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1 Introduction

Power corrections in scattering amplitudes have gained considerable attention in recent years
(see e.g. refs. [1–58]). Besides their phenomenological relevance, the study of power corrections
proves to be useful to deepen our understanding of gauge theory amplitudes. Scattering
processes at hadron colliders often involve two or more widely separated scales, hence the
corresponding amplitude can be expressed as a power expansion in the small ratio of such
scales. In this work we focus in particular on the wide-angle scattering of n energetic particles
in quantum electrodynamics (QED), and consider them to have a small mass m compared
to the centre of mass energy

√
s, which represents a configuration to which most of the

scattering processes occurring at high energy colliders can be traced back. The corresponding
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amplitude is expressed as a power expansion in λ = m/
√
s ≪ 1, taking the form1

M = MLP +M√
NLP +MNLP +O(λ3), (1.1)

where MLP represents the leading power (LP) behaviour of this amplitude, while M√
NLP and

MNLP provide the first two power corrections in the expansion, of O(λ) and O(λ2) respectively.
Central to this paper is the expectation that, as shown by a power counting analysis in

ref. [39], each term on the r.h.s. of eq. (1.1) factorizes into a product of hard, soft and jet
functions. These represent respectively virtual hard modes, soft modes, and modes collinear
to each of the n external particles. Focusing in particular on the terms describing hard
and collinear modes up to NLP, and soft modes at leading power, one has the following
schematic factorization formula [39]:2

Mcoll. =
(

n∏
i=1

J i
f

)
⊗Hf S +

n∑
i=1

(∏
j ̸=i

J j
f

)[
J i

fγ ⊗H i
fγ + J i

f∂γ ⊗H i
f∂γ

]
S

+
n∑

i=1

(∏
j ̸=i

J j
f

)
J i

fγγ ⊗H i
fγγ S +

n∑
i=1

(∏
j ̸=i

J j
f

)
J i

fff ⊗H i
fff S

+
∑

1≤i≤j≤n

( ∏
k ̸=i,j

Jk
f

)
J i

fγJ
j
fγ ⊗H ij

fγ,fγ S +O(λ3) , (1.2)

where HI are process-dependent hard functions, JI represent universal jet functions, the soft
function S describes leading power virtual soft radiation. The symbol ⊗ denotes convolution.

The factorization at LP, given by the first term in eq. (1.2), has been known for a long
time, see e.g. refs. [59–64]. For massless particles it can be shown that the LP term in eq. (1.2)
is in direct correspondence with the factorization structure of soft and collinear divergences [65–
67], hence it provides the starting point for the resummation of large logarithms associated
to the emission of soft and collinear radiation [68–72]. For massive particles, eq. (1.2)
contains relevant information for the resummation of large logarithms of m2/s [73–84]. The
factorization of scattering amplitudes (or cross sections) into single-scale objects is at the basis
of resummation, as it allows one to resum the large logarithms by means of renormalization
group equations. In general, factorization theorems such as the one in eq. (1.2) have been
derived directly in the original theory (QCD or, in the case considered here, QED) [85–89],
or within an approach based on the soft-collinear effective field theory (SCET), where soft
and collinear modes are separated at the Lagrangian level [90–92].

Much less is known concerning the factorization properties of the terms appearing beyond
LP. Within SCET, factorization theorems for (massless) n-particle scattering amplitudes have
been considered in the label formalism [6, 13, 93, 94] and in the position-space formulation
of SCET [18, 20]. Within the direct approach, factorization theorems have been discussed
for n-particle amplitudes in the Yukawa theory [16] and QED [39]. An early discussion of
factorization in Drell-Yan was presented in refs. [95, 96].

1At cross section level, NLP terms are O(λ2), thus we use the notation
√

NLP for O(λ) terms.
2The description of soft modes at next-to-leading power requires additional terms, to be added to the factor-

ization formula in eq. (1.2). These terms have been discussed in ref. [39] and are represented diagrammatically
in figures 6 (d), (e) and (f) there.
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Although the power counting analysis in ref. [39] has led to the factorization formula in
eq. (1.2), the functions appearing in this equation have been defined so far only diagrammati-
cally, i.e. by listing the Feynman diagrams expected to contribute to each function in QED.
For the factorization theorem to be complete and serve as a basis for resummation, the jet
functions in eq. (1.2) need to be properly defined in terms of matrix elements of time-ordered
operators in QED, while the corresponding hard functions are matching coefficients. The
aim of this paper is to fill this gap.

In this regard, let us recall that the factorization formula in eq. (1.2) is valid both for
the case of massless and massive particles (with m2 ≪ s). Indeed, while eq. (1.2) describes
the factorization of an n-particle scattering amplitude, its relevance extends also to the case
in which additional soft radiation is emitted. For this, as discussed in refs. [16, 39], the jet
functions are upgraded to radiative jet functions, and the emission of soft radiation from the
hard functions is related to soft emissions from the other functions by Ward identities. Thus,
the study we aim to conduct in this work is useful not only to complete and validate the
factorization theorem in eq. (1.2), but is also preparatory to study the case of real radiation,
which we leave for future analysis.

In order to validate the factorization theorem we should consider an amplitude sufficiently
non-trivial that all functions appearing in eq. (1.2) contribute, yet simple enough that it
can be calculated with standard methods known in literature. Moreover, functions such as
Jfγγ and Jfff only contribute from two loops onwards, so that the validation of eq. (1.2)
requires a complete two-loop calculation. The decay of an off-shell photon into a massive
fermion-antifermion pair, usually described in literature in terms of massive fermion form
factors, satisfies our requirements.

Much work has been dedicated to the perturbative calculation of the massive quark
form factors. The two-loop result has been obtained in refs. [97, 98] (see also ref. [99] for a
calculation of the corresponding contribution to the e+e− → γ∗/Z0∗ cross section). In recent
years a lot of effort has been devoted to the calculation of the three-loop correction [100–111],
although no complete analytic result as yet exists. For our analysis we will need the two-loop
region calculation obtained in ref. [112], because a straightforward expansion of the results
in refs. [97, 98] for m2 ≪ s is not enough to disentangle hard and collinear modes, which
is needed to check the calculation of the jet functions in eq. (1.2).

Given these premises, our first task is to define and calculate the jet functions appearing
in eq. (1.2). Then we will proceed to construct the corresponding photon-fermion-antifermion
amplitude, and compare with the method of regions calculation. It may be worth mentioning
here that the factorization formula in eq. (1.2) is given in terms of functions with open
Lorentz and Dirac indices; no attempt is done to further project the jet functions onto a basis
of scalar functions. This is not uncommon in case of factorization theorems beyond leading
power, see e.g. ref. [28], as projecting to scalar functions would involve non-trivial projection
operators, which we preferably avoid in order not to hide the relatively simple structure of
eq. (1.2). In any case, the jet functions appearing in eq. (1.2) are universal objects, thus the
results obtained in this paper are valid for any n-particle scattering amplitude.

The paper is structured as follows. In section 2 we describe the process of interest,
set up our notation, recall factorization at leading power and then describe in detail the
factorization structure of the terms contributing beyond leading power. In section 3 we

– 3 –
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give matrix element definitions for the new jet functions, and compute them at one loop,
up to NLP. Section 4 then deals with factorization at two loops, which also includes the
calculation of the relevant jet functions up to two loops. We compare our results to ref. [112],
region by region. We conclude and discuss our findings in section 5. Appendix A then
discusses the interesting interplay between the Jf , Jfγ and Jfγγ jet functions, where we
demonstrate factorization for the double-collinear region at the integrand level. The derivation
also shows that there is no double counting between the different (subleading) jet functions.
In appendix B we discuss the collinear-anticollinear factorization, and some of its subtle
aspects. Appendix C reports the integral expressions for all the jet functions at two-loop
order, while appendix D discusses UV counterterms for the (factorized) amplitude, paying
particular attention to mass renormalization.

2 Factorization in the small-mass limit

2.1 Fermion-antifermion amplitude in QED

Let us consider the QED process

γ∗(q) → f(p1) + f̄(p2), (2.1)

in which an off-shell photon with momentum q produces a fermion-antifermion pair. Keeping
cross sections in mind we also denote q2 = s. The fermions have mass m so that p2

1 = p2
2 = m2.

In what follows we consider the corresponding unrenormalized, or bare,3 amplitude

V µ(p1, p2) = ū(p1) Γµ(p1, p2) v(p2), (2.2)

where we make the important note that the amplitude also contains external line contributions,
i.e. non-1PI diagrams. External line propagators are amputated according to the LSZ
formalism. In the equation above we defined Γµ(p1, p2), which represents the amplitude with
stripped-off spinors. At lowest order we have

Γµ(0)(p1, p2) = i e ef γ
µ, (2.3)

where ef is the fermion electric charge in units of the positron charge e > 0. In the small-mass
limit m≪

√
s, the amplitude V µ(p1, p2) can be evaluated as a power expansion in the small

parameter λ ∼ m/
√
s ≪ 1:

V µ(p1, p2
)
= V µ

LP
(
p1, p2

)
+ V µ√

NLP
(
p1, p2

)
+ V µ

NLP
(
p1, p2

)
+O

(
λ3), (2.4)

where V µ
LP is O(λ0), V µ√

NLP is O(λ), V µ
NLP is O(λ2), and so on. Central to our discussion

is the expectation that each term on the r.h.s. of eq. (2.4) should factorize into hard, jet-
like and soft structures, where the virtual momenta are respectively hard, i.e. of order

√
s,

collinear to one of the two external fermions, or soft, i.e. of order m2 [39, 112]. Our goal
is to verify that V µ

(
p1, p2) factorizes according to eq. (1.2). To this end we will construct

the factorized amplitude, and compare it with the recent calculation obtained by means
of the method of regions [112].

3We discuss UV counterterms in appendix D.
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Let us start by setting the kinematic notation. We consider the centre-of-mass reference
frame, where the outgoing momenta p1 and p2 read

pµ
1 =

(√
p2 +m2, 0, 0, p

)
, pµ

2 =
(√

p2 +m2, 0, 0,−p
)
. (2.5)

It proves useful to introduce two light-like vectors4 n and n̄, with n2 = n̄2 = 0 and n · n̄ = 1,
with p1 mostly along n and p2 mostly along n̄, i.e.

pµ
1 = p+

1 n
µ + p−1 n̄

µ, pµ
2 = p+

2 n
µ + p−2 n̄

µ , (2.6)

with

p+
1 = n̄ · p1 = p−2 = n · p2 = 1√

2

(√
p2 +m2 + p

)
∼

√
s,

p−1 = n · p1 = p+
2 = n̄ · p2 = 1√

2

(√
p2 +m2 − p

)
∼ λ2√s. (2.7)

The mass-shell condition implies

p2
i = 2p+

i p
−
i = m2 =⇒ p−1 = m2

2p+
1
, p+

2 = m2

2p−2
. (2.8)

We then have

s = (p1 + p2)2 = 2m2 + 2p+
1 p

−
2 + 2p−1 p

+
2 = ŝ

(
1 + 2m2

ŝ
+ m4

ŝ2

)
, (2.9)

where we defined the O(λ0) variable

ŝ ≡ 2p+
1 p

−
2 . (2.10)

Although above and in the rest of the paper we consider for ease of notation the limit m≪
√
s,

we stipulate here that the exact expansion parameter considered throughout the paper is given
by the ratio m/

√
ŝ, which, as evident from eq. (2.9), differs from m/

√
s starting at O(λ2).

In what follows we will refer to the direction identified by the vector n as collinear (c),
while the direction identified by n̄ will be labelled as anticollinear (c̄). Where needed we
will indicate the large components of p1 and p2 by

p̂µ
1 = p+

1 n
µ, p̂µ

2 = p−2 n̄
µ, (2.11)

while the corresponding small components will be indicated by

p̃µ
1 = p−1 n̄

µ, p̃µ
2 = p+

2 n
µ. (2.12)

A generic momentum is decomposed along n, n̄ as follows:

kµ = k+ nµ + k− n̄µ + kµ
⊥, kµ = (k+, k−, k⊥), (2.13)

where k+ = n̄ · k, k− = n · k. This notation can be used to express scaling relations. For
instance, pµ

1 = (p+
1 , p

−
1 , p1⊥) ∼

√
s(λ0, λ2, 0), pµ

2 = (p+
2 , p

−
2 , p2⊥) ∼

√
s(λ2, λ0, 0). In general,

virtual momenta have the scaling properties
4Ref. [112] uses the light-like vectors n− =

√
2n and n+ =

√
2 n̄ with n+ · n− = 2. Here we follow the

conventions of ref. [39], and decompose momenta along n and n̄.

– 5 –
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k

p1 (c)

−p2 (c̄)

(a) (b) (c)

Figure 1. One-loop diagrams contributing to the γ → ff̄ amplitude, according to the conventions
discussed in the main text. The momenta p1 and p2 are outgoing.

hard (h): k ∼
√
s (λ0, λ0, λ0) ,

collinear (c): k ∼
√
s (λ0, λ2, λ1) ,

anticollinear (c̄): k ∼
√
s (λ2, λ0, λ1) .

soft (s): k ∼
√
s (λ2, λ2, λ2) . (2.14)

As observed in [112], only hard, collinear and anticollinear modes contribute up to two loops,
while soft modes turn out to be scaleless. Let us note that this statement is not expected
to hold at all loop orders. Indeed, the soft mode may contribute starting at three loops.5

Within the factorization theorem, the soft mode would be described by the effective diagrams
mentioned in footnote 2. In this paper we are interested to check that the collinear mode at
subleading power is correctly described in terms of the jet functions Jf , Jfγ , Jfγγ and Jfff ,
to be discussed below. To this end, it is sufficient to consider the form factor calculation up
to two loops, as obtained in [112], and thus we will not discuss the soft mode further.

With these conventions we are almost ready to discuss the factorization of the amplitude
for the case m≪

√
s. Before proceeding we highlight the fact that, as stated below eq. (2.2),

we are considering here the full amplitude and therefore include self-energy contributions on
the external legs, order by order in perturbation theory. As will become clear in section 3,
this is because the jet functions defined within the factorization theorem in eq. (1.2) naturally
include such contributions. Therefore, we need to include the self-energy corrections in the
region calculation in QED as well, for a proper comparison.6 Thus the one-loop amplitude
V µ(1)(p1, p2

)
will receive contributions from all diagrams listed in figure 1. The inclusion

of self-energy corrections modifies the equation of motion and the mass-shell condition,
and corrections can be included order by order in perturbation theory. The self-energy

5For instance, if one more photon is inserted into the fermion loop of figure 7 and connected to the external
legs, then Furry’s theorem will not work, and soft-quark modes (one end of the soft-quark propagator connects
to the collinear quark line, the other end connects to the anticollinear quark line) may contribute, to cancel
the endpoint divergences from the collinear modes.

6A similar feature has been found in the context of radiative jets: in this case, it has been shown [113, 114]
that one needs to include terms proportional to the soft-quark equations of motion, in order to make the
radiative jets gauge invariant.
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contribution is usually taken into account by means of a Dyson sum:

i

/p−m

{
1 +

[
iΣ(p)

] i

/p−m
+O(α2)

}
= i

/p−m+Σ(p) . (2.15)

Here Σ(p) has the general form

Σ(p) = A(p2) /p+B(p2)m, (2.16)

such that the propagator can be rewritten as

iR

/p−mp
, R−1 = 1 +A(m2

p) +O(p2 −m2
p), mp = m

(
1−B(m2

p)
1 +A(m2

p)

)
, (2.17)

where mp represents the unrenormalized pole mass. At one loop one has [115]

A(m2) =
α e2

f

4π

(
µ̄2

m2

)ϵ [1
ϵ
+ 2 +

(
4 + ζ2

2

)
ϵ+

(
8 + ζ2 −

ζ3
3

)
ϵ2 +O(ϵ3)

]
+O(α2),

B(m2) =
α e2

f

4π

(
µ̄2

m2

)ϵ [
−4
ϵ
− 6− (12 + 2ζ2)ϵ−

(
24 + 3ζ2 −

4ζ3
3

)
ϵ2 +O(ϵ3)

]
+O(α2),

(2.18)

where α ≡ αEM = e2/4π. Here we evaluated A and B in m2, and not in m2
p, since differences

are of higher order in α. As a consequence the equation of motion are modified as

ū(p1)/p1 = ū(p1)m
[
1−A(m2)−B(m2) +O(α2)

]
,

/p2v(p2) = −m
[
1−A(m2)−B(m2) +O(α2)

]
v(p2), (2.19)

or upon expanding in powers of λ:

ū(p1) /n = ū(p1)
1
p+

1

{
m
[
1−A(m2)−B(m2) +O(α2)

]
− p−1 /̄n

}
,

/̄n v(p2) = −
{
m
[
1−A(m2)−B(m2) +O(α2)

]
+ p+

2 /n

} 1
p−2
v(p2). (2.20)

Similarly, beyond tree level the mass-shell condition in eq. (2.8) is modified accordingly.
Up to one loop one has

p2
i = m2

[
1− 2A(m2)− 2B(m2) +O(α2)

]
. (2.21)

We are now ready to discuss the factorization of the power expansion of V µ(p1, p2) for m≪
√
s.

2.2 Factorization at LP

In order to set up the factorization formula up to NLP, we start with the leading power term.
The case of massless fermions has been discussed at length in ref. [64]. The factorization

– 7 –
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formula for the massive case is formally equivalent. For an outgoing fermion-antifermion
pair it reads

V µ
LP(p1, p2, µ) = Hµ

f,f̄
(p̂1, p̂2, µ)

Jf (p1, n̄, µ)
Jf (n, n̄, µ)

Jf̄ (p2, n, µ)
Jf̄ (n̄, n, µ)

Sf,f̄ (n · n̄, µ), (2.22)

where µ represents the factorization scale. In what follows we will keep the dependence
on µ implicit, unless needed. The convention for now and what follows is that f is for the
fermion line (in the c-collinear direction) with outgoing momentum p1, and the f̄ is for the
antifermion line (in the c̄-collinear, i.e. anticollinear, direction) with outgoing momentum p2.
In eq. (2.22) the hard function Hµ

f,f̄
(p̂1, p̂2) represents the virtual hard modes, thus it depends

on the large momentum components p̂µ
1 , p̂µ

2 defined in eq. (2.11). Next, the jet functions
Jf (p1, n̄) and Jf̄ (p2, n) reproduce virtual collinear and anticollinear modes respectively, and
are defined in terms of matrix elements of (implicitly) time-ordered operators7

Jf (p1, n1, µ) =
〈
p1
∣∣ψ̄(0)Φn1(0,∞)

∣∣0〉, (2.23)

and
Jf̄ (p2, n2, µ) =

〈
p2
∣∣Φn2(∞, 0)ψ(0)

∣∣0〉, (2.24)

where n1 and n2 represent gauge-link vectors associated to the definition of the Wilson line

Φn(y, x) = P exp
[
i e ef

∫ y

x
ds n ·A(sn)

]
. (2.25)

The direction of the Wilson line is largely arbitrary, but given that their function is to
mimic the coupling of photons collinear to the outgoing parton (say, the fermion) to the
opposite moving hard parton (i.e., the antifermion), we choose n1 = n̄, n2 = n, as indicated
in eq. (2.22). Lastly, eq. (2.22) contains the soft function Sf,f̄ (n · n̄), as well as the eikonal
approximation of the two jet functions, all defined in terms of the vacuum expectation value
of Wilson lines. One has

Sf,f̄ (β̂1 · β̂2, µ) =
〈
0
∣∣Φβ̂1

(∞, 0)Φβ̂2
(0,∞)

∣∣0〉 (2.26)

for the soft function, and

Jf (β̂1, n1, µ) =
〈
0
∣∣Φβ̂1

(∞, 0)Φn1(0,∞)
∣∣0〉,

Jf̄ (β̂2, n2, µ) =
〈
0
∣∣Φn2(∞, 0)Φβ̂2

(0,∞)
∣∣0〉 (2.27)

for the two eikonal jet functions. Note that these eikonal jet functions prevent overcounting
between the jet function and the soft function. Observe also that, for simplicity, in eqs. (2.26)
and (2.27) we approximate the velocities of the fermion and antifermion pair, β1 and β2,
with the directions of large momentum flow, i.e. β1 ∼ β̂1 = n, β2 ∼ β̂2 = n̄, as already
indicated implicitly in eq. (2.22).

7Here we follow the convention adopted in ref. [39], which incorporate the spinor into the jet function.
In this way, the leading order jet functions coincide with the corresponding spinor: J

(0)
f (p1, n1) = ū(p1),

J
(0)
f̄

(p2, n2) = v(p2), respectively for outgoing fermions and antifermions.
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The most important aspect to underline concerning eq. (2.22) is that it describes the
factorization of the amplitude after soft and collinear singularities have been moved from
the hard function to the jet and soft functions. Let us clarify this relevant point. Loop
corrections to the amplitude V µ

(
p1, p2) in general contain soft and collinear divergences in

case of massless fermions, and just soft divergences in case of massive fermions, as considered
here. (There are ultraviolet divergences as well; these can be removed by standard UV
renormalization. We discuss these in appendix D.) Calculating V µ

(
p1, p2) by means of the

method of regions generates spurious singularities within each region, such that the original
singularities are reproduced only after the sum of all regions has been considered. In the
case at hand, we know [112] that the massive form factor receives contributions from the
hard, collinear and anticollinear regions.8 The hard region develops soft and (spurious)
collinear singularities, while the collinear and anticollinear regions develop soft and (spurious)
ultraviolet singularities, such that in the sum collinear and ultraviolet singularities cancel,
leaving the soft singularities. In general, it is preferred to define the functions appearing
in the factorization eq. (2.22) such that only the “true” singularities appear explicitly: in
other words, one wants to define a hard function free of collinear and soft singularities,
and associate collinear divergences to the jet functions (in case of massless particles) and
soft divergences to the soft function. For the massless case, this is discussed at length in
ref. [64], to which we refer for further details. Focusing on the problem at hand, both the
bare soft function and eikonal jets are scaleless. The standard interpretation of scaleless
regions in dimensional regularization is that one has infrared and ultraviolet divergences
cancelling each other, such that 1/ϵIR −1/ϵUV = 0. Thus, in order to achieve the factorization
structure in eq. (2.22), one splits this singularity structure: the ultraviolet pole moves into
the hard function. The soft function then contains the leftover infrared divergence, and it
becomes a pure counterterm. In the problem at hand, given that only the hard, collinear
and anticollinear regions are not scaleless, both the soft function Sf,f̄ (β1 · β2) and the eikonal
jets Jf (β1), Jf̄ (β2) in eq. (2.22) contribute as pure counterterms.

However, in our approach we do not redistribute the poles over the various functions, but
rather compute them at face value. Thus we aim to check that the various jet functions that
appear up to subleading power are able to reproduce the contribution given by the collinear
and anticollinear regions. Hence, we aim to reproduce the factorization theorem in eq. (2.22)
(and its generalization at subleading power, to be discussed) in its “bare” form, i.e., before
soft (and collinear) singularities are reshuffled into pure-counterterm soft and eikonal jet
functions. For the leading power contribution this implies that we aim to prove

V µ
LP(p1, p2, µ) = Hµ,b

f,f̄
(p̂1, p̂2, µ) Jb

f (p̂1, n̄, µ) Jb
f̄
(p̂2, n, µ), (2.28)

where the index b, for “bare”, means that no reshuffling of soft and collinear singularities has
been considered. In what follows we will always intend a factorization theorem as written
in eq. (2.28), and drop the index b for simplicity.

8As shown in ref. [112], additional ultra-collinear and ultra-anticollinear regions, respectively with scaling
k ∼

√
s(λ2, λ4, λ3) k ∼

√
s(λ4, λ2, λ3), give non-scaleless contributions to single diagrams, but cancel at the

level of the amplitude V µ
(
p1, p2, µ).
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2.3 Factorization at NLP

We are now ready to specialize the factorization formula in eq. (1.2) to the case of a fermion-
antifermion pair. In order to keep equations short, we assign a name to the various terms in
eq. (1.2). The factorization formula then becomes a sum over factorized terms:

V µ(p1, p2) = V µ

f,f̄
(p1, p2) + V µ

fγ,f̄
(p1, p2) + V µ

f∂γ,f̄
(p1, p2) + V µ

f,f̄γ
(p1, p2) + V µ

f,f̄∂γ
(p1, p2)

+ V µ

fγγ,f̄
(p1, p2) + V µ

f,f̄γγ
(p1, p2) + V µ

fff̄ ,f̄
(p1, p2) + V µ

f,f̄ff̄
(p1, p2)

+ V µ

fγ,f̄γ
(p1, p2) +O

(
λ3), (2.29)

which we discuss one by one in what follows. First of all we have

V µ

f,f̄
(p1, p2) = Jf (p1, n̄)Hµ

f,f̄
(p1; p2) Jf̄ (p2, n), (2.30)

which represents a configuration involving a fermion along the collinear direction and an
antifermion along the anticollinear direction, as depicted in figure 2(a). All additional virtual
radiation is either hard, factorized into the hard function, or (anti)collinear along the two
directions (n̄) n, and factorized into the two jet functions. This term starts at O(λ0) and
it is obviously a generalization of the leading power term in eq. (2.28). In this regard, let
us highlight that the hard and jet functions in the LP factorization formula depend on the
leading momentum components p̂i. In contrast, in order to reach O(λ2) (i.e., NLP) accuracy
in eq. (2.30), we start by retaining the dependence on the full momenta pi, and expand
the jet and hard functions in eq. (2.30) into the mass m ∼ O(λ) and the small momentum
components p̃i ∼ O(λ2). Indeed, exploiting the mass-shell condition in eqs. (2.8) and (2.21),
we can express the small momentum component as a function of the mass. Each function
in eq. (2.30) becomes a power series in m. Combining the large components p+

1 , p−2 into
ŝ according to eq. (2.9) we have

Hµ

f,f̄
(p1; p2) = Hµ

f,f̄
(ŝ,m) =

(
1 +m

∂

∂m
+ m2

2
∂2

∂m2

)
Hµ

f,f̄
(ŝ,m)

∣∣∣
m=0

+O(λ3)

= Hµ

f,f̄
(ŝ)
∣∣
LP +mHµ

f,f̄
(ŝ)
∣∣√

NLP + m2

2 Hµ

f,f̄
(ŝ)
∣∣
NLP +O(λ3),

(2.31)

and

Jf (p1, n̄) = Jf (m, n̄)
∣∣
LP + m

p+
1
Jf (m, n̄)

∣∣√
NLP + m2

(p+
1 )2Jf (m, n̄)

∣∣
NLP +O(λ3), (2.32)

with an equivalent expansion for Jf̄ (p2, n). The series in eqs. (2.31) and (2.32) can then be
inserted in eq. (2.30) to get a systematic expansion of V µ

f,f̄
.

The next terms in eq. (2.29) are given respectively by V µ

fγ,f̄
and V µ

f∂γ,f̄
. They describe a

configuration involving a fermion and a transverse9 photon along the collinear direction, and
9A transverse photon A⊥ is suppressed by a power of λ compared to longitudinal photons. As discussed in

section II.A of ref. [39], this is best seen in axial gauges, where longitudinal photons do not propagate. In turn,
the scaling A⊥ ∼ λ determines the suppression of Jfγ by a power of λ compared to the Jf jet. Unsuppressed
longitudinal collinear and anticollinear photons, A+

c = n̄ ·Ac ∼ λ0 and A−
c̄ = n ·Ac̄ ∼ λ0 have been absorbed

respectively into Jf and Jf̄ by means of Wilson lines, as discussed in section 3.1.
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p1

−p2

Jf̄

Jf

Hµ
f,f̄

Jρ
fγ

Hµρ
fγ,f̄

ℓ

−p2

Jf̄

p1 − ℓ

(a) (b)

Figure 2. Diagrammatic representation of V µ

f,f̄
(a) and V µ

fγ,f̄
(b), defined respectively in eqs. (2.30)

and (2.34).

an antifermion along the anticollinear direction, as represented in figure 2(b). Similarly, the
terms V µ

f,f̄γ
and V µ

f,f̄∂γ
involve a fermion along the collinear direction, and an antifermion

plus a transverse photon along the anticollinear direction. They can be obtained by symmetry
from V µ

fγ,f̄
and V µ

f∂γ,f̄
, by exchanging p1 ↔ −p2,10 thus we will not discuss them further.

In order to write down the explicit form of V µ

fγ,f̄
and V µ

f∂γ,f̄
, let us label the photon

momentum by ℓ, as indicated in figure 2(b). Consequently, the hard function for this process,
Hµρ

fγ,f̄
, involves a collinear fermion and a photon, respectively with momenta p1 − ℓ and ℓ,

with ℓ = (ℓ+, ℓ−, ℓ⊥) ∼
√
s (λ0, λ2, λ1). As argued in ref. [39], a consistent factorization order

by order in the power expansion requires the hard function to depend only on the large
momentum component ℓ̂ = ℓ+n (as well as p̂1). This is achieved by expanding Hµ

fγ,f̄
in the

small components of ℓ. Anticipating that the jet function Jρ
fγ starts at O(λ), we need to

expand the hard function up to O(λ) as well. We thus have

Hµρ

fγ,f̄
(p1 − ℓ, ℓ; p2) =

(
1 + ℓσ⊥

∂

∂ℓσ⊥

)
Hµρ

fγ,f̄
(p1 − ℓ, ℓ; p2)

∣∣∣
ℓ⊥=0

+O(λ2)

= Hµρ

fγ,f̄
(p1 − ℓ̂, ℓ̂; p2) + ℓ⊥σ H

µρσ

f∂γ,f̄
(p̂1 − ℓ̂, ℓ̂; p̂2) +O(λ2), (2.33)

where in the second line we have implicitly defined Hµρσ

f∂γ,f̄
. Given eq. (2.33), V µ

fγ,f̄
and V µ

f∂γ,f̄

still involve a convolution over the large momentum component l+. We have respectively11

V µ

fγ,f̄
(p1, p2) =

∫ p+
1

0
dℓ+ Jfγ ρ(p1 − ℓ̂, ℓ̂, n̄)Hµρ

fγ,f̄
(p1 − ℓ̂, ℓ̂; p2) Jf̄ (p2, n), (2.34)

and

V µ

f∂γ,f̄
(p1, p2) =

∫ p+
1

0
dℓ+ Jf∂γ ρσ(p̂1 − ℓ̂, ℓ̂, n̄)Hµρσ

f∂γ,f̄
(p̂1 − ℓ̂, ℓ̂; p̂2) Jf̄ (p̂2, n). (2.35)

10The minus sign can be understood because one switches from an outgoing fermion to an outgoing
antifermion. This effectively changes p1 into −p2 and vice versa in all the propagators.

11We will see in section 3 that the integral over ℓ+ is indeed bounded, while in principle the integration is
unbounded from above and below.

– 11 –



J
H
E
P
0
7
(
2
0
2
5
)
2
5
7

ℓ2

−p2

Jf̄

p1 − ℓ1 − ℓ2

ℓ1

Jρσ
fγγ

Hµρσ
fγγ,f̄

ℓ2

Jf̄

p1 − ℓ1 − ℓ2

−ℓ1

Hµ
fff̄ ,f̄

−p2

Jfff̄ Jρ
fγ

Hµρσ
fγ,f̄γ

ℓ1

ℓ2

Jσ
f̄γ

p1 − ℓ1

−p2 − ℓ2

(a) (b) (c)

Figure 3. Diagrammatic representation of V µ

fγγ,f̄
(a), V µ

fff̄,f̄
(b) and V µ

fγ,f̄γ
(c), defined respectively

in eqs. (2.39), (2.40) and (2.41).

A few comments are in order. First, V µ

fγ,f̄
starts at O(λ). Thus, the jet and hard functions

still need to be expanded in powers of m, for a consistent expansion up to O(λ2). Similarly
to the series definitions in eqs. (2.31) and (2.32), we have

Hµρ

fγ,f̄
(p1 − ℓ̂, ℓ̂; p2) =

(
1 +m

∂

∂m

)
Hµρ

fγ,f̄
(p1 − ℓ̂, ℓ̂; p2)

∣∣∣∣
m=0

+O(λ2)

= Hµρ

fγ,f̄
(p̂1 − ℓ̂, ℓ̂; p̂2)

∣∣
LP +mHµρ

fγ,f̄
(p̂1 − ℓ̂, ℓ̂; p̂2)

∣∣√
NLP +O(λ2), (2.36)

and

Jρ
fγ(p1 − ℓ̂, ℓ̂, n̄) = Jρ

fγ(p̂1 − ℓ̂, ℓ̂, n̄)
∣∣√

NLP + m

p+
1
Jρ

fγ(p̂1 − ℓ̂, ℓ̂, n̄)
∣∣
NLP +O(λ3). (2.37)

The series in eqs. (2.36) and (2.37) can be inserted in eq. (2.34) to get a systematic expansion
of V µ

fγ,f̄
. Concerning eq. (2.35), we point out that we have absorbed the factor ℓσ⊥ in eq. (2.33)

into the definition of Jρσ
f∂γ . Schematically we may write

Jρσ
f∂γ(p̂1 − ℓ̂, ℓ̂, n̄) = Jρ

fγ(p̂1 − ℓ̂, ℓ̂, n̄) ℓσ⊥, (2.38)

where we stress that Jρ
fγ involves an integration over ℓ⊥, thus the explicit factor of ℓσ⊥ in

eq. (2.38) is integrated over as well. In section 3.2 we will see that Jρσ
f∂γ can be rigorously

defined in terms of an operator matrix element. V µ

f∂γ,f̄
starts at O(λ2), so there is no need to

further expand in powers of m, as in eqs. (2.36) and (2.37). Thus, the functions Jρσ
f∂γ and

Hµρσ

f∂γ,f̄
are taken at leading order in the power expansion, and depend only on the leading

momentum components, as indicated by the argument of the functions in eq. (2.35).
The remaining terms in eq. (2.29) are V µ

fγγ,f̄
, V µ

fff̄ ,f̄
and V µ

fγ,f̄γ
, as well as the corresponding

p1 ↔ −p2 symmetric terms V µ

f,f̄γγ
and V µ

f,f̄f̄f
. All these terms start at O(λ2), therefore we

can consistently drop all dependence on ℓ1⊥, ℓ2⊥ and all other small momentum components.
The terms V µ

fγγ,f̄
and V µ

fff̄ ,f̄
involve a configuration respectively with a fermion and two

(transverse) photons or a fermion and a fermion-antifermion pair along the collinear direction,
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and an antifermion along the anticollinear direction, as represented in figure 3(a) and (b).
They involve a convolution over the large momentum components ℓ̂1, ℓ̂2 as follows:

V µ

fγγ,f̄

(
p1,p2)=

∫ p+
1

0
dℓ+1 dℓ

+
2 Jfγγρσ(p̂1−ℓ̂1−ℓ̂2,ℓ̂1,ℓ̂2,n̄)Hµρσ

fγγ,f̄
(p̂1−ℓ̂1−ℓ̂2,ℓ̂1,ℓ̂2;p̂2)Jf̄ (p̂2,n),

(2.39)
and

V µ

fff̄ ,f̄

(
p1, p2) =

∫ p+
1

0
dℓ+1 dℓ

+
2 Jfff̄ (p̂1 − ℓ̂1 − ℓ̂2, ℓ̂1, ℓ̂2, n̄)Hµ

fff̄ ,f̄
(p̂1 − ℓ̂1 − ℓ̂2, ℓ̂1, ℓ̂2; p̂2) Jf̄ (p̂2, n).

(2.40)
Here we use simplified notation. In section 4.3.4 we distinguish two contributions that differ
by charge flow. The last term, i.e. V µ

fγ,f̄γ
, involves a configuration with a collinear fermion

and photon, as well as an anticollinear antifermion and photon, as depicted in figure 3(c).
As such it also involves two convolutions, over ℓ+1 and ℓ−2 . It reads

V µ

fγ,f̄γ

(
p1, p2) =

∫ p+
1

0
dℓ+1

∫ p−2

0
dℓ−2 Jfγ ρ(p̂1 − ℓ̂1, ℓ̂1, n̄)

×Hµρσ

fγ,f̄γ
(p̂1 − ℓ̂1, ℓ̂1,−p̂2 − ℓ̂2, ℓ̂2) Jf̄γ σ(−p̂2 − ℓ̂2, ℓ̂2, n). (2.41)

With these definitions at hand, each term in eq. (2.29) has been properly defined in terms
of convolutions between hard and jet functions. In this regard, let us notice that, although
we defined the convolutions in eqs. (2.34) and (2.35) in terms of the large photon momentum
component ℓ+, and the convolutions in eqs. (2.39), (2.40) and (2.41) in terms of the large
components ℓ+1 and ℓ+2 (or ℓ−2 for the case in eq. (2.41)), in practice it will be more convenient
to express the convolutions in terms of dimensionless momentum fractions, for instance

V µ

fγ,f̄
(p1, p2) = p+

1

∫ 1

0
dx Jfγ ρ(p1 − ℓ̂, ℓ̂, n̄)Hµρ

fγ,f̄
(p1 − ℓ̂, ℓ̂; p2) Jf̄ (p2, n), (2.42)

with x ≡ ℓ+/p+
1 .

Our next goal is to show that each jet function can be defined in terms of an operator
matrix element in QED. In this context, each hard function can be considered as the
corresponding short-distance (Wilson) coefficient, which can be obtained by matching with
the full amplitude in QED. We devote sections 3 and 4 to the jet function definitions in
terms of operator matrix elements, and their calculation in perturbation theory up to the
perturbative order required to reproduce the full amplitude up to O(α2).

2.4 Form factors in the limit m2 ≪ s

In order to check that the factorized amplitude in eq. (2.29) correctly reproduces the QED
amplitude in the limit m2 ≪ s, we compare our calculation in terms of hard and jet functions
with the massive form factors calculation obtained in ref. [112] by means of the method of
regions. To this end, let us briefly recall that the γ → ff̄ amplitude can be expressed in
terms of two form factors F1 and F2 such that

Γµ(p1, p2) = i e ef

[
F1(s,m)γµ + 1

2mF2(s,m) i σµν(p1 + p2)ν

]
, (2.43)
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where σµν = i
2 [γ

µ, γν ], and the electric charge is consistent with eq. (2.3). In the rest of
the paper we will take ef = −1, except those equations where the factor ef is left explicit.
The form factors computed in ref. [112] up to O(α2) correspond to the unrenormalized, 1PI
amplitude, and can thus be extracted by means of the projection operators

Fi
(
s,m2) = Tr

[
Pµ

i (m, p1, p2) Γµ(p1, p2)
]
, (2.44)

where12 [97]

Pµ
i (m, p1, p2) =

/p2 −m

m

[
i g

(i)
1 γµ + i

2mg
(i)
2
(
pµ

2 − pµ
1
)]/p1 +m

m
, (2.45)

and in turn

g
(1)
1 = 1

e ef

1
4(1− ϵ)

1
(s/m2 − 4) ,

g
(1)
2 = − 1

e ef

3− 2ϵ
(1− ϵ)

1
(s/m2 − 4)2 ,

g
(2)
1 = − 1

e ef

1
(1− ϵ)

1
s/m2(s/m2 − 4) ,

g
(2)
2 = 1

e ef

1
(1− ϵ)

1
(s/m2 − 4)2

[4m2

s
+ 2− 2ϵ

]
. (2.46)

Given that the factorized amplitude in eq. (2.29) corresponds to the unrenormalized amplitude
including self-energy corrections, comparison with ref. [112] would require to modify the
projection operators in eq. (2.45) in order to take into account the modified equations of
motion and mass-shell condition order by order in perturbation theory. This results in O(α)
corrections to the projection constants in eq. (2.46). Moreover, a residue factor of

√
R on

each external leg needs to be incorporated,13 which would yield

Γµ(p1, p2) =
(√

R
)2

Γµ
1PI(p1, p2), (2.47)

where Γµ on the l.h.s. includes also the diagrams that are not 1PI. Note that the r.h.s. of
eq. (2.47) now needs to be computed with the equations of motion and mass-shell condition
as in eqs. (2.19) and (2.21) respectively. In practice, we will see in sections 3 and 4 that
the contribution due to the correction on the external legs can be easily factorized and
dropped both in the factorized approach and in the region computation, except for the
collinear-anticollinear region contribution at two loops. Thus, we will be mostly able to
compare directly with the computation in ref. [112], dropping the correction on the external
legs from V µ(p1, p2) calculated by means of eq. (2.29) and obtaining the corresponding form
factors by means of eq. (2.44).

To conclude, we recall that we expand the form factors in powers of α/4π:

Fi

(
ŝ,m2, µ2

)
= F

(0)
i

(
ŝ,m2

)
+

∞∑
k=1

(
α

4π

)k

F
(k)
i

(
ŝ,m2, µ2

)
, (2.48)

12The projection operators in eq. (2.44) are slightly different from those defined in eq. (2.5) of ref. [112],
because there the process f(p1) + f̄(p2) → γ∗(q) was studied, while here we consider the process γ∗(q) →
f(p1) + f̄(p2). Although the projections are different, the form factors are of course the same.

13Eq. (2.17) contains a factor of R, but this is reduced to
√
R by the LSZ formula.
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where the tree-level form factors read

F
(0)
1

(
ŝ,m2

)
= 1, F

(0)
2

(
ŝ,m2

)
= 0. (2.49)

Furthermore, each form factor is expanded in powers of m2/ŝ as follows:

F1
(
ŝ,m2) = Fµ

1,LP
(
ŝ,m2)+ Fµ

1,NLP
(
ŝ,m2)+O

(
λ4),

F2
(
ŝ,m2) = Fµ

2,NLP
(
ŝ,m2)+O

(
λ4), (2.50)

where Fµ
2,NLP gives the O(λ) part of the amplitude, since F2 is divided by a factor of m in

eq. (2.43), and F1,LP and F1,NLP give the O(λ0) and O(λ2) parts respectively.

3 One-loop results up to NLP

With the factorization formula eq. (2.29) in place, we now need to properly define the jet
functions as matrix elements of time-ordered operators in QED. In this section we start
by considering the jet functions whose contribution starts at LO and NLO in perturbation
theory, namely Jf , Jfγ and Jf∂γ . In the following we define and calculate these functions at
one loop and up to NLP, i.e. up to O(λ2) in the small-mass limit. The jet functions describe
jets of one or more collimated particles. As a consequence, we expect jet functions defined
along the collinear direction to reproduce the contribution given by the collinear region in
an expansion by region calculation, and jet functions along the anticollinear direction to
reproduce the anticollinear region. To this end, we will compare our result with the form
factor calculation in ref. [112], which uses the method of regions. In this regard we note that
at NLO in the coupling, non-1PI diagrams only enter via the multiplicative residue factor√
R for each external leg. This is the same on the factorization and the region side, so that

it can be ignored when comparing the results to one another.

3.1 Jf jet function

As anticipated in section 2.3, the jet function Jf consists of a single (outgoing) c-collinear
fermion, surrounded by a cloud of photons (and virtual fermion-antifermion pairs). The
corresponding matrix element (as anticipated in eq. (2.23)) is thus given by a single fermion
field, dressed by a collinear Wilson line, which leads to a matrix element of a gauge-invariant
operator [63, 64]:

Jf (p1, n̄) = ⟨p1| ψ̄(0)Φn̄(0,∞) |0⟩ , (3.1)

where ⟨p1| denotes the state of the outgoing fermion with momentum p1. The Wilson line Φn̄

has been defined for the general case in eq. (2.25). For the specific case at hand we have

Φn̄(x,∞) = exp
[
−ie

∫ 0

∞
dλ n̄ ·A(x+ λn̄)

]
. (3.2)

An analogous definition can be given for a c̄-collinear jet with an outgoing antifermion, and
will be denoted by Jf̄ . It reads

Jf̄ (p2, n) = ⟨p2|Φn(∞, 0)ψ(0) |0⟩ , (3.3)
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where ⟨p2| denotes the state of the outgoing antifermion with momentum p2. At leading
order, we have

J
(0)
f (p1) = ū(p1), J

(0)
f̄

(p2) = v(p2). (3.4)

The spinors ū(p1) and v(p2) here respectively depend on the full momentum p1 and p2, and
hence obey the equations of motion from eq. (2.20), where we can ignore the terms A and B
since they only start to modify results at two loops. Indeed, the tree-level Jf jet and Hµ

f,f̄

hard function (which multiply the one-loop expressions of A and B) do not contain factors of
/p1 and /p2 that act on the spinors. Comparison with eqs. (2.2) and (2.3) immediately gives
the leading order hard function, which reads (with ef = −1, see comment after eq. (2.43))

H
(0)µ
f,f̄

= −i e γµ, (3.5)

with a diagrammatic representation given in figure 4(a). Here and in what follows we note
that although formally a hard function, being a matching coefficient, is not described by
Feynman diagrams, a diagrammatic representation does prove useful and intuitive. For the
form factors at leading order we have F (0)

1 = 1, and F
(0)
2 = 0.

At one loop, we consider the vertex correction, which is the only 1PI contribution that
occurs after performing the Wick contractions. A diagrammatic representation is given in
figure 4(b). The double line represents here an eikonal Feynman rule. We note that this
jet function also produces the (non-1PI) self-energy diagram. As mentioned before, we do
not include this at the one-loop level when comparing with the region calculation. The
one-loop expression for this jet reads

J
(1)
f (p1, n̄) = i16π2ū(p1)

∫
[dk]

/̄n(/p1 − /k +m)
k2[(p1 − k)2 −m2][n̄ · k] (3.6)

=
(
µ̄2

m2

)ϵ

ū(p1)
Γ(ϵ)eϵγE

ϵ(1− 2ϵ)

(
1− mϵ

p+
1
/̄n

)
, (3.7)

which indeed admits an expansion like in eq. (2.32). All propagators come with a standard
+iη-prescription, which will be left implicit throughout the paper. We have chosen the
Feynman gauge for the photon propagator. We also defined the measure∫

[dk] ≡
(
µ̄2eγE

4π

)ϵ ∫
ddk

(2π)d
, (3.8)

where d = 4 − 2ϵ and µ̄2 = 4πe−γEµ2 is the MS-renormalization scale. The result for the
c̄-collinear jet function at one loop is similar; it reads

J
(1)
f̄

(p2, n) =
(
µ̄2

m2

)ϵ Γ(ϵ)eϵγE

ϵ(1− 2ϵ)

(
1 + mϵ

p−2
/n

)
v(p2). (3.9)

We are now ready to check the factorization formula eq. (2.30) at one loop. Suppressing
for simplicity the argument of the functions, at this perturbative order we have

V
µ(1)

f,f̄
= V

µ(1)
f,f̄

∣∣∣
h
+ V

µ(1)
f,f̄

∣∣∣
c
+ V

µ(1)
f,f̄

∣∣∣
c̄

= J
(0)
f H

µ(1)
f,f̄

J
(0)
f̄

+ J
(1)
f H

µ(0)
f,f̄

J
(0)
f̄

+ J
(0)
f H

µ(0)
f,f̄

J
(1)
f̄
, (3.10)
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p1

p2

(a)

p1

(b)

Figure 4. In (a) we show the diagrammatic representation of the leading order hard function Hf,f̄ .
In (b) we show the one-loop Jf jet contribution.

where in the first line we have implicitly defined the hard, collinear and anticollinear contri-
bution to V µ(1)

f,f̄
with the corresponding terms in the second line. Let us start by comparing

V
µ(1)

f,f̄
|c with the collinear region calculated in ref. [112]. Upon projecting onto F1, we find

F
(1)
1 f,f̄

∣∣∣
c
=
(
µ̄2

m2

)ϵ [ 1
ϵ2

+ 2
ϵ
+ 4 + ζ2

2 + m2

ŝ

(2
ϵ
+ 4

)
+O(λ4, ϵ)

]
, (3.11)

and for F2 one finds

F
(2)
2 f,f̄

∣∣∣
c
=
(
µ̄2

m2

)ϵ [
m2

ŝ

(
−4
ϵ
− 8

)
+O(λ4, ϵ)

]
. (3.12)

Indeed the leading power term in F
(1)
1 f,f̄

|c reproduces the full leading power collinear region

in F
(1)
1 |c, given that V µ(1)

f,f̄
|c provides the only LP contribution in the factorization formula

eq. (2.29). Instead, the O(λ) and O(λ2) part of V µ(1)
f,f̄

|c, which contribute respectively to
F2 and F1, do not yet reproduce the full collinear region contribution to the form factor.
This is also expected, because at O(λ) and O(λ2) we are still missing the contributions due
to the Jfγ jet and the Jf∂γ jet. The result for the anticollinear region is equivalent, i.e.
F

(1)
i f,f̄

|c̄ = F
(1)
i f,f̄

|c. The hard function at one loop, namely H
µ(1)
f,f̄

, is obtained by matching,
thus this is by construction equal to the hard region contribution. In what follows, we will
not discuss further the pure hard region contribution to the form factor.

3.2 Jfγ and Jf∂γ jet functions

As discussed in section 2.3, the jet function Jfγ consists of a fermion and a transverse
photon along the collinear direction. As for the Jf jet function, we need to construct a
gauge-invariant time-ordered operator in QED. Concerning the fermion field, it is natural to
take the gauge-invariant building block ψ̄(0)Φn̄(0,∞). For the photon field more definitions
are in principle possible. One can choose to describe the photon either through the gauge
field Aµ, or through the gauge field strength Fµν . We choose a gauge-invariant definition
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of the gauge field14,15 [91, 116, 117]

Aµ(x) = Φn̄(∞, x)
(
iDµ(x) Φn̄(x,∞)

)
, (3.13)

where iDµ(x) = i∂µ + e ef A
µ is the covariant derivative. Upon describing the photon by

means of a gauge field strength, the corresponding gauge-invariant building block is

Fµ+(x) = Φn̄(∞, x)Fµ+(x) Φn̄(x,∞), (3.14)

which in QED reduces back to Fµ+. One can show that the two choices are related, since

Fµν = ∂µAν − ∂νAµ − i [Aµ,Aν ] . (3.15)

It is not hard to show that using either of the two gauge-invariant building blocks in eqs. (3.13)
and (3.14) gives the same Jfγ function at O(α), up to an overall momentum factor ℓ+, which
can be absorbed by a redefinition of the hard function. In what follows, we will use the
gauge-invariant building block given by Aµ(x). Thus we propose the definition

Jρ
fγ(p1, n̄, n̄ · ℓ) =

∫ ∞

−∞

dξ

2π e
−iℓ(ξn̄) ⟨p1|

[
ψ̄(0)Φn̄(0,∞)

][
Φn̄(∞, ξn̄)

(
iDρ Φn̄(ξn̄,∞)

)]
|0⟩ .

(3.16)
Here Dµ is understood to be evaluated at the point ξn̄, after the derivative has been performed.
Note that n̄ · Jfγ = 0, since n̄ ·DΦn̄ = 0, which is a standard Wilson-line identity. Hence,
the dominant term in eq. (3.16) is the transverse component Dρ

⊥, just as for the building
block typically introduced in SCET, see e.g. refs. [118, 119]. Given that Dρ

⊥ ∼ O(λ), the
function Jfγ is suppressed by a power of λ compared to Jf . Before moving to the calculation
of Jρ

fγ at one loop, let us mention that the corresponding jet Jρ

f̄γ
for an antifermion and

photon along the anticollinear direction can be readily obtained by replacing the building
blocks in eq. (3.16) as follows:

ψ̄(x)Φn̄(x,∞) ↔ Φn(∞, x)ψ(x),

Φn̄(∞, x) [iDρΦn̄(x,∞)] ↔ Φn(∞, x) [iDρΦn(x,∞)] .
(3.17)

14We take this occasion to clarify the following point: gauge-invariant building blocks such as ξ̄(0) Φn̄(0,∞)
and Φn̄(∞, x)

(
iDρ

c ⊥(x) Φn̄(x,∞)
)

appear in SCET as well and are used to define subleading jet operators
and jet functions, see for instance [18, 20, 24]. The main difference is that the SCET fields are systematically
expanded in powers of λ, thus fields such as ξc = (/n/̄n/2)ψ and Aµ

c⊥ have homogeneous scaling, and the same
is true for time-ordered operators built out of such fields. Here we are defining our operators in terms of
the full fields in QED, thus each matrix element lacks homogenous scaling. Instead, they involve a tower of
power corrections, as seen for instance for Jf in eqs. (2.32) and (3.7). The advantage of this approach is that
the matrix elements can be evaluated more easily in terms of standard QED Feynman rules (in addition to
eikonal interactions originating from Wilson lines). A possible drawback is that the various matrix elements
corresponding to Jf , Jfγ , Jfγγ , etc. could have overlapping contributions, which one would need to subtract.
As it turns out, we do not find overlap among the various jet functions contributing to the factorization of the
massive form factor. We devote appendix A to discuss this point in some detail.

15At lowest order in e, one finds Aµ(x) = e efA
µ(x) supplemented by Wilson line terms that render this

building block gauge invariant. This provides some intuition that this building block indeed describes a photon.
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p1

(a)

p1 − ℓ

ℓ

p2

(b)

Figure 5. In (a) we show the one-loop Jfγ jet contribution, and (b) shows the leading order hard
function for this jet. The dashed line in (b) corresponds to the collinear photon that connects the
hard function with the dot of the jet.

The function Jρ
fγ starts at O(α). At this order in perturbation theory the non-vanishing

contribution is

Jρ
fγ(p1, n̄, n̄ · ℓ) = ie2

∫ ∞

−∞

dξ

2π e
−iℓ(ξn̄) ⟨p1| ψ̄(0)

(
Aρ(ξn̄)− ∂ρ

ξn̄

∫ 0

∞
dλ n̄ ·A(ξn̄+ λn̄)

)
×
∫
ddy

(
ψ̄Aσγσψ

)
(y) |0⟩+O(α2). (3.18)

From this we derive an effective Feynman rule for the photon propagator:

σ

ρ

k = −i
k2

(
ηρσ − n̄σkρ

n̄ · k

)
δ(n̄ · k − ℓ+). (3.19)

This is depicted in figure 5(a). In particular, note that the effective rule has an open index
ρ, indicated by the dot at one end of the photon propagator, which is to be contracted
with the open index from the photon in the hard function (discussed below). Elaborating
eq. (3.18) we get

J
(1)ρ
fγ (p1, n̄, ℓ

+)= i16π2 ū(p1)
∫
[dk]

(
ηρσ− n̄σkρ

n̄·k

) γσ

(
/p1−/k+m

)
k2[(k−p1)2−m2]δ(n̄·k−ℓ

+) . (3.20)

As anticipated in section 2.3, Jfγ depends on the external momentum p1 as well as the
dominant loop momentum component ℓ+, which flows into the jet function and out of the
corresponding hard function. Given that both the large component of p1 and ℓ, i.e. p̂µ

1 = p+
1 n

µ

and l̂µ = l+nµ respectively, are collinear along nµ, it proves useful to write the jet function in
terms of the momentum fraction x = ℓ+/p+

1 (see eq. (2.42)). Evaluating the loop integration
in eq. (3.20) and expanding up to O(λ2), we get

J
(1)ρ
fγ (p1, n̄,x)=

(
µ̄2

m2

)ϵ

Γ(ϵ)eϵγE ū(p1)m
{
x1−2ϵ

(
−γρ+

/̄n p̂ρ
1

p+
1

)

+ m

p+
1

[ 1
2(1−ϵ)

(
δ(1−x)−(1−2ϵ)x1−2ϵ

)
γρ /̄n−2x−2ϵ(1−x)n̄ρ

]}
. (3.21)
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We see that the jet function Jfγ starts at O(λ). Furthermore, the contribution at O(λ2)
originates from expansion into the small components of p1, as anticipated in eq. (2.37).
The contour integration over k− determines the integration domain of x to be in the range
0 ≤ x ≤ 1. Outside of this unit interval, the contour integral over k− yields zero, because
the two propagator poles would be on the same side of the integration contour. The result
in eq. (3.21) is equivalent to the one obtained in ref. [39], see in particular eq. (48) there.
However, we stress that the jet function calculated in ref. [39] was based on a diagrammatic
definition, while the jet function in eq. (3.21) follows from a well-defined matrix element.

As discussed in section 2.3, there is a second jet function involving a fermion and a
transverse photon along the collinear direction, namely Jρσ

f∂γ , as defined in eq. (2.38). The
function Jρσ

f∂γ emerges upon expansion of the corresponding hard functions in powers of ℓ⊥,
see eqs. (2.33) and (2.35). It is possible to incorporate the factor of ℓ⊥ in eq. (2.38) directly
into a matrix element definition for Jρσ

f∂γ , which is given by

Jρσ
f∂γ(p1, n̄, n̄ ·ℓ) =

∫ ∞

−∞

dξ

2π e
−iℓ(ξn̄) ⟨p1|

[
ψ̄(0)Φn̄(0,∞)

]
i∂σ

⊥

[
Φn̄(∞, ξn̄) (iDρΦn̄(ξn̄,∞))

]
|0⟩ .

(3.22)
Notice that the labelling of the jet function, “f∂γ”, is chosen such as to indicate that the
factor of i∂σ

⊥ in eq. (3.22) acts on the photon building block. The transverse derivative
generates the factor of ℓ⊥ introduced in eq. (2.38), and as such makes the jet function
Jρσ

f∂γ ∼ O(λ2). One can readily show that

J
(1)ρσ
f∂γ (p1, n̄, x) =

(
µ̄2

m2

)ϵ

Γ(ϵ)eϵγE ū(p1)
m2x2−2ϵ

2(1− ϵ)

[
2
x
ηρσ
⊥ + γσ

⊥

(
/̄n p̂ρ

1
p+

1
− γρ

)]
, (3.23)

which coincides with the result found earlier in ref. [39], but, again, eq. (3.23) now follows
from a matrix element definition.

In order to evaluate the collinear contribution due to the two factorized terms in eqs. (2.34)
and (2.35) we still need to determine the corresponding hard functions at lowest order. These
are represented by the diagram in figure 5(b), where the antifermion propagator has hard
momentum −p2 − ℓ. Before expansion in l⊥, the full hard function reads

Hµ

fγ,f̄ ρ
(p1 − ℓ, ℓ; p2) =

1
−e

(−ieγµ)
i(−/p2 − /ℓ +m)
(p2 + ℓ)2 −m2 (−ieγρ), (3.24)

where we divided by −e in order to match consistently with the jet functions defined in
eqs. (3.16) and (3.22), which already contain such factor. Expanding eq. (3.24) according
to eq. (2.33), we get the two coefficients

H
(0)µ
fγ,f̄ρ

(p̂1, p̂2, x) =
−ie
xŝ

γµ
(
/̂p2 + x /̂p1 −m

)
γρ, (3.25)

H
(0)µ
f∂γ,f̄ρσ

(p̂1, p̂2, x) =
−ie
xŝ

γµγ⊥σγρ. (3.26)

Notice that the factor of 1/x appearing in both functions could potentially give rise to an
endpoint singularity, for x→ 0, in the convolution with the jet function. As it turns out, at
one loop this potential divergence is regularized in dimensional regularization by Jρ

fγ and Jρσ
f∂γ ,

– 20 –



J
H
E
P
0
7
(
2
0
2
5
)
2
5
7

see eqs. (3.21) and (3.23). It is therefore not necessary at this order to additionally introduce
an analytic regulator. The emergence of endpoint singularities (regulated by dimensional or
analytic regularization) has been observed in SCET as well, see refs. [27, 31, 38, 46]. The
potential endpoint divergences we encounter here are entirely equivalent to those found in
SCET. In this regard, let us mention that the presence of endpoint divergences prevents
the naive renormalization of the hard and jet function separately, and consequently the
resummation of large logarithms by means of the renormalization group [27, 38, 46]. Even
though this reasoning applies both to SCET and to the approach considered here, it has been
shown that the resummation of large logarithms in presence of endpoint divergences can
be obtained also by diagrammatic exponentiation, see refs. [43, 53]. Indeed, diagrammatic
exponentiation can be formulated directly in dimensional regularization, and would thus be
particularly suitable for the factorization approach considered here.

It may be interesting at this point to notice that the jet function Jfγ in eq. (3.20) contains
two terms: the first one, proportional to ηρσ, when contracted with the hard function is
equal to the full c-region. However, as is shown in appendix A, the second term yields the
contribution given by the Jf jet function. Therefore, we see that in the Jfγ jet function the
contribution from the LP Jf jet function gets cancelled, preventing any double counting.
Furthermore, it is clear that this subtraction in eq. (3.20) of the second term makes the Jfγ

jet function of order O(λ). Hence the effective photon propagator in eq. (3.19) is subleading,
i.e. of O(λ). As shown in appendix A, by means of the Ward identity, this is a more general
structure that is also present in the Jfγγ jet function.

We can now verify the complete factorization formula at one loop, up to O(λ2). In
particular, we can check now that we are able to reproduce the full c-region. Adding V µ(1)

f,f̄
|c,

V
µ(1)

fγ,f̄
|c and V

µ(1)
f∂γ,f̄

|c, and projecting onto the form factors, we obtain

F
(1)
1

∣∣∣
c
=
(
µ̄2

m2

)ϵ [ 1
ϵ2

+ 2
ϵ
+ 4 + ζ2

2 + m2

ŝ

(1
ϵ
+ 5

)
+O(λ4, ϵ)

]
, (3.27)

F
(1)
2

∣∣∣
c
=
(
µ̄2

m2

)ϵ [
m2

ŝ

(
−2
ϵ
− 8

)
+O(λ4, ϵ)

]
, (3.28)

which is in agreement with the region result in the c-collinear region. The c̄-collinear region
follows readily when calculating Jf̄γ and Jf̄∂γ , which have similar matrix element definitions
as their c-collinear counterpart. This concludes the discussion of the factorization theorem at
one loop, in which we have shown that it reproduces the QED form factor exactly up to O(λ2).

4 Two-loop results up to NLP

We move on to check the factorization theorem at two loop order. Now the O(λ2) Jfγγ

and Jfff̄ jet functions appear, since their leading-order contributions start at O(α2). These
jet functions, together with the Jf jet, the Jfγ jet and the Jf∂γ jet at two loops, are the
necessary ingredients to check the double-collinear (cc and c̄c̄) region. Beside this check, one
can already verify the two-loop collinear-anticollinear (cc̄) and the collinear-hard (ch and
c̄h) factorization with the one-loop expressions for the Jf jet and the Jfγ and Jf∂γ jet. We
will indeed first check these two regions, and only then we will consider the full two-loop
calculations of the (subleading) jet functions. The QED diagrams that appear at two loops
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(a)
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p2

(b)

p1

p2

(c)

p1

p2

(d)

p1

p2

(e)

p1

p2

(f)

p1

p2

(g)

p1

p2

(h)

Figure 6. Diagrams that contribute to the massive form factor at two loops in QED. Dashed lines
represent massless fermions.

p1

p2

(a)

p1

p2

(b)

Figure 7. The two diagrams involving triangle fermion loops that cancel by Furry’s theorem.

are given in figure 6. There are also another two diagrams involving triangle fermion loops,
but they cancel each other by Furry’s theorem [120], see figure 7.

4.1 Verifying collinear-anticollinear factorization

At two loops, the terms in the factorization theorem eq. (2.29) contributing to the collinear-
anticollinear region are given by

V µ(2)
∣∣∣
cc̄
= V

µ(2)
f,f̄

∣∣∣
cc̄
+V µ(2)

fγ,f̄

∣∣∣
cc̄
+V µ(2)

f∂γ,f̄

∣∣∣
cc̄
+V µ(2)

f,f̄γ

∣∣∣
cc̄
+V µ(2)

f,f̄∂γ

∣∣∣
cc̄
+V µ(2)

fγ,f̄γ

∣∣∣
cc̄
+O(λ3)

=J (1)
f H

µ(0)
f,f̄

J
(1)
f̄

+J (1)
fγρ⊗H

µρ(0)
fγ,f̄

J
(1)
f̄

+J (1)
f∂γρσ⊗H

µρσ(0)
f∂γ,f̄

J
(1)
f̄

+J (1)
f H

µρ(0)
f,f̄γ

⊗J (1)
f̄γρ

+J (1)
f H

µρσ(0)
f,f̄∂γ

⊗J (1)
f̄∂γρσ

+J (1)
fγρ⊗H

µρσ(0)
fγ,f̄γ

⊗J (1)
f̄γσ

+O(λ3), (4.1)

where we indicated convolution with the symbol ⊗. All terms in this equation are known
from section 3, except for Hµρσ(0)

fγ,f̄γ
. The corresponding term in the factorization theorem

has been introduced in eq. (2.41), and contributes for the first time at two loops, since the
corresponding jet functions start at O(α). Hfγ,f̄γ consists of three contributions, namely
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Hµρσ

fγ,f̄γ
(p̂1, p̂2, x, x̄) =

p1−ℓ1

ℓ1

ℓ2−p2ℓ2

+

ℓ2−p2

ℓ2

p1−ℓ1ℓ1

+

p1−ℓ1
ℓ2

ℓ1

ℓ2−p2

, (4.2)

where x = ℓ+1 /p
+
1 and x̄ = ℓ−2 /p

−
2 are the relevant momentum fractions. Hfγ,f̄γ is easily

expressed in terms of propagators and vertices by using the standard Feynman rules in QED,
thus we do not report the exact expression here.

With the calculation of Hfγ,f̄γ in place, we have all terms needed to evaluate eq. (4.1),
which we then use to evaluate the collinear-anticollinear contribution to the form factors. A
check, including only 1PI diagrams, shows that the leading power contribution to F1 equals

F
(2)
1

∣∣∣
LP,cc̄

=
(
µ̄2

m2

)2ϵ[ 1
ϵ4
+ 4
ϵ3
+12+ζ2

ϵ2
+
32+4ζ2− 2ζ3

3
ϵ

+80+12ζ2−
8ζ3
3 +7ζ2

2
10 +O(ϵ)

]
, (4.3)

which agrees with the region calculation.
One may be inclined to think that the generalization to subleading powers is now readily

achieved by calculating all the terms in eq. (4.1), but that is not the case. Indeed, if one
calculates the subleading power contributions as one would expect at first, there is a mismatch
between the region approach and our factorization approach. The reason behind this is a
subtle point, to which appendix B is devoted. As already discussed in section 2, it is crucial
to include self-energy contributions to have a valid factorization theorem. In a massless
gauge theory this subtlety does not appear as the self-energy contribution consists of scaleless
integrals, which vanish. However, since we are working with a nonzero mass m, the inclusion
of self energies also modifies the mass-shell condition and the Dirac equations of motion,
which alter the expressions. There is also a residue factor, although that will not change
whether factorization holds or not, since it is multiplicative.

The additional contributions for the collinear-anticollinear result then come from using
the one-loop collinear (anticollinear) result, both on the region side and on the factorization
side, and using the new one-loop equations of motion and mass-shell condition on the
anticollinear (collinear) leg, as given respectively in eqs. (2.19) and (2.21): this is equivalent
to including the self-energy contribution on the anticollinear (collinear) leg. It does not
alter the O(α) result, but gives a new O(α2) contribution on the region side as well as on
the factorization side. These new contributions from both sides are not identical. At O(λ),
these additional contributions precisely cure the existing mismatch in the naive factorization
check of the 1PI amplitude. We report here the total contribution to F2 including self-energy
corrections, namely

F
(2)
2

∣∣∣
NLP,cc̄

=
(
µ̄2

m2

)2ϵ
m2

ŝ

[ 8
ϵ3

+ 18
ϵ2

+ 44 + 8ζ2
ϵ

+ 104 + 18ζ2 −
16ζ3
3 +O(ϵ)

]
. (4.4)

At O(λ2), the modified equations of motion and mass-shell condition are also the missing
ingredients compared to the naive calculation. However another subtlety arises here, namely
the choice of analytic regulator. If we mimic the use of analytic regulator as in the region
approach, we do not yet achieve a match between the factorization approach and the region
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approach. This can be explained by appendix B. The derivation done there would be invalid
if one uses the analytic regulators from the region approach. Indeed, previously scaleless
integrals would receive a scale and thus not vanish, nor would the important cancellations
happen. The way out of this is choosing a different propagator for the analytic regulator.
If one puts the regulator on photon lines only, and thus not on fermion lines, the Ward
identity, frequently used in appendix B, is operative. Moreover, scaleless integrals remain
scaleless. As a result, the Jfγ jet develops a factor (1− x)ν , which can be readily derived,
together with the known x−2ϵ, cf. eq. (3.21). Hence both the endpoint divergences at x = 0
and x = 1 are now regularized. As a result, the Hfγ,f̄ and Hfγ,f̄γ hard functions do not
contain any analytic regulator.

We now report the total contribution to F1 including the self-energy correction, as was
done for F2. We put analytic regulators ν1 and ν2 on respectively the k2

1 and k2
2 photon

propagator, and obtain16

F
(2)
1

∣∣∣
cc̄
=
(
µ̄2

m2

)2ϵ(
µ̃2

m2

)2ν { 1
ϵ4

+ 3
ϵ3

+ 8 + ζ2
ϵ2

+
20 + 3ζ2 − 2ζ3

3
ϵ

+ 48 + 8ζ2 − 2ζ3 +
7ζ2

2
10

+ m2

ŝ

[ 4
ϵ4

+ 1
ϵ3

(
− 4
ν1

− 4
ν2

)
+ 1
ϵ2

( 4
ν1ν2

− 13− 20ζ2

)

+ 1
ϵ

(
− 4
ν1ν2

+ 8ζ2
ν1

+ 8ζ2
ν2

− 35− 80ζ3
3

)
+ −4 + 4ζ2

ν1ν2
+ 1
ν1

(
−8− 12ζ2 +

44ζ3
3

)

+ 1
ν2

(
−8− 12ζ2 +

44ζ3
3

)
− 91− 13ζ2 − 14ζ2

2

]
+O(λ4, ϵ, ν1, ν2)

}
, (4.5)

which agrees with the region calculation if one accounts for the new equations of motion,
mass-shell condition, and the different use of the analytic regulator on that side as well.

This subtle point on self-energy contributions shows that the factorization theorem
naturally includes such contributions, which we already claimed in section 2.1. For the other
checks of factorization at the two-loop level in the next subsections, it is not strictly necessary
to include self-energy corrections. It suffices to calculate the form factor of the 1PI amplitude
and compare that with the region calculation, where the self-energy diagrams were omitted.
In fact, if one includes self-energy contributions in order to check the hard-collinear and
double-collinear regions, the extra contributions in the factorisation approach and in the
region approach are identical. Indeed, as shown explicitly in appendix A, the double-collinear
region result is equal to the factorisation result without including self-energy diagrams. Hence
in the next sections we do not include self-energy contributions.

4.2 Verifying hard-collinear factorization

Next, we select in eq. (2.29) the contribution where one loop is collinear and the other one
is hard, i.e., up to O(λ2) we consider

V µ(2)
∣∣∣
ch

= V
µ(2)

f,f̄

∣∣∣
ch

+ V
µ(2)

fγ,f̄

∣∣∣
ch

+ V
µ(2)

f∂γ,f̄

∣∣∣
ch

+O(λ3)

=
(
J

(1)
f H

µ(1)
f,f̄

+ J
(1)
fγ ρ ⊗H

µρ(1)
fγ,f̄

+ J
(1)
f∂γ ρσ ⊗H

µρσ(1)
f∂γ,f̄

)
J

(0)
f̄

+O(λ3). (4.6)

16Compared to eq. (4.3), also the LP contribution is modified, as a result of including the self-energy correc-
tions.
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In this case, the only missing factors are the one-loop hard functions. For the hard function
corresponding to the Jf jet one finds

H
(1)µ
f,f̄

(p1, p2) = = e3
∫
[dk] γµ

i(/p1 − /k +m)
k2 − 2p̂1 · k

(
1 + 2m2

ŝ

p̂2 · k
k2 − 2p̂1 · k

)

× γµ
i(−/p2 − /k +m)
k2 + 2p̂2 · k

(
1− 2m2

ŝ

p̂1 · k
k2 + 2p̂2 · k

)
γµ

1
k2 ,

(4.7)

where we have expanded the propagators up to O(λ2). The leading power contribution arises
from V

µ(2)
f,f̄

|ch only. Projecting onto the form factors we get at leading power

F
(2)
1

∣∣∣
LP,ch

=
(
µ̄2

−ŝ

)ϵ(
µ̄2

m2

)ϵ [
− 2
ϵ4

− 7
ϵ3

− 22
ϵ2

+ 1
ϵ

(
−60 + 16ζ3

3

)

− 152 + 56ζ3
3 + 12ζ2

2
5 +O(ϵ)

]
, (4.8)

which matches the region result.
Considering now the one-loop hard function corresponding to the Jfγ and Jf∂γ jet

functions, it becomes rather cumbersome to write down the full expression, hence we resort
to a diagrammatic representation. There are five contributions, corresponding to the five
diagrams that contribute to the ch-region, which add up to the hard function

Hµρ

fγ,f̄
(p1 − ℓ̂, ℓ̂; p2) + ℓ⊥σ H

µρσ

f∂γ,f̄
(p̂1 − ℓ̂, ℓ̂; p̂2)

= + +

+ + , (4.9)

where the dashed line represents a c-collinear photon that is to be connected to the Jfγ (Jf∂γ)
jet function. Hence momentum ℓ flows through this line, while the remaining loop is hard. The
relevant propagators need to be expanded up to O(λ) in order to be accurate up to O(λ2) when
combined with the corresponding jet function. For example, one needs to do the expansion

/k + /ℓ + /p2 +m

(k + ℓ+ p2)2 −m2 =
/k + /̂ℓ + /ℓ⊥ + /̂p2 +m+O(λ2)

(k + ℓ̂+ p̂2)2

(
1− 2k⊥ · ℓ⊥

(k + ℓ̂+ p̂2)2
+O(λ2)

)
, (4.10)

– 25 –



J
H
E
P
0
7
(
2
0
2
5
)
2
5
7

where k is hard and ℓ is c-collinear. To obtain the Hfγ,f̄ hard function, one evaluates the
relevant propagators at ℓ⊥ = 0. For the Hf∂γ,f̄ hard function, one takes these perpendicular
components into account by calculating the derivative of the Hfγ,f̄ hard function with respect
to ℓ⊥, cf. the calculation done at one loop for the Jfγ jet.

With the calculation of the one-loop hard functions in place, it is then possible to evaluate
each term in eq. (4.6) and project onto the form factors, obtaining

F
(2)
2

∣∣∣
NLP,ch

=
(
µ̄2

−ŝ

)ϵ(
µ̄2

m2

)ϵ
m2

ŝ

[
− 4
ϵ3

− 8
ϵ2

+ −56 + 32ζ2
ϵ

− 280 + 136ζ2 +
320ζ3
3 +O(ϵ)

]
(4.11)

for F2, which originates from the O(λ) contribution in eq. (4.6). At O(λ2), V µ(2)
∣∣∣
ch

contributes
to F1, and we get

F
(2)
1

∣∣∣
NLP,ch

=
(
µ̄2

−ŝ

)ϵ(
µ̄2

m2

)ϵ
m2

ŝ

[
− 4
ϵ4

+ 2
ϵ3

+ −8 + 20ζ2
ϵ2

+ 1
ϵ

(
−22− 30ζ2 +

284ζ3
3

)

+ 6− 92ζ3 −
322ζ3
3 + 568ζ2

2
5 +O(ϵ)

]
, (4.12)

which is exactly what we should find according to ref. [112]. Equivalent results can be
obtained for the c̄h-region. This concludes the verification of the factorization approach
for the hard-collinear region.

4.3 Verifying double-collinear factorization

In order to complete the verification of the factorization formula in eq. (2.29) we need to
check one last contribution, which is the double-collinear region at two loops. Specializing
eq. (2.29) to this region we have

V µ(2)
∣∣∣
cc
= V

µ(2)
f,f̄

∣∣∣
cc
+ V

µ(2)
fγ,f̄

∣∣∣
cc
+ V

µ(2)
f∂γ,f̄

∣∣∣
cc
+ V

µ(2)
fγγ,f̄

∣∣∣
cc
+ V

µ(2)
fff̄ ,f̄

∣∣∣
cc
+O

(
λ3)

=
(
J

(2)
f H

µ(0)
f,f̄

+ J
(2)
fγ ρ ⊗H

µρ(0)
fγ,f̄

+ J
(2)
f∂γ ρσ ⊗H

µρσ(0)
f∂γ,f̄

+ J
(2)
fγγ ρσ ⊗H

µρσ(0)
fγγ,f̄

+ J
(2)
fff̄

⊗H
µ(0)
fff̄ ,f̄

)
J

(0)
f̄

+O(λ3). (4.13)

At this order we need to evaluate both the Jf , the Jfγ and the Jf∂γ jet functions at second
order in perturbation theory. Furthermore, for the first time at this order, we get the
contribution due to the Jfγγ and Jfff̄ jet functions, introduced respectively in eqs. (2.39)
and (2.40). In what follows we proceed first to the calculation of Jf , Jfγ and Jf∂γ at two
loops. Then we will consider the remaining Jfγγ and Jfff̄ jet functions, provide their matrix
element definition and proceed to calculate them at O(α2).
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4.3.1 Jf jet function

Starting from the definition in eq. (3.1) and upon performing all Wick contractions up to
O(e4), we find that the jet function Jf at two loops is given by the following diagrams:

J
(2)
f (p1,n̄)=

p1

+

p1

+

p1

+

p1

+

p1

+

p1

. (4.14)

The corresponding expression in terms of two-loop integrals can be found in appendix C. The
dotted line in the first diagram represents a light fermion loop, cf. diagram (a) in figure 6.
This contribution should be multiplied by a factor of nf when there are nf light flavours,
and by a factor of e2

f , where ef is the (fractional) charge of the fermion in the bubble. The
fourth contribution also has a fermion loop, but that fermion is massive with mass m, which
is proportional to the small scale around which we expand.

Since this jet function does not have any open Lorentz indices, nor is there an unintegrated
momentum fraction, it is quite straightforward to calculate the contribution from this jet.
Just like in ref. [112], the integrals for these diagrams can be written in terms of three different
topologies, namely topology A, B and X. Since the different contributions in eq. (4.14)
have resemblance with the various two-loop diagrams that exist, it is straightforward to
see which part of the expression can be written in terms of which topology, see ref. [112]
for this classification. We take the two loop momenta to be collinear, and one now defines
topology Acc to be

IAcc;{ni}≡
∫
[dk1][dk2]

1
[k2

1]n1

1
[k2

2]n2

1
[(k1−k2)2]n3

1
[(k1+p1)2−m2]n4

1
[(k2+p1)2−m2]n5

× 1
[−2k1·p̂2]n6

1
[−2k2·p̂2]n7

, (4.15)

topology Bcc to be

IBcc;{ni}≡
∫
[dk1]

∫
[dk2]

1
[k2

1−m2]n1

1
[k2

2]n2

1
[(k1−k2)2−m2]n3

1
[(k1+p1)2]n4

1
[(k2+p1)2−m2]n5

× 1
[−2k1·p̂2]n6

1
[−2k2·p̂2]n7

, (4.16)
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and topology Xcc is given by

IXcc;{ni}≡
∫
[dk1][dk2]

1
[k2

1]n1

1
[k2

2]n2

1
[(k1+k2)2]n3

1
[(k2+p1)2−m2]n4

1
[(k1+k2+p1)2−m2]n5

× 1
[−2k1·p̂2]n6

1
[−2(k1+k2)·p̂2]n7

. (4.17)

We first project the integral expression for the jet to the two available structures, viz.
ū(p1) and ū(p1)/̄n. The integrals can be written in terms of the three topologies as defined in
eqs. (4.15)–(4.17). One then projects onto the relevant form factors, performs an IBP reduction
with Kira [121, 122] and computes the master integrals. These manipulations are done in
FORM [123, 124], in combination with SUMMER [125] and some Mathematica packages [126–128]
to calculate the master integrals. For the massive bubble diagram it is not enough to regularize
the integrals with dimensional regularization; one needs to put an analytic regulator ν on the
last propagator for topology Bcc in eq. (4.16), as was done in ref. [112]. The result yields

J
(2)
f (p1, n̄) =

(
µ̄2

m2

)2ϵ(
µ̃2

ŝ

)ν

ū(p1)

×
{ 1
2ϵ4 + 2

3ϵ3 + 1
ϵ2

( 4
3ν + 32

3 + ζ2
2

)
+ 1
ϵ

(
−20
9ν + 52

9 − 11ζ2
3 + 17ζ3

3

)
+ 1
ν

(112
27 + 4ζ2

3

)
+ 3040

81 + 218ζ2
3 − 72 log(2)ζ2 −

161ζ2
2

20 + 89ζ3
9

+ nfe
2
f

(
− 1
3ϵ3 − 17

9ϵ2 − 1
ϵ

(196
27 + 5ζ2

3

)
− 2012

81 − 85ζ2
9 − 22ζ3

9

)
+

+ m/̄n

p+
1

[ 1
2ϵ3 − 7

3ϵ2 + 1
ϵ

(10
9 − 5ζ2

2

)
+ 398

27 − 27ζ2 −
46ζ3
3 + 24ζ2 log(2)

+ nfe
2
f

( 2
3ϵ2 + 28

9ϵ +
308
27 + 10ζ2

3

)]
+O(ϵ)

}
. (4.18)

This is, to the best of our knowledge, the first time that the massive leading power jet
function has been written down up to two loops. Let us comment on our use of the analytic
regulator. In the way it has been used now, only the last propagator of topology Bcc has
been ν-regularized, which is not symmetric in p1 and p2. We therefore do not expect a
symmetry between the c-collinear and the c̄-collinear jet at this point. In that sense, the
use of the analytic regulator is quite ad hoc. Indeed, its sole purpose is to mimic the region
calculation, to which we compare our results. In the spirit of a factorization approach, it
might be better to employ this regulator in a symmetric way in order to keep the symmetry
between p1 and p2. One possibility would be to put the analytic regulator on the photon
propagators k2

1 and k2
2, which is symmetric in p1 and p2. We already explored this option

for the collinear-anticollinear factorization. However, as we will see for the double-collinear
factorization, this choice does not always work. A different choice could be to use an analytic
regulator that modifies the integration measure, as considered in refs. [129, 130], instead of
modifying the amplitude by raising the power of a propagator by ν, as considered here. The
measure could be modified in a way that retains the symmetry between p1 and p2, while still
regularizing the problematic integrals. A downside to this approach is that loop integrals
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become more complicated, since there are more propagators to be integrated over as the
modified measure is the same for all the regions. We leave further investigations about the
use of analytic regulators (at subleading powers) for future work.

This result in eq. (4.18) already suffices to check double-collinear factorization at leading
power. One can even perform the check on a diagram-by-diagram basis, since the region
results of the six contributing diagrams exactly correspond to the six contributions of this
Jf jet. This check is indeed satisfied. The leading power result of the sum is already in
the jet function expression of eq. (4.18), namely in the O(λ0) part (given by the first four
lines there), hence we do not repeat it here.

4.3.2 Jfγ and Jf∂γ jet functions

Let us now move on to the Jfγ and Jf∂γ jet functions, defined respectively in eqs. (3.16)
and (3.22). By means of Wick contractions we have

J
(2)ρ
fγ (p1, n̄, ℓ

+) =

p1

+

p1

+

p1

+

p1

+

p1

+

p1

.

(4.19)

The corresponding analytic expression can again be found in appendix C. Starting from
eq. (4.19), we can also obtain an expression for the Jf∂γ jet, see the discussion around eq. (3.22).

The most relevant observation concerning the calculation of the diagrams in eq. (4.19),
is related to the fact that the momentum k1 is integrated only over the d− 2 components of
k1⊥ and over k−1 . The k+

1 component is fixed by the delta function δ(n̄ · k1 − ℓ+), cf. eq. (C.2).
This complicates the calculation of the jet function. Here we are mostly interested to check
that the matrix element definition introduced in eq. (3.16) provides the correct contribution
to reproduce the form factors F1 and F2 up to two loops and to O(λ2). For this purpose we
do not need the unintegrated jet function, whose calculation is left for future work. Instead,
we observe that the convolution with the momentum fraction x = ℓ+/p+

1 , i.e.∫
dx J

(2)ρ
fγ (x)H(0)µ

fγ,f̄ρ
(x), (4.20)

is essentially a two-loop integral when the unintegrated jet and hard function are combined.
Moreover, let us recall that

x = 1
p+

1
n̄ · k1 = 1

p+
1 p

−
2
p̂2 · k1 = 2

ŝ
p̂2 · k1, (4.21)

– 29 –



J
H
E
P
0
7
(
2
0
2
5
)
2
5
7

where p̂2 · k1 is typically one of the denominators for our topologies that we defined before.
We can therefore calculate the form factors in a standard way, without first calculating the
specific x-dependence of the jet function, which is generally a harder task. This procedure
could be dubbed a “reversed factorization” approach. Before moving on, let us also notice
that one can proceed in a similar fashion for the remaining jet functions needed to evaluate
the two-loop double-collinear region, namely the Jf∂γ , the Jfγγ and the Jfff̄ jet functions. In
what follows we will therefore always calculate these jet functions in a convolution with the
corresponding hard function, and check that this reproduces correctly the form factors.

We conclude this section by noticing that the calculation of the Jf and Jfγ jet functions
alone lets us check the factorization formula up to O(λ), given that

V µ(2)
∣∣∣
cc
= V

µ(2)
f,f̄

∣∣∣
cc
+ V

µ(2)
fγ,f̄

∣∣∣
cc
+O(λ2). (4.22)

Again, the check can be done on a diagram-by-diagram basis, with the note that the ladder
and the crossed-ladder diagrams (i.e. diagram (d) and (h)) should be considered together as
the diagrams mix due to the eikonal identity. This is explored in more detail in appendix A.
The O(λ) result is fully captured by F2, and the sum reads

F
(2)
2

∣∣∣
NLP,cc

=
(
µ̄2

m2

)2ϵ
m2

ŝ

[
4
3ϵ3 +

13
3ϵ2 +

1
ϵ

(583
18 −20ζ2

)
+17191

108 −101ζ2+92log(2)ζ2−
296ζ3
3

+nfe
2
f

( 4
3ϵ2 +

98
9ϵ+

1249
27 +20ζ2

3

)
+O(ϵ)

]
, (4.23)

which is in perfect agreement with the region result. We are now ready to go one step
further and check factorization at O(λ2). For this we need two jet functions that we have
not discussed before. They will be the topic of the next sections.

4.3.3 Jfγγ jet function

The Jfγγ jet is predicted by the factorization theorem to contribute starting at two loops,
and to start at O(λ2). Compared to the Jfγ jet, there is an additional photon that connects
to the hard part. We define the Jfγγ c-collinear jet as

Jρσ
fγγ(p1, n̄, ℓ

+
1 , ℓ

+
2 ) =

∫
dξ1
2π

∫
dξ2
2π e

−iℓ1(ξ1n̄)e−iℓ2(ξ2n̄) ⟨p1|
[
ψ̄(0)Φn̄(0,∞)

]
×
[
Φn̄(∞, ξ1n̄) (iDρΦn̄(ξ1n̄,∞))

][
Φn̄(∞, ξ2n̄) (iDσΦn̄(ξ2n̄,∞))

]
|0⟩ ,

(4.24)

which is again built out of gauge-invariant building blocks. Note that we now have two large
momentum components that are fixed, namely ℓ+1 and ℓ+2 . We thus define two corresponding
momentum fractions,

x1 = ℓ+1 /p
+
1 , x2 = ℓ+2 /p

+
1 . (4.25)

At leading order there are two contributions, which one can denote as the ladder and the
crossed-ladder diagrams These are the only diagrams where two photon propagators can
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ℓ2

ℓ1

p1 − ℓ1 − ℓ2

Figure 8. Diagrammatic representation of the leading order hard function for the Jfγγ jet. The
dashed lines represent photons that have to be connected to the jet function.

connect to the hard vertex. Diagrammatically one has

J
(2)ρσ
fγγ (p1, n̄, ℓ

+
1 , ℓ

+
2 ) =

p1

+

p1

, (4.26)

where the dot again represents the effective Feynman rule for the photon propagator, defined
in eq. (3.19). Note that we have two insertions of this effective Feynman rule, rendering this
jet function to be O(λ2). The insertions of subleading effective Feynman rules are discussed
further in appendix A, where we investigate the interesting interplay between the Jf , Jfγ

and Jfγγ jet functions. The full integral expression is again reported in appendix C. The jet
function is accompanied by a new hard function Hµρσ

fγγ,f̄
. At leading order it is defined as

H
(0)µρσ

fγγ,f̄
(p̂1, p̂2,x1,x2)= ieγµ

i(−/p2−/ℓ1−/ℓ2+m)
(p2+ℓ1+ℓ2)2−m2 γ

σ
i(−/p2−/ℓ1+m)
(p2+ℓ1)2−m2 γ

ρ

∣∣∣∣∣
O(λ0)

= −ie
(x1+x2)ŝ

1
x1ŝ

γµ(p−2 /̄n+(x1+x2)p+
1 /n)γσ(p−2 /̄n+x1p

+
1 /n)γρ. (4.27)

Note that we only had to expand up to O(λ0) since the corresponding jet function is already
at O(λ2) accuracy. The diagrammatic representation is shown in figure 8. Before we can
calculate the full O(λ2) correction at two loops, we need the last jet function, defined in
the next section.

4.3.4 Jfff̄ jet functions

Just as for the previous jet function, the Jfff̄ jet enters at two loops at O(λ2) accuracy. For
this jet function two fermions and an antifermion attach to the hard function. This can
be done in two distinct ways that conserve the charge flow. As a result, we consider two
different operator matrix elements contributing to this jet function. Both are needed to
reproduce the form factors. The definitions are

J
(I)
fff̄

(p1, n̄, ℓ
+
1 , ℓ

+
2 ) =

∫ ∞

−∞

dξ1
2π

∫ ∞

−∞

dξ2
2π e

−iℓ1(ξ1n̄)e−iℓ2(ξ2n̄)

× ⟨p1|
[
ψ̄(0)Φn̄(0,∞)

][
Φn̄(∞, ξ1n̄)ψ(ξ1n̄)

][
ψ̄(ξ2n̄)Φn̄(ξ2n̄,∞)

]
|0⟩ ,

(4.28)
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and

J
(II)
fff̄

(p1, n̄, ℓ
+
1 , ℓ

+
2 ) =

∫ ∞

−∞

dξ1
2π

∫ ∞

−∞

dξ2
2π e

−iℓ1(ξ1n̄)e−iℓ2(ξ2n̄)

× ⟨p1|
[
Φn̄(∞, 0)ψ(0)

][
ψ̄(ξ1n̄)Φn̄(ξ1n̄,∞)

][
ψ̄(ξ2n̄)Φn̄(ξ2n̄,∞)

]
|0⟩ ,

(4.29)

which rely on the fermionic gauge-invariant building block ψ̄(x) Φn̄(x,∞), already introduced
in previous jet functions, and the corresponding complex conjugate Φn̄(∞, x)ψ(x). Note
that eqs. (4.28) and (4.29) involve uncontracted spin indices that have to contracted in
the right way with the hard function. We will therefore explicitly denote the spin indices
in the coming equations.

The leading order contributions for these two jet functions are diagrammatically given by

J
(I)(2)
fff̄

(p1, n̄, ℓ
+
1 , ℓ

+
2 ) = a

b

c

p1

+
a

b

c

p1

(4.30)

J
(II)(2)
fff̄

(p1, n̄, ℓ
+
1 , ℓ

+
2 ) = a

b

c

p1

+
a

b

c

p1

. (4.31)

The full integral expressions can be found in appendix C. The first contribution to both jet
functions gives rise to two diagrams with a triangle fermion loop. These diagrams cancel
each other by Furry’s theorem [120] and can therefore be neglected. We note that the second
part of the J (I)

fff̄
jet function mimics diagram (f), see figure 6. According to the region result

for of this diagram, the double-collinear region only contributes starting at O(λ2). This
matches well, since this jet function is also an O(λ2) quantity. The second part of the J (II)

fff̄

jet function mimics the cc′-region of diagram (h). Compared to the cc-region, the cc′-region
has a different momentum routing. The momentum routing here is fixed by the definition
of the jet function. One can see this through the delta functions in eq. (C.5). This implies
that the outgoing fermions (with spinor index b and c) carry momentum k1 and k2. That
differs, for example, from the Jfγ jet, which also contributes to the double-collinear region,
where the momentum k1 flows through the photon by definition of the jet. As we will see
later, indeed this J (II)

fff̄
jet contribution fully determines the cc′-region, while the other jet

functions contribute to the cc-region only.
Both jet functions have their own hard functions, namely H

(I)
fff̄ ,f̄

and H
(II)
fff̄ ,f̄

, and they
are depicted in figure 9. The expressions for the hard functions yield

H
(I)(0)µ
fff̄ ,f̄

(p̂1, p̂2, x1, x2) = (−ie)3
(
γµ

−i(/p2 + /ℓ1 + /ℓ2 −m)
(p2 + ℓ1 + ℓ2)2 −m2 γν

)
ab

−i
(p2 + ℓ1)2 (γ

ν)cd

= −ie3

(x1 + x2)ŝ

(
γµ
[
/̂p2 + (x1 + x2)/̂p1

]
γν

)
ab

1
x1ŝ

(γν)cd , (4.32)
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a

b

c

d(a)

a

b

c

d(b)

Figure 9. Diagrammatic representation of the hard functions for the Jfff̄ jet. The dashed lines
correspond to fermion lines that are connected to the hard function, through which flow collinear
momenta ℓ1 and ℓ2.

and

H
(II)(0)µ
fff̄ ,f̄

(p̂1, p̂2, x1, x2) = (−ie)3
(
γν

i(/p2 + /ℓ1 + /ℓ2 +m)
(p2 + ℓ1 + ℓ2)2 −m2 γ

µ

)
ba

−i
(p2 + ℓ1)2 (γ

ν)cd

= ie3

(x1 + x2)ŝ

(
γν

[
/̂p2 + (x1 + x2)/̂p1

]
γµ
)

ba

1
x1ŝ

(γν)cd , (4.33)

where xj = ℓ+j /p
+
1 , j = 1, 2. The spinor index d is still to be contracted with the anticollinear

Jf̄ jet, which simply is v(p2)d in the double-collinear limit. This concludes the discussion
of all the jet functions with their corresponding hard functions that are needed to calculate
the two-loop form factor up to O(λ2) in the double-collinear region. Next, we will use these
definitions to calculate the form factor at O(λ2).

4.3.5 Form factor calculation

We have calculated all the terms needed to check the double-collinear region up to O(λ2),
as given in eq. (4.13). As a summary, in table 1 we show which jet functions contribute to
which diagrams. Again, one could check the factorization theorem on a diagram-by-diagram
basis, with the understanding that the ladder and crossed-ladder diagram are taken together.
Projecting the amplitude in eq. (4.13) onto the form factors we are able to compare with the
region calculation in ref. [112]. As discussed in section 4.3.1, the leading power contribution
to F1 is entirely given in terms of V µ(2)

f,f̄
|cc, which in turn is related to the calculation of the

Jf jet at two loops, which we have already validated in that section. Similarly, the O(λ) part
of the amplitude contributes to the form factor F2; we have already validated this above, see
discussion around eq. (4.23). The only contribution still to be validated is given by the O(λ2)
amplitude, which contributes at NLP to F1. Upon projecting eq. (4.13) onto F1 we get

F
(2)
1

∣∣∣
NLP,cc

=
(
µ̄2

m2

)2ϵ
m2

ŝ

{
− 5
2ϵ2 +

1
ϵ

(
−63

4 +36ζ2

)
−629

8 +191ζ2
2 +72ζ3

+nfe
2
f

(
− 2
3ϵ2 −

79
9ϵ−

2575
54 −10ζ2

3

)
+
(
µ2

1
ŝ

)ν1 [
− 2
3ϵ2 −

1
ϵ

(16
ν1

+151
9

)
−3511

54 +42ζ2

]
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+
(
µ2

2
ŝ

)2ν2 [ 2
ϵ3
+ 1
ϵ2

(
−4+ 2

ν2

)
+6
ϵ
+6+2ζ2

ν2
+22−20ζ2−

10ζ3
3

]

+
(

µ2
3

−m2

)2ν2 [
− 5
ϵ3
− 1
ϵ2

( 2
ν2

+35
2

)
−1
ϵ

(279
4 −23ζ2

)
−2ζ2+2

ν2

−2281
8 +133ζ2

2 −144ζ2 log(2)+
16ζ3
3

]
+
(
µ5
ŝ

)ν4 [ 1
ϵ3
+ 1
ϵ2

(19
2 −4ζ2

)
+1
ϵ

(213
4 + 4

ν4
+9ζ2−36ζ3

)
+1647

8 + 8
ν4

−81ζ2
2 +298ζ3

3 −356ζ2
2

5

]

+
(

µ2
4

−m2

)ν3(
µ2

4
ŝ

)ν3(
µ2

5
−m2

)2ν4 [20
ϵ4

− 1
ϵ3

(10
ν4

+10
)

+ 1
ϵ2

( 4
ν2

4
+ 6
ν4

−8ζ2−8
)
+1
ϵ

(
− 4
ν2

4
+2ζ2+6

ν4

− 4
ν3

+6ζ2−
112ζ3
3 +16

)
+4ζ2−4

ν2
4

+ 1
ν4

(80ζ3
3

−6ζ2−4
)
− 8
ν3

+46+4ζ2+
32ζ3
3 −46ζ2

2

]
+O(ϵ)

}
, (4.34)

where the last six lines correspond to the sum of diagram (d) and (h), i.e. the ladder and
crossed-ladder diagram. The last four lines correspond precisely to the cc′-region of diagram
(h), which is fully given by the J (II)

fff̄
jet. We employed the analytic regulator in the same

way as in the region calculation, and our result agrees again. A similar result can be found
for the combination of the c̄c̄-region and the c̄c̄′-region.

As a final topic of this section, we address another subtlety with the analytic regulator,
which appears only in diagram (e), at O(λ2). This corresponds to the contribution in the
third line of eq. (4.34). In the region calculation [112], the analytic regulator ν is put on the
propagator

[
(k1 + k2 + p2)2 −m2]−1. This is then expanded in powers of λ, giving

( 1
(k1 + k2 + p2)2 −m2

)1+ν

=
( 1
2p̂2 · (k1 + k2)

)1+ν
[
1− (1 + ν) (k1 + k2)2

2p̂2 · (k1 + k2)
+O(λ3)

]
.

(4.35)
Note the appearance of an O(λ2ν) term in the square brackets. In the calculation of the
jet functions the analytic regulator is put on the eikonal propagator. However there we do
not have a term that is O(λ2ν). This mismatch results from regularizing the propagator
before (in the region calculation) or after (in the factorization approach) the λ expansion.
The O(λ2ν) term could give a finite contribution when multiplied by 1/ν arising from the
first factor on the r.h.s. of eq. (4.35).17 In general, one might try to avoid this regulator
ambiguity by putting the regulator on a propagator that is homogeneous in λ, and thus needs
no expansion. This proved to work for the collinear-anticollinear region where we put the
regulators on the photon propagators. However, this does not work for diagram (e). In this

17Note that F1 at leading power indeed has a rapidity pole for diagram (e).
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case, the eikonal propagators need additional regularization in order to have well-defined
integrals, which unavoidably leads to an O(λ2ν) term on the region side.

A way out of this predicament is employing an analytic regulator on the integration
measure [129]. This leads to the same expression on the factorization side, because it adds an
eikonal propagator factor in the measure. In the region calculation it leads to an expression
that does not lead to an O(λ2ν) term, thus avoiding the regulator ambiguity. This method
works for diagram (e).

This concludes our discussion of the factorization theorem with all the relevant jet
functions up to O(λ2) in the power counting parameter. We checked all the contributions
from these jet functions up to two loops in the coupling constant α with the region results
and found agreement everywhere.

5 Conclusions

In this paper we investigated the factorization of the amplitude for an off-shell photon
decaying to a massive fermion-antifermion pair at next-to-leading power in the fermion mass
expansion. To this end we proposed new matrix-element definitions for the jet functions
involved, which were anticipated in ref. [39]. We confirmed the correctness of these definitions
by a two-loop calculation of the factorization ingredients, and then comparing the results
to the region calculation in ref. [112]. Although we considered a specific amplitude, the jet
functions are universal and can thus be part of the factorization of different amplitudes. The
hard functions were determined by matching to the results in ref. [112].

In section 3 we calculated the Jf jet function up to NLP at one loop and proposed
a definition for the Jfγ and the Jf∂γ jet. We verified their one-loop contributions for the
collinear region. In section 4 we performed a two-loop comparison. To this end we proposed
definitions for the Jfγγ and the Jfff̄ jet functions and calculated their two-loop contributions,
together with the two-loop contributions for the Jf , Jfγ and Jf∂γ jet functions, all up to
NLP. Indeed the proposed jet functions reproduced the corresponding region results.

The calculations raised several subtleties. First, the employment of rapidity regulators
proved to be non-trivial and it was not always possible to use the exact same regulators
for the jet functions as were used for the region calculation. However, for these cases we
found alternative regulator choices on both sides that led to agreement. Second, we showed
that factorization for the bare amplitude can only be achieved once self-energy corrections
have been taken into account. These modify the equations of motion and, consequently,
the mass-shell condition.

An interesting observation we could make in the context of the double-collinear factoriza-
tion is that jet functions fix a specific momentum routing. For instance, in the region analysis
a different momentum routing was needed to reveal a new contribution to the cc-region,
dubbed cc′. This cc′-region now turns out to be fully determined by the J (II)

fff̄
jet function,

while the other jet functions exclusively contribute to the cc-region. This observation suggests
an alternative perspective on identifying contributing momentum regions: the factorization
formula itself can serve as a tool to achieve this. Furthermore, we found that the Jf , Jfγ and
Jfγγ jet functions have an interesting interplay due to their description in terms of effective
LP eikonal Feynman rules and effective photon propagator insertions at subleading powers.
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Diagram Jf Jfγ Jfγγ Jfff̄

(a)

p1

p2

p1 p1

(c)

p1

p2

p1 p1

(e)

p1

p2

p1 p1

(f)

p1

p2

a

b

c

p1

(g)

p1

p2

p1 p1

(d)+(h)

p1

p2

p1 p1 p1

p1

p2

p1 p1 p1

(h)’

p1

p2

a

b

c

p1

Table 1. Summary of the jet functions contributing to the cc-region, and the cc′-region for diagram
(h), dubbed (h)’. Note that diagram (b), see figure 6, is absent, since it does not have a cc-region.
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The fact that factorization up to NLP in the small-mass limit holds exactly opens the door
for multiple new directions. One could investigate the all-order structure of the amplitude
through evolution equations. Another next step would also be to include radiation in the
analysis in order to generalize our analysis to observables.
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A Sequence of jet functions

The jet functions considered in this paper are not homogeneous in the power counting and
have subleading terms. In this appendix we show how the Jf , Jfγ , and Jfγγ jet functions
form a sequence: the Jfγ jet function cancels the O(λ) terms of the Jf jet function in such a
way that there is no overlap (or double counting) between these jet functions. In a similar
fashion, we will discuss how the Jfγγ jet function cancels the O(λ2) terms of the Jf and
Jfγ jet functions such that there is no overlap between these jet functions. To show this
sequence, we will start from the integral expressions of the one- and two-loop diagrams
considered in this work and work our way towards the various jet functions. In particular,
we discuss the structure given in table 1.

A.1 Review of LP factorization

We start with a review of the LP Jf jet function, see eq. (3.1), following ref. [63]. We consider
the one-loop vertex correction, given by

ū(p1)(−ieγρ)
∫
[dk]

i(/k + /p1 +m)
k2 + 2k · p1

(−ieγµ)
i(/k − /p2 +m)
k2 − 2k · p2

(−ieγσ)−iηρσ

k2 v(p2) , (A.1)

where we assume that the loop momentum k is collinear to p1, i.e. k ∼
√
s(λ0, λ2, λ1). One

could now perform an expansion in λ for the integrand using the method of regions, as
was done in ref. [112]. Doing so at leading power, it is straightforward to find the one-loop
integral expression of the jet function Jf . However, when going to NLP and in particular
when we consider the two-loop diagrams, working towards such integral expressions for the
various jet functions turns out to be a tedious task.

We therefore take a different approach in this appendix, which was inspired by the LP
derivation in ref. [63], which we review now. At leading power, the numerator of eq. (A.1)
can be written as

N µ = ū(p1)γρ(/p1 + /k +m)γµ(/k − /p2 +m)γσηρσv(p2)

= ū(p1)
[
−k+γ−γρ + 2(p+

1 + k+)δρ+
]
γµ(k+γ− − p−2 γ

+)γσηρσv(p2) +O(λ) , (A.2)
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where we omitted an overall factor −e3. Using that ū(p1)γ− ∼ O(λ) and γ+v(p2) ∼ O(λ),
cf. eq. (2.20), we note that the numerator is dominated by ρ = +, and therefore σ = −
by virtue of the metric tensor. We define

Aρ = γρ(/p1 + /k +m), Bρ = (−/p2 + /k +m)γση
σρ. (A.3)

We can then perform the approximations

ū(p1)Aργ
µBρv(p2) ≃ ū(p1)A+γµB− v(p2)

= ū(p1)
1
k+A

+γµk+B− v(p2)

≃ ū(p1)
1
k+A

+γµk ·B v(p2)

= ū(p1)
n̄ ·A
n̄ · k

γµk ·B v(p2). (A.4)

We can now manipulate the k · B term as

k ·B v(p2) = (−/p2 + /k +m)/k v(p2) = (−/p2 + /k +m)[(−/p2 + /k −m) + (/p2 +m)]v(p2)

=
[
(p2 − k)2 −m2]v(p2) , (A.5)

where we used the equations of motion. This is known as the method of Grammer and
Yennie [131]. Effectively, we have removed one of the denominators in favour of an eikonal
factor. The LP contribution of the vertex diagram, eq. (A.1), is now given by

−e3ū(p1)
∫
[dk]

/̄n(/p1 + /k +m)
[k2 + 2k · p1][k2][n̄ · k]γ

µv(p2) , (A.6)

which can be expressed as the factorized expression

e2

16π2J
(1)
f H

(0)µ
f,f̄

J
(0)
f̄
, (A.7)

with J
(1)
f the one-loop expression for the Jf jet function already given in eq. (3.6), H(0)µ

f,f̄
=

−ieγµ the hard function and J
(0)
f̄

= v(p2) the tree-level anticollinear jet function.
The above approximation generalizes to an arbitrary number of loops; for every collinear

photon connecting to the hard subgraph, we can use a similar approximation as in eq. (A.4).
To be precise, we pick Aρ in eq. (A.4) to be the collinear subgraph that emits the collinear
photon, whereas Bρ is the part of the hard subgraph where the photon attaches. When
we sum over all ways of attaching the collinear photons to the hard part there are many
cancellations. The result is that the photons decouple from the hard subgraph and end on
an eikonal line instead. As a two-loop example, let us consider diagrams (d) and (h) with
both photons collinear (the case that one photon is collinear and the other anti-collinear is
discussed in appendix B). Applying the approximation eq. (A.4) to both photons yields∫

[dk1][dk2]Aαβ(−ieγµ) n̄
αkρ

1
n̄ · k1

n̄βkσ
2

n̄ · k2
Bρσv(p2) , (A.8)

– 38 –



J
H
E
P
0
7
(
2
0
2
5
)
2
5
7

where we defined

Aαβ = ū(p1)(−ieγα) i

/k1 + /p1 −m
(−ieγβ) i

/k1 + /k2 + /p1 −m

−i
k2

1

−i
k2

2
, (A.9)

and

Bρσ = i

/k1 + /k2 − /p2 −m
(−ieγρ)

i

/k2 − /p2 −m
(−ieγσ)

+ i

/k1 + /k2 − /p2 −m
(−ieγσ)

i

/k1 − /p2 −m
(−ieγρ) . (A.10)

Applying a Ward identity of the type eq. (A.5) for both k1 and k2, we can write

n̄αkρ
1

n̄ · k1

n̄βkσ
2

n̄ · k2
Bρσ = −ien̄α

n̄ · k1

−ien̄β

n̄ · k2
, (A.11)

where we used the equations of motion on the spinor v(p2). Eq. (A.8) therefore becomes∫
[dk1][dk2]Aαβ

−ien̄α

n̄ · k1

−ien̄β

n̄ · k2
(−ieγµ)v(p2)

=
∫
[dk1][dk2]Aαβ

[ −ien̄α

n̄ · (k1 + k2)
−ien̄β

n̄ · k1
+ −ien̄α

n̄ · (k1 + k2)
−ien̄β

n̄ · k2

]
(−ieγµ)v(p2) , (A.12)

where in the second line we wrote the two eikonal propagators with k1 and k2 attaching
to a single eikonal line. This is also known as the eikonal identity. We recognize the
factorized expression

p1

+

p1

H(0)µ
f,f̄

J
(0)
f̄

(A.13)

with H
(0)µ
f,f̄

= −ieγµ and J
(0)
f̄

= v(p2), as above.

A.2 NLP power factorization

We just saw that the key approximation to obtain the LP contribution of the vertex diagrams
was to make the following replacement for every propagator of a collinear photon18

−iηρσ

k2 → −i
k2

n̄ρkσ

n̄ · k
. (A.14)

Let us now recall the effective Feynman rule for the photon propagator, eq. (3.19), for the
jet functions Jfγ and Jfγγ , namely

−i
k2

(
ηρσ − n̄σkρ

n̄ · k

)
δ(n̄ · k − ℓ+) . (A.15)

18As shown in ref. [63], this replacement is not specific to Feynman gauge, but works for covariant gauges
in general.
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Two remarks are in order. First, we note that in the reversed factorization approach, which
was introduced in section 4.3.2, we may omit the delta function in eq. (A.15). Second, we
recognize that in eq. (A.15), the normal (Feynman gauge) photon propagator is subtracted
by the approximation eq. (A.14). In other words, the LP approximation is subtracted from
the full photon propagator, which of course contains the LP contribution. As a result, what is
left over is an NLP term. Using these insights, we can easily manipulate diagrams such that
we obtain the NLP factorization of the c-region at one loop and the cc-region at two loops
(and therefore also c̄ and c̄c̄-regions, the cc̄-region is discussed separately in appendix B). In
particular, as we will see momentarily, this explains the structure observed in table 1.

Up to two loops, we can distinguish between one photon or two photons connecting to
the hard part. In case only one photon connects to the hard part, as in the one-loop diagram
and in diagrams (a), (c), (e) and (g), we can write for the diagrams19

A(i)
ρ

−iηρσ

k2

[
(−ieγµ) i

/k − /p2 −m
(−ieγσ)

]
v(p2), (A.16)

where A(i)
ρ depends on the specific diagram i under consideration. We leave out the integration

over k for the moment. Furthermore, we made the photon propagator together with the hard
subgraph explicit, i.e. one recognizes that the term in square brackets is the expression for
the hard function H

(0)
fγ,f̄

, before expanding. Next, we can rewrite eq. (A.16) as

A(i)
ρ

−i
k2

{
n̄ρkσ

n̄ · k
+
(
ηρσ − n̄ρkσ

n̄ · k

)}[
(−ieγµ) i

/k − /p2 −m
(−ieγσ)

]
v(p2) (A.17)

where we added and subtracted a term to recognize both the photon propagators of eqs. (A.14)
and (A.15). Using the derivation of the previous subsection, we see that the first term in
the curly brackets, after properly including the integration over the loop momenta, leads
to the factorized expression (

e2

16π2

)j

J
(j)(i)
f H

(0)µ
f,f̄

J
(0)
f̄
, (A.18)

where j represents the loop order. This factorized expression holds for each diagram i.20 For
the second term, we recognize the jet function Jfγ , whose definition was given in eq. (3.16),
and this therefore leads to the factorized expression(

e2

16π2

)j

J
(j)(i)
fγ ⊗H

(0)µ
fγ,f̄

J
(0)
f̄
. (A.19)

This factorized expression is indeed what we observe in table 1 for diagrams (a), (c), (e) and (g).
When two photons connect to the hard part, as for diagrams (d) and (h), we can write

A(d+h)
ρα

−iηρσ

k2
1

−iηαβ

k2
2

[
(−ieγµ) i

/k1+/k2−/p2−m
(−ieγσ)

i

/k2−/p2−m
(−ieγβ)

]
v(p2), (A.20)

19Here, A should not be confused with the gauge-invariant building block of the photon field, but it should
be read as the generalisation of the tensor A that was used in the previous section.

20We already observed in section 4 that factorization, in particular in the double-collinear region, can be
checked on a diagram-by-diagram basis, except for diagram (d) and (h), which will be discussed shortly.
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where we recognize the hard function H
(0)µ
fγγ,f̄

in the square brackets, cf. eq. (4.27). Notice
that compared to eq. (A.8), we choose the momentum routing of diagrams (d) and (h) such
that there is a single hard function. This will make it slightly easier to see the appearance
of our factorization formula below. As before, we can now add and subtract a term to
write the photon propagators as

−iηρσ

k2
i

= −i
k2

i

n̄ρkσ
i

n̄ · ki
+ −i
k2

i

(
ηρσ − n̄ρkσ

i

n̄ · ki

)
, (A.21)

for i = 1, 2. We get four terms in total. First we have

A(d+h)
ρα

−i
k2

1

n̄ρkσ
1

n̄ · k1

−i
k2

2

n̄αkβ
2

n̄ · k2

[
(−ieγµ) i

/k1 + /k2 − /p2 −m
(−ieγσ)

i

/k2 − /p2 −m
(−ieγβ)

]
v(p2)

=


p1

+

p1

H(0)µ
f,f̄

J
(0)
f̄
, (A.22)

which we already derived in eq. (A.13). Note that the loop integrations are implicit here.
Second, we have

A(d+h)
ρα

−i
k2

1

(
ηρσ− n̄

ρkσ
1

n̄·k1

)
−i
k2

2

(
ηαβ− n̄

αkβ
2

n̄·k2

)[
(−ieγµ) i

/k1+/k2−/p2−m
(−ieγσ)

i

/k2−/p2−m
(−ieγβ)

]
v(p2)

=


p1

+

p1

⊗H(0)µ

fγγ,f̄
J

(0)
f̄
, (A.23)

where the term in brackets is precisely J
(2)
fγγ , which was defined in eq. (4.24). The last two

terms are cross terms, one of which reads

A(d+h)
ρα

−i
k2

1

n̄ρkσ
1

n̄·k1

−i
k2

2

(
ηαβ− n̄

αkβ
2

n̄·k2

)[
(−ieγµ) i

/k1+/k2−/p2−m
(−ieγσ)

i

/k2−/p2−m
(−ieγβ)

]
v(p2)

=


p1

+

p1

⊗H(0)µ
fγ,f̄

J
(0)
f̄

−A(d+h)
ρα

−i
k2

1

n̄ρ

n̄·k1

−i
k2

2

(
ηαβ− n̄

αkβ
2

n̄·k2

)[
(−ieγµ) i

/k1+/k2−/p2−m
(−ieγβ)

]
v(p2). (A.24)

The term on the last line is eventually cancelled completely by the fourth (cross) term, which is

A(d+h)
ρα

−i
k2

1

(
ηρσ− n̄

ρkσ
1

n̄·k1

)−i
k2

2

n̄αkβ
2

n̄·k2

[
(−ieγµ) i

/k1+/k2−/p2−m
(−ieγσ)

i

/k2−/p2−m
(−ieγβ)

]
v(p2),

(A.25)
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leaving only the first line in eq. (A.24). This explains the entries observed for diagrams
(d) and (h) in table 1.

We conclude this appendix with a few remarks. First, the general pattern for extending
the jet functions to NLP is clear. Each photon that connects to an eikonal propagator in the
LP jet function Jf is replaced by the effective photon propagator in eq. (A.15), along with a
convolution with a hard function. As we have shown, this leads to the NLP jet functions
Jfγ and Jfγγ without overlap between the jet functions. This pattern can also be used to
understand the factorization of the cc̄-region, which will be discussed in the next appendix.
With the results of this and the next appendix, it is moreover straightforward to verify the
factorization of the hc-region. Second, at NLP, there are also the Jfff̄ jet functions, which
involve multiple fermion attachments to the hard function instead of photons. The pattern
described above for obtaining NLP corrections does not apply in this case and one may
wonder if this might still lead to an overlap between the jet functions. However, as discussed
in section 4.3.4, the Jfff̄ jet functions correspond to momentum regions distinct from Jf ,
Jfγ , and Jfγγ . Specifically, these jet functions constitute the complete cc-region of diagram
(f) and the complete cc′-region of diagram (h), see table 1.

B Proof of factorization for the collinear-anticollinear region

In this appendix we again discuss how one goes from a full diagram to its factorization in
terms of jet functions by manipulation at the integrand level, but now for the cc̄-region.
We mentioned the subtleties for this region in section 4. In this derivation we will assume
that there is no analytic regulator on one of the propagators. This is true up to O(λ) in
this region, but not at O(λ2). We comment on this issue in section 4.1 and showed that
the derivation performed below remains valid.

In the cc̄-region, three diagrams contribute, namely (f), (g) and (h). We omit any factors
of i and e in what follows, and work at the integrand level. The external spinors are also
left implicit. The three diagrams have the following structure

Aµ
f = Sρ

c

Dc
γµ 1
/k1 − /p2 −m

γσ
1

/k1 + /k2 − /p2 −m
γρ
Sσ

c̄

Dc̄
(B.1)

Aµ
g = Sρ

c

Dc
γσ 1
/k1 + /k2 + /p1 −m

γρ
1

/k2 + /p1 −m
γµS

σ
c̄

Dc̄
(B.2)

Aµ
h = Sρ

c

Dc
γσ 1
/k1 + /k2 + /p1 −m

γµ 1
/k1 + /k2 − /p2 −m

γρ
Sσ

c̄

Dc̄
, (B.3)

where

Sρ
c = γρ(/k1 + /p1 +m), Dc = k2

1
[
(k1 + p1)2 −m2]

Sσ
c̄ = (/k2 − /p2 +m)γσ, Dc̄ = k2

2
[
(k2 − p2)2 −m2]. (B.4)

We are interested in the k1 = c and k2 = c̄ limit. Using this notation, the relevant jet
functions can be written as

Jf = Sρ
c

Dc

2p̂2,ρ

−2p̂2 · k1
, (B.5)

Jρ
fγ = Sρ

c

Dc
− Sα

c

Dc

2p̂2,αk
ρ
1

−2p̂2 · k1
, (B.6)
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where we omitted the loop order as superscript to improve readability, and also the loop
integration. We consider diagram (g) and (h) together, resulting in

Aµ
g+Aµ

h =
Sρ

c

Dc
γσ 1
/k1+/k2+/p1−m

[
γρ

1
/k2+/p1−m

γµ+γµ 1
/k1+/k2−/p2−m

γρ

]
1

/k2−/p2−m
γσ

1
k2

2

=Jρ
fγγ

σ 1
/k1+/k2+/p1−m

[
γρ

1
/k2+/p1−m

γµ+γµ 1
/k1+/k2−/p2−m

γρ

]
1

/k2−/p2−m
γσ

1
k2

2

+S
α
c

Dc

2p̂2,αk
ρ
1

−2p̂2·k1
γσ 1
/k1+/k2+/p1−m

[
γρ

1
/k2+/p1−m

γµ+γµ 1
/k1+/k2−/p2−m

γρ

]
1

/k2−/p2−m
γσ

1
k2

2
.

(B.7)

The manipulation performed here is of the same nature as we frequently did in appendix A, cf.
eq. (A.17) for example. The first line can be considered “half factorized”, i.e. consisting of a jet
function (Jfγ) times a one-loop diagram. We leave this as it is for now and focus on the second
line. We contract the ρ index and use Ward identities as /k1 = (/k1+/k2+/p1−m)−(/k2+/p1−m)
and /k1 = (/k1 + /k2 − /p2 −m) − (/k2 − /p2 −m), such that this second line equals

Jfγ
σ 1
/k1+/k2+/p1−m

[
/k1

1
/k2+/p1−m

γµ+γµ 1
/k1+/k2−/p2−m

/k1

]
1

/k2−/p2−m
γσ

1
k2

2

=Jfγ
σ

[
1

/k2+/p1−m
γµ 1
/k2−/p2−m

− 1
/k1+/k2+/p1−m

γµ 1
/k2−/p2−m

+ 1
/k1+/k2+/p1−m

γµ 1
/k2−/p2−m

− 1
/k1+/k2+/p1−m

γµ 1
/k1+/k2−/p2−m

]
γσ

1
k2

2
. (B.8)

We note that the second and third term cancel each other. Moreover, the last term contains
a scaleless integral over k2 in the k1 = c, k2 = c̄ limit. The only term that remains is the first
term, which is simply the Jf jet multiplied by the one-loop diagram in the anticollinear limit.
Combining this result with the first line of eq. (B.7), we could then write a half-factorized
formula for diagram (g) and (h) in the form

Aµ
g +Aµ

h

∣∣∣
cc̄
= Jf × +Jfγ⊗

[
+

]
, (B.9)

where the k1 loop has now been factorized into jet functions, while the k2 loop is still
unfactorized for the time being. We now turn our attention to diagram (f), which can
be written as

Aµ
f = Sρ

c

Dc
γµ 1
/k1 − /p2 −m

γσ
1

/k1 + /k2 − /p2 −m
γρ
Sσ

c̄

Dc̄

=
[
Jρ

fγ + Sα
c

Dc

2p̂2,αk
ρ
1

−2p̂2 · k1

]
γµ 1
/k1 − /p2 −m

γσ
1

/k1 + /k2 − /p2 −m
γρ
Sσ

c̄

Dc̄
. (B.10)
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We can again rewrite /k1 for the second term, and obtain

Sα
c

Dc

2p̂2,α

−2p̂2 · k1
γµ 1
/k1 − /p2 −m

γσ
1

/k1 + /k2 − /p2 −m
/k1
Sσ

c̄

Dc̄

= Sα
c

Dc

2p̂2,α

−2p̂2 · k1
γµ 1
/k1 − /p2 −m

γσ
1

/k2 − /p2 −m
γσ 1
k2

2

− Sα
c

Dc

2p̂2,α

−2p̂2 · k1
γµ 1
/k1 − /p2 −m

γσ
1

/k1 + /k2 − /p2 −m
γσ 1
k2

2
. (B.11)

The second term contains a scaleless integral over k2 in the cc̄ limit and therefore vanishes.
Hence diagram (f) has the half-factorized form

Af |cc̄ = Jfγ ⊗ + Sα
c

Dc

2p̂2,α

−2p̂2 · k1
γµ 1
/k1 − /p2 −m

γσ
Sσ

c̄

Dc̄
. (B.12)

Note that the second term seems to be problematic in regards to the factorization approach.
We set this term aside for now.

Now that we have established a half-factorized form, we continue with decomposing the
anticollinear loops into the different jet functions. We start by rewriting

Jfγ ⊗ = Jρ
fγγσ

1
/k1 + /k2 + /p1 −m

γρ
1

/k2 + /p1 −m
γµ

[
Jσ

f̄γ
+ 2p̂1,βk

σ
2

2p̂1 · k2

Sβ
c̄

Dc̄

]
.

(B.13)

The first term is exactly one of three parts of Jfγ ⊗Hfγ,f̄γ ⊗Jf̄γ , where we recall that Hfγ,f̄γ

is the sum of three terms, see eq. (4.2). The second term can be rewritten by applying a
Ward identity, as before, and we obtain

(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /p1 −m

/k2
1

/k1 + /k2 + /p1 −m
γρ

1
/k2 + /p1 −m

γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄

=
(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /p1 −m

γρ
1

/k2 + /p1 −m
γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄

−
(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /k2 + /p1 −m

γρ
1

/k2 + /p1 −m
γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄
. (B.14)

The second line contains a scaleless integral for k1 and therefore vanishes. The remaining
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expression can be further simplified to become

Sρ
c

Dc
γρ

1
/k2 + /p1 −m

γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄
− 2p̂α

2
−2p̂2 · k1

1
k2

1
γα

1
/k1 + /p1 −m

/k1
1

/k2 + /p1 −m
γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄

= Sρ
c

Dc
γρ

1
/k2 + /p1 −m

γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄
− 2p̂α

2
−2p̂2 · k1

1
k2

1
γα

1
/k2 + /p1 −m

γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄

+ Jf (/p1 −m) 1
/k2 + /p1 −m

γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄
. (B.15)

The first term we recognize as similar to the extra term we found in eq. (B.12). The second
term is a scaleless k1 integral and thus vanishes. The third term remains for now, but will
cancel with a term arising later in the calculation. Next, analogously to eq. (B.13), we have

Jfγ⊗ =Jρ
fγγσ

1
/k1+/k2+/p1−m

γµ 1
/k1+/k2−/p2−m

γρJ
σ
f̄γ

+
(
ηαρ− 2p̂α

2 k
ρ
1

−2p̂2·k1

)
1
k2

1
γα

1
/k1+/p1−m

γσ
1

/k1+/k2+/p1−m
γµ

× 1
/k1+/k2−/p2−m

γρ
2p̂1,βk

σ
2

2p̂1·k2

Sβ
c̄

Dc̄
. (B.16)

The first term is again exactly one of the three parts of Jfγ ⊗ Hfγ,f̄γ ⊗ Jf̄γ . The second
term can be rewritten as(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /p1 −m

/k2
1

/k1 + /k2 + /p1 −m
γµ 1
/k1 + /k2 − /p2 −m

γρ
2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄

=
(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /p1 −m

γµ 1
/k1 + /k2 − /p2 −m

γρ
2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄
., (B.17)

where we omitted a scaleless integral over k1. We will leave this second term for the moment
and move to the third part which depends on Jfγ . It reads

Jfγ ⊗ = Jρ
fγγ

µ 1
/k1 − /p2 −m

γσ
1

/k1 + /k2 − /p2 −m
γρJ

σ
f̄γ

+
(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /p1 −m

γµ 1
/k1 − /p2 −m

γσ

× 1
/k1 + /k2 − /p2 −m

γρ
2p̂1,βk

σ
2

2p̂1 · k2

Sβ
c̄

Dc̄
. (B.18)

The first term is again exactly one of the three parts of Jfγ ⊗ Hfγ,f̄γ ⊗ Jf̄γ . The second
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term can be rewritten as(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /p1 −m

γµ 1
/k1 − /p2 −m

/k2
1

/k1 + /k2 − /p2 −m
γρ

2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄

=
(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /p1 −m

γµ 1
/k1 − /p2 −m

γρ
2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄

−
(
ηαρ − 2p̂α

2 k
ρ
1

−2p̂2 · k1

)
1
k2

1
γα

1
/k1 + /p1 −m

γµ 1
/k1 + /k2 − /p2 −m

γρ
2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄
. (B.19)

Note that the second term now exactly cancels with eq. (B.17). Moreover, the first term
is readily identified as Jfγ ⊗ Hfγ,f̄Jf̄ .

The final ingredient is

Jf × = Jfγσ
1

/k2+/p1−m
γµ 1
/k2−/p2−m

γσ 1
k2

2

= Jfγσ
1

/k2+/p1−m
γµJf̄γ+Jfγσ

1
/k2+/p1−m

γµ 2p̂1,βk
σ
2

2p̂1 ·k2

Sβ
c̄

Dc̄
. (B.20)

The first term is exactly equal to JfHf,f̄γ ⊗ Jf̄γ . The second term can be rewritten as

Jf /k2
1

/k2+/p1−m
γµ 2p̂1,β

2p̂1·k2

Sβ
c̄

Dc̄
=JfHf,f̄Jf̄−Jf (/p1−m) 1

/k2+/p1−m
γµ 2p̂1,β

2p̂1·k2

Sβ
c̄

Dc̄
. (B.21)

This last term cancels with the third term in eq. (B.15). We therefore have all the ingredients
of the jet functions, together with two diagrams that do not yet factorize. The non-factorized
contribution reads

Sα
c

Dc

2p̂2,α

−2p̂2 · k1
γµ 1
/k1 − /p2 −m

γσ
Sσ

c̄

Dc̄
+ Sρ

c

Dc
γρ

1
/k2 + /p1 −m

γµ 2p̂1,β

2p̂1 · k2

Sβ
c̄

Dc̄
. (B.22)

In fact, these terms do have a place in the factorization theorem, in a way we already
alluded to in section 4. The solution lies in properly taking into account self-energy contribu-
tions. If we consider the one-loop vertex diagram in the collinear region with a self-energy
contribution on the anticollinear leg, the integrand of the amplitude is given by

Aµ = Sρ
c

Dc
γµ 1
/k1 − /p2 −m

γρ
1
k2

1

1
−/p2 −m

γσ
Sσ

c̄

Dc̄

=
[
Jfγ + Sα

c

Dc

2p̂2,αk
ρ
1

−2p̂2 · k1

]
γµ 1
/k1 − /p2 −m

γρ
1

−/p2 −m
γσ
Sσ

c̄

Dc̄
. (B.23)

The first term is just the Jfγ jet multiplied by Hfγ,f̄ , and the self energy on the anticollinear
leg. The second term can be recast as

Sα
c

Dc

2p̂2,α

−2p̂2 · k1
γµ 1
/k1 − /p2 −m

/k1
1

−/p2 −m
γσ
Sσ

c̄

Dc̄

= JfH
µ(0)
f,f̄

1
−/p2 −m

γσ
Sσ

c̄

Dc̄
− Sα

c

Dc

2p̂2,α

−2p̂2 · k1
γµ 1
/k1 − /p2 −m

γσ
Sσ

c̄

Dc̄
. (B.24)
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Here the first term is just the Jf jet multiplied by the appropriate hard function Hf,f̄ and
the self energy on the anticollinear leg. Note that the last term is identical to the first term
in eq. (B.22), but, crucially, with an opposite sign. The second term in eq. (B.22) similarly
cancels against the one-loop vertex diagram with a self-energy contribution on the collinear
leg. This shows that one can only achieve factorization once all self-energy contributions have
been properly included. On the factorization side, the self-energy contribution is interpreted
as being part of the Jf jet, albeit a non-1PI contribution. This is easily checked by carrying
out the Wick contractions in eq. (3.3).

Thus we have shown factorization at the integrand level. Note that in this appendix
we have treated the propagator

1
−/p2 −m

(B.25)

symbolically in order to show that factorization holds at the integrand level. In section 4 we
included the self-energy contributions by properly performing a Dyson sum, consequently
modifying the equations of motion and the mass-shell condition. These issues were already
previewed in section 2. This allowed us to calculate and positively verify the factorized
form of the form factors. As a final comment, we note that the proof of factorization in the
hard-collinear region can also be derived in an analysis similar to that of appendices A and B.

C Two-loop integral expressions for jet functions

We report here the integral expressions for the various jet functions at two loops. The one
corresponding to the two-loop Jf jet function, the diagrams for which are given in eq. (4.14), is

J
(2)
f (p1,n̄)=e4ū(p1)

{∫
[dk1][dk2]

−i
k2

1

−i
k2

2
γµ

i(/p1+/k1+m)
(p1+k1)2−m2 γν

i(/p1+/k1+/k2+m)
(p1+k1+k2)2−m2

×
[ −in̄µ

−n̄·k1

−in̄ν

−n̄·(k1+k2)
+ −in̄µ

−n̄·k2

−in̄ν

−n̄·(k1+k2)

]
+
∫
[dk1][dk2]

−i
k2

1

−i
k2

2

×
[
γµ

i(/p1+/k1+m)
(p1+k1)2−m2 γν

i(/p1+/k1+/k2+m)
(p1+k1+k2)2−m2 γ

ν
i(/p1+/k1+m)
(p1+k1)2−m2

−in̄µ

−n̄·k1

+γµ

i(/p1+/k2+m)
(p1+k2)2−m2 γν

i(/p1+/k1+/k2+m)
(p1+k1+k2)2−m2 γ

µ
i(/p1+/k1+m)
(p1+k1)2−m2

−in̄ν

−n̄·k1

]

−
∫
[dk1][dk2]

(−i
k2

2

)2

×
[
γµ

i(/p1+/k2+m)
(p1+k2)2−m2Tr

[
γν

i(/k1+/p1+/k2+m)
(k1+p1+k2)2−m2 γ

µ
i(/k1+/p1+m)
(k1+p1)2−m2

]
−in̄ν

−n̄·k2

+γµ

i(/p1+/k2+m)
(p1+k2)2−m2Tr

[
γν

i(/k1+/p1+/k2)
(k1+p1+k2)2 γ

µ
i(/k1+/p1)
(k1+p1)2

]
−in̄ν

−n̄·k2

]}
.

(C.1)
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The last line constitutes the massless fermion loop and has to be multiplied by a factor of
nfe

2
f , for nf light fermions and ef the electric charge in terms of the positron charge. The

next-to-last line represents the massive fermion loop.
For the Jfγ jet function, whose diagrams are given in eq. (4.19), the integral expres-

sion yields

J
(2)ρ
fγ (p1,n̄,ℓ

+)=−ie4ū(p1)
∫
[dk1][dk2]δ(n̄·k1−ℓ+)×

{

+γρ
i(/p1−/k1+m)
(p1−k1)2−m2 γσ

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2 γ

σ
i(/p1−/k1+m)
(p1−k1)2−m2

−i
k2

1

−i
k2

2

−γν
i(/p1−/k1+m)
(p1−k1)2−m2 γσ

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2 γ

σ
i(/p1−/k1+m)
(p1−k1)2−m2

−i
k2

1

−i
k2

2

n̄ν

n̄·k1
kρ

1

+γσ
i(/p1+/k2+m)
(p1+k2)2−m2 γρ

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2 γ

σ
i(/p1−/k1+m)
(p1−k1)2−m2

−i
k2

1

−i
k2

2

−γσ
i(/p1+/k2+m)
(p1+k2)2−m2 γν

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2 γ

σ
i(/p1−/k1+m)
(p1−k1)2−m2

−i
k2

1

−i
k2

2

n̄ν

n̄·k1
kρ

1

−γσ
i(/p1−/k1+m)
(p1−k1)2−m2Tr

[
γρ

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2 γσ

i(/p1+/k2+m)
(p1+k2)2−m2

](−i
k2

1

)2

+γσ
i(/p1−/k1+m)
(p1−k1)2−m2Tr

[
γν

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2 γσ

i(/p1+/k2+m)
(p1+k2)2−m2

](−i
k2

1

)2 n̄ν

n̄·k1
kρ

1

+γρ
i(/p1−/k1+m)
(p1−k1)2−m2 γν

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2

−i
k2

1

−i
k2

2

−in̄ν

−n̄·k2

−γσ

i(/p1−/k1+m)
(p1−k1)2−m2 γν

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2

−i
k2

1

−i
k2

2

−in̄ν

−n̄·k2

n̄σ

n̄·k1
kρ

1

+γν

i(/p1+/k2+m)
(p1+k2)2−m2 γ

ρ
i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2

−i
k2

1

−i
k2

2

−in̄ν

−n̄·k2

−γν

i(/p1+/k2+m)
(p1+k2)2−m2 γσ

i(/p1−/k1+/k2+m)
(p1−k1+k2)2−m2

−i
k2

1

−i
k2

2

−in̄ν

−n̄·k2

n̄σ

n̄·k1
kρ

1

}
. (C.2)

The integral expressions for the Jf∂γ jet are akin to the Jfγ jet, in the sense that one
includes an additional factor of kσ

1⊥ in the two-loop integral. Hence we do not report the
full expression here.

The integral expression for the Jfγγ jet contribution, as given in eq. (4.26), reads

J
(2)ρσ
fγγ (p1, n̄, ℓ

+
1 , ℓ

+
2 ) = e4ū(p1)

∫
[dk1][dk2]

−i
k2

1

−i
k2

2
δ(n̄ · k1 − ℓ+1 )δ(n̄ · k2 − ℓ+2 )×

{

−
[
γσ

i(/p1 − /k2 +m)
(p1 − k2)2 −m2 γ

ρ
i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2

+ γρ
i(/p1 − /k1 +m)
(p1 − k1)2 −m2 γ

σ
i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2

]
+
[
γµ

i(/p1 − /k2 +m)
(p1 − k2)2 −m2 γ

ρ
i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2k

σ
2
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+ γρ
i(/p1 − /k1 +m)
(p1 − k1)2 −m2 γ

µ
i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2k

σ
2

]
n̄µ

n̄ · k2

+
[
γσ

i(/p1 − /k2 +m)
(p1 − k2)2 −m2 γ

µ
i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2k

ρ
1

+ γµ
i(/p1 − /k1 +m)
(p1 − k1)2 −m2 γ

σ
i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2k

ρ
1

]
n̄µ

n̄ · k1

−
[
γµ

i(/p1 − /k2 +m)
(p1 − k2)2 −m2 γ

ν
i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2k

ρ
1k

σ
2

+ γµ
i(/p1 − /k1 +m)
(p1 − k1)2 −m2 γ

ν
i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2k

ρ
1k

σ
2

]
n̄µ

n̄ · k2

n̄ν

n̄ · k1

}
.

(C.3)

Finally, the integral expressions to the two Jfff̄ jet functions eqs. (4.30) and (4.31)
are given by

J
(I)(2)
fff̄

(p1, n̄, ℓ
+
1 , ℓ

+
2 ) = −e2

∫
[dk1][dk2] δ(n̄ · k1 − ℓ+

1 )δ(n̄ · k2 − ℓ+
2 )

×
[
ū(p1)γµ

i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2

]
a

−i
(k1 + k2)2

[
i(−/k2 +m)
k2

2 −m2 γµ
i(/k1 +m)
k2

1 −m2

]
bc

+ e2
∫
[dk1][dk2] δ(n̄ · k1 − ℓ+

1 )δ(n̄ · k2 − ℓ+
2 )

×
[
ū(p1)γµ i(/k1 +m)

k2
1 −m2

]
c

−i
(p1 − k1)2

[
i(−/k2 +m)
k2

2 −m2 γµ

i(/p1 − /k1 − /k2 +m)
(p1 − k1 − k2)2 −m2

]
ba

,

(C.4)

J
(II)(2)
fff̄

(p1, n̄, ℓ
+
1 , ℓ

+
2 ) = −e2

∫
[dk1][dk2]δ(n̄ · k1 − ℓ+

1 )δ(n̄ · k2 − ℓ+
2 )
[
ū(p1)γµ i(/k2 +m)

k2
2 −m2

]
b

−i
(p1 − k2)2

×
[
i(−/p1 + /k1 + /k2 +m)
(p1 − k1 − k2)2 −m2 γµ

i(/k1 +m)
k2

1 −m2

]
ac

+ e2
∫
[dk1][dk2]δ(n̄ · k1 − ℓ+

1 )δ(n̄ · k2 − ℓ+
2 )
[
ū(p1)γµ i(/k1 +m)

k2
1 −m2

]
c

−i
(p1 − k1)2

×
[
i(−/p1 + /k1 + /k2 +m)
(p1 − k1 − k2)2 −m2 γµ

i(/k2 +m)
k2

2 −m2

]
ab

, (C.5)

with a, b and c spinor indices.

D UV counterterms

In this appendix we discuss the factorization in the collinear-anticollinear region for the
renormalized 1PI amplitude. The factorization formula of eq. (1.2) is understood to be
written in terms of the bare amplitude Mbare, i.e. defined with bare fields, coupling constant
α0 and mass m0. In QED, a bare amplitude Mbare is renormalized as

Mren(α,m) =
(
Πi

√
Zi

)
Mbare(α0 → Zαα,m0 → Zmm)

= Mbare +MCT,m + M̃CT , (D.1)
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where Zi is the wave function renormalization constant of the i-th external leg, Zα is the
renormalization constant for the QED coupling constant and Zm is the mass renormalization
constant. MCT,m receives contributions from mass renormalization and mixing terms between
mass renormalization and wave function and/or coupling constant renormalization beyond
NLO in α, while M̃CT includes only the remaining wave function and coupling constant
renormalization. We emphasize that eq. (D.1) is written in terms of the 1PI amplitude.
Note that Zi and Zα serve as multiplicative factors and do not change the factorization
structure of the amplitude. In the following we ignore M̃CT and only consider MCT,m,
i.e. the contribution involving mass renormalization, which does not contribute at LP, but
starts to contribute at

√
NLP (O(λ)). Given the above consideration, the LP factorization is

not affected by mass counterterms and works already at bare level. We adopt the on-shell
renormalization scheme for the mass renormalization such that Zm is given by

Zm = 1 +A
(
m2
)
+B

(
m2
)
+O

(
α2
)

= 1 + α

4π

(
µ̄2

m2

)ϵ [
−3
ϵ
− 4− ϵ

(
8 + 3

2ζ2

)
− ϵ2 (16 + 2ζ2 − ζ3) +O

(
ϵ3
)]

+O
(
α2
)
,

(D.2)

where A
(
m2) and B

(
m2) are given in eq. (2.18). Note that giving Zm up to O(α) is sufficient

in our case, because our tree-level amplitude does not depend on the fermion mass explicitly.
Similarly, from the factorization point of view, the renormalized amplitude should be written as

Mren(α,m) =
(
Πi

√
Z ′

i

)
Mfac,bare(α0 → Zαα,m0 → Zmm)

= Mfac,bare +Mfac,CT,m + M̃fac,CT , (D.3)

where Mfac,bare is the bare amplitude calculated from the factorization theorem. Note that
here we renormalize Mfac,bare as a whole and do not renormalize the hard functions and
jet functions individually, such that we have Z ′

i = Zi. Again, we only consider Mfac,CT,m
and ignore M̃fac,CT below.

Regarding the QED process defined in eq. (2.1) and according to appendix B, the two-loop
bare 1PI amplitude Mµ

bare in the cc̄-region can be reconstructed by using the factorization
formula eq. (1.2) up to two extra non-factorized contributions, which are denoted here as
Mµ

a,bare and Mµ
b,bare. We therefore have

Mµ
bare = Mµ

fac,bare +Mµ
a,bare +Mµ

b,bare , (D.4)

where

Mµ
a,bare = −ie5

∫
[dk1][dk2]

Sα
c

Dc

2p̂2α

−2p̂2 · k1
γµ 1
/k1 − /p2 −m

γσ
Sσ

c̄

Dc̄
, (D.5)

and

Mµ
b,bare = −ie5

∫
[dk1][dk2]

Sρ
c

Dc
γρ

1
/k2 + /p1 −m

γµ 2p̂1β

2p̂1 · k2

Sβ
c̄

Dc̄
(D.6)
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p1(c)

p2(c̄)

k

(1)

p1(c)

p2(c̄)

k

(2)

⊗

⊗

Figure 10. One loop diagrams with mass counter terms insertion.

account for the first and second term in eq. (B.22), respectively. Mfac
bare is given by the

factorization formula in eq. (1.2) and shown in eq. (4.1) in detail. We now insert eq. (D.4)
into eq. (D.1) and compare the result with eq. (D.3). Provided that the factorization theorem
is true at two-loop level, we have

Mµ
fac,CT,m = Mµ

a,bare +Mµ
b,bare +Mµ

CT,m . (D.7)

It is straightforward to verify eq. (D.7) at the level of the form factor, which translates
eq. (D.7) into

F
(2),fac,CT,m
i,cc̄ = F

(2),a,bare
i,cc̄ + F

(2),b,bare
i,cc̄ + F

(2),CT,m
i,cc̄ . (D.8)

The contributions of Mµ
a/b,bare to the form factors F1 and F2 in the cc̄-region are given by

F
(2),a,bare
1,cc̄ = F

(2),b,bare
1,cc̄ =

(
µ̄2

m2

)2ϵ [
− 9
ϵ3

− 12
ϵ2

− 1
ϵ
(9ζ2 + 72)− 112− 12ζ2 + 6ζ3

]
,

F
(2),a,bare
2,cc̄ = F

(2),b,bare
2,cc̄ =

(
µ̄2

m2

)2ϵ [ 6
ϵ3

+ 20
ϵ2

+ 1
ϵ
(6ζ2 + 56) + 144 + 20ζ2 − 4ζ3

]
. (D.9)

The term Mµ
CT,m receives contributions from the two Feynman diagrams shown in

figure 10, where k is the loop momentum and ⊗ denotes the mass counterterms. If ⊗ is
added to the collinear (anticollinear) leg as shown in diagram (1) (diagram (2)) in figure 10,
it corresponds to a one-loop contribution in collinear (anticollinear) region. In addition to
the mass counterterms, the two diagrams in figure 10 represent the one-loop corrections
induced by the loop momentum k. As discussed in section 3, this loop momentum k can
be hard, collinear or anticollinear, which corresponds to respectively the hard, collinear and
anticollinear region. Only the latter two contribute to the collinear-anticollinear region at two-
loop level. Moreover, the Feynman diagram with ⊗ being added to the anticollinear leg and k
being anticollinear contributes to the double-anticollinear region, while the Feynman diagram
with ⊗ being added to the collinear leg and k being collinear contributes to double-collinear
region.21 On the r.h.s. of eq. (D.7), we therefore only need to consider the contribution from

21In these two regions, both the l.h.s. and the r.h.s. of eq. (1.2) receive the same contribution from mass
renormalization, such that the UV renormalization does not change the factorization structure.
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the anticollinear region in the Feynman diagram (1) and collinear region in the Feynman
diagram (2). Their contributions to the form factor are given by

F
(2),CT,m
1,cc̄ = 2

(
µ̄2

m2

)2ϵ [ 9
ϵ3

+ 12
ϵ2

+ 1
ϵ
(9ζ2 + 66) + 92 + 12ζ2 − 6ζ3

]
,

F
(2),CT,m
2,cc̄ = 2

(
µ̄2

m2

)2ϵ [
− 6
ϵ3

− 20
ϵ2

− 1
ϵ
(6ζ2 + 56)− 144− 20ζ2 + 4ζ3

]
. (D.10)

The factor of 2 is because of symmetry between the two diagrams in figure 10. Moreover, we
only need to consider the mass renormalization of hard functions on the l.h.s. of eq. (D.7). Note
that H(0)µ

f,f̄
, H(0)µ

f∂γ,f̄ ρσ
, H(0)µ

f,f̄∂γ ρσ
and H(0)µ

fγ,f̄γ ρσ
do not depend on the fermion mass m explicitly.

We therefore only need to consider the mass renormalization of the hard functions H(1)µ
fγ,f̄ ρ

,

defined in eq. (3.25), and H
(1)µ
f,f̄γ ρ

. Together with the corresponding jet functions, we have

Mµ
fac,CT,m = J

(1)ρ
fγ (m0 → m)H(1)µ

fγ,f̄ ρ
(m0 → (Zm − 1)m) J (0)

f̄
(m0 → m)

+ J
(0)
f (m0 → m)H(1)µ

f,f̄γ ρ
(m0 → (Zm − 1)m) J (1)ρ

f̄γ
(m0 → m) , (D.11)

where the mass renormalization of jet functions is not involved as mentioned before. The
contributions of Mµ

fac,CT,m to the form factors are given by

F
(2),fac,CT,m
1,cc̄ = 2

(
µ̄2

m2

)2ϵ (
−6
ϵ
− 20

)
F

(2),fac,CT,m
2,cc̄ = 0 . (D.12)

Substituting eqs. (D.9), (D.10) and (D.12) into eq. (D.8), we now conclude that our factoriza-
tion formula indeed works in the cc̄-region for the renormalized 1PI amplitude at two loops.
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