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The basilar membrane 

Abstract. The basilar membrane is a system of parallel fibres or beams. The length of a beam 
increases as a function of its distance to the stapes. In this chapter the forced motion of an 
isolated membrane fibre will be described. In order to do that we will use a description in terms 
of eigenvibrations. The lowest order eigenvibration is applied to model local properties of the 
basilar membrane. The results slightly differ form what is used in the literature. 

2.1 Historical notes 

In the seventies of the nineteenth century, the physiologist Hensen (1863) reported on the 

structure of the basilar membrane of a newly born child. According to Hensen, the basilar 

membrane is a thin wedge-shaped membrane consisting of fibres that are parallel to each 

other (Fig. 2.1) 
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Figure 2.1. Description of the basilar membrane according to Hensen (1863). The essential part is that 
the membrane consists of parallel membrane fibres. 

The ends of the fibres are grown together with the bony surroundings. The strength of the 

fibres is considerable. However, their mutual connection is rather weak. If one gives a pull at 

the membrane in its length direction, the membrane readily breaks parallel to the fibres. This 

clearly demonstrates the weakness of the coupling between the membrane fibres. 

Later investigations, notably more than one century after Hensen's observation, confirm 

Hensen's description. Spoendlin (1968, 1970) points out the fibre structure of the basilar 

membrane of a cat. Other investigators (Iurato, 1967; Angelberg and Engström, 1974; 

Soudijn, 1976; Voldrich, 1978) show that the basilar membrane of a guinea pig has the same 

structure. 

Two photographs of Soudijn clearly illustrate the structure of the membrane. The first one 

(Fig. 2.2) is a view at the lower side (scala tympani) of the membrane. The fibre structure is 

observable through a thin netting of basilar membrane cells. 

Fig. 2.3 supports Hensen's observation concerning the weak connection between adjacent 

fibres. After removal of Corti's organ, the upper side of the basilar membrane has been 

photographed. The vulnerability of the connection between the fibres is clearly demonstrated 

by appearance of ruptures parallel to the fibres. 

Hensen supposed that the weak connection between neighbouring fibres scarcely acts upon 

the motion of a particular fibre. In other words, the membrane moves as if it consists of 

parallel strings or bars. In his work on sensation of tone, Helmholtz (1877) takes Hensen's 

assumption as a starting point. The hypothesis is supported with qualitative results from a 

mathematical model. In that model he studied the forced motion of a stretched membrane, 

fixed at the sides of a small angle. The tension in the length direction of the system is 

negligible with respect to the tension perpendicular to this direction. 



Figure 2.2. The lower side of the basilar membrane. Membrane fibres are visible through a mesh of 
basilar membrane cells. (Reproduced, with permission, from Soudijn, 1976.) 

Figure 2.3. The upper side of the basilar membrane after removal of the organ of Cord. The ruptures are 
parallel to the membrane fibres and are indicative of the vulnerability of the connection between 
neighbouring fibres. (Reproduced, with permission, from Soudijn, 1976.) 

He concluded that indeed the motion of the system is similar to the motion of parallel 
strings. Moreover, he showed that when the frequency of an external harmonic driving force 
fits with one of the resonance frequencies of a particular string, resonance takes place. In his 
conception Helmholtz ignored all higher states of resonance. These states have nodes between 
the ends of the string. He used the argument that membrane fibres are covered with soft 
structures, so that mainly the lowest state of resonance determines the relevant motion of a 
single fibre. 



Besides, he noticed that the power, which is related to a higher state of resonance, is 
inversely proportional to the square of its range in the complete series. The frequency of the 
lowest state of resonance was modelled by the resonance frequency of a simple harmonic 
oscillator. The resonance frequencies of a string are inversely proportional to its length. 
According to Hensen, the length of the fibres increases more than twelve fold. Therefore, 
Hemholtz considered the basilar membrane as a row of resonators each of which is tuned in 
harmony with the lowest resonance frequency of a single fibre. 

Why did Helmholtz prefer a model in which a stretched membrane and not a thin solid 
plate stands for the basilar membrane? This should have shortened an unfruitful discussion on 
the significance of tension as a restoring force for the motion of the basilar membrane (Von 
Békésy, 1960; Gummer and Johnstone, 1983). The answer is closely connected with the 
development of acoustics in the past century. According to Lindsay (1945), Napoleon offered 
a prize as a reward for a satisfactory theory of the vibrations of plates at the beginning of the 
nineteenth century. The prize was awarded in 1815 to Mile. Sophie Germain for her correct 
fourth order differential equation. Unfortunately, it appeared that the boundary conditions she 
used were incorrect. In 1850 Kirchhoff improved the solution of the problem. However, the 
development of vibration problems and elasticity both along theoretical and experimental 
lines became a matter of time and extended still far in the twentieth century. Therefore, it is 
not surprising that Helmholtz in his time preferred a way of modelling based on the more 
complete theory of vibrations of a stretched membrane. 

The present state of the art in acoustics (see for instance Morse and Ingard, 1986) rests on 
highly developed mathematical tools of the last two centuries. This offers the opportunity to 
simplify complex problems of the past century to manageable problems at this time. In the 
present chapter we shall profit from this development. 

We will first start with a short description of the equation of motion for a membrane fibre 
in which bending stiffness is the characteristic feature. The leading terms in the equation are 
the inertial resistance and the bending stiffness. The dynamic equilibrium between only these 
two terms is sufficient to introduce eigenfunctions for boundary value problems that can be 
based on this equation. As is known from classical mathematical physics, the eigenfunctions 
of this kind of problems generate a space with mutual orthogonal axes so that Fourier-like 
methods can be applied. 

Then, we will profit from the concept of a function of Green. Essentially, this function 
describes the influence of a force exerted by a 'pencil' at an arbitrary point of the fibre that is 
subjected to special boundary conditions. This function comprises all essential mechanical 
properties of the fibre under consideration because it can be expressed in terms of 
eigenfunctions. Thus, it is as if this function makes part of the space spanned by the 
eigenfunctions. Application of a function of Green is extremely useful when we are asked for 
the forced vibrations of a membrane fibre. In general this solution has the shape of an integral 
representation. In the special case that the point of the pencil performs a harmonic motion, 
there is a close relation to the technical notion of the admittance at a point of the fibre. 
Because the inverse of this admittance, the point impedance, is often used in auditory theory, 
some attention is paid to this idea. 



2.2 Fibres as flexible bars or rods 

The notions from the preceding section led to model the basilar membrane as a series of small 
parallel rods in which the restoring force results from the (bending) stiffness of the material. 
In the theory of elasticity such rods are often called beams or bars. The length of the rods 
increases as a function of the distance to the stapes. 

It often appears that the word membrane gives some confusion, because in classical 
mechanics this word is used for thin vibrating systems in which a tension as a result of 
stretching determines the restoring force. However, at the level of the basilar membrane there 
is no demonstrable mechanism that causes tension in the usual sense. If tension should be 
present in the membrane, then it should be better to conceive the membrane as parallel strings 
because in a vibrating string the restoring force only depends on the string's tension. 

In many vibration problems there is no clear distinction between what is meant by a rod or 
string. In those cases the restoring force depends in some ratio on both stiffness and tension. 
The only tension that could arise in the fibres of the basilar membrane must result from length 
variations during the motion of the system or in consequence of the way in which the ends of 
a rod are in contact with its environment. Because at moderate levels of sound stimuli the 
deflections of the basilar membrane and its moveable environment are very small, it is not 
realistic to take those effects into account. 

Therefore, we consider an isolated membrane fibre as a rod that performs bending 
vibrations. A small deformed element of the rod is given in Fig. 2.4. 

AF 

a 4 

AF = -EI—j-Az 
dz 

Figure 2.4. Deformed element of a membrane fibre. Stresses in a deformed element are the cause of a 
restoring force. This force depends on the elastic properties of the material, the shape of the cross section 
of the element and the curvature of the element. The elastic properties are given by Young's modulus E . 
The number / is the 'inertial' or second moment of the cross section. 

The length direction of the fibre is z. 5 denotes the surface of a cross section of the fibre that 
is assumed to be uniform along the length. The density of the material is p. The mass of a 
small volume element with length Az is pSAz . The infinitesimal deflection of this element 
is u(z,t). When the element is in motion, Newton's second law states 

pSAzü = ^ reacting and external forces. (2.1) 
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The left-hand member of (2.1) must be in equilibrium with all forces that exert an 
influence on the mass element. We first look at the reacting force that originates from elastic 
properties of the material. When the fibre is deformed, stresses will appear at every cross 
section S. The net force in consequence of these stresses that acts upon the volume element 
with length Az is 

AF = -EIC-^Az . (2.2) 
âz 

Here, the elastic properties of the material are characterised by Young's modulus E. The 
parameter I is the 'inertial' or second moment of the cross section. The validity of (2.2) 
depends on the assumption that the product EI is constant along the length of the fibre and 
independent of time. According to our opinion small deviations with respect to this constant 
value can only result in second order effects. We consider this kind of effects as negligible. 
For a short derivation of (2.2) we refer to the literature (Morse and Ingard, 1986). 

The connection between adjacent fibres is weak and vulnerable. Elastic properties of such 
materials could have any influence on the motion of the volume element. However, the 
vulnerability points to a very low value of Young's modulus. Therefore, completely in 
agreement with Hensen's hypothesis, we shall assume that in an equation for the motion of a 
membrane fibre, restoring forces in consequence of this kind of properties of materials are 
very small and will again lead to negligible small parameter terms in the differential equation. 

In addition to effects in consequence of bending, a restoring damping force will be present. 
In all our models the introduction of damping has rather a functional meaning than a clear 
physical background. As usual, we shall describe this force with a term proportional to the 
velocity of the volume element. When -25it is the damping force per unit of mass, the 
damping for the volume element reads 

-25ùpSAz , (2.3) 

in which S is a small positive constant. 
When the basilar membrane is in motion, membrane fibres are subjected to several external 

forces. A force that is obviously present originates from the surrounding fluid. At present 
there is evidence that the outer hair cells in the organ of Corti play an active role in the motion 
of the basilar membrane. Quite formally, both forces will be represented by a force per unit of 
mass of the fibre. If this force is given by f(z,t), the combined external force to which the 
volume element SAz has been subjected is 

pf(z,t)SAz . (2.4) 

From (2.1), (2.2), (2.3) and (2.4) follows that the balance between inertial resistance, 
reacting and external forces per unit of mass of a fibre can be written as 

, dAu â2u du , \ 
c - ^ + ^ + 2S^: = fyz't) > ( 2-5) 

dz dt at 
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in which 

c2=^- and r 2 = - . (2.6) 
,2_Er' _A , / 

The quantity r can be considered as the effective radius of a single membrane fibre. 

Equation (2.5) is the well-known equation for sufficiently small flexural vibrations u(zJ) 

of a bar that moves under the influence of an external force f{z,t). The physical dimension 

of all terms in (2.5) is a force per unit of mass. In view of our purpose, some of its properties 

of (2.5) will be investigated in the next sections. 

2.3 Vibrations of a fibre. 

2.3.1 Introduction 

In this section we will investigate some main properties of a membrane fibre. This will be 

done in the light of the fibre description from the preceding section. As is known from 

vibration theory, a general vibration pattern as follows from Eq. (2.5) essentially consists of 

two parts. The first part comprises all free vibrations or, which is the same, all eigenvibrations 

of the system. In linear theory it often appears that eigenvibrations can be described as the 

product of two terms. The first term follows from spatial properties of the problem and the 

second one describes the time behaviour of the vibration. In theory the method in which we 

can profit from this special shape is called the method of 'separation of variables'. In a lot of 

problems the place-dependent parts of all eigenvibrations, the eigenfunctions of the problem, 

generate a function space with mutual orthogonal axes. 

The second part of the vibration follows from the force that is applied externally and is 

called the forced vibration. The complete vibration pattern is the superposition of both kinds 

of vibrations. The forced vibrations of our problem can be described completely in the space 

spanned by the eigenfunction. In our application we shall profit from this possibility. 

However, we shall avoid all problems related to the completeness of such descriptions. These 

questions typically belong to the field of mathematics. 

In this section we consider a membrane fibre as a flexible rod with length /. Both direct 

stiffness measurements and results from numerical experiments with such models (Gummer, 

Johnstone and Amstrong, 1981; Miller, 1985; Olson and Mountain, 1991; 1993) show that, at 

least from a qualitative point of view, rod-like models are useful. Especially in a region 

around the middle of a rod, model results fit data satisfactory. However, it appears that near 

the end of a rod in the vicinity of the organ of Corti, simple beam or rod models cannot 

describe this stiffness. This points to the fact that more involved models are necessary to 

include the influence of the organ of Corti near that end of a rod. Moreover, even at the 

opposite end of the fibre, where it seems reasonable to neglect the influence of the organ of 

Corti, there is no evidence which type of boundary condition will be the best one. Neither the 

well-known clamped condition nor its direct opposite, the supported condition, fits data 

(Olson and Mountain, 1993) adequately. 
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Besides, from the deviations follows that a mixed type boundary condition could lead to 
better results. Therefore, at this end of a fibre overly simple models are not adequate from a 
quantitative point of view. However, it is not our aim to model aspects of the basilar 
membrane from a quantitative point of view. The purpose of this chapter is to pay attention to 
qualitative effects of the membrane motion rather than to focus attention to quantitative 
results. In consequence of this, the essence of this chapter neither depends on a precise 
knowledge of model parameters nor on the exact shape of boundary conditions. It is our aim 
to study various fundamental properties of a model so that simplifications can be made 
without losing essential information. Therefore, for the time being, we confine ourselves to an 
elementary rod model with clamped boundary conditions. 

In vibration theory it is extremely useful to apply Fourier-like methods with respect to the 
time behaviour to a broad class of problems. Among the available methods the theory of 
Laplace transforms is one of the most general and successful techniques that can be applied. 
Both in this and the following chapters we will sometimes profit from known properties 
without reference. A list of standard transforms and general rules can be found in several 
handbooks (for instance Abramowitz and Stegun, 1965 or Gradshteyn and Ryzhik, 1980). A 
comprehensive description of the theory and applications is found in Spiegel (1965). 

2.3.2 Forced vibrations 

In this section we consider a membrane fibre as a rod. The length of the fibre is /. The length 
direction is denoted by z . The equation of motion for the fibre is (2.5). We shall study 
properties of the solution of this equation in the presence of 'clamped' boundary conditions. 
These conditions prescribe that both the deflection and its derivative must vanish at both ends 
of the fibre. Thus the model under consideration puts the question for the deflection u(z,t) of 
a fibre that has to obey both the equation of motion 

c — + —T + 2ö-- = f{z,t) 
dz ât dt 

and the boundary conditions 

u = 0 , — = 0 at z = 0 and z = I . 
dz 

In order to avoid unnecessary complexity, we shall assume that the motion of the system 
starts from a state of rest. That means, we assume that at the time t = 0 both the deflection 
and the velocity of every point of the fibre are zero. Thus the model must be completed with 
zero initial conditions. The conditions are 

u(z,t) = 0 and u{zj) = 0 for 0 < z < I at t = 0 . 

In all models throughout this chapter we will use zero initial conditions. The Laplace 
transform of a time dependent function g(t) will be written as g(s). 
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This transform is defined by the expression 

g(s) = jg(t)s\p(-st)dt . 
0 

Formal properties of this transform can be found in the literature (see section 2.3.1). When the 
transformed deflection is written as ü = ïï(z,s), it appears that ü has to obey the 
mathematical model 

i d u 9— — 
c — j - + s u +2ÔSU = ƒ (z,s) , 0< z < / ; 

dz 

with boundary conditions (2.6) 

u = 0 , — = 0 at z = 0 and z = l . 
dz 

Here, f(z,s) is the transform of the external force f(z,t). Partly for reasons of calculation 
convenience and partly for future reference, we will make the following substitutions 

w = is and k = — . (2.7) 
c 

In terms of the variables (2.7) the model (2.6) reads 

dz w c 
l-k\\ + 2i-)U = ^^,0<z<l 

with boundary conditions (2.8) 

M = 0 , — = 0 at z=Oand z = l , 
dz 

in which u = u(z, w) • The general solution of (2.8) consists of two parts. The first part is a 
particular solution that describes that part of the motion that directly follows from the 
presence of the external force in the equation of motion. This part of the solution describes the 
forced vibrations. The solution for the forced vibrations reduces the inhomogeneous problem, 
the problem in the presence of the external force, to a homogeneous one in which the external 
force is absent. Solutions of this last problem constitute the second part of the general solution 
and are the well-known free vibrations or the eigenvibrations of the fibre. The amount in 
which eigenvibrations make part of the complete vibration pattern depends on the initial 
conditions. 

In this section we shall restrict ourselves to the particular solution that describes the forced 
motion of the fibre in consequence of the presence of the external force ƒ (z, w). 

14 



There are several ways to develop a particular solution for (2.8). A rather attractive method 
follows from the application of the function of Green. This function, which we denote by 
G = G(Z,^,W), describes all effects in consequence of a unit force placed at the point z = Ç 
of the fibre. This force is given as the delta function S(z-Ç~). Therefore, G{Z,Ç,W) is the 
solution of the next problem. 

^ - A x + li^G =S(z-C) ,0<z<l 
dz v w) 

with boundary conditions (2.9) 

j / - t 

G = 0 , — = 0 at z=0 and z = l . 
dz 

In terms of the function of Green for (2.9), the solution of (2.8) reads 

!• — f(C w) 
ïï{z,w) = \G{z,ÇMJ , 'dÇ . (2.10) 

0 c 

In the next section we will derive an explicit expression for G{z,Ç,w). Then we are in a 
position to derive some properties of the solution (2.10). 

2.3.3 The function of Green 

It is known from the literature (Morse and Ingard, 1986) that the function of Green can be 
constructed from the eigenfunctions that obey the homogeneous lossless counterpart of 
problem (2.8). The way in which this can take place follows from some important properties 
of these functions. The most striking among them is of course their mutual orthogonality. This 
implies that we can think in terms of an orthogonal function space, spanned by the 
eigenfunctions of the fibre. Then, when an arbitrary function belongs to this space, it can be 
decomposed in terms of the eigenfunctions by projecting the function on the separate axes of 
the space. The projections determine weights for the relative importance of the respective 
eigenfunctions. Usually, this process is called spectral analysis or spectral decomposition of 
the function under consideration. However, in our case it would be better to speak about 
spectral synthesis in terms of eigenfunctions. From a formal point of view, this method is 
completely similar to the way in which the usual coefficients in the Fourier series expansion 
of a periodic function are found. 

It appears that all eigenfunctions, apart from one arbitrarily constant, have been determined 
completely (Appendix 2-A, formula (2-A.7)). In other words, each eigenfunction possesses 
one degree of freedom that can be applied to normalise this function. 

At this stage it is sufficient to represent the eigenfunctions by un(z)', « = 1,2,... . It is 
customary to normalise these functions, 
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so that 

\<{z)dz=l-

Then, in consequence of the orthogonality we have 

, (0 n^ m 
\un(z)um{z)dz = \l (2.11) 

[2 n = m. 

Next we assume that the function of Green G belongs to the function space generated by 
the eigenfunctions. The same assumption must be made for the delta function. The question 
concerning the conditions for the validity of this is again a typical mathematical problem and 
does not belong to the scope of this study. Here, we simply accept that under so called 
'suitable' conditions the function of Green can be written as 

G = 2 > „ « „ ( z ) , (2.12) 
n = l 

in which the coefficients cn ;n = 1,2,... are still unknown constants. In order to find them, we 
substitute (2.12) in (2.9). Then, after a rather straightforward calculation, it appears that 

2 u (C) 
C"=l f rN ' " = 1.2,- • (2.13) 

' Jfc.4-*4 l + 2 i -

The numbers kn ; n = 1,2,.... fulfil the eigenvalue equation 

cos kl cosh kl = 1 , 

and are all real numbers. The derivation of this equation is given in Appendix 2-A. According 
to (2.7) the relation between the numbers kn ; « = 1,2,... and the corresponding numbers 
wn ; n = 1, 2,... is 

* „ 2 = — • ( 2 . 1 4 ) 
c 

Here, the numbers wn ; «=1 , 2, ... posses the dimension of a frequency. Clearly, these 
frequencies are the eigenfrequencies of the problem. The Green's function can be expressed 
in terms of these frequencies. As follows from (2.7), (2.12), (2.13) and (2.14) the Green's 
function for problem (2.9) has the shape 

C f e f ^ - î . 1 ° - ( f M \ , • (2.15, 
W. - W 1 + LI -
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For practical purposes it is convenient to rewrite the fibre deflection (2.10) as a Laplace 
transform. As follows from (2.10), (2.15) and (2.7) the Laplace transform ïï(z,s) of the 
deflection has the equivalent form 

ü(z,s)= '\G{z,Ç,s)~f{Ç,s)dÇ . 
o 

in which (2.16) 

I „=i s2 +2ÔS- w. 

is the function of Green expressed as a Laplace transform. In this form G(z,Ç,s) is an 
appropriate function of Green in order to express the solution of the forced vibrations of 
problem (2.6) directly. A really attractive aspect of the present representation is that even the 
forced vibrations have been expressed in terms of functions that exclusively possess 
properties of the membrane fibre and the posed boundary conditions. Therefore the present 
representation has been composed of natural constituents. All characteristics can be expressed 
in terms of the eigenvibrations of the problem because essentially the whole solution (2.16) 
has been built up from these constituents. Therefore, we shall pay attention to some of the 
basic properties that directly follow from the eigenvibrations of the fibre. This will be done in 
the next section. 

2.3.4 Basic properties of eigenvibrations 

In this section we shall summarise some general properties of (2.16). This will be done in 
consequence of the presence of the eigenvibrations of a fibre in this representation. Let us 
assume that the external force is sinusoidal with respect to time. The amplitude of this force is 
described by the arbitrary function g(z). Thus f{z,t) has the form f(z,t)= g(z)sma>t. The 
Laplace transform of this force reads 

/(z,s) = g ( z ) ^ ^ , 0 < z < / . 
s +w~ 

When f(z,s) is inserted in (2.16), it appears that the deflection u(z,s) can be written as the 
sum of vibrations of the kind 

in which 

-I \ « H„(z) 
~> 2 2 <-\ c- 2 

s + a» s' +2ds + wn 
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and 

2\ 
cM=7j g(Ou.(OdÇ 

Here, the term 

*.(*) 
s2+25s + w2

n 

is the transform of the w-th eigenvibration of the fibre. The functions un{z) ; « = 1,2,... 
determine the actual shape of the eigenvibrations along the fibre. A formal expression for 
un (z) is given in Appendix 2-A. Fig. 2.5a is a plot of the first three shapes of eigenvibrations 
along the fibre. 

The general term of (2.17) can be written as 

^A^s) = cnun{z)vn{s) , (2.18) 

where vn(s) is the transform of the time-dependent part. This function has the shape 

v, W = -2  
1 

s' + co' s' + 2Ss-
(2.19) 

Time domain effects of (2.18) and in consequence of this of (2.17), follow from (2.19) and 
are determined by the poles of v„ (s). These poles are 

stl =±ia and s3A =-S± i-J wn - S2 (2.20) 
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Figure 2.5. a. The first three place dependent parts of the corresponding eigenvibrations. b. The poles of 
the first three eigenvibrations. 



The location of these poles is given in Fig 2.5b. It is known that resonance takes place 
when the frequency a> of the external driving force is close to wn. This frequency is the 
eigenfrequency of the n-th undamped eigenvibration. 

Then, by application of the complex inversion formula (for Laplace transforms), the forced 
vibrations that can cause resonance, follow from the sum of the residues of vn(.y)exp(.st) at 
s = s, and s = s2. Thus, the time behaviour of the n-th term of (2.17) is determined by the 
transform (2.19) and can be found according to 

v[ (?) = Res v„ (s) est + Res v„ (s) est . 

x=st s=s2 

Then, a standard calculation shows that 

vr
n(t)= A(a)sm(at + <j>(o))) (2.21) 

with 

and 

A(a>) = ^(w2
n-w}+4ô2û)2 

,, x 2Sco 
<p{co) = -arctan—-_ 

The sum of the residues of vn(s)exp(st) at s = s3 and s = s^ respectively, leads to the 
time behaviour of the free vibrations in the shape 

vi (t) = B{co)e-s' s i n ^ - J 2 r + q{a>)). 

B(a>) and ç>(a>) can be found from a direct calculation. For our considerations it is not 
necessary to know the explicit expressions for B{co) and (p{co). Therefore, this calculation 
has been omitted. 

The value of a> at which resonance takes place is found by writing the amplitude of (2.21) 
as 

A(a>) = (co2-(w; -25 2 )J + 4 ^ -S* f> -

The term between outer brackets is minimal when the frequency œ = cûr with 

o>, =^JK-2S2 . 

This is the physical representation of the resonance frequency. 

19 



At resonance the amplitude of the vibration equals 

Mor) = ,\ . (2.22) 
25^w;-82 

Before the vibration reaches this maximum value, the motion grows from the initial state in a 

way that strongly depends on the damping 8. Let us first assume that the damping is 

negligible so that the resonance frequency is cor = wn. Then follows from (2.18) and (2.19) 

that 

_ w 
u„(z,s) = Cll " 2un(z) . 

This expression can be written as 

u„(z,s)-
1 1 2 

4w„ ^ (j - iwn ) (s + iwn ) s +wn j 
u„(z) , 

which is the transform of 

un(z,t) = —— (sin wj- wnt cos wnt)un(z) • 
2w„ 

The second term between brackets shows a linear growth of the amplitude as a function of 

time. The state of resonance is arrived after an infinite elapse of time. 

In the presence of damping, the state of resonance is arrived after a finite time. Fig. 2.6 

shows the growth of the deflection to the state of resonance and the decay for different values 

of the damping constant S. In practice we expect that moderate values of the damping are 

realistic. However, in view of analytical properties of the problem it is often attractive to work 

in the lossless case. 

2.4 Reduction to the fundamental mode 

When the external force is the contributory cause, the 'fundamental' is present in the spectrum 

of the natural vibrations of the fibre. This presence opens the possibility to introduce an 

efficient reduction and will be useful in simplified models of the cochlea. As follows from the 

construction of the function of Green (section 2.3.3) all eigenfunctions form part of the 

expression (2.16) for the forced vibrations. In view of the orthogonality of these functions we 

introduce the expression 

] ' _ 
ueiAs)=-AuX^{z,s)dz. 

' 0 
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Figure 2.6. The behaviour of the deflection of an eigenvibration from the initial state of rest to the 
state of resonance for different values of the damping. The external force is sinusoidal and ends just 
after tin =30. 
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Thus the present expression is the orthogonal projection of the forced motion on the first 

function axis of the space generated by the eigenfunctions. 

We consider Ueff (s) as an effective mean value for the contribution of the 'fundamental' to 

the forced deflection. Let us insert (2.17) and (2.18) in ueff(s). Then, after changing the order 

of integration and summation and in consequence of the orthogonality (2.11), we readily find 

that 

- ( \ n
 a 1 

UAS)=2Cl-2 2 ^ - ^ 2- (2-23) 
s + û J - y + 2Ss + w, 

The constant cl follows from (2.17) and reads 

2 ' 
c^jjgfâuAtfdÇ . 

Here, g(z) is the amplitude of the sinusoidal driving force over the length co-ordinate z of 

the fibre. Both in engineering and in numerical models of the auditory system, the concept of 

impedance is widely used. The mechanical analogue of this quantity is defined as the ratio of 

a complex oscillating force and the velocity for forced vibrations in the steady state. The 

inverse of this ratio is called the admittance. The transform of the velocity is found when the 

deflection is multiplied by s. Let us assume that the amplitude of the driving force equals 

unity over the whole length of the fibre. In that case c, is reduced to 

2 ' 
Ci=-7l"AÇ)dÇ • (2.24) 

' 0 

M,(Z) is given in Appendix 2-A. It is easy to show that c, is independent of the fibre length 

/ . In consequence of this, the velocity force ratio reads 

sütff{s) _ 2cxs 

f(z,s) s2+2Ss + wf 

When s = ±ia> is inserted, the effective mechanical impedance for the fundamental mode 
straightforwardly follows from this expression and is defined by 

1 . 2c, 
7—<~±ico j ! T • (2.25) 

Ze« (co) - a ± 2ioa> + w," 

In this expression, the plus sign always corresponds to the 'positive' frequencies and the 

minus sign to the 'negative' ones. In the next two chapters it will appear that the treatment of 

some problems that include properties of the fluid are partly determined by the sign of this 

frequency. 

At this stage it is useful to look first for some properties in consequence of small values for 

the damping S. When S is small, the resonance frequency cor is very close to w,. Then, as 
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a, II where a, is follows from (2.14) the resonance frequency is about cor » cfc,2 . Here, k 
the first non-trivial solution of the eigenvalue equation cosh a cos a = 1 (Appendix 2-A). The 
constant c, is a known quantity and given by (2.24). In consequence of this, cor reads 

(2.26) 

This expression shows that the resonance frequency of the fundamental mode is 
approximately inversely proportional to the squared length of a fibre. As has been mentioned 
in section 2.1, the length of the membrane fibres increases linearly along the membrane. Thus 
the first resonance frequency of consecutive fibres covers a considerable frequency range. A 
plot of (2.26) as a function of the linearly increasing length / is shown in Fig. 2.7a. This figure 
can be conceived as a mapping of the frequency of a sound stimulus to a place of resonance at 
the basilar membrane. Its most striking property of this cochlear map is its compressive effect 
for higher frequencies. Qualitatively, a broad class of functions can express this property. 
Among those functions a suggestive one is a decreasing exponential relation between the 
resonance frequency and the place of resonance at the membrane. In that case (2.26) is 
replaced by 

(2.27) 
(Or ~ e X P | ~2X 

in which x is the length along the membrane. Most authors directly relate this behaviour to an 
effective stiffness of the membrane that decreases as a function of the length along the 
membrane. For an extensive overview of (almost) exponential stiffness functions that have 
been proposed by several authors, we refer to de Boer (1980). 

1000 

100 r 

Figure 2.7. a. Qualitative behaviour of the frequency-to-place map according to a linearly increasing 
fibre length /. The parameter x is the distance along the membrane. In this example holds 
/ = 0.0129x + 0.05 . b. The frequency-to-place map according to an exponentially decreasing function. 
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Later stiffness measurements (Gummer and Johnstone, 1983) do not confirm a typical 
exponential behaviour. Therefore, in our opinion relations like (2.26) are useful to simplify 
modelling by the application of such elementary functions. From a formal point of view it 
seems to be more informative to use relations of the kind (2.27). 

When the damping is sufficiently small, i.e. S«wl, the amplitude at the state of 
resonance according to (2.22) is about 

% ) « 7 ^ . (2.28) 
2Sa>r 

In models of the cochlea it often happens that S is proportional to a>r, so that the damping 
can be written as S = s cor. The constant s is small and positive. Then A(cor ) takes the 
shape 

A(a>)«—L-
2sa>'r 

When cor follows from (2.26), the amplitude A(cor) is proportional to the fibre length to the 
fourth. The alternative (2.27) leads to an exponentially increasing behaviour of A(a>r) along 
the membrane. 

In the sequel we shall restrict ourselves to the effective deflection as a result of the first 
vibration mode of membrane fibres. For the sake of convenience the subscripts ef. will be 
omitted. Let u(t) be the effective deflection under consideration. Then it follows from (2.23) 
that u(t) is the stationary part of the solution of the equation 

ii + 2Su + wfu = f(t) (2.29) 

in which 

f(t)= 2c, sinft>r . 

The modern way to solve this equation is to replace (2.29) by the equivalent first order 
autonomous system 

ù = v 

v = -w;u-2Sv + f(t) . (2.30) 

i = \ 

After addition of appropriate initial conditions, for instance the state of rest, the system can be 
integrated very well by application of several well known numerical methods (see for instance 
Press et al., 1986). The plots in Fig. 2.6 are the result when the classical Runge-Kutta 4 
method is applied. 
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2.5 Discussion and conclusions 

The re-discovery of the fibre structure of the basilar membrane in the seventies of the 
preceding century (section 2.1), again supports the notion to describe the forced motion of the 
basilar membrane in terms of vibrating membrane fibres that can be modelled as bars or rods. 
This leads to the formulation of relatively elementary boundary value problems for a bar or 
rod in which the question for the forced motion of a fibre is the heart of the problem. A 
standard way to solve these problems consists of the application of an appropriate function of 
Green. This function can be built up from the natural or eigenvibrations of a membrane fibre 
that follow from the boundary value problem under consideration. 

The forced motion, expressed in terms of the function of Green and the external force, 
shows that resonance takes place when an external frequency is close to or equal to an 
eigenfrequency of a natural vibration. Therefore, the eigenfrequencies of the membrane fibres 
determine the sensitivities of the membrane. 

The description of the shape of the eigenvibrations is rather classical. These vibrations 
have been given as functions in which the place- and time-dependent parts have been 
separated from each other. The place-dependent parts generate an orthogonal function space. 
In consequence of this orthogonality, the main contribution of forced vibrations can be 
determined in a natural way (section 2.4). 

Because the place-dependent part of an eigenvibration and, in consequence of this, the time 
properties of the corresponding vibration depends on the boundary conditions of the fibre, it is 
desirable that a clear description of boundary conditions is available. However, in section 
2.3.1 we mentioned that the precise boundary conditions for basilar-membrane fibres are not 
known yet. Besides, recent measurements of the stiffness (section 2.3.1) seem to underline the 
view that not all elastic properties of the membrane and its direct environment can be 
comprised into one effective stiffness parameter. For instance, near the organ of Corti, 
measurements according to Olson et al. (1993) deviate from predictions based upon bar or 
beam models. The discrepancy between simple model predictions and measurements seems to 
ask for elaborate models in which the combined action of the basilar membrane and the organ 
of Corti takes a central place. Nevertheless, the idea of a function of Green does not depend 
on specific boundary conditions. 

Therefore, the most constructive way to start with is to decide on a simple boundary value 
problem for a membrane fibre. Although the rather elementary boundary conditions we used 
probably lead to some quantitative uncertainty, the applied method is useful. It appears that 
the explicit shape of a function of Green can be found so that forced vibrations can be studied 
adequately. This way of modelling readily shows resonance. The resonance frequencies 
depend mainly on the length of the fibres and are inversely proportional to the squared length 
of the fibre. All main properties of the fundamental mode can be described in terms of an 
effective impedance (section 2.4) or, what is better, in terms of an equivalent second order 
equation in the time domain. In this sense, a system of membrane 'fibres' with increasing 
length and described by an equation of motion for the first vibration mode is a rudimentary 
shape of the cochlear system of filters. 
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In almost all practical applications the 'frequency-to-place' map is modelled as a 
logarithmic map. Modelling according to bar or rod models lead to a frequency-to-place map 
that differs substantially from the commonly used logarithmic relation (section 2.4). 

In auditory theory the concept of point impedance is often used. However, there are only a 
few attempts to relate this concept to fundamental bar properties. In the past Diependaal and 
Viergever (1983; 1986) have discussed this concept. In their opinion it is sufficient to 
describe the motion of a membrane fibre in terms of a Fourier sine series. This proposal 
mainly rests on the suggestion of Steele (1976) that simply supported boundary conditions are 
a reasonable approximation to reality. The present discussion on these conditions, which 
points to the need for elaborate fibre models, makes this approach slightly obsolete. 

Within the framework of the present approach the application of a Green's function 
technique is here the more natural way too. We shall elucidate this. Assume that the fibre 
moves under the influence of an oscillating unit force at the point z = z0 of the fibre. This 
force can be written as ƒ (z, t) = S(z - z0 )sin cot. Its Laplace transform reads 

f{z,s)=S{z-z0)— f . 

The 'magnitude' of the force at the point z = z„ follows from the properties of a S -function. 
For the sake of convenience we will denote this quantity by f(z0,s), so that 

f{z0,s)=jf(z,s)dz 
CO 

The deflection of the fibre in consequence of this driving force is found when f(z,s) is 
inserted in (2.16). Then, after multiplication by s, the transform of the velocity is found and 
reads 

v(z,s)= sG(z,z0,s)- co 

In consequence of this, the ratio between velocity and force at z = z0 is 

m=*G(z0,W). 
f{z0,s) 

When the frequency of the forced oscillations is co, insertion of s = ±ico readily yields 

2v "«(O »fi—T Z(z0,a>) I „=i -co2 ±2iSco + wl ' 

This expression defines the point impedance at the point z = z0. When co is close to one of 
the numbers wn, the denominator of the n-th term in the sum almost vanishes and resonance 
takes place. 
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Then, the resonant term determines the admittance so that 

_^x+ico
2 u-M 

Z{z0,co) l -co2±2iöco + w2
n 

The difference between the point impedance that follows from the present expression and 
the effective impedance (2.25) is the presence of the squared eigenfunctions at the point under 
consideration. Here, the eigenfunctions determine an additional factor to the concept of point 
impedance that both follows from physical properties of the fibre and obeys the boundary 
conditions of the problem. 

For n = 1, this local impedance can be used as a rough approximation to model global 
resonant properties of membrane fibres in two-dimensional models of the basilar membrane. 
From Fig. 2.5a follows that the squared eigenfunction differs considerably from the half-
sinusoidal approximation. 

In the time domain this impedance can be associated with the stationary part of the solution 
of the equation 

U + 2ÔÙ + w2u = — u' sin cot , 
/ " 

in which u =u(za,t) is the deflection at the point z = z0 of the fibre that moves under the 
influence of a sinusoidal force s'mcot. This force is weighted for the value of the mask 
u2

n = u2
n{z) at the point z = z0. When z0 approaches one of the ends of the fibre, the mask 

tends to vanish in consequence of the boundary conditions we applied. Because the deflection 
is proportional to the local value of the mask, a similar behaviour is found for the deflection 
near the ends of the fibre. Therefore, specific properties of the fibre as a bar or rod as well as 
the boundary conditions can be included in time domain models. This holds true for both a 
two-dimensional and a three-dimensional approach to the cochlear problem. 

At present it is believed that in a healthy cochlea, outer hair cell activity (Ashmore, 1987; 
Brownell et al. 1985; Brundin and Rüssel, 1993) substantially contributes to the motion of the 
basilar membrane (Ruggero, 1992). For an overview of hair cell properties we refer to 
chapters in the work of Dallos et al. (1996) or Geisler (1999). This implies that a hair cell can 
exert a force near the end of a membrane fibre. For the sake of convenience we shall assume 
that this force is located in a very small region that can be approximated by only one point 
z - z0 . Then, this force can be modelled as fh(t)ô(z - z0) where fh{t) is the time-varying 
density. 

The force gives a contribution to the motion of a fibre. Because the fibre is in contact with 
the fluid, a part of the energy will be emitted to the fluid. Therefore, forces generated by outer 
hair cells are present in the cochlear fluid. In our opinion, possible non-linear effects in the 
cochlea are the result of forces caused by outer hair cells rather than the result of non-linear 
effects of the basilar membrane motion. There is no evidence that the fluid motion or a fibre 
motion is responsible for significant non-linear effects. The actual amplitudes of the basilar 
membrane deflection and the fluid velocity are so small that it is unlikely that at this level 
non-linearities of any importance are generated (van Dijk, 1976; Viergever, 1980). 
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The fibre motion that follows from hair cell activity can be modelled when we again apply 
the function of Green. Let fh(s) be the Laplace transform of the density fh{t) of the force 
generated by a hair cell. Then follows from (2.16) that the forced fibre motion as a result of 
this force is 

üh(z,s) = fh(s)G{z,z0,s). 

The degree in which hair cell forces are present in the motion of the membrane fibre 
depends on the behaviour of G{z,z0,s) near the organ of Corti. Near this organ the influence 
of the boundary condition for membrane fibres is significant. In the present chapter we used 
clamped boundary conditions. Near those boundaries the function of Green tends to vanish 
and effects of hair cell forces will be small. Therefore we shall assume that the point z = z0 is 
sufficiently far from the boundary of a fibre. 

Quite formally, the concept of a function of Green does not depend on specific boundary 
conditions. Therefore, in the development of extended models for membrane fibres it would 
be better to introduce a different boundary condition near the organ of Corti. The condition 
could be an almost free condition that is subjected to the load of the organ of Corti. In that 
case it will be much easier to imagine how hair cell forces are emitted to the surrounding 
fluid. 

The description of the behaviour of membrane fibres underlines a classical rule of thumb in 
vibration theory that once the properties of a system in absence of external forces have been 
mapped out, it often appears that these properties are reflected in the motion caused by 
external forces. 

Now the question arises whether the results of this chapter are still valid when we reckon 
with the influence of the cochlear fluid(s) or not. When the membrane is in motion the 
pressure in the surrounding fluid is 'disturbed' in consequence of this motion. In acoustics 
this disturbance is called the radiation pressure. Clearly, the radiation pressure is a function of 
the deflection and/or the velocity of the membrane. This means that in models the presence of 
radiation pressure leads to a modification of the equation of motion of the membrane. Because 
this pressure must comprise the motion of all other points of the membrane, the presence of 
radiation effects constitutes a coupling between all membrane fibres even in the absence of an 
external force. The influence of this radiation pressure on the motion of the membrane is the 
topic of the next chapter. In that chapter the membrane is modelled as a series of harmonic 
oscillators. The idea behind this simplified membrane is that the eigenfrequencies of the 
successive oscillators model the lowest eigenfrequencies of consecutive membrane fibres. 

In chapter 4 we will give a proposal to introduce hair cell forces in a model for the basilar 
membrane and the surrounding fluid. 
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Appendix 2-A. Eigenfunctions 

In this appendix we give an explicit description of the eigenfunctions un(z); n = \, 2,... that 
have been used in the sections 2.3.2 and 2.3.3 to construct the function of Green G(z,Ç,w). 
The background for this kind of problems follows from a fundamental vibration problem for a 
thin beam or rod. In that problem we are asked for the vibrations u(z,t) that must obey the 
equation 

2 d u du 

and are subjected to the boundary conditions 

u = 0 for z = 0 and z = I , 

— =0 for z = 0 and z = l • 
dz 

Here we will solve the problem for vibrations proportional to the time behavior exp(±i'öÄ). 
In that case follows that the problem reduces to 

^ - " - f c 4 « = 0 , (2-A.l) 

dz" 

with boundary conditions 

u = 0 for z = 0 and z = l , 

— = 0 for z = 0 and z = I • 
dz 

The constant k has been chosen so that 

e = - . (2-A.2) 

c 

The general solution of the differential equation is 

u(z)= Asinhkz +Bcoshkz + Csinkz +Dcoskz . (2-A.3) 
From the two boundary conditions at the point z = 0 follows that 

D = -B 

(2-A.4) 

C = -A . 
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As follows from both the remaining two boundary conditions at the point z = / , the 
solution u(z) and the relations (2-A.4) the constants A and B fulfill the homogenous system 
of equations 

sinh kl - sin kl cosh kl - cos kl 

cosh kl - cos kl sinh kl + sin kl 
•-0 . (2-A.5) 

In order that the system possesses a non-trivial solution, the determinant of the system must 
vanish. This requirement leads to the condition that 

cosh kl cos kl = 1 . (2-A.6) 

Let us write the solutions of (2-A.6) as kj = an; n = 1,2,... .As follows from (2-A.6), the 
numbers an slightly differ from typical harmonic behaviour. When the numbers an ; 
« = 1,2,... have been determined, it follows from (2-A.2) that the frequencies of the possible 
vibrations are 

a>. ; « = l,2,. 

For each kn; n = 1,2,... the system (2-A.5) has a non-trivial solution. In these cases the first 
equation of the system (2-A.5) yields 

sinhfc I -sink I 
B„=-An =- ; « = 1,2,.... 

" cosh kl -coskl 

When Bn is inserted in (2-A.3) and the appropriate numbers kn ; n = 1, 2,... are used, the 
eigenfunctions of the problem ultimately read 

u U)=A (sinhknz-sinknz) — — (coshknz-cosknz) \ , * (2-A.7) 
cosh k J - cos kl 

n =1,2 The constant An can be used to normalise an eigenfunction. A plot of the first 
three functions has been given in Fig. 2.5a. 
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