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Chapter 1

Introduction

The time to the occurrence of a particular event of interest is of signifi-
cant interest to researchers in many scientific fields. For instance, in some
cancer-related medical studies, the event may be the death due to a spe-
cific type of cancer, such as breast cancer, leukemia or melanoma. In
engineering, the study of machine lifetime is usually known as reliability
theory. The time-to-event data are collected over a pre-specified study
period. As a result, not all events may be observed during the study, and
some subjects may be lost to follow-up. Such observations are referred to
as censored subjects. Common censoring schemes include right censoring,
left censoring, and interval censoring. In this work, we focus on right cen-
soring, where the event of interest occurs after the end of study, meaning
that the event time can exceed the follow-up period for some subjects.

In many cases, a considerable fraction of subjects may never experience
the event. Such subjects who are non-susceptible to the event of inter-
est are referred to as cured, which is a terminology arising from medical
applications. The assumption of the presence of cured subjects is empir-
ically reasonable, as evidenced by the existence of a substantial number
of long-term survivors. For example, recent advancements in cancer treat-
ment and diagnosis have significantly improved survival rates (Legrand
and Bertrand, 2019). Timely diagnosis and effective therapy in cancer pa-
tients can lead to a subpopulation becoming cured. Another example can
be found in fertility studies (Van Geloven et al., 2012), where one is inter-
ested in the time to pregnancy while there are infertile couples for whom
natural conception is impossible. In credit score modeling, the time to
default of loan applicants is studied and default does not occur for the ma-
jority of debtors leading to a non-susceptible subpopulation (Dirick et al.,
2017).
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In all these scenarios, a substantial proportion of long-term survivors
may be observed, provided the follow-up period is sufficiently long. How-
ever, under right censoring, it is not possible to distinguished cured sub-
jects from the censored but uncured individuals. This leads to challenges in
modeling survival data in the presence of cured subjects. Survival models
are commonly used for analyzing time-to-event data. A typical assump-
tion of these models is that all subjects are susceptible and will eventually
experience the event of interest, given a sufficiently long follow-up period.
Such assumption means that traditional survival models do not account
for the presence of cured subjects, which can result in significant estima-
tion bias. To address this limitation and account for the possibility of the
existence of cured subjects, cure models have been developed.

In many scientific studies, researchers are often interested in investigat-
ing the relation of various characteristics of subjects to the survival time
distribution. For example, age, gender, or medical treatment may influ-
ence survival outcomes. In addition to estimating the survival time distri-
bution of the uncured subjects, possibly conditional on certain covariates,
cure models also allow modeling the cure proportion and assessing the cure
proportion given the covariates. Various methods have been proposed to
estimate the survival time distribution and investigate the potential effects
of covariates. Parametric models are the most commonly used approaches
because of their interpretability and computational simplicity. However,
the parametric assumption can be strong and unrealistic, leading to incor-
rect inference under the case of model misspecification. As an alternative,
semi-parametric and nonparametric methods provide more flexibility by
depending on less restrictive assumptions.

In many real world applications, experts may have prior knowledge
about the shape of an unknown function of interest. In such circumstances,
it is preferable and advantageous to incorporate this information, not only
when comparing with parametric models but also with nonparametric and
semi-parametric models. For instance, the cure probability may decrease
as the age of a patient at diagnosis increases, motivating the application
of monotonicity constraints to model the relation of covariates to the cure
probability. Furthermore, the survival time distribution of the uncured
subjects may exhibit a decreasing density in the tail region, meaning that
the event of interest becomes less likely to happen as the survival time
increases. Within cure models, this decreasing density assumption is rea-
sonable since Kaplan—Meier estimates for the distribution function usually
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display a concave curve in the tail region, i.e., the density is decreasing in
that region. Under these scenarios, more reliable results are obtained by
imposing monotonicity constraints in the inference procedure.

This thesis is devoted to inference for cure models. Specifically, we will
study how the monotonicity constraints can be utilized for estimation and
for testing a crucial assumption of sufficient follow-up. In the remainder
of this introduction, we review related work on mixture cure models and
research on testing their crucial assumption of sufficient follow-up. For a
more comprehensive review of topics regarding cure models, we refer to
Amico and Van Keilegom (2018) and Peng and Yu (2021). This chapter
ends with an outline of the thesis.

1.1 Mixture cure models

Mixture cure models assume that the population consists of two groups:
subjects who are susceptible to the event of interest and cured individ-
uals. Such models were first introduced by Berkson and Gage (1952) in
a preliminary form and have gained popularity over recent decades. In
the unconditional setting or in the absence of covariate information, the
mixture cure model can be described as follows. Let T" be a non-negative
random variable representing the time to the occurrence of the event of in-
terest, with distribution function F'. Let C be the random right censoring
time with distribution function G. We further assume that C' and T' are
independent. Under the random right censoring assumption, we observe
the pair (Y, A), where Y = min(7, C) is the follow-up time or the observed
survival time and A =1 {T" < C'} is the censoring indicator.

In the presence of cured individuals, the mixture cure model assumes
that a subject is susceptible with probability p and non-susceptible (i.e.,
cured) with probability 1 — p. Using the convention that oo -0 = 0, the
survival time 7" can be expressed as T = (1 — B) - co + B - T},, where
B is the uncure status (B = 1 if the subject is uncured) and T, is the
survival time of the uncured subjects, with a proper distribution function
F.(t) = P(T < t|B =1). Then the distribution function of 7" under the
mixture cure model is:

F(t) = pFu(t).

When p < 1, indicating the presence of cured subjects, the distribution

3
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function F'(t) is improper, i.e., lim F(t) =p < 1.
t—o00

Suppose that we observe n i.i.d. realizations (Y;, A;), fori =1,---,n
of (Y, A). The distribution function F' can be estimated nonparametrically
by the Kaplan—Meier estimator (Kaplan and Meier, 1958):

. Y, =Y, A =1
An=1- I <1_ #{J 5 =Yy A }>’
Vo<t #7 Y5 > Y}

where Y(;) is the i-th order statistic.

Let t¢ = sup{t > 0 : G(t) < 1} and tr, = sup{t > 0 : F,(t) < 1}
be the right extremes of the supports of G and F),, respectively. Further,
we denote the maximum observed survival time by Y(,,). Maller and Zhou
(1992) proposed a nonparametric estimator of the uncure fraction p by

Pn = Fn(Y(n))

Under the sufficient follow-up assumption that tr, < tg, the consistency
and asymptotic normality of p, have been established. This sufficient
follow-up condition is also crucial for the proper identification of the cure
probability. Under a mild continuity assumption, it can be shown that

Fn(Y(n)) 5 F(tg) asn— oo,

and
F, < if <
P it tp, <16

Therefore, the uncure probability is underestimated when the follow-up is
insufficient, i.e., when 1 < Tp,. A Kaplan-Meier curve showing a long
plateau that contains many censored observations is considered as evidence
that the sufficient follow-up assumption is satisfied. Several statistical
tests have also been proposed to assess this condition. We will discuss
the follow-up sufficiency condition and related test procedures in detail in
Section 1.2.

Example 1.1.1 (Simulated data with a cure fraction). To illustrate these
concepts, we simulate 500 observations from the following mixture cure
model. The uncure fraction p is set to 0.6, and the uncured survival time
has a truncated exponential distribution:

1—e?

Fu(t) = PRt

0<t<3.

4



1.1. Mixture cure models

The censoring time C'is uniformly distributed on [0, 5]. Therefore, Tp, = 3
and T¢ = 5 and hence the sufficient follow-up condition T, < T¢ is
satisfied. About 53% of the observations are censored, including both
cured subjects and censored uncured subjects (the latter comprising about
8.2% of the population).

1.00 1.00
> >
= =
i 0.75 3 0.75
© ©
o) o)
o o
S.0.50 S.0.50
< <
= =
c Z
5 0.251 5025
) 7]
0.00 0.00
0 1 2 3 4 5 0 1 2 3 4 5
Time Time

Figure 1.1: Kaplan—-Meier estimate for data simulated from a mixture cure model (left:
all censored, right: censored but uncured). ‘4’ indicates a censored observation.

Figure 1.1 shows the Kaplan—Meier estimate for this dataset, where ‘+’
indicates a censored observation. The left and right panels show the same
Kaplan—Meier curve, marking all censored and censored but uncured ob-
servations, respectively. The Kaplan—Meier curve exhibits a long plateau
with many censored observations. The height of the plateau gives an esti-
mate of the cure fraction 1 — p.

When covariate information is available, the aforementioned mixture
cure model can be extended by considering two conditional sub-models:
one for the conditional uncure probability (incidence) and another for mod-
eling the conditional survival function of the susceptibles (latency). Recall
that T" and C denote the survival time and the censoring time, respectively.
Furthermore, B is the uncure status, Y = min(7, C') is the follow-up time,
and A =1 {T < C} is the censoring indicator.

In the presence of covariates, the cure probability and the uncured
survival time distribution depend on a set of predictors. However, the cure
probability and the uncured survival time are not necessarily depending on



Introduction

the same set of predictors. As a result, we use two sets of covariates X € R¢
for the incidence and Z € RY for the latency. X and Z can possibly be the
same or partially /completely different. In addition, we assume that C' and
T are conditionally independent given the covariates (X, Z). Furthermore,
we denote this conditional independence by C' L T|(X,Z).

Denote the conditional uncure probability by p(x) = P(B = 1|1X = x)
and the conditional survival function for the uncured by S, (t|z). In the
mixture cure model, the conditional survival function of T' given covariates
(x,2) is expressed as

S(tx,z) =P(T > t|X =x,Z = z)
—P(B=0X=x)+P(B=1X=x)P(T >{|B=1,%Z=2)
— 1 p() + p(x)Su(t]2).

We briefly review various modelling approaches below.

Parametric models Initially, mixture cure models that rely on fully
parametric assumptions, i.e., both incidence and latency are modeled para-
metrically, were introduced. Farewell (1977) proposed modeling the inci-
dence using a logistic model and the latency by an exponential distri-
bution. Later, Farewell (1982) extended this approach by combining a
logistic model for the incidence with a Weibull distribution for the latency.
Specifically, the incidence probability is specified as

exp ('yTx)

PO~ T e (37

where « is a vector of unknown regression coefficients. The latency is
modeled by a Weibull distribution with the density

Fu(tlx) = kAR M) exp{— (A(x)1)"},

where k is the shape parameter and A(x) = exp(—B7x) is the scale pa-
rameter with 8 being a vector of unknown regression coefficients.

Semi-parametric models The celebrated semi-parametric Cox propor-
tional hazards (PH) model (Cox, 1972) has been widely utilized to study
the relation of covariates to the survival time distribution due to its ease of
interpretation and flexibility. However, in the presence of cured subjects,

6
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applying the Cox PH model may lead to wrong inference, as illustrated
in Amico and Van Keilegom (2018), where the regression parameter es-
timates were shown to be substantially biased. To address the presence
of cure individuals while relaxing the parametric assumption on latency,
several semi-parametric mixture cure models have been introduced. Mod-
eling latency by the Cox PH model is one of the most common approaches
among the semi-parametric mixture cure models, due to its simplicity of
interpretation and popularity in survival analysis.

The semi-parametric Cox PH model relates the hazard rate to the
covariates under the proportional hazards assumption. Kuk and Chen
(1992) extended the use of Cox PH model to analyze survival data with
cured subjects. In particular, a semi-parametric mixture cure model has
been proposed, which combines a logistic incidence model and a Cox PH
model for the latency. To be precise, the latency of such model has the
conditional survival function

Su(tlx) =P(T >#B=1,X=x) =exp [-A(t) exp (87x)]

where A(t) is the baseline cumulative hazard function and 3 is a vector
of regression coefficients. Peng and Dear (2000) and Sy and Taylor (2000)
introduced estimation procedures for this model.

An extension of this framework which uses semi-parametric accelerated
failure time (AFT) models for the latency, while retaining the logistic
incidence model has also been proposed (Li and Taylor, 2002; Zhang and
Peng, 2007). Specifically, recall that T, denotes the survival time of the
uncured subjects, the conditional distribution of the survival time 1" given
B =1 and X = x follows an AFT structure:

logT,, = Blx + e,

where € is an error term with the survival function Sy and 3 is a vector of
regression coefficients. Therefore, the conditional survival function for the
latency component becomes:

Su(tx) = So(logt — B"x).

Patilea and Van Keilegom (2020) introduced a general approach for
estimating mixture cure models. Specifically, the conditional uncure prob-
ability p(x) is modeled parametrically, i.e., p(-) € {p(-,7v) : v € G}, where

7
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~ is a vector of parameters and G is the parameter space. No assumption
is imposed on the conditional survival function of the uncured event time,
Su(t|x). Let Hy(t|x) = P(Y < t,A = k|X = x) for £ = 0,1, and define
H(t|x) = Ho(t|x) + Hi(t|x) = P(Y < t|X = x). Furthermore, denote
the conditional censoring distribution by G(t|x) = P(C' < ¢|X = x). The
authors showed that the conditional survival function of the uncured event
time can be expressed as:

B Hi(ds|x) }

Stk =] e e
where ][, 4 denotes the product-integral over the set A and Hy(ds|x) is the
measure associated with Hy(-|x), & = 0,1. The subdistributions Hy(-|x)
and the conditional censoring distribution G(-|x) can be estimated using
appropriate estimators, denoted by I:Ikn(|x) and G, (-|x), respectively.
One example is the Stone-type estimator (Stone, 1977), among other non-
parametric estimators. The survival function S, (-|x) can then be estimated
by substituting these estimators, giving S'un(\x) The parameter v can
be estimated by maximizing the likelihood with S, ,(-|x) plugged in.

Burke and Patilea (2021) proposed a likelihood-based estimation ap-
proach for cure regression models using inverse probability censoring weight-
ing (IPCW). In particular, the conditional uncure probability p(x) has the
parametric structure p(-) € {p(-,7) : v € G}, without imposing assump-
tions on the conditional distribution of the uncured event time. Under
the assumptions that (i) 7,, L C|X, and (ii) B L (Ty,C)|X, which to-
gether imply the standard assumption 7" L C|X, the conditional uncure
probability can be expressed as:

p(X) = EB1X) = (1= g )

where G(:|X) denotes the conditional censoring distribution. This expres-
sion for p(x) adopts the IPCW framework. If the uncure status B were
observable, the likelihood contribution of a single observation would be:

(1 = B)log{l —p(X,v)} + Blogp(X,~).

However, since the uncure status is unobservable, the authors proposed
replacing it by an observable surrogate B*(G) = % in the above
likelihood. The parameter ~ is estimated by maximizing the empirical

8



1.1. Mixture cure models

version of the resulting likelihood. The conditional censoring distribution
G(+|x) can be estimated using either the Cox PH model or the conditional
Kaplan-Meier estimator (Beran, 1981).

The aforementioned semi-parametric models relax the parametric as-
sumption for the latency component. However, the incidence part is still
modeled parametrically, which may be restrictive in some applications and
hence a nonparametric model for this component is more feasible. Amico
and Van Keilegom (2018) proposed a single-index model for the incidence,
while maintaining a Cox PH model for the latency. Unlike the logistic
incidence model, the single-index model links linear predictor (index) to
the uncure probability by an unspecified link function ¢, such that

p(x) = p(v"x),

where ~ is an unknown vector of regression coefficients. The index v7x
achieves dimension reduction, alleviating the curse of dimensionality when
estimating the link function ¢ nonparametrically. Similar to the aforemen-
tioned semi-parametric models, the latency component follows a Cox PH
model using the set of covariates Z.

In many applications, the link function ¢ is expected to be monotone,
for example, the uncure probability increases with the index, which can
be considered as the risk score of an individual. Furthermore, a monotone
link function facilitates the model interpretability since the sign of each
coefficient in -~ indicates how the cure probability varies with the corre-
sponding covariate. This motivates the use of monotone single-index model
for the incidence component, leading to a monotone single-index/Cox mix-
ture cure model, which will be presented in Chapter 2.

Nonparametric models To estimate the conditional survival function
of the survival time 7' given a continuous covariate X, the conditional
Kaplan—-Meier estimator was proposed by Beran (1981). Suppose that we
observe n i.i.d. realization (X;,Y;,A;),i=1,--- ,n of (X,Y,A). Define

Hy, o (t]z) = Zwm VL{Y; <t, A=k}, k=01,

and

H,(t|x) = Hon(tlz) + Hyo(tlz) = Zwm V1L{Y; < t},
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where wyi(v) = Kp(v—X;)/ > j_; Kn(r—X;) are Nadaraya—Watson (NW)
weights using the rescaled kernel K, (-) = K(-/h)/h, with bandwidth h and
kernel function K. The conditional Kaplan—Meier estimator is given by

Sun(tlz) = T( (1 - m> ,

where J{,. 4 denotes the product-integral over the set A and Hy ,(ds|z) is
the measure associated with Hy ,,(-|z).

Xu and Peng (2014) proposed using the conditional Kaplan—Meier es-
timator for estimating the incidence by

ﬁnh(x) - th(}‘}(n)’x% (11)

where f/(n) = max;.a,;—1 Y; is the maximum uncensored survival time.
Lépez-Cheda et al. (2017) further extended the use of the conditional
Kaplan—Meier estimator to estimate the latency nonparametrically, given
by R

Snb(t]x) — (1 — prs(x))

ﬁnb(x)

where the smoothing parameter b may differ from h, which is used in the
incidence estimator in (1.1).

)

Sunp(t]z) =

Recall that F,(t|lx) = 1 — S,(t|x) is the conditional distribution of
the uncured survival time and G(:|x) is the conditional distribution of the
censoring time. Define

Ta(z) =sup{t: G(t|z) < 1} and g, (z) =sup{t: F,(tlx) <1}.
Under the sufficient follow-up assumption:
Tp, < ta(r) forallz e X,

where X is the support of X and T, = sup,cy Tr, (), consistency and
asymptotic normality of the estimator p,p(x) were established by Xu and
Peng (2014), among other assumptions. Furthermore, Lopez-Cheda et al.
(2017) established an i.i.d. representation of the incidence estimator under
similar assumptions. This condition ensures that the follow-up is suffi-
ciently long so that all censored individuals beyond the largest uncensored
survival time are likely to be cured. Consequently, the estimator does not

10
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1.00 1.00+

Uncure probability
3

Uncure probability
3

0.00 0.00-
40 60 80 40 60 80
Age (years) Age (years)

Figure 1.2: Estimated incidence probability as a function of age using various mixture
cure models. The curves correspond to: logistic-Cox (solid), logistic-AFT (dash-dotted),
Single-index/Cox (dotted), and Nonparametric incidence (dashed). Left: ER-negative
patients. Right: ER-positive patients.

overestimate the cure probability. A detailed discussion on the follow-up
sufficiency assumption in the presence of covariates will be provided in
Section 1.2.

Example 1.1.2 (Breast cancer study). We illustrate three different mix-
ture cure models using a dataset of an observational study. Such data con-
sists of 286 lymph-node-negative breast cancer patients. The relapse-free
survival time (in months), i.e., time until death or occurrence of distant
metastases, is considered. The patients were treated between 1980 and
1995, with ages at treatment ranging from 26 to 83 years. The dataset
also contains information on estrogen receptor (ER) status, which helps
determine the breast cancer treatment options. The uncensored survival
time ranges from 2 to 80 months, and the censoring rate is about 62.59%.
This dataset has been studied by Amico and Van Keilegom (2018); Amico
et al. (2019); Dobler and Musta (2024).

We apply and compare the following models to study the effect of age
on the uncure probability:

e the logistic-Cox mixture cure model (logistic incidence and Cox PH
latency),

e the logistic-AFT mixture cure model (logistic incidence and AFT
latency),

e the single-index/Cox mixture cure model, and

11
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e the nonparametric incidence sub-model in (1.1).

Figure 1.2 exhibits the estimated uncure probability as a function of age
for both ER-negative and ER-positive patients. All models, except the
nonparametric incidence sub-model under the ER-negative status, show
a decreasing trend in uncure probability with increasing age. Particu-
larly, the single-index/Cox mixture cure model and the nonparametric
incidence sub-model exhibit similar patterns, especially for ER-positive
patients. However, the incidence probability estimates from these two
models may suffer from boundary problem, and the bandwidth selected
via cross-validation for the single-index/Cox mixture cure model may be
too small.

Throughout this section, we have underscored the importance of follow-
up sufficiency assumption, which is crucial for the proper identification of
the cure probability. Parsa and Van Keilegom (2023) studied the identi-
fiablity of both the logistic-Cox and the logistic-AFT mixture cure mod-
els. For example, the identifiablity of a logistic-Cox mixture cure model
requires the existence of a finite cure threshold T such that S, has the
support [0, T] implying that all subjects with 7' > T are cured. In addition,
it is required that P(C > t|X,Z) > 0 for almost all X, Z, meaning that
censoring can occur beyond T. The assumption of sufficient follow-up, as
well as procedures for testing it, will be discussed in the next section.

1.2 Sufficient follow-up

In the previous section, we reviewed various mixture cure models and em-
phasized their advantages in modeling survival data with cured subjects,
specifically when comparing to traditional methods such as the Cox PH
model. In the presence of censoring, it is impossible to distinguish the
cured subjects from the censored uncured individuals. However, the pres-
ence of a cure fraction may be suggested by studying the Kaplan—Meier
estimate of the marginal survival function, particularly, if the curve shows
a plateau at a level above zero. As previously mentioned, the level of this
plateau can be regarded as an estimate of the cure fraction, provided that
the follow-up period is sufficiently long. This ensures the survival function
remains constant, instead of decreasing to zero by the end of the study.

Example 1.2.1 (Simulated data with a cure fraction revisited). To il-

12
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Figure 1.3: Kaplan—Meier estimates for the simulated data in Example 1.1.1 with dif-
ferent study cutoffs (left: cutoff = 1.5, middle: cutoff = 3.75, right: cutoff = 5).

lustrate the ambiguity and limitations of assessing follow-up sufficiency
through visual examination of Kaplan—Meier curves, we revisit the sim-
ulated data from Example 1.1.1. In addition to using the dataset with
a follow-up cutoff at the study ends, we construct hypothetical ‘what-if’
scenarios where the follow-up ends before the actual one. Specifically, the
observations with a follow-up time beyond the hypothetical cutoff are con-
sidered as censored with a follow-up being the hypothetical cutoff. We
consider two such hypothetical cutoffs, namely 1.5 and 3.75, in addition
to the actual cutoff at 5. Specifically, under the hypothetical cutoff, the
censoring time is defined as C' = min(C, %), where T € {1.5,3.75}.

Figure 1.3 exhibits the Kaplan—Meier curves corresponding to these
three cutoff times. In the left panel, the curve shows no plateau, indicating
that the follow-up is insufficient. In the right panel, the Kaplan—Meier
estimate shows a long plateau with a large number of censored observations
within that time interval, which suggests the follow-up is sufficient. In
contrast, the middle panel exhibits an ambiguous scenario. The Kaplan—
Meier curve shows a short plateau, which gives an inconclusive assessment
of follow-up sufficiency, since it remains unclear whether the curve would
continue to decrease if the follow-up period were extended further.

In practice, it is difficult to quantify the follow-up sufficiency for accu-
rately estimating the cure fraction. Kaplan—Meier curves showing a pro-
longed plateau, containing many censored observations within that time
interval, may indicate sufficient follow-up. However, as illustrated in Ex-
ample 1.2.1, such visual inspections can be ambiguous and inadequate for
assessing follow-up sufficiency. Provided the crucial nature of this assump-
tion in mixture cure models, there is a necessity for a reliable statistical
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test. Below, we review existing proposals in the literature for testing the
sufficient follow-up assumption, both with and without covariate informa-
tion.

1.2.1 Without covariates

Testing insufficient versus sufficient follow-up

In the absence of covariate information, the notion of ‘sufficient follow-
up’ was first characterized by Maller and Zhou (1992, 1994). The follow-
up is considered as sufficient if the support of the uncured survival time
distribution F}, is included in that of the censoring time distribution G.
Recall that 1¢ = sup{t: G(t) < 1} and 15, = sup{t: F,(t) < 1}. The
above characterization can be formulated as 1p, < Tg. Maller and Zhou
(1992, 1994) proposed testing the null hypothesis of insufficient follow-up

Hy:tqg <7p, versus Hp:1tg>1p,. (1.2)

A nonparametric test which relies on the magnitude T — T, has been
proposed by Maller and Zhou (1992, 1994). Let Y(,) = max;Y; be the
maximum observed survival time and 17(n) = max;:A,—1 Y; be the maximum
uncensored survival time. They showed that Y(,,) — }7(n) converges almost
surely to g — 7, if Tp, < 7¢ and to 0 if 75, > 7, and suggested rejecting
the null hypothesis Hy if the p-value P(Y,,) — }7(n) > Yn) — gj(n)) is smaller
than a pre-specified significance level «, y,) and g, are the observed
values of Y(,) and f/(n), respectively. Under the null hypothesis Hy and
with a large sample size, the previous probability can be approximated
reasonably by (1 — ¢,)", where g, = P(C' > T > 2§, — y(n)). Without
knowing the distribution functions F' and G, one can estimate g, using its
empirical estimator ¢,, which is given by

_ i AL {2 — Yoy <Yi S G }
n

n

Then Hj is rejected if the estimated p-value o, = (1 — G,)" is smaller than
the nominal level. We refer to this test procedure as the «,, test.

Shen (2000) introduced an alternative method based on the v, test,
known as the &, test. Rather than considering the difference between Y/,

and i/(n% the &, test relies on the ratio of the two order statistics, and Hy
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is rejected if the p-value P(Y(,/ 17(n) > ry,) is smaller than «, where r, =

Y(n)/J(n)- The last probability is bounded by P(Y{,) < T¢/r»). Under Hy
and with a large n, this bound can be approximated by IF’(Y/(n) <TG/mn),
where 1 = uA}Q(n) +(1- ﬁ))y(n) with w = (y(n) — gj(n))/y(n) Similar to the

ay, test, the empirical estimator &, can be used, which is defined by

. (1 X Al {tg/ra<Yi < gm)"

n

Shen (2000) also investigated the Type I error and power of the &, test and
studied its finite-sample performance through simulations in comparison
to the «, test.

As mentioned in Maller and Zhou (1996, Page 85), it is more appro-
priate to compare «,, with a nominated quantile of its finite sample distri-
bution or its asymptotic distribution instead of the nominal level. Maller
et al. (2022) studied both finite sample and asymptotic distributions for the
largest observed survival time Y{,) and the largest event time ffm). Based
on the established results, Maller et al. (2023) further derived the finite
sample and asymptotic distributions of the test statistics ng,, where g, is
defined previously. The asymptotic distribution of ng, when the follow-up
is sufficient/insufficient is obtained under some tail behavior assumptions
on F, and G. The asymptotic distribution can be used to determine the
critical value for testing Hy. We refer to such test procedure as the Q,
test.

Testing sufficient versus insufficient follow-up

Xie et al. (2023) considered testing the null hypothesis of sufficient follow-
up

Hy:tp, <tg versus Hp:1p, > 1g. (1.3)
The authors proposed a test statistic 7, given by the difference between
two estimators of cure probability p: one computed using the Kaplan—
Meier estimator under the sufficient follow-up assumption, Fn(Y(n)), and
the other computed via extrapolation of F, beyond Y(n) using extreme
value theory. The extrapolation corrects the underestimation of Fn(Y(n))
for p under the insufficient follow-up setting. Under the null hypothesis
of sufficient follow-up Hy, both methods give similar estimates. There-
fore, Hy is rejected if the difference between the two estimates exceeds a
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critical value. The asymptotic normality of the test statistic 7;, was es-
tablished, and a bootstrap procedure was introduced to approximate the
critical values of the test, resulting in better approximation compared to
the asymptotic results.

Flipping the hypotheses or not?

The key difference between the two formulations of the hypotheses dis-
cussed previously concerns the type of error each test is designed to control
in practice. For the a,, &, and @, tests, one aims to control the probability
of concluding that the follow-up is sufficient when it is actually insufficient.
In contrast, the T;, test is designed to controls the probability of decid-
ing that the follow-up is insufficient when it is actually sufficient. From
the practical point of view, when the Kaplan—Meier estimator exhibits a
long plateau and medical knowledge supports the assumption of sufficient
follow-up, the T, test for the null hypothesis of sufficient follow-up can
be used. In this case, the null of sufficient follow-up would be rejected
only if there is evidence against it and otherwise researchers can proceed
with estimation under the assumption of sufficient follow-up. On the other
hand, if the follow-up sufficiency is uncertain based on the Kaplan—Meier
curve and medical knowledge, it is safer to test the null hypothesis of in-
sufficient follow-up and conclude sufficient follow-up only if there is strong
evidence in favor of it. This would be a safer choice since the consequences
of mistakenly assuming sufficient follow-up are more severe than those of
wrongly assuming insufficient follow-up. The former can lead to incorrect
conclusions regarding the cure fraction.

Existing tests rely on the assumption that the survival time for the
uncured subjects has a compact support, i.e., the existence of a finite
‘cure time’. For practical purposes, this assumption is not realistic and
the follow-up would be considered sufficiently long if the probability of
the event happening after the study ends is very small. In Chapter 3, we
introduce a more relaxed notion of ‘practically’ sufficient follow-up based
on this idea, and develop a novel statistical test.

The above tests do not incorporate covariate information, although ex-
tension to settings with categorical covariates are possible using intersection-
union type procedures. In the next section, we discuss the characterization
of sufficient follow-up in the presence of covariates.
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1.2.2 With covariates

In the presence of covariate information, Xu and Peng (2014) proposed
using the conditional Kaplan—Meier estimator, defined in (1.1), to esti-
mate the conditional uncure probability. Recall that Fy,(:|z) and G(-|z)
are the conditional distributions of the uncured survival time and the cen-
soring time, respectively. Also, Tg(z) =sup{t: G(t|z) < 1} and g, (x) =
sup {t : Fy(t|x) < 1} are the right extremes of the supports of these distri-
butions. The authors formulated the sufficient follow-up condition, under
which the estimator p,,(z) in (1.1) is consistent for p(z), as

Tp, < Tg(r) forallz e X, (1.4)

where Tp, = sup,cy Tr,(z) and & is the support of the covariate X. This
condition guarantees that the follow-up is sufficiently long such that all
censored observations beyond the maximum uncensored survival time are
likely to be cured and hence avoiding overestimation of the cure probability.
Amico and Van Keilegom (2018) further suggested that the above condition
can be relaxed to

Tp, (x) < 1g(x) forallz € X,

which requires the follow-up to be sufficient only pointwise in x, instead of
uniformly across the entire covariate support X. As a result, it is natural
to consider testing

Hy:tp,(z) > 1g(z) for some x € X  versus
Hy:tp,(2) <1g(z) forallz € X.

To test the above hypotheses, Xu and Peng (2014) suggested splitting
the data into subgroups based on covariate values and apply the a,, test
(or other exiting tests) within each subgroup. We may also apply an
intersection-union type procedure for testing the above hypotheses, which
rejects the null only if all subgroup tests reject it. While this procedure
provides a valid test, it may be conservative and suffer from low power,
especially when the number of subgroups is large. We will discuss this
further in Chapter 4.

Alternatively, Lépez-Cheda et al. (2017) suggested considering (1.4) as
the null hypothesis, arguing that the sufficient follow-up is a natural as-
sumption and is more reasonable to keep assuming it unless strong evidence
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is found to against it. Let II(y) = E(A]Y = y) and 145 = infex ta(2).
It can be shown that condition (1.4) implies the existence of some a < T,
such that II(y) = 0 for all y > a. This means that there exists a time
point a < T, beyond which no uncensored observations occur through-
out the follow-up time period. Consequently, the authors proposed the
hypotheses:

Hyp:3Ja<z1s: I(y) =0Yy >a versus Hy : Va < 15, Jy > a: I(y) > 0.

Using the sample {(Y;,4A;),i = 1,--- ,n}, II(y) can be estimated by non-
parametric regression and T is obtained by estimating the support of
G(-|]z) for all z € X using the conditional Kaplan—-Meier estimator. This
procedure was not investigated further since it is not the main focus of
their work.

The lack of statistical tests for assessing follow-up sufficiency in the
presence of covariates motivates the development of a new testing pro-
cedure. In Chapter 4, we extend the procedure for testing ‘practically’
sufficient follow-up, presented in Chapter 3, from the unconditional set-
ting to the conditional setting in the presence of categorical covariates.

With continuous covariate information, we may follow the approach of
Xu and Peng (2014), where the data is first partitioned into subgroups
based on the covariate values and the above procedure is applies to each
subgroup. However, discretizing the continuous covariate can lead to a loss
of covariate information, such as its distributional properties. In Chapter 5,
we address this issue by using the conditional Kaplan—Meier estimator to
estimate the conditional survival function.

1.3 Outline of the thesis

This thesis focuses on developing statistical methodology for cure mod-
els under monotonicity constraints. The thesis proceeds along two main
directions: (i) estimation of a mixture cure model incorporating a mono-
tone semi-parametric incidence model, and (ii) statistical testing for the
sufficient follow-up condition under the assumption that the density of the
uncured event time is non-increasing in the tail region. A detailed outline
of the thesis and the contributions of each chapter are provided below.

Chapter 2 presents a monotone single-index/Cox mixture cure model,
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in which the incidence has a monotone single-index structure. Such struc-
ture also includes the widely used logistic model for the incidence. This
relaxes the parametric assumption while retaining the interpretability of
the regression coefficients for the incidence, benefiting from the monotonic-
ity constraints. We propose an estimation method based on the profile
maximum likelihood principle and techniques from isotonic regression to-
gether with kernel smoothing. We study the consistency of the proposed
estimator and investigate its finite-sample properties through simulations.

In Chapter 3, we focuses on testing the sufficient follow-up condition.
As mentioned in Section 1.2, existing characterizations of follow-up suffi-
ciency rely on the presence of a fixed cutoff time such that a subject is
considered as cured if it survives beyond the cutoff and the event cannot
happen after the end of the study. However, it would be more practical
to consider the follow-up as sufficient if the probability of the event oc-
curring after the study ends is negligible. This motivates a relaxed notion
of ‘practically’ sufficient follow-up, and we propose a procedure for testing
this condition.

Chapter 4 provides an extension of the procedure for testing ‘practi-
cally’ sufficient follow-up, introduced in Chapter 3, from the unconditional
setting to the conditional setting with categorical covariates. A direct
adaptation of the previous test procedure under the unconditional setting
is to apply the concept of intersection-union test. Such test rejects the null
hypothesis of insufficient follow-up if this hypothesis is rejected for all co-
variate values. This method lacks power and hence behaves conservatively
in practice. To promote a balance between level and power, we propose a
new test based on the test decision for an appropriately selected covariate
value at which sufficient follow-up is less likely to happen. We show that
both methods yield asymptotic level « tests and study their finite-sample
performance through simulations.

Chapter 5 is devoted to testing ‘practically’ sufficient follow-up in the
presence of a continuous covariate. We extend the method proposed in
Chapter 4, which is used for testing follow-up sufficiency with categorical
covariate, to the continuous covariate setting. We keep the core idea of
choosing an appropriate covariate value for which sufficient follow-up is
less likely from a fine grid of points, and the test decision is based on that
selected value. However, in the continuous covariate setting, the estima-
tion of this covariate value is designed to account for the continuous nature
of the covariate. We will discuss the methodological and theoretical chal-
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lenges involved in this extension, including problems related to practical
implementation and asymptotic properties. A preliminary investigation of
the finite-sample performance of the proposed method is also presented
through simulation studies.

Technical details, proofs and additional simulation results are provided
in the Appendix. Software in the form of R code is available on the GitHub
repository https://github.com/tp-yuen.
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Chapter 2

Monotone Single-Index Mixture Cure
Model

In this chapter, we consider a monotone single-index mixture cure model,
in which the incidence component has monotone single-index structure and
the latency component is a Cox PH model. The single-index/Cox mixture
cure model was proposed in Amico and Van Keilegom (2018), where the
incidence follows a single-index structure but without monotonicity as-
sumption (see Section 1.1 for details).

Single-index models have been thriving because of their flexibility over
linear and parametric models, while avoiding dimensionality problems of
general nonparametric models. The monotonicity of the link function ap-
pears in numerous applications leading to the popularity of generalized lin-
ear models. Therefore, it is appealing to impose monotonicity constraint
on the link function, which leads to monotone single-index models and has
recently become an active research area (Balabdaoui et al., 2019a; Balab-
daoui and Groeneboom, 2021; Balabdaoui et al., 2019b; Groeneboom and
Hendrickx, 2018b). One advantage of imposing monotonicity constraint
is that it allows for nonparametric estimation without using tuning pa-
rameters. However, a combination of smoothing and shape-constrained
estimation often leads to better finite sample performance (Lopuhad and
Musta, 2017; Lopuhaéd and Musta, 2018).

In this work, we introduce an estimation method for the monotone
single-index mixture cure model that is based on the profile maximum
likelihood principle and techniques from isotonic regression in combination
with kernel smoothing. Despite the fact that the monotone single-index
model has already been studied in the literature, its use within the mix-
ture cure model has some unique features that make the problem more
challenging (see Section 2.2 for a more detailed discussion). First, in con-
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trast to the standard monotone single-index models, including the current
status linear regression model, where the response is directly observed,
the cure status in mixture cure model is unknown for the censored sub-
jects. As a result, the likelihood has a more complicated expression and
iterative procedures such as the EM algorithm are required to solve the
optimization problem. Secondly, apart from the coefficients of the index
and the link function, our model contains additional parameters (finite and
infinite dimensional) because of the extra latency component. Challenges
also arise when studying the theoretical properties of the estimators, which
are established in a less straightforward manner as compared to the mono-
tone single-index model or the current status model, see Section 2.3 for a
more detailed discussion. We study consistency of the proposed estimator,
which to our best knowledge has not been investigated even for the single-
index mixture cure model without monotonicity constraints (Amico et al.,

2019).

We illustrate through simulations that imposing monotonicity improves
the behavior of the estimator and makes it more stable with respect to the
choice of the bandwidth compared to the smooth non-monotone estimator.
In particular, one does not need to use time consuming bandwidth selection
procedures since a simple bandwidth choice performs reasonably well. In
addition, we observe that our decision to incorporate a smoothing step to
the isotonic estimation of the link function is motivated by its improved
practical performance for finite sample sizes.

This chapter is organized as follows. Section 2.1 describes the monotone
single-index mixture cure model and the conditions for model identifica-
tion. Section 2.2 introduces the estimation procedure, while Section 2.3
focuses on establishing consistency of the estimator. The finite sample
properties of the proposed method are investigated through a simulation
study and the results are reported in Section 2.4. Finally, an illustration
of the practical use through a study of a medical dataset of melanoma
cancer patients is provided in Section 2.5. The proofs are deferred to Ap-
pendix A.1 and additional simulation results can be found in Appendix A.2.
Algorithms are collected in Appendix A.4. Software in the form of R code is
available on the GitHub repository https://github.com/tp-yuen/msic.
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2.1. Model description

2.1 Model description

Let T be a nonnegative random variable denoting the survival time, i.e.,
time until occurrence of an event of interest, which can be equal to infinity
indicating the possibility of cure. Let B = 1{T < oo} be the uncured
status: B = 1 if the subject is uncured, i.e. susceptible to the event of
interest, and B = 0 if the subject is cured, i.e. not susceptible. Under the
assumption that the survival time is subject to random right censoring,
we observe the follow-up time Y = min (7, C') and the censoring indicator
A =1{T < C}, where C is the censoring time. Since the duration of the
studies is in practice limited, we assume that C' has bounded support. As
a result of censoring, the uncured status B is a latent variable and the
cured subjects cannot be distinguished from the censored uncured ones.
Since the cure probability and the survival time of the uncured do not
necessarily depend on the same predictors, we use two sets of covariates
X € R? for the incidence and Z € R? for the latency. X and Z can possibly
be the same or partially/completely different. We assume that C' and T
are conditionally independent given the covariates (X, Z), which is a rather
standard assumption in survival analysis.

In the mixture cure model the survival function is given by
S(tx,z) =P(T >t X=x,Z =12)
=PB=0X=x)+P(B=1X=x)P(T'>t|B=1,Z=12)
=1-p(x)+p(x)S,(tz),
(2.1)

where p (x) = P (B = 1|X = x) is the conditional uncure probability (inci-
dence) and S, (t|z) is the conditional survival function for the uncured (la-
tency). Note that .S, is a proper survival function, while lim;_,~, S (t|x,2) =
1 —p(x). In terms of distribution functions we have

F(t|x,z) =1— S (t|x,2z) = p (x) Fy,(t|z),
where F,(t|z) = 1-S,, (t|z) denotes the conditional distribution function of

the uncured. We consider a monotone single-index model for the incidence
component, that is

p(x) =y (V%) , (2:2)
for some unknown regression coefficient v, € R? and an unknown link
function g belonging to the set

M :={¢p:R — (0,1) : ¢ is monotone non-decreasing} .
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For the latency we assume a Cox proportional hazards model, i.e.
S, (tlz) =P(T > t|B=1,Z =1z) = exp [~ Ao (t) exp (ﬁOTz)] ,  (2.3)

where Ag denotes the baseline cumulative hazard function and 3, € R? is
a vector of regression parameters. Both Ay and §y are left unspecified.

A crucial issue for both the single-index and the mixture cure model is
identifiability meaning that

WY, A X, Ziv, B, A, ) = (Y, A, X, Z; 7,3, A, §) as.
:>7::Y7 Bzéa AZA? 5024157

where [(Y, A, X, Z;~, 3, A, v) denotes the log-likelihood of the model given
the parameters. For the single-index model, the parameters (o, ;) are
not identifiable without further restrictions since, for example, for any
a € R we can define 3(t) = po(t/a), ¥ = a~y, and have p(¥1x) = o (v x).
The identifiability of single-index models has been studied in Ichimura
(1993) and in Lin and Kulasekera (2007) under weaker conditions. Sec-
tion 2.3 of Horowitz (2009) provides detailed discussions of the conditions
for identification of single-index models. Assumption (A1) below states
the required conditions for the identification of the monotone single-index
model for the incidence component. For the mixture cure model, the pa-
rameters are not identifiable if the follow-up of the study does not contain
the support of the event times since it is not possible to distinguish the
event of being cured from the one of being uncured with survival time
larger than the follow-up of the study. To guarantee identifiability of the
model we require the following set of assumptions. Here, X denotes the
support of the covariate X and Z := {'yTx cxe X } denotes the support
of the index v7'X.

(A1) (i) o is differentiable and not constant on Z, .

(ii) The parameter 7, belongs to the d — 1 dimensional unit sphere
Si-1 = {v € Re: ||v||, =1} with respect to the Euclidean
norm ||-||, and the model does not have an intercept term, i.e.
X does not contain constant component.

(iii) The covariate X contains at least one continuous variable and
the continuous components have a joint probability density func-
tion.

(iv) X is not contained in a proper linear subspace of RY,
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(v) Varying the values of the discrete components of X does not
divide the support of v X into disjoint subsets.

(A2) (i) By € R? and Z does not contain constant (intercept) compo-
nent.
(ii) The covariance matrix of Z has full rank.

(A3) (i) There exists a cure threshold 79 < oo such that T' > 79 <=
T = oo. Moreover P (C > 19|X,Z) > 0 for almost all X and Z.
(ii) The incidence p (x) in (2.2) satisfies 0 < p(x) < 1 for all x € X.

Assumptions (A1l)-(A3) are almost identical to the ones in Amico et al.
(2019). Note that, in (Al)(ii), we do not need the assumption that the
sign of the first entry of v, is fixed because we are fixing the direction of
monotonicity for the link function. Assumption (A1)(v) is required since
we allow the covariate X to contain both continuous and discrete variables.
It essentially means that we want to avoid situations such as the following.
Suppose X has one continuous components X; with support [0, 1] and one
Bernoulli component X5, which are independent. Let v9 > v > 0. When
X5 = 0, the support of /X is [0,71], while when X5 = 1 the support is
[v2,72 + 71], which are disjoint. Example 2.4 of (Horowitz, 2009, p .14)
illustrates the non-identifiability of 7, in such scenario that does not satisfy
Assumption (A1)(v). To check this assumption in practice, one can observe
the histogram of ﬁgxi, where 4,, is an estimator of v and x;, ..., X, is the
given sample. If such histogram has disconnected components, it is an
indication that the assumption is not satisfied. The existence of a cure
threshold as in Assumption (A3) depends on the knowledge about the
problem (e.g. medical knowledge) and is usually considered valid if the
Kaplan—Meier estimator of the survival function exhibits a long plateau in
the right tail with many censored observations and no events. We also note
that an additional assumption of ¢y being non-periodic is not required,
since g is monotonically non-decreasing. Assumption (A1) entails the
identifiability of the monotone single-index model for the incidence in (2.2)
(Theorem 2.1 in Horowitz (2009)). Given that the incidence in (2.2) is
identifiable, using the same argument as in the proof of Proposition 1 of
Amico et al. (2019), it follows that the monotone-single-index/Cox mixture
cure model is identifiable.
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2.2 Estimation method

Assume that we have ii.d. realizations (y;,d;,%;,%;), ¢ = 1,---,n of
(Y,A,X,Z). The observed likelihood function of the mixture cure model
is given by

n

Ln (77 67 Aa 80) = H |:§0 (’}’TXZ') A (yz) eBTZiefA(yi)eXP(ﬁTZi)}

1=1

12

-5
X [1 - (7TX1') + (’)’Txi) e*A(yi)eXP(ﬁTzi)] '

(2.4)

When the link function is assumed to be known, the parameters (v, 3, A)
are estimated via the maximum likelihood principle. Here, we treat ¢ as
a nuisance (infinite dimensional) parameter and, for any fixed (v, 3,A),
we construct a smooth monotone estimator of . Finally, we consider a
new likelihood criterion with the plug-in estimator of ¢ and apply the
maximum likelihood method. Hence, the estimation procedure consists of
the following three steps:

1. For fixed 6 = (v, 3, A), we estimate the link by

$n,o = argmax L, (7,8, A, o), (2.5)
PpEM
where My = {9 : R — [¢,1 —¢€]: ¢ is monotone non-decreasing}

and € > 0 is a fixed small constant for a truncation on the uncured
probability. See Remark 2.2.2 below for a discussion on this trunca-
tion and the choice of €. The estimator ¢, ¢ is computed using the
EM algorithm and techniques from isotonic estimation as explained
in Subsection 2.2.2 below. The maximizer is not unique but it is
uniquely defined at the points v'x;, i = 1,...,n. We consider Pn,0
to be a left-continuous step function that extends constantly to the
entire real line.

2. A kernel smoothed version of ¢y, g is defined by

R uth 1 u—1t\ .
o (u) = / Ek < . ) P (t)dt, (2.6)
u—h

26



2.2. Estimation method

where k is a symmetric kernel with bounded support [—-1, 1] and h is a
chosen bandwidth. By definition and the monotonicity of ¢, g it fol-
lows that @7, 4 is a smooth non-decreasing function. We illustrate in
Appendix A.2 that this smoothing step indeed improves the behavior
of the estimator. For the bandwidth h we follow a common choice
in the literature of smooth isotonic estimators by taking h = rn~1/%,
where 7 is the range of the observed index v/ X. In Appendix A.2
we investigate the sensitivity of the estimators with respect to the
choice of the bandwidth and conclude that, despite not being the
optimal bandwidth, this is a satisfactory and quick solution. The
fact that a combination of smoothing and shape constraints makes
the estimators more robust to the choice of tuning parameters, such
as kernel bandwidth or number of knots for splines, has been pre-
viously reported in related literature, see for example Cheng et al.
(1999); Meyer (2008). We do not apply any boundary correction for
the kernel estimator but instead extend the isotonic estimator ¢, g
to be constant outside of the range of the observed data.

3. Using the plug-in approach and the maximum likelihood principle,
0 is estimated by

On = (ﬁnnénwf\n) = argénax Ln (775)1\7 95787,,0) ) (27)

where the maximization is done over v € Sy_1, 8 € R? and non-
decreasing positive functions A. The estimator is computed itera-
tively using the EM algorithm as explained in Subsection 2.2.2 be-
low. The whole estimation procedure is described in Algorithm 2 in
Appendix A.4. As in the standard logistic/Cox mixture cure model,
we impose the zero tail constraint meaning that the observations in
the plateau are assumed to be cured. This corresponds to setting
Su(t|z; A, B) = exp(—A (t)exp(8Tz)) = 0 for t > Yy Where y
denotes the largest observed event time.

2.2.1 Comparison with similar problems in the literature

Before explaining the computation of the proposed estimators, we com-
ment on how our problem and method relate to the existing literature on
the standard monotone single-index model (Balabdaoui et al., 2019a; Bal-
abdaoui and Groeneboom, 2021; Balabdaoui et al., 2019b; Groeneboom
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and Hendrickx, 2019), which assumes that E[Y | X] = 1o (a X) for some
unknown cg and monotone link function vg. Different methods for esti-
mation of (a, 1) have been proposed based on the least-squares principle
and adaptations of it without imposing any smoothness assumptions. The

main idea is the following. For fixed a, one can minimize the least squares
criterion hy, (1, @) = L3 {Y; — ¢(aTX;)}? with respect to ¢ on the
class of monotone functions, which gives a a-dependent function 1, o. In
a second step, the function h, (¢ «, ) is then minimized over a. This
would be the standard profile least squares estimator. Note that since
this criterion function for « is not smooth but piecewise constant, the
estimator of a is not unique. Moreover, alternative ways to estimate «
in the second step have been proposed by using the score approach and
computing the zero-crossings of 2 3% | {Y; — ¢ o (e’ X;)}X; or minimiz-
ing its squared norm. If the criterion function was continuous in «, these
alternative approaches would result in the same least squares estimator.

The current status linear regression problem can also be seen as a mono-
tone single-index model where the link is actually a distribution function
(Groeneboom and Hendrickx, 2019). In that setting estimation can be per-
formed via the maximum likelihood principle, again by first maximizing
the likelihood for a fixed index on the class of distribution functions and
then maximizing with respect to a or solving score equations (Groeneboom
and Hendrickx, 2018b).

In our setting, the response variable that corresponds to the single-
index model for the incidence is the latent cure status B. The fact that
B is not always observed makes the use of the least-squares approach
not suitable. Hence, our method is based on the maximum likelihood
principle similar to the one for the current status linear regression problem.
However, in the current status model, the response (the current status
A) is observed and the only unknown parameters are the index and the
link function. In our model, the presence of additional unknown finite
and infinite dimensional parameters 3, A makes the estimation problem
much more challenging. In particular, both optimization problems in (2.5)
and (2.7) cannot be solved directly but only through iterative procedures
such as the EM algorithm. To the best of our knowledge, this is the
first case for which a maximum likelihood estimator under monotonicity
constraints, as in (2.5), cannot be characterized explicitly. In the proof
of Proposition 2.2.1 below we comment that, even if we try to use the
standard techniques from isotonic estimation to characterize the maximizer
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as the left derivative of a greatest convex minorant, we would end up with
an iterative procedure that is the same as the EM algorithm. In addition,
we include a smoothing step which leads to a smooth monotone estimator
of the link function and a continuous criterion for estimation of 8 in the
next step. In Appendix A.2 we illustrate that smoothing indeed improves
the performance of the estimator compared to the monotone (non-smooth)
estimator. As in our case, a truncation is also needed in the current status
regression problem in order to avoid the link function from being close to
0 and 1. However, since for that setting the link is a distribution function
which necessarily attains the values 0 and 1, the truncation is imposed
for the likelihood criterion excluding the extreme observations. For our
model, given the assumption (A3)(ii), it seems easier and more reasonable
to restrict to link functions that are bounded away from 0 and 1.

2.2.2 Computation of the estimators

Unlike the Cox proportional hazards model (Cox, 1972), for which the re-
gression coefficients B can be estimated using a profile likelihood approach
independently of the baseline cumulative hazard function A, the mixture
cure model does not possess a likelihood function that can take advantage
of such an approach due to the latent uncure status B. The maximization
problems in (2.5) and (2.7) are solved via the expectation-maximization
(EM) algorithm as in the standard logistic/Cox mixture cure model (Sy
and Taylor, 2000).

EM Algorithm

The uncure status B; of the i-th subject is B; = 1 (uncured) if ; = 1
and is unknown otherwise. Given the observed data v; = (v, ;,X;,%;),
i =1,---,n, the complete-data likelihood function is

Lne (7,8, A, 0) = [[ (v %)% [1 = o(v"xi)]' P
=1

0; B;
< |:)\ (yz) eﬂTZie—A(yi)eXp(ﬁTZi)} (28)

=

1

.
I

[e*A(yi)eXp(BTzi)} (1-6;)B; ‘

=

1

-.
Il
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In the (k + 1)-th iteration of the EM algorithm the parameters are
updated as follows. The E-step of the EM algorithm computes the condi-
tional expectation of the complete-data log-likelihood log L. with respect
to the uncured status B given the parameters of the previous iteration
and the observed data. Specifically, by virtue of the partially observed
nature of B and its linearity in the complete-data log-likelihood function,
the E-step is equivalent to computing

w® =EW[B; | vi]
e (v %) S, (yi|zs; B, AR

1 — o) (y0)Tx;) + ") (B Tx,) S, (yi]25; BF), AK))
(2.9)

=0; + (1 —di)

where the expectation E®) is computed using the parameters B(k),cp(k)
and Sy (-|-; 3, A) is obtained according to (2.3). Substituting B; with w; in
(2.8), we obtain the expected complete-data likelihood

n

[T < [ = o))"= T | fulwilz) ™ Sulyilza) =00
210)

- f’rllc (77 @) f’?zc (167 A) )

where, to simplify the notation, we have denoted wl(k) by just w;. The

M-step of the algorithm consists in maximizing the expected complete-
data likelihood with respect to the parameters of interest. Specifically,
in (2.5), we maximize with respect to ¢ over M. while keeping (v, 3, A)
fixed in all iterations, while in (2.7) we maximize over (v, 3, A) for a given
¢ = $, o To simplify the maximization problem in (2.7), the link function
could be kept fixed, equal to the one obtained in the previous iteration of
the EM algorithm with & = 80™~Y_ However, we observe that in some
cases such procedure does not behave well computationally since the link
estimator is very sensitive to the estimator of 4. On the other hand, the
link estimate seems to be stable with respect to small changes of the latency
parameters 3 and A from one iteration to the other. Hence, we only fix
B and A as the estimates of the previous iteration and allow ¢ = 4,5;‘;79
with @ = (v, 80D, A(m=1) to still depend on . From (2.10), we can
see that the expected complete-data likelihood can be factorized into two
parts. The first part only consists of the parameters of the incidence part,
while the second part contains the parameters of the latency part only.
Therefore we can maximize the likelihood for the two parts separately.
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2.2. Estimation method

Monotone Link Estimator

Algorithm 1 in Appendix A.4 describes the procedure of the EM algorithm
for estimation of the monotone link function in (2.5). The M-step of the
EM algorithm is equivalent to the following maximization problem for a
fixed ~

n
mgg\r}tli/zez {wiloge ('yTxi) + (1 —w;)log [1—¢ (’)/TXZ‘)]} ,  (2.11)
<=1

which belongs to the class of order-restricted maximum likelihood estima-
tion problems (Robertson et al., 1988). In addition to the order restriction,
a uniform bound restriction is imposed to the maximum likelihood esti-
mation (MLE) of ¢ for fixed . Such class of order and uniform bound
restricted problems is studied by Hu (1997). Using results from Robertson
et al. (1988) and Hu (1997) we obtain the following characterization, a
proof of which can be found in Appendix A.1.

Proposition 2.2.1. The mazimizer in (2.11) exists, it is not unique but
it is uniquely defined at the ordered points '7TX(1) < - < '7TX(n) with
corresponding values $; = max(e, min(@;, 1 — €')), where (p1,...,Pn) are
the left derivatives of the greatest convexr minorant of the cumulative sum
diagram

%
(0’0)7 Z?Zw(]) =1, n
j=1

Here w(jy corresponds to the j-th order statistic of A%, i=1,...,n.

Remark 2.2.2. The truncation of the link function is introduced in order
to avoid that it takes the extreme values 0 and 1 which would create
theoretical problems with terms that explode to infinity. When ¢’ is chosen
to be very small (for example of the order 107%), in practice there would
be almost no difference between the truncated and not truncated version
of the link function since by construction ¢; € [0,1]. Truncation is also
compatible with Assumption (A3)(ii) above. When the support of x is
assumed to be bounded, there exists ¢ such that the true link belongs to

M.
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Incidence Regression Parameter Estimator

For the estimation of the incidence regression parameter 7 in (2.7), the
M-step of the EM algorithm is equivalent to the following maximization
problem

maximizez {wilog oy (v'x;) + (1 —w;) log [1 — oy (v x:)] },  (2.12)
i=1

where ¢, denotes the smooth monotone link estimate ¢ 4 for 8 = (v,

Bim=1, A(m_l)), i.e. the parameters 8, A are fixed to the estimates of the
previous iteration. Here, we impose the identifiability constraint, ||v|, = 1,
leading to a maximization problem with a nonlinear constraint. This prob-
lem can be solved by the augmented Lagrangian method. Such method
first reformulates the problem as an unconstrained problem by introducing
penalty terms for the equality constraints and solving this unconstrained
problem by some interior-point algorithms. The penalty terms are then
updated. These two steps are repeated until convergence. See Chapter 17
of Nocedal and Wright (2006) for more details.

Latency estimation
For the latency component, the M-step of the EM algorithm can be per-

formed as in Sy and Taylor (2000). Specifically, the estimator 3,, for 3 is
computed using the profile likelihood approach as the maximizer of

ﬁ ( exp(8”z) >6i
i=1 ZjE'Ri Wy exp(,Bsz) 7

where R; denotes the risk set just before time y;. The nonparametric
estimator of A is given by

Lo=3 & ,

T
1y <t ZjeRi wy exp(B, Zj)

where d; denotes the number of events at time y;. As suggested in Taylor
(1995), the conditional survival function Sy (t|z) is set to zero when t > y,..
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2.3 Asymptotic properties

We start by providing some technical intuition on the approach and il-
lustrate the additional challenges that we face compared to the existing
literature on the monotone single-index model. We will derive consis-
tency of our estimators using results from the theory of semiparametric
Me-estimation. Indeed, our estimator 0., corresponds to the maximizer of
an empirical criterion function that depends on an infinite dimensional
nuisance parameter ¢. The unknown ¢ is replaced by a nonparametric
estimator ¢ 4 depending on 6 = (v, 3, A). Denote the log-likelihood for
a single observation by

1(y,0,%,2; 0, p)=6log fu(y|z)+dlog (v x)+(1-8) log[l—p (v x) Fu(y|z)].

Then we can write
n
ha a8 ~8 1 ~8
0, = arg;naan(H, Ono) Mn(0,0;9) = - Zl (yi, 04, %0, 2430, 85, 9) -
i=1

We will show in Proposition 2.3.3 below that such maximizer exists and is
finite. The asymptotic version of M, is given by

M<07 @9) =E [l (}/a Aa Xa Z7 07 ()09)] )

where ¢g denotes any infinite dimensional nuisance parameter ¢ that might
depend on 6. On the other hand, for fixed @ = (v, 3, A), we define lg () :=
E[l(Y,A X, Z6,)] and

o0 = argmaxlg (¢), (2.13)
pEM
where My :={p: R — [¢,1 —¢€]: ¢ is monotone non-decreasing}. Note

that M (80, ¢) = lg (), but lg is viewed as a function of ¢ for a fixed 6, and
@00 corresponds to the asymptotic version of the estimator ¢, ¢ in (2.5).
Proposition 2.3.1 below guarantees that the maximizer ¢ g exists and is
unique. Note that from Assumptions (A1)(i) and (A4) below, it follows
that there exists € > 0 such that € < (v x) <1 —¢€ for all x € X. We
assume that ¢ in the definition of ¢, g is chosen such that € < e. In this
way, @9 € M and in particular we have that, if 8 = 0, then @99 = o
(Proposition 2.3.2). We will show that 8y = argmaxg M (6, o), which
is the foundation behind the estimation strategy. Then, to obtain consis-
tency of of the estimator for 8y we will check the conditions of Theorem 1
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in Delsol and Van Keilegom (2020). Specifically we need that ¢; 4 is a con-
sistent estimator for (g ¢ uniformly over @, the empirical criterion function
M, (0, ) is a good approximation of the asymptotic criterion M (0, ) uni-
formly over @ and ¢, the function M (0, ¢) is continuous with respect to ¢
at ¢g ¢ uniformly over 6. Such conditions will be proved in Theorem 2.3.7.

The function ¢g ¢ defined in (2.13) plays a fundamental role in the the-
oretical analysis of our estimators and the main challenges we face arise
from the fact that we do not have an explicit characterization of this func-
tion. The counterpart of this function in the monotone single-index model
is Yo (u) = E[o(al X) | aT’X = u] (see for example equation (5) in Bal-
abdaoui and Groeneboom (2021)), while in the current status model is
Fg(u) = E[Fy(T — B{X) | T — B"X = u] (see equation 3.2 in Groene-
boom and Hendrickx (2018b)). In both cases, this function can be seen as
the expected value of the true single-index model when we fix the index
to a given value. Having this explicit characterization makes it easier to
deal with this function and in particular, properties such as continuity,
differentiability of 1o or Fjg can be derived from assumptions on the true
link function. In our case, we can characterize ¢g ¢ as

vo.0(u) =E [po(v5 X) | v X = u (2.14)

only if the covariates X and Z are independent, censoring is indepen-
dent of all the other variables and only for 8 = (v, By, Ao) (see details in
Appendix A.1). However, such assumptions are too strong for practical
purposes since it is quite common in particular to have X = Z. Hence, we
prefer not to restrict ourselves to such scenario. Without such characteriza-
tion, even just arguing continuity of ¢g g is quite challenging and technical
(see Proposition 2.3.4) and requires assumptions that are more difficult to
interpret such as Assumption (A8) below. For a fixed 8, the smooth kernel
estimator ¢ , is an estimator of ¢g g, hence in order to obtain the rate of
convergence of the estimators, one would need also (twice) differentiability
of ¢g,6. Given the technicalities of proving by contradiction that ¢g g is
continuous, we do not explore this direction further.

The second challenge arises from the fact that our parameter @ contains
not only the index « but also the latency parameters 3, A. In particular,
0 is not finite dimensional. The theory of semiparametric M-estimators in
Delsol and Van Keilegom (2020) allows 6 to be infinite dimensional only
for the consistency part but obtaining the asymptotic normality requires
an FKuclidean parameter 8. Hence, one would first need to extend the stan-
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dard results of semiparametric M-estimation to this scenario. Note that
obtaining the limit distribution of the latency parameters Bn, A, is equally
challenging since they are dependent on ¢@; , and ¥,, (see Definition (2.7))
and cannot be dealt with separately. Because of these two main issues,
within this paper, we focus on the consistency property of the estimators
and leave the rate of convergence and asymptotic normality to be subject
of future research.

We expect that the rate of convergence of the finite dimensional param-
eters is square-root n, as for the smooth single-index model (Hardle et al.,
1993) and the standard logistic-Cox mixture cure model (Lu, 2008). In
the setting of the monotone (non smooth) single-index model, the rate of
convergence of the least-squares index estimator is only known to be faster
than n'/3 and slower than n'/2, mainly as a result of a non-smooth crite-
rion function when using a piecewise constant link estimate (Balabdaoui
et al., 2019a). This problem is avoided by means of a score estimator
which achieves the parametric convergence rate nl/2 (Balabdaoui et al.,
2019b). However, such issues are not encountered in our setting since we
are using a smooth estimate of the link function, resulting in a smooth
criterion with respect to the index parameter. We also expect the link
estimator to converge at rate (nh)'/2, i.e. n?/® for a bandwidth of or-
—1/5 since it has been observed in the literature that asymptotically
the kernel smoothed monotone estimator behaves the same as the kernel
(unconstrained) estimator (Lopuhad and Musta, 2019; van der Vaart and
van der Laan, 2003). A possible approach to obtain the rate of conver-
gence would be to use Theorem 2 in Delsol and Van Keilegom (2020),
which requires checking conditions B1-B4 of that paper. Condition Bl
regarding the rate of convergence of the smooth monotone estimator is ex-
pected to hold with v, = n?/% if ©n,g is twice continuously differentiable.
Condition B4 is automatically fulfilled by definition of the estimator. For
condition B2, one could use the strategy described in Remark 2(ii) of Delsol
and Van Keilegom (2020), requiring stronger results on entropy numbers
of certain classes of functions similar to those in our Lemmas A.1-A.3. It
is however not clear how to verify condition B3, which relies on some type
of Taylor expansion for the criterion function, since in our setting the pa-
rameter @ is not finite dimensional. In addition, our criterion function M
depends not only on 8 = (4,3, A) but also on A defined as the derivative
of A or the jump size at the points of jump of A. We investigated the rate
of convergence of the estimators via a small simulation study, the results

der n
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of which are described in the next section.

The results that we previously described intuitively are formulated rig-
orously below. First we list the required assumptions. The identifiability
assumptions (A1)—(A3) are assumed throughout this section. In what fol-
lows Bec(r) will denote a closed ball of center ¢ and radius r in a given
metric space, which is for some integer d with the Euclidean norm if not
specified otherwise.

(A4) The covariates X and Z have bounded supports X and Z respec-
tively. That is, X C Byg(ry) for some r; > 0 and Z C Bg(rq) for
some 7o > 0.

(A5) There exists 6 > 0 such that, for all ¥ € By, (), 7 X has a density
with respect to the Lebesgue measure. We denote such density by

g'yTX(')'

(A6) v¢ and By lie in the interior of compact sets I' = Sq_1 N B, (dp) and
B respectively.

(A7) The function Ag(¢) defined on [0, 7p) is continuous, non-decreasing
and Ag(7p—) < 0o. We define Ag(19) = Ag(70—), i.e. extend A at 79
by left-continuity. In addition, its derivative \g, which is defined a.e.
on (0,7p) since Ay is monotone, has bounded variation.

Consider 8 € © =T x B x D, where D is the space of nondecreasing
functions A on [0, 9] such that A(0) =0 and A(7p) < 0.

(A8) For any 6 € O, the function

1 — ¢y (v§X) Fu (Y]Z; By, Ao)
1— @y (@) Fu (Y[Z; 8, A)

is continuous for all @ € Z, where F,,(Y|Z; 8,A) = 1-S,(Y|Z; 3, A)
is defined as in (2.3) but with general parameters 3 and A.

ur— E

~ATX =

(A9) The family of density functions {g,rx : v € I'} is uniformly equicon-
tinuous.

(A10) The density functions g,rx for v € I' and ggry for B € B are
uniformly bounded from above by some positive constants ¢, ¢
respectively.
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Assumptions (A4)—(A6) are standard assumptions made also in the
standard single index model and the current status model. Assump-
tion (A7) is a standard assumption of the mixture cure model, see Lu
(2008); Musta et al. (2022). In general )¢ is required to be continuous.
Here, since in the proof we use an argument based on entropy numbers,
continuity of Ag is not sufficient. Bounded variation can be implied for
example by Lipschitz continuity. Together with assumption (A3), it es-
sentially means that the distribution of the survival times for the uncured
subjects has a jump at 7p, i.e. there is positive probability for the event
to happen at 79. This is mainly a technical condition for consistency of
the estimators (see discussion in Musta et al. (2022)) and the probability
mass at 79 can be arbitrarily small, hence reasonable in practice. Assump-
tion (A8) is needed to guarantee the continuity of ¢ ¢ since we do not have
an explicit expression for such function. If there was no latency component
F, then this assumption reduces to continuity of E[p (v X) | X = u],
which is standard in the single-index model. Assumption (A8’) below is a
sufficient condition for (A8). This can be shown by first writing the expec-
tation in (A8) as an integral with respect to the conditional distribution of
the covariates X and Z given the index 47X = u. Then we can conclude
the sufficiency by using the generalized dominated convergence theorem
together with the continuity and boundedness of g, the continuity of
F,(Y|Z; B, A) with respect to Z, and the boundedness of ¢y g.

e joint probability density function of the continuous components

A8’) The joint probability density functi f th ti t
of X is continuous with respect to at least one of the components
and the corresponding components of ~ is non-zero.

Assumptions (A9) and (A10) are required in order to get uniform con-
sistency of the link estimate. (A9) is for example satisfied if the density
functions 9 rx (-) are continuously differentiable on their support Z, for
all v € I with uniformly bounded derivative.

Proposition 2.3.1. Suppose that Assumptions (A4) and (A5) hold. Then,
for any 6 € ©, the maximizer @og in (2.13) exists and is unique.

Proposition 2.3.2. For 6 = (v, By, Ao), we have pg 9 = @o.

Proposition 2.3.3. Suppose that Assumptions (A4) and (A6) hold. Then
the mazimum likelihood estimator (%,,, 3,,An) defined as in (2.7) exists
and is finite.
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Proposition 2.3.4. Suppose that Assumptions (A4), (A5) and (A8) hold.
Then, for any 6 € ©, the function u— @, o (u) is continuous.

As in Lemma 1 of Lu (2008), using Assumption (A4), it can be shown
that there exists M > 0 such that supnA (1) < M a.s.. Hence, we can
restrict to @ € © = I' x B x D, where D is the subset of D consisting
of functions A that are uniformly bounded by M. In addition, we can
also assume that functions A € D have A of bounded variation. Here we
will use the notation: A(t) = A’(t) at the points where A is differentiable
and A(t) is equal to the jump size at the points of jump of A. Both Ay
and A, belong to this class, so the maximization can be restricted to such
functions.

Proposition 2.3.5. Suppose that Assumptions (A4)-(A7) and (A10) hold,
then

P[}rgosup/ {Zno (77%) — 200 (77%)} dQx (x) = 0| =

where Qx(+) denotes the distribution function of X.

Let k be a symmetric kernel density function with support [—1, 1] that
satisfies k (x) < K < oo for all x € [—1,1]. To simplify the notation,
we define k; (u) = h™'k (u/h). Here h = h, > 0 is a bandwidth that
depends on the sample size n and satisfies h, — 0 as n — oco. Since
within this paper we do not investigate further the rate of convergence of
the estimators, no additional restrictions are imposed on the bandwidth.
However, it is known that the optimal order bandwidth for estimation of
a twice differentiable function is n=/5 and, if the bandwidth is of order
n~1/3 or smaller, the smooth estimator is not much different from the non-
smooth one. Hence, in practice we take h = rn~1/%, where r is the range
of the index v7X. This is a common choice in the literature of smooth
isotonic estimators that is simple and behaves well. For a more detailed
investigation of the role of the bandwidth see Appendix A.2.

Proposition 2.3.6. Suppose that Assumptions (A4)-(A10) hold, then

n—oo 06@

P [hm sup / {Eno (¥7%) — w00 (v7%)} dQx (%) = 0
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Next we show that the estimator 8, = (%,,,03,,An) of 8y is weakly
consistent.

Theorem 2.3.7. Suppose that Assumptions (A4)-(A10) hold, then

19, = vollzs B0 —Bollz  and sup | A, (1) — Ao (t) |
tE[O,T()}

converge to zero in probability as n — oo.

The following corollary shows the consistency of the estimated cure
probabilities and the estimated survival function for the uncured.

Corollary 2.3.8. Suppose that Assumptions (A4)-(A10) hold. We sup-
pose further that g has bounded derivative on Zy. Then, for any z € Z,

2 ~
[ {610,650~ (0} a0x (0 and sw [Sutile) - St
X n te[0,70]

converge to zero in probability as n — oo, where Sy(t|z) = Sy(t|2; By, Ao)
and Sy(t|z) = Su(t|z; By, An) are defined as in (2.3) using By, Ao and the
estimated parameters 3,,, A, respectively.

2.4 Simulation study

In the simulation study, we consider different settings to evaluate the finite
sample behavior of the estimator proposed in Section 2.2 and compare it
with the SIC method proposed in Amico et al. (2019). We simulate 500
datasets from the mixture cure model introduced in Section 2.1, where
X = (X1,---,X4)" contains four independent covariates: X; ~ UJ0,1],
X9 ~ N(0,1), X3 and X4 are Bernoulli variables with parameters 0.3 and
0.6 respectively, and Z = (Z1,Z»)" with Z; = X and Z, = X4. We
consider a Weibull model with parameters A = 1.5 and k = 2.2 for the
baseline distribution of the uncured subjects. The random right censoring
time C follows the exponential distribution with rate Ac. We consider
three experiments A, B and C, with three different non-decreasing link
functions.

_ expli(e,w)
I+ expli(c, u)]

_exp(c+u)
~ l4exp(ctu)’

pa(u) ¢p(u)
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Figure 2.1: Link functions when the intercept term ¢ = 0.

Table 2.1: Simulation settings

Cens.
Expt. ¢ 7o Yo2 o3 Yoa  PBor Boz Ac gr%ﬁ rate  Plateau

0.1 0.2674 0.1675
A 1.2-0.2383 0.7423 0.3156 0.5409 -0.8 0.5 03 0.2090 03691 0.1108
0.1 0.3792 0.2734
B 0.5-0.7826 0.4368 -0.2599 0.3594 -0.6 0.8 0.4 0.3352 04902 0.1554
0.15 0.4415 0.3092
C 0.2 0.1057 0.7899 -0.4883 0.3556 0.6 0.4 05 0.3912 05390 0.1867

3

o) = 1+tanl;(c+u ),

where ¢ is an intercept, 1(c, u) = 0.75®{ (¢ + u)+0.5} +0.258{0.5 (¢ 4 u)*}
and @ is the cdf of the standard normal distribution. The first two links
correspond to Scenarios 1 and 2 of the simulation study investigated by
Amico et al. (2019), while ¢ is a scaled hyperbolic tangent function.
These three link functions are considered for exploring the influence of the
shape and the steepness of the true link function to the model estimation
performance. Figure 2.1 shows the plots of the three link functions over
[—4,4] when the intercept term ¢ = 0. Among these three link functions,
e is the steepest and ¢p is the flattest.

The choices for the parameters 7, B, and A\¢ are given in Table 2.1
as well as the averages, over the 500 simulated datasets for each setting, of
the cure proportion, the censoring rate and the proportion of observations
in the plateau. - is chosen such that it has unit Euclidean norm to
ensure model identifiability and it leads to different cure proportions. For
each experiment we also consider two different censoring scenarios while
maintaining a reasonable percentage of observations in the plateau.

The simulation experiments are carried out with sample size n of 250
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and 500. The SIC method proposed by Amico et al. (2019) and our esti-
mation method (mSIC) are applied to each dataset. For comparison we
compute the mean squared error (MSE) of the estimate of the cure prob-
ability, bias and variance of the estimates of both + and 8. The MSE for
the cure probability is defined as

MSE(p KZ{ (3Txk) — po(vExs)}2, (2.15)

where ¢ is the smooth monotone link estimate gbz for mSIC (smooth non-
monotone link for SIC) and the summation is over a grid of points. For
xp1 and zpe we take a grid of size 0.01 on [0,1] and [—3, 3] respectively,
while zy3, x4 € {0,1}. The bias of the coefficient estimates is the mean of
the Fuclidean norms of the differences between the coefficient estimate and
the true parameter over 500 replications. The variance of the coeflicient
estimates is the sample variance of the Euclidean norms of the coefficient
estimates.

For both methods, we initialize the algorithms as follows. The initial
link estimate is the logistic function, %) is the estimate from fitting a
logistic regression model to the censoring indicator against the covariates
X, initial estimates for the latency are obtained from fitting the standard
Cox model to the uncensored observations. Both algorithms terminate
when the difference of the estimators from one iteration to the other, in
Eucledian norm, is smaller then 107°. Other configurations for the SIC
method are set as stated in Section 3 of Amico et al. (2019). Since the
SIC method sets 41 = 41 for the model identifiability condition, at the
end we normalize the obtained estimate. For our method we used the
triweight kernel function for smoothing the monotone link estimate and
set the bandwidth parameter at the k-th iteration to be hy = rgn~ /5,
where 7, is the range of the index v7'X computed at the k-th iteration.
This is a common choice for smooth isotonic estimators and behaves well in
practice. We note that the bandwidth choice is less problematic in the case
of smooth monotone estimators than for the standard kernel estimator. A
more detailed investigation of the role of the bandwidth is provided in
Appendix A.2. For the SIC method, cross-validation is used to select
the bandwidth but in our experience that is not stable in practice and
the search interval needs to be chosen depending on the range of the index
(see discussion in Appendix A.3). Regarding the truncation parameter, we
set € = 1076 for both experiments A and C. For experiment B, given the
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small range of values for the incidence, the estimation is very challenging.
Since the isotonic estimator is known to have problems at the boundary,
in these type of situations it is better to determine the upper and lower
truncation in a data-driven way instead of taking a very small ¢/. We use
the method proposed by Luss and Rosset (2017) for the range-regularized
isotonic regression problem. Details are given in Appendix A.2.

Table 2.2: Simulation results

: MSE (5, po) 0 B
Expt. Size Ao Method Mean  Variance Bias Variance Bias Variance

mSIC  0.00939 4.39E-05 0.57368 0.05038 0.28080 0.02709

250 0-1 SIC 0.01688 1.41E-04 0.71096 0.05077 0.28151 0.02708

0.3 mSIC  0.01141 5.92E-05 0.61280 0.05145 0.30371  0.03408

A SIC 0.01940 1.55E-04 0.76052 0.06128 0.30605 0.03442
01 mSIC  0.00562 1.50E-05 0.43937 0.03810 0.19793 0.01321

500 SIC 0.00967 4.57E-05 0.58563 0.04825 0.19799 0.01331

03 mSIC  0.00668 2.01E-05 0.48043 0.03989 0.22269 0.01667

SIC 0.01183 7.44E-05 0.61136 0.04907 0.22371 0.01716

01 mSIC  0.00697 6.06E-05 0.99875 0.20072 0.30717 0.03557

250 SIC 0.00831 9.70E-05 1.02873 0.26451 0.30798  0.03525

04 mSIC  0.00912 9.79E-05 0.94890 0.18028 0.35858 0.04353

B SIC 0.01041 1.34E-04 1.04764 0.25388 0.35971 0.04412
01 mSIC  0.00433 2.25E-05 0.88094 0.17064 0.21738 0.01595

500 SIC 0.00504 4.17E-05 0.91734 0.26178 0.21715 0.01596

04 mSIC  0.00591 3.50E-05 0.86886 0.17217 0.24466 0.02036

SIC 0.00578 4.44E-05 0.97191 0.25303 0.24623 0.02122

015 mSIC  0.00583 3.49E-06 0.29442 0.01686 0.32893 0.03600

250 SIC 0.01474 1.79E-04 0.40554 0.01987 0.32966 0.03599

05 mSIC  0.00666 6.10E-06 0.33582 0.02433 0.37579 0.05071

C SIC 0.01847 2.82E-04 0.45743 0.02754 0.38216 0.05140
0.15 mSIC  0.00446 4.52E-05 0.20682 0.01075 0.22675 0.01747

500 SIC 0.00811 5.61E-05 0.32336 0.01965 0.22658 0.01761

05 mSIC  0.00459 1.41E-06 0.23880 0.01169 0.26455 0.02287

SIC 0.01038 8.51E-05 0.35384 0.02201 0.26582  0.02345

Table 2.2 summarizes the simulation results, including the MSE of the
link estimates, bias and variance of the coefficient estimates, for both SIC
and mSIC methods. In terms of the MSE for the cure probability, the mSIC
method has lower mean and variance compared to the SIC method among
all simulation settings, except for Experiment B with sample size of 500
and A¢c = 0.4. This indicates that mSIC performs better in inferring the
incidence and gives less dispersed estimates. The mSIC method behaves
better in estimating v and 3, in terms of bias and variance among all
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Figure 2.2: Empirical variances of /n [|%,, — 7ol (left), V|8, — Byll2 (center) and
n2/%\/MSE(pn, po) (right) for different sample sizes in Experiment A with Ac = 0.1.

simulation configurations. As expected, as the sample size increases the
performance of both methods improves, while it deteriorates when the
censoring rate increases.

For experiment B, we find that range-regularization method shrinks the
range of the upper and lower truncation to zero for about one-fifth of the
replications for each simulation settings. This leads to a constant estimate
of the link function which poses a practical identification issue for 4 and
causes the high variability of 4. We look separately at the cases with
a constant (non-constant) estimate for the link function and report the
correspondent MSE, bias and variance in Tables A1-A2 in Appendix A.2.
Results indicate that, when our method estimates a constant link function,
the SIC method behaves no better than a constant link estimate. Table A2
also suggests mSIC performs better in estimating the incidence for almost
all cases with a non-constant link estimate. As expected, the variance of
4 for the cases with a constant estimated link function is higher than that
for a non-constant link. This practical identifiability issue may be a result
of the flatness of the true link function g, although it is not a constant
function. Note that the true incidence probability ranges from around 0.52
to around 0.73. We recommend that the range-regularized method should
be used in practice to determine the upper and lower truncation in order
to identify situations for which there is risk of practical identifiability as
in experiment B. In such cases, one should be careful in interpreting the
results.

In Section 2.3, we discussed that the expected rates of convergence
for 4,, and Bn are y/n, while for cﬁfL 8. it is n?/°. To investigate this,
we conducted further simulations for’experiment A with A\¢ = 0.1 and
n € {250,500, 1000, 5000, 10000}. For each sample size, we calculated the

variances of /7 [4,, = Yollo, V7l By, — Boll2, and of n*/®/MSE(py, po) (see
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(2.15)) over 500 replications. In theory, if the rate of convergence is cor-
rectly specified, we would expect these variances to stabilize and reach
a constant value as n increases. Figure 2.2 illustrates the variances of
V7 [An — ol and v/nl|B,, — Boll2 plotted against n. We observed that
the values become stable for large n (specifically, n > 5000), suggesting
that 4,, and B, likely exhibit \/n rate of convergence. To confirm this,
larger sample sizes need to be considered but the simulation become too
time consuming. We also notice that the variance of n2/5 MSE (pn, po)
in Figure 2.2 stabilizes as n becomes large (n > 5000) indicating that the
rate of convergence for the smooth monotone link estimator 952 o, is likely

n?/.

We note that if the true link function is not monotone, using mSIC
would lead to model mispecification and SIC would be preferred over
mSIC. We illustrate this through an additional simulation setting in Ap-
pendix A.2. However, we expect that for small deviations from mono-
tonicity, mSIC would still provide reasonable estimates. Finally, we also
investigated the role of the additional smoothing step 2 in the estimation
procedure described in Section 2.2. Results in Appendix A.2 illustrate
that the smooth monotone estimator behaves better than the piecewise
constant isotonic estimator.

For the computational aspect, the proposed method consumes slightly
more time to complete the model estimation comparing to the SIC method.
For instance, the average elapsed time, over the 500 replications, on the
model estimation for experiment C with Ao = 0.15 and a sample size of
250 (500) are 12.28 (14.20) seconds for mSIC and 11.64 (13.67) seconds for
SIC, with a Core i7-1165G7 CPU laptop.

2.5 Real data application

We apply the proposed method to a dataset of melanoma patients ex-
tracted from the Surveillance, Epidemiology and End Results (SEER)
database. Such dataset has also been studied by Musta et al. (2022) and it
consists of 1445 melanoma patients diagnosed between 2004 — 2015. The
event time of interest is the time to death because of melanoma and the
follow-up time ranges from 1 to 155 months. The age of the patients varies
between 11 to 104 years old. Among the 1445 patients, 596 are females
and 849 are males. The cancer stage at diagnosis (localized: 1302 cases,
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Figure 2.3: Kaplan—-Meier estimate of the survival function for the SEER data.

regional: 101 cases, distant: 42 cases) is also recorded. The Kaplan—Meier
estimate of the survival function in Figure 2.3 has a long plateau, which
contains around 20% of the observations. Combined with medical evidence
of possibility of cure for melanoma, this suggests that the cure model is
appropriate for this dataset.

To compare the estimates of the logistic/Cox (LC), the single-index/Cox
(SIC) and the monotone single-index/Cox (mSIC) models, we split the
data into a training set (with size of 964) and a testing set (with size of
481) and estimate the models using the training set. The standardized age
is considered in the incidence in order to select a reasonable bandwidth
for the SIC model. We note that the SIC method selected an optimal
bandwidth of 1, which is the upper bound of the search interval, [0.4, 1],
considered in the SIC algorithm. However, extending further the search
interval for the bandwidth gave similar results. Table 2.3 shows the pa-
rameter estimates, and the percentile-based bootstrap confidence intervals
with approximate 95% confidence level. The confidence intervals are com-
puted using 500 naive bootstrap samples. The effects of the covariates
have the same direction for all methods. Note that the « estimate of the
LC model are normalized, so that the coefficients corresponding to the
non-intercept terms possess a norm of one for better comparison with the
other two methods. To compare the performance of the three models in
predicting the uncure probability, we compute the prediction error (PE)
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using the testing data

481
PE = — ) djlog (1 —p(x™")) + (1 — ;) log p(xi™),
=1

where w; is computed using (2.9) with the estimated parameters (and the
estimated link for SIC and mSIC.) The prediction errors are 95.47 for the
LC model, 101.14 for the SIC model and 81.46 for the mSIC model. This
indicates that mSIC performs better in predicting the uncure status among
the three approaches. As mentioned previously, the SIC algorithm selected
an optimal bandwidth of 1. The PE for SIC reduced slightly (to 97.15)
when we allowed the SIC algorithm to search for some larger bandwidth.

Table 2.3: Parameter estimates for the SEER data (LC’s 4,, is normalized)

Covariates LC SIC mSIC
Est. Lower Upper Est. Lower Upper Est. Lower Upper
CI CI CI CI CI CI
Intercept -4.2129 -4.8391 -3.3821 - - - - - -
Age 0.0620 -0.0189 0.1463 0.1221 0.0586 0.3640 0.0487 -0.0633 0.0843

%,, Gender 0.1298 -0.0475 0.3019 0.2167 -0.0132 0.7204 0.1713 0.0246 0.3119
Regional  0.5842 0.4812 0.7208 0.5217 0.1992 0.6674 0.5658 0.4843 0.7121
Distant 0.7987 0.7266 0.8935 0.8161 0.7393 1.1943 0.8051 0.7270 0.8794
Age -0.0079 -0.0277 0.0163 -0.0086 -0.0283 0.0121 -0.0038 -0.0196 0.0188

-~ Gender -0.1809 -1.0741 0.9811 -0.201 -1.0711 0.7866 -0.1609 -0.8706 0.7711

By Regional  0.3908 -0.5542 1.4638 0.479 -0.3423 1.5802 0.2916 -0.5600 1.0817
Distant 1.4290 0.1771 2.5478 1.5064 0.2783 2.6326 1.1356 -0.0604 2.0322

Figure 2.4 shows the link estimates of the three methods, plotted over
the same range of the index. The LC estimate is rescaled according to the
normalization of 4,,. For this particular split of the data, all three methods
give a monotone link function, and the links of LC and mSIC have similar
shape. The estimated link function from SIC differs considerably from the
other two methods but it has the largest prediction error. However, as
illustrated in Appendix A.3, the SIC estimate is in general non-monotone
and unstable. Part of this behavior seems to be due to its sensitivity to
the bandwidth choice and the behavior of the cross-validation bandwidth
selection method. mSIC on the other hand, apart from guaranteeing a
monotone link estimate, is also more stable, less sensitive to the band-
width and behaves well even for a simple (non-optimal) bandwidth choice.
To achieve a more robust comparison among the three models using the
prediction error, we also generate 10 random splits of the data (training:
964, testing: 481) and compute the prediction error (PE) using the testing
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Figure 2.4: Link estimates (solid: LC, dotted: SIC, dashed: mSIC.)

data for each split. The averages (standard deviations) of the prediction
errors over the 10 random splits are 89.64 (5.73) for LC; 91.84 (9.51) for
SIC; and 71.84 (6.66) for mSIC. This suggests the same conclusion as be-
fore that mSIC behaves better in predicting the uncure probability among
the three methods.
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Chapter 3

Follow-up Sufficiency in Survival Data
with a Cure Fraction

In this chapter, we consider testing for sufficient follow-up in survival data
with a cure fraction. The notion of ‘sufficient follow-up’ was first char-
acterized as the setting where the support of the event times for the un-
cured is included in the support of the censoring times in Maller and Zhou
(1992, 1994). A procedure for testing the null hypothesis of insufficient
follow-up, based on the length between the maximum observed time and
the maximum uncensored event time, was introduced. Maller and Zhou
(1996) proposed an alternative, which relies on simulation to approximate
the distribution of the test statistics, by assuming the survival time of
the susceptible and the censoring time have an exponential and a uniform
distribution, respectively. To circumvent making parametric assumptions,
while still ensuring control over the level, Shen (2000) introduced an alter-
native method based on the ratio of the two maximal event times, but the
practical behavior of the test is still unsatisfactory. Recently, Maller et al.
(2022) studied the finite sample and the asymptotic distributions of the
two maximal censored and uncensored times. Such results were then used
in Maller et al. (2023) to establish the asymptotic distribution of the test
statistic in Maller and Zhou (1996). On the other hand, Xie et al. (2023)
considered testing the null hypothesis of sufficient follow-up and proposed
a new test statistics based on extreme value theory. A comprehensive re-
view and discussion of existing procedures for testing sufficient follow-up
is provided in Section 1.2.

The existing characterization of sufficient follow-up requires that there
exists a cutoff or ‘cure time’, such that surviving beyond such time is
equivalent of being cured, and it is not possible for an event to happen after
the end of the study. This is however not realistic and in practice follow-up
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would be considered sufficient if the chance of the event happening after
the end of the study is negligible. For example, depending on the cancer
type, relapse after 10 or 20 years is very rare but not impossible. In such
cases, considering patients that survive 10 or 20 years relapse-free as cured
and using the height of the plateau of the KME as estimator of the cure
proportion would be adequate. Therefore we propose a more relaxed notion
of sufficient follow-up which means that the probability for the event to
happen after the end of the study is smaller than a prespecified threshold,
e.g. 1%, chosen by the user. This would be more realistic in practice
and still guarantee good identification of the cure proportion. Selukar
and Othus (2023) also point out that, when the proportion of uncured
subjects remaining at the end of the study is very small, cure models are
still appropriate. Motivated by this, they propose a parametric procedure
to evaluate a similar relaxed notion of sufficient follow-up.

In this work, we introduce a nonparametric statistical test based on the
following idea. Under the reasonable assumption that the survival time of
the susceptible subjects has a non-increasing density in the tail region, one
intuitively expects a small value of the density function at the end point of
the support of the observed survival times, given the follow-up is sufficient.
Therefore we utilize the Grenander or the kernel smoothed Grenander
estimator of the density as our test statistic. The asymptotic properties
of the test are studied, and its finite sample performance is investigated
through an extensive simulation study. In terms of the level control and
test power, the simulation study shows that the proposed method performs
better compared to the existing tests for the null hypothesis of insufficient
follow-up.

This chapter is organized as follows. Section 3.1 contains a description
of existing formulations of testing sufficient follow-up and a discussion on
their differences. In Section 3.2, we propose a novel notion of ‘practically’
sufficient follow-up and introduce a procedure to test the null hypothesis of
insufficient follow-up under the new notion. The finite sample performance
of the proposed method is investigated through a comprehensive simulation
study in Section 3.3. To illustrate the use of the method, we analyze two
breast cancer datasets in Section 3.4. Additional simulation results and
proofs are collected in Appendix B.
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3.1 Problem formulation

Suppose T is a nonnegative random variable denoting the event time of a
subject with distribution function F' and density f. Let C' be the random
right censoring time with distribution function G and assume that C' and
T are independent. Under the random right censoring assumption, we
observe the pair (Y,A) where Y = min (7, C) is the observed survival
time and A = 1 {7 < C} is the censoring indicator. Let H(t) = P[Y < {]
be the distribution of the observed survival time. In the presence of cured
subjects in the population, the mixture cure model (MCM) assumes that
a subject is susceptible with probability p and is cured with probability
1 — p. With the convention that oo - 0 = 0, the survival time T can be
decomposed as T' = (1 — B) - co + B - T,,, where B is a latent binary
variable indicating the uncure status of a subject (B = 1 if the subject is
uncured) and T, is the survival time for the uncured subject with a proper
distribution function F,(t) = P[T <t | B = 1]. The subscript ‘u’ will be
used to denote quantities that correspond to the uncured subpopulation.
Then the distribution function of 7' under the MCM is given by F(t) =
pF,(t), which is an improper distribution when p < 1. Throughout this
paper, we assume that 0 < p < 1, indicating the presence of cured subjects
in the population. The testing for p = 1 against p < 1 has been explored
in the literature (Maller and Zhou, 1996; Peng and Yu, 2021).

Let 1¢ = sup{t >0: G(t) <1} and tr, = sup{t>0: F,(t) <1}
be the right extremes of G and F, respectively. Suppose that n i.i.d.
realizations (Y;,A;),i =1,...,n of (Y, A) are observed. We can estimate
nonparametrically the distribution F' by the KME (Kaplan and Meier,
1958) defined as

7 #1):Y; =Yu, A5 =1}
Fot)=1-— <1 _ / ) ,
z‘:};{gt #{j:Y; =2 Y}

where Y{;) is the i-th order statistic. Maller and Zhou (1992) showed
that, if T¢ > TF,, the uncure fraction p can be estimated consistently by
Pn = Fn(Y(n)), where Y{,, is the largest observed survival time. Otherwise,
Pr, would underestimate p. This gives rise to the crucial assumption of suf-
ficient follow-up, i.e. T¢ > Tp,. In practice Tp, is not known and a visual
inspection of the KME is usually used to assess sufficient follow-up. Under
such assumption one expects to see a Kaplan-Meier estimate with a long
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plateau, containing many censored observations. This work aims to intro-
duce a new statistical test for the sufficient follow-up assumption. First
we discuss extensively on the existing approaches mentioned previously.

In this work we focus on testing the null hypothesis of insufficient
follow-up. However our goal is to consider a more relaxed formulation of
sufficient follow-up compared to T¢ > Tg,, which would be more realistic
and satisfactory in practice. Note that in practice one always has Tg < oo
because of the finite length of studies and as a result the characterization
by TG > T, would mean that the follow-up is sufficient only if there exists
a finite cure time Tg, such that it is impossible for an event to happen
after Ty, and the study is longer than that. This is hardly ever the case in
practical applications. For example, it is known that cancer relapse after
5, 10 or 20 years (depending on the cancer type) is very rare but yet not
impossible and clinical trials are usually not very long to have the certainty
that no events will happen after the end of the follow-up period. Hence,
in practice it would be more meaningful to consider follow-up as sufficient
when F,(tg) > 1 — € for some small € > 0 (e.g. ¢ = 0.01), or equivalently,
when t¢ > q1—, with ¢1_ = inf {t > 0: F,(t) > 1— €}. Specifically, we
introduce the following hypotheses:

Hy:qioe >t versus Hy:qi_e < Tc. (3.1)
Note that under H,, we have F(tg) = pFy(1g) € [p — ep,p]. Hence,
the amount of underestimation of p, resulting from using Fy,(t¢g) as an
estimator, is very small (less than €). Such underestimation of p is small
relative to the estimation uncertainty for finite sample sizes and therefore
negligible for practical purposes.

3.2 Testing procedure

3.2.1 Idea of the test

Our test relies on the assumption that the density f, of F, is non-increasing
in the tail region and at least continuous. Then the hypothesis in (3.1)
can equivalently be written as

Hy: f(tq) > flqi—e) versus Hg: f(ta) < flqi—e), (3.2)

since f(t) = pfu(t). Then the idea is to estimate f(Tg) from the sample
with standard methods and to reject Hy if such estimator is smaller than
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a critical value. Note however that f(q_) is unknown and we instead try
to find a lower bound for that, which would guarantee the level of the test
in the worse case scenario. The reasoning is as follows. Let nn > 0 be a very
small number compared to € and 7 > gi_¢ be such that P(T,, > 7) <7 or
essentially P (T, > 1) is negligible. By the monotonicity and the continuity
of f,, we have

TEy, T

€= Ju(t)dt < fu(t)dt +n < fu(QI—e)(T — q1—¢) + 1,
q1—c q1—c

meaning that under Hy

(e—mp _ ep
T —Tq@ T—TG.

f(TG) > f(‘hfe) >

Since p > F(t¢), the idea is to reject Hy if an estimator f,(tg) is smaller
than eF),(tq)/(T — T¢) + 6, where 8, is determined based on the desired
level and the distribution of the estimator f,(t¢g). More details are given
below for two specific density estimators. The choice of 7 can be based
on some prior knowledge, for example, one can take 7 > TG such that
it is almost impossible for the event to happen after 7, i.e. if one had a
follow-up of length 7 one would consider it sufficient. As we illustrate in
the simulation study and real data application below, one can also do a
sensitivity analysis with respect to 7 and, if in doubt, we suggest taking a
larger 7 for a more conservative test. We note that 7 is not data dependent.
Therefore, the asymptotic results are derived for the fixed value of 7 later
in this section. For simplicity, we assume that Tg is known, for example
the study duration in case of administrative censoring. However, all the
results can be extended to the case where 14 is unknown and estimated by
Y(n) = max; Y;. Below we describe two possible approaches of estimation of
f(tq), leading to two different statistical tests. For simplicity we consider
a non-increasing density on the whole support but the results hold more in
general. In practice one would just need to restrict the shape constrained
estimation on a subset of the support based on visual inspection of the
KME (F' is concave where f is non-increasing) or a statistical test for
monotonicity.

3.2.2 Grenander estimator of f

A natural nonparametric estimator of f under monotonicity constraints
would be the Grenander estimator (Grenander, 1956) denoted by fg; ,
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which is defined as the left derivative of the least concave majorant (LCM)
of the KME. We refer the reader to Groeneboom and Jongbloed (2014)
for an overview of statistical inference techniques under shape-constraints.
We are interested in estimating the density function at the boundary of
the support of the observed data T but it is well-known that f;? is not
consistent at the boundaries (Woodroofe and Sun, 1993). For the stan-
dard setting without censoring, Kulikov and Lopuhaé (2006) investigated
the behavior of ff near the boundary of the support of f and proposed
using f%(tg — en™®) as a consistent estimator of f(t¢g). Here ¢ > 0 is a
constant, and 0 < a < 1 controls the rate of convergence and the limiting
distribution of the estimator.

In the presence of random right censoring one can show as in Kulikov
and Lopuhad (2006) that the following holds. Here W (¢) denotes a Brow-
nian motion and Dg[Z(t)](a) is the right derivative of the LCM on [0, co)
of the process Z(t) at the point t = a.

Theorem 3.2.1. Assume that t¢ < Tfg,, and in addition f, is nonin-
creasing and differentiable with bounded derivative on [0,Tg|, T¢ < co. If
f(tg) > 0, |f'(tq)] > 0, G(tg—) < 1 and ¢ > 0 is a fized constant, we
have

i) fora € (1/3,1),
An=2{f(1) = fS (e — en™®)} % DrlW (1))(1),
where Ay = \/c[l — G(ta—)]|/f(tc);
i)

A3 f(16) — S (16 — eBan %)} S DR[W (1) — )(c),

where

B, ( 2/ f(tc) )% e \/32[1 ~ G(re-)]
()| V1= Gltg—) ) f(ta)

Note that the assumption G(tg—) < 1 indicates that the censoring
distribution has a positive mass at T and is required in order to have a
strong approximation of the KME by a Brownian motion appearing in the
limiting distribution. As this mass becomes smaller, the constants As and
By get closer to zero and infinity respectively. For such assumption, one
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can think of all subjects enter the study at the same time and consider
the censoring variable as C' = min(é, T¢), where T represents the study
duration (administrative censoring), while C is the censoring time due to
loss of follow-up for other reasons and it would take values larger than tg
if the study continued for longer. The assumption can be relaxed, for ex-
ample by applying the result in Ying (1989) to obtain a weak convergence

of the KME to a Gaussian process under the assumption fOT @ 1528)_) < 00

or applying the result in Chen and Lo (1997) to obtain a strong approx-
imation of the KME under the assumption [;¢ %
some p € (0,1/2). Nevertheless, we chose to maintain this assumption,
which is simpler, and instead investigate the performance of the test also
in scenarios where it is not satisfied. The previous theorem shows that the
FG(tg — eBan~1/3) converges at rate n'/? to f(tg) but computation of By
requires also estimation of the derivative of the density at tg. To avoid
that, for the test statistics, we will instead use an estimator fg (tg—cn™%)
for some a larger than but close to 1/3 as in statement (i) of the theorem.
Such choice, despite being sub-optimal in terms of rate of convergence,
behaves better in practice. The unknown quantities in Ay, As and By can
be estimated using their corresponding consistent estimators. For exam-
ple, f(tg) in A; can be estimated by f(tg — en~%), which is consistent
for f(tq), as shown in Kulikov and Lopuhaé (2006) for the estimator in
the setting without censoring. Also the censoring distribution G can be
estimated using the KME.

< oo for

3.2.3 Smoothed Grenander estimator

Alternatively, we can consider the kernel smoothed Grenander-type esti-
mator. Let k be a symmetric twice continuously differentiable kernel with
support [—1,1] such that [ k(u)du =1 and its first derivative is bounded
uniformly. To circumvent the inconsistency issues of the standard ker-
nel density estimator at the boundary, we utilize boundary kernels (Durot
et al., 2013). Denoting the boundary kernel as kp ;(v), which is defined by

1) (%) k(v) + ¢ (%) vk(v) t €10,h],
kpi(v) = q k(v) te (h,tg —h),
¢ () k(v) =4 ("5 vk(v)  t € [tg — h,Tal,
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for v € [—1, 1], where h is the bandwidth parameter. Here, for s € [—1, 1],
the coefficients ¢(s) and 1 (s) are determined by

os) [ K)o+ (s /_1 vk(v)dy = 1,

o(s) /_1 vk(v)dv + 1/1(3)/ v?k(v)dv = 0.

-1

The smoothed Grenander-type estimator with boundary correction of f(tg)
is given by:

P Go1 T — v\ »

P = [t (P50 ) i
Tg—h

Such estimator and its asymptotic distribution in the interior of the sup-

port has been studied in Lopuhaé and Musta (2017). Here we extend such

results to the estimation at the right boundary t¢.

Theorem 3.2.2. Assume that t¢ < Tg,, and in addition f, is nonin-
creasing and twice continuously differentiable with f, and |fl,| being strictly
positive on [0,7g]. If G(tg—) < 1 and hn'/®> — ¢ € (0,00) as n — oo,
then X

WP (ve) = J(16)} S N(p. o),

where

_ 1oy Lo 2 _ f(ta) ' 2
p=3c f (Tg)/o vkB . (v)dv, 07 = C[l—G(Tc—)]/O kB (v)“dv.

The assumption t¢ < Tg, of Theorem 3.2.2 is the situation of most
interest when testing Hy : g1 > Tg. We note that the rate of convergence
of the smooth Grenander estimator is faster than the non-smoothed one
and the limiting variance increases as the mass of the censoring distribu-
tion at tg decreases. The limiting bias depends on the second derivative
of the density which is difficult to estimate so in practice we will use boot-
strapping as described later.

3.2.4 Test procedure based on asymptotic results

Based on the idea described in Section 3.2.1 and the two estimators of a
decreasing density, we propose two statistical tests for the assumption of
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‘practically’ sufficient follow-up formulated in (3.1). The first test rejects
the null hypothesis of insufficient follow-up Hy if

Eﬁ‘n (TG)

£G —a
Ta — <
g —en) < 2L

— At CORQE, (3.3)
where a € (1/3,1) (we choose a = 0.34 in the simulation study, which is
very close to 1/3), ¢ = 1 (so that the amount of deviation from the right
boundary scales with the length of the support), A; is defined in Theo-
rem 3.2.1 and is in practice replaced by a plug-in estimator A, with f (ta)
and G estimated by f&(tg —en™®) and the KME for G, respectively. Q%
is the a-quantile of the distribution Dr[W (¢)](1), and it is approximated
through computer simulation. Below we show that the level of the test is
asymptotically bounded by a.

Proposition 3.2.3. Suppose 0 < 1 < € is such that n"=9/2np — 0 as
n — 0o. Then, for any Tg < q1—e,

R F, —a
lim P |fS(tg —en™9) < Fal(te) Al_lnflTQﬁa < a.

n—oo T — TG

The advantage of this test is that it does not require smoothing and
twice differentiability of the true density function. However, it requires a
plug-in estimate for A; and a choice of the constant ¢. As noted in the
proof of the proposition, the asymptotic level of the test remains bounded
by « as long as we use a consistent estimate for A;. In practice we observe
that very large sample sizes would be required to have a good performance
of this test.

The second test we propose rejects the null hypothesis of insufficient
follow-up Hy if
~ eF; TG _
56 ) < ) -agse, (3-4)
T —TqQ
where Q5¢ denotes the a-quantile of the distribution N(u,0?) in Theo-
rem 3.2.2. Such test is also guaranteed to be asymptotically correct.

Proposition 3.2.4. Suppose 0 < n < € is such that n2/5

Th@TL, fOT’ any ta < d1—e;

n— 0 asn — oo.

A 2
lim P | f50(xg) < Ln(16)

+ n_2/5Q§G <a.
n—o00 T — TG’
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Computation of Q3¢ requires plug-in estimates for the asymptotic
mean and variance of the estimator, which do not behave well for small
sample sizes. For this reason, we suggest a bootstrap procedure for approx-
imating the critical value of the test as described in the next subsection.
We note again that the asymptotic level of the test remains bounded by «
if the unknown quantile Q3¢ is replaced by a consistent estimator.

Recall that we consider Tg as known and equal to the study duration
under administrative censoring. However, all the results can be extended
to the case where T¢ is unknown and estimated by Y{,) = max; Y;, which
is a consistent estimator for tg if T¢ < TF,. We establish the asymp-
totic normality of the estimator ff,? (Y(n)) and show the asymptotic level
of the test is bounded by «, under the conditional setting with categori-
cal covariate information, in a subsequent work that will be presented in
Chapter 4.

3.2.5 Bootstrap procedure

It is worthy to mention that the naive bootstrap, by resampling with re-
placement from the pairs (y;, ;) and computing the Grenander estimator
ff (Tg) from the bootstrap samples, is inconsistent, since the true den-
sity of the bootstrap sample is not continuous (Kosorok, 2008). Therefore
a smoothed bootstrap procedure, based on the smoothed Grenander es-
timator f;?G, is introduced to approximate the critical value of the test
(see Algorithm 3 in Appendix B.4). The idea of the smoothed bootstrap
procedure is that a modified kernel density estimator fnho is estimated
from the sample data, followed by drawing bootstrap samples from fnho.
Specifically, fnho( ) is the derivative of the kernel smoothed least concave
majorant FC of the KME, i.e. the derivative of [ nkn (5 ”)FG( )du.
If one would use the bandwidth h of order n=2/5 as in the computation
of fnh , an explicit estimation of f”(tg) would be required to adjust the
asymptotic bias of the bootstrap estimates (Groeneboom and Hendrickx,
2018a). Hence obtaining an accurate estimate for f”(tg) would be crucial
but it is problematic especially near the end point T¢. Instead, as proposed
by Groeneboom and Jongbloed (20243) in the monotone regression setting,
we draw bootstrap samples from fnho with ho = 1@ (0.7~ /9 A0.5), which
leads to an over-smoothed estimate. Oversmoothing circumvents the need
to correct for the asymptotic bias. Then we replace Q3¢ in the critical
value of the test in (3.4) by the a-quantile of the bootstrap estimates
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n2/5{f55°(ta) — fano(Ta)}-

3.3 Simulation study

In this section, we study the finite sample performance of the testing proce-
dure (using f& and fth ) described in Section 3.2 for testing Hp : q1—c < Tg
and compare it with the «,, &, and @, tests. In order to cover various
scenarios with different uncured survival time and censoring time distribu-
tions, we consider six settings as described below. In Settings 1-3 the sur-
vival time of the uncured has unbounded support, i.e. Tr, = oo, while that
of the censoring time is bounded, i.e. T < 0o. Such a scenario is the main
focus of our methodology but it means that the follow-up is never sufficient
based on the characterization of sufficient follow-up in (1.2) used by the
existing tests. Settings 4-5 correspond to having tr, < oo and Tg < 00,
indicating that the follow-up is sufficient, under the notion in (1.2), when
Tr, < Tg. Setting 6 corresponds to having tr, = oo and Tg = co. Such
case was considered by Xie et al. (2023) and is regarded as sufficient follow-
up under the notion in (1.3). The T,, test of Xie et al. (2023) considers a
null hypothesis of sufficient follow-up and as a result cannot be compared
with ours. However, for this last setting we also present the results of the
T, test. In addition to the above settings, we include a small simulation
with a non-monotone density for the uncured survival time to study the
performance of the proposed method when the montonicity assumption of
fu is not satisfied. A comparison with the parametric method RECeUS
proposed by Selukar and Othus (2023) is also made through a small sim-
ulation under Setting 1.

3.3.1 Simulation settings

For Settings 1-3 and 6, three different uncured fractions p are considered,
namely 0.2, 0.6 and 0.8, to study the effect of p on the testing performance.
Note that the censoring rate is at least 1 — p since all the cured subjects
are censored. For Settings 4 and 5, only p = 0.6 is considered. We consider
distribution that has a decreasing density for the uncured event time T,.
We generate the censoring time C' as C' = min(C’, T¢), where the support
of C includes [0, T¢]. In Section 3.2, the asymptotic properties of both the
Grenander f,? and the smooth Grenander ff,? estimators are affected by
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the mass of the censoring distribution at T, AG(tg) =1 — G(1g—). To
investigate the effect of AG(Tg) on the test performance, we consider C
with a uniform distribution on [0, (] for { > T chosen in such a way that
AG(tg) € {0,0.02,0.05,0.2}, in Settings 1, 3 and 4. For such settings, we
have that the higher the mass AG(t¢g), the lower the censoring rate. For
Settings 1-5, 12 different t5’s are considered in order to study the level
and power of the test. We choose T in terms of quantiles of F,, because,
in practice, the probability of the event to happen after the end of the
study is a more important measure of deviation from sufficient follow-up
compared to the value of 1. Specifically, we choose qi1, g2, q3, 94, g6, 12
to be the 90, 92.5, 95, 97.5, 99 and 99.9% quantiles of F,,. In addition
we consider g5 to be the mid-point between the 97.5 and 99% quantiles of
F, (i.e. g5 = (g4 + g6)/2) and q7 — ¢11 to be five evenly separated points
between the 99 and 99.9% quantiles of F}, base on the event time scale (e.g.
g7 = g6 + (q12 — g6)/6). Table B6 in Appendix B.1 reports their values for
Settings 1-5.

Setting 1. The uncured subjects have an exponential distribution with
rate parameter 1. The censoring times are generated using the aforemen-
tioned uniform distribution for C.

Setting 2. The uncured have an exponential distribution with rate pa-
rameter A € {0.4,1,5}. The censoring times are generated using C having
exponential distribution with rate parameter 0.5. In this case the higher
the rate parameter X\, the lower the censoring rate.

Setting 3. The uncured subjects have a Weibull distribution with shape
and scale parameters 0.5 and 1.5, respectively. Such distribution for the
uncured has a density function that decreases faster comparing to the
exponential distribution in Setting 1. The censoring times are generated
using the aforementioned uniform distribution for C.

Setting 4. The uncured have a truncated exponential distribution with
rate parameter 1 and endpoint Tp,, where Tp, is the 99% quantile of the
exponential distribution with rate parameter 1, i.e. T, ~ 4.6. The cen-
soring times are generated using the aforementioned uniform distribution
for C. To study the testing performance when Tp, < TG, we consider few
extra Tg’s, which are greater than tp, , in addition to the Tg’s mentioned
previously.

Setting 5. The uncured have a truncated exponential distribution with
rate parameter 5 and endpoint Tg,, where Tp, is the 99% quantile of the
exponential distribution with rate parameter 5, i.e. T, ~ 0.92. The cen-
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soring times are generated using C' having an exponential distribution with
rate parameter Ac € {0.5,3}. In this case the higher the rate parameter
for the censoring distribution A¢, the higher the censoring rate. As in Set-
ting 4, we include extra Tg’s to investigate the testing performance when
TR, < 1q.

Setting 6. The uncured have an exponential distribution with rate pa-
rameter 1. The censoring time follows an exponential distribution with
rate parameter 0.5.

Setting 7. The uncured have a mixture distribution of two log-normal
distributions with weights 0.7 and 0.3, denoted by F,, = 0.7F,1 + 0.3F,2,
where the parameter of F,; is (p1,01) = (0, 1) and that of Fy is (u2, 02) =
(log 8,0.3). The censoring time follows the uniform distribution as in Set-
ting 1 with T¢ = 6.5 and AG(1g—) = 0.02. The uncured fraction p is
0.6.

The range of the censoring rates over different values of 14 for all the
considered settings are reported in Tables B1-B5 in Appendix B.1. The
censoring rate depends on p, AG(T¢g) in Settings 1, 3 and 4, A in Setting 2,
and A¢ in Setting 5 as mentioned previously.

For the proposed method, € is set at 0.01, meaning that we consider the
follow-up as sufficient when qgg9 < Tg. In Setting 3, we also investigate
how the method performs when € = 0.005, resulting in a more conservative
hypothesis of ‘practically’ sufficient follow-up. The parameter 7 is set to
the 99.95% quantile of F, for Settings 1-5. A different choice is made for
Setting 6 since TG = oo. We also studied the effect of the choice of 7 on the
rejection rate, using Settings 1 and 4. The parameters a and ¢ of f,? are
set to 0.34 and g (y(n) for Setting 6), respectively. For ff}? , the tri-weight
kernel is used together with a bandwidth of h = tg(n~Y> A 0.5) (1g is
replaced by y(,) in Setting 6). We use 500 bootstrap samples to compute
the critical value of the test based on f;?hG . The parameter ~ for Q,, test
is set to 1, which covers various censoring distributions including those in
the current simulation settings. We use the same setting as described in
Xie et al. (2023) for T,, test with 500 bootstrap samples. The significance
level of the tests is set at 0.05.
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)
xo3

Figure 3.1: Rejection rate of the null hypothesis of insufficient follow-up for different
methods (solid: £, dashed: f¢, dotted: Q) in Setting 1 with n = 500, AG(tg) =
0.02 and p = 0.2 (left), p = 0.6 (center), p = 0.8 (right).

3.3.2 Simulation results

For each simulation setting, three sample sizes are considered, namely
250, 500 and 1000, and for each of them we consider 500 replications. For
Settings 1-5, we plot the rejection rate of insufficient follow-up against tg
for different methods. For Setting 6, which corresponds to only one choice
Tg = 00, the rejection rate is reported in a table rather than a plot. In this
section we only present the results for Settings 1 and 4 and compare the
two proposed tests to the @), test, which is the best of the existing tests
for the null hypothesis of insufficient follow-up. The rest of the results and
comparison also with the other methods can be found in Appendix B.2.

Figure 3.1 depicts the rejection rate of the null hypothesis of insufficient
follow-up against T for Setting 1 when n = 500, AG(tg) = 0.02 and for
different choices of p. In each subplot, ¢1 — g12 refer to the 12 different
To’s considered as described before. The horizontal dash-dotted line at
0.05 indicates the significance level, and the vertical one at ¢g indicates
TG = qo.99 (99% quantile of F),). Recall that we are testing Hy:qi_e > ¢
with € = 0.01 and an ideal testing procedure is expected to reject the null
less when Tg < goo9 (left-side of the vertical dash-dotted line) while to
reject more when Tg > o9 (right-side of the vertical dash-dotted line).
The rejection rates of ff}? , f,? , and @, tests are represented by solid,
dashed, and dotted lines, respectively, in each subplot. Each of these lines
is constructed by interpolating the rejection rates between two consecutive
q’s.

From Figure 3.1 we see that the proposed method using ff}? performs
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Figure 3.2: Rejection rate of the null hypothesis of insufficient follow-up for different
methods (solid: f2<, dashed: f, dotted: Q) in Setting 1 with n = 500, p = 0.6 and
AG(tg) =0 (left), 0.02 (center), and 0.2 (right).

better, in terms of level empirically, among the three procedures for dif-
ferent p’s, while the test using ﬁ? is the worst. The poor performance of
ff in controlling the level probably results from the poor approximation
of the critical value using the asymptotic distribution at a relatively small
sample size. In terms of the empirical power, fth behaves better than the
Q.. test in general, although there is a region for T¢ near gg where the ),
test has higher power. For the effect of p, we observe that as p increases
the performance improves, i.e. better control of the level and higher power.
Note that when p is small the censoring rate is very high (around 85% for
p = 0.2) and it becomes more difficult to detect that the follow-up is not
sufficient. In such cases, larger sample sizes and AG(tg) are required in
order to control the level of the test (see Figure B1 in Appendix B.2). We
also point out that for the formulation of sufficient follow-up in (1.2) con-
sidered by the @, test, the null hypothesis is always true for this setting,
but the observed rejection rate is far larger than the nominal level of 5%.

Figure 3.2 shows the rejection rate against T when n = 500 and p =
0.6, while changing AG(tg). The proposed procedure using ffhc possesses
a better control on the empirical level at each AG(tg), among the three
methods, while the Type I error probability of f,? remains higher than the
others empirically. The test based on f;?}? also has a higher rejection rate
under the alternative H, : T < ¢i—e, apart from in a small region near
q1—e. The performance of all tests improves, in terms of empirical level,
as AG(Tg) increases. We note that the asymptotic distributions of the
estimators ff and f;?,? rely on the assumption that AG(tg) > 0. The
simulation results suggest the proposed method still works well when such
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Figure 3.3: Rejection rate of the null hypothesis of insufficient follow-up for different
methods (solid: f2F, dashed: £, dotted: @) in Setting 1 with p = 0.6, AG(tg) = 0.02
and a sample size of 200 (left), 500 (center), and 1000 (right).

assumption is violated, i.e. AG(1g) = 0.

In Figure 3.3 we investigate the effect of the sample size, for fixed
p = 0.6 and AG(1g) = 0.02. As expected, we observe a better control
of the level and a steeper power curve when the sample size is larger.
The proposed procedure using f;th performs better than others for all
three different sample sizes. Complete results for all combinations of p,
AG(tg) and n can be found in Figures B1-B3 in Appendix B.2. In terms
of sensitivity of the test with respect to the choice of 7, we observe in
Figure B4 that as 7 increases, the rejection rate decreases, resulting in a
more conservative test. The effect is more visible in terms of power than
level. For the comparison with RECeUS-AIC by Selukar and Othus (2023),
we observe from Figure B5 that f;th performs better in terms of empirical
level, while RECeUS-AIC demonstrates higher power in the region where
T is close to qg.og9. When comparing the @, test with RECeUS-AIC, the
latter controls the level more effectively when T4 is much smaller than
Go.09, but not in the region near ¢gg9, although RECeUS-AIC exhibits
higher empirical power than the @),, test.

Similar conclusions can be drawn from the simulation results in Set-
tings 2-3 reported in Appendix B.2. We point out that when censoring is
heavy and p is small, all methods exhibited poor performance in terms of
empirical level. Problems occur also when the density f,, decreases faster,
as in Setting 3, for which the tests have a better control of the level when p
and n are larger. For a more conservative test, one can consider a smaller
€, which results in lower rejection rates as shown in Figure B12, but the
difference is not large.
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Figure 3.4: Rejection rate of the null hypothesis of insufficient follow-up for different
methods (solid: f;?,? with 71 &~ 4.5569, dashed: f;?;? with 72 = 1.2571, dash-dotted: f,ff
with 73 = 1.571, dotted: Q) in Setting 4 with n = 500, p = 0.6 and AG(t¢) = 0 (left),
AG(tg) = 0.02 (center), and AG(tg) = 0.2 (right).

Next we consider Setting 4, in which f, has compact support. Fig-
ure 3.4 depicts the rejection rate of insufficient follow-up against T4 when
n = 500 and p = 0.6, while varying AG(t¢). In each subplot, we introduce
7 extra Tg's (q13 — 19 ranging from Tp, ~ 4.6051 to 6.9078), in addition to
q1 — q12, to investigate the power of the test. The vertical dash-dotted line
indicates Tg = qo.99 (99% quantile of F),), and the horizontal one indicates
the significance level. We considered 3 different 7’s, namely T; being the
99.95% quantile of F,, as described previously, 75 = 1.2577, and 73 = 1.577.
The rejection rates of fth using 71, T2, 73, and the @, test are rendered by
solid, dashed, dash-dotted, and dotted lines, respectively, in each subplot.
We again observe that as 7 increases, the test becomes more conservative.
For 7 = 71, the rejection rate starts being higher than the nominal level
of 5% when T > q4 = qo.975, which is still reasonable in practice, while
the @, test has higher rejection rate even for shorter follow-up. For 7
and 73 the test behaves well in terms of level and has most of the time has
also higher power compared to @,. Overall, we advice to take 7 possibly
larger than tr, when it is believed that the F;, has compact support based
on practical knowledge of an approximation for Tg,. Similar results are
observed in Setting 5, see Figure B14. However, in that case the test @,
exhibits a good control of the level but has almost no power.
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3.4 Real data application

In this section we illustrate the practical application of the proposed method
and compare it with the existing tests using two breast cancer datasets,
one with a sample size of 286 and another with 1233. Besides using the
data with a follow-up cutoff at the end of the study, we construct ‘what-if’
scenarios in which the follow-up cutoff is earlier than the actual one. In
particular, the subjects with the follow-up time greater than the hypothet-
ical cutoff are considered as censored with a follow-up time equal to the
hypothetical cutoff. Such scenarios help explore whether a test possesses
a monotonicity behavior of deciding sufficient follow-up if the follow-up
period is lengthened (Klebanov and Yakovlev, 2007). Maller et al. (2024)
also studied the monotonicity behavior of the @), statistic when the maxi-
mum survival time is fixed while varying the maximum uncensored survival
time.

For the proposed procedure ( fnG and fghc ), T¢ is approximated by
the maximum observed survival time y(,). We used two choices of ¢,
namely 0.01 and 0.025, indicating the follow-up is considered as sufficient
if T¢ > qo.99 when ¢ = 0.01. The distribution of f;?,? is approximated
using the bootstrap procedure described in Section 3.2.5 with 1000 boot-
strap samples and bandwidths as mentioned in Section 3.3. We set a and
¢ to 0.34 and y(,,), respectively, for the test using fnG . The parameter ~ for
@y, test is set at 1. The critical value of T, test is computed using 1000
bootstrap samples.

3.4.1 Breast cancer study I

We analyze a dataset of an observational study consisting of 286 lymph-
node-negative breast cancer patients. The patients received treatment in
1980-1995, whose age at treatment ranges from 26 to 83 years. The relapse-
free survival time (in months), i.e. the time until death or occurrence of
distant metastases, is considered. The uncensored survival time ranges
from 2 to 80 months, and the censoring rate is around 62.59%. The same
dataset has been studied by Amico et al. (2019) and Dobler and Musta
(2024) under the mixture cure model settings. We refer the reader to Wang
et al. (2005) for a detailed description of the data.

Figure 3.5 shows the Kaplan—Meier curve, which exhibits a long plateau.
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Figure 3.5: Kaplan—Meier estimate (solid) and its least concave majorant (dotted) for
the breast cancer observational study data.

The maximum uncensored survival time g,y and the maximum observed
survival time y,) are 80 and 171 months, respectively, and there are 152
censored observations between §(,,) and y(,,y (i.e. on the plateau). A graph-
ical inspection based on the plateau of the Kaplan—Meier curve suggests the
follow-up is sufficient. In addition, the Kaplan—Meier curve supports the
assumption of decreasing density in the tail (the curve is close to concave
at least starting from around 25 months). One could use some data-driven
method to estimate the point at which the density starts being decreasing,
but that is not crucial here since it will not affect much the estimator at
the end point. We apply the proposed testing procedure ( f,? and fth ),
Qn, Gp, Qn and T, tests for the whole follow-up and the hypothetical sce-
narios with shorter follow-up. For the proposed procedure, we used two
choices of 7, namely 240 and 360 months, meaning that we are considering
the probability of relapse after 20 or 30 years to be almost zero.

Table 3.1 reports the p-values of testing different hypotheses (f[o :
Qi—e > TG, Hy : Tp, > TG or Hy : Tr, < Tg) at different cutoffs. With a
follow-up cutoff equal to the end of the study (171 months), the proposed
procedure (using f& and fff?) rejects Hy at the 5% level when e = 0.01 or
0.025, deciding the follow-up is sufficient for the two different 7’s. The a,,
Qn, Qn tests also reject Hy and deciding sufficient follow-up. We note that
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Table 3.1: p-values of testing I;To, Hy or Hy at different follow-up cutoffs for the breast
cancer observational study (rounded to three decimal places). Bold indicates rejecting
the null at the 5% level or the estimated p-value a,, < 0.05 for a,, test.

Null Cutoff (months
hypothesis € 7 Method g, 110 1(30 )150 171
940 f,f}? 0.538 0.588 0.144 0.007 0.000
0.01 f& 0.999 0.000 0.000 0.000 0.000
360 fghc 0.542 0.649 0.234 0.015 0.000
- G 0.999 0.000 0.000 0.000 0.000
Hy:qi—e > TG e
940 S 0.503 0.380 0.035 0.001 0.000
0.025 f& 0.999 0.000 0.000 0.000 0.000
360 f,:ff 0.530 0.542 0.131 0.006 0.000
f& 0.999 0.000 0.000 0.000 0.000
— — an 0.002 0.000 0.000 0.000 0.000
Hp :7r, > 16 — — én 0.367 0.049 0.001 0.000 0.000
— — Qn 0.134 0.002 0.000 0.000 0.000
Ho:tp, <1c — — Ty 0.089 0.106 0.167  0.303 —

the parameter €* for the T;, test is set to y,,) since 2(Y(n) = Ymn)) = Y(n) (€*
instead of € is used to avoid any confusion). If we consider y,) and g,
as the approximation of T¢ and Tp,, respectively, then €* = y(,) = 171
would possibly fall within the interval (t¢ — Tp,,2(T¢ — Tr,)] ~ (91, 182].
Hence, the asymptotic distribution of the test statistic T}, is degenerated as
mentioned in Section 3 of Xie et al. (2023), while the T, test still concludes
the follow-up as sufficient without applying the bootstrap procedure.

By shortening the follow-up period, all methods possess a monotonicity
behavior of deciding sufficient follow-up. For example, the proposed pro-
cedure using fth with 7 = 240 and € = 0.01 decides sufficient follow-up
at the 5% level when the cutoff is at or after 150 months, while changes
to conclude insufficient follow-up when the cutoff is less than 150 months.
In terms of the cutoff at which the test decision changed, for example 150
for ff,? and 130 for f,? when e = 0.01, the procedure using f,? is less
conservative than that using f;?}? . This behavior was also observed in the
simulation. The procedure using f;? or quhG is more conservative than a,,,
&y, and @, tests for this dataset. It was also observed in the simulation, e.g.
in Setting 1, that a,, &, and @, tests exhibit higher rejection rate when
T is slightly greater than ¢1_.. For the choice of 7, a larger 7 results in
a more conservative test procedure, as shown in the simulation. However,
the conclusion does not change significantly when 7 increases from 240 to
360. For T, test, we observe that it does not reject sufficient follow-up
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Figure 3.6: Kaplan—Meier estimate (solid) and its least concave majorant (dotted) for
the SEER data.

and the p-values decrease from 0.3 to around 0.09 as the follow-up cutoff
reduces.

3.4.2 Breast cancer study II

We consider a dataset of breast cancer patients extracted from the Surveil-
lance, Epidemiology and End Results (SEER) database. The database
‘Incidence-SEER Research Data, 8 Registries, Nov 2022 Sub (1975-2020)’
with follow-up until December 2020 was selected and the breast cancer
patients diagnosed in 1992 were extracted. This allows a maximum of 347
months (about 29 years) of follow-up. We excluded the observations with
unknown or zero follow-up time, with unstaged or unknown cancer stage,
and restricted the dataset to white patients with age less than 60 and with
Grade II tumor grade at diagnosis. The event time of interest is the time
to death because of breast cancer. This cohort consists of 1233 observa-
tions with follow-up ranging from 1 to 347 months and has a censoring
rate of 75.91%. A similar breast cancer dataset extracted from the SEER
database was also studied by Tai et al. (2005), which suggested the mini-
mum required follow-up time for Grade II breast cancer is 26.3 years if a
log-normal distributed uncured survival time is assumed.
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Table 3.2: p-values of testing Hy:q_« > ¢ or Hy : Tr, > T at different follow-up
cutoffs for the SEER dataset (rounded to three decimal places). Bold indicates rejecting
the null at the 5% level or the estimated p-value a,, < 0.05 for a;, test.

Cutoff (months)

Meth
€ 7 Method o0 900 220 240 260 280 300 320 340 347

360 fgf 0.991 0.999 0.999 0.999 0.999 0.881 0.999 0.999 0.875 0.739

0.01 f& 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999

480 frff 0.992 0.999 0.999 0.999 0.999 0.906 0.999 0.999 0.983 0.947

o G 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999
360 fg}? 0.988 0.999 0.999 0.999 0.999 0.788 0.999 0.998 0.305 0.007

0.025 f& 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999
480 fgf 0.990 0.999 0.999 0.999 0.999 0.881 0.999 0.999 0.969 0.931

f&0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999 0.999
—_— — an 0.368 0.050 0.050 0.368 0.135 0.135 0.368 0.018 1.000 0.135
Hy — — On 0.368 0.135 0.135 0.368 0.368 0.368 0.368 0.135 0.368 0.368
—  — Qn 0750 0.316 0.563 0.563 0.422 0.563 0.750 0.422 0.750 0.563

Figure 3.6 depicts the Kaplan—Meier curve for the breast cancer data,
which shows a short plateau. The maximum uncensored survival time g,
and the maximum observed survival time y(,) are 341 and 347 months,
respectively, and there are 295 censored observations on the plateau. Such
visual inspection based on the Kaplan—Meier curve is not adequate to
assess sufficient follow-up. We apply the introduced testing procedure
(using f¢ and f;?hG ), Qn, Gy and @, tests to this dataset for testing the
null hypothesis of insufficient follow-up. We do not apply the T;, test given
that a short plateau is observed from the Kaplan—Meier curve and there
is no strong evidence of sufficient follow-up. Besides using the data with
a follow-up cutoff in December 2020, we again construct also hypothetical
scenarios with shorter follow-up. For the proposed procedure (using f,?
and f;?hG ), the Kaplan—Meier curve in Figure 3.6 supports the assumption
of decreasing density in the tail, at least starting from around 70 months.
We again use two choices of 7, namely 360 and 480 months. This means
that we can consider the probability of a cancer related death after 30 or
40 years as negligible.

Table 3.2 reports the p-values of testing different hypotheses (ﬁo or
Hy) of sufficient follow-up at different follow-up cutoffs. At 5% level and
with a cutoff in December 2020 (347 months), the proposed procedure
(f¢ and qu}? ) does not reject Hy when e = 0.01, deciding the follow-
up as insufficient. However, the follow-up is considered sufficient when
considering a more relaxed notion of sufficient follow-up for ¢ = 0.025
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and 7 = 360. The oy, &, and @, tests do not reject Hy and conclude
insufficient follow-up. If the follow-up is shortened, all tests apart from
ay do not reject the hypothesis of insufficient follow-up. Moreover, for
the proposed procedure the decision remains the same for all considered
choices of € and 7.
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Chapter 4

Follow-up Sufficiency in Cure Models
with Categorical Covariates

In this chapter, we study testing for follow-up sufficiency in cure mod-
els with categorical covariates. While the existing procedures test the
hypothesis of insufficient follow-up without accounting for covariate in-
formation, there is a lack of tests that address this issue in presence of
covariates. A common assumption of sufficient follow-up over all covariate
values is made when we apply the semiparametric mixture cure models
(Musta et al., 2022, 2024; Patilea and Van Keilegom, 2020; Van Keilegom
and Parsa, 2024) or the nonparametric estimators of Xu and Peng (2014)
and Lopez-Cheda et al. (2017) to study the effect of covariates on the cure
fraction. Accounting for covariates in testing sufficient follow-up is crucial
because sufficient follow-up in the absence of covariates (i.e. under the un-
conditional setting) does not imply sufficient follow-up over all covariate
values (i.e. under the conditional setting) as illustrated in Remark 4.2.1
below. Hence, relying on just the unconditional test might lead to wrong
conditional estimates of cure probabilities. This underscores the necessity
for a procedure for testing insufficient follow-up over all covariate values.

Based on the relaxed notion of sufficient follow-up introduced in Chap-
ter 3, we first formulate the extended hypothesis of sufficient follow-up for
all covariate values. Focusing on categorical covariates, we extend the test
statistic from the unconditional to the conditional setting and introduce
two testing procedures. The first method is related to the intersection-
union tests (Berger, 1982; Berger and Hsu, 1996) and rejects the null
hypothesis of overall insufficient follow-up only if such hypothesis is re-
jected by all the individual tests for each covariate value. This method is
straightforward to implement but in practice leads to a very conservative
procedure and lacks power to detect sufficient follow-up, particularly in
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settings with many possible covariate values. Instead, the second method
relies on choosing appropriately one covariate value, the one for which suffi-
cient follow-up is less likely, and deciding just based on the conditional test
decision for that covariate value. The asymptotic properties of the tests
are investigated and their finite sample performance is studied through
simulation studies.

This chapter is organized as follows. Section 4.1 contains the model
description. In Section 4.2, we formulate the problem of testing insuf-
ficient follow-up over all covariate values and introduce two test proce-
dures. The asymptotic properties of the test statistics are presented in
Section 4.3 and the finite sample performance of the two methods is inves-
tigated through simulation studies in Section 4.4. We analyze a leukemia
dataset in Section 4.5 to illustrate the methods in practice. The proofs are
relegated to Appendix C.1. Additional simulation results are collected in
Appendix C.3. Software in the form of R code is available on the GitHub
repository https://github.com/tp-yuen/cureSFUTest.

4.1 Model description

Let T be a non-negative random variable denoting the time to the event
of interest, which equals infinity if the subject is cured. Suppose B =
1{T < oo} is the uncure status, where B = 1 if the subject is suscepti-
ble to the event of interest (uncured) and B = 0 if the subject is non-
susceptible to the event (cured). The fraction of cured subjects and the
survival function of the uncured subjects can depend on various features
of the subjects, denoted by a set of covariates X. We note that the cure
probability and the survival time of the uncured subjects do not necessarily
depend on the same set of covariates; however, we assume both depend on
the same set of covariates for simplicity. Let p(z) = P (B = 1|X = x) be
the conditional probability of being uncured and F'(t|z) = P (T < t|X = x)
be the conditional distribution of T. We denote the survival function of
F(t|xz) by S(t|z). For the covariate values under which cure is attainable,
the survival function S(t|x) is improper since lim;—oo S(t|z) = 1 — p(x)
is strictly positive. Suppose F,(t|z) = P(T < t|X =z, B =1) is the con-
ditional distribution function of T" given that the subject is uncured and
Su(t|z) is the corresponding survival function. The survival function under
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4.1. Model description

the mixture cure model is given by
S(tlz) =1 = p(x) + p(z)Su(t]z), (4.1)

where 1 — p(z) and Sy (t|z) are called the incidence and the latency, re-
spectively.

Let C be the non-negative censoring time with conditional distribution
function G(-|x). Under the random right censoring assumption, we observe
the follow-up time Y = min(7,C) with distribution function H and the
censoring indicator A = 1{T < C}. In the presence of right censoring,
the uncure status B is a latent variable and the cured individuals can-
not be distinguished from the censored but uncured subjects. We further
assume that C' and T are conditionally independent given the covariates
X. The observations are independent and identically distributed (i.i.d.)
realizations of (X,Y,A), denoted by {(X;,Y;, A;),i =1,...,n}.

In this paper we consider the case in which the covariates X are cat-
egorical. Without loss of generality, we assume that X is univariate with
finite support X of cardinality |X'| = d. The case with multiple categorical
caovariates can be reduced to this setting; see, for example, the simulation
Setting 3 in Section 4.4.1. To estimate the incidence 1 — p(z), we can first
split the sample into d subsamples corresponding to different values of X.
We denote each subsample by {(Yzi, Agi),i =1,...,ny}, for x € X, where
ny =y 1{X; =x}. Let

n
. SV <t Agi =k
Hya(t) =y HH = 08e =1
i=1 *

be an empirical estimator of Hy(t|x) = P (Yy1 <t,Az = k), for k=0, 1.
Also let Hy(t|z) = Yo 1{Y,; <t} /ng be the empirical estimator of
H(tlx) = P (Y1 <t) = Ho(t|z) + Hi(t|x). The Kaplan-Meier estimator
(KME) (Kaplan and Meier, 1958) can be used to estimate the conditional
survival function for each subsample:

S (t|z) = ];(t <1 - %) , (4.2)

where ][, 4 denotes the product-integral over the set A and Hi ,(ds|z) is
the measure associated with Hy ,(-|z). We denote F},(t|z) = 1— S, (t|z) for
the KME of F(t|z). Then, the incidence can be estimated by 1 — p,(z) =
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S’n(Ym(nwﬂw), as proposed by Maller and Zhou (1992), where Y, =
max; Yy; is the maximum survival time for the subsample corresponding
to X = x.

4.2 Testing procedures

Let tq(z) = sup{t: G(t|xr) <1} and tp,(x) = sup{t: Fy(t|x) <1},
where Fy(tlx) = 1 — Su(t|z). For each z € X, the assumption of suffi-
cient follow-up, 1p, (z) < Tg(x), is crucial to guarantee that the incidence
estimator does not overestimate the cure rate (Maller and Zhou, 1992,
1994). In the unconditional setting, Maller and Zhou (1992, 1994) con-
sidered testing Hy : Tr, > Tg versus H; : T, < Tg. In Chapter 3, we
proposed a more relaxed formulation of sufficient follow-up, which was
characterized by the quantile of the uncured survival time distribution.
Specifically, we considered testing

Hy:qi_c >7tq versus Hi:qi_e < 1ga, (4.3)

where ¢ is the (1 — €)-quantile of F, in the unconditional setting and e
is small (for example 1%). Such hypotheses are practically motivated by
the idea that the follow-up is considered sufficient if the probability of the
event occurring after the end of the study is negligible. In a similar con-
text, Selukar and Othus (2023) used simulations to study the performance
of estimation and inference for mixture cure model parameters as follow-up
time increased. Their findings suggested that the follow-up can be consid-
ered sufficient when the probability of the event happening after the study
ends is less than 1%. Specifically, the results showed that improvements in
mean squared error and the coverage of the confidence interval for the cure
fraction estimate diminish as the follow-up time exceeds the 99%-quantile
of F,,. It is natural to extend the hypotheses in (4.3) to the conditional
setting for testing the sufficient follow-up assumption for fixed x € X

Hop : q1—c(z) > t(x) versus Hip: qi—c(z) < 1g(x), (4.4)

where q1_c(z) = inf {t: F,(t|x) > 1 —¢€}. The test procedure proposed
in Chapter 3 can then be applied to the corresponding subsample with
covariate value x for testing (4.4).

Remark 4.2.1. Note that it is possible for the follow-up to be sufficient in
the unconditional setting but not in the conditional setting. For example,
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consider a Bernoulli covariate X ~ B(1,0.5) and X = {0, 1} with F,,(¢|0)
1 —e ' (qooo(0) =~ 4.6052), F,(t]1) = 1 — e~ 2! (go.0(1) =~ 2.3059), ¢
1g(k) = 3, k = 0,1. This gives F,(t) = 0.5(F,(¢|0) + Fy(t]1)) (go.99 ~
2.7721). Then, with € = 0.01, we have ¢;1_(1) < T¢(1) = 1¢(0) < q1-¢(0),
while ¢1_. < Tg. Thus, the follow-up is sufficient for x = 1 but insufficient
for z = 0, although it remains sufficient in the unconditional setting.

Therefore, when estimating the cure rate that depends on covariates,
it is crucial to test the sufficient follow-up assumption that holds for all
x € X, ie., qi—c(r) < Tg(x) for all z € X. This is tantamount to consid-
ering the follow-up as sufficient over all covariate values if, for all x € X,
the conditional probability for the event to happen after the end of the
study Tg(z) is negligible, i.e. Sy (tg(x)|z) < e. Therefore we consider the
following hypotheses for testing the overall sufficient follow-up assumption:

Hp:qi—e(xz) > 1¢(x) for some z € X

4.5
versus Hj:q_(z) < tg(r) forall z € X. (4.5)

Note that the condition of sufficient follow-up for a fixed x € X in
the conditional setting guarantees that the cure rate estimator determined
from the KME (using the subsample corresponding to the value of x) does
not overestimate the true cure rate for that particular covariate value x, so
testing Ho, in (4.4) is sufficient for this purpose. We, however, emphasize
that the follow-up is required to be sufficient over all covariate values when
we are studying the effect of covariate on cure rate using mixture cure
models (Musta et al., 2022; Parsa and Van Keilegom, 2023). In such cases,
one would need to consider testing Hy in (4.5).

Main idea of the test

Our test relies on the assumption that, for any x € X, F,(t|z) has a
continuous density function f,(¢|z), which is non-increasing with respect
to ¢ in the tail region [ay, 7x, (z)) for some 0 < a, < 7¢(z). Asin Chapter 3,
let 0 < 1 < € be a very small number compared to € and 7 > ¢;_(z) for all
x € X be such that F,(7|z) > 1 —n for all x € X. This essentially means
that the probability of an event happening after 7 is negligible. Then we
have a lower bound on f(q;—(x)|z)

(e = mp(x) _ (= m)F(tc(x)]z)
f((h—e(x)‘x) > T — q1_€(3;) = T — q1—e($) .
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This means that under Hy : g1—(z) > Tg(x) for some x € X, we have

(e = n)F(te(z)|z)
T — Tg(l')

f(ta(@)|z) > f(q1-e(x)|2) > for some x € X. (4.6)

To test the hypotheses in (4.5), we split the sample into subsamples
corresponding to different values of X and adopt the procedure presented
in Chapter 3 for each subsample. The smoothed Grenander estimator
with boundary correction of f(t|x) is used; see, for example, Groeneboom
and Jongbloed (2014); Lopuhaé and Musta (2017) for references. The
estimator is given by:

R (t4b2) Ao (ng) | t—au\ -
Fune(tl0) = [ i (5] Ao, 1€ o Vi

V(t—bs)

(4.7)
where fG(-|x) is the left derivative of the least concave majorant on [ag,
Yi(n,)] of the KME Fo(|x), kli . is the boundary kernel defined below
and b, is the bandwidth parameter which can be different for each x € X
and/or can depend on the subsample size n, instead of n. For v € [—1,1],
the boundary kernel kiyt(v) (see Durot et al. (2013)) is defined by

o (52 ) k() + v (552 vk() te[am,bz],
k(v) € (bz, Ya(ny) — ba),
6 (252 ) k(v)

— (B4 ) ok(v) € Vo) = bos Yoo

ki,t(“) =

where k is a symmetric, twice continuously differentiable kernel with sup-
port [—1,1] such that [k(u)du = 1 and its first derivative is bounded
uniformly. Here, for s € [—1, 1], the coefficients ¢(s) and 1(s) (see Zhang
and Karunamuni (1998)) are determined by

6(s) / 31 k(v)dv + 1(s) / 81 vh(v)dy = 1,
- - (4.8)

o(s) /s vk(v)dv + w(s)/ v?k(v)dv = 0.

-1 -1

Below we introduce two methods for testing Hy in (4.5).
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First method. From (4.6), Hy entails the following:

(e = n)F(te(z)|z)
T — Tg(l')

f(ra(z)|z) —

>0, forsomex € X.

Since 0 < n < € is negligible, Hy is rejected if

e (Yapny )

v <ryt. foralzec X, (4.9)
— Y,

ng)

where &,  is the a-quantile of the limit distribution of 7, { Frby (Ya(no)lz) —
f(tg(x)|z)} for some sequence 7, — co. This means that we test the suffi-
cient follow-up assumption in each subsample determined by x separately
(using different critical values) and at the end reject the combined null
hypothesis Hy if Hy, was rejected for all values of z. Since the individual
tests, for each x € X', have an asymptotic level of «, the test with rejection
region given in (4.9) also has an asymptotic level of o (see Theorem 4.3.2(i)
in Section 4.3). Indeed, if under Hy, ¢1—c(2) > t(z) for some z € X, we
have

eF(Ya(ny)|2)

P ( ﬂ {fnbz(Yx(nz)\iﬁ) - T_#() < 7";1 m,a} ‘Ho>

E[n )z Nz z

7= Y
where the limit of the probability on the right-hand side of the above in-
equality is bounded above by «. This test is conservative at first sight
because, after conditioning on the covariates, the subsamples are indepen-
dent, which gives

< r;lﬁz,a

<P <fnbz (Yz(nz) ‘Z)

A EFn(Yx ng |SC) _
P ( m {fnbz(yx(nx)‘x) - T—Y(()) < Tnlfz,a} ‘H07X17 e ,Xn>

reX

. A EFTL(YQ:(nx)|x) —1
= H P fnbz(ya:(nl)"x) — # <7, f%a Hy, Xq,...,. X, | .
xe){ T x(nz)

(4.10)
We note that the worst-case scenario for the level occurs when follow-up
is insufficient for only one of the values of x € X. Then asymptotically, we
expect that only one of the probabilities on the right-hand side of (4.10)
is bounded by « and the others converge to one. This also illustrates that,
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under H1, the power of the test is expected to be the product of the powers
for the individual tests for each value of x € X. In a scenario where the
powers of the individual tests for each € X are not close to one, we
expect the test procedure to have low power and would further decrease
as the number of covariates |X| increases. This method relates to the
intersection-union tests (Berger, 1982; Berger and Hsu, 1996), which can
be used to test the null hypothesis that an unknown parameter belongs to
the union of certain subsets of the parameter space, against the alternative
that the parameter belongs to the intersection of the complements of those
subsets.

To approximate the critical values, we apply a smoothed bootstrap
procedure for each subsample. Let fnbg('|$) be the smoothed Grenan-
der estimator for f(-|z) defined in (4.7) with bandwidth b%. Let F,(-|x)
and Gp(-|z) be the KMEs for F(-|z) and G(-|z), respectively, based on
the subsample corresponding to X = z. Since fnbg("l“) is defined on
[z, Yy(n,)l, We generate T as follows: draw a standard uniform random
variable Uy; if Uy < Fp(ag|X;), set TF = F7Y(U;j|X;) with E'(p|Xy) =
inf{t € [0,az] : F,(t|X;) > p}; otherwise, generate T} from fnbg("Xi) on
[az, Ya(n,)]- The censoring time CF is generated from Gn(-|X;). The boot-
strap sample is {(X;,Y;*,A¥),i =1,...,n}, where Y;* = min(T}, C}) and
Ar = 1{T} < C}}. This bootstrapping method is suitable for estimat-
ing the conditional variance of fnbz (t|x) given Xq,...,X,, as discussed
in Burr (1994) based on the principle of ancillarity, which is essential for
approximating the critical values for the test.

Second method. For simplifying the notation, let

_ eF(tg(x)|x)
T — Tg(x)

T(x) = f(ra(x)|r)

and
el (Yom,)lo)

Tn(x) = fnbx (Yas(n;c)LE) - VY (

From (4.6), Hy implies that

> 0.

e { (e fe) - =TT

T —1g(x)
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Since 0 < 1 < € is negligible, one possible decision rule is:

Hy is rejected if max Ty () < r;, *éa,
TEX

where &, is the a-quantile of the asymptotic distribution of

rn{mi}x To(z) — max T(x)}.

The asymptotic distribution can be obtained using the traditional Delta
method if T'(x) # T(y) for x # y, or using the Delta method for Hadamard
directional differentiable maps (Fang and Santos, 2019). Specifically, for
each z € X, the asymptotic distribution of r,,{T}, () —T'(x)} is the same as
that of 7, { fus, (Ta(2)|z) — f(Ta(2)|z)}. Denote x, = arg max, . T'(z) and
assume for simplicity that z, is unique. Then, applying the Delta method
for the maximum function, the limit distribution of r,{max,cx Tn(x) —
maxgey T(x)} is the same as that of 7, { frp, (Ta () |24) — f(Ta(24)|z4)}
Hence, &, is equivalent to &;, o used in the first method.

While this method is asymptotically sound, the negative bias and vari-
ability of the estimator at the right boundary, fnbm (Ye(ny)|®), in finite sam-
ple sizes make it challenging to estimate max,cy 7'(z) using max,cy Tn(m),
leading to poor practical performance. Therefore, we do not pursue this
test procedure further. Instead, we introduce a method for estimating x,
using bootstrap samples, denoted by %, ,. By selecting the corresponding
subsample with = 2 ,,, we then apply the procedure from Chapter 3 on
this subsample for testing Hy,, and hence also Hy, since Hy implies Hoy, .

To obtain the bootstrap samples, we can apply the same bootstrap
procedure as described in the first method. Using the bootstrap subsample
corresponding to X = x, we compute the bootstrap estimate

. A d:ﬂrf(Y;(n )]x)
Ta(@) = Fap, Vo, l2) = ——5—
z(nz)
where Yx*(nx) is the maximum survival time for the bootstrap subsample

corresponding to X = z. With the bootstrap estimate T:{(x), we introduce
an estimator for z, as follows: Let Qj_., ,(z) be the (1 — v)-quantile of

T*(x), for v € (0,1). The estimator

Ty = argmax Qf_. , ()
reX
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is then used to estimate z,. We will show its consistency for x, given that
the bootstrap is consistent. While the above holds theoretically for any

€ (0,1), in practice, we choose a small 7, say v = 0.025, to estimate z,
better based on higher quantiles.

With the selected subsample corresponding to « = ., ,,, Ho is rejected
if
Tn(@*,n) < Trtlgi*,n,av (4.11)

where &, is the a-quantile of the limit distribution of 7,,{ s, (Yo 1) —
f(ta(z)|x)}. &q is approximated from the bootstrap estimate

Tn{fnb ( (na )|$) fnbg(Yz(nz)|x)}’

where fnbg(‘\x) is the smoothed Grenander estimator used to generate
the bootstrap sample. Essentially, using the estimate Z, ,, we apply the
procedure from Chapter 3 on the subsample corresponding to x = &, ,, for
testing Hy. Since the tests for each subsample have an asymptotic level of
a and Z,,, is consistent for x,, the test with decision rule given in (4.11)
also has an asymptotic level of o (see Theorem 4.3.2(ii) in Section 4.3).
Specifically, under Hy : g1—(z) > tg(x) for some x € X', we have
H0> + P <i'*,n 7é T

o)
)
m).

< §x* Q) x*n = Tx
where the limit of the first probability on the right-hand side of the last
inequality is bounded above by «, while the second converges to zero by the
consistency of Z,,. We note that x, can be non-unique and we consider
this more general case in the proof of Theorem 4.3.2(ii) below.

I A

HO) +P (-%*,n ?é Ty

4.3 Asymptotic properties

The asymptotic distribution of the smoothed Grenander estimator of f in
the interior of the support under the unconditional setting has been stud-
ied by Lopuhaéd and Musta (2017). In Chapter 3, we further extended the
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result to the estimator of f(tg) at the right boundary t4. Based on such
a result, we study the asymptotic normality of the smoothed Grenander
estimator fn, (Yz(n,)|2) in the conditional setting. We consider the follow-
ing assumptions, which are required for establishing the asymptotic results
for the test statistics:

(A1) The kernel function k is a symmetric, twice continuously differen-
tiable kernel with support [—1,1] such that [k(u)du = 1 and its
first derivative is bounded uniformly.

(A2) The probability mass function of the discrete covariate X, P (X = z) =
pz € (0,1), has a finite support X.

(A3) The first derivative of F,(t|x) with respect to t exists for each x € X,
denoted by f,(t|x). Furthermore, for each x € X, f,(t|x) is non-
increasing and twice continuously differentiable on [ay, Tg, (x)], for
some 0 < a; < Tg(z), and satisfies 0 < infic(q, 1p (2)) | f0(E2)] <
SUDte (g, ()] | fu(tT)] < 00

(A4) The conditional distribution of the censoring time C, denoted by
G(:|x), is continuous on [0, T¢(x)) and has a positive mass at Tg(x)
for each x € X; ie., AG(1g(x)) = 1 — G(tg(x)—|z) > 0. Further-
more, for each z € X, the first derivative of G(t|z) with respect to
t exists, denoted by g(t|z), and g(t|z) is continuous on [0, T¢(z)) for
all z € X.

(A5) The incidence 1 — p(x) satisfies 1 — p(z) < 1 for all x € X', meaning
that cure does not happen with probability one, and F,(tg(z)|z) < 1
for all x € X, meaning that there is positive probability for the event
to happen after the end of the study.

Assumption (A1) is common under kernel density estimation and is re-
quired in Theorem 4.3.1. Assumptions (A2) and (A4) are necessary in
Theorem 4.3.1 since its proof requires the strong representation of the
conditional Kaplan—Meier estimator in Lemma C.7 and the order of the
supremum distance between the conditional Kaplan—Meier estimator and
its least concave majorant in Lemma C.8. Assumption (A3) is required
in Theorem 1 and Lemma C.8. We note that the monotonicity and twice
continuously differentiability assumptions of f,(-|z) in the right tail are
needed in Lemma C.8. In practice, since a; is unknown, we need to iden-
tify an interval where the non-increasing assumption is reasonable. This
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can be done by comparing the Kaplan-Meier curve and its least concave
majorant (see Section 4.5). Assumption (Ab) is required in Theorem 4.3.1
and Lemma C.2. Note that (A5) implies that T¢(z) < T, (x), which is nec-
essary for constructing the critical region for testing Hy : q1—(z) > tg(x)
for some r € X with an asymptotic level c. This means that, even if the
follow-up is ‘practically’ sufficient, the event is still possible after the end
of the study and is usually quite realistic in practice.

Theorem 4.3.1. Suppose that Assumptions (A1)-(A5) hold. Let c, €
(0, 00).

(i) If b, = cmn;1/5, then we have, conditional on X7 = (X1, -+, X,),

; n d _ _
12 { fub, Voo |2) = PG (@)|o) } XTS5 N oz, p7/502)
(4.12)
almost surely with respect to X7;

(ii) If b, = cxn;1/5, then we have (without conditioning on X7 )
2 d . _
125 fu Vot |2) = F(a(@)la) b 5 Nz e, p7/962), (4.13)
(i53) If by = cgon® with 1/5 < k < 1/3 (undersmoothing), then we have

n2 L o Vi) — Fra(@)ln) b N,z 002), (414)

where

1

,um:%ci ”(Tg(:v)|$)/0 vazB(v)dv,
2 _ f(ta(z)|r) ! 2 (0)do
= T Gt , B

with kp(v) = ¢(0)k(v) — ¥ (0)vk(v), and the coefficients ¢p(0) and 1»(0) are
defined as in (4.8).

While the first statement of the theorem follows immediately from the
result about the smoothed Grenander estimate in the unconditional set-
ting (see Theorem 4.4 in Lopuhaé and Musta (2017)), obtaining the second
statement is more technical because of the lack of a strong approximation
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result for the conditional Kaplan—Meier estimator with categorical covari-
ates as well as the randomness of the subsample size n,. We also note that
the bandwidth is allowed to depend on the subsample size n, instead of
n. If n is used, the mean and variance of the normal distribution in (4.13)
become i, and 02 /p,, respectively, and similarly for the limiting variance
n (4.14). With the asymptotic normality of the smoothed Grenander es-
timator fan(Ym(nmx), and assuming that 7 (defined before (4.6)) decays
faster than a certain rate, we can show that the levels of the tests in (4.9)
and in (4.11) are asymptotically bounded by «.

Theorem 4.3.2. Suppose that Assumptions (A1)-(A5) hold, and b, =
cxnyg " for some ¢, € (0,00) and k € (1/5,1/3). If 0 < ny, < € is such that
n=K)/2p 0 as n — oo, then, under Hy : q1—c(2) > 16(2) for some

z € X,
Ho)éa;

(ii) for the second method using (4.11), if the bootstrap is consistent, i.e.,
for each x € X

(i) for the first method using (4.9), we have

Jm P ( ) {Tute) <0790

TEX

N -~ t
sup |P (n(lf’ﬁ)/z{T*(a:) —To(z)} < t) —o|—— || 5o,
ter | " —(1=r)/2
Px Oz
then, we have
hrn IP’( n(Zsm) <N~ (1= "‘/2@%7 ><a
where & o is the a-quantile of the normal distribution in (4.14), P
the conditional probability given the original observations, T, (z) equals
T,(x) except fnb,c( 2(ny)|T) being replaced by fnbg( 2(ny)|T), and ® is the

distribution function of the standard normal distribution.

We comment on the consistency of the smoothed bootstrap proce-
dure described in Section 4.2 when an undersmoothed bandwidth b, =
czng ", Kk € (1/5,1/3) is used. This requires bootstrap versions of Assump-
tions (A3)—(A4) to hold. Specifically, it can be shown using the proof
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of Lemma 5 in the supplement of Durot et al. (2013) and the proof of
Lemma 2.1 in Kosorok (2008) that a bootstrap version of Assumption (A3)
holds. For a bootstrap version of (A4), we note that, at the price of more
complicated technical details, the assumption of G(-|z) having a continu-
ous density can be relaxed to G(-|z) being Lipschitz as in Du and Akritas
(2002). Then we can consider a continuous version of the KME G, (-|z)
as in the proof of Theorem 3.6 in Durot et al. (2013), which is a piece-
wise linear function. Nevertheless, we do not expect such a modification
to lead to an improvement in the practical performance of the test. Fur-
thermore, if b, = cpng /5 i used, similar results to Theorem 4.3.2 can
be obtained provided that the bootstrap is consistent. This requires in
addition that the second derivative of the smooth Grenander estimator
fnbg (used to generate the bootstrap sample) at Tg(z) is consistent for
J"(t¢(z)|x), which appears in the asymptotic bias. Since estimation of
the second derivative is more difficult at the boundary, we chose to avoid
it by using undersmoothing.

4.4 Simulation study

In this section, we investigate the finite sample performance of the testing
procedures introduced in Section 4.2. In order to include various scenarios
with different survival time and censoring time distributions conditional
on categorical covariates, we consider four settings as described below.

4.4.1 Simulation settings

In Settings 1, 2 and 4 below, a covariate X having a Bernoulli distribution
with parameter p € {0.3,0.5} is considered to study the effect of p on
the test performance. In Setting 3, two dependent binary covariates, X
and X, are considered. The conditional distribution of the uncured event
time is assumed to have a decreasing density. The censoring time C' given
X = z is generated as C' = min(C, t¢(x)), where €' may depend on the
covariate value z and has a support that includes [0, Tg(z)]. To study the
influence of AG(tg(x)), which affects the limit variance of the estimator
Fabs (Ye(no)lz), we consider C with a uniform distribution on [0, ¢], where
¢ > t(x) is chosen such that AG(tg(z)) € {0,0.01} in Setting 4.

For all four settings, 5 different 15 (x)’s are considered to examine the
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empirical level and power of the tests. Specifically, T¢(z)’s are chosen
based on quantiles of F,(-|x) for each x € X. We use the 95, 97.5, 99,
99.5 and 99.9% quantiles of F,(-|x). For instance, in the scenarios where
X = {0,1}, 1¢(0) and tg(1) being the 99.5% or 99.9% quantiles of the

corresponding Fy,(-|z) are considered as sufficient follow-up when ¢ = 0.01.

Setting 1. The covariate X has a Bernoulli distribution with parameter
p € {0.3,0.5}. The uncure fraction p(x) is:

_ 1
) = (0.6 — 1.30)°
In particular, p(0) ~ 0.35 and p(1) ~ 0.67. The uncured subjects have
a Weibull conditional distribution F,(t|z) = 1 — exp{—oexp(zf)t*}, = =
0,1, where 0 = 1.2, § = —0.9 and a = 0.8. The censoring times given
X = x are generated using the aforementioned uniform distribution for C
with AG(tg(x)) = 0.01.

x=0,1.

Setting 2. The covariate X has a Bernoulli distribution with parameter
p € {0.3,0.5}; The uncure fraction p(x) € {0.3,0.7} for z = 0,1; The
uncured subjects have an exponential conditional distribution F,(t|z) =
1 — exp{—(5 — 0.52)t}, & = 0,1. The censoring times given X = z are
generated with C' having the conditional distribution function: G(t|x) =
1 —exp{—(1+ 1.5z)t}, = =0,1.

Setting 3. The covariates (X1, X2) are two binary random variables:
X1 ~ B(1,04) and X3|X; ~ B(1,p(X1)), where p(0) = 0.4 and p(1) =
0.6. Therefore, the joint probability mass function of (X, Xs) is P(X; =
x1, X9 = x2) = 0.36/0.24/0.16/0.24 if (x1,22) = (0,0)/(0,1)/(1,0)/(1,1)
and X={(0,0), (0,1),(1,0), (1,1)}. The uncure fraction p(x1, z2) is:

1

5 - ) ) € X.
P T) = T 06— 1801 7 030y)) 02

Specifically, the values of p(z1,z2) are approximately 0.35, 0.29, 0.67, and
0.60 for (z1,z2) = (0,0),(0,1),(1,0), and (1, 1), respectively. The uncured
subjects have an exponential conditional distribution

Fu(tlx1,22) =1 —exp{—(1 — 0.252; — 0.3z2)t}, (z1,22) € X.

The censoring times given X1 = x1, Xo = xo are generated from C =
min{C, tg(x1, z9)} with C being the aforementioned uniform distribution
such that AG(tg(z1,22)) = 0.01. Here, 1g(x1,x2) are the 95, 97.5, 99,
99.5 and 99.9% quantiles of the corresponding F,(t|z1, z2).
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Setting 4. The covariate X has a Bernoulli distribution with parameter
p € {0.3,0.5}. The uncure fraction p(x) € {0.4,0.6} for x = 0,1. The
uncured subjects given X = x have a standard exponential distribution
for x = 0,1. The censoring times given X = x are generated using the
aforementioned uniform distribution for C' with AG(tg(z)) € {0,0.01}.

In the above four settings, different conditional distributions for the
uncured survival times and censoring times are considered. This allows
us to cover various scenarios in which subjects corresponding to different
values of the covariates may have different uncured survival or censoring
distributions, alongside the uncure fraction that varies with z. In Set-
ting 1, the uncured survival time conditional on the covariate follows a
Weibull distribution with a shape parameter of 0.8, which has a density
that decreases faster than that of the standard exponential distribution. In
Setting 2, both the uncured survival time and the censoring time have ex-
ponential distributions with rate parameter that varies with the covariate,
while a non-uniform censoring distribution is considered as compared with
the other three settings. Setting 3 is a more realistic setting that consists
of two binary covariates leading to four possible values of (x1,x2). Every
sub-population corresponding to different values of (x1,x2) has a different
uncure fraction and uncured survival time distribution. Setting 4, in which
the uncured subjects have the same exponential distribution for all values
of z, is used to study the sole effect of p(x), p, and AG(tg(x)) on the test
performance. Tables C1-C7 in Appendix C.2 report the censoring rates
(at population and sub-population level) for all considered cases.

For the proposed test, e = 0.01 is set, indicating that the follow-up is
considered as sufficient when all T¢(z)’s are greater than the 99% quantiles
of the corresponding F,(-|x). The parameter 7 is set to the maximum of
the 99.99% quantiles of F,(:|z) over x € X, i.e., T = maXyex §0.9999().
For the smoothed Grenander estimator fnbx, the tri-weight kernel is used
together with an undersmoothing bandwidth b, = Yx(nz)(n;7/30 A 0.5).
Such bandwidth of order n=7/30 is chosen since we want to undersmooth
but also remain close to the optimal bandwidth of order n=/5. This seems
to perform well in practice and the purpose was to use a fixed bandwidth
in order to avoid data-driven bandwidth selection procedures which would
significantly increase the computational cost. Fixed bandwidths are com-
mon in the literature of smooth monotone estimators. For the smoothed
bootstrap procedure, the bandwidth b§ = Y, (,,)(na AN 0.5) is used, as
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proposed by Groeneboom and Jongbloed (2024b) in the monotone regres-
sion setting. We use 500 bootstrap samples to compute the critical values
of the test procedures. Since the conditional density functions of the un-
cured survival times are decreasing in all four settings, we set a, = 0. For
the second method, v = 0.025 is used to compute the estimator &, , of
x, = argmax,cy 1'(z). The significance level of the tests is set at 0.05.

4.4.2 Simulation results

For Setting 1, a sample size of 1000 is considered. Two sample sizes (500
and 1000) are considered for Settings 2 and 4. For Setting 3, since it
consists of two binary covariates, meaning that there are 4 subsamples, a
larger sample size of 2000 is considered. Recall that 5 different t¢(x)’s are
considered for each z € X, which leads to numerous scenarios (5% com-
binations of T¢(z)’s). Instead of covering all combinations, we first group
them into three main scenarios (Scenario A, B and C) and then consider
some choices from each of these three scenarios to study the empirical level
and power of the test procedures. Denote the 99% quantile of F,(:|z) by
q0.99(z). Scenario B consists of those cases with gg.g9(z) < Tg(z) for all
x € X while tg(z) = qo.975(z) for at most one x € X. This means that the
follow-up is sufficient or nearly sufficient in the conditional setting (Hi, in
(4.4)) for all but at most one z € X. The cases under this scenario are
considered as insufficient follow-up over all covariate values (Hp in (4.5)).
In practice, these borderline cases are considered as sufficient or nearly
sufficient follow-up. Alternatively, Scenario C consists of those cases with
q0.99(z) < t(x) for all z € X, meaning that the follow-up is sufficient in
the conditional setting (Hy, in (4.4)) for each z € X'. Therefore the cases
under this scenario are considered as sufficient follow-up over all covari-
ate values (H; in (4.5)) and hence are used for investigating the empirical
power of the test. Scenario A consists of the remaining cases that are not
in Scenarios B and C. These cases are considered as insufficient follow-up
(Hp) and are useful to examine the empirical level of the test.

We report the rejection rate of Hp for the first and second methods
together with the rejection rate of Hy, (insufficient follow-up for fixed z
in the conditional setting in (4.4)). The rejection rates are computed from
500 replications. The results for Settings 2 and 3 are presented in this
section, while the remaining results can be found in Appendix C.3.

Tables 4.1-4.3 show the rejection rate of Hy, for x € {0,1} and the
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Table 4.1: Rejection rate for Setting 2 with p = 0.5, p(0) = 0.7, p(1) = 0.7, n = 1000.

. T () Rej. rate of Hoy Rej. rate of Hy
Scenario. ——G"0—7 =0 z=1 MI M2

0.950 0.950 0.030 0.038 0.000 0.020

A 0.950 0.975 0.030 0.034 0.004 0.026
0.975 0.975 0.034 0.032 0.000 0.034

0.999 0.950 0.894 0.036 0.030 0.036

0.975 0.990 0.034 0.142 0.006 0.032

0.975 0.999 0.034 0.936 0.032 0.036

0.990 0.975 0.064 0.034 0.002 0.046

B 0.990 0.990 0.064 0.136 0.012 0.066
0.990 0.999 0.064 0.930 0.060 0.064

0.995 0.975 0.172 0.032 0.008 0.058

0.999 0.990 0.894 0.150 0.140 0.156

0.995 0.995 0.172 0.452 0.054 0.158

c 0.995 0.999 0.172 0.936 0.162 0.174
0.999 0.995 0.894 0.450 0.382 0.436

0.999 0.999 0.894 0.928 0.832 0.890

rejection rate of Hy for both proposed methods and selected cases of Set-
ting 2 with different p and p(z) when n = 1000. Each column under tg(x)
indicates the length of the follow-up in terms of quantiles of the corre-
sponding Fy,(-|z). For example, a case with 0.95 in the column of x = 0
under T (x) means 1¢(0) is the 95% quantile of F},(-|0). The values in the
column z = 0/xz = 1 under ‘Rej. rate of Hy,  are the rejection rate of Hoy
for fixed z = 0/1 when the procedure presented in Chapter 3 is used for
the subsample corresponding to z = 0/1.

The values in the column M1/M2 are the rejection rate of Hy for the
first /second method. From Tables 4.1-4.3, we see that both methods per-
form well in terms of empirical level for the cases under Scenario A for
different p and uncure fraction p(z). Method 1 possesses a better control
on level compared with Method 2 for the cases under Scenario B, especially
for the last case under Scenario B in Table 4.3. Method 2 has higher power
than Method 1 for the cases under Scenario C. As discussed in Section 4.2,
if the powers of the individual tests are not close to one for each = € X,
Method 1 is expected to have low power and hence being conservative.
This is also observed in the simulation results, see for example the first
two cases under Scenario C in Tables 4.1-4.3.

From Tables 4.1-4.2, we see that the rejection rate of Hy for Method 2 is
close to the rejection rate of Hy,,, especially for the cases under Scenario
A. However, we point out that for the scenarios where the follow-up is
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Table 4.2: Rejection rate for Setting 2 with p = 0.3, p(0) = 0.7, p(1) = 0.7, n = 1000.

. T () Rej. rate of Hoy Rej. rate of Hy
Scenario. ——G"0—7 =0 z=1 MI M2

0.950 0.950 0.012 0.020 0.000 0.018

A 0.950 0.975 0.012 0.036 0.000 0.010
0.975 0.975 0.044 0.030 0.000 0.032

0.999 0.950 0.936 0.024 0.022 0.028

0.975 0.990 0.044 0.218 0.010 0.044

0.975 0.999 0.044 0.896 0.040 0.046

0.990 0.975 0.092 0.034 0.008 0.058

B 0.990 0.990 0.092 0.222 0.018 0.086
0.990 0.999 0.092 0.896 0.084 0.092

0.995 0.975 0.184 0.034 0.012 0.080

0.999 0.990 0.936 0.222 0.208 0.244

0.995 0.995 0.184 0.536 0.090 0.196

c 0.995 0.999 0.184 0.900 0.172 0.190
0.999 0.995 0.936 0.526 0.484 0.508

0.999 0.999 0.936 0.892 0.834 0.852

sufficient or nearly sufficient for each fixed z € X, such as the last case
under Scenario B, Method 2 has a rejection rate larger than the nominal
level of 0.05. This exacerbates when p(0) = 0.3 (Table 4.3), which results
from the estimate Z,, being 0 more often (356 out of 500 replications
instead of 32 when p(0) = 0.7) while z, = 1, leading to wrong selection
of the subsample corresponding to « = 0 instead of x = 1 for the test
decision. For the effect of p, we note that it influences the subsample sizes
and hence also the performance of testing Hy,, with better level when
the corresponding subsample size increases. This then affects Method 1
through the individual test performance as explained in (4.10). Its effect
on Method 2 is more intricate, since it also influences &, , besides the
individual test performance. For example, we consider the last case under
Scenario B where z, = 1. In such case, Method 2 would have a rejection
rate close to that for testing Hy,, if 2., estimated z, correctly most of
the time. We observe from Table 4.1 (p = 0.5) that Method 2 possesses
a rejection rate (0.156) slightly larger than that of the individual test for
Hog, (0.150). In contrast, we see from Table 4.2 (p = 0.3) that Method 2
has a rejection rate (0.244) larger than that for testing Ho,, (0.222). This
mainly results from Z,, being 1 less often when p = 0.3 (in 455 out of
500 replications) as compared with the result when p = 0.5 (in 468 out
of 500 replications), which is probably caused by the underestimation of
f(ta(1)|1) when the subsample size corresponding to x = 1 is small.

Next we consider Setting 3, in which two binary covariates are con-
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Table 4.3: Rejection rate for Setting 2 with p = 0.5, p(0) = 0.3, p(1) = 0.7, n = 1000.

. T () Rej. rate of Hoy Rej. rate of Hy
Scenario. ——G"0—7 =0 z=1 MI M2

0.950 0.950 0.032 0.038 0.000 0.028

A 0.950 0.975 0.032 0.038 0.004 0.026
0.975 0.975 0.010 0.032 0.000 0.030

0.999 0.950 0.874 0.040 0.032 0.048

0.975 0.990 0.010 0.138 0.000 0.012

0.975 0.999 0.010 0.932 0.010 0.014

0.990 0.975 0.092 0.034 0.004 0.052

B 0.990 0.990 0.092 0.144 0.010 0.076
0.990 0.999 0.092 0.940 0.086 0.094

0.995 0.975 0.300 0.034 0.006 0.104

0.999 0.990 0.874 0.156 0.140 0.630

0.995 0.995 0.300 0.436 0.132 0.270

c 0.995 0.999 0.300 0.922 0.270 0.298
0.999 0.995 0.874 0.458 0.394 0.798

0.999 0.999 0.874 0.938 0.822 0.864

sidered. Table 4.4 shows the rejection rate of Hy, for all values of z and
the rejection rate of Hy for both the proposed methods and the selected
cases of Setting 3. Recall that X = {(0,0), (0,1),(1,0),(1,1)} for this set-
ting, and that each column under Tg(x1,x2) indicates the length of the
follow-up in terms of the quantiles of the corresponding F,(-|x1,x2). For
example, a case with 0.95 in the column of (0,0) under tg(x1,z2) means
1¢(0,0) is the 95% quantile of F,(+|0,0). For the columns under ‘Rej. rate
of Hy,’, each value is the rejection rate of Hy, for the corresponding =z
when the test procedure in Chapter 3 is applied to the subsample corre-
sponding to X = x. We highlight that for the subsample corresponding
to (z1,22) = (0, 1), the rejection rate of Hy, when t5(0,1) = go.99(0,1) is
around 0.18 which is higher than the nominal level of 0.05. This subpop-
ulation has an expected sample size of 2000 x 0.24 = 480 and an uncure
fraction p(0,1) of around 0.29. The small uncure fraction leads to a very
high censoring rate and hence it is difficult to detect if the follow-up for
this category is insufficient as indicated in Chapter 3.

For the column M1/M2, each value is the rejection rate of Hy for the
first /second method. Both methods perform well in terms of empirical
level for the cases under Scenario A, except for the last case for Method 2.
For this case, z, = (1,0). The rejection rate of Method 2 would be close to
that for testing Ho,, (0.008) if Z, , = z, in most of the experiments. The
rejection rate of Method 2 differs from that of the individual test mostly
resulting from Z, , being (1,0) less often (231/500 replications), which is
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Table 4.4: Rejection rate for Setting 3 with n = 2000.

Tg(z1,22) Rej. rate of Hoy Rej. rate of Hy
0,0 0.0 L0 L) 00 00 150 (L) M M2
0.950 0.950 0.950 0.950 0.006 0.016 0.004 0.012 0.000 0.018
0.950 0.975 0.950 0.950 0.006 0.016 0.004 0.018 0.000 0.016
0.975 0.975 0.950 0.950 0.006 0.014 0.006 0.014 0.000 0.018
A 0.975 0.975 0.975 0.950 0.006 0.014 0.008 0.016 0.000 0.022
0.975 0.975 0.975 0.975 0.006 0.014 0.008 0.008 0.000 0.012
0.975 0.990 0.975 0.975 0.006 0.178 0.008 0.008 0.000 0.060
0.999 0.999 0.950 0.999 0.694 0.824 0.008 0.934 0.002 0.418
0.975 0.990 0.999 0.999 0.006 0.178 0.574 0.930 0.000 0.114
0.975 0.999 0.999 0.999 0.006 0.824 0.594 0.934 0.004 0.012
0.990 0.990 0.990 0.990 0.044 0.180 0.012 0.076 0.000 0.130
B 0.990 0.995 0.995 0.990 0.044 0.388 0.096 0.058 0.000 0.216
0.990 0.999 0.990 0.990 0.044 0.820 0.010 0.068 0.000 0.086
0.990 0.999 0.995 0.990 0.044 0.820 0.098 0.062 0.000 0.088
0.999 0.999 0.990 0.999 0.694 0.824 0.010 0.934 0.008 0.722
0.995 0.995 0.995 0.995 0.168 0.386 0.098 0.236  0.000 0.340
0.995 0.999 0.995 0.995 0.168 0.830 0.092 0.240 0.002 0.270
C 0.999 0.999 0.995 0.995 0.694 0.824 0.098 0.252 0.008 0.730
0.999 0.999 0.999 0.995 0.694 0.824 0.578 0.238 0.074 0.766
0.999 0.999 0.999 0.999 0.694 0.824 0.578 0.938 0.320 0.790

Scenario

probably due to the underestimation of f(Tg(x4)|x.) when the subsample
size is relatively small (P(X; = 1, X2 = 0) = 0.16). Method 1 has better
control on the level compared with Method 2 for the cases under Scenario
B, while Method 2 possesses higher power than Method 1 for the cases
under Scenario C. This suggests that Method 1 is more conservative which
is coherent to the discussion in Section 4.2 that a low power is expected
when the powers of the individual tests for each x € X are not close to
one, see for example the first few cases under Scenario C in Table 4.4.
We note that for the scenarios where the follow-up is sufficient or nearly
sufficient in the conditional setting for each x € X, such as the last case
under Scenario B, Method 2 possesses a rejection rate far larger than the
nominal level of 0.05. For such case, z. = (1,0). Method 2 would have
a rejection rate close to that for testing Ho,, (0.01) if 2, estimated x.
correctly in the majority of the replications. The discrepancy between the
rejection rate of Method 2 and that of the individual test mainly results
from ., being (1,0) less often (53/500 replications), which is probably
caused by the underestimation of f(Tg(x4)|zs) when the subsample size is
relatively small (P(X; =1, X2 =0) = 0.16).

It remains intriguing to investigate the effect of sample size, AG(tg(x))
and p(x) on the test performance. For this we consider a simpler setting,

93



Testing for Sufficient Follow-up with Categorical Covariates

Setting 4, in which the uncured subjects have the same conditional survival
and censoring distribution for each x. Complete results can be found in
Appendix C.3. In summary, we observe a better control of level when
sample size is larger, see for example Tables C13—-C14 (or Tables C9-C12
for Setting 2). The proposed methods still work well when the assumption
of AG(tg(x)) > 0 for all x € X is violated, especially when n = 1000, (see
for example Tables C13 and C14). Both methods perform better in terms
of level and power when the uncure fraction p(z) is larger (see Table C16
or Tables C11/C12 for Setting 2).

For Setting 1, the uncured subjects given X = x have a Weibull dis-
tribution with shape parameter 0.8, which has a density that decreases
fast. As reported in Chapter 3 the procedure for testing Hg, under such
scenarios does not perform very well in terms of level control. Therefore
we do not expect both Methods 1 and 2 to perform well in terms of em-
pirical level, especially for the cases under Scenario B for Setting 1 (see
Table C8).

Overall we conclude that the first method performs well in terms of
empirical level but has a lower power to detect sufficient follow-up. This is
particularly problematic in scenarios with more than two possible covariate
values and sufficient, but not extremely long follow-up. On the other hand,
the second method possesses higher power, at the cost of also higher level
in the borderline cases when follow-up is insufficient but very close to
being sufficient. In practice, a lack of control for such scenarios is less
problematic and the behaviour improves as the sample size or the uncure
fraction increases.

4.5 Real data application

Leukemia is the tenth most common cancer in the United States. The 5-
year survival rate of leukemia patients increased during 1975-2019 (Siegel
et al., 2024), which results from the improvement in diagnostic techniques
and treatments. Acute myeloid leukemia is one of the most common types
of leukemia. A study of acute myeloid leukemia patients in England using
mixture cure models showed that the cure rate and 5-year survival rate
increased for patients aged 15-69 years during 1977-2000 (Shah et al.,
2013). Mounier et al. (2021) studied the effect of age, gender and different
subtypes of acute myeloid leukemia on the cure proportion for patients in
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Table 4.5: Sample size, proportion p,, maximum uncensored survival time f/m(nz) and
maximum observed survival time Y, (,,) for each subsample of the leukemia data.

Type Sample size P ?I(nz) Ye(n,)  censoring rate
all 2994 1.0000 66 71 0.4713
Female and Age < 60 489 0.1633 64 71 0.7260
Male and Age < 60 531 0.1774 65 71 0.6460
Female and Age > 60 821 0.2742 66 71 0.3910
Male and Age > 60 1153 0.3851 66 71 0.3400

France using cure models.

We analyze a dataset of acute myeloid leukemia patients from the
Surveillance, Epidemiology and End Results (SEER) database to illustrate
the test procedures. The complete SEER database can be retrieved from
the website https://seer.cancer.gov/. The data was extracted from
the database ‘Incidence-SEER Research Data, 8 Registries, Nov 2023 Sub
(1975-2021)" with follow-up until December 2021 and the acute myeloid
leukemia patients diagnosed between 2016 and 2018 were selected. This
allows a maximum of 71 months (about 6 years) of follow-up. We further
excluded the observations with zero or unknown follow-up time. The event
time of interest is the time to death from leukemia (including other types).
We included two binary covariates, namely gender (male/female) and age
at diagnosis (age < 60/age > 60), into our analysis, which are some of
the known risk factors of acute myeloid leukemia. Thus, X consists of
4 different categories. This cohort has 2994 observations with follow-up
ranging form 1 to 71 months and has a censoring rate of 47.13%. Table 4.5
reports the number of observations, maximum uncensored survival time,
maximum survival time and censoring rate for each subsample.

Figure 4.1 depicts the Kaplan—Meier curves for each subsample, each
exhibiting a short plateau. The Kaplan—Meier curves also support the
assumption of decreasing conditional density in the tail for each subsample
(curves are close to concave and close to their least concave majorants),
where we set a, = 0. We apply the proposed test procedures to this data
for testing the null hypothesis of insufficient follow-up over all covariate
values with € = 0.01, indicating the follow-up is considered as sufficient over
all covariate values if gg.99(x) < T (z) for all z € X. The distributions of
Frbs (Y(n,)|7) are approximated using the bootstrap procedure described
in Section 4.2 with 1000 bootstrap samples and bandwidths as mentioned
in Section 4.4.1. From Shah et al. (2013), we can infer from the fitted
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Figure 4.1: Kaplan—Meier curves (solid) and their least concave majorants (dashed) for
each subsample of the leukemia data: Female and Age < 60 (Black), Male and Age < 60
(Blue), Female and Age > 60 (Green), Male and Age > 60 (Red).

mixture cure model for the acute leukemia patients aged 25-39 in 2000
that the 99.5/99.95% quantile of the uncured survival time is around 15/26
years. Therefore, 7 is set to 180 months meaning that the probability of
a leukemia related death is negligible after 15 years from diagnosis. We
also apply the @, test (Maller et al., 2023) using the parameter v = 1
to each subsample for testing whether the follow-up is insufficient in the
conditional setting for each fixed x € X.

Table 4.6 reports the p-value of testing the null hypothesis of insuf-
ficient follow-up in the conditional setting for each fixed x. At the 5%
level, the proposed method fnbz does not reject Hy, for each category .
Therefore Method 1 does not reject the hypothesis of insufficient follow-up
over all covariate values Hy. For Method 2, Z,, is the ‘Male and Age
> 60’ category, indicating that the test decision is determined based on
the individual test corresponding to that category and hence Hy is not re-
jected. Note that if a larger value of 7 was chosen, the test would become
more conservative meaning that it would still not reject the hypothesis of
insufficient follow-up. The @),, test also does not reject the hypothesis of
insufficient follow-up for each category, which is consistent to the proposed
method.
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Table 4.6: p-values of testing Ho, for each subsample of the leukemia data.

Type Qn Tn(z)
Female and Age < 60 0.7500  0.0800
Female and Age > 60 0.7500  0.0870
Male and Age < 60 0.7500  0.2090
Male and Age > 60 0.5625  0.1860

97






Chapter 5

Follow-up Sufficiency in Cure Models
with Continuous Covariates

In this chapter, we address the problem of testing for sufficient follow-up
in cure models with continuous covariates. A common approach, proposed
by Xu and Peng (2014), involves partitioning the data into subgroups
based on covariate values and then applying existing tests within each
subgroup. However, this transformation of continuous covariates into dis-
crete subgroups may result in a loss of covariate information, such as its
distributional properties and its relationship with the survival time.

With the relaxed notion of sufficient follow-up in the conditional set-
ting proposed in Chapter 4, we extend the corresponding test procedure to
the continuous covariate setting. Through kernel smoothing in the condi-
tional Kaplan—Meier estimator, more information about the covariate can
be retained, which yields more informative tests. In this extension, we pre-
serve the key idea of selecting an appropriate covariate value, from a fine
grid, where follow-up is least likely to be sufficient, and the test decision
is based on that chosen value. We discuss both methodological and theo-
retical challenges arising from this extension, including issues of practical
implementation and asymptotic justification. A preliminary evaluation of
the procedure’s finite-sample performance is also conducted through sim-
ulation studies.

This chapter is organized as follows. Section 5.1 introduces the model
setup. In Section 5.2, we formulate the problem of testing insufficient
follow-up in the presence of a continuous covariate and describe how the
procedure from Chapter 4 can be extended to address this setting. The
ideas behind the asymptotic properties are discussed in Section 5.3. Sec-
tion 5.4 evaluates the finite-sample performance of the proposed method
through simulation studies. Technical lemmas and proofs are relegated
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to Appendix D.1, while additional simulation results are provided in Ap-
pendix D.2.

5.1 Model description

Suppose T' is a non-negative random variable representing the time to
the event of interest, which is infinite if the subject is cured. Let B =
1{T < oo} be the uncure status, in which B = 1 if the subject is uncured
and susceptible to the event, and B = 0 if the subject is cured and non-
susceptible to the event. We model the probability of a subject being
cured and the conditional survival function of the uncured subjects using
the same set of covariates X, i.e. X incorporates both incidence and
latency covariates. Denote the conditional probability of being cured by
p(z) = P(B = 1|X = z) and the conditional distribution of T' by F'(t|z) =
P(T <t|X =x). Let Fy(t|z) = P(T < t|X =z, B =1) be the conditional
distribution of 7' given that the subject is uncured and S, (t|x) be its
survival function. The survival function under the mixture cure model is:

S(tlr) = 1= p(x) + p(x)Su(t]z).

Here we refer to 1 — p(x) and S, (t|x) as the incidence and the latency,
respectively.

Suppose C' is a non-negative random variable denoting the censoring
time with conditional distribution G(-|z). We observe the follow-up time
Y = min(7,C) under random right censoring. We further denote the
conditional distribution function of Y by H(:|z) and the censoring indi-
cator by A = 1{T < C}. Under the right censoring, we cannot distin-
guish the cured subjects from the censored but uncured subjects. This
leads to challenges in the estimation of mixture cure models, which in
turn requires follow-up sufficiency for not over-estimating the incidence.
Furthermore, we assume that C' and T are conditionally independent
given the covariate X. Under the current model setting, we observe in-
dependent and identically distributed realization of (X, Y, A), denoted by
{(XZ, Yi, Al),l = 1, ce ,’I’L}.

In this work, we consider a one-dimensional continuous random covari-
ate X, which has a bounded support X. Let

Hypn(tlz) = wni(2)1{Y; <t,A; =k} for k=01,
=1
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H,(t|z) = Hop(tlz) + Hip(tle) =D 0 wpi(z) 1 {Y; < t}, where wy,(z) =
Kp(r — Xi)/ >0 Kn(r — Xj) is the Nadaraya—Watson (NW) weights
using the rescaled kernel K} () = K(-/h)/h with bandwidth h and a known
kernel function K. The kernel function K is symmetric, twice continuously
differentiable with compact support such that [ K(u)du = 1. We can
apply the conditional Kaplan—-Meier estimator (Beran, 1981) to estimate
the conditional survival function:

A B B ﬁlyn(dskn)
Snttle) =] (1 Fp (S_|x)> , (5.1)

where J{,. 4 denotes the product-integral over the set A and Hy ,(ds|z) is
the measure associated with Hi,(-|z). We denote Fj(t|z) = 1 — S (t]x)
for the Beran’s estimator of F'(¢|z). Xu and Peng (2014) proposed using the
Beran’s estimator in (5.1) as a nonparametric estimator of the incidence
by 1 — ppn(z) = Anh(ff(nﬂx), where f/(n) = max;.a,=1 Y; is the maximum
uncensored survival time. Such estimator relies on the sufficient follow-
up assumption for not overestimating the cure probabilities which will be
discussed in the next section.

The aforementioned incidence estimation method can be extended to
multiple continuous covariates using the product kernel. In the case of
mixed covariates (both continuous and categorical), we can first split the
sample into subsamples corresponding to different values of the categorical
covariates. Then, within each subsample, the incidence can be estimated
using the aforementioned method with the product kernel.

5.2 Testing procedure

Let tq(x) = sup{t: G(t|x) <1}, 1p,(z) = sup{t: F,(tlz) <1}. Xu
and Peng (2014) studied the consistency and asymptotic normality of the
nonparametric estimator of the incidence, 1 — p,(x), which relies on the
sufficient follow-up assumption:

Tr, < tg(r) forallz e X, (5.2)

where Tp, = sup,cxy Tr, (z). Such an estimator was further investigated
by Lépez-Cheda et al. (2017) under the same assumption. This sufficient
follow-up assumption guarantees that the censored subjects beyond the
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maximum observable event time are cured and the incidence estimator
does not overestimate the cure rate. Such assumption can also be relaxed
as follows. Let Y = MaxiAu,,(2)>0 Yi- We can observe from (5.1) that

S.n(t|x) is constant when ¢ > 17(fL) for every x € X. Then we have that

1 *pnh(x) = S'nh(i/(nﬂx) = th(if(fl)kg)

Moreover, we show in Lemma D.1 that, under the assumption of tp, (z) <
T6(x), 17(“;”1) and S’nh(?&)]x) are consistent estimators for Tp, () and 1 —
p(z), respectively. Therefore, the sufficient follow-up condition in (5.2) can
be relaxed to:

T, (x) < 1g(x) forall z € X.

Such relaxation of the sufficient follow-up condition has also been suggested
by Amico and Van Keilegom (2018). With the relaxed notion of sufficient
follow-up proposed in Chapter 3, it is natural to consider the follow-up as
‘practically’ sufficient in the conditional setting with continuous covariate
if g1—¢(z) < Tg(x) for all x € X for some small € > 0 (e.g., ¢ = 0.01). See
Chapter 3 for a detailed discussion of €. Thus, we consider the following
hypotheses for testing the overall sufficient follow-up assumption in the
presence of a continuous covariate:

Hy:q—e(x) > tg(z) for some xz € X (5:3)
versus Hi :qi—(z) < tg(r) forall z € X. '

We extend the procedure in Chapter 4 from the setting with categorical
covariates to that with a continuous covaraite. A main assumption is that,
for every x € X, F,(t|z) has a continuous density f,(t|x), which is non-
increasing in ¢ in the tail region [a,, Tg, (x)) for some 0 < a, < Tg(x). As
discussed extensively in Chapters 3 and 4 that the test relies on establishing
a lower bound on f(qi—_c(z)|z) under the monotonicity assumption and
the null hypothesis Hy in (5.3). Specifically, if we choose 0 < 7 < € and
T > qi—¢(x) for all z € X such that S,(7|z) < n for all z € X, then we

e (¢~ pla) _ (e~ DF(re@)o)
e—n)p(x e —n)F(ta(x)|x
—e(x)|x) > > .
f(ql ( )| ) S ql_e(x) r— q1—e($)
Therefore, under Hy : q1—c(x) > t(z) for some z € X', we have

(e = n)F(ta()|r)
T — Tg(l’)

f(ta(@)|z) > flgi—e(x)|z) > for some z € X. (5.4)
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The choice of the parameter 7, such that it is almost impossible for the
event to happen after 7 for all covariate values, should be based on prior
knowledge of the problem at hand. In the absence of reliable prior infor-
mation, we suggest using a larger 7 to ensure a more conservative test.
Furthermore, allowing 7 to vary with the covariate value may result in a
less conservative test. In this case, 7(x) should satisfy 7(z) > g1—¢(x) such
that Sy (7(x)|z) < n for all x € X. However, we do not pursue the use
of a covariate-specific parameter 7(z) due to the practical challenges in
determining it as a function of the covariate value.

Let Y(ﬁ) = MaX;.y,, . (z)>0 Yi; Which is a consistent estimator for t¢(z)
as shown in Lemma D.1. To estimate f(¢|z) under the monotonicity con-
straint, we use the smoothed Grenander estimator with boundary correc-
tion, which is given by:

Frnp(tlz) = /

azV(t—b)

IHB)AYE
NG 1 5

t— .
o8 (50) Mo e lanYgl 69

where f%(\x) is the left derivative of the least concave majorant on
[ax,Y(fl )] of the Beran’s estimator Fyp(-|z), kft is the boundary kernel
defined below and b is the bandwidth parameter. For v € [—1,1], the
boundary kernel kft(v) (see Durot et al. (2013)) is defined by

¢ (5=) k(v) + 9 (5=) vk(v) L € [ag, b,
kip(v) = ¢ B(V) ) te (Y3 —b),
Yim~t Yim~t

6 (Z5=) k(o) = o (=) vk(v)  te DVE - bYE)

where k is a symmetric, twice continuously differentiable kernel with sup-
port [—1,1] such that [k(u)du = 1 and its first derivative is bounded
uniformly. Here, for s € [—1, 1], the coefficients ¢(s) and ¥ (s) (see Zhang
and Karunamuni (1998)) are determined by

6(5) / k(v)dv + (s) / vh(v)dy = 1,
. N (5.6)
(;5(3)/ vk(v)dv + w(s)/ v?k(v)dv = 0.
-1 -1
We describe how to adopt the second method in Chapter 4 for testing Hy
in (5.3) under the setting with a continuous covariate below.
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Denote

P (tg(a)))

el (Y |7)
T — Tg(x) '

T Y

T(z) = f(ta(z)|x) and Ty, (z) = funs (Y5 l2)—

From (5.4), since 0 < n < € is negligible and under Hp, we expect that
T(z) > 0 for some z € X. Further, let z, = argmax,cy T(x). This
in particular means that 7'(xz,) > 0 under Hy. The test procedure first
estimates x, by an estimator . ,, using bootstrap samples, which will be
discussed later. Then Hj is rejected if

T(Zsn) < Tglffc*,n,a’

where &; o is the a-quantile of the limit distribution of r,{ fnhb(Y(ﬁ)]w) -
f(ta(z)|x)} for an appropriate sequence r,, — co. We apply a smoothed
bootstrap procedure for approximating this distribution and also for the
computation of Z,,. We first describe the estimators being used in gen-
erating the bootstrap sample. Denote the smoothed Grenander estimator
defined in (5.5) for f(-|x) by fnhbg(-]x), where bf is the bandwidth smooth-
ing the time variable. We note that a different bandwidth is chosen for gen-
erating the bootstrap samples compared to that used in the test statistics,
see Section 3.2.5 for a detailed discussion. Let F,;(-|z) and Gy (-|z) be the
Beran’s estimators for F'(-|z) and G(-|x), respectively. From (5.5), since
fnhbg('|$) is defined on [az, Yi, )], we generate T} as follows: draw a stan-

dard uniform random variable U;; if U; < Fnh(ax|XZ-), set T7 = F;hl(Ui\Xi)
where F;hl(p|Xi) = inf{t € [0,as] : Fnn(t|Xi) > p}; otherwise, generate
T from fnhbg("l’) on [ax,Y(fL )]. The censoring time C7 is generated from
Gnn(+|Xi). The bootstrap sample is {(X;, Y;*, AF) : i = 1,--- ,n}, where
Y = min(T7,C) and AF = 1{T} < C7}.

To compute the estimator Z,, using the bootstrap sample, we first
obtain the bootstrap estimate
ek, ;h(Y(fL)* x)

Tk bl
Y7

(n)

Ty (z) = f;hb(y(fl;‘x) -
where Y(fb)* = MaXjyy,,(r)>0 Y; - Then the estimator &, , is defined as:

Ty = argmax QF_., (),
TEX,
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where QF_ () is the (1 — 7)-quantile of T*(z) for v € (0,1) and X, =
[inf X 4+ h,sup X — h]. We note that, unlike the setting with categorical
covariate, the estimator Z, , is computed not on the whole support & but
on a truncated version of it. Such a truncation is considered because of
the boundary effect of the Beran’s estimator F,p, and it asymptotically
approximates the support X. In practice, A, is further discretized into a
number of grid points.

5.3 Ideas behind asymptotic properties

In this section, we outline the key ideas for establishing the weak con-
vergence of the estimator fnhb(Yé)W) to a Gaussian process in {*°(X),
and for demonstrating that the procedure yields an asymptotically level-«
test. We note that this work is still in progress and rigorous theory with all
technical details is not yet available. However, we try to guide the reader
through the main steps and challenges that are encountered. To establish
the weak convergence, similar to the approach used in the categorical case
in Chapter 4, we begin by obtaining an i.i.d. representation of the condi-
tional Kaplan—Meier process, in the sense that Fl,(t|z) — F(t|z) can be
written as an i.i.d. sum of bounded random variables with a remainder
term, Ry, (t|x):

Eon(tlz) — F(tz) = Zwm )Ei(t|x) + Rn(t]x),

where

1{Y; <t,Ai=1} (" 1{Vi>s}
(tle)=(1—-F(t —
Gttle)=(1- P PP m - [ R
Existing results showed that under some regularity conditions, this repre-

sentation holds uniformly up to a fixed truncation time point T satisfying
sup, H(t|z) < 1. Specifically, the remainder term satisfies

dH1(5|x)} .

3/4
O (loﬂ) a.s. (Du and Akritas, 2002),
sup sup | Ry, (t|z)| = nh
zeX t<z1 logn
S O (=5~ a.s. (Lopez, 2011).

However, since we want to infer the conditional density f(tg(z)|x), we
require the assumption that 1 — G(tg(x)|z) > 0 for all x € X, along with
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several additional technical conditions. Under these assumptions, an i.i.d.
representation can be derived using the results of Du and Akritas (2002),
with extra attention to the behavior near the study end time. This leads
to the bound sup, supy<+(z) [Rn(tz)| = O((log n/nh)3/*) almost surely.

In addition, as in the construction of the asymptotic normality of the
smoothed Grenander estimator in the unconditional setting (Chapter 3)
or with categorical covariate (Chapter 4), we need

sup  sup  |FS (tz) — Fnh(t]a:)‘ =0Op ((log n/nh)2/3)> .

z€X t€lag, 1 (z)]
This requires a modification of Theorem 2.2 of Durot and Lopuhaé (2014),
in order to incorporate the bandwidth parameter A and the uniformity
over the covariate support X. Such theorem requires the assumption that
E,p, can be approximated by a process in the sense that

sup  sup Fnh(t|x) — F(t|x) — (nh)_l/zB o L(tlx)| = Op(yn),
zeX t€lag,Tq(x)]

where 7, — 0 is a sequence, L(t|x) = fo =HG df;)s‘(x) Fol) and B(t|x) =

1=F(LZ (H)|) 1y
Vax (@)
qx being the density function of X. This condition can be justified as

described below. Starting with the strong approximation result of Tusnddy
(1977) for the two-dimensional empirical process, and combining it with a
random variable transformation argument from Rosenblatt (1952), it can
be shown that the following processes admit a Gaussian approximation:

(t), with W (t) being a standard Brownian motion and

Zwm J1{Y; <t,A; =1} — Hy(t|z) and Zwm JL{Y; <t} — H(t|z).
i=1

Using such Gaussian approximations and arguments similar to those in
the proof of Lemma C.7(c), we can obtain the result for approximating

F,n by the process B. The weak convergence of fnhb (‘f@ )]x) can be es-
tablished using empirical process techniques, following arguments similar
to those in the proof of Theorem 4.3.1 in Chapter 4. This also requires
TnSUpPLex | Y = T (x)| converges to zero in probability for an appropriate
sequence 7, — 00.

To show that the procedure yields an asymptotically level-a test, we
may follow the argument used in the proof of Theorem 4.3.2(ii). Specif-
ically, under the null hypothesis Hy : q1—c(z) > Tg(x) for some x € X,
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we wish to show that P(T},(.,) < &, ..alHo) is bounded above by
a asymptotically, where &, , is the a-quantile of the limiting distribu-
tion of rn{fnhb(Y(fl)\x) — f(tg(z)|z)} for an appropriate sequence r, —

0o. Besides using the weak convergence of fnhb(Y(fL )]:r), it is also nec-
essary to show that P(Z., ¢ Xi|Hp) converges to zero, where X, =
{z € X: T(z) =sup,cx T(y)}. Note that we require X to be a closed
set because otherwise the supremum might not be attained at an interior

point of X, leading to an empty Xj.

Recall that the estimator &, , is restricted to the truncated domain
X, = [inf X +h,sup X —h]. The level of the test is asymptotically bounded
above by o when z, = argmax,y T'(x) is in the interior of X. However, if
x4 lies on the boundary of X', the truncation to X;,, becomes problematic,
which underscores the need for further investigation and possible modifica-
tions of the test procedure, including incorporating a boundary correction
for the kernel estimate with respect to the covariate values as well as time.

5.4 Simulation study

In this section we study the finite sample performance of the proposed
testing procedure. To cover various scenarios with different survival time
and censoring time distributions conditional on continuous covariates, we
consider two settings as described below.

In both settings, a uniform covariate X with different supports is con-
sidered. The conditional distribution of the uncured survival time is as-
sumed to have a decreasing density in the tail region. We generate the cen-
soring time C given X = z by C' = min(C,, T¢(x)), where C,, has a uniform
distribution on [0, ;] for {, > t¢(z) chosen such that AG(tg(z)|x) = 0.01.
We do not study the effect of AG(tg(z)|x) on the test performance, since
this has been extensively investigated in Chapter 3 in the unconditional set-
ting and in Chapter 4 in the conditional setting with categorical variables.
Based on their results, we expect that the performance of the current test
does not vary much as long as AG(tg(z)|r) remains small in the present
context.

In both settings, we consider 5 different T¢(x)’s to study the empirical
level and power of the proposed procedure. In particular, Tg(z) is either
the 95, 97.5, 99, 99.5 or 99.9% quantile of F,(:|z). We note that tg(z)
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may vary with the covariate value z, since it depends on the conditional
event time distribution F,(-|z). The scenarios where tg(x) is either the
99.5 or 99.9% qunatiles of F,(-|x) are considered as sufficient follow-up
when € = 0.01.

Setting 1. The covariate X has a uniform distribution on [—1,1]. The
uncure probability p(z) is

1

p(l’) - 1+ eXp(0.5¢,0'370.12 (QT) + 0'5¢O.3,0.12 (1")) 7

z € [-1,1],

where ¢, ,2(x) is the density function of the normal distribution N (u,0?).
In particular, p(r) is a bimodal function with max,¢|_q 1) p(z) ~ 0.88,
arg max,¢|_1 4] P(z) = {—0.3,0.3} and min,¢[_1,1) p() =~ 0.5. The uncured
subjects given X = x have a standard exponential distribution for x €
[—1,1].

Setting 2. The covariate X has a uniform distribution on [—1,1]. The
uncure probability p(z) is the following logistic function:

1

plz) = 1+ exp(—0.8 — 0.5z)’

x € [—-1,1].

The event time has a lognormal conditional distribution

Fu(tle) = <1°g(t)> L rel-1,1],

o(x)

where o(x) = exp(0.122).

We consider different conditional distributions for the uncured survival
times and various uncure probability functions to cover a wide range of
scenarios in evaluating the proposed test. The performance of the test
is affected by the accuracy in estimating z, using 2., and also by the
performance of testing Hoz : qi—e(x) > Tg(z) for x € X. In Setting 1,
the uncured survival times have the same exponential distribution for all
values of xz, while the uncure probability is a bimodal function of . Such
a combination leads to a bimodal true test statistic T'(z). Recall that
the proposed test relies on first estimating x, = argmax,cy T'(z) by Z«p,
which in turn used for the test decision. Such setting is considered to
investigate the test performance when z, is not unique. Setting 2 differs
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from the previous two in the condition distribution of the uncure survival
times, where a lognormal distribution is considered which has a heavier
tail than the exponential distribution while is still decreasing in the tail
region. For both settings, x, is contained in the interior of &), for those
scenarios that are under the null hypothesis of insufficient follow-up Hy.

For the proposed method, we set € = 0.01, meaning that the follow-up
is sufficient when t¢g(x) is greater than the 99% quantile of F,(:|z) for
all x € X. The parameter 7 is the maximum of the 99.99% qunatiles of
F,(|x) over z € X, i.e., T = max,ex §0.9999(z). For the smoothed Grenan-
der estimator fnbhv we apply the tri-weight kernel and an undersmoothing
bandwidth, b = max,ex Y7, (n=921 A 0.5), for smoothing the Grenander

estimator (across the time). This bandwidth of order n=%-2! is used for
undersmoothing while remaining close to the optimal bandwidth of order
n~920 The bandwidth of the conditional Kaplan-Meier estimator is set at
h = (max; X; —min; Xi)n_l/ 5. Such choice of bandwidths appears perform
well in practice and the use of fixed bandwidths benefits from circumvent-
ing the data-driven bandwidth selection procedures, which could be com-
putationally intensive. For X, used in the estimator %, ,, we discretize X},
into grid points with grid size of 0.05, including both the upper and lower
endpoints. We use the oversmoothing bandwidth, bj = Y7, (n=19 A 0.5),
for the smoothed bootstrap procedure, as suggested by Groeneboom and
Jongbloed (2024b) in the monotone regression setting. 500 bootstrap sam-
ples are used to compute the critical values of the test. We set v = 0.025
for the estimator Z ,. The nominal level is set at 0.05. For each simulation
setting, we consider sample sizes of n = 500, 1000 and 2000, each with 500
replications.

5.4.1 Simulation results

We report the rejection rate of Hy, as a function of x in figures to evaluate
the performance of the proposed procedure for testing Hy,. To assess the
overall performance of testing Hy, we present in tables both the rejection
rate of Hy and the rejection rate of Hy,, (insufficient follow-up for the
covariate value x fixed at x,). To be precise, the rejection rate of Hy,, is
computed using the covariate value x fixed at z.. For Setting 1, the true
test statistic T'(z) is bimodal leading to two x,’s, denoted by z! and 2,
respectively. The rejection rate of Hy,1 (or Hy,2) is calculated using the
covariate value z fixed at =} (or 22). Recall that the proposed procedure
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relies on the estimator Z, ,, for selecting a covariate value at which sufficient
follow-up is less likely (rejecting Ho if Hoz, , is rejected). If 2, ,, estimated
x4 accurately, the rejection rate of Hy would be close to that of Hg,,.
For Setting 1 when Tg(x) = qo.go9(z), since x}, 22 ¢ X, for each n, the
rejection rate of Hy,1 (or Hy,2) is calculated using the covariate value x
fixed at the nearest grid point z,,, (or x,,) to zl (or 22), ie., my =
argming_; .. |7 — z¥| for k = 1,2. The rejection rates are computed
from 500 replications.

In each of those figures showing the rejection rate of Hy, as a function of
x, the curve is constructed by interpolating the rejection rates between two
consecutive grid points of x. In each of the tables reporting the rejection
rates of Hy and Hy,,, the values in the column T (x) indicate the length
of follow-up in terms of quantiles of F,(-|x). For instance, a value of 0.95
means Tg(z) is the 95% quantile of Fy,(:|z) for all z € X. The column
x4 reports the value of z, = argmax,c T'(z) at a particular tg(x). The
values in the column Hy,,/Hy under n = 500 are the rejection rates of
Hy,,/Hpy when the sample size n is 500, similarly for other sample sizes.
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Figure 5.1: Rejection rate of Ho, as a function of x in Setting 1 with n = 1000 and
different Tt (z)’s. The horizontal dotted and vertical dashed lines indicate the nominal
level 0.05 and x., respectively.

Table 5.1: Rejection rate for Setting 1 (T indicates the rejection rate is calculated at the
nearest grid point to x.).

te(z) @i 2} Hoy Hoe Ho Hyy  Hyz  Ho Hyt  Hy,z  Ho
0.950 -0.300 0.300 0.016 0.016 0.036 0.032 0.026 0.036 0.042 0.034 0.046
0.975 -0.300 0.300 0.016 0.016 0.034 0.016 0.030 0.032 0.040 0.048 0.052
0.990 -0.300 0.300 0.070 0.080 0.102 0.064 0.072 0.122 0.086 0.064 0.098
0.995 -0.300 0.300 0.298 0.302 0.334 0.286  0.278 0.352 0.300 0.326  0.408
0.999 -1.000 1.000 0.922F 0.904% 0.920 0.9647 0.970" 0.972 0.9887 0.988" 0.988

We consider Setting 1, where a bimodal true test statistic 7'(x) is con-
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sidered. Figure 5.1 shows the rejection rate of Hy, as a function of x for
Setting 1 with n = 1000. We observe that the rejection rates of Hy, re-
main below the nominal level of 0.05 when tg(x) = qo.95(z) and go.975(x)
for each x € A&}, indicating that the procedure controls the empirical level
well for testing Hy, at each fixed x € X,,. The rejection rate of Hy, ex-
ceeds the nominal level by at most 0.04 in the borderline scenario where
Ta(z) = qo.99(2).

In addition, the rejection rates are lower at values of x close to x, when
T¢(z) = 0.99 and 0.995. If Z., chooses such x at which the follow-up is
less likely to be sufficient, the proposed method performs as expected in
level control. As shown in Table 5.1, the procedure performs satisfactorily
in controlling the level when tg(x) = 0.95 and 0.975. In the borderline
case where Tg(z) = 0.99, the overall rejection rate of Hy exceeds the
nominal level of 0.05. Furthermore, the rejection rates of Hy,1 and Hp,s
are lower than the corresponding rejection rate of Hy, suggesting that the
high rejection rate for Hy mainly due to difficulties in estimating x, using

T

For example, with n = 1000, the 25%, 47.5%, 50%, 52.5%, and 75%
quantiles of Z, ,, over the 500 simulation experiments are -0.45, -0.049, 0.1,
0.2, and 0.45, respectively, when tg(z) = 0.99. These results highlight the
challenges in estimating x,. The problem of estimating z, becomes more
intractable when f(tg(z)|x) is close to zero, leading to small values of
T'(x). As mentioned in Chapter 4 under the categorical covariates setting,
underestimating f(Tg(z)|z) can cause Z, misidentifying z,, and further
study to this issue is required.

1.00 1.00 1.00 1.00 1.00
0.75 0.75

1 I 1 1

1 1 : 1 ' ' 1

0.50 . 0.50 . 0.50 . 0.50 X 0.50 .
0.25 I 025 I 0.25 025 I 0.25 I
1

0.00f =g 0.00f T ———p— 000" """ "] | {000} S | S 0.00L° """

Ta(®) = qo.95(x) Ta(z) = qo.o75(x) Ta(r) =qo.99(z) Ta(w) = qo.995(z) Ta(x) = qo.999(x)

Figure 5.2: Rejection rate of Ho, as a function of x in Setting 2 with n = 1000 and
different t¢(z)’s. The horizontal dotted and vertical dashed lines indicate the nominal
level 0.05 and x., respectively.

For Setting 2, the conditional distribution of the uncured survival times
has a heavier tail than the standard exponential distribution. A similar
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Table 5.2: Rejection rate for Setting 2.

n = 500 n = 1000 n = 2000
Tg(l‘) Tx HOz* Hy H()z* Hyp H()z* Hy
0.950 0.273  0.018 0.016 0.012 0.014 0.020 0.018
0.975 0.232  0.030 0.076 0.040 0.100 0.052 0.138
0.990 0.192  0.388 0.494 0.362 0.622 0.464 0.684
0.995 0.152 0.710 0.782 0.760 0.826 0.802 0.878
0.999 -0.071 0.992 0.990 0.994 0.990 0.996 0.984

setting, using a Weibull distribution, for the uncured survival time has
also been considered in Chapter 3 under the unconditional setting, and
in Chapter 4 under the conditional setting with categorical covaraites.
From these two works, inadequate control over the empirical level has been
observed under settings where the uncured survival time distribution has a
heavier tail. Figure 5.2 depicts the rejection rate of Hy, as a function of x
for Setting 2 when n = 1000. As shown in the figure, the rejection rates of
Hy, are below the nominal level of 0.05 for each x € &,, when t5(x) = 0.95.
The rejection rates exceed the nominal level in the left region of A, when
T¢(xz) = 0.975, and are far above the nominal level when t¢(z) = 0.99. As
an extension of the previous two work, the proposed method unsurprisingly
also lacks level control under settings where the uncured survival time
distribution has a heavier tail than the standard exponential distribution.

Recall that the conditional density of the uncured event time is given

by ,
1 exn [ (logt)
to(x)V/2r P ( 202(5”)) 7

where o(z) = exp(0.122). Specifically,

exp (—(®71(0.99))%/2)
V27 exp (exp(0.122)®1(0.99))

where ®~1(-) is the quantile function of the standard normal distribution.
This function is concave in x and attains maximum at x = 0. As mentioned
earlier, the null hypothesis of insufficient follow-up is more likely to be
rejected when the density of the uncured event time is close to zero at the
end of the study. This observation seems to explain the U-shaped pattern
of the rejection rate of Hy, as a function of x.

fultlz) =

Ju(qo.09(7)|7) =

From Table 5.2, the procedure performs well in maintaining the empir-
ical level for testing Hy when tg(x) = 0.95. However, in scenarios when
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Tg(x) = 0.975 and 0.99, the rejection rate for Hy exceeds the nominal
level of 0.05, especially in the borderline scenario where T (z) = 0.99, but
this is also observed in the results for testing Hy,. Furthermore, the re-
jection rate of Hy, is smaller than that of Hy, which is probably due to
the problem in estimating x, by .,. For instance, with n = 1000, the
average values of &4, over the 500 simulation experiments are -0.223 and
-0.358 when tg(z) = 0.975 and 0.99, respectively. However, as shown in
Figure 5.2, the rejection rate of Hp, is smaller when z is close to zero.

In summary, under Setting 1, the test performs well in maintaining the
empirical level, except in the borderline case where Tg(x) = gp.99(x). In a
more complicated Setting 2, where the uncured event time distribution has
a heavier tail, the test does not perform well in maintaining the empirical
level, especially in the borderline scenario. The method suffers from either
inaccurate estimation of . or inflated rejection rates, even when Z, , es-
timates x, accurately. Further investigations are required to study these
issues. Furthermore, the rejection rates of Hy, and Hj increase slightly as
the sample size increases from 1000 to 2000, likely due to the effect of un-
dersmoothing becoming more noticeable with larger sample sizes. Based
on this preliminary simulation study, the proposed test does not appear
to be a final solution for assessing follow-up sufficiency with a continuous
covariate, suggesting the need for methodological development.
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Chapter 6

Conclusions and Discussion

This thesis focuses on statistical inference for cure models under mono-
tonicity constraints in both estimation and hypothesis testing. First, a
monotone single-index structure was introduced for modeling the inci-
dence component of the mixture cure model, using isotonic estimation
techniques to ensure monotonicity. Next, the crucial problem of testing
the assumption of sufficient follow-up was addressed, which is essential for
the identifiability of cure model.

Monotone single-index mixture cure model

We proposed a monotone single-index mixture cure model, where the inci-
dence component follows a monotone single-index structure and the latency
component is modeled using a Cox proportional hazards model. The ad-
vantages of this model include greater flexibility compared to parametric
models and the ability to circumvent dimensionality issues of fully non-
parametric approaches. In addition, imposing a monotone link function
for the incidence facilitates interpretability and is often a natural assump-
tion in many applications.

An estimation method had been introduced, which is based on the
profile maximum likelihood principle, combining techniques from isotonic
regression and kernel smoothing. We established the consistency of the
proposed estimator, which, to the best of our knowledge, has not been
investigated even for the single-index/Cox mixture cure model without
monotonicity constraints. Simulation studies demonstrated that impos-
ing monotonicity improves the behavior of the estimator and enhances its
stability with respect to the bandwidth choice, compared to the smooth
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non-monotone estimator. A simple bandwidth selection performs reason-
ably well and avoids computationally intensive tuning procedures. Fur-
thermore, we observed that smoothing the monotone link function further
improves practical performance.

Although the monotone single-index model has been studied in the lit-
erature, its application within mixture cure models presents unique chal-
lenges. First, unlike standard monotone single-index models, such as the
current status linear regression model, where the response is directly ob-
served, the cure status in mixture cure model is unknown for censored
subjects. This leads to a more complex likelihood structure, requiring
iterative procedures like the EM algorithm for estimation. Second, in ad-
dition to the index coefficients and the link function, the model includes
additional parameters, both finite and infinite dimensional, because of the
presence of the latency component.

Challenges also arise when studying the theoretical properties of the
estimators, which are not as straightforward to establish as in the mono-
tone single-index model or the current status model. Another complica-
tion stems from the fact that the model parameter is infinite dimensional.
Existing semiparametric M-estimation theory allows infinite dimensional
parameters for establishing consistency, while asymptotic normality results
apply only to finite dimensional parameters. Therefore, extended results
from semiparametric M-estimation are needed to establish asymptotic nor-
mality in the current context.

We discuss possible directions for future research below. A likelihood-
based estimation approach for cure regression models using inverse prob-
ability censoring weighting was proposed by Burke and Patilea (2021).
One possible extension is to model the conditional uncure probability
with a monotone single-index structure instead of a parametric one. This
would improves flexibility over the parametric models while retaining in-
terpretability. Moreover, unlike the monotone single-index mixture cure
model proposed in this thesis, this approach does not require any assump-
tions on the conditional survival function of the uncured survival times.

Pineiro-Lamas (2024) proposed single-index mixture cure models with
functional covariates. As an illustration, the author applied the method to
a cardiotoxicity dataset to study the relationship between the conditional
probability of experiencing cardiotoxicity during the follow-up and the car-
diac muscle velocity functions, measured over time during the follow-up
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period. The functional data were first represented as a linear combina-
tion of orthogonal basis functions, a common approach in functional data
analysis. Using this representation, the probability of cardiotoxicity was
estimated by the nonparametric conditional Kaplan—Meier estimator. As
shown in Figure 4.9 of Pineiro-Lamas (2024), this probability appears to
be a monotone function of the estimated single-index variable. Therefore,
it is promising to impose monotonicity structure to this incidence part,
using the approach introduced in Chapter 2. This may improve inter-
pretability and eliminate the need of bandwidth selection in the conditional
Kaplan—Meier estimator, which involves some computationally intensive
algorithms.

Testing for follow-up sufficiency

Throughout this thesis, we have underscored the importance of follow-up
sufficiency assumption, which is crucial for the proper identification of the
cure probability. The notion of sufficient follow-up under the unconditional
setting is characterized as the setting where the support of uncured event
times is included in that of censoring times. Several statistical tests have
been proposed in the literature but the problem remains challenging in
practice. Such characterization of follow-up sufficiency requires the exis-
tence of a cutoff or ‘cure time’, such that surviving beyond such time is
considered as cured, and it is not possible for an event to happen after the
end of the study. However, this is not realistic and in practice follow-up
would be considered as sufficient if the probability of the event happening
after the end of the study is negligible.

Motivated by this, we proposed a more relaxed notion of ‘practically’
sufficient follow-up meaning that the probability of the event happening
after the study ends is smaller that a prespecified threshold. We proposed
a new test for the null hypothesis of ‘practically’ sufficient follow-up. The
test relies on the assumption that the density function of the survival
times is non-increasing in the tail region and two estimators under such
shape constraint are considered. Despite guarantees on the asymptotic
level of the test, we observe that in practice the test based on the smoothed
Grenander estimator and a bootstrap procedure behaves the best. An ex-
tensive simulation study showed that the proposed procedure performs
well in terms of both level and power, outperforming most of the time the
existing methods. Nevertheless, there is a trade off between the simplic-

117



Conclusions and Discussion

ity of the existing methods such as the @, test and the accuracy of the
proposed method. In addition, we warn that for scenarios with very high
censoring rate, low uncured fraction and small sample size the empirical
level is larger than the nominal one, but this is a problem even for the
other existing tests. This is also observed when the event time follows a
distribution that has a density decreases much faster than that of the stan-
dard exponential distribution. Under those scenarios with high censoring
rate and small uncured fraction, a larger sample size is required for better
test performance.

The relaxed notion of ‘practically’ sufficient follow-up involves the choice
of €. An overly conservative choice of € (i.e., when € is close to 0) may lead
to a conclusion of insufficient follow-up, even when a cure model would
have been appropriate. Conversely, an anti-conservative choice of e could
result in incorrectly concluding sufficient follow-up. We emphasize that e
is not chosen based on the application at hand. Although the relaxed no-
tion of sufficient follow-up is defined based on the probability of the event
happening after the study ends is smaller than €, which still guarantees
good identification of the cure fraction, ¢ does not depend on the event
time distribution or the end of study. Selukar and Othus (2023) showed
through simulations that improvements in mean squared error and the
coverage of the confidence interval for the cure fraction estimate diminish
as the follow-up time exceeds the 99%-quantile of the event time distribu-
tion, and suggested that the follow-up can be considered sufficient when
the probability of the event occurring after the study ends is less than 1%
(i.e., € < 0.01). This motivates our choice of e = 0.01.

The only user-specified parameter 7 for the proposed method, such
that it is almost impossible for the event to happen after 7, should rely on
medical knowledge. When such information is not available or uncertain,
we suggest to use a larger 7 for a more conservative test and to perform a
sensitivity analysis on 7.

While existing tests focus on testing follow-up sufficiency without ac-
counting for covariate information, there is a lack of tests that address
this issue in the presence of covariates. We illustrated that unconditional
sufficient follow-up does not necessarily imply sufficient follow-up for all
covariate values, which can lead to bias in estimating the incidence when
fitting cure models. To address this, we extended the test procedure for
practically sufficient follow-up to the setting with categorical covariates.
We proposed new procedures for testing the null hypothesis of ‘practically’
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insufficient follow-up over all values of categorical covariates. The test re-
lies on the assumption that the conditional density function of the survival
times is non-increasing in the tail region and a smoothed Grenander esti-
mator is considered to construct the test statistic. The test procedure for
the unconditional setting is applied separately to each subsample defined
by the categorical covariate values. The challenge arises when combining
the decisions of the individual tests for each covariate value. The first
method follows the principle of intersection-union test and rejects the null
hypothesis of overall insufficient follow-up if such hypothesis is rejected
for all covariate values. On the other hand, the second method decides
based on just one appropriately chosen covariate value for which sufficient
follow-up is less likely. The asymptotic normality of the test statistics un-
der the null hypothesis was established and the two proposed tests were
shown to be asymptotically correct. Simulation studies showed that the
tests perform satisfactorily in finite samples, albeit the rejection rate can
be higher than the nominal level under the borderline scenarios where the
overall follow-up is nearly sufficient.

Next, we conducted a preliminary study to address the problem of test-
ing for follow-up sufficiency in the presence of a continuous covariate. The
test procedure for testing ‘practically’ sufficient follow-up with categorical
covariates was extended to the continuous setting. Instead of discretizing
the covariate and applying the test to the resulting groups, we estimated
the conditional survival function using the conditional Kaplan—Meier esti-
mator, resulting in a more informative test. The core idea of choosing an
appropriate covariate value, from a fine grid, where the follow-up is least
likely to be sufficient was retained, and the test decision was based on the
chosen value. Note that, in this setting, the intersection-union type test
becomes much more complicated due to the infinite dimensional covariate
space.

Challenges arise from both methodological and theoretical aspects. We
discussed some intermediate results required for establishing the asymp-
totic properties of the proposed test. Specifically, it would be necessary to
extend the existing i.i.d. representation of the conditional Kaplan—Meier
process so that it holds uniformly until the study ends. Previous results
on the distance between the Kaplan—Meier estimator and its least concave
majorant would also need to be extended to the conditional setting, uni-
formly over all covariate values. In particular, this would require a strong
approximation by a Gaussian process, uniform in both time and covariate.
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Such extensions would involve several more technical assumptions. On the
other hand, preliminary simulations suggested that the proposed test may
not be satisfactory for the current context. Problems arise in selecting an
appropriate covariate value where follow-up is least sufficient, particularly
under the cases where the true test statistic attains the maximum at the
boundary regions of the covariate support. Further research is required to
the development of an improved version ot the test.

120



Appendix

A Supplement to: Monotone Single-Index Mix-
ture Cure Model

A.1 Technical lemmas and proofs

Proof of Proposition 2.2.1. We start by making an analogy with the stan-
dard isotonic regression problem, which corresponds to solving the follow-
ing minimization problem

n
y =argmin »_ (2 — )%,
yee o
where C = {y e R": y; <yo <--- <y}, for given observations z1,...,
Zn. From the theory of isotonic regression (Robertson et al., 1988, Section
1.5), it is known that the isotonic least squares estimate y is also the
solution of the following optimization problem

y =argmin Y Ay (zi,4), (1)
yee o
where
Ay (z,y) =¥ (2) -V (y) — (-9 ¢ (), (2)

and V¥ is a convex function with derivative ¢. This equivalence is usu-
ally used to transform maximum likelihood isotonic estimation into an
isotonic least-squares problem. Moreover, y can be characterized as the
left derivative of the greatest convex minorant (GCM) of the cumulative
sum diagram (CSD)

i
(070)7 Z?Zx(j) 7i:17"'7n )
i=1

where z(1) < zg) < -+ < 2, correspond to the ordered observations. If
in addition to the order restriction, a uniform bound restriction is imposed
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on the solution, the problem becomes

n
¥ =argmin ) (z; —y,)°,
yeC’ 1
with ¢’ = {y eR": a<y; <y <--- <y, <b} and is studied by Hu
(1997). Specifically, it has shown that the minimizer under the order and
uniform bound restrictions is ¥ = (g1, - , Jn) given by

¥; = max (a, min (g;, b)), i1=1,---.,n,

where y = (91, -+, Un) is the solution of (1).

Going back to our maximization problem in (2.11), first note that
since the criterion depends only on the values of ¢ at the observed points
'yTX(l) < e < 'yTx(n) we can only identify the corresponding values
¢ = (¢1,...,0n). If we choose the convex function ¥ (u) = ulogu +
(1 —u)log (1 —u)in (2), we obtain

3 Ay (i (47x))
i=1 § (3)
= Z {—wi log ¢ (’YTXi) — (1 —w;)log [1 - ('7Txi)] } +0,

i=1

for some C' that depends on the observations and the fixed parameters but
not on . Therefore, the maximization problem in (2.11) is equivalent to
solving

(?) = arg min Z Ay (w(i), ¢Z)

(bECe/ i=1

where Co = {peR": € <1 << - <y <1—¢}. Consequently,
using the previous results for the isotonic regression problem, ¢ can be
characterized as

éi:max<e',min<¢~)i,1—e’>), 1=1,---,n,
where (él, e ,$n> are the left derivatives of the GCM of the CSD
(070)7 Z?Zw(]) =1, n
j=1
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with w;) corresponding to the j-th order statistic of (v"'x;);. Note also
that the procedure can easily accomodate ties in the observations of the
index by summing the corresponding wj.

Finally we note that, if we try to directly characterize the maximizer
of the likelihood criterion in (2.5) over the non-decreasing function ¢, we
would still end up with an iterative procedure that is the same as the EM
algorithm. Indeed, the problem is equivalent to maximizing

Ln(@) =D Aplog i+ (1= Ayy)log {1 — ¢i + ¢:Su(Yi)|Zi)) }
=1

over ¢1 < --- < ¢, denoting again the values of the link function on the
ordered points 'yTx(l) << 'yTx(n). If we assume to know

GiSu(Yiiy|Ziy)
1 — i + 6iSu(Y5)|Zs))

Wiy =2p +(1-4¢)

and choose ¥ (u) = ulogu + (1 — u)log (1 — u) as before, we obtain

n

Z Ay (Wi, i) = —Ln(@) — Z(l — A)) Wiy log Su(Yiy | Z)-
i1

=1

As a result, maximizing £, (¢) is equivalent to minimizing the expression
on the left hand side of the equation. The solution can be characterized
as the slope of the GCM of the cumulative sum diagram

{(0,0), (z’,ZWm) =1, n}
i=1

However, the W;) are actually not known and depend on ¢. One could
construct an iterative algorithm in which ¢ from the previous step is used
to compute W(;) and then update ¢ again. This is the same as what EM
algorithm does since the W(;) coincide with the ones defined in (2.9). O

Deriavation of the characterization in (2.14). By definition we have

©vo.9 = argmaxE [A log cp('yTX)
peM

+(1 = A)log {1 = p(v"X) + (v X)Su(Y]Z; B,A)}] -
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Let us assume that the covariates X and Z are independent and the cen-
soring is independent of the other variables. Define U = 47 X. Then the
true likelihood for the observations (Y, A, U, Z) is

AP(C>Y,B=1,T=Y |UZ) +(1-AP(C=Y,T>Y |U,Z)
=AP(C>Y)P(B=1|U)P(T=Y |B=1,7)
+(1-APC=Y){P(B=1|U)P(T>Y |B=1,72)
+P(B=0|U)}

where with a slight abuse of notation we have used P (-) instead of the
density function for the continuous variables. By the law of conditional
expectations we have

P(B=1|U)=E[E[L{B=1}|X]|U]=E[p(v;X) | U] = ¢} (U)

Then the true log-likelihood for the observations (Y, A, U, Z) can be written
as

= Alog ¢ (U) + Alog fu(Y|Z; By, Ao)
+ (1= A)log {1 — 3 (U) + ¢ (U)Su(Y |Z; By, Mo) } + ¢

where ¢ denotes other terms that do not depend on the model parameters
(related to the censoring distribution). If we fix 8 = (v, By, Ao), it follows
from the Kullback—Leibler inequality that

arg max I [Alogp(U) + (1 = A)log {1 = ¢(U) + ¢(U)Su(Y|Z; By, Mo)}]
IS

is obtained for ¢ = ¢%. On the other hand, Assumptions (A4), (A1)(i-ii),
(A3)(ii) imply that there exists € > 0 such that € < po(vdX) < 1—e. Asa
result, if we choose €’ < e, @y € M. Hence we conclude that under these
more restrictive assumptions, ¢ ¢ is given by the expression in (2.14).

Next we comment on the necessity of such assumptions. To apply
the previous argument we needed that C' L (B,T') | U,Z. Hence just
conditional independence C' L (B,T) | X,Z would not be sufficient to
split the probability into a product of probabilities. In addition, if X and
Z would be dependent then we also would not have P(B=1|U,Z) =
P(B=1]|U). For example, if X = Z, we would have P(B=1|U,Z) =
©o(v¢Z) and there would be no connection between the function ¢7, and
the true likelihood. Finally, if the latency parameters were not fixed to
their true values 3, Ag, then the Kullback-Leibler inequality could not be
used to conclude that the maximizer is 7. O
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Proof of Proposition 2.3.1. Let (Qx denote the distribution of X. For any
@ € My and v € T define the Lo-norm

I¥llgnn = ( [ etr™x2d0x )

To show the existence of a maximizer of lg (¢) over M., it suffices to show
that lg is continuous on (M, [|[|gy ~) and (M, [[[[g ~) 18 compact. To
obtain uniqueness of the maximizer, we show that ¢ — lg () is strictly
concave using the Gateaux derivative and M is a convex set.

For simplicity we consider separately the two terms:

Lo (p) =E[Alogy (v X)]

and
loo(p) = E[(1 — A)log{1 — p(v" X) Fu(Y|2Z)}].
Let (¢m),, C Me be any sequence on My that converges to ¢ € M.

For any n > 0, we can find an N (1) € N such that [[om — @llg, ~ < 7,
whenever m > N (). For m > N (n), we have

116 (¢m) =110 (9) | = |E [Alog on(v"X)] — E [Alog ¢(v" X)]|
% (E[AYE [{on (v7X) - (7"X)}7])

1 . n
<37 lom — Gllox.y < o

o=

IN

Here, the second inequality follows from the Cauchy—Schwarz inequality,
the mean value theorem and the bound on € < @, ,,, < 1—¢. In a similar
way, for m > N (n),

o (om) o (9] < 5 (E[((1- &) F, (v]2)?
<E [{¢n (77X) =& (v7X)}])

1 . n
<37 lom — Bllog.~y < e

[E—

D=

Therefore, take £ = 2n/¢’ > 0 and N = N (&€//2), we have |lg (pm) —
lo (¢)| < &, whenever m > N, and hence lg is continuous on (M, ||||QX~,)

Next, we show the compactness of (M, ||| o, ~)- By Helly’s selection
theorem, since (@, )m C My is a sequence of uniformly bounded monoton-
ically increasing functions, there exists a convergent subsequence (@, )ken
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of (¢m)men such that ¢, (v) — ¢* (u) for almost all v € R with respect
to the Lebesgue measure. ¢,,, are all uniformly bounded monotonically
increasing functions, so as its limit ¢*. By Assumption (A5), the distribu-
tion of v7'X has a density with respect to the Lebesgue measure, we have
lom, = ©"llgx o — 0 almost everywhere by the dominated convergence
theorem.

We show the convexity of M. by showing that the convex combination
te1 + (1 —t) p2 belongs to M, for any ¢1, 2 € My, and t € [0,1]. Let
—oo <z <y<oo. Wehavee < () <oy (y) <1—€¢ and € < @, (z) <
¢y (y) < 1—¢. These inequalities imply that €’ < tp; (z)+ (1 — 1) ¢y (x) <
to) (y) + (1 —1) g (y) <1 —¢€. Hence, tor1 + (1 —t) p2 € Mo

Define H (t) = lg (teo1 + (1 — t) p2), where 0 < ¢t < 1 and 1, 2 € My
with ¢ # ¢2. We show that the second derivative of H (t) is negative on
(0,1) using the Gateaux derivative and hence ¢ — lg (i) is strictly con-
cave. For simplicity, denote F,, o =1 — S, (Y|Z) with the true parameters
Bo and Ag, as in (2.3), and F,, = 1 — S, (Y|Z) with parameters 3 and A.
One can show that

H'(t)=E

~A o (77X) = ¢y (VX)) ]

[to1 (YTX) + (1 = 1) o (VX))

. [ — (1= 1) F2 [o1 (47X) — ¢ (+/X)]”
[1— {te, (TX) + (1 — )y (¥TX)} F,J°

Bounding the denominators by one and replacing A by
E[AIX,Y,Z] = ¢y (v§X) Fuo (Y|Z)

using the law of iterated expectations, we obtain

H"(t) < -E [Wo(’Y[‘)FX)Fu,o {1 - o(v{x)Fuo} {e1(v"x) — <P2(’YTX>}2} :

(4)
By Assumption (A3)(i), we have infxcx P [C > 79|X = x| = ¢ > 0. There-
fore, since @o(vEx) > e,

EAX]=P[B=1T<C|X]>2P[B=1,C 2> mX]

=P[B =1X]P[C > 1p|X] (5)
>€- ing(P[C>To|X:X]:CE>O.
p S
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Thus, using the law of iterated expectations and ¢, (VgX) Fuo<1—e¢,
we obtain

E [ (40X) Fuo [1— 00 (15X) Fus] [1 (v7X) = 2 (77 X)]]

> E[E[AX, V2] [¢ (+7X) - ¢, (v7X)]°]

(6)

=¢-E []E [AIX] [¢, (’yTX) — P9 (WTX)]Q}

> e E [{p1 (7X) = 92 (77 X)}°] > 0.
Hence H” (t) <0, for 0 <t < 1. O

Proof of Proposition 2.3.2. 1f 8 = 6y = (7vg,80,Ao), by the definition of
©0,0 in Proposition 2.3.1, we have

E[l(Y,A,X,Z;00,0)] <E[(Y,A,X,Z;00,¢0,9,)] forall pe M.,

with equality if ¢ = ¢g 9. From the Kullback-Leibler inequality, we also
have

El(Y,AX,Z;00,0)] <E[l(Y,A,X,Z;0y,p0)] forall p € M,

with equality if ¢ = ¢g. Since, as shown in Proposition 2.3.1, ¢¢ g, is the
unique maximizer of ¢ — E [l (Y,A,X,Z;00, )], it follows that ¢gg, =
¥o- O

Proof of Proposition 2.3.3. We observe that, as in the standard logistic-
Cox cure model, the maximizer A,, must be a step function with jumps
at the observed times. Let A(t) be the jump size of A at t. Also, u —
5 g (u) is continuous on R, therefore the likelihood function L, is contin-
uous with respect to 7, B and the jump sizes of A. Hence the existence
and finiteness of the maximum likelihood estimator (%,,, 3,,, An) follows as
in the proof of Theorem 1 in Lu (2008). O

Proof of Proposition 2.3.4. Recall that pg ¢ = arg max ey, lo () for fixed
0. Let ¢ € My and define H(t) = lg (t¢ + (1 —t) po,9), where 0 < ¢ < 1.
By the definition of ¢g¢ and the convexity of My, H'(0) < 0 for all
¢ € M. We show the continuity of g ¢ by contradiction.
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For simplifying the notation, we denote ¢ = (v X), o 0=¢0.0(7! X),
Fuo = F,(Y|Z; By, No), and F, = F,(Y|Z;3,A). Then, for all p € M,

H'(0) = E [A(P— o) (1—A)(P— o) Fu:|
L ©0,0 1 — vo,9Fu
_r [P — o0 A — @o,oFu]
L w06 1—woekFy
_E [P — 0,0 E[AIX,Y,Z] — ¢0,9Fu:|
L %06 L —po,0Fu (7)
_r ® — 0.6 o (V6 X) Fuo — v0.0Fu
| Y00 1 — vo,9Fu
_r ©— o0 {1_E[1—¢0(70TX)Fu,0 'yTX] H <o
| o0 1 —vo,0Fu

Next we argue that, if pg g was not continuous, we can construct ¢ € Mg
for which the inequality (7) is not satisfied. Hence, by contradiction we
can conclude that ¢ g is continuous.

Since g ¢ is monotone non-decreasing, discontinuity points would be
points of jump. Assume that ¢g ¢ has a jump at ~T% with a size of k. Let

L— ¢ (¥ X) Fuo
1- %Yo.0 (vI'%) F,

Au) =E [

~TX = u]

We consider three cases based on whether A(y7%) is smaller than one,
larger than one or equal to one.

Case 1. Suppose that A(yTx) < 1. By Assumption (A8), there exists
n > 0, such that A(u) < 1 for u € (v'x —n,vT%x+n). Since pog is
monotone non-decreasing and (g ¢ has a jump at ~Tx, we consider that
©o,0 is either right- or left-continuous at this point and construct ¢ which
coincides with ¢ ¢ apart from in a small neighborhood of ~Tx.

(i) If ¢ is right-continuous at v'x, ©o0 (u) < ©o.0 (’nyc) for u €
[y
[vI'x — 1,4Tx) and @ (u) = ¢, o (u) otherwise.

x — 1,47%). We define ¢ (u) = ®o.0 (v'x) > Po9 (u) for u €

(ii) If ¢o,g is left-continuous at ¥, @q o (1) < ¢q 9 (Y'X) <@g o (V%) +
kforu € [yTx—1,47x). We define ¢ (u) = ©o.0 (v'x)+k > ©o.0 (1)
for u € [yTx — 1,47%) and ¢ (u) = ©g ¢ (u) otherwise.
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In addition, monotonicity of ¢g ¢ implies that

1- 900<75X)Fu,0
1- 900,0('7T7~<)Fu
= A(u) < 1,

1- ¢0(75X>Fu,0
1- ©0,0 (U)Fu

~TX = u}

'yTX:u] §E[

¢ in either case give

1-— ()00 (’y%—‘X) Fu,O
1- QOOﬂFu

for u € [y"x — 3,47%). This inequality together with the construction of
©0,0
_ {]1 {,YT)E_ n - ~TX < ,YTi} Y — %06

|}
2 I— o (Y6 X) Fuo %j
o)

L =0l
is strictly larger than zero, which contradicts the fact that H'(0) < 0 for
all p € M.

Case 2. Suppose that A(yTx) > 1. By Assumption (A8), there exists
n > 0, such that A(u) > 1 for u € (y'% —n,¥"%x 4+ 7). Similar to the
argument in the first case, we can show that

1 — 0o(v§ X) Fup
1- (P0,9<’7T5<)Fu
=A(u) > 1

1 — po(v§ X) Fup
1- %0,0 (U)Fu

E

’yTX:u] ZE[

'yTX = u}

foru € (v7%, 7T5c+g]. Similarly to the first case, we can construct ¢ which
coincides with ¢g ¢ apart from in a small neighbourhood of ~Tx where it
is constant and strictly smaller than ¢gg. We then have H' (0) > 0 and
leads to a contradiction.

Case 3. Suppose that A(v7%) = 1.

(i) If po.g is right-continuous at v7'%, we have Po0 (1) < ¥og (vTx) -k <
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©o.0 (’}'Ti) for u < ’nyc. This implies that for u < ’nyc,

1 — (7§ X) Fup
. [ 1 — wo,0(u)Fy

1 — (7§ X) Fup
1- [SOO,O (vTx) — /s;} F,

1 — 0o(v§ X) Fup
| 1= (V) Fy

TX—u]

<E

VX =u ®)

<E X =u

= A(u).

We want to show that the left hand side of the previous inequality is
smaller than one in a left neighborhood of 7% and then proceed with the
construction of ¢ as in Case 1. By the mean value theorem, we have
1 1 _ kF,(Y|Z)
=200 (MO RNIZ) 1 g, (7%) — x| B (V]Z)  (1-8)

for some [%70 (7% — I*i] F,(Y|Z) < & < @y (v'%) F, (Y|Z). Since
P00 € Me, we have ¢ 4 ('nyc) —k>€and1>¢>€F,(Y|Z) >0. It
follows that

1 — ¢ (70 X) Fuo 1 — ¢y (v X) Fup
L= TR EYTD) 1 g, (v75%) — w] Fu (v]2)
> [{1 — ©o ( 6 X ) uo}FLFu (Y!Z)"YTX = u]

E

YI'X =u

= E[El—A\XYZ] W (YZ)[ "X = o]
>k-E[(1-A)F, (Y|Z)1{Y > 1}[v"X = u]
= P[Y>7'0|’)’TX—U]
=k-P[B=0,C> 7|y X =]

k-E[E[1{B=0}1{C > n}| X]|¥'X = u]
> cexk >0

(9)

Here the second equality follows from the definition of 79 in Assump-
tion (A3)(i) and Fy, (y|z) = 1 if y > 79. The last inequality follows from
P[B=1,C > 79|X] > ce as shown in (5). By Assumption (AS8), there
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exists n > 0, such that A(u) < 1+ cek for u € (v'% — n,v'% + 7). Equa-
tion (9) implies that, for u € (v1% —n, 1), we have

1— 0 (76 X) Fuo
1— [800,9 (V%) — '““'] Fy

1— ¢y (v8X) Fup
I—¢0 (vI'x) P,

E

7TX =u| +cer

<E YIX =u| = A(u) < 1+ cer.

From (8), it follows that, for v € ("% —n,v'%),

1 — o(v5 X) Fup
Y (u) Fy

1 - SOO(VOTX)FMO
1-— [@079 (vTx) — /{] F,

'yTX = u]

<E ATX =u| <1.

By a similar construction of ¢ as in the first case, we get H'(0) > 0 which
leads to a contradiction.

(ii) If po.g is left-continuous at v7 %, we have ©0.0 (’nyc) <%0 (")’T)NC)—H{ <
©0 ¢ (u) for u > Tx. This implies that

1 — 0o(v§ X) Fup

T
- ¥ X=u
Y (vIx) Fy

- IX)F,
<E o (70 X) Fup ~TX =
| 1- [900,9 (v7%) + ’i] Ey
11— TX)F,
<K 900(’70 ) u,0 'yTX:u .
L—=¢p0 () Fy
As in (i),
1 kE,

1- [soo,e (vT'x) + fs} F(Y|Z) =@ (1-¢)
for some %06 (’YTf() F,<€é< [4,0070 (»nyc) + /i} F,,. Using a similar argu-
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ment in (i), one can show that

1— ¢y (vEX) Fuyp

E
1— [@079 (vTx) + Ii} F,

YIX =u| > A(u) + cer.

By Assumption (A8), there exists n > 0, such that A(u) > 1 — cex for
u € (vI'x —n,v'x + 7). Hence, we have for u € (v7x,v1x + 1),

E [ 1 — 0o(v§ X) Fup 1 — @o(v§ X) Fup

1= [poo(v%) + K] Fy

T
~ X—u]
1_‘P0,0(U)Fu

FYTX—u] ZE[
> 1.

By a similar construction of ¢ as in the second case, we get H'(0) > 0 and
leads to a contradiction. O

For the proof of Proposition 2.3.5 we need results on the entropy num-
bers of certain classes of functions, which we derive below. First we intro-
duce some notation that will be used in the following series of Lemmas.
Consider a class of functions F equipped with a norm |-||]. For ¢ > 0,
the bracketing number Np ((, F,||:||) = N is the minimal number of pairs
of functions {[f}, f{']: j = 1,---, N} such that ||f/ — fF|| < ¢, for all
j=1,---,N and for each f € F, there is a j € {1,---, N} such that
ij < f< fJU. The (—entropy with bracketing of F is the logarithm of
the bracketing number, Hp (¢, F, ||-||) = log Ng (¢, F,|||). Po denotes
the distribution of (Y, A, X,Z). We will consider the following classes of
functions.

M is the class of all non-decreasing bounded functions on R.

F is the class of functions F'(y,z) = 1 — exp [—A (y) exp (,BTZ)],
y € [0,70] and z € Z, where A € D and 3 € B.

Ge is the class of functions

9(y.0.x,2) = (1—=0)log [1 — ¢ (v'x) F (y,2)],

y €10,7], 6 € {0,1}, x € X and z € Z, where v € Sy_1, ¢ € My
and F' € F,

He is the class of functions h (§,x) = dlogp (v7x), § € {0,1} and
x € X, where v € Sg_1 and ¢ € M.

132



Supplement to Chapter 2

e L. is the class of functions

[(y,0,%,2) = §logp (v'x) + (1 = 8)log [1 — ¢ (v'x) F (y,2)],
y € 10,7], 0 € {0,1}, x € X and z € Z, where v € Sy_1, ¢ € My
and F e F.

e L. is the class of functions

I(y,8,%,2) = 6 [log p1(7"x) — log pa (v x)]
+ (1= 0){log[l — o1 (v" %) F(y,z)]
—log[l — o1(v"x)F(y,2)]},

for y € [0,70], 0 € {0,1}, x e X, z€ Z,v € S4_1, ¥1,p2 € Mg and
FeF.

We begin with a result from van der Vaart and Wellner (1996) and we
use it to construct (—brackets for the other classes.

Lemma A.1 (Theorem 2.7.5 of van der Vaart and Wellner (1996)). There
exists a constant A > 0 such that

A
Hp (¢ M, ,0) < 2
for all ¢ >0, r > 1, and all probability measures Q@ on R, where ||-[|,. o is
the L.—norm corresponding to Q.

Lemma A.2. Suppose that Assumptions (A4) and (A10) are satisfied Let
¢ > 0. There exists a constant C7; > 0 depending on Gz, and r2 only such

that X 0
q-+
Hp (C,f, ”'Hl,IP’O> < %

Furthermore, there exists a constant Co > 0 depending on q1, and 1
and a constant C5 > 0 depending on €' ,q1,q2, 71, and ro such that

Cod + C5(q+ 1
Hp (C,ge’vH'”l,[%) < ; g(q )

Moreover, there exists a constant Cy > 0 depending on €,q, and

such that Caldt 1)
4 (a +
Hy (el e, ) < =50
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Proof. Let (g € (0,1). Since B is a compact subset of RY, it can be
covered by Ny balls with radius (g, where Ny < (A;/({g)? for some constant
Ay > 0. Let {Bl, e ,BNl} be the centers of such balls. Consider f (y,z) =
1 —exp [—A (y) exp (ﬂTZ)] € F,ye[0,7] and z € Z, for some A € D
and B8 € B. We can find j € {1,---,N;} such that H,@—,@j||2 < (-
By the monotonicity of the exponential function and the Cauchy—Schwarz
inequality, we have

exp (8] z — (ara2) < exp (872) < exp (B]z+ (pr2)

for all z € Z. Let ¢4 > 0. By Lemma A.1, the class D can be covered by
(a-brackets [AF,AV], 1 =1,---, No, such that

%;}[A?(w-—Afudfde(y)sci

where Q)y denotes the distribution of Y and Nz < exp (A2/(x) for some
constant A, > 0. We note that AlL and AZU can always be taken to be
bounded below by 0 and bounded above by the uniform upper bound M
of the class D. Otherwise, we can take AlL V0 and AZU A M. Then, we have

1—exp [~Af(y) exp(B] z — (gra)] < f(y.2)
< 1—exp [-A] (y) exp(8] z + (ara)] |

for some [ = 1,---, Ny, and for all y € [0,79] and z € Z. We then show
that, for certain choices of (5 and (g, the brackets

U 17 = [1— exp {=Af (y) exp(B] 2 — (ara) }
1— exp {—A](y) exp(B] z + (ar2) }]

are (—brackets with respect to || - ||1 p, that cover F. We have

Hﬁ—#mmz/

[0,7’0] X Z

exp [—Af (y) exp (8] z + (ara) |
(10)
—exp [—Af (y) exp (8] z — (ar2) ] |dQvz (. 2) .
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Considering the integrand of (10), by the mean value theorem we obtain

exp [—A[ (y) exp (8] z + (ara) ] — exp [=Af (y) exp (8] 2z — (pr2) ] ‘

exp (=€) [Af (y) exp (8] z — (ara) — Af (y) exp (8] z + (gra)] ‘

< [AF () exp (872 — Cara) — A (y) exp (872 + Cora)

)

for some & € (AF (y)exp (,@sz — Cgrg) AV (y) exp (,GJTZ + Cgrg)). As a
result, from Minkowski inequality it follows that

Eige i [
<[ M) - A 0)]exp(Bfz - Gara)dQya (v:2)
[O,To]XZ

11
+ /[0 s Ay) |exp(,3;‘~rz —(gra) — exp(B]Tz + CBTQ)} dQy.z (y,2) (11)

+ / IA () — AY ()] exp(8T2 + Cor2)dQy.z (v, 2)
[0,7’0} X Z

Consider the first integral on the right hand side of the last inequality in
(11). Using the Cauchy—Schwarz inequality, we have

/[0 1z IAf (y) = A (y)| exp (8] z — Cara2) dQyz (v, 2)

< {/[0770] [AZL (y) —A (y)]Q dQY (y) . /Z [exp (ﬁfz — CﬁTg)]Q dQZ (z)}

<exp (b) A < exp (b+72)CAs

where b is such that the support of B]TZ is included in an interval [a, b] for
all j. Similarly, we also have

/[0 ez A (y) = AT ()| exp (B] 2 + (pra) dQv,z (y,2) < exp (b+12) (a-
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For the second integral on the right hand side of (11), we can show that

/[O - A (y) lexp (872 — Cgra) — exp (B7z + (gra)| dQy .z (v, 2)

b
< §2M/ exp (t + (gra2) —exp (t — (gra) dt

b+<,3’r‘2 a+<ﬁ"'2
=@M / exp (u) du — / exp (u) du
b—(pr2 a—(gr2

< 2M@s [exp (b+72) — exp (a — 72)] 72{g
< 2MGary exp (b + 72) (g,

where M denotes the upper bound of the class of functions D. If we take
— ¢ _ ¢ .
A= Zexp(b+ra) and (g = 63T qars exp(ora) @ V€ obtain

U L
1 = filhe, <€
Hence, using logz < x — 1, for x > 0, we have

Hy (G F g, ) < log N+ log Ny

6A1Mgaraexp (b + 7“2)) 3Asexp (b+ r2)
¢ " ¢

<q10g<

- Cl(q+1).
- ¢

Next we construct brackets for the class of functions G. to show the
second assertion of the Lemma. Let ¢y > 0. By Lemma 7.5 of Balabdaoui
et al. (2019a), S4—1 can be covered by N3 neighborhoods with diameter at
most ¢y, where N3 < (Ag/C,y)d with a constant Ag > 0. Let {v,--+ , vy, }
be elements of each these neighborhoods. Let ¢, > 0 and consider (,—
brackets [pX, V], k=1,---, Ny, covering the class M. such that

A\¢?(t)—wﬁ(t)\de(t)§C¢, k=1, Ny,

where Qii (t) denotes the distribution of 47 X + Cyri, @ =1,---, N3, and
Ny < exp (A4/(,) for some constant A4 > 0, by Lemma A.1. We note that
goé and cpg can always be taken to be bounded below by ¢ and bounded
above by 1—¢€', respectively. Otherwise, we can take o= Ve and ¥ A1—¢'.
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Using the monotonicity of ¢ and the Cauchy—Schwarz inequality, we have,
for all x € X,

oF (vx—¢r1) <o (vVTx) < oY (vIx+ G

for some ¢ = 1,--- N3 and &k = 1,--- , Ny. Using the result from the
first statement of the Lemma, we can consider a (p—bracket [FJL,FJU],
j=1,---, N, covering the class F such that

/}F]U (y‘Z) - F]L (y‘Z)‘ dPO (y,é,x,z) < CF) ] = 17 1N7
where N < exp[C1(¢ + 1)/¢r]. Then, we have

log [1— @f (vix+¢yr1) Ff (ylz)] <log [1—¢ (v"x) F, (y|z)]
<log [1—f (v x— ¢yr1) Ff (ylz)]

for some j = 1,--- , N. We then show that, for a certain choice of (r, the
brackets

95 1 0% k) = [(1 = 0)log {1 — o} (vIx + &) FY (ylz)}
(1—0)log {1 — o5 (v/x = (yr1) FF (y]2)}]

are (~brackets with respect to ||-||1 p, for the class Go. Using the Minkowski
inequality, we have

ngng - gz‘L,j,kHlJPD

<[ |l (4o £ Gl
[0,70]x XX Z

— log [1 - Spl[g] ('7zTX + C‘yrl) FjU (y|Z)] ‘dQY,X,Z (y, X, Z) (12)

o
[0,70] X XX Z

—log [1 — ¢} (v{x = {yr1) Ff (yl2)] ’dQY,X,Z (y,x,2).

log [1 = ¢f (v] x — &) Ff (y]z)]
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For the second integral in (12) we have

/[0,7—0] XXXZ

log [1 — o (v x — C‘r’"l)FJL(mZ)]

—log [1— o} (v x = (yr1) Ff (yl2)] |dQy,x z (v, %, z)

1
<% ol (v x = Gyr1)
€ Jo,m]xXxx2

_(pi(FyZTX - C’le)‘ FjL(y‘Z)dQY,XZ (2/, X, Z)

o (- ek )]0 0 < &

where we have used the mean value theorem, 0 < FjL < 1land € <
ol U <1 —¢. For the integrand of the first integral in (12), we have

log [1— ¢} (v/x — ¢yr1) Ff (y|2)] —log [1 — o (v x + &) FY (yl2)]

< % o (v %+ &) FY (ylz) — of (77 x = &) B (y]2)]

1
;@;ﬂ] (vIx+ Gyr1) |[FY (ylz) — FF (yl2)|

IN

1
+ S F l2) ok (vix+Gr) =@l (v x = G|

1 1
< S |F (yl2) = Ff (l2)| + 5 ok (vix+Gm) =il (vix = G-
Note that, by the monotonicity of cpg, we have
/X ok (vi x4+ Gyr1) = @i (vi x = Gyr1) [ dQx (x)
= /X oY (YEx+Gm) — o (vEx = ¢yr) dQx (%)

<q /T1 [0 (t+ Cyr1) — @f (t—Cyri)] dt (13)

r14+Cy71 - —r1+¢y7T1 U
—a| [ W@ [T e
71—C~T1 —r1—CyT1
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Hence, the first integral in (12) can be bounded by

1
3|12 ) - E 0l 0B (6.x2) + 2 (1= 26)

< Cr + 27”1@1(’7'

= ¢

Choosing ¢, = €¢/3, Cp = €C/3, Gy = €¢/6r1a1, we get g7, —gE, Il py <
(. Hence, using logx < z, we have

Hg (¢, Gers |1, ) < log N + log Ny + log Ny

Ci(g+1) <A3> Ay
RS LNV = -
< r + dlog Z, + 2

< Cod+ C3(qg+1)
— C 9y

for some positive constants Co, C'3.

To prove the third statement of the Lemma, we can use a similar ar-
gument as for the second statement and show that the brackets

log o (vix — ¢Gyr1) log o (vix+ ¢yr1)]

for k€ {1,..., N4}, i € {1,..., N3} are (~brackets with respect to || - ||1,p,
if we choose (, = €/¢/2 and ¢y = €/¢/4r1G1. Hence
A A Cy(d+1
Hp (¢ Mo, |l g, ) < log Ny + log Ny < dlog (3) g A Galdrl)
’ C’y Cgo ¢
O

Lemma A.3. Suppose that Assumptions (A4) and (A10) are satisfied.
Let ( > 0. There exists a constant A; > 0 depending on €,q1, and r1 and
a constant As > 0 depending on €, qy, 2,71, and ro, such that

Ai(d+1)+ A 1
H (¢ Lol ,) £ A28

Moreover, there exists a constant Az > 0 depending on €,q,, and
and a constant Ay > 0 depending on € ,q1, @2, 71, and ro, such that

5 As(d+1)+ A 1
i (6 By, ) < 5D A 2D
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Proof. Let ( > 0. Using the last two statements of Lemma A.2, we can
consider ¢/2-brackets [hF, hV], i = 1,---, Ny, covering the class H, where

17"

N1 < exp (%). Also, consider (/2-brackets [gjL,ng], j=1,---,No,

2Cd+2C3(q+1) )
)

covering the class G, where Ny < exp( Then, for any

l € Lo, we have
hE(6,%) + gf (y,6,%,2) <1 (y.0,x,2) < hY (§,x) + ¢ (y,0.x,2),

for some ¢ =1,---Nj and j = 1,---, Na. Using Minkowski inequality, we
obtain

/\h? (6,x) + g5 (y,6,%,2) — hi (8,%) — g} (y,6,%,2)| AP, (y,,x, z)
< [ 10 (6.5 = hE (5.30] 4By (3.6.%,2)
+/‘g]U (y,(i,x,z)—gjL (y767X7Z)|dPO (y757X7Z)

<C/2+¢/2=C

Hence, the (~brackets [hY + g]U,hiL —i—gjL], i=1,...,N1,j=1,...,,No,

cover L., and

A (d+1)+Ax(¢g+1)
¢

Hi (G, Lo |-l g, ) < log Ny +log Ns <

The second statement of the Lemma can be shown with the same type
of argument. O

Lemma A.4. Let Q) be any probability measures on R and denote by ||-||,. o
the L.—norm corresponding to Q. Let M, be the class of continuous mono-
tone functions on R with values in [¢',1 — €']. For any ¢ > 0, there exist
M < exp (?) balls of radius of ¢ with respect to the L.—norm and centered

in My such that their union covers M. The constant A > 0 does not
depend on (.

Proof of Lemma A.4. By Lemma A.1 and Lemma 2.1 in Van de Geer
(2000), M, can be covered by N balls of radius of (/2, where N <
exp (A/C) for some constant A > 0. Let {y1,---,pn} be the centers
of each of these balls which are not necessarily elements of M, . Next we
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construct new balls whose union covers M. For each i € {1,--- N}, if
there is a continuous monotone function ¢; in the ball B, ((/2), we define
a new ball, B, (¢), centered at ¢; with a radius of (. Otherwise, if the ball
B, (¢/2) does not contain any continuous monotone function we eliminate
it. Thus we have at most M < N < exp (A/() of such balls with radius .
Next we show that they cover M, .

Consider ¢ € Mg C My. We can find i € {1,---, N} such that
o — @ill,.qg < ¢/2. Let $; be center of the new ball constructed using the
preceding argument that corresponds to By, (¢/2). We have [|¢ — @;l[, 5 <

le = @il o +llei = @il o < ¢ Hence p € By, (C) for some j € {1,--- M}.
We conclude that My C Ujj\il Bg, (¢). O

Proof of Proposition 2.3.5. Recall that for fixed 0,

po,0 = argmaxlg (),
PpEM s

where
lo (0) = E[l (Y, A X, Z: 0, )] — / [y, 8%, 2; 0, ) dPo (4, 6,%,2)

and Py denotes the distribution of (Y, A,X,Z). On the other hand, for
fixed 8, we have defined ;9 = argmax ¢, Iy, (7, B, A, ), where

L (v, B. A, ) — / (y,6,%.2: 0, ) APy (. 6, %, 2)

and P, denotes the empirical distribution of the (y;, d;,x;,2;). We first
show that

/ (6,520, Gng) — L (4,8, %,2: 0, 00.6) d (B — o) (3,6, %, 2)
- P T\ _ Ty 1% g — Als .
>é X{(pn,@ (v'x) — o (V' %)} dQx (x) = ¢l Pne — vo.0llQx.v:
(14)

for some constant ¢ > 0. Then it suffices to show that

sup /l (y7 (57 X, Z; 07 @n,@) =1 (yv 57 X, Z; 07 @0,9) d (]P)n - ]P)O) (y7 57 X, Z) (15)
0c6

converges almost surely to zero.
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For fixed 8 € © and ¢ € M., define H (t) = E[lg (to + (1 —t) o.0)],
where 0 < ¢t < 1. We have
/l (y7 67 X, Z; 07 90) —1 (ya 57 X,Z; 07 SOO,H) d]P)O (y) 57 X, Z)

— H(1)— H(0) = H(0) + %H”(t*)

for some t* € (0,1). By the definition of ¢ ¢ and the convexity of M.,
H'(0) <0 for all p € M. From (4) and (6), we have

H"(t) < =P [¢o (76 X) Fuo {1 = ¢y (76 X) Fuo}
{0 (477X) ~ 900 (7 X)}’]

< et [ {6 (97%) — o (17} 0 ).

Then,

/l (ya 67 X, Z; 0, 90) —1 (y? 57 X, Z; 0, 300,9) d]P)O (y7 53 X, Z)

< _EH(ﬁn,B - SOO,GHQXKW

where ¢ = %ce2 > 0. By the definition of ¢,, g, we have

/ l (y) 5a X, Z; 07 @n,@) -1 (yv 53 X, Z; 07 300,9) dPn (y7 5a X, Z) > 0.
Combining the two inequalities above and the fact that ¢, 9 € M. gives
(14).

To obtain the almost sure convergence of the expression in (15), we
consider the class £ of functions of the form

ZN(y, 5, %x,z) =9 [log 01 ("YTX) — log s ('yTx)]
+(1=6) {log [1 — 1 (v %) Fu(y|2)]
—log [1 = pa(v"x) Fu(ylz)] }
for some 1, 2 € Mo, Fy(y[z) = 1—exp{—A(y) exp(,@Tz)} and (v, 3,A) €
©. With a series of Lemmas in Appendix we show that L. is a Glivenko—

Cantelli class of functions (see Lemma A.3). Note also that the class is
uniformly bounded since for any [ € L./, l‘ < —loge€ < oo. As a result,

sup

/ZN(%&X,Z)d(Pn —Po) (y,é,x,z) —0 a.s.asn — oco.
l~€£~€/
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Since ¢y 0, 0,6 € Me, we complete the proof by the following inequality,

sup / l (y7 67 X, Z; 97 @nye) —1 (y7 57 X, Z; 07 800,9) d (]P)n - IP>0) (.% 6a X, Z)
0cod

< sup

/Z(y757xaz)d(Pn —Po) (y,0,%x,2) | = 0 a.s. as n — oc.
[EZEI

O]

Proof of Proposition 2.3.6. For fixed 0 € O and x € X, using the proper-
ties of the kernel density k& and a change of variable, we have

&0 (Y'%) — e (V%)

1
= /1 k (u) [@n,o (’yTx — hu) —%0.6 ('yTx — hu)} du

1
+ / k (v) [cpoﬂ ('yTX — hv) — o0 ('yTx)] do.
-1

Then, we have

{ /X (25,0 (77%) = w0 (77%)] " dQx (X)} ’

N

1

< { /X [ /_ k () { o (V% —hu) — g (Y% — hu)} du] 2 dQx (x)}

N

+ { /X [ / k (v) {poe (v x—hv) — g9 (v %)} dv] 2 d@x (X)}

1
= (I)+ (II).
(16)

We proceed by showing that (I) and (II) converge to zero uniformly on ©
with probability one.

Consider the inner integral of (I) in (16) and using Jensen’s inequality
gives

1 2
[/_1 k (u) {gbnﬂ ('yTx — hu) — o0 (")’TX — hu) } du

1
< K? / 1 {gﬁnﬂ (’yTx — hu) — %00 (’yTx — hu)}2 du,

143



Appendix

where K is the upper bound of the kernel function k. By Assumption (A1)

(v) and for = in a neighborhood of «, we have Z, = [I,, I,]. Then, we can
write
sup (1)2
IC)
1
P 2
< K sup / / {@no (v x—hu) —@yg (Y% — hu)}” dudQx (x)
f0coO
= Sup/ / {np (v —hu) — g g (v —hu)}* dudG Jrx (V)
0co I’y
2
SUP / / {Son 0 — %0,0 (5)} ds dG‘yTX (’L))
06@ I’y
9 I’Y+h R 9 1 s+h
=K SHP/ {@no(s) = w06 ()} h/ dG rx (v) ds,
0cO J1y—h s—h

(17)

where G rx denotes the distribution function of ~TX. Recall that h =
hn — 0 asn — oc. For s € [Iy+h, I, — h], since the density function g, rx
is continuous, by the mean value theorem there exists &, € (s — hpn, s + hy)
such that

1 s+h 1

= / Gy ()= {Gorx (s 4 h) = Gy (s— D)} =20, (&)
(18)

By Assumption (A9) it follows that

sup sup —0 asn— oo.

1 s+h
E / 4Gy (0) — 2.5 (5)
0cO s€lly+h,Iy—h] s

—h

(19)
Since the length Zy is uniformly bounded, {@, 4 (s) — ¢ ¢ ()} < (1 -
2¢')2, from (17), (19) and Proposition 2.3.5 we obtain

sup (I)2 < Kh+2K? sup {@n,g (s) — ®0.0 (s)}2 dG,yTX (s)
0cO 0co J1Iy

I—h

+ K? sup/ {Pn6(s) — 900,0(5)}2
0c6 JIy+h

a.s.

— 0,

s+h 1
/s—h EdG,YTx(U) — 2g,rx(s)| ds

(20)
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where the term Kh comes from dealing with the boundary regions of the
integrals and the constant K depends on the uniform bound of 97X (+).
This means that the first term (I) in (16) converges to zero uniformly on
© with probability one.

Next, we deal with (I7) in (16), which is a deterministic term. With a
similar argument as above, one can show that

1
sup (11)2 < K? Sup/ / {@079 (’yTx — hv) — %0.0 (’yTx) }2 dvdQx (x) .
6co 0c6J X J -1

(21)

For a fixed @ € O, the inner integral in the previous display converges
to zero since g g is continuous and A — 0. However, this does not hold
uniformly on ©. To circumvent the non-uniformity issue, we construct
a covering of the space of bounded continuous monotone functions by a
finite number of balls and approximate g by one of the centers of such
balls. Let ¢ > 0 and let [121, B] be an interval that contains all the inter-
vals [Iy — h, I, + h]. Denote by @ the uniform distribution on [A, B]. By
Lemma A.4, where M < exp[A/r] with a constant A > 0. For a fixed
6 € O, using the Minkowski inequality, we have

1
2

{/X /_11 {00 (V%= hv) =g (77x)} dvdQx (X)}
= {/X /_11 {900,9 (’YTX - hv) - S5i(9) (’YTX - hv) }2 dvdQx (x)}

: (22)

N { [ 11 {610) ("~ ) ~ B9 (4"%) } oy <x>}2

+ {2 /;v {@i(g) (’YTX) — %Po,6 (’YTX) }2 d@x (X)} 2

={III)+{IV)+ (V)

D=

We will show that there exists N independent of 8 such that each of these
three terms are smaller than ¢/3 for n > N and any @ € ©. Since this
holds for any ¢ > 0, we can then conclude that (II) converges to zero
uniformly in 6. Consider the square of (IIT) in (22). As in (17)—(20), we

145



Appendix

obtain

/X / 11 {900,0 (v'x = hv) = 9y (Y% — ho) }2 dv dQx ()

}

<ec (h +@(B-A)*+2  sup . (gvTX (&n,s) = 9yrx (S)D ;

<c {h + /I {@0,9 (s) = @i(0) (S)}2dG7Tx (s)

1

s+h
PGk ) =20, (5

+ sup
$€[Iy+h,Iy—h]

s€[Lly+h,Iy—

where s — h < &, < s+ h, g1 denotes the uniform upper bound on
the density functions g,rx(-), and c is a positive constant. By uniform
equicontinuity of the family of functions { g,.YTx} it follows that there exists
N1 such that,

sup } ’g,yTX (ffn,s) —9,1TX (s)

S =
s€[ly+h,Iy—h S4c

forall@ €O, h < ¢?/27c whenever n > Nj.

If we choose r = (/4/27cq1 (B — A) we obtain (I11)? < ¢2/9 for all

6 € © and n > Nj. In the same way, for the square of (V) in (22) we
obtain, for n > No,

2 2
(v)<2sup [ {2060 = ero )} dox 0 < G @)
For the square of (IV) in (22), we have
e T . 7.y
/ / {%(e) (v'x =) = i) (v X)} dv dQx (x)
xJ-1 (24)

B p1 9
gq‘/ / Dicgy (U — hv) — @,y (u) p dvdu.
1 i _1{#7(9)( ) </7(9)( )}

Since the functions ¢;(g) are continuous on a compact, they are uniformly
continuous and since we are dealing with a finite number M of such func-
tions the family {cﬁi(g) :i=1,..., M} is uniformly equicontinuous. There-
fore, since h = hy, — 0 as n — oo, we can find an integer N3 such that

[P0 (u— hv) — @0y (W) | < ¢/ 1871 (B — A)
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for all u € [A,B], v € [~1,1] and n > N3. Consequently, (IV)* < ¢*/9
for n > N3 and any 8 € ©. Combining these results, we have for n >
maX{Nl,NQ,Ng},

1
sup [ [ {iop (1%~ he) — o (v7x) Y dvdQx (3 < &
X J-1

0cbd

from which the uniform almost sure convergence of (IT) follows. O

Proof of Theorem 2.3.7. This can be proved by applying Theorem 1 of
Delsol and Van Keilegom (2020), which boils down to verifying the required
conditions. First we define some notation. We equip the space © = T’ x
B x D with the metric d which is defined by

te€[0,70]

d(01,0;) = max { Y1 =all2: 181 = Ballys sup |As () — A2 (1) \} :

where 0; = (’yj,ﬁj,Aj) € O, j = 1,2. Let H denote the infinite-
dimensional parameter space for the link, defined by H = {h : X X 0 —
[€,1—¢€], h(x,0) = pg(vTx) for some pg € M }. We equip H with the
metric
1
T T .\ 12 2
dy (h1,ha) = sup N {901,9 (’Y X) —¥20 (’Y X)} dQx (x) )

0o

where h; (x,0) = P (’yTx) for some ¢;9 € Mo,j =1,2. Let hy(x,0) =
©o.0 (v"x), where ¢gg is defined in (2.13). Note that, because of the
Kullback—Leibler inequality,

E[1(Y,A,X,Z;0,0)] <E[L(Y,A,X,Z;60,¢0)]

for all @ € O, p € My and, under the identifiability conditions, the equal-
ity holds only for 8 = 0y and ¢ = ¢g. By Proposition 2.3.2 it follows that
0o = argmaxy g E[l (Y, A, X,Z;0,006)] . Then, the non-parametric esti-
mator of hg is h(x, 0) = P60 (v"'x), where Py, 1s our smoothed monotone
link estimator defined in (2.6). Consider i.i.d. realization (y;,d;,Xi,Z;),
i=1,---,nof (YA, X,Z). Let h € H such that h(x,0) = ¢, ('yTx)
for some g € My. We define M (6,h) = E[l(Y,A,X,Z;0,9p)] and
M, (0,h) = 15" 1(Y,A,X,Z;0, ). Next we verify the required con-

T n

ditions (A1)—(A5) of Theorem 1 of Delsol and Van Keilegom (2020).

147



Appendix

Condition (A1) is satisfied by definition of 8,. For condition (A2),
note that M (6, ho) =E[1(Y,A,X,Z;0,¢00)]. Under the model identifia-
bility assumptions, the negative Kullback—Leibler divergence M (6, hg) —
M (8, ho) attains its maximum uniquely at y. Since M (6, hg) is contin-
uous with respect to @, on each compact set © N {6 : d(0,0y) > §}, it
will obtain a maximum strictly smaller than M (6o, hy), which indicates
that (A2) is fulfilled. Condition (A3) follows immediately from Proposi-
tion 2.3.6 and the fact that ¢}, o € Mo for all 6 € ©. Using Remark (ii)
of Delsol and Van Keilegom (2020) Condition (A4) follows from the fact
that the family of uniformly bounded functions

{1,6.x,2) = 61og o (v7x) + 0 [log A(y) + 877 — A(y)e”"”]
+ (1 —9)log {1 - <P(’7TX) {1 — exp (_A<y)eﬁTz> H :

(’YvﬁaA) € éa QOGMe’}

is Glivenko—Cantelli. We have dealt with most terms in Lemma A.3. The
remaining terms can be handled similarly. Dealing with the term involving
A is even simpler since that belongs to the class of functions of bounded
variation, which has bracketing entropy of the same order as the class
of monotone bounded functions. For condition (A5), note that for fixed
0 € ©, we have, from the proof of Proposition 2.3.1, that

3 0) =2 (0.10) | = % ([ 0 (17%) = w00 (475} d0x )

where h (x,0) = ¢, (’yTX) for some g € M. Then it follows immedi-
ately from the definition of dy that supgcg |M (0, h)—M (0, ho) | converges
to zero as dy (h, hg) — 0. O

Proof of Corollary 2.3.8. We first show the convergence of link estimator
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Dn. Using Minkowski inequality and ¢g g, = @0, we have

{/X {610,670 0 (38} a0 <x>}é
) {/X {(p” 0, (V%) = SDO,én(’?ZX)}Qde (X)}é

+{/ {%en(vn )~ enan(¥1%)} dQx (X)}

1
2

1
2

+ { wo(Yhx) — ¥ (’Y(:)FX) }2 d@x (X)}
() +

(I) + (IT) + (II1).

Consider the square of (I), using the result of Proposition 2.3.6, we
have

(1)? < sup /X 1659 (V%) — 900 (77%)}2dQx (x) 50 asn — oo,
0cO

For the square of (I11), by the assumption that ¢f, is uniformly bounded
on Zp and using the mean value theorem followed by the Cauchy—Schwarz
inequality, we have, for every x € X,

lo(A5%) — o(v§ %) < et |4 — Yoll2 »

where ¢; a positive constant that does not depend on x. Therefore, using
the result of Theorem 2.3.7, we have

. 2 . P
(1117 = [ {3 = 0 (47%)} dQx () < cir? [ =l S 0.

For the square of (II), we apply the argmax continuous mapping the-
orem (Van de Geer, 2000, Theorem 3.2.2) to show sup,eg |¢) g (2) —

©0.6, ()] L 0if 6, 2 6. Given this uniform convergence, the con-
vergence of (IT) to zero in probability follows immediately. Let

m (y,8,%,2;0,¢) = dlogp (v x) + (1 =) log [1 — ¢ (v'x) F, (y]2)] .
Define
MH(SO) = E[m(}/v Aa Xa 27 éna SO)] and M(SO) = E[m(y7 Aa X? Za 007 90)],
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where ¢ belongs to the metric space H = (Mg, ||-||) with [j¢|,, =
sup,cr |¢(z)|. By the definition of ¢g ¢ in (2.13), we have
©g9, = argmax M, (¢) and ¢, = arg maxM(¢p).
’ pEM pEM

We note that the continuity of the sample paths ¢ — M(p) on H follows
from a similar argument in the proof of Proposition 2.3.1. g g, being
tight and being the unique maximizer of M, ©0.6,, being uniformly tight
and maximizing M, follow from their definitions. Therefore, it remains to
show M, converges weakly to M in ¢*°(K) for every compact K C H. By
Theorem 2.3.7 and since every ¢ € M are uniformly bounded, we can

show a stronger statement that supg e, [Mn(¢) — M(p)| L, 0 and hence
the weak convergence condition holds. For a fixed ¢ € M., we have

M (0) — M(g)]

~T ~T 7 A
B e ) [ PR Rrere ST Tb LT
< [EAes Sorxy ||| A e R R (Y 12: By, o)
— (V) + (V).

where F,(t|z; 3, A) = 1 — exp[—A(t) exp(87z)]. For (IV), using a similar
argument as in the proof of Proposition 2.3.1, we have

vy < % (& [{e6700 - ot X>}Q])% .

To show that the term on the right-hand side of the above inequality
converges to zero in probability, let ( > 0 and consider (—brackets [cpﬁ, wg],
k=1,---,N, covering the class M. such that

/I {of (1) — ok (t)}QdG%TX(t) <¢, k=1,---,N,

where N < exp(A/() for some constant A > 0, by Lemma A.1. Using a
similar argument in the proof of Lemma A.2, we have,

(/X {@(’ygx) - ¢(70Tx)}2 de(x)) 3
) (/“" o (i rallealls) = o (45) Y de(x)) %

n ( IRCCEE w;’i(ﬁX)}Qde(X)) = (4)+(B),
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for some k =1,--- , N, where e, =%, — 7. For the square of (A), using
a similar argument in (13) in the proof of Lemma A.2, we have

ri+riflen, 1
(42 < @1 - 2¢) (/ S o | wif(t)dt)

—ri+rillenlly —T1

) ri+riflenl, U —ritrillen|l, U
—a-20)( [ o - [ oY () dt
71 —T1

< qiri(1—2€)* |len]|s -

For the square of (B), since [pF, oV], k = 1,--- | N, are (~brackets covering
M., choosing ¢ = ||e,||, we have (B)? < ||e,||,. Note that ¢ depends on n
and on the realization of the data w but the argument can be followed for
any fixed n and w. Therefore, by Theorem 2.3.7 together with the results
on (A) and (B), we obtain

1

, {sgp (/X (o (vEx+rillenlls) — o (va %)} de(X)> )

ATX
Alog (p(FYn )

E
p(v§X)

o ( IRCE R x)}Qde<x>)Q}

1
S,{(l—l—(l—Ze’)\/ﬁ) ||en||2}£>0 as n — 00.

€

Consider (V'), using the mean value theorem, the Cauchy—Schwarz inequal-
ity, ¢ <p<1-—¢€, F, <1, and the Minkowski inequality, we have

1 2 2

2

V<t { (= [{o62%0 - et 0} Fiv12: 0. 00)

N|=

}

+ (IE [{FU(Y|Z;Bn,An) - Fu(Y|Z§ﬂ0vA0)}2 902@5X)D

< é <E [{@('?ZX) - SO(VOTX)}T )é
+28 (B[{Rrizin. A - Fu<Y|z;ﬂo,Ao>}2Dé
=)+ (D)
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The convergence of (C') to zero in probability follows from the previous
results on (IV'). For the square of (D), using the mean value theorem,
F, <1, and the Minkowski inequality, we have

1
2

10| = ({80 - 80 il

1—¢

) <E {{QXP([BZZ) - exp(ﬁoTZ)}2 A%(Y>] >%
= (E) + (F).

For (E), we note that, for every z € Z,

exp(28,2) < exp(28Y 7 + 25 ||l |,) < caexp([lel ),

where €], = Bn — By and c2 is a positive constant. The existence of the con-
stant ¢ follows from assumptions (A4) and (A6). By Theorem 2.3.7 that
18,, — Boll2 and SUPye0,7] |An(t) — Ag(t)| converge to zero in probability,
(E) converges to zero in probability. For (F'), we note that Ag is strictly
increasing and Ag(79) < oo by Assumption (A7). Using the mean value
theorem, the Cauchy—Schwarz inequality, assumptions (A4) and (A6), and
Theorem 2.3.7, we have

(F)2 < c3 eXp(HegHz) He;H2 oo asn— 00,

where c3 is a positive constant. Thus, combining the above results on (IV')

and (V'), we have sup e, [Mn () — M(p)| Lo 0asn — oo

To show the convergence of the latency estimator Sy, using the mean
value theorem, F,, < 1, and the triangle inequality, we have, for every
t€[0,70) and z € Z,

Sultlz) = Su(tlz)] < |[An(t) = Ao(t)] exp(B,2)
+ |lexp(B,2) — exp(BF2)]Ao(t)|.
Using similar arguments as in (E) and (F'), we have

sup
te(0,70]

S (tz) — Su(t]z)‘ L0 asn— .

152



Supplement to Chapter 2

A.2 Additional simulation results
Selection of truncation parameters

When the link function has a small range as in experiment B of the simula-
tion study, it is better to determine the truncation parameters for the link
function in a data driven way instead of taking fixed bounds ¢ = 10~% and
1 — €. In practice, determining the truncation parameters from the data
is challenging. We use ideas form the range-regularized isotonic regression
problem studied in Luss and Rosset (2017). Specifically, we replace the
uniform bound restricted MLE in step 7 of Algorithm 1 by considering the
following range-regularized isotonic regression problem

n

. 2
minimize w; —y;) +pb—a
ysa.b ; (wi =) ( ) (25)

subject to a <y <y2 <o <y < b,

where a = z_11nf Yis b= slup yi, and p is the regularization parameter
=L, i=1,--n

for shrinking the range b — a. To reduce computational cost, the data
driven truncation parameters are computed only at the first iteration of
the EM algorithm. We applied the bounded isotonic regression algorithm
proposed by Luss and Rosset (2017) to obtain solutions over the regular-
ization path. The optimal regularization parameter and hence the lower
and upper truncation, are determined by a K-fold cross-validation with
the expected prediction error for cure probability (EPECP) (Jiang et al.,
2017) as the performance metric. EPECP is a weight adjusted Brier score
for assessing the prediction accuracy of a mixture cure model in predicting
cure probability. Jiang et al. (2017) proposed an estimator for EPECP
and studied the statistical properties of this estimator.

In Tables A1-A2, we provide extra simulation results for experiment
B using this choice of data-dependent truncation parameters.
Non-monotone true link function

To investigate how the method performs when the true link function is
not monotone, we consider an additional simulation experiment with the
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Table A1l: Simulation results for experiment B when the truncation parameters are equal

. Number of MSE (p, po &

Sample Size Ac Cases Method Mean (Variz)mce Bias Variance
01 129 mSIC  0.00350 1.77E-06 1.03314 0.23414

950 SIC 0.00666 8.47E-05 1.10141 0.30039
04 131 mSIC  0.00515 9.97E-06 0.95056 0.21264

) SIC 0.00936 1.51E-04 1.17386 0.29076

01 101 mSIC  0.00295 3.26E-07 0.87385 0.16862

500 SIC 0.00400 2.94E-05 0.98576 0.30896
04 116 mSIC  0.00489 4.57E-06 0.84465 0.18364

SIC 0.00504 3.19E-05 1.11335 0.29095

Table A2: Simulation results for experiment B when the truncation parameters are
different

. Number of MSE (p, po )
Sample Size A Cases Method Mean (gfap;iz)mce Bias P)/Variance
0.1 371 mSIC  0.00818 7.55E-05 0.98945 0.18702
950 SIC 0.00888 1.00E-04 1.00346 0.25033
0.4 369 mSIC  0.01052 1.22E-04 0.94831 0.16934
SIC 0.01079 1.28E-04 1.00270 0.23379
0.1 399 mSIC  0.00468 2.75E-05 0.88273 0.17155
500 SIC 0.00531 4.46E-05 0.90003 0.24909
04 384 mSIC  0.00622 4.38E-05 0.87617 0.16895

SIC 0.00601 4.80E-05 0.92918 0.23441

following non-monotone link function,

_exp[Y(u—c)
o (u) = 7 +exp [1h(u — )]’

where c is an intercept term and ¥ (x) = 0.523 —0.122 — 0.8z +1. Figure Al
depicts such function over [—4, 4] when the intercept term ¢ = 0. Table A3
shows the parameters 7, By, and Ac of the additional simulation. The
averages of the cure proportion, the censoring rate and the proportion
of observations in the plateau are also reported in the same table. The
truncation parameter € is set to 1075, Other settings, such as covariates,
baseline distribution of the uncured subjects, censoring time distribution,
remain the same as described in Section 2.4. Table A4 summarizes the
simulation results, including the MSE of the link estimates, bias and vari-
ance of the coefficient estimates, for both SIC and mSIC methods. As
expected, when the true link function is non-monotone, the SIC method
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00 02 04 06 08 1.0

Figure Al: The non-monotone link when the intercept term ¢ = 0.

Table A3: Additional simulation settings

Cure Cens.
Expt. ¢ ~Yo1 Yo2 Yo3 Yo4 Bo1 Boz Ac prop. rate Plateau
0.1 0.3347 0.2079
D -0.50.6718 0.2896 -0.1547 0.6640 -0.4 -0.6 0.25 0.2679 04215 0.1463

performs better in estimating the link and . In general, the effect would
depend on the amount of deviation from the monotonicity assumption and
mSIC would still perform well for small deviations. On the other hand,
we observe that both methods behave similarly in estimating 3 meaning
that the latency component is not very sensitive to non-monotonicity of

the link function.

Sensitivity to the choice of bandwidth

We re-consider Experiment A and investigate the influence of bandwidth
on the mean squared error (MSE) of the estimated cure probability as men-

Table A4: Additional simulation results

. MSE (p, po y B
Expt. Size Ac Method Mean (Varizmce Bias FyVariance Bias  Variance
01 mSIC  0.01921 1.24E-04 0.6041  0.1425 0.2896  0.0301
9250 SIC 0.01160 9.05E-05 0.5012  0.1283 0.2894  0.0300
0.25 mSIC  0.02312 1.45E-04 0.7073  0.1959 0.3241  0.0377
D SIC 0.01457 1.46E-04 0.6338 0.1816 0.3190  0.0375
01 mSIC  0.01122 5.06E-05 0.4313  0.0813 0.2121  0.0147
500 SIC 0.00601 2.69E-05 0.3250  0.0551 0.2127  0.0150
0.25 mSIC  0.01324 6.41E-05 0.5126  0.1344 0.2349 0.0169
SIC 0.00818 6.73E-05 0.4236  0.0973 0.2348  0.0171
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lambda_c: 0.1 lambda_c: 0.1
n: 250 n: 500
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Figure A2: MSE (p, po) against different bandwidths h = mrn~ /%, where r is the range
of the index v*'X and m € {0.25,0.5,0.75,1,1.25,1.5,2, 2.5, 3}.

tioned in Section 2.4. In particular, we set the bandwidth parameter at the
k-th iteration as hy = mryn~'/?, where r, is the range of the index v7X
computed at the k-th iteration and me{0.25,0.5,0.75,1,1.25,1.5,2,2.5, 3}.
The averages MSE over the 500 simulated datasets for each setting are com-
puted and depicted in Figure A2. Recall that in Section 2.4 the bandwidth
is set to rzn /%, i.e., m = 1, and the mSIC method performs better than
SIC. This figure shows that the MSE reaches minimum when m = 2 indi-
cating that there is still room for improvement on estimating the link for
mSIC. However, m = 1 is a satisfactory choice that does not the increase
computational cost of the method. Even without an optimal bandwidth
mSIC outperforms the SIC method. Actually for almost all the consid-
ered values of m the average MSE of mSIC remains below the one of SIC
(given in Table 2.2). In general we observe that mSIC is more stable with
respect to the choice of the bandwidth than the unconstrained estimator.
Furthermore, the influence of the choice of bandwidth reduces when the
sample size increases to 500.
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Estimation without smoothing the monotone link estimator

We re-consider Experiment A and study the estimation of v and the link
p when the non-smoothed monotone link estimator is used, i.e. without
applying step 2 in the estimation method described in Section 2.2. Without
smoothing the monotone link estimator, the M-step of the EM algorithm in
(2.12) to estimate « can be replaced by the score approach. The estimate
of ~v is obtained by computing the zero-crossings of

n

W; 1— W; '
Z [‘Pv( o (26)

2 oy (4Tx) 1 py(7T )

where ¢, denotes the monotone link estimate ¢, ¢ for 8 = (’y,ﬁ(m_l),
A=) or minimizing the squared norm of (26) over S;_;. Table A5
shows MSE of the estimated cure probability, bias and variance of the
estimated «. In summary, the mSIC method with the smoothed monotone
link estimates performs better in estimating - and the link p, among all
simulation settings, when comparing with the score approach where the
non-smoothed monotone link estimator is used.

Table A5: Simulation results of the score approach

: MSE (p, po 9l
Size Ac Method Mean (Variz)mce Bias Variance
01 mSIC 0.00939 4.39E-05 0.57368 0.05038
950 " mSIC (score) 0.01645 7.95E-05 0.59970 0.05342
0.3 mSIC 0.01141 5.92E-05 0.61280 0.05145
" mSIC (score) 0.01983 1.21E-04 0.64170 0.05902
01 mSIC 0.00562 1.50E-05 0.43937 0.03810
500 " mSIC (score) 0.01043 3.25E-05 0.49248 0.04135
0.3 mSIC 0.00668 2.01E-05 0.48043 0.03989

mSIC (score) 0.01198 4.08E-05 0.49994  0.04055

Coverage and length of confidence intervals

To compare the performance of the mSIC and SIC methods in terms of
coverage rate and length of confidence intervals, we re-consider Experiment
A and compute the percentile-based bootstrap 95% confidence intervals.
The confidence intervals are computed using 500 naive bootstrap samples.
It is worth noting that the SIC method requires fixing the first component
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of v to be 1 or -1 for model identifiability. The sign is determined from the
corresponding ~ estimate of the LC model. In each bootstrap iteration,
the sign is determined from the corresponding - estimate of the LC model
for the bootstrap sample. The estimator is then scaled to have norm one,
in order to make it comparable to our estimator.

Table A6 summarizes the coverage rate and average length of confi-
dence intervals for v over the 500 simulated datasets. Note that the -~
estimate of the LC method are not normalized, which leads to a larger
average length of confidence intervals when comparing to the other two
methods. In summary, the average confidence interval length for ~ using
the mSIC method is smaller than that of the SIC method. The coverage
rate for v using mSIC is also lower when comparing with the SIC method.
Hence SIC intervals perform better in this setting. However, as sample size
increases, it seems like the SIC intervals remain more conservative (wider
and with coverage larger than 95%), while mSIC interval would be shorter
and with coverage closer to 95%. We did not perform complete simulation
studies for larger sample sizes because bootstrap then becomes computa-
tionally intensive. It remains interesting to further investigate whether the
bootstrap confidence intervals can be computed in a different way (e.g us-
ing smooth bootstrap) that might lead to better coverage for mSIC, since
in terms of bias and variance such estimator performs better. We tried also
basic (reverse percentile) confidence intervals but the performance for sam-
ple sizes 250 and 500 was considerably worse for both methods. Table A7
provides the coverage rate and average length of confidence intervals for 3
over the 500 simulated datasets. All methods performs similarly in infer-
ring 3 in terms of the coverage rate and average confidence interval length.
This is in line with our previous results which show that the estimation of
3 is not affected much by the estimation of the incidence component.

A.3 Real data application revisited

In Section 2.5, we compared the performance of the three models (LC,
SIC, and mSIC) in predicting the uncure probability using the prediction
error (PE) and observed that mSIC behaved the best. However, even the
link estimate of the SIC method in Figure 2.4 is monotone, which makes
it intriguing to understand the reason behind the better performance of
mSIC. We looked at the link estimates over the 10 random splits for each
method, which are shown in Figure A3. We observe that the link estimates

158



Supplement to Chapter 2

Table A6: Coverage rate and average length of confidence intervals for ~

Expt. A¢ Size Method Cl length Coverage
Yo Y1 Y2 Y3 Y4 Yo Y1 Y2 Y3 Y4
mSIC — 1.106 0.558 0.934 0.845 — 0.934 0.892 0.926 0.888
250 SIC - 1.333 0.629 1.069 0.970 — 0.982 0.922 0.969 0.941
01 LC 1.656 2.565 0.823 1.791 1.4850.918 0.96 0.914 0.948 0.930
mSIC — 0.958 0.435 0.766 0.665 — 0.93 0.92 0.916 0.92
500 SIC — 1.239 0.536 0.921 0.839 — 0.983 0.973 0.960 0.943
A LC 1.108 1.718 0.544 1.138 1.001 0.916 0.946 0.934 0.938 0.94
mSIC — 1.037 0.538 0.878 0.791 — 0.898 0.8 0.856 0.882
250 SIC — 1.342 0.690 1.111 1.012 - 0.984 0.905 0.960 0.960
03 LC 2.005 3.019 0.983 2.506 1.7670.914 0.950 0.920 0.936 0.932
mSIC — 0.890 0.432 0.715 0.616 — 0.858 0.824 0.876 0.894
500 SIC — 1.208 0.579 0.957 0.859 — 0.977 0.961 0.955 0.959
LC 1.288 1.967 0.622 1.332 1.1420.928 0.928 0.922 0.932 0.936

Table A7: Coverage rate and average length of confidence intervals for 3

Expt. A¢ Size Method CI length Coverage
1 B2 B1 B2

mSIC  1.083 0.653 0.930 0.938

250 SIC 1.084 0.653 0.930 0.934

01 LC 1.085 0.654 0.928 0.934
mSIC 0.746 0.450 0.936 0.950

500 SIC 0.747 0.450 0.934 0.948

A LC 0.747 0.450 0.938 0.950
mSIC  1.204 0.728 0.936 0.942

250 SIC 1.209 0.730 0.932 0.946

03 LC 1.216 0.736 0.938 0.940
mSIC  0.828 0.501 0.928 0.946

500 SIC 0.831 0.501 0.934 0.948

LC 0.835 0.505 0.926 0.950
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of the SIC method are in general not monotone and it was a coincidence
that the particular random split considered in Section 2.5 gave a monotone
estimator. This shows the need to impose the monotonicity assumption in
the estimation procedure. Out of the 10 random splits, one in particular
leads to a non-monotone link estimate that differs considerably from the
others and also reaches value 1 for index in the range (0.81,0.87). For this
case, we observe that the support of the fitted index ﬁxgrain for SIC, a
histogram of which is shown in Figure A4a, is divided into two disjoint
intervals. The lack of observations in the region around (0.81,0.87) leads
to the strange behavior of link estimate. Recall that the SIC method
employs a leave-one-out cross-validation approach to search the optimal
bandwidth over the interval [0.4,1]. For this particular case, the selected
bandwidth was the upper bound 1. We increased the upper bound of the
search interval from 1 to 5 and fitted again the SIC model for the same
10 random splits of the data. The average PE (standard deviation) for
SIC with bandwidth adjustment is 90.54 (5.82), which improves slightly
as compared to the SIC models without adjusting the bandwidth, with
average PE (standard deviation) 91.84 (9.51). Figure A4b shows that the
fitted index after adjusting the search of bandwidth is not divided into
two disjoint intervals. This suggests that the cross-validation applied to
choose the bandwidth of the SIC method is not stable in practice and the
search interval should depend on the range of the index, hence should be
data dependent. In contrast, we showed that the mSIC method performs
well even with a simple bandwidth choice. Figure Abb depicts the link
estimates of the SIC method with the bandwidth adjustment. Again, the
link estimates are non-monotone in general but possess less variability as
compared to the un-adjusted ones. The estimated links using SIC are
more volatile in the region where the fitted index is sparse (see the + sign
in Figures A3 and A5) compared to mSIC. Imposing the monotonicity
constraint in mSIC increases the stability of the link estimate particularly
in the region of index that possesses less available observations.
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Figure A3: Link estimates over the 10 random splits (+ indicates the density of the
fitted index.)
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Figure A4: Histogram of the fitted index of the selected SIC model.
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Figure A5: SIC link estimates over the 10 random splits (4 indicates the density of the
fitted index.)
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A.4 Algorithms

Algorithm 1 Monotone Link Estimator ¢,, ¢ for fixed 6 = (v, 3, A)

Require:
Observed data {(y;, d;,x;,%;),i =1,
Fixed parameter values 6 = (v, 3, A)
Initial link ¢(©)
Trunction parameter ¢ > 0

: Li‘)c) S, (yilzi) = exp [—A (y;) exp (,BTZZ)] and F,, =1- 5,

.’n}

[

2: ¢y« ¢ and k«+ 0
3: repeat
4: k+—Lk+1
5 p(xi) @l (vxg) foralli=1,-- ,n
E-step
p(xi)S, (Yilz: .
6: wi<—5i+(1—5¢)%forallz—l,-~,n
M-step
7
& n
Gty argmax Y [wilog o (77x:) + (1= wy)log {1 — ¢ (v"x;) )]
(,DEMG/ i=1
> Using uniform bound restricted MLE
8: until Termination criterion is satisfied

©

return gbgfé
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Algorithm 2 Model Estimation

Require:
Observed data {(y;,0;,%;,2;),i=1,---,n}
Trunction parameter ¢ > 0

Kernel function &
Bandwidth ~ >0
1: Initialize 40, B(®), A( ) a d @ ); m <_ 0
2 Q4 argmax e, < ) B3O A )
> Usmg Algorithm 1 with 0 and ¢

3: 0 (u) « [k (%2) ¢ (¢) dt
> Smoothing as in (2.6)

4: repeat
5: m+—m—+1
E-step
6: P (x;) < @b (ﬁ/(mfl)TxZ) foralli=1,---,n

o

S, (yilz:) < exp {—[\(mfl) (vi) exp (B(mfl)TZi)} and F, =15,

Sy G+ (1 0) (RO ol g — 1

M-step
9: 4m) « arg maX~es, ; Lnea <7, (ﬁimﬁ(m*”,A(m*l))
> Using the augmented Lagrangian method
10: (B(m)’ [\(m)) 4+ argmaxg \ Lnea (B, A) > Using the profile

likelihood approach
Update the link

11: ¢ < argmax,c g, L, <‘Ay(m),B(m), A, go)

> Using Algorithm 1 with 8™ and ¢(m—1)
12: @M (u) [ Fk (1) @ (t)dt > Smoothing as in (2.6)
13: until Termmapon c1:1ter1on is satisfied:
14: return 4™, ,B(m), Alm), g&(m)
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B Supplement to: Follow-up Sufficiency in Sur-
vival Data with a Cure Fraction

B.1 Simulation Settings

Tables B1-B5 report the censoring rates over different values of T for
Settings 1-5.

Table B1: Censoring rates for Setting 1.

p AG(rg)  Censoring rate
0 82.91% — 87.84%
0.02  82.85% - 87.73%

0.2 0.05 82.76% — 87.56%
0.2 82.34% — 86.69%

0 48.74% — 63.52%

0.6 0.02 48.56% — 63.16%
’ 0.05 48.29% — 62.64%
0.2 47.02% - 60.04%

0 31.64% — 51.35%

0.8 0.02 31.39% — 50.87%

0.05 31.05% — 50.18%
0.2 29.33% — 46.72%

Table B2: Censoring rates for Setting 2.

D A Censoring rate
0.4 91.13% — 91.18%
02 1 86.69% — 87.12%
5 81.86% — 83.30%
0.4 73.33% — 73.49%
06 1 60.02% — 61.29%
5  45.56% — 49.87%
0.4 64.46% — 64.66%
0.8 1 46.65% — 48.36%
5  27.34% — 33.09%
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Table B3: Censoring rates for Setting 3.

p AG(rg)  Censoring rate
0 80.83% — 85.08%
0.02 80.82% — 85.02%

0.2 0.05 80.80% — 84.92%
0.2 80.68% — 84.46%

0 42.57% — 55.26%

0.6 0.02 42.53% — 55.08%
: 0.05 42.45% — 54.80%
0.2 42.08% — 53.41%

0 23.39% — 40.28%

0.8 0.02 23.32% — 40.03%

0.05 23.22% — 39.66%
0.2 22.73% — 37.81%

Table B4: Censoring rates for Setting 4.

p  AG(rg)  Censoring rate
0 48.38% — 63.85%
0.02 48.22% — 63.48%
0.05 47.96% — 62.94%
0.2 46.71% — 60.28%

0.6

Table B5: Censoring rates for Setting 5.

P Ac Censoring rate
0.6 0.5 45.24% — 49.75%
' 3 62.14% — 63.23%
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Table B6: Actual values of qi, ..., g12 for Settings 1-5.

- Setting
1 2 3 4 5

¢ 23026 0.4605 7.9528 2.2164 0.4433
g2 2.5903 0.5181 10.0642 2.4740 0.4948
gs 29957 0.5991 13.4616 2.8218 0.5644
qs 3.6889 0.7378 20.4117 3.3596 0.6719
qs 4.1470 0.8294 26.1116 3.6383 0.7277
g 4.6052 0.9210 31.8114 3.9170 0.7834
gr 49889 0.9978 38.4388 4.0160 0.8032
gs  5.3727 1.0745 45.0661 4.1149 0.8230
qo  5.7565 1.1513 51.6935 4.2139 0.8428
qio 6.1402 1.2280 58.3209 4.3129 0.8626
g1 6.5240 1.3048 64.9483 4.4118 0.8824
g2 6.9078 1.3816 71.5756 4.5108 0.9022

q1, q2, q3, G4, s, and ¢ are the 90%, 92.5%, 95%, 97.5%, 99%,
and 99.9% quantiles of F,, resp.; g5 is the mid-point between g4 and gg;
q7,- - ,q11 are b evenly separated points between gg and g2 in the figures
in this section. Table B6 reports their actual values for Settings 1-5.

B.2 Simulation results

Remark The rejection rate for the o, test is computed using the decision
rule: Hy is rejected if oy, < 0.05 as originally proposed in Maller and Zhou
(1992, 1994) as such decision rule is still being widely used in practice. As
mentioned in Maller and Zhou (1996, Page 85), it is more appropriate to
compare «, with the 5% quantile of its (limiting) distribution. Therefore
the type I error rate of the «, test reported in this section is inflated. The
results for the «,, test here are provided to increase awareness within the
community of the risks associated with the use of this decision rule.

Setting 1

Figures B1-B3 show the rejection rate of insufficient follow-up against 14
for Setting 1, each figure with different p. To study the effect of the choice
of 7 on the rejection rate, we considered 3 different 7’s, namely 71 ~ 7.601
(the 99.95% quantile of F,), 7 ~ 9.210 (the 99.99% quantile of F,), and
T3 = (11 + 72)/2 ~ 8.406. The rejection rate of ff}? using 7y, 72, and
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73 are rendered by solid, long dashed, and dashed lines, respectively, in
Figure B4. In summary, larger 7 results in a more conservative procedure,
i.e. better control on the empirical level but with some loss of empirical
power.

AG(tg) =0.02 AG(tg) =0.05 AG(16) =0.2

00Z =9zIS

00S =98zIS

1.04
0.9 1
0.8 1
0.7 1
0.6 1
0.5
0.44
0.34
0.24
0.1+
0.0
1.0
0.9 1
0.8 1
0.74
0.6
0.54
0.4 1
0.3 1

Rejecting proportion

=oz1S

000T

Figure B1: Rejection rate of the null hypothesis of insufficient follow-up for different
methods in Setting 1 when p = 0.2 (uncured fraction).
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Figure B3: Rejection rate of the null hypothesis of insufficient follow-up for different
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Comparison with RECeUS

Figure B5 shows the rejection rate of insufficient follow-up against tg for
Setting 1, when n = 500, p = 0.6, and AG(tg) = 0.02. The method
RECeUS-AIC by Selukar and Othus (2023) is included for comparison
in addition to ff}?, f,nG, @n. For the RECeUS-AIC procedure, we use
the same thresholds specified in Section 2.1 of Selukar and Othus (2023)
(2.5% for 7, and 5% for 7,,). In summary, f;?,? performs better in terms
of empirical level, while the RECeUS-AIC procedure demonstrates higher
power in the region where T lies between ¢g and ¢19. When comparing the
Q@ test with RECeUS-AIC, the latter controls the level more effectively
when Tg is between ¢; and g3, but not in the region from g3 to gg, although
RECeUS-AIC exhibits higher empirical power than the @, test.

1.0+

0.9

Method foo £ o--= Q RECeUS

Figure B5: Rejection rate of the null hypothesis of insufficient follow-up for different
methods (f5¢, f¢, Q. and RECeUS-AIC) in Setting 1 when n = 500, AG(1g) = 0.02,
and p = 0.6 (uncured fraction).
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Setting 2

Figures B6-B8 depict the rejection rate of insufficient follow-up against t¢
for Setting 2, each figure with different p. In Setting 2, the uncured sub-
jects have an exponential distribution with rate A € {0.4,1,5}, while the
censoring time has an exponential distribution with the rate fixed at 0.5.
The censoring rate decreases as A increases, which affects the performance
of the testing procedure. In particular, A = 0.4 corresponds to a very high
censoring rate since the density of the censoring variable decreases quicker
than that of the event times and all methods have problems in controlling
the level of the test. We observe that each method performs better, in
terms of empirical level and power, when A is larger.
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Figure B6: Rejection rate for Setting 2 when p = 0.2 (uncured fraction).
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Figure B7: Rejection rate for Setting 2 when p
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Figure B8: Rejection rate for Setting 2 when p
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Setting 3

Figures B9-B11 depict the rejection rate of insufficient follow-up against
T for Setting 3 when p is 0.2, 0.6, and 0.8. In this setting, the density f,
decreases faster and we observe a worse behaviour in terms of empirical
level, particularly when p, n and AG(tg) are smaller.
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Figure B9: Rejection rate for Setting 3 when p = 0.2 (uncured fraction).
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Figure B10: Rejection rate for Setting 3 when p = 0.6 (uncured fraction).
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Figure B11: Rejection rate for Setting 3 when p = 0.8 (uncured fraction).
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Changing ¢ from 0.01 to 0.005

Figure B12 shows the rejection rates of insufficient follow-up for fShG , when
e = 0.005 is used for lEIO :Te < q1—, meaning that we consider the follow-
up as insufficient when Tg is less than or equal to the 99.5% quantile of
F,. Under such a stricter characterization of insufficient follow-up, the
rejection proportion is lower compared to the results for ¢ = 0.01. Note
that the parameter 7 is fixed to the 99.95% quantile of F,, for both cases.
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Figure B12: Rejection rate of insufficient follow-up for the test based on f,f,? in Setting
3 when p = 0.6 (uncured fraction). gg corresponds to go.99; and go.g95 locates between
q7 and gs.
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Setting 4
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Figure B13: Rejection rate of insufficient follow-up for different methods in Setting 4

when p = 0.6 (uncured fraction).
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Setting 5

Figure B14 shows the rejection rate of insufficient follow-up against t¢ for
Setting 5. The uncured subjects have a truncated exponential distribution
with parameter 5 and the censoring time follows an exponential distribu-
tion with rate Ao € {0.5,3} and truncated at Tg. The censoring becomes
heavier when \¢ increases. f has a steeper reJectlon curve among the
investigated methods, although the rejection rate of fnh is higher than the
significance level when 14 is between ¢4 and ¢g, and A\¢ = 3. The @, test
shows very little power to detect sufficient follow-up, particularly when the
censoring rate is higher.
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Figure B14: Rejection rate Setting 5 when p = 0.6 (uncured fraction).
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Setting 6

In Setting 6, the uncured subjects have an exponential distribution with
rate of 1 and the censoring time follows an exponential distribution with
rate of 0.5. The censoring rates, when p = 0.2, 0.6 and 0.8, are around
86%, 60% and 46%, respectively. In particular Tp, = oo and 1¢ = oo,
and this setting is regarded as sufficient follow-up under Hy : Tr, < 1@
but it is not sufficient follow-up under our formulation ﬁg D Ql_e = TG
Table B7 shows the rejection proportion of null hypotheses considered by
the different tests. For the T),-test, for which Hy is true, the empirical
level is around the significance level. For computation of our test statistics
we use the maximum observed survival time y(,) instead of T for each
generated dataset, meaning that essentially, we consider the follow-up as
insufficient when ;¢ > y(,,). For the simulation with p = 0.8 and sample
size of 200, there are 5 out of 500 replications that q1—e < y(,). This is
not observed for the remaining cases. The parameter 7 is set to y,) + 9,
where § € {1,2}, which is considered reasonable given the range of values
of y(n). The empirical power of the proposed methods using fth and fg
are close to 1, among all different p’s and sample sizes.
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Table B7: Simulation result (in terms of rejection rate of the null hypotheses) for Setting
6. 7 is set to y(,) + 6 for the tests based on fS and f3C.

Hy:qi—e > TG Hy:7tp, > 1a Hy:1p, <16
p size 5| f€ 5| an dn Qn T,
1 1 1
200 0.998 0.814 0.996 0
2 1 1
1 1 1
0.2 500 5 1 1 0.994 0.854 0.994 0.002
1000 L ! L 1 0.898 1 0.002
2 1 1
200 1 0.992 0.988 0.976 0.734 0.956 0
2 0.992 0.984
1 1 1
0.6 500 0.992 0.79 0.98 0
2 1 0.998
1000 1 ! ! 0.994 0.876 0.99 0
2 1 1
1 974 .942
200 0.97 0-9 0.948 0.624 0.876 0.008
2 0.974 0.928
1 . .
0.8 500 0-996 0.994 0.97 0.728 0.94 0.014
2 0.996 0.986
1 . .
1000 0.998 0-998 0.98 0.81 0.966 0.008
2 0.998 0.998
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Setting 7

In Setting 7, the uncured fraction p is 0.6, the censoring time follows the
uniform distribution as in Setting 1 with T¢ = 6.5 and AG(tg—) = 0.02.
The uncured survival time follows a mixture of two log-normal distribu-
tions with the following distribution function:

Fu(t) = 0.79 (bg(t)_“l> +0.30 (bg(t)—“?> |

g1 g2

where 3 = 0, o1 = 1, puo = log8, o2 = 0.3, and ® is the cumulative
distribution function of the standard normal distribution. The mean of
the second log-normal distribution is exp(u2 + 03/2) ~ 8.3682 > 1¢. The
density f, is non-monotone and therefore the non-increasing assumption
of f, for the proposed method is not satisfied. This setting is regarded
as insufficient follow-up under Hy : ¢1_e > Tg with € = 0.01 or ¢ ~
14.44. The censoring rate of this setting is around 67.06%. The simulation
study is carried out using a sample size of 500 and 500 replications. The
parameter 7 for the proposed method is set to the 99.95% quantile of F,,,
which is about 24.64. Table B8 shows the rejection rate of insufficient
follow-up for different methods. For the proposed method using f;?hG and
the Q,, test, the rejection rate is below the nominal level of 5%.

Table B8: Rejection rate of insufficient follow-up for different methods in Setting 7.

Method | Rejection rate
fe 0.390
f56 0.008
Qn 0.038

B.3 Technical lemmas and proofs

Recall that F), is the Kaplan—Meier estimator of the distribution function
F. Assume that F' is continuous and G is right-continuous. Major and
Rejté (1988) showed that the process F},(t) — F(t) can be approximated
by a Gaussian process on the time interval [0,%9] with t9 < Tg. Note
that the right extreme of the observed event time Ty can be expressed as
Ty = Tr A Tg. Note that T = oo in the presence of cured subjects. We
therefore only consider the time up to Tg. With an additional assumption

184



Supplement to Chapter 3

on the censoring distribution that G' has a jump at its right extreme t¢,
such result can be extended to the time interval [0, Tg]. This can be shown
using the construction in Remark 3 of Major and Rejto (1988).

Lemma B.1. Suppose the censoring distribution G has a jump at Tg, i.e.
AG(tg) =1—-G(1g—) > 0. The we have, for x > 0,

N

P [sup n|E,(t) — F(t) —n 2 {1 — F({)} W o L(t)| > K, logn—i—aj}

t<tg

< KQG_KSx,

where Ky, Ko and K3 are positive constants, W is a Brownian motion,
and

[ dF'(u)
o) = | (1= Glu—) (1 - Fu)?

With Lemma B.1, we apply the arguments in Lopuhaid and Musta
(2017) to show the asymptotic normality of f>C (1) below. We denote
the least concave majorant of the Kaplan—Meier estimator by FC.

Proof of Theorem 3.2.2. To show the asymptotic normality of ff}? (Tq),
we first decompose f°¢(t¢) — f(T¢) into three parts:

i)~ ftee) = [ b () ar() - fixa)

’[th h’
o1 TG — U ~
+ / — kB <G> d(E, — F)(u)
Tgfh h h
WG] TG — U - A
+/ EkB,TG <Gh> A(ES — Fy)(u)
Tg—h

=)+ (I)+ (III).

For (I), since f, is twice continuously differentiable and by the properties
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of the boundary kernel, we have

w50 =l [ b (F) 1)~ S

Ta—h h

1
=12 [ b (0) (e — ho) = f(ze)}do
0
= n?/® /1 k (v) {—f’(’r Yhv + 1f”(f )h2v2} dv
- 0 B,TG G 2 n

1 1
— 262f//(Tg)/ 02 kp 1. (v)dv, asn — oo,
0

where 0 < tg — &, < hv < h — 0 as n — oo.

For (I11), with the strong approximation in Lemma B.1, we can apply
the argument in the proof of Lemma 4.3 in Lopuhaé and Musta (2017) to
show that

- ~ logn\ ¥/?
sup [ES (1) — Bu(0)] = 0p ( : ) | (27)
te0,7q]
The idea is to verify the four conditions in Durot and Lopuhaé (2014) to
establish such result. Therefore, n?/ 5(IIT) converges to zero in probability.
Specifically, using the integration by parts and a change of variable, we
have

where the last equality follows from the result in (27) along with the
boundedness of k and &, and consequently of kp «, and k% . .. Therefore,

n?/>(IIT) = op(1) follows from the assumption that hn'/®> — ¢ € (0, 00)
as n — 00.

For (II), we have

1
vV hnl/5
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where, for v € [0, 1],

A~

W (v) = \/z {Fn(TG ~ ) — F(tg — hv)
—n~V2(1 = F(t — hv))W o L(tg — hv) }

— /5 {Fulwe) = Flv) = n 21 = Fra)W o Lo} (28)

e\ L= Plre)) (7 o Lt — ) = W o Lz}
+vzgwqﬁ—th—MM{WbLﬁG—h@}

Using the strong approximation in Lemma B.1, together with the argu-
ments from the proof of Theorem 4.4 in Lopuhad and Musta (2017), it can
be shown that the first two terms on the right-hand side of (28) converges
to 0 in probability, uniformly in v. The last term also converges to 0 in
probability, uniformly in v, by applying the argument from the same proof
in Lopuha& and Musta (2017), which relies on the maximal inequality for
Brownian motion. Therefore, n?/5(I1) is dominated by the term

1 1
\/m /0 kBJG (U)de (U)7

where W, (v) = h~/2 (1 — F(1g)) {W o L(tg — hv) — W o L(tg)}, for v €
[0,1]. By scaling, time reversal, and symmetry of a Brownian motion, we
have

\}H{WOL(Tg—hv)—WoL(Tg)}iW<

L(Tg) — L(TG — hv)
e =) o)

where W is a one-sided Brownian motion. By the uniform continuity of
the one-sided Brownian motion on the compact interval [0, 1], we have

W(“@‘%m‘mv—W@“@”

sup 5 0, (30)

vE[0,1]

f(te)
(1-G(tg=))(1-F(ta))

where L'(tg) = >. Using integration by parts, we have

1 1
| ka0

V;w{wmmmm>

_ / W (0)dk e, (v)} .
0 0
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Using (29) followed by (30), it can be shown that the term on the right-
hand side in the above display converges in distribution to
1— F(tq)

1 ~
= - /0 W (L (6)0) dkB,TG(u)}
1
— (1~ F(xe)) VI (xg)/e /0 e (0) ATV (0),

where we used the rescaling of a Brownian motion and integration by parts.
Therefore we have

1 1
/O kg (0)AWa(v) % (1 — F(t6)) VI(tg) e /O b ne (0) AT (0)

where we use that the integral with respect to the Brownian motion is a
Normal distributed variable (see for example Durrett (2018)). O

1

{k:B,TG ()W (L (t)v)

vV hnl/5

Proof of Proposition 3.2.3. Let t¢ < q1—.. We have

P [f,?(TG ) < eFn(ta) Alln_(l_“)/QQlG_a]

T —TqQ

G{Fn(’tg) — F(Tg)} _ GF(Tg)
T —TqQ T —TqQ

- [f(m) - fE( - en™) > flx) -

+ Atn~(m02Q¢

<P |4l f(16) — f(xg —en™)

An=02py  eAin(-02{F, (1g) — F(16)}
T —Tq T —Tag .

> Q% ., +

Here the last inequality follows from the fact that Hy : ¢1_ > T¢ en-
tails f(tg) > p(e ") , and F(1g) < p. By Theorem 3.2.1 and Lemma B.1,
the probablhty on the right hand side converges to «, which concludes
the proof. Note that the upper bound on the rejection probability is still
asymptotically bounded by « even if A; is replaced by a consistent estima-
tor A; since one would only have some additional terms involving A; — A,
which would converge to zero. O
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Proof of Proposition 3.2.4. Let t¢ < q1_.. We have

2 b (T _
P (fﬁ;? (rq) < EnlT0) | o 5Q§G)
T TG

B P(ﬁ?‘(w) ~ frg) < SUnlT0) ~ F(ta)} | eFlte) _p

T —TqQ T — 1@

+ n2/5Q§G>

<r (i)~ sy« ARLATTEN P o)
) 250 F (10) — F 2/5
- ]P’<n2/5{f§f(m) - fxa)y < TADE) = Pral) 1w
- Q§G>.

Here the inequality follows from the fact that Hy : ¢i_ > T entails
fltg) > pf%g), and F(tg) < p. By Theorem 3.2.2 and Lemma B.1,
the probability on the right hand side converges to «, which concludes
the proof. Note that the upper bound on the rejection probability is still
asymptotically bounded by « even if QgG is replaced by a consistent es-
timator QgG since one would only have an additional term QgG - Q3¢

which would converge to zero. O
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B.4 Algorithm

Algorithm 3 Bootstrapping procedure

Require:

Orignal sample data {(y;,0;):i=1,--- ,n}
Level of the test «

Number of bootstrap iterations B
Obtain a smooth KME of F' by

_ (t+h0)/\TG 1 ~G
Foupy (1) = / hk<t>< - ) Gy, tel0,tq],
(tfho)\/o 0 0

where F @ is the least concave majorant (LCM) of the KME E,.

2: Compute the derivative fnho (t¢) of Fnho at Tq.
3: Estimate G by the reversed KME, denoted by G, using

{(yi,éi): 1= 1,--- ,n}.

4: forb=1,--- ,B do

10:

Draw (cz’l, e ,cZ,n) from Gy;

Draw (t;, - ,t;,) from Frho;

> Set ty, = oo if up; > sup, Fnho (t), where up; is the generated
standz;rd uniform random variate.

Construct {(yg’i, 5Z’i),i =1,---,n}, where Ypi =ty Nep; and &y =

1 {tZi < sz}
Obtain the bootstrap estimate fnh b - (1q) using
{(ylf’i,(SZ’i) ci=1,---,n}.
end for
Approximate the critical value of the test by the a-quantile of

{fnhb( ¢) = fano(t@) :b=1,--- B}
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C. Supplement to Chapter 4

C Supplement to: Follow-up Sufficiency in Cure
Models with Categorical Covariates

C.1 Technical lemmas and proofs

Lemma C.1 (Lemma 1 of Yuen and Musta (2024)). Suppose that As-
sumptions (A2)-(A4) hold. Then, conditional on X7 = (X1,...,X,), we
have, for u > 0,

IP’[ sup ng |F(tlz) — F(t|lz) — n; Y2 {1 = F(t|z)} W o L(t|x)

t<tg(z)

> Kilogn, +u

X?] < KQEE*KSU,

where K1, Ko and K3 are positive constants, W is a Brownian motion,

and
Y F(u|z)
Lite) = /0 (1= Gu—|w)) (1 — F(ulz))®’

Proof of Theorem 4.3.1. Recall that kp(v) = ¢(0)k(v) — ¥ (0)vk(v) and

~

fnszmz)( z(ng) ’1‘) f ( xnz)‘m)

1 z(na) Y:c(n ) — u A
kD el ) AEY
b/Y b b, Yz (ngp) < b ) n (u‘l’),

z(ng)

where b is the bandwidth and the boundary kernel kft is defined as in
Section 4.2. In particular, ka( )( v) = kp(v), for v € [-1,1]. Let

o 1 [fel@) Ta(r) —u .
fnb,TG(w)(TG(xM;U) = b/ kf’rc(x) <(b)> anG(u|x)7
T (x)—b

fe] €3

where the boundary kernel l%ft is defined as follows:

¢ (%54) k(v) + ¢ (%=L) vk(v) t € [az,b],
ki (v) = { k(v) € (b,ta(x) —b),
o (<5 ) k() — v () vk(v) 1€ [r6(e) - b TG (@)
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So kB

b,ra

(x)( v) = kp(v). We have that

T Yooy (Ve [2) = (6 (2)]a)
= {Faat) Ve |0) = Fab e (e (@) }
+{ et (T6(@)le) = f(ra(@)|o) }
= (A) + (B).
We will first show in Part 1 that n%/5(A) converges to zero in probability
and then show separately for (i) in Part 2 and (ii) in Part 3 that n?/°(B)

converges to the required normal distribution. Based on these results, we
claim the convergence in (4.14) for (iii) in Part 4.

Part 1 For n?/5(A), since Yi(n) < Ta(z) and EC(ulz) = F,?(Yx(nxﬂa:)
for u > Y, (), we have that

fnb Yx(nz) Y:B nr |I) fnb,TG(JL’) (TG(Z
) u

)|z)
Ya(n, > G
oy (F ) aFSle)
b/xmz) b () b

L L (Ve
b _ b,Y, z(ng) b
Tg(zv) b
~ Ta(z) —u .
o kaG(ﬂ:) ( ( b) > }dFr?(u|$)

1 [Tel@)-b Yo, —u .
- [ k3<<5))ﬂfwm

Yo(ng)—b

ta(x) Y. — _ .
+1/ {kB <W> — kg <TG($)U>}dFS(u|x)
b Jrg(@)—b b b

Since ¢(0) and ¢(0) are bounded, and sup,¢[_,1 kW (v)| < 0o for 1 = 0,1,
with k() (v) = k(v) and kM (v) = k' (v), it can be shown that each of the
two terms on the right-hand side of the above display is Op(b~2|Y; ()

Ta(2)|). Thus, n?/5(A) converges to zero in probability by Lemma C.2,
since n*°(A) = Op (n4/5|YZ(nZ) —1¢(2)]). The convergence also holds

when the bandwidth b, = cwn;1/5 is used.
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Part 2 We show the convergence of n?/5(B) for (i). We note that n, =
Yom 1{X; = x}. Therefore, the convergence of the sequence

3 { frv(ta(@)|z) = f(t6(x)l2)}

to N(pz,02), given X} = (X3,...,X,), follows from Theorem 3.2.2 in
Chapter 3, which is based on Lemma C.1. Since n,/n — p, a.s. by the
strong law of large numbers, we have that for almost every X7, n,/n — py
as a deterministic sequence. Hence we have that

025 { fup(ra(@)le) - f(TG(:E)Ix)}‘X’f b N(po 1y, pM502)

for almost every XT.

Part 3 Next, we show the convergence of n*°(B) for (ii). One ap-
proach is to use the unconditional version of the strong approximation
in Lemma C.1. However, since such a result is not available to our best
knowledge, we instead show the convergence based on a strong representa-
tion of the conditional Kaplan—Meier estimator, together with results from
empirical processes. We will divide the proof into two parts. For the first
part (Part 3.1), we will first give a proof when the bandwidth b = en~1/5 ig
used, which is deterministic. Using this result, we will then show, in Part
3.2, the asymptotic normality of n%/®(B) when the bandwidth b, = c,n, /5
is used, which is stochastic.

Part 3.1 Following the proof of Theorem 3.2.2 in Chapter 3, we have
Fulte@)le) — fxa(@))
-/ TG(I)bikB (P21 apule) - f(r(o)ia)
/ o ( G(wb) - “) A(Fy — F)(ulz) (32)
/ ot (= i - Rl

(1) + ) (IU)

For (I) in (32), since f,(:|z) is twice continuously differentiable on [as,
Tp, ()], which contains [tg(z) — b, Tg(x)], and by the properties of the

193



Appendix

boundary kernel, we have

1
o1 =5 [ ko) {1 et b+ L€l fao

0

1 1
— chf”(’r(;(:):)]x)/ v2kg(v)dv, asn — oo,
0

where 0 < 1g(z) — & < bv <b— 0as n — oco. For (I1I) in (32), using
Lemma C.8 and the boundedness of k' and hence that of k’y, we can show
that n?/°(I11) converges to zero in probability. For (IT) in (32), we have
that

1
n?°(I1) = ! /kB(u)de(u\x),
/5 Jo

vbn

where, for u € [0, 1],

Wi (ulz) = ﬂ{ﬁn(TG(x) — bulz) — Fy(tg()|)
— F(tg(x) — bu|z) + F(T(;(x)\:c)}

We will show that W, (u|z) converges weakly to a Gaussian process in
¢(]0,1]) and hence n?/5(II) converges to a mean zero normal distri-
bution with variance as in (4.13). Using the strong representation in
Lemma C.7(a), we have

A~

Wh(ulx) =

\/Z (1 N px7;72/n> 1 Fil’tpi(x”x)
> 1{Xi = o} {&(ra(@) - bule) - &iro(e)l) |
=1

n (1 e /n) F(tq(z)|z) — F(tg(x) — bulx) (33)

Wy e/ npe(l — F(ta(z) — bulz))

Z 1{X; = 2} &§(ta(r) — bulx)

1=1
+ \/E{RR(TG(J:) —bulz) — Rp(ta(x)|r)},

where & (t|z) = &(t|x)/(1 — F(t|z)) with & (t|z) defined in Lemma C.7.
For the last term on the right-hand side of (33), by Lemma C.7(a), we
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have that vnb=1{R,(tg(z) — bu|z) — R, (te(x)|x)} converges to zero in
probability. For the second term on the right-hand side of (33), from
the proof of Lemma C.7(b), we have (np;) "' >0 1{X; = 2} & (t¢(z) —
bu|z) = Op (n~Y/2). By the continuity of f,(|z), we have F(tq(z)|z) —
F(tg(z) — bulz) < f,,b, where f,, := SUDy<rgy (z) Ju(tl) < o0o. To-
gether with (p; — ns/n)/(ng/n) = Op (n™2) and 0 < F(tg(z) —bulz) <
F(tg(x)|x) < 1, the second term on the right-hand side of (33) converges
to zero in probability. For the first term on the right-hand side of (33),
we will use Theorem 2.11.23 of van der Vaart and Wellner (1996) to show
that the following term:

\/Zl ~EEGI) $y 14, — o) {rota) — bulo) — E(rolo)lo) )
=1

NPz

and hence is the dom-

converges weakly to a Gaussian process in £°°(]0, 1])
-1/2 ) We can rewrite the

inating term, since (p, — ny/n)/(ng/n) = Op (n
term in the above display as:

1 — F(tg(z)|z) ol 01 (2 (2)—buyte (2)] (Y)
o Jrie= }{ 1— Hy—2)

() 1(—00y)(V)
i /TG(I)—bu (1- H(U—w))del(U|x)}d\/ﬁ(P" —Po)(y, 9, 2),

where P,, denotes the empirical distribution of (Y;, A;, X;) and Py denotes
the distribution of (Y, A, X). Consider the functions

1-— F(Tc(x)]x)]l (> = 2} { @) bt (@) (W)

fn,u(y7 57 Z) =

pz\Vb 1—H(y—|z)
() 1(foo,y] (U)
* /mm_bu = H(v—\m))?dHl(”'x)}’

for u € [0,1]. Let

- Flra(@)e)y  _ }{51@(;@) b)) (Y)
paVb 1 — H(ta(z)—|x)
Hi((tg(x) — baTG(fL’)Hx)}
(1 - H(rg(z)—|z))> J’
which are envelope functions of f,,. Here for simplicity we use the no-
tation Hi((tq(z) — b,t¢(z)]|x) = Hi(tg(x)|z) — Hi(tg(z) — blz). We
will verify the three required conditions in (2.11.21) of van der Vaart and
Wellner (1996).

Fo(y,0,2) =

+
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1. For [ FZ(y,d,2)dPy(y,d,2) = O(1), we have

: _ (1= Flxo(@)[)? { pei((x6(z) - b te(@)]l)
R R e B e Ry

paH7 ((ta(2) — b ta(@)l|2) | 2p:Hi((te(z) — b ta(x)]|7) }
. :

U H o)) (1~ H{za () Iz
(59
By the continuity of f,(-|x), we have
(o) ~bxe@lin) = [ (1 Glarln}aF(el) < Tuob

where f, , = SUDy<ryy (z) Ju(t|T) < 0o. Together with 1—H (tg(z)—|z) > 0,
the three terms on the right-hand side of (34) are bounded and hence
[ F2dPy = O(1).

2. Next, we show that [ F21{F, > ny/n}dPy — 0 for all n > 0. Specifi-
cally, we have that

/F,%n {Fn. > nv/n} dPy

(1 — F(tg(@)]))? { poHE ((ta(2) — b, te(2)]|2)
bpz (1= H(ta(z)—|x))*
200 H7 (T (x) — b, 16 (2)]|7)
(1 - H(ta(z)-|x))?
+/]1{2—37}51 t6(@)—bra(@)] (W)L {Fy >77f} P }
(1 - H(ve(z)~[2))? ’
As shown previously that Hi((tg(z) — b,Tg(x)]|z) = O(b), the first and
second terms on the right-hand side of the above inequality are O(b), which
converge to 0 as n — oo. For the last term on the right-hand side of the
above inequality, using Cauchy—Schwarz inequality and the upper bound
of the first term in (34), it suffices to show that b=/2 [ 1 {F, > ny/n}dP,
converges to zero. By the triangle inequality, we have

<

;E/H{Fn >nv/n} dPo
1 011z = ff} Lo (@)-brg @) (V) npev/nb
/1{ H(ta(z)—|z) ~ a0 —F(TG(x)a:))}
1{z = a} Hi((ta(z) — b, 1 (2)]|z) oz nb
o { (1 — H(tg(z)—|x))? > 2(1 — F(tg(z)|x)) } dPo.
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The first and second integrands on the right-hand side of the above inequal-
ity are zero for sufficiently large n, since vnb — oo as n — oo. Therefore
[ F21{F, > nyn}dPy — 0 for all > 0.

3. We then show that, for every sequence 0, | 0, Supjy, —y,|<s, [(frus —
frus)?dPo — 0. For any uy, ug € [0, 1] with |uj; —ug| < ,, it can be shown
that, for every 6, | 0,

I D L
J i = faapy < EEGEE (e o
T 62p, W7, 6%

- H(te@) o)t (1 H(ra<x>—|x>>3} -0

Next we verify the bracketing entropy condition. Using Theorem 2.7.5 of
van der Vaart and Wellner (1996), since F,, = {fnu : uw € [0,1]} is a class
of functions consisting of sums and products of monotone functions, the
bracketing entropy is bounded as follows:

log Njj (&, Fu, || - lpe.2) < Ce,

for some constant C' > 0, where || - ||p, 2 is the Lo-norm corresponding to
Py. Thus, we have, for every é,, | 0,

/ \/logN €| Fullpg 2, Fry La(Po))de < C1v/3, — 0,

where C7 > 0 is a constant. Finally, we show that both the sequence
of mean functions, Py f, s, and the sequence of the covariance functions,
Po fu,sfnt — Pofn,sPofnt, converge. We have, for any s € [0, 1],

‘/ Jn,sdPo| <

fux( F(tg(z )Ix))\f+fux( F(tg(x)])vb
— H(ta(r)—[z) (1 - H(ta(z)—|z))?
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Furthermore, for any s,t € [0, 1],

_ A= Flre@)|2)* [ _ [ wc@-bsr @ ¥)
[ inetuadro = G 145 =y S nel,

. /TG(:B) 1(,007@,} (u) AH, (u|x) /TG(I) 1(—oo,y] (U) dH, (U|x)
ta(@)—bs (1 — H(u—|x))? o(z)—bt (1= H(v—|z))?

Mg (@)—bsra (@) (Y) /TG(:”) L ooy (1) dH, (u])
1—H(y—|z) e (@)—bt (1 — H(u—[z))?

0L (g (@)-btva () (¥) /TG(@ 1o (v) }
- : ’ dH; (v]z) pdPy.
1 — H(y—|x) e (@)—bs (1 — H(v—|z))? 1(v]z) 0

It can be shown that the sum of the last three terms on the right-hand
side of the above equation vanishes, while the first term equals

(1 - F(tg(a)|r))? /Tc(m) difi(ulz) . (sAt)f(ta(2)lz)
bpz ta(@)—b(snt) (1= H(u—=|z))*  pa(1— G(Tc(x)—lﬂ(c))')
35

Therefore W, (u|z) converges weakly in £2°([0,1]) to a mean zero Gaussian
process with the covariance function given on the right-hand side of (35),
which has the same distribution as

fre@l) .
\/ o1 = Glra) ) )

with a Brownian motion W(u), u € [0, 1]. Thus, we have

2/5([[

rnl/ dW (u|z)

. fra@le) 1
- chxu St J,

B f(ta(@)|) Lo
- <°’ T G Ty, K ) ’

~1/5

which completes the proof when the bandwidth b = cn is used.

Part 3.2 When the bandwidth b, = cxngl/ ® for some constant ce > 01s
a.s.

used, we note that n,/n == p, € (0,1) and so b, == 0 and b,n'/> =2
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CaPr Y5 Therefore it can be shown that the convergence in (4.13) using a
similar argument as before. Specifically, for (I) in (32), it can be shown

that n?/5(I) =2 %p;2/5c§f”(Tg(:U)]x) fol v2kp(v)dv, as n — oco. For (I1)
in (32), we have

1
n2/5(17) = / o () AW (u]),
0
where

3 n2/5
Wo(ul) = =

{an(m) ~ byulz) - Fu(ra(a)|2)
— F(t¢(x) — byulx) + F(Tg(x)\x)}

Similar to that in (33), we can rewrite W, (u|z) as:

Wa(ulz)
n2/5 1
(1 - Flra(@)la)
S = 2} {&(rale) - boule) - &(ta(@)|0) |
i=1
N n?/5 F(tg(z)|z) — F(tg(z) — byulz) 1 (36)
by 1 — F(tg(x) — byulx) Ng
Z L{X; = 2} &i(ta(x) — beulx)
TL2/5 -
+ 5 Bn(ta() = boulz) = Bu(te(@)[z)}

The third term on the right-hand side of (36) is Op(n3/>(logn/n)3/*) us-
ing Lemma C.7(a) and n,/n =% p,. The second term is Op(n~1/10),
since F(tq(z)|xr) — F(tg(z) — byulx) = O(by) together with the result of
Lemma C.7(b). The first term can be rewritten as:

n*/° nl— F(tg(x)|x)
45\ n

CaNy

. (37)
> 1{X: = o} {&(ra(@) - prPbule) - ETa(@)la) }
=1
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where b = cxn*1/5 and p, = ny;/n. We have shown in Part 1 that

\/f e ;n {X; = o} {&(valw) - bulr) - &i(ro(@)|o)}

NPz

converges weakly in £°°(]0,1]) to a mean zero Gaussian process with the
covariance function given on the right-hand side of (35). By the continuous
mapping theorem (see the lemma on page 151 of Billingsley (1999)), since
Pn /5 as, o J1/P together with the weak convergence above, the term in
(37) converges weakly in £°°([0, 1]) to a mean zero Gaussian process with

the covariance function:

(s A1) f(ta(@)|z)
copd (1 = G(ra(x)—|z))

, for any s,t € [0, 1].

Therefore,

25N A& N 0, f(te(2)|x) 1k2 vdv),
= ( e (1 G(m(m)—m)/o o)

1/5

which completes the proof when b, = c;n; /" is used.

Part 4 We then claim the convergences in (4.14) for (iii) and begin with
b= cn~". Referring to (31) and Part 1, it can be shown that n(!=%)/2(A)
converges to zero in probability, since n(!=%)/2(A) = Op(n1/2+3”/2]YZ(nz)
1¢(2)|) and k € (1/5,1/3). Such convergence also holds when b, =
czn, . For n(1=%)/2(B), similar to that in Part 3.1, it can be shown
that n(1=%)/2(I) converges to zero, since n{!=%)/2(I) = Op (n(1_5’“‘)/2) and
r € (1/5,1/3), and also that n!=%)/2(IIT) converges to zero in probability,
since n!=®/2(IIT) = Op (n(1+”)/2(logn/n)2/3) and k € (1/5,1/3). For
(II), it can be shown that

n=R/2(11) = \/17/ kg (u)dW, (ulz),
nk

where W, is defined as in Part 3.1. Then the convergence of n(!=%)/2(IT)
to the required normal distribution follows from a similar argument in Part
3.1. When b, = c,n_ " is used, the asymptotic normality can be established
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by using a similar argument in Part 3.2. Specifically, n(!=%)/2(I) 223 0 as
n — oo. For n(1=%)/2(IT), we note that (37) becomes

nl=r \/ﬁl — F(tg(x)|z)
cxn% k b n

D1 (X = 2} {&(ra(@) - p"bula) — &i(x(@)[x) }

where b = ¢;n™" and p,, = ny/n. Thus, it can be shown that

n(1=K)/2 d f(ta(z)|z) ! 2 (v)dw
1048 (0T ) o).

O]

Lemma C.2. Suppose that Assumptions (A2)-(A5) hold. Then, for each
x € X, we have that, for any a € (0,1),

n® (tq(z) = Yyny)) 50 asn— o

Proof of Lemma C.2. Let X7 = (X1, -+, Xy). For all € > 0, we have

\" (76(@) = Ya(na))| > €)
( z(na) <TG )—6/71)
[ xn <TG( )—e/na‘X?ﬂ

()@1—m"hﬁWd>—dmm

= (pa;H( a(x) —e/nlz) +1 - pg)"

= exp {nlog (1 — pz + pz H(Tc(z) — ¢/n"[z))}

< exp {—npy(1 — H(tg(z) — €/n%z))}

< exp {—nps(1 — Fu(te(z)|z)) (1 — G(tg(2)—|z))}
—0 asn — oo.

Here the second last inequality holds since, under the assumptions that
Fu(tg(x)|z) <1 and 1 — G(tg(z)—|x) > 0, we have

1 - H(to(z) - ¢/n%la) > (1 - Fu(ta(@)2))(1 - Glra(x)—|z)) > 0.

Also note that 1 — p, + poH(tg(z) — ¢/n?z) € (0,1) for all n. O
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Proof of Theorem 4.3.2. For (i), under Hy : q1—(z) > Tg(z) for some
z € X, we have

N E, Yin _l-sw
P <ﬂ {fnb(yar(nz)w) - M <ng ? gx,a}‘H0>

T€EX T Yx(nz)

P GFH(YZ Nz |Z) .
<P <fnb(YZ(TLz)|Z) B T—Y(()) <ns * gz,a HO)

Fn(Vano)|2) | (€= ma)F(ta(2)]2)
+
T — Yz(nz) T = TG(Z>

< P(fnb(yz(nz)\z) — flta(2)]2) —
H0>.

We further expand the stochastic terms in (38) as follows and will show
that (I) below is the dominating term:

_1-k
2
<Ny fz,a

(38)

Tl(lK)/2{fnb,Yz(nz)(}/z(nz)‘z) - f(TG(Z)’Z) N T — Yz(n )

N (€ —mn) F(tq(2)|2) }
T —16(2)
=02 f Waul?) = Fa(2)l))

enl' = P2E (Y )2) = F(Yanol2)}

T — Yz(nz)
en0= /2 F(Y, ) |2) — F(ta(2)]2)}
T — }/Z(nz)
1 1
. (l—n)/QF -
en (TG(Z)|Z) (T—Yz(nz) T_TG(Z)>

n(1=%)2y, F(tq(2)]2)
T —1c(2)
={I)—{I)—(III)—(IV)— (V).
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e For (II), using Lemma C.7(b) and the fact that x € (1/5,1/3), we have

nUI B (V) 12) = F(YVaol2)} <0l 7972 sup |y (t]2) — F(t]2)]
tG[O,TG(z)]

=op(1).

Also 1/(T7 = Y,(,,,)) = Op(1), since Y, ) — Tg(z) almost surely. Thus,
(I1) converges to zero in probability.

e For (I11), since f,(-|z) is continuously differentiable, we have

D02 | F(Y, 000 |2) — F(ta(2)]2)]
< n(=9/2p(2) sup | fu(t]2)] [Ta(2) = Vi)

)

which converges to zero in probability by Lemma C.2 and the assumption
that sup, |fu(t[2)] < co. Also 1/(1 — Y,,.)) = Op(1). Therefore, (I11)
converges to zero in probability.

e For (IV), its convergence to zero in probability follows from 1/(7 —
Y.(n.)) = Op(1), the boundedness of 7 — 1(z) and Lemma C.2.

e For (V), its convergence to zero follows from the assumption that

n(=R)/2n 5 0 as n — oco.

The dominant term () converges to a normal distribution by Theorem 4.3.1
and the a-quantile of which is £,, which implies that the probability in (38)
is asymptotically bounded by a.

For (ii), recall that Q7_, ,,(z) is the (1 — v)-quantile of the bootstrap
estimate 77 (z), for v € (0,1), and &, = argmax,cy Qi_yn(z). We
wish to show that the test given in (4.11) has an asymptotic level of a.
Let X, = {x € X : T(x) = maxgex T'(z)}. For notational simplicity, we
denote Pg,(A) :=P(A | Hy) for any event A. Under Hy : q1—¢(2) > 1¢(2)
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for some z € X', we have

P, (Tn(j*,n) < n—(l—n)/2££*’ma)
< ]P)Ho (Tn(jf*,n) < n_(l_’{)/2§5€*,n70¢> j"*,” € X*) + IP)HU (-f*,n ¢ X*)
= Z PHO (Tn(.%') < ni(lin)/2£z,a

rEXy
By (B ¢ Xo)
= Prry (Tn(&) <0~ 922G a|dn = 82) P, (0 = E4)
+ Z P, (Tn(z:) < n_(l_")ﬂé%a‘i“*,n = x)IP’HO (.%*n = :L')
r€X\{Zx}
+ IP)HO (i'*m ¢ X*)
< Py (To(#.) < n U792 )
+ Z P, (Tn(:z:) <n~ =92,
TEXN\{Tx}
+ Pry (&40 & Xe),

Top = 2)Phy (B = 2)

Zam = 3) Py (B0 = 2)

for some 7, € &, such that Pp, (:i"*n = i*) — 1 and Pp, (ﬁv*n = :c) -0
for x € X, \ {Z.}. For the existence of such ., we note that Q7_, () is
asymptotically approximated by T'(z) 4+ r, R(x) for some sequence 7, — 0
and some function R that depends on the covariate x. We assume that we
are not in the setting where the covariate X has no effect on the density
functions of both the survival and censoring times and all the values of X
are equally likely (i.e., p, is the same for all ). In such case, R(x) would
be the same for all z. Since, for each x, € X, T(x,) > maxzex T'(z) >0
under Hy and X, C X is finite, the first term on the right-hand side of the
last inequality above converges to a as n — oo by a similar argument used
in (i). The second term converges to zero, since Pp, (24, = z) — 0 for
x € X, \{Z.}. Therefore, it remains to show that the third term converges
to zero. To show the convergence, we note that

Pty (Fm & o) = Prrp (T(dsm) < ma T(y))

— — T(&4,) > mi — .
Pro (max T(y) — T(#s, )—féﬁ‘?ea?ﬂx) T(2)|)

Then, it suffices to show that for all € > 0,

Py, <m3§<T(y) —T(Zsm) > e) —0 asn — oo.
ye
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We proceed with the following inequalities:

P T(y) = T(Zsn) =
o (mx () = (0 > )

= P (‘ max T(y) = Q- n(@n)| = e/2>
+ PHO (‘QT—W,n(i’*,n) - T(i*,n” Z 6/2)

< P, (‘ I;lea))((T(y) - Iglea)? Qf—v,n(x)‘ > 6/2>

+ Py (g Q1) ~ T(0)| 2 ¢/2).

where the last inequality above follows from the definition of #,,. Since
the maximum function is continuous and X is finite, it is sufficient to show
that, for each z € X, for all € > O:

P (‘QT_%n(m) —T(x)| >€/2) +0 asn— oo.

Recall that fnbg (+|x) is the smoothed Grenander estimator used to generate
the bootstrap sample. Denote by
by (Ya(ny)|7)

T — Yz( ’

To(x) = frbg Va(ny) %) —
we have that
P(|Qyne) = T(2)] > ¢/2) < P (|Q1_ 1(@) = Tola)| > ¢/4)
+P (|Ta(@) - T(2)| > ¢/4).

Here, the second term on the right-hand side of the above inequality con-
verges to zero by the consistency of T (z), while the first term converges
to zero by the bootstrap consistency. Specifically, let Q™ (a) be the a-
quantile of n('=%/2{T*(z) — T,(z)}. Denote the a-quantile of the normal
distribution N (u,c?) by <I>;},(04). We have, by Theorem 4.3.1 and the
bootstrap consistency, that

Qi () = @k (a) € (—00,00),
where 1 =0 and 02 = p;(l_n)ag. Thus
Qi (@) = To(x) = n~0=972Q2%(1 — 5) 55 0 as n — oo,

Hence, the proof is completed. O
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Proposition C.3. Suppose that Assumptions (A2)-(A4) hold. Then, for
all € > 0, we have for all x € X

P| sup
t<1G(2)

where p = mingex pr. The result also holds for the estimator Hy ,(t|z) of

Hy(tz), k= 0,1.

. QTLBEQ
H,(tlx) — H(ﬂx)‘ >e| <2exp 1102 ) (39)

Proof of Proposition C.3. Recall that

Hy(tlr) =) 1{Y; <t} 1{X; = } /na.
=1

Let X} = (X1,---,X,). Using the DKW inequality (Dvoretzky et al.,
1956) for the subsample {(Ygi,Az),i=1,...,n.}, conditionally on X7,
we have for € > 0

P( sup
t<1g ()

Since n, ~ B(n, p;), we have

Pl sup
t<1g(z)

Ho(t]z) — H(t\az)‘ > e

X?) < 2exp (—2ng€?) .

Ha(tz) - H(t])| > ) <E [2exp (~2n,€7)]

n
=9 (1 — P+ pxe*%z)
< 2exp{—np,(1 — 6_262)}
9 2n362
<2exp| -1 53 |-
Here, the last inequality holds since z/(z +1) <1 —e™ for x > —1 and

p < pz. We can use the same argument the estimator Hy, o (t|z) of Hy(t|x),
kE=0,1. O

Lemma C.4. Suppose that Assumptions (A2)-(A4) hold. Then, as n —
007

max sup |H,(tz) — H(t|x)‘ =0 (\/logn/n) , .. (40)

TE€X <rg(x)

The result also holds for the estimator ﬁkn(ﬂx) of Hi(t|x), k=0,1.
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Proof of Lemma C.4. We apply the Borel-Cantelli lemma to show (40).
Therefore, it suffices to show that, for some constant Ky > 0,

o
Z P (max sup
n=1

H,(t|z) — H(t|x)’ > Kjy/logn/n | < co. (41)
TEX <rg(z)
Using Proposition C.3 and set € = Kj/logn/n, the summand of the above
series is bound above by

2pK?logn
= 2|X -
n [lexp ( 14+ 2K12mn ’

where m,, = logn/n. Since 2K?m,, — 0 as n — 0o, there exists an Ny € N
such that 1+ 2K?m,, < 2 whenever n > Ny. Therefore, we have, for
n > Ny

an < 2|X|exp (_BK12 logn)
< 2|X|exp (—pKilogn) = 2\X|n_BK12.

If we set K1 > 0 such that pK} > 2 (or equivalently K1 > ,/2/p), then

ap < 2|2(]7FBK12 <2|X[n"? for n > Np.

Thus the series in (41) is convergent, since Y o n~2 < oco. By using
the same argument we can show that (40) also holds for the estimator
Hj, o (t|x) of Hy(t|z), k=0,1. O

From Assumptions (A3)—(A4), we assume that there is a jump point
for the conditional censoring distribution G(t|z) at tg(x) for all x € X.
We define the continuous part of H(t|z), denoted by H.(t|x), as its left
limit at the jump point tg(z) and H (t|x) otherwise, and its nonparametric
estimator H.., (t|z) = Yo 1{Yy < t,Ya # ta(x)} /ng. Therefore, under
Assumptions (A3)—(A4), we have, for each z € X, |H(t1|x) — H(t2]z)| <
Czlt1 — tof, for all 1, t2 € (0,Tg(x)), for some finite constant Cy > 0.
Then we define L; (t) = Cyt, which is continuous and non-decreasing. Also,
we define similarly for the continuous part of Hy,.(t|z) and Hy .p(tlz) =
Yo WY <t,A; =k, Yy # tg(2)} /ng for B = 0,1. With the above
defined continuous parts, the next lemma is established, which will be
applied for showing Lemma C.6 eventually.
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Lemma C.5. Suppose that Assumptions (A2)-(A4) hold. Let a,, be a se-
quence of positive numbers satisfying a, — 0 asn — 0o and a,(n/logn) >
€ > 0, for all n sufficiently large. Then as n — oo,

max sup sup
TE€X i <vg(@) |La(t)~La(s)|<an

= 0 (Vaylogn/n)  as.

I:Ic,n(t‘x) — H(t|z) — ﬁc,n(s‘x) + He(s|x)

(42)

where Ly is the function defined above. The result also holds for the esti-
mator Hy ¢ (t|x) of Hy(t|z), k=0,1.

Proof of Lemma C.5. While the proof is similar to that in Du and Akri-
tas (2002) with a different estimator H,,(t|z), we provide a complete
proof here for the sake of completeness. For each x € X, we first di-
vide [0, Tg(x)] into m}, = [L1(tg(x))/ayn] sub-intervals by 0 = t§ < t{ <

- < tr = 1g(x), such that Li(t7 ) — Li(t7) = a}, := Li(tg(x))/my,.

Define IZ, := [tf ,,t%,,] for each i = 1,--- ,m% — 1. We further par-
tition each sub-interval Iy, into [t;,t7; 4] for ] = —=bF,---,b%, where

by, = O(y/ann/logn), such that L1(t7, ) — L1(t};) = a5 /by,. Using the
property of the integer part function, we can show that a,, < af < 2a,, for
large n. Therefore, for any s,t < tg(x) satisfying |L1(t) — L1(s)| < an,
there exist an interval I%; such that s,t € I%,. Since H.,(t|z) and H,,(t|x)
are non-decreasing, we have that

max sup sup
TEX g <t (z) |L1(t)—L1(s)|<an

Hen(t]2) = Ho(tle) = Hen(sla) + He(sl)|

< 3 T 1p) — @
= hen 1<52§3§ 1 —bz]% k<be [ Hen(tiel) — He(t|2)
— Hep (5 |2) + Ho(t5]2)]

+2may max | o [He(tale) - He(tl)

= () + ().

For (II), we have for each x € X, |H.(y1|x) — He(y2|x)| < |L1(y1) — Li(y2)]
for all y1,y2 < Tg(z) and for some finite constant C,. Hence, we have

(1) < 2mea))(<&fl/bfl =0 (\/an logn/n) .
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For (I), we will apply the Borel-Cantelli lemma to show that (I) =

O(y/anlogn/n) almost surely. We first apply Bernstein’s inequality to
bound the tail probability of (I). Note that

Hen(t fk\fc — He(ti|2) — Hen(tf|2) + He(ti;]2)

721{)(1_.%} <11{Y<t - 1{Y <t

- Hu(tile) + Ho(El0) ) = Z o

where

B 1= “X;‘L:f”}(n{yq } - L{Ys <5} — Ho(th o) + He(t5]2))

€T

and ng = ;- 1{X; = 2} ~ B(n, p;). Assuming n, > 0 and conditioning
on X7, we have

1 1
Vil < WX =a} (14 sup L) = La(@®)]) < =(1+an)
$,t<T1G () Ny

for all I, E(V;7,|X7) =0, and

Z Var (Vi5,1XT)
=1

S M= ) (1 - B ) + B 21— B )

=1 Nz
—2(Hc(t5; A tf|w) — He(t;|x) He(t5]2)) }
<2 sup |[Li(s) — Li(t)|/ne < 2an /1.

s,t<tc ()

Using Bernstein’s inequality, we have for A > 0,

<2exp|— 3A*
Xi)s2ew |~ a o)+ 120, )
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Since the previous upper bound also holds when n, = 0, we have

3 3\%n,
P M <E|2 _
( 2 > ) < [ exp ( 2A(1+ay) + 12an>]

—9 (1 — et pxefw/(n(uan)ﬂzan))”
< 2exp {_npx(l _ 6—3A2/(2A(1+an)+12%))}

< 2exp {—3npA?/(2A(1 + a,) + 12a, + 3M%)} |

X
ijkl

where the last inequality holds since p < p, and z/(z +1) < 1 —e™7,
x > —1. Let A, = C\/aylogn/n for some positive constant C. We have
Hep(t5]7) + He(t;|2)

- An>
- An>

< 2\X|(mn - 1)(2bn +1)%exp {—3npA2/(2An (1 + an) + 12a, + 372) }

P(max max max ffcn(tfk|$) — H.(t|x)

TEX 1<i<mZ—1 —bT <j k<bT

n

> Vi

=1

where ,, = max,cxy m% and b, = max,cy b®. We complete the proof by
using the Borel-Cantelli lemma, which suffices to show that
s p—
> 20X (M, — 1)(2bn + 1) exp {—3npA% /(200 (1 + an) + 1245 + 3X7) }
n=1

< 00,

(43)
for some C' > 0. We note that for n sufficiently large,
3npA? 3pC?logn
200 (1 + ay) T 12a, + 3X2 T 124 2C\/W(1 +a,) +3C%logn/n
S 3£C’2 lognv
A
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where K7 is a positive constant. Also, we have that (7, — 1)(2b, +1)? =
O (n/logn). Therefore, we can show that by choosing a suitable constant
C > 0 we have

21X | (M, — 1)(2b, + 1 exp{ Snp)\ /(A (1 + ay) + 12a, + 3)\2)}
Ko
~ n2logn’

where K3 is a positive constant. Since Y °°,1/(n?logn) is convergent,
the series in (43) is also convergent.

By using the same argument we can show that (42) also holds for the
estimator Hy, . (t|z) of Hy (t|x), k=0,1. O

Lemma C.6. Suppose that Assumptions (A2)—(A4) hold. Then as n —
007

max sup
TeX y<re(x)

=0 <logn> 4 a.S.
n

Proof of Lemma C.6. To prove (44), we follow the proof of Proposition 4.1
in Du and Akritas (2002) by using our Lemmas C.4 and C.5 instead of
their Lemmas 4.2 and 4.3, respectively. Also, for each x € X , we first
divide the interval [0,Tg(z)] into kj; sub-intervals (¢7,t7, ], @ = 0,...,kJ;

such that Ly(t7 ;) — L1(t7) < y/logn/n. We then consider a ﬁner par-
tition with partition points to < tp < .-+ < tg,, which are the ordered

points in {{f,... 5. : @ € X}. Therefore, L(t;) — L(t;—1) < +/logn/n
and H(tj—|z) — H(tj—1|lz) < y/logn/n for all j and x € X, and k, =

!X\\/n/logn O

Lemma C.7. Suppose that Assumptions (A2)-(A4) hold. Define the
stochastic process

/H —\90 Iﬁ))_md(HmHl)(ﬂx)

(44)

&i(tlr)=(1—

1{Y; <t,Ai =1} [* 1{Y;>s}
< ”{ AV ) o (1—H<s—|x>>2dH1(S'x)}'

Then, we have
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(a)
Fy(tlz) = F(tla) = Z]I{X =} &i(te) + Ro(tx),  (45)

where Maxyex SUPi<r,(z) | Bn(t|z)| = O(log n/n)%

..,

(b) foreachxz € X, /n{F,(t|jx)—F(t|x)} converges weakly in D[0,tq(x)]
to a mean zero Gaussian process W (t|x) with covariance function,
for 0 < s,t < tg(x)

E[W (s|z)W (¢|2)]

_ (1= F(s]2))(1 = F(t|z)) /‘W dF'(u) :
P o (1= H(u—[z))(1 - F(ulz))’

(c) for each x € X,

sup |- 371 {X = 2} €i(ee) — W tf)| =

t<tg(z) Ng i=1

(logn)
a.s.,
n

where W (t|x) is the mean zero Gaussian process defined in (b).

Proof of Lemma C.7. For (a), we follow the proof of Theorem 3.2 in Du
and Akritas (2002) by using Lemma C.6 instead of their Proposition 4.1
and using our Lemma C.4 instead of their Lemma 4.2.

For (b), from (45) we have that

— =z x w 1 el
”x;]l{X F(tlx) = ( n )npx;]l{Xz Y&i(te)

_ <1+ Pa —nx/n> ),

Ng/n

(46)
Denote by
A (tlz) = Zn {X; =2} 1{Y; <t,A; =1} /n — p Hi(t|x)
i=1
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and

Asntla) = Y L{X, = @) L{Yi 2 1) /= pu(1 = H(t—J2)),

then using integration by parts, it can be shown that

_ 1 F(te) [ Vadw(te)  [f ViAw(sln)
it = - - [ e o)
_/t VnAg,(slx)

o (1—H(s—|x))

2dH1(s|x)}.

Following the proof of Theorem 3 in Breslow and Crowley (1974), it can
be shown that for each z € X, \/n(A1,(t|x),

Aoy (t|x)) converges weakly in D[0,t¢(z)] x D[0,Tg(x)] to a mean zero
bivariate Gaussian process (W1 (t|x), Wa(t|z)) with covariance function, for
0<s,t<7g(z)

E [Wi(sla)Wi(t]z)] = poH1 ([0, 5 A t]|z) — p2HA([0, s]|2) H1 ([0, t]]),
E [Wa(s|a)Wa(t|z)] = poH ([s V t,00)|z) — pLH ([s, 00)|a) H ([t, 00) ),
E [Wi(sle)Wa(t|2)] = poHi([t, s]|a) — p2 H1([0, s)|x) H ([t, 00)|),

where we define Hy(0|x) = 0 for the last term. Then following the con-
struction of Theorems 4 and 5 in Breslow and Crowley (1974), it can be
shown that \/n(I) converges weakly in D[0, T¢(x)] to a mean zero Gaussian
process W (t|z) with covariance function, for 0 < s,t < tg(z)

E[W (s|z)W (¢|2)]

_ (1= F(sl))(1 = F(t]x)) /SM dF (ulz)
Pa o (1= H(u—|z))(1 - F(ulz))

For the second term in (46), since (p, — nz/n)/(ng/n) = Op(n~Y?) uni-
formly in ¢ and together with the previous result, this term converges to
zero in probability. Also the remainder term /nR,(t|z) = op(1) from the
result in (45) and hence completes the proof of (b).
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For (c), we have that

sup Zn{x =2} &(tlz) —n V2w (tx)
t<tg(z) nxi 1
su i(t|z) — ;1/2 i/2Wta:
=2 e Zf | P (a7)
1
—i—pglc/z sup t|x
VALZ \/npx t<tg(z) ‘ < )‘
=I)+ (II).

We will apply the Borel-Cantelli lemma to show that both (I) and (I1)
are O(logn/n) almost surely in Parts I and II below, respectively.

Part I For (I), using the construction in Major and Rejté (1988), we
can show that the i.i.d. sum can be approximated by a Gaussian process,
conditionally on X! = (X3,...,X,). Denote by

A (tlz) = Zn{x =2} 1{Y; <t,A; =1} /ng, — Hy(t|2)
=1

and
Aoy (t]z) = Zn {X; =2} 1{Y; >t} /ny — (1 — H(t—|x)).

It can be shown, using integration by parts and the continuity of H(:|z)
on (0,1g(x)), that

"11 2 (X =y &iltlr) = (1~ F<t|x>>{“‘1“t’”“">

(
b A (s|z) b Aga(sla)
~ dH (s—|2) —/ n dHl(s\:c)}.
J T Rttt = [
With the help of the Komlés-Major-Tusnddy approximation, it can be
shown that, conditionally on X7, Ay, (t|xz) and As,(t|x) can be approxi-
mated by S(H;(t|x)) and S(Hi(t|x)) — S(1 — Ho(t|x)), respectively, where
S(u) is a Brownian bridge. Consequently, the ii.d. sum can be ap-
proximated by a Gaussian process, conditionally on X7. Specifically, for

214



Supplement to Chapter 4

x € X, define T¥, T3 : R — [0,1] by T¥(y) = Hi(y|lzr) and T5(y) =
1 — Hy(y|z). Define the random variables UY,...,U;; based on the sub-
sample {(Vzi, Agi),i =1,...,n,} as

o JTE V), 1 Agi =1,
b TE(Y), if Ay =0.

Then, conditionally on X7, UT,...,Uy; form a sequence of independent
standard uniform random variables. Consequently, with the help of Theo-
rem 3 of Komlés et al. (1975) and following the construction in Major and

Rejto (1988), we have that

P| sup n,

t<tg(z)

Zn{x — 2} &(tle) — ng 2P W (1)
T i=1

> Kilogn, +u

X?] < Ky exp(—Ksu)

for all u, where K1, K9 and K3 are positive constants. Therefore, let ¢ > 0,
we have the following probability bound:
6)

( L) ) >
t<TG

<E [Kg exp {—Kg,(em7 — Kjlogng)}]
< E[Ksexp{—Ks(eny — K1logn)}]
= Koynf B3 [exp (—eK3ny,)]

E,OxKgn
1+ EKg

< KgnK1K3 exp (—

where the last inequality follows from a similar argument in the proof of
Proposition C.3. Let M > 0 and set ¢ = M logn/n, we have

1
sup > M OET
t<TG

n
< I(QnKlK3 exp <—

= Za (tlx) — nz V2l2W (t]a)

pzMKslogn
= ay.
1+ MKslogn/n "

Since logn/n — 0 as n — oo, there exists an Ny € N such that, for n > Ny

1
ay < Kan1K3 exp <—2poK3 log n> = KgnK?’(Kl_pop).
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Thus, if K3(K1 — p.M/2) < —1 (or M > 2(K, + 1/K3)/ps equivalently),
the series converges:

o0
ZIP’ ( 5up
n=1

t<TG

n

TLX}MM 022 W (1)
Ti=1

- Mlogn)

< Ky ZnK3(K1_p”M/2) < 0.

n=1

Hence, by the Borel-Cantelli lemma, (I) = O(logn/n) almost surely.

Part IT For (II) in (47), we note that

1 1
,/nx NPz

1/2
xr

Sup \ (tlz)|
t<TG

=Y lﬂ\wwfg/)wpmwm|
t<ta(z)
1 _
< 50z 2 (Ina/n = pal + O (Ine/n = pal)) sup |[W(tla)].
t<1G(2)

Therefore, it suffices to show that n='/2 |n,/n — p,| SUDy<rg () | W (@) =

O(logn/n) almost surely. By the Borell-TIS inequality (Theorem 2.1.1
of Adler and Taylor (2007)), if the mean zero Gaussian process W (t|x) is
bounded almost surely on [0, T¢(z)], which will be claimed at the end of
the proof, we have that, for u > ‘E[SuPtng(x) W(t!m)]’,

P< >u>

§m<sw W@@—E<prWMO>U)S%WFﬁQﬁm%

t<ta(z) t<ta(z)

wp|W@MN—E<$m W@@O

t<1G () t<tG(z)

(48)

where o2 to(z) = SWPi<rg(x) B (W2(t|z)). Here the first inequality in the
above display follows by symmetry and E[sup;<.,(,) W (t|z)] < co. We
note that, for our purpose, it is not necessary to c0n51der subtracting
E[suptSTG(x) |W (t|z)|] in the above display, since E[supi<y, () W(t|2)] is
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a constant and we will use the probability bound for sufficiently large w.
Let M >0 and Cy > 20’3G(m) > 0, we have

z M1
L e e R L
n t<tg(z) n
Mlogn

sup [W(tle)] >

t<ta(z) vno

o

sup (Wit~ &( sup Wtlo))

< +/Cilog n)

t<tg(z) t<tg(z)

Ny Mlogn

P[5 p| sup W(tla)| > ,
( n t<te(x) ) Vn

sup (Wit~ E( sup Wtlo))

t<tg(z) t<tg(z)

> 4/C1 log n)

= (A) + (B).
(49)

(A) in (49) can be bounded using the reverse triangle inequality as follows:

{|E(sup W(t|z))| + v/Cilogn} > Mlogn)

Mlogn
2\/n

Mlogn
1 .
v Cilogn > NG )

Ng

<r (|
P<n—0x
+P<n

Here and hereafter, we use sup instead of sup;<q,) to simplify the no-
tation. Both terms on the right-hand side of the last inequality in the
above display can be bounded using Hoeffding’s inequality, since n, =

doic L{X; =z} ~ B(n, pg):
Ny Mlogn>

P(n 2/

e,

2

< 2exp [ - Mlosn) < 9p =M /2AEGup W)
Q\E(sup VV(t|x))|2

IN

- |E(sup W (t]z))| >

- |E(sup W(t|2))| >
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where the last inequality holds since logn < (logn)? for n > exp(1). Also,
for the other term, we have:

M1 M?
IP’( Nz — pz| V/C1logn > ogn> < 2exp <— logn> = on~M?/4C1,
n

2\/n acy

Thus, if M > v/2|E(sup W (t|z))| vV 2¢/C; > 0, the series converges:
i p ‘@ B Mlogn
—~ n p(E \/ﬁ I

|sup |W (t]z)| — E(sup W (t|z))| < /C4 logn)

sup |W (t|z)| >

o0 oo
<242 Z M2 /2|E(sup W (t]))[? +92 Z n—M?/4C < .

(B) in (49) can be bounded using the inequality in (48),

(B) <P (‘sup |W (t|z)| — E(sup W(t|x))‘ > /Cq logn>

—C1/20% ()
?

< 2exp(—C log n/203G(x)) =2n

for n > exp{[E(sup W (t|z))]?/C1}. Since C; > QUEG@) and with ng >
exp{[E(sup W (t|x))]?/C1}, the series converges:

> n
> o[-

n=ng

Mlogn
v

|sup |W (t|z)| — E(sup W (t|z))| > /C4 logn>

sup [W (t[z)| >

2

o0
<2 Z n~ %0 < .
n=ng

Thus, by the Borel-Cantelli lemma, (I7) = O(logn/n) almost surely. It
remains to show that W (t|z) is bounded almost surely on [0, T¢(z)]. This
can be verified using Theorem 1.4.1 in Adler and Taylor (2007). Specifi-
cally, it suffices to show that, for some ¢ > 0,

/ " glexp(—u?))du < oo,
)
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where ¢?(u) = SUp|s_¢|<u E|W(s]z) — W (t|x)|?. From the covariance func-
tion of W (t|z), it can be shown that E (!W(s\az) - W(t]a:)|2> < Cyls — 1],
for some positive constant C. Thus

/600 q(exp(—u?))du < Cy /:O exp(—u?/2)du = Cov27(1 — ®(8)) < oo,

where ®(-) is the distribution function of the standard normal distribution.
Hence the proof of (c) is completed. O

Lemma C.8. Suppose that Assumptions (A2)—(A5) hold. Then, we have,
for each x € X,

2/3
log n) ’ (50)

sup | FC(tx) - Fultle)| = Op < -

te[awaTG (m)}

where F, is the conditional Kaplan—Meier estimator in (4.2) and Fﬁ; is its
least concave majorant.

Proof of Lemma C.8. We apply Theorem 2.2 in Durot and Lopuhad (2014)
to show (50), for which it suffices to verify the following conditions. Condi-
tion (A1) in Durot and Lopuhad (2014) is satisfied under our assumptions
on the function t — f,(t|x) for ¢t € [a;, Ta(x)]. Denote by

¢ dF
L) = [ 512 ,
o (1= H(s—|x))(1 - F(s|z))
for t € [az,Te(z)], which is non-decreasing and continuously differen-
tiable with respect to ¢ on [as, Ta()] satisfying 0 < infic(q, v () L' (t2) <

SUDsca, 1e (2)] L' (tlz) < co. Therefore condition (A4) in Durot and Lop-
uhad (2014) is satisfied. Let

B(tlz) = py /2 {1 = F(L™!(t]z)|2)} W (¢)

for t € [L(az|z), L(tg(z)|z)], where W(t) is a Brownian motion. From
Lemma C.7, we have

A 3/4
sup Fn(t|l‘) _ F(t‘l‘) _ n—l/QB o L(t|:6)‘ =Op (logn> ‘

t€lag,tq ()]

Hence condition (2) in Durot and Lopuhad (2014) is satisfied. To show
that B(t|z) satisfies conditions (A2) and (A3) in Durot and Lopuhaé (2014)
with 7 = 1, we can apply the same arguments as in the proof of Lemma 4.3
in Lopuha& and Musta (2017), which are omitted for brevity. O
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C.2 Censoring rate

Setting 1

Table C1: Censoring rate for Setting 1 with AG(tq(x)) = 0.01.

TG () p=03 p=05

Scenario =0 z=1 all z=0 =z=1 all r=0 x=1
0.950 0.950 0.669 0.740 0.506 0.624 0.739 0.508

A 0.950 0.975 0.659 0.740 0.471 0.606 0.739 0.474
0.975 0.975 0.646 0.721 0.471 0.597 0.721 0474

0.975 0.990 0.636 0.721 0.439 0.581 0.721 0.442

0.975 0.999 0.624 0.721 0.397 0.559 0.721 0.398

0.990 0.975 0.634 0.704 0.471 0.589 0.704 0.474

B 0.990 0.990 0.625 0.704 0.439 0.573 0.704 0.442
0.990 0.999 0.612 0.704 0.397 0.551 0.704 0.398

0.995 0.975 0.628 0.696 0.471 0.584 0.695 0.474

0.995 0.990 0.619 0.696 0.439 0.568 0.695 0.442

0.999 0.990 0.609 0.682 0.439 0.562 0.682 0.442

0.995 0.995 0.613 0.696 0.423 0.560 0.695 0.424

C 0.995 0.999 0.606 0.696 0.397 0.547 0.695 0.398
0.999 0.995 0.604 0.682 0.423 0.553 0.682 0.424

0.999 0.999 0.596 0.682 0.397 0.540 0.682 0.398
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Setting 2

Table C2: Censoring rate for Setting 2 with p(0) = 0.7, p(1) = 0.7, p € {0.3,0.5}.

T (x) p=0.3 p=0.5

Scenario xt =0 z =1 all r=0 r=1 all x=0 r=1
0.950 0.950 0.469 0.433 0.553  0.494 0.432 0.555

A 0.950 0.975 0.468 0.433 0.550  0.492 0.432 0.552
0.975 0.975 0.462 0.424 0.550  0.488 0.423 0.552

0.999 0.950 0.458 0.417 0.553  0.486 0.417 0.555

0.975 0.990 0.462 0.424 0.549  0.487 0.423 0.551

0.975 0.999 0.461 0.424 0.549  0.487 0.423 0.551

0.990 0.975 0.459 0.419 0.550  0.486 0.419 0.552

B 0.990 0.990 0.458 0.419 0.549  0.485 0.419 0.551
0.990 0.999 0.458 0.419 0.549  0.485 0.419 0.551

0.995 0.975 0.458 0.418 0.550 0.485 0.418 0.552

0.999 0.990 0.457 0.417 0.549 0.484 0.417 0.551

0.995 0.995 0.457 0.418 0.549  0.484 0.418 0.551

C 0.995 0.999 0.457 0.418 0.549  0.484 0.418 0.551
0.999 0.995 0.457 0.417 0.549 0.484 0.417 0.551

0.999 0.999 0.457 0.417 0.549 0.484 0.417 0.551

Table C3: Censoring rate for Setting 2 with p = 0.5, p(z) € {0.3,0.7}.

e (2) p(0) =p(1) =0.7  p(0)=0.3,p(1) =0.7  p(0) =p(1) =0.3

Scenario =0 z =1 all r=0 z=1 all r=0 x=1 all r=0 z=1
0.950 0.950 0.494 0.432 0.555 0.656 0.757 0.555 0.783 0.757 0.809

A 0.950 0.975 0.492 0.432 0.552 0.655 0.757 0.552 0.782 0.757 0.808
0.975 0.975 0.488 0.423 0.552 0.653 0.754 0.552 0.781 0.754  0.808

0.999 0.950 0.486 0.417 0.555 0.653 0.751 0.555 0.780 0.751 0.809

0.975 0.990 0.487 0.423 0.551 0.652 0.754 0.551 0.780 0.754 0.807

0.975 0.999 0.487 0.423 0.551 0.652 0.754 0.551 0.780 0.754  0.807

0.990 0.975 0.486 0.419 0.552 0.652 0.752 0.552 0.780 0.752 0.808

B 0.990 0.990 0.485 0.419 0.551 0.651 0.752 0.551 0.780 0.752  0.807
0.990 0.999 0.485 0.419 0.551 0.651 0.752 0.551 0.779 0.752 0.807

0.995 0.975 0.485 0.418 0.552 0.652 0.751 0.552 0.779 0.751 0.808

0.999 0.990 0.484 0.417 0.551 0.651 0.751 0.551 0.779 0.751 0.807

0.995 0.995 0.484 0.418 0.551 0.651 0.751 0.551 0.779 0.751 0.807

C 0.995 0.999 0.484 0.418 0.551 0.651 0.751 0.551 0.779 0.751 0.807
0.999 0.995 0.484 0.417 0.551 0.651 0.751 0.551 0.779 0.751 0.807

0.999 0.999 0.484 0.417 0.551 0.651 0.751 0.551 0.779 0.751 0.807
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Setting 3
Table C4: Censoring rate for Setting 3.
. e (x Censoring rate

Seenario {300 S (L) L) 00O oD
0.950 0.950 0.950 0.950 0.741 0.758 0.830 0.594 0.727
0.950 0.975 0.950 0.950 0.741 0.758 0.830 0.594 0.727
0.975 0.975 0.950 0.950 0.716 0.739 0.813 0.554 0.690

A 0.975 0.975 0.975 0.950 0.716 0.739 0.813 0.554 0.690
0.975 0.975 0.975 0.975 0.716 0.739 0.813 0.554 0.690
0.975 0.990 0.975 0.975 0.716 0.739 0.813 0.554 0.690
0.999 0.999 0.950 0.999 0.648 0.697 0.769 0.456 0.581
0.975 0.990 0.999 0.999 0.716 0.739 0.813 0.554 0.690
0.975 0.999 0.999 0.999 0.716 0.739 0.813 0.554 0.690
0.990 0.990 0.990 0.990 0.689 0.722 0.796 0.515 0.650

B 0.990 0.995 0.995 0.990 0.689 0.722 0.796 0.515 0.650
0.990 0.999 0.990 0.990 0.689 0.722 0.796 0.515 0.650
0.990 0.999 0.995 0.990 0.689 0.722 0.796 0.515 0.650
0.999 0.999 0.990 0.999 0.648 0.697 0.769 0.456 0.581
0.995 0.995 0.995 0.995 0.674 0.712 0.786 0.492 0.625
0.995 0.999 0.995 0.995 0.674 0.712 0.786 0.492 0.625

C 0.999 0.999 0.995 0.995 0.648 0.697 0.769 0.456 0.581
0.999 0.999 0.999 0.995 0.648 0.697 0.769 0.456 0.581
0.999 0.999 0.999 0.999 0.648 0.697 0.769 0.456 0.581
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Setting 4

Table C5: Censoring rate for Setting 4 with p = 0.5, p(0) = 0.6, p(1) = 0.6, AG(ta(x)) €
{0,0.01}.

T (x) AG(tg(z)) =0 AG(tg(z)) =0.01

Scenario t =0 z =1 all z=0 rz=1 all z=0 rz=1
0.950 0.950 0.590 0.590 0.590  0.588 0.588 0.588

0.950 0.975 0.574 0.590 0.559  0.573 0.588 0.557

A 0.975 0.975 0.558 0.558 0.559  0.557 0.557 0.557
0.990 0.950 0.559 0.529 0.590  0.558 0.528 0.588

0.999 0.950 0.538 0.486 0.590 0.537 0.486 0.587

0.975 0.990 0.544 0.558 0.529  0.542 0.557 0.528

0.975 0.999 0.522 0.558 0.486 0.521 0.556 0.485

0.990 0.975 0.544 0.529 0.559  0.542 0.528 0.557

B 0.990 0.990 0.529 0.529 0.529  0.528 0.527 0.528
0.990 0.999 0.508 0.529 0.486  0.506 0.527 0.485

0.999 0.975 0.523 0.486 0.559  0.521 0.486 0.557

0.999 0.990 0.508 0.486 0.529  0.507 0.485 0.528

0.995 0.995 0.513 0.512 0.513  0.511 0.511 0.512

0.995 0.999  0.499 0.512 0.486  0.498 0.511 0.485

0.999 0.995 0.500 0.486 0.513  0.498 0.485 0.511

0.999 0.999 0.486 0.486 0.486  0.485 0.485 0.485

Table C6: Censoring rate for Setting 4 with p(0) = 0.6, p(1) = 0.6, AG(t¢(z)) = 0.01,
p€{0.3,0.5}.

T (x) p=0.3 p=0.5

Scenario =0 z =1 all =0 r=1 all x =0 r=1
0.950 0.950 0.588 0.589 0.587  0.588 0.588 0.588

0.950 0.975 0.578 0.588 0.555  0.573 0.588 0.557

A 0.975 0.975 0.556 0.557 0.555  0.557 0.557 0.557
0.990 0.950 0.545 0.528 0.586  0.558 0.528 0.588

0.999 0.950 0.516 0.486 0.586  0.537 0.486 0.587

0.975 0.990 0.548 0.557 0.526  0.542 0.557 0.528

0.975 0.999 0.535 0.556 0.484 0.521 0.556 0.485

0.990 0.975 0.536 0.528 0.555  0.542 0.528 0.557

B 0.990 0.990 0.527 0.528 0.526  0.528 0.527 0.528
0.990 0.999 0.514 0.527 0.484  0.506 0.527 0.485

0.999 0.975 0.507 0.486 0.554  0.521 0.486 0.557

0.999 0.990 0.498 0.486 0.525  0.507 0.485 0.528

0.995 0.995 0.511 0.512 0.509 0.511 0.511 0.512

0.995 0.999 0.503 0.512 0.484  0.498 0.511 0.485

0.999 0.995 0.493 0.486 0.509  0.498 0.485 0.511

0.999 0.999 0.485 0.486 0.484 0.485 0.485 0.485
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Table CT7: Censoring rate for Setting 4 with p = 0.5, AG(tg(z)) = 0.01, p(z) €

{0.4,0.6}.
TG (x) p(0)=p(1) =06  p(0)=06,p(1)=04 _ p(0)=p(l)=04
Scenario =0 z =1 all r=0 z=1 all r=0 x=1 all r=0 z=1
0.950 0.950 0.588 0.588 0.588 0.657 0.588 0.726 0.726 0.726 0.726
0.950 0.975 0.573 0.588 0.557 0.647 0.588 0.705 0.715 0.726 0.705
A 0.975 0.975 0.557 0.557 0.557 0.631 0.557 0.705 0.705 0.705 0.705
0.990 0.950 0.558 0.528 0.588 0.627 0.528 0.725 0.706 0.686 0.725
0.999 0.950 0.537 0.486 0.587 0.605 0.486 0.725 0.691 0.658 0.725
0.975 0.990 0.542 0.557 0.528 0.621 0.557 0.686 0.695 0.705 0.686
0.975 0.999 0.521 0.556 0.485 0.607 0.556 0.657 0.681 0.704 0.657
0.990 0.975 0.542 0.528 0.557 0.616 0.528 0.705 0.695 0.686 0.705
B 0.990 0.990 0.528 0.527 0.528 0.607 0.527 0.686 0.686 0.685 0.686
0.990 0.999 0.506 0.527 0.485 0.592 0.527 0.657 0.671 0.685 0.657
0.999 0.975 0.521 0.486 0.557 0.595 0.486 0.705 0.681 0.658 0.705
0.999 0.990 0.507 0.485 0.528 0.586 0.485 0.685 0.672 0.658 0.685
0.995 0.995 0.511 0.511 0.512 0.593 0.511 0.675 0.675 0.675 0.675
C 0.995 0.999 0.498 0.511 0.485 0.584 0.511 0.657 0.666 0.675 0.657
0.999 0.995 0.498 0.485 0.511 0.580 0.485 0.674 0.666 0.658 0.674
0.999 0.999 0.485 0.485 0.485 0.571 0.485 0.657 0.657 0.658 0.657

C.3 Simulation results

Setting 1

Table C8: Rejection rate
Method 1/ Method 2.)

for Setting 1 with AG(t¢(x))

= 0.01, n = 1000 (M1/M2:

p=0.3 p=0.5

16(x) Rej. rate Rej. rate Rej. rate Rej. rate

Hoqy Hy Hoqy Hy
Scenario =0 =1 z=0 =z=1 Ml M2 z=0 =z=1 Ml M2
0.950 0.950 0.008 0.014 0.000 0.016 0.004 0.012 0.000 0.006
A 0.950 0.975 0.008 0.030 0.000 0.010 0.004 0.022 0.000 0.008
0.975 0.975 0.016 0.026 0.000 0.016 0.016 0.020 0.000 0.026
0.975 0.990 0.016 0.230 0.006 0.018 0.016 0.170 0.004 0.018
0.975 0.999 0.016 0.946 0.016 0.016 0.016 0.974 0.016 0.016
B 0.990 0.975 0.096 0.026 0.002 0.090 0.096 0.016 0.002 0.090
0.990 0.990 0.096 0.220 0.022 0.094 0.096 0.160 0.012 0.092
0.990 0.999 0.096 0.946 0.092 0.096 0.096 0.980 0.094 0.096
0.999 0.990 0.848 0.224 0.194 0.790 0.832 0.164 0.132 0.776
0.995 0.995 0.318 0.486 0.156 0.308 0.304 0.420 0.132 0.298
C 0.995 0.999 0.318 0.952 0.304 0.316 0.304 0.980 0.298 0.304
0.999 0.995 0.848 0.482 0.402 0.826 0.832 0.410 0.326 0.812
0.999 0.999 0.848 0.954 0.818 0.844 0.832 0.982 0.818 0.832
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Setting 2

Table C9: Rejection rate for Setting 2 with p(0)=0.7, p(1)=0.7, n=500, p € {0.3,0.5}
(M1/M2: Method 1/ Method 2.)

p=03 p=0.5
t6(2) Rej. rate Rej. rate Rej. rate Rej. rate
Hog Hoy Hog Hoy

Scenario =0 z=1 z=0 z=1 Ml M2 z=0 =z=1 Ml M2
0.950 0.950 0.038 0.014 0.000 0.026 0.018 0.018 0.000 0.018
0.950 0.975 0.038 0.062 0.002 0.030 0.018 0.044 0.002 0.024
0.975 0.975 0.048 0.058 0.002 0.044 0.036 0.038 0.000 0.036
0.999 0.950 0.876 0.016 0.014 0.018 0.802 0.016 0.014 0.016
0.975 0.990 0.048 0.346 0.020 0.044 0.036 0.282 0.012 0.032
0.975 0.999 0.048 0.726 0.038 0.062 0.036 0.858 0.030 0.038
0.990 0.975 0.074 0.058 0.004 0.048 0.056 0.042 0.004 0.054

B 0.990 0.990 0.074 0.342 0.028 0.100 0.056 0.278 0.016 0.086
0.990 0.999 0.074 0.720 0.056 0.092 0.056 0.860 0.048 0.060
0.995 0.975 0.150 0.056 0.006 0.070 0.112 0.038 0.000 0.050
0.999 0.990 0.876 0.346 0.324 0.352 0.802 0.264 0.206 0.266
0.995 0.995 0.150 0.548 0.068 0.240 0.112 0.562 0.064 0.174
0.995 0.999 0.150 0.714 0.096 0.222 0.112 0.860 0.096 0.132
0.999 0.995 0.876 0.568 0.518 0.554 0.802 0.578 0.452 0.562
0.999 0.999 0.876 0.708 0.630 0.688 0.802 0.858 0.680 0.784

A

Table C10: Rejection rate for Setting 2 with p(0)=0.7, p(1)=0.7, n=1000, p € {0.3,0.5}
(M1/M2: Method 1/ Method 2.)

p=0.3 p=0.5
6(x) Rej. rate Rej. rate Rej. rate Rej. rate
Hoy Hy Hoy Hy

Scenario =0 =1 z=0 =z=1 Ml M2 z=0 =z=1 Ml M2
0.950 0.950 0.012 0.020 0.000 0.018 0.030 0.038 0.000 0.020
0.950 0.975 0.012 0.036 0.000 0.010 0.030 0.034 0.004 0.026
0.975 0.975 0.044 0.030 0.000 0.032 0.034 0.032 0.000 0.034
0.999 0.950 0.936 0.024 0.022 0.028 0.894 0.036 0.030 0.036
0.975 0.990 0.044 0.218 0.010 0.044 0.034 0.142 0.006 0.032
0.975 0.999 0.044 0.896 0.040 0.046 0.034 0.936 0.032 0.036
0.990 0.975 0.092 0.034 0.008 0.058 0.064 0.034 0.002 0.046

B 0.990 0.990 0.092 0.222 0.018 0.086 0.064 0.136 0.012 0.066
0.990 0.999 0.092 0.896 0.084 0.092 0.064 0.930 0.060 0.064
0.995 0.975 0.184 0.034 0.012 0.080 0.172 0.032 0.008 0.058
0.999 0.990 0.936 0.222 0.208 0.244 0.894 0.150 0.140 0.156
0.995 0.995 0.184 0.536 0.090 0.196 0.172 0.452 0.054 0.158
0.995 0.999 0.184 0.900 0.172 0.190 0.172 0.936 0.162 0.174
0.999 0.995 0.936 0.526 0.484 0.508 0.894 0.450 0.382 0.436
0.999 0.999 0.936 0.892 0.834 0.852 0.894 0.928 0.832 0.890

A
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Table C11: Rejection rate for Setting 2 with p=0.5, n=500, p(z) € {0.3,0.7} (M1/M2: Method 1/ Method 2.)

p(0) =p(1) =07 p(0) = 0.3, p(1) = 0.7 p(0) = 0.3, p(1) = 0.3

16(2) Rej. rate Rej. rate Rej. rate Rej. rate Rej. rate Rej. rate
Hog Hoy Hog Hoy Hog Hy
r=0z=12=0 z=1 Ml M2 z=0 =1 Ml M2 =0 =1 Ml M2
0.950 0.950 0.018 0.018 0.000 0.018 0.036 0.018 0.000 0.034 0.036 0.034 0.004 0.038
A 0.950 0.975 0.018 0.044 0.002 0.024 0.036 0.040 0.002 0.042 0.036 0.184 0.006 0.042
0.975 0.975 0.036 0.038 0.000 0.036 0.024 0.038 0.000 0.040 0.024 0.182 0.002 0.066
0.999 0.950 0.802 0.016 0.014 0.016 0.854 0.018 0.016 0.108 0.854 0.038 0.032 0.038
0.975 0.990 0.036 0.282 0.012 0.032 0.024 0.268 0.008 0.022 0.024 0.590 0.014 0.064
0.975 0.999 0.036 0.858 0.030 0.038 0.024 0.858 0.018 0.026 0.024 0.990 0.024 0.024
0.990 0.975 0.056 0.042 0.004 0.054 0.096 0.040 0.008 0.070 0.096 0.186 0.026 0.134
B 0.990 0.990 0.056 0.278 0.016 0.086 0.096 0.286 0.022 0.090 0.096 0.592 0.060 0.250
0.990 0.999 0.056 0.860 0.048 0.060 0.096 0.864 0.084 0.094 0.096 0.986 0.094 0.096
0.995 0.975 0.112 0.038 0.000 0.050 0.324 0.036 0.010 0.162 0.324 0.184 0.054 0.182
0.999 0.990 0.802 0.264 0.206 0.266 0.854 0.282 0.232 0.728 0.854 0.598 0.502 0.588
0.995 0.995 0.112 0.562 0.064 0.174 0.324 0.572 0.166 0.302 0.324 0.792 0.250 0.508
C 0.995 0.999 0.112 0.860 0.096 0.132 0.324 0.860 0.276 0.314 0.324 0.990 0.322 0.326
0.999 0.995 0.802 0.578 0.452 0.562 0.854 0.566 0.466 0.782 0.854 0.810 0.684 0.800
0.999 0.999 0.802 0.858 0.680 0.784 0.854 0.864 0.728 0.808 0.854 0.986 0.842 0.884
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Setting 4
Table C13: Rejection rate for Setting 4 with p = 0.5, p(0) = 0.6, p(1) =
AG(tg(z)) = 0 and n € {500,1000}.
n = 500 n = 1000
6(2) Rej. rate of  Rej. rate of  Rej. rate of Rej. rate of
Hoqy Hy Hoy Hy
Scenario =0 z=1 z=0 z=1 Ml M2 z=0 =z=1 Ml M2
0.950 0.950 0.002 0.008 0.000 0.006 0.014 0.016 0.000 0.024
0.950 0.975 0.002 0.016 0.000 0.004 0.014 0.008 0.000 0.018
A 0.975 0.975 0.020 0.016 0.000 0.034 0.010 0.012 0.000 0.016
0.990 0.950 0.104 0.006 0.000 0.006 0.062 0.016 0.002 0.016
0.999 0.950 0.892 0.006 0.006 0.010 0.944 0.010 0.010 0.010
0.975 0.990 0.020 0.132 0.004 0.030 0.010 0.074 0.002 0.010
0.975 0.999 0.020 0.880 0.018 0.020 0.010 0.934 0.008 0.010
0.990 0.975 0.104 0.018 0.000 0.024 0.062 0.006 0.000 0.008
B 0.990 0.990 0.104 0.122 0.018 0.154 0.062 0.064 0.000 0.074
0.990 0.999 0.104 0.868 0.100 0.104 0.062 0.926 0.058 0.060
0.999 0975 0.892 0.014 0.010 0.018 0.944 0.008 0.008 0.008
0.999 0.990 0.892 0.118 0.092 0.116 0.944 0.070 0.068 0.070
0.995 0.995 0.296 0.282 0.074 0.318 0.252 0.246 0.058 0.272
I 0.995 0.999 0.296 0.890 0.264 0.294 0.252 0.932 0.238 0.252
0.999 0.995 0.892 0.288 0.260 0.288 0.944 0.234 0.220 0.232
0.999 0.999 0.892 0.888 0.788 0.886 0.944 0.928 0.876 0.930
Table C14: Rejection rate for Setting 4 with p = 0.5, p(0) = 0.6, p(1) =
AG(te(z)) = 0.01 and n € {500,1000}.
n = 500 n = 1000
16 () Rej. rate of  Rej. rate of  Rej. rate of Rej. rate of
Hog Hoy Hog Hoy
Scenario =0 z=1 z=0 z=1 Ml M2 z=0 =z=1 Ml M2
0.950 0.950 0.006 0.006 0.000 0.008 0.020 0.024 0.002 0.032
0.950 0.975 0.006 0.024 0.000 0.008 0.020 0.006 0.000 0.018
A 0.975 0.975 0.012 0.018 0.000 0.026 0.012 0.010 0.000 0.010
0.990 0.950 0.114 0.006 0.000 0.006 0.066 0.026 0.004 0.026
0.999 0.950 0.898 0.000 0.000 0.000 0.952 0.014 0.014 0.014
0.975 0.990 0.012 0.126 0.002 0.018 0.012 0.062 0.002 0.012
0.975 0.999 0.012 0.884 0.012 0.012 0.012 0.936 0.012 0.012
0.990 0.975 0.114 0.018 0.000 0.022 0.066 0.010 0.000 0.010
B 0.990 0.990 0.114 0.134 0.014 0.172 0.066 0.060 0.006 0.070
0.990 0.999 0.114 0.878 0.102 0.114 0.066 0.948 0.064 0.064
0.999 0.975 0.898 0.020 0.016 0.020 0.952 0.008 0.008 0.008
0.999 0.990 0.898 0.132 0.110 0.130 0.952 0.056 0.056 0.056
0.995 0.995 0.350 0.300 0.096 0.364 0.278 0.260 0.062 0.282
c 0.995 0.999 0.350 0.882 0.314 0.350 0.278 0.934 0.266 0.278
0.999 0.995 0.898 0.290 0.254 0.286 0.952 0.260 0.248 0.258
0.999 0.999 0.898 0.884 0.792 0.886 0.952 0.932 0.886 0.940
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Table C15: Rejection rate for Setting 4 with p(0) = 0.6, p(1) = 0.6, AG(ta(z)) = 0.01,
n = 1000 and p € {0.3,0.5}.

p=0.3 p=0.5

6(@) Rej. rate of  Rej. rate of  Rej. rate of Rej. rate of

Hoy Hy Hoqy Hy
Scenario =0 =1 z=0 =z=1 Ml M2 z=0 =z=1 Ml M2
0.950 0.950 0.014 0.014 0.000 0.020 0.020 0.024 0.002 0.032
0.950 0.975 0.014 0.012 0.000 0.018 0.020 0.006 0.000 0.018
A 0.975 0.975 0.020 0.012 0.000 0.024 0.012 0.010 0.000 0.010
0.990 0.950 0.076 0.010 0.000 0.014 0.066 0.026 0.004 0.026
0.999 0.950 0.968 0.014 0.014 0.014 0.952 0.014 0.014 0.014
0.975 0.990 0.020 0.088 0.002 0.022 0.012 0.062 0.002 0.012
0.975 0.999 0.020 0.908 0.018 0.020 0.012 0.936 0.012 0.012
0.990 0.975 0.076 0.010 0.000 0.012 0.066 0.010 0.000 0.010
B 0.990 0.990 0.076 0.080 0.006 0.090 0.066 0.060 0.006 0.070
0.990 0.999 0.076 0.898 0.062 0.076 0.066 0.948 0.064 0.064
0.999 0.975 0.968 0.012 0.010 0.012 0.952 0.008 0.008 0.008
0.999 0.990 0.968 0.080 0.074 0.080 0.952 0.056 0.056 0.056
0.995 0.995 0.282 0.290 0.078 0.312 0.278 0.260 0.062 0.282
0.995 0.999 0.282 0.896 0.258 0.282 0.278 0.934 0.266 0.278
0.999 0.995 0.968 0.284 0.272 0.280 0.952 0.260 0.248 0.258
0.999 0.999 0.968 0.894 0.862 0.914 0.952 0.932 0.886 0.940
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Table C16: Rejection rate for Setting 4 with p = 0.5, AG(t¢(z)) = 0.01, n = 1000 and p(z) € {0.4,0.6} (M1/M2: Method 1/
Method 2.)

p(0) =p(1) = 0.6 p(0) =0.6, p(1) = 0.4 p(0) =p(1) =04
6 (@) Rej. rate of  Rej. rate of  Rej. rate of  Rej. rate of  Rej. rate of Rej. rate of
G Hoz Ho Hoz Hy Hoz Ho

r=0z=1 22=0 z=1 Ml M2 z=0 zx=1 Ml M2 z=0 zxz=1 Ml M2
0.950 0.950 0.020 0.024 0.002 0.032 0.020 0.022 0.002 0.028 0.004 0.016 0.000 0.012
0.950 0.975 0.020 0.006 0.000 0.018 0.020 0.024 0.002 0.022 0.004 0.026 0.000 0.012
A 0975 0.975 0.012 0.010 0.000 0.010 0.012 0.018 0.000 0.022 0.020 0.018 0.000 0.024
0.990 0.950 0.066 0.026 0.004 0.026 0.066 0.016 0.002 0.016 0.182 0.014 0.002 0.014
0.999 0.950 0.952 0.014 0.014 0.014 0.952 0.012 0.012 0.012 0.942 0.014 0.014 0.014
0.975 0.990 0.012 0.062 0.002 0.012 0.012 0.168 0.002 0.140 0.020 0.174 0.004 0.024
0.975 0.999 0.012 0.936 0.012 0.012 0.012 0.928 0.012 0.012 0.020 0.928 0.020 0.020
0.990 0.975 0.066 0.010 0.000 0.010 0.066 0.020 0.002 0.018 0.182 0.018 0.002 0.030
B 0.990 0.990 0.066 0.060 0.006 0.070 0.066 0.180 0.004 0.172 0.182 0.172 0.036 0.204
0.990 0.999 0.066 0.948 0.064 0.064 0.066 0.920 0.062 0.066 0.182 0.920 0.170 0.182
0.999 0.975 0.952 0.008 0.008 0.008 0.952 0.030 0.028 0.030 0.942 0.012 0.010 0.012
0.999 0.990 0.952 0.056 0.056 0.056 0.952 0.184 0.170 0.184 0.942 0.168 0.158 0.168
0.995 0.995 0.278 0.260 0.062 0.282 0.278 0.436 0.114 0.408 0.450 0.438 0.200 0.468
0.995 0.999 0.278 0.934 0.266 0.278 0.278 0.924 0.256 0.372 0.450 0.926 0.416 0.450
0.999 0.995 0.952 0.260 0.248 0.258 0.952 0.454 0.430 0.452 0.942 0.426 0.402 0.424
0.999 0.999 0.952 0.932 0.886 0.940 0.952 0.922 0.876 0.916 0.942 0.924 0.866 0.954
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D. Supplement to Chapter 5

D

D.1

Supplement to: Follow-up Sufficiency in Cure
Models with Continuous Covariates

Technical lemmas and proofs

We consider the following assumptions, which are required for establishing
the consistency of Y7, Y7, and th(nfl) |z) for tp, (x), T¢(x) and 1—p(z),
respectively:

(A1)

(A2)
(A3)

(A4)

(A5)

The kernel function, K, is a symmetric probability density function
with compact support and has bounded second derivative.

X, T and C are absolutely continuous random variables.

The distribution function of X, denoted by Qx(z), has a compact
support X, and its density function, ¢y (z), satisfies inf,cy gx(x) >
0. The conditional distribution of the uncured event time F,(t|z)
is continuous in x € &X for any given value of t. The conditional
distribution of the censoring time G(t|z) is continuous in z € X for
any given value of ¢.

The first derivative of F,,(t|x) with respect to t, denoted by f,(t|z),
exists and is continuous on [0, T, (z)] for any x € X. x +— f,(t|x) is
continuous at x € X' for any given value of ¢ € (0, tp,(z)). The first
derivative of G(t|z) with respect to t, denoted by g(t|x), exists and
is continuous on [0, Tg(x)) for any z € X. x — g¢(t|x) is continuous
at x € X for any given value of t € (0,71¢(7)).

The first derivatives with respect to x of functions p(x), ¢x () exists
and are continuous on X. The first derivatives with respect to = of
functions F,(t|x), G(t|x) exist and are continuous and bounded in
(t,x) € [0,00) x X. The first derivative with respect to x of function
fu(t|x) exists and is continuous at = € & for any given t € (0,7Tr, (x)).
The same holds for the function g(t|z) for any given t € (0, tg(z)).

The second derivatives with respect to x of functions p(z), gx (x) ex-
ists and are continuous on X. The second derivatives with respect to
x of functions Fy,(t|z), G(t|z) exist and are continuous and bounded
in (t,z) € [0,00) x X. The second derivative with respect to = of
function f,(t|z) exists and is continuous at x € X for any given
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t € (0,tp,(z)). The same holds for the function g(¢|z) for any given
t € (0,tg(x)).

(A7) The incidence 1 — p(x) satisfies 1 — p(z) < 1 for all x € X', meaning
that cure does not happen with probability one.

(A8) tp,(z) and Tg(x) are continuous in z € X.

Assumptions (A1l)-(A7) are required for Lemma D.1(b), which applies
the result of Iglesias Pérez and Gonzalez-Manteiga (1999) to establish the
consistency of the estimators H, and G,. Assumptions (A1), (A3), (A5)
and (A8) are necessary in Lemmas D.1(a) and (c).

Lemma D.1. (a) Suppose that Assumptions (A1), (A3), (A5) and (A8)
hold and assume that T, (x) < Ta(z) for all x € X, together with
h — 0 and nh — oo, then for any r € X, }N/(”;;) converges to Tp, ()
in probability as n — oo.

(b) Suppose that Assumptions (A1)-(A8) hold and assume that Tr, (v) <
t¢(x) for all x € X, together with h — 0, logn/nh — 0 and
nh’®/logn = O(1), then S‘nh(f/(fl)m) converges to 1 — p(x) in proba-
bility as n — oo.

(c) Suppose that Assumptions (A1), (A3), (A5) and (A8) hold, together
with h — 0 and nh — oo, then for any x € X, Y(’fl) converges to
T¢(x) in probability as n — oco.

Proof of Lemma D.1. For (a), let € > 0, we have

P ()TFH(Z‘) - f/(i)‘ > e) <P <§~/(‘ffz) <T1p,(x) — e) +P (37(2) > 1p, () + e) :

- (51)
Since Y(gfl) = MAX;A w,(2)>0 Yi, We consider the observations satisfying
A;, = 1and X; € (z — hyx + h). Let AT = (Ay,---,A,), XT =
(X1,--+,Xp), and

o={i=1,--- ,n: X;€(x—h,x+h),A;, =1}.
Consider the first term on the right-hand side of (51) and assume 0 < € <
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Tr, () (the probability is zero otherwise), we have

P (V) <trl@) —¢)
=P (Y <tp,(2) —eicI})
—E[P(Y; < p,(z) — i€ IE | AT, XT)]

=E H P <1p,(z) —€|X; € (x —h,z+h),A; =1)
€Iz,

=E |:HiCc n(TF (Z’) — 6)2?:1 I{Xie(x_h,it+h),Ai:1}:| 7
where HY, ,,(t) :=P(Y; <t|X; € (x — h,x + h), A; = 1). Denote by

plm,n:P(XG (ﬂl'—h,l‘+h),A: 1)
=E[1{X € (x —h,z+ h)} Hi(T¢|X)] > 0,

where Tg = sup,cy T¢(x). We have that

Pizn (1 - Hivc,n(TFu (1’) B 6))
> pian (i, (2) = ¢/2) = HE,, (tr, (1)~ ©)
z+h
= [ @) = e/202) = H(r (2) = )} ax(2)d:
> 2ha H (7, (7) — &, (2) — /2] 60)

for some &, € (z—h,z+h), where ¢, := inf.ex gx(2) > 0 and H1((tp, (z)—
6,7, (x) —€/2]|&,) = Hi(tp, (z) — e/2]§n) Hi(tp,(z) —€l¢,). We further
bound this term as follows. Since £, — oo as n — oo and z — T, (2)
is continuous on X, we can find an Ny € N such that TF ) —€/2 <
g, (§,) whenever n > Ny. Furthermore, since Hj(t|2) 2) [P {1 -
G(s—|z)}dF,(s|z) and under the assumption that F, (t]z) has a continuous
first-order derivative with respect to ¢, denoted by f,(t|z), on (0,7, (2))
for z € X, we have, for n > Ng,

Hi((vr, (2) = € tr, () = €/2[60) = 5p(E) {1~ G(Cl6n)} fulcl6n)
> 5p{1 = Glrr, (2) - léa)} fulClén),

for some ¢ € (tp,(z) — €, TR, () — €/2), where p := inf.cx p(z) > 0. Since
2z G(tg, () — €|z) and z — f,((|z) are continuous at x, and &, — = as

233



Appendix

n — oo, we can find Ny € N such that n > Ny V Ny,

{1 - G(tr, () — €l&n) Hu(Clén) = %{1 — G(tr, (z) — )} fulCl2).

Therefore, for n > Ny V Ny,

Pren (1= Hiy(th, (1) ) > Shea, pl1 — (e, () — elo)} fulcla) > 0.

Therefore, since » » ; 1{A; =1,X; € (x —h,x+h)} ~ B(n,pizn), we
have that, for n sufficiently large

L - n n— T
P (V) <tr(@)—) =3 (k,)p’fm,n(l ~ Pran)" Hi (v, () = o)
k=0

- [1 — Plz,n (1 - Hicc,n(TFu (33) - 6))]n
= exp [n log {1 — Dizn (1 — Hi, (T, (7) — 6)) }]
< exp [—nplz,n {1 - ch,n(TFu (z) — E)}]

< exp |~ gnhea o1~ Glrn, (o) — o)) lcle)|.

where the last term above converges to zero since nh — oo as n — oo.
For the second term on the right-hand side of (51), since z — Tp,(2) is
continuous on X, which is compact, there exists a § = d(e) > 0 such that
z € (x — 6,z + 6) N X implies Tp,(2) < Tg,(x) + €. Furthermore, since
h =h, — 0 as n — oo, there exists an Ny € N such that 0 < h, < ¢
whenever n > Ny. Then, for n > Ny, since (z —hyn,z+hy,) C (x—6,z+9),

T, (2) < TR, (T) + ¢

whenever z € (z — hy,x + hy) N X. Therefore, for i € Z7,, i.e., those Y;’s
satisfying X; € (z — hy,z + hy) and A; = 1,

Y < tp,(z) + e

Thus, for n sufficiently large,

P (ff(‘fl) > 1R, () + e) =P <maXYi > 1p, (z) + e) —0.

i€I¥,
Hence, the proof is completed.
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For (b), since for any = € X, }7&) 5 T, () as n — oo from (a), we
have

S(VE,[2) = 1= p(x) + p(x) SulVE |2)
51— p(x) + p(z)Su(tr, (x)|x) =1 — p(x).

Then the proof is completed by the consistency of H, and G, as in the
proof of Theorem 1 in Xu and Peng (2014) using the result from Igle-
sias Pérez and Gonzalez-Manteiga (1999) instead of that from Gonzilez-
Manteiga and Cadarso-Suarez (1994).

For (c), we can apply a similar argument in (a). Specifically, we have
P (Ve < ta(e) — €) = E[HE, (ta(z) — ) Zim HXehati)]
= {1 — Pz (1 - H(g:in(TG('r) - 6))}n ’

where
H,(t) =P (Y <t|X; € (& —h,z+h))

and
Pzn =P (X € (x —h,z+h)) > 0.

Also it can be shown that

P (1 — Hfin(’tg(x) — 6))

> 2hq {H(ta(z) —€/2|8) — H(ta(x) — €[én)}

> 2hg (1 = F(ta(z) = €l€)) {G(ta(r) — €/2/€) — Glta(x) — €[én)}
for some &, € (x — h,z + h). Since &, — x as n — oo and z — Tg(z) is
continuous on X, we can find an Ny € N such that tg(z) — €/2 < 1¢(&y)
whenever n > Np. Under the assumption that G(t|z) has a continuous

first-order derivative with respect to ¢, denoted by g¢(t|z), on (0,75 (2)) for
z € X, we have for n > Ny,

G(t6() — ¢/2/6n) — G(va(2) — déa) = S9(CIEn).

for some ¢ € (tg(x) — €,Tq(x) — €/2). Since z — F(tg(z) — €|]z) and
z — g(C|z) are continuous at x, and &, — x as n — oo, there exists an
N7 € N such that for n > Ny V Ny,

(1 - F(ta(z) - dén)) {G(talz) — ¢/2/&) — Glta(x) — elén)}
> 5(1= F(rg(x) - d2))g(¢|x) > 0.
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Therefore, for n sufficiently large,

P (V) < to(2) — ) <exp {—;nheqX(l — F(ta(z) — ele))g(clo)] |

where the term on the right-hand side of the above inequality converges to
zero as n — 0o. The remaining part of the proof can be completed using
an argument similar to that of (a) based on the continuity of z — Tg(2)
and h = h, — 0 as n — . ]
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D.2 Simulation results

Setting 1

500

1000

2000

0.999

0.995

0.99

0.975

0.95

500, 1000, 2000) and each column to a different TG ()

(ta(z) = qo.95(), go.975(x), 0.99 (), g0.995 (), g0.999

Figure D1: Rejection rate of Ho, as a function of x for Setting 1. Each row corresponds

to a different sample size (n

The vertical red dashed line in

The horizontal dotted line indicates the nominal level of 0.05.

each panel indicates ..
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Setting 2

0.95

0.99 0.995 0.999

Figure D2: Rejection rate of Ho, as a function of = for Setting 2. Each row corresponds
to a different sample size (n = 500, 1000, 2000) and each column to a different T (x)
(ta(z) = qo.95(x), go.975(x), go.99 (), g0.995 (), go.999(z)). The vertical red dashed line in
each panel indicates x.. The horizontal dotted line indicates the nominal level of 0.05.
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Summary

The analysis of survival data in the presence of subjects who will never ex-
perience the event of interest has become popular over the recent decades.
Mixture cure models are commonly used to analyze such data, allowing
the investigation of how covariates (e.g., age, gender and treatment) relate
to both the cure probabilities and the conditional survival function of the
uncured subjects. A mixture cure model consists of two sub-models: an
incidence model for the probability of being uncured and a latency model
for the survival times of the uncured subjects. In the presence of cen-
soring, the estimation of cure probabilities is challenging since it is not
possible to distinguish the cured subjects from the censored uncured ones.
An important assumption to avoid overestimating the cure probability is
the presence of sufficiently long follow-up, i.e., the support of the uncured
survival times is included in that of the censoring times.

This thesis focuses on statistical inference for cure models, with a focus
on incorporating monotonicity constraints in both estimation and hypoth-
esis testing. In the first part, we propose a monotone single-index structure
for modeling the incidence component of the mixture cure model, utiliz-
ing isotonic estimation techniques to ensure monotonicity. The second
part addresses the crucial problem of testing the assumption of sufficient
follow-up, which is critical for the identifiability and reliability of cure
model inference.

In Chapter 2, we propose a monotone single-index model for the in-
cidence of mixture cure models. The monotone single-index structure re-
laxes the parametric assumption while maintaining interpretability of the
regression coefficients for the incidence. A novel estimation method is
introduced, which combines techniques from the profile maximum likeli-
hood approach, expectation maximization, isotonic regression and kernel
smoothing. The consistency of the proposed estimator is established us-
ing results from the theory of semiparametric M-estimation. Simulations
show that the proposed method performs better than the methods based
on just smoothing or monotonicity alone when the model is correctly spec-
ified. The new method is applied to a melanoma cancer survival data as
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an illustration.

Chapter 3 provides a novel procedure for testing follow-up sufficiency.
We introduce a relaxed notion of ‘practically’ sufficient follow-up. Un-
der the assumption that the uncured survival time has a non-increasing
density in the tail region, we propose a test procedure based on a shape-
constrained density estimator, like the Grenander estimator or the kernel
smoothed Grenander estimator. We show that the method yield asymp-
totically level « test. The finite-sample performance of the test is studied
through extensive simulations, which show that the proposed procedure
performs satisfactorily in terms of level and power and outperforms the
existing methods in many settings. Under the scenarios with very high
censoring rate, small uncure fraction and small sample size, the empirical
level is larger than the nominal one. This is also observed for other existing
tests.

In Chapter 4, we extend the procedure for testing sufficient follow-up,
introduced in Chapter 3, to the conditional setting with categorical covari-
ates. The relaxed characterization of ‘practically’ sufficient follow-up is also
extended to the conditional setting. A straightforward intersection-union
type test can be applied, which rejects the null hypothesis of insufficient
follow-up if it is rejected for all covariate values. This approach is overly
conservative and lacks power in practice. To enhance the power, we in-
troduce a new test procedure relying on the test decision for one properly
chosen covariate value for which sufficient follow-up is less likely. We es-
tablish that both procedures yield tests of asymptotically level a. Their
finite-sample performance is investigated through simulations, which show
that the procedures work well although the rejection rate can be larger
than the nominal level under some borderline scenarios.

Chapter 5 is devoted to testing sufficient follow-up in the presence
of continuous a covariate. Building on the relaxed notion of sufficient
follow-up in the conditional setting proposed in Chapter 4, we extend the
corresponding test procedure to the continuous covariate setting. Instead
of discretizing the continuous covariate, we use the conditional Kaplan—
Meier estimator constructed via kernel smoothing. In this extension, we
retain the main idea of selecting an appropriate covariate value, from a
fine grid, where follow-up is least likely to be sufficient, and base the test
decision on that value. Methodological and theoretical challenges arising
from this extension are discussed. Simulation studies are conducted to
evaluate the finite-sample performance of the test procedure.
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Samenvatting

De analyse van levensduurdata waarbij een deel van de individuen de rele-
vante gebeurtenis (bijvoorbeeld overlijden aan een bepaalde ziekte) nooit
zal meemaken is de afgelopen decennia populair geworden. Mixture cure
modellen worden vaak gebruikt om dergelijke data te analyseren en maken
het mogelijk om te onderzoeken hoe covariaten (zoals leeftijd, geslacht en
behandeling) verband houden met zowel de genezingskansen als de conditi-
onele overlevingsfunctie van de niet-genezen individuen. Een mixture cure
model bestaat uit twee componenten: een incidentiemodel voor de kans
dat iemand niet geneest, en een latentiemodel voor de levensduren van
de niet-genezen individuen. Voor gecensureerde data is het schatten van
genezingskansen uitdagend, aangezien het niet observeerbaar is of een ge-
censureerd individu genezen is, of nog steeds risico loopt op overlijden aan
de ziekte. Een belangrijke aanname om overschatting van de genezings-
kans te voorkomen is de aanwezigheid van voldoende lange follow-up—met
andere woorden, de support van de levensduren van de niet-genezen indi-
viduen moet bevat zijn in de support van de censureringstijden.

Dit proefschrift richt zich op statistische inferentie voor cure modellen,
met bijzondere aandacht voor het incorporeren van monotoniciteitsaan-
names in zowel de schatting als de hypothesetoetsing. In het eerste deel
introduceren we een monotoon single-index model voor de modellering
van de incidentiecomponent van het mixture cure model, waarbij gebruik
wordt gemaakt van isotone schattingstechnieken om monotonie te garan-
deren. Het tweede deel behandelt het cruciale probleem van het toetsen
van de aanname van voldoende follow-up, hetgeen essentieel is voor de
identificeerbaarheid en betrouwbaarheid van inferentie met cure modellen.

In Hoofdstuk 2 introduceren we een monotoon single-index model voor
de incidentiecomponent van mixture cure modellen. De monotone single-
index structuur versoepelt de parametrische aannames, terwijl de inter-
preteerbaarheid van de regressiecoéfficiénten voor de incidentie behou-
den blijft. We introduceren een nieuwe schattingsmethode die verschei-
dene technieken combineert (namelijk de profile maximum likelihood me-
thode, de expectation-maximization methode, isotone regressie en kernel-
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smoothing). De consistentie van de voorgestelde schatter wordt aange-
toond met behulp van resultaten uit de theorie van semi-parametrische
M-schatting. Simulaties laten zien dat de voorgestelde methode beter
presteert dan methoden die enkel op smoothing of monotoniebeperkin-
gen zijn gebaseerd. Ter illustratie wordt de nieuwe methode toegepast op
levensduurdata van melanoomkankerpatiénten.

Hoofdstuk 3 introduceert een nieuwe procedure voor het toetsen van
de aanname van voldoende follow-up. We formuleren een versoepeld con-
cept van ‘praktisch’ voldoende follow-up. Onder de aanname dat de le-
vensduur van niet-genezen individuen een niet-stijgende dichtheid heeft
in de staartregio stellen we een toetsprocedure voor die gebaseerd is op
een vormbeperkte dichtheidsschatter, zoals de Grenander schatter of de
kernel-gesmoothde Grenander schatter. We tonen aan dat de voorgestelde
methode asymptotisch een toets van niveau « oplevert. De prestaties bij
eindige steekproefomvang worden geévalueerd aan de hand van uitgebreide
simulaties, waaruit blijkt dat de voorgestelde methode naar wens presteert
wat betreft toetsniveau en onderscheidend vermogen, en in veel situaties
beter presteert dan bestaande methoden. In scenario’s met een zeer hoge
censureringsgraad, een kleine fractie niet-genezen individuen en een kleine
steekproefomvang, ligt het empirische toetsniveau hoger dan het nominale
niveau. Dit wordt overigens ook waargenomen bij andere bestaande toet-
sen.

Hoofdstuk 4 breidt de in Hoofdstuk 3 geintroduceerde procedure voor
het toetsen van voldoende follow-up uit naar de conditionele setting met
categorische covariaten. De versoepelde karakterisering van praktisch vol-
doende follow-up wordt eveneens uitgebreid naar deze conditionele context.
FEen eenvoudige toets van het type doorsnede-vereniging kan worden toege-
past, waarbij de nulhypothese van onvoldoende follow-up wordt verworpen
als zij verworpen wordt voor alle waarden van de covariaten. Deze aanpak
is echter te conservatief en heeft in de praktijk een beperkt onderscheidend
vermogen. Om het onderscheidend vermogen te verbeteren introduceren
we een nieuwe toetsprocedure die de toetsbeslissing baseert op één zorg-
vuldig gekozen waarde van de covariaten waarvoor voldoende follow-up
het minst waarschijnlijk is. We tonen aan dat beide procedures toetsen
van asymptotisch niveau « opleveren. De prestaties bij eindige steekproef-
omvang worden geévalueerd aan de hand van simulaties, waaruit blijkt
dat de procedures goed functioneren, hoewel het verwerpingspercentage in
sommige grensgevallen het nominale niveau kan overschrijden.
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Hoofdstuk 5 is gewijd aan het toetsen van voldoende follow-up in aan-
wezigheid van continue covariaten. Voortbouwend op de versoepelde notie
van voldoende follow-up in de conditionele context zoals voorgesteld in
Hoofdstuk 4, breiden we de bijbehorende toetsprocedure uit naar de set-
ting met continue covariaten. In plaats van de continue covariaten te dis-
cretiseren, maken we gebruik van de conditionele Kaplan—Meier-schatter,
geconstrueerd via kernel-smoothing. In deze uitbreiding behouden we het
centrale idee om een geschikte waarde van de covariaten te selecteren (uit
een fijn rooster) waarvoor voldoende follow-up het minst waarschijnlijk is,
en baseren we de toetsbeslissing op deze waarde. We bespreken methodo-
logische en theoretische uitdagingen die uit deze uitbreiding voortkomen.
Aan de hand van simulatiestudies evalueren we de prestaties van de toets-
procedure bij eindige steekproeven.
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