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ARTICLE INFO ABSTRACT
Article history: In 1965 Edmonds showed that every eulerian graph has a bi-
Available online 12 February 2025 eulerian embedding, i.e., an embedding with exactly two faces,

each bounded by an euler circuit. We refine this result by giving
conditions for a graph to have a bi-eulerian embedding that is
specifically orientable or nonorientable. We give connections to
the maximum genus problem for directed embeddings of digraphs,
in which every face is bounded by a directed circuit. Given an
eulerian digraph D with all vertices of degree 2 mod 4 and a
directed euler circuit T of D, we show that D has an orientable
bi-eulerian directed embedding with one of the faces bounded
by T; this is a maximum genus directed embedding. This result
also holds when D has exactly two vertices of degree 0 mod
4, provided they are interlaced by T. More generally, if D has
£ vertices of degree 0 mod 4, we can find an orientable directed
embedding with a face bounded by T and with at most ¢ + 1
other faces. We show that given an eulerian graph G and a circuit
decomposition C of G, there is a nonorientable embedding of G
with the elements of ¢ bounding faces and with one additional
face bounded by an euler circuit, unless every block of G is a
cycle and ¢ is the collection of cycles of G. In particular, every
eulerian graph that is not edgeless or a cycle has a nonorientable
bi-eulerian embedding with a given euler circuit T bounding
one of the faces. Polynomial-time algorithms giving the specified
embeddings are implicit in our proofs.
© 2025 The Authors. Published by Elsevier Ltd. This is an open
access article under the CCBY license
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Fig. 1. A bi-eulerian directed embedding, represented as a ribbon graph.

1. Introduction

A large segment of topological graph theory is concerned with the existence or optimization
of graph embeddings subject to restrictions. Often the goal is a cellular embedding of a graph
in a surface of either minimum or maximum genus (having a maximum or minimum number of
faces, respectively). Other frequent objectives include finding embeddings with restricted faces, for
example, where all faces are bounded by 4-cycles or by hamilton cycles. Orientability is often a
significant consideration.

Here we focus on two related types of embedding: graph embeddings with faces bounded by
euler circuits, and maximum genus directed embeddings of digraphs. A directed embedding of a
digraph is an embedding where all faces are bounded by directed walks. A connected digraph with
a directed embedding must be eulerian, so our results always involve eulerian graphs or digraphs.

In the orientable setting, the two types of embedding are closely related, and bi-eulerian
embeddings, that is, embeddings with exactly two faces each bounded by an euler circuit, are
particularly important. A bi-eulerian directed embedding of a digraph is necessarily orientable and
of maximum genus, and an orientable bi-eulerian embedding of an undirected graph can have its
edges oriented to give a directed embedding. See Fig. 1 for an example of a bi-eulerian directed
embedding, represented as a ribbon graph.

Our main result in the orientable setting is that, given an euler circuit T in an eulerian digraph
D (or an eulerian graph G) having all vertices of degree 2 mod 4, there is always an orientable bi-
eulerian embedding of D (or G) with one of the faces bounded by T. If there are £ vertices of degree
0 mod 4, there is still a maximum genus embedding with one face bounded by T, and no more
than £ + 1 additional faces. We further show that an orientable bi-eulerian embedding exists when
there are two vertices of degree 0 mod 4, provided that these two vertices are interlaced by T, but
not necessarily otherwise. We then extend this to some sufficient conditions under which there is
an orientable bi-eulerian embedding when there are many vertices of degree 0 mod 4. Polynomial-
time algorithms giving the specified embeddings are implicit in our proofs. The 2 mod 4 degree
condition plays a central role in the theory, as there is an infinite family of configurations with
vertices of degree 4 whose presence in a graph prevents it from having an orientable bi-eulerian
embedding.

As is often the case, the nonorientable setting is easier than the orientable setting. Leveraging
preexisting theory, we show that all nontrivial eulerian graphs except cycles have bi-eulerian
embeddings in nonorientable surfaces. In most cases a given euler circuit, or even a given circuit
decomposition, can be completed to a nonorientable embedding with the addition of one additional
face bounded by an euler circuit. In the nonorientable setting, directed embeddings cannot have
euler circuit faces, so we discuss embeddings of undirected graphs with euler circuit faces in
Section 6, separately from maximum nonorientable genus directed embeddings in Section 7.
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Our motivation to consider embeddings with euler circuit faces is threefold. Firstly, the question
initially arose from DNA self-assembly applications. Secondly, these embeddings extend a body
of prior work beginning with Edmonds [9] in 1965, which overlaps with work on euler circuits
compatible with transition systems going back to Kotzig [33] in 1968. Finally, embeddings with
euler circuit faces are related to other combinatorial objects and special types of embeddings.

In [10] the authors investigated edge-outer embeddings, which are orientable cellular embeddings
with a special outer face whose facial walk uses every edge at least once. Facial walks in edge-outer
embeddings model the ‘scaffolding strands’ used in the assembly of wireframe DNA structures,
and also the ‘reporter strands’ used to report solutions in DNA computing (see Jonoska, Seeman
and Wu [31]). While we showed that finding an edge-outer embedding where the outer face has
minimum length is in general NP-hard, this is easy for eulerian graphs. It follows from results on
the existence of relative embeddings [44] that every eulerian graph has an optimal edge-outer
embedding, where the outer face is bounded by an euler circuit. Furthermore, that euler circuit
can be specified in advance. However, this result gives no control over the number or sizes of the
remaining faces. This leads naturally to the question of additionally minimizing the total number
of faces, i.e., finding a maximum genus embedding subject to the initially specified euler circuit. A
bi-eulerian embedding would provide an optimal solution.

The second motivation is that the problem of constructing embeddings with euler circuit faces
in various settings forms a long-standing challenge in the field of topological graph theory, dating
back to the following 1965 existence result of Edmonds.

Theorem 1.1 (Edmonds [9, p. 123]). Every eulerian graph has a bi-eulerian embedding.

Edmonds [9] specifically noted that Theorem 1.1 does not address the orientability of the
embedding. Exposing the significant differences between the orientable and nonorientable settings
is one of the goals of the current work.

In the special case of 4-regular graphs, a 1968 result of Kotzig, reinterpreted as Theorem 1.2
below, shows that any circuit decomposition can be completed to an embedding by adding an euler
circuit. This gives a bi-eulerian embedding when the original decomposition is an euler circuit. Like
Edmonds, Kotzig notes that his result does not address orientability.

Theorem 1.2 (Kotzig [33, Theorem 3]). Given a connected 4-regular graph G and a decomposition C
of the edge set of G into circuits, there is an euler circuit T such that C U {T} is the collection of facial
walks of an embedding of G.

For 4-regular graphs, a bi-eulerian embedding is equivalent to a pair of euler circuits that are
compatible (also called orthogonal) in the sense of Fleischner, Sabidussi and others (see [20] and [19,
pp. 111.40-41]). In 1996 Andersen, Bouchet and Jackson [2] provided conditions under which a 4-
regular graph embedded in the sphere, projective plane, or torus has a new bi-eulerian embedding
with special properties. They also considered 4-regular digraphs (digraphs where every vertex has
indegree 2 and outdegree 2) and proved some necessary conditions for the existence of a bi-eulerian
directed (and hence orientable) embedding. In 2003 Geelen, Iwata, and Murota [23, Subsection 4.3]
answered a question of [2] by giving a polynomial-time algorithm which (as a special case, applying
a result of Bouchet [6]) determines whether a 4-regular digraph has a bi-eulerian embedding. For
other related results in the 4-regular case see [7,22,47].

In 2002 Bonnington, Conder, Morton, and McKenna proved a number of results on orientable
directed embeddings of general eulerian digraphs, and the following result for tournaments.

Theorem 1.3 (Bonnington et al. [5, Section 3]). Let T be a directed euler circuit in a regular tournament
D. Then there is an orientable directed embedding of D with T as one face and at most two other faces.
When |V(D)| = 3 (mod 4), the embedding is bi-eulerian.

There is also a series of papers [17,25-27], beginning in 2005, by Griggs and Siran with
various coauthors (Erskine, Grannell, McCourt, and Psomas). These involve structures from design
theory (Steiner triple systems, latin squares, and symmetric configurations of block size 3) that
can be represented as triangular decompositions of graphs, and they investigate whether such
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a decomposition can be completed to an orientable embedding by adding an euler circuit. They
consider both undirected and directed situations.

The third reason for considering embeddings with euler circuit faces is that they are related
to a number of other combinatorial objects, including other special types of graph embedding.
Bi-eulerian embeddings of graphs with m edges are surface duals of embeddings of the dipole
Dy, which consists of two vertices joined by m parallel edges. These dipole embeddings may be
described by equivalence classes of permutations under cyclic shifts. Bi-eulerian embeddings of 4-
regular graphs can be viewed as embedded medial graphs of 1-face embeddings of 1-vertex graphs
(bouquets). Embedded bouquets arise, for example, as terminal forms of topological extensions of
the Tutte polynomial (see for example [8]), and in the study of twisted duals (see for example [1,
16,47]).

Orientable directed embeddings @ of an eulerian digraph D correspond to properly 3-edge-
colored properly 2-vertex-colored cubic bipartite graphs, as described in the planar case by Tutte
(attributing some of the ideas to A. H. Stone and C. A. B. Smith) [40,41]. Each vertex of D is expanded
into a cycle creating a cubic graph H, the vertices of H are colored — or + according to whether
they correspond to the head or tail, respectively, of an arc of D, the edges of H corresponding to arcs
of D are given color 1, and the edges of the cycles of H corresponding to vertices of D are colored
alternately with colors 2 and 3 so that the {1, 2}- and {1, 3}-cycles in H correspond to the faces of
@. An euler circuit face of @ corresponds to a hamilton cycle of H. There is a ‘triality’ or ‘trinity’, an
operation of order 3 defined by applying the permutation (123) to the edge colors in H, which gives
a corresponding triality for orientable directed embeddings. Under this triality, orientable directed
embeddings with an euler circuit face become orientable directed embeddings of a 1-vertex digraph
(directed bouquet). The correspondence with colored cubic graphs creates links between directed
embeddings and a number of other structures. For example, bi-eulerian directed embeddings of
a 1-vertex digraph correspond to properly 3-edge-colored cubic bipartite graphs where each pair
of colors induces a hamilton cycle; these then correspond to orientable quadrangular (and hence
minimum genus) embeddings of the complete bipartite graph K3 ,, [15].

Connections as described above can be used to transfer results from one type of object to
another: for example, the authors survey counting results for dipoles and bouquets (including
directed bouquets) in [11], which can provide some counting results for bi-eulerian embeddings.

The main focus of the present work is embeddings in the more challenging orientable setting.
We discuss ways in which vertices of degree 0 mod 4 can preclude the existence of bi-eulerian
embeddings (Section 3). On the other hand, we can always find a bi-eulerian embedding if all
vertices have degree 2 mod 4, and some positive results can be obtained even in the presence
of vertices of degree 0 mod 4 (Section 4). It would be satisfying to prove more generally that a
circuit decomposition can be completed to an orientable embedding using an euler circuit face if
all degrees are 2 mod 4, but unfortunately this is false (Section 5).

To complete the picture, we also address the easier nonorientable setting. We show (Section 6)
that Theorem 1.2 extends to all eulerian graphs and that in most cases the embedding can be
chosen to be nonorientable. Although maximum genus nonorientable directed embeddings cannot
have euler circuit faces, the same techniques used for nonorientable embeddings of undirected
graphs can be applied to directed embeddings, giving straightforward results on nonorientable
genus interpolation and maximum nonorientable genus (Section 7).

Throughout we use whichever of graphs or digraphs give the stronger results. Thus, when
possible, we state positive results for digraphs (which have positive corollaries for undirected
graphs) and negative results for undirected graphs (which have negative corollaries for digraphs).

2. Terminology

We begin by developing some formalism to support this work, as well as related work includ-
ing [12,13].
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2.1. Representation of graphs and digraphs

Since we often need to specify a particular end of an edge or arc, we define graphs and digraphs
using sets of vertices and half-edges or half-arcs in a framework similar to that of Fleischner [19].

A graph is a quadruple G = (V, E*, i, w) where V (vertices) and E* (half-edges) are disjoint
sets, ¥ : E* — V describes the incidence of each half-edge with a vertex, and w : E* — E* is a
fixed-point-free involution that maps each half-edge to another half-edge. An edge is an unordered
pair {h, w(h)} where h € E*, and we let E denote the set of edges. Note that graphs and digraphs
defined in this way may have multiple edges and loops. We say an edge e = {hy, hy} is incident
with the pair of (possibly equal) vertices v(h;) and v(h,), and that the vertices y(h;) and ¥ (hy), if
distinct, are adjacent. We use E*(v) to represent v ~!(v), the set of half-edges incident with a given
vertex v. To specify a particular graph G we write V(G), E*(G), V¢, wg, E(G), and EZ(v).

Similarly, a digraph is a quintuple D = (V, A", A™, ¥, w) where V (vertices), A" (outgoing half-
arcs) and A~ (incoming half-arcs) are disjoint sets, and if A* = AT UA™ then v : A* — V describes
incidences of half-arcs with vertices, and w : A* — A* is an involution that maps each element of
AT to an element of A~ and vice versa. An arc of D is an ordered pair (g, w(g)) where g € A", and
we let A denote the set of arcs. We say an arc (g, h) has tail ¥(g) and head v(h). We use A*(v),
A~ (v), and A*(v) to represent the set of elements of A*, A~, and A*, respectively, incident with a
vertex v. To specify a particular digraph D we write V(D), A*(D), A~(D), ¥rp, A*(D), wp, A(D), Ag(v),
Ap (v), and Af(v).

Since we frequently move backwards and forwards between digraphs and their underlying
graphs, it is helpful to use consistent terminology. By the ‘degree’ of a vertex in a digraph we mean
its total degree, and we refer to digraphs with both indegree and outdegree equal to r at each vertex
as ‘2r-regular digraphs,’ rather than ‘r-regular digraphs.’ In particular, our 4-regular digraphs have
indegree and outdegree 2 at each vertex.

It is usually easy to translate between our framework above and standard definitions for graphs
and digraphs, and we warn the reader that we will use our framework or standard definitions as
convenient. Assuming such a translation, we follow the terminology of West [45] unless otherwise
noted. In particular, a graph, walk, digraph, or directed walk is nontrivial if it has at least one edge
or arc.

In our framework, a walk of length ¢ in a graph G is a sequence W = wvogihjvig€2hav; ...
ve—18cheve where v; € V(G), gi, hi € E*(G), ¥(gi) = vi—1, ¥(h;) = v; and w(g;) = h; for all i with
1 <i < {. A subwalk of W is a consecutive subsequence vsgsy1hs11Vsi1 - .. ve_18:h v, of W where
0 <s <t < £ Adirected walk in a digraph D is similar to a walk, but with conditions g; € AT(D)
and h; € A~(D) for all i, with 1 <i < ¢, and we define directed subwalks in the obvious way. Special
types of walks include closed walks (vo = v;), paths (no repeated vertices), cycles (closed walks that
use every edge of a 2-regular subgraph exactly once), trails (no repeated edges), and circuits (closed
trails). When it does not cause any confusion, we do not distinguish between a closed walk and
an equivalence class of closed walks under cyclic shifts, and we indicate such an equivalence class
with parentheses, as (vogihivy ... ve_18che).

An eulerian graph has single circuit that contains all the edges and vertices, or equivalently is a
connected graph with all vertices of even degree. An eulerian digraph has a single directed circuit
that contains all the arcs and vertices, or equivalently is a connected digraph with all vertices having
indegree equal to outdegree.

2.2. Embeddings and directed embeddings

All graph embeddings in this paper are cellular. We assume that the reader is familiar with
cellular embeddings of graphs in surfaces and their various combinatorial representations; stan-
dard references are [16,28,34]. In particular, we assume familiarity with the representation of an
embedding as a rotation system with positive and negative edge signatures. We give an alternative
representation of embeddings using facial walks after Lemma 2.8 below. We also recall that the Euler
genus y of a surface X is the genus if X' is nonorientable and twice the genus if X' is orientable, and
that Euler’s formula for a connected graph G embedded in X is |V| — |E| 4 |F| = 2 — y. An oriented
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embedding is an embedding in an orientable surface with a specific global clockwise orientation.

If we embed a digraph D so that every face is bounded by a directed closed walk of D (respecting
the directions of the arcs in D), we call this a directed embedding of D. The following basic
properties of directed embeddings appear in [5]. That paper only considers orientable embeddings,
but properties (a) and (b) also hold in the nonorientable case. List (c) (existence in the orientable
case) is used implicitly in [5] but not stated; we consider existence in the nonorientable case in
Section 7.

Observation 2.1 (Bonnington, Conder, Morton and McKenna [5]).

(a) An embedding of a digraph is a directed embedding if and only if at each vertex the half-arcs,
taken in rotational order, alternate between entering and leaving the vertex.

(b) Therefore, a connected digraph with a directed embedding must be eulerian, because at each vertex
the numbers of entering and leaving half-arcs are equal.

(c) An eulerian digraph always has at least one orientable directed embedding, namely a rotation
system with all positive edge signatures and in which the half-arcs alternate in direction around
each vertex.

We can also characterize orientability of directed embeddings, as follows.

Lemma 2.2. A directed embedding is orientable if and only if it is 2-face-colorable.

Proof. Suppose we have a directed embedding. If it is orientable, orient the surface. Then the
facial directed walks may be divided into clockwise and anticlockwise walks, and since each edge
must belong to one of each type, this gives a 2-face-coloring. Conversely, if the embedding is 2-
face-colorable, then by reversing the facial directed walks for one color class of faces, we obtain
an orientation of the facial walks using every edge once in each direction, so the embedding is
orientable. O

The ‘only if’ part of Lemma 2.2 appears implicitly in [5, p. 3], and a similar argument was used
by Rongxia Hao [29, Lemma 4.1] to prove a related result

We call a face of an oriented directed embedding a proface or antiface according to whether its
facial directed walk is clockwise or anticlockwise, respectively.

Our main focus is on graph embeddings with two euler circuit faces.

Definition 2.3. An embedding of a graph is bi-eulerian if it has two faces, each bounded by an
euler circuit. A bi-eulerian embedding of an undirected graph may be orientable or nonorientable.
An embedding of a digraph is bi-eulerian if it has two faces, each bounded by an euler directed
circuit. A bi-eulerian embedding of a digraph is necessarily a directed embedding, and thus, by
Lemma 2.2, orientable.

The term bi-eulerian was used with a different meaning by Xuong [46, p. 218]. We trust that
our reuse of this term will cause no confusion. (The term eulerian embedding has also been used
in the literature, to mean embeddings where there is one ‘straight-ahead’ walk that is an euler
circuit [36].)

2.3. Transitions and transition graphs

Some of the results below require specifying how a walk transitions from one edge to another as
it passes through a vertex. The transitions and transition graphs defined here provide the necessary
formalism.

Definition 2.4. Let v be a vertex of a graph G. A transition at v is an unordered pair of (possibly
equal) elements of EX(v). A transition graph at v is a graph (multiple edges and loops allowed) with
vertex set identified with the elements of EZ(v); thus, each edge specifies a transition at v. We can
analogously define transitions and transition graphs at v in a digraph D by replacing Ef(v) by Ajj(v)
(although we will not need these in this paper).
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Fig. 2. A collection of walks w with transition graphs at v.

Note that these transition graphs are related to, but not the same as, the transition graphs defined
in [14]. A transition graph at v that is 1-regular, i.e., that corresponds to a partition of the half-edges
into pairs, is equivalent to a transition system at v as defined by Fleischner [19, p. I11.40].

We now form transition graphs from walks.

Definition 2.5. Let W = (vog1hivig&2hov, ... vi_180ho) be a closed walk in a graph G. Let v € V(G).
We form the transition graph of W at v, denoted Tr(W, v) as follows. If W does not use v then
Tr(W, v) is an edgeless graph with vertex set EX(v). Otherwise, suppose v occurs r times along
W, as vertices vjqy), vi(1), - - - » Vir—1) Where 0 < i(0) < i(1) < i(2)--- < i(r — 1) < £ — 1. Then
Tr(W, v) contains r edges, one edge joining h;; and gj;)+1 for each j € Z,. See Fig. 2 at top right
for an example, where Ef(v) = {g1, &, . . ., &}. Transition graphs are defined analogously for walks
(directed or not) in digraphs.

We now extend transition graphs to multiple walks.

Definition 2.6. Let W = {W, W,, ..., W;} be a collection (multiset) of closed walks in a graph G,
for example, a set of facial walks. For such a collection W, we define the transition graph of W at v,
denoted Tr(W, v), as follows. Its vertex set is the same as that of each Tr(W;, v), namely Ef(v). Its
edges are the edges of all of the Tr((W;, v) for 1 < i < k, with repetition. In Fig. 2, W is the collection
of all walks shown and Tr(W, v) is given at bottom right. This definition also extends to digraphs
in the natural way.

We emphasize that in a general collection of walks, a given transition can occur more than
once (even in a single closed walk) and the transition graph has a separate edge for each time the
transition occurs, so it may have multiple edges. Furthermore loops can arise in transition graphs
corresponding to walks that enter and then immediately leave a vertex along the same edge.

Definition 2.7. A collection W is cyclically compatible at a vertex v if Tr(W, v) is a single cycle using
every element of E*(v). We say that W is cyclically compatible if it is cyclically compatible at every
vertex. For example, in Fig. 2 the collection W is cyclically compatible at v, and the reader may
check that this also holds at the other vertices.
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For a collection W consisting of two euler circuits, or the union of two circuit decompositions, in
an eulerian graph, each Tr(W, v) is a bipartite 2-regular graph. In this situation cyclic compatibility
is a strengthening of compatibility, also known as orthogonality (see for example [19, pp. 111.40-41]
or [2,20]). In terms of transition graphs, compatibility means that each Tr(WV, v) contains no 2-cycles
unless v has degree 2. This is implied by cyclic compatibility, and equivalent to cyclic compatibility
for vertices of degree at most 6.

The following lemma states standard results on graph embeddings using our terminology. As
an illustration, the collection of walks in Fig. 2 satisfies both parts of this lemma, and therefore
represents an orientable embedding of the graph (in the double torus).

Lemma 2.8. Let W be a collection of closed walks in a graph G.

(a) The collection W is the collection of facial walks of some (not necessarily orientable) embedding
of G if and only if W is cyclically compatible.

(b) If w is the collection of facial walks of an embedding of G, then the embedding is orientable if
and only if the elements of W can be oriented so that each edge is used once in each direction.

Lemma 2.8 provides conditions under which a collection of facial walks describes an embedding.
This can be viewed as an alternative definition of an embedding. In the rest of this paper we often
consider embeddings from this perspective, and identify a face with its boundary walk.

2.4. Relative embeddings and upper relative embeddings

In some situations we will be able to construct bi-eulerian embeddings of an eulerian graph G
where one of the euler circuit faces is specified in advance. It is also natural in certain settings
(see Section 5) to specify a more general collection W of closed walks that covers every edge
exactly once, and ask if W can be completed with an euler circuit to become the collection of face
boundaries of an embedding. The collection VW must be a circuit decomposition, partitioning E(G) into
circuits. Similarly, we can try to complete a directed circuit decomposition of an eulerian digraph
to a directed embedding using a directed euler circuit. Some relevant standard terminology follows.

Suppose G is a connected graph and W is a collection of closed walks in G. If W’ is another
collection of closed walks in G such that W and W' together form the facial walks of an embedding
@, then we say @ is an embedding of G relative to Y, and that the faces bounded by elements of W
are inner faces, while those bounded by elements of W’ are outer faces. If @ is orientable, W is a
circuit decomposition of G, and there are only one or two outer faces, then we say that @ is an upper
embedding of G relative to W. (We require W to be a circuit decomposition to avoid complications
that arise in more general situations.) In particular, if we complete W to an orientable embedding
by adding an euler circuit, then we have an upper relative embedding. If an upper embedding of G
relative to W exists, it has maximum genus over all orientable embeddings of G relative to Y. We
can also apply these concepts to collections of directed walks, directed circuit decompositions, and
directed embeddings of digraphs.

3. Necessary conditions for orientable bi-eulerian embeddings

In Sections 3 through 5 we examine the existence of bi-eulerian and related embeddings in
orientable surfaces. The results largely concern the degrees of the vertices in eulerian graphs or
digraphs, and in particular how many vertices have degrees congruent to 0 mod 4 as opposed to 2
mod 4.

We begin with an observation based on Euler’s formula, which leads to some simple necessary
conditions for an orientable bi-eulerian embedding. These conditions generalize [2, Lemma 8 and
Corollary 9] and [47, Corollary 3.10].
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Observation 3.1. Suppose we have an n-vertex m-edge eulerian graph or digraph with £ vertices of
degree 0 mod 4. By Euler’s formula, an embedding with r faces in an orientable surface of genus g must
haver=m—-n+2-2g= Zvev(c)(%deg(v) — 1)+ 2 — 2g. Vertices of degree 0 mod 4 make an odd
contribution to the sum, while those of degree 2 mod 4 make an even contribution. Thus,r =m—n = ¢
(mod 2).

Since a bi-eulerian embedding has two faces, we have the following immediate consequence.

Proposition 3.2. If an n-vertex m-edge graph or a digraph has an orientable bi-eulerian embedding,
then the number of vertices of degree 0 mod 4 is even (or equivalently m — n is even).

Recall that an edge cut in a connected graph G is a set of edges C each having one endpoint in a
proper nonempty subset U of V(G) and the other in the complement V(G)— U. We say C is a k-edge
cut if |C| = k.

Suppose G has a 2-edge cut {e, f} where e = {eq, €2}, f = {f1,f2}, and where e; and f; are the
half-edges incident with vertices of U, and e, and f, are the half-edges incident with vertices of
V(G) — U. Then the 2-edge-cut reduction of {e, f} replaces e and f by new edges g; = {ey, f1} and
g = {e,, 2}, giving a graph with two components: G; on vertex set U and G, on vertex set V(G)—U.
We also say that G is a 2-edge-join of G; and G,. If G is eulerian then both G; and G, are eulerian.

If D is a connected digraph, a k-edge cut C in D again means a set of k arcs joining U to V(D) —U
where U is a proper nonempty subset of V(D). If D is eulerian then k must be even, and C must
have k/2 arcs from U to V(D)— U and k/2 arcs from V(D) — U to U. Thus, if we have a 2-edge cut in
an eulerian digraph D, we can still perform a 2-edge cut reduction to obtain two eulerian digraphs
D1 and D,. Conversely, we can also take a 2-edge-join of two eulerian digraphs D; and D, to obtain
a new eulerian digraph D.

Observation 3.3. Suppose G is an eulerian graph and we perform a 2-edge-cut reduction on G to obtain
G1 and G,. Then G has an orientable bi-eulerian embedding if and only if both G; and G, have orientable
bi-eulerian embeddings. This follows by cutting and splicing face boundaries. Similarly, suppose D is
an eulerian digraph and we perform a 2-edge-cut reduction on D to obtain D; and D,. Then D has a
(necessarily orientable) bi-eulerian directed embedding if and only if both Dy and D, have (necessarily
orientable) directed bi-eulerian embeddings.

Applying Observation 3.3 and Proposition 3.2 gives the following.

Proposition 3.4. A graph or digraph with an orientable bi-eulerian embedding has no 2-edge cut
with an odd number of vertices of degree congruent to 0 mod 4 in each component of the 2-edge cut
reduction.

In other words, a 2-edge cut with an odd number of vertices of degree 0 mod 4 on one or both
sides of the cut, which we call a bad 2-edge cut, prevents the existence of an orientable bi-eulerian
embedding.

An graph or digraph is admissible if it is eulerian and satisfies the necessary conditions given
by Propositions 3.2 and 3.4, i.e., it has an even number of vertices of degree 0 mod 4 and no bad
2-edge-cut. Admissibility is not sufficient to guarantee the existence of an orientable bi-eulerian
embedding, as the following two examples show.

Example 3.5. For n > 2 let I, be the 4-regular eulerian digraph obtained by replacing each edge
in an n-cycle by a directed digon (two arcs in opposite directions). Fig. 3(a) depicts I'4. If n is even
then I}, has an even number of vertices of degree 0 mod 4 and no 2-edge-cut (bad or otherwise),
so it is admissible. But the following analysis shows that I, has an orientable bi-eulerian directed
embedding only if n = 2. We analyze the number of faces for more general circuit decompositions
as the general technique will also apply in later settings.

Label the vertices of I, as vg, v1, va, ..., vy_1 (Subscripts interpreted modulo n) and suppose we
have arcs a; from v; to viy; and b; from v;,; to v; for eachi € {0, 1,...,n — 1}. By Lemmas 2.2 and
2.8, an orientable directed embedding of I';, corresponds to two directed circuit decompositions Cy,
C, such that C; U C; is cyclically compatible. Say C; splits at v; if ¢; has a circuit with consecutive

9
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(a) (b) (c)
>

Fio

Fig. 3. (a) I'4. (b) Graph with no bi-eulerian embedding. (c) Fy 5.

arcs aj_1, bj—y and a circuit (possibly the same circuit) with consecutive arcs b;, a;. Exactly one of
Cy or C, must split at each vertex. Assume each ¢; splits at n; vertices. If n; = 0 then C; consists of
two hamilton cycles. If n; > 1 then C; consists of exactly n; circuits. For a bi-eulerian embedding,
we must have n; =n, =landson=n; +n, = 2.

We can also construct undirected graphs with 6 or more vertices of degree 0 mod 4 that satisfy
the conditions from Propositions 3.2 and 3.4 but have no orientable bi-eulerian embedding, as in
the following example.

Example 3.6. Fig. 3(b) shows a graph that is admissible but does not have an orientable bi-eulerian
embedding. This example was found by a computer search, and is the unique 4-edge-connected
eulerian graph on 12 or fewer edges with this property.

In fact, there is an infinite family of configurations whose presence prevents the existence of an
orientable bi-eulerian embedding even if the graph is admissible. A chain of digons of length s in a
graph G consists of s+ 1 vertices vg, v1, ..., vs, all of which have degree 4 in G, such that v;_; and v;
are joined by a digon (pair of parallel edges) for 1 < i < s. The configuration F;; consists of a chain
of digons of length s and a chain of digons of length t, where the last vertex of the first chain is
adjacent to both the first and last vertices of the second chain. For example, F; , is shown in Fig. 3(c)
(the first chain of digons is vertical, the second is horizontal). It is the smallest configuration in this
family whose presence prevents the existence of an orientable bi-eulerian embedding. The graph
of Fig. 3(b) contains F; 5.

Proposition 3.7. Suppose G is an eulerian graph containing a configuration F;; where either s = 1
and t is even, or s > 2 and t > 2. Then G has no orientable bi-eulerian embedding.

The proof, given in detail in the Appendix, involves a case analysis of how the euler circuits
forming the face boundaries of a potential orientable bi-eulerian embedding would pass through
the two chains of digons. The ideas are similar to those used in Example 3.5, but the analysis is
more complicated because edges do not have specified directions.

4. Sufficient conditions for orientable bi-eulerian embeddings

To find maximum genus directed embeddings it is natural to leverage successful techniques for
finding maximum orientable genus embeddings for undirected eulerian graphs. A vertex identifica-
tion method due to Javors’kil [30] was used by Glukhov [24] to show that connected graphs with
all vertices of degree 2 mod 4 have a 2-face orientable embedding, and so are upper embeddable.
Skoviera and Nedela [43] extended Glukhov’s result to all eulerian graphs, showing how vertices of
degree 0 mod 4 can affect the minimum number of faces in an embedding, and hence the maximum
genus. We adapt the vertex identification technique to directed embeddings, in a controlled way
that allows us to produce bi-eulerian embeddings. As we might expect from Section 3, the vertex
degrees modulo 4 play an important role.

10
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4.1. Vertex identifications for directed embeddings

Given two digraphs D and F, we say that a function f : V(D) — V(F) is a vertex identification from
D to F if f is a surjection, and F is obtained from D by identifying f ~'(w) € V(D) into a single vertex
w for all w € V(F). We write F = D/f. Note that D and F have the same half-arcs and arcs, and their
incidence functions satisfy ¥ = f o ¥p. If W is a walk in D, then W /f denotes the corresponding
walk in D/f, where we keep the same half-arcs but replace each vertex v by f(v).

Lemmas 4.1 and 4.2 and Corollary 4.3 that follow describe the effect of some vertex identi-
fications on oriented directed embeddings. The proofs use concatenations of walks that share a
vertex, so that if A = ug...hv and B = v/g’... h'v" are walks with v = v/, then A-B is the walk
ug...hvg .. .h'v.

Lemma 4.1 (Identifying two vertices). Let @ be an oriented directed embedding of an eulerian digraph
D, and suppose f identifies distinct vertices vy, v, of D into a single vertex v, while leaving other vertices
unchanged. Let A1 and A, be antifaces of D incident with vy and v,, respectively, and let A be the set
containing A, and A, (which may or may not be distinct). Then D/f has an oriented directed embedding
@' with faces as follows.

(a) If Ay # Ay, so | A| = 2, then @' has a single antiface replacing A, and A,.
(b) If A1 = A,, so |A| = 1, then @’ has two antifaces replacing the single antiface A1 = A,.

In both cases the set of new antifaces A’ uses the same set of half-arcs as A. Furthermore, @' has a face
B/f for every face B ¢ A of @, and |A'| < |A| + 1.

Proof. Since each A; is incident with v;, we may assume that it has the form (... hjvig;...), or
equivalently v;g;...hjv;, for some incoming half-arc h; and outgoing half-arc g;. Since A; is an
antiface, the face bounded by A; must appear immediately after h; and immediately before g; in
the rotation (clockwise sequence of half-arcs) determined by @ at v;. The full rotation at v; can be
written as (gja;h;), where «; is the (possibly empty) sequence of the rest of the half-arcs incident
with v;.

We define @’ by letting the rotation at v be (g;a1h1g2a>h;), and leaving the rotations of all the
other vertices unchanged. We now observe the effect of this new rotation scheme on the facial
walks. See Fig. 4.

(a) If A; # A, then think of each A; as a walk v;g; ... hjv;. The new rotation at v means that in
@', A1 and A, are replaced by one antiface with boundary (A;/f)-(A/f). See Fig. 4(a).

(b) If Ay = A, = A, then, since v; and v, are distinct, we may view A as consisting of two
trails, one from v; to v, followed by one from v, to v{. Thus, we can write A = A] - A}, where
A| = vig1...hyvy and A}, = vpg> ... hyvy. Then A} /f and A, /f are antifaces in @’ replacing A. See
Fig. 4(b). O

Lemma 4.2 (Identifying three vertices). Let @ be an oriented directed embedding of an eulerian digraph
D, and suppose f identifies distinct vertices v1, v2, v3 of D into a single vertex v, while leaving other
vertices unchanged. Let A; be an antiface incident with v; fori € {1, 2, 3}, and let A be the set containing
A1, Ay, and As, which may not be distinct. Then D/f has an oriented directed embedding ®' with faces
as follows.

(a) If | A| = 3 then @’ has a single antiface replacing the antifaces in A.
(b) If | A| = 2 then @’ has two new antifaces replacing the antifaces in A.
(c) If | A| = 1 then @’ has a single new antiface replacing the antiface in A.

In all cases the set of new antifaces A’ uses the same set of half-arcs as A. Furthermore, &’ has a face
B/f for every face B ¢ A of @, and |A'| < | Al

11
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(a) A1 7'5 Ag, i.e., |.A| = 2.

0 a1 hy

(b) A1 = AQ, i.e., |.A| =1.

Fig. 4. Cases for Lemma 4.1.

Proof. Since each A; is incident with v;, as in the proof of Lemma 4.1, we may assume that it has
the form v;g; . . . hjv;, for some incoming half-arc h; and outgoing half-arc g;. The rotation (clockwise
sequence of half-arcs) determined by @ at each v; can then be written as (gjo;h;), where «; is the
(possibly empty) sequence of the rest of the half-arcs incident with v;. We now observe the effect
of this new rotation scheme on the facial walks. See Fig. 5.

(a) If |A] = 3, consider each A; as a walk wv;g;...hjv;. If we define the rotation at v as
(g1a1h1gaa2hagsashs) then Aq, Ay, Az are replaced by a single antiface with boundary (A /f)-(A2/f)-
(As3/f). See Fig. 5(a).

(b) If |A] = 2, suppose without loss of generality that A, = As. Consider A; as the walk
v1g1 . .. hyvy, and write A, as A}-A}, where A}, = v,8; ... h3vs and A} = v3g3 ... hyv,. If we define the
rotation at v as (gja1higa2hy83a3h3) then A and A, are replaced by two antifaces (A;/f)-(A5/f)
and A} /f. See Fig. 5(b).

(c) If |[A] = 1, we may suppose without loss of generality that A; = A A} - A} where
Al = vig1... hvy, A = 85 ... h3v3, and A = wvsgs ... hyv;. If we define the rotation at v as
(g101h1ga2hyg303h3) then A; is replaced by one antiface (A} /f)-(A5/f)-(A, /f). See Fig. 5(c). O

In case (c) of Lemma 4.2, when |.A| = 1, we can also construct an embedding @" where the single
antiface in A is replaced by three new antifaces. However, our goal is to minimize the number of
antifaces, so we will not use this.

As we show below, situations where we identify an odd number of vertices into a single vertex
behave nicely. Therefore, following Skoviera and Nedela [43], we say a vertex identification f from
D to F is an odd vertex identification with ¢ exceptional vertices if there are exactly £ vertices w € V(F)
for which |f~'(w)| is even, where £ > 0.

12
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(c) |Al = 1.

Fig. 5. Cases for Lemma 4.2.
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Corollary 4.3. Let @ be an oriented directed embedding of an eulerian digraph D, and suppose f is
an odd vertex identification from D to D/f with € exceptional vertices. Let A be a set of antifaces such
that for each w € V(D/f) with |f~!(w)| > 2, each element of f~'(w) is incident with an element of
A. Then D/f has an oriented directed embedding ®' where A is replaced by a set A’ of antifaces, such
that | A’'| < |A| + ¢. The set A" uses the same set of half-arcs as A, and @' has a face B/f for every face
B¢ Aof @.

Proof. Consider the vertices of D/f one at a time. Suppose w € V(D/f) and |f~"(w)| = k. If k = 1
we do nothing (except relabel the unique vertex of f~!(w) as w).

If k = 2t + 1 > 3 is odd then we can identify f~'(w) into the single vertex w by a sequence
of t 3-vertex identifications. Applying Lemma 4.2 we can construct a corresponding sequence of
oriented directed embeddings, where the number of antifaces derived from .A does not increase at
each step.

If k = 2t 4+ 2 is even then in addition to t 3-vertex identifications as above, we must also use
one 2-vertex identification and apply Lemma 4.1, which adds at most 1 to the number of antifaces
derived from .A.

Processing each vertex of D/f in turn, the overall number of antifaces derived from A4 increases
by at most ¢. O

4.2. A sufficient condition and a sharp bound

We now give our main results in the orientable setting. Theorem 4.5 shows that a sufficient
condition for an eulerian digraph to have a (necessarily orientable) bi-eulerian directed embedding
is that all vertices have degree 2 mod 4. Furthermore, one of the euler circuits bounding a face may
be specified in advance. Theorem 4.5 is a special case of the more general result of Theorem 4.4 that
also addresses vertices of degree 0 mod 4, giving a sharp bound on maximum orientable directed
genus.

Our proof relies on Corollary 4.3, which is based on Lemmas 4.1 and 4.2, which specify explicit
procedures for modifying an embedding. Thus, implicit in our proofs are polynomial time algorithms
for producing the desired embeddings.

We prove our results, here and in the next subsection, in the digraph setting. But since every
eulerian graph can be oriented to give an eulerian digraph, immediate corollaries for undirected
graphs follow.

Theorem 4.4. Let D be an m-edge n-vertex eulerian digraph in which exactly € of the vertices have
degree 0 mod 4. Let T be a given directed euler circuit in D. Then there exists an oriented directed
embedding of D with one proface bounded by T and at most £ + 1 antifaces. Therefore, the maximum
orientable directed genus of D is at least (m —n — £)/2.

Proof. Since D is eulerian, there is a directed cycle digraph C and a vertex identification map f from
C to D such that C/f = D and Z/f = T, where Z is the directed cycle walk in C. The cycle C has
a planar bi-eulerian directed embedding @ where Z bounds the proface, and the antiface A is also
bounded by Z. See for example Fig. 6, where we have a digraph D with euler circuit T using arcs
ag, ai, Az, ..., aqo in that order, and which can be obtained from a directed cycle digraph C with
a direclted cycle walk Z also using arcs ag, aq, aa, . .., ajo in that order, with f(vf) = v; € V(D) for
each v} € V(C).

For each v € V(D), we have that |[f~!(v)| = degp(v)/2, so f is an odd vertex identification with
¢ exceptional vertices. Applying Corollary 4.3 to @ and A = {A}, we obtain an oriented directed
embedding @’ of C/f = D with at most £ + 1 antifaces derived from A, and where Z/f =T is also a
face. Thus, @’ is the required embedding. It has at most £ + 2 faces, so the bound on the maximum
genus follows from Euler’s formula. O

14
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Fig. 6. Digraph D is the image of a vertex identification map from directed cycle C.

If all the vertices of a digraph have degree 2 mod 4, then ¢ = 0 and D has a bi-eulerian
embedding, as follows.

Theorem 4.5. Let D be an eulerian digraph with all vertices of degree congruent to 2 mod 4, and let T
be any directed euler circuit of D. Then D has a (necessarily orientable) bi-eulerian directed embedding
with one of the faces bounded by T.

Example 4.6. Sharpness examples for Theorem 4.4 are provided by chains of directed digons. Let
I, have vertices vy, vq, va, ..., Ugy1, With one arc from v; to v;;7 and one arc from v to v; for
eachi € {0,1,2,...,¢}. There are £ vertices of degree 0 mod 4. There is only one directed euler
circuit in I7,, and the only way to complete this to an orientable directed embedding is to use all
¢ + 1 directed digons in 1, as faces.

In fact every orientable directed embedding of I7, has exactly £ + 2 faces, so the maximum (and
minimum) genus of orientable directed embeddings of 7, is (m —n—¢)/2 = 0 (all are planar). This
can be shown using an analysis similar to that of Example 3.5.

The digraphs 71, have many bad 2-edge-cuts. However, we cannot improve the bound of
Theorem 4.4 by more than 2 by prohibiting bad 2-edge-cuts. The digraphs I'; of Example 3.5 have
an underlying graph that is 4-edge-connected, and ¢ vertices of degree 0 mod 4. The analysis from
that example shows that every orientable directed embedding of I, with an euler circuit face has
exactly £ — 1 other faces, and in fact every orientable directed embedding has at least ¢ faces.
Remark 4.15 below describes why a 4-edge-connected eulerian digraph always has an orientable
directed embedding with an euler circuit face and at most £ — 1 other faces.

We can prove Theorems 4.4 and 4.5, and also Theorem 4.8 below, using alternative arguments.
Our first proofs used an approach inspired by Fleischner’s techniques [ 19, Section VI1.2] for construct-
ing compatible euler circuits by specifying transition graphs built from 1-factors (perfect matchings).
We can also give proofs using results of Bonnington [4] on maximum genus relative embeddings
for undirected graphs. The proofs given here, based on the idea of odd vertex identifications
from [24,30,43], are the simplest ones we have found.

We can now apply the digraph results to graphs. Given an euler circuit T in an undirected
eulerian graph G, we can orient the edges of G to follow T, giving a digraph D. Applying Theorem 4.4
to D then yields the following.

Corollary 4.7. Let G be an eulerian graph, and let T be any euler circuit of G. Suppose G has exactly ¢
vertices of degree 0 mod 4. Then G has an orientable embedding with a face bounded by T and at most
£ + 1 other faces. When all vertices have degree 2 mod 4, this is a bi-eulerian embedding.
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4.3. Bi-eulerian embeddings with two vertices of degree 0 mod 4

Even when there are vertices of degree 0 mod 4, bi-eulerian embeddings may still exist. Let A4 be
the eulerian digraph with two vertices u, v, and with two arcs a4, a, from u to v and two arcs by, b,
from v to u. Then A4 has two vertices of degree 0 mod 4, but still has a bi-eulerian embedding. In
fact, the bi-eulerian embedding of A4 can be used to find bi-eulerian embeddings in other digraphs
with two vertices of degree 0 mod 4.

A key concept here is interlacing: a circuit interlaces two vertices x and y if it can be written as

(ooXo Yo Xo Y )

Theorem 4.8. Let D be an eulerian digraph with all but two vertices of degree congruent to 2 mod 4,
and let T be a directed euler circuit of D that interlaces the two vertices of degree 0 mod 4. Then D has
a (necessarily orientable) bi-eulerian directed embedding with one of the faces bounded by T.

Proof. Since D is eulerian, there is a directed cycle digraph C and a vertex identification map f
from C to D such that C/f =D and Z/f = T, where Z is the directed cycle walk in C.

Suppose x and y are interlaced on T. Then there are x1,x, € f~(x) and y;,y, € f~'(y) such
that x1, y1, X2, y> occur along Z in that order. Let f; be a vertex identification of C that identifies
x1 and x, into a vertex X/, and y; and y, into a vertex y'. Let (' = C/f; and Z' = Z/f;. Then C’
is isomorphic to a subdivision of A4, with Z’ corresponding to an euler circuit X; of A4 which we
may assume is represented by the vertex/arc sequence (ua,vbiua,vb;). Now A4 has an oriented
bi-eulerian directed embedding with X; as the proface and X, = (ua;vb,ua,vby) as the antiface.
Thus, C’ has a corresponding bi-eulerian embedding @ with Z’ as the proface and with one antiface
A corresponding to X;.

There is a unique vertex identification f, from C’ to D such that f = f, o fi, and f, is an odd
vertex identification with no exceptional vertices. Applying Corollary 4.3 to @, C/, f, and A = {A},
we obtain an oriented directed embedding @’ of C’/f, = D with one antiface derived from A, and
where Z'/f, =T is also a face. This is the required embedding. O

Theorem 4.8 is sharp in two ways. First, Example 4.9 below shows that even if there are only two
vertices of degree 0 mod 4 in an eulerian digraph, specifying an euler circuit T that does not interlace
them can preclude a bi-eulerian embedding with T as one of the faces. Second, the digraphs I, of
Example 3.5 (for even n > 4) show that if an eulerian digraph has a number of vertices of degree
0 mod 4 that is even and more than two, then there may be no bi-eulerian embedding, regardless
of the starting euler circuit T, even if for every pair of vertices there exists a directed euler circuit
that interlaces them.

Example 4.9. Fig. 7 shows a digraph with two vertices u, v of degree 0 mod 4, and an euler circuit T,
shown in red, that does not interlace them. For any circuit(s) completing T to a directed embedding,
the transitions shown in blue are forced, and they prevent a circuit from going between the left and
right sides of the digraph. Thus, any directed embedding with T bounding one of its faces must have
at least 3 faces and hence is not bi-eulerian.

The following lemmas show that provided two vertices are ‘locally’ 4-edge connected, then it is
always possible to find an euler circuit that interlaces them. We denote the underlying undirected
graph of a digraph D by D,. The proof of our first lemma, Lemma 4.10, generalizes the proof of [3,
Lemma 10.7.8].

Lemma 4.10. Let D be an eulerian digraph, and s,t € V(D) with s # t. Suppose that every edge
cut of Dy separating s and t has at least 2k edges, where k > 1. Then D has arc-disjoint directed paths
P1,P;, ..., P, Q1,Qa,...,Q where each P; is a directed st-path and each Q; is a directed ts-path.

Proof. Since D is eulerian, for every edge cut of D, half of the corresponding arcs go in each direction
in D. Therefore the minimum size of an st-cut in D is at least k, and by Menger’s Theorem D has k arc-
disjoint st-paths Py, P, ..., P,. Now consider a unit flow f in D — U:.;] A(P;). This flow is balanced
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v

Fig. 7. A digraph with an euler circuit (solid red), that does not interlace two vertices of degree 0 mod 4, and forced
transitions (dashed blue).

at all vertices, except that it has net inflow of k at s and net outflow of k at t. By Gallai's Flow
Decomposition Theorem (see [3, Theorem 4.3.1] or [38, Theorem 11.1]), f can be decomposed into
unit flows around some directed cycles and along k arc-disjoint directed ts-paths Q;, Qz, ..., Qx. O

Lemma 4.11 (/3, Lemma 10.7.9]). Let D be an eulerian digraph, and suppose there is a directed trail
visiting (not necessarily distinct) vertices vq, v,, ..., v in that order. Then there is a directed euler
circuit visiting vy, va, .. ., vg in that order.

Lemma 4.12. Let D be an eulerian digraph, and s, t € V(D) with s # t such that every edge cut of Dy
separating s and t has at least 4 edges. Then D has an euler circuit interlacing s and t.

Proof. If we follow the directed paths P;, Qq, P, Q; from Lemma 4.10 in that order, we obtain
a circuit that interlaces s and t. Applying Lemma 4.11 extends this circuit to the desired euler
circuit. O

Combining Theorem 4.8 and Lemma 4.12, we obtain the following.

Corollary 4.13. Every eulerian digraph with exactly two vertices of degree 0 mod 4 has some
(necessarily orientable) bi-eulerian directed embedding, provided that every edge cut separating these
two vertices has at least 4 arcs.

Corollary 4.14. Every eulerian graph with exactly two vertices of degree 0 mod 4 has some orientable
bi-eulerian embedding, provided that every edge cut separating these two vertices has at least 4 edges.

Remark 4.15. We mention some extensions of the above results, leaving the details to the reader.
Suppose D is an eulerian digraph with £ vertices of degree 0 mod 4.

If £ > 2 and two vertices of degree 0 mod 4 are interlaced on an euler circuit T, then we can
apply the reasoning of Theorem 4.8, but treating the remaining ¢ — 2 vertices of degree 0 mod 4 as
exceptional vertices as in Theorem 4.4. The result is an oriented directed embedding with T as the
only proface and at most ¢ — 1 antifaces, saving two antifaces from the bound in Theorem 4.4. If D
is 4-edge-connected then a suitable T always exists.

Moreover, we can decompose every eulerian digraph into 4-edge-connected pieces by repeated
2-edge-cut reductions. If k of those pieces have at least two vertices of degree 0 mod 4, then by
generalizing Observation 3.3 we can save 2k on the number of antifaces, showing that there is an
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oriented directed embedding of D with one euler circuit proface and at most £ + 1 — 2k antifaces,
and hence the maximum orientable directed genus of D is at least (m — n — € 4 2k)/2.

4.4. Bi-eulerian embeddings with many vertices of degree 0 mod 4

Theorem 4.8 is an example of a more general principle. The proof of Theorem 4.8 uses the fact
that there is a bi-eulerian embedding of A4, and that the given euler circuit T must visit the two
vertices x, y of degree 0 mod 4 in D in the same order that the two vertices of A, are visited by one
of the euler circuits in the bi-eulerian embedding of Ay, i.e., x and y are interlaced by T. Instead of
Ay, We can use any 4-regular digraph H having a bi-eulerian embedding. The 0 mod 4 vertices of
D, instead of just being interlaced, must be visited in an order given by one of the euler circuits in
the bi-eulerian embedding of H.

We begin by defining a generalization of interlacement.

Definition 4.16. Suppose t is a sequence of length n on m symbols. We say that a sequence ¢ has
a subsequence y that is patterned by t if y also has length n and m symbols and if there exists a
bijection g from the symbols of t to the symbols of y so that g(r) = y, where g(7) is the sequence
that results from applying g to the symbol in each position of t. We can also apply this definition
to cyclic sequences.

This definition generalizes interlacing in that two vertices v, w are interlaced by a circuit C if
the cyclic sequence of vertices of C has a subsequence containing only v’s and w’s that is patterned

by (xyxy).

Theorem 4.17. Let D be an eulerian digraph in which the set S of vertices with degree 0 mod 4
has |S| = 2n. Suppose there exists a 4-regular digraph H with 2n vertices and a bi-eulerian directed
embedding with faces bounded by two euler circuits X; and X,. Let & be any one of the cyclic sequences
of vertices on Xy (or its reverse), or X, (or its reverse).

If T is a directed euler circuit of D whose vertex sequence has a subsequence y that contains each
vertex of S exactly twice (and no other entries) and is patterned by at least one of the choices for &, then
D has a (necessarily orientable) bi-eulerian directed embedding with one of the faces bounded by T.

The proof is a direct adaptation of the proof of Theorem 4.8 and is left to the reader. The following
example is an application of Theorem 4.17 where the patterns can be described in terms of multiple
pairs of interlaced vertices.

Example 4.18. Suppose we construct a digraph H by starting with A4 and taking repeated 2-
edge-joins of our current digraph and a copy of A4. Then H is a 4-regular digraph, and has an
orientable bi-eulerian directed embedding by Observation 3.3. The patterns & that can be obtained
from bi-eulerian directed embeddings of all such digraphs H provide the following consequence of
Theorem 4.17.

Suppose an eulerian digraph D has exactly 2t vertices X1, y1, X2, V2, . . . X¢, ¥¢ of degree 0 mod 4
(and possibly other vertices of degree 2 mod 4), and we can find two occurrences v’, v’ of each
v € {X1,¥1, ..., X, y¢} along an euler circuit T with the following properties.

(1) For each i with 1 <i < ¢, x],y;,x{, y/ occur in that order along T. (The vertices of degree 0
mod 4 occur in pairs interlaced by T.)
(2) For each i,j with 1 <i <j < ¢, all of x;, y;, x/, y/ appear in the subtrail of T from y" to x..
(Loosely, each interlaced pair is independent of previous pairs.)
Then D has an orientable bi-eulerian embedding with T as a face. We omit the details of the proof.
Fig. 8 shows an example of a cyclic ordering of vertices that satisfies conditions (1) and (2), and

the digraph H from which the corresponding pattern comes.
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Ty T3 Ya s T3

" T4

Fig. 8. Cyclic ordering and the digraph H from which it comes.

5. Orientable embeddings from circuit decompositions

Kotzig’s result, Theorem 1.2, tells us that in a connected 4-regular graph we can complete any
circuit decomposition, not just an euler circuit, to an embedding by adding a new euler circuit, albeit
without specifying orientability. In Section 6 below we will show that this is true for all eulerian
graphs, and that in most cases we can guarantee that the embedding is nonorientable. However, in
this section we examine the orientable situation, where completing a circuit decomposition C to an
orientable embedding with an euler circuit (or more generally, with at most two circuits) gives an
upper embedding relative to C. We can also consider upper directed embeddings relative to directed
circuit decompositions in eulerian digraphs, where we construct a directed embedding by adding
one or two directed circuits. We provide more details of some results referred to earlier, and show
that a natural extension of the results of Section 4 fails.

The only results that we know of regarding upper embeddings of circuit decompositions that
are not just euler circuits appear in [17,25-27], mentioned in Section 1. These investigate the com-
pletion of a triangular decomposition of a graph or digraph to an orientable embedding by adding
an euler circuit, giving an upper relative embedding. They consider triangular decompositions that
arise from structures in design theory such as Steiner triple systems and latin squares.

Theorems 5.1 and 5.2 were proved first for embeddings of undirected graphs, but were later
strengthened to apply to directed embeddings of digraphs. We state only the directed versions.

Theorem 5.1 (Grannell, Griggs, and Sirdii [25]; Griggs, McCourt, and Sirdri [26, Theorem 1.1]). Let C be
an oriented Steiner triple system, i.e., a decomposition of a regular tournament D into directed triangles.
Then there is an oriented directed embedding of D with the elements of C as the profaces and with exactly
one antiface, which is a directed euler circuit.

Theorem 5.2 (Griggs, Psomas, and Sirdii [27]; Griggs, McCourt, and Sirdri [26, Theorem 1.2]). Let C be
an oriented latin square of odd order, i.e.,, a decomposition of an eulerian orientation D of a balanced
complete tripartite graph K, p, , into directed triangles. Then there is an oriented directed embedding of
D with the elements of C as the profaces and with exactly one antiface, which is a directed euler circuit.

For graphs and digraphs obtained from the incidence structures known as symmetric con-
figurations of block size 3, there is a positive result for small cases but a negative result in
general.

Theorem 5.3 (Erskine, Griggs, and Sirdri [17, Theorems 2.2 and 3.2]). Suppose G is the associated graph
of a symmetric configuration ns, i.e., G is a 6-regular n-vertex simple graph with a decomposition 7T into
triangles. Let C be a collection of directed triangles obtained by directing the elements of T, and let D
be the digraph obtained from G by directing the edges as specified by C.
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Fig. 9. Circuit decomposition that cannot be completed.

(a) If nis odd and 7 < n < 19, then every for every such D and C there is an oriented directed
embedding of D with the elements of C as the profaces and with exactly one antiface, which is a
directed euler circuit.

(b) Ifnis odd and n > 21 then there exists such a graph G = Gy with triangle decomposition T = Ty
such that there is no orientable embedding of Gy with the elements of Ty as faces and exactly one
additional face. Thus, for every D and C derived as above from Gy and Ty there is no oriented
directed embedding of D with the elements of C as the profaces and with exactly one antiface.

The proofs of Theorems 5.1 through 5.3 use arguments that are specific to triangle decom-
positions. They find embeddings of the bipartite Levi graph or incidence graph which represents
incidences between triangles and vertices, and use a standard translation of those into embeddings
of the original graph (see [26] for details).

It is natural to ask whether we can generalize Theorem 4.5 or its undirected counterpart to say
that when all degrees are 2 mod 4 we can complete a given circuit decomposition, rather than a
just given euler circuit, to an orientable embedding by adding an euler circuit. But Theorem 5.3(b)
above shows that this is false. The examples it gives are 6-regular (so all vertices have degree 2 mod
4), 4-edge-connected (so there is no problem created by 2-edge-cuts), and a hypothetical relative
embedding with an euler circuit face would have even Euler genus (so there is no parity issue
with finding an orientable embedding), but we cannot complete the triangle decomposition to an
embedding by adding an euler circuit. These examples are simple graphs with at least 21 vertices,
but the same method (i.e., using incidence graphs) also gives smaller examples if we allow loops
and multiple edges.

For example, at left in Fig. 9 is a 4-edge-connected 6-regular 3-vertex graph G with a de-
composition into three eulerian subgraphs with edge sets {e;, f;,gi} fori = 1,2,3. Let ¢ =
{Cq, G5, C3} be a circuit decomposition of G where each circuit traverses one of the subgraphs.
At right in Fig. 9 is the incidence graph H, a bipartite graph (with multiple edges) representing
incidences between V(G) (solid vertices) and C (open vertices). Under a slight generalization of the
translation described in [26], orientable embeddings of H with k (necessarily odd) faces correspond
to orientable embeddings of G relative to C with k outer faces. But for every spanning tree T of
H, H — E(T) has two components with an odd number of edges, so by Jungerman’s condition [32,
Theorem 2] (or Xuong’s maximum genus formula [46]) there is no orientable embedding of H with
one face, and hence no orientable embedding of G relative to C with an euler circuit outer face.

6. Nonorientable embeddings with euler circuit faces

A directed embedding with at least one euler circuit face is orientable by Lemma 2.2, so for
nonorientable embeddings with euler circuit faces we only study undirected graphs. In this section
we show that every euler circuit, or more generally every circuit decomposition, of an eulerian
graph can be completed to an embedding by an euler circuit, and the embedding can be chosen
to be nonorientable except in some well-characterized cases. Some special cases of this result,

20



M.N. Ellingham and J.A. Ellis-Monaghan European Journal of Combinatorics 129 (2025) 104133

for triangular decompositions corresponding to Steiner triple systems and latin squares, were
previously proved in [25, Theorem 2.2] and [27, Theorem 2.1].

We use several results of Siraii and Skoviera [42]. A collection of closed walks W in a graph G
is realizable, orientably realizable, or nonorientably realizable if G has respectively an unrestricted,
orientable, or nonorientable embedding relative to W. Siraii and Skoviera stated their results in
terms of words, sequences of half-edges incident with a vertex v. In our framework their words
correspond to components of the transition graph Tr(W, v).

The first result we need characterizes realizable and orientably realizable collections .

Theorem 6.1 (Sirdri and Skoviera, [42, Proposition 1 and Corollary 1]). Let W be a collection of closed
walks in a graph G. Then W is realizable if and only if Tr(W, v) is a subgraph of a cycle (i.e., either the
cycle itself or a union of disjoint paths) for every v € V(G). Realizability implies that each edge of G is
used at most twice by W.

Moreover, a realizable W is orientably realizable if and only if every element of W can be oriented
to give a directed walk, so that each edge used twice by W is used once in each direction.

The second result that we use is a simplified statement of Sirafi and Skoviera’s result character-
izing when W is both orientably and nonorientably realizable [42, Theorem 3].

Proposition 6.2. Let W be an orientably realizable collection of closed walks in a graph G. Then W
is also nonorientably realizable if and only if there exist a vertex v and two half-edges incident with v
that belong to the same block of G but different components of TrOV, v).

We also use the following result on reducing the number of faces in a relative embedding, and
a simple observation about transition graphs.

Theorem 6.3 (Sirdri and Skoviera, [42, Theorem 1]). Let W be a realizable collection of walks in a graph
G, and suppose that there is an embedding of G relative to W with t outer faces. Suppose the subgraph
of G obtained by deleting all the edges of G that appear twice in W has c nontrivial components. Then
for every s with ¢ <s <t there is a nonorientable embedding of G relative to VW with s outer faces.

Observation 6.4. If a collection of closed walks W uses each edge of G at most once, then the graphs
Tr(W, v), v € V(G), indicate which edges of G are used by W and describe how to connect those edges
together into closed walks. They therefore determine W uniquely.

We can now state the main result of this section. A tree of cycles is a connected graph all of
whose blocks are cycles.

Theorem 6.5. Let C be a decomposition of a nontrivial eulerian graph G into circuits.

(a) If G is a tree of cycles and C is the collection of cycles in G then every embedding of G relative to
C is planar and has exactly one outer face, and at least one such embedding exists.

(b) Otherwise, C is both orientably and nonorientably realizable. There is at least one embedding of
G relative to C that is nonorientable and has exactly one outer face.

For every embedding of G relative to C with exactly one outer face, the outer face is bounded by an euler
circuit, and the embedding has maximum Euler genus (and so maximum orientable or nonorientable
genus, as appropriate) over all embeddings of G relative to C.

Proof. Suppose G is a nontrivial eulerian graph with a circuit decomposition C. Since G is nontrivial,
every vertex has degree at least 2. Since C uses every edge exactly once, Tr(C, v) is a 1-regular
graph (perfect matching) on vertex set E*(v) for each v € V(G), and C is orientably realizable by
Theorem 6.1.

Suppose G is a tree of cycles with n vertices and m edges, and C is the collection of cycles of G,
with |C|] = k. A simple proof by induction on k shows that m = n + k — 1. Suppose we have an
embedding of G relative to C with £ outer faces. The Euler genusis y =2 —n4+m—(k+4£)=1—4¢.

21



M.N. Ellingham and J.A. Ellis-Monaghan European Journal of Combinatorics 129 (2025) 104133

Since y > 0 and ¢ > 1, we must have y = 0 and ¢ = 1, i.e. the embedding is planar and there is
exactly one outer face.

Now suppose C is nonorientably realizable. No edges are used twice by C, so if we apply
Theorem 6.3, we do not delete any edges and we obtain a single nontrivial component, G itself.
Therefore, there is a nonorientable relative embedding with exactly one outer face.

We now show that the previous two paragraphs cover all possibilities. Suppose C is not
nonorientably realizable. Then, by Proposition 6.2, at every vertex v all half-edges incident with
v and in the same block of G must be in the same component of Tr(C, v). Since Tr(C, v) is a perfect
matching, and each block containing v has at least two half-edges incident with v, this is only
possible if there are exactly two half-edges incident with v from each such block, and some element
of C uses those two half-edges consecutively. Therefore each block is 2-regular, so each block is a
cycle, and G is a tree of cycles. Moreover, if Z is the collection of cycles of G, then Tr(C, v) = Tr(Z, v)
for all v € V(G), and so by Observation 6.4, C = Z. Thus, G is a tree of cycles and C is its collection
of cycles, as required.

If an embedding of G relative to C has exactly one outer face, the facial walk must cover every
edge exactly once, and so is an euler circuit. The embedding has the minimum possible number of
outer faces, and minimizing the number of faces maximizes the Euler genus. O

By taking ¢ = {T} where T is an euler circuit, we obtain the following strengthening of Edmonds’
result [9, p. 123] that every eulerian graph has a bi-eulerian embedding. It allows us to specify that
one of the faces is bounded by T, and guarantees a nonorientable embedding except when the graph
is a cycle.

Corollary 6.6. Suppose G is a nontrivial n-vertex m-edge eulerian graph and T is an euler circuit
of G. Then G has a bi-eulerian embedding in which one of the faces is bounded by T, and there is a
nonorientable embedding of this kind unless G is a cycle. These bi-eulerian embeddings have maximum
Euler genus (namely m — n), and so maximum orientable or nonorientable genus, as appropriate, over
all embeddings of G with a face bounded by T.

7. Maximum genus and interpolation for nonorientable directed embeddings

To maximize the genus of an embedding of a given graph or digraph, we try to minimize the
number of faces. By Lemma 2.2, an orientable directed embedding of a nontrivial eulerian digraph
must have at least two faces. However, for a nonorientable directed embedding it is possible that
there is only one face, and in this short section we show that in fact this can always be achieved. The
argument is essentially the same as for undirected graphs, with one simple additional observation.

For undirected graphs Edmonds [9, p. 123] showed that every connected graph G has an
embedding with a single face. Ringel [37, Theorems 11 and 13] showed that the 1-face embedding
can be chosen to be nonorientable unless G is a tree. Xuong [46, note added in proof] stated
something similar. Stahl [39, Theorem 8] showed that if a connected graph has an embedding with t
faces, then it has a nonorientable embedding with s faces for all s, 1 < s < t. Motivated by a protein
self-assembly problem, FijavZ, Pisanski, and Rus showed that eulerian graphs have particularly nice
1-face embeddings, where the face boundary forms a ‘strong parallel trace’, as follows.

Theorem 7.1 (FijavZ, Pisanski, and Rus [18, Theorem 5.3]). A graph G has a 1-face embedding where
the face traverses each edge twice in the same direction if and only if G is eulerian. (If G is nontrivial
the embedding must be nonorientable.)

If we have a graph embedding represented by a rotation system with edge signatures, then
twisting the edge e means changing the signature of e. Similarly, we can twist an arc in an embedding
of a digraph. From Observation 2.1(a) and a result of Stahl [39, Lemma 6(a)], we obtain the following.

Observation 7.2 (a). Twisting an arc in a directed embedding does not affect the alternating property
of half-arcs around a vertex, so the result is still a directed embedding.

(b) If a is an arc in a directed embedding that belongs to the boundaries of two distinct faces X and
Y, then twisting a gives a new nonorientable directed embedding in which X and Y are combined into
a single face and all other faces are unchanged.

22



M.N. Ellingham and J.A. Ellis-Monaghan European Journal of Combinatorics 129 (2025) 104133

The following theorem covers existence, genus interpolation, and maximum genus for nonori-
entable directed embeddings.

Theorem 7.3. Suppose D is an n-vertex m-edge eulerian digraph. If D has a directed embedding with
t faces, then D has a nonorientable directed embedding with s faces for all s with 1 < s < t. Therefore,
the genera for which D has a nonorientable directed embedding form a (possibly empty) interval.

If D is trivial then D has exactly one directed embedding, which is planar with exactly one face. If D
is nontrivial then D has at least one 1-face directed embedding, every such embedding is nonorientable,
and every such embedding has maximum genus (namely m — n + 1) over all nonorientable directed
embeddings of D, and also maximum Euler genus over all directed embeddings of D.

Proof. Consider a directed embedding of D with t faces. If there is more than one face, then we
can twist an arc separating two distinct faces to combine them as in Observation 7.2(b), obtaining a
nonorientable directed embedding. Repeating until we obtain a directed embedding with only one
face shows that there are nonorientable directed embeddings with s faces for 1 <s < t.

Let tna.x be the maximum number of faces in any directed embedding of D. By the previous
paragraph, the set of s for which D has a nonorientable directed embedding with s faces is one of
the (integer, possibly empty) intervals [1, thax— 1] or [1, tmax]. Hence, by Euler’s formula, the genera
also form an interval.

From Observation 2.1(c) and the first paragraph of this proof, there is always a 1-face directed
embedding of D. If D is trivial, then its only embedding is planar. If D is nontrivial, then the single
facial walk traverses every arc twice in the same direction, and hence every such embedding is
nonorientable.

Thus, the maximum nonorientable genus and maximum Euler genus occur when there is one
face, and the genus follows from Euler’s formula. O

Theorem 7.3 may be regarded as a directed embedding version of Ringel’s result (existence of
a nonorientable 1-face embedding) and Stahl’s result (interpolation for nonorientable embeddings)
mentioned at the start of this section; our proof is similar to Stahl’s. Moreover, applying Theorem 7.3
to an arbitrary eulerian orientation of an eulerian graph yields FijavZ, Pisanksi, and Rus’s result,
Theorem 7.1, as a corollary.

As Theorem 7.3 indicates, there are no orientable 1-face directed embeddings of a nontrivial
eulerian digraph. Thus, all maximum Euler genus directed embeddings of a nontrivial eulerian
digraph are nonorientable.

8. Conclusion and future directions

In this paper we have essentially resolved the questions of maximum genus directed embeddings
and of bi-eulerian embeddings of undirected graphs (or more generally, embeddings where a circuit
decomposition can be extended to an embedding using an euler circuit face) in the nonorientable
setting. In the orientable setting we have given some simple necessary conditions, proved existence
of bi-eulerian embeddings (but not extensions of circuit decompositions to embeddings using an
euler circuit face) when all vertices have degree 2 mod 4, and discussed situations where we do
and do not have a bi-eulerian embedding in the presence of vertices of degree 0 mod 4. But there
is clearly much more to do in the orientable case.

While our results here depend on vertex degrees modulo 4, the proof of Theorem 1.3 on
tournaments, due to Bonnington et al. [5] does not. This inspired us to consider dense graphs, having
high minimum degree, with no conditions on vertex degrees modulo 4. We can show that given an
n-vertex eulerian digraph where the minimum degree of the underlying simple undirected graph
is at least (4n 4 2)/5, there is an orientable directed embedding with faces bounded by a specified
euler circuit (or even a specified circuit decomposition) and at most two other circuits. An overview
of the proof appears in [12]; for full details see [13].

We have no reason to believe that (4n 4 2)/5 represents a sharp bound; it is just the point at
which our current techniques stop working. Therefore, it is natural to ask what minimum degree can
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guarantee an orientable bi-eulerian embedding for an admissible graph or digraph (i.e., it is eulerian,
has an even number of vertices of degree 0 mod 4 and no bad 2-edge-cuts). All the examples in this
paper that are admissible but have no orientable bi-eulerian embedding or directed embedding have
vertices of degree 4. So perhaps a minimum degree of at least 6 is sufficient. In fact, our examples
also all have multiple edges (digons), so it is even possible that all simple admissible graphs with
minimum degree at least 4 have a bi-eulerian embedding.

We can also ask what minimum degree is required to extend a specified euler circuit, or specified
circuit decomposition, to an embedding by adding at most two other faces. As the examples from
Section 5 show, a minimum degree of at least 6 is not sufficient to extend a general circuit
decomposition.

As noted earlier, orientable bi-eulerian embeddings are closely connected to maximum genus
directed embeddings of eulerian digraphs. For general undirected graphs there are a number of
useful results on maximum orientable genus, such as the formulas of Xuong [46] and Nebesky [35],
and the polynomial-time algorithm of Furst, Gross, and McGeoch [21]. We would like to obtain
similar formulas for maximum orientable directed genus, and determine whether algorithmic
problems involving orientable bi-eulerian embeddings and maximum orientable directed genus
can be solved in polynomial time, or are NP-hard. So far the only progress in this direction is
the result mentioned in Section 1, where a result of Geelen, Iwata, and Murota [23] provides a
polynomial-time algorithm to determine whether a 4-regular eulerian digraph has a bi-eulerian
directed embedding.
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Appendix. Forbidden configurations for orientable bi-eulerian embeddings

In this appendix we prove Proposition 3.7, which says that certain configurations in an eulerian
graph G prevent G from having an orientable bi-eulerian embedding. Proposition 3.7 follows from
Theorem A.5 below.

Henceforth we suppose that G is an eulerian graph with an orientable bi-eulerian embedding,
with faces bounded by two euler circuits Ty, T,. We will examine the way in which T; and T, travel
through subgraphs we call ‘chains of digons’, and use this to show that certain configurations F;
cannot occur in G.

Since the embedding is orientable, we can orient T; and T, so that each edge is used once in
each direction. For our arguments it is actually more convenient to reverse the orientation of T, so

we have oriented euler circuits T, T, which use each edge in the same direction (in other words,
T1 and T, are faces of a directed embedding of an orientation of G). At each vertex the transitions

used by T and by T, are disjoint.

Transits through subgraphs

We will consider how T and T, enter and leave various subgraphs, including individual vertices.

If H is a subgraph of G and T; contains a sequence of half-edges h1h; ... hy where h; and h; are not
half-edges of H but all half-edges h; with 2 < i < k— 1 belong to H, then we say h1hy is a transit of

T; through H. If H is a single vertex v then a transit is just a transition of T; at v, directed according
to the orientation of T;. The profile of T; through H is the set of all transits of T; through H and the
joint profile of H is the ordered pair (71, ;) where 7; is the profile of T; through H. The number of

transits of T; through H is just |A|/2, where A is the set of half-edges of G that are not in H but are
incident with vertices of H.
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Fig. 10. Labels for a chain of digons.

Henceforth we use ? to denote an arbitrary oriented euler circuit. When discussing our particular
oriented euler circuits ?1 and ?2 we adopt the convention that {i, j} = {1, 2}, so if ?,' is one of our
oriented euler circuits, ?j is the other.

If we know ?i uses particular transits through certain subgraphs we may be able to conclude
that some sequence of edges in ?,- closes up into a cyclic sequence without uiing all edges of G.

We then say that T; has a subcircuit, which provides a contradiction because T; is a circuit using
all edges.

Transits through vertices

(A.1). Consider possible profiles of T through v, a vertex of degree 4. Each of the 4! = 24
permutations of the half-edges hq, h, hs, h4 incident with v corresponds to a profile by considering
the first and last ordered pairs of h;’s as transits. Thus for example the permuted order h;, hs, hy, hq
becomes the profile {h,hs3, hyh,}. However, the profile {h,hs3, h4h,} is the same as {hshq, hyhs}, so
there are only 12 distincg profiles.

For each profile 7r; of T; through v, the profile 7r; of T; through v is uniquely determined by the

facts that in T; each half-edge must be used in same direction as in T;, and that the transitions of

T; are disjoint from those of T;. In particular, if 7; = {hyhy, hshs} then m; = {hyhy, hsh,}.

Transits through chains of digons

A chain of digons from u to v of length £ is a subgraph C consisting of distinct vertices u =
Vo, U1, U2, ...,V = v, all of degree 4 in G, and two parallel edges e},, eg joining v,_; and v, for
1 < p < £. We call u = vy the rear vertex and v = v, the front vertex. For each p with0 < p < ¢
denote the half-edges incident with v, by g}, g2, hy, h?, such that for 1 < p < ¢ and « € {1, 2} we
have ey = {h;’ji1 , gg}. See Fig. 10. The half-edges g§ and hy for o € {1, 2} are the half-edges incident
with vy and v, that do not belong to C.

At each vertex v, we split the profiles of T through v, into the following cases, using the

convention that {«, 8} = {y, §} = {1, 2}.
T turns around at v, if the profile of T through v, has the form {g;’gf, hyho);

T passes itself at v, if the profile of T through v, has the form {g;'h;, hgg{f )i
T goes forward at v, if the profile of T through v, has the form {g)hy, goh’};

T goes backward at v, if the profile of T through v, has the form {h; g}, h'g?}.

The above four situations cover all 12 possibilities. See Fig. 11 for examples.
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XX

(a) T turning around at v, and passing itself at v, and vp4q.

O XOC

b) T going forward and noncrossing at v T going backward and crossing at v,,.
p- P

Fig. 11. How T transits vertices in a chain of digons.

D allD G «

_(/Vp\<_

(a) ﬁ and T} both going (b) ﬁ turning around and (¢) T; turning around and
backwards at vp. T; passing itself at vj,. T; passing itself at vj,.

Fig. 12. T; and T; both go forwards, backwards, or are bidirectional at v,.

(A.2). If T; turns around or passes itself at v,, we say T; is bidirectional at vp, while if T; goes

forward or backward at v,, we say T; is unidirectional at v,. If T; is bidirectional at v, then it is
bidirectional at v, (if it exists) and at v, (if it exists) and hence bidirectional at all vertices vy,

0 < q < ¢ Similarly, if T; goes forward or backward at vp, then it goes forward or backward,
respectively, at allvg, 0 <g <.

By (A.1), if T turns around or passes itself at vy, then T] passes itself or turns around at v,
respectlvely And if T goes forward or backward at v, then T; does the same thing. It follows that

T; and T; behave in the same way to the extent that they are both go forward at all vertices, both
go backward at all vertices, or both are bidirectional at all vertices. See Fig. 12.

(A.3). Suppose both ?1 and ?2 either go forward or go backward at all vertices of C. Then we
say that ?,- is noncrossing or crossing at v, according to whether y = 1and § = 2 or y = 2 and
8 = 1, respectively, in the definition above. See Fig. 11(b) and 11(c). By (A.1), ?i is noncrossing at
vp if and only if ?j is crossing at vy,. Thus, at each of the £ 4 1 vertices v, v1, ..., v¢, exactly one of
?i and ?j is crossing.

If £ is odd, so that £ + 1 is even, the numbers of vertices at which T and T, are crossing have
the same parity. Thus, the joint profile of C is ({gih}, g2hd}, {gah}, g2h%}) where {y, 8} = {1,2}.

On the other hand, if ¢ is even, then the number of vertices at which T, and T, are crossing have
opposite parities, so the joint profile of C is ({gjh} , g2hS}, {goh’. gah) }) where {y, 8} = {1, 2}. See
Fig. 13.
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(a) £ is odd (here ¢ = 3), and the numbers of vertices at which ?1 and ?2
are crossing have the same parity.

(b) ¢ is even (here ¢ = 2), and the numbers of vertices at which 77 and T
are crossing have opposite parity.

Fig. 13. Two joint profiles depending on whether ¢ is even or odd.

Fig. 14. Turn arounds that force ¢ to be 1.

(A.4). Suppose ?1 and ?2 are bidirectional. Assume there are two vertices v, and vq where ?1
turns around. We may suppose that p < q and that ?1 does not turn around at v, forp <r < q.
Then ?1 must travel from v, from vy, then back to v,, completing a subcircuit, which is impossible.
Therefore ?1 turns around at most once, and hence, by (A.2), ?2 passes itself at most once. Swapping
the roles of ?1 and ?2, we conclude that each of ?1 and ?2 turns around once and passes itself
once. Thus, £ = 1 and at vg some ?i passes itself and ?j turns around, while at v; we have that ?i
turns around and ?j passes itself. See Fig. Vi

The sequences of half-edges used by T; as it passes through C therefore have the form
gghggfgfhég(’f and h’ k%, where {o, B} = {y, 8} = {k, A} = {1, 2}. Applying (A.1), the sequences of

half-edges used by T; as it passes through C are then g&g? and h’g*h}h5g<hi. In particular, both

T; and T; have the same transit h} h} through C.
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Fig. 15. Paths through Fy ;.

Forbidden configurations

We now define certain configurations and prove that in many cases they prevent the existence
of an orientable bi-eulerian embedding.

The configuration F;, consists of two disjoint chains of digons C and C connected together as
follows. Assume C has length ¢ = s and its elements are labeled as described above. Assume C has

length ¢ = t and its elements are labeled so that Vp, g;', HZ play the same roles in C as Vp, gl‘j, hl"j,
respectively, play in C. We have a configuration F; ; if there are edges from the front vertex vs of C

to both the front and rear vertices Ty and T; of C. In particular, we suppose G has edges f; = {h, g(],}
2 71
and f, = {h{, h;}.

Theorem A.5. If G is an eulerian graph with an orientable bi-eulerian embedding containing a
configuration F;, with s, t > 1, then either t = 1, or s =1 and t is odd.

Proof. Suppose G contains F; ¢, where s, t > 1, and G has an orientable bi-eulerian embedding. We
assume the notatlon described above for the chains of digons C, C in F; ¢ and for the orlented face

boundaries Tl, Tz of the embedding. Without loss of generality we may assume that T1 and Tz
use f; in the direction from v to vy (from h! to go).

If t = 1 then the conclusion holds, so we may suppose that t > 2. Then by (A.4)T, T, are not

bidirectional with respect to C. By (A.2) and the fact that T, T, enter C along E},, T:and T, go
forward at all vertices of C. Therefore, f, must be used in the direction from v; to s (from hl to h2)

Thus, Tl, Tz are bidirectional at vs. Therefore, by (A.4) we have s = 1 and both T, and T, have a
transit h2h! through C. See Fig. 15.

Suppose that ¢ is even. Then by (A.3) the joint profile of C is ({gah! , Eéﬁa} {E(I)Ef, gah! }) where
{y,8) ={1,2).1fy =1and § =2 then T has transits goh through C and h2h! through C which
28
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produce a subcircuit in T. Similarly, if y = 2 and § = 1 then T, has a subcircuit. In either case
we have a contradiction, so t must be odd.
Thus, we have shown that either t = 1, or s = 1 and t is odd, proving the result. O

Proposition 3.7 is just the contrapositive of Theorem A.5.

Ift =1,ors=1andt is odd, then there exist eulerian graphs G containing a configuration Fs ;
that also have an orientable bi-eulerian embedding. We leave the verification of this to the reader:
examples for F, 1, F3 1 and F; 3 are not hard to construct and can easily be generalized to the other
relevant Fs ;.
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