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An ab initio study of molecular hydrogen and its deuterated analogues 
partially oriented in nematic liquid crystals 

By J. B. S. BARNHOORN and C. A. DE LANGE 

Laboratory for Physical Chemistry, University of Amsterdam, Nieuwe 
Achtergracht 127, 1018 WS Amsterdam, The Netherlands 

(Received 11 November 1993; accepted 20 January 1994) 

Thermal expectation values for nuclear magnetic resonance (NMR) observ- 
ables for molecular hydrogen and its isotopically substituted analogues partially 
oriented in nematic liquid crystal solvents are calculated from first principles. 
High-quality nuclear wavefunctions and available data for highly correlated 
electronic wavefunctions at many different geometries are used from the 
literature. In the present description vibrational anharmonicity, centrifugal 
distortion, the changes of the nuclear quadrupole coupling with internuclear 
distance, and the dependence of the molecular quadrupole moment on the 
rotational quantum number have been included. The results strongly support 
previous conclusions that hydrogens in nematic phases are predominantly 
oriented through the interaction between their molecular quadrupole moment 
and the non-zero average external electric field gradient present in these solvents. 
In addition, the present theoretical results provide the basis for obtaining reliable 
estimates of such average external electric field gradients from a single NMR 
observable. 

1. Introduction 

In order to understand the mechanisms responsible for the partial orientation of 
molecules dissolved in liquid crystal solvents the use of small probe molecules such 
as hydrogen and its deuterated analogues has been extremely helpful. Such studies 
have brought to light that in nematic liquid crystals the presence of a non-zero 
average electric field gradient (efg) is important [1-5]. The interaction between these 
efg's and the solute molecular quadrupole moments provides the predominant 
contribution to the degree of orientation of hydrogens and its isotopomers and is far 
from negligible in the case of other solutes. These average efg's are temperature and 
concentration dependent properties of the solvent, and, depending on the solvent 
chosen, can have either a positive or a negative sign. This situation can be nicely 
exploited by forming mixtures of nematic liquid crystals possessing efg's with opposite 
signs in order to arrive at a novel type of solvent with an average efg of virtually 
zero. These so-called 'magic mixtures' have led to a real breakthrough in the 
general separation and elucidation of various orienting mechanisms which are now 
known to play a role. 

In a description of the orientation of probe molecules in liquid crystal solvents 
a mean field approximation is the obvious starting point. Small probe molecules such 
as the hydrogens are eminently suitable to test the mean field approximation, since 
information on its electronic structure and molecular properties is available, either 
from experiment or from theory, in as much detail as desired. In the present paper the 
probe molecule in the anisotropic environmen( is considered as essentially freely 
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vibrating and rotating, with the anisotropic mean field potential only providing a 
small perturbation which, for one thing, does not significantly affect the electronic 
structure of the molecule. An important consequence of this perturbation which 
couples some electronic property of the solute with some average 'field' of the solvent 
is that it generates a correlation between the vibrational and reorientational motions 
of the probe molecule. In order to explore the details of this correlated motion a 
sufficiently detailed description of the free molecule is necessary. In this context the 
inclusion of vibrational anharmonicity and of centrifugal distortion should be 
considered. 

An excellent experimental method for studying molecules partially oriented in an 
anisotropic solvent is by means of nuclear magnetic resonance (NMR). The relevant 
NMR observables are the intramolecular dipolar coupling which is determined by 
the distance between magnetic nuclei, and the quadrupolar coupling which arises 
from the magnitude of the electric field gradient present at the site of the nuclei with 
I ~> 1. In a full description which can predict NMR observables it is therefore 
important to include variations of the intramolecular electric field gradients as 
a function of internuclear distance. Moreover, when the predominant orienting 
mechanism is provided by the interaction between the overall molecular quadrupole 
moment and the non-zero average efg in the solvent, it will also be necessary to 
include the changes of the molecular quadrupole moment with vibrational and 
rotational state. Since the NMR observables are expectation values obtained at the 
temperature of the experiment, the Boltzmann population of all the relevant levels 
will obviously play a key role. 

In order to put previous ideas on orientation mechanisms on as firm a basis as 
possible, inclusion of all the above effects in a full calculation on hydrogen and its 
deuterated analogues is a desirable goal. This goal is achieved in the present ab initio 
study, in which the importance of all the contributions mentioned above can be 
judged separately. The results from this calculation will be seen to strongly support 
conclusions arrived at previously and, in addition, will provide a simple means of 
obtaining a reliable estimate of average liquid crystal efg's from a single NMR 
coupling measured for one of the hydrogens. 

2. Theory 

2.1. Vibrational and rotational equations of motion 
For the diatomic hydrogen molecule in its l e g  electronic ground state the 

spin-free vibrating rotator model is adopted [6]. By referring all coordinates to the 
centre of mass of the system the translational kinetic energy can be separated off and 
will not be considered here. 

In the absence of external fields and in the Born-Oppenheimer approximation 
the (time-independent) Schr6dinger equation describing the nuclear motion is given 
by [6, 7] 

HO(r, u ~, q)) = [ 

:[ 
m ~ 2 3 V 2 + V(r)lr t~, ~o) 

2~t d 

2~r 2 \Or O r - a 2 ) +  V(r)]~,(r, ~, ~) = E0(r, ,~, ~p), (1) 
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with 

j 2  1 Isin va 0 sin va~  0~2] 1 0  
sin 2 va 0~ Ov a + ; dz - i Oq)' 

where spherical polar coordinates are used, i.e. r is the internuclear distance, and va 
and ~0 are the usual polar angles that specify the orientation of the internuclear vector 
with respect to a space-fixed axis system X, Y, Z. In equation (1) # is the (nuclear) 
reduced mass of the system and V(r) is the potential energy function for the nuclei 
which varies as a function of internuclear distance. The latter represents the electronic 
energy including the nuclear repulsion for fixed relative positions of the nuclei. 
Although corrections to this electronic energy due to coupling of the electronic and 
nuclear motion can be included in V(r) [8], these corrections are not expected to 
change the results obtained significantly and have been neglected in this study. 

By a partial separation of variables 

tp(r, O, ~p) = _1 T(r) Y(Va, ~p), 
r 

the well-known radial equation is obtained 

h2 d2 h2 1 
drEr 2 + E -  V ( r ) - ~ J ( J  + 1) T(r)=O.  (2) 

The angular function can be identified as a spherical harmonic YJM(Va, ~0) with 
J and M the rotational quantum numbers. The term containing J in equation 
(2) reflects the vibrational effect on the instantaneous moment of inertia (centrifugal 
distortion). The solution of the radial equation requires knowledge of the electronic 
potential energy function V(r). The crudest approximation of the internal (vibrational) 
motion is to assume that V(r) can be adequately described by a Hooke's law 
potential function, expressing the potential energy as a quadratic function of 
the nuclear coordinates. This can be considered as a fair approximation to the 
true V(r) for small displacements away from the equilibrium internuclear separation 
r~ only, and corresponds to expanding the true V(r) in a Taylor series in powers 
of r - ro and neglecting all powers beyond the second. More realistically, vibrational 
anharmonicity is allowed for by retaining higher powers in this series. In the case 
of molecular hydrogen V(r) has been calculated numerically by solving the wave 
equation for the motion of the electrons for the molecular energy in the fixed- 
nuclei approximation ['9, 10]. Using this accurate internuclear potential the radial 
equation can be solved for the vibrational and rotational energy levels Eva and 
the corresponding nuclear wavefunctions. Usually the Numerov-Cooley numerical 
integration method is chosen for solving equation (2). In the present paper the radial 
equation is solved by the variational method, expanding O(r, va, q)) in terms of 
linear combinations of products of simple harmonic oscillator wavefunctions and 
spherical harmonics. 

The orientational effects of small solutes in nematic liquid crystals result in 
observable dipolar and quadrupole NMR line splittings and can be adequately 
modelled assuming that the anisotropic environment provides a (relatively small) 
mean-field orienting potential. Snijders et al. [2] have developed a general theory for 
these orientational effects built upon the assumption that the orienting mean-field 
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potential explains the orientation of a solute via its interaction with an electronic 
property A(r) of that solute. For  molecular hydrogen, possessing cylindrical symmetry 
around the internuclear vector taken as the molecule-fixed z-axis, this potential has 
the general form [1, 2] 

Hllquidcry s t a l =  A(r )Szz , (3) 

where Szz is the orientation operator, describing the orientation of the solute 

Szz = 3 cos 2 u~ _ �89 = Y2o(D, q~). (4) 

Note the dependence of the orienting potential on both the internuclear distance r 
and the polar angles 0 and ~0, thus introducing a correlation between the associated 
vibrational and rotational (orientational) motions of the hydrogen molecule. This 
interaction potential can be considered as a single-molecule potential that generally 
can be written as a series expansion in terms of an appropriate complete basis. In 
equation (3) this expansion is restricted to the first term (of rank two) of this 
expansion, in accordance with the uniaxial symmetry of the nematic phase. 

If the mean-field orienting perturbation/../liquidcrystal is added to equation (1), and 
after substitution of 

~9(r, & q~) = _1 z(r, ,% ~P) 
/- 

we obtain the following equation of motion for a single molecule in an orienting field 

h2 ~2 h2 J2+ V(r)+A(r)S~]z(r,D,~o)=Ez(r,O,~p). (5) 
- 2 ~  ~r 2 + 2#r 2 

In equation (5) the potential energy function V(r) is formally divided into a harmonic 
and an anharmonic part 

V(F) ~ V h . . . . .  iC(r ) _{_ vanh  . . . . .  ic(?.) = �89 _ re)Z + V,,ha . . . .  it(r), 

with ~o the angular frequency of the corresponding harmonic oscillator. This partition 
facilitates the evaluation of matrix elements as will be discussed later. 

By introducing the dimensionless normal coordinate x 

and writing 

x = e(r - re), ~2 _ p~o 
h '  

z(r, e, q~) = e(x,  ~, ~o), 

to simplify notation, equation (5) can be rearranged to 
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with 

Htl)(x, ~, ~) = (/../h . . . . .  ie ..~ Hanharmonie _~_ /../eentrifugaldistortion 

+ /"/liquidcrystal)(i~l(X, /9, ~)  

= Eqg(x, v ~, qO, 

Hharmonic 

_[anharmonic vanh .. . . .  it(re ..{ V(re x) _�89 
Hcentrifugal d i s to r t ion  __ h 2 2 J 2 ,  

) 
~.~liquiderystal = A r e -q- ~ Szz. 

(6) 

The solutions of equation (6) yield both the wavefunctions and energies for the 
diatomic molecule in the presence of an orienting mean-field interaction from which 
expectation values for operators associated with NMR observables can then be 
calculated. In particular, it is assumed here that the external perturbation in equation 
(3) does not modify the molecular electronic structure, and therefore allows us to 
utilize the accurately calculated electronic properties of molecular hydrogen for this 
purpose. 

Due to the presence of/_[liquidcrystal in equation (6) a separation into vibrational 
and rotational variables is no longer feasible. It should be noticed that the rotational 
quantum number J is no longer a constant of the motion in equation (6), in contrast 
with M which still serves to characterize the solution. 

To solve equation (6), q~(x, v% 9) is expected in terms of a set of basis functions 
taken as a set of simple products of normalized harmonic oscillator wavefunctions 
q~(x) and spherical harmonics YjM(t% ~p) 

c~(x,&qg)= ~ Cvm~p~(x)YaM(t%cp)~ ~ c~jMIvJM), 
v,J,M v,d,M 

~%(x) N~H,(x) exp ( - -1X2) ,  N v = k~,~ / ~ v l  3 , 

(7) 

with H~(x) a Hermite polynomial of degree v. 
The linear expansion coefficients c~s M in equation (7) are determined by the 

variation method via a diagonalization of the Hamiltonian matrix representation in 
this (truncated) basis set. These simple product basis functions are an appropriate 
choice for an approximate solution of equation (6) for the lowest vibrational-rota- 
tional states which are of particular interest here. The success of the above approach 
obviously depends upon a judicious choice of a particular basis set, the number of 
basis functions retained and the particular functions chosen. These matters are 
discussed in more detail in section 2.4. 
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2.2. Hamiltonian matrix 

For the evaluation of the matrix elements of the Hamiltonian the operator H in 
equation (6) has been divided into several parts as indicated. Using the well-known 
properties of the harmonic oscillator eigenfunctions and the spherical harmonics 
/_/h . . . . .  ic is readily seen to give only non-zero diagonal matrix element contributions 

(@(x, 9, r . . . . .  ic](~)(X, t~, ~0)) 

= ~ ~ c~,s,~,e~s~hco(v + �89 6~,~6j, JoM,M. (8a) 
v'.J',M" v ,J ,M 

To determine the matrix element contributions of H anh . . . . .  ic the numerical inter- 
nuclear potential data calculated by Kolos and Wolniewicz for molecular hydrogen 
I-9] have been employed. Formally these are 

(q~(x, o a, q~)lH anh . . . . .  icl(~(X , 9, ~0)) 

- -  C v , J , M , C v j M ( y l g a n h  . . . . .  ic re + ]V) I~j,j(~M, M . (8b )  
v' ,J ' ,M' v ,J ,M 

The radial integrals in equation (8 b) have a suitable form to be evaluated using the 
Gaussian quadrature numerical integration technique based on an (interpolating) 
Hermite polynomial [11, 12]. When this method is used for the actual calculation of 
the integrals involving the harmonic oscillator eigenfunctions Iv) and some function 9 
of the internuclear distance r (or the reduced normal coordinate x), the function 
values must be known at the appropriate Gauss points, i.e. the zeros xi of the 
interpolating Hermite polynomial H, of degree n 

(v'lg(x)lv) = g~,g~ exp (--x2)f(x) dx, withf (x)  = Hv,(x)H~(x)g(x), 
--o9 

and (9) 

f ~o ~ 2"-ln!4/~ 
exp ( - - x Z ) f ( x )  dx = wif(xi) + R n ,  w i  = n21-Hn - l(Xi)] 2. 

-oo i=1 

The remainder R, vanishes for polynomialsfof  a degree less than or equal to 2n - 1 
(provided that the integrated function possesses no singularity). The zeros xi of the 
interpolating Hermite polynomial H, used and the associated weights wi were 
calculated with a small Pascal program using an algorithm taken from the literature 
1-13]. 

The calculation of the radial integrals in equation (8 b) using equation (9) requires 
the values of the internuclear potential function V a"h . . . . .  io at the zeros x~ which are 
normally not located at the internuclear distances for which numerical data are 
available. The appropriate xz values have been obtained through interpolation by a 
natural cubic spline 1-14 16]. 

Similar to equation (8 a) and (8 b), the matrix contributions of H centrifugaldist~176 

are given by 

(C/)(X, 9, (,0)[Heentrifugaldist~176 9, ~0)) 

= Z ev,j,M,evjM v I 
v',J',M" v,J,M 

h 2 
(8 c) 
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where 

<J'M'I,JEIJM) = J(J + 1)I~j,j t~M, M. 

The calculation of the radial integrals in equation (8 c) is straightforward as the radial 
part of the centrifugal distortion Hamiltonian is an analytical function, and the 
required values at the Gauss points can be evaluated directly. 

Finally, the contributions of ]../liquidcrystal a r e  given by 

<(/)(X, ~, q))[Hliquiderystalll~(X, b q, q))> 

= ~ ~ cv,s,M,cvaM<VlA(kre* , + x~)lv)<j/ 'M'IS~zIJM). (8d) 
v',J',M' v,J ,M 

The orientational integrals in equation (8 d) are obtained, using equation (4) and the 
Gaunt formula for integrals of the product of three spherical harmonics [11, 17] 

16s'J+2 2 (2J + 3) (2J + 1)(2J + 5) 

= 6M,M ~ + 6s,j d(J  + 1) -- 3M 2 *. (10) 
(2J - 1)(2J + 3) 

3 1  ( ( j 2 - M 2 ) [ ( J - 1 ) 2 - M 2 ] ) l / 2  
+ @ s - 2 2  ( 2 J -  1) -(2J Z 3)(2) + i )  

For the calculation of the radial integrals in equation (8 d) the orienting interaction 
A must be specified. It has been established from experimental studies of molecular 
deuterium dissolved in various liquid crystal solvents that the interaction between 
the molecular quadrupole moment and a mean efg accounts for most (but not all) 
of the orientational ordering [4]. If this particular interaction is assumed to be solely 
responsible for the orientation of molecular hydrogen and its deuterated analogues, 
then [3] 

A(r) = 1 --iFzzQ~z. (11) 

Recently, Emerson et al. [18] studied some of the fundamental approximations 
usually made in the Maier-Saupe theory of nematics for a model nematogen which 
includes both anisotropic repulsive and attractive forces. Their molecular dynamics 
calculations show that the intermolecular vectors for near-neighbour intermolecular 
separations are anisotropically distributed. Such a non-spherical distribution is 
required in a molecular field description for electrostatic interactions (such as between 
the electric quadrupole tensor of the solute and the efg provided by the environment) 
to give non-vanishing contributions to the orientational order in a nematic. However, 
a quantitative treatment of an anisotropic distribution of intermolecular vectors 
remains difficult, as separate averaging over the magnitude and orientation of 
interparticle distances may not be warranted. In the present approach we therefore 
truncate the mean field potential at the second rank term as in equation (3), and 
furthermore assume that the orienting potential can be factored into a product of 
terms which solely depend on the solvent and solute, respectively, as in equation (11). 
Fzz is the component of the traceless mean efg tensor in space-fixed axes, with the 

<J'M'ISz~IJM> 
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symmetry axis Z oriented along the external magnetic field for nematic liquid crystals 
which orient along and possess cylindrical symmetry around this direction. Q= is 
the zz component of the molecular quadrupole moment tensor of hydrogen in 
molecular-fixed axes x, y, z. T h e  radial integrals in equation (8 d) can now be 
evaluated, similarly to those in equation (8 b). Starting from the accurate numerical 
data for the H 2 molecular quadrupole moment as a function of internuclear distance 
from calculations of Poll and Wolniewicz [19], cubic spline interpolation and 
Gauss-Hermite quadrature integration have again been employed. 

Now, for specific values of Fzz, the matrix representation H can be obtained. A 
look at equations (8) shows immediately that this matrix is relatively sparse. In fact, 
due to the properties of both the spherical harmonics to describe the orientational 
behaviour of the wavefunctions q~ and the orientational operator S=, H possesses a 
block-diagonal form. It can be written as a direct sum of (2J + 1) submatrices that 
can be labelled according to the rotational quantum number M, the constant of the 
motion, 

H = H M = - J ( ~  H M=-s+l  O ' " 0 )  H M=J-1 (~ H M=J. (12) 

Furthermore, every sub-matrix H M can again be written as a direct sum of two 
sub-matrices by collecting product basis functions I v J M )  with even and odd values 
of J in two distinct groups: 

H M = HM; . . . .  s (~ HM;oddJ, (13) 

and 
HM= H-~r. 

In solving for the cvs M for a particular state �9 and its associated energy attention 
can be focused upon a single block, due to the independent behaviour of the 
submatrices. Without the external perturbation/../liquidcrystal there are 2J + 1 different 
degenerate levels for each value of J corresponding to the different values of M. 
]../liquid crystal, when present, removes this degeneracy: the levels are separated into pairs 
of degenerate levels (that can be labelled by -L-_M), except for M = 0, which is 
non-degenerate. Even the (symmetric) submatrices are relatively sparse, as is 
visualized in figure 1, but with the development of computing techniques it is not 
too hard to diagonalize large symmetric matrices, even when a desktop personal 
computer is used for this purpose. In the present paper the well-known Jacobi method 
for real symmetric matrices [20] has been used to obtain the states q~ and their energy 
to calculate NMR observables of molecular hydrogen in nematic liquid crystals. 

2.3. Calculation of  N M R  observables 

For the hydrogen molecule and its deuterated analogues the. operator A 
associated with an observable such as the dipolar or the quadrupolar couplings, that 
can be measured by NMR, can be written [2] as the product of a radial part a=(r) 
and the orientation operator defined in equation (4) 

A(r, ~, ~o) = a=(r)S=(t% q)). (14) 

For the dipolar coupling the radial part is equal to 

a z z ( r ) -  h 7i7j (14a) 
2~ r 3 ' 

with 7i and 7j the gyromagnetic ratios of the interacting nuclei i and j. 
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j= 

Jl~w-e,a 

Jlow-end + 2 

Jhigh-e,d- 2 

Jhigh-,,a 

H M J ,~ K + I , L  I \ 

Figure 1. Structure of the partitioned submatrix H M; . . . . . . .  rids when the basis functions 
[vJM) with a particular value for M are grouped according to the value of J (either 
even or odd). See discussion in section 2.4. 

When A is taken to be the operator associated with the quadrupolar  coupling 
observed for hydrogen molecules containing a deuteron the radial part azz(r ) is 
given by 

3 eQD 
a=(r) -- V~z(r), (14b) 

4 h 

where QD is the nuclear quadrupole moment of the deuteron and V~z(r ) is the 
intramolecular electric field gradient along the internuclear direction. V~z(r) has been 
determined for molecular hydrogen using highly correlated wavefunctions [21-23]. 
Note that in equation (14 b) possible contributions to the electric field gradient due 
to external charges have not been included. Reid and Vaida [21, 22-] have obtained 
an accurate value for QD by combining the results of their virtually exact calculations 
of V~z(r ) with values for the electric quadrupole interaction constant from molecular 
beam magnetic resonance experiments: Qo = 0.2860 fm 2. 

The quantity that is actually observed in an NMR experiment is the thermo- 
dynamic expectation value of the operator A 

(A(r, u a, q~))r = ~ Pm(rnlA( r, 8, q~)lrn>, with Pm = exp ( - E m / k r )  (15) 

m Z exp ( - Ei/kT) 
i 

Temperature effects are included in this average at temperature T via the Boltzmann 
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weight factors Pm that account for the thermal occupation of the states q~,, with energy 
Era. In principle, all populated vibrational-rotational states do contribute but the 
hydrogen molecules are somewhat unusual in the sense that their rotational as well 
as their vibrational levels are widely spaced. At normal temperatures the contribution 
of the insignificantly populated vibrationally excited states can be safely neglected 
and only a relatively limited number of rotational states associated with the 
vibrational ground state need to be considered in an actual calculation of the 
temperature weighted average in equation (15). 

In the following the calculated thermodynamic expectation values for the dipolar 
and quadrupolar couplings will be referred to by their usual symbols, D and B 
respectively. 

After inserting the basis set expansion in equation (7) for the states q)m the 
temperature and quantum average in equation (15) can be evaluated using 

(mlA(r, 0, q))lm) = ~', ~ * " Iv)(J'M'ISz~[JM). (16) C~,j,M,;,,C~jM;,,(V lazy(r) 
v ' , J ' ,M '  v , J , M  

The calculation of numerical values for the NMR observables from this equation 
requires, besides evaluation of the linear expansion coefficients C~sM,z for the states 
q~ as discussed in the previous paragraph, the calculated values for the radial integrals 
(v'lazz(r)lv>. The Gauss-Hermite quadrature numerical integration technique in 
equation (9) has again been used for this purpose. For the dipolar coupling D the 
required values at the Gauss points xi can be directly calculated. For the quadrupolar 
coupling B the numerical data for the intramolecular electric field gradient function 
V~(r) calculated by Reid and Vaida [21] have again been interpolated by a cubic 
spline to obtain values for the efg at the zeros of the interpolating Hermite polynomial 
used in the Gauss quadrature integration. 

Furthermore, the symmetry restrictions imposed by the Pauli principle on the 
full molecular wavefunction under interchange of the two identical nuclei for 
homonuclear diatomics must be obeyed when equation (16) is used to calculate 
temperature weighted expectation values for NMR observables. Under ordinary 
circumstances both molecular hydrogen and molecular deuterium can be considered 
as consisting of two distinct molecular species, one with symmetric (ortho) and one 
with antisymmetric (para) nuclear spin wavefunctions. This restricts the linear 
expansion coefficients C~jM; m in equation (16) to non-zero values for 

even J: para-H2, ortho-D2, 
odd J: ortho-H2, para-D2, 
all J: HD. 

Hence, separate values for D and B are obtained for each of these molecular hydrogen 
species. When the external perturbation A due to the liquid crystal environment is 
taken to be the interaction between the molecular quadrupole moment and an 
external mean efgFzz as in equation (11), there is an additional contribution to 
the value of the quadrupolar coupling B [3] 

Bexternalefg __ 3 eQD Fzz. (17) 
4 h 

As a consequence of the presence of an external efg Fzz the thermal expectation value 
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for the quadrupolar coupling B comprises two contributions: 

B = B intramolecularefg + B ext . . . .  le fg  (18) 

wi th  B intram~ stemming from the intramolecular efg that can be evaluated from 
equations (14), (14b), (15) and (16), and B "xt .... lerg given by equation (17). 

2.4. Computational details 

The set of basis functions in equation (7) used in this study to describe the 
vibrational and rotational states of molecular hydrogen contains a number of 
adjustable parameters. One can vary the number of harmonic oscillator basis 
functions and spherical harmonics. Also, for the harmonic oscillator functions used 
the angular frequency tn and the location of the minimum of potential energy of the 
corresponding oscillator can be adjusted. No elaborate optimization of these 
parameters has taken place. They were fixed to sufficiently realistic values. The 
angular frequency of the harmonic oscillator basis functions was fixed to 4400, 3800 
and 3100cm -1 for H 2, HD and D E respectively and centred at a common 
internuclear distance r e = 0.741404/~ = 1-401 05 a.u. All physical constants were 
taken from [24] except for the gyromagnetic ratio of the deuteron 7D which was 
taken from [25]. For the nuclear reduced masses we used # = 918"055, 1223.87 and 
1835.198 a.u. for HE, HD and DE, respectively. Primarily, we used 40 harmonic 
oscillator basis functions to describe the radial part of q~(x, 0% q~) in equation (7) and 
an interpolating Hermite polynomial of degree 76 to obtain the radial matrix elements 
by Gauss-Hermite quadrature integration. The accuracy of this integration scheme 
for the evaluation of molecular properties has been tested for a hydrogen molecule 
with its potential energy function described by the well-known Morse potential 
[26, 27]. Neglecting centrifugal distortion by setting J equal to zero we obtained an 
accuracy of at least 16 significant figures. When an internuclear distance potential 
grid of Morse potential energies analogous to the data of Kolos and Wolniewicz for 
the hydrogen molecule I-9] was used in combination with cubic spline interpolation 
to evaluate the required values at the Gauss points, the accuracy in the molecular 
energies was at least six significant figures. 

Another point in the calculation of NMR observables is the number of rotational 
states associated with the vibrational ground state taken into account. If too large 
J values for the spherical harmonics included in the basis set are taken, the 
dimension of the sub-matrices H ~t to be diagonalized and hence the overall 
calculation time increases greatly. Since the rotational levels associated with these 
high J values are hardly populated, inclusion of such contributions is not needed. 
We have found that using spherical harmonics in equation (7) with J values of 0-10 
(thereby with Jmax = 10 including (Jmax + 1) 2 rotational levels) was sufficient. 

All calculations were performed in extended precision (19-20 decimal digits) on 
an Apple Macintosh IIci personal computer, featuring a 25 MHz Motorola MC68030 
CPU and MC68882 floating-point coprocessor. The IIci was equipped with 8 Mb 
DRAM and a 64 Kb 25 ns static RAM direct memory mapped cache board. A typical 
calculation of NMR observables from first principles for a hydrogen molecule 
took approximately five hours on the Apple Macintosh IIci. 

The structure of the partitioned submatrix HUi . . . . . . .  ddJ when the basis functions 
]vJM) with a particular value for M are grouped according to the value of J (either 
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even or  odd)  is shown in figure 1. The  d imension  of  each submat r ix  is equal  to  the 
number  of ha rmon ic  oscil lator basis functions. 

The  mat r ix  elements  occurr ing in the white space of figure 1 are equal  to zero. 
Non-ze ro  mat r ix  elements  are found in the off-diagonal  (light grey) submatr ices  when 
the liquid crystal  perturbation/../liquidcrystal is present.  /_/liquid crystal also contr ibutes  to 

the (dark grey) submatr ices  on the diagonal.  The lat ter  would be the only non-zero  
blocks if the external pe r tu rba t ion  is absent  and a t ten t ion  is focused on an isolated 
vibrat ing and  ro ta t ing  gas-phase  hydrogen  molecule.  

The  values of  J associated with the submatr ices  of  H M; . . . . . .  oddJ in figure 1 are 
found in the following way. The  value for J~ . . . . .  d can be de termined f rom the value 
of M associated with the submatr ix  under  cons idera t ion  from: 

odd  M even M 

J low-end,  e v e n  J M + 1 M 
Jl  . . . . .  d ,  odd J M M + 1 

The value of Jhigh-end can  be derived f rom the m a x i m u m  value of J used in the full 
( t runcated) set of  basis functions I vJM),  Jmax 

odd J max even J max 

Jhl,h-e.d, even J Jmax - 1 Jma~ 
Jh igh-end ,  odd J Jmax Jmax -- 1 

We int roduce the no ta t ion  

n/2, for even n, 

In/2] = (n - 1)/2, for odd  n, 

i.e., [n/2] equals the integral  pa r t  of  n/2. 
The  n u m b e r  of  blocks tha t  occur  a long the d iagonal  of  H M; . . . . . . .  rids are given by 

even Jm,x and even J 
o r  

odd  Jmax and odd J 

even Jmax and odd J 
o r  

odd Jm,x and even J 

[(Jm,x + 2 - I M I ) / 2 ]  [(Jmax + 1 - - I M  D/23 

The block labels K, L for the submatr ices  in H M; . . . . . . .  d d J  are equal  to 

[ (J  - J~ . . . . .  d + 2)/2]. 

If, e.g., Jmax = 10, M = 1 then for H M; . . . .  s, Jl . . . . .  d = 2, Jhigh-e,d = 10, n u m b e r  of 
blocks = 5; Jm,x = 10, M = 1 then for H M;~ JIow-end = 1, Jhigh-e.d = 9, n u m b e r  of 
blocks = 5. 
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3. Results and discussion 

In table 1 results of calculations using the ab initio quantum mechanical model 
described in the previous sections are presented for molecular hydrogen and its 
deuterated analogues. It isassumed that the interaction of an external efg Fzz with the 
molecular quadrupole moment of the hydrogen molecule is solely responsible for 
the orientation of the solute. The range of sample values for the efg Fzz includes the 
available estimates of the external efg present in various nematic liquid crystal 
solvents from NMR experiments employing molecular deuterium as a probe molecule 
[1-5, 28]. A number of observations that have been made before in these studies-- 
using a gas-phase molecule model with additional simplifying assumptions about the 
internal and rotational motions--are confirmed by the much more advanced 
calculations presented here. 

The (temperature dependent) mean efg Fzz present in a nematic liquid crystal 
can have a positive or negative sign depending on the particular solvent chosen and 
accounts for the sign and magnitude of the observed orientation and NMR spectral 
parameters. When the calculated values for the dipolar couplings of HD and D E are 
scaled by a factor ~H/~D and (?a/),o) 2 respectively to eliminate the trivial effect of the 
different magnetogyric ratios upon these couplings, the major effect of replacing a 
hydrogen by a deuterium in molecular hydrogen is to increase the dipolar coupling 
scaled to Hz-values by almost 7~. This effect is essentially of quantum mechanical 
origin and cannot be explained classically [1]. The experimental observation that 
the hydrogen species with a larger average internuclear distance has a smaller 
orientation is confirmed in a natural way by the quantum mechanical model. 

The summations over the separate even and odd J-ladders for the ortho-D 2 and 
para-D 2 species respectively give virtually identical calculated NMR observables. 
This is quite remarkable, especially in view of the different values of the molecular 
quadrupole moment for each rotational state contributing to the thermal expectation 
values. Calculations for lower temperatures down to 220 K give similar results in 
agreement with experimental observations made for undercooled liquid crystal 
samples that the two molecular deuterium modifications show NMR spectra that 
can be described by the same spectral parameters within experimental error [1]. 

Also included in table 1 are ratios of both the total calculated quadrupolar 
coupling and the quadrupolar coupling due to the intramolecular efg at a deuteron 
to the dipolar coupling, Bt~ and Bint/D, respectively. The latter ratio is essentially 
a molecular property and of importance in the design of zero-efg mixtures of liquid 
crystals. By adjusting the amounts mixed Of the component liquid crystals that 
possess average efgs of opposite sign in a controlled way the resulting average efg of 
the mixture can be adjusted to zero. In this way the orienting interaction with the 
molecular quadrupole moment--that accounts for most of the orientation of 
molecular hydrogen--can be removed selectively for these mixtures, resulting in a 
small remaining orientation I-3-5]. It is worthwhile to note in table 1 that not only the 
ratio Bint/D is remarkably constant for the various strengths and signs of Fzz but so 
is Bt~ The experimentally observed ratios are somewhat larger and show more 
distinct variations throughout the series of nematic solvents studied than the 
calculated values presented for Bt~ in table 1. Previously, the discrepancy between 
the experimentally observed quadrupolar coupling B for molecular deuterium and 
the quadrupolar coupling for this molecule in the gas phase, stemming from the 
intramolecular efg only, was used to monitor the mean efg Fzz present and this is 
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reflected in the observed B/D ratio. An estimate of Fzz was obtained in these studies 
[1, 3-5] using 

B~Xt . . . .  lefg _ 43eQDFzz=h Bexperimental--Dexperimental(Bintl\o/ . . . .  t . . . .  1 efg" (19) 

For molecular deuterium a value of -24.59 for BID at 298 K has been used previously 
as an indication for the absence of an external efg in a nematic solvent [3-5]. If in 
a similar vein it is assumed that the averaging over intramolecular and reorientational 
motions can be carried out separately in equation (14), for a particular quantum 
state expectation values of the quadrupolar and dipolar coupling become products 
of a radial term and an orientational part. In our calculations an indication for Bint/D 
in the absence of a perturbing efg can then be obtained as the ratio of 0.75 times the 
thermally averaged expectation value for the deuteron quadrupole coupling and the 
thermally averaged expectation value of -h/(4~z)TZ(r-3).For the hydrogens the 
population of the vibrationally excited states can be safely neglected. If we use values 
for the quadrupole coupling constant and ( r -  3) computed with the method described 
in section 2 in the absence of an external efg, we obtain a Bint/D value of -24.46 at 
298 K for D 2. This value is about 0.5% lower than the previous value of -24"59 
[3-5]. This difference is essentially due to the fact that we obtain consistently lower 
ab initio values than those of Reid and Vaida [21, 22] and Bishop and Cheung [23] 
for the electric field gradients (V~z(r)) calculated in various rotational states over 
which thermal averaging takes place. In the presence of an external efg Fzz, with 
typical magnitudes as given in table 1, virtually identical results of -24"46 for Bint/D, 
calculated in the same spirit as above, are obtained, indicative of the fact that the 
interaction between the external efg and the molecular quadrupole moment indeed 
presents a small perturbation for the hydrogens. If in the presence of an external efg 
Bint/D is calculated correctly as the ratio of the thermodynamic expectation value 
for the quadrupolar coupling and the thermodynamic expectation value for the 
dipolar coupling, computed separately from equation (15) and (16) with the 
appropriate expression (14) for the associated operator (and therefore without 
invoking the assumption that averaging over intramolecular and reorientational 
motions can be performed separately) a value for BinTD of typically -24.33 is 
obtained, as can be seen in table 1. 

For a free molecule in field-free space the electric field gradients at the nuclear 
sites are due to the intramolecular charge distribution only. The presence of an 
external potential source, either in the gas phase or in a condensed phase stemming 
from nearby molecules, provides not only an efg at the nucleus directly but also 
distorts the intramolecular electronic charge distribution, thus modifying the intra- 
molecular efg. In the present paper these Sternheimer (anti)shielding effects, including 
their anisotropic orientation dependence, are neglected by assuming that the external 
perturbation does not modify the electronic structure. This circumvents the laborious 
calculation of accurate electronic properties of molecular hydrogen in the presence 
of an external potential, in particular of the efg at a nuclear site and the molecular 
quadrupole moment. The reported values of the efg Fzz should therefore be taken 
as an estimate, as the present calculation does not include these anisotropic 
polarization effects of the external efg Fzz as yet. 

Barker et al. [4] noted that the experimental dipolar and quadrupolar couplings 
for molecular hydrogens do not pass through zero at the same temperature. This 
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should be true if a single orienting interaction like that between the efg and the 
molecular quadrupole moment  accounts for all the observed ordering. In a careful 
examination of the experimental data for hydrogens in both pure liquid crystals and 
mixtures with low values for the efg by van der Est et al. [5] a roughly constant, 
positive value was noted for the difference DHD - -  (DHH q- /)00)/2 (with DHD and DDD 
scaled by the appropriate gyromagnetic ratios to bring them in line with Dart ). This 
could be accounted for by including an additional orienting interaction that 
phenomenologically modelled the van der Waals forces between the atoms in the 
solute and the solvent molecules and included both attractive and repulsive terms. 
If from the results in table 1 values for DUD- (DHH + DDD)/2 are calculated, the 
obtained values reflect both the sign and the magnitude of the external efg Fzz. This 
is in contrast with the experimentally observed constant, positive value for this 
quantity and supports the notion that at least one relatively minor additional 
orienting interaction is required to explain the couplings for hydrogens in nematics 
in greater detail. 

For the range of values Fzz employed in the present study the calculated NMR 
observables show an almost linear behaviour. This can be seen in figure 2 where the 
expectation values B, D and S== calculated at 298 K in table 1 (a) are visualized. The 
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Figure 2, Dipolar couplings D (figure 2 (a)), quadrupolar couplings B (figure 2 (b)) and order 
parameters S,= (figure 2 (c)) for molecular hydrogen dissolved in a nematic liquid crystal 
for some values of an external electric field gradient Fzz as calculated from first principles 
for a single orienting interaction between this efg Fzz and the molecular quadrupole 
moment of the solute at 298 K. The dipolar couplings for HD and D 2 have been scaled 
by (7H/70) and (7n/Yv) 2, respectively. Ortho-H2: open squares, HD: open triangles, 
ortho-Dz: open circles. 

(continued) 
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F i g u r e  2. (continued). 

results in table 1 provide a quick and easy way to obtain an estimate of the 
external efg Fzz present in a nematic liquid crystal solvent, once the N MR spectral 
parameters of molecular hydrogen or any of its deuterated analogues used as a probe 
molecule for the efg present in that particular solvent have been obtained. However, 
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this approach .hinges on the assumption that the interaction between Fzz and 
the molecular quadrupole moment is solely responsible for the orientation of 
the solute. It differs from the physically more appealing way, used before, of evaluating 
the external efg Fzz in such a way that it accounts for the difference between 
the gas phase BID ratio and the corresponding ratio as observed in the nematic 
solvent. 

In table 2 the experimental couplings for the various modifications of molecular 
hydrogen in the liquid crystal 1132 at 298K as measured by Burnell et al. 
[1] are listed. A natural cubic spline defined by the results of table 1 has 
been used to interpolate for the external efg Fzz from both the experimental 
dipolar and quadrupolar coupling measured for a single species. From the value of 
Fzz obtained in this way the dipolar and quadrupolar couplings for all the different 
isotopomers are then calculated and compared with the experimentally observed 
values. As can be seen in table 2 the agreement is quite good. We have obtained 
similar results for the available data of molecular hydrogen in other nematic solvents 
and at other temperatures. The actual values of Fzz obtained in this way are more 
than 10~o larger than previously reported estimates for various nematic solvents [3], 
possibly because the value of Fzz is now allowed to be responsible for all of the 
observed ordering. 

As discussed in the theoretical section, the total Hamiltonian in equation (5) 
comprises a number of terms including the centrifugal distortion and the vibrational 
anharmonicity. The computational scheme used here allows for an easy means to 
estimate their relative importance on the calculated values for the NMR observables 
by omitting the corresponding terms from the Hamiltonian. The results for some of 
these alternative calculations for ortho-D 2 are summarized in table 3 (para-D2 gave 
identical results which are therefore not shown). In table 3 results obtained for a 
much simpler description of the hydrogen molecule taken as a rigid rod as developed 
by Snijders et al. [2] are also included. In this model the orienting interaction between 
the external efg and the molecular quadrupole moment is taken into account by 
standard first-order perturbation theory to calculate the thermal expectation values, 
treating the rotational degree of freedom as a quantum mechanical rigid rotor. 
Remarkably, this straightforward approach gives results that compare well with the 
results obtained when the complete Hamiltonian in equation (6)is used, although 
the Bint/D ratio obtained for the value of the external efg Fzz used in table 3 is 
significantly lower than for the full description from first principles, partly due to the 
lower, fixed internuclear distance. Apparently, in the simple 'rigid ro& model there 
is a significant degree of fortuitous cancellation. 

The results obtained for the analysis of the experimental couplings of D 2 in the 
nematic liquid crystal 1132 at 298 K [1, 3] are also included in table 3 for comparison. 
The value of the external efg Fzz was calculated from the difference between the 
experimentally observed and theoretical BID ratio treating the anharmonicity and 
centrifugal distortion as perturbations of a harmonically oscillating, quantum 
mechanical rotor [1, 3-5]. 

If the vibrational effect on the instantaneous moment of inertia is neglected in 
equation (8 c) and the familiar expression for a rigid rotor with rotational constant 
B e is used instead, the molecular quadrupole moment interacting with the orienting 
external efg becomes essentially independent of the rotational degree of freedom as 
well. However, this results in only minor changes in the obtained thermal expectation 
values. 
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4. Conclusions 

We have calculated from first principles thermal expectation values for NMR 
observables for molecular hydrogen and its isotopically substituted analogues 
dissolved in nematic liquid crystal solvents. In our calculations we have employed 
high-quality nuclear wavefunctions and available data for highly correlated electronic 
wavefunctions at many different geometries from the literature. In our description of 
hydrogens partially oriented in nematic phases vibrational anharmonicity, centrifugal 
distortion, the changes of the nuclear quadrupole coupling with internuclear distance, 
and the dependence of the molecular quadrupole moment on the rotational 
quantum number have been included. The results strongly support previous con- 
clusions drawn from experimental studies and simplified theoretical considerations 
of  molecular hydrogen and deuterated analogues that, when dissolved in nematic 
liquid crystals, appear to be predominantly oriented through the interaction between 
their molecular quadrupole moment and the average external electric field gradient 
present in these solvents. In addition, the present theoretical results provide the 
basis for obtaining reliable estimates of such average external electric field gradients 
from a single NMR observable. 

The authors are grateful to Professor E. Elliott Burnell for helpful discussions. 
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