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Voorwoord 

Bij ieder werkstuk dat is afgerond zijn meerdere mensen betrokken geweest. Dat geldt ook 

voor deze studie. De aard van de betrokkenheid liep nogal uiteen en varieerde van 

bijvoorbeeld het aanleveren van papier tot het deelnemen aan een inhoudelijke discussie. 

Degenen die in welke vorm ook een bijdrage aan het tot stand komen van dit werk hebben 

geleverd ben ik zeer veel dank verschuldigd. Het lijkt mij niet verstandig te proberen om een 

uitputtende lijst op te stellen van degenen die ik zou willen bedanken. Ik ben er zeker van dat 

ik dan ongewild tekort schiet. Op deze plaats wil ik slechts enkelen bedanken en met hen 

uiteraard de niet met name genoemden. 

In de eerste plaats wil ik de samenwerking noemen met de natuurkundigen laques Klaasse, 

Marlies Nieberg en Onne van Buuren. Ik denk nog steeds terug aan de gezonde, kritisch 

constructieve manier van werken waardoor deze samenwerking zich kenmerkte. Het zintuig 

van een fysicus om tegen wiskundige krenten in de pap 'ja,... natuurlijk' te zeggen heeft mij 

gestimuleerd. Een deel van de ideeënwereld uit die tijd is terug te vinden in dit werk. 

Het zal niemand verbazen dat er in de wereld van de muziekwetenschap belangstelling 

bestaat voor het menselijk auditief systeem. Met plezier denk ik terug aan de tijd dat de 

musicologen René van Egmond en Bas Franck binnen het kader van hun studie aandacht 

hebben besteed aan toepassingen van modellen van het oor. 

Ik wil graag Ton Wempe bedanken voor zijn bereidheid om met een schier onuitputtelijk 

geduld problemen met electronica en personal computers te verhelpen. Zonder deze vorm van 

logistiek zou menig onderzoek tot mislukken zijn gedoemd. 

Met het schrijven van een proefschrift is tijd gemoeid. Soms gaat dit ten koste van tijd die 

aan andere reguliere werkzaamheden moet worden besteed. De manier waarop Boukje van 

den Ende deze tekortkoming opving binnen haar taak ten behoeve van de medezeggenschap 

in de faculteit, is bewonderenswaardig. Mijn dank en waardering hiervoor zijn groot. 

Ned McGowan wil ik bedanken voor zijn commentaar op de tekst van dit werk. De 

ongerechtigheden die wellicht nog in de tekst aanwezig zijn, zijn uiteraard voor mijn 

verantwoordelijkheid. 

Een bijzonder woord van dank wil ik richten tot mijn copromotor Egbert de Boer. In de tijd 

dat ik het genoegen heb gehad om mede naar aanleiding van zijn inzichten en commentaar 

aan dit onderwerp te werken, ben ik tot de overtuiging gekomen dat als de cochlea nog niet 

zou bestaan, het de schepper zou sieren hem onmiddellijk de opdracht te geven deze te 

ontwerpen. De heb door de vele inhoudelijk hoogstaande discussies mogen profiteren van zijn 

kennis en ben hem daar zeer erkentelijk voor. 

Het geduld en de begeleiding van mijn promotor Louis Pols heb ik zeer op prijs gesteld. In 

een multidisciplinair onderzoeksgebied als het spraakonderzoek lijken benaderingen vanuit 

verschillende disciplines ver van elkaar af te liggen en soms zelfs te divergeren. Het is 

spraakmakend om te constateren dat zulke processen ook kunnen leiden tot de convergentie 

van opvattingen en gezichtspunten. 

Jan van Dijk 
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0. Preliminary remarks 

It is hard to believe that there are people who are not interested at all in sound or in specific 
aspects of sound. Although topics of interest can differ strongly from person to person, it often 
happens that there are points of common interest. These points mostly concern a special issue 
or a common ability, such as the ability to speak or to hear. 

In consequence of these last two abilities, the majority of all human beings can talk with 
each other. This offers the opportunity to communicate with congeners. 

When studying properties of both processes, we must be aware that the verbal way of 
communication is not the only one. There are also other manners to express a message in an 
efficient but quite different way. For instance, a language based on elements such as feeling, 
smiling and smelling, or on looking and laughing is often so effective that one might doubt the 
necessity of speech. 

There are also circumstances in which a person wants to express emotions through 
sounding signals. Crying and laughing, the humming of a song or performing music are often 
appropriate means to fulfil this longing. For other people, these ways of expressing are 
clamorous. It might be that they long for a period of serene silence. 

In the world of sound, the place of speech is rather dominating. Perhaps the possibility to 
comprise a message in speech in a flexible and efficient way considerably contributes to this. 
Nevertheless, it often happens that a listener is not interested in the contents of the message. 
The only fact that the message sounds is important for him. This remarkable effect can lead to 
unbelievable situations. For instance, imagine that in a church the intelligibility of speech is 
almost completely absent. In spite of this shortcoming, the congregation only listens to the 
sound of the message of the clergy. Clearly, the content is of lesser importance. It is sufficient 
that making sound as a part of the show must go on without any hitch. 

A similar effect can be met when a pop artist enters the stage. The star comes down the 
stairs, starts the song, and the state of feeling of the audience runs extremely high. The act of 
producing sound as a part of the show again dominates the contents of the message. When, in 
addition to this, the loudness increases, it can be sometimes fit to awake the dead. This leads 
to a peculiar property of sound, which is the sound can exert an almost magical influence even 
beyond commonly accepted levels. 

Neither the serene silence, nor magical properties of sound, however, are the topics in this 
work. Those subjects belong to a hermetic philosophical world rather than to a meaningful 
scientific subject worthy of investigation. 

Even the relation between speech intelligibility and the importance of the contents of the 
clergy's message is completely beyond the scope of the present investigations. Such topics 
could better be a part of a modern course for theologists to solve pitfalls and to remove 
classical mantraps in their working field. 

We will restrict ourselves to normal circumstances in which speech can be perceived in the 
usual way and in which the ability of hearing can be used without any risk of hearing damage. 
In those circumstances speech and hearing are closely connected with each other, so much so 



that as a result of this the expression 'on hearsay evidence' has found a specific place in the 

exchange of information between people. 

This close connection between speech and hearing can be made plausible from a limited 

point of view. Let us imagine that nobody is in the vicinity of a speaker. The speaker, though, 

is still able to play the role of a listener. So, by virtue of our capability of hearing, there is 

always at least one listener to the message of a speaker. 

For some human beings this situation is quite normal, even in the presence of others. These 

people like to hear the sound of their own voice or to listen to their own words. Apart from an 

opinion on these peculiar cases, this underlines again the close connection between speech and 

hearing from a different point of view. 

An outline of the traditional roles filled by a speaker and a listener always shows the same 

image. The speaker stands for the source of speech. The listener has both to receive and to 

perceive the speech signal as well as to understand the message. When the listener has 

accomplished this task more or less successfully, he arrives at a situation in which he can react 

on the contents of the message. The listener speaks whereas the speaker listens. The role of 

source and receiver has been changed. The start of a dialogue has taken place. This situation is 

most clearly illustrated by the following example from the rich history on articulatory 

phonetics. 

Maître de philosophie: 

Monsieur Jourdan: 

I l y a cinq voyelles ou voix : A, E, I, O, U. 

J'entends tout cela. 

Maître de philosophie: 

Monsieur Jourdan: 

La voix A se forme en ouvrant fort la bouche : A. 

A, A. Oui. 

Maître de philosophie: La voix E se forme en rapprochant la mâchoire d'en bas de celle 

d'en haut : A, E. 

Monsieur Jourdan: A, E, A, E. Ma foi ! Oui. Ah ! que cela est beau 

Maître de philosophie: Et la voix I en rapprochant encore davantage les mâchoires l'une 

de l'autre, en écartant les deux coins de la bouche vers les 

oreilles : A, E, I. 

Monsieur Jourdan: A, E, I, I, I, I. Cela est vrai. Vive la science 



Poquelin (1670) expresses his appreciation about scientific ideas of his contemporary 

Cordemoy (1667). The way in which he does this is typical for him. He prefers the dialogue. 

The professor speaks. His speech is substance. The student listens and inhales the words of 

wisdom. And once the message has cleared up his mind, a bound between the master and his 

disciple expands. Vive la science! 

The example shows that speech as the carrier of a message often functions as an important 

element in what is called a communication 'chain'. In the present example the listener, the 

interpreter, reacts on the wise words of 'le maître'. On his turn and depending on the quality 

of the reaction of his pupil, the professor extends his message and when necessary adapts his 

way of teaching. The adaptation to both the level and the enthusiasm of the pupil essentially 

means that the 'chain' is closed. This circular property of a communication process can be 

expressed quite clearly by the notion that we deal with a communication 'ring'. Therefore, it is 

better to avoid the word 'chain' at the favour of the word 'ring'. 

In phonetics the speech ring is the subject of research. Properties of particular parts of this 

ring are studied. Fundamental topics are the study of the production of speech sounds, the 

analysis and the perception of them, and the ultimate goal, of insight into the way in which a 

listener excerpts a message from the signal. 

When usual physiological conditions have been fulfilled, the communication ring functions 

well. That means there are physiological foundations on which the speech ring rests. That part 

of the ring which is responsible for the analysis of sound and speech in human physiology is 

the subject of the present study. 

In the peripheral hearing organ the speech signal is subjected to a metamorphosis that 

strikes the eye. Properties of a signal that is mechanical by nature are translated into neural 

activity. Usually, properties of such signals are described with expedients from vibration 

theory. The accuracy of those descriptions can be accomplished at every desired rate of 

precision. Possible restrictions follow from previously fixed demands or pragmatic 

considerations, rather than from limitations by the nature of the problem. 

A description in terms of neural activity is quite different. In order to explain the 

occurrence of a nerve impulse, it is sensible to use the language of probability theory. This 

means that the appearance of a neural impulse is an uncertain eventuality. Moreover, a nerve 

fibre and therefore also a bundle of fibres can only perform a finite number of impulses per 

second. Both qualities set bounds to the accuracy with which the message has been translated. 

The well-defined properties of a mechanical message are translated in terms of a language in 

which uncertainty and inaccuracy are quite normal. 

In his last work 'The computer and the brain', the mathematician Von Neumann (1957) 

recognised this problem. In that work he speculated on differences and similarities between 

computers and the nerve system. He noticed that the language of mathematics is not the 

language of the brain. In addition to this, he argued that from a purely logical point of view it 

is natural that reliable decisions are made in spite of the inaccurate translation of signal 

properties. When a listener makes decisions the accuracy of any translation is not the essential 

point. The presence of a large amount of intrinsic 'slovenly' representations of a same feature 

is sufficient to arrive at a reliable estimation. 



Thousands of nerve fibres run from the inner ear to form the cochlear nerve. The majority 
of these fibres are afferent. A rough guess leads to about a thousand nerve fibres per 
millimetre along the length of the inner ear. Thus we may expect that in the neural code a 
large number of 'slovenly' descriptions are available for a signal property. Because the brain 
looks to this quantity through statistically coloured glasses, reliable conclusions can be drawn. 

Let us assume for a moment that the accuracy of a translation is an important parameter in 
making reliable decisions. Then, when for reasons of reliability the accuracy must increase, 
the translation of the message must be improved. In general, processes or systems which 
should accomplish this become more involved and complex. Such systems are typically 
complex solutions that originate from brains of technicians. These solutions mostly lead to 
rather expensive systems and devices. That is typical for what we do not meet in nature. In 
nature we meet simplicity as a result of innumerable experiments that have been carried out 
through the course of time. 

When speech is studied from an acoustical point of view, it often appears that elements of 
the signal can be considered redundant. Here the word 'redundant' must be conceived in a 
technical sense, namely that elements are present which are seemingly superfluous. 

From the previous notes on the reliability and estimation of features from neural codes, it 
follows that such redundant elements are welcome. Their presence ensures that the amount of 
'samples', which a listener has to his or her disposal, is not too small. In consequence of this, 
we expect that the reliability of the estimates is positively influenced by the presence of so 
called redundant elements. In this sense, the use of the technical word 'redundant' reflects an 
absence of feeling for the kernel of making decisions by a listener. Therefore, in our opinion it 
would be better to replace the notion of redundancy by the notion of 'abundancy'. Because of 
abundancy in speech, the probability for making a right decision can increase. Therefore, we 
will call a signal sufficiently abundant when a listener is able to make a reliable decision on it. 

When a neural code has reached the higher nerve centre, a decision on the contents of the 
message can be made. Hopefully, this decision reflects the intention of the sender clearly and 
unambiguously. 

The application of statistical tools in making decisions implies uncertainty. No method is 
so powerful that this element can be removed. In usual forms of communication the process 
itself can give the solution for this discomfort. In order to remove uncertainty, it is quite 
pragmatic to ask for a confirmation of the perceived contents. Thus, changing the turn 
between source and receiver is both a useful property of the speech ring as well as powerful in 
its simplicity. 

In this work it is our aim to study only one detail of the speech ring. Our attention will be 
focused on the peripheral organ of hearing and in particular on the cochlea. It is our purpose to 
arrive at a model of the inner ear that can serve as a tool in the research of speech. The model 
must comply with the terms of a classical frequency analysis. In addition to this, it must reflect 
some important results from psychophysics. This is possible only when properties from the 
physiological world are incorporated. 

The notion that the ear performs a frequency analysis is very old. In the world of musicians 
this ability is well known to almost every one who is actively involved in making music. 



Because the act of making music runs parallel to the development of mankind, the 

consciousness of the ability to listen to separate tones must be quite ancient. 

From a typical physiological point of view, insight into the origin of this ability goes back 

as far as Von Helmholtz (1877). He was the first one who related the ability of a listener to 

focus his or her attention to single tones in complex sounds to the structure of the basilar 

membrane. 

In the next chapter we will come back to this point. He recognised that the membrane 

during its motion essentially performs a frequency analysis in its length direction. When we, 

in addition to this also look at the motion of the membrane as a function of time, the spectral 

and the temporal properties can be combined into one representation. After current opinions 

(Allen and Neely, 1992) and in accordance to recent measurements (Narayan et ai, 1998) 

properties of those representations are close to the image of a sound signal in the auditory 

nerve. 

In speech research it is customary to borrow insight from a spectro-temporal representation 

of the signal. The development of an appropriate device for that purpose has a long history. 

Some of the highlights will be shortly mentioned in the next paragraphs. The discussion starts 

in the nineteenth century and again with Helmholtz as the inventor of the acoustical equivalent 

of a tuned mass-spring system. This system, which is known as the Helmholtz resonator, can 

be directly used when sound must be analysed. A system of tuned Helmholtz resonators can 

be conceived as a real time model for the frequency analysing properties of the basilar 

membrane. Koenig (1872) was one of the first people who constructed an apparatus in which 

a system of such resonators was applied. In order to visualise the air vibrations in the 

resonators, he used the so-called manometric flame method. 

An instrument that is essentially equivalent to the apparatus of Koenig is the spectrograph 

of Siemens and Halske after ideas of Freysted (1935). This analyser was built in 1937. The 

electronic device consists of twenty-seven third octave filters. The lowest centre frequency is 

16 Hz and the highest one is 16000 Hz. The frequency analysing properties of the system 

follow from tuned electrical circuits. The input of this device is sound of any kind. The output 

of the system is the momentary intensity of each filter depicted simultaneously on a x-ray 

tube. For a short description of this spectrograph and applications in the field of speech 

research we refer to Kaiser (1950). 

Just after the Second World War a different kind of sound spectrograph made its 

appearance. Essentially, the apparatus consists of only one filter that has been tuned at a 

slowly varying frequency. The input is a short segment of the speech signal that is repeated 

over a constant period of time. The output of all cycles is depicted on one graph in a time-

frequency plane. Notions for this kind of devices originate from Potter (1945). Based on his 

ideas, Koenig, Dunn and Lacey (1946) gave one of the first descriptions of this sound 

spectrograph. Until about the early seventies, the application this spectrograph was one of the 

most successful methods to analyse sound in the field of speech. In contrast to the sound 

analyser of Koenig from the nineteenth century, the spectrograph of his namesake from the 

next century is not a real time analysing system. 

In general, notions in the development of devices are not independent of ideas and 

developments in other fields of science. For instance, from mathematics it is known that the 



development of the method that describes a signal in terms of single tones goes back right to 
1822. In that year Fourier published his famous work on heat. However, for a rigorous 
foundation of his methods and for impressive extensions we have to wait until the thirties of 
the preceding century. 

In that period the first algorithms were developed that carried out, both successfully and 
relatively fast, a numerical approach to the Fourier transform. In speech research today these 
algorithms are widely applied. By application of these tools, the spectral contents of a segment 
of a signal of short duration can be studied. The chart of the spectral contents of successive 
segments can be conceived as the image of a spectro-temporal representation of the signal. 

When the successive points of time at which the segments start differ only one period of 
the sample time from each other, it is as if we deal with a running short time Fourier 
transform. Indeed, Papoulis (1984) showed the existence of this transform as a special case of 
the continuous running equivalent. He derived, both for the continuous transform and for the 
discrete approximation, a recursive version. In addition to this, he argued that the application 
of a discrete Fourier transform according to the recursive scheme is equivalent to results from 
a system of parallel recursive digital filters. The number of filters is equal to the number of 
samples in the part of the signal under consideration. Each filter has one complex pole, 
namely a point of the unit circle in the complex plane. When well-known properties for 
complex exponential functions are used, the system can be reduced to a real second order 
recursive algorithm. In this last case, the number of components in the spectrum corresponds 
to half the number of samples in the segment of the signal. Until now this way of working is 
still rather obscure in speech research. A reason for this could be that the application of this 
algorithm costs a lot of computer time. At the time Papoulis derived this algorithm this 
problem was a rather serious one. The rapid development of the modern microprocessors 
seems to solve this problem automatically. A second reason is that the way in which Papoulis 
expresses his wisdom is not the style of a scientific lecture for the general public. 

In psychoacoustics a system of independent parallel filters is often considered as a 
rudimentary model for the basilar membrane. Schouten (1940, 1970) used some properties of 
those systems to find evidence for what he called the 'residue' in studies on pitch perception. 
It is worthwhile to note that the system of filters is exactly the same as the system that 
Helmholtz (1877) applied in his work. 

Plomp (1970) proposed to incorporate the concept of critical band in a discrete system of 
independent filters that cover almost the whole audible frequency range. In an important part 
of the audible frequency range the critical bandwidth is about one third of an octave. 
Therefore the filter system has been built up from this kind of filters. His aim was to give a 
fundamental contribution to the notion of timbre in terms of spectral energy distributions. Pols 
(1970) and other investigators after him applied that system to vowel-like speech sounds. Here 
we note that from a technical point of view this type of systems is equivalent to the Siemens-
Halske spectrograph. 

In the sixties as well as the seventies of the preceding century much work was done on 
auditory processing in relation to fundamental properties of a single nerve fibre. The 
investigations resulted in models in which attempts are made to relate observations from 
psychophysics to measured properties of nerve fibres. One of these attempts comes from 



Delgutte (1986). He proposed a model for peripheral auditory processing of signals in which 

nerve fibre modelling takes a dominant place. His way of modelling mainly follows from laws 

for the relation between the discharge rates of neurones and facts from psychophysical 

intensity discrimination. In his approach a hypothesis on a possible feedback caused by the 

efferent nerve fibres in the auditory nerve plays an essential role. 

In the modern way of looking to auditory (pre-) processing, the attention to the role of the 

inner ear is again increasing. Most investigators in the field of physics and physiology of the 

auditory system hold the view that the image of the motion of the basilar membrane is closely 

related to spike pattern in the auditory nerve. Recent observations convert these views into 

evidence (Narayan et ai, 1998). 

Therefore, partly in consequence of these facts from physiology, we expect that the 

distribution of neural activity in time and space is clearly linked to features of a sound 

stimulus. This opinion makes that the attention for the cochlea as a pre-processor even in the 

field of speech must be renewed. 

From a technical point of view it is interesting that both measured and derived impulse 

responses from experiments in living preparations clearly show chirp-like behaviour. It will 

appear that the presence of the cochlear fluid is responsible for this property. As things are, 

this means that the basilar membrane filters are not independent of each other, but coupled. 

This property combined with the classical notion of resonance is responsible for the chirp-like 

behaviour of the impulse responses. 

The framework of the present study is rather straightforward. In chapter 1, general 

properties of the peripheral auditory system will be briefly described. In the next chapter we 

will pay attention to the basilar membrane as a system of parallel beams or rods. Vibration 

properties are given in terms of a function of Green for a beam with appropriately chosen 

boundary conditions. The function of Green is composed of eigenfunctions of a fundamental 

beam problem. This general way of solving a problem is attractive because the technique is 

independent of special cases. Only the eigenfunctions can differ from case to case. However, 

the concept is always the same. The goal of this chapter is to arrive at a position from which it 

is easy to enlarge modelling by incorporating properties of the surrounding fluid. In order to 

do that we propose to restrict ourselves to properties of the lowest vibration mode. This will 

be in two slightly different ways. In the first place we will pay attention to the notion of 

effective impedance. Secondly, the concept of point impedance will be developed. This leads 

to a proposal that differs from what is used in practice. The solution of the general problem 

leads automatically to the frequency-to-place map. In accordance to known results from 

general acoustics, this map differs considerable from the standard logarithmic map. In chapter 

5 this map will be involved in the discussion on oscillating properties of the pressure along the 

membrane. 

In chapter 3 we look at a rather fundamental hydrodynamic model of the cochlea. The 

model differs from some other proposals. In most models the equation of motion for the 

basilar membrane is considered as a separate equation that makes no part of a cochlear 

hydrodynamic model. In our model this equation is incorporated in a boundary condition of 

the model. When this is done in the right way, it appears that the unicity of a solution can be 

proved. In addition to this, we pay attention to consequences of compatibility in relation to 



outer hair cell activity. When resonance takes place at the basilar membrane the models 
possesses singular points. From a mathematical point of view it holds that these points and the 
boundaries of the problem determine the characteristics of the solution. However, the methods 
that we apply in chapter 3 do not reckon with the presence of these points. We simply solve 
the problem as if we deal with plain cake. Therefore, the solutions from this chapter are of 
limited importance. 

The analysis of the boundary condition at the membrane shows that the boundary condition 
for the pressure at the membrane can be conceived as an equation in the complex plane in 
which we have to distinguish between 'positive' and 'negative' frequencies. When this is 
done the equation can be solved so that the classical principal of superposition is valid. This 
procedure is the subject of the first part of chapter 4. Results are discussed and used to 
determine the impulse response for an arbitrary point on the basilar membrane. 

In the second part of this chapter we extended the equations that govern the motion of the 
basilar membrane. The reason for this has a long history. More than thirty year ago Goldstein 
(1967) supposed that audible combination tones are distortion products caused by hair cells. 
Moreover, he supposed that those products travel along the basilar membrane towards the 
place that has been tuned at the frequency of that tone. At this place resonance occurs and 
properties of the tone are translated into nerve patterns in the usual way. Smoorenburg ( 1972) 
made evidence for the hypothesis that hair cells are generators of audible combination tones. 
In other words: activity of hair cells can be the cause of tone sensation. At that time, notions 
that hair cell behaviour directly influences the mechanical processes in the cochlea were still 
far from the usual way of thinking. Evidence that (outer) hair cell behaviour and mechanical 
processes are coupled to each other is found in the work of Kemp (1979) and Mountain 
(1980). However, presumably one of the most appealing discoveries is that the length of outer 
hair cells changes in response to electrical stimulation (Brownell et al, 1985). In the organ of 
Corti, electro-physiological phenomena are partly related to the motion of the membrane. This 
means that the motion of the membrane can be the origin of a stimulus for an outer hair cell 
that results in variations of the length of the cell. When this happens, contractions of the cell 
cause a disturbance of the local pressure. This disturbance has an influence on the motion of 
the membrane. That is the reason why we propose to incorporate an additional term for the 
pressure in the equation of motion for the membrane as well as in the equation for the pressure 
at the membrane. 

It will appear that the shape of the impulse response is rather sensitive to variations of the 
slopes in the amplitude characteristic of the pressure. This offers the opportunity to simulate 
rather natural responses even for medium and low level stimuli. 

Properties of the well-known long-wave or transmission line equation are studied in 
chapter 5. A first form of this equation can be found in the early work of Zwislocki (1948). 
This equation rests on an approximation in which a normal derivative at the membrane is 
replaced by a second derivative along the membrane. We are not able to prove the validity of 
this approximation near resonance. However, the shape of this equation is not extremely 
difficult. This partly explains the success of this equation in cochlear mechanics. In this 
chapter mainly qualitative properties of this equation will be studied. However, in the last 



section of this chapter we will study properties from an extended version of this equation. Of 
course, the extension is an additional pressure at the membrane. 

The first part of the last chapter gives a generalisation and an interpretation of the main 
results from chapter 3. The generalisation is used to discuss properties of methods that are 
known from literature. The chapter ends with some examples. The first one is the impulse 
response of a system of parallel filters according to the results from the chapters 4 and 5. In 
the second part some spectro-temporal patterns are given based on time domain models from 
chapter 5. This kind of pattern can be conceived as a peripheral activity pattern that is closely 
related to a nerve spike pattern in the auditory nerve. The chapter ends with conclusions and a 
short discussion on future research. 





1. The peripheral auditory system 

Abstract. This chapter gives a brief survey of the peripheral auditory system. An important part 
of this system is the cochlea, the receptor organ of hearing. Inside this organ sound is translated 
into a neural message. 

1.1 Introduction 

After sound has been produced and before it is perceived, the sound signal undergoes several 

metamorphoses. During its travel from the external ear to the interpreting centre in the 

temporal lobe of the cerebrum, subsequent parts of the auditory pathway put their mark upon 

the shape of the signal. 

In the peripheral auditory system, or more specifically in the cochlea (Fig. 1.1), a rather 

special transformation takes place. The classical idea is that the auditory pathway, as far as the 

cochlea is concerned, resembles a transmission line. Vibration energy is transmitted along this 

line. The effective length of the line is frequency dependent. For a single frequency, 

resonance determines the length of the line. Thus, for different frequencies it holds that the 

respective places of resonance are distributed over the whole length of the cochlea. Most 

natural vibrations comprise a broad spectrum of frequencies. Therefore, acoustic events are 

transformed into vibration patterns in which the distribution of resonances in the length 

direction of the cochlea, and related phenomena, occupy a special place. 

After the cochlea, the auditory pathway consists of numerous, probably interacting parallel 

channels in the shape of bundles of nerve fibres. The collection of these bundles forms the 

auditory nerve. The entryways of this natural neural network are the nerve endings at the 

bases of the hair cells in the organ of Cord (Fig. 1.2). This organ is found at the basilar 

membrane and runs over the whole length of the cochlea. In consequence of this, the entries 

of the network possess a considerable spatial extent. Here we meet a characteristic function of 

the cochlea; namely vibration patterns of the composed transmission line are mapped on the 

entries of the network. The language for this network consists of series of nerve impulses. 

Therefore, a continuous vibration pattern is translated into a time varying discrete code and is 

transported in this shape to the higher centres of the nervous system. 

For the time being it is believed that the main properties of the vibration pattern are closely 

related to the resulting image in the primary part of the auditory nerve (Allen and Neely, 

1992). The development of techniques of measurement both at a physiological and especially 

at a mechanical level (Sellick et al, 1982; Sellick et al, 1983; Ruggero et al, 1990) strongly 

contributed to these views. It seems as if the gap between the vibration image and its neural 

counterpart can be bridged at the level of the cochlea (Narayan et al, 1998). Here, the recent 

observations on the contractions of the outer hair cells as a result of mechanical or electrical 

stimuli (see for instance Brundin and Russell, 1993; Dallos et al., 1993; Nuttall and Dolan, 

1993) could help to explain this. However, at this moment it is not yet quite clear how the hair 

cell contractions act upon the vibration pattern. About twenty years ago the main differences 

between the well-defined neural image and the mechanical patterns in the cochlea were 

almost completely ascribed to a possible interaction of neighbouring fibres in the cochlear 

nerve. 
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Figure 1.1. Structure of the peripheral auditory system. The first part of the system is the external ear. the auricle 
and the external auditory canal. The canal leads inward to the eardrum. This membrane separates the external ear 
from the second part, the middle ear. A small cavity in the petrous part of the temporal bone houses the ossicular 
chain. The chain consists of three small bones: the malleus, the incus and the stapes. The footplate of the stapes 
fits into the oval window. This window is the entrance to the labyrinth. The outer bony wall is called the osseous 
labyrinth. The osseous labyrinth encloses the membranous labyrinth. The cochlea is coiled like a snail-shell. Its 
osseous part is divided into two scalae, the scala vestibuli and the scala tympani. The scala vestibuli runs from 
the oval window to the apex; the scala tympani from the round window, a small membrane just below the oval 
window, to the apex. Both scalae converge at the apex in a small opening, the helicotrema. The membranous 
labyrinth of the cochlea consists of the cochlear duct or scala media. In this duct the organ of Corti is found. This 
organ contains rows of hair cells. Nerve endings of the auditory nerve make synaptic contact with the bases of 
the hair cells. (Reproduced, with permission, from Beck, 1971.) 



Figure 1.2. Cross section of the cochlea. The 
cochlear duct or scala media is triangular. The 
membrane of Reissner separates the scala 
vestibuli and the scala media. The spiral lamina 
and the basilar membrane are the separation 
between the scala media and the scala vestibuli. 
The organ of Corti, the receptor organ of 
hearing, rests on the basilar membrane. This 
organ contains both mechano-receptors and 
mechano-motors in the form of hair cells. Hairs 
on these cells bridge over a slit between the 
tectorial membrane and the upper side of Corti's 
organ. Hair cells are divided in two groups: the 
inner and the outer hair cells. Inner hair cells 
form a single row, and are the receptor cells. 
The outer hair cells are arranged in three parallel 
rows. In a healthy ear these cells act upon the 
motion of the basilar membrane. Thus outer hair 
cells are mechano-motors. (Reproduced, with 
permission, from Seikel et ai, 1997.) 

In spite of the recent results this opinion again made their entrance in literature (Irano and 
Patterson, 1997). 

The cause for this is presumably the absence of 'simple' models for the mechanical action 
of the cochlea that are both reliable from a theoretical point of view and in which the 
influence of the outer hair cell activity has been incorporated. In this work we give a 
contribution to the development of such models. The results lead to a system of filters that is 
applicable to study properties of sophisticated signals at the level of the cochlea. 

1.2 Anatomical features of the inner ear 

The structure of the (human) hearing organ is shown in Fig. 1.1. The auricle and the external 
auditory canal form the external ear. At the end of the auditory canal the eardrum separates 
the external ear from the second part, the middle ear. The middle ear is a small cavity in the 
petrous part of the temporal bone. This cavity houses the ossicular chain that consists of three 
small bones: the malleus, the incus and the stapes. The stapes has the shape of a stirrup. Its 
footplate fits into the oval window, a small membrane that separates the middle ear and the 
inner ear cavity. Sound pressure variations at the end of the auditory canal cause vibrations of 
the eardrum. These vibrations are transmitted by the ossicular chain to the inner ear. The inner 
ear or labyrinth is an cavity embedded in the petrous part of the temporal bone. The osseous 
labyrinth encloses the membranous one. The fluid perilymph fills the osseous labyrinth. The 
membranous labyrinth contains the fluid endolymph. Both fluids are watery. The cochlea is 
the snail-like part of the labyrinth. Its osseous part consists of two scalae, the scala vestibuli 
and the scala tympani. The scala vestibuli runs from the oval window to the apex of the 
cochlea. The scala tympani runs from the round window, a small membrane just below the 
oval window, to the apex. Both scalae converge at the apex in a small opening, the 
helicotrema. 
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Figure 1.3. The arrangement of hair cells and nerve fibres in the organ of Corti. oH: outer hair cells; iH: 
inner hair cells. HA: habenular openings. Through little holes in the spiral lamina, the habenular 
openings, nerve fibres penetrate the organ of Corti and terminate in endings at the hair cells. The majority 
of the nerve fibres is afferent and runs straightforwardly to the inner hair cells (Spoendlin, 1970). The 
afferent fibres conduct information to the higher nerve centres. Efferent fibres conduct information in the 
opposite direction. (Reproduced, with permission, from Spoendlin, 1970.) 

The membranous labyrinth of the cochlea is often called the cochlear duct or the scala 
media. In this scala the organ of Corti is found. The organ of Corti is the receptor organ of 
hearing because it contains receptor cells. Fig. 1.2 shows a cross section of the cochlea. 

The separation between the scala vestibuli and the cochlear duct is Reissner's membrane. 
The basilar membrane separates the cochlear duct from the scala tympani. This membrane and 
a bony shelf, the osseous spiral lamina, form the upper side of the scala tympani. The organ of 
Corti rests on the basilar membrane. This organ contains hair cells. Hairs on the cells bridge 
over a slit between the tectorial membrane and the upper side of Corti's organ. In 
consequence of their place within this organ, hair cells are divided in two groups: the inner 
and outer hair cells. The inner hair cells form a single row and are mechano-receptors. The 
outer hair cells are arranged in three parallel rows (Fig. 1.3). In a healthy cochlea these cells 
have an important mechanical influence on the motion of the basilar membrane. Therefore we 
will call these cells mechano-motors. 

When a sound wave is transmitted through the external and middle ear, the last ossicle of 
the middle ear ossicular chain, the stapes (Fig. 1.1), is forced to perform an oscillating motion. 
In consequence of this, both fluid and membranous structures in the cochlea are forced to 
follow this motion. At the same time, fluid and membranes exert an impeding action. After 
some time there will be a state of dynamic equilibrium. If this state is caused by a simple 
harmonic sound stimulus, the motion of the basilar membrane is a peculiar one. The motion is 
undulating and behaves as a travelling wave. During its travel along the membrane the 
deflection of the wave becomes maximal in a limited region of the membrane. When the 
frequency of the stimulus increases the place of this region at the membrane shifts towards the 
stapes. In conformity with classical hearing theory (see for instance Yost and Nielsen, 1983), 



we shall assume that the motion of the basilar membrane is the root of the forced motion of 
the organ of Corti. Then, shearing forces between the upper side of Corti's organ and the 
tectorial membrane deform hairs of a hair cell. These deformations are the putative stimulus 
of a cell. A stimulated receptor cell produces chemical substances at the basis of the cell body. 
Usually, the 'messenger' substances are called transmitters. The transmitters diffuse over the 
thin slit between the hair cell and a nerve ending and evoke a potential in the corresponding 
fibre. The potential is conducted to a cell of the spiral ganglion (Fig. 1.2). This ganglion 
consists of the cell bodies of the first nerves of the bundle of cochlear nerves. In consequence 
of this stimulus the nerve can generate spikes. 

Spoendlin (1970) showed that the majority of the auditory nerve fibres are in contact with 
the inner hair cells only. It appeared that the shape of most inner hair cell fibres is radial and 
their function is afferent. Moreover, each inner hair cell is in contact with a small bundle of 
about twenty fibres. Thus the code of an acoustic message is generated at this level. 

According to Zwislocki and Sokolich (1973) the spike density in afferent fibres is maximal 
when the velocity of the basilar membrane reaches its maximum and moves from the scala 
vestibuli to the scala tympani. A motion in the opposite direction tends to suppress the 
generation of spikes. This property can be used to find a simplified impression of the image of 
cochlear vibration patterns in terms of spike densities (Bregman, 1990; Van Dijk, 1991). 
Here, the question concerning the accuracy of this kind of image building remains a point of 
discussion. According to our opinion this question is not unimportant but of limited 
significance especially from a perceptual point of view, for making decisions on spike density 
patterns is rather a statistical process with an inherent uncertainty than a process in which the 
accuracy of a number is of great importance. The numbers, which lay the foundation of the 
image, must reflect the essential physical properties of a vibration pattern so that at a 
statistical level decisions can be made with a suitable measure of confidence. 

In the last two decades there has been a growing interest in the behaviour of the outer hair 
cells. There are two reason for this. The first one is already mentioned in the preceeding 
section. The motility of the outer hair cells can have an influence on the vibration pattern of 
the basilar membrane. This influence could enhance the relation between a cochlear vibration 
pattern and its image in the auditory nerve. The second one is that Kemp (1978) demonstrated 
that the ear can also produce sounds. These oto-acoustic emissions can be both evoked and 
spontaneous. After him several investigators carefully described the main properties of 
different kinds of emissions. For an overview we refer to Zurek (1985) and Probst (1990). 
Here again it is the almost unanimous opinion of investigators in this field that the motile 
properties of the outer hair cells are responsible for these observations. 

In summary, the motion of the stapes, which is the end of the external-middle ear 
transmission line, is mapped on the entryways of a neural network. The entries are the radial 
nerve endings at the inner hair cells. In this mapping process the motion of the basilar 
membrane, which partly follows from outer hair cell motility, is of primary importance. 

In the next chapter we will study consequences of a striking property of the basilar 
membrane, namely the membrane as a typical example of a non-isotropic mechanical 
medium. We will apply 'state of the art' methods from classical mechanics. It will appear that 
complicated models of the recent past possess a high amount of redundancy. 





The basilar membrane 

Abstract. The basilar membrane is a system of parallel fibres or beams. The length of a beam 
increases as a function of its distance to the stapes. In this chapter the forced motion of an 
isolated membrane fibre will be described. In order to do that we will use a description in terms 
of eigenvibrations. The lowest order eigenvibration is applied to model local properties of the 
basilar membrane. The results slightly differ form what is used in the literature. 

2.1 Historical notes 

In the seventies of the nineteenth century, the physiologist Hensen (1863) reported on the 

structure of the basilar membrane of a newly born child. According to Hensen, the basilar 

membrane is a thin wedge-shaped membrane consisting of fibres that are parallel to each 

other (Fig. 2.1) 
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Figure 2.1. Description of the basilar membrane according to Hensen (1863). The essential part is that 
the membrane consists of parallel membrane fibres. 

The ends of the fibres are grown together with the bony surroundings. The strength of the 

fibres is considerable. However, their mutual connection is rather weak. If one gives a pull at 

the membrane in its length direction, the membrane readily breaks parallel to the fibres. This 

clearly demonstrates the weakness of the coupling between the membrane fibres. 

Later investigations, notably more than one century after Hensen's observation, confirm 

Hensen's description. Spoendlin (1968, 1970) points out the fibre structure of the basilar 

membrane of a cat. Other investigators (Iurato, 1967; Angelberg and Engström, 1974; 

Soudijn, 1976; Voldrich, 1978) show that the basilar membrane of a guinea pig has the same 

structure. 

Two photographs of Soudijn clearly illustrate the structure of the membrane. The first one 

(Fig. 2.2) is a view at the lower side (scala tympani) of the membrane. The fibre structure is 

observable through a thin netting of basilar membrane cells. 

Fig. 2.3 supports Hensen's observation concerning the weak connection between adjacent 

fibres. After removal of Corti's organ, the upper side of the basilar membrane has been 

photographed. The vulnerability of the connection between the fibres is clearly demonstrated 

by appearance of ruptures parallel to the fibres. 

Hensen supposed that the weak connection between neighbouring fibres scarcely acts upon 

the motion of a particular fibre. In other words, the membrane moves as if it consists of 

parallel strings or bars. In his work on sensation of tone, Helmholtz (1877) takes Hensen's 

assumption as a starting point. The hypothesis is supported with qualitative results from a 

mathematical model. In that model he studied the forced motion of a stretched membrane, 

fixed at the sides of a small angle. The tension in the length direction of the system is 

negligible with respect to the tension perpendicular to this direction. 



Figure 2.2. The lower side of the basilar membrane. Membrane fibres are visible through a mesh of 
basilar membrane cells. (Reproduced, with permission, from Soudijn, 1976.) 

Figure 2.3. The upper side of the basilar membrane after removal of the organ of Cord. The ruptures are 
parallel to the membrane fibres and are indicative of the vulnerability of the connection between 
neighbouring fibres. (Reproduced, with permission, from Soudijn, 1976.) 

He concluded that indeed the motion of the system is similar to the motion of parallel 
strings. Moreover, he showed that when the frequency of an external harmonic driving force 
fits with one of the resonance frequencies of a particular string, resonance takes place. In his 
conception Helmholtz ignored all higher states of resonance. These states have nodes between 
the ends of the string. He used the argument that membrane fibres are covered with soft 
structures, so that mainly the lowest state of resonance determines the relevant motion of a 
single fibre. 



Besides, he noticed that the power, which is related to a higher state of resonance, is 
inversely proportional to the square of its range in the complete series. The frequency of the 
lowest state of resonance was modelled by the resonance frequency of a simple harmonic 
oscillator. The resonance frequencies of a string are inversely proportional to its length. 
According to Hensen, the length of the fibres increases more than twelve fold. Therefore, 
Hemholtz considered the basilar membrane as a row of resonators each of which is tuned in 
harmony with the lowest resonance frequency of a single fibre. 

Why did Helmholtz prefer a model in which a stretched membrane and not a thin solid 
plate stands for the basilar membrane? This should have shortened an unfruitful discussion on 
the significance of tension as a restoring force for the motion of the basilar membrane (Von 
Békésy, 1960; Gummer and Johnstone, 1983). The answer is closely connected with the 
development of acoustics in the past century. According to Lindsay (1945), Napoleon offered 
a prize as a reward for a satisfactory theory of the vibrations of plates at the beginning of the 
nineteenth century. The prize was awarded in 1815 to Mile. Sophie Germain for her correct 
fourth order differential equation. Unfortunately, it appeared that the boundary conditions she 
used were incorrect. In 1850 Kirchhoff improved the solution of the problem. However, the 
development of vibration problems and elasticity both along theoretical and experimental 
lines became a matter of time and extended still far in the twentieth century. Therefore, it is 
not surprising that Helmholtz in his time preferred a way of modelling based on the more 
complete theory of vibrations of a stretched membrane. 

The present state of the art in acoustics (see for instance Morse and Ingard, 1986) rests on 
highly developed mathematical tools of the last two centuries. This offers the opportunity to 
simplify complex problems of the past century to manageable problems at this time. In the 
present chapter we shall profit from this development. 

We will first start with a short description of the equation of motion for a membrane fibre 
in which bending stiffness is the characteristic feature. The leading terms in the equation are 
the inertial resistance and the bending stiffness. The dynamic equilibrium between only these 
two terms is sufficient to introduce eigenfunctions for boundary value problems that can be 
based on this equation. As is known from classical mathematical physics, the eigenfunctions 
of this kind of problems generate a space with mutual orthogonal axes so that Fourier-like 
methods can be applied. 

Then, we will profit from the concept of a function of Green. Essentially, this function 
describes the influence of a force exerted by a 'pencil' at an arbitrary point of the fibre that is 
subjected to special boundary conditions. This function comprises all essential mechanical 
properties of the fibre under consideration because it can be expressed in terms of 
eigenfunctions. Thus, it is as if this function makes part of the space spanned by the 
eigenfunctions. Application of a function of Green is extremely useful when we are asked for 
the forced vibrations of a membrane fibre. In general this solution has the shape of an integral 
representation. In the special case that the point of the pencil performs a harmonic motion, 
there is a close relation to the technical notion of the admittance at a point of the fibre. 
Because the inverse of this admittance, the point impedance, is often used in auditory theory, 
some attention is paid to this idea. 



2.2 Fibres as flexible bars or rods 

The notions from the preceding section led to model the basilar membrane as a series of small 
parallel rods in which the restoring force results from the (bending) stiffness of the material. 
In the theory of elasticity such rods are often called beams or bars. The length of the rods 
increases as a function of the distance to the stapes. 

It often appears that the word membrane gives some confusion, because in classical 
mechanics this word is used for thin vibrating systems in which a tension as a result of 
stretching determines the restoring force. However, at the level of the basilar membrane there 
is no demonstrable mechanism that causes tension in the usual sense. If tension should be 
present in the membrane, then it should be better to conceive the membrane as parallel strings 
because in a vibrating string the restoring force only depends on the string's tension. 

In many vibration problems there is no clear distinction between what is meant by a rod or 
string. In those cases the restoring force depends in some ratio on both stiffness and tension. 
The only tension that could arise in the fibres of the basilar membrane must result from length 
variations during the motion of the system or in consequence of the way in which the ends of 
a rod are in contact with its environment. Because at moderate levels of sound stimuli the 
deflections of the basilar membrane and its moveable environment are very small, it is not 
realistic to take those effects into account. 

Therefore, we consider an isolated membrane fibre as a rod that performs bending 
vibrations. A small deformed element of the rod is given in Fig. 2.4. 
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Figure 2.4. Deformed element of a membrane fibre. Stresses in a deformed element are the cause of a 
restoring force. This force depends on the elastic properties of the material, the shape of the cross section 
of the element and the curvature of the element. The elastic properties are given by Young's modulus E . 
The number / is the 'inertial' or second moment of the cross section. 

The length direction of the fibre is z. 5 denotes the surface of a cross section of the fibre that 
is assumed to be uniform along the length. The density of the material is p. The mass of a 
small volume element with length Az is pSAz . The infinitesimal deflection of this element 
is u(z,t). When the element is in motion, Newton's second law states 

pSAzü = ^ reacting and external forces. (2.1) 

10 



The left-hand member of (2.1) must be in equilibrium with all forces that exert an 
influence on the mass element. We first look at the reacting force that originates from elastic 
properties of the material. When the fibre is deformed, stresses will appear at every cross 
section S. The net force in consequence of these stresses that acts upon the volume element 
with length Az is 

AF = -EIC-^Az . (2.2) 
âz 

Here, the elastic properties of the material are characterised by Young's modulus E. The 
parameter I is the 'inertial' or second moment of the cross section. The validity of (2.2) 
depends on the assumption that the product EI is constant along the length of the fibre and 
independent of time. According to our opinion small deviations with respect to this constant 
value can only result in second order effects. We consider this kind of effects as negligible. 
For a short derivation of (2.2) we refer to the literature (Morse and Ingard, 1986). 

The connection between adjacent fibres is weak and vulnerable. Elastic properties of such 
materials could have any influence on the motion of the volume element. However, the 
vulnerability points to a very low value of Young's modulus. Therefore, completely in 
agreement with Hensen's hypothesis, we shall assume that in an equation for the motion of a 
membrane fibre, restoring forces in consequence of this kind of properties of materials are 
very small and will again lead to negligible small parameter terms in the differential equation. 

In addition to effects in consequence of bending, a restoring damping force will be present. 
In all our models the introduction of damping has rather a functional meaning than a clear 
physical background. As usual, we shall describe this force with a term proportional to the 
velocity of the volume element. When -25it is the damping force per unit of mass, the 
damping for the volume element reads 

-25ùpSAz , (2.3) 

in which S is a small positive constant. 
When the basilar membrane is in motion, membrane fibres are subjected to several external 

forces. A force that is obviously present originates from the surrounding fluid. At present 
there is evidence that the outer hair cells in the organ of Corti play an active role in the motion 
of the basilar membrane. Quite formally, both forces will be represented by a force per unit of 
mass of the fibre. If this force is given by f(z,t), the combined external force to which the 
volume element SAz has been subjected is 

pf(z,t)SAz . (2.4) 

From (2.1), (2.2), (2.3) and (2.4) follows that the balance between inertial resistance, 
reacting and external forces per unit of mass of a fibre can be written as 

, dAu â2u du , \ 
c - ^ + ^ + 2S^: = fyz't) > ( 2-5) 

dz dt at 
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in which 

c2=^- and r 2 = - . (2.6) 
,2_Er' _A , / 

The quantity r can be considered as the effective radius of a single membrane fibre. 

Equation (2.5) is the well-known equation for sufficiently small flexural vibrations u(zJ) 

of a bar that moves under the influence of an external force f{z,t). The physical dimension 

of all terms in (2.5) is a force per unit of mass. In view of our purpose, some of its properties 

of (2.5) will be investigated in the next sections. 

2.3 Vibrations of a fibre. 

2.3.1 Introduction 

In this section we will investigate some main properties of a membrane fibre. This will be 

done in the light of the fibre description from the preceding section. As is known from 

vibration theory, a general vibration pattern as follows from Eq. (2.5) essentially consists of 

two parts. The first part comprises all free vibrations or, which is the same, all eigenvibrations 

of the system. In linear theory it often appears that eigenvibrations can be described as the 

product of two terms. The first term follows from spatial properties of the problem and the 

second one describes the time behaviour of the vibration. In theory the method in which we 

can profit from this special shape is called the method of 'separation of variables'. In a lot of 

problems the place-dependent parts of all eigenvibrations, the eigenfunctions of the problem, 

generate a function space with mutual orthogonal axes. 

The second part of the vibration follows from the force that is applied externally and is 

called the forced vibration. The complete vibration pattern is the superposition of both kinds 

of vibrations. The forced vibrations of our problem can be described completely in the space 

spanned by the eigenfunction. In our application we shall profit from this possibility. 

However, we shall avoid all problems related to the completeness of such descriptions. These 

questions typically belong to the field of mathematics. 

In this section we consider a membrane fibre as a flexible rod with length /. Both direct 

stiffness measurements and results from numerical experiments with such models (Gummer, 

Johnstone and Amstrong, 1981; Miller, 1985; Olson and Mountain, 1991; 1993) show that, at 

least from a qualitative point of view, rod-like models are useful. Especially in a region 

around the middle of a rod, model results fit data satisfactory. However, it appears that near 

the end of a rod in the vicinity of the organ of Corti, simple beam or rod models cannot 

describe this stiffness. This points to the fact that more involved models are necessary to 

include the influence of the organ of Corti near that end of a rod. Moreover, even at the 

opposite end of the fibre, where it seems reasonable to neglect the influence of the organ of 

Corti, there is no evidence which type of boundary condition will be the best one. Neither the 

well-known clamped condition nor its direct opposite, the supported condition, fits data 

(Olson and Mountain, 1993) adequately. 
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Besides, from the deviations follows that a mixed type boundary condition could lead to 
better results. Therefore, at this end of a fibre overly simple models are not adequate from a 
quantitative point of view. However, it is not our aim to model aspects of the basilar 
membrane from a quantitative point of view. The purpose of this chapter is to pay attention to 
qualitative effects of the membrane motion rather than to focus attention to quantitative 
results. In consequence of this, the essence of this chapter neither depends on a precise 
knowledge of model parameters nor on the exact shape of boundary conditions. It is our aim 
to study various fundamental properties of a model so that simplifications can be made 
without losing essential information. Therefore, for the time being, we confine ourselves to an 
elementary rod model with clamped boundary conditions. 

In vibration theory it is extremely useful to apply Fourier-like methods with respect to the 
time behaviour to a broad class of problems. Among the available methods the theory of 
Laplace transforms is one of the most general and successful techniques that can be applied. 
Both in this and the following chapters we will sometimes profit from known properties 
without reference. A list of standard transforms and general rules can be found in several 
handbooks (for instance Abramowitz and Stegun, 1965 or Gradshteyn and Ryzhik, 1980). A 
comprehensive description of the theory and applications is found in Spiegel (1965). 

2.3.2 Forced vibrations 

In this section we consider a membrane fibre as a rod. The length of the fibre is /. The length 
direction is denoted by z . The equation of motion for the fibre is (2.5). We shall study 
properties of the solution of this equation in the presence of 'clamped' boundary conditions. 
These conditions prescribe that both the deflection and its derivative must vanish at both ends 
of the fibre. Thus the model under consideration puts the question for the deflection u(z,t) of 
a fibre that has to obey both the equation of motion 

c — + —T + 2ö-- = f{z,t) 
dz ât dt 

and the boundary conditions 

u = 0 , — = 0 at z = 0 and z = I . 
dz 

In order to avoid unnecessary complexity, we shall assume that the motion of the system 
starts from a state of rest. That means, we assume that at the time t = 0 both the deflection 
and the velocity of every point of the fibre are zero. Thus the model must be completed with 
zero initial conditions. The conditions are 

u(z,t) = 0 and u{zj) = 0 for 0 < z < I at t = 0 . 

In all models throughout this chapter we will use zero initial conditions. The Laplace 
transform of a time dependent function g(t) will be written as g(s). 
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This transform is defined by the expression 

g(s) = jg(t)s\p(-st)dt . 
0 

Formal properties of this transform can be found in the literature (see section 2.3.1). When the 
transformed deflection is written as ü = ïï(z,s), it appears that ü has to obey the 
mathematical model 

i d u 9— — 
c — j - + s u +2ÔSU = ƒ (z,s) , 0< z < / ; 

dz 

with boundary conditions (2.6) 

u = 0 , — = 0 at z = 0 and z = l . 
dz 

Here, f(z,s) is the transform of the external force f(z,t). Partly for reasons of calculation 
convenience and partly for future reference, we will make the following substitutions 

w = is and k = — . (2.7) 
c 

In terms of the variables (2.7) the model (2.6) reads 

dz w c 
l-k\\ + 2i-)U = ^^,0<z<l 

with boundary conditions (2.8) 

M = 0 , — = 0 at z=Oand z = l , 
dz 

in which u = u(z, w) • The general solution of (2.8) consists of two parts. The first part is a 
particular solution that describes that part of the motion that directly follows from the 
presence of the external force in the equation of motion. This part of the solution describes the 
forced vibrations. The solution for the forced vibrations reduces the inhomogeneous problem, 
the problem in the presence of the external force, to a homogeneous one in which the external 
force is absent. Solutions of this last problem constitute the second part of the general solution 
and are the well-known free vibrations or the eigenvibrations of the fibre. The amount in 
which eigenvibrations make part of the complete vibration pattern depends on the initial 
conditions. 

In this section we shall restrict ourselves to the particular solution that describes the forced 
motion of the fibre in consequence of the presence of the external force ƒ (z, w). 
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There are several ways to develop a particular solution for (2.8). A rather attractive method 
follows from the application of the function of Green. This function, which we denote by 
G = G(Z,^,W), describes all effects in consequence of a unit force placed at the point z = Ç 
of the fibre. This force is given as the delta function S(z-Ç~). Therefore, G{Z,Ç,W) is the 
solution of the next problem. 

^ - A x + li^G =S(z-C) ,0<z<l 
dz v w) 

with boundary conditions (2.9) 

j / - t 

G = 0 , — = 0 at z=0 and z = l . 
dz 

In terms of the function of Green for (2.9), the solution of (2.8) reads 

!• — f(C w) 
ïï{z,w) = \G{z,ÇMJ , 'dÇ . (2.10) 

0 c 

In the next section we will derive an explicit expression for G{z,Ç,w). Then we are in a 
position to derive some properties of the solution (2.10). 

2.3.3 The function of Green 

It is known from the literature (Morse and Ingard, 1986) that the function of Green can be 
constructed from the eigenfunctions that obey the homogeneous lossless counterpart of 
problem (2.8). The way in which this can take place follows from some important properties 
of these functions. The most striking among them is of course their mutual orthogonality. This 
implies that we can think in terms of an orthogonal function space, spanned by the 
eigenfunctions of the fibre. Then, when an arbitrary function belongs to this space, it can be 
decomposed in terms of the eigenfunctions by projecting the function on the separate axes of 
the space. The projections determine weights for the relative importance of the respective 
eigenfunctions. Usually, this process is called spectral analysis or spectral decomposition of 
the function under consideration. However, in our case it would be better to speak about 
spectral synthesis in terms of eigenfunctions. From a formal point of view, this method is 
completely similar to the way in which the usual coefficients in the Fourier series expansion 
of a periodic function are found. 

It appears that all eigenfunctions, apart from one arbitrarily constant, have been determined 
completely (Appendix 2-A, formula (2-A.7)). In other words, each eigenfunction possesses 
one degree of freedom that can be applied to normalise this function. 

At this stage it is sufficient to represent the eigenfunctions by un(z)', « = 1,2,... . It is 
customary to normalise these functions, 
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so that 

\<{z)dz=l-

Then, in consequence of the orthogonality we have 

, (0 n^ m 
\un(z)um{z)dz = \l (2.11) 

[2 n = m. 

Next we assume that the function of Green G belongs to the function space generated by 
the eigenfunctions. The same assumption must be made for the delta function. The question 
concerning the conditions for the validity of this is again a typical mathematical problem and 
does not belong to the scope of this study. Here, we simply accept that under so called 
'suitable' conditions the function of Green can be written as 

G = 2 > „ « „ ( z ) , (2.12) 
n = l 

in which the coefficients cn ;n = 1,2,... are still unknown constants. In order to find them, we 
substitute (2.12) in (2.9). Then, after a rather straightforward calculation, it appears that 

2 u (C) 
C"=l f rN ' " = 1.2,- • (2.13) 

' Jfc.4-*4 l + 2 i -

The numbers kn ; n = 1,2,.... fulfil the eigenvalue equation 

cos kl cosh kl = 1 , 

and are all real numbers. The derivation of this equation is given in Appendix 2-A. According 
to (2.7) the relation between the numbers kn ; « = 1,2,... and the corresponding numbers 
wn ; n = 1, 2,... is 

* „ 2 = — • ( 2 . 1 4 ) 
c 

Here, the numbers wn ; «=1 , 2, ... posses the dimension of a frequency. Clearly, these 
frequencies are the eigenfrequencies of the problem. The Green's function can be expressed 
in terms of these frequencies. As follows from (2.7), (2.12), (2.13) and (2.14) the Green's 
function for problem (2.9) has the shape 

C f e f ^ - î . 1 ° - ( f M \ , • (2.15, 
W. - W 1 + LI -
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For practical purposes it is convenient to rewrite the fibre deflection (2.10) as a Laplace 
transform. As follows from (2.10), (2.15) and (2.7) the Laplace transform ïï(z,s) of the 
deflection has the equivalent form 

ü(z,s)= '\G{z,Ç,s)~f{Ç,s)dÇ . 
o 

in which (2.16) 

I „=i s2 +2ÔS- w. 

is the function of Green expressed as a Laplace transform. In this form G(z,Ç,s) is an 
appropriate function of Green in order to express the solution of the forced vibrations of 
problem (2.6) directly. A really attractive aspect of the present representation is that even the 
forced vibrations have been expressed in terms of functions that exclusively possess 
properties of the membrane fibre and the posed boundary conditions. Therefore the present 
representation has been composed of natural constituents. All characteristics can be expressed 
in terms of the eigenvibrations of the problem because essentially the whole solution (2.16) 
has been built up from these constituents. Therefore, we shall pay attention to some of the 
basic properties that directly follow from the eigenvibrations of the fibre. This will be done in 
the next section. 

2.3.4 Basic properties of eigenvibrations 

In this section we shall summarise some general properties of (2.16). This will be done in 
consequence of the presence of the eigenvibrations of a fibre in this representation. Let us 
assume that the external force is sinusoidal with respect to time. The amplitude of this force is 
described by the arbitrary function g(z). Thus f{z,t) has the form f(z,t)= g(z)sma>t. The 
Laplace transform of this force reads 

/(z,s) = g ( z ) ^ ^ , 0 < z < / . 
s +w~ 

When f(z,s) is inserted in (2.16), it appears that the deflection u(z,s) can be written as the 
sum of vibrations of the kind 

in which 

-I \ « H„(z) 
~> 2 2 <-\ c- 2 

s + a» s' +2ds + wn 
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and 

2\ 
cM=7j g(Ou.(OdÇ 

Here, the term 

*.(*) 
s2+25s + w2

n 

is the transform of the w-th eigenvibration of the fibre. The functions un{z) ; « = 1,2,... 
determine the actual shape of the eigenvibrations along the fibre. A formal expression for 
un (z) is given in Appendix 2-A. Fig. 2.5a is a plot of the first three shapes of eigenvibrations 
along the fibre. 

The general term of (2.17) can be written as 

^A^s) = cnun{z)vn{s) , (2.18) 

where vn(s) is the transform of the time-dependent part. This function has the shape 

v, W = -2  
1 

s' + co' s' + 2Ss-
(2.19) 

Time domain effects of (2.18) and in consequence of this of (2.17), follow from (2.19) and 
are determined by the poles of v„ (s). These poles are 

stl =±ia and s3A =-S± i-J wn - S2 (2.20) 
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Figure 2.5. a. The first three place dependent parts of the corresponding eigenvibrations. b. The poles of 
the first three eigenvibrations. 



The location of these poles is given in Fig 2.5b. It is known that resonance takes place 
when the frequency a> of the external driving force is close to wn. This frequency is the 
eigenfrequency of the n-th undamped eigenvibration. 

Then, by application of the complex inversion formula (for Laplace transforms), the forced 
vibrations that can cause resonance, follow from the sum of the residues of vn(.y)exp(.st) at 
s = s, and s = s2. Thus, the time behaviour of the n-th term of (2.17) is determined by the 
transform (2.19) and can be found according to 

v[ (?) = Res v„ (s) est + Res v„ (s) est . 

x=st s=s2 

Then, a standard calculation shows that 

vr
n(t)= A(a)sm(at + <j>(o))) (2.21) 

with 

and 

A(a>) = ^(w2
n-w}+4ô2û)2 

,, x 2Sco 
<p{co) = -arctan—-_ 

The sum of the residues of vn(s)exp(st) at s = s3 and s = s^ respectively, leads to the 
time behaviour of the free vibrations in the shape 

vi (t) = B{co)e-s' s i n ^ - J 2 r + q{a>)). 

B(a>) and ç>(a>) can be found from a direct calculation. For our considerations it is not 
necessary to know the explicit expressions for B{co) and (p{co). Therefore, this calculation 
has been omitted. 

The value of a> at which resonance takes place is found by writing the amplitude of (2.21) 
as 

A(a>) = (co2-(w; -25 2 )J + 4 ^ -S* f> -

The term between outer brackets is minimal when the frequency œ = cûr with 

o>, =^JK-2S2 . 

This is the physical representation of the resonance frequency. 
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At resonance the amplitude of the vibration equals 

Mor) = ,\ . (2.22) 
25^w;-82 

Before the vibration reaches this maximum value, the motion grows from the initial state in a 

way that strongly depends on the damping 8. Let us first assume that the damping is 

negligible so that the resonance frequency is cor = wn. Then follows from (2.18) and (2.19) 

that 

_ w 
u„(z,s) = Cll " 2un(z) . 

This expression can be written as 

u„(z,s)-
1 1 2 

4w„ ^ (j - iwn ) (s + iwn ) s +wn j 
u„(z) , 

which is the transform of 

un(z,t) = —— (sin wj- wnt cos wnt)un(z) • 
2w„ 

The second term between brackets shows a linear growth of the amplitude as a function of 

time. The state of resonance is arrived after an infinite elapse of time. 

In the presence of damping, the state of resonance is arrived after a finite time. Fig. 2.6 

shows the growth of the deflection to the state of resonance and the decay for different values 

of the damping constant S. In practice we expect that moderate values of the damping are 

realistic. However, in view of analytical properties of the problem it is often attractive to work 

in the lossless case. 

2.4 Reduction to the fundamental mode 

When the external force is the contributory cause, the 'fundamental' is present in the spectrum 

of the natural vibrations of the fibre. This presence opens the possibility to introduce an 

efficient reduction and will be useful in simplified models of the cochlea. As follows from the 

construction of the function of Green (section 2.3.3) all eigenfunctions form part of the 

expression (2.16) for the forced vibrations. In view of the orthogonality of these functions we 

introduce the expression 

] ' _ 
ueiAs)=-AuX^{z,s)dz. 

' 0 
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Figure 2.6. The behaviour of the deflection of an eigenvibration from the initial state of rest to the 
state of resonance for different values of the damping. The external force is sinusoidal and ends just 
after tin =30. 
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Thus the present expression is the orthogonal projection of the forced motion on the first 

function axis of the space generated by the eigenfunctions. 

We consider Ueff (s) as an effective mean value for the contribution of the 'fundamental' to 

the forced deflection. Let us insert (2.17) and (2.18) in ueff(s). Then, after changing the order 

of integration and summation and in consequence of the orthogonality (2.11), we readily find 

that 

- ( \ n
 a 1 

UAS)=2Cl-2 2 ^ - ^ 2- (2-23) 
s + û J - y + 2Ss + w, 

The constant cl follows from (2.17) and reads 

2 ' 
c^jjgfâuAtfdÇ . 

Here, g(z) is the amplitude of the sinusoidal driving force over the length co-ordinate z of 

the fibre. Both in engineering and in numerical models of the auditory system, the concept of 

impedance is widely used. The mechanical analogue of this quantity is defined as the ratio of 

a complex oscillating force and the velocity for forced vibrations in the steady state. The 

inverse of this ratio is called the admittance. The transform of the velocity is found when the 

deflection is multiplied by s. Let us assume that the amplitude of the driving force equals 

unity over the whole length of the fibre. In that case c, is reduced to 

2 ' 
Ci=-7l"AÇ)dÇ • (2.24) 

' 0 

M,(Z) is given in Appendix 2-A. It is easy to show that c, is independent of the fibre length 

/ . In consequence of this, the velocity force ratio reads 

sütff{s) _ 2cxs 

f(z,s) s2+2Ss + wf 

When s = ±ia> is inserted, the effective mechanical impedance for the fundamental mode 
straightforwardly follows from this expression and is defined by 

1 . 2c, 
7—<~±ico j ! T • (2.25) 

Ze« (co) - a ± 2ioa> + w," 

In this expression, the plus sign always corresponds to the 'positive' frequencies and the 

minus sign to the 'negative' ones. In the next two chapters it will appear that the treatment of 

some problems that include properties of the fluid are partly determined by the sign of this 

frequency. 

At this stage it is useful to look first for some properties in consequence of small values for 

the damping S. When S is small, the resonance frequency cor is very close to w,. Then, as 
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a, II where a, is follows from (2.14) the resonance frequency is about cor » cfc,2 . Here, k 
the first non-trivial solution of the eigenvalue equation cosh a cos a = 1 (Appendix 2-A). The 
constant c, is a known quantity and given by (2.24). In consequence of this, cor reads 

(2.26) 

This expression shows that the resonance frequency of the fundamental mode is 
approximately inversely proportional to the squared length of a fibre. As has been mentioned 
in section 2.1, the length of the membrane fibres increases linearly along the membrane. Thus 
the first resonance frequency of consecutive fibres covers a considerable frequency range. A 
plot of (2.26) as a function of the linearly increasing length / is shown in Fig. 2.7a. This figure 
can be conceived as a mapping of the frequency of a sound stimulus to a place of resonance at 
the basilar membrane. Its most striking property of this cochlear map is its compressive effect 
for higher frequencies. Qualitatively, a broad class of functions can express this property. 
Among those functions a suggestive one is a decreasing exponential relation between the 
resonance frequency and the place of resonance at the membrane. In that case (2.26) is 
replaced by 

(2.27) 
(Or ~ e X P | ~2X 

in which x is the length along the membrane. Most authors directly relate this behaviour to an 
effective stiffness of the membrane that decreases as a function of the length along the 
membrane. For an extensive overview of (almost) exponential stiffness functions that have 
been proposed by several authors, we refer to de Boer (1980). 

1000 

100 r 

Figure 2.7. a. Qualitative behaviour of the frequency-to-place map according to a linearly increasing 
fibre length /. The parameter x is the distance along the membrane. In this example holds 
/ = 0.0129x + 0.05 . b. The frequency-to-place map according to an exponentially decreasing function. 
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Later stiffness measurements (Gummer and Johnstone, 1983) do not confirm a typical 
exponential behaviour. Therefore, in our opinion relations like (2.26) are useful to simplify 
modelling by the application of such elementary functions. From a formal point of view it 
seems to be more informative to use relations of the kind (2.27). 

When the damping is sufficiently small, i.e. S«wl, the amplitude at the state of 
resonance according to (2.22) is about 

% ) « 7 ^ . (2.28) 
2Sa>r 

In models of the cochlea it often happens that S is proportional to a>r, so that the damping 
can be written as S = s cor. The constant s is small and positive. Then A(cor ) takes the 
shape 

A(a>)«—L-
2sa>'r 

When cor follows from (2.26), the amplitude A(cor) is proportional to the fibre length to the 
fourth. The alternative (2.27) leads to an exponentially increasing behaviour of A(a>r) along 
the membrane. 

In the sequel we shall restrict ourselves to the effective deflection as a result of the first 
vibration mode of membrane fibres. For the sake of convenience the subscripts ef. will be 
omitted. Let u(t) be the effective deflection under consideration. Then it follows from (2.23) 
that u(t) is the stationary part of the solution of the equation 

ii + 2Su + wfu = f(t) (2.29) 

in which 

f(t)= 2c, sinft>r . 

The modern way to solve this equation is to replace (2.29) by the equivalent first order 
autonomous system 

ù = v 

v = -w;u-2Sv + f(t) . (2.30) 

i = \ 

After addition of appropriate initial conditions, for instance the state of rest, the system can be 
integrated very well by application of several well known numerical methods (see for instance 
Press et al., 1986). The plots in Fig. 2.6 are the result when the classical Runge-Kutta 4 
method is applied. 
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2.5 Discussion and conclusions 

The re-discovery of the fibre structure of the basilar membrane in the seventies of the 
preceding century (section 2.1), again supports the notion to describe the forced motion of the 
basilar membrane in terms of vibrating membrane fibres that can be modelled as bars or rods. 
This leads to the formulation of relatively elementary boundary value problems for a bar or 
rod in which the question for the forced motion of a fibre is the heart of the problem. A 
standard way to solve these problems consists of the application of an appropriate function of 
Green. This function can be built up from the natural or eigenvibrations of a membrane fibre 
that follow from the boundary value problem under consideration. 

The forced motion, expressed in terms of the function of Green and the external force, 
shows that resonance takes place when an external frequency is close to or equal to an 
eigenfrequency of a natural vibration. Therefore, the eigenfrequencies of the membrane fibres 
determine the sensitivities of the membrane. 

The description of the shape of the eigenvibrations is rather classical. These vibrations 
have been given as functions in which the place- and time-dependent parts have been 
separated from each other. The place-dependent parts generate an orthogonal function space. 
In consequence of this orthogonality, the main contribution of forced vibrations can be 
determined in a natural way (section 2.4). 

Because the place-dependent part of an eigenvibration and, in consequence of this, the time 
properties of the corresponding vibration depends on the boundary conditions of the fibre, it is 
desirable that a clear description of boundary conditions is available. However, in section 
2.3.1 we mentioned that the precise boundary conditions for basilar-membrane fibres are not 
known yet. Besides, recent measurements of the stiffness (section 2.3.1) seem to underline the 
view that not all elastic properties of the membrane and its direct environment can be 
comprised into one effective stiffness parameter. For instance, near the organ of Corti, 
measurements according to Olson et al. (1993) deviate from predictions based upon bar or 
beam models. The discrepancy between simple model predictions and measurements seems to 
ask for elaborate models in which the combined action of the basilar membrane and the organ 
of Corti takes a central place. Nevertheless, the idea of a function of Green does not depend 
on specific boundary conditions. 

Therefore, the most constructive way to start with is to decide on a simple boundary value 
problem for a membrane fibre. Although the rather elementary boundary conditions we used 
probably lead to some quantitative uncertainty, the applied method is useful. It appears that 
the explicit shape of a function of Green can be found so that forced vibrations can be studied 
adequately. This way of modelling readily shows resonance. The resonance frequencies 
depend mainly on the length of the fibres and are inversely proportional to the squared length 
of the fibre. All main properties of the fundamental mode can be described in terms of an 
effective impedance (section 2.4) or, what is better, in terms of an equivalent second order 
equation in the time domain. In this sense, a system of membrane 'fibres' with increasing 
length and described by an equation of motion for the first vibration mode is a rudimentary 
shape of the cochlear system of filters. 
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In almost all practical applications the 'frequency-to-place' map is modelled as a 
logarithmic map. Modelling according to bar or rod models lead to a frequency-to-place map 
that differs substantially from the commonly used logarithmic relation (section 2.4). 

In auditory theory the concept of point impedance is often used. However, there are only a 
few attempts to relate this concept to fundamental bar properties. In the past Diependaal and 
Viergever (1983; 1986) have discussed this concept. In their opinion it is sufficient to 
describe the motion of a membrane fibre in terms of a Fourier sine series. This proposal 
mainly rests on the suggestion of Steele (1976) that simply supported boundary conditions are 
a reasonable approximation to reality. The present discussion on these conditions, which 
points to the need for elaborate fibre models, makes this approach slightly obsolete. 

Within the framework of the present approach the application of a Green's function 
technique is here the more natural way too. We shall elucidate this. Assume that the fibre 
moves under the influence of an oscillating unit force at the point z = z0 of the fibre. This 
force can be written as ƒ (z, t) = S(z - z0 )sin cot. Its Laplace transform reads 

f{z,s)=S{z-z0)— f . 

The 'magnitude' of the force at the point z = z„ follows from the properties of a S -function. 
For the sake of convenience we will denote this quantity by f(z0,s), so that 

f{z0,s)=jf(z,s)dz 
CO 

The deflection of the fibre in consequence of this driving force is found when f(z,s) is 
inserted in (2.16). Then, after multiplication by s, the transform of the velocity is found and 
reads 

v(z,s)= sG(z,z0,s)- co 

In consequence of this, the ratio between velocity and force at z = z0 is 

m=*G(z0,W). 
f{z0,s) 

When the frequency of the forced oscillations is co, insertion of s = ±ico readily yields 

2v "«(O »fi—T Z(z0,a>) I „=i -co2 ±2iSco + wl ' 

This expression defines the point impedance at the point z = z0. When co is close to one of 
the numbers wn, the denominator of the n-th term in the sum almost vanishes and resonance 
takes place. 
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Then, the resonant term determines the admittance so that 

_^x+ico
2 u-M 

Z{z0,co) l -co2±2iöco + w2
n 

The difference between the point impedance that follows from the present expression and 
the effective impedance (2.25) is the presence of the squared eigenfunctions at the point under 
consideration. Here, the eigenfunctions determine an additional factor to the concept of point 
impedance that both follows from physical properties of the fibre and obeys the boundary 
conditions of the problem. 

For n = 1, this local impedance can be used as a rough approximation to model global 
resonant properties of membrane fibres in two-dimensional models of the basilar membrane. 
From Fig. 2.5a follows that the squared eigenfunction differs considerably from the half-
sinusoidal approximation. 

In the time domain this impedance can be associated with the stationary part of the solution 
of the equation 

U + 2ÔÙ + w2u = — u' sin cot , 
/ " 

in which u =u(za,t) is the deflection at the point z = z0 of the fibre that moves under the 
influence of a sinusoidal force s'mcot. This force is weighted for the value of the mask 
u2

n = u2
n{z) at the point z = z0. When z0 approaches one of the ends of the fibre, the mask 

tends to vanish in consequence of the boundary conditions we applied. Because the deflection 
is proportional to the local value of the mask, a similar behaviour is found for the deflection 
near the ends of the fibre. Therefore, specific properties of the fibre as a bar or rod as well as 
the boundary conditions can be included in time domain models. This holds true for both a 
two-dimensional and a three-dimensional approach to the cochlear problem. 

At present it is believed that in a healthy cochlea, outer hair cell activity (Ashmore, 1987; 
Brownell et al. 1985; Brundin and Rüssel, 1993) substantially contributes to the motion of the 
basilar membrane (Ruggero, 1992). For an overview of hair cell properties we refer to 
chapters in the work of Dallos et al. (1996) or Geisler (1999). This implies that a hair cell can 
exert a force near the end of a membrane fibre. For the sake of convenience we shall assume 
that this force is located in a very small region that can be approximated by only one point 
z - z0 . Then, this force can be modelled as fh(t)ô(z - z0) where fh{t) is the time-varying 
density. 

The force gives a contribution to the motion of a fibre. Because the fibre is in contact with 
the fluid, a part of the energy will be emitted to the fluid. Therefore, forces generated by outer 
hair cells are present in the cochlear fluid. In our opinion, possible non-linear effects in the 
cochlea are the result of forces caused by outer hair cells rather than the result of non-linear 
effects of the basilar membrane motion. There is no evidence that the fluid motion or a fibre 
motion is responsible for significant non-linear effects. The actual amplitudes of the basilar 
membrane deflection and the fluid velocity are so small that it is unlikely that at this level 
non-linearities of any importance are generated (van Dijk, 1976; Viergever, 1980). 

27 



The fibre motion that follows from hair cell activity can be modelled when we again apply 
the function of Green. Let fh(s) be the Laplace transform of the density fh{t) of the force 
generated by a hair cell. Then follows from (2.16) that the forced fibre motion as a result of 
this force is 

üh(z,s) = fh(s)G{z,z0,s). 

The degree in which hair cell forces are present in the motion of the membrane fibre 
depends on the behaviour of G{z,z0,s) near the organ of Corti. Near this organ the influence 
of the boundary condition for membrane fibres is significant. In the present chapter we used 
clamped boundary conditions. Near those boundaries the function of Green tends to vanish 
and effects of hair cell forces will be small. Therefore we shall assume that the point z = z0 is 
sufficiently far from the boundary of a fibre. 

Quite formally, the concept of a function of Green does not depend on specific boundary 
conditions. Therefore, in the development of extended models for membrane fibres it would 
be better to introduce a different boundary condition near the organ of Corti. The condition 
could be an almost free condition that is subjected to the load of the organ of Corti. In that 
case it will be much easier to imagine how hair cell forces are emitted to the surrounding 
fluid. 

The description of the behaviour of membrane fibres underlines a classical rule of thumb in 
vibration theory that once the properties of a system in absence of external forces have been 
mapped out, it often appears that these properties are reflected in the motion caused by 
external forces. 

Now the question arises whether the results of this chapter are still valid when we reckon 
with the influence of the cochlear fluid(s) or not. When the membrane is in motion the 
pressure in the surrounding fluid is 'disturbed' in consequence of this motion. In acoustics 
this disturbance is called the radiation pressure. Clearly, the radiation pressure is a function of 
the deflection and/or the velocity of the membrane. This means that in models the presence of 
radiation pressure leads to a modification of the equation of motion of the membrane. Because 
this pressure must comprise the motion of all other points of the membrane, the presence of 
radiation effects constitutes a coupling between all membrane fibres even in the absence of an 
external force. The influence of this radiation pressure on the motion of the membrane is the 
topic of the next chapter. In that chapter the membrane is modelled as a series of harmonic 
oscillators. The idea behind this simplified membrane is that the eigenfrequencies of the 
successive oscillators model the lowest eigenfrequencies of consecutive membrane fibres. 

In chapter 4 we will give a proposal to introduce hair cell forces in a model for the basilar 
membrane and the surrounding fluid. 
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Appendix 2-A. Eigenfunctions 

In this appendix we give an explicit description of the eigenfunctions un(z); n = \, 2,... that 
have been used in the sections 2.3.2 and 2.3.3 to construct the function of Green G(z,Ç,w). 
The background for this kind of problems follows from a fundamental vibration problem for a 
thin beam or rod. In that problem we are asked for the vibrations u(z,t) that must obey the 
equation 

2 d u du 

and are subjected to the boundary conditions 

u = 0 for z = 0 and z = I , 

— =0 for z = 0 and z = l • 
dz 

Here we will solve the problem for vibrations proportional to the time behavior exp(±i'öÄ). 
In that case follows that the problem reduces to 

^ - " - f c 4 « = 0 , (2-A.l) 

dz" 

with boundary conditions 

u = 0 for z = 0 and z = l , 

— = 0 for z = 0 and z = I • 
dz 

The constant k has been chosen so that 

e = - . (2-A.2) 

c 

The general solution of the differential equation is 

u(z)= Asinhkz +Bcoshkz + Csinkz +Dcoskz . (2-A.3) 
From the two boundary conditions at the point z = 0 follows that 

D = -B 

(2-A.4) 

C = -A . 
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As follows from both the remaining two boundary conditions at the point z = / , the 
solution u(z) and the relations (2-A.4) the constants A and B fulfill the homogenous system 
of equations 

sinh kl - sin kl cosh kl - cos kl 

cosh kl - cos kl sinh kl + sin kl 
•-0 . (2-A.5) 

In order that the system possesses a non-trivial solution, the determinant of the system must 
vanish. This requirement leads to the condition that 

cosh kl cos kl = 1 . (2-A.6) 

Let us write the solutions of (2-A.6) as kj = an; n = 1,2,... .As follows from (2-A.6), the 
numbers an slightly differ from typical harmonic behaviour. When the numbers an ; 
« = 1,2,... have been determined, it follows from (2-A.2) that the frequencies of the possible 
vibrations are 

a>. ; « = l,2,. 

For each kn; n = 1,2,... the system (2-A.5) has a non-trivial solution. In these cases the first 
equation of the system (2-A.5) yields 

sinhfc I -sink I 
B„=-An =- ; « = 1,2,.... 

" cosh kl -coskl 

When Bn is inserted in (2-A.3) and the appropriate numbers kn ; n = 1, 2,... are used, the 
eigenfunctions of the problem ultimately read 

u U)=A (sinhknz-sinknz) — — (coshknz-cosknz) \ , * (2-A.7) 
cosh k J - cos kl 

n =1,2 The constant An can be used to normalise an eigenfunction. A plot of the first 
three functions has been given in Fig. 2.5a. 
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3. Membrane and environment 

Abstract. An important part of the direct environment of the basilar membrane is fluid or is 
fluid-like and incompressible. This implies that the pressure in the environment of the 
membrane has to obey Laplace's equation. We first formulate a two-dimensional boundary 
value problem for the pressure in the cochlear fluids. The difference between the equation of 
motion for the basilar membrane and the equation for the surrounding fluid respectively yields 
an inhomogeneous mixed type boundary condition. Formal properties of the model and 
properties of the solution are discussed. Because singularities are neglected the solutions 
according to the method from this chapter are of limited importance. It appears that a three-
dimensional approach hardly leads to new insight. 

3.1 Introduction 

The purpose of this chapter is to formulate and to solve a model for the basic properties of the 
motion of the basilar membrane in relation to the surrounding fluid-like medium. This will be 
done with the help of elementary equations of motion for both the basilar membrane and its 
environment. These equations and some of their consequences will be discussed in section 3.2 
and 3.3. It will appear that it is almost impossible to model the main characteristic of the 
problem from a still simpler point of departure without omitting essentials. After that, in 
section 3.4, we shall formulate a boundary value problem for the cochlea. The notion to work 
with such problems is not new. About twenty-five years ago these ideas made their entrance 
in literature. For instance, Lesser and Berkley (1972); Viergever (1975); Van Dijk; (1976); 
Allen (1977) and Shondi (1977) formulated almost equivalent problems in a slightly different 
way. After taking advantage of some analytical techniques, those models ultimately led to 
systems of equations that have been solved numerically. There is nothing against the use of 
models in the shape of boundary value problems and nor is it problematic to apply numerical 
procedures to them. However, it will appear that the way of modelling was slightly 
ramshackle and the methods used did not contribute insight into the kernel of the problem. 
Therefore, it is not astonishing that already before the mid-eighties the development was 
stagnant. Viergever (1986) gives a review of the research at that time combined with some 
results. 

Now it will be clear that there is a new question. Are there other and more effective 
methods available to tackle these boundary value problems so that a better insight is acquired 
on how the ear looks at a sound stimulus? The answer is: yes indeed, there are. However, 
some care must be taken because the success is closely related to which physical properties 
are modelled and which mathematical properties are included in the model. Therefore, in 
section 3.4.1 we shall first pay attention to the formulation of a boundary value problem in 
which the pressure at the membrane has to obey an inhomogeneous radiation condition. Then 
we will draw some conclusions from formal properties such as unicity and compatibility. This 
will be done in the sections 3.4.2 and 3.4.4. In section 3.4.3 we pay attention to the 
singularities of the problem. In section 3.5 we will solve the problem as if the singularities are 
negligible. Then it is relatively easy to give a solution and an interpretation of the solution. 
Because of the lack of attention for the singularities, the validity of the solution is 
questionable. 
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In section 3.6 the three-dimensional counterpart will be discussed. There it will appear that 
from a theoretical point of view, there is no fundamental difference between a two- and a 
three-dimensional approach to the problem. 

A typical property of the motion of the basilar membrane as a result of a sinusoidal sound 

stimulus is the travelling wave behaviour. Ranke (1931, 1942) was one of the firsts who made 

a set-up to model this motion of the basilar membrane from a hydrodynamical point of view. 

His aim was to describe and to explain the early Von Békésy (1928) observations on the 

motion of the membrane in a fluid-like environment. For that purpose he proposed a 

description for an undulating potential in the fluid near the membrane. He used expedients 

from the theory of complex functions so that Laplace's equation was satisfied and tried to fit 

the potential to the impedance of the basilar membrane. Ranke's starting point was rather 

general and also pioneering in the field of cochlear mechanics. However, the way in which he 

treated most mathematical aspects of his problem is curious and not very careful. Siebert 

(1974) renewed the attention to the descriptive style of Ranke with an attempt to support this 

kind of phenomenology by stronger mathematical foundations. He studied the pressure in a 

two-dimensional model of the cochlea and proposed to distinguish between 'short-wave' and 

'long-wave' approximations. His short-wave approximation supported Ranke's description, 

whereas the second approximation straightforwardly led to the early Zwislocki (1948) 

approach. The long-wave approximation was Zwislocki's answer to the work of Ranke. After 

him a lot of investigators followed his way of approximating the problem. Basically, the 

derivation of Zwislocki's long-wave equation is completely ad hoc. This makes this approach 

both attractive and slightly vulnerable. In spite of Siebert's proposals it is impossible to 

support this equation, without additional assumptions, by rigorous mathematical means. We 

will come to this point in chapter 5. 

Zwislocki re-investigated his way of modelling (Zwislocki, 1980) and arrived at a more 

elegant derivation of his equation. However, from a mathematical point of view, he 

essentially did not add special information to his original proposals. The Zwislocki approach 

is extremely popular in cochlear modelling because it corresponds to the concept of travelling 

waves according to Von Békésy (1960) and to a lot of observations after him. However, this 

does not yet imply that the equation is right. It rather contributes to the imagination of 

physicists who prefer to think in terms of travelling waves rather than in terms of a reliable 

framework for cochlear mechanics. An important part of work in the field of auditory theory 

is related to this equation. Therefore, in chapter 5, we shall pay much attention to Zwislocki's 

equation. Reviews on most topics related to this subject are given in De Boer (1980; 1984; 

1991; 1993). 

3.2 General dynamics 

Let us start with a particular cochlea in which all membranous structures are absent. The fluid 

in the cavity has to obey the well-known equations of Euler. 
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In vector notation these equations can be written as 

— = _ - L v p + F . (3.1) 
dt p 

The vector v is the velocity of a unit of mass of the fluid. The density of the fluid is p and p 

is the pressure. The sum of external forces - per unit of mass - is denoted by F . This vector 

may comprise both classical terms in consequence of the presence of viscosity and terms of 

quite different origin. The equation expresses the equilibrium between the inertial resistance 

of a unit of mass of the fluid, the pressure and the sum of all external forces. Van Dijk (1976) 

and Viergever (1980) showed that in the equations of motion, both non-linear terms and 

possible viscous effects are of minor importance. In consequence of this we will start with 

equations in which the viscosity is absent and in which it is allowed to replace the total 

derivative dv I dt by the local one dvIdt. 

Next we assume that in a certain strip-like region of the inner ear cavity a membrane is 

present in addition to the fluid. The stiffness component of this membrane is not negligible. In 

order to find the equation of motion for this membranous medium, it is sufficient to add a 

term to the Euler equation (3.1) that describes the restoring force in consequence of the 

presence of stiffness. When the stiffness per unit of volume of the strip is given by Km and 

the density of this medium is pm, the restoring force per unit of mass can be written as 

- coaüm . 

Here w is the deflection of a unit of mass of the membranous medium. a>\ is defined by 

a>\ = Km I Pm • m consequence of this, the modified Euler equations for this medium are 

^ = - — Vp„,-«„ 2« r a +F„, - (3.2) 
dt P„, 

In this equation subscripts ,„ are used to distinguish between membrane quantities and the 

counterparts of the surrounding fluid. From now on the subscript „ will be used to refer to the 

normal component of the corresponding vector quantity. Then the symbol vmll denotes the 

normal component of the vector velocity vm of a point of the membranous medium. At the 

boundary between fluid and membrane, the normal component of (3.1) perpendicular to this 

boundary reads 

^ L = _I^ + F n . (3.3) 
dt p an 

The equivalent equation for the membranous medium with respect to the same normal 

direction is 

^ = - ^ - « X „ , + ^ , . (3-4) 
dt pm on 
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3.3 The basilar membrane as a discontinuity 

When the cochlear fluid and the membranous medium are in motion, we shall assume that the 
fluid always follows the membrane and also conversely. Then, the velocities of both media 
are the same at the common boundary between fluid and membrane. In consequence of this, it 
holds that v„ = vm„. Here, v„ is the normal component of the fluid velocity at this boundary 
and vmn the normal component of the membrane velocity vm. At this stage it is our aim to 
avoid unnecessary additions. Therefore we shall assume that normal components of all 
additional forces at the common boundary between both media are the same. In consequence 
of this, it holds that Fn = Fmn. These assumptions make it rather simple to compare the 
equations of motion (3.3) and (3.4) with each other at the common boundary. Let us subtract 
(3.4) from (3.3). Then, the difference between the equations can be written as 

LlR l ôPm _ 2 
pan p ^ - ^ " ™ - (3-5) 

This equation expresses that the presence of stiffness in the membranous zone essentially 
represents a discontinuity for the pressure. In absence of the stiffness there is hardly a reason 
to distinguish between p and pm. It is easy to verify that the difference between the linear 
counterparts of (3.3) and (3.4) lead to the same equation. Therefore the validity of (3.5) does 
not depend on the possible presence of non-linear terms in the Euler equations. 

Next we consider the membrane as a thin strip with thickness An. In that case the density 
pm can be written as 

m 
P"-Jn' (3-6) 

where m is the mass per unit of area of the membrane. Insertion of this term in (3.5) yields 

1 dp 1 dpm 2 

p an m on ° "'" ( 3 7 ) 

In the second term of the left member of (3.7), the expression [dpm I an) An is the difference 
between the pressure at the upper and lower side of the membrane. There is some reason to 
introduce in models of the cochlea arguments of symmetry with respect to the behaviour of 
the pressure across the membrane (Van Dijk, 1976; De Boer, 1980). In conformity to those 
opinions we shall assume that the pressure difference across the membrane equals two times 
the fluid pressure at the upper side of the membrane. In consequence of this, we introduce the 
following simplification 

dp 
-^An = 2p , n > n 

on (3-8) 

where p is the pressure at the upper-side of the membrane. 
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When this expression is applied, (3.7) is reduced to 

djL-2Rp = pcûlumn . (3.9) 
on m 

Equation (3.9) holds true at the boundary between fluid and membrane. The equation has 
the shape of an inhomogeneous radiation condition'. In this equation the leading parameter is 
2pl m. This quantity determines the ratio between the pressure and its normal derivative. 
Note that in (3.9) (û\ must be considered as the ratio of the stiffness and the mass, both per 
unit of area of the strip. 

In problems concerning oscillations the importance of stiffness depends on the frequency 
of the vibrations. This can be elucidated with the help of equation (3.4). In absence of external 
forces, the linear counterpart of (3.4) reads 

^ = - X „ - - ^ - (3.10) 
dt pm on 

Let us assume that umn oscillates with a frequency a>. Then we have ümn =—<o2unm, so 
that the pressure and the deflection obey the expression 

•Pm 2 

V a J 
<»\,n=—- (3.11) 

dn 

In chapter 2 we noted that along the basilar membrane the stiffness o„ varies as a decreasing 
function of the distance to the stapes (see for instance Fig. 2.7a. and Fig. 2.7b or de Boer 
1980). When the frequency w is fixed the parts of the membrane on either side of the point of 
resonance, i.e. the point at which co = cu0, have different properties. 

In the first part the stiffness dominates the density, i.e. co<a0. It is not difficult to 
conceive this region as a discontinuity in a fluid-like environment. Near the stapes, the 
starting point of this region, col increases rapidly. Then, as follows from (3.11), the deflection 
tends towards zero. This situation can be considered as a pseudo zero boundary condition for 
the deflection. We expect that near the stapes, where the membrane is very narrow, the 
motion of the membrane partly follows from the presence of additional bending stiffness. In 
that region the membrane and its bony environment are grown into one. Therefore, there is 
some reason to extend (3.10), especially near the stapes, with a small term of the type 

ax 

1 The homogeneous part of (3.9) has the shape of a classical radiation condition for the pressure. When the right 
member in (3.9) does not vanish, the solution of this equation expresses the influence of the motion of the 
membrane on the pressure at particular point. This effect is often called the coupling between membrane 
oscillators. This meaning differs from the classical notion of radiation. In spite of this difference, we will use the 
word radiation condition for expressions like (3.9). When (3.9) is used as a boundary condition, this condition 
could also be called an inhomogeneous mixed boundary condition or an inhomogeneous condition of the third 
kind. 
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in which c0(x) rapidly diminishes as x grows. The introduction of this term asks for 

boundary conditions at the starting point ^ = 0 of the membrane. Here we again prefer the 

well-known clamped boundary condition 

u = 0 and — = 0 at x = 0 . 
âx 

In the second region of the membrane, the density of the medium dominates. In this part it 

holds that co> co0. Then equation (3.11) can be considered as an Euler equation of a medium 

with a frequency-dependent inertial resistance determined by the effective density 

P m 2 
CO' 

(3.12) 

Because in this region every point of the membrane can be replaced by a fluid with an 

equivalent density peff , it seems as if the membrane behaves as a fluid-like medium. 

Thus, here the boundary between the membrane and the fluid is a line of contact between 

two different fluids. In other words, in this region the membrane resembles a fluid-like film 

between the surrounding fluids. At a line of contact between different fluids, cohesive forces 

are the cause of a pressure difference across that line. It can be shown (for instance 

Sommerveld, 1964) that these forces only depend on the shape of the surface of separation. 

The equation of motion for such a thin film is 

d2unm „à2umn 

in which a is the surface tension within the medium. In consequence of this, there is from a 

physical point of view some reason to extend equation (3.10) with a term of the type 

2 mn 
L 9 

âx2 

in which c2 =-]oI pm . Because at the end of the membrane, i.e. at x = l, again the 

membrane and its bony environment are grown together, a natural boundary condition is the 

zero condition for the deflection 

u = 0 at x = l . 

Just after this point, any pressure difference must vanish in consequence of the presence of the 

helicotrema. This small hole is found close to the end of the membrane. Therefore, it is useful 

to put as an additional boundary condition 

p = 0 near x = I . 
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In summary, the main part of the equation of motion for the membrane is (3.10). The 

essential distinguishing mark in the equation is the presence of stiffness. Before resonance the 

stiffness dominates. Near the starting point of the membrane additional forces that model 

bending stiffness combined with a 'clamped' boundary condition form a rather natural 

extension. After resonance, the membrane behaves as a fluid-like film. Then the addition of 

capillary forces to the equation can be argued. This last extension leads automatically to the 

demand for a zero boundary condition for the deflection at the end of the membrane. In 

section 3.5 we will come back to (3.10) and in chapter 6 we will discuss an extended version 

of (3.10) in which is accounted for capillary forces. In the next section we will first formulate 

a boundary value problem for the pressure in the cochlea. In this problem the radiation 

condition will take a central place. The model can be considered as stripped to the skin. 

Thereafter, we will first discuss some global properties of the problem. 

3.4 Properties of a boundary value problem for the cochlea 

3.4.1 A boundary value problem 

The fluid inside the cochlear scalae is approximately incompressible and non-viscous. 

Therefore we shall assume that the standard condition for incompressibility, i.e. 

divv=0, (3.13) 

holds true at every point inside the cochlear scalae and at the membrane. Then, as follows 

from the Euler equations and (3.13), the pressure p has to fulfil Laplace's equation 

A^ = 0 . (3.14) 

For the sake of future convenience we shall assume that the geometry of both cochlear 

scalae is rectangular and the basilar membrane separates both scalae over almost the whole 

length of the system. Thus our problem concerns a region D that is shown in figure 3.1a. In 

this figure the boundary âDl is the entrance of the system. This boundary represents the place 

of the oval window. The basilar membrane is found at âD2. The boundary SD, is the place 

of the round window. The rigid bony environment of the cochlea is represented by the 

boundary dD4. Between the end of âD2 and âD4 there is a small gap dDhe that models the 

helicotrema. Thus, actually we deal with one fluid-filled region with a rather sophisticated 

boundary. When turning around this boundary we have to distinguish between the upper side 

dD* and the lower side dD\ of the membrane boundary. Then, both inner fluid normals at 

the two parts of this boundary point in opposite directions. When the membrane performs its 

motion under the influence of the pressure in the fluid, this motion is odd with respect to the 

normals at the membrane. Because the pressure is responsible for this motion it must posses 

the same odd property. In figure 3.1a the normal at the upper side of the membrane points in 

the positive y-direction and the normal at the lower side in the negative y -direction. In 

consequence of this, it holds p(x, y,t)= -p(x-y,t). This odd behaviour can be depicted in a 

slightly different geometrical context (Fig. 3.1b). Here, the upper box in Fig. 3.1a has been 

mapped as the box in the left half plane of Fig. 3.1b. 
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Figure 3.1. a. Simplified rectangular model of the cochlea. The model consists of two scalae separated 
from each other over almost the whole length by the membrane at âD2 . Between the end of dD2 and the 
hard wall at dD4 a small gap dDhe models the helicotrema. b. Mapping of the geometry in a. The 
purpose of this mapping is to formulate a model for the pressure that is odd with respect to the line 
x = 0 . The image of the helicotrema is the line of symmetry at x = 0 . 

The reflection of this last box with respect to the vertical axis in Fig. 3.1b is the image of 
the lower box in Fig. 3.1a. The technical process of mapping the geometry from Fig. 3.1a to 
Fig. 3.1b does not alter the shape of Laplace's equation. 

Moreover, because this two-dimensional mapping is conformai, we expect that the 
properties of the pressure that follow from both systems are qualitatively the same. Therefore, 
we will focus our attention on a model with a geometry as has been given in Fig. 3.1b. 
Possible quantitative differences as a result of geometrical differences are beyond the scope of 
this work. From a calculational point of view the geometry in Fig. 3.1b is attractive, 
especially in consequence of the odd behaviour of the pressure with respect to the vertical 
axis. Van Dijk (1976) and Allen (1977) have proposed a geometry that profits from odd 
modelling. Now we are in an appropriate position to formulate a boundary value problem that 
is relatively easy to handle. 

Assume that the pressure at dD] is known and given in the shape of a suitable function ƒ . 
This function depends on time and may depend on the position at âDl. However, for the sake 
of convenience we will ignore this last kind of dependence. Thus the boundary condition at 
dDx reads 

P = f , 

in which ƒ = f(t). 
The boundary dD* represents the upper side of the membranous zone. The length of this 

boundary equals the length of the basilar membrane. The length of the human basilar 
membranes varies between 3 and 3.5 cm. Therefore we choose the length of the membrane in 
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the model equal to n. At this boundary we require that p obeys the radiation condition (3.9). 

Thus the boundary condition at dD\ reads 

— — p = pcùl(x)u for -K < x < 0 . 
an m 

Here, u is the membrane deflection and Cù\ the stiffness along the membrane. Both the 

deflection and the pressure are odd with respect to the line x = 0. In consequence of this, the 

stiffness must be modelled as an even function with respect to x = 0. Therefore, the boundary 

condition at dD~ reads 

— —— p = pa>l(-x)u for 0<x<n . 
an m 

At the boundary dD^ we require that in consequence of the odd behaviour of the pressure 

holds 

P = -f • 

The last boundary âD4 represents an ideal hard wall. At this boundary we require that the 

normal fluid velocity vanishes. Therefore, the pressure is subjected to the usual hard wall 

boundary condition 

âp/ân=0 . 

In summary, the different requirements forp lead to the following mathematical model. In 

this model we are asked for the pressure p, which obeys 

Ap = 0 in D . 

This pressure is subjected to the boundary conditions 

p = ƒ at 3D, 

dp 2/7 2 t ^ n + 
— — p = pco0 u at (?D] 

dn m 

ÏL-lP-p^palu xtâD: (3.15) 
an m 

p = -f at âD, 

^ = 0 at âD4 

an 
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Along the whole boundary dD1 holds 

col{x) = cùl(-x) 

and 

p(x,0,t)= -p(-x,0,t) and u(x,0,t)= -u(-x,0,t) . 

For the sake of completeness, we assume that zero initial conditions complete the model. 
Because in this model the pressure is odd with respect to x = 0, it follows that p(0,y,t) = 0. 
The line with this property can be considered as a boundary dDhc that is the image of the 
helicotrema in Fig. 3.1a with a prescribed boundary condition p = 0. 

The difference between the present and previous boundary value problems for the pressure 
in the cochlea is that in (3.15) the radiation condition is explicitly present as an 
inhomogeneous mixed boundary condition that must hold true at every point in time. 

This expresses the basic idea that once the deflection of the membrane is known at a point 
in time, the new pressure is found as a solution of the present problem. Then, when the 
pressure at the membrane is inserted in the equation of motion for the membrane as follows 
from (3.8) and (3.10), the actual deflection is found. This process is self-repeating with 
infinitesimal small time steps. In other words: the influence of the motion of the membrane on 
the pressure is the result of an 'indirect' radiation process. 

A well-posed problem ought to have exactly one solution. In theory, investigations to 
prove this property have been split up in two parts. The first one concerns the question for the 
existence of a solution for the problem. In the second part the unicity of a possible solution 
has been investigated. 

Concerning our problem the question for the existence of a solution is readily answered. In 
the sections 3.5 and 3.6 we will simply construct a solution so that the existence has been 
fulfilled automatically. Then in the following section we shall prove that once the solution has 
been found, this solution is unique. However, it will appear that a minor modification of the 
problem leads to the impossibility to decide on unicity. Therefore, some care must be taken. 

In so called Neumann problems, that means problems in which the normal derivative of the 
pressure have been prescribed at the boundary, a property that must be fulfilled in order to be 
able to decide on unicity is the condition for compatibility (see for instance Garabedian, 
1964). It will appear that for our problem compatibility has the meaning of a global constraint 
for the sum of all forces over the boundary of the problem. Because there is a discussion on 
the relation between the influence of hair cell activity in relation to cochlear emissions, it is 
worthwhile to pay attention to this constraint. This will be done in section 3.4.4. In the next 
two sections we mainly follow the way that has been pointed out by Garabedian (1964). 

3.4.2 Unicity 

We start this section with the well-known first identity of Green 

lB(Vp-Vq + pAq)dT + lgD P^da = 0. 
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In this expression D is a region enclosed by the boundary dD. A volume element of D is 

denoted by dz, whereas da represents a surface element of the boundary. The functions p 

and q are potential functions that have been defined everywhere in D and at the boundary 

dD. 

Let q fulfil Laplace's equation Ag = 0 in D. If in addition to this p equals q, then Green's 

identity reduces to the expression 

HIU D />£^=0. (3.16) 

in which II p 12 is the Dirichlet integral 

\\PV=\D Vp-Vpdr . 

For our purpose we shall assume that the boundary dD encloses the left half of the 

rectangular region D (see Fig. 3.1 b) in problem (3.15). As follows from this figure, dD is 

composed of the parts dDx, dD2, dDhe and half the boundary dDA. Let us first assume that 

at an arbitrary moment in time the right member of the radiation condition is known. Suppose 

that /?, and p2 are two solutions for problem (3.15). Then, the difference d = pt - p2 fulfils 

the equivalent of (3.15) for d with homogeneous boundary conditions. In consequence of 

this, the counterpart of (3.16) for d reads 

2p fo 

Here, the integral is taken along dD*. Because both terms at the left-hand side are positive or 

zero we conclude that, both in the region D and at its boundary dD, only the zero option is 

valid. Therefore, p, = p2 so that a solution for this problem is unique. 

The present way of reasoning follows from typical spatial considerations and holds true at 

every moment in time. 

Next we turn our attention to the time domain. Let us assume that the deflection oscillates 

with a frequency a. For such vibrations holds that at an arbitrary point x of the membrane 

boundary ii(x,t) equals -co2u{x.t). The equations of motion, which govern the fluid motion 

of the neighbouring fluid, are the Euler equations in absence of external forces. In section 3.3 

we assumed that the membrane always follows the motion of the fluid. In consequence of 

this, normal components of comparable physical quantities are the same. Then, as follows 

from (3.3) when the pressure is known, the deflection at the membrane can be found 

according to 

u = ̂ ^ . (3.17) 
pa> dn 
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However, when this corollary is substituted in the radiation condition at dD*, the originally 

inhomogeneous condition takes the shape of the homogenous radiation condition 

1 - ^ T V - - p = 0 f o r - f f < K 0 . (3.18) 
co j on m 

Then, a similar way of reasoning as in the first part of this section and application of (3.16) 
leads to 

H ll2 2pco2
 r o d2 

\\d + — I —: -da=0. 
m * co~ -û)Q 

Before the point of resonance, i.e. when co < co„, the denominator in the integrand is negative. 

Then, apart from the behaviour of the integrand at the point of resonance, i.e. when 

co = co0(xr), this condition shows that we are not able to decide a priori on unicity. However, 

when we assume that the deflection is given along the membrane, it is not difficult to decide 

on unicity of the solution for the pressure from model (3.15). 

The modest result of this section is that a problem of the kind (3.15) belongs to the class of 

well-posed problems. The solution of this problem makes it possible to express the pressure at 

the membrane in terms of the deflection at the membrane. This property is useful to describe 

some aspects of time domain modelling and will be applied both in section 3.5 and in section 

3.6. 

At this stage it is worthwhile to note that in the oscillating case the homogenous condition 

(3.18) is equivalent to the equation of motion for the membrane (3.10) and (3.8), combined 

with (3.17). The present considerations show that this combined condition is not suited to 

serve as a boundary condition for the pressure in a well posed boundary value problem for the 

pressure. 

In the literature different methods are found that can be conceived as trials to overcome 

this problem. Viergever and Kalker (1975) and Allan and Shondi (1977) looked at the 

boundary value problem for the pressure as a Neumann problem. In those problems it is 

assumed that the normal derivative of the pressure at the boundary is a known function. This 

assumption is sufficient to find a solution for the Neumann problem. However, then there still 

remains some uncertainty whether this solution is the solution of the problem or not. Proving 

that the solution under consideration fulfils the condition of compatibility can eliminate this 

uncertainty. This condition implies that the integral over the whole boundary of the prescribed 

normal derivative of the pressure at the boundary vanishes (see also section 3.4.4). Van Dijk 

(1976) removed this intrinsic difficulty by opting for a different formulation of the problem 

that has to be solved. He used the trick of translating the cochlear fluid problem to a Dirichlet 

problem. In those problems the boundary function is continuous along the boundary of the 

problem. In consequence of this, compatibility has been met automatically. In spite of this 

advantage, the main restriction of this approach is its limitation to only the two-dimensional 

case. 
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A typical advantage of a Neumann problem is that it is easy to extend a two-dimensional 

problem to its three-dimensional counterpart (de Boer, 1980; Viergever, 1980). In recent 

investigations Mammano and Nobili, (1993) reintroduced the Neumann approach in a three-

dimensional model for the pressure in the cochlear scala. In order to solve their problem they 

applied the Green's function technique to this potential problem. According to our opinion 

some care must be taken at the interpretation of their results. Quite formally, the function of 

Green in a Neumann problem does not exist because it is impossible to obey the condition of 

compatibility (Garabedian, 1963). Therefore, we can never decide on the unicity of a solution 

for this kind of problems that has been expressed in terms of a 'simple' function of Green for 

this problem. 

In section 3.4.4 we will come back to the concept of compatibility. In consequence of the 

present discussion, we will consider (3.18) as an independent equation for the pressure at the 

membrane. In order to make the meaning of this equation more realistic, it is useful to 

introduce some damping in the model. This will be done in the next section combined with a 

description of some consequences. Properties of the solution of equation (3.18) are the subject 

of chapter 4 and approximations are found in chapter 5. 

3.4.3 The lossy case 

Thus far we only considered both the basilar membrane and the surrounding fluid as lossless 

media. In this section we will enlarge the scope of this description by introducing resistive 

terms in the equations of motion. This can be done when (3.1) and (3.2) are extended with 

terms of the kind - Av . The positive constant À denotes an effective coefficient for the 

damping. The dimensions of such coefficients are s'1. The equation of motion for the fluid, 

which includes dissipation, is found when (3.1) is replaced by 

^ = _ I V p - / l 1 v + F , (3.19) 
di p 

in which A, is a measure for the damping of the fluid. In the same manner the equation of 

motion for the membranous medium (3.2) can be extended to 

^f- = - — V p m - colüm - Ä2v + Fm . (3.20) 
dt Pm 

Here, A2 determines the damping for this medium. In general it is not necessary that both 

coefficients are equal. 

Similar considerations as have been pointed out in section 3.3, lead to the membrane 

condition in the lossy case. This condition again has the shape of an inhomogeneous radiation 

condition and reads 

~ - — P = P®Umn + P(ä2 - \ ) Um„ • 
an m 
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With the assumption that zero initial conditions hold true, the Laplace transform is 

dp In _ ,_ , « 
—-, P = P°>0Um, + P\K 'KP an m r r~'u"mn rK"1 """""'" • { 3 2 1 ) 

In absence of external forces, the Laplace transform of the linear counterpart of (3.19) for 

the deflection normal to the boundary between fluid and membranous region is 

(s2 + V K , „ = •£- • (3.22) 
p on 

Then, when umn is eliminated from (3.21) and (3.22) we arrive at the equation of motion of 

the membrane in terms of the transformed pressure. Thus 

(s2 + A2s + co2)—^---^-(s2+Als)p = 0 . (3.23) 
on m 

The last equation is the analogue of (3.18) in the lossy case. The coefficient of the pressure 

possesses two zeroes, namely s = 0 and s = -A]. Because we shall assume that A, is 

relatively small, both zeros can be replaced by one second order zero. This means that the 

surrounding fluid is considered as effectively lossless. In consequence of this (3.23) is 

replaced by 

i 2 -, i\dp 2 ö T- n 

[s + A2s + a0)—z- ?-slp = 0 . (3.24) 
on m 

The coefficient of the normal derivative has two complex conjugate zeros in the 5-plane. 

Because in our applications Â2 is positive, the real parts of these zeroes are in the left half 

plane Re s < 0, so that stability in the time domain has been ensured. The net result of the 

addition of damping is that at every moment the right member of the radiation condition in 

problem (3.15) is free from resonant behaviour in a mathematical sense. Then, several 

techniques can be applied without restrictions in view of singular behaviour. In section 3.5 

and 3.6 we will profit from this behaviour and apply the Fourier sine transform to the 

deflection of the membrane. 

In the cochlea, the normalised stiffness <D0
2 depends on the length parameter x along the 

membrane. Thus, in general it holds that a>\ = Cû\[X). This dependence on x determines points 

near the membrane axis at which resonance takes place. These points are the zeros of the 

equation 

s2 +A2S + COQ{X) = 0 . (3.25) 

We first assume that the stiffness behaves as a linearly increasing function along the 

membrane. Thus a>l(x) = ax + b, in which a (>0) and b are constants. Note that this 

expression is only meaningful as far as the stiffness is positive. In view of our interest in 

oscillatory behaviour, we again put s = ±ia> and insert this in (3.25). 
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Then we have that the points of resonance in the place domain follow from 

ax + b = co' + iA2a> .' 

The minus sign corresponds to positive frequencies , whereas the plus sign determines points 

of resonance for negative frequencies. This means that the mathematical point of resonance 

for positive frequencies lies just below the membrane axis and for negative frequencies at the 

upper side of this axis. This division implies that we have to distinguish between an upper and 

a lower plane approximation to the membrane axis. The upper plane approximation is valid 

for positive frequencies. The lower plane approximation holds true for negative frequencies. 

When the damping tends to zero, the respective points of resonance tend to coincide with the 

membrane axis. Because the lossless case is always the limiting case of the lossy one, we 

conclude that even in the lossless case there must be a distinction between an upper and a 

lower plane approximation to the membrane axis. These differences are induced by the sign of 

the frequency under consideration and are necessary to conserve the image of complex 

conjugate amplitudes that correspond to complex conjugate time behaviour of the kind 

exp(±/ft)/). 

Up to now we considered the case of an increasing stiffness along the membrane. When 

the stiffness decreases the constant a is negative. Then it is useful to replace a by -\a\. In 

consequence of this, the place of the points of resonance at the membrane axis has been 

mirrored with respect to the real axis compared with the increasing case. Thus the role of the 

upper and lower plane approximation in relation to the sign of the frequency must be changed. 

Therefore, when we deal with negative frequencies we arrive at an upper plane approximation 

to the membrane axis and at a lower plane approximation when the frequencies under 

consideration are positive. The linear behaviour of the stiffness is not typical for the present 

considerations. Only the monotonie behaviour of the stiffness in relation to the sign of the 

frequency is the characteristic feature at the choice of the appropriate approximation. We will 

not work out similar considerations for this more general case. 

Let us reconsider (3.24) for complex oscillations with positive frequencies. In oscillating 

problems it is attractive to model the coefficient for the damping proportional to the resonance 

frequency of an oscillator. In our case this means that A2 is chosen proportional to a>0{x). Let 

the constant of proportionality be 2sin£ in which s is a small positive number. Then, when 

A2 = 2s\n£coQ(x) and s = +ico are inserted in (3.24) it appears that this equation can be 

written as 

an 

in which 

q(x,co 

âp +-Pq{x,co)p=0 , (3.26) 

1 

2C0S£ 

CO CO 

co0 (x) - co exp(~ is) co„ (x) + co exp(+ is) 

' Here x must be conceived as the real axis of the complex ; plane. 
Positive frequencies are points of the positive frequency axis of the 5 plane; negative frequencies correspond to 

points at the negative part of this axis. 
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Let us first assume that the positive x axis represents the membrane axis and that this time 

not the stiffness but the resonance frequency a>0(x) increases linearly along this axis. Thus 

co0(x)=x. In consequence of this, it follows that resonance takes place at the points 

x = ±coexp(+ is). Then it holds that for almost the whole positive axis the main contribution 

to q(x,co) is determined by the first term between the brackets. 

When co is negative it is useful to write co = -\co\ and to insert this in q(x,co). In this case 
the second term between the brackets is the leading one. For this reason and in consequence 
of the small value of £ , the behaviour of q(x,co) near the membrane axis is determined by the 
approximation 

q{x,co)'-

1 co 

2 x- cotxp(-i£) 

1 

2 x-\co\ exp(+/£-) 

x > 0 and co > 0 

; x > 0 and co < 0 

The first part shows that for positive frequencies the point of resonance reads x = co exp(-is). 

This point is found just below the membrane axis. From the second part it follows that for 

negative frequencies the point of resonance equals x = \co\exp(+i£) and lies at the upper side 

of the membrane axis. Therefore, again we have to distinguish between an upper and a lower 

plane approximation to the membrane axis. 

It is worthwhile to note that essentially only the place-to-frequency map that follows from 
x = \co\ determines the behaviour of q(x, co). 

From a mathematical point of view, the present result can be modelled in a slightly 
different way. Let us start with the lossless case in which 

q(x,co)~-
2x — co 

x>0 

and co is positive. Near the point x = co, the denominator can be replaced by a small complex 
quantity defined by the arc of a half-circle around this point. When the radius of this circle is 
£, q(x, co) can be modified to 

q(x,co)f 

1 co 

2 x-co 

co 
2 £cxp{itp) 

X-CO\> £ 

, \x-Ct)\<£ 

(3.27) 

The radius of the half-circle models the magnitude of the damping in an artificial way. When 

this radius depends on co, i.e. £ = £(co), the damping depends on the frequency. 
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The angle cp is given by 

arctan 

n 

2 

n + arctan 

-\J£2-{x-cof 
x-co 

V J 

-iE1 -{x-Cûf 

x-co 
\ J 

x-co>0 

, x-co=0 

x—ax 0 

As we mentioned in chapter 2, in practice the stiffness is often considered as an 

exponentially varying function along the membrane axis. In this case it is sufficient to write 

for the resonance frequency co0(x) = exp(x). Then, according to (3.26) q(x,co) can be written 

as 

l{x,a>)-
1 

2cos£ 

<p(+i exp(- it 

exp(x - In co + is) - 1 exp(x - In co - is) +1 

Quite formally, the first term between the brackets is resonant when 

x- ln<w + is = ±i2kn , k = Q, 1,... 

and the second term when x obeys the expression 

x-\nco-is = ±i{2k + \)7i , it = 0,1,... . 

The only singular term that is close to the membrane axis is the singularity for k = 0. This 

term reads 

A' - In co + is = 0 . 

All other singular points are 'far' from the membrane axis. Thus again we may expect that the 

behaviour of q[x,w) near the membrane axis is determined by this singularity. Because we 

again assume that the damping s is rather small, the behaviour of q{x,co) is highly 

determined by the approximation 

q{x,co)x r— . 
2 exp(.v - In co + is) - 1 

(3.28) 

In this expression again the frequency-to-place map x = \nco determines the qualitative 

behaviour of q(x,co). 

An approximation of q(x,co) that has been based upon this map can be found when we put 

x - In co + is . (3.29) 
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When we consider Ç as a new independent variable, the approximation (3.28) of q(x,a>) can 
be written in terms of this variable. This yields 

i e x p r f 
4 • ^ 

sinh -2 

The Laurent series expansion for the hyperbolic cosecant (Abramowitz and Stegun; 4.5.65) is 

1 _ 1 z 7 3 2(2 2"- ' - l ) 2„_, , , 

S h l T ë + afiO* - (2^rß-Z +" ' N<* • 

Here, the numbers B2n are the Bernoulli numbers are defined by the expression (Abramowitz 

and Stegun; 23.1.1) 

From this expansion follows that near resonance it is allowed to replace the hyperbolic 

cosecant by the first term of its series expansion. In consequence of this, the near resonance 

approximation for q\Ç) reads 

or, which is equivalent to this, 

q(x, co)x — 
2 x - In co + is 

Again from a mathematical point of view, it is sufficient to replace q(x,a>) by its lossless 

counterpart 

q[x, co)x — 
2 x-\x\co 

and replace the term x - In a> near resonance by a complex quantity determined by the arc of 

a half-circle around the point x = In a. When again the radius of this circle is E , it is readily 

found that q(x,a>) reads 

q(x,a>)~- — r ^ — , (3.30) 
HK ' 2 exp(<r)-l 

in which 
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m co mco > E 

sexp(i(p) , \x - In co\ < £ 

and 

arctan 

n 

2 

n + arctan 

^s2 -{x-\ncof T\ 

x — In co 

^e2 -(x-\nco) 

x ~ In co 
n 

, x - In a» 0 

x - ln<y=0 

x-\r\co<0 

In this case too, s may depend on co so that a frequency dependent damping can be 

modelled. Similar considerations hold true for strictly decreasing functions for the stiffness in 

relation to negative frequencies. 

It should be noted that C, , as defined by (3.29), is the independent variable in the main part 

of q(x,co) that is given by (3.28). This variable can be written as £ = (x + is) - In co. From 

this simple expression it is easy to see that we actually deal with a problem defined at the 

straight line -oo< x < +<*>; y = e parallel to the original membrane axis. 

From the present considerations we conclude that, when we deal with a linearly increasing 

relation between the frequency and the place of resonance at the membrane and in addition to 

this with positive frequencies, it is sufficient to replace q(x,co) in equation (3.26) by (3.27). 

In this case the positive x-axis represents the membrane axis. The negative real axis is 

appropriate to model a decreasing linear place-to-frequency map. In this last case the point of 

resonance is just below the membrane axis for negative frequencies. 

In the case of an exponentially increasing relation between resonance frequency and place 

of resonance at the membrane, q(x,co) can be chosen according to (3.30). In this case too, we 

first assume that we deal with positive frequencies. In contrast with the linear case, the whole 

real axis can be considered as the membrane axis. When the resonance frequency decreases 

exponentially, the imaginary part of the point of resonance is negative for negative 

frequencies. 

When physical damping is present, it is not necessary to take special measures to avoid any 

point of resonance. Then we deal with a problem in which the distance of a point of the 

membrane to the mathematical point of resonance is at least £ . 

3.4.4 Compatibility 

In problem (3.15), the pressure p is the potential from which forces can be deduced in any 

direction by taking derivatives in the appropriate direction. This implies that when the 
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solution of (3.15) is available, we are in the position to study the global equilibrium of forces 

that plays a role in our problem. 

In this section we will first derive a condition for this equilibrium from a quite formal point 

of view. Then it will be argued that the same condition can be found as the result of an ad hoc 

way of reasoning. After that we will give plausible arguments that in the case that the 

deflection of the membrane partly results from additional forces, for instance outer hair cell 

forces between the oval window and the point of resonance, the motion of the oval window 

can 'reflect' these additionals. 

We start with a formal method that has been given by Garabedian (1964). Let us turn our 

attention to the identity of Green in the section 3.4.2. When in this expression p and q are 

interchanged and the result is subtracted from the original identity we arrive at what is called 

the second shape of Green's identity 

jD(M?-?Ap)Jr + J.D 
da dp 

P o — 
dn dn j 

d<j = 0 

After insertion of q = 1, this identity takes the shape 

f Apdr+ f ~-^da = 0 . 

In the region D of our problem, the potential p obeys Laplace's equation Ap = 0 . Therefore, 

this expression is reduced to 

[ *Pdv = 0. 
)aD dn 

This means that the integral of normal derivatives of the pressure over the whole boundary of 

the system must vanish. However, according to the Euler equations (3.3) a normal derivative 

of the pressure represents a force per unit of mass. Thus this condition expresses the law of 

conservation of forces over the boundary of the system. In the literature, this expression is 

called the condition for compatibility. This condition is a global constraint for our problem 

too. So far the formal side of the problem. 

Now we turn our attention to the informal side. The boundary dD of one of the cochlear 

scalae encloses an incompressible fluid in the region D. Let un be the normal component of 

the deflection at any point of this boundary. According to the law of conservation of mass and 

the incompressibility of the fluid we have 

f uda = 0 (3.31) 

at every point in time. Let us differentiate this expression two times with respect to the time 

and change the order of differentiation and integration. Then, when the equation of Euler 

equation (3.3) in absence of external forces is applied, we almost immediately arrive again at 
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the formal shape of the condition for compatibility. Therefore, for our problem the formal 

condition of compatibility and (3.31) are equivalent. Let us look for some consequences. 

In problem (3.15) the boundary dD of the left box in Fig. 3.2b consists of the four parts 

âDt, dD\, dDht and half the boundary dD4. Normal components of the deflection vanish at 

dDA. Then (3.31) requires that 

u da+\ , uda+\ uda = 0 

It is generally accepted that, except for the lowest frequencies, the deflection of the membrane 

near the helicotrema is negligible. Thus, in most cases, the last integral in the left side of this 

expression is without meaning. Therefore, the sum of the integrals reduces effectively to 

r r ° 
u , der » - udx , 

where um is the deflection normal to the oval window at dD]. In this case the membrane 

starts at x = —it and ends at x = 0. Normal components of the membrane deflection are 

denoted by u . The formal 'surface'-element da along the membrane has been replaced by 

dx. Note that if the geometry of the model should be given by fig. 3.2a and dD\ should meet 

the hard wall âD4, then the present expression would be exact. 

Next we introduce the mean deflection at the oval window according to 

M = — | u , da , 

where h is the 'surface' of the oval window. In consequence of this we have that at every 

point in time 

«„„«- - f udx . (3.32) 
h '-" 

This expression shows that the integral of all that happens along the membrane is 'reflected' 

at the oval window and conversely. 

In auditory theory, it is usual to speak of passive models when in models of the cochlea 

only forces at the oval window are the cause of the deflections. When in addition to these 

forces, forces in consequence of hair cell activity also have an influence on the motion of the 

membrane, it is customary to call those models active. Independent of the presence of activity, 

both kind of models have to fulfil the formal condition of compatibility or the approximation 

(3.32). Therefore, we may expect that in active models effects in consequence of additional 

forces at the membrane can be present at the oval window. In the next part of this section we 

shall elucidate this more clearly with the help of an approximation. 

Let us turn our attention to the steady-state oscillating behaviour. Then, when the 

membrane oscillates with frequency w, it holds that the deflection u equals -co2ü. For the 

sake of convenience we will restrict ourselves to only one frequency. However, when the 
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membrane should perform a complex vibration pattern, extensions can be made in a similar 
way. 

When again the Euler equation is applied to the motion normal to u , (3.32) can be written 
as 

Û^—L-C^dx, (3.33) 
pan " ay 

in which y represents the normal direction. In consequence of this, the mean deflection at the 
oval window is proportional to the integral of all forces along the membrane. 

A typical parameter of cochlear models is the scala height h. In the human cochlea the 
mean scala height is about 3 % of the length of the basilar membrane. Thus it is evident that 
h is a small parameter. Small values of h can be used to introduce approximations for the 
derivative of the pressure in the normal direction near the membrane. 

The pressure in a cochlear scala is a function of place and time. Therefore, in view of the 
present two-dimensional approach we write p = p(x,y,t). The scala can be considered as a 
thin strip with height h. The upper side of the strip is a hard wall where the usual hard wall 
boundary condition holds true. The lower side of the strip is the basilar membrane (Fig. 3.2). 

dD4 

h 

"V , 
dD2 x, 

Figure 3.2. The height h of the cochlear scalae is about 3 % of the length of the basilar membrane. When h is 
considered as a small parameter, the normal derivative of the pressure at the membrane can be approximated by 
the second derivative of the pressure near the membrane. This approximation can be validated for points that are 
sufficiently far from the point of resonance at the membrane. 

Let us consider what happens at a line y = s parallel to the membrane, E is a small 
positive number so that s « h . Because h is small, the second derivative with respect to y at 
y = £ can be approximated by 

g?2p(x,g,r) _ p,(x,h,t)- p,{x,E,t) 

dy2 h-s 

Here x is an arbitrary point at the membrane. The derivative of the pressure normal to the 
boundary dDA, i.e. the boundary at y = h , vanishes because this boundary represents a hard 
wall. In consequence of this (3.34) is reduced to 

d2p{x,£,t)rj Py{x,£,t) ( 3 3 5 ) 

ôy2 h-s ' 
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Next we assume that Laplace's equation holds true between the boundaries of the strip and 
at every point in time. This equation can be written in the shape 

d2p(x,s,t) _ â2p(x,s,t) 
ây2 " âx2 

When in (3.35) the second derivative of the pressure in the y direction is replaced by minus 
the second derivative in the x direction, it follows that 

/ \â2p(x,e,t) dp(x, e, t) 
[ ' ^ x ^ ' * ây ' 

Because e is very small, we approximate this expression by 

hâ
2p{x,0,t)aâp{x,0,t) a t ( 3 3 6 ) 

âx2 ây 

However, some care must be taken. At the boundary dD\ resonance can take place. In 
mathematical terms this means that in case of resonance we meet singular behaviour. Then, 
the validity of the approximations is restricted to points of the membrane that are sufficiently 
far from the point of resonance or to points in the surrounding fluid at a suitable distance to 
the point of resonance. What can happen when a point of resonance is included as a regular 
point is not the topic of this section but will be discussed in chapter 5. 

Throughout this section we will assume that the present approximation is applicable near 
the membrane. Then, when (3.36) is inserted in (3.34) and the integration is carried out, the 
mean deflection at the oval window takes the shape 

dp{-n$,t) ap{0,0,t] 
âx âx pa~ 

There is evidence to neglect the second term between the brackets because this term describes 
effects near the helicotrema. A second argument could be that when the geometry of the 
model corresponds to Fig. 3.1a, the hard wall boundary condition at âD4 implies a vanishing 
normal derivative. Therefore, we approximate the mean value of the deflection at the oval 
window by 

dp{-n,0,t) ( 3 3 7 ) 

pa 
2 âx 

Assume that resonance takes place at the point xr ; - n < xr < 0. At present it is believed 
that near a point of resonance additional forces as a result of outer hair cell activity have 
substantial influence on the motion of the membrane. It seems as if this motion is related to 
the typical undulatory behaviour of the membrane before resonance. In consequence of this, 
(3.32) and (3.33) must be extended with terms that model this motion. 
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Because the behaviour of the cochlear fluid obeys linear equations of motion, the extended 
version of (3.32) can be written as 

(f-1 u,.dx + ï'!r
 u«dx)-

Here, up is the passive part and ua is that part of the membrane motion in consequence of 
hair cell activity. The extended version of (3.33) takes the shape 

pco'h y " ây '-* ây 

where again the subscripts P and a refer to the passive and active part of the pressure 
respectively. When (3.36) is applied to this last expression and again the integration is carried 
out, the extended version of (3.37) is found and reads 

1 dpp(-7r,0,t) 1 (dPa[-7t,0,t) apa(xr,0,t) 
"„„ ~ T — — + -

pco âx pco l âx âx 
(3.38) 

At this stage it is worthwhile to formulate some preliminary conclusions that only hold true 

for the model of this section. In section 3.8 we will come back to this point. First of all, when 

additional forces are present in the region of the membrane in which the motion is undulating, 

i.e. -7t<x<xr, the motion at the oval window consists of two parts. The first part is the 

effect of a prescribed pressure at the stapes and the second part is the difference between the 

change of rates of the additional pressure at the oval window and at the point of resonance. 

As is known from the literature, the first part is responsible for a travelling wave from the 

oval window to the point of resonance. The additional part of the motion at the oval window 

essentially follows from considerations concerning compatibility, which means considerations 

on the conservation of forces along the whole boundary of the system. The present expression 

shows that in addition to the prescribed pressure pp[-n,0,t) at the oval window, there is a 

pressure pa{~n,Q,t) at this window. 

Both the deflection and the pressure at the oval window may have unknown components as 
the result of additional forces at the membrane. Both quantities will be present in energy 
considerations. Therefore, it is better to look at the balance of energy in the system. This will 
be done in section 3.7. 

3.5 On the solution of the problem 

3.5.1 Introduction 

In section 3.4.3 we showed that resonance at the basilar membrane is the cause of singularities 

in a spatial boundary problem for the pressure in the cochlea. However, both in this section 

and in section 3.6 we will act the part of the naïve mathematician and neglect the implications 

that follow from the presence of these singularities. Then there are no stings of conscience to 

look in problem (3.15) for a function of Green that obeys the radiation condition for the 
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pressure at the membrane and follows from a regular expression that fits the other boundary 

conditions. In section 3.5.2 we will construct that function quite formally. 

The function of Green offers the opportunity to express the pressure at the membrane in terms 

of the stiffness forces of the membrane oscillators. This pressure and the equation of motion 

of the membrane yield an integral equation for the deflection of the membrane. The equation 

is given in section 3.5.3. We will invert this equation and again derive the equation for the 

pressure at the membrane. This process clearly emphasises that the singularities of the 

problem are neglected. This is unacceptable from a mathematical point of view. Because of 

this it holds that the solutions from section 3.5 and section 3.6, and solutions that are 

equivalent to this, cannot lay any claim to be a solution of a spatial boundary value problem 

for the cochlea. We will come back to this point in the discussion in section 3.8. 

3.5.2 A function of Green 

The purpose of this section is to investigate some properties of the forced motion of the 

basilar membrane. This motion has to obey an equation of motion that follows from the 

previous sections. According to (3.4), (3.6) and (3.8) and in absence of external forces this 

equation of motion can be written as 

^ = -CO1(X)U-D... , (3-39) 
dt 

in which along the basilar membrane 

Pm[x,t) = -p(x,0,t) ; u(x,t) = umn[x,0,t). 
m 

In this expression the subscripts for the membrane deflection have been omitted for the sake 

of clarity. The pressure p(x,0,t) is the pressure at the membrane and follows from a model of 

the kind (3.15). 
Let us return to problem (3.15) and let us write the pressure p(x, y,t) so that 

p(x,y,t) = p'""1(x,y,t) + q{x,y,t) (3.40) 

It is our aim that the particular solution p''""{x, y,t) includes all effects that follow from the 

prescribed pressure /(f) at the stapes. In consequence of this, the second term in this 

expression, the pressure q(x,y,t), only depends on the stiffness force û>l[x)u[x,t) at the 

membrane. The place dependent part of the particular solution is composed of two terms. The 

first term is a linearly decreasing pressure that equals unity at the oval window and vanishes 

at the helicotrema. It will be clear that this pressure does not fulfil the homogenous part of the 

membrane condition. In order to reach that goal, we add to this pressure a sine series in the 

shape 

QO 

Vb„s innxcoshn[h -y ) . 
n = ] 

55 



The separate terms of this series obey Laplace's equation for the pressure and fulfil the 

hard wall boundary condition at y = h. In addition to this, the series vanishes both at the oval 

window and the helicotrema. When the series is inserted in the boundary condition at the 

membrane, the coefficients bn; » = 1,2,... can be chosen so that the known part of the 

pressure obeys the homogenous membrane condition. The result is 

nP"nly „ A- flt\( x V acoshn(y-h) . \ 

V n „=i n sinh nh + a cosh nh J 

where the constant a is defined by 

2p 
a = -1— . 

m 

The coefficients c„; « = 1,2,... in this expression are coefficients according to the Fourier 
series expansion 

x 
n 

• J ] C„ sin nx ; - K < x < n 

It can be verified that 

c„=(-l)"-. 
n 

The particular solution (3.41) fits the prescribed pressure at the stapes, i.e. the pressure at 
the boundaries X = +TT and obeys the hard wall boundary condition at y = h. Moreover, it can 
be verified that at the membrane axis, the axis y = 0 , this solution satisfies the homogenous 
radiation condition 

dp purl 

dy 
-ap"a" = 0 ; -n<x<n 

In consequence of this homogenous boundary condition, the requirements for the 
remaining part of the pressure q{x,y,t) at the membrane axis âD, are 

dq 
— -aq = pû)0u ; -7t<x<n , y = 0 . (342) 

The problem for q(x,y,t) that follows from (3.15), (3.40) and (3.41) concerns the question 
for the pressure q that is the solution of 

A q = 0 in D . 

The function q is subjected to boundary conditions. 
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These conditions are 

q = 0 at dDl and âD3 

âq 2 
-—-aq = pco0u 
on 

?AdD*- (3.43) 

âq 
an 

at âD4 

The constant a is defined in (3.41). In the same way as in problem (3.15) we have here 
that the stiffness a>l[x) is an even function along the membrane. Therefore along the whole 
boundary âD2 holds 

o>l{x)=<ol{-x) . 

In this case too, at the membrane both the pressure q and the deflection of the membrane 
are uneven with respect to the line x = 0. Therefore, these quantities fulfil the symmetry 
relation 

q(x,0,t) =-q[-x,0,t) and u[x,0,t) =-u[-x,0,t) . 

The particular solution (3.41) at the membrane y = 0 completely describes the propulsion 
of the membrane caused by the pressure at the stapes. The next figure shows a plot of (3.41 ). 

1 

0.5 

1 

0.5 

pressure 0 ^ 
I 

-0.5 

1 ''••• 1 
-1 ' 

-4 3 2 1 0 1 2 3 4 

x = --71 basilar n tembran X = +71 

Figure 3.3. Graph of the known terms in (3.41) at the membrane. The dashed straight line is the first term 
of the place dependent part of (3.41). The second term in this expression 'corrects' the first one. This 
yields the actual distribution of the pressure, the solid line, along the membrane. The plot shows that the 
basilar membrane essentially performs its motion under the influence of a prescribed pressure (solid line) 
alona the whole membrane. However, just after the oval window the amplitude of this pressure rapidly 
diminishes. 
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In (3.41) the term -f(t)x/x can be associated with the potential of a uniform time 

dependent fluid flow parallel to a hard wall at the place of the membrane. The second term 

between the brackets is the correction to the place dependent part of this potential in 

consequence of the presence of the radiation condition at the membrane. The influence of this 

correction grows as y tends to the membrane axis. In Fig. 3.3 the straight dashed line gives 

the place dependent part of the 'original' potential at the membrane. The actual pressure 

distribution as a result of radiation is shown by the second curve. This pressure is the net 

effect along the membrane in consequence of the prescribed pressure f(t) at the oval 

window. At the membrane the correction almost suppresses the 'original' potential function. 

The leading parameter in this process is 2p/m. This follows from the radiation condition in 

problem (3.15), in which the parameter 2p/m controls the ratio in which the stiffness force is 

distributed over the pressure and its normal derivative. From Fig. 3.3 it follows that the basilar 

membrane performs its motion under the influence of a prescribed pressure along the whole 

membrane. However, just after the oval window the amplitude of this pressure rapidly 

diminishes. Thus, it is as if we deal with a classical transmission line where the driving force 

has been defined at the point x = -n, the entrance of the system. 

There are several ways to express the solution of problem (3.43) at the membrane. One of 
them is to look for the pressure q(x, y,t) in the shape 

q(x,y,t) = ^T a„sin«xcosh«(y-/j) •n < x < K (3.44) 

Then, when at an arbitrarily point in time t the stiffness force pa^ii is considered as a 

known force along the membrane, this function can be written as a Fourier series with known 

coefficients. In model (3.43) we assumed that a'{x) is even and u(x,t) is uneven with 

respect to the point x = 0. Therefore, pco2
0{x)u{x,t) is an uneven function in the place 

domain. In consequence of this, the Fourier series of this expression reduces to the sine series 

n = ] 

pa>l{x)u(x,t) = ^ & „ sinnx 

with 

2 "t 
bn =-\po)l{Ç)u{ç)smnÇdÇ 

(3.45) 

Let us insert (3.44) and (3.45) in the membrane condition (3.42). When in the series at both 

sides of the equal sign the corresponding terms are compared with each other, it is found that 

n sinh nh + a cosh nh (3.46) 

In consequence of this, the solution q(x,y,t) as follows from (3.44) is completely known. 
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At the axis y = 0 this solution reads 

q(x,0,t) = -Y - sinnx . (3.47) 
~f n tanh nh + a 

Next we pay attention to the special case in which the stiffness force at the membrane is 

replaced by a unit force - ô(x - Ç) at the point x = Ç ; 0 < £ < TT . Clearly, the density of this 

force is - 1 . An uneven reflection with respect to x = 0 makes it possible to express 

- 5[x - £,) as a Fourier sine-series in the interval 0 < x < n The series reads 

-o[x~Ç) = ^ sin «£ sin «x . 

In this special case the coefficients bn are given by 

fo„=--sinn£ ; n = l,2,.... (3.48) 
71 

When the coefficients are inserted in (3.47), it first follows that this solution does not 

depend on the time. Thus it holds q = q(x,0). Second, it appears that q fulfils the boundary 

condition 

âR^2Rq = -s{x-^) -0<X<K , 
ây m 

at the membrane axis and vanishes at the ends x = 0 and x = n . In consequence of these 

properties, we will consider this solution as the function of Green for the membrane condition 

at the positive part of the membrane axis. For the sake of simplicity we will write this 

function as G(x,Ç,a). In consequence of this, it holds that G[x,4,a) obeys the special shape 

of the membrane condition 

â^-aG = -S(x-t) ; a = ^ ,0<x<n , 
ây m 

with boundary conditions 

G = 0 at x = 0 and 

G = 0 at x = K . 

The explicit shape of G[x,^,a) is found when the coefficients (3.48) are inserted in (3.47). 

4 An analytical treatment of singular functions in relation to Fourier theory can be found in Papoulis (1962) or 

Papoulis(1984). 
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This yields 

-,/ e \ 2 ^ , sinnâsinnx In 
G[x,^,a) = -2_l——^- ; a = -^ ; 0 < x < x . (3 4ç» 

n t~\ n tanh nh + a ™ m 

The present function of Green according to (3.49) is applicable to the positive part of the 
model that has been given by (3.43). In that part of the model the basilar membrane starts at 
x = 7t whereas the helicotrema is found at the origin. The (anti-)symmetrical properties in the 
model have their influence on the description of the function of Green. However, from a 
physical point of view, there is no reason to perform this exercise because no new results will 
be found. Therefore, here we will consider a basilar membrane model in which the 
helicotrema is found at x = 0 and the stapes at the point x = n. 

Then, the unknown part of the pressure as follows from model (3.43) at the membrane 
boundary dD* can be written in the concise shape 

q{x,0,t)= -]G{x,Ç,a)pml{ç)u{Çj)dÇ (3.50) 

This expression shows that the stiffness of an arbitrary point of the membrane contributes to 
the pressure at every point of the membrane. The magnitude of this influence is controlled by 
the function of Green. Note that when (3.49) should be inserted in (3.50) and terms in the 
resulting expressing are slightly rearranged, we arrive at (3.47) in which the coefficients 
bn ; n=l, 2, ... are given by (3.45). This means that a solution in the shape (3.50) is equivalent 
with the series representation (3.44). In the next section we will frequently profit from the 
solution in the shape (3.50). 

3.5.3 Free and forced vibrations 

Now we are in a position to formulate the explicit shape of equation (3.39). According to 
(3.41) the known part of the pressure at the membrane is found when y = 0 is inserted in this 
expression. The unknown part, which is the result of the presence of the stiffness force, is 
given by (3.50). When both expressions are inserted in (3.39), the result is an integral 
equation of the kind 

n 

u(x,t) = -û)Z(x)u(x,t) + aJG(x,Ç,a)cofâ)u(Çj)dÇ + F(x,t) , (3.51) 
0 

0<X<K, t>0. F(x,t) follows from (3.41) and reads 

^ „=, n sinh nh + a cosh nh 
m 

In (3.41) we defined the constant a 

60 



This constant reads 

2p 
a = 

m 

The equation (3.51) must be fulfilled at every moment of time. At the time t = 0 appropriate 
initial conditions complete this equation. 

Equation (3.51) has the shape of an equation in which oscillators at neighbouring points of 

the membrane are forced to move under the influence of an external force F(x,t). All 

oscillators are 'coupled' with each other. The nature of the 'coupling' is expressed by the 

function of Green. Here we note that the coupling does not depend on time. 

In absence of the external force F(x,t), equation (3.51) is a homogenous equation for the 

deflection of the membrane. The solutions of this equation are the free vibrations of the 

system. Therefore, quite in accordance with the general properties of linear vibration theory, 

the solution of (3.51) consists of free and forced vibrations. 

In equation (3.51) the function of Green expresses the influence of membrane oscillators 

on each other in consequence of the presence of fluid. However, this function depends on the 

parameter a . Therefore, we shall pay some attention to this dependency. 

It is worthwhile to note that typical values of model parameters are m = 0.05 g/cm2; 

^ = 0.1 cm (de Boer, 1980). Besides, the cochlear fluids are watery. This implies that the 

density p of these fluids is about 1 g/cm3. In consequence of this, the value of a in a model 

with membrane length I = K is about 40. Moreover, when the length of the model under 

consideration should be scaled to unity, the value of a even exceeds 125. Therefore, in our 

opinion we deal with a large value of the parameter a. Let us look for consequences. When 

the parameter a is large, it follows from (3.49) that approximately 

2 °° 
aG[x,£,,a) ~ — ^ s i n / z ^ s i n ; « ; 0 < x < n . 

The right hand side of this expression is the Fourier sine expansion of a delta function placed 

at the point x = E, in the interval 0 < x < n . Therefore, in the interval 0 < x < n it holds that 

\\maG{x,^,a) = 8[x-â] . 

However in that case we have 

n 

a^G{x,C,a)cül[£)u{£.,t)d£. « œl{x)u[x,t) . 
o 

In consequence of this, when a is sufficiently large, the integral equation (3.51) reduces to 

ii(x,t) =-F(x,t) , 

and the model 'fails' to describe adequately expected basilar membrane behaviour. 
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A second problem with respect to the choice of model parameters may be the cause of 
numerical discomfort. The function a>l{x) represents the stiffness at the boundary âD1. 
According to Békésy's (1960) classical observations, the stiffness can be modelled as an 
exponential function along the basilar membrane. In our case, in which the point x = 0 
represents the helicotrema and x = n the end of the membrane near the stapes, has a>l (x) the 
shape 

û)l(x)=Qe\p(bx) , (3.52) 

in which 0 < x < n. Both the constants Q and b are positive. It is suggestive to associate in a 
model the range of resonance with the human audible frequency range, i.e. with the frequency 
range 20 Hz < ƒ < 20000 Hz. Then, when the length of the membrane is again scaled to 
unity, it follows that the magnitude of b must be about 13. Here we again meet a large value 
of a model parameter that can be the reason for (numerical) imperfections. 

In our approach we will frequently make use of time scaling. When this is applied the 
factor Q drops out the problem. Besides, in general we prefer to consider the resonance 
frequency at the helicotrema as the unity. Because in this section the helicotrema corresponds 
to the point x = 0, time scaling with respect to the resonance frequency at this point is 
expressed by 

' = ~ 7 n V (3-53) 

When (3.53) is inserted in (3.51) the integral equation takes the shape 

ü(x,T) = ^{x)u{x,T) + aJG(x,4,a)al(4)u(^,T)d4 + r(x,T) , (3.54) 
0 

in which 

/ N, F(x,t) 2, x a>l{x) 

The range of Q0(x) is 1 < Çl\ (x) < e\p(b7r) for 0 < x < n . In our opinion the only solution to 
overcome the problem of the large parameter value of b is to determine the admissible actual 
value of this parameter in (3.52) experimentally. 

3.5.4 The equation for the pressure 

Let us introduce the expression L[x) defined by 

l{x) = -\G{x,Ç,a)<b{£)dÇ . (3.55) 
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In this expression the function of Green G[x,^,a) is the limiting value of the sum of 

eigenfunctions of the kind 

sin nx cosh n( y -h) ; n = \,2,..., (3.56) 

at the boundary dD* of problem (3.15). A detailed description of this function is found in 

section 3.5.2. Here it is sufficient to note that at this axis the function of Green5 obeys 

â^-aG = -5{x-^)-a=2^ ,0<x<7T . 
dy m 

Quite formally, when it is allowed to change the order of differentiation and integration in 

expressions of the kind 

— IXcn s m nxcosn n(y - h)dx , 
dy i »=i 

so that 

ß X CO 'T « 

— J X e « sin nx cosh n( _v - h)dx = \^ncn sin nxsinh n(y - h)dx , 
o y o n=i o n=i 

it can be shown that L(x) obeys the equation 

pi 
~-aL = -O(x) ; 0 < x < n , (3.57) 
dy 

at the boundary of our problem. Conditions that have to be satisfied in order to validate the 

change of the order of differentiation and integration can be found in literature (for instance: 

Ledermann and Vajda, 1982b). We shall assume that those conditions have been met. In 

addition to this, the construction of the function of Green from building bricks of the kind 

(3.56) shows that when the point x at the boundary dD* coincides with the ends of the 

membrane L[x) must vanish. Therefore, we have 

L(0) = 0 and L[TT) = 0 (3.58) 

at the ends (0,0) and (;r,0) of the boundary dD* of the problem (3.15). 

Next we define the function o(x) so that 

®(x) = -acol(x)u[xj) , (3.59) 

in which t will be considered as a parameter. The meaning of (3.59) is that at an arbitrarily 

point in time the right member of this expression is called cp(x). 

5 We mention that in general both the function of Green and its derivative depend on y. At the membrane axis 
holds v = 0. In the notation we ignore the dependence on the y direction. 
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With the help of (3.55) and (3.59), the integral equation (3.51 ) can be written as 

L[x)=ü{x,t) + ü)l{x)u{x,t)-F{x,t) . (3.60) 

The right member of (3.60) is determined by the limiting value of the pressure at the 
membrane. This pressure is the limiting value of a function that depends on y . Here too, we 
will not denote this dependence explicitly. 

When (3.55) and (3.60) are inserted in (3.57), a differential equation for the deflection of 
the membrane is found. This equation reads 

— (ii(x,t) + o)g(x) u{x,t)j- aii(x,t) = H[x,t) (3.61) 
dy 

for 0<x<7T at the boundary y = 0 of our problem. The function H[x,t) is the shorthand 
notation for 

„(,, f ) =^M_a F M 
dy 

at the boundary under consideration. The function F(x,r)represents the prescribed pressure at 

the membrane and is given in (3.51). The origin of this term is the particular solution (3.41) at 

the boundary dD\ of our problem. This particular pressure has been discussed in section 

3.5.2. In that section we mentioned that this solution obeys a homogenous boundary condition 

of the kind H{x,t) = 0. In consequence of this, equation (3.61) reduces to a homogenous 

equation. Additionally, the boundary conditions that belong to (3.61) and follow from (3.58) 

and (3.60) are 

ü(0,t) + aï[o)u[0,t) = F[-Q,t) and 

ü{7i,t) + a)^{n:)u\7ij) = F\7Z,t) . 

The function F[uj) represents the prescribed pressure at the entrance of the system. At 

the point x = n holds F\7U,t) = —f\t) • At the other side of the membrane, i.e. the point x = 0, 

holds F(0J) = 0 . Thus, the ultimate model becomes a model for the deflection and reads 

— (ü(x,t) + û)'~{x)u(xj)j-aii{x,t) =0 , 0 < x <n , (3.62) 
dy 

with boundary conditions 

ü(0,f) + ä>„(o)w(0,?) = 0 at x = 0 

2 
ü.[7ü,t) + a>l[7i)u{7t,t) = — f [ t ) at x~n 

m 
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The second boundary condition is the equation of motion for the deflection of the oscillator at 

x = 7i, the entrance of the system. This oscillator moves essentially under the influence of a 

known 'force' ƒ (?). In consequence of this it holds that the mechanical impedance of this 

system is determined by only the mechanical properties of the oscillator at x = 0. The first 

boundary condition is the equation of motion for the oscillator at x = 0 in absence of a 

driving 'force'. Because we assumed that all initial conditions are zero, there is exactly one 

solution for this equation, namely the vanishing one. In consequence of this, we can replace 

this last boundary condition by u(0,t) = 0 . 

In section 3.5.2 we started with the equation of motion for a single point of the basilar 

membrane. This equation is given by formula (3.39). When additional forces are present, the 

equation of motion (3.39) must be extended. Let Fa denote the sum of all additional forces 

at the point x of the membrane. Then equation (3.39) must be replaced by 

d2u 2I v 
—-T = -col\x)u + Fexl -pm . 
at 

In the present notation, the physical dimension of Fexl is a force per unit of mass. 

Components of Fta may depend on the deflection, the velocity, the place at the membrane 

and the time. It can be shown that in consequence of the presence of this external force the 

integral equation (3.51) must be extended to 

K 

ü{x,t) = -a-{x)u{x,t) + Fea +alG(x,Z,a)(eofâ)u[Ç,t)- F„)dÇ + F(x,t) . 
o 

When we follow the same line that has been pointed out in this section, the model for the 

deflection in terms of a first order differential equation for the pressure reads 

— (ü(x,t) + co;(x)u(x,t) - Fe<,)-aü{x,t) = 0 , 0 < x < n , 6 (3.63) 
dy 

with boundary conditions 

ii(0,t) + #o(0)w(0,f) - Fea = 0 at x = 0 

2 
ii[K,t) + cul[n:)u{ji,t)-F^t = f(t) at x = n . 

m 

An obvious extension for this model is the introduction of damping. This can be done in 

the same way as has been pointed out in section 3.4.3. 

'' Note that in the first term of the left member of (3.63) the expression between the brackets represents the 
pressure at the membrane. This pressure is the limiting value of the pressure in the scalae. In consequence of this 
it is reasonable to assume that the derivative in the y direction of this expression exists. For the sake of 
convenience we will not denote this dependence explicitly. 
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Therefore we write 

F„=-Ä2ü(x,t) , ( 3 6 4 ) 

where Â2 is a coefficient for the damping and ù(x,t) the velocity at the point x. When this 

term is inserted in (3.63), the first term of the resulting equation contains the expression 

u[x,t) + A2ù{x,t) + û)g(x)u(x,t) . 

The Laplace transform of this term reads 

+ A2s + (ol\x))u\x,s) , s2 

in which u(x,s) is the transform of the deflection u(x,t) of the membrane at x. The 

coefficient of the transformed deflection possesses zeros, the points of resonance. These 

points are the solutions of equation (3.25) from section 3.4.3. In that section it appeared that, 

in order to solve equations of this kind adequately, we have to distinguish between an upper 

and a lower plane approximation to the membrane. The monotonie behaviour of the stiffness 

along the membrane and the sign of the frequency under consideration determine this 

approximation. In chapter 4 we will come back to this point extensively and distinguish 

systematically between an upper-plane and a lower-plane approximation. 

At this stage we put for the sake of simplicity 5 = -ico. This suggests that we are interested 

in complex vibrations of the kind 

u[x,t) = u(x)exp(- ia>t) . 

When this expression is inserted in (3.63) and (3.64), we arrive at a first order ordinary 
homogeneous differential equation. This equation reads 

— (A(x,co)ü)+aco2ü = 0 (3.65) 

dy 

in which 

A[x,co) = -co2 -iA2a> + a>l[x) . 

This term is the cause of effects in consequence of the presence of resonance. Therefore, 

the behaviour of this equation highly depends on A(x,a). In the next section we will specify 

this function so that it is possible to determine the main properties of the solution of (3.65). 

Here we put quite formally 

p(x,a>) = A[X,CO)ü[X,CO) , 

so that (3.65) can be written as 

A{X,(O)—- + aco2p = 0 . (3.66) 
dy 
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In this last equation we recognise the prototype (3.18) of the membrane condition. The 
expression (3.66) can be conceived as an equation for the pressure at the membrane. It is 
attractive to solve this equation directly, because knowledge of this pressure means that the 
kernel of the problem has been solved. In the next chapter we will make an attempt to this. 

3.6 The three-dimensional case. 

3.6.1 Introduction 

In this section we will pay attention to the three-dimensional counterpart of the two-
dimensional model that has been discussed in section 3.5. The intention of this section is to 
show that in the three-dimensional case we meet similar sorts of snags, properties and 
solution techniques as in the two-dimensional case. In consequence of this we may expect 
that, at least from a qualitative point of view, a three-dimensional approach does not lead to 
additional significant results. 

Let us consider a block like model of the cochlea. The model is the three-dimensional 
equivalent of the model in figure 3.1b. Again the length direction of the membrane is given by 
x. Just as in the two-dimensional case, here the length of a single cochlear scala is again n . 
The place of the membrane is found at the plane y = 0. The height of a scala is again h . 
The direction parallel to the membrane fibres is z • Values of z are restricted to the width b 
of the model. The co-ordinate z starts at z = 0 and ends at z = b. The co-ordinates x, y and 
Z constitute a system according to the 'right hand' rule. The model is shown is Fig. 3.4. 

In this section we shall assume, mainly for the sake of simplicity, that the motion of an 
arbitrary point of the membrane obeys a second order equation of the kind (3.39). The system 
again contains an incompressible fluid in which possible losses have been neglected. All walls 
parallel to the length direction of the membrane are hard walls where the usual hard wall 
boundary condition holds true. 

-K.h.b) 

-7T,0,b) 

Figure 3.4. A three-dimensional model of the cochlea. The model is the three-dimensional counterpart of 
the model in Fig 3.1b. The length of the system is again 2K . The length co-ordinate along the membrane 
is given by x. The height of the scalae is h . The width of the whole system is uniform over its length 
and equals b . The width co-ordinate is denoted by z • The basilar membrane is found in the plane y = 0 . 
The choice of the co-ordinates corresponds to the choice of the independent variables in all previous 
sections. 
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The wall 3DX is the place of the oval window. There we shall again assume that the pressure 

is a simple prescribed function ƒ (f ) that only depends on the time. The wall 3Dhe is parallel 

to 3DX and models the 'enlarged' helicotrema. At this wall we again assume that the pressure 

and the deflection must vanish. In consequence of this, the pressure in the whole system must 

be uneven with respect to x = 0. All these requirements for p are similar to those that have 

been pointed out in section 3.4.1. Thus, we are led to the three-dimensional equivalent of the 

two-dimensional model (3.15). 

In this model we are asked for the pressure p = p(x, y,z,t). The pressure has to obey the 

three-dimensional Laplace equation 

A/7 = 0 in D . 

This pressure is subjected to the boundary conditions 

p = ƒ at 3D, 

————p = pa>0u at dD 
an m 

dP--1R.p = pcolu atâD- (3.67) 
an m 

and 

p = -f atâD, 

^- = 0 at 3D, , 3D, and 3D, . 
3n 

Along the whole boundary 3D2 holds 

(ol(x,z) = a>l{-x,z) 

and 

p(x,0,z,t) = -p(-x,0,z,t) ; u(x,0,z,t) = -u(-x,0,z,t) • 

At an arbitrary point of the membrane the deflection follows from the equation 

ü = -<x>l{x, z)u- pm , (3.68) 

where 

2 / v 
Pm = — p{x,0,Z,t) . 

m 
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In this case too, zero initial conditions complete the model. It is our aim to find from the 

solution of problem (3.67) an expression for the pressure at the membrane so that (3.68) 

becomes accessible. The technique that we will apply is the three-dimensional extension of 

the two-dimensional approach that has been discussed in the previous sections. 

3.6.2 A solution for the pressure 

The idea of this section is to treat problem (3.67) in a way similar to the two-dimensional 

approach. This approach has been given in section 3.5. There, we proposed to look at the 

solution of the problem as the sum of a particular solution, which comprises all direct effects 

in consequence of the prescribed pressure at the stapes, and a term that originates from the 

presence of stiffness at the membrane. Therefore, in this case too, we write the pressure as 

p{x,y,zj)=ppa"{x,y,z,t)+q{x,y,zj). 

Again, the particular solution ppar'{x,y,z,t) will be chosen proportional to the prescribed 

pressure / ( f ) at the stapes. The second term will be a function of the stiffness force 

a>l{x)u{x,t) at the membrane. We propose to write in the three-dimensional case too the 

particular solution in the shape 

P- (*. .v, z,t) = f {t)[- X - ± c„ al°Sh
h
 n{y - h)— sin nx) , (3.69) 

\ x ~l n sinh nh + a cosh nh J 
with 

a = -1— . 
m 

The coefficients c„ ; n = 1,2,... are defined by the Fourier series expansion 

x " 
= V c„ sin nx ; - n < x < n , 

with 

c „ = ( - l ) n l . 
n 

This solution does not depend on the co-ordinate z . In consequence of this, the pressure 

according to (3.69) is constant as a function of z for fixed values of x and y. This pressure 

fits the prescribed pressure at the stapes, i.e. the pressure at the boundaries x = ±K of the 

system and all hard wall boundary conditions. At the membrane plane - i.e. the plane 

y = 0,0<z<b - this solution satisfies the homogenous radiation condition 

™ an'"1" = 0 \-n<x<n, y = 0 , 0<z<b 
dy 
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The requirements for the remaining part of the pressure q[x,y,z,t) at the membrane plane 

dD2 are 

— -aq = pco\u ; -TC<X<U , y = 0 , 0<z<b . (3.70) 
dy 

In this expression the pressure q is the limiting value of q\x,y,z,t) at the membrane in the 

plane y = 0. In the surrounding fluid the pressure q[x,y,z,t) has to obey the three-

dimensional equation of Laplace. This equation reads 

d2q | d2q | â2q=Q 

âx1 dy1 dz1 

The boundary conditions for q in this problem that follow from model (3.67) are 

q = 0 at dDx and dD^ 

— — p = pa>0u at £?/)_ 

^ = 0 at ^ D 4 , <?£>5 and âD6 . 

an 

In this problem too, we have that the stiffness is an even function along the membrane. Thus 

a>l(x,z) = a>l(-x,z) 

along the whole boundary dD2. Besides, the pressure q at the membrane and the deflection 

of the membrane are uneven with respect to the line x = 0 . Therefore, for these quantities 

holds 

q(x,0,z,t) = -q(-x,0,z,t) and u(x,z,t)~-u(-x,z,t) • 

When rather classical tools are applied, solutions for the problem of the pressure q can be 

found. The basic idea is to look first for special solutions of the kind 

q(x, y,z,t)~ <&{x,z)coshk(y -h) , 

in which k is a still undetermined constant. Solutions of this kind meet the hard wall 

boundary condition at y = h, i.e. the boundary condition at dD4. Besides, in consequence of 

these special solutions, Laplace's equation is reduced to the two-dimensional Helmholtz's 

equation 

â2® â2$> , 2 . . 
- + - + k-<&=0 . 

âx' dz 
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In order to find a solution for this last equation, we will apply the well-known method of 

'separation of variables'. Let us put 

When O is inserted in the Helmholtz equation, it appears that F̂ and 0 have to obey 

yxx + a2^ = 0 and 0 ^ + ß2Q = 0 . 

Here, a and ß are still undetermined constants and k2 =a2+ ß2. The constants a and ß 

follow from the general solutions for *F and 0 and the boundary conditions of the model. 

Ultimately, it appears that the three-dimensional analogue of the pressure (3.44) can be 

written as 

CO CO 

q(x, y, z, t) = ^ ^ a mll sin mx cosh kmn(y-h) cos n ft- , (3.71) 
m=) n=0 O 

in which 

nft 
\m 

b 

This pressure obeys almost all the boundary conditions of the problem and reduces at the 

membrane to 

co CO 

q(x,0, z, t) = ̂ ^ anm s'm mx cosh kmnh cos n/r- . (3.72) 

At the membrane plane v = 0 the normal derivative of q takes the shape 

—ZLJ___!_J = _ V V k a sinmxsinh/c hcosnx— . (3.73) 
— / j / i inn mn mn i ^ ' 

dy titZ b 
Next we write the deflection at the membrane as the two-dimensional Fourier series 

CO CO 

pm\u = V jT fcmn sin mx cos «TT - . (3.74) 
=1 „=o b 

with 

*. 4 ^ 
n 

\ [ pco2(i;)u(ç)sm mÇ cosnx- dl; drj . 
Kb I i b 

Let us insert (3.72), (3.73) and (3.74) in (3.70) and compare the corresponding terms in the 

series with each other. 
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Then we find that 

fl-=—; . , , , ; m = l,2, n = 0,l, 
fc„, sinhk,mh + acosh £,„,« 

The constants kmn ;m = 1,2,...,« = 1,2,... have been given in (3.71). From the coefficients 
amn a n d (3.72) follows that at the membrane the pressure q can be written as 

CO « J I 

<7(x,0, z, f ) = ~ Z Z 1 fr~, s in ra c o s nn 7 • (3-75) 

This expression is useful to express the pressure q(x,0,z,t) in a slightly different way, 
namely again in terms of an appropriate function of Green. In order to do that we first pay 
attention to the special case in which a unit force -ô(X-Ç)S(Z-TJ) at the point 
x = Ç,z = 7i\0<Ç<7r, 0<z<b replaces the stiffness force at that point. Clearly, the density 
of this force is —1. 

Let us first reflect this force uneven with respect to the line x = 0 in the membrane plane. 
After that we subject the result between the lines x = n and x = -n to a periodic 
continuation with period 2K. In virtue of this procedure this force can be written as a Fourier 
sine series with respect to x. 

An even reflection followed by an appropriate continuation in the z direction offers the 
opportunity to consider this force as a cosine series with respect to z • 

Both expansions can be combined. In consequence of this, the function - S(x - Ç)S(z - rj) 
can be considered as a double Fourier series in the region 0<X<K, 0<z<b. The series 
reads 

- S{x- ç)S[z - TJ) = Y"Vsinrc£cos«7r — sin wccos«;r- . 
xb „,=0 £ j b b 

In this special case the coefficients bmn are given by 

(3.76) 
4 n 

-sinm^cos«^-— ; m = l, 2,...,« = 1,2,... KD D 

Let us insert these coefficients in (3.75). In the first place, we note again that this solution 
does not depend on time. Thus, in this special case it holds that q = q[x,0,z). Secondly, it 
appears that q fulfils the boundary condition 

^ - ^ q = -5{x-Ç)ô{z-TJ) ; Q<X<K ,0<z<b , 
dy m 

at the membrane plane y = 0 and vanishes at the ends x = 0 and x - n of this plane. In 
consequence of these properties, we will consider this solution as a function of Green for the 
membrane condition at the positive part of the membrane axis. 
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For the sake of simplicity we will write this function as G(x, z,Ç,r/,a). It holds that 

G(x,z,Ç,?],a) obeys the special shape of the membrane condition 

— - aG = -S(x - Ç)ô(z - T]) ; a =2^ , 0 < x < TT , 0 < z < b 
dy m 

with boundary conditions G = 0 at the ends x = 0 and x = n of the plane y = 0 . Besides, at 

the boundaries z = 0 and z = b of the membrane plane, the normal derivative of this function 

vanishes too. 

The explicit shape of G(x,z,Ç,T],a) follows readily when the coefficients (3.76) are 

inserted in (3.75). This yields 

t] . z 
. „ „ sinmç cos«;r — sin mxcosnn — 

nbtili knmta.nhkmnh + a 

for 0 < A' < n and 0 < z < b . The constant a reads 

2p 
a = —*- . 

m 

This shape is useful to express the unknown part (3.75) of the pressure at the boundary 

dD\ in the concise shape 

n b 

q(xo,z,t) = -\lG(x,z,Ç,fi,a)piofà,Ji)u(Ç,i7,t)dÇdTi . (3.78) 
0 0 

Note that when (3.77) is inserted in (3.78) and the terms in the resulting expression are 

rearranged, we arrive at (3.75) with coefficients bnm ; m = 1, 2,..., ra=l, 2, ... given by (3.74). 

This means that a solution in the shape (3.78) is equivalent with the series representation 

(3.75). In the next section we will profit from the solution in the shape (3.78). 

3.6.3 Forced vibrations 

As follows from the previous section, the pressure at the membrane can be built up from two 

different parts. The first part is the known function p'"'"(x,0, z,t), which is proportional to the 

time behaviour of the pressure at the oval window, and the second part is the expression 

q(x,0, z,t) that follows from the presence of stiffness at the basilar membrane. The complete 

pressure is found by the superposition of these parts. Therefore, we write 

p(x,0,z,t) = ppa"(*,0,z,t) + q{x,0, z.t) . 
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The function ppa"(x,0,z,t) is found when y = 0 is inserted in (3.69). The remaining part 
is given by (3.78). From these expressions and (3.68) follows that the deflection of the 
membrane has to fulfil the following integral equation 

ü(x,z,t) = -Wg(x,z)u(x,z,t) + 

(3.79) 
-T b 

a\\G{x,z,Ç,r],a)col{Ç,rj)u{Ç,Ti,t)dÇdT] + F(x,z,t) . 
0 0 

Here, 0< x < n and 0<z<b. For the time t holds t>0. The function F(x,z,t) follows 
from (3.69) and reads 

ri \ 2 / J x v 1 acoshn/? 
F{x,z,t)=-f{t)\ 2^cn — s i n « 

m ^ n „=] n sinh nh + a cosh nh 

The constant a is given by 

2/7 
a = —— . 

m 
The deflection must obey this equation at every point in time. Appropriate initial conditions 
complete this equation. 

Equation (3.79) has the shape of an equation in which oscillators at points of the membrane 

are forced to move under the influence of an external force F(x, t). In absence of the external 

force F(x,z,t), equation (3.79) is a homogenous equation for the deflection of the membrane. 

The solutions of this equation are the free vibrations of the system. Therefore, as follows in 

this case too from general vibration theory, the solution of (3.79) consists of the superposition 

of free and forced vibrations. 

All oscillators are 'coupled' with each other. This coupling is expressed by the function of 

Green and does not depend on time. However, this function depends on the parameter a . 

Therefore, in this case too we shall pay some attention to this dependency. 

In section 3.5.2 we noted that typical values of model parameters are w = 0.05 g/cm : ; 

h = 0.1 cm and thai the density p of the cochlear fluid about 1 g/cm3. In consequence of this, 

the magnitude of a in the present model is about 40 . However, in the model the length of the 

membrane equals n. When this length should be scaled to the unity, the value of a even 

exceeds 125. Therefore, here again, notes on large values of the parameter a must be taken 

seriously. When a is large, it follows from (3.77) that approximately 

aG(x, z,£,,r],a)^ — ^ ^ s i n n ^ c o s n ^ - — sinnxcosrc;r - ; 0 < x <n , 0 < z< b . 
xb „_, „., b h 

The right hand side of this expression is the Fourier expansion of a delta function placed at the 

point x = £ , z = J] in the region 0 < x < n, 0<z<b . 

74 



Therefore, in this region it holds that 

limaG(x, z,Ç,7],a) = ô(x- Ç)ô{z - rj) . 

However in that case we have 

n b 

a jJG(x,z,^,rj,a)cOo(^,n)u{4,?],t)d4d7]«>û)o(x,z)u(x,z,t) • 
0 0 

In consequence of this, when a is sufficiently large, the integral equation (3.79) reduces to 

ü(x,z,t) = -F(x,z,t) , 

and the model degenerates to the present equation. 

3.6.4 The equation for the pressure 

In section 3.5.4 we derived in a two-dimensional model for the cochlea a differential equation 
for the pressure at the membrane. In this section we will do this again but this time in the 
three-dimensional case. In order to reach our goal, we introduce the expression L(X,Z) 

defined by 

IT b 

L{x,z) = -lJG{x,z,4,Tj,a)®(Ç,ri)dÇd?i . (3.80) 
0 0 

The function of Green in this expression is given by (3.77). Essentially, this function is the 
limiting value of the sum of eigenfunctions of the kind 

sin mxcosh kmn (y - h)cosn7r~ ; m = 1,2,..., n = 1,2,... (3.81) 
b 

at the membrane plane y = 0 of our problem. In this case too, we shall assume that SLI dy 
exists at this plane (see section 3.5.4) and that the validity of the equation 

aL = -0(x,z) ; 0<X<TT, 0<z<b (3.82) 
dy 

at the plane y = 0 can be verified. In addition to this, the construction of the function of 
Green from building bricks of the kind (3.81) shows that when a point (x,z) of the membrane 
plane falls together with one of the straight lines x = 0 or x - ±n, the expression L{X,Z) 

vanishes. Therefore, we have 

L(0,z) = 0 and L(K,Z) = 0 , 0<z<b (3.83) 

at the boundaries x = 0 and x = n of the membrane plane in problem (3.67). 
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Let us define <!>(x,z) by 

®(x,z)= -ataZ(x,z)u(x,z,t) , ( 3 8 4 ) 

in which t is considered as a parameter. This means that at an arbitrarily moment of time the 
right member of (3.84) is called <b(x,z). By application of (3.80) and (3.84), the integral 
equation (3.79) can be written as 

L{x,z) = ü{x,z,t) + (ol(X,z)u(x,z,t)-F{x,z,t) . (3.85) 

Just as in (3.60) the pressure at the membrane determines the right member of this equation. 
This pressure is the limiting value of a function of y. At this place too, and in the rest of this 
section we will not denote this dependence explicitly. 

After insertion of (3.84) and (3.85) in (3.82), a differential equation for the deflection of 
the membrane is found. This equation has the shape 

d_ 
dy {ü(x,z,t)+coZ{x,z)u(x,z,t))-aü(x,z,t) = H(x,z,t) .7 (3.86) 

Here, the values 0<X<K, 0<z<b determine points in the boundary plane y = 0 of our 
problem. For the sake of convenience we introduced the function H(x,z,t) according to 

H(x,z,t) = ^à-aF(x,z,t) 
dy 

at the boundary in question. F(X,ZJ) represents the prescribed pressure at the membrane and 
is given in (3.79). The origin of this term is the particular solution (3.69). In section 3.6.2 we 
discussed some properties of this pressure and argued that this solution obeys a homogenous 
boundary condition of the kind H{X,ZJ) = 0. In consequence of this, equation (3.86) reduces 
to a homogenous one. In addition to this, the boundary conditions that belong to (3.86) and 
that follow from (3.83) and (3.85) are 

ü{0,zj)+u}g(0,z)u(0,z,t) = F(0,z,t) and 

ü{n,zj)+a>l(7i,z)u(7r,z,t)=F{n:,zj) . 

The function F{n,z,t) represents the prescribed pressure at the entrance of the system. At 
the line x = n holds F(x,z,t)=-2/mf(t). At the other side of the membrane, i.e. the line 
x = 0, we have that F(0,ZJ) = 0. Thus, the model is a model for the deflection and reads 

— (ü(x,z,t) + u>Z{x,z)u{x,zj))-aü(x,z,t)=0 ; 0<.V<TT , 0<z<b , (3.87) 

7 For the y dependency of the term between the brackets in the left member of (3.86). we refer to the arguments 
which have been given in the note at the expression (3.63). 
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vith boundary conditions 

ü(0,zj)+a-{0,z)u(0,z,t)=0 at x = 0 , Q<z<b 

ü{n, z,t)+a)l(n, Z)U{K, z,t)= f(t) at x = n , 0 < z < b . 
m 

The second boundary condition is the equation of motion for the deflection of the 

oscillators at the line x = K , the entrance of the system near the stapes. These oscillators 

move under the influence of a known 'force' proportional to ƒ(?). Therefore, the mechanical 

input' impedance of this system is determined by the mechanical properties of the oscillators 

at the line x = 0 . 

The first boundary condition is an equation of motion for oscillators at the line x = 0. In 

this equation a driving 'force' is absent. Because we assumed that all initial conditions are 

zero, the only solution of this equation is the vanishing one. In consequence of this, we can 

replace the last boundary condition by the zero condition: u(0,z,t) = 0, 0 < z <£> at every 

point in time. 

Equation (3.87) and the boundary condition are the three-dimensional analogue of the two-

dimensional approach to the pressure as has been given by (3.62). 

In section 3.6.1 the deflection at a point of the membrane follows from the equation of 

motion (3.68). In this equation only the inertial resistance, the stiffness and the pressure 

difference at a point of the membrane determine the dynamical equilibrium. When additional 

forces are present, this equation must be extended. This can be done in the same way as has 

been pointed out in section 3.5.4. Let again Fexl be an additional force at the point (x,z) of 

the membrane. Then we have to replace equation (3.68) by 

d2u i( \ „ 
—-y = -CO,\x,z)u + Fex, -Pm . 
dt 

Here, the force Fext denotes a force per unit of mass. This force may depend for instance on 

the deflection, the velocity, the place at the membrane and the time. In consequence of the 

presence of this external force the integral equation (3.79) must be extended to 

ü(x, z,t)= -col {x,z)u(x,z,t)+ Fext + 

u b 

0 0 

Then, when we follow the same line of the first part of this section, the model for the 

deflection in terms of a first order differential equation for the pressure reads 

— \ü(x,z,t) + col{x,z)u{x,z,t)-F,a)-aü(x,z,t) = Q ; 0<x<n ,0<z<b (3.88) 
dy 

11 



with boundary conditions 

«(0, z, t) + a>l(0, z)ii(0, z, t)- Fen =0 at x = 0 

M'(^z,r)+£»0
2(^,z)a(^z,r)-Fu, = f(t) at JE = n 

A natural way to extend this model is the introduction of some damping Therefore we 
write 

Fex, =-Ä2ü(x,z,t), (3.89) 

where again A2 is a coefficient for the damping and ù(x,t) denotes the velocity at the point 
x. Let us insert this term in (3.83). Then, the first term of the resulting equation contains the 
expression 

ii(x,z,t)+ A2u{x,z,t)+ a2(x,z)u(x,z,t) . 

The Laplace transform of this last term reads 

(s2 +Ä2s + a>l(x,z))ü(x,z,s) , 

where we assumed that zero initial conditions hold true. Here, û(x, z, s) is the transform of the 

deflection u(x,z,t) of the membrane at the point (x,z). The coefficient of the transformed 

deflection possesses zeros, the points of resonance. These points are the solutions of equation 

(3.25) from section 3.4.3. In that section we argued that in order to solve equations of this 

kind adequately, we have to distinguish between an upper- plane and a lower-plane 

approximation to the membrane. Thus here again we meet the same mathematical 

requirement. The cause of this demand is the monotonie behaviour of the stiffness along the 

membrane and the sign of the frequency under consideration. 

At this stage we again put s = -ia>. This suggests that we are interested in complex 
vibrations of the kind 

u(x,z,t) = u(x,z)exp(-icot) . 

Insertion of this expression in (3.87) yields a first order homogeneous differential equation 

— (A(X, Z, CO)U)+ acü2ü = 0 (3.90) 

in which 

A(X, z, CO) = -Cù2 -iA2cû + û)g(x,z). 

The behaviour of this equation highly depends on A(x,z,co). This is because in the three-

dimensional case too, this term determines the effects when resonance takes place. 
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Let us put 

p(x,z,co) = A(X,Z,CO)U(X,Z,CO) , 

so that equation (3.90) can be written as 

A(X,z,a>) \-aa>2p = 0 . 
dy 

This last equation is again the prototype of the membrane condition for the complex pressure. 

3.7 Distribution and transport of energy 

Transport of energy can take place throughout the whole cochlear fluid. When energy is 

applied at the oval window and we only consider equations of motion for the membrane of the 

kind that follows from (3.10) and (3.8), we deal with systems that in auditory theory are 

called passive. When additional forces are applied at the membrane - for instance as the result 

of outer hair cell activity - the system is called active. Because of considerations concerning 

the conservation of energy throughout the cochlear fluid, it is unimportant whether or not we 

deal with an active or passive system. The reason for this is that inside the cochlear fluid there 

are no energy sources or sinks. All peculiar effects originate from the boundary of the 

problem. 

Let us look for the energy contained in a small fixed volume element dt of the region D 

in problem (3.15). The amount of energy contained in this element is the sum of the kinetic 

and the internal energy and reads 

1 2 

-pv + pU . 

Here, v" = v • v and pU is the internal energy per unit of volume, p is the density of the 

fluid. This quantity changes as a function of time. The rate of change per unit of time of this 

quantity is 

d ( X i n - pv + pU 
dt\l 

Landau and Lifchitz noted that in 1874 the Russian physicist N. Oumov was the first who 

expressed this time derivative at a point of the fluid as a spatial local rate of change as 

J\2PV+pU 
V- + H 
2 , 

(3.91) 

in which the enthalpy H is defined by H = U + pV . V is the specific volume and given by 

V = 11 p. A concise proof, which holds true for an ideal fluid and that is mainly based on 

fundamental laws of thermodynamics and some vector operations, is found in Landau and 
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Lifchitz (1971). This way of writing is important because it offers the opportunity to express 
the whole amount of temporal changes over the fluid in one of the cochlear scalae as an 
integral over the boundary of this region. 

Indeed, in section 3.4.2 we started with Gauss's divergence theorem and this theorem can 
be applied fruitfully to the right member of the present expression. When this is done, it is 
found that 

d r f l 2 "l r (V } 
-pv + pU \dr = -\pvn — + H\da. àti\2r ) \ 2 

Here, dx is the volume element of the region D and da is a surface element of the 
boundary. The component of the velocity normal to the boundary is vn. 

Let us assume that the region D is again the left rectangle D in figure 3.1b. The boundary 
ÔD consists of the parts 3D,, dD{, ßDhe and half the boundary âD4. In all our problems 
the fluid is incompressible. This implies that the internal energy U is constant for each 
element of the fluid. In consequence of this, the term U drops out the left member of this 
equation whereas in the right member H must be replaced by p I p. This yields 

This expression expresses the law of conservation of energy for the region D and its 
boundary dD&nd holds true at every moment. Let us look for the vector 

( 2 
V •\ 

p 2 + P 

\ J 
This vector is the density of the energy flow per unit of time. In other words, the vector I is 
the intensity of the flow and consists of two parts. 

The first part, the term pv v212 , is the contribution to the intensity in consequence of the 
motion of the fluid. This is the kinetic part of the intensity. The second part, the term p v , is 
the density of the work carried out by the pressure per unit of time. At the boundary the vector 
takes the shape 

'.=v.|/,£ + ,' 

The intensity is a vector that describes properties of a flow of energy. Because this flow 
always takes place between different levels of energy it can be compared with the velocity 
vector of a fluid flow. Then it is natural to define an energy potential function y/ = y/{x,y,t) 
so that 

/ =-grady/ 
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When ƒ is introduced in (3.91) it follows that 

dt\2 

The right member of this equation can be modified slightly. According to the linear Euler 
equations (3.1) in absence of external forces the equation of motion for the cochlear fluid is 

dv 1 
— = Vp . 
dt p 

Because 

1 dv _ dv 
- p = pv 
2 dt dt 

A follows that 

\ dv1 

-p— = -v.Vp . 
2 dt 

Then, the equation for T* can be written as 

A¥ = -v • Vp . 

This equation is an inhomogeneous equation of Laplace. The solution of this equation, 
subjected to appropriate boundary conditions, determines the intensity distribution in a 
cochlear model at a fixed time. In our case, normal derivatives of the potential ¥ must be 
prescribed at the boundary dD of the region D. When this is done, we arrive at the problem 

AvF = - v V p in D 

dV _ 
on 

at d£>, 

dV 
y\ memb 

an 
at dDl 

dn 
at dD34 

This problem is a Neumann problem. The problem cannot be solved unless again the 
prescribed values of the intensity at the boundary satisfy the condition of compatibility at 
every moment in time. 

81 



In terms of the intensity this condition reads 

jl„da = 0. 
BD 

Insertion of the definition of intensity yields the similar shape 

at every point in time. Because the boundaries dD} 4 are hard walls where the velocity normal 
to a boundary must vanish, this condition reduces to 

h x 

0 0 

Let us assume that exactly at one point of the membrane an additional intensity at the time 
/ = 0 is prescribed. The cause of this activity could be the influence of an outer hair cell in a 
small region of resonance. This activity can be modelled as IaS(xt )S(t), in which xr is the 
point where this intensity has been concentrated and Ia is the density of the activity. Then we 
have to replace Imemb by Imemb + IaS{xr)S(t) in the condition for compatibility. When this is 
done the result can be written as 

]lmda = -\lmembda-lXt)-

This expression implies that at the same moment at which activity at the membrane takes 
place, an effect of this intensity is noticeable at the oval window. Therefore, we expect that 
there will be a negligible delay between outer hair cell activity and its consequences at the 
oval window. In the next section this point will be reconsidered. 

3.8 Discussion 

The traditional way to study the motion of the basilar membrane in relation to the surrounding 
cochlear fluid is to start from the concept of membrane impedance. This concept follows from 
the study of complex oscillations and is defined as the ratio of the complex pressure 
difference across the membrane and the complex velocity of the membrane. The notion of the 
impedance is only applicable when we deal with linear equations. We assumed that the linear 
approximation to the basic constituents in our problem is valid. This assumption is 
sufficiently supported because the order of magnitude of the motion of the basilar membrane 
is rather small (Van Dijk, 1976; Viergever, 1980, 1986). It is common practice to eliminate 
the membrane velocity from the expression for the impedance in favour of the normal 
derivative of the pressure at the membrane. The result is an expression of the kind (3.18) that 
is essentially a translation of the original equation of motion of the membrane for oscillating 
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time behaviour. The equation has been given in terms of the pressure at the membrane and 
sets boundaries to the behaviour of the pressure at the membrane. At first glance it seems to 
be reasonable to consider this equation as a special boundary condition in a boundary value 
problem for the cochlea. However, when this is done it is impossible to decide on the unicity 
of a solution for this problem. This points to an improperly posed problem. There are several 
ways to avoid this difficulty. 

The first one is to conceive this equation as an equation for the pressure that can be solved 
directly in terms of travelling waves. This idea is attractive because in auditory theories the 
concept of travelling waves is quite current. In the next chapter we shall pay attention to that 
pproach under the title 'cochlear phenomenology'. 

A second possibility is to change the shape of the equation and again to solve the resulting 
equation directly. When the equation of motion for the membrane is written in terms of the 
pressure, we deal with a first order equation in which the normal derivative of the pressure 
orms an unpractical detail. An often-used simplification is the well-known second order 

equation of Zwislocki (1948, 1980). The prototype of this equation is found when the normal 
derivative of the pressure at the membrane is approximated by a term proportional to the 
second derivative of the pressure along the membrane. The approximation was given by 
(3.36). In section 3.4.4 we discussed a possibility to support this approximation. 

From a physical point of view it can be dangerous to replace a first order equation by a 
second order one. In general a second order equation possesses two independent solutions 
whereas the first order equation has only one solution. Then, when a physical meaning is 
attributed to the wrong part of the solution, properties that are not present in the original 
problem are introduced artificially. This is what we try to avoid. 

Zwislocki's equation is still popular even in the case that both independent solutions are 
used to explain physical properties of the cochlea (De Boer, 1993; Kanis and De Boer, 1993). 
The reason for this success is mainly because its shape is relativity easy to handle. 
In chapter 5 we will study at length the properties of this equation and determine the price we 
have to pay for making a priori approximations. 

A third possibility is to consider the normal derivatives at the boundary of a boundary 
value problem for the pressure as prescribed functions. These notions represent the way of 
thinking in the eighties and lead to Neumann problems. After analytical exercises at any 
depth, there always results an equation for the pressure or the normal derivative at the 
membrane that must be solved numerically. The numerical methods applied often lead to 
cumbersome calculations (Diependaal, 1988) and scarcely contribute to insight in the main 
properties of the cochlea. 

In this chapter we formulated a fourth possibility. We began with a simple second order 
equation in the time domain. The shape of this equation is similar to an Euler equation in 
which an additional term expresses the influence of the presence of stiffness. We modified 
this equation by assuming that the basilar membrane actually represents a discontinuity in a 
fluid-like environment. This equation models the membrane in a rather primitive way. 
However, the presence of stiffness is an essential point. The stiffness term is not present in the 
equation for the surrounding fluid. The difference between both equations has been written as 
an inhomogeneous radiation condition. The inhomogeneous term is the stiffness term. This 
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condition must hold true at every moment in time. The condition expresses that a deflection of 
the membrane leads to a stiffness force that has an influence on both the pressure and its 
normal derivative in the surrounding fluid. The ratio in which this effect is smeared out over 
the pressure and its normal derivative is determined by one single model parameter. We called 
this constant the radiation constant of the problem. 

In a general radiation problem not only the object that radiates but also the direct 
environment of the object plays a characteristic role. In the cochlea this environment is the 
incompressible fluid in the cochlear channels. Therefore, we constructed a boundary value 
problem in which the combined action of the fluid in a box-like scalae and the radiation 
condition determine the pressure in the model. The basic idea behind the model is that a 
change of the stiffness force immediately has its influence on the pressure and on forces in the 
fluid. Because a force is the gradient of the pressure, we actually deal with a problem for the 
pressure. When the problem for the pressure has been solved, the motion of the membrane can 
be determined in several ways. 

An important aspect of this model is that the radiation condition, as an inhomogeneous 
boundary condition of the third kind, determines what happens in the model. We first proved 
that when a solution for this problem exists, this solution is unique. After that, we paid 
attention to the condition of compatibility from a physical point of view. In mathematics this 
condition is a necessary requirement for the unicity of Neumann problems and for boundary 
value problems with mixed condition. In physical terms this condition expresses a global 
constraint for the integral of forces along the boundary of the problem. 

Both in section 3.4.4 and in section 3.7 we used arguments, based on the formal condition 
of compatibility, to show that when outer hair cells exert forces at the membrane, effects in 
consequence of this must be immediately observable near the oval window. However, in the 
models of this section symmetry considerations offered the opportunity to restrict ourselves to 
only one cochlear scala. 

When the condition of compatibility is applied in a one-scala model the 'oval' window is 
both the entrance for usual sound signals and the exit for signals that have been generated at 
the basilar membrane. Let us now assume that activity in the organ of Corti modifies the 
pressure at the upper side of the membrane. This will disturb the assumed symmetry. The 
'broken' symmetry could lead to observable effects in the middle ear cavity. However, there 
are no observations that lead to evidence for this. Because the ear emits sound produced by 
hair cells, the 'outlet' of the system apparently differs from the entrance. The current opinion 
is that the fluid in the cochlear duct transports the main contribution of those signals to the 
saccule in the vestibule (Fig. 1.1). Then it is easy to imagine that the ossicular chain is 
responsible for the transport of emitted energy to the ear canal. 

In section 3.5 we 'solved' the boundary value problem under consideration. We expressed 
the pressure at the membrane in two terms. The first one is proportional to the time behaviour 
of the prescribed pressure at the stapes. The second term has the shape of an integral over the 
length of the membrane. In this integral the momentary stiffness force is weighted for 
numbers that follow from a function of Green. This function is given by (3.49) and has the 
shape of a Fourier series. It is easy to prove that this function is integrable and therefore 
applicable in numerical exercises. 
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When the pressure according to this solution is inserted in the equation of motion for the 
membrane, the result is an integral equation that must be solved at every time. The integral in 
the equation expresses the coupling between the membrane oscillators in consequence of the 
presence of the surrounding fluid. We showed that the pressure, which follows from this 
equation, indeed obeys the homogenous radiation condition (3.18). This special shape of the 
equation of motion for the membrane is unsuitable to serve as a boundary condition in a 
ooundary value problem. 

In section 3.6 we showed that in the three-dimensional case a similar method for solving 
the three-dimensional counterpart of the original problem leads to essentially the same 
solution of the problem as in the two-dimensional case. 

In the oscillating case, special attention has been paid to the place of a point of resonance 
in the plane (section 3.4.3). In mathematical terms, a point of resonance is a singularity for the 
equation of the pressure at the membrane. In that section we showed that in the lossy case the 
pressure is singular at points near the basilar membrane. However, both in section 3.5 and in 
section 3.6 we neglected the presence of those points and constructed a function of Green as if 
the box-like cochlear scalae are free from singularities. From a mathematical point this way of 
working cannot be justified. Therefore, a solution that obeys one of the integral equations 
3.51) or (3.79) cannot be a solution for the motion of the basilar membrane in a spatial model 

of the cochlea. Moreover, methods that lead to equations similar to (3.51) or (3.79) suffer 
from the same defect. 

In mathematics there is a common consent that solutions of an equation are determined by 
the singularities that are present in the equation. Therefore, in the next chapter we shall first 
pay attention to this aspect of the problem. 
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Cochlear phenomenology 

Abstract. In the frequency domain the boundary condition for the pressure at the membrane has 
the shape of a homogeneous equation. We solved this equation as an equation in the complex 
plane. From the solution we determined filter characteristics for an arbitrary point of the 
membrane. In order to model hair cell activity, an extension of the equation for the pressure 
has been proposed. Results that follow from the extended equation bear a comfortable 
resemblance with actual results of measurements. 

4.1 Introduction 

Until the observations of Rhode (1971; 1973), the common opinion on the motion of the 
basilar membrane as a result of pure tone stimulation was the concept of a travelling wave 
along the membrane. According to that notion the motion of the membrane resembles a 
progressive wave which travels from the stapes to the helicotrema. During its travel the wave 
reaches a maximum in a small region of the membrane around the point of resonance. After 
that region the amplitudes of the wave rapidly diminishes. However, after resonance it is 
questionable whether the wave still travels or not. Von Békésy introduced the concept of a 
travelling wave after his early model observations (1928). Later model studies and 
observations in preparations of the cochlea (Von Békésy, 1960) seemed to support this notion. 
Rhode showed that the concept of a travelling wave only holds true as far as the point of 
resonance. After that point amplitudes of the membrane motion are almost negligibly small. 
Besides, after resonance the successive points of the membrane perform a motion in almost 
the same phase. 

In consequence of Von Békésy's observations it is not surprising that even in early 
attempts to describe the motion of the basilar membrane, the intention was present to model 
the pressure in the surrounding fluid, even beyond resonance, as a travelling wave. Ranke 
(1931, 1942) was one of the first who introduced a travelling wave concept in a two-
dimensional model study. He noticed that the pressure in the cochlear fluid has to obey 
Laplace's equation and pointed to the fact that the general solution of this equation can be 
written as the sum of two arbitrary functions, each of which depends on one of the complex 
conjugate co-ordinates z and z. Essentially, the shape of Ranke's solution is an expression 
of the kind exp(c(x + iy)) at the membrane axis y = 0 of the complex plane. The constant c 
is a complex quantity. His idea was to fit this constant so that for successive points of the 
membrane the pressure and the velocity at the membrane obey the definition of the local 
impedance. From his work follows that just after resonance the amplitude of the pressure 
strongly diminishes and that near resonance the local wavelengths are relatively short. 

Siebert (1974) re-investigated Ranke's question. He proposed a solution for the pressure in 
a two-dimensional box-like model of the cochlea. Under a short-wave assumption he arrived 
at solutions for the motion of the basilar membrane. The relevant parts of the solutions show 
waves that travel towards the point of resonance. Apart from technical details of his analysis, 
the numerical implementation of these waves points to singular behaviour near resonance. 

In a review article on cochlear models Schroeder (1975) expresses his dissatisfaction on 
the short wave approximations with the sentence "This kind of modelling is out". Fortunately, 
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de Boer (1979, 1984) studied the short wave case again. In addition to an improvement of 
Siebert's mathematical description, he pointed to the physical phenomenon that the point of 
resonance at the membrane locally acts as a sink for the energy which is present both at the 
membrane and in its fluid-like environment. This is an indication that the influence of 
resonance at the membrane not only determines what happens at the membrane but dictates 
what happens in the surrounding fluid too. And vice versa. This corresponds to classical ideas 
from complex function analysis that behaviour is determined by the presence of singularities. 
There is no reason at all to go away from those ideas and, what is more, some phase 
characteristics in recent observations (Ruggero et ai, 1997) seem to underline that indeed 
near resonance the wave at the membrane travels towards the point of resonance. 

The behaviour of the wave motion near the point of resonance is a typical example of a 
local phenomenon. This behaviour takes place both at and near the membrane. Then the 
question arises: is it really necessary to introduce boundary value problems for the whole 
cochlea in order to find this behaviour? The rhetorical character of this sentence implies the 
answer. In this chapter we will elucidate this. 

We start again with the observation that it is sufficient to determine the hydrodynamic 
pressure at the membrane. Once the pressure is known, the motion of the membrane readily 
follows. 

Let us consider a general shape for an oscillating pressure wave at the membrane. This 
wave can be written as p(x,t)= p(x,co)cos(cot + (p(x,oo)). The (real) amplitude of the wave is 
p(x,co) and ç(x,co) is the phase function, co is the frequency of the oscillations and x the 
length parameter along the membrane. Any undulatory behaviour in the x - direction follows 
from q>(x,a>). When the slope of this function is negative the wave travels to the right. When 
the slope is positive the wave travels in the opposite direction. 

As has been noted by Ranke, the general solution of Laplace's equation can be written as 
the sum of two functions. Each of these functions depends on one of the complex conjugate 
co-ordinates z and z • Therefore, we shall conceive the travelling wave that obeys Laplace's 
equation at the membrane as a limiting function of two complex conjugate functions p,{z,t) 
and p2 (z, t) so that 

2p{x,t) = \im{pl{ï,t)+ p2{z,t)) , (4.1) 
v->0 

in which 

lim pl(z,t)= p(x,co)exp(+ i(a>t + (p(x,a>))) 
y - > 0 

and 

lim p2(z, i) = p(x, a) exp(- i(cot + <p(x, co) 

In (4.1) the function p,(z,r) depends on positive frequencies and p2(z,t) on negative 
ones. In this chapter we shall assume that the stiffness along the membrane is a decreasing 
function along the membrane. Then, as follows from chapter 3 section 3.4.3, we may expect 
that in the lossy case p2(z,t) is determined by a singularity just below the membrane axis 
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tnd Pt(z,t) by its reflection with respect to this axis. Therefore, in order to find the pressure 

ompletely, we will distinguish between the upper plane approximation z = x + iO for 

p2{z,t) and the lower plane approximation z=x-iO for p,(z ,f) . The distance of both 

ingularities to the real axis is determined by the magnitude of the damping. In consequence 

of this, in the lossless case both singularities coincide at the membrane axis. However, 

because the lossless case is the limiting case of the lossy one, the notion to distinguish 

between an upper- and a lower-plane approximation remains conserved. 

In this chapter we will mainly restrict ourselves to the lossless case but distinguish between 

both approximations. 

First we will shortly re-derive the key of the problem, namely the basilar membrane 

condition as an equation for the pressure. The solution of this equation in the place domain 

will be given and discussed. The pressure according to the direct solution is an analytical 

(unction. 

This function is not odd with respect to the normal direction to the membrane but shows a 

lot of good properties. At the end of section 4.2 we propose a solution for the pressure which 

is odd with respect to this normal direction at the membrane. It will appear that the analytical 

solution of this section forms part of this odd solution. This aspect of the problem renews the 

discussion on the question whether the analytical solution is restricted to short-wave 

considerations or represents the general solution of the problem near resonance. In section 

4.3, we will discuss filter functions for an arbitrary point of the membrane in the passive case. 

in that section we introduce different values of the damping in the model. It appears that even 

small values of the damping are unfit to explain the shape of measured impulse responses at 

low levels. 

In section 4.4 we will introduce additional terms into the equation for the pressure at the 

membrane. The reason to do this is the presence of the organ of Corti combined with hair cell 

activity. The introduction of these terms produces effectively a relative amplification of the 

pressure just before the mathematical point of resonance. In the second part of this section we 

determine both in the frequency and in the time domain responses for an arbitrary point of the 

membrane. It will appear that the model can predict responses that agree qualitatively with 

measured responses. 

4.2 A discontinuity as far as resonance 

In this section we shall pay attention to properties of the basilar membrane that directly follow 

from the point of resonance as a mathematical singularity. Our starting point is the linear 

equation of motion (3.10). According to (3.6) and (3.8) this equation can be written as 

— ^ + Cû)U =-2-p. (4.2) 
ât' m 

Here, u is the deflection normal to the membrane and -2p is the pressure difference across 

the membranous strip. This deflection and the pressure depend on the place at the membrane 

and the time. At the membrane unm coincides with the normal component un of the fluid 

deflection and the pressure there equals the fluid pressure. 
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Both quantities have to obey the same Euler equation normal to the membrane. Therefore, 

in the absence of additional forces, we have in the linear case the additional requirement 

at1 
p dn 

The difference between (4.2) and (4.3) reads 

1 dp 2 2 
p = » 0 umn 

p an m 

(4.3) 

(4.4) 

and represents the radiation condition (3.9). Because the membrane deflection equals the fluid 
deflection normal to the membrane it is superfluous to use special indices. For that reason the 
indices m and m, will be omitted. 

The present equations are linear. Then it is attractive to apply the technique of Laplace 
transforms. For the sake of convenience, we shall assume that we only deal with existing 
transforms (Spiegel, 1965). Moreover, we assume that all initial conditions are zero. In that 
case the transform of equation (4.2) is 

\s2 + a>l)u (4.5) 

in which u and p are the transformed deflection and pressure, respectively. The transforms 
of (4.3) and (4.4) are 

and 

s u • 

1 dp 

p dn 

1 dp 

p dn 

2 _ 
-P 
m 

respectively. The deflection u can be eliminated from the last two equations. This leads to 
the equation for the pressure in the shape 

,2A 

an m 

The present equation will be the kernel of this section. Note that when s=±ia> is inserted 

we again meet (3.18). It appears to be useful to rewrite this equation in the equivalent shape 

â\n p 

an ps 
1 

5 -ia>. 
(4.6) 

oy 
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in which the constant ju is defined by 

m 

Again we make a substitution similar to (2.11) 

w = is , 

(4.7) 

(4.8) 

that maps the complex s plane on the complex w plane by a rotation of the s plane over a 

quarter of a turn to the left. The frequency axis of the s plane is mapped on the real axis in the 

w plane. Positive values at this axis correspond to points at the negative frequency axis in the 

y plane. The negative part of the real w axis is the image of the positive frequency axis in the s 

plane. As a result of this substitution (4.6) takes a shape which is rather convenient to work 

with. The equation has the shape 

d\n p 

an /iw 
1 1 

(On 

(4.9) 

Now we are in a position to specify the place of the basilar membrane in the z plane and 

to define ca0 along the membrane. We assume that the basilar membrane coincides with the 

negative real axis of a complex z plane. Its high frequency part starts at minus infinity. The 

membrane ends at the origin. In this chapter we will consider the simple case that the 

resonance frequency varies linearly along the membrane. The logarithmic case will be 

considered in chapter 6. Thus here <oQ(x)= -Qx. The positive constant Q ' can be met with 

time scaling. Therefore it is sufficient to put Q = 1, so that 

,(*) = - oo < x: < 0 (4.10) 

We first restrict ourselves to positive real values of w. Insertion of (4.10) in (4.9) yields 

âln p 

an = H 
1 1 

x , x 
+ 1 V w 

; - oo < .x < 0 , y = 0 . (4.11) 

w J 

The right member of (4.11) possesses singular points on the real axis of the z plane. The 

place of these points follows from 

x 

w 
+1 . 

For our problem the singularity with the minus sign is of special importance because it 

represents the point of resonance at the membrane. At the left side of this point the stiffness 

dominates. Between resonance and the origin the stiffness is of secondary importance and 

Note thai here the meaning of Q differs from the quality factor Q in circuit theory. 
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there we could put a zero condition for the pressure. This is partly induced by the discussion 
in section 3.3 on properties of the equation of motion after the point of resonance. However, 
this problem will be postponed at this stage and solved at the end of this section. Here, we 
will first look for some basic properties that follow from (4.11). 

In (4.11) the abscissa which determines resonance comprises the scaling factor 1/w. This 
factor determines the actual place of resonance at the membrane as a function of the 
frequency. Because we conceive (4.11) as an equation in the complex z =x + iy plane, the 
unknown ordinate has been scaled with the same factor. In that case it is 'natural' to replace 
the normal « by y I w. Therefore we put 

d_ 
an 

d 

d 

In consequence of this, the pressure p in (4.11) can be considered as a function at the real 
axis of a scaled z plane. We shall denote this plane as the Ç= Ç+irj plane, so that 

w 
(4.12) 

Next we conceive p as the limiting case of a function of ^ , so that on the real axis it holds 
that /?(£) = p(£+iO). Because at this axis 

dp _ . dp 
•co<£ < oo , 77 = 0 , 

dî] dÇ 

equation (4.11) can be integrated immediately. The result reads 

un/?(£")=//In^— ; - œ < £ < c o , -q- 0 (4.13) 

where we omitted for the sake of convenience the constant of integration. 
It is well known from classical applications (for instance Spiegel, 1964) that the right 

member of (4.13) represents an orthogonal co-ordinate system in the complex Ç plane. This 
system determines the amplitude and phase of the pressure at the real axis of the Ç plane. In 
order to find these quantities it is customary to express the right member of (4.13) in terms of 
local polar co-ordinates with respect to the points Ç= +1. Here we confine ourselves to write 
in (4.13) the logarithm as 

In ( ^ 1 = ln C + l 
<r-i 

+ ;arg 

Then, 'constant-amplitude curves' for the pressure belong to the family 

arg 
ç-

(4.14) 
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in which a is a constant that varies from curve to curve. The members of this family are the 

circles 

£2 + (77 +cot a) 
1 

sin a 

'Constant-phase curves' constitute the family 

In 
c-

ß (4.15) 

in which ß is a constant. This constant varies from member to member of the family. The 
phase family consists of the circles 

(£-coth/?)2+77 : 1 

sinh2 ß 

Both families together constitute the well-known meshwork of Apollonius, which has been 
given in Figure 4.1. The solid lines are the iso-amplitude curves. Dashed curves are curves of 
equal phase. 

In the upper half-plane the range of a is 0 < a < n . At the unit circle we have a = 7tl2. 
For a = n and a = 0 the corresponding circles have been degenerated and coincide with the 
real axis. 

Figure 4.1. The classical co-ordinate system that is build up from circles of Apollonius and their 
orthogonal trajectories. This system determines the amplitude and phase of the pressure according to 
(4.13). The same system can be used as an intrinsic co-ordinate system in a boundary value problem that 
leads to an odd behaviour of the pressure with respect to the membrane axis. This behaviour is one of the 
properties to which the pressure at a cross section of the membrane has to be subjected. 
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In the lower half-plane the range of or is -?r<a<0. In this case too, both equal signs 
correspond to circles, which have been degenerated and coincide with the real axis. The value 
a = -7i 12 corresponds to the unit circle. 

The range of the phase ß varies according -oo </?<+<*>. In the left half-plane ß is 
negative, whereas in the right half-plane its sign is positive. The imaginary axis represents the 
degenerated circle ß = 0. The points -1 and +1 are the degenerated circles ß=-<x> and 
ß = +co , respectively. 

According to (4.13), (4.14) and (4.15) the pressure can be written as 

p(a,ß) = e\p(p(a -iß)) , ( 4 I 6 ) 

where a and ß follow from (4.14) and (4.15) and Fig. 4.1. The negative real axis represents 
the basilar membrane. That part of the membrane axis, which extends from minus infinity up 
to and including the point of resonance, i.e. the point £ = - 1 , is a cut in the complex Ç plane. 
Across this cut the pressure is discontinuous. 

At the upper-side of this axis and near the point of resonance the amplitude of the pressure 

shows discontinuous behaviour. At the left side of resonance the amplitude equals expfjun) 

and diminishes suddenly to 1 at the other side of resonance. This implies that the difference 

between the amplitude levels before and after resonance equals 20/^rIoge dB. The constant 

fj is defined in (4.7). A typical value of this quantity is 20. Thus the difference between the 

levels exceeds 500 dB. Ranke (1942) was the first who noticed this discontinuous behaviour. 

After him, De Boer (1979, 1984) has given a considerably better description of this 

phenomenon. 

The quantity - ß is the phase of the pressure at the membrane, ß tends to minus infinity 

as the distance to the point of resonance tends to zero. The slope of - ß is positive at the left 

side of resonance and negative at the other side. In consequence of this, the pressure at both 

sides of resonance represents a wave that travels always to the point of resonance. Moreover, 

de Boer (1979) showed from this near resonance behaviour that the point of resonance 

actually models a 'sink' for the corresponding energy in the direct environment of the point of 

resonance. According to Lighthill (1978, 1981) this behaviour is a typical example of what in 

hydrodynamics is known as critical layer absorption. 

In the basic boundary value problem from the preceding chapter, i.e. problem (3.15), we 

subjected the pressure at the membrane to a symmetry condition. This condition implies that 

the pressure at the upper side of the membrane is odd with respect to the pressure at the lower 

side. From the difference between the levels before and after resonance it follows that the 

pressure is effectively zero between the point of resonance and the origin of the Ç plane. 

When the pressure in that region should be zero indeed we expect, at least on physical 

grounds, that in that region the pressure is odd with respect to the membrane axis. The present 

solution for the pressure fails to describe this property even approximately. Direct inspection 

shows that the pressure is inverted when values of a and ß at the lower side of the 

membrane axis are used."" 

The inversion is most easily demonstrated when in the expression z ' , - i is rashly replaced by i 

94 



In order to solve this 'imperfection', we define a new boundary value problem in which a 

and ß are considered as functions which determine a curvilinear co-ordinate system in the Ç 

plane. At the left side of resonance we prescribe at the membrane the present shape of the 

solution for the pressure. Between resonance and the origin of the plane we put the new 

boundary condition /; = 0 at the membrane axis. 

Next, we reflect these boundary conditions with respect to the imaginary axis of the Ç 

plane. Then we arrive at a boundary value problem which in terms of a and ß reads 

Ap = 0 0 < a < n , -co < ß < +co ; 

p=e (cos fiß-i sin fiß) a = n , - co < ß < +<x> ; (4.17) 

p = 0 a=0,-<x><ß<+co. 

The solution for this problem is 

tut 

p= — sinh/ua(cos/uß-isin/jß) . (4.18) 
sinh/y/r 

It is easy to verify that this solution complies with the terms of problem (4.17). Let us extend 

the present solution over the whole a,ß plane. Then, because a is odd with respect to the 

line of symmetry a = 0 , it is readily seen that (4.18) has a second important property 

p(a,ß)=-p{-a,ß) (4.19) 

that holds true even at the left-hand side of the point of resonance. Therefore, as a result of 

this kind of modelling, the pressure difference across the membrane in the region where the 

stiffness dominates is twice the pressure at the upper-side of the membrane too. This odd 

behaviour, which includes the membrane as a discontinuity as far as resonance, gives the 

possibility to construct an infinite strip-like model so that the normal derivative of the 

pressure vanishes at boundaries at a distance h from the basilar membrane. 

We will carry out this process with a simplified expression for (4.18). In order to find the 

simplification we first return to the original expression for the pressure (4.13). Let us restrict 

ourselves to the part of the pressure that is determined by the singularity at Ç = —\ and let us 

translate this part to the origin of the complex plane. This is accomplished when Ç+ \ is 

replaced by Ç. The approximation reads 

i\np~n\nÇ . 

It is our aim to express the pressure in polar co-ordinates (r,ç). However, in the right 

member of this expression the point Ç = 0 is a branch point. Because this point is the image 

of the original singular point Ç = —\, it follows from Fig. 4.1 that the right choice for <p is 

-K <(p<TT. Besides, this choice ensures that the principal branch of the logarithm 

corresponds to the usual one. 
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Therefore, we write the pressure as 

p « exp(jüç-ifi\nr) , 

with -n <(p<n . Note that the same expression can be found from (4.16) when a is replaced 

by cp and ß by lnr . With the same substitutions, we readily find from (4.18) that the desired 

simplification for the pressure reads 

sinh /u n 
sinh/^j>(cos/i lnr-/sin/i lnr) . (4.20) 

The next step is the construction of a strip-like model of a cochlear scala. We will do this 

in the presence of damping. In section 3.4.3 we studied the influence of the damping on the 

place of the mathematical point(s) of resonance. From (3.29) follows that when damping is 

present, there is a small distance between the physical point of resonance on the basilar 

membrane and the mathematical point of resonance ( Ç, = 0 ) near the membrane. This distance 

equals the damping constant s. This offers the opportunity to simulate damping by 

considering the pressure at a distance r/ = ±e from the real axis of the plane. Figure 4.2 shows 

properties of the pressure according to (4.20) at a distance T] = 0.025 from the real axis. 

In \p / fj arg1 
(P)'> 
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-0.5 

-0.5 0 0.5 

basilar membrane 

-0.5 0 0.5 

basilar membrane 

Figure 4.2. Amplitude and phase characteristics of the pressure according to (4.20) at a fixed distance 
7 = 0.025 from the real axis of the Ç = £ + iij plane. The distance rj = 0.025 models damping. The 
amplitude of the pressure is almost discontinuous at the point of the resonance, the point £ = 0 . When i] 
should be equal to zero, the amplitude possesses a non-removable discontinuity at the origin. The 
behaviour that is caused by the discontinuity is moderated when the distance to the membrane increases. 
The function lnirl determines the phase of the pressure. The phase is (weak) singular at the origin. At the 
point of resonance r is equal to 0.025. This small value means that near the point of resonance the phase 
is almost singular. When the distance to the origin increases this behaviour becomes much weaker. The 
dimensions of \n\p\l/j are Nepers per unit of /J . The constant is given by (4.7). The dimension of /j is 
l/cm. The unit of arg(p)// ; is radian limes centimetre. 

96 

file:///n/p/l


\n\p\lfJ \n\p\lM 

£axis 
(basilar membrane) 

0.025 

0.075 

Tf axis 
(distance to the membrane) 

arg ( p ) In arg (p ) In 

£axis 
(basilar membrane) 

0.025 

T] axis 
(distance to the membrane) 

Figure 4.3. Amplitude and phase distribution in a strip-like model of a cochlear scala. The height (scaled) 
h of the strip is 0.1. The damping coefficient £ equals 0.025. The numerical value of n is 10. In order 
to construct this strip-like model we applied the method of images and shifted and reflected the pressure 
(4.20) fifty times, equally distributed over the positive and the negative r] direction. The dimension of h 
is determined by (4.12). a. The relative pressure distribution in the length direction Ç of the strip as a 
function of the distance /? to the basilar membrane. For a fixed value of Ç the pressure is maximal at the 
basilar membrane. This corresponds to the notion that when the distance to the membrane increases it is 
as if the damping coefficient increases. Units of the relative pressure \n\p\l n are Nepers per unit of n • 
The dimension of n follows from (4.7) and is 1/cm. b. Plot of the argument of the pressure, per unit of 
n . in the strip-like scala. Each curve shows the phase at a fixed distance r; to the basilar membrane. For 
negative values of 4 the phase is approximately constant. This leads to plateau-like phase behaviour 
throughout the strip. In this region the 'jumps' between some neighbouring curves correspond to 2K 
radians. Therefore, the jumps do not disturb plateau-like behaviour. The dimensions of arg(p)l n a r e 

radians times centimetres. Note that in the second plot both the direction of £ and rj are reversed 
compared with the direction of the abscissa and ordinate in the first plot. 
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The left plot in this figure shows the level ln|p| per unit of /u . The units of this quantity 

are the same as the units of (4.14). The right plot is the argument of (4.20) per unit of /u. 

Units of this part are comparable with the units of (4.15). 

In order to construct a strip-like model of a cochlear scala, we applied the method of 

images to the 'free field' pressure according to (4.20). Let h be the scaled scala height of the 

cochlear scalae and let £ be a damping coefficient. The scaling factor follows from (4.12). 

Then we are interested in the pressure distribution in the infinite strips - o o < £ < + o o ; 

s <T]<h + £ and - o o < £ < + o o , -s<r/<-h-£, so that the straight lines Tj = +\h + £) 

parallel to the real axis represent hard walls. In order to reach this, we shifted the (4.20) over a 

distance 2{h + e) upwards and reflected the result with respect to the ordinate axis. Next we 

translated (4.20) downwards over a distance rj = 2(h + E) and again reflected the resulting 

function. In this process we neglected all values of the pressure between the lines rj = ±£. The 

process of shifting and mirroring can be extended at infinity. The superposition of the terms 

as a result of this process yields a periodic pressure distribution in the TJ direction. The period 

is 4(h + £). 

Figure 4.3 shows the distribution of the amplitude and the phase of the pressure in a part of 

the strip - œ < £ < +oo ; £ < TJ < h + £ . We shifted and mirrored the pressure (4.20) fifty times; 

twenty-five times upwards and twenty-five times downwards. 

For the sake of convenience we ultimately replaced T]-E by rj, so that the basilar 

membrane is found at - a> < £ < +oo ; 77 = 0 and the hard wall at rj = h. 

The upper figure shows the amplitude of the pressure distribution in a part of the strip at 

both sides of the point of resonance. Resonance takes place at the point (0,0). The abscissa <j 

is parallel to the length direction of the strip. The ordinate TJ determines the distance to the 

membrane. The basilar membrane is the line 77 = 0. Each curve at a fixed value of the 

ordinate shows an amplitude distribution at a fixed distance to the membrane. 

The lower part of the figure shows the phase of the pressure, for fixed values of the 

ordinate TJ, as a function of E, . In this part we reversed the direction of both the abscissa and 

the ordinate. The figure makes clear why this was done. 

The figure shows that extreme values of both the amplitude and the phase are found at the 

boundaries of the strip. 

When E is negative, the slope of the phase consists of two parts. Parallel to the abscissa 

the slope is positive at every point of this characteristic. In addition to this, it appears that 

there is a small negative slope parallel to the ordinate. Near the hard wall this last slope is 

almost negligible. This slope slightly 'increases' in the direction of the membrane. Clearly, 

both parts of the characteristics represent a travelling wave. The first one travels towards the 

line £ = 0 and the second one towards the membrane 77 = 0. 

For positive values of £ it is as if the phase parallel to the abscissa tends towards a 

constant. However, a careful inspection shows that there remains always a small negative 

slope towards the axis £ = 0. However, the steepness of the slope depends on the number of 

reflections that we applied as well as on h. Parallel to the ordinate the slopes are slightly 

decreasing whereas of course near the hard wall TJ = 0.1 this slope tends to vanish. Therefore 

in this region too, there is a pressure wave towards the line <f = 0 and to the membrane TJ = 0 . 
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Figure 4.4 shows plots of the amplitude and the phase of the pressure at the membrane for 
different values of h. Again the number of shifts and reflections is fifty and equally 
distributed over the positive and the negative TJ direction. The plots of the pressure level 
show that the level difference between the levels before and after the point of reference is 
about half the difference between the same levels in Fig. 4.2. However, even this level 
difference is very large. Because of this property, it holds that the pressure after the point of 
resonance is effectively equal to zero. In all figures the range of the phase is broadly the same. 
In addition to this, it holds that before the point of resonance the shapes of the phase in Fig. 
4.2 and Fig. 4.4 are similar to each other. Therefore, in the most applications it is sufficient to 
restrict ourselves to properties of the pressure that follow from the behaviour of the pressure 
before the point of resonance. 

Essentially, the present solution for the pressure follows from (4.11). We studied this 
equation for positive real values of w. When w is negative, i.e. w = -| w\, we expect that the 
pressure p that follows from this equation is the complex conjugate of (4.13). This 
requirement has only been satisfied when the pressure p at the negative real axis is 
conceived as a function of the complex conjugate co-ordinate Ç . In consequence, we have to 
conceive the pressure p at the membrane for negative values of w as p(Ç) = p(Ç - ;0). Then, 
when the same way of reasoning of the first part of this section is followed, the ultimate result 
reads 

- H n ^ ) = / i l n £ ^ , with Ç = ^ U . (4.21) 
ç_1 M 

It can be shown that the pressure that follows from (4.21) is indeed complex conjugate to 
the pressure according to (4.13). We shall not work out a problem similar to (4.17) for the 
conjugate pressure. This is not necessary. When in (4.18) i is replaced by -i, the complex 
conjugate counterpart is found immediately and possesses the required symmetry properties. 

4.3 Properties at a point 

In section 4.2 we studied the pressure at the membrane as a function of the length parameter 
along the membrane for a fixed value of the frequency. In this section we will interchange the 
role of the fixed and varying quantity. The main contribution to the pressure at the membrane 
is determined by (4.13). We will start from this expression. Let us insert (4.12) in this 
formula. Then (4.13) takes the shape 

i\np{W) = ju\n(^^]. (4.22) 
\x-w) 

The point x is the fixed place. Until now we only considered this formula for positive values 
of w. It can be shown that for negative values of w the pressure p\w) according to (4.22) is 
complex conjugate to its values for positive values of w. Then the pressure corresponds to 
(4.21) from the previous section. Therefore, in this section it is not necessary to distinguish 
between different expressions for positive and negative values of w . 
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Figure 4.4. Amplitude and phase functions along the basilar membrane in a strip-like model of a cochlear scala 
for different values of the 'height' h. The dimension of h follows from (4.12). The left plots are the relative 
amplitude of the pressure per unit of /J . The difference between the levels before and after the point of 
resonance is about half the difference between the same levels in Fig. 4.2. Dimensions of ln(p)/ [i are Nepers 
times centimetre. In contrast to the phase in Fig.4.2 there is plateau-like phase behaviour after the point of 
resonance. This 'plateau' is caused by the presence of the hard walls. Note that before the point of resonance the 
phase is similar to the phase in Fig. 4.2. Units of arg{p)/ /J are radians times centimetre. 
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At the membrane the stiffness equals co0(x) = -x, -œ<x<0 and according to (4.8) w 
equals is. Then it is readily found that an equivalent shape for (4.22) at a fixed point at the 
membrane reads 

I s-icoa(x) 
\np{s )=iM\n\ r ^ 

1 s + ico0{x) 

(4.23) 

In order to arrive at some useful information from (4.23) we shall assume at this stage that 
the inverse transform of p(s) exists. This transform will be denoted by p{t). Then we have 
the pair 

p(t)**p(s). 

The shape of (4.23) invites to scale the complex s plane with the factor co0(x). This is 
achieved when the original variable s is replaced by a0(x)s. When we apply standard 
scaling rules for Laplace transforms (see for instance Spiegel, 1965), the original pair 
becomes 

<^p{co0(x)s) . 
a>0{x) [co0{x) 

An advantage of the scaling procedure is that in the scaled s plane the transform p(s) 

obeys the expression 

l n p ( s ) = i > l n f ^ l . (4-24) 

The pressure that follows from this expression determines the behaviour of the pressure for an 
arbitrary point of the membrane. This holds true even in the lossy case. 

We will elucidate this. Let us start by assuming that now p(t) is the inverse transform of 
p(s) as defined by (4.24), i.e. the scaled transform for the pressure. Thus p(t) and the scaled 
transform constitute the pair 

p{t)<*p{s) . 

When p(s) is shifted over a small distance s to the left, the shift rule for Laplace transforms 

yields 

exp(- £t)p(t) <-> p{s + e) • 

In the present shape, this rule can be seen as a functional method to introduce in the system 
effects in consequence of damping. Conversely, in most practical applications it appears that 
the presence of a damping term indeed results in the validation of the application of the shift 
rule. A detailed description of damping effects is given in section 6.3.2. 
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Figure 4.5. Local polar co-ordinates that are used 
to determine the amplitude and phase 
characteristics for the pressure (4.24). In the 
lossless case the singular points J I 2 are points at 
the imaginary axis. When we meet a singular point 
the path along this axis must be changed near a 
singularity. The usual way to do this is to change 
the path near the singularity into a small half-circle 
around this point to the right. In the limiting case 
the radius of this circle is infinitesimal. However, a 
simulation of the lossless case is found when the 
singularities in the problem are shifted over a 
sufficiently small distance to the left. In this section 
we applied the distance 0.0001 to quantify the 
notion 'sufficiently small'. 

There we will show that in our problem the present method holds true when s is small. A 
typical value for e is 0.05, which is indeed a rather small number. 

The second step consists of re-scaling of the s plane to the original one. Obviously, the re-
scaling factor is l/co0(x). Then, again in conformity with standard scaling rules, we have 

exp {-sû)0(x)t)p(x,t)<- ao{x) l«oM 

When all steps are combined to one transform, it appears that the left member of the present 
pair is the pressure at the point x of the membrane with resonance frequency co0(x). 

The present rules clearly show that all properties of the pressure essentially originate from 
only one function, namely the prototype (4.24). Therefore we will restrict ourselves now to 
this transform. The pressure according to (4.24) has singularities. The singular points are 

sl2 = ±i . 

Both points are found at the imaginary axis of the scaled complex s plane. Clearly, we deal 
with a system in absence of losses. The origins of these points are the poles of the right 
member of (4.6). In the original 5 plane and in the lossless case the poles are sh2 = ±ico0[x). 
In order to investigate frequency properties of (4.24), it is customary to introduce local polar 
co-ordinates according to 

s-s, = r, expO'çp, ) and s - s2 = r2 exp(iç2 ) . 

The points s,2 are the singular points of the problem. In the present lossless case si2 must be 
conceived as the limiting values of the singular points in the lossy case. 
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Thus, it holds that 

5,, = l i m - s ± i 

The local polar co-ordinates are shown in the next figure. Let us insert the co-ordinates in 

(4.24). Then we obtain 

\np(s)= n{(p2-(p,) + iiLi\n (4.25) 

From this expression it is attractive to determine the frequency properties for both the 
amplitude of the pressure and the phase. Therefore, we move s along the frequency axis of 
the j plane (s = ia> ). Then it is found that the first term of the right member of (4.25) equals 

lnl p(a>)\ = 

jin for | û > | < 1 

(4.26) 

0 for \co\ > 1 . 

This expression determines the amplitude of the pressure. 
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Figure 4.6. Normalised amplitude and phase according to (4.24) for the pressure at an arbitrary point of 
the membrane. The scaling factor is the resonance frequency at that point. In order to suppress the 
mathematical singular behaviour the place of the singularities in the J plane has been shifted over a small 
distance (0.0001) to the left. The solid line is the amplitude of the pressure according to (4.27). The 
dashed line shows the phase as follows from (4.27). The units of ln|p| are Nepers. Units of arg(p) are 
radians. 

' The units of ln| p \ are Nepers, it holds that 1 Neper equals 8.686 dB. The units of arg( p ) are radians. 
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The imaginary part of (4.25) at the co axis can be written as 

arg(p(ö)))=//ln 
a> + \ 

(4.27) 

This argument determines the phase behaviour. The last two expressions are the normalised 
characteristics for the amplitude and the phase of the pressure respectively according to (4.23) 
at an arbitrary point of the membrane. Figure 4.6 shows the plots of both characteristics. 

The singular behaviour of (4.24) at s12 =±i is the cause of the discontinuity for the 
amplitude of the pressure and the weak singular behaviour of the phase. Here we note again 
that near resonance the 'drop shot' of the amplitude is rather large. In correspondence to the 
behaviour of the pressure in the place domain, the jump of the pressure amplitudes 
corresponds to a difference of 20/i^loge dB between the levels just before and after 
resonance. In a numerical sense this means that after resonance the pressure is negligible. 
Therefore, in practice it is allowed to restrict ourselves to frequencies \a\ < 1. 

From (4.26) and (4.27) the normalised impulse response can be found. The numerical 
procedure that we applied essentially follows from Papoulis (1962). Here it is sufficient to 
restrict ourselves to the result. This is shown in figure 4.4. 

Inspection of this response shows that it is as if we deal with a causal signal, which has 
been delayed over a well-defined time r . However, according to the 'time-shift' rule from 
Laplace transforms the expected shape of (4.24) would be 

p(s) = exp(- Ts)q(s) , 

where q(s) tends to zero as s tends to infinity. Because it is easy to verify from (4.24) that in 
the limiting case p(s) equals one, this is apparently not the case. This limit for p(s) points to 
the presence of a delta function at the origin of the time scale. 

Because p(s) is regular in the right hand side of the s plane, but does not tend to zero for 
large values of s, we therefore conclude that the impulse response starts with a delta function 
at the time t = 0 multiplied by a very small constant. 

We determined the delay time of the filter. Quite formally, the delay time r of a filter is 
defined as (see for instance: Papoulis, 1984) minus the rate of change of the phase at a = 0. 
Thus 

r = _limf*arg(py) 
<°->° do) 

It follows from (4.27) that r = 2ju. This formal expression for the delay time describes the 
delay of the front of the impulse response of the system. Throughout this chapter we will 
scale the time axis in figures so that 100 units of time are equal to r = 2p. 

Next we shall show that this delay time can be considered as a pseudo front delay and is 
approximately present in the transform (4.24). In order to do that, we first note that for 
\s/i\ < 1 and \s/i\ # ±1 the following series expansion holds true 
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Figure 4.7. Impulse response of the filter described by the characteristics (4.26) and (4.27). In this figure 
the time axis has been scaled two times. The first scaling factor is the resonance frequency of the point of 
consideration. After that we scaled the time axis so that 100 units of time are equal to the formal delay 
time T = 2fj of the signal. 

1 , S-i 
— In = i 
2 s + i 

\ 
(4.28) 

Then follows from (4.24) and (4.28) that p(s) within the region of convergence of this 
expansion can be written as 

p(s) = exp(-2^s)q{s) , 

in which 

!(')- exp 
( 

2 / / 
V V 

K S' 

• — + — 
2 3 

This shape is restricted to the range over which the series expansion (4.28) can be justified. 
However, this range determines the main contribution of the spectrum at the frequency axis. 
Therefore, in an approximate sense, the quantity T = 2/J can be considered as the delay of a 
pseudo front. After re-scaling of the s plane, the pseudo front delay time takes the shape 

K*)= 
2p 

CO, ,(*)' 
(4.29) 

The constant // is defined by (4.7). When ju is inserted in (4.29) we arrive at an equivalent 
reading for the pseudo front delay time at the point x of the membrane in the shape 

r{x) = 2 
IK(X) 
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Figure 4.8. Cochlear nerve delay limes as a function of the frequency. Dots are results of measurements 
from Ruggero and Rich (1987) that have been corrected for an intrinsic latency time for nerve activity of 
1 ms. The straight lines represent the pseudo front delay times according to (4.29) with 2/J = 5 , 10 and 
20. 

Figure 4.8 is after Van Dijk (1990) and shows r(x) according to (4.29) with 2/J = 5, 10 

and 20 and cochlear nerve delay times for the chinchilla after Ruggero and Rich (1987). The 

dots are differences between measured nerve delay times and an intrinsic latency time that 

equals 1 ms after Ruggero and Rich. The frequency axis represents the resonance frequencies 

of consecutive points of the membrane. This means that a dot shows the front delay time of 

the wave along the basilar membrane for a fixed point of the membrane. Different values of 

fi determine a set of parallel lines. Each line shows possible candidates for pseudo front 

delay times. The constant /J has been given by (4.7). The density of the fluid is 1 g/cm3 and 

a typical value of the mass of the membrane is 0.05 g/cm2. Then 2/j equals 40. This value is 

too large. A possible explanation for this is that the present solution describes near resonance 

behaviour and that far from resonance behaviour obeys different laws. 

The response in Fig. 4.7 follows from spectral properties that have been given in Fig. 4.6. 

The plots in this last figure are results from (4.24) in which the singularities at the points ±i 

have been replaced by singular points at - e ± ; \s> 0). The distance of the singular points to 

the imaginary axis of the s plane, the quantity e, models the damping. Because in both 

figures s is rather small {s = 0.0001), the plots can be conceived as approximations to the 

lossless case. When e is varied, the influence of the damping on both the spectrum and the 
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impulse response follows readily. Figure 4.9 4 shows results for three additional values of s. 

In this figure, the spectral properties and the corresponding impulse responses hold for the 

pressure at a fixed point of the membrane. The values of the damping constant are e = 0 .005 , 

£• = 0.025 and £ = 0 .125 , respectively. The order of magnitude of the second value of e 

represents a damping that is comparable with values that are used in models of the cochlea. 

The last one models a relatively large amount of damping. 

Some properties of the present responses must be mentioned. Firstly, the responses in the 

lime domain are chirp-like signals. Secondly, all responses have the same pseudo front delay. 

These properties do not depend on the damping. 

The low frequency part of the impulse response starts just after the pseudo front delay 

time. This part of the signal is not very sensitive to variations of the damping. The impulse 

response ends with frequencies close to or equal to the resonance frequency of the point under 

consideration. It appears that the tail of the response depends highly on the damping. A 

description and interpretation of responses from experimental results is given in De Boer and 

Nuttall (1997). In the next section we will come back to this point. 

In the spectra of the pressure we meet similar behaviour. The low frequency side of both 

the amplitude and the phase characteristics is insensitive to variations of the damping. Near 

resonance the influence of the damping is far from negligible. When s increases, the jagged 

shape of the amplitude characteristics near resonance becomes much milder and the phase at 

resonance loses its singular character. In spite of this loss of 'p iquancy ' the global character of 

ihe pressure at resonance remains conserved. 

The present impulse responses are responses of the pressure at a point of the membrane. In 

practice it is extremely difficult to determine pressure responses directly. In consequence of 

this there are only few data reliable data for the pressure at the membrane (Olson, 1998; 

Olson, 1999). However, several investigators are able to determine responses for the 

deflection or the velocity of a point of the membrane. Therefore we shall pay attention to one 

of these quantities, namely the velocity. 

At this place it is sufficient to note that once the pressure has been known, the velocity 

follows from (3.24) and the transform of the linear equation of Euler (3.1) in absence of 

external forces. The formal expression for the transform of the velocity will be elucidated in 

section 6.3.2 and is given by (6.22). Here we will anticipate on this derivation and only profit 

from the result. According to (6.22) the transform for the velocity of a point of the membrane 

reads 

®o(*)v = 7 v? \P • (4-3°) 
m {s-sl)(s-s2) 

This transform describes the velocity in the scaled s plane. When in this expression s 

moves along the frequency axis of the complex 5 plane, the spectrum of the pressure is 

modified by essentially two factors. The first one results from the poles at 5 = s]2. 

4 In this figure as well as in the next ones, phase characteristics will be given as positive functions of the 
requency. 
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Figure 4.9. Responses for the pressure at a point of the membrane. The left-hand panel shows impulse responses. 
The right-hand panel shows the corresponding amplitude and phase spectra of the pressure. The values of the 
damping constant are E = 0.005 , E = 0.025 and s — 0.125 respectively. The order of the magnitude of the 
second value of e represents a value that is often used in models of the cochlea. The third value models a 
relatively large amount of damping. Units of In!pi are Nepers. The units of arg(p) are radians. One hundred 
time units are equal to the pseudo front delay time. 
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Figure 4.10. a. Velocity responses as follow from the present way of modelling for two values of the damping 
constant. The responses are determined by the analytical expression (4.28). In this section we restrict ourselves 
only to plots of the velocity responses. It holds that one hundred units of time are equal to the pscudo front delay 
lime. b. Basilar membrane velocity responses to rarefaction clicks according to Ruggero (1992). The responses 
in the left panel are from a relatively normal cochlea. The right-hand panel shows post-mortem responses. The 
numbers at the time axes of the responses are the levels of the clicks. (After Ruggero. 1992.) 
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This factor emphasises the near resonance components in the spectrum of the pressure. The 
second factor follows from the multiplication by s . At the frequency axis holds that 5 = ico. 
In consequence of this, the low frequency components in the spectrum of the pressure are 
suppressed. Impulse responses of the velocity according to this expression are given in the 
upper part of Fig. 4.10a for again two values of the damping. The magnitudes of these 
constants are e = 0.025 and s = 0.05. It is useful to compare the theoretical velocity 
responses with responses from direct measurements; for instance with results from Ruggero 
(1992). The measured responses are shown in the second part of the Fig. 4.10b. 

It appears that at high levels of the pressure the measured responses show better 
resemblance to the calculated responses than the low-level responses do. At low levels the 
magnitude of low frequency components is relatively small. It is as if at these levels the main 
contribution of the spectrum to the signal almost exclusively follows from near resonance 
components. In other words: in low-level velocity responses the presence of high frequency 
components dominates the presence of low frequency ones. Spectra of the click responses 
(Ruggero, 1992; Recio et al, 1998) confirm that this is the right way to look at the responses. 
This behaviour cannot be explained by results from the present way of modelling. In addition 
to this, the variations of the damping parameter show that different values of the damping 
cannot be responsible for the strong varying ratio between the magnitudes of low and the near 
resonance components when the level of the stimulus varies. This means that the present way 
of modelling is incomplete as far as we are interested in normal cochlear behaviour. 
Therefore, in the next sections of this chapter we will extend our way of modelling and 
include forces in consequence of hair cell activity in our model. 

4.4 Activity 

4.4.1 Introduction 

In the equation of motion (4.2) is the pressure p the limiting value of the pressure in the 
surrounding fluid at the basilar membrane. The cause of this pressure is a prescribed value at 
the stapes. In all preceding sections we restricted ourselves to only this pressure. Models in 
which the pressure follows from a prescribed value at the stapes will be called passive 
models. We will call a model active when an additional pressure is present that, together with 
the pressure in the passive case, contributes to the motion of the basilar membrane. 

Let us imagine that outer hair cells perform contractions. The contractions will disturb the 
pressure near a hair cell. Then, almost instantaneously, the pressure at the basilar membrane 
will be disturbed too. The stimulus for hair cell contractions depends on the motion of the 
basilar membrane and the pressure in the surrounding fluid causes this motion. The 
interrelations between the possible physical quantities that form the ultimate stimulus of a hair 
cell are still subjects of research. Therefore, we will restrict ourselves to a simple assumption 
that could contribute to model activity due to hair cell behaviour. In this chapter activity is a 
pressure that is present at the membrane in addition to the original passive pressure. We will 
assume that this pressure is proportional to the delayed pressure in the passive case. The 
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constant of proportionality is rh and the time over which the wave has been retarded is rh. 

Subscripts ,, indicate that we deal with effects that could be caused by hair cell behaviour. 

In section 4.1 we started to consider a general form of a pressure wave. The expression 

reads p(x, t) = p(x, a>)cos(cot + <p(x, a>)). Let us delay this wave over the time zh and multiply 

the result by rh. Then we readily arrive at the expression for the additional pressure 

PAX'1 )=h p{x,co)cos(co{t - r „ )+ <p{x,co)). 

It will be useful to simplify matters by assuming that rh depends on the frequency of the 

forced oscillations. The assumption reads rh =0h la. Because co = 2nf and / = l / r , r i s 

the period of an oscillation, it holds that 

rh = 0"-T. (4.31) 
2K 

Clearly, the quotient 9h I 2K is the fraction of the period r over which the wave has been 

retarded. 

In section 4.1 we decomposed the passive pressure wave in two complex conjugate parts. 

Each separate part has been given in (4.1). The part px describes oscillations that depend on 

exp(+i'ffi>f). The complex conjugate part p2 depends on exp(-icot). In the preceding 

sections we determined the properties of the pressure from the second part. In the next 

sections we will do this again. Therefore it is useful to rewrite ph{x,t) in terms of complex 

conjugate oscillations too. 

Let us introduce rh =9hlco in ph{x,t) and decompose the result in complex conjugate 

parts. It appears that the part that depends on exp(-iöjf) can be written as 

rh exp(j'0,,)p2(z,r). The term p2{z,t) has been defined in (4.1). Consequently, the complex 

factor rh exp(i'0,,) contains all information on the amplification or attenuation and the delay 

of the pressure for oscillations proportional to exp(- icot). For several purposes it is helpful to 

rename the factor rh exp(/'6>;, ) to the constant y so that 

y = a + iß , (4.32) 

in which 

a = /-,, cos 9h and ß = rh sin 9h . 

For instance, assume that in the passive case the complex pressure p in an equation for the 

motion of the membrane is proportional to exp(-/ft>f). Then, p + yp is the pressure when 

activity is present. This small adjustment can be easily introduced in both the equation for the 

pressure at the membrane and in its solution. In the next section this will be done. Note that in 

the complex conjugate case, i.e. for oscillations proportional to exp(+ icot), y must be 

replaced by y . 

' Noie lhat the meaning of a and ß differs from the meaning of the same symbols that we used in section 4.2. 
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4.4.2 Additional forces 

In preceding sections we noted that membrane oscillators were coupled to each other. The 
cause of the coupling is the surrounding fluid. The coupling is expressed by the requirement 
that the pressure at the membrane has to obey equation (4.9). This equation is again our 
starting point. Let us insert (4.10) and (4.12) in equation (4.9). Then the equation can be 
written as 

din/? fi 

^r=m' (4-33) 
in which 

A(t) U + l f-1 
(4.34) 

This equation holds true at the real axis of the complex Ç = Ç + ir] plane. The membrane 

coincides with the negative part of this axis and again the point Ç = -\ is the point of 

resonance. Expression (4.10) specifies the resonance frequency along the membrane. Clearly, 

we again restrict ourselves to a linear place-to-frequency map. The function 1 / A ( £ ) models 

the admittance of a point of the membrane. The mathematically interesting point of 1 / A ( £ ) is 

that this expression has two simple poles in the place domain. 

Now we introduce in equation (4.33) a small amount of activity. This is easily 
accomplished when we replace (4.33) by 

d l n p u(\ + y) 

^=^w (4-35) 
The only difference between the present equation and equation (4.33) is that /j has been 

replaced by /u(\ + y). Equation (4.33) and (4.9) are the same and in section 4.2 we solved and 
discussed the solution of equation (4.9) thoroughly. This solution has been given by (4.13). 
Consequently, when in this solution p is replaced by //(l + y) the solution of (4.35) is found. 
This yields 

In p = -iju (l + y)\n ?— . (4.36) 

Here we again neglect the constant of integration. In the present equation and in the solution 

(4.36) the symbol Ç refers to the scaled z plane. Ç, has been given by (4.12). In this case the 

scaling factor is the positive number w. According to (4.8) is w equal to is . Therefore, the 

present equation and its solution hold true for points of the negative frequency axis of the 

complex 5 plane. The constant y has been given by (4.32). 

We will first consider the case that y is real valued. Then it holds that y = a. Amplitude 

and phase properties that follow from (4.13) and therefore from the solution of equation 
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(4.33) too, have been given by (4.14) and (4.15), respectively. According to (4.14) the level 
iifference of the pressure before and after the point of resonance is proportional to p. The 
ame holds true for the range of the phase. Because // is rather large both this level difference 

and the range of the phase can change considerable when ju is replaced by /u{\ + a). 
For positive values of a the level difference and the range of the phase increases. As 

follows from (4.31) and (4.32) it is readily seen that this effect takes place when the delay of 
the additional pressure is restricted to the first or the last quarter of the period r . In the case 
of a negative value of a both quantities decrease. This takes place when the delay time rh is 
between the second and the third quarter of the period r . 

Next we consider the case a = 0 so that y equals iß . Then (4.36) yields 

l n / , = _ ; > l n £±l + ^ l n ^ ± l . (4.37) 

The first term of the right-hand side determines the pressure along the basilar membrane in 
the passive case. Properties of this part of the solution have been discussed in section 4.2. The 
second term shows effects in consequence of activity. The point Ç = -\ is the point of 

esonance at the membrane. 
When ß is positive this point is a zero for the pressure. The order of this point is /J ß. 

because p is rather large, even small values of ß can lead to an order that is greater than 1. 
The order of the pole at the point of resonance is 1. Therefore, even moderate values of /u ß 
uppress resonance definitely. The present effect is a typical example of catastrophic 

suppression. As follows from (4.31) and (4.32), this happening takes place when the delay of 
the additional pressure is smaller than half the period z . 
In the case that ß is negative it is useful to write ß = -\ß\. Then the second term of the right 

.ember of (4.37) shows that the pressure comprises a term 1/(^ + 1) raised to the power 
H\ß\. Clearly, the pressure is proportional to this term. Thus 

(c+iyfl 
The number // is rather large. As a result of this, even small values of ß lead to a 

substantial contribution of the pressure along the membrane. Of course, this contribution 
reaches a maximum near the point of resonance. The effect appears when the delay of the 
additional pressure is greater than half the period r . This straightforwardly follows from 
(4.31) and (4.32). 

In the absence of activity the complex conjugate pressure p{ç) is determined by (4.21). It 
can be shown that in the present case the complex conjugate pressure p{ç) follows from 

i -\, <f + l 

Here, the constant y is the complex conjugate counterpart of (4.32). 
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Next we will investigate the influence of the additional term on the characteristics of the 
pressure for an arbitrary point of the membrane. In absence of activity, amplitude and phase 
characteristics follow from (4.24). In the presence of activity it is sufficient to modify in this 
expression the constant // into//(l + a ± iß) . In the present and in the next expressions of 
this section we will use the convention that the upper sign corresponds to points of the 
negative part of the frequency axis in the s plane, whereas the lower sign corresponds tc 
points of the positive part of this axis. When // is replaced according to this rule, (4.24) takes 
the shape 

f 
s —s 

S - 5 , J 
\+Hß\n 

^s-s ^ 

^ 2 > 

(4.38) lnp(s)=i{i(\ + a)ln 

where 

sl2 = ±i . 

The first term of this expression have been studied in section 4.3. There we shifted the 
singularities of the problem, the points sl2 = ±i , over a small quantity s to the left. This 
models damping. In the present case we will do this again. Therefore, we introduce local pole 
co-ordinates defined by 

s-s, = /, expO'ip, ) and s-s2=r2 exp(i'çp2) , 

with 
s,2 = lim - s ± i . 

These co-ordinates have been shown in Fig. 4.5. In terms of these co-ordinates the 
amplitude and phase characteristics that follow from (4.38) are 

In|p| = //(] + a)(<p, ~<p,)+ ßjuln^ , 

and (4.39) 

arg(p) = //(l + a)ln ^ + ßM((Pl -<p2) , 
r2 

respectively. Figure 4.11 shows pressure characteristics as well as the corresponding impulse 

responses of the pressure according to (4.39) for several values of a and ß. The last row of 

the figure clearly shows that when a is negative, this leads to repression of the pressure 

before the point of resonance and a reduction of the range of the phase. However, from a 

qualitative point of view the picture remains the same. Similar remarks can be made in the 

case of positive values of a. The influence of ß is quite different. When ß is negative, the 

pressure has been sharpened considerably near the resonance frequency. 

114 



All effects that have been noted so far can be modified geometrically with terms that 
follow from the presence of the organ of Corti. This topic is the subject of the next section 
and leads to a rich gamut of possibilities to model different shapes of characteristics. 

4.3 On the influence of the organ of Corti 

4.4.3.1 Lateral stiffness 

Let us return to equation (4.33). This equation determines the pressure in the passive case. In 
section 4.4.2 we introduced an additional term in this equation that models activity. The term 
reads ßyl k{£). The constant ß has been given by (4.7) and y has been defined by (4.32). 
Formula (4.34) defines the function 1/A(|), a function that essentially represents the 
admittance of a point of the membrane. 

The organ of Corti (partly) covers the basilar membrane. This organ comprises stiff 
structures in the length direction of the membrane. For instance, in a cross section of the 
organ of Corti (Fig. 1.2) the triangular tunnel of Corti is easy to observe. The slant sides of the 
triangle are the inner and outer pillar cells. At the top of the triangle these cells change into 
the reticular lamina. Both the pillars and the reticular lamina are relatively stiff. Therefore, 

is structure points to the presence of lateral stiffness. Lateral stiffness is a reason to modify 
the additional term in the equation of motion. The underlying notion is that the presence of 
lateral stiffness makes that it is better to look at averaged mechanical properties than to local 
nes. In this section we will study some effects in consequence of this. 

When a unit force is exerted at a point of the organ of Corti, the response is not restricted 
to one single membrane fibre, but will be spread out over a region of the membrane. In 
consequence of this, there is reason to look at the mean value of 1/A(£) over a region of 
finite length. We shall assume that the effective length of this region equals 2c. The constant 

will be determined by numerical experiments. 
Let us first look at the mean value of a single pole placed at the origin of the complex 

' = Ç + ir] plane over the distance 2c. The mean value reads 

-Lt-^=-m^at,=o. 
2c ^ x 2c Ç-c 

is expression shows that the original pole at the origin has been replaced by a dipole. Next 
: determine the mean value of 1/A(£) over the distance 2c. Because 1/A(£) comprises 
i single poles the mean value consists of two dipoles. This result reads 

at 7 = 0 , (4.40) 

£6=+l + c 

—r^dx = — 
2cJ_cA{x) 2 C 

V-^-h/-^ 
V h h 4 Q S 6 j 

which 

£ 3 = - l - c , C = - 1 + c and Ç5 =+\ — c , 
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The notion to replace the poles in the equation for the pressure by dipoles in consequence 

of the presence of the organ of Corti is not new. Van Dijk (1990a, 1990b) proposed this 

concept in passive analytical models for the motion of the basilar membrane. At that time it 

was his aim to modify the unnatural singular behaviour of the pressure at resonance. 

Now we will again apply the dipole representation, but this time as an expedient to mode! 

roughly the presence of activity. This can be done when (4.33) is replaced by 

din p ( 1 £ + c i ^ 
7 l-^dx A(t) 2cçLcA(x) (4.41) 

J 

For the sake of convenience we will write the function 1 / A ( ^ ) as 

with 

Mëfç-çrc-C* ' (4-42) 

C, = -1 and C2 

at the real axis of the Ç plane. Let us insert (4.40) and (4.42) in (4.41) and carry out the 
integration. The result reads 

S h 2 

+M^k-cMc-c,)-(c-cMc-c,)) (4.43) 

MMC-CMC-C,)-(C-CMC-<;6)) 2c 

at the negative real axis of the complex Ç^Ç + iij axis. Here we again neglect the constant of 

integration. The imaginary part of the right member of this expression determines the 

amplitude of the pressure along the membrane, the real part the phase. 

An example of the combined effect of both the passive and the active part has been shown 

in Fig. 4.12. The parameter y is real, thus y = a. The value of a is - 0 . 4 . The dipole 

distance 2c equals 0.8. The first term of the right member is the pressure that follows from 

(4.33). This is the pressure in absence of activity that we discussed in section 4.2. The 

amplitude of this part is essentially a straight line along the membrane that makes a jump at 

resonance. The damping makes that the original shaip edges at the jump have been changed to 

edges with a mild rounding. Clearly, damping is an acoustical realisation of emery-paper. 

The real part of the 'activity terms' determines a straight line that starts at minus infinity 

and ends at the point £, of the negative real axis. Between £, and the point Çt the exponent 

of the amplitude diminishes linearly. After ^4 the amplitude is again a constant. 
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Figure 4.12. Amplitude and phase characteristics of the pressure along the membrane according to (4.41). The 
parameter y is real valued (y = a ) and equals -0.4. Its meaning follows from (4.29) and (4.30). The upper part 
shows the pressure (a) and the phase (b) in absence of activity ( / =0). The middle part consists of plots of the 
activity terms. The lower part gives the amplitude (e) and the phase (f) according to (4.40). It holds that (e)=(a)-
(c) and (f)=(b)-(d). The dipole distance is 0.8. All singular points have been shifted over a distance 0.05 to the 
lower half-plane. This models usual damping. The units of ln|p| are Nepers. Units of arg(p) are radians. 
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Figure 4.13. Detail of the pressure 
according to Fig 4.12e. Units that follow 
from the natural logarithm determine the 
scale of the pressure. This unit is the 
Neper. It holds that 10 units of the present 
scale correspond to 86.86 dB. 
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The difference between the plot of the amplitude in the passive case (Fig. 4.12a) and the 
activity term (Fig. 4.12c) shows a well-defined peak near resonance and a valley just after that 
point (Fig. 4.12e). The origin of this peak and valley behaviour is that amplitudes at the left of 
£, have been repressed by a constant factor. This repression diminishes between Ç3 and ^4 

and ends after ÇA. Figure 4.13 is a detail of the amplitude characteristic from Fig. 4.12e. In 
this figure the units are Nepers. Because 1 Neper equals 8.686 dB, the range of the scale in 
Fig. 4.13 corresponds to 86.86 dB. 

In section 4.4.2 we mentioned that negative values of a reduce the difference between the 
pressure levels before and after the point of resonance. In this section we used this property to 
reduce the level in a region that starts at the entrance of the model and ends before the point of 
resonance. From (4.31) and (4.32) follows that this effect can take place when the delay r„ is 
greater than one-quarter of the period r and smaller than three-quarters of this period. 

In spite of this reduction the difference between the levels before and after the region of 
resonance is still large. In terms of decibels this difference reads 20fi(\ - a)n log e dB. 

A second possibility to modify the pressure near the point of resonance is to put y = iß. 
Then, when ß is positive and the dipole distance is small, the dipole term can tend to 
suppress resonance. On the contrary, when ß is negative the pressure is enhanced especially 
near the point of resonance. These effects are the counterpart of what we discussed in the 
previous section. In the next section we will incorporate consequences of the additional terms 
in filter characteristics. 

4.4.3.2 Active filters 

The poles in (4.34) are the poles of (4.33). This last expression gives the relative change of 
the pressure along the membrane. Because the poles determine the point of resonance at the 
membrane, this change has been expressed in terms of resonance. 

Let us reintroduce the original co-ordinates (4.12) in (4.33) and (4.34). Then it is easy to 
see that a variation of the frequency results in a shift of the point of resonance along the 
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membrane. In the model of the previous section the point of resonance is the 'epicentre' of a 

region of activity. Thus, when the frequency varies, this region shifts together with its centre 

along the membrane. In order to describe effects in the frequency domain, it is convenient to 

assume again that the frequency-to-place map is linear. 

Let us first focus our attention to the relative variation of the pressure along the membrane. 

in the passive case this behaviour follows from equation (4.33). In this expression the poles in 

the right-hand member determine all essential properties. The image of these poles in the s 

plane consists of the points s = ±i of the frequency axis of this plane. From (4.24) follows 

hat these points obey the relation 

with 

d In pis) 
— ^ ^ - = in 

ds \ s — s. 

• i and 

(4.44) 

The points si2 =±i are first order poles of the right member of (4.44) and are points at the 

frequency axis a = 0 of the complex s = a + ia) axis. These poles determine 'passive' 

esonance in the frequency domain. 

We extended in the place domain the 'passive' equation (4.33) with an additional term. 

The extended equation is (4.41). The right member of this expression consists of two terms. 

The first term expresses the passive membrane properties. The second one is caused by 

activity. In this last term the influence of the organ of Corti plays an essential role. 

Let us imagine that in a (re-scaled) model of the cochlea the frequency varies slightly. 

Then the mean value of the poles in the place domain is translated into a mean value of the 

corresponding poles in the frequency domain. This implies that the way in which we propose 

to introduce activity in the present section can be similar to the method that we applied in the 

previous section. In that section we conceived a dipole as the mean value of a pole over a 

region in the place domain. In this section we will do this again but this time in the frequency 

domain. For the sake of convenience we will again denote the width of the 'region of activity' 

with 2c. This implies that we omit all scaling factors that could stretch out or contract this 

region. The constant c will be determined by numerical experiments. In consequence of this, 

the constant includes effectively the main scaling factors. When the method from the previous 

section is applied to the problem of this section, the extended version of (4.44) reads 

d In p{s) _.J _ ^ ^ , n s-s, y_ | n s \ 
_ + .J— In "—^- - -!— In — 

ds \s~s\ s-s2 lie s-s4 He

rn which 

s, = i s2 = -i 
53= i(\ + c) s4= i(\-c) (4.45) 

s< = -i (1-c) * 6=-i( l + c ) . 



The number y = a + iß has been defined by (4.32). Integration over s yields 

\np(s) = +i/j\n 
s-s2 

+ M^-((s-s,)\n{s-Si)-{s-s,)ln(s-s4)) 2c (4.46) 

-M~((s-s5)ln(s-s5)-(s-S4)ln(s~S6)). 

We neglected here again the constant of integration. In order to develop the amplitude and 

phase characteristics at the frequency axis, terms that depend on arguments of the kind s - s 

will be expressed in local polar co-ordinates (see for instance Fig. 4.2). Let us put 

s - s ,. = r y e x p ( j > . ) , ; = !,....,6 

and insert this expressions in (4.46). The real part of the resulting expression is the amplitude 

characteristic, the imaginary part the phase characteristic. Then, in the lossless case and when 

/ is real valued, i.e. y = a , the amplitude characteristic is given by the expression 

\n\p(a)\=+ju{ç>2-ipl) 

-a 
2c 

((û>-Û>3)ç!>3-(û>-û>4)ç>4) 

where 

+a Yc ^ " Cû^(pi ~^CÙ~~W^ ta ) 

(4.47) 

1 û ) 2 = - \ 

1 + c <w4 = 1 - C 

-\ + c (a, = -\-c 

The arguments <pp j = 1,...6 are given by 

<Pj=\ 

K 

2 

71 

2 

for 

for 

co > a>, 

axco, 

; = ] 

The first term in the right member of the expression for Inj p{co)\ is the 'passive' term of 
the characteristic. This term has been discussed in section 4.3. The remaining terms are 
additional ones due to activity. 
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Figure 4.14. Amplitude and phase characteristics for the pressure at a point of the membrane. The upper two 
plots are the amplitude and phase characteristics in absence of activity. The middle part shows the plots of the 
activity terms. The lower part gives the amplitude and the phase as follow from (4.43). For the two plots in this 
last part holds that (e)=(a)-(c) and ((f)=(b)-(d). The dipole distance is 0.8 and a equals -0.4. All singularities 
have been shifted over a distance 0.05 to the left. This corresponds to a usual value for the damping. The units of 
lnlpl are Nepers. Units of arg(p) are radians. 
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Figure 4.15. Impulse response of the filter described by the characteristics (4.47) and (4.48). The 
parameter values are the same as in Fig. 4.14. One hundred units of time correspond to the pseudo front 
delay time. 

The phase characteristic that follows from (4.46) is 

<ag(p(co)) = +/dn co-co, 

co-co„ 

-ex — ((ö - co^)\n\co - fi)3| -(co- coA)\n\co - coA\ ) 
2c 

(4.48) 

+a — ((co-cos)\n\co-co5\-(co-co6)\n\co-co6\ ) 

The phase of the pressure again consists of two parts. The first term is the phase in absence 

of activity. The other two terms are the correction in consequence of the presence of activity. 

Figure 4.14 is a plot of (4.47) and (4.48). In the present shape the influence of activity on the 

impulse response is rather large. When activity is absent, i.e. when a = 0, the impulse 

response for the pressure has been given in Fig. 4.7. Figure 4.15 gives the response for the 

pressure according to (4.47) and (4.48). Parameter values are 2c = 0.8 and a = 0.4. 

Figure 4.16 shows spectral properties for the velocity according to (4.30), (4.47) and (4.48) as 

well as the corresponding impulse responses for different values of the constant a. Here we 

used again the distance 2c = 0.8. The differences between the present responses and the 

responses from Fig. 4.9 are not negligible. It is interesting to compare the present responses 

with the measured velocity responses from Fig. 4.10b. It appears that low level responses 

from measurements can be modelled very well when a sufficiently large amount of activity is 

introduced. This means that the ratio of the magnitude of the active and the passive term tends 

to increase when the level of the sound stimulus decreases. Clearly, the relation between the 

level of activity and the level of the sound stimulus is non-linear. This is not surprising. Hair 

cells can be considered as 'living beings' with a capacity to exert a force at the membrane. 

However, the power of the little one is limited. Because of this limitation, all effects in 
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consequence of hair cell activity will gradually loose their meaning when the level of the 

external sound stimulus increases. 

In summary: the frequency characteristics for the pressure that underlay the velocity 

responses from Fig. 4.16 consist of two different parts. The first part is the solution of a 

problem that we solved in section 4.2. This is the passive part of the pressure. This pressure is 

the cause of a velocity wave that in a region near the point of resonance initiates motility of 

hair cells. The second part consists of forces (per unit of area of the membrane) that are the 

result of this motility. 

The forces can be relatively large. Here the word 'relative' means: in relation to the order 

of magnitude of the original pressure. However, when a low level of the initiating pressure 

increases, the level of forces in consequence of motility does not grow at the same rate. 

These forces will soon reach a constant level. This must be caused by intrinsic limitations of 

hair cells. Then, when the level of the original pressure continues to grow, the relative 

importance of the hair cell activity diminishes. When this process proceeds, ultimately cell 

activity will be snowed under the violence of the original pressure. This explains why at 

medium and high levels measured velocity responses resemble calculated responses with low 

values of a better than low level responses. 

4.5 Discussion and conclusions 

In section 3.4.3 we studied some properties of the membrane condition in the lossy case. In 

that section we showed that in equation (3.24) the coefficient of the normal derivative has 

zeros. These zeros are the singularities of the problem and determine the points of resonance 

in the place domain. 

In mathematics it is common knowledge that the behaviour of a solution for a problem in 

which singularities are present follows from the characteristics of the problem near those 

Doints. This is an indication to restrict ourselves to only those singular points that are close to 

the basilar membrane. In consequence of this we paid attention to a simplified version of the 

problem so that the properties that follow from the point of resonance near the membrane can 

be easily found. This approximation corresponds to the notion that these points are the 

physically relevant points of resonance of the problem. 

The place of a point of resonance near the membrane depends on both frequency and 

damping. The latter parameter is responsible for the distance of the mathematical point of 

resonance to the basilar membrane. However, the sign of the frequency under consideration 

determines whether the point of resonance is found at the upper side of the membrane or at 

the lower side. Therefore, in order to study near-resonance effects adequately in the place 

domain, we have to distinguish between positive and negative frequencies and in consequence 

of this to an upper-plane or a lower-plane approximation to the problem. In the lossless case 

the points of resonance coincide at the membrane axis. However, because the lossless case is 

the limiting case of the lossy one, the distinction between an upper- and a lower-plane 

approximation must remain conserved. The upper-plane and the lower-plane approach to the 

membrane axis yield expressions for the complex amplitudes for harmonic vibrations 

proportional to exp(+ ia>t) and exp ( - /o f ) . The respective amplitudes are complex conjugate 
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to each other. This is an indication that the proposed distinction is the only correct way to 

solve our problem. 

In the main part of this chapter we considered the membrane condition for the pressure as 

an equation in the lossless case. In our analysis, we distinguished systematically between 

positive and negative frequencies. The necessity for this follows from section 3.4.3. As far as 

we know no author yet has paid attention to this point. 

From our analysis follows that the effective distance from the stapes to the point of 

resonance is a scaled length parameter. The scaling factor is the frequency under 

consideration. This follows from the singularities of the problem. When the normal to the 

membrane is chosen in agreement with this behaviour, it follows that the membrane condition 

can be straightforwardly integrated. 

In the last few decades, only Siebert (1974) and De Boer (1979; 1984) paid attention to 

properties of the basilar membrane condition that are related to the present approach. Siebert 

(1974) started to study this problem, partially in a numerical way. De Boer (1979) considered 

the lossless and the lossy case. After the application of some analytical means, he argued that 

in the direct vicinity of the point of resonance the solution for the pressure represents a wave 

that travels towards the point of resonance. 

There is no clear evidence whether the pressure after resonance must represent a wave that 

travels towards the point of resonance or not. In general, the amplitude of the membrane 

motion after the point of resonance is very small. In consequence of this, it is almost 

impossible to make hard decisions on this question. The current opinion is that beyond the 

point of resonance, all points of the basilar membrane perform a motion in almost the same 

phase. In that case it is as if the analytical solutions of this chapter bear the intrinsic 

imperfection of a travelling wave after resonance. However, very recent measurements (de 

Boer and Nuttall, personal communication) seem to confirm that at both sides of the point of 

resonance there exist travelling waves. In that case the point of resonance is actually a sink. 

The analytical solution of the membrane condition shows that after the point of resonance 

the level of the pressure is small. This behaviour can be approximated effectively when we 

assume that the pressure between the point of resonance and the helicotrema is zero. Then it is 

impossible to express the pressure both at the membrane and in the plane in terms of 

analytical functions. This is a typical property of an analytical function that follows from the 

principle of analytical continuation (see for instance Spiegel, 1965). 

In section 4.2 we solved this problem in terms of 'almost' analytical functions. As an 

interesting additional result, it appeared that the non-analytical solution is odd with respect to 

the y -direction of the problem. This offers the opportunity to construct strip-like models of 

the cochlear scalae by application of the method of images. We applied this method and 

determined properties of the pressure at the membrane. It appears that the level difference 

between the levels before and after the point of resonance is about half the same difference in 

the analytical case. In spite of this reduction, the difference is still very large. Beyond the 

point of resonance the phase function tends towards a constant value. This effect depends on 

both the number of images that is applied and the height of the strip. When a limited number 

of images is applied or when the (scaled) height is sufficiently small the slope of the phase is 

negative. Then there is a wave that travels to the point of resonance. 
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It holds that before the point of resonance the amplitude of the pressure and its phase are 

comparable with the same quantities in the analytical case. Therefore, for numerical 

applications it is sufficient to restrict ourselves to the original analytical solution of the 

membrane condition. 

The present approach is appropriate to describe scaled amplitude and phase characteristics 

for an arbitrary point on the membrane. This has been done in section 4.3. We first derived an 

explicit expression for the pressure at the membrane. In this expression the complex 

frequency s has been scaled with respect to the resonance frequency co0{x) of a point x of 

;he membrane. In the resulting expression the singular points are points at the frequency axis 

of the complex s plane. In the lossy case these points have been shifted over a small distance 

to the left. In consequence of this, there are no singular points in the right half-plane. 

Therefore, the inverse of the pressure is regular in the right half-plan. The same holds true for 

explicit expressions for the deflection and the velocity. Those functions belong to the class of 

minimum phase functions (see for instance: Papoulis, 1984). De Boer (1997) and De Boer and 

\Tuttall (1996) argued that responses from points of the basilar membrane can be matched by 

responses from minimum phase filter functions. 

We determined the impulse responses from the characteristics that directly follow from the 

analytical approach. It is as if the response at a point x has been delayed over a characteristic 

ime r(x). This time is proportional to the density of the fluid and inversely proportional to 

the square of the mass of the membrane and the stiffness. A better analysis shows that the 

delay time that follows from the model can be conceived as the front delay time for the 

pressure wave at the membrane. 

Theoretical delay times have been determined and compared with observed nerve delay 

limes according to Ruggero (1987). In order to make a comparison fair and square we first 

corrected the measured delay times for an intrinsic latency time of 1 ms (Ruggero, 1987). The 

resulting difference can be ascribed to the travel time of a wave along the basilar membrane. 

When typical parameters are used, it appears that the theoretical expression for the delay time 

iead to times that are twice the observed results. This holds true in the passive case. In the 

active case, the slope of the phase near the origin can diminish considerable. Then the 

theoretical delay times tend to approach measured ones. 

We determined impulse responses for the velocity for different values of the damping. 

Independent of the magnitude of the damping holds that all impulses are chirp-like signals. 

Responses have been compared with observed velocity responses (Ruggero, 1992). For usual 

values of the damping the calculated responses only resemble measured high level responses. 

For other values of the damping calculated responses do not resemble results of 

measurements at all. In consequence of this it holds that responses that have been measured at 

low values of sound stimuli cannot be modelled by simple variations of the damping. More 

specifically, it is as if in the theoretical characteristics there is a disproportion between the 

amplitudes of low frequency components and near resonance components. 

In the literature several investigators pointed to the impossibility to model the well-defined 

observed sharp low level responses without additional forces. De Boer (1983) noted that when 

in models for the cochlea a standard passive impedance is used, it is impossible to describe 

results of measurements from that time. Moreover, he reported that he was not able to 
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approximate revcor spectra responses with those models. For recent observations the same 
notions are still valid (De Boer and Nuttall, 1997, 2000a, 2000b). It appears that the 
approximation of spectral observations can be satisfactory only if the real part of the 
impedance is negative over a part of the length of the basilar membrane. This means that in 
this part of the basilar membrane additional forces are present. Effectively, a force at the 
basilar membrane can be written as the product of a constant and the velocity of the 
membrane. Therefore, it might happen that this leads to a negative 'damping' constant. 
However, the counterpart of those models in the time domain lead to beautiful examples of 
'exploding' dynamical systems. This means that this is not the right way to introduce 
additional forces in a model of the cochlea. Therefore, the nineteen eighty-three challenge to 
modellers is still an actual one. 

Several investigators took up the gage. Neely and Kim (1986) proposed to replace every 
single harmonic oscillator of the basilar membrane by a system of coupled oscillators. The 
extension is a second oscillator that should model properties of the tectorial membrane 
combined with the stiffness of the hairs at the hair cells. Forces generated at the level of the 
hairs are fed back to the basilar membrane. The impulse responses that result from this model 
do not correspond to observed responses. 

Nobili and Mammano (1996) propose a different way of modelling. They introduced outer 
hair cell forces in a model of the cochlea and ascribe the coupling between those cells and 
membrane fibres to the internal viscosity of supporting cells in the organ of Corti. The 
additional forces have been introduced in an equation of motion for the basilar membrane as 
local happenings. Essentially, they extended the equation of motion from Mammano and 
Nobili (1993) with an additive term that models the influence of the outer hair cells. In order 
to solve the equation of motion, the availability of some numerical power is a necessary 
condition. Their spectral results are promising. 

In the present work we introduced additional forces directly in the equation for the pressure 
at the membrane. The influence of this 'activity' term is controlled by a complex parameter. 
We solved the equation analytically. The real part of this parameter controls the level of the 
pressure uniformly. The imaginary part controls an in- or decreasing level of the pressure 
towards the point of resonance. An increasing level of the pressure has been observed recently 
by Olson (1999). Impulse responses that follow from this method seem to agree with the 
recent observations of De Boer and Nuttall (1997, 2000a, 2000b). 

In section 4.4 we introduced a possible effect of lateral stiffness in consequence of the 
presence of the organ of Corti. The additional term has the shape of a dipole and represents 
the mean value of the admittance over a region with length 2c. The centre point of this region 
is the point of resonance. We used this term to model 'activity'. The influence of activity is 
again controlled by only one parameter. The solution of this equation shows that outside the 
region of resonance the pressure of the original passive model has been repressed uniformly. 
Near resonance the repression diminishes. This behaviour modifies the original characteristics 
for the pressure significantly. The amplitude characteristic of the pressure shows near the 
point of resonance peak and valley behaviour. The level of the valley just after resonance is 
extremely low. Therefore, from a numerical point of view it holds that the peak behaviour just 
before resonance is the characteristic cue. 
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The present approach is attractive because it contributes to solve the quest for freedom in 
modelling. 

In the second part of section 4.4 we determined characteristics for the velocity of an 
arbitrary point of the membrane. It appears that even at usual values for the damping, sharp 
frequency characteristics can be modelled. The shape of these characteristics is closely related 
to both mechanical tuning curves for the velocity according to Sellick et al. (1982, 1983) and 
the early neural tuning curves as has been measured by Kiang et al. (1970). It is as if those 
curves are the reflection of characteristics from Fig. 4.15. In addition to this, the impulse 
responses for the velocity from this figure resemble Ruggero's low-level responses (Fig. 
4.10b) and have a lot of properties in common with De Boer and Nuttall(1997, 2000a, 2000b). 

In chapter 6 we will apply results from the present chapter to model a system of coupled 
filters. Before this is done, we will first modify the first order equation for the pressure of this 
chapter to a second order one and study thoroughly properties of its solution. This is the 
subject of the next chapter. 
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5. An approximation for the boundary condition 

Abstract. The (mean) height of the cochlear scalae is rather small. This offers the opportunity 
to approximate the normal derivative of the pressure at the membrane by a term proportional to 
the second derivative of the pressure along the membrane. The approximation modifies the 
mixed boundary condition for the pressure at the membrane in a second order equation. This 
equation belongs to the well-known class of long-wave or transmission-line equations. From a 
mathematical point of view, the approximation can be justified 'far' from the point of 
resonance. However, near the point of resonance we are not able to prove the validity of the 
approximation. The equation is applicable as a substitute for the mixed type boundary 
condition for the pressure. This simplifies the boundary value problem for the pressure 
enormously. Because equations of this kind are often used in applications, we will investigate 
properties of solutions from different points of view. An ordering of the results shows an 
systematic overview of the main features according to this approach. In the last part of this 
section we introduced in the equation of the pressure again an additional term, that could 
simulate consequences of hair cell activity. Both filter characteristics and impulse 
characteristics for an arbitrarily point of the membrane have been determined. 

5.1 Introduction 

In section 3.4.4 we suggested to approximate the normal derivative of the pressure at the 

basilar membrane by a term proportional to the second derivative of the pressure along the 

membrane. In this chapter we shall pay attention to some consequences that follow from this. 

The approximation forms a bridge between the content of the previous chapters and the class 

of well-known transmission line models that are known from literature. 

These latter models are the result of a period in time, in which the electric analogue as an 

efficient way of modelling made its entrance in acoustics. Representative results from that 

time are found in the work of Peterson and Bogert (1950), Fletcher (1951) and Flanagan 

(1962). In those models attempts have been made to combine the mechanical properties of the 

basilar membrane and the properties of the surrounding fluid in terms of an equivalent 

electrical network. The resulting equation of motion is a one-dimensional one. The distance 

along the membrane is the independent variable. At that time it was customary to calculate 

results from models that consist of a limited number of sections. Each section represents a 

cross-section of the cochlea. A typical number of sections is 50. It appears that the 

transmission line approach essentially corresponds to the early Zwislocki (1948) model that 

can be derived under the long-wave assumption. According to this assumption the 

wavelengths of the pressure waves in the cochlea are sufficiently long with respect to a 

characteristic length dimension of a cross-section. It is difficult to decide a priori on the 

validity of this assumption. The classical observations according to Von Békésy (1960) are 

not contradictory to this. However, at that time the methods of measurements were 

characteristic for the dawn of a long period in which the development of better methods 

proceeded slowly but successfully. One of the results from this progression is that the long

wave assumption, particularly near the point of resonance, seems to loose its meaning. In 

consequence of this, the dimensionality in modelling must be extended with at least one 

dimension perpendicular to the membrane. This automatically leads to the two- or three-

dimensional geometry of the models that we described in chapter 3. The two-dimensional 
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geometry is the starting point of this section. Again we shall model the membrane as a 
discontinuity between both cochlear scalae. 

In this chapter too, we shall assume that all relevant properties can be found from a model 
with an uneven geometry as has been shown in Fig. 3.1b. Then the formal boundary value 
problem (3.15) is again the starting point. In addition to this, we shall assume that all normal 
derivatives coincide with the usual directions of the x and y axis in the z plane. In the 
approximations that play a role in this chapter the scala height h is the crucial parameter. 
This height is small compared with the length I of the basilar membrane. In order to express 
this adequately, the first thing that can be done is to scale the spatial co-ordinates x and y 
with respect to this length. A second possibility is to model the cochlea as a (half) infinite 
strip-like model. Then it is without meaning to scale the model with a typical length 
parameter. Because the cochlea is by nature a system of finite length, we shall avoid the 
second possibility. 

We will start this chapter with two idle attempts to justify an approximation near the point 
of resonance. The application of this approximation leads to the same equation as follows 
from the long-wave assumption. This approximation reduces the equation for the pressure at 
the membrane to an equation that can be solved independent of a boundary value problem for 
the fluid in the cochlear scalae, both in the time and in the frequency domain. We will pay 
attention to qualitative considerations that confirm classical asymptotic descriptions. Both 
descriptions lead to a rather complete image of the wave behaviour of the membrane 
according to this approximate equation. 

In section 5.7 we will extend the equation for the pressure with activity terms. The way in 
which this will be done is similar to the method that we introduced in section 4.4. Some 
numerical results and impulse responses will be shown. 

5.2 Approximations in virtue of the scala height 

The starting point in this section is again problem (3.15). The length of this system is given by 
/. For several reasons it is useful to introduce dimensionless co-ordinates defined by 

. x , , y 
x =y and y = 7 • (5.1) 

When (5.1) is inserted in (3.15) and primes are omitted, the scaled model for the pressure 

reads 

Ap = 0 in D . 

The pressure is subjected to the boundary conditions 

p = f at 3D, 

p = -f at ÔD, . 
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At the hard walls of the system the normal derivative of the pressure has to vanish. This 
condition reads 

^ = 0 at dD4 . 
dy 

The membrane boundary condition is the inhomogeneous condition 

/ —-p = IpcOgit at dD\ 
dy m 

— -1 — p = IpcOgU at dD2 
dy m 

(5.2) 

In this model both the membrane length and the scala height have been scaled. The 'new' 

length of the membrane equals unity and because of the scaling procedure, the original height 

h has been modified to h' = hi I. Therefore, the region D and its boundary dD refer to the 

rectangle - 1 < x < 1 ; 0 < y < /;'. Along the whole boundary dD2 holds 

a>l{x) = a>l{-x) 

and again the pressure and the deflection are uneven with respect to the point x = 0 . Thus 

p{x,0,t) = -p(-x,0,t) and u(x,0,t) = -u(~x,0,t) . 

We shall first give two arguments that justify the approximation (3.36) up to a certain 

degree. This can be done because of the small value of the scaled scala height. The length / 

of a human cochlea is about 35 mm, whereas the mean height of the scalae is between 1 and 

1.4 mm (Yost and Nielson, 1983). Thus the numerical value of /?' = /?// is about0.03. This 

small value of h' makes it possible to approximate dpi dy at the membrane, i.e. at the 

boundary y = 0. However, when the prescribed time behaviour at the oval window possesses 

frequencies that cause resonance at the membrane, we know from the results of the preceding 

sections that dpi dy is singular at this boundary. Therefore, we will start the approximation 

not exactly at but close to the boundary y = 0. A part of the region D and its boundary dD 

are given in Fig. 5.1. 

,, °Çh  
y = h : 

(x0'
£) 

y = i 4 f \ 
v = o —-—'• 1 *— 

'L 
SD-, x0 xr 

Figure 5.1. A cochlear scala can be considered as a shallow fluid-like strip bounded by a hard wall and 
the basilar membrane. The basilar membrane is the axis y = 0 . The hard wall is the boundary al y = h'. 
At this boundary the normal derivative of the pressure vanishes. 
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Let us consider ôplây at the point (X0,TJ) . 77 is positive and 0 < 77 < h'. Throughout this 
section we shall denote âplây by py. For the sake of convenience we will use the 
shorthand notation py (x0,y,t)= py (y) at a fixed point x0 and at an arbitrarily point of time 
t. Assume that the time t and at x0, py(y) has a Taylor expansion as a function of y for 
T] < y <h'. Then we may write 

Py{rj + h'-?7)=pM + (h'-Jl)p>M+0({h'-T])
2).1 (5.3) 

In the region D, the pressure p fulfils Laplace's equation Ap = 0, so that 

P„=-Pa
 a t (x0>n) • (5.4) 

Then, when the third term at the right member of (5.3) is omitted and (5.4) is inserted in the 
resulting expression, we arrive at the approximation 

Py(rj + h'-7])«py(Tj)-(h'-7j)pa(Tj) 

which is accurate to the order o\h' -rjf ) . Because of the hard wall boundary condition at 
dDA, the left member of this expression equals zero. As a result of this, we readily find that 

Py ~ h'Pxx n e a r <?D2 . (5.5) 

The accuracy of this approximation can be doubtful when 77 is sufficiently close to zero. 
Indeed, in general the radius of convergence of a Taylor expansion is restricted to the place of 
the nearest singularity of that function and it often appears that near such points the 
convergence of the expansion is very slow. Moreover, at the point of resonance the present 
expansion fails. Then it is impossible to justify the present approximation. Consequently, 
when the approximation is applied close to or at a point of resonance there is no guarantee for 
an accurate approximation. 

A second line of reasoning leads to the same approximation and shows the same 
vulnerability near and at the point of resonance. We will give this method here too. We start 
with the integral of pyy over y for 77 < y < h' at a fixed point x0 and at an arbitrarily point of 
time. When 77 is a small positive number, the line y = 77 is close to the membrane boundary 
at which resonance can take place (Fig. 5.1). The integral can be written as 

ft' 
} Pyy[y)dy = Py(y)I* = -py(77) . (5.6) 

Let us replace in (5.6) the integrand p„(y) by - pa(y) where we again make use of the 
potential equation in the shape (5.4). 

1 Here, the order symbol O means that when f(x) is of the order g(x), i. e. ƒ (x) = 0(g(x)), there is 

number K so that I ƒ \x)l g(x)\ < K for sufficiently small values of x . 

136 



Then, an equivalent reading of (5.6) is 

h' 

\pAy)dy = pXv) • 
i 

This integral means that at a 'cross section' at x0 the integral over y from 77 to h' of the rate 

of change of forces parallel to the membrane equals the normal derivative py at (x0,T]), i. e. 

the force close to and perpendicular to the membrane. Next we assume that p (y) is 

continuous in [77, h'\. In that case the mean value integral theorem guarantees that there is in 

the interval [77,h'] of the 'cross section' at x0, a point determined by the number e, 

/]< s < h', for which holds 

ii' 

\pÀy)dy = {h'-TJ)Pxx{s). (5.7) 
•1 

When p K ( f ) at this 'cross section' is expanded as a Taylor series with respect to s-rj, 

we find that 

P~(*)=PB(>?)+0(e-n). (5.8) 

Then, as follows from (5.6), (5.7) and (5.8), we again find that at the 'cross section' at xQ 

the approximation (5.5) holds true and is accurate up to the order 0((h' - rj)(s - 77)). In the 

special case that 77 tends to zero, this second derivation is not in general applicable. When 

resonance takes place at the basilar membrane just at the 'cross section' at x0, the integrand in 

the integral of for instance (5.7) is singular at the point 77 = 0. Then it is impossible to apply 

the mean value integral theorem and quite formally the present construction again 'collapses' 

at the point of resonance. This means that, both from a Taylor series expansion and from an 

application of an elementary integral theorem, it is impossible to justify (5.5) at resonance. 

We have not been able to develop a different method to prove the validity of (5.5) at 

resonance. Therefore, according to our opinion it holds that in two- and three-dimensional 

boundary value problems it is a misconception that the membrane condition can be replaced 

by a second order equation that follows from the approximation (5.5). 

The safest interpretation of the present result is: if a problem of the kind (5.2) has been 

solved, then useful approximations for the normal derivative near the membrane can be found 

when (5.5) is applied. However, when (5.5) is gratuitously substituted in the membrane 

condition, a new equation is defined that can lead to an essential different behaviour for the 

pressure. Therefore, we will consider the 'new' equation as a different model for the pressure 

at the membrane that takes the place of the original radiation condition. Let us insert (5.5) in 

the membrane condition from problem (5.2). Then this condition takes the shape 

d2p pi2 pi2
 2 

— y - 2 - — p = co0u at dD-, , 
dx mh h 

where we replaced h' by hi I. 
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It appears to be useful to multiply both members of this equation by 21m and to introduce 
the quantity pm defined by 

P,„=2-- (5.9) 

Then it is readily seen that pm obeys the equation 

d2p 2 , , 
— -apm=aco0u at <%)2 (5.10) 

The physical dimension of pm follows from the sections 3.2 and 3.3 and is a force per unit 

of mass of the membrane. The present equation has the shape of a second order 

inhomogeneous equation for the pressure pm. This contrasts with the original equation in 

problem (5.2), which is of the first order. When its solution has been found, the pressure can 

be inserted in the equation of motion for the membrane. After (3.4), (3.6), (3.8) and (5.9) this 

equation can be written as 

du ->I \ 
-rr = -wo\x)u-Pm +F > (5.11) 

where 

2 
Pm{x,t)= — p[xfl,t) ;u(x,t)=umn(x,0,t) and F(x,t) = Fim(x,0,t) 

m 

We consider the pair (5.10) and (5.11) as a model for the motion of the basilar membrane 

that follows from an 'improper' application of (5.5) to the membrane condition. In the next 

sections some properties of (5.10) will be investigated. 

5.3 An integral equation 

Equation (5.11) is the equation of motion for the basilar membrane. Here, u =u(x,t) is the 

deflection normal to the membrane. The stiffness «„(*) varies as a monotonie function of x 

for 0 < x < 1. The deflection can be found when the pressure pm is known. This pressure 

obeys equation (5.10) and can be solved from (5.10) when appropriate boundary conditions 

are prescribed. The simplest conditions are zero boundary conditions. In that case p is the 

solution of the problem 

---?- -a2Pm =a2CL>l{x)u , 0 < J C < 1 , (5.12) 
ox 
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vith boundary conditions 

pm = 0 at x = 0 

pm = 0 at jc = 1 . 

The constant a is given by 

[2p 
a = L 

' mft 

We shall assume that the known force F = F[x,t) in equation (5.11) has the shape 

, sinh(a(l - x j ) 
F(x,t) = -f(t)-

sinha 

(5.13) 

(5.14) 

It can be verified that minus this function is a particular solution of the equation for p 

that defines a prescribed pressure f(t) at the point x = 0 of the system. Then the remaining 

part of the pressure from problem (5.12) obeys the homogenous problem at every point of 

time. For the sake of completeness we again assume that zero initial conditions are 

upplementary to both equations in this section. The solution of problem (5.12) can be written 

explicitly in terms of a function of Green and the right-hand member of the equation for pm . 

This solution reads 

pm(x,t) = -a2JG(x,C,a)cofä)u{C,t)dC 

o 

Here, G(x,^,a) is the solution of the problem 

Gxx-a~G = -S{x-Ç) , 0<x<\ 

G = 0 at x = 0 and x = 1 . 

This function reads 

sinhaxsinha(l -£,) 

(5.15) 

(5.16) 

G{x,Ç,a)--
a sinha 

sinha£sinha(l -x) 

0<x<Ç<\ 

0<Ç<x<\ 

(5.17) 

a sinha 

Insertion of (5.15) in (5.11) shows that the motion of the membrane obeys the equation 

ii(x,t) = -col(x)u(x, t) + a2 f G(X,Ç, a)a>l{ç)u{4,i)dÇ + F(X, t) , (5.18) 
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where 0 < x < l and t > 0 . F(x,t) is given by (5.14). In the methods that we used to solve 
this equation, we frequently make use of time scaling. It is then useful to consider the 
resonance frequency at the point x = 1 as the unity. This can be accomplished by introducing 
a new time scale r defined by 

t = 
r 

- o « • (5-19> 

Indeed, insertion of (5.19) in (5.18) yields 

1 

ü{X,T)=-nl{x)u{x,T)+ a2JG{x,Ç,a)nl{ç)u{Ç,T)dÇ + r{x,z) , (5.20) 
0 

in which 

r M = 4^andQ^) = f%l. 
co0{\) «0-(l) 

5.4 Zwislocki's equation 

In 1948 Zwislocki proposed a second order differential equation for the pressure in an 

inner ear model as an alternative for Ranke's potential problem for the cochlea. His starting 

point is the assumption that the length of waves along the basilar membrane are relatively 

long with respect to the cross section of the cochlear scalae. Therefore, theories that have been 

based on this assumption are often called 'long waves' theories. After him several 

investigators (Petersen and Bogert, 1950; Fletcher, 1951) derived transmission line models in 

which essentially the same equation for the pressure plays the central role. In 1980 Zwislocki 

has given a new and more elegant derivation of his long wave equation. However, he did not 

modify the basic assumptions for this equation. In this section we shall show that, in spite of 

the differences between Zwislocki's starting point and ours, the dynamical equations (5.11) 

and (5.12) or the integral counterpart (5.18) comprise Zwislocki's equation for the pressure. 

In order to show this we introduce the expression L(x) defined by 

1 

L{x) = -JG{x,4,a)®(t)dÇ , (5.21) 
0 

in which G(x,Ç,a) is the function of Green that obeys (5.16). As follows from (5.21) and 
(5.16), the function L(X) can be considered as the solution of the problem 

L{x)„ -a2L(x)=<I>{x) ; 0<X<\ , 

(5.22) 

L(0) = 0 and L(l) = 0 . 
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At an arbitrarily but fixed point in time we replace d>(x) by -a2co^(x)u(x,t). Then we 
nave 

®{x)=-a2u)2{x)u{x,t) , (5.23) 

in which the time t is only a parameter. With the help of (5.21) and (5.23), the integral 
quation (5.18) can be written as 

L(X) = ü{x,t) + co2{x)u(x,t)-F{x,t) . (5.24) 

When (5.24) and (5.23) are used and inserted in (5.22) a differential equation is found that 
reads 

^(ü{x,t)+co2(x)u{x,t))-a2ü{x,t)=H{x,t) (5.25) 
âx 

for 0 < x < 1. The function H(x,t) is a shorthand abbreviation for 

H{x,t)=a2F{-X
2^-a2F{x,t). (5.26) 

âx 

In addition to this the boundary conditions that follow from (5.24) and (5.22) are 

ü(0,t) + co2{o)u(0,t)=F(Oj) and 

(5.27) 

ü(l,t) + a>o(i)u(l,t)=F(l,t) 

The function F(x,t) is a prescribed pressure and is given by (5.14). Because F(x,r) has 
this special shape it follows from (5.26) that H\x,t) vanishes for 0 < x < l . Then (5.25) 
reduces to a homogenous one. From (5.27) and (5.14) we are led to an explicit shape of the 
boundary conditions at the ends x = 0 and x = 1. The ultimate model for the deflection 
becomes 

~2 

—-{ii(x,t)+ col{x)u{x.t))- a2ii(xj) = 0 , 0 < x < l , 
âx 

u{0j) + û)2{0)u(0j) = -f{t) a t x = 0 (5.28) 

«(0,r)+cy0
2(l)w(0,?) = 0 at x = l . 

The first boundary condition is the equation of motion for the oscillator at x = 0. The 
oscillator moves under the influence of a known 'force' -f(t) • 
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Thus the mechanical impedance of this system is determined only by the mechanical 
properties of the oscillator at x = 0 . The second boundary condition is the equation of motior 
for the oscillator at x= 1 in absence of a driving 'force'. Because we assumed zero initial 
conditions the solution of this equation is the vanishing one. Therefore, we can replace this 
last condition by w(l, t) = 0. 

In (5.28) the second order equation is a differential equation for the motion of the basilar 
membrane. This equation is linear, thus it is natural to deduce some of its properties by 
applying complex harmonic oscillations. Let us put 

u(x, t) = ü(x)exp(- ico t) , 

and insert this in the membrane equation. This leads to the ordinary homogeneous differential 
equation 

. 2 

-—^(A(x,co)ü)+a2co2ü = 0 (5 29) 

in which 

A(X,CO)=CO2(X)-CD2. ( 5 3 0 ) 

The behaviour of this equation highly depends on A(x,co). In the next section this function 
will be specified so that it is possible to draw some conclusions from (5.29). At this stage we 
put 

p(x,co) = A(x,CO)U(X,CO) , 

so that (5.29) can be written as 

d2p , « 2 « 2 - _ n 

dx2 A{x,co)P • (5-31) 

In this last equation we recognise the prototype of Zwislocki's equation for the pressure in 

the cochlea. In hearing theory the well-known 'long wave' approximations that lead to this 

kind of equations are very popular, mainly because simple numerical methods are available to 

solve them. Unfortunately, in two- or three-dimensional models of the cochlea, this equation 

cannot be justified at or near a point of resonance. However, this can never be a reason to 

avoid the study of this equation. Therefore, in section 5.5 we will investigate the main 

properties of (5.31) from a general point of view. 

In Appendix 5-A we summarise the main asymptotic properties of the solution of this 
equation. It will appear that both views lead to a rather complete image of properties of the 
solutions according to this equation. 
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5.5 On oscillating and non-oscillating behaviour 

5.5.1 Introduction 

Equation (5.31) can be written as 

-—^ + q{x,co)p = 0 
ax' 

in which 

j(x,a>)--
2 , , 2 

a w 
\{x)-cù-

(5.32) 

(5.33) 

The behaviour of the solution of (5.32) is determined by properties of (5.33). In this 

expression denotes Cù\ (x) the stiffness function of the membrane that varies as a function of 

rhe length parameter x. 

Usually, all that happens at the basilar membrane or in the cochlear scalae is described in 

terms of the distance to the stapes. However, in virtue of the symmetry of the skull it is self-

evident to choose a co-ordinate system that covers this property of symmetry. 

Let us look at a listener and assume that the axis x = 0 of an x-y plane coincides with the 

mid-line of his head. Next we imagine that a strong thread connects the apical ends of the 

separate cochleae with each other. When we pull with sufficient strength at both the listeners' 

ears, both cochleae are extracted from his head. Because the apical ends have been connected 

so strongly, the cochleae uncoil automatically. Then, what remains is a symmetrical picture of 

what has ever been a system of two coiled cochleae. The listener's right ear has been depicted 

in the left half-plane. His left ear is found at the other side of the vertical axis x = 0 . 

c > 

a 

Figure 5.2. The co-ordinate system determined by the symmetry of the skull. For reasons of 
mathematical convenience it is useful to restrict ourselves to properties of the left ear that is found in the 
right half-plane. 

The listener's right ear has been depicted in the left half-plane. His left ear is found at the 

other side of the axis x=0. We shall assume that the stiffness co2
0(x) behaves as an 

exponential function that increases as a function of the distance to the origin. This is described 

by cOg[x)=exp{b\x\). From (5.19) and (5.20) follows that a possible multiplicative factor of 

the stiffness can be met within time scaling. Therefore this factor will be ignored here. When 

this stiffness function is used, it follows from (5.33) that resonance takes place at points xr so 

that bx - 2 In a = 0 for x > 0 and bxr + 2 In m = 0 when x < 0 . 
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In the successive parts of this chapter we will again fix our attention to only one ear. 
namely the left ear at the right half-plane. In this case the stiffness increases along the positive 
x axis. For reasons of convenience we will extend this behaviour over the whole x axis. Thus 
we consider a stiffness function that is given by 

a>l \x) = ebx , - oo < x < oo . 

In section 3.7 we discussed the influence of the damping on the mathematical point of 
resonance. There it appeared that for positive frequencies combined and an increasing 
stiffness the equation (5.33) is the limiting case of an upper-plane approach to the membrane 
axis. Therefore, we again restrict ourselves in this chapter to an upper-plane approximation. It 
appears to be useful to scale the x axis with the factor b and to carry out a translation so that 
the point of resonance coincides with the origin of the real axis of a complex z plane. This is 
accomplished when we put 

z = bx-2\nco . (5.34) 

Next we insert the increasing exponential stiffness in (5.33) and apply (5.34) to both (5.32) 
and (5.33). As a result of this, Zwislocki's equation takes the shape 

—Y + q(z)p = 0 , -oo< z<+oo . (5.35) 
dzl 

Here 

c a 
q(z) = ; c = - . (5.36) 

ez-\ b 

Equation (5.35), in which q{z) has been defined by (5.36), is the subject of the next sections. 

5.5.2 General properties 

Equation (5.35) has some properties in common with the reduced wave equation. Indeed, 
when in this equation the function q{z) is replaced by a positive constant, (5.35) is the 
reduced wave equation and we are ensured of travelling waves. When q{z) is a positive 
function we might expect that the solution of equation (5.35) is oscillatory too. However, in 
general this is not the case. The question how we can decide on possible oscillatory behaviour 
of the solution of equation (5.35) is the topic of this section. 

In order to give an answer to this question we shall profit from the rich literature on 
qualitative aspects of second order differential equations. For a comprehensive overview we 
refer to Ledermann and Vajda (1982). 

Let us consider equation (5.35). The point of resonance coincides with the origin. The 
behaviour of the solution of this equation is controlled by q(z). This function is given by 
(5.36) and can be either positive or negative, or both positive and negative in the region of 
interest. 
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We start the discussion with the case that q(z) is negative at the negative part of the z axis. 
-vt first we will show that as a result of this, the solution of (5.35) can never oscillate in that 
region. In order to prove this we note that every function that oscillates in any part of the 
negative axis must have at least two zero crossings in that region. Then it is sufficient to show 
that because q(z)<0, this is impossible for every non-trivial solution of (5.35). In order to 
show this it is useful to write equation (5.35) as 

CÇi = -l(z)p. (537) 
dz 

Let us first assume that p(z) is a solution of (5.37) so that at a point ^ of the negative part 
of the z axis holds that p(c) = 0. If at Ç holds dp(c)/dz = 0, then p(z) is the trivial 
solution. This solution certainly does not oscillate but falls outside the scope of our interest. 

Next we suppose that dp{ç)ldz <0 . In consequence of this, there will be a region at the 
left of z = C m which p(z) is positive. Because q(z) is negative and p(z) is positive in that 
region, d2pldz2 is positive. Then, p(z) is increasing for z<Ç and there will never be a 
second zero crossing. In the same manner it can be shown that when dp\Ç)ldz > 0, p[z) is 
decreasing for z < Ç • When both results are combined, we are led to the conclusion that at the 
left of resonance a solution of (5.35) does not oscillate, because every non trivial solution has 
at most one zero in that region. 

Next we consider some aspects of the solution of eq. (5.35) for positive values of z-
Assume that q(z) is positive and tends to zero when z tends to infinity. The local shape of this 
equation resembles that of the reduced wave equation. Then we could expect that solutions of 
(5.35) will be oscillatory. In general this is not a guarantee for oscillatory behaviour. It will 
appear that the way in which q(z) tends to zero has its influence on this behaviour. In order to 
how this, we consider the next example. 

^-+ , k ., w = 0 , z>0 . (5.38) 
dz2 (z + l)2 

The number A: is a still undetermined constant. Equation (5.38) is a specific example of an 
Euler equation. When the standard solution technique for this kind of equations is applied, it 
appears that the general solution can be written as 

*( z) = 4z~V\ ^ ( z + l ) + Be-1^), (5.39) 

in which 

and 

ß = y\k
1-- k2±-

4 4 

7(z) = Vz + l(A + Bln(z + l)) when k = 
4 
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From this expression it is easy to conclude that w(z) is oscillatory for k2 > 1/4 and noi 
oscillatory for k2 < 1/4 . This means that when the function k2 l(z +1)2 tends faster to zero 
than the function l /4(z + l)2 for z ->co , the solution of equation (5.5.3) is not oscillatory 
This example strongly suggests that when in (5.35) the function q(z) tends too rapidly to zero 
as z tends to infinity, there will be no oscillations at all. In that case the notion of a travelling 
wave loses its meaning. 

In the qualitative theory of differential equations, it is sometimes useful to compare an 

unknown differential equation with a known one. Then it may happen that aspects of the 

solutions of the unknown equation can be predicted from properties of the known equation. In 

the present case it is our aim to compare the (5.35) and (5.38) with each other and to draw 

some conclusions from this. A usual way to do this is to apply Sturm's comparison theorem. 

Theorem. Let pl and p2 be solutions of the equations 

d% 

dz2 + <7i U )Pi=0 

and 

dz 

respectively. If qt(z) and q2(z) are continuous functions and if 0 < q,(z)< q2{z) for 

a< z<b, then p2 has at least one zero between any two successive zeros of p, in a < z < b . 

Corollary. Assume that the conditions of the theorem have been fulfilled and that p is 
oscillatory forz > a , then p2 is oscillatory too for z > a . 

In the next section we will apply the theorem to equation (5.35) and the special example 
(5.38). Then we will arrive at a test that can be used to predict whether the solution of 
equation (5.35) is oscillatory or not. 

5.5.3 A test for oscillating behaviour 

Sturm's comparison theorem can be applied to investigate whether the solution of the 

equation for the pressure along the basilar membrane is oscillatory or not. Let / be the length 

of the basilar membrane. The pressure along the membrane has to obey (5.37), so that 

dx2 

in which 

+ q{x,co)p=0 , 0 < A - < / , (5.40) 

am' 
q\x'G>) = ̂ r \ — r - (5.4i) 

a>0(x)-a> 
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We consider the case in which the stiffness increases exponentially for positive values of x, 
and is given by 

ml(x) = exp(fot) , 0 < x < I . (5.42) 

As a result, the frequency range that is covered by the basilar membrane is 

1 < co < exp(fct) . (5.43) 

Again we denote the point of resonance by xr. As follows from (5.41) and (5.42), 
resonance takes place at xr =2lb\x\co. Let us compare (5.38) and (5.40) with each other 
beyond the point of resonance, that means between the 'oval window' and the point of 
resonance. In order to do that we first replace the point of resonance to the origin of the z axis. 
This is accomplished by putting z = x - xr. Consequently, (5.40) takes the shape 

^ r + q(z)p=0 , -xr<z<l-xr ; xr=-\nco , (5.44) 
dz1 b 

with 

exp(&z)-l 

Now we are in a position to formulate a test that is applicable when we want to decide on 
oscillating or non-oscillating behaviour of the pressure in that part of the membrane where the 
iiffness dominates. The test reads 

Test. If in any part of the positive z axis, the function q\z) from eq. (5.44) obeys the 
equality 

then the solution of (5.44) is oscillatory in that region. On the other hand, if 

* > s ï ( r V (5'46) 

in that part of the z axis, then solutions of (5.44) are non-oscillatory. 

Proof. The first part of the test follows straightforwardly from Sturm's theorem and the 
properties of the solution (5.39) of eq. (5.38). In order to elucidate the second part, we 
identify in Sturm's theorem q,(z) with q{z) as given by (5.45) and q2(z) with l/4(z + l)2 , 
respectively. Next we suppose that p, oscillates in a part of the z axis beyond resonance. 
Then, as a result of the corollary, p2 oscillates in that region too. 
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a=20 — ^ ~ 

^ a=lO ~~ 

a=5 

b=3 - ' _----- ' ' fc=1.5 

0.5 2.5 3.5 

Figure 5.3. Plot of the test for oscillating behaviour for the solution of equation (5.40) at the lowest 
frequency a = 1. The straight lines represent the left member of (5.47) at two parameter values of b . The 
slopes of these lines follow from the stiffness behaviour along the membrane. The curved lines are plots 
of the right member of (5.47) for different values of the parameter a. In the region where a straight line 
exceeds a curved one, the solution of (5.40) is not oscillatory. 

However, this is in contradiction to (5.39), so that the supposition has been falsified. As a 
result, />, is not oscillating in the part under consideration. 

This test leads to a graphical criterion that basically follows from (5.46). Let us insert 
(5.45) in (5.46). Then (5.46) reads 

exp(èz)-l 4(z + \)2 ' 

and can be written as 

fo>ln(4a2(z + l ) 2 +l ) . 

The numerical value of a is rather large. Therefore, this condition can be approximated by 

b 
•z>ln(2a)+ln(z + l) . (5.47) 

When in any region between resonance and oval window this criterion has been satisfied, 
solutions of equation (5.40) are non-oscillatory. 

Figure 5.3 is a plot of (5.47) for the lowest frequency from the range (5.43). This is the 
'critical' case. In this case the distance from the point of resonance to the 'oval window' 
equals the length of the membrane. In the figure the ordinate is the length parameter from the 
point of resonance to the 'stapes'. Straight lines follow from the left member of the inequality 
(5.47). The steepest one corresponds to the parameter value b = 3. For the second one holds 
b = 1.5. Curved lines show the right hand side of the inequality. Each curve corresponds to a 
value of the parameter a. In a usual model it holds that a2 =2plmh. This follows from 



(5.12) and (5.13). Typical parameters are p = 1 g/cm\ m = 0.05 g/cm2 and h = 0A cm. For 

the upper curve holds a = 20 . This is in accordance to the usual parameter values. The length 

1 equals 3.5 cm. For the second curve holds a = 10 and the third one corresponds to a = 5. 

In the region where the straight line exceeds a curve, the solution of equation (5.40) is not 

oscillatory. From this figure we conclude that for the lowest frequencies, the pressure 

according to (5.40) tends to a non-oscillatory function near the oval window. 

5.6 An overview 

il results from the previous sections have been summarised in Fig. 5.4. The figure describes 

ui.ialitatively the behaviour of Zwislocki's equation at the membrane. The origin of the 

membrane axis (*) is the point of resonance. We assumed that the stiffness increases 

exponentially along the membrane. As a result, the stapes is found at the right of the point of 

resonance and the helicotrema at the left of this point. 

Between the stapes and the point of resonance the stiffness dominates. In that region the 

pressure is undulating near the point of resonance. When the distance to the point of 

resonance increases, the pressure gradually loses this character. Ultimately, when the distance 

to the point of resonance is sufficiently large, the pressure has completely lost its undulating 

character. 

If the rate of change of the stiffness is sufficiently large, then it is impossible that the 

lution of this equation contributes to a wavelike motion. This presumably occurs in the 

basal turn of a cochlear near the stapes. In that region the effective stiffness varies much faster 

than the usual exponential fit to this function suggests. Because the effective stiffness is 

i'oportional to the squared resonance frequency, Fig. 2.7 shows evidence for this. 

mass of the membrane dominates stiffness dominates 

* 
not undulating undulating not undulating 

Figure 5.4. Qualitative behaviour of Zwislocki's equation with respect to the point of resonance (*) 
when the stiffness increases exponentially. 

At the left of the point of resonance the mass dominates. In that region the behaviour of the 

pressure according to Zwislocki's equation is almost exponential. The present results are 

supported by arguments from asymptotic analysis and are given in Appendix 5-A. 

5.7 Extension and responses 

In section 4.4 we started with the boundary condition for the pressure in the shape (4.33). This 

condition is a first-order equation for the pressure and reads 

d In p _ fi 
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The constant /j has been given by (4.7). The function M A(ç) is proportional to the 
admittance of a point on the basilar membrane. This follows from the function of Green for an 
elastic bar or rod. The function reads 

1 1 1 

A{£) Ç-& c-C2 

First order poles are the points 

£", = - 1 and Ç2=+\ . 

Here, the membrane coincides with the negative real axis of the complex Ç = Ç + it] plant-

Thus, when £ is negative, the point (£, O) belongs to the basilar membrane. The helicotrema 

coincides with the origin of this axis. Resonance takes place at the point - 1 . The stapes is 

found in the negative direction of this axis beyond the point of resonance. In this equation we 

assumed that the resonance frequency decreases linearly along the membrane. 

In section 4.4 we proposed to introduce an additional term into this equation. The notion i 

that this term should model activity due to hair cell behaviour. The first proposal was tc 

replace the constant ju by //(l + y). The complex constant y resulted from the presence of an 

additional term in the equation of motion for the membrane. This term is a delayed pressure 

The constant y has been defined by (4.32) and controls the magnitude of the additional 

pressure as well as its delay. A second proposal was to consider additional effects because of 

the presence of lateral stiffness (section 4.4.3). This resulted in an extension of the equation 

with a term in which the mean value of the admittance over a region 2c is the characteristic 

factor. The extended equation is (4.41) and reads 

din p 

4?) 2 ^ 4 0 (5.48 

The second term between the brackets multiplied by the pressure is the term that models 

the assumed activity. The number y determines the magnitude and the delay of this effect. 

The integral in this term is the cause of dipoles that occur in the equation for the pressure. The 

'poles ' of the dipoles are points at the real axis of the Ç plane and have been given by (4.40) 

The quantity 2c is the distance between the poles of a dipole. 

In this chapter we conceived the fluid in a cochlear scala as a shallow layer. In section 5.1 

we argued that in consequence of this, there is some reason to replace the normal derivative o> 

the pressure at the membrane by a second derivative along the membrane . When the thickness 

of this layer equals h, it followed that the approximation reads 

— ~h—- ; 77 = 0 , 
977 dÇ' 

at the real axis of the plane. 
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Let us insert this in (5.48). Then the approximation for the extended equation is 

d2p 

dC - a 
f 1 £ + c 1 ^ 

—!— + — f —̂— dx 
4f) 2cJ_cA{x) 

4-c 
(5.49) 

ith a2 = /ilh at the membrane axis of the plane. Now it is our aim to solve pressure p 
from this equation in the region - 2 < | < 0 of the real axis. Therefore we subject the pressure 
to the boundary conditions p(- 2) = 1 and p(6) = 0. The condition at the point - 2 is a 
prescribed pressure at the stapes. The vanishing pressure at the origin is the pressure at the 
dicotrema. Resonance takes place at the point - 1 . 

In order to apply numerical methods successfully, we shifted the singular points in the 
problem over a small distance to the lower half-plane. This models damping artificially. After 
that we applied a well-known numerical procedure. 

We first divided the interval of integration in n equal steps with length A = 2 / n. Points 
etween successive intervals are the points £. ; i = 0,1,... n. The pressure at a point £. is 

denoted by p:. The second derivative of the pressure at £. has been approximated by 

pM^-l2
 + ~P^-.i = l,2....n-l. 

This approximation is accurate up to the order 0{h4 ) . According to the present description the 
'Crete approximation of problem (5.49) and the boundary conditions lead to a matrix 

equation of the kind Ap =b . The matrix A is tridiagonal and of the order (n - l )x (n - l ) . 
Elements of the vector p are pi ; i = l ,2, . . .n-l . The vector b is known. Only its first 
element differs from zero and follows from the prescribed pressure at £ = - 1 . We solved this 
system with a complex variant of the well-known tridiagonal algorithm (see for instance Press 
era/., 1986 or 1990). 

From the numerical solution we determined the amplitude and phase characteristics. Plots 
of these quantities are shown in Fig. 5.5 and Fig. 5.6 for real values of / . The first row of Fig. 
5.5 shows the amplitude and the phase of the pressure in absence of activity (ƒ = ()). It 
spears that the point of resonance has lost its original singular behaviour (compare for 
istance the present figure with Fig. 4.6). 

At the left side of the point of resonance the pressure is a wave that travels to the right. In 
this region the stiffness dominates. Just after this point the phase of the pressure is 
approximately the same for all successive points of the membrane. This effect has been 
discussed qualitatively in section 5.5. In that region the mass is dominating. 

The second row shows the same quantities of the pressure in the presence of activity. The 
parameter values that we used are a dipole distance 2c = 0.6 and ^ = -0.3. It is as if the 
pressure near the point of resonance has been 'amplified'. However, the results from section 
4.4 show that the notion of amplification near the point of resonance can be wrong, because in 
ihat section the pressure has been suppressed outside the region of resonance. Thus, it can be 
misleading to use the notion of amplification near resonance. Figure 5.6 is a detail of the 
pressure characteristic that has been shown in Fig. 5.5c. 
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Figure 5.5. Characteristics of the pressure along the basilar membrane as follow from (5.49) for real 
values of y . The meaning of this constant follows from (4.31) and (4.32). The point of resonance is the 
point - 1. The stapes is found at the point - 2 ; the helicotrema coincides with the origin. The upper row 
shows the amplitude and the phase in absence of activity [y = 0). Note that the behaviour of both the 
amplitude and the phase at the point of resonance have lost their singular behaviour. Before the point of 
resonance the pressure represents a travelling wave. After resonance the pressure is almost exponentially 
decreasing, whereas the phase is approximately constant. This behaviour corresponds to properties of the 
pressure that we studied in the preceding sections. The second row shows pressure characteristics in 
presence of activity. It is as if the pressure has been 'amplified' in a small region near the point of 
resonance. This effect is caused by the presence of a dipole in the equation for the pressure. Presumably, 
the notion of amplification is wrong because there are reasons to assume that activity of this kind causes 
suppression outside the region of resonance (see section 4.4). The units of Inj d are Nepers. Units of 
arg(/7 j are radians. 

In the model that we solved, the frequency-to-place map is linear. Therefore, the shape of 
the pressure in the frequency domain is similar to the pressure along the membrane. This 
offers the opportunity to derive responses for the pressure and the velocity in the frequency 
domain for an arbitrary point of the membrane. 
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Figure 5.6. Detail of the pressure 
characteristic according to Fig. 5.9c. The 
scale follows from properties of the 
natural logarithm. Ten units of the present 
^cale are equal to 86.86 dB. 

In /; 

-2 -1.5 -1 -0.5 0 

basilar membrane 

The velocity that follows from the original membrane condition will be given in chapter 6 
formula (6.22). In section 4.3 and 4.4 we already used this formula to find velocity 
characteristics. 

We inserted the frequency characteristics for the pressure according to the present 
approximation into this formula. Figure 5.7 shows the results for the amplitude and phase 
characteristics of the velocity and the corresponding impulse response. The first row shows 
the responses in absence of activity. In the second and third row the parameter y equals 
-0.15 and -0 .3 , respectively. The dipole distance 2c is 0.6. All responses are 

approximations to the velocity responses for almost all points of the membrane. Exceptions 
must be made for points near the ends of the membrane. 

5.8 Conclusions 

in this chapter the point of departure was similar to that of chapter 3. We started with a 
mathematical model for the pressure in the fluid that surrounds the basilar membrane. In the 
model the pressure at the membrane must obey an inhomogeneous boundary condition. Quite 
formally, this condition has the shape of an inhomogeneous radiation condition or, which is 
the same, an inhomogeneous boundary condition of the third kind. This condition includes 
both the pressure and its normal derivative. The inhomogeneous term follows from the 
stiffness of the membrane. In section 5.2 we approximated the derivative of the pressure by a 
term proportional to the second derivative of the pressure along the membrane. The constant 
of proportionality is the height of the cochlear scalae. It appeared to be impossible to prove 
the validity of this approximation near the point of resonance. 

In spite of this mathematical imperfection, we introduced the approximation in the 
;adiation condition. Then, the original first order equation for the pressure has been changed 
in a second order one. In mathematics it is common knowledge that the behaviour of the 
solution of an equation is determined by the singularities that are present in that equation. 
However, in consequence of the application of the approximation, we changed the order of 
the equation. 
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Then we may expect that the solution of the new second order equation can differ 
considerably from the solution of the original first order boundary condition. Therefore, we 
studied properties of the second order equation from different points of view. 

We expressed the solution of the second order equation in terms of an appropriate function 
of Green and a second term that models the input pressure at the stapes. As in chapter 3, the 
function of Green does not depend on time. The solution for the pressure has been introduced 
in the equation of motion for the deflection of the membrane. The result is an integral 
equation for the deflection of the membrane. The deflection has to obey this equation at every 
point of time. The equation is the counterpart of the 'general' equation (3.51) that has been 
given in section 3.5.3. The essential difference between the present and the 'general' equation 
is determined by the differences between the functions of Green that have been applied. 

We proved that the time-domain representation in terms of the function of Green (5.17) is 
equivalent to the prototype of Zwislocki's 'long wave' equation (Zwislocki, 1948, 1980: 
Siebert, 1974; De Boer 1980). Therefore, different considerations can lead to the same result. 
This last equation is appropriate to study the pressure at the membrane for fixed frequencies. 
The solution of this equation differs considerably from the solutions in the previous chapter. 
In that chapter the point of resonance is the cause of a jump of the amplitude of the pressure 
combined with (almost) singular phase behaviour. From that phase behaviour follows that the 
point of resonance is a sink for the sound energy of vibrations with a frequency that equals the 
resonance frequency. In the present case both the amplitude and the phase of the pressure are 
continuous at resonance. Fig.5.6b shows the behaviour of the phase in the passive case. From 
this figure follows that the meaning of the point of resonance has been changed. Only before 
that point is there a flow of energy towards the point of resonance. Because the phase after the 
point of resonance is approximately constant, there is no flow of energy at all. This means in 
mathematical terms that a sink has been modified into a turning point. De Boer and MacKay 
(1980) were the first who noticed this aspect in a study on transport of energy in a simplified 
model of the cochlea. Recent observations of De Boer and Nuttall (personal communication) 
underline the existence of a sink at the point of resonance. These observations, combined with 
the impossibility to justify the approximations of this chapter near the point of resonance, 
point to the necessity to refine modelling near the point of resonance. 

A possibility for this is to combine 'near resonance' behaviour in the sense of the previous 
chapter with results from 'far from resonance' behaviour from Appendix 5-A. 

For low frequencies the point of resonance is far from the stapes. Then, the solution near 
the stapes tends to lose its undulating character. From this property we expect that the slope of 
the phase near those frequencies in characteristics is rather small. Because the formal delay 
time follows from this slope, this time must be rather short. The figures from the last section 
show that the formal delay is about half the delay time from the previous chapter. 

We consider Zwislocki's equation for the pressure as a rough approximation for the 
boundary condition at the membrane in models of the kind (3.15). An advantage of this notion 
is that in this case the pressure at the membrane can be solved independent of the original 
boundary value problem. Then, the mixed boundary condition at the membrane can be 
replaced by an explicit boundary condition for the pressure. This simplifies the boundary 
value problem considerably. 
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In section 5.7 we studied velocity responses of an arbitrary point on the membrane. We 
first extended the second order equation for the pressure with a term in which a possible 
influence of hair cell behaviour on the membrane can be incorporated. The way in which this 
has been done is similar to the proposals from section 4.4.2. We determined responses for 
both the pressure and the velocity for only real values of the parameter y. The results show 
that the low frequency slope of the amplitude characteristics near the point of resonance has 
been enhanced. In addition to this, it holds that the range of the phase is not far from the range 
that follows from measurements. In his work on observations on cochlear mechanics Rhode 
11978) gives styled response curves. It seems as if those curves have much in common with 
the characteristics from Fig. 5.8. 

In the next chapter we will construct systems of coupled filters. One of the systems will be 
based on the impulse responses from section 5.7. The method to arrive at this is the subject of 
section 6.3.1. In section 6.3.3 an example will be given that rests on the results from section 
5.7. 

In section 6.3.4 the integral equation approach of section 6.3.5 will be used to derive 
spectral-temporal pattern of some basic sound stimuli. 
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Appendix 5-A. Asymptotic behaviour 

1. Introduction 

In this appendix we will investigate asymptotic properties of the solution of Zwislocki's 
equation. Our starting point is the equation (5.35) 

d2p 
- ^ + q(z)p = 0, -co <Z<-HX>. ( 5 A ) ) 

The function q[z) is given by (5.36) and reads 

qiZ) = fz]''C=ab- (5-A.2) 

The origin of the z axis is the point of resonance. We shall study both near resonance and far 
from resonance behaviour of the solution of (5-A.l). Therefore we distinguish between the 
following two cases. 

Case 1. Properties of the solution for z -» ±oo . 

Case 2. Properties of the solution near z = 0 . 

In section 2 we start with the first case. After that, attention is paid to what happens near 
resonance. This will be done in section 3 and in section 4 a summary will be given and some 
conclusions will be drawn. 

2. Far from resonance 

Consider (5-A.l) for large negative values of z. The function q(z) is given by (5-A.2). Since 
in this case the term exp(z) is very small, q(£) can be written as 

q(z) = -c2\ \+Y^e 

When q(z) is replaced by the leading term. (5-A.l) takes the elementary shape 

1^~CP=°- (5-A.3) 

The solutions of this equation are exponential functions. Therefore, when z - • -oo t h e 

behaviour of the pressure is 

p(z) * exp(+ cz) . ( 5 _ A 4 ) 
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Next we turn our attention to the case z —> +co- In this case we can profit from a theorem 
of the theory of differential equations (Ledermann and Vajda, 1982). 

z 
Theorem. If lim \ x\q(x)\ dx < co , then the solution of the equation 

z -»co J ' 

dz~ 

is 

p(z) = (A + 2te)(l + o(l))-

The symbol o(\) means that any function tends to zero as z approaches the limiting value. A 
concise proof of this theorem is found in Cesari (1963). In our case it is not difficult to show 
that the condition of the theorem has been fulfilled. From (5-A.2) follows that for positive 

values of z, 

c2z\q(z)\ = c2YJze-nz . 

Integration over z yields 

c2\x\Q(x)\dx = -c2Y - + — \e nz 
n n 

Each term of this series vanishes as z tends to infinity. Thus the condition of the theorem 
has been fulfilled. This theorem shows that for large positive values of z the solution of eq. 
(5-A.l) behaves as a linear function of place along the basilar membrane. This approximation 
can be written as 

p(z)*A + Bz , (5-A.5) 

in which A and B are arbitrary constants. Because the stiffness function along the membrane 
is relatively simple, this behaviour is supported by a direct calculation. For positive values of 
z , (5-A.2) can be written as 

e „=o 

When z is sufficiently large, the right hand side of q{z) can be replaced by its leading 
term. This yields 

q(z)> 
c2 
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and (5-A.l) takes the shape 

d2p 
dz 

+ -ïP = °- (5-A.6) 

This equation can be reduced to a standard equation of Bessel (Abramowitz and Stegun, 
1965, formula 9.1.54). In order to do that it is customary to define the new independent co
ordinate u = exp(x / 2 + i'O). Here we denote for the sake of simplicity the real part of z by x. 
In order to return to the original x axis we have, according to (5.34), to replace x by 
bx - 2 In o . However at this stage this is rather superfluous. Then it appears that the solution 
of (5-A.6) can be expressed in terms of zero order Bessel and Neumann functions that depend 
on the argument \lu . Here we shall use the notation 

w =— = |w[exp(-(0) with Iwl = exp(-x/2) , 
u 

so that the solution of (5-A.6) can be written as 

p(z) = AJ0(2w) + BY0(2w) , 

in which /0(2w)and Y0(2vv) are the Bessel and Neumann function of the zeroth order, 
respectively. A and B are constants. For large values of x, the magnitude of w becomes so 
small that both the Bessel and the Neumann function can be replaced by the leading terms of 
the corresponding series. Because 

ƒ„(/•) »1 and Y 0 ( r ) * - l n r ; r ^ 0 , 
71 

it is readily seen that 

J0(2w)~\ and F0(2w) = - ln2w ; w ^ O , 
71 

from which follows that 

y 0 (2w)^ f l n2 -^ 
n\ 2 

The linear combination of both approximations supports (5-A.5). The conclusion that follows 
from (5-A.4) and (5-A.5) is: far from resonance the pressure tends to behave as a non-
oscillating function. 

In view of the summary of results in section 4 it is useful to rearrange both Bessel 
functions in terms of their complex counterparts, the Hankel functions. Then an equivalent 
shape of the solution for (5-A.6) is 

p(z) = AH'0(2w) + BHl(2w) , w = expf- - - io) . 
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Here, A and B are undetermined constants. The Hankel functions are defined according to 

H«){2w)=J0{2w) + iY0(2w), 

H™(2w) = J0(2w)-iY0{2w). 

The solution expressed in this shape is a convenient form to give an interpretation of the 
behaviour of the pressure in the region of the membrane where the stiffness dominates. 

3. Near resonance 

Near the point of resonance, i.e. z = 0, the Laurent series of q(z) which follows from (5-A.2) 

is 

Near z = 0, it is customary to replace q(z) by its leading term 

z 

Then, (5-A.l) takes the shape 

^ + ̂ l p = 0 . (5-A.8) 
dz2 z 

Eq. (5-A.8) is again a known example of an equation in which properties of Bessel 
functions determine the behaviour of the solution. In order to show this we introduce the new 
independent co-ordinate 

x = ±4~Z. (5-A.9) 

Next we consider the pressure p as a function of x by putting 

p(x) = --u(x) . 

Then follows from (5-A.8) and (5-A.9) that u(x)\s the solution of the equation 

T d'u du ! T -, ,\ „ 
x'—Y + X— + [c x -l)u = 0 . 

dx' dx 

When x is scaled with a factor c, this equation reduces to the standard form of Bessel's 
equation of the first order. Then the solution of the equation for u{x) can be expressed in 
terms of Bessel and Neumann functions (or in terms of Hankel functions) that depend on the 
independent variable ex and in which x is given by (5-A.9). 
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To our purpose we write the solution as 

P(z) = 4~z (AH™(lc4z)+ BH™(2C~TZ)) , ( 5_A . , 0 ) 

where A and B are undetermined constants and 

H?i2c4z)=j(2c4z)+lY(2crz) ; //2
<2)(2c^)= / , ( i c ^ z ) - iY^ z ) . 

Near the origin the Hankel functions can be approximated by 

ff,m ^c4l)» - - Î - - L and H™(2c4z~)* + 1 

from which readily follows that 

fl" cvz 

l .m^/ /<"(2c^)= - J - ; l imV?^(2cV?)= + - L . ( 5-A . l l ) 

These expressions show that the solution (5-A.10) at the origin - that means at the point of 
resonance - is free from singular behaviour. This is an important difference between the 
solution of the pressure according to Zwislocki's equation and the solution of the original 
membrane equation that we studied in chapter 4. The weak singular behaviour that is present 
in the pressure that follows from the original membrane condition has been suppressed 
completely. It is impossible to consider this behaviour as an approximation of the pressure 
from the original membrane condition. 

An important physical aspect follows from the argument of the Hankel functions De Boer 
and McKay (1980) studied the transport of energy along the membrane in a simplified model 
of the cochlea. They noticed that due to the presence of the factor 4z in the arguments of the 
Hankel functions, the solution (5-A.10) does not oscillate for negative values of z. In other 
words: in Zwislocki's equation the point of resonance is a turning point. 

4. Conclusions 

The analysis from the preceding sections opens a way of describing properties of the 
membrane in terms of undulating behaviour. This behaviour has much in common with 
traditional travelling waves. We start with the situation near the point of resonance Let us 
turn our attention to the solution (5-A.10). In the theory of Bessel functions, Hankel functions 
can be considered as the analogue of the familiar complex harmonic functions according to 

In the description of travelling waves, complex exponentials play an important role For 
instance, assume that we deal with complex vibrations proportional to exp(-icot). Then the 
expression exp(- i(cot + fa)) represents a travelling wave. When k is positive, the wave travels 
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Figure 5.8. Modulus Rl and argument #, of the Hankel function ƒƒ, . 

to the left. When k is negative, the wave travels in the opposite direction. The length of the 
wave is À = 2x/\k\. The number k, the wave number, is the slope of the place-dependent part 
of the argument eot + kz-

When the length of the wave becomes extremely large, the magnitude of k tends to zero. In 
that case successive points of the wave move in almost the same phase. 

In our case, in which Hankel functions determine the properties of wave behaviour, a 
similar description is applicable. Let us first write both Hankel functions in the polar shape. 

HV{2c4z)= RXzy0^ and H\^c-fz)= R^V^ , 

where 

R, (z) = ^/y,2(2cVz)+i',2(2cVz) and 0, (z) = arctan 
M2cVz 

T^Tz 

Figure 5.8 shows a plot of R,(z) and 0,(z). The near resonance solution for complex time 
behaviour according to exp(- icot) can be written as 

p(u)~R^A4lRiz)e'^-e^+ByTz'R1(z)e-i^e^), 

The slope of 0,(z) is positive for z > 0. Therefore, the first term between the brackets is a 
travelling wave to the right. The second term describes a wave that travels in the opposite 
direction. 

Near resonance the behaviour of the waves changes because the slope of #,(z) tends to 
zero. A direct calculation shows that this slope can be written as 

dOk)= 1 
dz xzRt

2{z) 
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Figure 5.9. Modulus R0 and argument 00 of the Hankel function Hl. In this figure the argument of the 
Hankel function reads 2exp(- z / 2 1 . 

Because Rt(z) rapidly tends towards infinity in its limiting value, both waves lose their 
undulating character at resonance. 

The asymptotic behaviour far from resonance for positive values of z has been discussed in 
section 2. There it appeared that the solution (5-A.7) for equation (5-A.6) can be composed of 
Bessel and Neumann functions or Hankel functions of the zero-th order, which depend on the 
argument w = exp(-z/2-*0). In view of the relations for Hankel functions depending on 
complex conjugate arguments (Abramowitz and Stegun, 1965), the solution can be written as 

"o ( 2 ) 2ex P - f }} = R0(Z) e'eM and H® 2 e x p | - - Ro(z)e <e„(z) 

in which 

tf0(z) = J /0
2 |2exp(-^ H V I 2exp| - ± | | and 0o(z)= arctan 

Y0 2 e x p - i 

J0\ 2exp| - -

Here, z is a point at the positive real axis. Figure 5.9 shows plots of R0 and 00. 

The far-from-resonance behaviour, which corresponds to the travelling wave towards the 
point of resonance, is 

p(z,t)~Re(p0(zyi{û"-d°{z))), 

The slope of -Û0(z) is positive. When z grows to infinity, 2exp(-z/2) tends to zero For 
small values of 2exp(- z /2) both J0 and Y0 can be replaced by the first terms of the 
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corresponding series expansions. Then, the argument 60(z) is simplified considerably and 
reads 

from which immediately follows that in its limiting value the slope of -9Q{z) tends to be a 
constant. Again in this region the wave has lost its undulating character. The same arguments 
hold for a wave in the opposite direction. 

Let us summarise the behaviour of the pressure that follows from (5-A.l). Between the 
point of resonance and the helicotrema the pressure is not undulating. The behaviour of the 
pressure at the other side of the point of resonance is quite different. Near the stapes the 
behaviour of the pressure tends to be a not-undulating function. Near the point of resonance 
the pressure undulates. This behaviour corresponds to the qualitative description from section 
5.6. 
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Generalisation and results 

Abstract. The first part of this chapter gives a generalisation of the main results from chapter 3. 
In this part it holds too that the presence of singular points sets bounds to the general validity 
of the methods used. The generalisation offers the opportunity to incorporate additional forces 
in the equation of motion for the basilar membrane from a quite general point of view. Some 
proposals for additional forces from the literature will be discussed. In the second part 
examples of systems of coupled filters will be given. This part is closely related to results from 
chapter 4 and 5. We applied the classical technique of conformai mapping. This yields, both in 
the analytical and in the approximate case, a system of filters that is applicable in practice. The 
chapter ends with examples of known sound stimuli in terms of peripheral activity patterns. 
These patterns are a natural spectro-temporal image of the stimulus of the auditory nerve. 

6.1 Introduction 

In chapter 3 we showed that the motion of the basilar membrane obeys an integral equation. 

The kernel in this equation is a function of Green that follows from the membrane condition 

for the pressure. This condition can be conceived as an inhomogeneous radiation condition or 

an inhomogeneous mixed boundary condition in a boundary value problem for the pressure in 

the cochlea. The inhomogeneous term in this condition is determined by the stiffness of the 

membrane. When the membrane is in motion an arbitrary membrane oscillator exerts an 

influence on all oscillators. This influence is caused by the presence of the surrounding fluid. 

The function of Green determines the spatial extent of this influence. 

In chapter 5 we approximated the boundary condition for the pressure at the membrane. 

This led to the appearance that the function of Green had been modified to a shape that is 

relatively easy to handle. However, the general concept of the integral equation approach was 

conserved. 

In this final chapter we will first return to the integral equation approach. The reason for 

this follows from the last sections of chapters 4 and 5. There we showed that in models of the 

cochlea the inclusion of additional forces at the membrane due to hair cell activity 

considerable enlarges the scope of those models. In those sections we introduced additional 

forces in the frequency domain representations of the equations for the pressure. The task to 

incorporate equivalent forces in detail into the equations of motion in the time domain is 

beyond the scope of this work. However, an outline of a generalisation that offers the 

opportunity to incorporate those forces will be given in section 6.2.1. Some ideas of other 

investigators in this field will be discussed from this more general point of view. 

In section 6.3 examples will be given that directly follow from previous parts of the present 

work. We first start with a description of a system of coupled filters according to the methods 

that have been pointed out in chapter 4. In that system the well-known exponential place-to-

frequency map will be used. Similar considerations can be applied to the approximations of 

the previous chapter. After that, examples of space-time patterns of peripheral activity will be 

shown. The patterns follow from the integral equation approach from chapter 5 and have been 

restricted to models in absence of hair cell activity. Some known stimuli from the field of 

psychoacoustics and speech perception will be translated in those patterns. Here we will 

frequently use the phrase 'peripheral activity pattern', an expression that we borrowed from 
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Whightman (1973). It is likely that the proposed patterns are closely related to the image of 
motion of the membrane in the auditory nerve. 

6.2 Generalisation 

6.2.1 The basic equations 

In chapter 3 we derived an equation of motion for the motion of the basilar membrane. This 
equation is an Euler equation that has been modified slightly. The modifications are the result 
of the notion to conceive of the membrane as a discontinuity in a fluid like environment. 
When the effective stiffness at a point x of the membrane is given by ®0

2 (x), and the mass at 
that point by m and both quantities are expressed per unit of area of the membrane, the 
equation of motion reads 

d2u 2 / N 

-^T = -a)0(x)u-pm . (6 1) 

The symbol pm has been introduced for the sake of convenience and is given by 

2 
Pm = — P • 

m 

The factor 2p is the pressure difference across the membrane. This term results from the 
hydrodynamic pressure in the surrounding fluid. At the membrane the pressure p has to obey 
an inhomogeneous radiation condition of the kind 

dp 2p 2, , 
p = pû)0(x)u . 

on m 

When both members of this equation are multiplied by 21 m , the result can be written as 

^ _ 
an 

in which 

2p 

aPm =aû)l(x)u , (6.2) 

a = 
m 

Essentially, the equation for the pressure p or pm expresses the difference between the 
equation of motion for the surrounding fluid normal to the membrane and the equation of the 
motion for the basilar membrane itself. The pressure in this equation is the limiting value of 
the pressure in the scalae at the membrane. Because of this, the pressure depends on the 
normal direction at the membrane. Therefore, it is not without sense that in expressions for the 
pressure at the membrane the normal derivative is used. The same holds true for other 
physical quantities such as the deflection, the velocity and the acceleration at the membrane. 



Because the motion of the membrane follows the motion of the fluid, this motion fulfils a 

standard equation of Euler. Thus, the deflection, the velocity and the acceleration of the 

membrane must be considered as quantities that depend on the spatial properties of the 

problem too. In most descriptions of the present chapter we shall restrict ourselves only to 

properties of physical quantities at the membrane. In that case we shall only denote the 

dependency of these quantities along the membrane. The dependency on a co-ordinate normal 

to the membrane will be neglected. 

Until now, the equation of motion of the basilar membrane is limited to the presence of 

stiffness and of course to the presence of mass. For apart from the hydrodynamic pressure 

difference 2p and the mass m, the only force that contributes to the equilibrium (6.1) is the 

effective stiffness a>l(x)u. In general, this force can be taken up as a typical example of a 

broad spectrum of possibilities. This suggests that the present equations can be extended to a 

more general shape. The generalisation is the topic of the next section. 

6.2.2 General properties 

Let us reconsider the equation of motion of the basilar membrane (6.1). Assume that the 

function g(u,u,x,t) represents the sum of all external forces, apart from hydrodynamic ones, 

that have any influence on the motion of the basilar membrane. All forces are given per unit 

of mass and may depend on the deflection, the velocity, the place at the membrane and the 

time. The forces may include linear as well as non-linear effects. In general, it is not necessary 

to exclude any kind of force from the present description. However, all forces exerted by the 

surrounding fluid are comprised in the term pm . Then, the shape of the equation of motion for 

me basilar membrane is easily found when in (6.1) the term a>l{x)u is replaced by 

g(u,ü,x,t). Therefore, in general terms, the equation of motion for the basilar membrane 

reads 

du , . -, 
- ^ = -g[u,u,x,t)- pm . (6.3) 

In this case too, the inhomogeneous radiation condition for the pressure is readily found. 

To this end it is sufficient to replace in (6.2) the stiffness force œ%(x)u by the general 

expression g(u,ù,x,t). This leads to the generalisation of this condition being 

"Vs- ~aPm= ag(u> ù'x-1) • (6.4) 
on 

It is customary to subject the motion of the ends of the membrane to boundary conditions. 

Here, we again assume that the helicotrema coincides with the point x = 0 of the system and 

that the entrance is found at the point x = n of the membrane. The pressure at the stapes will 

be considered as prescribed and as usual we shall assume that the pressure at the helicotrema 

vanishes. 
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Thus, again the solution of this problem for the pressure is subjected to the boundary 
conditions 

2 
pm = 0 at x = 0 and pm = — ƒ (r) at x = n . 

m 

Both in section 3.5 and 3.6 and in chapter 5 it appeared to be fruitful to describe the 

pressure at the membrane as the sum of a known and an unknown part. The known part 

which we called the particular solution, has been given by (3.41) and comprises all effects in 

consequence of the prescribed pressure at the stapes. In addition to this, this part of the 

solution obeys the homogeneous radiation condition at the membrane. Although this 

expression is restricted to the simple geometry of a rectangular or block-like model, there is 

no reason at all to assume that in models with a complex geometry, such special solutions 

could not be found. Therefore, in this chapter we shall accept that there always exists - at least 

in a numerical form - a particular solution with the just mentioned properties. 

Here again we will denote this known part, the particular solution, by the expression 

PÏ,a"{x, y't)- At this place we note that, as a result of our assumption, this particular solution 

fulfils the homogeneous counterpart of (6.4). That means p^" obeys the equation 

an1'"" 
ap»> -ap^n=0, an 

at every point of time and along the whole membrane. 

We again write the pressure as the superposition of a particular part and a remaining pari 
•?m(x' y»0 throughout the fluid of a model. Thus 

Pm(x.y,t)=P!T(x,y,t)+qm(x,y,t). 

Because the particular solution obeys the homogeneous radiation condition at the membrane, 
the remaining part at the membrane, qm(x,0,t), has to fulfil the equation 

"' -«<?,„ =ag(u,ù,x,t) 
on 

at the boundary of our problem, i.e. the place where the membrane is found. This expression 
shows that the second part qm(x,0,t) depends on the inhomogeneous term in the radiation 
condition; that means on the term g(u,ù,x,t). 

The particular solution already fulfils the boundary condition at the stapes and the 
condition at the helicotrema. In consequence of this, the boundary conditions for qm(x,0,t) at 
the ends of the membrane are homogeneous ones. Therefore, we subject qm(x,0,t) to the 
boundary conditions 

qm = 0 at x = 0 and qm = 0 at x = K . 
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Both in the sections 3.5 and 3.6 as well as in chapter 5 it appeared to be attractive to 
express the solution for qm{x,0,t) as an integral. This could be done by application of an 
appropriate function of Green. In this section we will again profit from the same notion. 
However, in this chapter, it is not necessary to know this function explicitly. Therefore, we 
will not work out any involved boundary value problem in order to find that function. We will 
simply assume that a function of Green for our problem exits and complies with all formal 
.erms. This function is denoted by G(x,Ç,a). 

For a simple geometry of a cochlear model an explicit shape of a function of Green has 
been given in section 3.5.1 or 3.6.2. Here we again assume that this function describes the 
influence of a point source on the pressure at the membrane. The source is placed at the point 
x = E, of the membrane. Its density is - 1 . Consequently, this function then must obey the 
equation 

ÔG 

an 
aG = -ô{x-Ç) { 6 5 ) 

at the membrane. In addition to this, G has to vanish at the ends of the membrane. Therefore 
we have 

G = 0 at x = 0 and x = n . 

•'hen this function is used, the solution for qm at the membrane can be written as 

qm{x,0,t) = -a JG{x,Ç,a)g{u{Ç,t),ù(Ç,t),Ç,t)dÇ . 
0 

Now, both pi™' and qm are known. This means that the complete pressure at the 
membrane equals 

pm(JC,0,t) = pp
n
an(x,0,t)+qm(JC,0,t) . 

Let us insert this pressure in (6.3). Then we arrive at the integral equation 

K 

u(x,t) = -g(u(x,t),ù{x,t),x,t) + aJG{x,Ç,a)g(u(4,t),ù(Ç,t),Ç,t)dÇ + F(x,t). (6.6) 
0 

The function F(XJ) represents a known term that is present at the point x of the 
membrane and equals the particular solution pp

m
a"{x,Q,t) at that point. The shape of equation 

(6.6) is similar to the shape of equation (3.51), (3.79) and (5.19). At an arbitrarily point of 
time this equation is a second order Fredholm equation for the deflection of the basilar 
membrane. From the theory of differential equations it is known that an integral equation is 
equivalent to a differential equation with appropriately chosen boundary conditions. Because 
this integral is the solution of the boundary value problem under consideration, these last 
conditions have been comprised in the integral representation 
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In our case, the integral equation is an equation for the deflection of the membrane. In the 
remaining part of this section we will derive the equivalent differential equation for the 
deflection from (6.6) and the properties of the function of Green. For that purpose we firs 
introduce the expression 

L(x)=-JG(x,Ç,a)<!>(4)dÇ . 
0 

The function of Green obeys the expression (6.5). Therefore, the formal shape of thi 
differential equation with vanishing boundary conditions at the ends of the membrane is 

aL = -O(JC) ; 0 < x < n , 

an 

with boundary conditions i§ 7, 

L = 0 at x = 0 and x = n . 

Next we introduce a function d>(x) so that at a fixed point of time t holds 

0(x)= -ag(u(x,t),ù(x,t),x,t) . 

The integral equation can be written as 

L(x)= u(x,t)+ g{u(x, t),ù(x, t), x,t)- F(x, t) . 

When L(x) and O(x) are inserted in the condition (6.7) we arrive at 

an 

in which 

{g{u{x,t\ii(x,t),x,t))~ aii(x,t) = H(x,t) 

H(x,t) = ^M-aF(x,t). 
on 

This equation replaces the original inhomogeneous radiation condition for the basila; 
membrane by a differential equation for the deflection u(x,t). The ends of the membrane aa 
the helicotrema at the point x = 0 and the stapes at x = n. From the boundary conditions for 
L{X) at these ends follows 

u(0,t)+ g{u{0,t),u(0j),0,t)= F{0j) 

and 

ü{n:,t)+ g{u{7[,t),ù{jr,t),K,t)= F{K,t) 
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In the present description the function F(x,t) obeys the homogeneous version of the 

radiation condition. Therefore, it holds that H(x,t) = 0 at every point of time. In consequence 

of this, the differential equation for the deflection reduces to the homogeneous equation 

— (ii(x,t)+ g(u(x,t),u(x,t),x,t))-aii(x,t) = 0 , 0 < x < n , (6.8) 

on 

with boundary conditions 

w(0, t) + g(u(0, t), ti(0, r),0, r ) = 0 at x = 0 

ü{K, t) + g[u(n:, t), ii(;r, f), ;r, f) = ~f(t) at JC = /r . 

Again the boundary conditions are equations of motion for the membrane oscillators at the 

ends of the membrane. At the point x = 0 and in absence of activity at this point, this 

condition can be replaced by a deflection that vanishes at every point of time. The solution of 

the equation at x = n, the end of the membrane near the stapes, can be found independently of 

the solution of the pressure along the membrane. Therefore, we shall assume that this solution 

is known and given by the function u =h(t). Then, the boundary conditions that belong to 

(6.8) can be replaced by u(0,t) = 0 at the end x = 0 of the membrane and u{nj) = h{t) near 

the stapes. 

In the next section we will show that the present model (6.8) can be straightforwardly 

found from the basic equations of motion that we discussed in chapter 3. It is worth to do this 

oecause this shows that seemingly different models are (almost) equivalent to each other. 

6.2.3 The direct approach 

In this section we will show that the model (6.8) from the preceding section can be found 

almost immediately from the basic Euler equation for the fluid motion near the membrane. 

The Euler equations for the surrounding fluid have been given in chapter 3. In this section, it 

is sufficient to restrict ourselves to normal components of the fluid motion at the membrane. 

The equation of motion for these components is (3.3). In absence of external forces this 

..quation can be written as 

d2u _ dp 
P~d?~~~~dn ' 

Here, u is the deflection of the fluid normal to the membrane. This deflection coincides with 
the deflection of the membrane. The pressure p is the pressure at the membrane. When both 
members in this equation are multiplied by 21 m, an equivalent form is 

dpm du 

an dt 
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in which 

2/? 
a • 

m 

The general form of the equation of motion for the basilar membrane is given by (6.3). Let 
us substitute the pressure pm according to (6.3) in the present equation. This yields 

— (ü{x,t)+g(u(x,t),u(x,tlx,t))-aü(x,t)=0 , ( 6_1 0 , 

which is indeed equation (6.8). Boundary conditions at the ends of the membrane and 
appropriate initial conditions can complete this equation as a well-defined mathematical 
model for the deflection of the basilar membrane. 

Well defined? Not yet. In equation (6.10) one of the unknown quantities is the normal n. 

In practice it is common usage to replace the normal n by y. However, there are no special 

arguments for that option. A method to decide on this uncertainty is to analyse the expression 

ü(x,t)+ g(u(x,t),ù(x,t),x,t) . 

When g(u,ù,x,t) comprises a stiffness term of the kind co^(x)u, or when a local 

expansion leads to a term similar to this, it is useful to investigate the resulting expression 

with complex oscillations. In that case the complex amplitudes of the deflection possess zeros 

in the place domain. These points determine the point of resonance at the membrane. 

In chapter 4 we argued to select the normal n to the membrane so that this direction, ai 

least near the point of resonance, corresponds to the properties that directly follow from this 

point. However, this is not the only possibility. Because the height h of the cochlear scalae is 

rather small, there is reason to replace the normal derivative at the membrane by a second 

order derivative in the length direction so that 

d u d ' 
dn âx' 

In chapter 5 we argued that this approach cannot be validated near resonance from a 

mathematical point of view. In spite of this, the equation that follows from this approach is 

still popular in the field of auditory physics. A reason for this is that the resulting equation can 

be solved independent of a boundary value problem for the surrounding fluid. When this 

approximation is used, it follows from (6.10) that the net result is a second order differential 

equation for the deflection of the membrane. This equation has the shape 

â1 

T(ü(x,t)+g(u(x,t),u(x,t),xj))-a2ü(xj) = 0 . âx 
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Note that here the constant a follows from 

2 2p 
a = -1— . 

mh 

Special cases of this equation are found in the literature and have been applied for quite 

different purposes. First of all, in chapter 5 we discussed properties of this equation in the 

case that g(u,u,x,t) represents the stiffness force a>l(x)u . Secondly, we note that Deng and 

Geisler (1987) and Deng (1992, 1998) propose to incorporate, in addition to the standard 

stiffness term, a second term that models tension in the length direction of the membrane. In 

that case the function g(u,ù,x,t) takes the shape 

g(u,ü,x,t) = col(x)u -cx—— . 
ox 

When this term is introduced in (6.3), the equation for the motion of the membrane becomes 

d'u du i( \ 
ox' at' 

This equation is the model for a string with a linear tension c, that has been loaded at 

every point by an elastic force with an effective stiffness col(x)u . This image holds true as 

far as pm does not depend on the deflection or velocity of the membrane. 

In section 3.3 we mentioned that there are some physical arguments to support this 

extension. However, when the tension dominates, specific string properties will determine the 

motion of the system. On the other hand, when the tension c, is small, a straightforward 

application of perturbation theory shows that the zeroth order term corresponds to equation 

(6.1). 

In view of the classical description of the membrane that has been given in chapter 2, we 

expect that the constant c, must be considered as a small parameter. Numerical exercises also 

point in the same direction. The same notes hold true when the second order term is replaced 

by a fourth order term that directly models the influence of bending stiffness. Therefore, 

according to our opinion, the addition of a very small amount of longitudinal tension or some 

bending stiffness to the equation of motion does neither change the observed numerical 

behaviour nor improve these results. However, when the tension or the stiffness is not a small 

quantity it is known from literature (Morse and Ingard, 1986) that the frequency selectivity 

has been diminished considerably. 

The way in which observed activity of the cochlea must be modelled and introduced in 

models of the cochlea is still a point of discussion. In chapter 4 we discussed our opinion on 

this topic. Here we will pay attention to other proposals. 

Some authors ( Duifhuis et ai. 1985; Jones et ai, 1986; Diependaal et al, 1987; Talmadge 

et al, 1990; Talmadge and Tubis, 1993) propose to comprise in the expression g(u,ù,x,t) a 

damping term proportional to the velocity in which the damping coefficient depends on the 

deflection, for instance a coefficient of the kind e(u2 - l ) . 
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The parameter e is positive. In that case g(u,ù,x,t) takes the shape 

g(u,u,x,t) = wl\x)u + e\u2 -ljù . 

When the deflection u is very small, the coefficient of the velocity is negative. In that case 
there is supply of energy. When the deflection is sufficiently large the coefficient of the 
velocity becomes positive and there is loss of energy in the classical way. The equilibrium 
between the lossy case and the supply of energy leads to the concept of a limit cycle. In this 
way of modelling negative damping is used as a provider for energy. Until now there is no 
evidence that this way of modelling is the right way to introduce activity in a model of the 
cochlea. 

However, when this notion is accepted and introduced in (6.3) the equation for the motion 
of the basilar membrane becomes 

—r- = -col(x)u + £\u' - 1 )ii - p . 

The non-linear damping term makes this equation equal to the equation of Van der Pol. This 
way of modelling is proposed by several investigators in this field. The meaning of this model 
can be sensible as far as it is the purpose to model spontaneous activity as a result of 
permanent hair cell activity. This is beyond the scope of this work. For a short discussion on a 
possible meaning of non-linear damping in cochlear models in the field of speech research we 
refer to Duifhuis (1992). 

There are at least two reasons why it is not attractive to apply the Van der Pol oscillator in 
models of the cochlea. The first one is that 'low-level' frequency characteristics that follow 
from this equation are completely unfit to contribute to a description of the observed 
sharpness of measurements. For. an overview of this kind and other analytical properties of 
this equation we refer to Jordan and Smith (1983). A second argument is that the behaviour of 
the damping term for large deflections is comparable with that of a usual damping term. Then 
it is needless to say that the introduction of non-linearities in models is not very attractive. 

An opinion that is closely related to this way of modelling is the notion that a visco-elastic 
coupling between hair cells and the basilar membrane can transfer energy from a hair cell to 
the basilar membrane. Ideas about this topic are found in the work of Nobili and Mammano 
(1996). This work is based on Mammano and Nobili (1993). In these last investigations the 
authors propose to solve the fluid dynamical problem in a way that differs from the way that 
we pointed out in this work. They studied an alternative reading of a Neumann problem for 
the pressure in the cochlear fluid. Well defined (anti)symmetry properties are the guarantees 
for the unicity of the solution of this problem. In this problem it is assumed that the normal 
derivative of the pressure at the boundary of a cochlear scala is a prescribed function. They 
expressed the pressure of this problem in terms of a function of Green for the problem. In this 
way they followed quite formally some of the original proposals of Allen (1977). The 
equation of motion of the membrane does not make part of the model and is considered as an 
independent equation that has to be solved. From the formal shape of the pressure and this 
equation there results an integral equation that they solved numerically. Mammano and Nobili 
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have spent much effort on the development of a function of Green for their problem. The 
geometry of the cochlear scalae in their model is rather realistic. Therefore, we expect that in 
the solution of this problem some quantitative aspects are better represented than in the box
like approximations of the seventies. However, from a qualitative point of view there is no 
différence between this and the earlier proposals for integral equations. 

Mammano and Nobili introduced outer hair cell forces in their model. In a first attempt 
they modelled these forces proportional to the local stiffness of the membrane. However, at 
the same time Mammano and Ashmore (1993) argued that this assumption might be doubtful 
and only holds true as far as the viscosity of outer hair cells and Deiter cells is negligible with 
respect to their stiffness. Nobili and Mammano (1996) changed their mind and proposed an 
additional formulation for the forces that should follow from hair cell behaviour. They 
.ombined results from hair cell physiology with effects in consequence of a viscous coupling 
between the reticular lamina, the upper side of the organ of Corti, and the basilar membrane. 
The ultimate additional force was inserted in their integral equation. 

Effectively, the additional force tends to diminish the damping in the equation of motion of 
the membrane. In consequence of this they used the word 'undamping'. Some of their 
numerical results are promising. Therefore, it seems to be useful to combine properties of this 
biophysical approach with the descriptive geometrical method from chapter 4. 

6.3 Examples 

6.3.1 Introduction 

In chapter 4 we studied properties of the equation for the pressure at the basilar membrane. 
This equation, which holds true for oscillating membrane behaviour, follows from the 
boundary condition for the pressure at the membrane in model (3.15) and the Euler equation 
(3.17). We studied the solution of this equation from a classical point of view, namely that the 
point of resonance as a mathematical singularity completely determines the behaviour of the 
nressure. The results from chapter 4 were derived in the special case that the place-to-
frequency map is linear. In the next section of this chapter we will return to the approach from 
:hapter 4 and assume that the so-called place-to-frequency map is an exponential function 
along the membrane. We will argue that in this special case the pressure at the membrane can 
be found easily from the solution of the model in chapter 4. 

In chapter 5 we studied consequences of an approximation of the equation for the pressure. 
However, we are not able to justify the approximation near a point of resonance. Therefore, 
from a pure theoretical point of view this approximation is 'sinful' in the sense of 
questionable. It is worth to note that the word 'sinful' resembles the Dutch word 'zinvol' and 
this word means significant or meaningful. This suggests that there are circumstances in 
which committing sins is sensible. In mathematics this notion is known and widely accepted. 
For instance, evidence for this is found when such terms as 'improper' are used (the usage of 
this term is related to the existence of special integrals). What is more, it appears that in 
practice sometimes the application of those ideas is fruitful. Therefore, it is common sense to 
profit from this kind of 'wisdom'. This is the reason why we will pay attention to 
consequences of the 'improper' approach in the following sections. 
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6.3.2 Coupled filters 

Properties of a model for the pressure at the membrane have been studied extensively in 
chapter 4. In that chapter we solved the pressure from an equation that makes allowance for 
the coupling between subsequent oscillators. The solution was given in terms of analytical 
functions. In that chapter we assumed that the resonance frequency varies linearly along the 
membrane according to 

coa (x) = -x , - co < x < 0 , 

and that the membrane coincides with the negative real axis of the complex z plane. Because 
the mass is constant, the stiffness is a second order function along the membrane. 

In most textbooks on hearing theory, the stiffness along the membrane is modelled as an 
exponentially decreasing function of the distance to the stapes. That is the reason why we in 
this section pay attention to this special case. Again we restrict ourselves to the special case in 
which the mass is constant along the membrane. Consequently, the resonance frequency is 
proportional to the root of the stiffness. 

In the present section we return to the complex z plane. The membrane is found at the real 
axis of this plane. Along this axis the stiffness is proportional to the function exp(- bx). The 
constant b is positive. Then, resonance takes place at points for which holds 

co0(x)=Qexp(-bx/2) , -co<x<+oo. (6.11) 

Q is a positive constant. It is our aim to derive in the present section a solution to the 
equation for the pressure at the membrane under the condition that the place-to-frequency 
map is given by (6.11 ). 

In the linear case frequency characteristics of single membrane points have been given in 
section 4.3. One of the results of that section is that frequency properties for arbitrary points 
of the membrane follow from only one expression. In that expression the complex frequency 
s has been scaled with the resonance frequency of that point. In chapter 4 the scaling factor is 
the linear varying resonance frequency along the membrane. In the present section we will 
make it plausible that the scaling factor can be replaced by the exponential function (6.11). 

In chapter 4 we mainly considered the lossless case. In the present section we will 
introduce damping in the model. We will do this in the classical way, namely by taking into 
account effects of a term proportional to the velocity of the membrane. 

Our starting point is the equation for the pressure at the membrane in the form (3.24). This 
equation can be written as 

â\n p _2p s 
dn m s2 + X2s + a>l{x) 

(6.12) 

The constant Â2 is the damping constant. In section 3.4.3 we proposed to select this constant 
proportional to the resonance frequency at the point x. In addition to this, it appeared to be 
very fruitful to choose the constant of proportionality equal to 2sin£. The number s is a 
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small positive constant that effectively controls the magnitude of the damping. In the present 

chapter we will again make this choice. Therefore, we write the constant A2 as 

Â2 = 2 s in£« 0 (x ) (6.13) 

Let us introduce A2 in (6.12) and let us again make the substitution (4.8) w = is 

Application of elementary algebraic operations affirms that equation (6.12) can be written as 

â\x\p 

an a>0 (x) + wexp(- is) co0 (x) - wexp(+ is) 

in which 

mcos£ 

The present expression is the counterpart of (4.9) in the lossy case. When the damping e is 

zero, this equation reduces to (4.9). Because in applications the constant s is small, there is 

no essential difference between the present value of /u and /j. according to (4.7). 

The next step is to insert (6.11) in the last expression. This yields 

d\vi p 

an 
1 

ßexp(- bx/2) 
exp(- is) 

w 
exp(- is) 

ßexp(-fcc/2) 
-exp(+;^ ; 

(6.14) 

Here, -co < x < +co, y = 0. Let us replace x by z in this expression. Then the singular 

points of (6.14) are points in the complex z plane. These points are the poles of the terms 

between the brackets. For a complete description of these points, we refer to section 3.4.3. At 

this moment it is sufficient to recall that the place of these points in the plane depends on the 

sign of the frequency under consideration. 

In the present case we have to reckon with both positive and negative values of w. For 

positive values of w, the 'main' singular point of equation (6.14) is just below the membrane 

axis, i.e. the real axis of the z plane. This enforces us to introduce an upper-plane 

approximation to the membrane axis when equation (6.14) must be solved. 

Inspection of this equation shows that it is useful to scale w with the constant Q. Thus, we 

replace in (6.14) the quotient wlQ by w or, which is equivalent to this, we put 2 = 1 in 

(6.14). In order to simplify matters slightly, it is sensible to introduce in the resulting 

expression the elementary mapping 

z, = — Z . 
' 2 

This function scales the complex z plane to the z, = .*, + iy2 plane. The new membrane 

axis is the real axis - oo < xt < +co, y, = 0 of the z, plane. The unknown normal in the 
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equation for the pressure is called n,. At the real axis of the z, plane equation (6.14) takes the 
shape 

â\n p 
an, = M exp(- x, ) , . > exp(- jc, ] , * 

— ^ — ^ + exp(-jf) —^—^-exp(+ùr) 

- co < x, < oo (6.15) 

Note that in (6.15) the normal «, is still unspecified. Next we introduce the complex 
function 

C = -exp(-z,) . 

This function maps the upper half-plane of the complex ^ plane on the strip -oo<x, <oo. 
0 < >', < n of the z, plane. For our application it is sufficient to verify that, as a result of this 
mapping, the membrane axis y, =0 in the z, plane is the image of the negative real axis in 
the Ç plane. The mapping can be written out in components. When Ç = Ç + irj, the result is 

£ = -exp(-x,)cos;y, and T]= exp(-x,)sin y . 

At the axis y, =0 of the z, plane, equation (6.15) can be written as 

(6.16) 

d\x\p 

an. 
zMi 

1 1 
exp ra 

H' 

osy, / . % exp(- x. )cos y. , . N 

— + exp(-(£-J — ^ — u il_eXp(+f£) 

(6.17) 

Here, - oo < x, < oo . We first replace exp(- x, )cos y, by - £. In the resulting expression the 
abscissa £ is weighted for w. In addition to this, we propose to choose the normal direction 
n, proportional to the rj - direction so that 

ô 
an. 

d 

*1 
u' 

This means we again accept the idea that the normal direction follows from the behaviour 
of the poles near resonance. This information is only present in an indirect way, because the 
equation for the pressure is given at the real axis of a complex plane. This implies that all 
essential properties of the present equation are conceived as the image of a simpler equation 
in the Ç plane. It will be clear that this original equation has the shape 

â\n p 

d 
= M 

— + exp(+ is) — -exp(- is) 
- c o < £ < 0 , 77 = 0 (6.18) 



In this equation too, the place of the singular points depends on the sign of w. For positive 

alues of w, both singularities are points below the real axis. This again makes that the 

present equation must be conceived as the limiting case of an upper-plane approximation to 

• he real axis. Then, in the way that has been pointed out in section 4.2, the integration can be 

.arried out immediately. This yields 

Ç -wexp ( - (£ J 

at the negative real axis of the Ç plane. 

The constant C, is the constant of integration and can be used to fit the pressure to a 

prescribed value at a point of the membrane axis, for instance at the stapes. However, at this 

•tage it is not interesting to profit from this opportunity. 

When w is negative it is useful to write w = —|w|. In consequence of this the singular 

joints of (6.18) are found at the upper-side of the membrane axis. Then, integration can be 

carried out directly only if we conceive of this equation as the limiting case of a lower plane 

approximation to the real axis. When this is done the solution of the equation reads 

ilnp(c}-
C +|w|exp(+!£) 

^ l n - ( + C, . (6.20) 
Ç - |w |exp(- i£ j 

The constant C2 is the constant of integration. For the time being we will neglect both C, 

and C2. The solution (6.19) is the counterpart of (4.13) in the lossy case. The same holds true 

for (6.20) and (4.19). Because of the present procedure, the solution in the exponential case is 

the mapping of the pressure in the linear case. For positive values of w the pressure is given 

by (6.19). At the membrane axis holds rj = 0 . The abscissa S, is given by (6.16). Let us insert 

these values in (6.19). Then, as a last step, we will replace w by the original quotient w/Q. 

When this is done the pressure at the real axis of the z plane reads 

, _ , Qexp( - fc t72) - wexpl+ie) 
In p = -iju In ^ — ^ ( V) { . 

Q c\Tp{-bx / 2) + vvexp(-/£) 

It is useful to rewrite the present solution slightly. Let us first insert (6.11) in the present 

expression. Then, when again (6.13) is applied, we arrive readily at the more general form of 

the pressure 

co0(x)-isexp(+i£) 
\np = -iju\n °) ! . f-r^ . 

co0{xj+isexp{-i£) 

Now it is obvious to scale the complex s plane with co0(x), the resonance frequency at an 

arbitrary point x of the membrane. When, in addition to this, some algebraic exercises are 

applied, it appears that the pressure can be written as 

, - • , s-izxp(+is) , , - , , 
\n p = i/j In £-} {+ const , (6.21 ) 

s + iexp{-i£) 
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Figure 6.1. The singularities of the Laplace transform of the 
pressure in the scaled complex j plane. The scaling factor is 
the mathematical resonance frequency of an arbitrary point of 
the membrane. The points sl2 are the singular point of the 
pressure according to (6.21). These points determine resonance 
in the passive case as well as in the active case (section 4.4.2). 
When in the model the presence of lateral stiffness is combined 
with activity, poles at s12 are modified to dipoles at the pairs 
s3A and s56, respectively. The method that leads to these 
modifications has been discussed in section 4.4.3. The distance 
of the singular points to the frequency axis is determined by the 
damping. Note that the frequency at which resonance takes 
place in a physical sense, is slightly lower than the modulus of 
the singular points. This latter quantity represents the 
resonance frequency in the lossless case. 

Ims 
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1 / e 
I 

S, Jf 

St • 
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m which the constant equals rfx + s) . This constant is of minor importance and can be 
included in any normalisation procedure. The essential point here is that in the lossless case 
(e = 0) the expression (6.21) reduces to (4.24). Thus (6.21) is the counterpart of (4.24) in the 
lossy case. The singular points of (6.21) are the scaled resonance frequencies of the problem. 
These points are 

:exp n 

Figure 6.1 shows the place of these points in the complex s plane. The distance of these 
points to the imaginary axis is sin e . This distance models the damping. A usual values for a 
is 0.05. 

The purpose of this section is to describe a parallel system of membrane filters that is 
applicable in practice. However, until now we have only paid attention to the pressure at the 
membrane. In view of applications a description in terms of the deflection or velocity is more 
interesting because it is believed that the stimulus of a(n inner) hair cell depends on one of 
these quantities. In this section we will restrict ourselves to the velocity. 
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In order to find that description we first return to (6.12) and re-write this expression as 

dp _ 2/7 s2 -

an m s1 + Â2s + (OQ(X) 

Here we assume that the relation between the membrane velocity and the normal derivative of 

the pressure must obey the linear counterpart of the Euler equation (3.3). In absence of 

external forces, this equation reads 

âv 

dt an 

The Laplace transform of the equation is 

psv = 
an 

from which follows that the transformed velocity can be written as 

2 s 

m s' + AT s + CùQ(X) 

Next we apply again the expression (6.13) for the damping coefficient A2. Let us insert 

this coefficient in the expression for v . When in the resulting expression the denominator is 

resolved into factors and the complex s plane is scaled with a>0(x), it appears that the 

velocity obeys 

2 s 
too\x)v=—( w \P • (6.22) 

m [s — st )[s - s2) 

The singularities si2 have been shown in Fig. 6.1. In the passive case the velocity is found 

from (6.21) and (6.22). In the active case (section 4.4.2) the pressure obeys (4.38). Therefore, 

m that case the pressure follows from (4.38) and (6.22). 

In section 4.4.3 we introduced the influence of lateral stiffness into the term that models 

activity. In that section the pressure has been given by (4.46). It appeared that pairs of 

singularities -s34 and s56 occur in the solution for the pressure (see Fig. 6.1). These points 

originate from dipoles. Terms that depend on these points can affect the pressure 

considerably. The parameter that controls this influence is y = a + iß and has been defined by 

(4.31) and (4.32). In order to determine the velocity we inserted (4.46) in (6.22). In the 

resulting expression we again introduced 'cat' co-ordinates according to 

s-Sj =rje\p(iç>j), ;' = !,...,6 

A small circle around a singular point is like a saucer with hot porridge. It is well known that on the north 
hemisphere of the earth every cat turns counter-clockwise around such points. Local co-ordinates according to 
this walk are called 'cat' co-ordinates. 
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F-gure 6.2. Impulse responses for successive po.nts of the bas.lar membrane after (4.46) and (6.22) The input of 
he sy tern ,s a un.t pressure a, the stapes. The plot shows the velocity multiplied by the resonance frequency fo 

several vaiues of the parameter y = a. Thts parameter controls the tnfluence of activity and has been dTcusse 

h^s;=::r AAI- The case a - °—- p ~ - -—> - - j r 
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An example of these co-ordinates was given in Fig. 4.5. At the imaginary axis of the s 
plane it holds s = ±ia>. Insertion of these values into (6.22) and (4.46) yields the amplitude 
and the phase characteristics of the right member of (6.22) as a function of the frequency. 
Scaled characteristics for the velocity that include activity have been given in Fig. 4.13. These 
characteristics are appropriate to determine the impulse response of the quantity eo0(x)v for a 
usual time scale. 

When in the characteristics the time t is replaced by aQ(x)t, the ultimate response for 
û)0(x)v at the point x of the membrane is found. Formula (6.22) shows that the velocity and 
the pressure are proportional to each other. Then it is legal to multiply both members of (6.22) 
with a constant. This constant can be chosen so that the pressure or the velocity at a point of 
the membrane equals a prescribed value. In our case we assumed that the complex pressure at 
the input of the system equals the unity. 

Impulse responses for ten successive points of the membrane have been shown in Fig. 6.2. 
In this figure we only used real values for the constant y = a + iß,so that y = a . The point 
with the lowest ordinal number is near the helicotrema. This point shows a low frequency 
impulse response. As the ordinal number increases, the frequency of the impulse responses 
increases too. The point with the highest ordinal number is close to the stapes. 

6.3.3 Approximate coupled filters 

In section 5.7 we solved the second order equation for the pressure (5.49) numerically. The 
solution has been subjected to the standard boundary conditions p(-2)=l and p(o) = O.The 
equation is an extension of the second order equation for the pressure at the membrane in the 
passive case. The influence of the extension on the solution is controlled by the complex 
parameter y . From the numerical result(s) we determined responses in the frequency domain. 
When these results are combined with (6.22), the response for the velocity is readily found. 
This response is again a function of the scaled frequency. The scaling factor is the resonance 
frequency of an arbitrary point on the membrane. This agrees with the previously applied 
procedures. Therefore, the velocity responses from Fig. 5.7 are the prototypes of responses for 
successive points of the basilar membrane. In Fig. 6.3 re-scaled plots for a0{x)v have been 
shown for ten successive points of the membrane. The direction in which the ordinal numbers 
of successive points diminish corresponds to the classical positive length direction along the 
membrane. Each plot shows results corresponding to a real value of the parameter y. In this 
case too it holds that y = a. 

6.3.4 Responses in the time domain 

For some applications it is attractive to work directly in the time domain. Therefore, we 
developed a discrete version of the integral equation (5.19). In section 5.4 we showed that the 
solution of problem (5.12) up to and including (5.14) in the time domain is equivalent to the 
classical Zwislocki equation. This is the restriction of this section. 
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Figure 6.3. Velocity responses for ten successive points of the basilar membrane after the method from section 
5.7. The input of the system is a unit pressure at the stapes. The velocity of each point has been multiplied by the 
resonance frequency at that point. The parameter / determines the influence of activity. Its meaning has been 
discussed in the sections 4.4.1 and 4.4.2. When there is no activity, the parameter / equals zero. Other values ol 
y are -0.15 and -0.3. The parameter values are the same as were used in Fig. 5.7. The direction in which 
ordinal numbers of successive points diminish corresponds to the usual positive length direction along the 
membrane. , „ , 



Let us write the integral equation (5.19) as 

ü(x,t) = -ü>o{x)u{x,t)+pm(x,t)+F(x,t) 

with (6.23) 

Pm(x,t) = a2\G{x,i;,a)col{ç)u{Çj)di; 

We divided the interval of integration in n equal steps with length AÇk = ÇM - Çk ; 
fc = 0 , l , . . .n- l . The points £0 and £„ are the endpoints of this interval. Then, pm{x,t) can 

be written as 

B-i &_• 
P „ M = 2 > 2 ]G(x,C,a)a>fä)u(C,t)dC . 

in the sum of (6.24) the integral can be approximated by 

Ç]G{x,Ç,a)œ2
0{ç)u{4,t)dt * a>fâk)u($k,t) jG{x,Ç,a)d4 

(6.24) 

in which 

j = 4 ± Ü ± L fe=o,l,...n-l . 
ht 2 

In our application the discrete points at the *-axis always coincide with the mean values 
f4. Then, in order to develop the integral of the Green's function over a region AÇk, we have 
to distinguish between the following three cases: x < Çk ; x = Çk and x > Çk. The function of 
Green is known and given by (5.17). Thus in each of these three cases the integration can be 
carried out explicitly. The result can be written as 

jG(x,C,a)di; = GIk(x) ; k=0,l,...n-\ , 

in which 

Asmhaxsmha\}-Çk)AkÇ
 x<4t 

G/,.(x)==<|ß(sinha(x-/)sinha|t' + sinn ax sinh a(z -4k
2))AkÇ x = Çk 

A sinh a(l - jc)sinh a£, Ak£, *<<?* 
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e i _ 4k + 4k J2 _4k+ 4M 

2 " 2 

• h
aA*4 

, sinh — — 
2 A = *— ; S = 2 

a sinh a/ ßA t£ aA.,f 
2 cosh—— 

2 4 

Next we define the matrix G with elements 

G^a'GI^x,) i,j = \,2,-,n ( 6 2 6 ; 

at the points xt = Ç. , i = 1,2,..., n . In consequence of (6.25) and (6.26) the approximation foi 
p,„(.x,r) at the point xi can be written as 

Pm{^i't)«YJGijû)ljuj . ( 6 27) 

Here, w;. = u(xjtt) and o^.= fö0
2(ry). Let us introduce the notatie ion 

Pm, = Pm{*ij) • 

Then the integral equation (6.24) can be replaced in a condensed shape that is an extension oi 
the autonomous system (2.30). At the point xi this system reads 

jij = v 

V,. =-Û>liU;+Pm.+Fi , ( 6 2 8 ) 

t = \ 

i - l , 2, ... , « and F, =F(xjtt) is the prescribed force at the i-th point. The pressure pm 

describes the influence of the moving membrane at the point xi due to the presence of the 
surrounding fluid. 

The solution for this system can be found in the following way. Let us assume that the 

deflection is known at the time t. Then, pm, can be evaluated according to (6.27) at that point 

of time. Because F, is known at the time t, the sum of both quantities represents a known 

force at that point in time. Then the system can be integrated over a small time step Ar. This 

yields the deflection at the time t + At. Then the process can be repeated over the next time 

step. When this process is started from appropriate initial conditions, the system can be 

integrated in the time domain. In our model we again introduced in every membrane oscillator 

a small amount of damping proportional to both the velocity and the resonance frequency of 

that oscillator. 
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Figure 6.4. Four successive stages of the motion of the basilar membrane according to the Zwislocki 
model. This figure illustrates the classical travelling wave along the membrane. The wave travels from 
the stapes to the point of resonance. After that point the wave has changed its character and represents in 
this model an almost in phase motion of the membrane. After the point of resonance the deflection of the 
membrane motion becomes very small. 

The shape of this term is ea0{xi )vl. The parameter £ is a small positive constant and controls 
the magnitude of the damping. In this case we have to replace in (6.27) and (6.28) terms of 
"ïekind coljuj by £a>0jvj +a>ljuj. 

The expression (6.27) defines a matrix vector multiplication. This multiplication must be 
carried out at every discrete point in time. Therefore, the procedure consumes a relatively 
large amount of computer time. The purpose of this procedure is to find the pressure pm 

j long the membrane at the point in time t from the knowledge on the motion of the 
membrane at this time. 

The pressure can also be found from a finite difference approach to model (5.12). Then the 
second order derivative for the pressure must be replaced by a term similar to (5.50). This 
again leads to a tridiagonal system of equations for the pressure pm that can be solved very 
fast. 

The inverted matrix of coefficients is a numerical approximation of the matrix that follows 
Vom the function of Green. The same holds true for the reversed process. Therefore, both 
methods are equivalent. The function of Green describes the coupling between membrane 
oscillators due to the presence of the surrounding fluid directly. The application of this 
function is attractive from a physical point of view. For computational reasons the fastest 
method is attractive. Figure 6.4 is an example of results from system (6.28). The pressure is 
found by application of the function of Green. In the next section we will derive sound 
patterns from a model of the type (6.28). 
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Figure 6.5. Spectro-temporal pattern of the motion of the basilar membrane. A measure of greyness is 
used to represent the velocity of the basilar membrane towards the scala tympani. When the velocity is in 
the opposite direction the greyness has the measure zero. The travelling wave from Fig. 6.4 and the 
present pattern are results from the same model. 

6.3.5 Sound patterns 

In the last two decades work of several investigators contributed to the evidence that the main 
cues of the vibration pattern of the basilar membrane are represented precisely in the primary 
nerve fibre. Recently, Narayan et al. (1999) discuss the leading measurements on this subject 
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from the past and (again) show that there is evidence to focus the attention on the velocity of 
the basilar membrane. 

More than twenty five years ago Zwislocki and Sokolich (1973) noted that in a primary 

fibre of the auditory nerve the maximum firing rate is related to the maximum velocity of the 

basilar membrane. This holds true when the membrane moves towards the scala tympani. 

Moreover, it appeared that a velocity in the opposite direction inhibits neural activity. Results 

f Ruggero (1987) support these observations. 

We combined both observations and represented only the 'negative' velocity of the 

successive points of the membrane as a space-time pattern. In our view such patterns are 

c iosely related to the density of spikes in small bundles of fibres. 

Delgutte (1987) and Sachs et al. (1986) have measured discharge rates of neural activity as 

a function of the sound level of short tone bursts. These rates show a usual grow-behaviour. 

We shall assume that similar behaviour governs the relation between the magnitude of the 

negative velocity of the membrane and the firing density of (small bundles of) nerve fibres. 

Therefore, as a rough approach to this behaviour, we will use a non-linear strictly increasing 

unction of the membrane velocity that tends to a saturation level. 

In the next figures we will use a measure of greyness to indicate the magnitude of the 

negative' membrane velocity. A positive membrane velocity will be coded with a zero value 

for the greyness. Figure 6.5 is the image of a series of patterns at successive points in time. 

The ultimate pattern is the result from the numerical model that has been discussed in the 

previous section. In this figure the pattern has been composed of results from hundreds of 

successive time steps. Abscissae correspond to points on the basilar membrane. The ordinates 

.onstitute the time axis. The figure shows responses to the same stimulus that has been used 

in Figure 6.4. The region at the membrane in which resonance occurs is clearly visible. In a 

•ertical strip that corresponds to this region, the greyness tends to be black. In this strip the 

lime intervals between successive centres of darkness correspond to the period of the 

timulus. Each centre is the end of a band of increasing greyness. The time difference between 

successive bands equals this period too. 

The time axis starts at t = 0 . Note that it costs some time before the wave along the 

membrane reaches the region of resonance. This time contributes to the measured delay 

between the start of a stimulus and the moment at which spike initiation takes place in a nerve 

fibre. 

The present representation is an example of a natural spectro-temporal pattern. Those 

patterns can be conceived as rudimentary templates or 'Gestalts' of acoustical phenomena. 

It is self-evident to look also at patterns from complex stimuli. A well-known example is a 

.omplex tone composed of several harmonics of equal strength. Here the words 'of equal 

strength' need an explanation. In our applications the input of a model consists of a prescribed 

pressure at the stapes. Consequently, the notion of 'equal strength' means that the magnitude 

of the pressure for different components is the same. 

We applied a complex stimulus with eight harmonics of equal strength. The components 

are in phase at t = 0. In the time domain the stimulus is a periodic signal. The period 

corresponds to the period of the component with the lowest frequency. 
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Figure 6.6. a. The envelope of the velocity along the basilar membrane. The length of the membrane has been 
normalised to the unit. The stapes is found near zero, the helicotrema near the point one. The complex stimulus 
consists of eight successive harmonics of equal strength, b. Space-time pattern of the membrane velocity towards 
the scala tympani. The stimulus is the same complex tone as has been used in Fig. 6.6a. 
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Figure 6.6a shows the envelope of the velocity of the basilar membrane. Because the 

stimulus consists of eight components there are eight regions of resonance at the membrane. 

A peak in the envelope marks a region of resonance at the basilar membrane. Between the 

peaks the depth of the valleys diminishes as the frequency increases. This partly depends on 

the choice of the place-to-frequency map. In the present case we used an exponential map. 

The height of the peak mainly depends on the damping. The present example followed from a 

model of the kind (6.28) in which we introduced some damping. We applied the usual value 

of the damping {s = 0.05). Both the height and the local shape of the peak will be effected 

considerable when activity is introduced in the model. 

The envelope of the pattern resembles masking patterns from experiments in which the 

masker is a complex signal (see for instance Zwicker and Fasti, 1990; Plomp, 1964). This 

underlines that effects measured in masking experiments, at a high degree, follow from the 

velocity distribution of stimuli along the membrane. Here we meet, from a different point of 

view, one of the notions of Zwicker (1983), namely: Masking, a peripheral effect! 

Fig. 6.6b is a space-time pattern of the magnitude of the 'negative' velocity of the 

membrane in terms of greyness. The figure shows an overall regular pattern with a well-

defined periodicity. The periodicity corresponds to the period of the original sound stimulus 

or, which is the same, to the period that is observed in the region of resonance of the first 

component of the complex. 

From the long history of pitch perception experiments it is known that listeners can 

attribute a pitch to the periodicity of the stimulus. This periodicity is an important overall cue 

of the pattern. Even in the absence of the first component, the periodicity in the pattern has 

been conserved. Therefore, it is not surprising that a listener can attribute the same pitch to 

this signal too. For an overview of classical pitch perception experiments and theories we 

refer to de Boer (1976) and Plomp (1976). 

When in the complex stimulus the frequencies of the successive components deviate from 

harmonic behaviour, both the periodicity in the original stimulus and the global regularity in 

the resulting space-time pattern will be disturbed. However, what remains is that the lowest 

components of the signal are approximately resolved. Then the time behaviour of these 

components can be used to make a guess for a periodic approximation of the disturbed 

periodicity. 

Let us assume that the unknown period of the approximation is T. When the period of a 

resolved component is Tr and this period is 'close' to the period TI n of the n-th harmonic of 

the unknown approximation, the relative deviation from the periodicity T can be written as 

T-nT 

nTr 

When all resolved components are considered as approximations for the successive harmonics 

of the approximation, the sum of the squared relative deviations is a measure for how well the 

approximation fits. This measure is a quadratic equation in T and can be minimised 

theoretically. The theoretical value Tmn (n) still depends on H . 
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Figure 6.7. The envelope of the velocity along the basilar membrane (a) and the peripheral activity pattern (b) 
for a stimulus composed of two groups of components. Both groups consist of four components. Components in 
the first group are the first four successive harmonics, from the signal. The second group consists of the next four 
harmonics. The frequencies of the components in the last group have been multiplied by 1.06. The membrane 
has been normalised to the unit. The stapes is found near zero, the helicotrema near one. 
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When this expression is inserted in this measure and n is varied, it will appear that there is 

at least one value for n that minimises this measure. The inverted value of the period 7 ^ («) 

for an appropriate value of n can be considered as a predictor for the pitch. The present way 

of working is the analogue in the time domain of Goldstein's (1973; 1978) 'central processor' 

pitch theory. 

In our view this method is a heuristic method to find a least square estimate for the period 

of a signal in which the periodicity has been slightly disturbed. It is difficult to relate this way 

of processing to a known physiological mechanism. Therefore it is much more difficult to lay 

a claim to the name 'central processor'. However, an amazing property of a least square 

approach is the success of the method in a broad class of applications. In general it holds: the 

method works. Thanks to Gauss, Laplace, Legendre and many others. 

In the preceding example the frequencies of the eight components are integral multiples of 

the lowest one, the fundamental frequency. In the next example the eight harmonics have 

been split up in two groups of components. The first group comprises the first four 

components; the second one the remaining four components. However, the frequencies of 

components in the second group have been multiplied by a factor 1.06. 

In other words, the fundamental frequency of the first group of harmonics is six percent 

lower than the fundamental frequency of the second group. Groups that have been composed 

in this way resemble parts of stimuli that have been used in dominance experiments (Plomp, 

!967;Ritsma, 1967). 

Suppose that the first group is the stimulus in an experiment on pitch perception. This 

group represents a purely periodic signal. The pitch that follows from the greatest common 

divisor of the components frequencies can match the pitch of this group. The periodicity 

according to this frequency is found back in the peripheral activity pattern and runs over 

almost the whole length of the basilar membrane. Now we assume that the second group is 

the stimulus in the experiment. After the region of resonance that belongs to the component 

with the lowest frequency, the motion of the membrane is negligibly small. Thus, effectively 

the motion takes place in only the first part of the membrane. Next we suppose that both 

groups are presented simultaneously. Then the periodicity of the motion in the first part of the 

membrane has been changed. All 'lower' frequency components carry out a non-negligible 

influence in the high frequency region of the membrane. However, the contrary does not hold 

true. 

Quite formally, the motion in the first part of the membrane is periodic also. This is 

because the motion is the result of the superposition of two periodic processes with a 

frequency ratio 106/100 = 53/50 . This ratio is rational. In consequence of this, the result is a 

periodic motion. The 'new' period is rather long, namely 50 times the period of the lowest 

component in the whole complex. We expect that in general this periodicity is outside the 

region of interest. 

Figure 6.7 is a plot of the activity pattern of the combined stimulus. The activity pattern in 

the first part of the membrane is considerably more complex compared with the pattern in the 

remaining part. In the high frequency part the periodicity of the motion caused by only the 

first group of components has been disturbed by the presence of components from the second 

group. In addition to this, these components are (partly) unsolved. 
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In the low frequency part of the membrane, the motion leads to a well-defined periodic 
activity pattern. Within that pattern it is not difficult to observe the periodicity in the pattern 
as well as almost complete resolved harmonics. When in a pitch detection experiment stimuli 
of this kind are presented, the judgements of most subjects point to a pitch attribution that is 
related to the periodicity properties of the first group of components. This suggests that 
listeners prefer to focus their attention to, properties of, the relatively simple part of the 
activity pattern. 

In psycho-acoustical terms this implies roughly that components up to (and including) the 
critical band determine a relatively simple activity pattern and therefore can dominate in the 
process of pitch attribution. When extreme values for the fundamental frequency are used, the 
present considerations can fail. However, from the classical pitch attribution experiments 
there is sufficient evidence that in the range in which pitch in speech is perceived the present 
notes holds true. The order of magnitude of the mean pitch in Dutch male speech corresponds 
to the pitch of a pure tone of 100 Hz. In female speech this value is 200 Hz. In most textbooks 
on psychophysics and hearing research much attention is paid to the image of speech in the 
auditory nerve. Often motives for this are the interest in the development of and the 
application of aids for speech and hearing impaired. Because activity patterns that follow 
from our models are the input of a neural network that starts at the inner hair cells, those 
patterns can contribute to develop and to understand those neural images. Therefore, we will 
close this section with a basic example from the field of speech. 

Let us conceive the larynx as a popgun. In mathematical terms, a pop can be modelled by a 
delta function. Each pop or delta function represents a pat on the end of an air column 
enclosed by the vocal tract. This column starts at the larynx and ends effectively near the 
opening of the mouth. The actual shape of the vocal tract determines the shape of the column. 
From theory it is known that the vibration properties of the column follow from the actual 
shape of the column combined with appropriately chosen boundary conditions at the ends. 
The reaction of the system near the mouth on one pop at the larynx is the impulse response of 
the system. This response is the superposition of classical damped harmonic vibrations. The 
actual shape of the tract and the boundary conditions determines the frequencies of these 
vibrations. Thus, the spectrum of the reaction is the sum of the spectra of damped harmonic 
vibrations. 

When the gun fires at evenly distributed points in time and the difference between 
successive pops is T0, the resulting signal is the periodic continuation of the original signal 
with period T0. In that case we are in the comfortable position to profit from an important 
property of Fourier theory, namely the summation formula of Poisson (see for instance 
Papoulis, 1984). The formula states that the spectrum of the periodic continuation equals the 
series with components at the frequencies na>0 =2xn/T0; n = . . .- l ,0, + l,... . The 
coefficients of the components are the numbers \IT0 multiplied by the sampled transform of 
the original spectrum at the frequencies nco0. It then follows that the magnitude of the 
spectrum of the impulse response, apart from a multiplicative constant, determines the 
envelope of the amplitude spectrum of the series. In addition to this, the phase spectrum of the 
series equals the sampled phase characteristic of the spectrum of the impulse response. This is 
essentially how the spectrum of a vowel has been composed. 
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In mathematical terms the starting point is only one damped harmonic vibration. We shall 
assume that this vibration is causal and given by 

P(t) = 

cxp(-at) sin a>tt , r > 0 

0 . r < 0 

The constant a (a > 0) is a measure for the damping. The Fourier transform of this function, 
the spectrum of the signal, is defined as 

P(a>) = [p(t)e\p(-icot)dt . 

In this special case the spectrum reads 

ƒ>(«) = — y ^ - , . 
a + a>; -co + liaco 

The magnitude of P(co) yields the amplitude spectrum of the signal and its argument the 
phase. A straightforward calculation shows that the amplitude spectrum has a maximum when 

cor = a>^\-(al co, f . 

The frequency cor is a resonance frequency of the vocal tract. Because in practice it holds that 
a « ft),, the frequency cor is close to the co,. In the lossless case both frequencies are equal 
to each other. Quite formally, co, can be found when in the lossless case a classical boundary 
value problem for the vocal tract is solved (see for instance Ungeheuer, 1962; Vieregge, 
1970). Therefore, effectively oor and &>, are the same. In the science of speech the frequency 
cor is often called a formant frequency. 

According to Poisson's summation formula, the periodic continuation of this signal with 
period T0 can be written as the series 

£ pit + nT0)=— YJP{nw0)exp(mo0f) , 

in which co0=27r/T0. Both the magnitude and argument of P(co) as well as the sampled 
values of P(co) at na0 ; «=...-1,0, + 1,... , are shown in Fig. 6.8. A truncated version of this 
formula is an approximation for a one-formant vowel-like stimulus of long duration. We used 
this complex to construct an activity pattern for long time behaviour of this kind of stimuli. 
The result is Fig. 6.9. The example shows that in general properties of the original formant 
frequency recur only approximately in an activity pattern. Formant frequencies are carriers of 
information about the shape of the vocal tract. Clearly, the availability of only slovenly 
information of this quantity is an indication that in natural speech the features for the 
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recognition of vowels follow from a class of approximately similar properties rather than from 
precisely well defined ones. 

6.4 Conclusions and discussion 

In chapter 3 we studied properties of an equation of motion for the basilar membrane. This 

equation comprises the minimal number of mechanical quantities that are necessary to 

develop models for the motion of the membrane successfully. In this equation the stiffness 

and the inertial resistance of the basilar membrane are responsible for resonance. The 

presence of the surrounding fluid leads to a special term for the pressure at the membrane. 

This term consists of two parts. The first part is known and originates from a prescribed 

pressure at the stapes. The second one follows from the presence of the surrounding fluid. 

This part describes the coupling between membrane oscillators. The form of this term is an 

integral over the whole length of the basilar membrane. The integrand is a function of Green 

multiplied by stiffness forces of the moving membrane. Ultimately, it appears that the 

equation of motion is an integral equation in the place domain that must be solved at every 

point in time. 

In the first part of this chapter we generalised the integral equation. This can be done when 

the stiffness term is replaced by a general term that can comprise forces of any kind. The 

kernel of the integral equation is a function of Green for the membrane condition of a 

hydrodynamical problem for the pressure in the cochlear scalae. Different geometrical forms 

of the scalae lead to functions of Green that differ slightly from each other. The best one of 

these functions depends on the readiness to invest efforts into this part of the problem. In spite 

of these differences all those functions possess one essential common property, namely: they 

obey the inhomogeneous boundary condition for the pressure at the membrane in which the 

inhomogeneous term is a delta function. Because of this property a function of Green 

describes the 'strength' of the coupling between membrane oscillators. 

In this work we only considered relatively simple functions of Green. The simplest 

function of Green follows when the approximation from chapter 5 is applied. In the present 

chapter we showed that this function is applicable in time domain models. The function of 

Green from chapter 3 belongs to the class of modified delta functions. However, this function 

can be integrated easily. Therefore, it holds that the techniques from the present chapter are 

also applicable to the approach from chapter 3. In the present chapter we used this function 

only quite formally to derive several formal properties of the problem. Until now we have 

little experience with the application of this function as a tool in numerical time domain 

models. 

We again inverted the integral equation to an equation for the pressure at the membrane 

and prescribed boundary conditions. It appeared that this equation readily follows from an 

elementary Euler equation at the membrane and the usual form of the equation of motion for 

the membrane. The equivalence of the different forms offers the opportunity to compare 

seemingly different models with each other. 

Several investigators propose to model activity in the cochlea by the application of a 

composed damping term in their models. One of those terms is found in the well-known Van 
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der Pol oscillator. In our view it is impossible to model the observed sharp low-level 

frequency responses with characteristics that follow from those models. Therefore, this way 

of modelling is not very promising. 

In chapter 3 we showed that the problem for the pressure at the basilar is not free from 

singular points. However, in chapter 3 we determined, both in the two-dimensional case and 

in the three-dimensional case, a function of Green as if the spatial problem for the pressure in 

the cochlear scalae is free from singular points. In general this is not the case. Therefore, this 

procedure can never be justified from a mathematical point of view. This imperfection can be 

used as an objection against the validity of that method and against all methods that are 

equivalent to this. For the same reason it holds that this shortcoming can also limit the 

generalisation that we proposed in the present chapter. 

In our view functions of Green that are found from spatial cochlear problems in which 

singular points are neglected, essentially belong to the same class of 'influence functions'. 

The application of members from this family yields always a transmission line description. 

However, that description can never be conceived as a solution derived from a spatial problem 

for the pressure in the cochlea in which resonance is present. 

In chapter 4 we considered the membrane condition as an equation in the complex plane. 

In that chapter we solved that equation analytically for a linear place-to-frequency map. In the 

present chapter we showed that this solution is the basic constituent for a system of coupled 

filters. We conceived the resonance frequency of an arbitrary point of the membrane as a 

function that maps the basic solution for the pressure at the basilar membrane to a more 

practical form. This notion is rather classical and corresponds to well-known ideas of the 

theory of conformai mapping. We applied those notions and constructed a system of coupled 

filters. The systems can comprise additional terms in consequence of the presence of hair cell 

behaviour. 

In the last part of this chapter we showed examples of spectro-temporal peripheral activity 

patterns. These patterns are the result of a time domain model according to the integral 

equation approach from chapter 5. Only the membrane velocity towards the scala tympani 

was shown. This velocity corresponds to a putative stimulus for inner hair cells. The patterns 

clearly show the spectral and the temporal structure of the input for a neural net that starts at 

the primary fibres of the auditory nerve. The model that we used is an example of a passive 

model. We expect that the incorporation of hair cell forces will enhance the frequency 

selectivity of those models considerably. Evidence for this is found in section 5.7. 

From a technical point of view the way in which a models works is not important. Only the 

result counts. In that case scaled filter characteristics from chapter 4 are appropriate tools to 

apply in models for filter banks. 

In the field of speech and hearing a natural spectro-temporal representation of sound 

stimuli is of great importance. Therefore we propose to incorporate those characteristics in the 

model for the recursive Fourier transform (Papoulis, 1984). However, this is beyond the 

limitations of the present work. 
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Samenvatting 

In het binnenoor worden geluidstrillingen vertaald in een neurale code die via de 
gehoorzenuw naar de hogere centra wordt overgebracht. Voorafgaande aan deze vertaalslag 
treedt er een analyseproces op dat van grote invloed is op de vorm van deze neurale patronen. 
Het ligt dan voor de hand om de belangrijkste aspecten van zo'n natuurlijke geluidsanalysator 
te bestuderen. Kennis van en inzicht in dit analyseproces is vaak van grote betekenis voor 
toepassingen waarin spraak en muziek het onderwerp van onderzoek zijn. In het 
gehooronderzoek is het bijvoorbeeld van belang te weten hoe spraak in het auditief systeem 
wordt afgebeeld. In het spraakonderzoek is zinvol de mogelijkheden en onmogelijkheden van 
het gehoororgaan te kennen. 

Het eerste hoofdstuk begint met een beknopte beschrijving van het perifere gehoororgaan. 
Aan de hand van enkele plaatjes wordt duidelijk gemaakt dat geluidstrillingen gewoonlijk via 
het uitwendige oor en het middenoor overgedragen worden op het binnenoor. In het 
binnenoor blijkt het zogenaamde basilair membraan van bijzonder belang te zijn. Dit 
membraan is een lange smalle scheidingswand tussen gangen die een waterachtige vloeistof 
bevatten. Op dit membraan vinden we het orgaan van Corti, dat de drager is van zintuigcellen 
in de vorm van haarcellen. Als het basilair membraan beweegt worden er haarcellen 
geprikkeld, waardoor er in de gehoorzenuw neurale activiteit ontstaat. Die activiteit is dus een 
afbeelding van de beweging van het membraan. Recent onderzoek heeft aangetoond dat de 
beweging van het membraan heel nauwkeurig in de neurale code wordt vertaald. Bovendien 
blijkt de geluidsanalyse aanzienlijk beter plaats te vinden dan in het nabije verleden werd 
aangenomen. Kennelijk zijn er extra oorzaken aanwezig die het analyseproces in het 
binnenoor positief beïnvloeden. De huidige opvatting is dat als het basilair membraan 
beweegt, de zogenaamde buitenste haarcellen in het orgaan van Corti krachten op het basilair 
membraan uitoefenen. Deze krachten hebben een grote invloed op het analyseproces. 

In hoofdstuk 2 wordt het basilair membraan geschetst als een systeem dat bestaat uit naast 
elkaar liggende balkjes of staafjes. De belangrijkste mechanische kenmerken van het 
membraan worden gegeven als trillingseigenschappen van deze staafjes. Er is gekozen voor 
een beschrijving met behulp van een functie van Green. Deze functie is opgebouwd uit de 
eigentrillingen van een staafje. Deze beschrijving is universeel. Eventuele aanpassingen 
volgen uit veranderingen van de bouwstenen van de functie van Green. Speciale aandacht is 
besteed aan vereenvoudigingen die in de volgende hoofdstukken een rol spelen. Naar 
aanleiding hiervan worden de begrippen impedantie en lokale impedantie toegelicht. Bij dit 
laatste begrip blijkt het kwadraat van een eigenfunctie een rol te spelen. Hierdoor komen niet 
alleen materiaaleigenschappen, maar ook de manier waarop het staafje met de omgeving 
verbonden is, tot uitdrukking. Dit aardigheidje is van betekenis bij ruimtelijke modellen van 
de cochlea. 

In hoofdstuk 3 wordt de invloed van de vloeistofachtige omgeving van het basilair 
membraan betrokken in de modelvorming. Al snel wordt duidelijk dat in een model voor de 
cochlea het kennen van de druk de sleutel voor de meeste problemen is. Daarom wordt er een 
randwaardeprobleem voor deze grootheid geformuleerd. De conditie waaraan de druk op het 
basilair membraan moet voldoen blijkt een gemengde randvoorwaarde te zijn. Deze 
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voorwaarde kan gezien worden als een inhomogene stralingsconditie voor de druk die op het 

membraan wordt uitgeoefend. Op de bekende vraag of het gestelde probleem een oplossing 

heeft en of deze uniek is (is er een en is er maar één: een kwestie van klemtoon) volgt een 

klassiek antwoord: ja, mits. De uniciteit eist dat moet voldaan worden aan de zogenaamde 

compatibiliteitsconditie, een conditie die stelt dat de som van alle krachten over de rand van 

het probleem nul moet zijn. In ons geval betekent dit dat de krachten die bij het ovale venster 

een rol spelen, terug te vinden zijn op het basilair membraan. Het omgekeerde moet ook 

gelden. Met de omkering moeten we een beetje voorzichtig zijn. Krachten die op het 

membraan optreden als gevolg van haarcelgedrag zouden dus waarneembaar moeten zijn bij 

het ovale venster. Dit blijkt echter niet het geval te zijn. Deze negatieve constatering is een 

aanwijzing dat het systeem een andere 'uitgang' bezit dan de 'ingang'. Het deel van het 

endolymphatisch systeem in de buurt van het orgaan van Corti komt dan al snel voor deze 

functie in aanmerking. Zo'n akoestisch lek wordt echter niet in de modellen opgenomen. 

De oplossing voor de druk op het membraan wordt in een integraalvorm gegeven. Hierbij 

speelt de functie van Green voor de inhomogene gemengde randconditie een belangrijke rol. 

Deze functie beschrijft de mate waarin de oscillatoren van het basilair membraan met elkaar 

gekoppeld zijn. Door de druk te substitueren in de bewegingsvergelijking van het membraan 

ontstaat een integraalvergelijking. Wil men de beweging van het membraan kennen, dan moet 

deze vergelijking op ieder tijdstip worden opgelost. 

Er is tamelijk fundamentele kritiek te leveren op de tot nu toe beschreven methode. In hei 

probleem voor de druk blijkt het verschijnsel resonantie aanleiding te geven tot de 

aanwezigheid van singulariteiten. Bij de constructie van de functie van Green is hiermee geen 

rekening gehouden. Kennelijk bezit een oplossing volgens deze methode beperkingen. De 

vergelijking kan echter wel strikt formeel worden geïnverteerd. De inverse vorm leidt tot de 

opvatting dat de membraanconditie wel eens direct als vergelijking in het complexe vlak 

opgelost zou moeten worden. De aanwezigheid van de singulariteiten kan dan een centrale rol 

spelen. In het volgende hoofdstuk wordt dit gerealiseerd. In het tweede deel van dit hoofdstuk 

wordt aangetoond dat de oplossing en de methoden die in een tweedimensionaal model een 

rol spelen in het driedimensionale geval in essentie hetzelfde zijn. Een gevolg is dat een 

driedimensionaal model in kwalitatief opzicht niet veel extra's te bieden heeft. Dit is een 

reden om zich tot tweedimensionale modellen te beperken. 

Het uitgangspunt in hoofdstuk 4 is weer de randvoorwaarde voor de druk op het 

membraan. De voorwaarde wordt opgevat als een vergelijking in het complexe vlak. Hierdoor 

kan deze vergelijking direct worden opgelost. Het is dan niet al te ingewikkeld om uit de 

oplossing filterkarakteristieken voor een willekeurig punt van het basilair membraan af te 

leiden. Als model voor gemeten karakteristieken bij lage geluidsniveaus vallen de berekende 

karakteristieken tegen. Dat is jammer maar waar. Kennelijk is er meer aan de hand. Hel 

benodigde extraatje moet gezocht worden in de invloed die de buitenste haarcellen op de 

beweging van het basilair membraan uitoefenen. Er wordt een methode voorgesteld om dit 

effect in de modellen te betrekken. Twee varianten worden uitgewerkt. De oplossingen van 

het aangepaste probleem blijken tot aanzienlijk betere karakteristieken te leiden. 

De methoden die in dit hoofdstuk worden toegepast zijn standaardmethoden uit de 

elementaire functieleer. Resonantie op het membraan leidt tot de aanwezigheid van singuliere 
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punten in de oplossing van het probleem. De singulariteit die het dichtst bij het basilair 
membraan ligt heeft de betekenis van een putje waar trillingsenergie uit de omgeving naar toe 
stroomt. Klaarblijkelijk is dit een vibreerputje. De fysische voorstelbaarheid van de huidige 
oplossingen en de wiskundige correctheid van deze methoden zijn krachtige pleitbezorgers 
om de beschrijving volgens dit hoofdstuk zwaar te wegen. In hoofdstuk 6 worden resultaten 
uit dit hoofdstuk gebruikt om een systeem van gekoppelde filters te realiseren. 

In hoofdstuk 5 wordt een benadering voor de gemengde randconditie voor de druk op het 
membraan bestudeerd. Dit zou tot een natuurlijk verband tussen meerdimensionale 
randwaardeproblemen en de klassieke transmissielijn kunnen leiden. Het bleek niet mogelijk 
te zijn de juistheid van de benadering in de buurt van resonantie aan te tonen. Bovendien 
blijkt het vibreerputje geen echt putje meer te zijn. De belangrijkste eigenschappen van de 
gevolgen van de benadering zijn tamelijk systematisch in kaart gebracht. Het overzicht sluit 
nauw aan bij eigenschappen die in de literatuur bekend zijn. Ondanks alles blijft de 
filterwerking van het basilair membraan wel behouden. 

In het eerste deel van hoofdstuk 6 wordt de methode van de integraalvergelijkingen 
gegeneraliseerd zodat er in een model krachten van diverse aard op het basilair membraan 
kunnen werken. Er wordt aandacht besteed aan niet triviale maar wel equivalente 
schrijfvormen die in de literatuur een rol spelen. Dit vereenvoudigt het inzicht in bestaande 
modellen aanzienlijk. Het voorbehoud dat in hoofdstuk 3 is genoemd is ook hier van 
toepassing. 
Vervolgens worden de filterkarakteristieken die in hoofdstuk 4 zijn ontwikkeld, in een 
praktisch toepasbare vorm gegoten. Weer wordt een beroep gedaan op de klassieke analyse. 
Het resultaat leidt tot een systeem van gekoppelde filters dat model staat voor de werking van 
het basilair membraan. 

Het hoofdstuk wordt afgesloten met enkele voorbeelden van spectro-temporele patronen 
van geluidsstimuli. Patronen van dit type kunnen worden beschouwd als stimuli voor de 
gehoorzenuw. De ironie wil dat de patronen gemaakt zijn met een tijdsdomeinmodel waarin 
Je benadering volgens hoofdstuk 5 een rol speelt. Dergelijke patronen geven al snel 
aanleiding tot de vraag: zie ik wat ik hoor en hoor ik wat ik zie? Een volledig antwoord op 
deze vraag overschrijdt de grenzen van deze studie. 

Een verbeterde versie van een model voor een spectro-temporele representatie van 
auditieve stimuli is aantrekkelijk voor verschillende toepassingen in het gehoor- en 
spraakonderzoek. De implementatie van zo'n model, waarin ook rekening gehouden wordt 
met extra krachten, behoort tot de reële mogelijkheden. Een tweede thema dat met het huidige 
werk direct samenhangt is de relatie tussen extra krachten op het basilair membraan en de 
effecten hiervan in de gehoorgang. Beide onderwerpen zijn nauw verwant met tal van 
ioepassingen in de wereld van het spraak- en gehooronderzoek bij de normale en de 
gehandicapte medemens. 
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