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Abstract

For the thickness measurement of refractory structures, the impact-echo measurement
is one of the methods being used. This method is especially suited for the cases
where high frequencies cannot be used due to the high damping and scattering in
the materials. The data gathered with this method are often processed using a one-
dimensional approach, which works well for simple layered structures. However, when
the geometry is more complex, the thickness of the material needs to be estimated,
as well as the shape of the interface. In this paper a method for inversion of impact-
echo data in a two-dimensional setting is presented using multiple transducers. The
algorithm was implemented using Fenics finite element software. The software is used
to solve the elastic wave equation and the dolfin-adjoint toolbox is used for efficient
computation of the shape gradient. In the paper, the algorithm is tested on two common
erosion profiles. These examples show that, under reasonable initial assumptions, the
solution converges close to the shape of the true interface. In practice, it is convenient
to use a low number of sensors; for the two cases, a numerical experiment is carried
out to determine the minimum number of sources required to arrive at a good result.
The robustness of the algorithm is tested by adding roughness to the interface and by
superimposing noise on the reference signals. The last experiment investigates how
the solutions change as the number of samples increases.
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1 Introduction

Impact echo has proven to be a useful technique and has found many applications to test
concrete structures in the civil industry (Sansalone and Streett 1997). In impact-echo,
an object under investigation is struck with an impactor to launch a sound wave into
the material after which an echo is recorded and interpreted. The method is applied in
situations where ultrasonic waves cannot be used because they are highly attenuated
and scattered, such as can be the case in constructions of concrete and refractory
materials. The method is commercially applied on large vessels such as blast furnaces
and electrical arc furnaces (Ma Jiaocheng et al. 2021; Sadri et al. 2016). In the cases
considered in this paper, the usable frequencies are limited, and the wavelengths that
may be used have the same order as the object under investigation. In these cases, no
clear pulse-shaped echoes are received, and it is not possible to assess the thickness of
the medium by measuring the pulse travel time. Consequently, time-of-flight methods
cannot be used. This situation is encountered in measurements on metallurgical vessels
that process hot liquids. The refractory of these vessels is subject to harsh conditions,
and the materials erode over time. For safe operation of these vessels, it is essential to
know the remaining wall thickness to prevent a breakout of the hot liquid contents. The
erosion does not occur homogeneously over the interfaces, and therefore the shape of
the erosion boundary is often not straight. In such cases, not only the distance of the
erosion boundary must be estimated but also the shape of the erosion profile. Using a
single transducer 1D approach can lead to substantial errors in the thickness estimate
(Commandeur et al. 2023). More advanced methods have appeared, for example, the
commercially available MIRA sensor (Ohara et al. 2021). However, for the Synthetic
Aperture Focusing Technique to work well, the pulse still needs to be short with respect
to the wall thickness, and the frequencies used are still in the ultrasonic range.

The goal of this work was to develop an algorithm that estimates the wall thickness
in the case when low frequencies are available, for which the wavelength is on the
order of the wall thickness. The algorithm makes use of information from multiple
transducers to produce an estimate of the remaining refractory thickness, particularly
in the situation where the object under test can only be accessed from one side of the
domain. The method will give a better idea of the shape and position of the erosion
interface that can currently be achieved using a single transducer approach that is
currently commonly used for measurements on refractory vessels. In this work, it
is assumed that the erosion boundary is a sharp boundary where material properties
change suddenly between two domains.

Different methods have been developed to estimate the position of a sharp bound-
ary. One approach is to use a level-set function; each iteration, the level-set function
is progressed using a transport equation. The boundary between the domains is then
determined by the zero-contour of the level-set function. Albuquerque, Laurain, and
Yousept use a level-set approach in combination with a full waveform time domain
approach in the acoustic case Albuquerque et al. (2021). Full Waveform Inversion
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(FWI) considers the full waveform measured with the receivers and does not decom-
pose the signals into components related to travel time and amplitude (Virieux et al.
2017). A challenge using the level-set method is to keep the level-set function well-
conditioned, and the slope of the level-set function should not be too steep and neither
too moderate. van Kadu et al. (2016) reconstruct the shape of salt caverns using a
level-set method, and the wave equation is solved in the frequency domain using an
acoustic wave equation. Regularization is achieved by a parameterized level-set func-
tion, as proposed by Wang and Wang (2006). An extensive comparison of different
approaches based on the level set is described by Gain and Paulino (2013).

Another popular approach to deal with sharp transitions at the boundaries is the
moving mesh method as used by Sokolowski and Zolésio (1992). Instead of updating
a level-set function to determine the position of the interface, the interface itself is
moved; in this case, the challenge will be to update nodes in the mesh to prevent
degeneration of the mesh quality. Sayag and Givoli estimate the shape of an internal
scatterer using a moving mesh method to fit the shape of a scatterer (Sayag and Givoli
2022). An acoustic wave equation is used for wave modeling, and the shape of the
internal defect is parameterized. In this paper a similar approach is taken for shape
optimization. However, wave modeling is now done using an elastic wave equation.
Using the acoustic wave equation did not give usable inversion results in the long-
wave case. Instead of finding an internal defect, the goal is now to find the shape of an
internal interface. For regularization, the internal boundary is not displaced directly,
but rather by using a force on the nodes of the interface. An elastic equation is solved
for the displacement of the nodes in the mesh to avoid degeneration of the mesh. The
interface reacts like a rubber band and smooths sharp transitions in the force applied
by the gradient. The model has been implemented in Fenics (Logg et al. 2012; Funke
and Farrell 2013). For the computation of the gradient, Céa (1986) introduced an
adjoint approach. This method avoids the need for direct differentiation of the state
equation with respect to the control variables. The Fenics adjoint toolbox is used to
automatically derive the adjoint equations (Dokken et al. 2020). Other interesting
projects that have adopted the adjoint toolbox are Cashocs (Blauth 2021) and for
FireDrake (Ham et al. 2023) the FireShape (Paganini and Wechsung 2021) project is
available. These package developments make the application of shape optimization
much more user-friendly. Possibly, these packages can be extended to handle the
approach used in this paper. Using general-purpose finite element software allows one
to couple the code to existing models used for erosion monitoring.

The first section of the paper defines the problem statement and introduces the
theory needed for the implementation of the models. The second section is a case
study of two cases that have different erosion profiles. To test the robustness of the
algorithm, the internal interface is roughened and noise is applied to the synthetic
measurements used for the inversion. This section is followed by a discussion and a
conclusion.
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Fig.1 Schematic view of the problem geometry. Left: The single domain geometry. Right: As the backing
material determines the amplitude and phase of the echo a second domain is added with the properties of
the backing material. The signal transmitted into €27 is absorbed

2 Problem statement and theory

A schematic view of the problem geometry is shown in Fig. 1. It shows the vertical cross
section of a refractory wall. Transducers can only be placed on the front side, I'font, the
other boundaries are inaccessible. In a blast furnace, the refractory is often protected
by a "skull", a layer of iron that is frozen on the wall. The acoustic impedance of
this skull layer is about eight times higher than the refractory impedance. To correctly
calculate the phase and amplitude of the echo, this needs to be taken into account. The
acoustic impedance difference between the solid and liquid iron is small. Therefore, in
this work, it is assumed that signals transmitted into the region beyond the refractory
domain are absorbed. The erosion boundary, Terosion, thus presents an impedance
boundary. At the erosion boundary, part of the signal is reflected and part is transmitted
to the backing material. To implement this, a second domain, £2;, is added to the
geometry as shown on the right side of Fig. 1. The domain €25, has the properties of
the backing material and is highly damping, it absorbs the transmitted energy.

The transducers simultaneously produce an excitation signal. Using a time-transient
simulation, the responses are calculated at each of the transducers.

2.1 The elastic wave equation
The elastic wave equation (Eq. 1) describes the relation between displacement, u
(m), stress tensor o (N/m?) and excitation force f (N). For each region a density,

p (kg/m?) is specified. Rayleigh damping is introduced by the terms preceded by the
coefficients « and 8 (Bleyer 2016).

pou=V-ow)+ f —apdu —BV-0(hu) inQ x [0,T]. (1)
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The stress tensor may be written as in Eq. 2.

ow):=C:¢eu), ()

where C is the compliance matrix and the linearized strains, ¢, are given as:

£ (u) == % (w + (Vu)T>.

If an isotropic solid is considered, the stress tensor can be simplified to:

ow)=xtr(em) 1 +2ue (u). 3)

Here 1 is the identity matrix, the Lamé parameters can be obtained from Young’s
modulus, E, (Pa) of the material and Poisson’s ratio, v:

)\'._ E . E
T d+va-2y M

T 20 +v) @

The last two terms in Eq. 1 introduce Rayleigh damping. The damping ratio can be
expressed as

o Bw
=— 4 —. 5
fr=s-t (5)
Rayleigh damping combines a mass proportional term scaled by « and a stiffness pro-
portional term scaled by 8. By measuring two damping ratios, &1 and &>, at frequencies
f1 and f>, the corresponding Rayleigh damping factors can be computed using Eq. 6.

§&1fr—&N _&h-&h

=4 ’ T a (B
a =4 fifr 2-12 p 7 (f2-13)

Q)

For the input signal, a Ricker wavelet is used. This wavelet is described by Eq. 7. In
this equation w is the peak frequency in the spectrum of the wavelet. The pulse is
shifted by a time #4.

s(t) = A (1 0502 (1 — rd)z) exp (—0.25 W (t — rd)z) . %)

The input signal is applied on the left side of the domain and is normal to the surface.
The excitation in the vertical direction is zero. The output u; obs is measured at the
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corresponding edges by integration of the displacement of the surface in the normal
direction.

Ui obs i= / u-ndx. ®)
Fsi

For the solution of the equations, the finite element approach is chosen. Whereas
the finite difference approach is formulated on a grid with a fixed spacing, the finite
element approach is more flexible in the way the domain is discretized in cells. The
finite element uses the weak form of the differential equation. To obtain the weak form
of Eq. 1 the formula is multiplied by a test variable v and integrated over the domain.
The first and third terms are on the right of Eq. | are integrated by parts to reduce the
order of the differential equation. The resulting weak form can be formulated as Eq. 9.

/panu~dx+/o(u):8(v)dx
Q Q

:/ (a-n)ovds—i-/fw )
2193 Q

—oe/ ,oa,u-vdx—ﬂ/ d;o (u):e(w)-vdx. inQ x [0,T]
Q Q

2.2 Optimization problem

The goal of the inversion calculation is to find the position of the internal boundary,
I"erosion, that matches the position of the true geometry. In this way, the measurement
data on the true geometry will minimize the mean-square difference between the
measured response and the simulated response that results from the inversion.

Before optimization can take place, a measurement is acquired. In this paper a
synthetic measurement is prepared by solving the elastic wave equation in the true
geometry. The optimization is started using an initial guess of the geometry. To assess
whether the internal interface is moved in the right direction during optimization,
an objective functional, J, is defined, also known as the cost function. During opti-
mization, the goal is to minimize the cost function. In this case, a gradient-based
minimization is used. The gradient directs the current solution in the direction of a
solution with a lower cost. The gradient is calculated using the adjoint approach; the
derivation of the adjoint equations is automated by the Pyadjoint toolbox. Using the
gradient function, the mesh is displaced by solving an elastic equation in which the
gradient is applied as a force on the internal boundary. For minimization, the minimize
function from the Scipy toolbox is used (Virtanen et al. 2020). For the minimization
method, the extended Limited Memory Broyden-Fletcher-Goldfarb-Shannon algo-
rithm (L-BFGS-B) is chosen. The BFGS method approximates the inverse Hessian
matrix used in the optimization procedure instead of going through a full matrix
inversion (Byrd et al. 1995).

The cost function is calculated by squaring the distance between the calculated
response and the observed response as described by Eq. 10. As we have multiple
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observations, the distances at the N observation points are summed.

N T
J&m:ZAmﬂmpwmme (10)
i=0

The minimization of the objective functional is done by adapting the geometry of the
domain, 2. The minimization of the cost function is subject to the forward equation
given by Eq. 11.

n}isz (2,u),
subjectto F (2, u, t) =0, (11

where F (€2, u, t) is the residual form of Eq. 9 which is obtained by moving all terms
from the right side to the left of the equal sign.

2.3 The adjoint method

A convenient method to minimize a cost function subject to another equation is to
introduce the Lagrangian function (Delfour and Zolésio 2011). The Lagrangian func-
tion is constructed by summing the cost function with the constraint multiplied by the
Lagrangian variable, here indicated as A, as shown in Eq. 12.

L(Qu,x):=J(Q,u)+AF(Q,u,t). (12)

Leaving out the arguments of the functions for readability, the total derivative can be
written as in Eq 13.

G W (U 0
d2 u d2 02 1749 u d2 02 3)
_ aJ oF\ du JIF aJ a
—(5+ a_u)d_52+ FIORET]

The Lagrangian multiplier, A, can be freely chosen. Therefore, it is possible to choose
this multiplier as the solution to Eq 14.

oF* aJ
A= —— (14)
ou ou

The first term in Eq. 13 will vanish and the derivative of the Lagrangian can be obtained
by solving Eq 15.
dL (2, u, ) oF dJ
i b it Ritapunyy 4+ —

=12 (15)
dQ Q" 90
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Direct computation of the term du /d 2 is now avoided. This is an advantage because,
in a problem with many inputs, this term is costly to compute. Still, it is needed to
calculate the shape derivatives.

2.4 Calculating the shape derivative

The calculation of the adjoint equation and the shape derivative of the forward equation
are automated in Fenics using the adjoint toolbox (Dokken et al. 2020). The toolbox
is freely available and can be obtained from the website. In Firedrake, the adjoint
toolbox is already provided with the main project software (Ham et al. 2023). Note
that the user of the adjoint toolbox only needs to specify the cost function and the
forward equation, and the equations provided here are mainly to give insight on what
happens under the hood. The underlying mathematics is explained in detail in Ham
et al. (2019) and a short summary is given below.

Let J be a shape functional that depends on the shape of the domain 2. The shape
directional derivative of J at €2 in the direction V is defined as:

G () -G ()
SE—

dG(Q)[V] = sh{% (16)

Here, €, is the perturbed domain that is perturbed by the transformation P (x) =
x+sV(x), where V(x) is a vector field that determines the direction of the perturbation.

Frequently, finite element software makes use of a reference element. The finite
element basis functions are defined on the reference element and each cell is mapped by
a coordinate change on the reference element (Kirby 2018). In the Fenics framework
this is done by a package called FIAT (Finite Element Automatic Tabulator). This
package allows for automatic generation of the finite element functions. The domain is
partitioned into a finite element mesh. Here, elements are indicated by K;, where i is the
number of a specific element in the mesh. In addition, we define the mapping function,
Fi, which maps the reference cell to the cell i. This can be written as F,-(Ie ) = K;,
where K is the reference element.

Consider a function up, that depends on the shape of the domain as indicated by the
subscript. Its integral, G, over the perturbed domain will be evaluated in finite element
software as the sum of the integral over the perturbed elements. This can be expressed
as Eq. 17.

G (%) :/ up, dx = Z/ up, dx. (17)
Q P

=7 IRk

By a change of variables the integral over the perturbed elements can by changed into
an integral over the reference element where the effect of the perturbation is moved to
the integrand. In this way, the mesh does not have to be moved to compute the shape
derivative. Equation 17 can now be written as Eq. 18.

G (Q) = Z/K (up, o Py o F;) D (P5 0 Fy)| d, (18)

ieZ
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where D (P o F;) is the Jacobian matrix of the composition of Py and F; . By substitution
we can write P o Fi = F; + sV o F;. In addition, Ffl (x) is defined as the inverse of
function F; (x), the function can be written as Eq. 19.

G (Q) = Z/K (u(F;JrsVoFi)oFfl o(F; +sVo F,-)) |det (D (F; + sV o Fy))| dx.

i€l
19)
By defining the mapping 20.
i (T) = (uToF_fl ° T) \det (DT)| d%, (20)
Eq. 19 can be written concisely as Eq. 21.
G (Q) = Z/A g (Fi +5V o Fy) di. 1)
ez 'K
Using this mapping, the shape derivative can be written as Eq. 22.
dG () [V1=)_ | ds(gi (Fi + sV o Fp))d&. (22)

ieZ K

The argument in the integral of Eq. 22 can be interpreted as the Gateaux derivative
of g; at T = F; in the direction V o F;. The Unified Form Language (UFL) (Alns
etal. 2014), which is part of the Fenics package, supports the Gateaux derivatives with
respect to functions. The automatic derivation of the shape gradient avoids the tedious
and error prone process of following the shape calculus rules to derive the shape
gradient manually. The automated derivation of shape derivatives makes efficient use
of the formulation of finite elements and is detailed by Sturm (2015).

2.5 Mesh displacement and regularization

In the search for the proper position of the internal interface that optimizes the match
between the reference measurement and the calculated results, it will be necessary to
move the internal interface. If the interface is moved without moving the elements
that make up the finite element mesh, the internal interface will start to cross the
boundary of the elements. Therefore, a method is needed that preserves the quality of
the mesh after displacement of the mesh. The mesh deformation approach described
here is based on the method presented by Schulz and Siebenborn (2016). The mesh
deformation scheme presented in their paper is based on the equation of elasticity
formulated as Eq. 23.

Vo) = f in €,
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Fig.2 Normal vectors in the control points on the internal boundary. The dots in the background indicate
node positions of the mesh

f=s-n on [y,

u = (0, 0) on ront, Tbottom,

uy =0 on Itop,

uy = 0 on [Myack- (23)

The domain is deformed by a force f applied to the internal boundary. The force on
the internal boundary is limited to the normal direction of the internal boundary. The
amount of force applied at each point on the boundary is determined by the control
variable s. In Fig. 2, the normal vector on the internal boundary is indicated by arrows.
The normal vector in each node on the internal boundary is computed by averaging
the normal vector of the two collocated edges. The normal directions in the nodes
at the start and end of the curve are set parallel to the outer edge to which they are
connected.

The front surface and bottom surface are not allowed to move, and therefore the
displacements are set to zero. However, at the top, the internal interface needs to be
moved back and forth, and the movement in the y direction is fixed so that the outer
edge does not move outward. At the back of the domain the internal interface will
need to be able to move up and down, the movement in the x-direction is fixed.

Inverse problems tend to be ill-posed in the sense of Bleyer and Leitdo (2015).
Often, there is no unique solution to the problem, in addition the solution may me
be sensitive to small changes made in the input data. To alleviate the ill-posedness,
regularization is needed. Often, a term is added to the cost function that penalizes
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Fig.3 Mesh after a large deformation of the domain

solutions with sharp bends or other undesired features. In the solution proposed here,
the interface is not directly displaced, but a force is used. Quick changes in the force on
the nodes of the internal boundary will be smoothened by the elasticity of the mesh like
arubber band does. This provides a way to regularize the solution. In Eq. 23 the stress
tensor is expressed as in Eq. 3. For the cases in this paper, X is set to zero throughout
the domain. Setting A to zero simplifies the deformation equation to 2ue (u) = f.
This will result in a diagonal compliance matrix, and a stress in the y-direction will
not cause a deformation in the x-direction. The second Lamé variable, u, is set to
a non-zero value depending on the amount of flexibility desired. The mesh should
stretch like a homogeneous material; therefore, u is set to 1 throughout the domain.
The cells that touch the interface can be set to a higher value in order to control the
flexibility of the interface. The higher the value of i becomes, the stiffer the interface.
The result for a large mesh deformation is shown in Fig.3 the value of u was set to
400. The starting point of the deformation was the geometry of Fig. 2.

2.6 Implementation

There are many software packages available that implement the finite element
approach. Here, the synthetic measurements were computed using Elmer FEM (Mali-
nen and Raback 2013). The Fenics framework was chosen for the inverse computation.
The code uses version 2019.2.0 of the fenics-ffc package. The Fenics framework is
open source and uses the Unified Form Language to implement the differential equa-
tions. This language allows the user to remain close to the mathematical formulation of
the problem. The Fenics project itself is no longer actively developed, but there are two
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spin-offs of the code named FenicsX and Firedrake. The Fenics framework supports a
wide range of cell elements and also supports parallelization of the computation. The
developed code has also been ported and tested on the Firedrake framework. In this
way, the code can benefit from the new features (Rathgeber et al. 2014).

The Fenics framework was extended by the dolfin-adjoint toolbox (version
2019.1.2). The dolfin-adjoint toolbox is used to derive the adjoint equations that are
used to solve the inverse problem. The meshes were generated using Gmsh (version
4.11.1) (Geuzaine and Remacle 2009). A triangular mesh with first-order elements is
used. The Gmsh mesh is converted using a Python script to the XDMF file format that
can be read by the Fenics mesh object.

The adjoint toolbox keeps track of each mathematical operation that is executed
during the setup of the problem by listing them on the so-called ‘tape’. The tape is
started by importing the dolfin adjoint package after the dolfin package is imported.
The adjoint package overloads the operators of the dolfin package, and the overloaded
operators are provided with a function to evaluate their adjoint operation.

To setup the problem, the mesh that contains the geometry of the initial guess is
loaded. Next, we declare a control variable s. The mesh deformation is then executed
by solving Eq. 20 with s as the input variable. In the first iteration, the control variable
may still be zero, and no actual deformation will occur. However, the deformation
function is executed to add the operations to the tape. After deformation of the mesh,
the forward elastic wave, Eq. 9, is solved and thereby annotated. After each time step
in which Eq. 9 is solved, a term is added to the cost function (Eq. 12).

The code needs to know which function to minimize; this is done by defining
a reduced cost function. The reduced function can be thought of as the composed
function J (s) = J o F o D (s). in which J is the cost function, F the forward
function and D is the deformation equation. The solver will try to reduce this cost
function by controlling the variable s using the L-BFGS-B algorithm.

The automated derivation capability of Fenics in combination with the Fenics
adjoint toolbox takes care of the automated derivation of the operations annotated on
the tape. The derivations are done using symbolic algebra, instead of first discretizing
the equations and using the transpose of the assembled system matrices.

The forward equation is solved starting at time zero and up to a given end time,
T. The initial boundary conditions for the adjoint equation are defined at time step T
and depend on the solution of the forward equation at time T. Therefore, the adjoint
equation needs to be solved backward in time. The adjoint toolbox includes an efficient
checkpointing scheme to keep track of the intermediate solutions while keeping the
memory usage manageable.

3 Numerical experiments

To demonstrate the capabilities of the outlined approach, two cases are considered;
the first case is a sloped erosion profile, and the second case has an erosion profile in
the shape of an elephant’s foot. The goal is to estimate the distance from the erosion
boundary to the front surface, while a good fit for the bottom is less critical. Both cases
consist of two connected domains. For the first domain, a brick-like material is chosen
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Fig.4 Ricker wavelet used for excitation. Left: Time domain, Right: Frequency domain

with a density of 2950 kg/m>, a Young’s modulus of 11.6 GPa and a Poisson ratio
of 0.1. For the second domain, a material is chosen with a density of 7000 kg / m3, a
Young modulus of 203 GPa, and a Poisson ratio of 0.3. The material properties are
chosen to represent the so-called skull layer, as is present in a blast furnace. The skull
is a layer of frozen metal and slag and presents a sound-hard material. The primary
wave speed in the brick material is 2005 m/s and for the second domain 6250 m/s. The
damping parameters are calculated to obtain a damping factor of 1 at 1 kHz and 5 kHz
in this region.

For the excitation pulse, a Ricker wavelet is used with a central frequency of 2 kHz,
at a frequency of 5 kHz, the amplitude is about 30x smaller than the peak amplitude of
the spectrum. This frequency range is found when in practice a furnace shell is impacted
by a standard size hammer. In Fig. 4, the wavelet time domain representation is shown
on the left side of the figure, and the frequency domain representation is shown on the
right side. The short pulse excites a broad spectrum around 2 kHz. The duration of the
pulse can be shortened by choosing a lighter hammer, and the spectrum will move to
higher frequencies. Trials in a blast furnace show that frequencies beyond 10 kHz are
strongly dampened and cannot be used.

To ensure numerical stability of the solution, the size of the time step and the
length of the edges of the cells are chosen to meet the Courant-Friedrichs-Levy (CFL)
condition (Courant et al. 1967). This condition is given as

C Ax Ax

—MxE“‘“yE < Crnaxs (24)
where u, and u are the propagation velocities in the horizontal and vertical directions,
Ax is the edge length, and Af the time step. For explicit time-stepping schemes Cpax
is set to 1, for explicit time-stepping schemes a larger value may be tolerated. In our
case a simple implicit time-stepping scheme is used for the discretization of the time
derivative. However, the mesh is stretched during the solution of the problem. An
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additional margin is necessary to make sure that the stretched edges remain within the
required length required by the CFL condition.

The wavelength in the first domain is then about 0.4 m, in this domain the mesh
size is chosen to be 0.05 m. Here, we have about 8 samples per wavelength in the
slow region. A time step of 10 us was used. This amounts to a total time of 50 ms.
The pulse is delayed for 500 us to accommodate the leading part of the pulse. The
pulse can travel about 20 times back and forth to the original interface. In practice, the
number of samples that work best for the problem will need to be found. Choosing
a longer pulse length is not necessarily better, as the signal-to-noise ratio may drop
rapidly. Lowering the number of samples will, of course, speed up the calculations,
but at least one round trip of the signal from the internal boundary is necessary. For
each case, the number of samples was reduced to 200 to assess the effect of using less
samples.

First, the number of sources is increased until a good fit is found between the
inverted result and the true geometry.

In the paper of (Colton and Kress 1998) it is remarked that to avoid an ’inverse
crime’ it is crucial that the synthetic data are obtained with a forward solver that has
no connection to the inverse solver. To avoid this inverse crime, the first step is to use
Elmer FEM (Malinen and Raback 2013) to compute the synthetic measurement data.
In addition, the mesh used for the synthetic measurement has a different number of
degrees of freedom than the mesh used to solve the inverse problem.

To check whether the solution is stable under disturbances, roughness is added
to the true position of the interface. In addition, noise is imposed on the synthetic
measurement signals. As a result, it is not desirable to find a perfect fit to the input
data, as in this case the model will overfit the reference data by trying to match the
noise.

3.1 Case 1: A sloped erosion profile

At first, a sloped erosion profile is considered. The initial shape of the wall had a
wall and bottom thickness of 80cm, the corner is rounded with a radius of 6 cm. For
practical reasons, it is desirable to have a low number of transducers. Therefore, in the
first experiment the number of sources is increased until good results are achieved.
Figure 5 shows the result for a number of five, six and seven sources spread over the
front surface. When five sources are used they are positioned at a height of 0.3 m, 0.9
m, 1.5m, 2.1 mand 2.7 m. The sources are visible as the thick stripes on the left side of
the domain. In the case of six sources they are placed at 0.25 m, 0.75 m, 1.25 m, 1.75
m, 2.25 and 2.75 m. To prevent overlapping of the source indicators for the different
source numbers the source heights are indicated by the stripes on the black line next
to the left side of the domain.In the case of using seven sources the sources are placed
at approximately 0.214 m, 0.643 m, 1.071 m, 1.5 m, 1.929 m, 2.357 m and 2.786 m.
The source height are shown by the thick stripes on the first line next to the left of
the domain. The left side of Fig.5 shows the initial position of the internal boundary
with a dashed line. The true geometry is shown with the two different colored regions.
The line showing the solution for five sources is marked with squares. For each point
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Fig.5 Left: Geometry and solutions for the inversion for using five (square markers), six (circle markers)
and seven (triangle markers) transducers, the initial guess for the internal interface is indicated by the striped
line, the true geometry is indicated by the regions with different background color. The striped line indicates
the initial guess for the position of the erosion boundary. On the left axis the sources positions of the six
source case are shown, and left of the axis the source positions for the six and seven source cases are shown.
Right: convergence plot for using five, six and seven sources

on the true interface, the distance in the normal direction to the predicted interface is
calculated. This measure may not be defined on the ends of the curve as no cut point
maybe found with the estimated interface. As the geometry can only be accessed from
the front it can be expected that error in the vertical part of the curve (y > 0.8 m) will be
smaller than the bottom part of the curve (y < 0.8 m). Therefore, they are considered
separately. For the solution using five sources the distance between the true solution is
64 cm, and at the bottom the distance is up to 30 cm. For the solution using six sources
(circle markers) the solution is much closer to the true position of the interface on the
vertical part (y > 0.8 m) of the curve the maximum deviation of the solution is 0.8 cm
and on the bottom (y < 0.8) the maximum distance is 1.9 cm. Using seven sources
(triangular markers), the situation is only slightly improved. The maximum distance
is 1.0 cm on the vertical part and 1.4 cm on the bottom part. As the solution with six
sources is acceptable, the following experiments are performed using six sources.

On the right side of Fig. 5 the evolution of the cost of the solution is plotted against
the iteration number. The minimization will stop if the gradient norm is lower than
1 - 1073, The initial cost using five sources (line with squares) is the smallest as we
only integrate the error over five sources; however, the convergence takes longer and
end costs are highest. For the six sources (line with crosses) the cost does not decrease
after about 45 iterations, and for seven sources (line with triangles) the costs do not
decrease much after 65 iterations.

The mesh used for the initial guess consists of 4695 nodes and contains 9140
triangles. The calculations were done using a simple single core cloud computer and
the forward computation takes 48 s and one inversion iteration takes around 150s. As
the sources are pulsed at the same time, the computation time does not depend on the
number of sources.
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Fig.6 Left: Solutions for the inversion while using Fenics for the computation of the synthetic measurement
data, the thick sections on the fronts surface indicate the transducer positions (square markers), and for using
Elmer FEM to calculate the measurement data (circle markers). The striped line indicates the initial guess
for the position of the erosion boundary. Right: Corresponding convergence plots

The experiments are continued using six sources. In the following steps Elmer
FEM has been used to calculate the synthetic measurement data. In Fig. 6 the results
are shown, the results for using Fenics to compute the synthetic measurements are
repeated here for ease of comparison (square markers). The line marked with circles
shows the results for using Elmer for computing the synthetic measurement data. The
maximum deviation in the vertical part is 13.5 mm and at the bottom 40.3 mm. This
is still quite good. On the right side of Fig. 6 the costs of using Elmer to compute the
synthetic data are clearly higher.

For this example, the signals of the six transducers are shown in Fig. 7, the reference
signals or the ground truth are marked with a plus marker, the return signals at the
start of the inversion are marked with dots and the signals at the end of the inversion
are marked with crosses. The order of the plots corresponds to the height of the
corresponding transducer, so the top plot shows the signals of the highest transducer.
The reference signals disappear behind the end signals, which ensures that a good
match was found. The signals at the start of the inversion overlap for the first 100 ms
where the input pulse is applied.

To extend the previous case, the roughness is added to the position of the nodes on
the internal boundary. The nodes on the curve are shifted in the normal direction of
the curve, for the shift a random value was taken from a uniform distribution between
—0.1 and 0.1 after which a 2-point moving average is taken to slightly smooth the
data. In addition to the roughening of the internal edge in a second computation,
noise was imposed on the synthetic measurements. The noise was sampled from a
normal distribution with zero mean, and the standard deviation was chosen to be 10%
of the maximum pulse amplitude. The results are shown in Fig. 8, the line marked
with squares is the result when the roughened internal boundary is used, for the line
marked with circles, noise is added to the synthetic measurement data in addition to
the roughened interface. On the right side of this figure the corresponding convergence
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Fig.7 The time signal for the transducers from top to bottom,. The ’ground truth’ or reference signals are
indicated by plus markers, the response signals at the start of the inversion are marked with a dot and the
signals at the end of the inversion are marked by a cross

plots are shown. Although the situation with noise takes longer to converge, the final
costs are nearly the same 3.9 - 10° versus 4.1 - 10°. If the distance to the initial smooth
interface is calculated, then the distance is 4.2 cm in the vertical part and 4.3 cm in the
bottom part with only the rough interface. For the case where noise is applied this is
4.6 cm for the vertical part and 3.5 cm at the bottom. If we compare the true interface
with the roughened true interface, we find a maximum distance of 4.5 cm and 4.5 in
the bottom part.

If the amount of samples used for the inversion can be reduced, this will save
computation time. In the following experiment, the amount of samples is reduced
from 500 to 200 in steps of 100 samples. The results are shown in Fig. 9. The line with
the small dots gives the original result for 500 steps, the crossed line shows the result
for 400 steps, the line with plus markers the result for 300 steps, and the line with big
dots shows the result for 200 steps. Both roughness and noise are still applied. For
the solution using 400 time steps, the maximum distance to the true interface is 4.1
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Fig. 8 Left: Inverse calculation where roughness is added to the geometry (square markers) and where in
addition noise is added to the synthetic measurement (circle markers). The striped line indicates the initial
guess for the position of the erosion boundary. Right: Corresponding convergence plots
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Fig.9 Solutions for the inversion reducing the number of time steps. Starting from 500 steps (square mark-
ers), 400 steps (circle markers), 300 steps (triangle markers) and 200 steps (diamond markers). The striped
line indicates the initial guess for the position of the erosion boundary. Right: Corresponding convergence
plots

cm in the vertical part and 16.2 cm at the bottom. For the solution using 300 steps the
maximum distance is 3.6 cm in the vertical part and 7.7 cm in the bottom part. For
solutions using 200 time steps, the maximum distance is 4.6 cm in the vertical part
and 30.9 cm at the bottom.

In comparison to the conventional impact-echo method, the spectrum is calculated
for each transducer position. A Hann window was applied and the signal was zero
padded to an amount of 4096 samples to produce a smooth spectrum as shown in 10.

The interpretation of the spectra normally relies on an expert who selects the so-
called ’dominant’ frequency. Here, the peak was selected to obtain the best results,
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Fig. 10 Spectra calculated from the return signal at each transducer. From top to bottom the figures cor-
respond to the six transducers placed at 2.75, 2.25, 1.75, 1.25, 0.75 and 0.25 m. The asterisk indicates the
chosen ’dominant’ frequency

whereas in practice the true geometry is not known. However, for the top-most spec-
trum, it is not clear why the second peak in the spectrum should be chosen instead
of the first peak. Similarly, for the bottom spectrum one could also have a third peak.
This demonstrates the weakness of the one-dimensional interpretation.

At the lowest transducer this selection becomes subjective and this also shows the
weak point of this method. The selected frequencies are 1025 Hz, 854 Hz, 732 Hz,
708 Hz, 561 Hz, and 439 Hz. Notice that there is only a single refractory domain,
and the dark region represents the skull which acts as a reflector with high acoustic
impedance. In this case, the conversion from frequency to thickness can be done using
a simple formulat = :—JQ (Sansalone and Streett 1997, p.146), where ¢ is the estimated
thickness in meters, v, is the sound speed in the refractory in meters per second and
f is the dominant frequency in Hertz. Given the sound speed in the refractory as
2005 m/s. The estimated thickness rounded to three decimals becomes 0.489 m, 0.587
m, 0.685 m, 0.708 m, 0.893 m and 1.141 m. The head of the impactor is normally in the
order of centimeters, while the wavelength is in the order of meters. This means that
the point of impact will behave as an omnidirectional source. However, it is common
to interpret the signal as if the solution is on the line normal to the point of impact.
In Fig. 11 the results are plotted, and the crosses show the position of the estimated
position of the wear line at the height of each transducer. The distance to the true wear
line is, respectively, 1.53 cm, 1.52 cm, 1.20 cm, 6.91 cm, 7.25 cm and 44.8 cm. When
the expert would have chosen the first peak at 805 Hz, the estimated depth would be
0.622 m, and the distance to the truth is in this case 11.9 cm.
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Fig. 11 Outcome of the
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Fig. 12 Left: Solutions for the inversion for using five (square markers), six (circle markers) and seven
(triangle markers) transducers. The striped line indicates the initial guess for the position of the erosion
boundary. On the left axis the sources positions of the five sources case is shown, and to the left of the axis
the source positions for the six and seven source cases are shown. Right: Convergence plot for using five,
six and seven sources

3.2 Case 2: Elephant’s foot

A common erosion profile observed in blast furnaces is called the elephant’s foot. In
this case, the erosion created progressed faster in the lower part of the vertical wall.
This geometry is shown in Fig. 12. The starting geometry is the same as in Case 1 and
is indicated by the dashed line. When five sources are used, they are positioned at a
height of 0.3 m, 0.9 m, 1.5 m, 2.1 m and 2.7 m. The sources are visible as thick stripes
on the left side of the domain. In the case of six sources they are placed at 0.25 m, 0.75
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Fig. 13 Left: Solutions for the inversion using Fenics for the forward calculation (square markers) and for
using Elmer FEM in the forward calculation (circle markers). The striped line indicates the initial guess for
the position of the erosion boundary. Right: Corresponding convergence plots

m, 1.25 m, 1.75 m, 2.25 and 2.75 m. To avoid overlapping of the source indicators for
the different source numbers, the source heights are indicated by the green stripes on
the black line next to the left side of the domain. In the case of using seven sources
the sources are placed at approximately 0.214 m, 0.643 m, 1.071 m, 1.5 m, 1.929 m,
2.357 m and 2.786 m. The source heights are shown by the thick stripes on the first
line next to the left of the left side of the domain. Again, the first experiment is to
find the minimum number of transducers that produce an acceptable result. The result
using five sources (line with square markers), the maximum distance of the solution
to the true interface is 10 cm for the vertical wall (y >0.8 m) and 74 cm at the bottom
(y < 0.8m). Using six sources (line with circle markers) the maximum distance is 1.3
cm in the vertical wall and 5.0 cm at the bottom. For seven sources (line with triangle
markers) the maximum distance is 1.1 cm in vertical section and 2.0 cm in the bottom
part. For the following experiments, six sources have been used.

The calculation time is similar to the previous case and is about 50 s for the forward
computation, while an inversion step takes about 150s.

The calculation for the six sources is repeated, but now using Elmer FEM to calculate
the synthetic measurement data. In Fig. 13 the result of the calculation is shown. The
initial estimate is shown by the striped line. The result for using Fenics in the forward
computation is repeated and shown as the line marked with squares, and the result
using Elmer FEM is shown as the line marked with circles. On the right side of Fig. 13
it is found that the convergence is not much different in both cases, the final costs for
the Elmer FEM are slightly higher. The maximum distance to the true solution is 1.1
cm in the vertical part and 10.1 cm in the bottom part.

The signals of the six transducers are shown in Fig. 14, the reference signals or
the ground truth are marked with a plus marker, the return signals at the start of the
inversion are marked with dots and the signals at the end of the inversion are marked
with crosses. The reference signals coincide with the signals at the end of the inversion
as desired.
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Fig. 14 The time signal for the transducers from top to bottom,. The ’ground truth’ or reference signal is
indicated by plus markers, the response signals at the start of the inversion are marked with a dot and the
signals at the end of the inversion are marked by a cross

To investigate the stability of solution again, roughness is added to the interface,
and in addition an experiment is performed using both a roughened interface and
noise imposed on the synthetic measurement data. The results are shown in Fig. 15.
In this figure, the result for the roughened interface is shown with the line marked
with squares. The maximum distance to the true interface without roughness is 2.5
cm in the vertical part and 3.5 cm at the bottom. The results for both rough interface
and noise in the reference data are shown by the circles marked lines. The maximum
distance to the true interface is 2.8 cm in the vertical part and 12.2 cm in the bottom
part.

On the right side of Fig. 15 the convergence is shown for both cases, again the
roughened interface with the dotted line and with additional noise on the reference
data with the line with crosses. Adding noise brings the final cost to a much higher
value.
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Fig. 15 Left: Solutions for the inversion where roughness is added to the interface (square markers) and
where additionally noise is imposed on the signal, Right: The corresponding convergence plots
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Fig. 16 Right: Solutions for the inversion for using a decreasing amount of time steps starting at 500
(squares), down to 400 steps (circles), 300 steps (triangles) and 200 steps (diamonds). The striped line
indicates the initial guess for the position of the erosion boundary. Left: Corresponding convergence plots

In the last experiment, the amount of time samples is reduced from the initial 500
samples (line with square markers) down to 200 in steps of 100 samples. The results
of this experiment are shown in Fig. 16. For 400 samples (line with circle markers) the
maximum distance is 3.2 cm in the vertical part and 32.3 cm at the bottom, for 300
samples (line with triangle markers) the maximum distance is 3.1 cm in the vertical part
and 9.9 cm at the bottom, for 200 samples (line with diamond markers) the maximum
distance is 3.3 cm in the vertical part and 26.6 cm for the bottom part.

In comparison to the conventional impact-echo method, the spectrum is calculated
for each transducer position. Hann windows were applied and the signals were zero
padded to a number of 4096 samples to produce a smooth spectrum as shown in
Fig. 17. The spectrum of the transducers is plotted from top to bottom. The uppermost
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Fig. 17 Spectra calculated from the return signal at each transducer. From top to bottom the figures cor-
respond to the six transducers placed at 2.75, 2.25, 1.75, 1.25, 0.75 and 0.25 m. The asterisk indicates the

chosen ’dominant’ frequency

Fig. 18 Outcome of the
conventional impact-echo
interpretation. The estimated
depth is indicated by a cross at
each transducer
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spectrum corresponds to the spectrum of the signal of the transducer at 2.75 m height,
etc. The dominant frequency is indicated by an asterisk and is the frequency that
produces the result closest to the true position of the wear line. As indicated above, the
method in practice will depend on the expert who interprets the results. Without prior
information, it would be unlikely that the expert would have chosen the peak at the
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indicated position. This makes a good comparison between the approaches difficult
as the one-dimensional approach is not scientific, but is subjective as it relies on an
expert to chose the dominant frequencies.

The selected frequencies are 732 Hz, 756 Hz, 1025 Hz, 1074 Hz, 781 Hz, and
732 Hz. Given the sound speed in the refractory as 2005 m/s. The estimated thickness
rounded to three decimals becomes 0.684 m, 0.662 m, 0.489 m, 0.467 m, 0.642 m and
0.685 m. The distance to the true solution is 1.53 cm, 1.52 cm, 1.20 cm, 6.91 cm, 7.25
cm, and 44.8 cm. The results are plotted in Fig. 18. The estimated distances at each
transducer are marked by a cross.

4 Discussion of results

In the two cases discussed in the paper, two different erosion profiles are discussed
which occur often in practice. Other geometries may be investigated by adapting the
Gmsh input files. If other materials are used in practice, this can easily be changed
in the code. As an initial guess, the uneroded refractory state was used. Ill-posedness
of the problem will not allow one to choose the initial solution too far away from
the true position of the internal interface. In practice, one has additional means to
monitor how far the erosion has progressed, e.g. in a blast furnace the common means
to monitor refractory thickness is by measuring the refractory temperature at fixed
locations around the furnace. Therefore, in practice, one may have a reasonable idea
of how far the erosion has progressed. The cases shown in this work show that the
algorithm works in the case where erosion has progressed a fair amount.

Using the adjoint approach, each iteration takes about 150s. In the test cases, the
interface of the initial guess was discretized by 90 nodes. One forward computation
would take 50s. Therefore, computing the gradient brute force by displacing the nodes
individually would take about 4500 s. Of course, this may be relieved when the internal
boundary is parameterized by a curve with a limited number of nodes, but using
four nodes would already take 200s to compute. It can be argued that in the brute-
force approach it is easier to optimize the calculation as one does not need to care of
the compatibility with the computation of the adjoint. However, optimization of the
calculation speed was not a goal of this work. By using Uniform Form Languague it
is relatively easy to extend the code to three dimensions. However, in this case, much
more resources will be necessary. The Fenics framework supports parallel computation
with minimal changes to the code. Erosion is usually a slow process, and the duration
of the blast furnace hearth campaign is expressed in years. It therefore seems feasible
to extend the presented approach to a three-dimensional setting, but optimization of
the code is necessary.

An alternative approach to solving the inverse problem is by using a level-set
function. However, the moving mesh method has the advantage that projecting the
level-set function on the domain is not necessary. In addition, using a level set approach
also requires one to keep the level set function in good condition, it needs to be steep
enough at the interface, but not too steep. More detailed analysis of the performance
of both approaches would require additional research.
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The interpretation of impact-echo results using a one-dimensional approach
requires the selection of a ’dominant’ frequency. In the literature, no clear proce-
dure for the selection of this dominant frequency is found; the selection of the peak
usually relies on the experience of an expert. On real furnaces, the selection of a ’dom-
inant’ frequency is certainly not a straightforward process, as the measured spectra
contain a multitude of peaks in the frequency range of interest. In the relatively simple
cases in the paper, it is already unclear which peak to select for the optimal result. The
two-dimensional approach in this paper uses all the information in the return echo and
does not require the selection of a ’dominant’ frequency, which is considered to be a
clear advantage.

In a blast furnace, the refractory is composed of several different materials, and the
effect of this will be studied in further work, as well as inversion of measurement data
on a real furnace.

5 Conclusion

A code was developed for the 2D inversion of impact-echo measurements. A two-
dimensional full-wave inversion is performed on the synthetic test data of two different
test cases. The code implements the time-transient elastic wave equation, including
Rayleigh damping. The cost function gradient is computed using the adjoint method,
which allows us to compute the gradient field without having to recompute the forward
equation for each point on the interface. To do this, the dolfin-adjoint toolbox is used.
This toolbox uses an automatic derivation of the adjoint equation from the forward
equation. The mesh is deformed by solving an elastic equation and the computed
gradient is applied as a force on the boundary. Using a stress to deform the boundary
instead of a direct displacement will smooth out the displaced curve even if the gradient
is not smooth. No additional regularization term was needed in the cost function that
penalizes irregular solutions.

For the test cases good results were found, and the distance between the true and
estimated interface in the area of interest is smaller than 5 cm when 6 or 7 transducers
are used. If roughness is added to the interface that is smaller than the wavelength, the
algorithm will find a good match, which is a smoothed version of the true interface
and the maximum distance between the true and calculated solution remains within
5cm in the vertical section of the interface. Even with a fair amount of noise applied
(S/N < 3 dB) the algorithm reconstructed boundary is within 5 cm on the vertical part.
In the bottom part, the error can be above 5cm, but a larger error can be accepted
here. This shows that the algorithm can be applied in cases where a 1D approach is
currently used to assess the erosion state of the refractory. Using the 2D approach, no
peak selection needs to be performed based on the experience of an expert, eliminating
the risk of selecting the wrong peak for inversion.
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