UNIVERSITY OF AMSTERDAM
X

UvA-DARE (Digital Academic Repository)

Next-to-leading power jet functions in the small-mass limit in QED

van Bijleveld, Robin; Laenen, Eric; Marinissen, Coenraad; Vernazza, Leonardo; Wang,
Guoxing

DOI
10.1007/JHEPQ07(2025)257

Publication date
2025

Document Version
Final published version

Published in
Journal of High Energy Physics

License
CCBY

Link to publication

Citation for published version (APA):

van Bijleveld, R., Laenen, E., Marinissen, C., Vernazza, L., & Wang, G. (2025). Next-to-
leading power jet functions in the small-mass limit in QED. Journal of High Energy Physics,
2025(7), Article 257. https://doi.org/10.1007/JHEPQ7(2025)257

General rights

It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations

If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, P.O. Box 19185, 1000 GD Amsterdam, The Netherlands.
You will be contacted as soon as possible.

UVA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

Download date:05 Mar 2026


https://doi.org/10.1007/JHEP07(2025)257
https://handle.uba.uva.nl/personal/pure/en/publications/nexttoleading-power-jet-functions-in-the-smallmass-limit-in-qed(284666c0-e280-45b0-93a5-99bf89ff31a6).html
https://doi.org/10.1007/JHEP07(2025)257

pr

PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: April 16, 2025
ACCEPTED: June 16, 2025
PUBLISHED: July 25, 2025

Next-to-leading power jet functions in the small-mass
limit in QED

Robin van Bijleveld @, Eric Laenen,%"¢ Coenraad Marinissen®,®
Leonardo Vernazza®¢ and Guoxing Wang ©¢

@ Nikhef, Theory Group,

Science Park 105, 1098 XG, Amsterdam, The Netherlands
®IoP/ITFA, University of Amsterdam,

Science Park 904, 1098 XH Amsterdam, The Netherlands
¢ITF, Utrecht University,

Leuvenlaan 4, 3584 CE Utrecht, The Netherlands

dINFN, Sezione di Torino,

Via P. Giuria 1, I-10125 Torino, Italy

¢ Laboratoire de Physique Théorique et Hautes Energies (LPTHE), UMR 7589,
Sorbonne Université et CNRS,

4 place Jussieu, 75252 Paris Cedex 05, France

E-mail: r.vanbijleveld@nikhef.nl, Eric.Laenen@nikhef.nl,
c.marinissen@nikhef.nl, Leonardo.Vernazza@to.infn.it,
wangguoxing2015@pku.edu.cn

ABSTRACT: We investigate the factorization properties of the massive fermion form factor
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matrix elements, and compute them to second order in the coupling. We test our factorization
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1 Introduction

Power corrections in scattering amplitudes have gained considerable attention in recent years
(see e.g. refs. [1-58]). Besides their phenomenological relevance, the study of power corrections
proves to be useful to deepen our understanding of gauge theory amplitudes. Scattering
processes at hadron colliders often involve two or more widely separated scales, hence the
corresponding amplitude can be expressed as a power expansion in the small ratio of such
scales. In this work we focus in particular on the wide-angle scattering of n energetic particles
in quantum electrodynamics (QED), and consider them to have a small mass m compared
to the centre of mass energy /s, which represents a configuration to which most of the
scattering processes occurring at high energy colliders can be traced back. The corresponding



amplitude is expressed as a power expansion in A = m/y/s < 1, taking the form!
M= Mpp + M g p + Mnrp + O()\S), (1.1)

where My p represents the leading power (LP) behaviour of this amplitude, while M JaLp and
MnLp provide the first two power corrections in the expansion, of O(\) and O(A?) respectively.

Central to this paper is the expectation that, as shown by a power counting analysis in
ref. [39], each term on the r.h.s. of eq. (1.1) factorizes into a product of hard, soft and jet
functions. These represent respectively virtual hard modes, soft modes, and modes collinear
to each of the n external particles. Focusing in particular on the terms describing hard
and collinear modes up to NLP, and soft modes at leading power, one has the following
schematic factorization formula [39]:2

Meon, — (H J}) o 85+ 3 (T14) [T @ Hi + Ty @ i | 8
=1

=1 N ji
+Z <H‘]})J}W®H}WS+Z (H‘]}>‘]}ff®ﬂ}ffs
i=1 S jti i=1 j#i
k 7 j i 3
+ 5 (I 9) 70 0 Yy, S+ 000, (1.2)

1<i<j<n ki

where Hy are process-dependent hard functions, J; represent universal jet functions, the soft
function S describes leading power virtual soft radiation. The symbol ® denotes convolution.

The factorization at LP, given by the first term in eq. (1.2), has been known for a long
time, see e.g. refs. [59-64]. For massless particles it can be shown that the LP term in eq. (1.2)
is in direct correspondence with the factorization structure of soft and collinear divergences [65—
67], hence it provides the starting point for the resummation of large logarithms associated
to the emission of soft and collinear radiation [68-72]. For massive particles, eq. (1.2)
contains relevant information for the resummation of large logarithms of m?/s [73-84]. The
factorization of scattering amplitudes (or cross sections) into single-scale objects is at the basis
of resummation, as it allows one to resum the large logarithms by means of renormalization
group equations. In general, factorization theorems such as the one in eq. (1.2) have been
derived directly in the original theory (QCD or, in the case considered here, QED) [85-89],
or within an approach based on the soft-collinear effective field theory (SCET), where soft
and collinear modes are separated at the Lagrangian level [90-92].

Much less is known concerning the factorization properties of the terms appearing beyond
LP. Within SCET, factorization theorems for (massless) n-particle scattering amplitudes have
been considered in the label formalism [6, 13, 93, 94] and in the position-space formulation
of SCET [18, 20]. Within the direct approach, factorization theorems have been discussed
for n-particle amplitudes in the Yukawa theory [16] and QED [39]. An early discussion of
factorization in Drell-Yan was presented in refs. [95, 96].

LAt cross section level, NLP terms are O(A\?), thus we use the notation vNLP for O()\) terms.

2The description of soft modes at next-to-leading power requires additional terms, to be added to the factor-
ization formula in eq. (1.2). These terms have been discussed in ref. [39] and are represented diagrammatically
in figures 6 (d), (e) and (f) there.



Although the power counting analysis in ref. [39] has led to the factorization formula in
eq. (1.2), the functions appearing in this equation have been defined so far only diagrammati-
cally, i.e. by listing the Feynman diagrams expected to contribute to each function in QED.
For the factorization theorem to be complete and serve as a basis for resummation, the jet
functions in eq. (1.2) need to be properly defined in terms of matrix elements of time-ordered
operators in QED, while the corresponding hard functions are matching coefficients. The
aim of this paper is to fill this gap.

In this regard, let us recall that the factorization formula in eq. (1.2) is valid both for
the case of massless and massive particles (with m? < s). Indeed, while eq. (1.2) describes
the factorization of an n-particle scattering amplitude, its relevance extends also to the case
in which additional soft radiation is emitted. For this, as discussed in refs. [16, 39], the jet
functions are upgraded to radiative jet functions, and the emission of soft radiation from the
hard functions is related to soft emissions from the other functions by Ward identities. Thus,
the study we aim to conduct in this work is useful not only to complete and validate the
factorization theorem in eq. (1.2), but is also preparatory to study the case of real radiation,
which we leave for future analysis.

In order to validate the factorization theorem we should consider an amplitude sufficiently
non-trivial that all functions appearing in eq. (1.2) contribute, yet simple enough that it
can be calculated with standard methods known in literature. Moreover, functions such as
Jpyy and Jypr only contribute from two loops onwards, so that the validation of eq. (1.2)
requires a complete two-loop calculation. The decay of an off-shell photon into a massive
fermion-antifermion pair, usually described in literature in terms of massive fermion form
factors, satisfies our requirements.

Much work has been dedicated to the perturbative calculation of the massive quark
form factors. The two-loop result has been obtained in refs. [97, 98] (see also ref. [99] for a
calculation of the corresponding contribution to the ete™ — 4*/Z% cross section). In recent
years a lot of effort has been devoted to the calculation of the three-loop correction [100-111],
although no complete analytic result as yet exists. For our analysis we will need the two-loop
region calculation obtained in ref. [112], because a straightforward expansion of the results
in refs. [97, 98] for m? < s is not enough to disentangle hard and collinear modes, which
is needed to check the calculation of the jet functions in eq. (1.2).

Given these premises, our first task is to define and calculate the jet functions appearing
in eq. (1.2). Then we will proceed to construct the corresponding photon-fermion-antifermion
amplitude, and compare with the method of regions calculation. It may be worth mentioning
here that the factorization formula in eq. (1.2) is given in terms of functions with open
Lorentz and Dirac indices; no attempt is done to further project the jet functions onto a basis
of scalar functions. This is not uncommon in case of factorization theorems beyond leading
power, see e.g. ref. [28], as projecting to scalar functions would involve non-trivial projection
operators, which we preferably avoid in order not to hide the relatively simple structure of
eq. (1.2). In any case, the jet functions appearing in eq. (1.2) are universal objects, thus the
results obtained in this paper are valid for any n-particle scattering amplitude.

The paper is structured as follows. In section 2 we describe the process of interest,
set up our notation, recall factorization at leading power and then describe in detail the
factorization structure of the terms contributing beyond leading power. In section 3 we



give matrix element definitions for the new jet functions, and compute them at one loop,
up to NLP. Section 4 then deals with factorization at two loops, which also includes the
calculation of the relevant jet functions up to two loops. We compare our results to ref. [112],
region by region. We conclude and discuss our findings in section 5. Appendix A then
discusses the interesting interplay between the J¢, Jy, and Jy,, jet functions, where we
demonstrate factorization for the double-collinear region at the integrand level. The derivation
also shows that there is no double counting between the different (subleading) jet functions.
In appendix B we discuss the collinear-anticollinear factorization, and some of its subtle
aspects. Appendix C reports the integral expressions for all the jet functions at two-loop
order, while appendix D discusses UV counterterms for the (factorized) amplitude, paying
particular attention to mass renormalization.

2 Factorization in the small-mass limit

2.1 Fermion-antifermion amplitude in QED

Let us consider the QED process

v (q) = f(p1) + f(p2), (2.1)

in which an off-shell photon with momentum ¢ produces a fermion-antifermion pair. Keeping
cross sections in mind we also denote g? = s. The fermions have mass m so that p? = p3 = m?.

In what follows we consider the corresponding unrenormalized, or bare,® amplitude

VFH(p1,p2) = u(p1) I (p1, p2) v(p2), (2.2)

where we make the important note that the amplitude also contains external line contributions,
i.e. non-1PI diagrams. External line propagators are amputated according to the LSZ
formalism. In the equation above we defined I'*(p1, p2), which represents the amplitude with
stripped-off spinors. At lowest order we have

FM(O)(phpQ) = i€€f 7H7 (23)

where ey is the fermion electric charge in units of the positron charge e > 0. In the small-mass
limit m < /s, the amplitude V#(p1, p2) can be evaluated as a power expansion in the small
parameter A ~ m/\/s < 1:

V*(p1,p2) = VIp(p1,p2) + Vi o (1 p2) + Ve (p1,p2) + O\, (2.4)

where V{5 is O(\?), %LP is O(\), Vip is O(N?), and so on. Central to our discussion
is the expectation that each term on the r.h.s. of eq. (2.4) should factorize into hard, jet-
like and soft structures, where the virtual momenta are respectively hard, i.e. of order /s,
collinear to one of the two external fermions, or soft, i.e. of order m? [39, 112]. Our goal
is to verify that V#(pi1, p2) factorizes according to eq. (1.2). To this end we will construct
the factorized amplitude, and compare it with the recent calculation obtained by means
of the method of regions [112].

3We discuss UV counterterms in appendix D.



Let us start by setting the kinematic notation. We consider the centre-of-mass reference
frame, where the outgoing momenta p; and ps read

Py = (\/p2 +m2,0,07p> , ph = <\/p2 +m?,0,0, p> : (2.5)

It proves useful to introduce two light-like vectors? n and n, with n? =n? =0and n-n = 1,
with p; mostly along n and ps mostly along n, i.e.

Pl = pf n* +pp ph = p3 n* + py 0t (2.6)

with

S

_ _ 1
pl=n-p1=p; =n-py= 5 (\/p2+m2+p) ~ Vs,
1
(\/p2+m2 —p> ~A/s. (2.7)

Py =n-pi=p3 =n-py=

S

2

The mass-shell condition implies

2 2
2 +— 2 -_m +_m
— 2 . . =m — = —, = — 2_8
P =2p]p; L= g P g (2.8)
We then have
_ _ . om?  m?
s = (p1+p2)® =2m*+2pfp;, +2p;p5 =5 <1 +— 52> : (2.9)
where we defined the O(A°) variable
5=2pfp;. (2.10)

Although above and in the rest of the paper we consider for ease of notation the limit m < /s,
we stipulate here that the exact expansion parameter considered throughout the paper is given
by the ratio m/+/3, which, as evident from eq. (2.9), differs from m/\/s starting at O(\?).

In what follows we will refer to the direction identified by the vector n as collinear (c),
while the direction identified by n will be labelled as anticollinear (¢). Where needed we
will indicate the large components of p; and ps by

Py = pi n*, Py = py i, (2.11)
while the corresponding small components will be indicated by

P = py ph = pg n*. (2.12)

A generic momentum is decomposed along n, n as follows:
k' =kttt + kTt + kY = (kT k™, kL), (2.13)

where k™ = n -k, k= = n - k. This notation can be used to express scaling relations. For

inSta‘nce7 p}f = (pi‘rap1_7p1J_) ~ \/E(AO7)\270)7 pg = (p3_7p2_7p2l) ~ \/g()\27 >‘070)' In genera17
virtual momenta have the scaling properties

“Ref. [112] uses the light-like vectors n— = v/2n and ny = /27 with ny - n_ = 2. Here we follow the
conventions of ref. [39], and decompose momenta along n and 7.



1 (c)

—p2 (€)
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Figure 1. One-loop diagrams contributing to the v — ff amplitude, according to the conventions
discussed in the main text. The momenta p; and ps are outgoing.

hard (h): ko~ /s
k~+/s
ko~ /s

ko~ /s

collinear (
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(

soft A2 A2 A2 (2.14)
As observed in [112], only hard, collinear and anticollinear modes contribute up to two loops,
while soft modes turn out to be scaleless. Let us note that this statement is not expected
to hold at all loop orders. Indeed, the soft mode may contribute starting at three loops.®
Within the factorization theorem, the soft mode would be described by the effective diagrams
mentioned in footnote 2. In this paper we are interested to check that the collinear mode at
subleading power is correctly described in terms of the jet functions Jy, Jy., Jryy and Jysr,
to be discussed below. To this end, it is sufficient to consider the form factor calculation up
to two loops, as obtained in [112], and thus we will not discuss the soft mode further.
With these conventions we are almost ready to discuss the factorization of the amplitude
for the case m < +/s. Before proceeding we highlight the fact that, as stated below eq. (2.2),
we are considering here the full amplitude and therefore include self-energy contributions on
the external legs, order by order in perturbation theory. As will become clear in section 3,
this is because the jet functions defined within the factorization theorem in eq. (1.2) naturally
include such contributions. Therefore, we need to include the self-energy corrections in the
region calculation in QED as well, for a proper comparison.® Thus the one-loop amplitude
V”(l)(pl,pg) will receive contributions from all diagrams listed in figure 1. The inclusion
of self-energy corrections modifies the equation of motion and the mass-shell condition,
and corrections can be included order by order in perturbation theory. The self-energy

5For instance, if one more photon is inserted into the fermion loop of figure 7 and connected to the external
legs, then Furry’s theorem will not work, and soft-quark modes (one end of the soft-quark propagator connects
to the collinear quark line, the other end connects to the anticollinear quark line) may contribute, to cancel
the endpoint divergences from the collinear modes.

A similar feature has been found in the context of radiative jets: in this case, it has been shown [113, 114]
that one needs to include terms proportional to the soft-quark equations of motion, in order to make the
radiative jets gauge invariant.



contribution is usually taken into account by means of a Dyson sum:

] 1 )
—<1+ i X — 40 2}:. 2.15
S ) o) = (215)
Here Y(p) has the general form

Y(p) = A(pQ)p + B(p2) m, (2.16)

such that the propagator can be rewritten as

iR -1 2 2 2 1 — B(my)
=1+4 - =m|—2 2.1

p - mp7 R + (mp) + O(p mp)7 mp m 1 4 A(m%) ) ( 7)

where m), represents the unrenormalized pole mass. At one loop one has [115]

A(m?) = kv (“2>6 {1 +2+ (4+522>e+ (8+<2 - %3>62+0(63)} +0(a?),

A7 \m?2
2
el

B(m*) = 4

(M2>6 {—j —6— (12 +2¢)e — (24 + 3¢ — %3)62 + 0(63)} +0(a?),

m2
(2.18)
2

p?
are of higher order in a. As a consequence the equation of motion are modified as

where a = agy = €2 /4m. Here we evaluated A and B in m?, and not in m2, since differences

a(py)p, = @(pr) m[1 = A(m?) = B(m?) + 0(a?)],
Pov(p2) = —m[1 = A(m?) = B(m?) + 0(a?)] v(ps), (2.19)

or upon expanding in powers of A:

o) = ) {m[1 = Am?) ~ Bm?) + 0] o7 .

ﬁv(pg) = —{m{l — A(m2) — B(mz) + O(a2)] —|-p2+¢}p12_v(p2). (220)

Similarly, beyond tree level the mass-shell condition in eq. (2.8) is modified accordingly.
Up to one loop one has

p} = m?[1 = 24(m?) — 2B(m?) + O(a?)]. (2.21)
We are now ready to discuss the factorization of the power expansion of V#(py, p2) for m < +/s.

2.2 Factorization at LP

In order to set up the factorization formula up to NLP, we start with the leading power term.
The case of massless fermions has been discussed at length in ref. [64]. The factorization



formula for the massive case is formally equivalent. For an outgoing fermion-antifermion
pair it reads

Jr(pr, 1, p) J5(p2,n, 1) )
Sy p(n - 2.92
Ty, 1) T5(i,n, ) g7 1, ), (2.22)

VI{LP(ppra :u) = H;f(ﬁhﬁ?a M)

where u represents the factorization scale. In what follows we will keep the dependence
on u implicit, unless needed. The convention for now and what follows is that f is for the
fermion line (in the c-collinear direction) with outgoing momentum p;, and the f is for the
antifermion line (in the ¢-collinear, i.e. anticollinear, direction) with outgoing momentum po.
In eq. (2.22) the hard function H ;f f—(ﬁl, p2) represents the virtual hard modes, thus it depends
on the large momentum components pf, p§ defined in eq. (2.11). Next, the jet functions
J¢(p1,n) and J f(pz, n) reproduce virtual collinear and anticollinear modes respectively, and
are defined in terms of matrix elements of (implicitly) time-ordered operators”

Jp(pr,n, 1) = (p1[(0) @5, (0, 00)[0), (2.23)

and
J5(p2,m2, ) = (p2|®ny (00, 0) 1(0)[0), (2.24)

where n1 and no represent gauge-link vectors associated to the definition of the Wilson line

D, (y,x) = Pexp [z eey /xy dsmn - A(sn)]. (2.25)

The direction of the Wilson line is largely arbitrary, but given that their function is to
mimic the coupling of photons collinear to the outgoing parton (say, the fermion) to the
opposite moving hard parton (i.e., the antifermion), we choose n; = n, ng = n, as indicated
in eq. (2.22). Lastly, eq. (2.22) contains the soft function S; s(n - n), as well as the eikonal
approximation of the two jet functions, all defined in terms of the vacuum expectation value
of Wilson lines. One has

S 5(B1 - Bopt) = (0[@4, (00,0) @4, (0,00)[0) (2.26)
for the soft function, and

jf(Bla ny, :U‘) = <O}(I)ﬁl (OO’ O) ¢n1 (07 OO)|O>’

T5(B2,na, 1) = (0@, (00,0) @5 (0,00)[0) (2.27)

for the two eikonal jet functions. Note that these eikonal jet functions prevent overcounting
between the jet function and the soft function. Observe also that, for simplicity, in egs. (2.26)
and (2.27) we approximate the velocities of the fermion and antifermion pair, 8 and [s,
with the directions of large momentum flow, i.e. 81 ~ Bl =n, By ~ Bg = n, as already
indicated implicitly in eq. (2.22).

"Here we follow the convention adopted in ref. [39], which incorporate the spinor into the jet function.
In this way, the leading order jet functions coincide with the corresponding spinor: J}O) (p1,m1) = a(p1),

J}O)(pz7 n2) = v(p2), respectively for outgoing fermions and antifermions.



The most important aspect to underline concerning eq. (2.22) is that it describes the
factorization of the amplitude after soft and collinear singularities have been moved from
the hard function to the jet and soft functions. Let us clarify this relevant point. Loop
corrections to the amplitude V#(p1, p2) in general contain soft and collinear divergences in
case of massless fermions, and just soft divergences in case of massive fermions, as considered
here. (There are ultraviolet divergences as well; these can be removed by standard UV
renormalization. We discuss these in appendix D.) Calculating V*(py, p2) by means of the
method of regions generates spurious singularities within each region, such that the original
singularities are reproduced only after the sum of all regions has been considered. In the
case at hand, we know [112] that the massive form factor receives contributions from the
hard, collinear and anticollinear regions.® The hard region develops soft and (spurious)
collinear singularities, while the collinear and anticollinear regions develop soft and (spurious)
ultraviolet singularities, such that in the sum collinear and ultraviolet singularities cancel,
leaving the soft singularities. In general, it is preferred to define the functions appearing
in the factorization eq. (2.22) such that only the “true” singularities appear explicitly: in
other words, one wants to define a hard function free of collinear and soft singularities,
and associate collinear divergences to the jet functions (in case of massless particles) and
soft divergences to the soft function. For the massless case, this is discussed at length in
ref. [64], to which we refer for further details. Focusing on the problem at hand, both the
bare soft function and eikonal jets are scaleless. The standard interpretation of scaleless
regions in dimensional regularization is that one has infrared and ultraviolet divergences
cancelling each other, such that 1/e;g —1/eyy = 0. Thus, in order to achieve the factorization
structure in eq. (2.22), one splits this singularity structure: the ultraviolet pole moves into
the hard function. The soft function then contains the leftover infrared divergence, and it
becomes a pure counterterm. In the problem at hand, given that only the hard, collinear
and anticollinear regions are not scaleless, both the soft function S f(ﬁl - B2) and the eikonal
jets Jr(B1), Jp(B2) in eq. (2.22) contribute as pure counterterms.

However, in our approach we do not redistribute the poles over the various functions, but
rather compute them at face value. Thus we aim to check that the various jet functions that
appear up to subleading power are able to reproduce the contribution given by the collinear
and anticollinear regions. Hence, we aim to reproduce the factorization theorem in eq. (2.22)
(and its generalization at subleading power, to be discussed) in its “bare” form, i.e., before
soft (and collinear) singularities are reshuffled into pure-counterterm soft and eikonal jet
functions. For the leading power contribution this implies that we aim to prove

Vb (p1,p2, 1) = Hﬁ’;(ﬁl,ﬁ% 1) J3(py, 7, ) J}(ﬁ% n, 1h), (2.28)

where the index b, for “bare”, means that no reshuffling of soft and collinear singularities has
been considered. In what follows we will always intend a factorization theorem as written
in eq. (2.28), and drop the index b for simplicity.

8 As shown in ref. [112], additional ultra-collinear and ultra-anticollinear regions, respectively with scaling
ko~ /s(A2 013 k ~ /s(A*, A2, A%), give non-scaleless contributions to single diagrams, but cancel at the
level of the amplitude V* (pl,pg, ).



2.3 Factorization at NLP

We are now ready to specialize the factorization formula in eq. (1.2) to the case of a fermion-
antifermion pair. In order to keep equations short, we assign a name to the various terms in
eq. (1.2). The factorization formula then becomes a sum over factorized terms:

_h
V“(plzp2) - Vf f(p17p2) + vaf(phPQ) + Vfa'y f(plap2) + Vf h(Plapz) + Vf fa,y(plvPQ)

I3 u
+ va f(plap2) + V 7, (pbp?) + fof f(p1>p2) + Vf fff(plap2)

+ Vi (prp2) + O(A ), (2.29)
which we discuss one by one in what follows. First of all we have
V;j]?(plapQ) = Jf(pl, ’ﬁ) H}Lf(pl;pQ) Jf—(p% n)’ (230)

which represents a configuration involving a fermion along the collinear direction and an
antifermion along the anticollinear direction, as depicted in figure 2(a). All additional virtual
radiation is either hard, factorized into the hard function, or (anti)collinear along the two
directions (72) n, and factorized into the two jet functions. This term starts at O(\?) and
it is obviously a generalization of the leading power term in eq. (2.28). In this regard, let
us highlight that the hard and jet functions in the LP factorization formula depend on the
leading momentum components p;. In contrast, in order to reach O()\2) (i.e., NLP) accuracy
in eq. (2.30), we start by retaining the dependence on the full momenta p;, and expand
the jet and hard functions in eq. (2.30) into the mass m ~ O(\) and the small momentum
components p; ~ O(A\?). Indeed, exploiting the mass-shell condition in eqs. (2.8) and (2.21),
we can express the small momentum component as a function of the mass. Each function
in eq. (2.30) becomes a power series in m. Combining the large components pf, p, into
§ according to eq. (2.9) we have

0 m282>#

i . _ gt (& s (& 3
Hf’f‘(l)laPZ) _Hf’f(sa ) <1+m + f’f(svm)‘ - +O()‘)

om 2 Om? m=0
:H}L,f(g)‘LP—i_mHﬂ (3) ’\fLP HM )’NLP+O()‘3)>
(2.31)
and
_ _ m _ m2 B 3
Jf(plan) = Jf(m;n)’Lp + EJf(m’n)‘\/NLP + ij(m,n)’NLP + O()\ ), (232)
1 1

with an equivalent expansion for J(p2,n). The series in egs. (2.31) and (2.32) can then be
inserted in eq. (2.30) to get a systematic expansion of V“ =

The next terms in eq. (2.29) are given respectively by V“ and V}f’a 2 They describe a
configuration involving a fermion and a transverse’ photon along the collinear direction, and

9A transverse photon A, is suppressed by a power of A compared to longitudinal photons. As discussed in
section II.A of ref. [39], this is best seen in axial gauges, where longitudinal photons do not propagate. In turn,
the scaling A1 ~ X determines the suppression of Jy¢, by a power of A compared to the Jy jet. Unsuppressed
longitudinal collinear and anticollinear photons, A7 =7 - A, ~ A° and A7 = n - Az ~ A° have been absorbed
respectively into Jy and J; by means of Wilson lines, as discussed in section 3.1.
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(a) (b)

Figure 2. Diagrammatic representation of Vf” 7 (a) and Vfli, 7 (b), defined respectively in egs. (2.30)
and (2.34). ’ 7

an antifermion along the anticollinear direction, as represented in figure 2(b). Similarly, the
terms Vf Py and Vf oy involve a fermion along the collinear direction, and an antifermion
plus a transverse photon along the anticollinear direction. They can be obtained by symmetry
from V“ . and V;‘a 7 by exchanging p; <+ —ps,'? thus we will not discuss them further.
In order to write down the explicit form of V¥ _ and V“ , let us label the photon
momentum by /¢, as indicated in figure 2(b). Consequently, the hard function for this process,
H ne P involves a collinear fermion and a photon, respectively with momenta p; — ¢ and /,
Wlth = (0r07,01) ~ /s (A% A2 A1), As argued in ref. [39], a consistent factorization order
by order in the power expansion requires the hard function to depend only on the large
momentum component {=1ttn (as well as p1). This is achieved by expanding H ” = 1n the
small components of £. Anticipating that the jet function J 7., starts at O(N), w e need to

expand the hard function up to O(A) as well. We thus have

0
np _ . _ o np _ . 2
Hf,yf( 1 €7£ap2)_ (1+€L861>Hf7f( D1 £7£ap2)‘£ +O(A )

1=0

where in the second line we have implicitly defined H %0 - Given eq. (2.33), V“ 7and Vﬁa f

still involve a convolution over the large momentum component /. We have respectlvely
i L .
VI #(p1,p2) = /0 Al Tpyp(p1 = 60 0) HYY (py — €, 6ipa) Jp(p2,m),  (2.34)
and

Vigyjpr2) = | Al Jpopo(br = 0,070) HYf? (b1 = 0,65 52) Jy(f2im). - (2:35)

0The minus sign can be understood because one switches from an outgoing fermion to an outgoing
antifermion. This effectively changes p1 into —p2 and vice versa in all the propagators.

'We will see in section 3 that the integral over ¢* is indeed bounded, while in principle the integration is
unbounded from above and below.
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(a) (0)

Figure 3. Diagrammatic representation of Vf”W 7 (a), Vf’}f 7 (b) and VJf‘7 7y (c), defined respectively
in eqgs. (2.39), (2.40) and (2.41).

A few comments are in order. First, V“ starts at O(N). Thus, the jet and hard functions

still need to be expanded in powers of m, for a consistent expansion up to O(A?). Similarly
to the series definitions in egs. (2.31) and (2.32), we have

~ A 0 ~ A

m=0

A~

= HYY (b1 — £, 0:02)| p + mHY by — £, 692)] gy p + O(N), (2.36)

and
Noa N A A m . P
Jf (o1 = £6,n) = JE (b1 — £.6,0)| xpp + EJ;ZV(pl —0,0,0) | p +ON). (237

The series in egs. (2.36) and (2.37) can be inserted in eq. (2.34) to get a systematic expansion
of V” . Concerning eq. (2.35), we point out that we have absorbed the factor £7 in eq. (2.33)

1nto the definition of J%3 o Schematically we may write
Jfafy( é\ é\ ﬁ) ']Jey(ﬁl - Ea 27 ﬁ) i? (238)

where we stress that J]’i7 involves an integration over ¢, thus the explicit factor of ¢9 in
eq. (2.38) is integrated over as well. In section 3.2 we will see that J ]’c)g7 can be rigorously
defined in terms of an operator matrix element. V]% 7 starts at O(\?), so there is no need to
further expand in powers of m, as in eqgs. (2.36) and (2.37). Thus, the functions J;ng and
H % 7 are taken at leading order in the power expansion, and depend only on the leading

momentum components, as indicated by the argument of the functions in eq. (2.35).

The remaining terms in eq. (2.29) are V“ V]f} 7 7 and V Sy S well as the corresponding
p1 <> —po symmetric terms Vf“ Py and Vf“ i All these terms start at O()\?), therefore we

can consistently drop all dependence on ¢1,, £, and all other small momentum components.
The terms V¥ _ and V. - involve a configuration respectively with a fermion and two

. f Hff
(transverse) photons or a fermion and a fermion-antifermion pair along the collinear direction,
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and an antifermion along the anticollinear direction, as represented in figure 3(a) and (b).
They involve a convolution over the large momentum components El, 0 as follows:

+
pl A~ 0 7 7 ) — o3 A 0 o n ) A A
Vﬁm;(plapz)Z/O AU AUS Ty po (D1 —L1— 2,00, b, n) HP? o(pr—t1 =L, 01, bo;p2) Tp(P2.m),
(2.39)
and

n
V;}ff(pl,pg) = /Opl dﬁi" d@L Jfff(ﬁl — gl — 22, gl, gg, T_Z) H}lff-’f(ﬁl - gl — 227 gl, gQ;ﬁQ) Jf(ﬁ% n)

(2.40)
Here we use simplified notation. In section 4.3.4 we distinguish two contributions that differ
by charge flow. The last term, i.e. V¥ _ | involves a configuration with a collinear fermion
and photon, as well as an anticollinear antifermion and photon, as depicted in figure 3(c).
As such it also involves two convolutions, over ¢/ and £, . It reads

p S s
Vf%fw(pl’m):/o ‘Ml/0 dly Jpyp(Pr — 1,01, 1)

X H}f?f’y(ﬁl — gl, gl, —ﬁg — gg,gg) vao(—ﬁg — gQ,éQ, n) (2.41)
With these definitions at hand, each term in eq. (2.29) has been properly defined in terms
of convolutions between hard and jet functions. In this regard, let us notice that, although
we defined the convolutions in egs. (2.34) and (2.35) in terms of the large photon momentum
component /T, and the convolutions in egs. (2.39), (2.40) and (2.41) in terms of the large
components ¢{ and ¢3 (or £ for the case in eq. (2.41)), in practice it will be more convenient
to express the convolutions in terms of dimensionless momentum fractions, for instance

1 A A _ A A
Vf/ihf?(plapQ) :pf/o dz Jf’Yp(pl —E,E,n) H}{f’f(pl _£7£ap2) Jf(van)v (242)

with = = ¢+/p].

Our next goal is to show that each jet function can be defined in terms of an operator
matrix element in QED. In this context, each hard function can be considered as the
corresponding short-distance (Wilson) coefficient, which can be obtained by matching with
the full amplitude in QED. We devote sections 3 and 4 to the jet function definitions in
terms of operator matrix elements, and their calculation in perturbation theory up to the
perturbative order required to reproduce the full amplitude up to O(a?).

2.4 Form factors in the limit m?2 < s

In order to check that the factorized amplitude in eq. (2.29) correctly reproduces the QED
amplitude in the limit m? < s, we compare our calculation in terms of hard and jet functions
with the massive form factors calculation obtained in ref. [112] by means of the method of
regions. To this end, let us briefly recall that the ¥ — ff amplitude can be expressed in
terms of two form factors F; and F5 such that

. 1 o
[ (p1,p2) =ieey F1(37m)7“+%F2(5,m)10'“ (p1+p2)u |, (2.43)
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where 0" = L[y*,4"], and the electric charge is consistent with eq. (2.3). In the rest of
the paper we will take ey = —1, except those equations where the factor ey is left explicit.
The form factors computed in ref. [112] up to O(a?) correspond to the unrenormalized, 1PI
amplitude, and can thus be extracted by means of the projection operators

Fi(s,m?) = Tr[P"(m,p1,p2) Tu(p1,p2)], (2.44)
where!? [97]

(3) i G) ptm

Bf'(m,p1,p2) = pgmm 10" g gn (P =) | T (2.45)
and in turn
a 1 1 1
T eepd(l—e€) (s/m2 —4)
gél) _ _i 3 — 2¢ 1 ’
eef (1 —e)(s/m? —4)2
2) 1 1 1
~ eep (1—¢)s/m2(s/m2 —4)’
9 11 1 4m?
- s (S/m2_4)2[ i +2_26} (2.46)

Given that the factorized amplitude in eq. (2.29) corresponds to the unrenormalized amplitude
including self-energy corrections, comparison with ref. [112] would require to modify the
projection operators in eq. (2.45) in order to take into account the modified equations of
motion and mass-shell condition order by order in perturbation theory. This results in O(«)
corrections to the projection constants in eq. (2.46). Moreover, a residue factor of VR on
each external leg needs to be incorporated,'® which would yield

Fu(p17p2) = (\/§)2 Flfp[(phpZ), (247)

where I'* on the L.h.s. includes also the diagrams that are not 1PI. Note that the r.h.s. of
eq. (2.47) now needs to be computed with the equations of motion and mass-shell condition
as in egs. (2.19) and (2.21) respectively. In practice, we will see in sections 3 and 4 that
the contribution due to the correction on the external legs can be easily factorized and
dropped both in the factorized approach and in the region computation, except for the
collinear-anticollinear region contribution at two loops. Thus, we will be mostly able to
compare directly with the computation in ref. [112], dropping the correction on the external
legs from V*#(p1,p2) calculated by means of eq. (2.29) and obtaining the corresponding form
factors by means of eq. (2.44).
To conclude, we recall that we expand the form factors in powers of a/4:

F, (sm2 MQ) = F <5m2) + i <40‘>k ¥ (s m?2, M) , (2.48)
k=1 N7

2The projection operators in eq. (2.44) are slightly different from those defined in eq. (2.5) of ref. [112],
because there the process f(p1) + f(p2) — 7" (q) was studied, while here we consider the process v*(q) —
f(p1) + f(p2). Although the projections are different, the form factors are of course the same.

"Eq. (2.17) contains a factor of R, but this is reduced to /R by the LSZ formula.
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where the tree-level form factors read
F¥ (sm2) =1, 7Y <§,m2) — 0. (2.49)
Furthermore, each form factor is expanded in powers of m?/3 as follows:
Fy(3,m?) = Flu,LP(‘§7m2) + FllfNLP(‘g?mQ) +O(AY),
Fy(8,m?) = Fl'y1p(3,m%) + O(AY), (2.50)

where FQ”’ NLp gives the O(X) part of the amplitude, since F; is divided by a factor of m in
eq. (2.43), and Fy rp and Fj np give the O(A\?) and O(A\?) parts respectively.

3 One-loop results up to NLP

With the factorization formula eq. (2.29) in place, we now need to properly define the jet
functions as matrix elements of time-ordered operators in QED. In this section we start
by considering the jet functions whose contribution starts at LO and NLO in perturbation
theory, namely J¢, Jyy and Jrp,. In the following we define and calculate these functions at
one loop and up to NLP, i.e. up to O(A?) in the small-mass limit. The jet functions describe
jets of one or more collimated particles. As a consequence, we expect jet functions defined
along the collinear direction to reproduce the contribution given by the collinear region in
an expansion by region calculation, and jet functions along the anticollinear direction to
reproduce the anticollinear region. To this end, we will compare our result with the form
factor calculation in ref. [112], which uses the method of regions. In this regard we note that
at NLO in the coupling, non-1PI diagrams only enter via the multiplicative residue factor
V'R for each external leg. This is the same on the factorization and the region side, so that
it can be ignored when comparing the results to one another.

3.1 J; jet function

As anticipated in section 2.3, the jet function Jy consists of a single (outgoing) c-collinear
fermion, surrounded by a cloud of photons (and virtual fermion-antifermion pairs). The
corresponding matrix element (as anticipated in eq. (2.23)) is thus given by a single fermion
field, dressed by a collinear Wilson line, which leads to a matrix element of a gauge-invariant
operator [63, 64]:

Jy(p1,7) = (p1]9(0) @7(0,00) |0}, (3.1)

where (p1| denotes the state of the outgoing fermion with momentum p;. The Wilson line &5
has been defined for the general case in eq. (2.25). For the specific case at hand we have

Q5 (x,00) = exp [—ie /0 dAn - A(x + An)| . (3.2)

o0

An analogous definition can be given for a c-collinear jet with an outgoing antifermion, and
will be denoted by J 7o It reads

J¢(p2,m) = (p2] Pn(00,0)%(0) |0}, (3.3)
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where (pa| denotes the state of the outgoing antifermion with momentum py. At leading
order, we have

JJ(CO) (p1) = u(p1), JJE—O) (p2) = v(p2). (3.4)

The spinors u(p;) and v(p2) here respectively depend on the full momentum p; and pe, and
hence obey the equations of motion from eq. (2.20), where we can ignore the terms A and B
since they only start to modify results at two loops. Indeed, the tree-level J; jet and H }‘ 7
hard function (which multiply the one-loop expressions of A and B) do not contain factors of
p, and p, that act on the spinors. Comparison with eqgs. (2.2) and (2.3) immediately gives
the leading order hard function, which reads (with e; = —1, see comment after eq. (2.43))

HOM = —ieqt, (3.5)
with a diagrammatic representation given in figure 4(a). Here and in what follows we note
that although formally a hard function, being a matching coefficient, is not described by
Feynman diagrams, a diagrammatic representation does prove useful and intuitive. For the
form factors at leading order we have Fl(o) =1, and FZ(O) = 0.

At one loop, we consider the vertex correction, which is the only 1PI contribution that
occurs after performing the Wick contractions. A diagrammatic representation is given in
figure 4(b). The double line represents here an eikonal Feynman rule. We note that this
jet function also produces the (non-1PI) self-energy diagram. As mentioned before, we do
not include this at the one-loop level when comparing with the region calculation. The
one-loop expression for this jet reads

n(p, — K +m)
k2[(p1 — k)2 —m?|[n - K]

B < [(e)eE me
- <m> o) gy (1 ) 7

which indeed admits an expansion like in eq. (2.32). All propagators come with a standard

I p1,) = i167a(p) [ [dk] (3.6)

+in-prescription, which will be left implicit throughout the paper. We have chosen the
Feynman gauge for the photon propagator. We also defined the measure

[2¢VE € d
(/k%]z (”4; )(/(;59, (3.8)

where d = 4 — 2¢ and 1?2 = 4we "2 u? is the MS-renormalization scale. The result for the

c-collinear jet function at one loop is similar; it reads
=2

0 (g, m) = (7‘;) g (1 o) (39)

We are now ready to check the factorization formula eq. (2.30) at one loop. Suppressing
for simplicity the argument of the functions, at this perturbative order we have

w(l) _ (1) w(1) p(1)
= J =D 0+ ) 59 g0+ g0 aeQ o, (3.10)
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(a) (b)

Figure 4. In (a) we show the diagrammatic representation of the leading order hard function H I3z
In (b) we show the one-loop J jet contribution.

where in the first line we have implicitly defined the hard, collinear and anticollinear contri-

butlon to Vf“ ](c ) with the corresponding terms in the second line. Let us start by comparing

. |c with the collinear region calculated in ref. [112]. Upon projecting onto Fj, we find

2\71 2 G m? (2
F(1)7 — H |: Z 4 22 ( 4) 4 :| 11
LAl <m2 SHo At T (S H4)+00 ), (3.11)
and for Fy one finds
-2\ € 2 4
F(Q) = (£ {m (— - 8) O\ ] 12
<m2 § € + ( 76) (3 )

(? f‘c reproduces the full leading power collinear region
in F! 1(1)|C, given that V“ |C provides the only LP contribution in the factorization formula

q. (2.29). Instead, the O(A) and O(\?) part of V“ |c, which contribute respectively to
F2 and Fi, do not yet reproduce the full colhnear reg10n contribution to the form factor.
This is also expected, because at O(\) and O(A\?) we are still missing the contributions due
to the J f7 jet and the Jyg, jet. The result for the anticollinear region is equivalent, i.e.

1)

Indeed the leading power term in

The hard function at one loop, namely H"';’ is obtained by matching,

Zf ! |C B f ! ‘C
thus this is by construction equal to the hard region contribution. In what follows, we will

not discuss further the pure hard region contribution to the form factor.

3.2 Jy, and Jyp, jet functions

As discussed in section 2.3, the jet function Jy, consists of a fermion and a transverse
photon along the collinear direction. As for the Jy jet function, we need to construct a
gauge-invariant time-ordered operator in QED. Concerning the fermion field, it is natural to
take the gauge-invariant building block t(0) ®7(0,00). For the photon field more definitions
are in principle possible. One can choose to describe the photon either through the gauge
field A*, or through the gauge field strength F*”. We choose a gauge-invariant definition
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of the gauge field'*' [91, 116, 117]
At (z) = @5 (00, x) (1D*(x) @iz, 0)), (3.13)

where iD#(z) = i0" + eey A" is the covariant derivative. Upon describing the photon by
means of a gauge field strength, the corresponding gauge-invariant building block is

Frt(z) = ®5(00, ) FFF () @5 (2, 00), (3.14)
which in QED reduces back to F**. One can show that the two choices are related, since
Fu = 0 Ay, — 0, A, — i [Ay AL (3.15)

It is not hard to show that using either of the two gauge-invariant building blocks in egs. (3.13)
and (3.14) gives the same Jy, function at O(a), up to an overall momentum factor £+, which
can be absorbed by a redefinition of the hard function. In what follows, we will use the
gauge-invariant building block given by A#(z). Thus we propose the definition

oo
I o0 = [ D (1] [3(0) (0, 00)] [ (o0, €0) (iDF (60, 00)) ] [0)

(3.16)
Here D* is understood to be evaluated at the point £n, after the derivative has been performed.
Note that n - Jp, = 0, since n - D®7 = 0, which is a standard Wilson-line identity. Hence,
the dominant term in eq. (3.16) is the transverse component D' | just as for the building
block typically introduced in SCET, see e.g. refs. [118, 119]. Given that D] ~ O()), the
function Jy, is suppressed by a power of A compared to .J;. Before moving to the calculation
of JJ'?V at one loop, let us mention that the corresponding jet J2 for an antifermion and

photon along the anticollinear direction can be readily obtained by replacing the building
blocks in eq. (3.16) as follows:

ﬁ(ﬁ)(pﬁ('xv OO) < (I)n(oov $)¢($)a
O (00, ) [iDPDs (2, 00)] > §p (00, ) [iDP P, (x,00)].

(3.17)

We take this occasion to clarify the following point: gauge-invariant building blocks such as £(0) ®5 (0, o)
and Py (0o, ) (z’DZL(m) Dy (z, oo)) appear in SCET as well and are used to define subleading jet operators
and jet functions, see for instance [18, 20, 24]. The main difference is that the SCET fields are systematically
expanded in powers of ), thus fields such as & = (1#1/2)y and A%, have homogeneous scaling, and the same
is true for time-ordered operators built out of such fields. Here we are defining our operators in terms of
the full fields in QED, thus each matrix element lacks homogenous scaling. Instead, they involve a tower of
power corrections, as seen for instance for Jy in egs. (2.32) and (3.7). The advantage of this approach is that
the matrix elements can be evaluated more easily in terms of standard QED Feynman rules (in addition to
eikonal interactions originating from Wilson lines). A possible drawback is that the various matrix elements
corresponding to Jy, J¢y, Jryy, etc. could have overlapping contributions, which one would need to subtract.
As it turns out, we do not find overlap among the various jet functions contributing to the factorization of the
massive form factor. We devote appendix A to discuss this point in some detail.

5 At lowest order in e, one finds A*(x) = eeyA*(x) supplemented by Wilson line terms that render this
building block gauge invariant. This provides some intuition that this building block indeed describes a photon.
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(a) (b)

Figure 5. In (a) we show the one-loop J¢. jet contribution, and (b) shows the leading order hard
function for this jet. The dashed line in (b) corresponds to the collinear photon that connects the
hard function with the dot of the jet.

The function J Jf‘)v starts at O(«v). At this order in perturbation theory the non-vanishing
contribution is

oo e _ 0
T i) =ie* [~ 55 ) 50 (r(en) - og, [ ann- Aten+ )
X /ddy (@/_JA"%w) () |0) + O(a?). (3.18)

From this we derive an effective Feynman rule for the photon propagator:
o
—1i nkP
ko= (07— ——)d(@n-k—1"). 3.19
? e A = LCR B (3.19)
0

This is depicted in figure 5(a). In particular, note that the effective rule has an open index
p, indicated by the dot at one end of the photon propagator, which is to be contracted
with the open index from the photon in the hard function (discussed below). Elaborating
eq. (3.18) we get

S(n-k—£T).  (3.20)

70 P pea —k+tm
I ) = ton (o) [lan) (7 -0 ) kZK,E’”_lij_WBQ]
As anticipated in section 2.3, Jy, depends on the external momentum p; as well as the
dominant loop momentum component ¢+, which flows into the jet function and out of the
corresponding hard function. Given that both the large component of p; and ¢, i.e. p} = pfn“
and [* = [Tp# respectively, are collinear along n*, it proves useful to write the jet function in
terms of the momentum fraction z = £+ /p] (see eq. (2.42)). Evaluating the loop integration

in eq. (3.20) and expanding up to O(A\?), we get

—92 € ﬁ p
T3y, ) = (;;) T(e)es a<p1>m{x”e (—mﬁl)

Py

1
2(1—e¢)

m

Py

(5(1—x)—(1—2e)x126)7pﬁ—2x26(1—x)ﬁp]}. (3.21)
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We see that the jet function Jy., starts at O(A). Furthermore, the contribution at O(\?)
originates from expansion into the small components of p;, as anticipated in eq. (2.37).
The contour integration over k~ determines the integration domain of x to be in the range
0 <z < 1. Outside of this unit interval, the contour integral over k™ yields zero, because
the two propagator poles would be on the same side of the integration contour. The result
in eq. (3.21) is equivalent to the one obtained in ref. [39], see in particular eq. (48) there.
However, we stress that the jet function calculated in ref. [39] was based on a diagrammatic
definition, while the jet function in eq. (3.21) follows from a well-defined matrix element.
As discussed in section 2.3, there is a second jet function involving a fermion and a
transverse photon along the collinear direction, namely J]’?gv, as defined in eq. (2.38). The
function J ]’fgv emerges upon expansion of the corresponding hard functions in powers of £,
see egs. (2.33) and (2.35). It is possible to incorporate the factor of £, in eq. (2.38) directly
into a matrix element definition for J]’fgw which is given by
i07 | (00, &n) (iDPPx (&N, 00)) | [0) .
(3.22)
Notice that the labelling of the jet function, “ f0+”, is chosen such as to indicate that the

o - — o d& —il(&€n n
Tpg o 0) = [~ 5% (o] |5(0) (0, )

factor of i0] in eq. (3.22) acts on the photon building block. The transverse derivative
generates the factor of ¢, introduced in eq. (2.38), and as such makes the jet function
J}’g,y ~ O()\?). Onme can readily show that

=2\ € 2,.2—2¢ 5P

Jj(cla)io(pl,ﬁ,x) = (%) F(E)e“’Eﬂ(pl)% BUT +9 (ﬁp? - 7’))] ) (3.23)
which coincides with the result found earlier in ref. [39], but, again, eq. (3.23) now follows
from a matrix element definition.

In order to evaluate the collinear contribution due to the two factorized terms in eqgs. (2.34)
and (2.35) we still need to determine the corresponding hard functions at lowest order. These
are represented by the diagram in figure 5(b), where the antifermion propagator has hard
momentum —ps — £. Before expansion in [, the full hard function reads

i(—py — { +m)
(p2 + £)%2 — m?

1
o B o . = (s n o
Hf%fp(pl €7€7p2) —6( ey ) ( 2679)7 (324>
where we divided by —e in order to match consistently with the jet functions defined in
egs. (3.16) and (3.22), which already contain such factor. Expanding eq. (3.24) according
to eq. (2.33), we get the two coefficients

O/~ 4 _ —1ie A N
Hf%fp(pl’m’w) T 28 7 (p2+xp1—m) o (3.25)
On (s o T
Hfa%fpo(plap%'m) - 28 Y YLoVp- (326)

Notice that the factor of 1/x appearing in both functions could potentially give rise to an
endpoint singularity, for x — 0, in the convolution with the jet function. As it turns out, at
one loop this potential divergence is regularized in dimensional regularization by J ]’37 and J ]’fgv,
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see egs. (3.21) and (3.23). It is therefore not necessary at this order to additionally introduce
an analytic regulator. The emergence of endpoint singularities (regulated by dimensional or
analytic regularization) has been observed in SCET as well, see refs. [27, 31, 38, 46]. The
potential endpoint divergences we encounter here are entirely equivalent to those found in
SCET. In this regard, let us mention that the presence of endpoint divergences prevents
the naive renormalization of the hard and jet function separately, and consequently the
resummation of large logarithms by means of the renormalization group [27, 38, 46]. Even
though this reasoning applies both to SCET and to the approach considered here, it has been
shown that the resummation of large logarithms in presence of endpoint divergences can
be obtained also by diagrammatic exponentiation, see refs. [43, 53]. Indeed, diagrammatic
exponentiation can be formulated directly in dimensional regularization, and would thus be
particularly suitable for the factorization approach considered here.

It may be interesting at this point to notice that the jet function Jy, in eq. (3.20) contains
two terms: the first one, proportional to n”?, when contracted with the hard function is
equal to the full c-region. However, as is shown in appendix A, the second term yields the
contribution given by the J; jet function. Therefore, we see that in the Jy, jet function the
contribution from the LP J; jet function gets cancelled, preventing any double counting.
Furthermore, it is clear that this subtraction in eq. (3.20) of the second term makes the Jg.,
jet function of order O()). Hence the effective photon propagator in eq. (3.19) is subleading,
i.e. of O(A). As shown in appendix A, by means of the Ward identity, this is a more general
structure that is also present in the Jy,, jet function.

We can now verify the complete factorization formula at one loop, up to O(A\?). In
particular we can check now that we are able to reproduce the full c-region. Adding V;f ](;1) ey

V” |c and VA :|le, and projecting onto the form factors, we obtain

fov.f
() Bty o

REEIE-

which is in agreement with the region result in the c-collinear region. The c-collinear region

F

follows readily when calculating J Ty and J Fory which have similar matrix element definitions
as their c-collinear counterpart. This concludes the discussion of the factorization theorem at
one loop, in which we have shown that it reproduces the QED form factor exactly up to O(A\2).

4 Two-loop results up to NLP

We move on to check the factorization theorem at two loop order. Now the O(A\?) Jg.,
and J 7 jet functions appear, since their leading-order contributions start at O(a?). These
jet functions, together with the Jy jet, the Jy, jet and the Jyg, jet at two loops, are the
necessary ingredients to check the double-collinear (cc and ¢c) region. Beside this check, one
can already verify the two-loop collinear-anticollinear (c¢) and the collinear-hard (ch and
ch) factorization with the one-loop expressions for the J; jet and the Jy, and Jyg., jet. We
will indeed first check these two regions, and only then we will consider the full two-loop
calculations of the (subleading) jet functions. The QED diagrams that appear at two loops

— 21 —



P1 P1 P1
(b) (c) (d)
1 p1 1 1
(e) (f) () (h)

Figure 6. Diagrams that contribute to the massive form factor at two loops in QED. Dashed lines
represent massless fermions.
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Figure 7. The two diagrams involving triangle fermion loops that cancel by Furry’s theorem.

are given in figure 6. There are also another two diagrams involving triangle fermion loops,
but they cancel each other by Furry’s theorem [120], see figure 7.

4.1 Verifying collinear-anticollinear factorization

At two loops, the terms in the factorization theorem eq. (2.29) contributing to the collinear-
anticollinear region are given by

) + V“( )

n(2) w(2)
+V +V [y

w(2) ( (
+V cc fy]?’Y cc ffa

n(2)
+V cc fa’Yf

ff

O\

cc

cc

=g g0 ;4 50 #e(0) 7 (1) 4 7(1) ppo(0) 5(1)
e Hf,f T wap®H Jf Jfa’)/PU@Hfayf Jf

(1) pie(©) g 1) | 50 ripo(0) g 51 (1) o prpa(0) o 5(1) 3
+I HYE 0 4T EVE Ve ) 100 o e ) L0, (4.1)

where we indicated convolution with the symbol ®. All terms in this equation are known

)

from section 3, except for H ;fp 7O The corresponding term in the factorization theorem
has been introduced in eq. (2. 41) and contributes for the first time at two loops, since the

corresponding jet functions start at O(«). H fry.fy CODSsts of three contributions, namely
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wpo

Hf%f’y(ﬁl,]ﬁg,l',i') = (4.2)

where x = (] /p] and z = (3 /p; are the relevant momentum fractions. H . fy 18 casily
expressed in terms of propagators and vertices by using the standard Feynman rules in QED,
thus we do not report the exact expression here.

With the calculation of H oy fy I place, we have all terms needed to evaluate eq. (4.1),
which we then use to evaluate the collinear-anticollinear contribution to the form factors. A
check, including only 1PI diagrams, shows that the leading power contribution to Fj equals

3
L I 80+12¢y— o8
m?2 €4+€3+ €2 + € +80+12¢; 3+1O

O - (,12 >2€ [ 1 4 12+4¢  32+44¢—% 83 LC?Z+(9(€) 43
LP,cc
which agrees with the region calculation.

One may be inclined to think that the generalization to subleading powers is now readily
achieved by calculating all the terms in eq. (4.1), but that is not the case. Indeed, if one
calculates the subleading power contributions as one would expect at first, there is a mismatch
between the region approach and our factorization approach. The reason behind this is a
subtle point, to which appendix B is devoted. As already discussed in section 2, it is crucial
to include self-energy contributions to have a valid factorization theorem. In a massless
gauge theory this subtlety does not appear as the self-energy contribution consists of scaleless
integrals, which vanish. However, since we are working with a nonzero mass m, the inclusion
of self energies also modifies the mass-shell condition and the Dirac equations of motion,
which alter the expressions. There is also a residue factor, although that will not change
whether factorization holds or not, since it is multiplicative.

The additional contributions for the collinear-anticollinear result then come from using
the one-loop collinear (anticollinear) result, both on the region side and on the factorization
side, and using the new one-loop equations of motion and mass-shell condition on the
anticollinear (collinear) leg, as given respectively in egs. (2.19) and (2.21): this is equivalent
to including the self-energy contribution on the anticollinear (collinear) leg. It does not
alter the O(a) result, but gives a new O(a?) contribution on the region side as well as on
the factorization side. These new contributions from both sides are not identical. At O()\),
these additional contributions precisely cure the existing mismatch in the naive factorization
check of the 1PI amplitude. We report here the total contribution to F5 including self-energy

corrections, namely

2 2

2e
i 8 18 44+8 16
Blupa=(f) 5[5+ &+ v KR ro0]. o

m?2 5 |e3 €2

At O(A\?), the modified equations of motion and mass-shell condition are also the missing
ingredients compared to the naive calculation. However another subtlety arises here, namely
the choice of analytic regulator. If we mimic the use of analytic regulator as in the region
approach, we do not yet achieve a match between the factorization approach and the region
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approach. This can be explained by appendix B. The derivation done there would be invalid
if one uses the analytic regulators from the region approach. Indeed, previously scaleless
integrals would receive a scale and thus not vanish, nor would the important cancellations
happen. The way out of this is choosing a different propagator for the analytic regulator.
If one puts the regulator on photon lines only, and thus not on fermion lines, the Ward
identity, frequently used in appendix B, is operative. Moreover, scaleless integrals remain
scaleless. As a result, the Jy, jet develops a factor (1 — x)”, which can be readily derived,
together with the known z72¢, cf. eq. (3.21). Hence both the endpoint divergences at z = 0
and x = 1 are now regularized. As a result, the H .7 and Hg 7 hard functions do not
contain any analytic regulator.

We now report the total contribution to F} including the self-energy correction, as was
done for Fy. We put analytic regulators v; and v on respectively the k? and k3 photon

propagator, and obtain'6

_9 2€ -9 2v _2¢3
1 3 8+ 20 + 3¢

F

m?2 m?2 € € 10

m2r4 1 4 4 1 4
+— g t3l-————)+5|——13-20¢
S |€ € 141 1) € Vg

cc

1 4 8 80 —4+4 1 44
+<—+<2+ B2 35 C3>+ +C2+(— — 126+ CP’)
€ V19 1 1) 3 1Z28%) 1 3
1 443 2 4
+ ” —8 — 120 + —= 3 —91 — 1302 — 14¢5 | + O(N\*, e, v1, 1) ¢, (4.5)
2

which agrees with the region calculation if one accounts for the new equations of motion,
mass-shell condition, and the different use of the analytic regulator on that side as well.

This subtle point on self-energy contributions shows that the factorization theorem
naturally includes such contributions, which we already claimed in section 2.1. For the other
checks of factorization at the two-loop level in the next subsections, it is not strictly necessary
to include self-energy corrections. It suffices to calculate the form factor of the 1PI amplitude
and compare that with the region calculation, where the self-energy diagrams were omitted.
In fact, if one includes self-energy contributions in order to check the hard-collinear and
double-collinear regions, the extra contributions in the factorisation approach and in the
region approach are identical. Indeed, as shown explicitly in appendix A, the double-collinear
region result is equal to the factorisation result without including self-energy diagrams. Hence
in the next sections we do not include self-energy contributions.

4.2 Verifying hard-collinear factorization

Next, we select in eq. (2.29) the contribution where one loop is collinear and the other one
is hard, i.e., up to O(A?) we consider

— V;i](?) + V,“( )

w(2)
ol TV

w(2)
v ch fo, f

+0(\®)

ch ch

W g 4 g0 o i) 4 ) (1)) 70) 3
= (7 HSD + g e B g e HIT ) TO 008 (46)

1 Compared to eq. (4.3), also the LP contribution is modified, as a result of including the self-energy correc-

tions.
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In this case, the only missing factors are the one-loop hard functions. For the hard function
corresponding to the J; jet one finds

_ 2 ~
Z dk 1251 k"‘m) 1 2m Do - k
Hy 7 (prp2) / ek MR ook

>< PR
TR Y 2ps - K 5 K21 2ps k) MR

Mi(—pQ—k—l—m) (1_2m2 Py -k ) 1
(4.7)

where we have expanded the propagators up to @(A\?). The leading power contribution arises
from V]ﬁf ](;2)\ch only. Projecting onto the form factors we get at leading power

72 € 72 €
@ _(A) (A [_2_T 21 165
B ‘LP,ch - <—§> <m2> [ et 3 &2 te € —00+ 3
2
L O(e)}, (4.8)

which matches the region result.

Considering now the one-loop hard function corresponding to the Jy, and Jgs, jet
functions, it becomes rather cumbersome to write down the full expression, hence we resort
to a diagrammatic representation. There are five contributions, corresponding to the five
diagrams that contribute to the ch-region, which add up to the hard function

np 0 ). Hpo (A 0 0.n
Hf%‘f(pl - e? €7p2) + eJ_O' Hfa,y f(p 67671)2)

(4.9)

where the dashed line represents a c-collinear photon that is to be connected to the Jy, (Jray)
jet function. Hence momentum ¢ flows through this line, while the remaining loop is hard. The
relevant propagators need to be expanded up to O()) in order to be accurate up to O(A?) when
combined with the corresponding jet function. For example, one needs to do the expansion

FAf+p,+m FH L P, m+ OO0 (1_ %, £,
(

= - = +0MY |, “.10
(k + €+ p2)? —m? (k + 0+ p2)? k+ 0+ po)? (>> (#10)
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where k is hard and /¢ is c-collinear. To obtain the H o f hard function, one evaluates the
relevant propagators at £, = 0. For the H foy. hard function, one takes these perpendicular
components into account by calculating the derivative of the H o f hard function with respect
to £1, cf. the calculation done at one loop for the Jg, jet.

With the calculation of the one-loop hard functions in place, it is then possible to evaluate
each term in eq. (4.6) and project onto the form factors, obtaining

-2 € —9 € 2
(2) (N (A mIf 4 8 564326 3203
Fy ’NLP,ch B <_§> <m2> A [ 3 2 + . 280 + 136(3 + 3 + O(e)

(4.11)

for Fy, which originates from the O(\) contribution in eq. (4.6). At O(A\?), V#(2)
to F1, and we get

2\ 2\ m2 4 2 —8+20 1 284
(Y () A2 e (e )
€ € € € 3

contributes
Ci

322 568(2
C3 + Cz

6 — 92(3 —
+ (3 3 3

+ 0(6)} , (4.12)

which is exactly what we should find according to ref. [112]. Equivalent results can be
obtained for the ch-region. This concludes the verification of the factorization approach
for the hard-collinear region.

4.3 Verifying double-collinear factorization

In order to complete the verification of the factorization formula in eq. (2.29) we need to
check one last contribution, which is the double-collinear region at two loops. Specializing
eq. (2.29) to this region we have

V#(?)

1(2)
Ve = Vi

+ V’u@)*

w(2)
Vol T Vi

w(2)
+V ce fyv.f

n(2
+V, ce fov.f

ce f.f

+0(\3)

cc

(2) £7u(0) (2) up(0) (2) upa(0)
(‘]f Hf,f 5, ® va,f + Tty p0 © Hfamf

@ wpo(0) | 4(2) o pi(©) ) ;0) 3
+ JE e @ HIP7D 4 7% @ HEDL) T 1+ 0(03). (4.13)

At this order we need to evaluate both the Jy, the Jy, and the Jyg, jet functions at second
order in perturbation theory. Furthermore, for the first time at this order, we get the
contribution due to the J¢, and J 17 Jet functions, introduced respectively in eqs. (2.39)
and (2.40). In what follows we proceed first to the calculation of Jy, Jy, and Jya, at two
loops. Then we will consider the remaining Jy¢,, and J 17 Jet functions, provide their matrix
element definition and proceed to calculate them at O(a?).
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4.3.1 J; jet function

Starting from the definition in eq. (3.1) and upon performing all Wick contractions up to
O(e*), we find that the jet function .J ¢ at two loops is given by the following diagrams:

_r _r
p1 D1
+ Eii % + \ég
_ o s
p1 P1 p1
: \ + ) { (

The corresponding expression in terms of two-loop integrals can be found in appendix C. The

I (o) =

4.14)

dotted line in the first diagram represents a light fermion loop, cf. diagram (a) in figure 6.
This contribution should be multiplied by a factor of ny when there are ny light flavours,
and by a factor of e?c, where ey is the (fractional) charge of the fermion in the bubble. The
fourth contribution also has a fermion loop, but that fermion is massive with mass m, which
is proportional to the small scale around which we expand.

Since this jet function does not have any open Lorentz indices, nor is there an unintegrated
momentum fraction, it is quite straightforward to calculate the contribution from this jet.
Just like in ref. [112], the integrals for these diagrams can be written in terms of three different
topologies, namely topology A, B and X. Since the different contributions in eq. (4.14)
have resemblance with the various two-loop diagrams that exist, it is straightforward to
see which part of the expression can be written in terms of which topology, see ref. [112]
for this classification. We take the two loop momenta to be collinear, and one now defines
topology A to be

B 11 1 1 1
Lacsto = 0 b e s s (s P =
1 1

4.1
X 2 pal™™ [—2ka pa™ (4.15)

topology B.. to be

B 1 1 1 1 1
IBCC%{"i}:/[dkl]/[de] [k —m2]™ [k3]72 [(k1—ko)2—m2]"s [(k1+p1)2]™ [(ka+p1)2—m?2]"s
1 1

X

= ~ s 4.16
21 -pal [~ 2y o] (4.16)
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and topology X.. is given by

B 1 1 1 1
IXCC;{’“}:/ (e 082 s g T e 21 (a2 a2 (U o P ]
1 1

- [—2kq-po]ms [—2(k1+k2)-pa]™7 (4.17)

We first project the integral expression for the jet to the two available structures, viz.
u(p1) and @(py)f- The integrals can be written in terms of the three topologies as defined in
eqgs. (4.15)—(4.17). One then projects onto the relevant form factors, performs an IBP reduction
with Kira [121, 122] and computes the master integrals. These manipulations are done in
FORM [123, 124], in combination with SUMMER [125] and some Mathematica packages [126-128]
to calculate the master integrals. For the massive bubble diagram it is not enough to regularize
the integrals with dimensional regularization; one needs to put an analytic regulator v on the
last propagator for topology Be. in eq. (4.16), as was done in ref. [112]. The result yields

_ 2¢ s _ v
J,(vz)(pl,ﬁ)z (;:;) (f) u(p1)

i(12172+?)+?A8)11H)+21§C2—7210g(2)(2—16210@ %43
7;?[2;—3:2 i(?_5§2>+?>2978_2742_4€;C3+24C210g(2)
+ nyes (3252 + % + % + 103<2>] —i—(’)(e)}. (4.18)

This is, to the best of our knowledge, the first time that the massive leading power jet
function has been written down up to two loops. Let us comment on our use of the analytic
regulator. In the way it has been used now, only the last propagator of topology B.. has
been v-regularized, which is not symmetric in p; and py. We therefore do not expect a
symmetry between the c-collinear and the c-collinear jet at this point. In that sense, the
use of the analytic regulator is quite ad hoc. Indeed, its sole purpose is to mimic the region
calculation, to which we compare our results. In the spirit of a factorization approach, it
might be better to employ this regulator in a symmetric way in order to keep the symmetry
between p; and ps. One possibility would be to put the analytic regulator on the photon
propagators k? and k3, which is symmetric in p; and py. We already explored this option
for the collinear-anticollinear factorization. However, as we will see for the double-collinear
factorization, this choice does not always work. A different choice could be to use an analytic
regulator that modifies the integration measure, as considered in refs. [129, 130], instead of
modifying the amplitude by raising the power of a propagator by v, as considered here. The
measure could be modified in a way that retains the symmetry between p; and po, while still
regularizing the problematic integrals. A downside to this approach is that loop integrals
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become more complicated, since there are more propagators to be integrated over as the
modified measure is the same for all the regions. We leave further investigations about the
use of analytic regulators (at subleading powers) for future work.

This result in eq. (4.18) already suffices to check double-collinear factorization at leading
power. One can even perform the check on a diagram-by-diagram basis, since the region
results of the six contributing diagrams exactly correspond to the six contributions of this
Jt jet. This check is indeed satisfied. The leading power result of the sum is already in
the jet function expression of eq. (4.18), namely in the O(\?) part (given by the first four
lines there), hence we do not repeat it here.

4.3.2 Jy, and Jyp, jet functions

Let us now move on to the Jy, and Jyg, jet functions, defined respectively in egs. (3.16)
and (3.22). By means of Wick contractions we have

_r _r

J4! p1
+ A? + \

_r

P1

+ + +

2 _
Jj(f'y)p(pl’ n, €+) =

~

(4.19)

The corresponding analytic expression can again be found in appendix C. Starting from
eq. (4.19), we can also obtain an expression for the J¢g., jet, see the discussion around eq. (3.22).

The most relevant observation concerning the calculation of the diagrams in eq. (4.19),
is related to the fact that the momentum k; is integrated only over the d — 2 components of
k11 and over k. The ki component is fixed by the delta function §(7 - k1 —£7), cf. eq. (C.2).
This complicates the calculation of the jet function. Here we are mostly interested to check
that the matrix element definition introduced in eq. (3.16) provides the correct contribution
to reproduce the form factors F; and F up to two loops and to O(A?). For this purpose we
do not need the unintegrated jet function, whose calculation is left for future work. Instead,
we observe that the convolution with the momentum fraction z = ¢+ /p{, i.e.

/da: J](%)p(x)Hﬁ{’}p(x), (4.20)

is essentially a two-loop integral when the unintegrated jet and hard function are combined.
Moreover, let us recall that

1 1 2
rT=—n- -k = —p2 - k1 = —p2 - ki, (4.21)
Py PiD; 8
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where P9 - k1 is typically one of the denominators for our topologies that we defined before.
We can therefore calculate the form factors in a standard way, without first calculating the
specific z-dependence of the jet function, which is generally a harder task. This procedure
could be dubbed a “reversed factorization” approach. Before moving on, let us also notice
that one can proceed in a similar fashion for the remaining jet functions needed to evaluate
the two-loop double-collinear region, namely the Jys,, the Jg,, and the J 7 Jet functions. In
what follows we will therefore always calculate these jet functions in a convolution with the
corresponding hard function, and check that this reproduces correctly the form factors.

We conclude this section by noticing that the calculation of the J; and J¢, jet functions
alone lets us check the factorization formula up to O()), given that

V,u(2) + Vﬂ( )

.f

= Vf“}) +O(N2). (4.22)

cc

cc

Again, the check can be done on a diagram-by-diagram basis, with the note that the ladder
and the crossed-ladder diagrams (i.e. diagram (d) and (h)) should be considered together as
the diagrams mix due to the eikonal identity. This is explored in more detail in appendix A.
The O(A) result is fully captured by F», and the sum reads

—92 2e 2

(2) o m~| 4 13 (583 > 17191 296(3

53 —20 +——--—101 921 —
‘NLPCC <m2> 3 l363‘|'362+ 13 G2 108 (2+92log(2)¢,

4 98 1249 20C2> +(9(e)], (4.23)
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which is in perfect agreement with the region result. We are now ready to go one step
further and check factorization at O(A\?). For this we need two jet functions that we have
not discussed before. They will be the topic of the next sections.

4.3.3 Jj,+ jet function

The J¢, jet is predicted by the factorization theorem to contribute starting at two loops,
and to start at O(\?). Compared to the J 1~ Jet, there is an additional photon that connects
to the hard part. We define the Jy,, c-collinear jet as

Jf’y’y(pl’ n El 7€+ / dfl %67%1(5173)671'@2(5273) <p1’ |:1Z(0)(I)n(07 OO>:|
‘ [@n<oo, €17) (iDP s (647, oo>>] [%(oo, £471) (D" By (o, oo»} 0).
(4.24)

which is again built out of gauge-invariant building blocks. Note that we now have two large
momentum components that are fixed, namely ¢ and £5. We thus define two corresponding
momentum fractions,

v1=0/pf,  w2=10/p]. (4.25)

At leading order there are two contributions, which one can denote as the ladder and the
crossed-ladder diagrams These are the only diagrams where two photon propagators can
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Figure 8. Diagrammatic representation of the leading order hard function for the J;,, jet. The
dashed lines represent photons that have to be connected to the jet function.

connect to the hard vertex. Diagrammatically one has

P e

p1 p1

2)po —
J}v)vp (p1, 7,7, 43) = + , (4.26)

where the dot again represents the effective Feynman rule for the photon propagator, defined
in eq. (3.19). Note that we have two insertions of this effective Feynman rule, rendering this
jet function to be O(A\?). The insertions of subleading effective Feynman rules are discussed
further in appendix A, where we investigate the interesting interplay between the Jg, Jpy
and Jy,, jet functions. The full integral expression is again reported in appendix C. The jet

function is accompanied by a new hard function H %’ : 7 At leading order it is defined as

i(—py—hi—fotm) Ji(—p,—fitm) |
(p2+£01+02)? —m? 7 (p2+£1)2—m? 7
—ie 1

= mrains) 2 it (@1 +22)pf 1)y (py h+zapih)y”. (4.27)

0 o .
H](w)j’}g(phpz,ml,m) = iey"

O(\)

Note that we only had to expand up to O(A°) since the corresponding jet function is already
at O(\?) accuracy. The diagrammatic representation is shown in figure 8. Before we can
calculate the full O(\?) correction at two loops, we need the last jet function, defined in
the next section.

4.3.4 Jfff— jet functions

Just as for the previous jet function, the J 7 Jet enters at two loops at O(\?) accuracy. For
this jet function two fermions and an antifermion attach to the hard function. This can
be done in two distinct ways that conserve the charge flow. As a result, we consider two
different operator matrix elements contributing to this jet function. Both are needed to
reproduce the form factors. The definitions are

Dy =gty [ dfl/oo Ao iy (1n) —ita(€2n)
Jff—(pl,n,€1,€2)—/_oo o ) 5 € e

< (1] [9(0)2(0.00) | | @ (o0, cm)b(am) | |9(62m) @ (. o0) | 0}
(4.28)
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and

ID = b oy [ 46 /°° d&2 ity (e1n) —its(€27)
A /_Oo o | o om € ¢

< (1] | @3(02,0)(0)| [ BlEm) (17, 00)| [d(62m) @ (€2 o0) | 10).
(4.29)

which rely on the fermionic gauge-invariant building block 1) (z) ®;(x, 00), already introduced
in previous jet functions, and the corresponding complex conjugate @5 (00, z)1(z). Note
that egs. (4.28) and (4.29) involve uncontracted spin indices that have to contracted in
the right way with the hard function. We will therefore explicitly denote the spin indices
in the coming equations.

The leading order contributions for these two jet functions are diagrammatically given by

T

7
I)(2 _
T 5 )= | T (4.30)
b b
C C
3 7
I (2 _
Jjﬁf)“(pl,n,ef,e;): p + : (4.31)
b b
C

(&
The full integral expressions can be found in appendix C. The first contribution to both jet
functions gives rise to two diagrams with a triangle fermion loop. These diagrams cancel
each other by Furry’s theorem [120] and can therefore be neglected. We note that the second
part of the J (D jet function mimics diagram (f), see figure 6. According to the region result

It
for of this diagram, the double-collinear region only contributes starting at O(A\?). This
matches well, since this jet function is also an O(A\?) quantity. The second part of the J};I—)

jet function mimics the c¢c’-region of diagram (h). Compared to the cc-region, the cc’-region
has a different momentum routing. The momentum routing here is fixed by the definition
of the jet function. One can see this through the delta functions in eq. (C.5). This implies
that the outgoing fermions (with spinor index b and ¢) carry momentum k; and ky. That
differs, for example, from the J¢, jet, which also contributes to the double-collinear region,
where the momentum k; flows through the photon by definition of the jet. As we will see
later, indeed this J UD et contribution fully determines the cc-region, while the other jet
functions contribute to the cc-region only.

Both jet functions have their own hard functions, namely H ,(0]{])? 7 and H ;j{? P and they
are depicted in figure 9. The expressions for the hard functions yield
u—i(3ﬁ2+[1+[2—m) —1 v

P2+ 01+ E2)2 —m2 W P2+ 0)? 7 e

)

H};}(Q)#(ﬁlaﬁ27$1,x2) = (_ie)g (’Y

= —ze?’)§ (Wu [];;2 + (z1 + xz)ﬁl}’n,)a L (" )ea> (4.32)
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(a)

Figure 9. Diagrammatic representation of the hard functions for the J; jet. The dashed lines

correspond to fermion lines that are connected to the hard function, through which flow collinear
momenta ¢; and /5.

and

~—

cd

1, P ' i(py + £1+ f2+m) .
B ) = i (BB

(P2 + 1+ €2)? —m? ) b (P2 1) !
ie

= ———— (Ww|p, + (@1 + 22)p, [+ () (4.33)
(] )

(1 + x2)8 ba T18

where z; = E;r /p{, 7 =1,2. The spinor index d is still to be contracted with the anticollinear
Jr jet, which simply is v(p2)g in the double-collinear limit. This concludes the discussion
of all the jet functions with their corresponding hard functions that are needed to calculate
the two-loop form factor up to O(A\?) in the double-collinear region. Next, we will use these
definitions to calculate the form factor at O(\2).

4.3.5 Form factor calculation

We have calculated all the terms needed to check the double-collinear region up to O(\?),
as given in eq. (4.13). As a summary, in table 1 we show which jet functions contribute to
which diagrams. Again, one could check the factorization theorem on a diagram-by-diagram
basis, with the understanding that the ladder and crossed-ladder diagram are taken together.
Projecting the amplitude in eq. (4.13) onto the form factors we are able to compare with the
region calculation in ref. [112]. As discussed in section 4.3.1, the leading power contribution
to I} is entirely given in terms of V*f ](;2) |ce, which in turn is related to the calculation of the
J¢ jet at two loops, which we have already validated in that section. Similarly, the O(\) part
of the amplitude contributes to the form factor F5; we have already validated this above, see
discussion around eq. (4.23). The only contribution still to be validated is given by the O(\?)
amplitude, which contributes at NLP to F;. Upon projecting eq. (4.13) onto Fj we get
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where the last six lines correspond to the sum of diagram (d) and (h), i.e. the ladder and
crossed-ladder diagram. The last four lines correspond precisely to the cc/-region of diagram
(h), which is fully given by the JJ(CJIC}) jet. We employed the analytic regulator in the same
way as in the region calculation, and our result agrees again. A similar result can be found
for the combination of the ¢c-region and the ¢c’-region.

As a final topic of this section, we address another subtlety with the analytic regulator,
which appears only in diagram (e), at O(A?). This corresponds to the contribution in the
third line of eq. (4.34). In the region calculation [112], the analytic regulator v is put on the

propagator [(k1 + k2 + p2)? — m2] ~!. This is then expanded in powers of A, giving

1 1+v 1 1+v (k1 + k2)?
== I—(1+v)———=L 1+ 0\Y].
((k1+k2 +p2)2—m2> (2P2'(k1+k2)> [ ( )2p2'(/€1+k2) X
(4.35)
Note the appearance of an O(\%v) term in the square brackets. In the calculation of the

jet functions the analytic regulator is put on the eikonal propagator. However there we do
not have a term that is O(A\2v). This mismatch results from regularizing the propagator
before (in the region calculation) or after (in the factorization approach) the A\ expansion.
The O(A?v) term could give a finite contribution when multiplied by 1/v arising from the
first factor on the r.h.s. of eq. (4.35).!7 In general, one might try to avoid this regulator
ambiguity by putting the regulator on a propagator that is homogeneous in A, and thus needs
no expansion. This proved to work for the collinear-anticollinear region where we put the
regulators on the photon propagators. However, this does not work for diagram (e). In this

"Note that F at leading power indeed has a rapidity pole for diagram (e).
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case, the eikonal propagators need additional regularization in order to have well-defined
integrals, which unavoidably leads to an O(A2v) term on the region side.

A way out of this predicament is employing an analytic regulator on the integration
measure [129]. This leads to the same expression on the factorization side, because it adds an
eikonal propagator factor in the measure. In the region calculation it leads to an expression
that does not lead to an O(A\?v) term, thus avoiding the regulator ambiguity. This method
works for diagram (e).

This concludes our discussion of the factorization theorem with all the relevant jet
functions up to O(A\?) in the power counting parameter. We checked all the contributions
from these jet functions up to two loops in the coupling constant « with the region results
and found agreement everywhere.

5 Conclusions

In this paper we investigated the factorization of the amplitude for an off-shell photon
decaying to a massive fermion-antifermion pair at next-to-leading power in the fermion mass
expansion. To this end we proposed new matrix-element definitions for the jet functions
involved, which were anticipated in ref. [39]. We confirmed the correctness of these definitions
by a two-loop calculation of the factorization ingredients, and then comparing the results
to the region calculation in ref. [112]. Although we considered a specific amplitude, the jet
functions are universal and can thus be part of the factorization of different amplitudes. The
hard functions were determined by matching to the results in ref. [112].

In section 3 we calculated the J; jet function up to NLP at one loop and proposed
a definition for the Jy, and the Jyg, jet. We verified their one-loop contributions for the
collinear region. In section 4 we performed a two-loop comparison. To this end we proposed
definitions for the J¢., and the J 17 Jet functions and calculated their two-loop contributions,
together with the two-loop contributions for the Jy, J¢, and Jrs, jet functions, all up to
NLP. Indeed the proposed jet functions reproduced the corresponding region results.

The calculations raised several subtleties. First, the employment of rapidity regulators
proved to be non-trivial and it was not always possible to use the exact same regulators
for the jet functions as were used for the region calculation. However, for these cases we
found alternative regulator choices on both sides that led to agreement. Second, we showed
that factorization for the bare amplitude can only be achieved once self-energy corrections
have been taken into account. These modify the equations of motion and, consequently,
the mass-shell condition.

An interesting observation we could make in the context of the double-collinear factoriza-
tion is that jet functions fix a specific momentum routing. For instance, in the region analysis
a different momentum routing was needed to reveal a new contribution to the cc-region,
dubbed cc’. This c/-region now turns out to be fully determined by the J}J{? jet function,
while the other jet functions exclusively contribute to the cc-region. This observation suggests
an alternative perspective on identifying contributing momentum regions: the factorization
formula itself can serve as a tool to achieve this. Furthermore, we found that the J;, Jg, and
J ¢+~ jet functions have an interesting interplay due to their description in terms of effective
LP eikonal Feynman rules and effective photon propagator insertions at subleading powers.
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Diagram

wa

i

P1 P Pt
p1 p1
(c)
p2
~~
Pl
P1 P Pt
p1 p1
(e)
p2
~
Pt
p1 et
P1
p2
~
I
P1 e Pt
p1 r1
p2
~
Pt
P1 _r Pt Pt
p1 P1 p1
p2
~
P
p1 Pt Pl Pt
p1 P1 p1
D2 \
~
Pt
p1 Pl
p1
(h)’
b2
~

Table 1. Summary of the jet functions contributing to the cc-region, and the cc’-region for diagram
(h), dubbed (h)’. Note that diagram (b), see figure 6, is absent, since it does not have a cc-region.
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The fact that factorization up to NLP in the small-mass limit holds exactly opens the door
for multiple new directions. One could investigate the all-order structure of the amplitude
through evolution equations. Another next step would also be to include radiation in the
analysis in order to generalize our analysis to observables.
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A Sequence of jet functions

The jet functions considered in this paper are not homogeneous in the power counting and
have subleading terms. In this appendix we show how the J¢, J¢, and J¢,, jet functions
form a sequence: the J¢, jet function cancels the O(\) terms of the J; jet function in such a
way that there is no overlap (or double counting) between these jet functions. In a similar
fashion, we will discuss how the J¢., jet function cancels the O(A?) terms of the J; and
J¢ jet functions such that there is no overlap between these jet functions. To show this
sequence, we will start from the integral expressions of the one- and two-loop diagrams
considered in this work and work our way towards the various jet functions. In particular,
we discuss the structure given in table 1.

A.1 Review of LP factorization

We start with a review of the LP J; jet function, see eq. (3.1), following ref. [63]. We consider
the one-loop vertex correction, given by

i(f+p, +m)
k‘2+2k-p1

i(%—p2+m)
k‘2—2]€'p2

(i) T¥u(p), (A1)

ilpr) (~ier”) [ k] (~ier®)
where we assume that the loop momentum k is collinear to p, i.e. k ~ /s(A% A2, A1), One
could now perform an expansion in A for the integrand using the method of regions, as
was done in ref. [112]. Doing so at leading power, it is straightforward to find the one-loop
integral expression of the jet function .Jy. However, when going to NLP and in particular
when we consider the two-loop diagrams, working towards such integral expressions for the
various jet functions turns out to be a tedious task.

We therefore take a different approach in this appendix, which was inspired by the LP
derivation in ref. [63], which we review now. At leading power, the numerator of eq. (A.1)
can be written as

NH

u(p)V’ (py + b+ m)V (F = gy + m)y 100 (p2)
(1) |[=k 777 4+ 20] + K D)dps | 7 (KT = pr I maov(pe) + OV, (A2)

|
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where we omitted an overall factor —e3. Using that u(p1)y~ ~ O(A) and yTv(p2) ~ O(N),
cf. eq. (2.20), we note that the numerator is dominated by p = +, and therefore 0 = —
by virtue of the metric tensor. We define

AP =AP(p +k+m), B =(—p, +k+m)rn". (A.3)
We can then perform the approximations

u(p1) Ay B v(p2) ~ u(p1) A" B_ v(p2)

1
(pl)ijJW“kJrBf v(p2)

=u
N*( )LA+ Kl . B ( )
= ulp1 s Y v\p2
_ n-A
= u(p1) ="k Bu(ps). (A.4)

We can now manipulate the k£ - B term as

k- Bo(ps) = (—p, + k +m)kv(p2) = (—p, + k +m)[(—p, + k —m) + (p, + m)]v(p2)
= [(p2 = k)* = m*Jo(p2) (A.5)
where we used the equations of motion. This is known as the method of Grammer and

Yennie [131]. Effectively, we have removed one of the denominators in favour of an eikonal
factor. The LP contribution of the vertex diagram, eq. (A.1), is now given by

h(p, + k+m)
3= 1 u A.
e u(pl)/[dk] [k‘2 + 2k 'pl”k2”ﬁ . k]7 U(pZ)v ( 6)
which can be expressed as the factorized expression

0 O 70 (A7)

1672°F 7ffF OF

with J ](cl) the one-loop expression for the J; jet function already given in eq. (3.6), H

—iey* the hard function and J](;O) = v(p2) the tree-level anticollinear jet function.

The above approximation generalizes to an arbitrary number of loops; for every collinear
photon connecting to the hard subgraph, we can use a similar approximation as in eq. (A.4).
To be precise, we pick A” in eq. (A.4) to be the collinear subgraph that emits the collinear
photon, whereas B is the part of the hard subgraph where the photon attaches. When
we sum over all ways of attaching the collinear photons to the hard part there are many
cancellations. The result is that the photons decouple from the hard subgraph and end on
an eikonal line instead. As a two-loop example, let us consider diagrams (d) and (h) with
both photons collinear (the case that one photon is collinear and the other anti-collinear is
discussed in appendix B). Applying the approximation eq. (A.4) to both photons yields

neky nPkg

n-kin-ko

[dklidho) Aas(—ier”) Byrt(p2) (A3)
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where we defined

—i —1

A% = u(py)(—ien® S —ien? ! —= =7, A9
(1) )kl‘i‘?l_m( )k1+}é2+p1—mk% k3 (4.9)
and
A (e S —
ki +ky—pp—m ko —py—m
1 1
+ (—ievy) ——(—iey,) . (A.10)
Fo+ky—p,—m kv —p,—m g
Applying a Ward identity of the type eq. (A.5) for both k; and ks, we can write
neky kg —ien® —ien/
B, = : Al
nokin-ke 7 n-ki n-ko (A1)

where we used the equations of motion on the spinor v(p2). Eq. (A.8) therefore becomes

—ien® —ien®
[k kel Ay == (=ier*)u(p2)

—ien®  —ien” —ien® —ien”

= Jlamahal s | s 2O e O | i), (A1)

where in the second line we wrote the two eikonal propagators with k; and ko attaching

to a single eikonal line. This is also known as the eikonal identity. We recognize the
factorized expression

1
HOr 0
< Hyg Jg (A.13)

with H = —iey" and J v(p2), as above.

0)p
rf
A.2 NLP power factorization

We just saw that the key approximation to obtain the LP contribution of the vertex diagrams
was to make the following replacement for every propagator of a collinear photon'®
—inP? —i nPk’
—_— = —. A.14
k2 k2 n-k ( )
Let us now recall the effective Feynman rule for the photon propagator, eq. (3.19), for the
jet functions Jy, and Jf,,, namely

4 7O P
k—QZ (77’”’ -z kk> S(n-k—1"). (A.15)

'8 As shown in ref. [63], this replacement is not specific to Feynman gauge, but works for covariant gauges
in general.
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Two remarks are in order. First, we note that in the reversed factorization approach, which
was introduced in section 4.3.2, we may omit the delta function in eq. (A.15). Second, we
recognize that in eq. (A.15), the normal (Feynman gauge) photon propagator is subtracted
by the approximation eq. (A.14). In other words, the LP approximation is subtracted from
the full photon propagator, which of course contains the LP contribution. As a result, what is
left over is an NLP term. Using these insights, we can easily manipulate diagrams such that
we obtain the NLP factorization of the c-region at one loop and the cc-region at two loops
(and therefore also ¢ and cc-regions, the cé-region is discussed separately in appendix B). In
particular, as we will see momentarily, this explains the structure observed in table 1.

Up to two loops, we can distinguish between one photon or two photons connecting to
the hard part. In case only one photon connects to the hard part, as in the one-loop diagram

and in diagrams (a), (c), (e) and (g), we can write for the diagrams®’
A(i)ﬂ (—ie’y“);'(—ie'yg) v(p2) (A.16)
P k2 f—p,—m ’

where .A,E,i) depends on the specific diagram ¢ under consideration. We leave out the integration
over k for the moment. Furthermore, we made the photon propagator together with the hard
subgraph explicit, i.e. one recognizes that the term in square brackets is the expression for

the hard function H ©) -
fv.f

A {EE - (e - 22} [(—z'ewW(—ie%)] o) (AT

n

before expanding. Next, we can rewrite eq. (A.16) as

where we added and subtracted a term to recognize both the photon propagators of eqs. (A.14)
and (A.15). Using the derivation of the previous subsection, we see that the first term in
the curly brackets, after properly including the integration over the loop momenta, leads
to the factorized expression

5 \J
€ (@) 7(0)u 1(0)
(167r2> J; Hf,f JJF ) (A.18)
where j represents the loop order. This factorized expression holds for each diagram 4.2 For
the second term, we recognize the jet function Jy., whose definition was given in eq. (3.16),
and this therefore leads to the factorized expression

e\ o o pOn O
<16W2> J90 @ HOn IO (A.19)

This factorized expression is indeed what we observe in table 1 for diagrams (a), (c), (e) and (g).
When two photons connect to the hard part, as for diagrams (d) and (h), we can write
i i
Fi+ky—p,—m Fy—p,—m
9Here, A should not be confused with the gauge-invariant building block of the photon field, but it should

be read as the generalisation of the tensor A that was used in the previous section.
20We already observed in section 4 that factorization, in particular in the double-collinear region, can be

(—ieyg)|v(p2),  (A.20)

_inPo _inaB
A(d+h) m ) l(—zev“) (—ie’yg)

kRS

checked on a diagram-by-diagram basis, except for diagram (d) and (h), which will be discussed shortly.
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where we recognize the hard function H Ok in the square brackets, cf. eq. (4.27). Notice
that compared to eq. (A.8), we choose the momentum routing of diagrams (d) and (h) such
that there is a single hard function. This will make it slightly easier to see the appearance
of our factorization formula below. As before, we can now add and subtract a term to
write the photon propagators as

—inP?  —i npk" —q < p ﬁﬂk{f)
- A.21
2 Bak &2 nok) (A.21)
for © = 1,2. We get four terms in total. First we have
—a.B .
Ad+n) ZE —i nPk] —i n%ky ; iy
A R R Bk Rl ;62 Py m( i)y myr —(—ievp) | v(p2)

pl
}} }E , (A.22)

which we already derived in eq. (A.13). Note that the loop integrations are implicit here.
Second, we have

] o ; ~a1.B - .
=i (o TR i (ap PRI
Apa k% (77 k k n ﬁkQ ( ey )%14_%2_?2_7’”/( 1670)k2_p2_m< Ze'}/ﬁ) ’U(p2)

P 7

P1 p1

_ FO8_ 0)
= + ol O, (A.23)

where the term in brackets is precisely J J(EY)’Y’ which was defined in eq. (4.24). The last two
terms are cross terms, one of which reads

Pk —3 no‘k’g 7 7
A(d+h ZTE 1 oB_ —teyt)—r—(—ieyy ) ——(—ie v
k.2 n-ky k2 ko ( Y )%1+k2_p2_m( 8 )%2_p2_m( 75) (p2)
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(den) —t NP =i [ 5 %k o ( . A4
‘APO‘ k2 n-ki k2 (77 n-ka (=iey )%1“‘%2_?2_771( Ze’w) vlp2). (A.24)

The term on the last line is eventually cancelled completely by the fourth (cross) term, which is

A(d-‘rh k2 (npa -

ﬁpk‘f) —i Rkl i i i
ik

e R e ) )

(A.25)
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leaving only the first line in eq. (A.24). This explains the entries observed for diagrams
(d) and (h) in table 1.

We conclude this appendix with a few remarks. First, the general pattern for extending
the jet functions to NLP is clear. Each photon that connects to an eikonal propagator in the
LP jet function Jy is replaced by the effective photon propagator in eq. (A.15), along with a
convolution with a hard function. As we have shown, this leads to the NLP jet functions
Jt and Jpy, without overlap between the jet functions. This pattern can also be used to
understand the factorization of the cc-region, which will be discussed in the next appendix.
With the results of this and the next appendix, it is moreover straightforward to verify the
factorization of the he-region. Second, at NLP, there are also the Jgr jet functions, which
involve multiple fermion attachments to the hard function instead of photons. The pattern
described above for obtaining NLP corrections does not apply in this case and one may
wonder if this might still lead to an overlap between the jet functions. However, as discussed
in section 4.3.4, the J 17 Jet functions correspond to momentum regions distinct from Jy,
Jty, and Jy.,,. Specifically, these jet functions constitute the complete cc-region of diagram
(f) and the complete cc’-region of diagram (h), see table 1.

B Proof of factorization for the collinear-anticollinear region

In this appendix we again discuss how one goes from a full diagram to its factorization in
terms of jet functions by manipulation at the integrand level, but now for the cc-region.
We mentioned the subtleties for this region in section 4. In this derivation we will assume
that there is no analytic regulator on one of the propagators. This is true up to O()\) in
this region, but not at O(\?). We comment on this issue in section 4.1 and showed that
the derivation performed below remains valid.

In the cc-region, three diagrams contribute, namely (f), (g) and (h). We omit any factors
of i and e in what follows, and work at the integrand level. The external spinors are also
left implicit. The three diagrams have the following structure

SP 1 1 Sg
Al = e p : 2e B.1
! D07 %1‘?2—7”7 %1"‘%2—]1}2—”@%176 B
SP 1 1 Sg
AP = Zc o p=c B.2
g D07 %1"‘%2‘*‘?1—”1%%24‘?1—7”7 Dz (B:2)
SP 1 1 Sg
Al = —£47 s -, B.3
" Dc7 %14‘%2‘*‘?1—7’17 %1"‘%2—?2—”1%176 (B:3)

where
SL=7"(ky +p,+m),  De=k[(kr +p1)* —m?]
S¢ = (ky—p,+m)",  Da=k3[(ka —p2)®> —m?]. (B4)

We are interested in the k; = ¢ and ko = ¢ limit. Using this notation, the relevant jet

functions can be written as
SP 2P
f =t (B.5)
D¢ —2py - ky
_ % % 215241/{?

J? = s B.6
el Dc Dc _2152 : k17 ( )
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where we omitted the loop order as superscript to improve readability, and also the loop
integration. We consider diagram (g) and (h) together, resulting in

SP 1 1 1 1 1
Al Al = gyl i
D, p.” kﬁ'%z‘i‘]ﬁl %kz"‘}z‘l_mw K k1+k2_}”2_m%] kz_%_m’y k3
1 1 1 1
=J57 g/ VA g/ Vo iz
fv FitEot+p, —m p%ﬁpl—m Fitks—p,—m 8 ko—p,—m k3
5% 2pg o k¥ 1 1 1 1
+== o gl Y Y Yo 13
D, —2py-ky | Fitkotp,—m | " kot —m b+ —p,—m ”] fo—p,—m k3
(B.7)

The manipulation performed here is of the same nature as we frequently did in appendix A, cf.
eq. (A.17) for example. The first line can be considered “half factorized”, i.e. consisting of a jet
function (J¢,) times a one-loop diagram. We leave this as it is for now and focus on the second
line. We contract the p index and use Ward identities as §; = (F1+F5 +p,—m)— (Kq +p,—m)
and fy = (Fy + k5 — p, —m) — (K, — p, — m), such that this second line equals

Ty’ . [k Hpt : k] : i
I F ki tp,—m 1k2+p1 LR L | ——

Iy VI S 1 !
Fotp,—m " Fa—po—m  kytkotp, —m Fy—p,—
N 1 L1 1 p 1 ] 1 B8)
k1+%2+p1—m7 Fo—p,—m kﬁ‘%z*‘?l—mv Fitka—p,— v 5 .

We note that the second and third term cancel each other. Moreover, the last term contains
a scaleless integral over ko in the k1 = ¢, ko = ¢ limit. The only term that remains is the first
term, which is simply the Jy jet multiplied by the one-loop diagram in the anticollinear limit.
Combining this result with the first line of eq. (B.7), we could then write a half-factorized
formula for diagram (g) and (h) in the form

A+ AL = Tpx +Jpy®

where the k1 loop has now been factorized into jet functions, while the ko loop is still
unfactorized for the time being. We now turn our attention to diagram (f), which can
be written as

u_ SP 1 Sg

/17D 7 ki — ?2 70%14‘%2 pQ_mepD’

SC 2p27a/€1 1 1 SU

_C 1%
D 2o k1) B p,—m i p, —m "D

A

JE, (B.10)
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We can again rewrite f; for the second term, and obtain

52 %o, 1 1 ¢ 52

D.—2p2 k1 Wy —p,—m “Fit by p,—m ‘D
Sg 2]320[ 1 1 p 1

-7 — ol Yo Y 75
De—=2py k1" Ky —py—m ko —p,—m’ k3
S %, 1 1

1
N 0 Yo ’YU*. B.11
De=2pa -k fy—py—m "k ke —p,—m k3 ( )

The second term contains a scaleless integral over ko in the cc limit and therefore vanishes.
Hence diagram (f) has the half-factorized form

S¢ 20, 1 59

D.—2ps k1| ¥ —py—m "De

Aflee = Iy © (B.12)

Note that the second term seems to be problematic in regards to the factorization approach.
We set this term aside for now.

Now that we have established a half-factorized form, we continue with decomposing the
anticollinear loops into the different jet functions. We start by rewriting

1 1 25, gk S8
Ty ® =Jj o lﬂ' + 2PLS 20].

T A Ry p—m Ryt p,—m |7 2 ks De

(B.13)

The first term is exactly one of three parts of Jy, ® H Fyfy @ J Ty where we recall that H Py fy
is the sum of three terms, see eq. (4.2). The second term can be rewritten by applying a
Ward identity, as before, and we obtain

oo _ 20K7 \ 1 R 1 ‘ 1 . 1 7“ 215 Sk
—2po k1 ) B2 H g, —m P A R+ p, —m TRy +p, —m " 2Pk De
208K\ 1 1 1 . 215 SY
= ——— | 3% Yo P
—2pa k1 ) ki Tk +p —m Tk +p, —m " 2p1 -k De
209kL 1\ 1 1 1 21 S°
Y VR — n _ELB Pe B.14
( 2y k1 ) K2 F A Kyt p, —m "yt p,—m | 2p1 ks De (B.14)

The second line contains a scaleless integral for k; and therefore vanishes. The remaining
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expression can be further simplified to become

SP7 1 b 2p1,8 Sﬁ 25 1 1 v 1 v 2p1.5 SLB
- Ya -
De "y +py—m " 2p1-k2 D _2p2 ki kg —m R+ p —m ' 2p1 ke De
_ s 1 . 2P1p S8 205 1 1 L 2P1 S8
% v 7, - 297 Y 5 .
ko +p, —m " 21 ko Do —2p2 ki k3 Ry +p,—m " 2Py - ko De
1 2p1ﬂ S,
Jr(py — o B.15
+ f(pl m) %2 +p1 _ m7 Qﬁl K kQ DE ( )

The first term we recognize as similar to the extra term we found in eq. (B.12). The second
term is a scaleless k1 integral and thus vanishes. The third term remains for now, but will
cancel with a term arising later in the calculation. Next, analogously to eq. (B.13), we have

4 1
C=J8 e 0}
R — %1+k2 —p,—m P

w 205K 1 1
+ p_ —5Va ’Y'LL
—2py-ky ]‘C ki +p,— m) Tk kg —m
% 1 2p1,5k5575
k1+k2_p2_m7p 2p1-ky Dz’

(B.16)

The first term is again exactly one of the three parts of J;, ® H Fyfy @ Iy The second
term can be rewritten as

oo _ oKL 1 Ly 1 v 1 %15 S2
~2po k1 ) kf kP, —m 2k1+k2+}7’1 m! ki + ko —py—m p2p1 ks Dz
209K\ 1 1 1 215 SY
i P B.17
(’7 —2pg - k1> K2R+, — m! ;61 +Fy—py — m "2py -k Dy (B-17)

where we omitted a scaleless integral over k1. We will leave this second term for the moment
and move to the third part which depends on Jg,. It reads

g1 1 o

gl gl Vol
gy =y —m TE Ry =y —m T
209k 1\ 1 1 1
+ ap_Ai 79 "
(77 —2po - k1 27&%1 —i—pl—m7 kl—%—m%f
ks - m—m%%lbDﬁ

Jry ®

(B.18)

The first term is again exactly one of the three parts of Jp, ® Hy 7 ® Jz . The second
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term can be rewritten as

oo — 2p3 kY i’y 1 v 1 ¢ 1 ) 215 SL
2o ky ) Kk A p —m Rk —p—m PR+ o —p, —m P 2p1 - ke De
oy 208K\ 1 1 y 1 215 S2
= |1 — —"——] 3% ¥ Yoo
2Py k1 ) ki Tk P —mo Fy—p, —m 21 ke De
295k 1\ 1 1 1 215 S°
— (= =25 ) S o Yogeo= e (B9)
_2p2'k1 kl %1+p1_m kl—i_%Q—pQ_m 2p1'k2D5

Note that the second term now exactly cancels with eq. (B.17). Moreover, the first term
is readily identified as Jp, ® H v I
The final ingredient is

1 1 1
J = Tt Z =
s fV %2‘1‘}7’1—m7 ;(72_};)2_7717 k3
1 1 2%y kg 2
=JYe YT+ T Vs r—= ==, B.20
I k2+P1—m7 ERRCR kQ‘FPI_mV 2p1-ke De ( )

The first term is exactly equal to J;H 17y ©@ Iy The second term can be rewritten as

1 2p1 8 S8 1 2p1 8 s?
e 3 P 9/ () n LD e
Tpom” apks Dy e B S s D

Irks (B.21)
ko

This last term cancels with the third term in eq. (B.15). We therefore have all the ingredients

of the jet functions, together with two diagrams that do not yet factorize. The non-factorized

contribution reads

S 2o 1 Sg 8P 1 L 201 SE

— “ e e Ze
De—2ps ki ¥i—py—m "D D. "Ry +p,—m ' 2p1-ka Do

(B.22)

In fact, these terms do have a place in the factorization theorem, in a way we already
alluded to in section 4. The solution lies in properly taking into account self-energy contribu-
tions. If we consider the one-loop vertex diagram in the collinear region with a self-energy
contribution on the anticollinear leg, the integrand of the amplitude is given by

Sp 1 11 Sg
AP = Zep — “c
D.” Fr—py — m%k% P, — m D,
S& 2P kY 1 1 Sg
= | Jp, + 2 P20 | u Yo & (B.23)

D.—2ps k1) ' fy—py—m PQ—W%E'

The first term is just the J, jet multiplied by H Fyf and the self energy on the anticollinear
leg. The second term can be recast as

S¢ %oa . 1 1 se
o A Y %1 '7077
DC_2p2‘k1 kl_pQ_m _p2_m -DC

15 —p,—m "Dy De—2pa-ki | Fp—p,—m "D
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Here the first term is just the J; jet multiplied by the appropriate hard function H 77 and
the self energy on the anticollinear leg. Note that the last term is identical to the first term
in eq. (B.22), but, crucially, with an opposite sign. The second term in eq. (B.22) similarly
cancels against the one-loop vertex diagram with a self-energy contribution on the collinear
leg. This shows that one can only achieve factorization once all self-energy contributions have
been properly included. On the factorization side, the self-energy contribution is interpreted
as being part of the Jy jet, albeit a non-1PI contribution. This is easily checked by carrying
out the Wick contractions in eq. (3.3).

Thus we have shown factorization at the integrand level. Note that in this appendix
we have treated the propagator

1
Py m

symbolically in order to show that factorization holds at the integrand level. In section 4 we

(B.25)

included the self-energy contributions by properly performing a Dyson sum, consequently
modifying the equations of motion and the mass-shell condition. These issues were already
previewed in section 2. This allowed us to calculate and positively verify the factorized
form of the form factors. As a final comment, we note that the proof of factorization in the

hard-collinear region can also be derived in an analysis similar to that of appendices A and B.

C Two-loop integral expressions for jet functions

We report here the integral expressions for the various jet functions at two loops. The one
corresponding to the two-loop Jy jet function, the diagrams for which are given in eq. (4.14), is

—i—i_ i(ptkitm) (g E ke tm)
K2 " (pr k)2 —m?2 " (py oy +kz)2—m?

v

T2 (p1,7) 26417(171){/[%1] [dks]

o [ —inH —in n —inH —1mn
—n-ky —’ﬁ-(kl—l—k‘g) —n-ko —ﬁ-(k‘l—l-/{g)

v

—1 —1

+ / ki) 13 1

l i(p, ki +m) (P R R m) (R M) ik

T ok )2 —m2 " (pr+Eytho)2—m2 | (pr+k1)2—m2 —ky

e (p1+k2)2—m? i (p1+k1+k2)2—m? ! (p1+k1)2—m?2 —n-ky

_/[dkl][dkg] (;gf

i(p,+ko+m) i(fy+p,+hotm) ik +p+m) | —in?
g l% (pljrkz)2—m2 o [%(k1+P1jrk2)2—m27u(k1+p1)12_m2] —n-ko

—inY
—n-ko | |

i(p,+hotm) i(p Rt Ry tm) i(p K +m) _mu}

i(p, +HEa+m) i(Jy+p, o) i(Ky+p,)
T (P141rk2)2—m2 o [’YV (k1 +p11+k2)ﬂu (k1 +p1§2

(C.1)
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The last line constitutes the massless fermion loop and has to be multiplied by a factor of
n fe?c, for ny light fermions and ey the electric charge in terms of the positron charge. The
next-to-last line represents the massive fermion loop.

For the J, jet function, whose diagrams are given in eq. (4.19), the integral expres-
sion yields

T2 (p1,7,07) = —ie*a(py) / [dhe[dko) 6 (7 — ) x {

, i —Ktm) g, kR tm) (g — ki) —i—i
7 (pl—k‘l)z—WQWU (191—]</‘1'|‘]f2)2_77727 (pl—k1)2_m2 ]‘3% k%
. i(p,—Fi+m) i(p,—KitEatm) (g, —F+m) —i—i 7, y
(pr—k0)?—m? 7 (pr—ki+k2)2—m? " (pr—k0)?—m? K k3 iy
- i(}”ﬁ‘kz‘*‘m) i(}ﬁl_kl"‘kz‘*‘m) - i(i)l_kl‘*‘m) —1—1
(p1+k2)2—m2% (1101*'I€1+k2)2*m2’y (p17k1)27m2 k% k%
, ip HEatm) il —KHEatm)  i(p,—Ftm) —i—i a, 0
- (191+l€2)2*””02%(171*1€1+]€2)2*m2’y (plfkl)zfmzk?l?%ﬁklkl
i(p, — m i(p, — m i m —i\ 2
—7 (7}1 k1+ lT [ P <7)1 kl+k2+ ) (p1+k2+ ) (k%)

(p1—Fk1)?—m? (p1*k1+k2)2*m2% (p1+k2)?—m?

+v"i(p1_kl+m)Tr[ iy —Frttm) (gt tm) <_i)2 o,
(p1—k1)2—m? (p1—k1+k2)2—m2 "7 (pr+ko)2—m2 |\ k3 ) n-ky !
P (g, —Hi¥m) v i —kitkatm) —i—i —in”
(p1—k1)2—m2 " (p1—k1+ko)2—m?2 k? k3 —ni-ko
i(py—Kitm) - ilp ki tkotm) —i—i —in” a7,
T pr—k1)2—m? " (pr—k k)2 —m? K K~y kg
i(ptHhatm) i(p — kiR tm) —i—i —in
T ok —m? | (pr—Fy k)P —m? K2 kE —n-hs
i(p, o tm) i, Ktk tm) —i —i —in¥ a0 )
o (pl""k?)g_mg% (p1—k1+hko)2—m? k3 k% —n-ky ik kl}. (©2)

The integral expressions for the Jys, jet are akin to the Jg, jet, in the sense that one
includes an additional factor of £, in the two-loop integral. Hence we do not report the
full expression here.

The integral expression for the Jy,., jet contribution, as given in eq. (4.26), reads

_[ai(%_k?"'m) pi(p]__%l_kQ_‘_m)
(]71_752)2—77”62’y (p1 — k1 — k2)2 — m?
i(p1*k1+m) gi(%k1k2+m)]
1 — k1) —m2 ) (p1 — k1 — k2)2 — m?
+[’y“i(p1—k2+m) pi(ﬁl—%l—%Q‘i‘m)

(p1 — k2)? — m? ! (p1 — k1 — ko)? — m?

T (o1 0 6 = Malp) / [dFa][dk]

vy 5(71]471 —gf)é(ﬁkg—gg) X {

+~°

k3
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Finally, the integral expressions to the two J jet functions egs. (4.30) and (4.31)
are given by

Tp v ) = = ﬂMM%WﬁM—qwﬁ@_g)

[o B

— k1 — k2)2 —m2

—i th+m MA+MLC

(b + k)2 | K2 —m2 W2 —m?
e? /[dkzl][dkg] S( -k —€5)5(n - ko — £5)

o li(—kz—km) i, — by~ b+ )

k2 — m2 —k)? | B—m? M=k k)2 —m? |
(C.4)

(IN(2) - +y _ 2 - S5 (= + (%2+m) —1
TP o 65) = = [k dbalda by = 6k = 05) [a(o) ()| s

[i(—p, +Fr+ Ko +m) i, +m)]
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[i(—p, + R Rt m) iRy +m)|
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X

with a,b and c¢ spinor indices.

D UV counterterms

In this appendix we discuss the factorization in the collinear-anticollinear region for the
renormalized 1PI amplitude. The factorization formula of eq. (1.2) is understood to be
written in terms of the bare amplitude My, i.e. defined with bare fields, coupling constant
ap and mass mg. In QED, a bare amplitude My, is renormalized as

Mien(a,m) (H \ﬁ) Mpare(ag = Zoa,mog — Zypm)
= Mbare + MCT,m + MCT ) (Dl)
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where Z; is the wave function renormalization constant of the i-th external leg, Z, is the
renormalization constant for the QED coupling constant and Z,, is the mass renormalization
constant. Mcr m receives contributions from mass renormalization and mixing terms between
mass renormalization and wave function and/or coupling constant renormalization beyond
NLO in «, while Mcp includes only the remaining wave function and coupling constant
renormalization. We emphasize that eq. (D.1) is written in terms of the 1PI amplitude.
Note that Z; and Z, serve as multiplicative factors and do not change the factorization
structure of the amplitude. In the following we ignore Mcr and only consider McT m,
i.e. the contribution involving mass renormalization, which does not contribute at LP, but
starts to contribute at v/ NLP (O())). Given the above consideration, the LP factorization is
not affected by mass counterterms and works already at bare level. We adopt the on-shell
renormalization scheme for the mass renormalization such that Z,, is given by

Zm:1+A(m2)+B(m2)+O(a2)

— 14 (5;) {—2—4—6(84—2@) —62(16+2<2_C3)+O<63>:| +0(a?),
(D.2)

where A (m?) and B (m?) are given in eq. (2.18). Note that giving Z,,, up to O(«) is sufficient
in our case, because our tree-level amplitude does not depend on the fermion mass explicitly.
Similarly, from the factorization point of view, the renormalized amplitude should be written as

Mren(aa m) = <Hi \/ Z{) Mfac,bare(ao — Za0, My —> me)
= Mfac,bare + Mfac,CT,m + -A;lfac,CT ) (D3)

where M,c bare is the bare amplitude calculated from the factorization theorem. Note that
here we renormalize Miac pare as @ whole and do not renormalize the hard functions and
jet functions individually, such that we have Z] = Z;. Again, we only consider Mtae cTm
and ignore ./\;lfaCVCT below.

Regarding the QED process defined in eq. (2.1) and according to appendix B, the two-loop
bare 1PI amplitude M}, in the cc-region can be reconstructed by using the factorization
formula eq. (1.2) up to two extra non-factorized contributions, which are denoted here as
M and Mﬁbare. We therefore have

a,bare
Mﬁare = Mgc,bare + Mg,bare + Mg,bare ) (D4)
where
. > 2po 1 Se
poo = —ie® | [dky][dko] == e e D.5
Mgy = i€ [l 72— 2t o (D.5)
and
. SP 1 215 SY
MY :—5/dk dko] =& L e D.6
b,bare e [ 1][ 2] Dc%}éz _|_p1 — m’)/ 2p1 - ko D ( )
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pi(c) pi(e)

pa(€) p2(C)
(1) 2)

Figure 10. One loop diagrams with mass counter terms insertion.

fac
bare

account for the first and second term in eq. (B.22), respectively. M is given by the
factorization formula in eq. (1.2) and shown in eq. (4.1) in detail. We now insert eq. (D.4)
into eq. (D.1) and compare the result with eq. (D.3). Provided that the factorization theorem
is true at two-loop level, we have

M?ac,CT,m = Mﬂ + M{;,bare + MéT,m . (D7)

a,bare

It is straightforward to verify eq. (D.7) at the level of the form factor, which translates
eq. (D.7) into

'(2)_,fac,CT,m — F(2) ,a,bare

2,cC 2,cC

+ F(Q),b,bare + F}(2),CT,m ' (D.S)

2,CC 2,CC

The contributions of Mg /b bare to the form factors F} and F5 in the cc-region are given by

_ 2
F(Z),a,bare o F(2),b,bare . H2 ‘ 9 12 1 9 79 119 — 19 6
L =Pe =g |Ta a9+ T2) - 112126+ 66
-9 2e
(2),a,bare _ 1+(2),b,bare [ M 6 20 1
Fy' 2 =F 2 = <m2> [63 + = + - (6C2 + 56) + 144 4+ 20¢2 — 4¢3| . (D.9)

The term M’éT’m receives contributions from the two Feynman diagrams shown in
figure 10, where k is the loop momentum and ® denotes the mass counterterms. If ® is
added to the collinear (anticollinear) leg as shown in diagram (1) (diagram (2)) in figure 10,
it corresponds to a one-loop contribution in collinear (anticollinear) region. In addition to
the mass counterterms, the two diagrams in figure 10 represent the one-loop corrections
induced by the loop momentum k. As discussed in section 3, this loop momentum k& can
be hard, collinear or anticollinear, which corresponds to respectively the hard, collinear and
anticollinear region. Only the latter two contribute to the collinear-anticollinear region at two-
loop level. Moreover, the Feynman diagram with ® being added to the anticollinear leg and &
being anticollinear contributes to the double-anticollinear region, while the Feynman diagram
with ® being added to the collinear leg and k being collinear contributes to double-collinear
region.?! On the r.h.s. of eq. (D.7), we therefore only need to consider the contribution from

2Tn these two regions, both the Lh.s. and the r.h.s. of eq. (1.2) receive the same contribution from mass
renormalization, such that the UV renormalization does not change the factorization structure.
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the anticollinear region in the Feynman diagram (1) and collinear region in the Feynman
diagram (2). Their contributions to the form factor are given by

,2 26
m 9 12 1
FOOT™ =2 [ L) 15+ 55+ 2 (96 +66) + 92+ 126 — 6Gs |
’ e €€ ¢

m?
2\ 60 2 1
2),CT,m

The factor of 2 is because of symmetry between the two diagrams in figure 10. Moreover, we
only need to consider the mass renormalization of hard functions on the L.h.s. of eq. (D.7). Note

) 7r(0)p (0)u (0)p : . ;s
that H e H o po H F.Fon po and H Ty po do not depend on the fermion mass m explz(lj)ltly.
“w

We therefore only need to consider the mass renormalization of the hard functions H P F o

defined in eq. (3.25), and H}l}: o Together with the corresponding jet functions, we have

_ 7(Mp (Mp

Mo orm =I5 (mo = m) HY% (mo = (Zin = 1)m) J§ (mo — m)
+ I3 (mo = m) B (mo = (Zyn = 1)m) S (mg - m) ,  (D.11)

where the mass renormalization of jet functions is not involved as mentioned before. The
contributions of M/f;c,CT,m to the form factors are given by

_9o 2e
6
R e Tm (%) (-6 — 20)

(2),fac,CT,m
2,cc

~0. (D.12)

Substituting egs. (D.9), (D.10) and (D.12) into eq. (D.8), we now conclude that our factoriza-
tion formula indeed works in the cc-region for the renormalized 1PI amplitude at two loops.
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