected components. Therefore, the induced stratification
is the same as the dimension stratification.

Definition 4.2.11. Let G ⇒M be a proper Lie groupoid. The decomposition
of M into manifolds S(G,V ) is called the reduced normal orbit decomposition.

Remark 4.2.12. The above decomposition is called reduced, as we only use
the connected components of the isotropy groups. One could also use the
whole groups as in [86], but the induced stratification will be different. An
easy example of this phenomenon is the S1-action on the (open) Möbius band.
Indeed, this groupoid is regular and connected and hence only has one stratum
in the dimension stratification. The middle orbit, however, has a Z2-action as
isotropy, and all the other orbits have trivial isotropy.
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4.3 Blow-ups and desingularisations

In this section, we will show that any linearisable Lie groupoid admits a desin-
gularisation. To make this more precise, we introduce so-called resolutions in
the first part of this section. Then, and this will be the main result of this
section, we show that any linearisable Lie groupoid admits such a resolution
by using blow-ups, in an order dictated by the stratification of Section 4.2.

Recall that for any Lie groupoid G ⇒ M , its regular part, Σreg ⊂ M , is
defined by the union of orbits of maximal dimension. Denote its complement
by Σcreg ⊂M .

Definition 4.3.1. A resolution π : H� G of a Lie groupoid G ⇒M consists of
a regular Lie groupoid H⇒ N and a surjective proper Lie groupoid morphism
π : H → G such that:

• π : H|π−1(Σcreg) → G|Σcreg is a submersion;

• π : H|π−1(Σreg) → G|Σreg is a diffeomorphism.

If the morphism H → G ×M N , which maps h 7→ (π(h), s(h)), is a diffeo-
morphism, we call π : H� G an action resolution.

Remark 4.3.2. If the groupoid G is linearisable through a metric, Propos-
ition 4.2.8 shows that the second condition of a resolution implies that π is
a isomorphism of Lie groupoids almost everywhere. Hence it follows that G
and H have the same dimension. Also note that in this case, the above makes
sense, since we know that we can restrict to Σreg.

Remark 4.3.3. Action resolutions are the same as regular Lie groupoid ac-
tions in the following sense: if H is an action resolution, then G acts regu-
larly on N through the proper map π : N → M . For the converse, suppose
π : N →M is a proper map such that G acts regularly on N through π and π
satisfies the following two conditions:

• π : π−1(Σcreg)→ Σcreg is a submersion;

• π : π−1(Σreg)→ Σreg is a diffeomorphism.

Then H := G ×M N is an action resolution. We will come back to this when
we construct a resolution for proper Lie groupoids, as it turns out to be an
action resolution.

Since most linearisable Lie groupoids we consider are proper, we can won-
der whether any resolution of a proper Lie groupoid is again proper. The
properness of the morphism π implies that this is indeed the case.

Lemma 4.3.4. Let H ⇒ N be a resolution of G ⇒ M . Then G is proper if
and only if H is.
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Proof. Consider the following commutative diagram.

H G

N ×N M ×M

π1

(s,t) (s,t)

π0×π0

Note that the horizontal morphisms are by assumption proper. Using sur-
jectivity of π, it follows that for KM ⊂M ×M and KN ⊂ N ×N one has:

(s, t)−1(KM ) = π1

(
((π0 × π0) ◦ (s, t))−1(KM )

)
;

(s, t)−1(KN ) ⊂ ((s, t) ◦ π1)−1(π0 × π0)(KN ).

The first equation shows that if KM is compact, so is (s, t)−1(KM ). That is,
if H is proper, so is G. The second one does the reverse when we consider that
closed subsets of compact sets are compact.

As usual, we wonder whether (the existence of) resolutions behave(s) well
under Morita equivalence of groupoids. This is the case for action resolutions.

Proposition 4.3.5. Let (P, α, α′) : G 99K G′ be a Morita bibundle and let H
be an action resolution of G. Then G′ admits an action resolution H′ which is
Morita equivalent to H.

Proof. Let Q := N ×M P and notice that H ×N Q ∼= G ×M ×MP , with
πN : Q → N the map used in the fibre product. Using that G acts freely and
properly on P , see Example 1.1.30, we obtain that H acts on Q through the
formula:

h · (n, p) := (t(h), π(h) · p).

Similarly to Example 1.1.30, we can define the groupoid H′ ⇒ N ′ as the
quotient of the submersion groupoid Q ×N Q ⇒ Q under its H-action. By
the quotient theorem, Theorem 1.1.29, H′ ⇒ N ′ is a Lie groupoid and, by
construction, Q : H 99K H′ is a Morita equivalence.

Example 1.1.30 also show that G′ ∼= (P ×M P )/G and hence there is a
natural Lie groupoid morphism π′ : H′ → G′ induced by Q→ P . Since Q→ P
is surjective, so is π′ and since N → M is proper, we obtain that Q → P is
proper and hence so is π′. The morphism

H′ → G′ ×M ′ N ′; [p2, p1, n]H 7→ ([p2, p1]G , [p1, n]H),

has well-defined inverse defined by

G′ ×M ′ N ′ → H′; ([p2, p1]G , [p0, n]H) 7→ [p2 · g, p0, n]H,

with g such that p1 · g = p0. Therefore, by Remark 4.3.3, it is enough to show
that the G′-action on N ′ is regular and that the map N ′ → M ′ satisfies the
conditions of a resolution.
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The morphism π′ is the quotient of the projection πP : N ×M P → P .
Hence if we can prove the statements for πP , it follows for π′. The regular
part of P ×M P corresponds with α−1(Σreg) and its pre-image under πP is
uqual to π−1(Σreg)×M α−1(Σreg). Therefore, the two conditions for πP follow
from the conditions for π : N →M .

To show that H′ is regular, we will show that it has isotropy groups iso-
morphic to those of H. A Lie groupoid is regular if and only if the dimension of
its isotropy groups is constant, so H being regular then implies that H′ is reg-
ular. Let n′0 = [q0] ∈ N ′ be given for q = (p0, n0) ∈ Q and let ξ : Hn0 → H ′n′0
be defined by h 7→ [q0 · h, q0]. It is an injective group morphism. Hence we
are left to show that it is surjective. Let [q2, q1] ∈ H ′n0

be given. That is,
[q2] = [q1] = [q0] and hence there exists hi ∈ H such that qi · hi = q0. Note
that this implies that hi ∈ Hn0

and [q2, q1] = [q2 · h1, q0] = ξ(h−1
1 h2). So

indeed, the proposition holds.

4.3.1 Blow-up of a proper Lie groupoid

In this subsection we will define the blow-up of a linearisable Lie groupoid
G ⇒M along a closed saturated submanifold S. Recall from Definition 1.1.26,
that since G is linearisable, there exist open neighbourhoods S ⊂ U ⊂M and
S ⊂ V ⊂ ν(S) such that

G|U ∼= (G|S ×S ν(S))|V .

Such a linearisation gives a tubular neighbourhood ξ for S inside M by identi-
fying V ⊂ ν(S) with U ⊂M and we can consider the blow-up M̃ of M along

S using this tubular neighbourhood, with blow-down map π : M̃ →M .

Lemma 4.3.6. The Lie groupoid G acts smoothly on the blow-up M̃ along the
blow-down map π.

Proof. We use the notation of Section 4.1. Since G ×M (M \ S) ∼= G|M\S we

only have to define the action of G on Ṽ and check that it is compatible along
the tubular neighbourhood ξ. Using the linearisation, we have that:

G|U ×U Ṽ ∼= (GS ×S ν(S))|V ×U Ṽ ∼= (GS ×S V )×U Ṽ
∼= GS ×S Ṽ .

Therefore, it is enough to show that GS acts on Ṽ , which we can define by
using the natural action of GS on ν(S):

g · (v, [w]) := (g · v, [g · w]), (4.6)

with [w] the line through w 6= 0 and zero. Note that if v 6= 0, we have that
[w] = [v] and hence

ξ ◦ π(g · (v, [v])) = ξ ◦ π(g · v, [g · v]) = ξ(g · v) = t(g) = g · ξ ◦ π(v, [v]),
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using the linearisation. This shows that the actions of G on Ṽ and M \S glue

together to one on M̃ = Ṽ ∪ξ◦π M \ S.

Since G is a smooth manifold and GS a smooth submanifold, we could have
blown up G along GS to obtain another smooth manifold. This turns out to
be a different viewpoint on the same object.

Lemma 4.3.7. The action groupoid G ×M M̃ is isomorphic to the blow-up of
G along GS.

Proof. Let G̃ denote the blow-up of G along GS = s−1(S). Using Corol-

lary 4.1.9, we see that we can lift s to s̃ : G̃ → M̃ and denote the blow-down
map of G̃ by πG . Let ξ : G̃ → G ×M M̃ be given by πG × s̃. This map is an
isomorphism. Indeed, one checks that it is an isomorphism away from GS .
Around GS , we have an isomorphism of vector bundles:

ν(GS) ∼= GS ×S ν(S).

Since the blow-up procedure is fiberwise, we also obtain that:

ν̃(GS) ∼= GS ×S ν̃(S).

Hence, when restricting both to a neighbourhood of GS , we find that G̃ is
diffeomorphic to G ×M M̃ . This diffeomorphism clearly commutes with all
groupoid structure morphisms and hence is an isomorphism of Lie groupoids.

Definition 4.3.8. The blow-up of G along S is defined by the action groupoid

G̃ := G ×M M̃ ⇒ M̃. (4.7)

The projection πG : G̃ → G is called the blow-down map.

Recall, see Lemma 4.1.5, that the blow-down map M̃ → M satisfies some
useful properties. The following lemma shows that they lift to the blow-down
map of the Lie groupoid.

Lemma 4.3.9. The blow-down map πG : G̃ → G is proper and satisfies:

• πG : G̃|E → GS is a submersion;

• πG : G̃|
M̃\E → GM\S is a diffeomorphism.

Proof. Lemma 4.1.5 shows that the blow-down map π : M̃ → M satisfies all
these properties. Now G̃ = G ×M M̃ fits into the following pullback diagram.
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G̃ M̃

G M

s̃

πG π

s

Hence for compact K ⊂ G, we have that π−1
G (K) = K×M π−1(s(K)). Since K

is compact, so is s(K) and, by using properness of π, so is π−1(s(K)). Hence
π−1
G (K) is compact and πG proper. Next, we compute that:

G̃|
M̃\E = G|M\S ×M (M̃ \ E) ∼= G|M\S ×M (M \ S) ∼= G|M\S .

This proves the second point. For the first one, note that we can restrict the
diagram above to the following pullback diagram.

G̃E E

GS S

s̃

πG π

s

Now, since π is a submersion, so is πG .

Recall that, see Proposition 4.1.6, the isomorphism class of M̃ is inde-
pendent of choice of tubular neighbourhood. The action groupoid view of G̃
therefore shows that the same is true for Lie groupoids.

Proposition 4.3.10. The isomorphism class of the blow-up of G along a closed
saturated submanifold does not depend on choice of linearisation.

From now on we will focus on proper Lie groupoids. Recall that proper
Lie groupoids admit simplicial metrics and hence are linearisable, see The-
orem 1.3.11. Since we can use a metric to linearise, it follows that properties
3. - 5. of Proposition 4.2.8 hold as well, that is: the regular part is a connec-
ted, open and dense stratum of the stratification. The following lemma shows
that if we blow up a proper Lie groupoid the result is again proper, so that
restricting to proper Lie groupoids makes sense.

Lemma 4.3.11. Let G ⇒ M be a proper Lie groupoid and let S ⊂ M be a
closed saturated submanifold. The blow-up G̃ ⇒ M̃ of G along S is proper.

Proof. Similar to the proof of Lemma 4.3.4, consider the following diagram.

G̃ G

M̃ × M̃ M ×M

πG

(s̃,t̃) (s,t)

π×π
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Since G is proper, the morphism (s, t) is a proper map. Lemma 4.3.9 shows

that πG is proper as well. Now, if K̃ ⊂ M̃ × M̃ is compact, then so is
K := (π × π)(K̃). Therefore, (s̃, t̃)−1(K̃) ⊂ π−1

G ((s, t)−1(K)) is a closed set
inside a compact and hence compact.

The idea is to use the stratification by dimension of the orbits and blow-up
several times to construct a regular Lie groupoid in the end. The following
proposition shows that this plan will succeed. Recall that E := π−1(S) ⊂ M̃
is called the exceptional divisor.

Proposition 4.3.12. Let G be a proper Lie groupoid and let S = Sj with
j = max{0 ≤ i ≤ dim(M) | si 6= ∅} be the collection of ‘most singular’ strata.

Then the blow-up G̃ of G along S is a proper Lie groupoid such that

S̃k = ∅ for all k ≥ j.

Moreover, the blow-down map πG : G̃ → G is a surjective proper groupoid mor-
phism such that:

• πG : G̃|
M̃\E → G|M\S is a diffeomorphism;

• π : G̃|E → G|S is a submersion.

Proof. First note that each stratum inside S is closed and hence the Frontier
condition shows that we can choose open neighbourhoods around each stratum
such that they do not intersect. Therefore, the blow-up along S is the same as
the blow-ups along each connected component after each other, which are well-
defined since they are all closed and, by definition, saturated. Lemma 4.3.11
shows that the blow-up is indeed proper, Lemma 4.3.9 shows that πG is proper
as well and that the two conditions hold.

To show that S̃k = ∅ for all k ≥ j, we show that for all orbits L̃ ⊂ G̃|E the
following two points hold:

• π(L̃) is an orbit in S;

• dim(L̃) > dim(π(L̃)).

Let L̃ ⊂ E be an orbit and let (0, [wi]) ∈ L̃ for wi ∈ ν(S) and i = 1, 2. Since
they belong to the same orbit, there exists g ∈ Gs such that g · (0, [w1]) =
(0, [w2]). Hence w1 ∈ νs(g)(S) and w2 ∈ νt(g)(S). That is, π(0, [w1]) and
π(0, [w2]) are connected with an arrow g and hence belong to the same orbit

L. Therefore π(L̃) ⊂ L ⊂ S. Now suppose that x ∈ L is arbitrary. Pick any

(0, l) ∈ L̃. Then, x′ := π(0, l) ∈ π(L̃) ⊂ L and hence there exists an arrow

g ∈ GS such that s(g) = x′ and t(g) = x. It follows that x = π(g ·(0, l)) ∈ π(L̃).

Therefore, π(L̃) = L, proving the first point.
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Finally, for (0, [w]) ∈ L̃ one can assume by rescaling that w ∈ V ⊂ ν(S)
and hence corresponds to an x ∈ U ⊂ M . Similarly, (0, [w]) corresponds to

a −x ∈ U ⊂ M . Then, locally, we see that L̃ ∼= Lx ∪ L−x/Z2 where the Z2-
action comes from [w] = [−w]. In the case that Lx = L−x this union is trivial.

Note that this description of L̃ implies that the dimension of L̃ is equal to the
dimension of Lx. Now note that Lx does not lie in S and hence its dimension
is bigger than that of π(L̃).

Since S̃k = ∅ for all k ≥ j, blowing up reduces the number of non-empty Sk.
Since there are only a finite number of non-empty Sk to begin with, blowing
up a finite amount of times leads to a Lie groupoid with only one non-empty
Sk. This results in a regular Lie groupoid. Since a finite intersection of dense
sets is still dense, we conclude that:

Theorem 4.3.13. Any proper Lie groupoid admits a resolution.

Definition 4.3.14. A resolution obtained by several blow-ups will be called
a desingularisation.

Remark 4.3.15. Given a proper Lie groupoid G the original stratification by
dimension of the orbits shows you exactly how many times you have to blow-
up in order to find its desingularisation. The amount of necessary blow-ups is
equal to

|{k ∈ [0,dim(M)] |Sk 6= ∅}| − 1.

The minus one comes from the regular stratum which we do not blow up.
This number can, of course, still be quite high. A way to go around this issue
is by trying to define a desingularisation more globally as Crainic, Fernandes
and Martinez Torres do in their upcoming paper [28]. However, one has to
note that while our construction works for all proper Lie groupoids, their more
global approach is only designed to handle certain specific cases.

Remark 4.3.16. If G ⇒ M is a regular Lie groupoid, then each isotropy
group has the same dimension. However, certain orbits can still have more
isotropy than others in the sense that their isotropy group has more connected
components and a less trivial action. An example of this is the (open) Möbius
band of Remark 4.2.12. The above blow-up procedure does not remove such
discrete isotropies. If we however allow manifolds with boundaries, and after
several blow-ups manifolds with corners, we can use the spherical blow-up of
Remark 4.1.7 to get rid of certain discrete isotropies.

4.3.2 Properties of the blow-up

The construction of the blow-up has several nice properties which we will
need in the following section when considering simplicial metrics on Lie group-
oids. However, the properties themselves have nothing to do with metrics, but
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everything with properness and averaging. Recall that for averaging on a Lie
groupoid, one needs a proper Haar system which always exists if and only if
the Lie groupoid is proper, see Definition 1.1.31 and Theorem 1.1.32.

Throughout this section, let G ⇒M be a proper Lie groupod, G̃ its blow-up
along a closed saturated submanifold S ⊂ M and πG : G̃ → G the blow-down
map. Besides G and G̃ being almost-everywhere diffeomorphic, they also have
diffeomorphic s-fibres. Indeed:

s̃−1(x̃) = G ×M {x̃} ∼= s−1(π(x̃)).

Hence it makes sense to compare Haar systems. To this end we have the
following lemma.

Lemma 4.3.17. Let µ be a proper Haar system on G. Then µ̃ defined by

µ̃x̃ := µπ(x̃),

is a proper Haar system on G̃.

Proof. We start by showing that µ̃ is right-invariant. For this, let (g, x̃) ∈ G̃,
let x̃′ := g · x̃ and let f be a smooth function on s̃−1(x̃) ∼= s−1(π(x̃)). Then,
using the right-invariance of µ:∫

(h,x̃′)∈s̃−1(x̃′)

f(hg, x̃) dµ̃x̃(h, x̃′) =

∫
h∈s−1(π(x̃′))

f(hg, x̃) dµπ(x̃′)(h)

=

∫
h′∈s−1(π(x))

f(h′, x̃) dµπ(x̃)(h′)

=

∫
(h′,x̃)∈s̃−1(x̃)

f(h′, x̃) dµ̃x̃(h′, x̃).

Next we check the smoothness of the map x̃ 7→
∫
s̃−1(x̃)

f(g̃) dµx̃(g̃) for f smooth

on G̃. As G ∼= G̃ away from the exceptional divisor, we only have to prove it
around S and E. With a similar argument, one realises that we only have
to prove it on π−1(x) with x ∈ S fixed. In this case the integration domain
does not change and the smoothness of the map directly follows from the
smoothness of f itself. Properness of µ̃ follows directly from properness of
µ.

The most interesting thing to average for us are actions and their tangent
lifts, as they are often used in Morita equivalences and in the construction of
simplicial metrics. Suppose that G acts on a manifold P along a submersion
α : P → M and let the action be denoted by θ. Since α is a submersion,
SP := α−1(S) is a closed smooth submanifold and we can consider the blow-

up P̃ of P along SP . Similar to the blow-up of a Lie groupoid, Lemma 4.3.7,
we see that the blow-up of P can be written as a fibre product. This makes
defining the action of G̃ on P̃ easier.
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Lemma 4.3.18. The blow-up P̃ is diffeomorphic to M̃ ×M P and admits a
G̃-action along the projection α̃ : M̃ ×M P → M̃ , given by the formula

(g, x̃)·(x̃, p) := (g ·x̃, g ·p); for all ((g, x̃), (x̃, p)) ∈ G̃×
M̃

(M̃×MP ). (4.8)

Proof. We imitate the proof of Lemma 4.3.7. Let α̃ : P̃ → M̃ be the lift of α
as defined in Corollary 4.1.9 and define ξ : P̃ → M̃ ×M P to be

ξ(p̃) := (α̃(p̃), πP (p̃)), for all p̃ ∈ P̃ .

Here πP is the blow-down map of P̃ . Outside the exceptional divisor EP ,
the map φ is a diffeomorphism since M̃ outside E is diffeomorphic to M \ S
and (M \ S) ×M\S P = P \ SP . On EP , we have that α̃ = dα. Since
codim(SP ) = codim(S), it follows that dα : ν(SP ) → ν(S) is a fibre-wise
isomorphism and therefore induces an isomorphism ν(SP ) ∼= ν(S)×SSP . Since

the blow-up procedure is fibre-wise, this shows exactly that P̃ is diffeomorphic
to M̃×M P . Checking that Equation (4.8) is indeed an action is now easy.

Any action automatically leads to an action groupoid. Since G is a proper
Lie groupoid, so is the resulting action groupoid G ×M P ⇒ P . The above
action is exactly the blow-up of this action groupoid.

Lemma 4.3.19. SP is a closed saturated submanifold for G ×M P ⇒ P . The
blow-up of this action groupoid is diffeomorphic to the action groupoid of the
G̃-action on M̃ ×M P of Equation (4.8).

Proof. Let p ∈ SP and suppose that g · p ∈ Lp. Then, α(g · p) = t(g) ∈ Ls(g).
Since s(g) = α(p) ∈ S, which is saturated, we see that g · p ∈ SP . Hence SP
is saturated. The result now follows from Lemma 4.1.10, since we know that
G̃ and P̃ are actual blow-ups on their own. Alternatively, a direct proof is
possible as well:

˜(G ×M P ) = (G ×M P )×P P̃ ∼= (G ×M P )×P (M̃ ×M P )
∼= {(g, x̃, p) | s(g) = α(p) = π(x̃)}
∼= (G ×M M̃)×

M̃
(M̃ ×M P ) ∼= G̃ ×M̃ P̃ .

With this computation it now readily follows that this is in fact a groupoid
isomorphism instead of just a diffeomorphism of the spaces of arrows.

The previous lemma implies the commutativity of the following diagram.

G̃ ×
M̃
P̃ P̃

G ×M P P

θ̃

πG×πP πP

θ
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We would like to prove a similar result for its tangent lift, which relies on a
choice of connection, see Definition 1.1.13 and Definition 1.1.14 . Similar to
the lifting of a Haar measure to the blow-up, we can lift a connection.

Lemma 4.3.20. Let σ be a connection on G. Then σ̃ defined by

σ̃(g,x̃)(ṽ) := (σg ◦ dπ(ṽ), ṽ) ∈ TgG ×TM Tx̃M̃, for all ṽ ∈ Tx̃M̃, (4.9)

is a connection on G̃.

Proof. As ds ◦ σ = id, we find that σ̃ lands in T G̃ = TG ×TM TM̃ . Moreover,
since ds̃ is just the projection onto the second factor in this fibre product, it
follows that ds̃ ◦ σ̃ = id. Finally, note that ũ(x̃) = (u(π(x̃)), x̃) and hence:

σ̃ũ(x̃)(ṽ) =
(
σu(π(x̃)) ◦ dπ(ṽ), ṽ

)
= (du ◦ dπ(ṽ), ṽ) = dũ(ṽ).

This computation implies σ̃ defines a connection.

Now that we know that we can choose a compatible connection on the
blow-up, we can start comparing the tangent lifts. This results in:

Lemma 4.3.21. Let G ⇒M act on P through a submersion α : P →M by θ
and let σ be a connection on G. Then the tangent lift Tθ of θ with respect to
σ and the tangent lift T θ̃ of θ̃ with respect to σ̃ commute as in the following
diagram.

G̃ ×P̃ T P̃ T P̃

G ×M TP TP

T θ̃

πG×dπP dπP

Tθ

Proof. Let (g, x̃) ∈ G, (x̃, p) ∈ P̃ and (ṽ, w) ∈ Tx̃M̃ ×TM TpP = T(x̃,p)P̃ . We
compute, using Definition 1.1.14:

dπP ◦ T θ̃(g, x̃, ṽ, w) = dπP ◦ dθ̃
(
σ̃(g,x̃) ◦ dα̃(ṽ, w), (ṽ, w)

)
= dθ ◦ d(πG × πP )

(
σ̃(g,x̃)(ṽ), (ṽ, w)

)
= dθ

(
dπG ◦ σ̃(g,x̃)(ṽ), dπP (ṽ, w)

)
= dθ (σg ◦ dπ(ṽ), w)

= dθ (σg ◦ dα(w), w)

= Tθ(g, w) = Tθ ◦ (πG × dπP )(g, x̃, ṽ, w).

This proves the commutativity.
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4.3.3 Morita invariance

In this section we will prove that generalised morphisms between proper Lie
groupoids lift to generalised morphisms between their blow-ups, as long as
we blow-up submanifolds which are related. When we specialise to Morita
equivalent groupoids, we can show more: their desingularisations are again
Morita equivalent. Throughout, let ([P ], α, α′) : G 99K G′ be a generalised
morphism between Lie groupoids G and G′. Given subsets S ⊂M and S′ ⊂M ′
we define:

P (S) := α′((α′)−1(S)) ⊂M ′; P−1(S′) := α(α′−1(S′)) ⊂M. (4.10)

Lemma 4.3.22. For any subsets S ⊂ M and S′ ⊂ M ′, the sets P (S) and
P−1(S′) are saturated. Moreover, P (P−1(S′)) = Sat(S′), the saturation of S′.

Proof. Let x′ ∈ P (S) and g′ ∈ G′ such that t(g′) = x′. Then, by definition
of P (S), there exists p ∈ P such that x′ = α′(p) and α(p) ∈ S. Since α is
invariant under the G′-action, we conclude that α(p · g′) ∈ S and hence P (S)
is saturated. Note that we do not use any assumptions on P being right-
principal, so the same holds for P−1(S). For the second claim, we have that
S′ ⊂ P (P−1(S′)), which is saturated. Hence Sat(S′) ⊂ P (P−1(S′)). Now for
the reversed inclusion, we see that:

P (P−1(S′)) = {α′(p) | ∃p′ ∈ P s.t. α(p) = α(p′) and α′(p′) ∈ S′}.

By the right principality of the G′ action on P , the orbits of P under this
actions are equal to the fibers of α, for α′(p′) ∈ P (P−1(S′)) we have that
there exists g′ ∈ G′ such that p = p′ · g′. Hence α′(p) = α′(p′ · g′) ∈ Sat(S′)
since α′(p′) ∈ S′.

In case the generalised morphism [P ] is a Morita equivalence we also obtain
that P−1(P (S)) = Sat(S). We will call two saturated sets S and S′ related
or, in case of a Morita equivalence, equivalent, if:

S = P−1(S′); (dα)−1(TS) = (dα′)−1(TS′). (4.11)

Notice that the first condition immediately implies that also S′ = P (S) and the
second condition is vacuous for Morita equivalences. Also note that relatedness
and equivalence of the sets S and S′ is independent of the chosen representative
P of [P ]. The idea behind related submanifolds is that they allow us to compare
blow-ups of Lie groupoids, as long as we blow up along related submanifolds.

Proposition 4.3.23. Let ([P ], α, α′) : G 99K G′ be a generalised morphism
between proper Lie groupoids, S ⊂ M and S′ ⊂ M ′ related closed saturated
submanifolds and let G̃ and G̃′ be the blow-ups of G and G′ along these sub-
manifolds. Then [P ] lifts to a generalised morphism ([P̃ ], α̃, α̃′) : G̃ 99K G̃′.
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Proof. Let SP := α−1(S) = (α′)−1(S′) and let P̃ be the blow-up of P along SP .
Notice that since α is a submersion, we find that SP is indeed a submanifold.
By Corollary 4.1.9, the map α lifts to a submersion α̃ : P̃ → M̃ . The second
condition in Equation (4.11) implies that (dα′)−1(TS′) = TSP and therefore,
as in the proof of Corollary 4.1.9, dα′ is injective when restricted to the normal
bundle of SP and hence we can use Theorem 4.1.8 to lift α′ to a morphism α̃′.

Lemma 4.3.18 shows that we can lift the actions. Notice that the actions
commute and that the moment maps are invariant for the other action, since it
holds on open dense subsets, where the blow-ups are isomorphic to the original
manifolds.

Since P is right principal, we have that the action of G′ on P induces
a Lie groupoid isomorphism P ×M ′ G′ ∼= P ×M P . We are left to prove a
similar statement for the blow-ups. This follows by using the commutativity
of blow-ups with respect to fibre products, Lemma 4.1.10:

P̃ ×
M̃ ′
G̃′ ∼= ˜(P ×M ′ G′) ∼= ˜(P ×M P ) ∼= P̃ ×

M̃
P̃ .

Finally, since the isomorphism class of the blow-up is unique, we conclude that
[P̃ ] does not depend on the choice of representative.

Focusing on Morita equivalence translates this proposition to:

Corollary 4.3.24. Blow-ups of Morita equivalent proper Lie groupoids along
equivalent saturated submanifolds are Morita equivalent.

In general it does not hold that a generalised morphism between proper Lie
groupoids lifts to their desingularisations. The main problem for this is that
one cannot compare the stratifications of any two groupoids. If [P ] : G 99K G′
is a generalised morphism, then the morphism α(p) 7→ α′(p) is not a stratified
morphism. This problem disappears when [P ] is a Morita equivalence.

Lemma 4.3.25. Let ([P ], α, α′) : G 99K G′ be a Morita equivalence and p ∈ P .
Then:

codim
(
Lα(p)

)
= codim

(
L′α′(p)

)
.

Hence a saturated S′ ⊂M ′ is a stratum if and only if P−1(S′) is.

Proof. Note that α is a submersion which maps G ·p · G′ onto Lα(p). Therefore
codim(Lα(p)) = codim(G · p · G′). The same holds for α′, which proves the
lemma.

In other words, there is a one-to-one correspondence between the strata
of G and G′. Note that this assignment of equivalent strata keeps the partial
ordering of the stratification intact. That is, we can use Corollary 4.3.24 a
finite amount of times to conclude:
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Theorem 4.3.26. The desingularisations of Morita equivalent proper Lie
groupoids are Morita equivalent.

The viewpoint of Morita equivalence we have used throughout this section
is through generalised morphisms. What about their associated fractions?
Recall that given a right principal bibundle P : G 99K G′, its associated fraction
is given by H := G ×M P ×M ′ G′, with source map given by the G′ action and
target map by the G action. This Lie groupoid is isomorphic to an action
groupoid of G × G′ on P along (α, α′) : P → M ×M ′. Hence Lemma 4.3.19,
shows that, if we are in the setting of Proposition 4.3.23:

Proposition 4.3.27. Let P be a right principal bibundle and HP its associated
fraction. Then H̃P , the blow-up of HP is isomorphic to HP̃ , the fraction
associated to the blow-up of P .

4.4 Riemannian blow-ups and Riemannian de-
singularisations

We have seen that proper Lie groupoids admit simplicial metrics, which can
be used to linearise them. Using the linearisations, we have shown that the
manifold of objects admits a stratification which can be used to determine the
order in which we should blow-up the groupoid to end up with a regular Lie
groupoid, the desingularisation. Moreover, we have seen that the isomorphism
class of the desingularisation was independent of choice of metric, as the same
holds for each blow-up. But what happens if we do want to remember the
metrics and work with Riemannian groupoids instead of Lie groupoids?

Since the desingularisation of any proper Riemannian groupoid is again
proper, it again admits a simplicial metric. But if we just use this existence
theorem of metrics, we have no clue how to compare the original groupoid with
its desingularisation in the Riemannian world. Moreover, the analogue of The-
orem 4.3.26 in the Riemannian world, i.e. the claim that desingularisations of
Riemannian Morita equivalent groupoids are again Riemannian Morita equiva-
lent, would be impossible to obtain. Therefore, we will use this section to show
that we can find a metric on the blow-up which is related to the metric we
started with.

To make this more precise, we start by defining Riemannian resolutions,
similar to the beginning of Section 4.3.

Definition 4.4.1. A Riemannian resolution π : (H, ηH)� (G, η) of a Rieman-
nian groupoid (G, η) consists of a Riemannian groupoid (H, ηH) and a surjec-
tive proper Lie groupoid morphism π : H → G such that:

• π : H|π−1(Σcreg) → G|Σcreg is a Riemannian submersion;

• π : H|π−1(Σreg) → G|Σreg
is a diffeomorphism;
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• π is an isometry outside a neighbourhood of π−1(Σcreg).

Remark 4.4.2. The first condition is a direct Riemannian translation of the
first condition in the definition of a (Lie) resolution, Definition 4.3.1. Trans-
lating the second condition directly would be asking that π when restricted
to π−1(Σreg) is an isometry. It turns out that this is simply too strong of a
condition and we need a little bit of space to alter the metric so that we can
extend it over π−1(Σcreg). Hence the third condition.

As we already know that any proper Riemannian groupoid admits a re-
solution in the form of a desingularisation trough blow-ups, we will spend the
rest of this section by showing that there exists a metric on the blow-up which
satisfies the above conditions with Σreg replaced by M \ S. Using several
blow-ups leads to the proof of Theorem F.

We will prove the existence of such a simplicial metric on the blow-up in
two steps. Firstly, we find a metric on the base M̃ which is suitable and
secondly, we lift it to a simplicial metric on the action groupoid G̃ = G ×M M̃ .

4.4.1 Metric on the base

We start with focusing on the metric on the base M̃ . We will use this section
to prove the following result:

Proposition 4.4.3. Let (G ⇒ M,η) be a proper Riemannian groupoid and
let S = Sj with j = max{0 ≤ i ≤ dim(M) | si 6= ∅} be the collection of ‘most

singular’ strata. Then the blow-up M̃ of M along S admits a metric η̄ such
that the blow-down morphism π : M̃ →M satisfies:

• π : E → S is a Riemannian submersion when restricted to E := π−1(S);

• π : M̃ →M is an isometry outside an open neighbourhood of E.

Remark 4.4.4. This theorem is a special case of a theorem by Alexandrino
in [4] on the blow-up of singular Riemannian foliations. Since any Riemannian
groupoid induces a singular Riemannian foliation on its space of objects, see
Theorem 2.3.17, the proof of Alexandrino works just as well. The proof we
give here is a bit easier as we can use the Lie groupoid G.

Proof. The proof starts with an alteration of η0 around E. Since we have
a metric, we can use NS := TS⊥ ⊂ TM |S as the normal bundle. Using
the simplicial metric we can choose open neighbourhoods S ⊂ U ⊂ M and
S ⊂ V ⊂ NS such that G is linearisable on U : G|U ∼= (GS ×S NS)|V ⇒ V .
By using a partition of unity, subordinated to U and Sc, it is enough to show
that on Ṽ there exists a metric such that the first condition of the proposition
holds.

Firstly, note that for any v ∈ V ∩ NxS \ {0}, we have an inclusion of
Gx · v ⊂ Ov = s−1(x) · v, with x = exp(v). This gives an inclusion on tangent
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spaces Tv(Gx · v) ⊂ TvOv ⊂ Tv(NS). Using the metric on NS, which is
inherited by the one on M , we can define:

Hv := (Tv(Gx · v))⊥ ⊂ TvOv. (4.12)

One can check that dim(Hv) = dim(L) for any orbit L ⊂ S. Hence H → V \S
is a vector bundle. Moreover, if we let p : NS → S be the projection, we see
that H ∩ ker(dp) = 0. Let H ′ → V \ S and B → V \ S be defined by:

H ′ := (H ⊕ ker(dp))
⊥

; B := H ⊕H ′. (4.13)

Therefore we have T (V \ S) = B ⊕ ker(dp). Note that ker(dp) ∼= B⊥ by
the projection pr : TV → B⊥. Hence ker(dp) inherits a metric pr∗(η0|B⊥).
Using this metric, ker(dp) splits as K ⊕K⊥ with K a line bundle generated
by d

dτ |τ=0τv. Hence we have T (V \ S) = B ⊕K ⊕K⊥. With respect to this
splitting, we can define η̄ as following.

η̄0
v =

p∗(η0
S) 0 0

0 pr∗(η0|B⊥) 0
0 0 1

|v|2 pr∗(η0|B⊥)


The next step is to extend η̄0 over E = π−1(S), to Ṽ . Note that on Ṽ \E,

we have that π : Ṽ \E → U \S is an isomorphism and hence we can use η̄0. On

E, we see that T Ṽ |E = TE ⊕ K̃, with K̃ a line bundle generated by paths of

the form γv(τ) = (τv, [v]). To extend η̄0, we ask TE and K̃ to be orthogonal,
||γ̇v(0)|| = ||v|| and on T(0,[v])E we can view vectors as (0, [W ]) for W ∈ TvV
and we can define

η̄((0, [W ]), (0, [W ′])) := lim
τ→0

η̄0
τv(τW, τW

′).

Here τW ∈ TτvW is the derivative of the path γτW (ξ) := τγW (ξ).
We are left to check that π is a Riemannian submersion. However, if

(0, [W ]) ∈ ker(dπ), then τW ∈ ker(dp) for all τ . Hence on ker(dπ)⊥, we use
p∗(η0

S), from which it follows that π is a Riemannian submersion.

4.4.2 Metric on the groupoid

Now that we know that we can find a compatible metric η̄ on M̃ , we will have
to lift it. The naive guess of defining the metric on G̃ = G×M M̃ to be the fibre
product of the metrics η1 and η̄ turns out to be too naive. For this metric s̃
is indeed a Riemannian submersion, but t̃ is not and neither is i an isometry.
This is very much similar to Example 1.3.10 and hence our method to fix it
is similar as well. We will use a similar proof to the proof Theorem 1.3.11
and hence refer the reader to Section 1.3.1 to recall its proof, and the notation
used which is introduced in Example 1.3.9.
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In particular, recall that if s : G →M is the target map, then we will denote
the k-th component of the nerve of its submersion groupoid by G[k+1], so that
G[1] = G and G[2] = G ×M G. On this submersion groupoid, the metric η on G
induces a metric {ψ∗k(ηk)}, where ψk : G[k] → G(k) are the isomorphisms

ψk : G[k] → G(k);

ψk(gk, ... , g1) := (gkg
−1
k−1, ... , g2g

−1
1 , g1).

Our first step for finding a metric on G̃ is by finding one on the submersion
groupoid of s̃ : G̃ → M̃ . In the proof of Theorem 1.3.11, we would just take
any metric on it, but in order to be able to compare to the metric on G, we
will take an explicit one. Let us first consider this nerve.

Lemma 4.4.5. The k-th component, G̃[k+1], of the nerve of the submersion
groupoid of s̃ : G̃ → M̃ , is isomorphic to G[k+1] ×M M̃ .

Proof. By Example 1.3.6, the nerve of G̃[2] ⇒ G̃ is given by:

G̃[k] = {((gk, x̃k), ... , (g1, x̃1)) | x̃i = x̃1 for i = 1, ... , k}.

For any element ((gk, x̃k), ... , (g1, x̃1)) of this space, since s(gi) = π(x̃i), we
find that (gk, ... , g1) ∈ G[k]. Therefore, the morphism

((gk, x̃k), ... , (g1, x̃1)) 7→ ((gk, ... , g1), x̃1)

is a diffeomorphism.

Since we know the nerve explicitly, we can use fibre product metrics to
construct a simplicial metric on it. This metric is not yet the final metric as
it is still on the submersion groupoid and not on the original groupoid.

Lemma 4.4.6. The fibre product metrics η̄k, defined by

η̄k := ψ∗k(ηk) ∗ η̄, (4.14)

form a simplicial metric on G̃[2] ⇒ G̃. Moreover, the blow-down projections
πk : G̃[k] → G[k] are Riemannian submersions when restricted to the exceptional
divisor E ⊂ M̃ .

Proof. Firstly, note that the action of Sk on G̃[k] = G[k]×M M̃ restricts to the
action of Sk on G[k]. Hence by construction of the metric it follows directly
that Sk acts by isometries using the same statement for G[k]. Similarly, the
face maps are just the face maps of G[k] → G[k−1] and we conclude that they
are indeed Riemannian submersions.

Finally, when we restrict to the exceptional divisor E we can simplify G̃[k]
E

as G[k]
S ×S E and hence πk|E : G̃[k]

E → G[k] is the pullback map of π|E , which is
a Riemannian submersion itself. Therefore πk|E is a Riemannian submersion
itself, using Lemma A.2.1.
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The next step is to consider the quotient of G̃[k] under the natural right-
action of G̃. It is isomorphic to G̃(k−1) and hence we can use averaging and
pushing down, see Theorem 1.3.3, to find a simplicial metric on G̃.

Proposition 4.4.7. Let (G ⇒M,η) be a proper Riemannian groupoid and let

S ⊂M be a saturated submanifold. Then G̃, the blow-up of G along S, admits
a metric η̃ such that:

• π : G̃|E → GS is a Riemannian submersion when restricted to the excep-
tional divisor E = π−1(S);

• π : G̃ → G is an isometry outside an open neighbourhood of E.

Proof. Let η̄ be the simplicial metric on G̃[k] of Equation (4.14) and let ψ∗k(ηk)
be the simplicial metric on G[k]. Note that G acts on G[k] from the right by
multiplication. Its quotient under this action is exactly G(k−1) with quotient
map

qk(gk, ... , g1) := (gkg
−1
k−1, ... , g2g

−1
1 ).

Similarly, G̃ acts on G̃[k] with quotient map q̃k : G̃[k] → G̃(k−1). The following
diagram depicts our current situation. Here the G-actions and G̃-actions are
omitted.

... (G̃[2], η̄2) (G̃, η̄1) (G, ψ∗1(η1)) (G[2], ψ∗2(η2)) ...

... G̃ M̃ (M,η0) (G, η1) ...

q̃2

π1

q̃1 q1 q2

π

By Lemma 4.4.6 when we restrict the submersions πk to the exceptional divisor
E ⊂M they become Riemannian submersions. Now let σ be a connection on
G, µ a Haar system on G and let σ̃ and µ̃ be the corresponding connection
and Haar system on G̃ as in Section 4.3.2. We can average the metrics on the
left side of the upper row under the G̃-actions and push the averaged metrics
down to define:

η̃k := (q̃k+1)∗(Av(η̄k+1)). (4.15)

Doing the same for the metrics on the right side of upper row of the diagram
for the G-actions, leads to a new diagram, similar to the one above. Its first
two components are given as in the following diagram.

(G̃[2],Av(η̄2)) (G̃,Av(η̄1)) (G,Av(ψ∗1(η1))) (G[2],Av(ψ∗2(η2)))

(G̃, η̃1) (M̃, η̃0) (M,η0) (G, η1)

q̃2

π1

q̃1 q1 q2

π
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Note that on the right hand side of the diagram, the metrics ψ∗i (ηi) were
already qi-transverse with pushforward metrics ηi and hence the metrics in
the right side of the bottom row are the same as in the first diagram.

We are left to show the two properties of η̃ of the proposition. The av-
eraging and restricting to a saturated submanifold commute as we only use
elements of G and G̃ which belong to the restriction. Therefore, away from
E, η̄k = ψ∗k(ηk), σ = σ̃ and µ = µ̃, and hence the averaging and pushing

down leads to ηi. On E, we know that πk|E : (G̃[k]
E , η̄kE) → (GS , ψ∗k(ηkS)) is

a Riemannian submersion. To simplify the computation, we introduce some
notation:

G = (gk, ... , g1) ∈ G[k]
S ; G · g = (gkg, ... , g1g);

G̃ = (G, x̃) ∈ G̃[k]
E ; G̃ · g̃ = (G · g, x̃), for all g̃ = (g, x̃).

We compute:

Av(η̄k)∗
G̃

((dπk)∗(α), (dπk)∗(β))

=

∫
g̃∈s̃−1(x̃)

(η̄k)∗
G̃·g̃

(
(T θ̃g̃)

∗ ◦ dπ∗k(α), (T θ̃g̃)
∗ ◦ dπ∗k(β)

)
dµ̃x̃(g̃)

=

∫
g̃∈s̃−1(x̃)

(η̄k)∗
G̃·g̃ (dπ∗k ◦ (Tθg)

∗(α), dπ∗k ◦ (Tθg)
∗(β)) dµ̃x̃(g̃)

=

∫
g̃∈s̃−1(x̃)

ψ∗k(ηkS)∗G·g ((Tθg)
∗(α), (Tθg)

∗(β)) dµ̃x̃(g̃)

=

∫
g∈s−1(x)

ψ∗k(ηkS)∗G·g((Tθg)
∗(α), (Tθg)

∗(β))µx(g)

= Av(ψ∗k(ηkS))∗G(α, β).

Here the first and last equality are by definition of the average, the second
by the choice of σ, the third by π|E being a Riemannian submersion before
the averaging, and the fourth equation by the choice of σ. This computation
shows that πk is still a Riemannian submersion after averaging. Therefore,
three out of four maps of the following diagram are Riemannian submersions.

(G̃[k]
E ,Av(η̄k)) (G[k]

S ,Av(ψ∗k(ηk)))

(G̃(k−1), η̃k−1) (Gk−1, ηk)

πkE

φ̃k φk

πk−1
E

Lemma A.1.5 shows therefore that πk−1
E is a Riemannian submersion.

Remark 4.4.8. Note that in the proof, we use the k-th metric of G to con-
struct the (k− 1)-st metric on G̃. This explains why we use simplicial metrics
instead of 2-metrics.
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Blowing up a finite amount of times leads to the following theorem:

Theorem 4.4.9. Let G ⇒ M be a proper Riemannian groupoid. Then its
desingularisation G̃ admits a simplicial metric η̃ such that:

• π : G̃|E → GS is a Riemannian submersion when restricted to the excep-
tional divisor E = π−1(S);

• π : G̃ → G is an isometry outside an open neighbourhood of E.

Corollary 4.4.10. Any proper Riemannian groupoid admits a Riemannian
resolution.

Definition 4.4.11. A Riemannian resolution obtained by several blow-ups
will be called a Riemannian desingularisation.

4.4.3 Morita invariance

Recall that we know that the blow-ups of Morita equivalent Lie groupoids are
again Morita equivalent. In this section we combine all the previous results
and prove its Riemannian counterpart. This statement entails more than The-
orem 4.3.26, as we also ask the metrics to be equivalent. For the notion of a
Riemannian Morita equivalence, we refer the reader to Definition 1.3.19 and
Definition 1.3.20.

Similar to Proposition 4.3.23, we first start with lifting a generalised mor-
phism to blow-ups along related closed and saturated submanifolds.

Proposition 4.4.12. Let ([P ], α, α′, ηP ) : (G, η) 99K (G′, η′) be a Rieman-
nian generalised morphism between proper Riemannian groupoids, S ⊂M and
S′ ⊂M ′ related closed saturated submanifolds and let G̃ and G̃′ be the blow-
ups of (G, η̃) and (G′, η̃) along these submanifolds. Then ([P̃ ], α̃, α̃′) : G̃ 99K G̃′,
the lifted generalised morphism, admits a metric such that it is a Riemannian
generalised morphism.

Proof. Let H⇒ P be the fraction associated to P and H̃⇒ P̃ the one associ-
ated to P̃ . By Proposition 4.3.27, H̃ is the blow-up of H along the saturated
submanifold SP := α−1(S). The proof of the proposition will consist of two
steps. First, we discuss the metric on the blow-up of the base and show that
α̃ : (P̃ , η̄P ) → (M̃, η̄) is Riemannian when restricted to EP := π−1

P (SP ), with

πP : P̃ → P the blow-down morphism of P , and an isometry outside an open
neighbourhood of EP . Here the metrics η̄P and η̄ exist by Proposition 4.4.3
and depend on choices we made in its proof. Then, in the second step, we will
alter it to a metric η̃P , so that the same holds for α : (P̃ , η̃P )→ (M̃, η̃).

Start by choosing tubular neighbourhoods U and UP of S and SP on which
the groupoid linearise, which satisfy U = α(UP ). Then choose similarly com-
patible partitions of unity. Since α is a Riemannian submersion and the metric
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on the blow-up M̃ agree with the original metric on M outside the chosen
tubular neighbourhoods, we see that α̃ is a Riemannian submersion outside
π−1
P (UP ) as well. Hence we can restrict our attention to the tubular neigh-

bourhoods.
Step 1: As in the proof of Proposition 4.4.3, we will start by considering

the structure on π−1
P (UP \ SP ). Let HP → VP \ SP and H → V \ S be the

vector bundles as defined in Equation (4.12) and recall the notation defined in
Equation (4.13) as:

H ′ := (H ⊕ ker(dp))⊥; B := H ⊕H ′;
H ′P := (HP ⊕ ker(dpP ))⊥; B := HP ⊕H ′P ,

where p : NS → S and pP : NSP → SP are the vector bundle projections.
These vector bundles are all on V \ S and VP \ SP respectively. Finally, let
the kernels of p and pP be splitting as K ⊕ K⊥ and KP ⊕ K⊥P . Denote the
differential of dα : VP → V by Tα, we will see that it respects the splittings of
TV and TVP . Since

dim(ker(dpP )) = codim(SP ) = codim(S) = dim(ker(dp)),

it follows that Tα is a fibrewise linear isomorphism between KP ⊕ K⊥P and
K ⊕K⊥. Since kerTα ⊂ BP , and the metrics on NSP and NS are inherited
by the ones on P and M , we see that Tα is in fact a fibrewise isometry with
respect to the metrics pr∗P (ηP |B⊥P ) and pr∗(η0|B⊥). Moreover, since dα is
linear, it is clear that KP is mapped onto K. This proves that η̄P and η̄ agree
on K ⊕K⊥, even with the correction term. Therefore, we are left to consider
BP and B, since

T (V \ S) = B ⊕K ⊕K⊥; T (VP \ SP ) = BP ⊕KP ⊕K⊥P .

As φ : H → G, the weak equivalence of the fraction G ← H → G′, satisfies

dα(h · vp) = φ(h) · v,

it follows that dα maps Hp · vp 7→ Gx · v and s−1(p) · vp 7→ s−1(x) · v. This also
implies that H ′P 7→ H ′. Therefore Tα : BP → B is Riemannian with respect
to the original metric, since SP → S is Riemannian as well and twisting the
metric on H to p∗(ηS) keeps Tα Riemannian. Hence, with the metric η̄ on
V \ S and η̄P on VP \ SP , the map α̃ is still a Riemannian submersion.

Finally, we consider the extension over the exceptional divisors EP and E.
Recall that T Ṽ |E ∼= TE ⊕ K̃, for a line bundle K̃. Similar to before, the line

bundle K̃P is mapped to the line bundle K̃ by dα̃ and the metrics agree here.
On TEP , the limit definition of the metric on the orthogonal complement of
K̃ immediately implies that α̃ is still Riemannian.

Step 2: In order to conclude the proposition, we define:

η̃P := t∗(Av(η̄1
P )); η̄1

P := η̄1 ∗ η̄P ∗ i∗(η̄′1).
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Here η̄1 := η1∗ η̄ on G̃ = G×M M̃ , like in the proof of Proposition 4.4.7, and η̄′1

is something similar. Note that this is exactly the metric we would obtain on P
if we use the construction in the proof of Proposition 4.4.7 on the Riemannian
groupoid H⇒ P . Here the i is ensuring that the right-action of G′ turns into a
left action, as explained just above Proposition 4.3.27. Then α̃ is the quotient
map of the projection G̃×

M̃
P̃×

M̃ ′
G̃′ → G̃. This is a Riemannian submersion as

it is the double pullback of Riemannian submersions in the following diagram:

G̃ ×
M̃
P̃ ×

M̃ ′
G̃′ P̃ ×

M̃ ′
G̃′ G̃′

P̃ M̃ ′

G̃ M̃

t̃′

α̃

Note that the metric on G̃ is H̃-invariant if and only if it is G̃-invariant and
hence averaging on G̃ and pushing down to M̃ gives exactly η̃0. Using the
standard arguments it follows that α̃ is a Riemannian submersion.

We are now able to lift generalised morphisms to generalised morphisms.
Hence also Morita equivalences to generalised morphisms. It is routine to
check that the choices made in the proof of the previous proposition can be
made at the same time for α as for α′. Hence we get:

Corollary 4.4.13. Blow-ups of Riemannian Morita equivalent Riemannian
groupoids along equivalence saturated submanifolds can chosen to be Rieman-
nian Morita equivalent.

Using Lemma 4.3.25, we conclude:

Theorem 4.4.14. The Riemannian desingularisations of Morita equivalent
Riemannian groupoids can chosen to be again Morita equivalent.

4.4.4 Orbispaces and desingularisations

Let G ⇒ M be a proper Lie groupoid. In this section we will discuss some
consequences of the blow-up procedure for the orbispace X := M/G. From
the fact that G is proper, it follows that X is Hausdorff, second countable and
paracompact. The first result is that X carries the structure of a stratified
space:

Proposition 4.4.15. The dimension stratification descends to a stratification
of the orbit space X := M/G.
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Proof. First note that since all strata and all the subsets Sk are saturated,
they indeed define subsets πX(Sk) of X. Moreover, it is easy to see that these
subsets are smooth manifolds since they have charts given by the subspaces
(νx(Lx))G

◦
x ⊂ νx(Lx). For an orbit L = Lx ∈ X, we have that XL, the stratum

of X through L, has dimension equal to dim((νx(Lx))G
◦
x). Using an argument

similar to the one in the proof of Theorem 4.2.5, we realise that any orbit Ly
close to L, and not in the same stratum as L, has (νy(Ly))G

◦
y ⊂ (νx(Lx))G

◦
x

and hence its stratum is of lower dimension. Now the Frontier condition for the
stratification on M implies the Frontier condition of this partition of X.

Recall from Proposition 1.3.16 that if G ⇒ M is Riemannian, then X is
not only a stratified space, but it is also a metric space with metric given by

dX(L,L′) = inf{d(x1, L) + ... + d(xn, Ln−1)},
forn ∈ N, xi ∈ Li for all 1 ≤ i ≤ n− 1, xn ∈ L′.

If X̃ is the quotient space of the Riemannian blow-up of G along a saturated
submanifold, then X̃ → X turns out to be not a submetry. However, one can
say something about the Gromov–Hausdorff distance between X̃ and X when
M is compact. Note that in constructing η̄0 on M̃ as in Proposition 4.4.3,
one only adjusts the metric on a tubular neighbourhood. By choosing smaller
tubular neighbourhoods, Alexandrino shows in [4] that for all ε > 0, and for

all orbits L̃, L̃′ ⊂ M̃ , one has:

|d(L̃, L̃′)− d(π(L̃), π(L̃′))| < ε,

with respect to the metric η̄0 on M̃ , which depends on ε. This is still true
after averaging η̄0 with respect to the G̃-action and hence we obtain:

Proposition 4.4.16. Let G ⇒ M be a proper Lie groupoid with simplicial
metric η and assume that M is compact. Let G̃ ⇒ M̃ be its blow-up. Then for
all ε > 0, G̃ admits a metric such that the Gromov–Hausdorff distance between
X = M/G and X̃ = M̃/G̃ is smaller than ε.

Applying this a finite amount of times, leads to the same statement for the
desingularisation.

Corollary 4.4.17. Let G ⇒M be a proper Lie groupoid with simplicial metric
η and assume that M is compact. Then for all ε > 0, its desingularisation
G̃ ⇒ M̃ admits a simplicial metric, depending on ε, such that the Gromov–
Hausdorff distance between X = M/G and X̃ = M̃/G̃ is smaller than ε.

As the orbit space of the desingularisation G̃ is an orbifold, Corollary 4.4.17
shows that the orbispace of a general proper Lie groupoid is a Gromov–
Hausdorff limit of orbifolds. Similarly in the Riemannian setting, we obtain
that the Riemannian orbispace of a proper Riemannian groupoid is a Gromov–
Hausdorff limit of Riemannian orbifolds.
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4.5 Adjoint representations up to homotopy

In this final section we relate the adjoint representation of a Lie groupoid to
the adjoint representation of its blow-up. The adjoint representation of a Lie
groupoid is not a honest representation as defined in Definition 1.1.10, but
is instead a representation up to homotopy [11, 55]. In the case that G is
a regular Lie groupoid, its representation up to homotopy is easier to grasp.
Therefore, relating the adjoint representation to that on its blow-up allows us
to simplify after a finite amount of blow-ups.

Recall that a honest representation of a Lie groupoid consists of an action of
the groupoid on a vector bundle. In general, a representation up to homotopy
uses a graded vector bundle E and the G-action will turn into a quasi-action
which is but one of its structure maps.

Definition 4.5.1. Let G ⇒ M be a Lie groupoid. A representation up to
homotopy on G consists of a graded vector bundle E = ⊕lEl and a set of
structure morphisms {Ri}i≥0, where each is a map

Ri : Γ(G(i);E)→ Γ(G(i);E)

of degree 1− i and they together satisfy for all k ≥ 0:

k∑
j=1

(−1)jRk−1(gk, ... , gj+1gj , ... , g1) =

k∑
j=0

(−1)jRk−j(gk, ... , gj+1) ◦Rj(gj , ... , g1).

Given two representations up to homotopy E and E′ on G, a morphism
between them is a collection {φi}i≥0 of maps

φi : Γ(G(i); s∗(E))→ Γ(G(i); t∗(E′))

of degree −i such that for all k ≥ 0:

k−1∑
j=1

(−1)jφk−1(gk, ... , gj+1gj , ... , g1) + (−1)k
k∑

j=0

R′k−j(gk, ... , gj+1) ◦ φj(gj , ... , g1)

=

k∑
j=0

(−1)jφk−j(gk, ... , gj+1) ◦Rj(gj , ... , g1).

A morphism φ = {φi}i≥0 is called strict if φi = 0 for all i ≥ 1.

Remark 4.5.2. Given any representation up to homotopy E with structure
morphisms Ri, one can reframe, see [11, Proposition 3.2], the structure morph-
isms into a linear degree-1 operator D on the spaces

C(G;E)n :=
⊕
k+l=n

Γ(G(k), t∗(El)),
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which squares to zero and satisfies a Leibniz condition. Here t : G(k) →M is the
target of the k-th arrow and hence t∗(El) is the pullback bundle El ×M G(k).
Thus we see that any representation defines cohomology H(G;E), called the
differentiable cohomology of G with coefficients in E. Using this language, a
morphism of representations is simply a chain map between cochain complexes.

With respect to the differentiable cohomology with coefficients in a repres-
entation, [11] shows that:

Theorem 4.5.3. If E is a unital representation up to homotopy of a proper
Lie groupoid G, concentrated between degrees a and b, then:

Hc(G;E) = 0; for all c /∈ [a, b].

Moreover, if a = b, i.e. E is an honest representation, we obtain that:

Ha(G;E) = Γ(E)inv := {γ ∈ Γ(E) | γ(sg) = γ(tg) · g, ∀g ∈ G}.

The adjoint representation, on which we will focus, has a relatively simple
graded vector bundle as it only contains two parts. It will depend on a choice
of connection, see Definition 1.1.13, but its isomorphism class will not.

Remark 4.5.4. If G ⇒ M is a Lie groupoid and σ is a connection, then σ
can be viewed as a right splitting of the exact sequence

0 t∗A TG s∗TM 0
dR|M ds

σ

where A is the Lie algebroid of G and R is the union of all right multiplications
Rg : s−1(t(g))→ s−1(s(g)). Hence each connection σ also defines a unique left
splitting ωσ of the same sequence as:

ωσ(X) = dR−1(X − σ ◦ ds(X)).

Definition 4.5.5. Let G ⇒ M be a Lie groupoid and σ a connection on it.
Its adjoint representation Ad is the graded vector bundle:

Ad0 = A; Ad1 = TM.

Here A is the Lie algebroid of G, together with the structure morphisms
{R0, R1, R2}, defined by:

• R0 is the anchor of A:

R0 = ρ : Γ(A)→ Γ(TM) :

ρ(X)(x) := d1xt(X(x));
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• R1 is the action of G, which consists of two parts:

R1 =λσ : Γ(G; s∗A)⊕ Γ(G; s∗TM)→ Γ(G; t∗A)⊕ Γ(G; t∗TM) :

λσ(X) := −ωσg (g ·X(g)),

λσ(v)(g) := dgt ◦ σg(v(g));

• R2 is the basic curvature of σ:

R2 =Kbas
σ : Γ(G(2); s∗TM)→ Γ(G(2); s∗A) :

Kbas
σ (v)(g2, g1) := −ωσg2g1 ◦ d(g2,g1)m(σg2 ◦ dg1t ◦ σg1(v), σg1(v)).

Now suppose that G ⇒ M is a proper Lie groupoid with connection σ,
S ⊂ M is its most singular stratum, G̃ the blow-up of G along S, E ⊂ M̃
the exceptional divisor and π : G̃ → G the blow-down map. Recall, form
Lemma 4.3.20, the blow-up G̃ automatically inherits a connection defined by:

σ̃(g,x̃)(ṽ) := (σg ◦ dπ(ṽ), ṽ) ∈ TgG ×TM Tx̃M̃ ; for all ṽ ∈ Tx̃M̃.

We will spend the rest of this section to compare the graded vector bundles
and structure morphisms of the adjoint representation Ad of G with respect to

σ to the Ãd on G̃ with respect to σ̃. The first step is the graded vector bundle.
Note that TM and TM̃ are hard to compare at the exceptional divisor, but
Ã is relatively easy to compare to A:

Lemma 4.5.6. The Lie algebroid Ã of G̃ is, as a vector bundle, given by

Ã = A×M M̃.

Proof. Recall that A = ker(ds)|M in general. Hence we obtain that:

Ãx̃ = ker(ds̃)(1π(x̃),x̃) = T1π(x̃)
G ×TM 0 = ker(ds)1π(x̃)

×M {x̃}

= (A×M M̃)x̃.

In order to compare the structure morphisms {Ri}, we need to consider
the relation between ω̃ and ω, which is given by:

Lemma 4.5.7. The left splitting of the short exact sequence of Remark 4.5.4
corresponding to σ̃ is given by:

ω̃σ̃(X, ṽ) = (ωσ(X), 0) ∈ TG ×TM TM̃.

Proof. First of all, we compute dR̃. Hence let (g, x̃) ∈ G̃, ỹ := g · x̃ and

(X, 0) ∈ Ãỹ be represented by γ̃ : I → G̃. In this case, we can write γ̃ as
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γ̃(τ) = (γ(τ), ỹ) with s ◦ γ constant. Then we have:

dR̃(g,x̃)(X, 0) = dR̃(g,x̃)

(
d

dτ
|τ=0γ̃(τ)

)
=

d

dτ
|τ=0(γ(τ), ỹ) · (g, x̃)

=
d

dτ
|τ=0(γ(τ) · g, x̃) = (dRg ◦ dξ(X), 0).

And hence we get:

ω̃σ̃(X, ṽ) = dR̃−1 ((X, ṽ)− σ̃ ◦ ds̃(X, ṽ)) = dR̃−1 ((X, ṽ)− σ̃(ṽ))

= dR̃−1 ((X, ṽ)− (σ ◦ dξ(ṽ), ṽ)) = dR̃−1 (X − σ ◦ ds(X), 0)

= (ωσ(X), 0).

Before we can precisely state how the two adjoint representation relate, we
first need to discuss pullbacks as one can only compare representations on a
fixed Lie groupoid.

Definition 4.5.8. If φ : G → G′ is a Lie groupoid morphism and E′ is a
representation up to homotopy on G′ with structure morphisms R′k, then the
pullback representation up to homotopy (E, {Ri}) on G is defined by:

El = ξ∗((E′)l); Ri = R′i ◦ ξ.

We will spend the rest of this section proving the following theorem:

Theorem 4.5.9. Let G ⇒ M be a Lie groupoid, S ⊂ M its most singular
stratum and G̃ its blow-up along S with exceptional divisor E. The cohomolo-
gies of their adjoint representations fit into the following exact sequences.

0 H1(Ãd) H1(π∗(Ad)) H1(π∗(ν(S))/ν(E)) 0

0 H0(Ad) H0(Ãd)⊕H0(AdS) H0(ξ∗(Ad)|E)

H1(Ad) H1(π∗(Ad))⊕H1(AdS) H1(ξ∗(Ad)|E) 0

Remark 4.5.10. There is strong suggestion that one can improve on this

theorem by comparing AdE with π∗(Ad)|E and Ãd|E .

Remark 4.5.11. Since we have to blow up a finite amount of times, we can
use the above theorem a finite amount of times to relate adjoint representation
of the original groupoid to that of a regular one. Note that each GS ⇒ S and
the final G̃E ⇒ E are regular Lie groupoids as well, so that the other terms
are also adjoint representation of regular groupoids. If G ⇒M is regular, then
its adjoint representation simplifies as ν(L)→ M , defined by νx(L) = νx(Lx)
for each x, is a vector bundle over M .
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In the following three section, we will compare the different adjoint rep-
resentations. These comparisons together will form the proof of the above

theorem. We start by comparing Ãd with π∗(Ad) in Section 4.5.1 and then in
Section 4.5.2 we compare π∗(Ad) with Ad so that these two sections together

compare Ãd with Ad. Doing this, we obtain an Ad|S-component, which we
compare to AdS of the regular Lie groupoid GS ⇒ S in Section 4.5.3.

4.5.1 Comparing Ãd with π∗(Ad)

The first step is to compare Ãd with π∗(Ad). To this end, we consider the
following lemma:

Lemma 4.5.12. The differential of the blow-down map π restricts to morph-
isms dπ : Ã → π∗(A) and TM̃ → π∗(TM). Their combination is a strict
representation morphism

π0 : (Ãd)→ π∗(Ad).

Moreover, the induced chain map C(Ãd)• → C(π∗(Ad))• is injective.

Proof. First of all, dπ : Ã → A ×M M̃ is an isomorphism and
dπ : TM̃ → TM ×M M̃ is an isomorphism on the open and dense M̃ \ E.

Therefore, the map dπ : C(Ãd)• → C(π∗(Ad))• is an injection. Hence we only
have to prove that it is a morphism of representations. As the morphism is
strict, it is enough to show that for i = 0, 1, 2:

dπ ◦ R̃i = π∗(Ri) ◦ dπ.

For i = 0 it immediately follows from π being a groupoid morphism, as R0 is
the anchor dt:

dπ ◦ ◦R̃0(X, 0)x̃ =
(
dπ ◦ dt̃(Xπ(x̃), 0x̃), x̃

)
=
(
dt ◦ dπ(Xπ(x̃), 0x̃), x̃

)
= π∗(R0) ◦ dπ(X, 0)x̃.

For i = 1 on the level of TM̃ it follows from dπ ◦ σ̃ = σ ◦ dπ:

dπ ◦ R̃1(ṽ)(g,x̃) =
(
dπ ◦ R̃1(ṽ(g,x̃)), g · x̃

)
=
(
dπ ◦ dt̃ ◦ σ̃(ṽ(g,x̃)), g · x̃

)
=
(
dt ◦ dπ ◦ σ̃(ṽ(g,x̃)), g · x̃

)
=
(
dt ◦ σ ◦ dπ(ṽ(g,x̃)), g · x̃

)
=
(
R1 ◦ dπ(ṽ(g,x̃)), g · x̃

)
= π∗(R1) ◦ dπ(ṽ)(g,x̃).

On the level of Ã it follows from ω ◦ dπ = dπ ◦ ω̃:

−dπ ◦ R̃1(X, 0)(g,x̃) = dπ ◦ ω̃ ((g, x̃) · (Xg, 0x̃)) = ω ◦ dπ(g ·Xg, x̃ · 0x̃)

= ω(g ·Xg) = −π∗(R1) ◦ dπ(X, 0)(g,x̃).
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Therefore we are left to prove it for i = 2. Similarly to ω, we can find a direct
formula for K̃bas as:

K̃bas((g2, x̃2), (g1, x̃1))(ṽ) =
(
Kbas(g2, g1) ◦ dπ(ṽ), 0

)
This formula the immediately implies that dπ ◦ R̃2 = π∗(R2) ◦ dπ. To see that
the formula holds let g̃i := (gi, x̃i). We will omit the gi and g̃i indices from
the notation in the computation. We get:

−Kbas
σ̃ (g̃2, g̃1)(ṽ) = ω̃ ◦ dm̃

(
σ̃g̃2 ◦ dg̃1 t̃ ◦ σ̃g̃1(ṽ), σ̃g̃1(ṽ)

)
= ω̃ ◦ dm̃

(
σ̃ ◦ dt̃(σ ◦ dπ(ṽ), ṽ), (σ ◦ dπ(ṽ), ṽ)

)
= ω̃

(
dm
(
σ ◦ dπ ◦ dt̃(σ ◦ dπ(ṽ), ṽ), σ ◦ dπ(ṽ)

)
, ṽ
)

= ω̃ (dm(σ ◦ dt ◦ dσ ◦ dπ(ṽ), σ ◦ dπ(ṽ)), ṽ)

= (ω ◦ dm(σ ◦ dt ◦ dσ ◦ dπ(ṽ), σ ◦ dπ(ṽ)), 0)

=
(
−Kbas

σ (g2, g1)(dπ(v)), 0
)
.

This concludes the proof.

The lemma implies that the two representations up to homotopy fit into
the beginning of a short exact sequence of cochain complexes.

0 C(Ãd)• C(π∗(Ad))•dπ

Since quotients are well-defined for cochain complexes, we can take the quo-
tient. This turns out to be an honest representation of a different groupoid.

Lemma 4.5.13. The vector bundle π∗(ν(S))/ν(E)→ E is an honest repres-

entation of G̃E.

Proof. First of all, to check that π : π∗(ν(S))/ν(E) → E is a vector bundle,
we need to know that it is of constant rank. Note that E is of codimension
one, and hence we just need to check whether the map dπ is non-zero on ν(E).
Let e := (0, [w]) ∈ E for some non-zero w. Then νe(E) is generated by:

ṽe :=
d

dτ
|τ=0(τw, [w]).

Its image under dπ is equal to w, as the derivative of the path τ 7→ τw. As
w ∈ ν(S), we immediately see that the image is zero if and only if w = 0,
which is not the case. Therefore we conclude that π∗(ν(S))/ν(E) is indeed a
vector bundle.

Now let (v, e) ∈ ν(S)×SE and denote its class modulo ν(E) by [v, e]. Given

(g, e) ∈ G̃|E = GS ×S E, we define the action as of G̃E on ν(S)×S E/ν(S) as:

(g, e) · [v, e] := [g · v, t(g)].
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Note that this is just the induced action of GS on ν(S) and hence we only need
to check whether the above formula is well-defined. For this, let w = deπ(ṽe),
then we see that g · e = g · (0, [w]) = (0, [g ·w]) and hence dπ(ṽg·e) = g · ṽe.

The most common way to view honest representations as representations
up to homotopy is to declare the graded vector bundle to have just a zero
degree part. Of course, we could just as well ask it to be concentrated in any
other degree and it turns out that for us it is more natural to concentrate the
above representation in degree one. We will denote it by π∗(ν(S))/ν(E)1.

Lemma 4.5.14. The adjoint representations of G and G̃ fit into the following
short exact sequence.

0 C(Ãd)• C(π∗(Ad))• C(π∗(ν(S))/ν(E)1)• 0
π0 π

Proof. Define π = {πn}n∈N as follows:

πn(γA + γM )(g̃n−1, ... , g̃1) := [πν(S)(γM (g̃n−1, ... g̃1))].

Since E ⊂ M̃ is closed, we know that we can extend functions to the whole of
M̃ . Hence πn is surjective for all n. The differential on the right hand side is
a graded sum of groupoid face maps. On π∗(Ad) the differential is given as:

D(γA + γM ) =
∑
k≥0

Rk ∗ (γA + γM ) +D0(γA + γM ),

with D0 again such a graded sum of face maps. Now note that only R0 ∗ γA
and R1 ∗ γM survive the projection π, as all the other products land in A.
However, both these products are always tangent to the orbits, and hence still
vanish in the projection πν(S) : TM → ν(S). Therefore only the graded sum
of face maps survives and the πn form a map of cochain complexes.

We are left to show exactness at the middle component. Let us start by
showing that π ◦π0 = 0. First of all, we already know that sections of s∗Ã are
killed by π. Therefore, let γ : G̃(k) → s∗TM̃ be a section. Then:

π ◦ dπ(γ)(g̃k, ... , g̃1) = [πν(S) ◦ dπ(γ(g̃k, ... , g̃1))].

Note that γ(g̃k, ... , g̃1) ∈ TM̃ |E ∼= TE ⊕ ν(E). Therefore we get:

dπ(γ(g̃k, ... , g̃1)) ∈ dπ(TM̃ |E) = TS + dπ(ν(E)).

The first part of it is killed by πν(S), the other one by considering modulo
ν(E). Hence π ◦ π0 = 0. Now assume that π(γ) = 0. Like before, we do

not have to consider sections of s∗A, since Ã ' A ×M M̃ . Hence assume
γ : G̃(k) → TM ×M M̃ . As π(γ) = 0, we obtain that for all g̃i ∈ G̃E :

γ(g̃k, ... , g̃1) ∈ TS ⊕ dπ(ν(E)).
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As γ restricted to G̃(k) \ G̃(k)
E is a smooth section of s∗TM̃ , the above tells us

that we can extend it (uniquely) to a smooth section γ̃ of s∗TM̃ on the whole

of G̃(k). This extension satisfies dπ(γ̃) = γ. Hence the sequence is exact.

Short exact sequences of cochain complexes lead to long exact sequences
of cohomology. As π∗(ν(S))/ν(E)1 is an honest representation, it only has
cohomology concentrated in degree 1. Likewise, see Theorem 4.5.3, two term

representations, such as Ãd and π∗(Ad), have cohomology concentrated in
degree zero and one. Hence we get:

Corollary 4.5.15. H0(Ãd) ∼= H0(π∗(Ad)) and their first cohomology groups
fit into the following short exact sequence.

0 H1(Ãd) H1(π∗(Ad)) H1(π∗(ν(S))/ν(E)) 0

4.5.2 Comparing Ad with π∗(Ad)

As we want to compare Ãd with Ad itself and not with π∗(Ad) we now look at
the difference between Ad and π∗(Ad), so that using both comparisons leads

to a comparison between Ãd and Ad.

Lemma 4.5.16. The pull backs of the adjoint representation of G fit into the
following short exact sequence.

0 C(Ad)• C(π∗(Ad))• ⊕ C(Ad|S)• C(π∗(Ad)|E)• 0
j π

Proof. Define π as follows : π(γ̃, γS) := γ̃|E − π∗γS . That is, for an element

(g̃k, ... , g̃1) ∈ G̃(k)
E , we define:

π(γ̃, γS)(g̃k, ... , g̃1) := γ̃(g̃k, ... , g̃1)− (γS(π(g̃k), ... , π(g̃1)), s(g̃1)).

Since any γ̃E : G̃E → t∗(π∗(Ad)|E) can be extended to a map γ̃ on G̃, it is given
by π(γ̃, 0) and therefore π is surjective. If we define j by j(γ) = (π∗(γ), γ|S),

i.e. for (g̃k, ... , g̃1) ∈ G̃(k) and (gk, ... , g1) ∈ G(k)
S we let j(γ) = (γ̃, γS) with γ̃

and γS defined by

γ̃(g̃k, ... , g̃1) := (γ(π(g̃k), ... , π(g̃1)), s(g̃1));

γS(gk, ... , g1) := γ(gk, ... , g1).

Since π is surjective, γ̃ = 0 implies that γ = 0 and hence j is injective. Also:

π ◦ j(γ)(g̃k, ... , g̃1) = γ̃(g̃k, ... , g̃1)− (γS(π(g̃k), ... , π(g̃1)), s(g̃1))

= (γ(π(g̃k), ... , π(g̃1)), s(g̃1))− (γ(π(g̃k), ... , π(g̃1)), s(g̃1))

= 0,
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so that π ◦ j = 0. Finally, if π(γ̃, γS) = 0, we can define γ by

γ(gk, ... , g1) :=

{
γS(gk, ... , g1) if gk, ... , g1 ∈ GS ;
γ̃(g̃k, ... , g̃1) otherwise, with g̃i such that π(g̃i) = gi.

Smoothness of γ follows from γ̃|E = π∗γS , so that the sequence is exact at the
first term as well.

Corollary 4.5.17. The adjoint representations up to homotopy fit into the
following long exact sequence.

0 H0(Ad) H0(π∗(Ad))⊕H0(Ad|S) H0(π∗(Ad)|E)

H1(Ad) H1(π∗(Ad))⊕H1(Ad|S) H1(π∗(Ad)|E) 0

4.5.3 Comparing Ad|S with AdS

The final part we still have to do for the proof of Theorem 4.5.9 is the com-
parison between Ad|S and AdS , where the first is the pullback of Ad along
S →M and the latter is the adjoint representation of GS .

Lemma 4.5.18. The adjoint representations of GS and G fit into the following
short exact sequence.

0 C(AdS)• C(Ad|S)• C(ν(S)1)• 0

Proof. On the level of the tangent bundles, we have a short exact sequence
TS → TM |S → ν(S). When we combine this with A|S ∼= AS , the lemma
follows.

As ν(S) appears in the above short exact sequence, we want to know its
cohomology. It turns out that all the cohomoloy groups vanish.

Lemma 4.5.19. Let G be a Lie groupoid and S ⊂ M its most singular
stratum. Then the cohomology of the normal representation of S vanishes,
i.e. H1(ν(S)1) = 0.

Proof. Since ν(S)1 is an honest representation, we know by Theorem 4.5.3

H1(ν(S)1) = {γ ∈ Γ(ν(S)) | g · γ(sg) = γ(tg)} = Γ(ν(S))inv.

Now let γ ∈ H1(ν(S)1) and s ∈ S. Suppose moreover that v := γ(s) 6= 0. As
the orbit through exp(v) ∈ M is locally isomorphic to Gs · v × Ls and v /∈ S,
we find that Gs · v has positive dimension. That is, there exists a g ∈ GS such
that s(g) = t(g) = s and g · v 6= v. But as γ is an invariant section this implies

v = γ(s) = g · γ(s) = g · v 6= v,

which is a contradiction. Hence v = 0 and γ = 0. This proves the lemma.
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Combining the above the two lemma’s shows that AdS and Ad|S have the
same cohomology groups.

Corollary 4.5.20. Let G ⇒M be a proper Lie groupoid and S ⊂M a singular
stratum. The cohomology of the normal representation of S vanishes, i.e. for
i = 0, 1 we have that:

Hi(AdS) ∼= Hi(Ad|S).
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Appendix A

Linear algebra of inner
product spaces

Most constructions on vector bundles can be done fibrewise. For example,
the direct sum of two vector bundles is the vector bundle whose fibres are
the direct sum of the fibres. Using this ideology, it is often enough to know
the linear algebra on vector spaces to get similar results for vector bundles.
The vector bundles we are primarily working with are vector bundles equipped
with a metric. The corresponding vector spaces are inner product spaces.

A.1 Riemannian linear maps

Inner product spaces are vector spaces A together with an inner product, i.e., a
bilinear symmetric, positive-definite map A×A→ R. Note that all our vector
spaces are real. The morphisms between inner product spaces we are interested
in are those that generalize Riemannian submersions between Riemannian
manifolds.

Definition A.1.1. Let f : (A, ηA) → (B, ηB) be a linear map between inner
product spaces. We will call it Riemannian if it is an isometry when restricted
to ker(f)⊥, that is: for all a1, a2 ∈ ker(f)⊥ we have:

ηA(a1, a2) = ηB(f(a1), f(a2)). (A.1)

Riemannian injections are exactly isometries. Note that if f is Riemannian,
the above formula also holds for a1 ∈ ker(f)⊥ and a2 ∈ A arbitrary. Moreover,
to prove that a map is Riemannian it is enough to show the above formula
for a1 = a2 ∈ ker(f)⊥, since the general case follows from linearity. Finally,
note that for all a, we get that ηA(a, a) ≥ ηB(f(a), f(a)) as we can decompose
a = a⊥ + a0 where f(a0) = 0 and a⊥ ∈ ker(f)⊥.
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Given a linear map f : A→ B and an inner product on either A or B one
could wonder if we can find an inner product on the other space such that f
becomes Riemannian. One way, pulling back, one can find an easy criteria for
when this is indeed possible. Given an inner product ηB on B, the pullback
form f∗(ηB) on A is defined through the formula:

f∗(ηB)(a1, a2) := ηB(f(a1), f(a2)).

This form on A induces an inner product on A/ ker(f) and the induced linear
map A/ ker(f)→ B is Riemannian. Therefore f∗(ηB) is an inner product on
A such that f is Riemannian if and only if f is injective.

Definition A.1.2. Let f : A → B be an injective linear map and let ηB be
an inner product on B. The pullback inner product f∗(ηB) on A is defined by:

f∗(ηB)(a1, a2) := ηB(f(a1), f(a2)).

Note that an injective map f : (A, ηA)→ (B, ηB) is Riemannian if and only
if f∗(ηB) = ηA. The other way around, given an inner product ηA on A, the
push forward form f∗(ηA) is a form on f(A) ⊂ B and is defined through the
formula:

f∗(ηA)(b1, b2) := ηA(a1, a2); ai ∈ ker(f)⊥, f(ai) = bi.

It is an inner product on f(A), such that f is Riemannian. One can extend
this to a degenerate form on B by choosing a splitting B = f(A) ⊕ B/f(A)
and declare the form to be zero on B/f(A). This degenerate form depends on
the choice of splitting. If f is surjective, such a splitting is not necessary.

Definition A.1.3. Let f : A→ B be a surjective linear map and let ηA be an
inner-product on A. The push forward inner product f∗(ηA) is defined as:

f∗(ηA)(b1, b2) := ηA(a1, a2); ai ∈ ker(f)⊥, f(ai) = bi.

Note that a surjective map f : (A, ηA) → (B, ηB) is Riemannian if and
only if f∗(ηA) = ηB . In general it does not hold that the composition of
two Riemannian maps is again Riemannian, so that we cannot form a proper
category of inner product spaces with Riemannian linear maps as arrows. The
following lemma shows that in some cases composition does give a Riemannian
map again.

Lemma A.1.4. Let A, B and C be inner product spaces and let f : A → B
and g : B → C be Riemannian maps. If f is surjective, then h := g ◦ f is
Riemannian.

Proof. The kernel of h is equal to ker(h) = f−1(ker(g)) and hence its or-
thogonal complement is given by ker(h)⊥ = f−1(ker(g))⊥. We will start by
showing that the latter is equal to:

f−1(ker(g))⊥ = f−1(ker(g)⊥) ∩ ker(f)⊥.
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For the first inclusion, let a ∈ f−1(ker(g))⊥ and write it as a = a⊥ + a0 with
respect to the splitting ker(f)⊥ ⊕ ker(f). Note that f(a0) = 0 ∈ ker(g) and
hence 0 = ηA(a, a0) = ηA(a0, a0), showing that a = a⊥ ∈ ker(f)⊥. Moreover,
since f is surjective, given any b ∈ ker(g), there exists a ā ∈ ker(f)⊥ such that
f(ā) = b. Note that ā ∈ f−1(ker(g)) and therefore ηB(f(a), b) = ηA(a, ā) = 0.
We conclude that f−1(ker(g))⊥ ⊂ f−1(ker(g)⊥) ∩ ker(f)⊥.

For the reversed inclusion, let a = a⊥ ∈ f−1(ker(g)⊥)∩ker(f)⊥ and suppose
that ā ∈ f−1(ker(g)). Then we have that ηA(a, ā) = ηB(f(a), f(ā) = 0, so that
f−1(ker(g)⊥) ∩ ker(f)⊥ ⊂ f−1(ker(g))⊥. Therefore the two spaces are equal.

Finally, letting a ∈ ker(h)⊥, we get that a ∈ ker(f)⊥ and f(a) ∈ ker(g)⊥.
Hence:

ηC(h(a), h(a)) = ηC(g(f(a)), g(f(a))) = ηB(f(a), f(a)) = ηA(a, a).

This shows that h is Riemannian.

In the previous lemma, we found that surjective Riemannian maps are
somehow special as their compositions are surjective Riemannian as well. For
these class of Riemannian maps a partial two out of three lemma holds.

Lemma A.1.5. Let f : (A, ηA)→ (B, ηB) and g : (B, ηB)→ (C, ηC) be surjec-
tive and assume that f and g ◦ f are Riemannian. Then g is Riemannian.

Proof. Let h = g ◦ f . If b ∈ ker(g)⊥, by surjectivity of f there exists an
a ∈ ker(f)⊥ such that f(a) = b. Moreover, it follows that a ∈ ker(h)⊥ as well,
as b ∈ ker(g)⊥. Hence we get that:

ηC(g(b), g(b)) = ηC(h(a), h(a)) = ηA(a, a) = ηB(b, b).

This proves that g is Riemannian.

Geometry

To link back to geometry, given two Riemannian manifolds (M,ηM ) and
(N, ηN ), a smooth map f : M → N is a Riemannian submersion if and only if
dxf is a surjective Riemannian map for all x ∈M .

The smooth pushforward metric along a submersion f : (M,ηM ) → N is
only possible to define if for all x, y ∈M such that f(x) = f(y), the fibrewise
push forward inner products along dxf and dyf are the same. A classical
example is when f : M → M/G is the quotient map of a proper and free Lie
group action, such that the metric on M is G-invariant.

A.2 Pullbacks and pushouts

In this section we will construct metrics on pullbacks and pushouts. In the
main body of this thesis we only need the metrics on the pullbacks, but as we



174 Linear algebra of inner product spaces

do consider duals and as pullbacks and pushouts are dual constructions, we
also discuss the metrics on pushouts.

Given maps f : A→ C and g : B → C, the categorical pullback A×C B is
defined as the unique (up to isomorphism) universal P with maps πA : P → A
and πB : P → B such that the following diagram commutes.

P B

A C

πB

πA g

f

For linear maps f and g such that f − g : A⊕B → C is surjective, A×B C is
a linear subspace of A⊕B and fits into the following short exact sequence.

0 A×B C A⊕B C 0i f−g
(A.2)

As a space it can be constructed as:

A×B C = {(a, b) ∈ A⊕B | f(a) = g(b)}. (A.3)

Lemma A.2.1. Let f : A → C and g : B → C be linear maps between inner
product spaces and let A×CB be their pull-back. Assume that f is Riemannian
and that f − g : A⊕B → C is surjective. Then η, defined as

η := π∗A(ηA) + π∗B(ηB)− (f ◦ πA)∗(ηC),

is an inner product on A×B C such that πB is Riemannian.

Proof. For η to be an inner product, it is enough to show positive-definiteness.
Hence let (a, b) ∈ A⊕B such that f(a) = g(b) =: c. First of all:

η((a, b), (a, b)) = ηA(a, a) + ηB(b, b)− ηC(c, c) ≥ ηB(b, b) ≥ 0. (A.4)

If the left hand side is zero, then so is ηB(b, b) which shows that b = 0. In this
case, also c = 0 and therefore 0 = ηP ((a, 0), (a, 0) = ηA(a, a) implies that a = 0
as well. This proves that η is positive-definite and hence an inner product.

Note that ker(πB) = ker(f) × {0} ⊂ A × B and hence its complement
is given by ker(πB)⊥ = ker(f)⊥ ×C B. For any (a, b) ∈ ker(f)⊥ ×C B with
c := f(a) = g(b), we get that:

η((a, b), (a, b)) = ηA(a, a) + ηB(b, b)− ηC(c, c)

= ηC(f(a), f(a)) + ηB(πB(a, b), πB(a, b))− ηC(c, c)

= ηB(πB(a, b), πB(a, b)).

And therefore πB is Riemannian.
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Definition A.2.2. The metric η as in Equation (A.4) is called the fibre product
metric on A×C B and will be denoted by ηA ∗ ηB .

Note that the inclusion i in Equation (A.2) is not Riemannian, just as f−g
is not Riemannian. If f is surjective, then πB is surjective and we can alter the
short exact sequence, to make it Riemannian exact. Consider the following
short exact sequence.

0 A×C B A⊕B C 0
j× ξ×

(A.5)

Here j× and ξ× are defined as:

j×(a, b) := (πker f (a), b); ξ×(a, b) := f(a).

Then we compute:

j∗×(ηA ⊕ ηB)((a, b), (ā, b̄)) = ηA(πker f (a), πker f (ā)) + ηB(b, b̄)

= ηA(a, ā) + ηB(b, b̄)− ηA(a− πker f (a), ā− πker f (ā))

= π∗A(ηA)((a, b), (ā, b̄)) + π∗B(ηB)((a, b), (ā, b̄))− ηC(f(a), f(ā))

= η((a, b), (ā, b̄)).

So j× is Riemannian. Since f : A→ C is Riemannian, so is ξ×.

Given maps f : C → A and g : C → B, the categorical pushout A +C B is
defined as the unique (up to isomorphism) universal P with maps iA : A→ P
and iB : B → P such that the following diagram commutes.

P B

A C

iB

iA

f

g

For linear maps f and g of vector spaces, such that (f,−g) : C → A ⊕ B is
injective, A+C B is a linear quotient of A⊕B and fits into the following short
exact sequence.

0 C A⊕B A+C B 0.
(f,−g) π (A.6)

As a space it splits, non-canonically, as:

A+C B = iA(A/f(C))⊕ iB(B/g(C))⊕ (iA ◦ f)(C). (A.7)

Lemma A.2.3. Let f : C → A and g : C → B be linear maps between inner-
product spaces and let A+CB be their pushout. Assume that f is Riemannian
and that (f,−g) is injective. Then η, defined as

η := iA∗(ηA) + iB∗(ηB)− (iA ◦ f)∗(ηC), (A.8)
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is an inner product on A+CB ' im(f)⊥⊕ im(g)⊥⊕C such that iB is Rieman-
nian.

Here the non-degenerate forms are defined with respect to the splitting as
in Equation (A.7) and A = f(C)⊕ f(C)⊥ and B = g(C)⊕ g(C)⊥.

Proof. For η to be an inner product, it is enough to show positive-definiteness.
Hence let [a, b] := π(a, b) ∈ A+C B be given. Using its splitting, we write

[a, b] = [a⊥, 0] + [0, b⊥] + [a− a⊥, b− b⊥],

with a⊥ := πf(C)⊥(a) ∈ f(C)⊥ and b⊥ := πg(C)⊥(b) ∈ g(C)⊥. As iA is

injective on f(C)⊥ and iB on g(C), we only need to consider the last term in
this splitting to be able to compute the inner products.

Note that ker(f) ∩ ker(g) = {0} since (f,−g) is injective. Hence we can
write C = (ker f ⊕ ker g) ⊕ (ker f ⊕ ker g)⊥. Now let c ∈ ker iA ◦ f . Then
there exists a c0 ∈ ker(g) such that (f(c), 0) = (f(c0),−g(c0)). Therefore
c = (c−c0)+c0 ∈ ker(f)⊕ker(g). This shows that not only does iA◦f = iB ◦g
vanish on ker f ⊕ ker g, the latter is exactly its kernel. It implies that there
exists a unique c ∈ (ker f ⊕ ker g)⊥ such that:

[a− a⊥, b− b⊥] = [f(c), 0] = [0, g(c)].

Usng this expression, we can compute the norm of [a, b].

η([a, b], [a, b]) = iA∗(ηA)([a, b], [a, b]) + iB∗(ηB)([a, b], [a, b])

− (iA ◦ f)∗(ηC)([a, b], [a, b])

= ηA(a⊥, a⊥) + ηA(f(c), f(c)) + ηB(b⊥, b⊥)

+ ηB(g(c), g(c))− ηC(c, c)

= ηA(a⊥, a⊥) + ηB(b⊥, b⊥) + ηB(g(c), g(c)) ≥ 0

Here we use that f is Riemannian. If the left hand side is zero, then so is each
term on the right hand side. Hence η vanishes only when a⊥ = b⊥ = g(c) = 0.
As c ∈ ker(g)⊥, also c has to vanish and [a, b] = 0. Therefore η is positive-
definite and defines an inner product.

Note that ker(iB) = g(ker f) and hence ker(iB)⊥ = g(C)⊥ ⊕ g(ker(f)⊥).
For any b = b⊥ + g(c) ∈ g(C)⊥ ⊕ g(ker(f)⊥), we get that:

η([0, b], [0, b]) = ηA(f(c), f(c)) + ηB(b, b)− ηC(c, c) = ηB(b, b).

And therefore iB is Riemannian.

Like in the case of the pullback, the quotient map π in Equation A.6 is
not Riemannian. If f is injective, then so is iB and in this case we can alter
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the short exact sequence a bit, to make it Riemannian exact. Consider the
following sequence.

0 C A⊕B A+C B 0
j+ ξ+

(A.9)

Here with j+ and ξ+ are defined as:

j+(c) := (f(c), 0); ξ+(a, b) := [πf(C)⊥(a), b].

Then we get that ker ξ+ = f(C) × {0} and hence its complement equal to
f(C)⊥ × B. For any (a⊥, b) ∈ f(C)⊥ × B there exists a unique c ∈ ker(f)⊥

such that b = b⊥ + g(c) and we compute:

η([a⊥, b], [a⊥, b]) = ηA(a⊥, a⊥) + ηA(f(c), f(c)) + ηB(b, b)− ηC(c, c)

= ηA(a⊥, a⊥) + ηB(b, b) = (ξ+)∗(ηA ⊕ ηB)((a⊥, b), (a⊥, b)).

So ξ+ is Riemannian. Since f : C → A is Riemannian, so is j+.

A.3 Duals

Given an inner product space (A, ηA), its dual vector space A∗ is defined as:

A∗ := {R-linear maps A→ R}.

The linear map φA : A → A∗, sending a 7→ ηA(a,−), is a linear isomorphism.
Moreover, A∗ admits a unique inner product η∗A such that φ is an isometry.
In formulas η∗A is given as:

η∗A(φA(a1), φA(a2)) := ηA(a1, a2).

If f : A → B is a linear map, it naturally induces a linear map f∗ : B∗ → A∗

as f∗(ξ) = β ◦ f , for all β ∈ B∗. The following lemma shows that the dual of
a Riemannian map is again Riemannian.

Lemma A.3.1. Duals of Riemannian maps are Riemannian.

Proof. Let f : (A, ηA) → (B, ηB) be Riemannian and a ∈ ker(f)⊥. Then we
get that:

f∗ ◦ φB ◦ f(a) = φA(a). (A.10)

Indeed, for all a′ ∈ A, the right hand side acting on a′ is equal to ηA(a, a′)
and the left hand side equals to ηB(f(a), f(a′)). Using that f is Riemannian
proves the formula. Now suppose that φB(b0) ∈ ker(f∗). This holds if and
only if for all a ∈ A the following expression vanishes:

(f∗ ◦ φB(b0)) (a) = ηB(b0, f(a)).
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Therefore, φB(b0) ∈ ker(f∗) if and only if b0 ∈ im(f)⊥. This implies that
ker(f∗)⊥ = φB(im(f)). Given φB(b) ∈ ker(f∗)⊥, we can therefore find a
unique a ∈ ker(f)⊥ such that f(a) = b. Using Equation (A.10), we get that:

η∗A(f∗(φB(b0)), f∗(φB(b0))) = η∗A(φA(a0), φA(a0)) = ηA(a0, a0)

= ηB(b0, b0) = η∗B(φB(b0), φB(b0)).

This proves the lemma.

To prepare for the main purpose in this section, we consider what hap-
pens with the dual of a pull-back metric. The following lemma explains the
behaviours of duals of pullbacks metrics.

Lemma A.3.2. Let f : A→ (B, ηB) be an injective linear map. Then, on A∗,
we have:

(f∗(ηB))∗ = (f∗)∗(η
∗
B).

Proof. Let φB : B → B∗ be as before with respect to ηB and φA : A → A∗

with respect to f∗(ηB). Then, we get that:

f∗ ◦ φB ◦ f(a)(a0) = ηB(f(a), f(a0)) = f∗(η)(a, a0) = φA(a)(a0).

Moreover, ker f∗ = φB(f(A)⊥) ⊂ B∗ and hence ker(f∗)⊥ = φB(f(A)) ⊂ B∗.
Therefore:

(f∗)∗(η
∗
B)(φA(a1), φA(a2)) = η∗B(φB ◦ f(a1), φB ◦ f(a2))

= ηB(f(a1), f(a2)) = f∗(ηB)(a1, a2)

= (f∗(ηB))∗(φA(a1), φA(a2)).

To link back to the previous section, pullbacks and pushout are dual con-
structions, that is:

A×C B ' (A∗ +C∗ B
∗)∗.

This follows from their universal properties and can be made more explicit by
considering the map ψ : A×C B → (A∗ +C∗ B

∗)∗ defined as:

ψ(a, b)[α, β] := α(a) + β(b); for all (α, β) ∈ A∗ ×B∗. (A.11)

One can check that this is indeed well-defined and a linear isomorphism. We
spent the previous section defining metrics on both spaces and hence we can
wonder whether ψ is an isometric isomorphism as well. Using Lemma A.3.2 it
would be enough to show that taking duals of inner products, or bilinear forms
in general, is a linear operator. This, however, is not true, as the following
example shows.
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Example A.3.3. Let A = R2, with linear basis ∂x, ∂y, η1 the standard inner
product on A and η2 be defined to have orthonormal basis ∂x + ∂y and ∂y.
That is,

η1(∂x, ∂x) = 1; η2(∂x, ∂x) = +2;

η1(∂x, ∂y) = 0; η2(∂x, ∂y) = −1;

η1(∂y, ∂y) = 1; η2(∂y, ∂y) = +1.

Their dual inner products on A∗ ∼= R2 with linear basis dx, dy are given by:

η∗1(dx, dx) = 1; η∗2(dx, dx) = 1;

η∗1(dx, dy) = 0; η∗2(dx, dy) = 1;

η∗1(dy, dy) = 1; η∗2(dy, dy) = 2.

The dual of their sum and the sum of their duals are given by:

(η1 + η2)∗(dx, dx) =
2

5
; (η∗1 + η∗2)(dx, dx) = 2;

(η1 + η2)∗(dx, dy) =
7

25
; (η∗1 + η∗2)(dx, dy) = 1;

(η1 + η2)∗(dy, dy) =
3

5
; (η∗1 + η∗2)(dy, dy) = 3.

This follows directly from φ1 6= φ2 6= φ1+2 where φi : A→ A∗ is used to define
the dual inner product.

Even though taking duals of inner products is not linear, the defined inner
products on the pullback and pushout are dual whenever we are in the case
that f is surjective as well.

Lemma A.3.4. Let f : A→ C and g : B → C be linear maps between inner-
product spaces and assume that f is Riemannian surjective. Then the linear
isomorphism ψ : (A ×C B, ηA×CB) → ((A∗) +C∗ B

∗)∗, η∗A∗+C∗B∗), defined in
Equation (A.11), is an isometric isomorphism.

Proof. To simplify notation let X := A ×C B and Y := A∗ +C∗ B
∗. Since f

is surjective, it follows that f∗ is injective. Looking back at Equation (A.5)
and Equation (A.9), we see that ηX = j∗×(ηA⊕ ηB) and ηY = (ξ+)∗(η

∗
A⊕ η∗B).

Therefore, we get the diagram of Riemannian maps:

A∗ ⊕B∗ Y X∗

(A⊕B)∗

ξ+

'

ψ∗

j∗×
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If this diagram commutes, then Lemma A.3.2 shows that:

ψ∗η∗Y = ((ψ∗)∗(ηY ))∗ = ((ψ∗)∗ ◦ (ξ+)∗(η
∗
A ⊕ η∗B))∗

= ((j∗×)∗(η
∗
A ⊕ η∗B))∗ = ((j∗×)∗(ηA ⊕ ηB)∗)∗

= j∗×(ηA ⊕ ηB) = ηX .

As this proves the lemma, let us show that the diagram indeed commutes.
Recall that ξ+(α, β) = [πf∗(C∗)⊥(α), β] and j×(a, b) = (πker(f)(a), b). Writing

α = α⊥ + f∗(γ) ∈ f∗(C∗)⊥ ⊕ f∗(C∗) and a = a⊥ + a0 ∈ ker(f)⊥ ⊕ ker(f) we
get that:

j∗×(α, β)(a, b) = α(a0) + β(b) = α⊥(a0) + f∗(γ)(a0) + β(b);

ψ∗ ◦ ξ+(α, β)(a, b) = α⊥(a) + β(b) = α⊥(a0) + α⊥(a⊥) + β(b).

Obviously, f∗(γ)(a0) = 0. Since on ker(f)⊥, we have that f∗ ◦ φC ◦ f = φA,
we get that φA(ker(f)⊥) = f∗ ◦ φC ◦ f(ker(f)⊥) = f∗(C∗). This implies
that f∗(C∗)⊥ = φA(ker f). Therefore, also α⊥(a⊥) vanishes and the diagram
commutes. We conclude that ψ is an isometry.
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[60] A. Haefliger, Groupöıdes d’holonomie et classifiants, Astérisque (1984),
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Salem and V. Sergiescu.

[79] P. Molino, Orbit-like foliations, Geometric study of foliations (Tokyo,
1993), World Sci. Publ., River Edge, NJ, 1994, pp. 97–119.
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Summary

In this thesis, titled “Proper Lie groupoids and their orbit spaces”, we have
used Lie groupoids in order to model singularities in a smooth manner. In this
summary we will discuss the ideas behind the results and constructions of this
thesis in a language understandable for non-experts.

Differential geometry

The field of mathematics in which this thesis belongs studies so-called smooth
manifolds. A smooth manifold M has locally the structure of Rn for a fixed n,
which is called the dimension of M . These local structures are called its charts
and smoothness comes into play when we want to switch between two such
charts on M . Examples of smooth manifolds are Rn itself, but also spheres and
donut-like forms. A property that a smooth manifold can have is compactness,
which should be viewed as a higher dimensional analogue of finiteness. The
example Rn is not compact as it is not bounded, a single point can always
move farther away from the origin, but when you try the same with a sphere
or donut, you will return to a place you have been before or have to slow down
to zero. These examples of manifolds are therefore compact.

Symmetries and Lie group actions

If M is a smooth manifold, it can admit symmetries. Looking back at one
of our examples, rotating a sphere does not really change its structure. The
diffeomorphism group, which is denoted by Diff(M), is given by all morphisms
which completely respect M , as a space but also its smooth structure. The
diffeomorphism group is an example of the abstract notion of a group which
acts on M . Just as we can compose morphisms, groups have a multiplication
and just as the identity morphism on M does nothing, groups have an identity
element. As we want to stay inside differential geometry, we often ask that
the groups we consider are Lie groups: they are smooth manifolds themselves
and their multiplication and other group structure morphisms are smooth. In
this case, an action of an abstract Lie group G on M could be viewed as a
morphism ρ : G → Diff(M), satisfying some natural conditions. If x is any
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element of M and G acts on M , then there can be several elements g of G
for which the action of g on x is x itself, that is ρ(g)(x) = x. This leads to
the notion of isotropy at x, those elements of G which do not move x. The
isotropy at a point is a group on its own. Besides isotropy, an action also leads
to orbits. If x is an element of M , then its orbit is given by all points y in M
such that there exists a g in G with ρ(g)(x) = y, that is the points that you
can reach starting from x.

In our example of a sphere, if we use all possible rotations as a group,
there will only be one orbit. If we however choose a single axis we are allowed
to rotate around, we get orbits which look like are either points at the north
or south pole, or circles in between , as in the picture. We could consider
the sphere to be built out of smooth manifolds of lower dimensions and the
group action tells us exactly how these fit together. Note here that a point
has dimension zero and a circle has dimension one. This shows that in general
the orbits can have different dimensions.

Lie groupoids

Each action of a Lie group on a smooth manifold is an example of a Lie
groupoid, the main object of study in this thesis. A Lie groupoid consists of
two smooth manifolds: a manifold M with points and a manifold G with arrows
between the points in M . Often such a groupoid is depicted by G ⇒M , where
the two morphisms to M point to the starting and endpoints of the arrows in
G. For groups, we could compose any two elements, while for Lie groupoids
this is only possible if the first arrow ends where the second one starts.
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The properness assumption mentioned in the title of this thesis allows us
to use group actions to describe the Lie groupoid. Just as manifolds have
charts which look like Rn, proper Lie groupoids have charts which essentially
look like a compact Lie group acting on a manifold. Just like group actions
have orbits and isotropy, so do Lie groupoids. Similar to before, the orbits can
have different dimensions. If each orbit has the same dimension, then the Lie
groupoid is called regular. Regular Lie groupoids are much easier to work with
and a lot is known about them. In Chapter 4 of this section, we have proven
that a technique called blowing up, allows us to build a regular Lie groupoid
out of a proper one. The phrase ‘blowing up’ should be viewed in the light
of blowing up a balloon and not of lighting of fireworks. Indeed, we somehow
stretch the original groupoid and add some more space, all the while keeping
a lot of information about the Lie groupoid we started with.

Singular spaces

Besides smooth manifolds, there are several other kinds of spaces one can study.
As they are not smooth, they are often called singular. The singular spaces
that we study in Chapter 3 also have a local description by charts. Instead of
charts given by Rn as for manifolds, we have charts given by the quotient of a
Lie group action on a smooth manifold. As a space it has points for each orbit
of the group action, depicted at the right side of the above picture of a sphere.
One can even ask more conditions on the groups which act to simplify the
resulting structure, for example, one can ask that the isotropy is finite or the
orbits all have the same dimension. Of course, one has to think what kind of
condition one would want when one changes between charts. In Chapter 3 we
discuss an interesting condition which leads to the definition of an orbispace.
In particular, as any proper Lie groupoid has charts which are essentially given
by group actions, we manage to relate these orbispaces to Lie groupoids and
show that one can co back and forth between them. This allows us to study
these singular spaces using differential geometry.

Riemannian metrics

As singular spaces can be seen as spaces with less structure than smooth
manifolds, we can also consider spaces with more structure. A method to
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do this is by starting with a smooth manifold and then choose some extra
structure on it, for example a symplectic form, or in our case a Riemannian
metric. Riemannian metrics could be viewed as a method to measure distance
on our manifold M and different metrics lead to different distances. Choosing
a metric is always possible on a manifold, but it is also always possible for a
proper Lie groupoid. In that case, we ask the metric to be a particular kind
of metric, as it has to behave nicely with respect to the multiplication and the
other group structures on the groupoid. We have shown that each result that
we have proven in the smooth world also holds in the Riemannian world.
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Samenvatting

In dit proefschrift, genaamd “Propere Lie groepöıdes en hun baan ruimtes”,
gebruiken we Lie groepöıdes om singulariteiten op een gladde manier te be-
schrijven. In deze samenvatting leggen we de ideeën achter de resultaten en
constructies van dit proefschrift uit op een begrijpelijke manier voor leken.

Differentiaal meetkunde

Het vakgebied binnen de wiskunde waar dit proefschrift thuis hoort bestudeert
de zogenaamde gladde variëteiten. Een gladde variëteit M heeft lokaal de
structuur van Rn for een vaste n, wat de dimensie vanM genoemd wordt. Deze
lokale structuren heten kaarten en gladheid speelt een rol in het veranderen
van kaart. Voorbeelden van gladde variëteiten zijn Rn zelf, maar ook bollen en
donut-vormen. Een belangrijke eigenschap dat variëteiten kunnen hebben is
compactheid, wat beschouwd moet worden als een hoger-dimensionale variant
van eindigheid. Het voorbeeld Rn is niet compact, aangezien hij niet begrensd
is, een punt kan altijd verder van de oorsprong af bewogen worden. Als dit
geprobeerd wordt bij een bol of een donut, dan kan dit alleen als de snelheid
waarmee het punt beweegt naar nul gaat. Deze voorbeelden van variëteiten
zijn daarom wel compact.

Symmetrieën en Lie groep acties

Als M een gladde variëteit is, dan kan hij symmetrieën hebben. We kunnen
een bol bijvoorbeeld roteren wat de structuur van de bol niet echt verandert.
Zo’n rotatie is een voorbeeld van een diffeomorfisme: een afbeelding die M
volledig behoudt, zowel zijn ruimte als zijn gladde structuur. Alle diffeomor-
fismes samen vormen een groep Diff(M), genaamd de diffeomorfisme groep
van M . De diffeomorfisme groep is maar een voorbeeld van de abstracte notie
van een groep dat werkt op M . Precies zoals we afbeeldingen kunnen samen-
stellen, hebben groepen een vermenigvuldiging, en precies zoals the identiteits
afbeelding op M niks doet, hebben groepen een identiteitselement. Aangez-
ien we binnen het vakgebied differentiaal meetkunde willen blijven, vragen we
vakk dat de groepen die we gebruiken Lie groepen zijn: ze zijn zelf ook gladde
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variëteiten en hun vermenigvuldiging en andere groepsmorfismes zijn glad. In
dit geval kan een een actie van een abstracte Lie groep G op M gezien worden
als een afbeelding ρ : G→ Diff(M), die aan bepaalde natuurlijke eisen voldoet.
Als x een element is van M and G werkt op M , dan kunnen er meerdere ele-
menten van G zijn dusdanig dat de actie van g op x triviaal is, dat wil zeggen
dat ρ(g)(x) = x. Dit leidt tot het begrip isotropie bij x, de elementen van G
die x niet veranderen. Behalve isotropie leidt een actie ook tot banen. Als
x een element van M is, dan wordt zijn baan gegeven door alle punten y in
M die bereikbaar zijn door G, dat will zeggen voor wie er een g in G bestaat
zodat ρ(g)(x) = y.

In ons voorbeeld van een bol, als we alle mogelijke rotaties gebruiken als
groep die werkt, dan zal er maar een baan zijn. We kunnen ons in plaats
daarvan ook beperken tot all rotaties rond een enkele, vast gekozen as. In dit
geval krijgen we banen die punten zijn op de noordpool en zuidpool en cirkels
daar tussen in, zoals weergegeven in het onderstaande figuur. We kunnen
dus zo een bol opbouwen uit gladde variëteiten van lagere dimensies en de
groepsactie vertelt ons precies hoe deze bij elkaar horen. Merk op dat een
punt dimension nul heeft, terwijl een cirkel dimensie een heeft. Dit laat zien
dat banen over het algemeen andere dimensies kunnen aannemen.

Lie groepöıdes

Elke actie van een Lie groep op een gladde variëteit is een voorbeeld van
een Lie groepöıde, wat het hoofdonderwerp is van dit proefschrift. Een Lie
groepöıde bestaat uit twee gladde variëteiten: een variëteit M van punten en
een variëteit G van pijlen tussen punten in M . Vaak wordt zo een Lie groepöıde
genoteerd met G ⇒M , waar de twee afbeeldingen het begin- en eindpunt van
de pijlen in G aanwijst. In een groep kunnen we alle elementen altijd met
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elkaar vermenigvuldigen, bij een groepöıde kan dat alleen als de eerste pijl
eindigt daar waar de tweede begint.

x y z

g1 g2

g2 · g1

De properheidsconditie die genoemd wordt in de de titel van dit proef-
schrift laat ons toe om groep acties te gebruiken om Lie groepöıdes te be-
schrijven. Precies zoals een gladde vatiëteit lokaal lijkt op Rn, hebben proper
Lie groepöıdes kaarten waarvan de essentie wordt gegeven door een actie van
een compacte groep op een vatiëteit. Precies zoals groepsacties banen en iso-
tropie hebben, hebben Lie groepöıdes dat ook. Zoals eerder kunnen banen
verschillende dimensies hebben. Als dat niet zo, dat wil zeggen dat alle banen
juist dezelfde dimensie hebben, dan noemen we de Lie groepöıde regulier. Reg-
uliere Lie groepöıdes zijn veel makkelijker om mee om te gaan en er is al heel
veel over ze bekend. In Hoofdstuk 4 van dit proefschrift hebben we bewezen
dat een bepaalde techniek, genaamd opblazen, ons een reguliere Lie groepöıde
laat bouwen uit een willekeurige propere. De term ‘opblazen’ verwijst naar het
opblazen van een ballon en niet het opblazen van vuurwerk. Het idee erachter
is precies dat we de orginele groepöıde uitrekken en er binnenin meer ruimte
toevoegen. Dit doen we natuurlijk op zo’n manier dat veel informatie van de
originele groepöıde behouden blijft.

Singuliere ruimtes

Behalve gladde variëteiten zijn er andere soort ruimtes die bestudeerd kunnen
worden. Als ze niet glad zijn worden ze vaak singulier genoemd. De singuliere
ruimtes die we bestuderen in Hoofdstuk 3 hebben ook een lokale beschrijving
met kaarten. In plaats van dat de kaarten gegeven worden door Rn zoals bij
variëteiten, gebruiken we kaarten die het quoẗıent zijn van een Lie groep actie
op een gladde variëteit. Als ruimte heeft het een element voor elke baan van
de groepsactie, zoals aangegeven aan de rechterzijde van het figuur van de
bol hierboven. Er kunnen meer eisen worden gelegd op de groepsacties van
de kaarten om de structuur te versimpelen, we kunnen bijvoorbeeld vragen
dat alle isotropie eindig is of dat alle banen dezelfde dimensie hebben. We
moeten natuurlijk ook nadenken over wat voor een eisen we stellen aan het
wisselen van kaarten. In Hoofdstuk 3 bespreken we een interessante eis die
leidt tot de definitie van een orbiruimte. Gebruikmakend van het feit dat elke
propere Lie groepöıde kaarten heeft waarin de essentie gegeven wordt door een
groepsactie, kunnen we deze orbiruimtes relateren tot Lie groepöıdes. We laten
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bijvoorbeeld zien dat elke elke orbiruimte een groepöıde definieert en andersom
ook. Dit zorgt er voor dat we differentiaal meetkunde kunnen gebruiken om
singuliere ruimtes te bestuderen.

Riemannse metrieken

Zoals singuliere ruimtes gezien kunnen worden als ruimtes met minder struc-
tuur dan gladde variëteiten, zo kunnen we ook ruimtes met meer structuur
bestuderen. Een methode om dit te doen is door te beginnen met een gladde
variëteit en vervolgens daar meer structuur op te kiezen, zoals bijvoorbeeld een
symplectische vorm, of zoals in ons geval een Riemannse metriek. Riemannse
metrieken kunnen gezien worden als een methode om afstanden te meten op
een variëteit en verschillende metrieken geven verschillende afstanden tussen
dezelfde punten. Het kiezen van een metriek kan altijd op een gladde variëteit,
maar het kan ook altijd voor een propere Lie groepöıde. In dat geval eisen
we nog meer van een metriek, namelijk dat hij fijn samen werkt met de ver-
menigvuldiging en de andere groepsstructuren op de groepöıde. We hebben
laten zien dat de resultaten die we hebben laten zien in de gladde wereld ook
gelden in de Riemannse wereld.
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