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Cochlear phenomenology 

Abstract. In the frequency domain the boundary condition for the pressure at the membrane has 
the shape of a homogeneous equation. We solved this equation as an equation in the complex 
plane. From the solution we determined filter characteristics for an arbitrary point of the 
membrane. In order to model hair cell activity, an extension of the equation for the pressure 
has been proposed. Results that follow from the extended equation bear a comfortable 
resemblance with actual results of measurements. 

4.1 Introduction 

Until the observations of Rhode (1971; 1973), the common opinion on the motion of the 
basilar membrane as a result of pure tone stimulation was the concept of a travelling wave 
along the membrane. According to that notion the motion of the membrane resembles a 
progressive wave which travels from the stapes to the helicotrema. During its travel the wave 
reaches a maximum in a small region of the membrane around the point of resonance. After 
that region the amplitudes of the wave rapidly diminishes. However, after resonance it is 
questionable whether the wave still travels or not. Von Békésy introduced the concept of a 
travelling wave after his early model observations (1928). Later model studies and 
observations in preparations of the cochlea (Von Békésy, 1960) seemed to support this notion. 
Rhode showed that the concept of a travelling wave only holds true as far as the point of 
resonance. After that point amplitudes of the membrane motion are almost negligibly small. 
Besides, after resonance the successive points of the membrane perform a motion in almost 
the same phase. 

In consequence of Von Békésy's observations it is not surprising that even in early 
attempts to describe the motion of the basilar membrane, the intention was present to model 
the pressure in the surrounding fluid, even beyond resonance, as a travelling wave. Ranke 
(1931, 1942) was one of the first who introduced a travelling wave concept in a two-
dimensional model study. He noticed that the pressure in the cochlear fluid has to obey 
Laplace's equation and pointed to the fact that the general solution of this equation can be 
written as the sum of two arbitrary functions, each of which depends on one of the complex 
conjugate co-ordinates z and z. Essentially, the shape of Ranke's solution is an expression 
of the kind exp(c(x + iy)) at the membrane axis y = 0 of the complex plane. The constant c 
is a complex quantity. His idea was to fit this constant so that for successive points of the 
membrane the pressure and the velocity at the membrane obey the definition of the local 
impedance. From his work follows that just after resonance the amplitude of the pressure 
strongly diminishes and that near resonance the local wavelengths are relatively short. 

Siebert (1974) re-investigated Ranke's question. He proposed a solution for the pressure in 
a two-dimensional box-like model of the cochlea. Under a short-wave assumption he arrived 
at solutions for the motion of the basilar membrane. The relevant parts of the solutions show 
waves that travel towards the point of resonance. Apart from technical details of his analysis, 
the numerical implementation of these waves points to singular behaviour near resonance. 

In a review article on cochlear models Schroeder (1975) expresses his dissatisfaction on 
the short wave approximations with the sentence "This kind of modelling is out". Fortunately, 
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de Boer (1979, 1984) studied the short wave case again. In addition to an improvement of 
Siebert's mathematical description, he pointed to the physical phenomenon that the point of 
resonance at the membrane locally acts as a sink for the energy which is present both at the 
membrane and in its fluid-like environment. This is an indication that the influence of 
resonance at the membrane not only determines what happens at the membrane but dictates 
what happens in the surrounding fluid too. And vice versa. This corresponds to classical ideas 
from complex function analysis that behaviour is determined by the presence of singularities. 
There is no reason at all to go away from those ideas and, what is more, some phase 
characteristics in recent observations (Ruggero et ai, 1997) seem to underline that indeed 
near resonance the wave at the membrane travels towards the point of resonance. 

The behaviour of the wave motion near the point of resonance is a typical example of a 
local phenomenon. This behaviour takes place both at and near the membrane. Then the 
question arises: is it really necessary to introduce boundary value problems for the whole 
cochlea in order to find this behaviour? The rhetorical character of this sentence implies the 
answer. In this chapter we will elucidate this. 

We start again with the observation that it is sufficient to determine the hydrodynamic 
pressure at the membrane. Once the pressure is known, the motion of the membrane readily 
follows. 

Let us consider a general shape for an oscillating pressure wave at the membrane. This 
wave can be written as p(x,t)= p(x,co)cos(cot + (p(x,oo)). The (real) amplitude of the wave is 
p(x,co) and ç(x,co) is the phase function, co is the frequency of the oscillations and x the 
length parameter along the membrane. Any undulatory behaviour in the x - direction follows 
from q>(x,a>). When the slope of this function is negative the wave travels to the right. When 
the slope is positive the wave travels in the opposite direction. 

As has been noted by Ranke, the general solution of Laplace's equation can be written as 
the sum of two functions. Each of these functions depends on one of the complex conjugate 
co-ordinates z and z • Therefore, we shall conceive the travelling wave that obeys Laplace's 
equation at the membrane as a limiting function of two complex conjugate functions p,{z,t) 
and p2 (z, t) so that 

2p{x,t) = \im{pl{ï,t)+ p2{z,t)) , (4.1) 
v->0 

in which 

lim pl(z,t)= p(x,co)exp(+ i(a>t + (p(x,a>))) 
y - > 0 

and 

lim p2(z, i) = p(x, a) exp(- i(cot + <p(x, co) 

In (4.1) the function p,(z,r) depends on positive frequencies and p2(z,t) on negative 
ones. In this chapter we shall assume that the stiffness along the membrane is a decreasing 
function along the membrane. Then, as follows from chapter 3 section 3.4.3, we may expect 
that in the lossy case p2(z,t) is determined by a singularity just below the membrane axis 
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tnd Pt(z,t) by its reflection with respect to this axis. Therefore, in order to find the pressure 

ompletely, we will distinguish between the upper plane approximation z = x + iO for 

p2{z,t) and the lower plane approximation z=x-iO for p,(z ,f) . The distance of both 

ingularities to the real axis is determined by the magnitude of the damping. In consequence 

of this, in the lossless case both singularities coincide at the membrane axis. However, 

because the lossless case is the limiting case of the lossy one, the notion to distinguish 

between an upper- and a lower-plane approximation remains conserved. 

In this chapter we will mainly restrict ourselves to the lossless case but distinguish between 

both approximations. 

First we will shortly re-derive the key of the problem, namely the basilar membrane 

condition as an equation for the pressure. The solution of this equation in the place domain 

will be given and discussed. The pressure according to the direct solution is an analytical 

(unction. 

This function is not odd with respect to the normal direction to the membrane but shows a 

lot of good properties. At the end of section 4.2 we propose a solution for the pressure which 

is odd with respect to this normal direction at the membrane. It will appear that the analytical 

solution of this section forms part of this odd solution. This aspect of the problem renews the 

discussion on the question whether the analytical solution is restricted to short-wave 

considerations or represents the general solution of the problem near resonance. In section 

4.3, we will discuss filter functions for an arbitrary point of the membrane in the passive case. 

in that section we introduce different values of the damping in the model. It appears that even 

small values of the damping are unfit to explain the shape of measured impulse responses at 

low levels. 

In section 4.4 we will introduce additional terms into the equation for the pressure at the 

membrane. The reason to do this is the presence of the organ of Corti combined with hair cell 

activity. The introduction of these terms produces effectively a relative amplification of the 

pressure just before the mathematical point of resonance. In the second part of this section we 

determine both in the frequency and in the time domain responses for an arbitrary point of the 

membrane. It will appear that the model can predict responses that agree qualitatively with 

measured responses. 

4.2 A discontinuity as far as resonance 

In this section we shall pay attention to properties of the basilar membrane that directly follow 

from the point of resonance as a mathematical singularity. Our starting point is the linear 

equation of motion (3.10). According to (3.6) and (3.8) this equation can be written as 

— ^ + Cû)U =-2-p. (4.2) 
ât' m 

Here, u is the deflection normal to the membrane and -2p is the pressure difference across 

the membranous strip. This deflection and the pressure depend on the place at the membrane 

and the time. At the membrane unm coincides with the normal component un of the fluid 

deflection and the pressure there equals the fluid pressure. 
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Both quantities have to obey the same Euler equation normal to the membrane. Therefore, 

in the absence of additional forces, we have in the linear case the additional requirement 

at1 
p dn 

The difference between (4.2) and (4.3) reads 

1 dp 2 2 
p = » 0 umn 

p an m 

(4.3) 

(4.4) 

and represents the radiation condition (3.9). Because the membrane deflection equals the fluid 
deflection normal to the membrane it is superfluous to use special indices. For that reason the 
indices m and m, will be omitted. 

The present equations are linear. Then it is attractive to apply the technique of Laplace 
transforms. For the sake of convenience, we shall assume that we only deal with existing 
transforms (Spiegel, 1965). Moreover, we assume that all initial conditions are zero. In that 
case the transform of equation (4.2) is 

\s2 + a>l)u (4.5) 

in which u and p are the transformed deflection and pressure, respectively. The transforms 
of (4.3) and (4.4) are 

and 

s u • 

1 dp 

p dn 

1 dp 

p dn 

2 _ 
-P 
m 

respectively. The deflection u can be eliminated from the last two equations. This leads to 
the equation for the pressure in the shape 

,2A 

an m 

The present equation will be the kernel of this section. Note that when s=±ia> is inserted 

we again meet (3.18). It appears to be useful to rewrite this equation in the equivalent shape 

â\n p 

an ps 
1 

5 -ia>. 
(4.6) 

oy 
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in which the constant ju is defined by 

m 

Again we make a substitution similar to (2.11) 

w = is , 

(4.7) 

(4.8) 

that maps the complex s plane on the complex w plane by a rotation of the s plane over a 

quarter of a turn to the left. The frequency axis of the s plane is mapped on the real axis in the 

w plane. Positive values at this axis correspond to points at the negative frequency axis in the 

y plane. The negative part of the real w axis is the image of the positive frequency axis in the s 

plane. As a result of this substitution (4.6) takes a shape which is rather convenient to work 

with. The equation has the shape 

d\n p 

an /iw 
1 1 

(On 

(4.9) 

Now we are in a position to specify the place of the basilar membrane in the z plane and 

to define ca0 along the membrane. We assume that the basilar membrane coincides with the 

negative real axis of a complex z plane. Its high frequency part starts at minus infinity. The 

membrane ends at the origin. In this chapter we will consider the simple case that the 

resonance frequency varies linearly along the membrane. The logarithmic case will be 

considered in chapter 6. Thus here <oQ(x)= -Qx. The positive constant Q ' can be met with 

time scaling. Therefore it is sufficient to put Q = 1, so that 

,(*) = - oo < x: < 0 (4.10) 

We first restrict ourselves to positive real values of w. Insertion of (4.10) in (4.9) yields 

âln p 

an = H 
1 1 

x , x 
+ 1 V w 

; - oo < .x < 0 , y = 0 . (4.11) 

w J 

The right member of (4.11) possesses singular points on the real axis of the z plane. The 

place of these points follows from 

x 

w 
+1 . 

For our problem the singularity with the minus sign is of special importance because it 

represents the point of resonance at the membrane. At the left side of this point the stiffness 

dominates. Between resonance and the origin the stiffness is of secondary importance and 

Note thai here the meaning of Q differs from the quality factor Q in circuit theory. 
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there we could put a zero condition for the pressure. This is partly induced by the discussion 
in section 3.3 on properties of the equation of motion after the point of resonance. However, 
this problem will be postponed at this stage and solved at the end of this section. Here, we 
will first look for some basic properties that follow from (4.11). 

In (4.11) the abscissa which determines resonance comprises the scaling factor 1/w. This 
factor determines the actual place of resonance at the membrane as a function of the 
frequency. Because we conceive (4.11) as an equation in the complex z =x + iy plane, the 
unknown ordinate has been scaled with the same factor. In that case it is 'natural' to replace 
the normal « by y I w. Therefore we put 

d_ 
an 

d 

d 

In consequence of this, the pressure p in (4.11) can be considered as a function at the real 
axis of a scaled z plane. We shall denote this plane as the Ç= Ç+irj plane, so that 

w 
(4.12) 

Next we conceive p as the limiting case of a function of ^ , so that on the real axis it holds 
that /?(£) = p(£+iO). Because at this axis 

dp _ . dp 
•co<£ < oo , 77 = 0 , 

dî] dÇ 

equation (4.11) can be integrated immediately. The result reads 

un/?(£")=//In^— ; - œ < £ < c o , -q- 0 (4.13) 

where we omitted for the sake of convenience the constant of integration. 
It is well known from classical applications (for instance Spiegel, 1964) that the right 

member of (4.13) represents an orthogonal co-ordinate system in the complex Ç plane. This 
system determines the amplitude and phase of the pressure at the real axis of the Ç plane. In 
order to find these quantities it is customary to express the right member of (4.13) in terms of 
local polar co-ordinates with respect to the points Ç= +1. Here we confine ourselves to write 
in (4.13) the logarithm as 

In ( ^ 1 = ln C + l 
<r-i 

+ ;arg 

Then, 'constant-amplitude curves' for the pressure belong to the family 

arg 
ç-

(4.14) 
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in which a is a constant that varies from curve to curve. The members of this family are the 

circles 

£2 + (77 +cot a) 
1 

sin a 

'Constant-phase curves' constitute the family 

In 
c-

ß (4.15) 

in which ß is a constant. This constant varies from member to member of the family. The 
phase family consists of the circles 

(£-coth/?)2+77 : 1 

sinh2 ß 

Both families together constitute the well-known meshwork of Apollonius, which has been 
given in Figure 4.1. The solid lines are the iso-amplitude curves. Dashed curves are curves of 
equal phase. 

In the upper half-plane the range of a is 0 < a < n . At the unit circle we have a = 7tl2. 
For a = n and a = 0 the corresponding circles have been degenerated and coincide with the 
real axis. 

Figure 4.1. The classical co-ordinate system that is build up from circles of Apollonius and their 
orthogonal trajectories. This system determines the amplitude and phase of the pressure according to 
(4.13). The same system can be used as an intrinsic co-ordinate system in a boundary value problem that 
leads to an odd behaviour of the pressure with respect to the membrane axis. This behaviour is one of the 
properties to which the pressure at a cross section of the membrane has to be subjected. 
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In the lower half-plane the range of or is -?r<a<0. In this case too, both equal signs 
correspond to circles, which have been degenerated and coincide with the real axis. The value 
a = -7i 12 corresponds to the unit circle. 

The range of the phase ß varies according -oo </?<+<*>. In the left half-plane ß is 
negative, whereas in the right half-plane its sign is positive. The imaginary axis represents the 
degenerated circle ß = 0. The points -1 and +1 are the degenerated circles ß=-<x> and 
ß = +co , respectively. 

According to (4.13), (4.14) and (4.15) the pressure can be written as 

p(a,ß) = e\p(p(a -iß)) , ( 4 I 6 ) 

where a and ß follow from (4.14) and (4.15) and Fig. 4.1. The negative real axis represents 
the basilar membrane. That part of the membrane axis, which extends from minus infinity up 
to and including the point of resonance, i.e. the point £ = - 1 , is a cut in the complex Ç plane. 
Across this cut the pressure is discontinuous. 

At the upper-side of this axis and near the point of resonance the amplitude of the pressure 

shows discontinuous behaviour. At the left side of resonance the amplitude equals expfjun) 

and diminishes suddenly to 1 at the other side of resonance. This implies that the difference 

between the amplitude levels before and after resonance equals 20/^rIoge dB. The constant 

fj is defined in (4.7). A typical value of this quantity is 20. Thus the difference between the 

levels exceeds 500 dB. Ranke (1942) was the first who noticed this discontinuous behaviour. 

After him, De Boer (1979, 1984) has given a considerably better description of this 

phenomenon. 

The quantity - ß is the phase of the pressure at the membrane, ß tends to minus infinity 

as the distance to the point of resonance tends to zero. The slope of - ß is positive at the left 

side of resonance and negative at the other side. In consequence of this, the pressure at both 

sides of resonance represents a wave that travels always to the point of resonance. Moreover, 

de Boer (1979) showed from this near resonance behaviour that the point of resonance 

actually models a 'sink' for the corresponding energy in the direct environment of the point of 

resonance. According to Lighthill (1978, 1981) this behaviour is a typical example of what in 

hydrodynamics is known as critical layer absorption. 

In the basic boundary value problem from the preceding chapter, i.e. problem (3.15), we 

subjected the pressure at the membrane to a symmetry condition. This condition implies that 

the pressure at the upper side of the membrane is odd with respect to the pressure at the lower 

side. From the difference between the levels before and after resonance it follows that the 

pressure is effectively zero between the point of resonance and the origin of the Ç plane. 

When the pressure in that region should be zero indeed we expect, at least on physical 

grounds, that in that region the pressure is odd with respect to the membrane axis. The present 

solution for the pressure fails to describe this property even approximately. Direct inspection 

shows that the pressure is inverted when values of a and ß at the lower side of the 

membrane axis are used."" 

The inversion is most easily demonstrated when in the expression z ' , - i is rashly replaced by i 
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In order to solve this 'imperfection', we define a new boundary value problem in which a 

and ß are considered as functions which determine a curvilinear co-ordinate system in the Ç 

plane. At the left side of resonance we prescribe at the membrane the present shape of the 

solution for the pressure. Between resonance and the origin of the plane we put the new 

boundary condition /; = 0 at the membrane axis. 

Next, we reflect these boundary conditions with respect to the imaginary axis of the Ç 

plane. Then we arrive at a boundary value problem which in terms of a and ß reads 

Ap = 0 0 < a < n , -co < ß < +co ; 

p=e (cos fiß-i sin fiß) a = n , - co < ß < +<x> ; (4.17) 

p = 0 a=0,-<x><ß<+co. 

The solution for this problem is 

tut 

p= — sinh/ua(cos/uß-isin/jß) . (4.18) 
sinh/y/r 

It is easy to verify that this solution complies with the terms of problem (4.17). Let us extend 

the present solution over the whole a,ß plane. Then, because a is odd with respect to the 

line of symmetry a = 0 , it is readily seen that (4.18) has a second important property 

p(a,ß)=-p{-a,ß) (4.19) 

that holds true even at the left-hand side of the point of resonance. Therefore, as a result of 

this kind of modelling, the pressure difference across the membrane in the region where the 

stiffness dominates is twice the pressure at the upper-side of the membrane too. This odd 

behaviour, which includes the membrane as a discontinuity as far as resonance, gives the 

possibility to construct an infinite strip-like model so that the normal derivative of the 

pressure vanishes at boundaries at a distance h from the basilar membrane. 

We will carry out this process with a simplified expression for (4.18). In order to find the 

simplification we first return to the original expression for the pressure (4.13). Let us restrict 

ourselves to the part of the pressure that is determined by the singularity at Ç = —\ and let us 

translate this part to the origin of the complex plane. This is accomplished when Ç+ \ is 

replaced by Ç. The approximation reads 

i\np~n\nÇ . 

It is our aim to express the pressure in polar co-ordinates (r,ç). However, in the right 

member of this expression the point Ç = 0 is a branch point. Because this point is the image 

of the original singular point Ç = —\, it follows from Fig. 4.1 that the right choice for <p is 

-K <(p<TT. Besides, this choice ensures that the principal branch of the logarithm 

corresponds to the usual one. 
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Therefore, we write the pressure as 

p « exp(jüç-ifi\nr) , 

with -n <(p<n . Note that the same expression can be found from (4.16) when a is replaced 

by cp and ß by lnr . With the same substitutions, we readily find from (4.18) that the desired 

simplification for the pressure reads 

sinh /u n 
sinh/^j>(cos/i lnr-/sin/i lnr) . (4.20) 

The next step is the construction of a strip-like model of a cochlear scala. We will do this 

in the presence of damping. In section 3.4.3 we studied the influence of the damping on the 

place of the mathematical point(s) of resonance. From (3.29) follows that when damping is 

present, there is a small distance between the physical point of resonance on the basilar 

membrane and the mathematical point of resonance ( Ç, = 0 ) near the membrane. This distance 

equals the damping constant s. This offers the opportunity to simulate damping by 

considering the pressure at a distance r/ = ±e from the real axis of the plane. Figure 4.2 shows 

properties of the pressure according to (4.20) at a distance T] = 0.025 from the real axis. 

In \p / fj arg1 
(P)'> 

3.5 

3 

2.5 

2 

1.5 

1 

0.5 

0 

-0.5 

-0.5 0 0.5 

basilar membrane 

-0.5 0 0.5 

basilar membrane 

Figure 4.2. Amplitude and phase characteristics of the pressure according to (4.20) at a fixed distance 
7 = 0.025 from the real axis of the Ç = £ + iij plane. The distance rj = 0.025 models damping. The 
amplitude of the pressure is almost discontinuous at the point of the resonance, the point £ = 0 . When i] 
should be equal to zero, the amplitude possesses a non-removable discontinuity at the origin. The 
behaviour that is caused by the discontinuity is moderated when the distance to the membrane increases. 
The function lnirl determines the phase of the pressure. The phase is (weak) singular at the origin. At the 
point of resonance r is equal to 0.025. This small value means that near the point of resonance the phase 
is almost singular. When the distance to the origin increases this behaviour becomes much weaker. The 
dimensions of \n\p\l/j are Nepers per unit of /J . The constant is given by (4.7). The dimension of /j is 
l/cm. The unit of arg(p)// ; is radian limes centimetre. 
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\n\p\lfJ \n\p\lM 

£axis 
(basilar membrane) 

0.025 

0.075 

Tf axis 
(distance to the membrane) 

arg ( p ) In arg (p ) In 

£axis 
(basilar membrane) 

0.025 

T] axis 
(distance to the membrane) 

Figure 4.3. Amplitude and phase distribution in a strip-like model of a cochlear scala. The height (scaled) 
h of the strip is 0.1. The damping coefficient £ equals 0.025. The numerical value of n is 10. In order 
to construct this strip-like model we applied the method of images and shifted and reflected the pressure 
(4.20) fifty times, equally distributed over the positive and the negative r] direction. The dimension of h 
is determined by (4.12). a. The relative pressure distribution in the length direction Ç of the strip as a 
function of the distance /? to the basilar membrane. For a fixed value of Ç the pressure is maximal at the 
basilar membrane. This corresponds to the notion that when the distance to the membrane increases it is 
as if the damping coefficient increases. Units of the relative pressure \n\p\l n are Nepers per unit of n • 
The dimension of n follows from (4.7) and is 1/cm. b. Plot of the argument of the pressure, per unit of 
n . in the strip-like scala. Each curve shows the phase at a fixed distance r; to the basilar membrane. For 
negative values of 4 the phase is approximately constant. This leads to plateau-like phase behaviour 
throughout the strip. In this region the 'jumps' between some neighbouring curves correspond to 2K 
radians. Therefore, the jumps do not disturb plateau-like behaviour. The dimensions of arg(p)l n a r e 

radians times centimetres. Note that in the second plot both the direction of £ and rj are reversed 
compared with the direction of the abscissa and ordinate in the first plot. 
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The left plot in this figure shows the level ln|p| per unit of /u . The units of this quantity 

are the same as the units of (4.14). The right plot is the argument of (4.20) per unit of /u. 

Units of this part are comparable with the units of (4.15). 

In order to construct a strip-like model of a cochlear scala, we applied the method of 

images to the 'free field' pressure according to (4.20). Let h be the scaled scala height of the 

cochlear scalae and let £ be a damping coefficient. The scaling factor follows from (4.12). 

Then we are interested in the pressure distribution in the infinite strips - o o < £ < + o o ; 

s <T]<h + £ and - o o < £ < + o o , -s<r/<-h-£, so that the straight lines Tj = +\h + £) 

parallel to the real axis represent hard walls. In order to reach this, we shifted the (4.20) over a 

distance 2{h + e) upwards and reflected the result with respect to the ordinate axis. Next we 

translated (4.20) downwards over a distance rj = 2(h + E) and again reflected the resulting 

function. In this process we neglected all values of the pressure between the lines rj = ±£. The 

process of shifting and mirroring can be extended at infinity. The superposition of the terms 

as a result of this process yields a periodic pressure distribution in the TJ direction. The period 

is 4(h + £). 

Figure 4.3 shows the distribution of the amplitude and the phase of the pressure in a part of 

the strip - œ < £ < +oo ; £ < TJ < h + £ . We shifted and mirrored the pressure (4.20) fifty times; 

twenty-five times upwards and twenty-five times downwards. 

For the sake of convenience we ultimately replaced T]-E by rj, so that the basilar 

membrane is found at - a> < £ < +oo ; 77 = 0 and the hard wall at rj = h. 

The upper figure shows the amplitude of the pressure distribution in a part of the strip at 

both sides of the point of resonance. Resonance takes place at the point (0,0). The abscissa <j 

is parallel to the length direction of the strip. The ordinate TJ determines the distance to the 

membrane. The basilar membrane is the line 77 = 0. Each curve at a fixed value of the 

ordinate shows an amplitude distribution at a fixed distance to the membrane. 

The lower part of the figure shows the phase of the pressure, for fixed values of the 

ordinate TJ, as a function of E, . In this part we reversed the direction of both the abscissa and 

the ordinate. The figure makes clear why this was done. 

The figure shows that extreme values of both the amplitude and the phase are found at the 

boundaries of the strip. 

When E is negative, the slope of the phase consists of two parts. Parallel to the abscissa 

the slope is positive at every point of this characteristic. In addition to this, it appears that 

there is a small negative slope parallel to the ordinate. Near the hard wall this last slope is 

almost negligible. This slope slightly 'increases' in the direction of the membrane. Clearly, 

both parts of the characteristics represent a travelling wave. The first one travels towards the 

line £ = 0 and the second one towards the membrane 77 = 0. 

For positive values of £ it is as if the phase parallel to the abscissa tends towards a 

constant. However, a careful inspection shows that there remains always a small negative 

slope towards the axis £ = 0. However, the steepness of the slope depends on the number of 

reflections that we applied as well as on h. Parallel to the ordinate the slopes are slightly 

decreasing whereas of course near the hard wall TJ = 0.1 this slope tends to vanish. Therefore 

in this region too, there is a pressure wave towards the line <f = 0 and to the membrane TJ = 0 . 
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Figure 4.4 shows plots of the amplitude and the phase of the pressure at the membrane for 
different values of h. Again the number of shifts and reflections is fifty and equally 
distributed over the positive and the negative TJ direction. The plots of the pressure level 
show that the level difference between the levels before and after the point of reference is 
about half the difference between the same levels in Fig. 4.2. However, even this level 
difference is very large. Because of this property, it holds that the pressure after the point of 
resonance is effectively equal to zero. In all figures the range of the phase is broadly the same. 
In addition to this, it holds that before the point of resonance the shapes of the phase in Fig. 
4.2 and Fig. 4.4 are similar to each other. Therefore, in the most applications it is sufficient to 
restrict ourselves to properties of the pressure that follow from the behaviour of the pressure 
before the point of resonance. 

Essentially, the present solution for the pressure follows from (4.11). We studied this 
equation for positive real values of w. When w is negative, i.e. w = -| w\, we expect that the 
pressure p that follows from this equation is the complex conjugate of (4.13). This 
requirement has only been satisfied when the pressure p at the negative real axis is 
conceived as a function of the complex conjugate co-ordinate Ç . In consequence, we have to 
conceive the pressure p at the membrane for negative values of w as p(Ç) = p(Ç - ;0). Then, 
when the same way of reasoning of the first part of this section is followed, the ultimate result 
reads 

- H n ^ ) = / i l n £ ^ , with Ç = ^ U . (4.21) 
ç_1 M 

It can be shown that the pressure that follows from (4.21) is indeed complex conjugate to 
the pressure according to (4.13). We shall not work out a problem similar to (4.17) for the 
conjugate pressure. This is not necessary. When in (4.18) i is replaced by -i, the complex 
conjugate counterpart is found immediately and possesses the required symmetry properties. 

4.3 Properties at a point 

In section 4.2 we studied the pressure at the membrane as a function of the length parameter 
along the membrane for a fixed value of the frequency. In this section we will interchange the 
role of the fixed and varying quantity. The main contribution to the pressure at the membrane 
is determined by (4.13). We will start from this expression. Let us insert (4.12) in this 
formula. Then (4.13) takes the shape 

i\np{W) = ju\n(^^]. (4.22) 
\x-w) 

The point x is the fixed place. Until now we only considered this formula for positive values 
of w. It can be shown that for negative values of w the pressure p\w) according to (4.22) is 
complex conjugate to its values for positive values of w. Then the pressure corresponds to 
(4.21) from the previous section. Therefore, in this section it is not necessary to distinguish 
between different expressions for positive and negative values of w . 
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Figure 4.4. Amplitude and phase functions along the basilar membrane in a strip-like model of a cochlear scala 
for different values of the 'height' h. The dimension of h follows from (4.12). The left plots are the relative 
amplitude of the pressure per unit of /J . The difference between the levels before and after the point of 
resonance is about half the difference between the same levels in Fig. 4.2. Dimensions of ln(p)/ [i are Nepers 
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At the membrane the stiffness equals co0(x) = -x, -œ<x<0 and according to (4.8) w 
equals is. Then it is readily found that an equivalent shape for (4.22) at a fixed point at the 
membrane reads 

I s-icoa(x) 
\np{s )=iM\n\ r ^ 

1 s + ico0{x) 

(4.23) 

In order to arrive at some useful information from (4.23) we shall assume at this stage that 
the inverse transform of p(s) exists. This transform will be denoted by p{t). Then we have 
the pair 

p(t)**p(s). 

The shape of (4.23) invites to scale the complex s plane with the factor co0(x). This is 
achieved when the original variable s is replaced by a0(x)s. When we apply standard 
scaling rules for Laplace transforms (see for instance Spiegel, 1965), the original pair 
becomes 

<^p{co0(x)s) . 
a>0{x) [co0{x) 

An advantage of the scaling procedure is that in the scaled s plane the transform p(s) 

obeys the expression 

l n p ( s ) = i > l n f ^ l . (4-24) 

The pressure that follows from this expression determines the behaviour of the pressure for an 
arbitrary point of the membrane. This holds true even in the lossy case. 

We will elucidate this. Let us start by assuming that now p(t) is the inverse transform of 
p(s) as defined by (4.24), i.e. the scaled transform for the pressure. Thus p(t) and the scaled 
transform constitute the pair 

p{t)<*p{s) . 

When p(s) is shifted over a small distance s to the left, the shift rule for Laplace transforms 

yields 

exp(- £t)p(t) <-> p{s + e) • 

In the present shape, this rule can be seen as a functional method to introduce in the system 
effects in consequence of damping. Conversely, in most practical applications it appears that 
the presence of a damping term indeed results in the validation of the application of the shift 
rule. A detailed description of damping effects is given in section 6.3.2. 
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Figure 4.5. Local polar co-ordinates that are used 
to determine the amplitude and phase 
characteristics for the pressure (4.24). In the 
lossless case the singular points J I 2 are points at 
the imaginary axis. When we meet a singular point 
the path along this axis must be changed near a 
singularity. The usual way to do this is to change 
the path near the singularity into a small half-circle 
around this point to the right. In the limiting case 
the radius of this circle is infinitesimal. However, a 
simulation of the lossless case is found when the 
singularities in the problem are shifted over a 
sufficiently small distance to the left. In this section 
we applied the distance 0.0001 to quantify the 
notion 'sufficiently small'. 

There we will show that in our problem the present method holds true when s is small. A 
typical value for e is 0.05, which is indeed a rather small number. 

The second step consists of re-scaling of the s plane to the original one. Obviously, the re-
scaling factor is l/co0(x). Then, again in conformity with standard scaling rules, we have 

exp {-sû)0(x)t)p(x,t)<- ao{x) l«oM 

When all steps are combined to one transform, it appears that the left member of the present 
pair is the pressure at the point x of the membrane with resonance frequency co0(x). 

The present rules clearly show that all properties of the pressure essentially originate from 
only one function, namely the prototype (4.24). Therefore we will restrict ourselves now to 
this transform. The pressure according to (4.24) has singularities. The singular points are 

sl2 = ±i . 

Both points are found at the imaginary axis of the scaled complex s plane. Clearly, we deal 
with a system in absence of losses. The origins of these points are the poles of the right 
member of (4.6). In the original 5 plane and in the lossless case the poles are sh2 = ±ico0[x). 
In order to investigate frequency properties of (4.24), it is customary to introduce local polar 
co-ordinates according to 

s-s, = r, expO'çp, ) and s - s2 = r2 exp(iç2 ) . 

The points s,2 are the singular points of the problem. In the present lossless case si2 must be 
conceived as the limiting values of the singular points in the lossy case. 
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Thus, it holds that 

5,, = l i m - s ± i 

The local polar co-ordinates are shown in the next figure. Let us insert the co-ordinates in 

(4.24). Then we obtain 

\np(s)= n{(p2-(p,) + iiLi\n (4.25) 

From this expression it is attractive to determine the frequency properties for both the 
amplitude of the pressure and the phase. Therefore, we move s along the frequency axis of 
the j plane (s = ia> ). Then it is found that the first term of the right member of (4.25) equals 

lnl p(a>)\ = 

jin for | û > | < 1 

(4.26) 

0 for \co\ > 1 . 

This expression determines the amplitude of the pressure. 
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Figure 4.6. Normalised amplitude and phase according to (4.24) for the pressure at an arbitrary point of 
the membrane. The scaling factor is the resonance frequency at that point. In order to suppress the 
mathematical singular behaviour the place of the singularities in the J plane has been shifted over a small 
distance (0.0001) to the left. The solid line is the amplitude of the pressure according to (4.27). The 
dashed line shows the phase as follows from (4.27). The units of ln|p| are Nepers. Units of arg(p) are 
radians. 

' The units of ln| p \ are Nepers, it holds that 1 Neper equals 8.686 dB. The units of arg( p ) are radians. 
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The imaginary part of (4.25) at the co axis can be written as 

arg(p(ö)))=//ln 
a> + \ 

(4.27) 

This argument determines the phase behaviour. The last two expressions are the normalised 
characteristics for the amplitude and the phase of the pressure respectively according to (4.23) 
at an arbitrary point of the membrane. Figure 4.6 shows the plots of both characteristics. 

The singular behaviour of (4.24) at s12 =±i is the cause of the discontinuity for the 
amplitude of the pressure and the weak singular behaviour of the phase. Here we note again 
that near resonance the 'drop shot' of the amplitude is rather large. In correspondence to the 
behaviour of the pressure in the place domain, the jump of the pressure amplitudes 
corresponds to a difference of 20/i^loge dB between the levels just before and after 
resonance. In a numerical sense this means that after resonance the pressure is negligible. 
Therefore, in practice it is allowed to restrict ourselves to frequencies \a\ < 1. 

From (4.26) and (4.27) the normalised impulse response can be found. The numerical 
procedure that we applied essentially follows from Papoulis (1962). Here it is sufficient to 
restrict ourselves to the result. This is shown in figure 4.4. 

Inspection of this response shows that it is as if we deal with a causal signal, which has 
been delayed over a well-defined time r . However, according to the 'time-shift' rule from 
Laplace transforms the expected shape of (4.24) would be 

p(s) = exp(- Ts)q(s) , 

where q(s) tends to zero as s tends to infinity. Because it is easy to verify from (4.24) that in 
the limiting case p(s) equals one, this is apparently not the case. This limit for p(s) points to 
the presence of a delta function at the origin of the time scale. 

Because p(s) is regular in the right hand side of the s plane, but does not tend to zero for 
large values of s, we therefore conclude that the impulse response starts with a delta function 
at the time t = 0 multiplied by a very small constant. 

We determined the delay time of the filter. Quite formally, the delay time r of a filter is 
defined as (see for instance: Papoulis, 1984) minus the rate of change of the phase at a = 0. 
Thus 

r = _limf*arg(py) 
<°->° do) 

It follows from (4.27) that r = 2ju. This formal expression for the delay time describes the 
delay of the front of the impulse response of the system. Throughout this chapter we will 
scale the time axis in figures so that 100 units of time are equal to r = 2p. 

Next we shall show that this delay time can be considered as a pseudo front delay and is 
approximately present in the transform (4.24). In order to do that, we first note that for 
\s/i\ < 1 and \s/i\ # ±1 the following series expansion holds true 
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Figure 4.7. Impulse response of the filter described by the characteristics (4.26) and (4.27). In this figure 
the time axis has been scaled two times. The first scaling factor is the resonance frequency of the point of 
consideration. After that we scaled the time axis so that 100 units of time are equal to the formal delay 
time T = 2fj of the signal. 

1 , S-i 
— In = i 
2 s + i 

\ 
(4.28) 

Then follows from (4.24) and (4.28) that p(s) within the region of convergence of this 
expansion can be written as 

p(s) = exp(-2^s)q{s) , 

in which 

!(')- exp 
( 

2 / / 
V V 

K S' 

• — + — 
2 3 

This shape is restricted to the range over which the series expansion (4.28) can be justified. 
However, this range determines the main contribution of the spectrum at the frequency axis. 
Therefore, in an approximate sense, the quantity T = 2/J can be considered as the delay of a 
pseudo front. After re-scaling of the s plane, the pseudo front delay time takes the shape 

K*)= 
2p 

CO, ,(*)' 
(4.29) 

The constant // is defined by (4.7). When ju is inserted in (4.29) we arrive at an equivalent 
reading for the pseudo front delay time at the point x of the membrane in the shape 

r{x) = 2 
IK(X) 
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Figure 4.8. Cochlear nerve delay limes as a function of the frequency. Dots are results of measurements 
from Ruggero and Rich (1987) that have been corrected for an intrinsic latency time for nerve activity of 
1 ms. The straight lines represent the pseudo front delay times according to (4.29) with 2/J = 5 , 10 and 
20. 

Figure 4.8 is after Van Dijk (1990) and shows r(x) according to (4.29) with 2/J = 5, 10 

and 20 and cochlear nerve delay times for the chinchilla after Ruggero and Rich (1987). The 

dots are differences between measured nerve delay times and an intrinsic latency time that 

equals 1 ms after Ruggero and Rich. The frequency axis represents the resonance frequencies 

of consecutive points of the membrane. This means that a dot shows the front delay time of 

the wave along the basilar membrane for a fixed point of the membrane. Different values of 

fi determine a set of parallel lines. Each line shows possible candidates for pseudo front 

delay times. The constant /J has been given by (4.7). The density of the fluid is 1 g/cm3 and 

a typical value of the mass of the membrane is 0.05 g/cm2. Then 2/j equals 40. This value is 

too large. A possible explanation for this is that the present solution describes near resonance 

behaviour and that far from resonance behaviour obeys different laws. 

The response in Fig. 4.7 follows from spectral properties that have been given in Fig. 4.6. 

The plots in this last figure are results from (4.24) in which the singularities at the points ±i 

have been replaced by singular points at - e ± ; \s> 0). The distance of the singular points to 

the imaginary axis of the s plane, the quantity e, models the damping. Because in both 

figures s is rather small {s = 0.0001), the plots can be conceived as approximations to the 

lossless case. When e is varied, the influence of the damping on both the spectrum and the 
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impulse response follows readily. Figure 4.9 4 shows results for three additional values of s. 

In this figure, the spectral properties and the corresponding impulse responses hold for the 

pressure at a fixed point of the membrane. The values of the damping constant are e = 0 .005 , 

£• = 0.025 and £ = 0 .125 , respectively. The order of magnitude of the second value of e 

represents a damping that is comparable with values that are used in models of the cochlea. 

The last one models a relatively large amount of damping. 

Some properties of the present responses must be mentioned. Firstly, the responses in the 

lime domain are chirp-like signals. Secondly, all responses have the same pseudo front delay. 

These properties do not depend on the damping. 

The low frequency part of the impulse response starts just after the pseudo front delay 

time. This part of the signal is not very sensitive to variations of the damping. The impulse 

response ends with frequencies close to or equal to the resonance frequency of the point under 

consideration. It appears that the tail of the response depends highly on the damping. A 

description and interpretation of responses from experimental results is given in De Boer and 

Nuttall (1997). In the next section we will come back to this point. 

In the spectra of the pressure we meet similar behaviour. The low frequency side of both 

the amplitude and the phase characteristics is insensitive to variations of the damping. Near 

resonance the influence of the damping is far from negligible. When s increases, the jagged 

shape of the amplitude characteristics near resonance becomes much milder and the phase at 

resonance loses its singular character. In spite of this loss of 'p iquancy ' the global character of 

ihe pressure at resonance remains conserved. 

The present impulse responses are responses of the pressure at a point of the membrane. In 

practice it is extremely difficult to determine pressure responses directly. In consequence of 

this there are only few data reliable data for the pressure at the membrane (Olson, 1998; 

Olson, 1999). However, several investigators are able to determine responses for the 

deflection or the velocity of a point of the membrane. Therefore we shall pay attention to one 

of these quantities, namely the velocity. 

At this place it is sufficient to note that once the pressure has been known, the velocity 

follows from (3.24) and the transform of the linear equation of Euler (3.1) in absence of 

external forces. The formal expression for the transform of the velocity will be elucidated in 

section 6.3.2 and is given by (6.22). Here we will anticipate on this derivation and only profit 

from the result. According to (6.22) the transform for the velocity of a point of the membrane 

reads 

®o(*)v = 7 v? \P • (4-3°) 
m {s-sl)(s-s2) 

This transform describes the velocity in the scaled s plane. When in this expression s 

moves along the frequency axis of the complex 5 plane, the spectrum of the pressure is 

modified by essentially two factors. The first one results from the poles at 5 = s]2. 

4 In this figure as well as in the next ones, phase characteristics will be given as positive functions of the 
requency. 
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Figure 4.9. Responses for the pressure at a point of the membrane. The left-hand panel shows impulse responses. 
The right-hand panel shows the corresponding amplitude and phase spectra of the pressure. The values of the 
damping constant are E = 0.005 , E = 0.025 and s — 0.125 respectively. The order of the magnitude of the 
second value of e represents a value that is often used in models of the cochlea. The third value models a 
relatively large amount of damping. Units of In!pi are Nepers. The units of arg(p) are radians. One hundred 
time units are equal to the pseudo front delay time. 
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This factor emphasises the near resonance components in the spectrum of the pressure. The 
second factor follows from the multiplication by s . At the frequency axis holds that 5 = ico. 
In consequence of this, the low frequency components in the spectrum of the pressure are 
suppressed. Impulse responses of the velocity according to this expression are given in the 
upper part of Fig. 4.10a for again two values of the damping. The magnitudes of these 
constants are e = 0.025 and s = 0.05. It is useful to compare the theoretical velocity 
responses with responses from direct measurements; for instance with results from Ruggero 
(1992). The measured responses are shown in the second part of the Fig. 4.10b. 

It appears that at high levels of the pressure the measured responses show better 
resemblance to the calculated responses than the low-level responses do. At low levels the 
magnitude of low frequency components is relatively small. It is as if at these levels the main 
contribution of the spectrum to the signal almost exclusively follows from near resonance 
components. In other words: in low-level velocity responses the presence of high frequency 
components dominates the presence of low frequency ones. Spectra of the click responses 
(Ruggero, 1992; Recio et al, 1998) confirm that this is the right way to look at the responses. 
This behaviour cannot be explained by results from the present way of modelling. In addition 
to this, the variations of the damping parameter show that different values of the damping 
cannot be responsible for the strong varying ratio between the magnitudes of low and the near 
resonance components when the level of the stimulus varies. This means that the present way 
of modelling is incomplete as far as we are interested in normal cochlear behaviour. 
Therefore, in the next sections of this chapter we will extend our way of modelling and 
include forces in consequence of hair cell activity in our model. 

4.4 Activity 

4.4.1 Introduction 

In the equation of motion (4.2) is the pressure p the limiting value of the pressure in the 
surrounding fluid at the basilar membrane. The cause of this pressure is a prescribed value at 
the stapes. In all preceding sections we restricted ourselves to only this pressure. Models in 
which the pressure follows from a prescribed value at the stapes will be called passive 
models. We will call a model active when an additional pressure is present that, together with 
the pressure in the passive case, contributes to the motion of the basilar membrane. 

Let us imagine that outer hair cells perform contractions. The contractions will disturb the 
pressure near a hair cell. Then, almost instantaneously, the pressure at the basilar membrane 
will be disturbed too. The stimulus for hair cell contractions depends on the motion of the 
basilar membrane and the pressure in the surrounding fluid causes this motion. The 
interrelations between the possible physical quantities that form the ultimate stimulus of a hair 
cell are still subjects of research. Therefore, we will restrict ourselves to a simple assumption 
that could contribute to model activity due to hair cell behaviour. In this chapter activity is a 
pressure that is present at the membrane in addition to the original passive pressure. We will 
assume that this pressure is proportional to the delayed pressure in the passive case. The 
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constant of proportionality is rh and the time over which the wave has been retarded is rh. 

Subscripts ,, indicate that we deal with effects that could be caused by hair cell behaviour. 

In section 4.1 we started to consider a general form of a pressure wave. The expression 

reads p(x, t) = p(x, a>)cos(cot + <p(x, a>)). Let us delay this wave over the time zh and multiply 

the result by rh. Then we readily arrive at the expression for the additional pressure 

PAX'1 )=h p{x,co)cos(co{t - r „ )+ <p{x,co)). 

It will be useful to simplify matters by assuming that rh depends on the frequency of the 

forced oscillations. The assumption reads rh =0h la. Because co = 2nf and / = l / r , r i s 

the period of an oscillation, it holds that 

rh = 0"-T. (4.31) 
2K 

Clearly, the quotient 9h I 2K is the fraction of the period r over which the wave has been 

retarded. 

In section 4.1 we decomposed the passive pressure wave in two complex conjugate parts. 

Each separate part has been given in (4.1). The part px describes oscillations that depend on 

exp(+i'ffi>f). The complex conjugate part p2 depends on exp(-icot). In the preceding 

sections we determined the properties of the pressure from the second part. In the next 

sections we will do this again. Therefore it is useful to rewrite ph{x,t) in terms of complex 

conjugate oscillations too. 

Let us introduce rh =9hlco in ph{x,t) and decompose the result in complex conjugate 

parts. It appears that the part that depends on exp(-iöjf) can be written as 

rh exp(j'0,,)p2(z,r). The term p2{z,t) has been defined in (4.1). Consequently, the complex 

factor rh exp(i'0,,) contains all information on the amplification or attenuation and the delay 

of the pressure for oscillations proportional to exp(- icot). For several purposes it is helpful to 

rename the factor rh exp(/'6>;, ) to the constant y so that 

y = a + iß , (4.32) 

in which 

a = /-,, cos 9h and ß = rh sin 9h . 

For instance, assume that in the passive case the complex pressure p in an equation for the 

motion of the membrane is proportional to exp(-/ft>f). Then, p + yp is the pressure when 

activity is present. This small adjustment can be easily introduced in both the equation for the 

pressure at the membrane and in its solution. In the next section this will be done. Note that in 

the complex conjugate case, i.e. for oscillations proportional to exp(+ icot), y must be 

replaced by y . 

' Noie lhat the meaning of a and ß differs from the meaning of the same symbols that we used in section 4.2. 
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4.4.2 Additional forces 

In preceding sections we noted that membrane oscillators were coupled to each other. The 
cause of the coupling is the surrounding fluid. The coupling is expressed by the requirement 
that the pressure at the membrane has to obey equation (4.9). This equation is again our 
starting point. Let us insert (4.10) and (4.12) in equation (4.9). Then the equation can be 
written as 

din/? fi 

^r=m' (4-33) 
in which 

A(t) U + l f-1 
(4.34) 

This equation holds true at the real axis of the complex Ç = Ç + ir] plane. The membrane 

coincides with the negative part of this axis and again the point Ç = -\ is the point of 

resonance. Expression (4.10) specifies the resonance frequency along the membrane. Clearly, 

we again restrict ourselves to a linear place-to-frequency map. The function 1 / A ( £ ) models 

the admittance of a point of the membrane. The mathematically interesting point of 1 / A ( £ ) is 

that this expression has two simple poles in the place domain. 

Now we introduce in equation (4.33) a small amount of activity. This is easily 
accomplished when we replace (4.33) by 

d l n p u(\ + y) 

^=^w (4-35) 
The only difference between the present equation and equation (4.33) is that /j has been 

replaced by /u(\ + y). Equation (4.33) and (4.9) are the same and in section 4.2 we solved and 
discussed the solution of equation (4.9) thoroughly. This solution has been given by (4.13). 
Consequently, when in this solution p is replaced by //(l + y) the solution of (4.35) is found. 
This yields 

In p = -iju (l + y)\n ?— . (4.36) 

Here we again neglect the constant of integration. In the present equation and in the solution 

(4.36) the symbol Ç refers to the scaled z plane. Ç, has been given by (4.12). In this case the 

scaling factor is the positive number w. According to (4.8) is w equal to is . Therefore, the 

present equation and its solution hold true for points of the negative frequency axis of the 

complex 5 plane. The constant y has been given by (4.32). 

We will first consider the case that y is real valued. Then it holds that y = a. Amplitude 

and phase properties that follow from (4.13) and therefore from the solution of equation 
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(4.33) too, have been given by (4.14) and (4.15), respectively. According to (4.14) the level 
iifference of the pressure before and after the point of resonance is proportional to p. The 
ame holds true for the range of the phase. Because // is rather large both this level difference 

and the range of the phase can change considerable when ju is replaced by /u{\ + a). 
For positive values of a the level difference and the range of the phase increases. As 

follows from (4.31) and (4.32) it is readily seen that this effect takes place when the delay of 
the additional pressure is restricted to the first or the last quarter of the period r . In the case 
of a negative value of a both quantities decrease. This takes place when the delay time rh is 
between the second and the third quarter of the period r . 

Next we consider the case a = 0 so that y equals iß . Then (4.36) yields 

l n / , = _ ; > l n £±l + ^ l n ^ ± l . (4.37) 

The first term of the right-hand side determines the pressure along the basilar membrane in 
the passive case. Properties of this part of the solution have been discussed in section 4.2. The 
second term shows effects in consequence of activity. The point Ç = -\ is the point of 

esonance at the membrane. 
When ß is positive this point is a zero for the pressure. The order of this point is /J ß. 

because p is rather large, even small values of ß can lead to an order that is greater than 1. 
The order of the pole at the point of resonance is 1. Therefore, even moderate values of /u ß 
uppress resonance definitely. The present effect is a typical example of catastrophic 

suppression. As follows from (4.31) and (4.32), this happening takes place when the delay of 
the additional pressure is smaller than half the period z . 
In the case that ß is negative it is useful to write ß = -\ß\. Then the second term of the right 

.ember of (4.37) shows that the pressure comprises a term 1/(^ + 1) raised to the power 
H\ß\. Clearly, the pressure is proportional to this term. Thus 

(c+iyfl 
The number // is rather large. As a result of this, even small values of ß lead to a 

substantial contribution of the pressure along the membrane. Of course, this contribution 
reaches a maximum near the point of resonance. The effect appears when the delay of the 
additional pressure is greater than half the period r . This straightforwardly follows from 
(4.31) and (4.32). 

In the absence of activity the complex conjugate pressure p{ç) is determined by (4.21). It 
can be shown that in the present case the complex conjugate pressure p{ç) follows from 

i -\, <f + l 

Here, the constant y is the complex conjugate counterpart of (4.32). 
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Next we will investigate the influence of the additional term on the characteristics of the 
pressure for an arbitrary point of the membrane. In absence of activity, amplitude and phase 
characteristics follow from (4.24). In the presence of activity it is sufficient to modify in this 
expression the constant // into//(l + a ± iß) . In the present and in the next expressions of 
this section we will use the convention that the upper sign corresponds to points of the 
negative part of the frequency axis in the s plane, whereas the lower sign corresponds tc 
points of the positive part of this axis. When // is replaced according to this rule, (4.24) takes 
the shape 

f 
s —s 

S - 5 , J 
\+Hß\n 

^s-s ^ 

^ 2 > 

(4.38) lnp(s)=i{i(\ + a)ln 

where 

sl2 = ±i . 

The first term of this expression have been studied in section 4.3. There we shifted the 
singularities of the problem, the points sl2 = ±i , over a small quantity s to the left. This 
models damping. In the present case we will do this again. Therefore, we introduce local pole 
co-ordinates defined by 

s-s, = /, expO'ip, ) and s-s2=r2 exp(i'çp2) , 

with 
s,2 = lim - s ± i . 

These co-ordinates have been shown in Fig. 4.5. In terms of these co-ordinates the 
amplitude and phase characteristics that follow from (4.38) are 

In|p| = //(] + a)(<p, ~<p,)+ ßjuln^ , 

and (4.39) 

arg(p) = //(l + a)ln ^ + ßM((Pl -<p2) , 
r2 

respectively. Figure 4.11 shows pressure characteristics as well as the corresponding impulse 

responses of the pressure according to (4.39) for several values of a and ß. The last row of 

the figure clearly shows that when a is negative, this leads to repression of the pressure 

before the point of resonance and a reduction of the range of the phase. However, from a 

qualitative point of view the picture remains the same. Similar remarks can be made in the 

case of positive values of a. The influence of ß is quite different. When ß is negative, the 

pressure has been sharpened considerably near the resonance frequency. 
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All effects that have been noted so far can be modified geometrically with terms that 
follow from the presence of the organ of Corti. This topic is the subject of the next section 
and leads to a rich gamut of possibilities to model different shapes of characteristics. 

4.3 On the influence of the organ of Corti 

4.4.3.1 Lateral stiffness 

Let us return to equation (4.33). This equation determines the pressure in the passive case. In 
section 4.4.2 we introduced an additional term in this equation that models activity. The term 
reads ßyl k{£). The constant ß has been given by (4.7) and y has been defined by (4.32). 
Formula (4.34) defines the function 1/A(|), a function that essentially represents the 
admittance of a point of the membrane. 

The organ of Corti (partly) covers the basilar membrane. This organ comprises stiff 
structures in the length direction of the membrane. For instance, in a cross section of the 
organ of Corti (Fig. 1.2) the triangular tunnel of Corti is easy to observe. The slant sides of the 
triangle are the inner and outer pillar cells. At the top of the triangle these cells change into 
the reticular lamina. Both the pillars and the reticular lamina are relatively stiff. Therefore, 

is structure points to the presence of lateral stiffness. Lateral stiffness is a reason to modify 
the additional term in the equation of motion. The underlying notion is that the presence of 
lateral stiffness makes that it is better to look at averaged mechanical properties than to local 
nes. In this section we will study some effects in consequence of this. 

When a unit force is exerted at a point of the organ of Corti, the response is not restricted 
to one single membrane fibre, but will be spread out over a region of the membrane. In 
consequence of this, there is reason to look at the mean value of 1/A(£) over a region of 
finite length. We shall assume that the effective length of this region equals 2c. The constant 

will be determined by numerical experiments. 
Let us first look at the mean value of a single pole placed at the origin of the complex 

' = Ç + ir] plane over the distance 2c. The mean value reads 

-Lt-^=-m^at,=o. 
2c ^ x 2c Ç-c 

is expression shows that the original pole at the origin has been replaced by a dipole. Next 
: determine the mean value of 1/A(£) over the distance 2c. Because 1/A(£) comprises 
i single poles the mean value consists of two dipoles. This result reads 

at 7 = 0 , (4.40) 

£6=+l + c 

—r^dx = — 
2cJ_cA{x) 2 C 

V-^-h/-^ 
V h h 4 Q S 6 j 

which 

£ 3 = - l - c , C = - 1 + c and Ç5 =+\ — c , 
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The notion to replace the poles in the equation for the pressure by dipoles in consequence 

of the presence of the organ of Corti is not new. Van Dijk (1990a, 1990b) proposed this 

concept in passive analytical models for the motion of the basilar membrane. At that time it 

was his aim to modify the unnatural singular behaviour of the pressure at resonance. 

Now we will again apply the dipole representation, but this time as an expedient to mode! 

roughly the presence of activity. This can be done when (4.33) is replaced by 

din p ( 1 £ + c i ^ 
7 l-^dx A(t) 2cçLcA(x) (4.41) 

J 

For the sake of convenience we will write the function 1 / A ( ^ ) as 

with 

Mëfç-çrc-C* ' (4-42) 

C, = -1 and C2 

at the real axis of the Ç plane. Let us insert (4.40) and (4.42) in (4.41) and carry out the 
integration. The result reads 

S h 2 

+M^k-cMc-c,)-(c-cMc-c,)) (4.43) 

MMC-CMC-C,)-(C-CMC-<;6)) 2c 

at the negative real axis of the complex Ç^Ç + iij axis. Here we again neglect the constant of 

integration. The imaginary part of the right member of this expression determines the 

amplitude of the pressure along the membrane, the real part the phase. 

An example of the combined effect of both the passive and the active part has been shown 

in Fig. 4.12. The parameter y is real, thus y = a. The value of a is - 0 . 4 . The dipole 

distance 2c equals 0.8. The first term of the right member is the pressure that follows from 

(4.33). This is the pressure in absence of activity that we discussed in section 4.2. The 

amplitude of this part is essentially a straight line along the membrane that makes a jump at 

resonance. The damping makes that the original shaip edges at the jump have been changed to 

edges with a mild rounding. Clearly, damping is an acoustical realisation of emery-paper. 

The real part of the 'activity terms' determines a straight line that starts at minus infinity 

and ends at the point £, of the negative real axis. Between £, and the point Çt the exponent 

of the amplitude diminishes linearly. After ^4 the amplitude is again a constant. 
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Figure 4.12. Amplitude and phase characteristics of the pressure along the membrane according to (4.41). The 
parameter y is real valued (y = a ) and equals -0.4. Its meaning follows from (4.29) and (4.30). The upper part 
shows the pressure (a) and the phase (b) in absence of activity ( / =0). The middle part consists of plots of the 
activity terms. The lower part gives the amplitude (e) and the phase (f) according to (4.40). It holds that (e)=(a)-
(c) and (f)=(b)-(d). The dipole distance is 0.8. All singular points have been shifted over a distance 0.05 to the 
lower half-plane. This models usual damping. The units of ln|p| are Nepers. Units of arg(p) are radians. 
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Figure 4.13. Detail of the pressure 
according to Fig 4.12e. Units that follow 
from the natural logarithm determine the 
scale of the pressure. This unit is the 
Neper. It holds that 10 units of the present 
scale correspond to 86.86 dB. 
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The difference between the plot of the amplitude in the passive case (Fig. 4.12a) and the 
activity term (Fig. 4.12c) shows a well-defined peak near resonance and a valley just after that 
point (Fig. 4.12e). The origin of this peak and valley behaviour is that amplitudes at the left of 
£, have been repressed by a constant factor. This repression diminishes between Ç3 and ^4 

and ends after ÇA. Figure 4.13 is a detail of the amplitude characteristic from Fig. 4.12e. In 
this figure the units are Nepers. Because 1 Neper equals 8.686 dB, the range of the scale in 
Fig. 4.13 corresponds to 86.86 dB. 

In section 4.4.2 we mentioned that negative values of a reduce the difference between the 
pressure levels before and after the point of resonance. In this section we used this property to 
reduce the level in a region that starts at the entrance of the model and ends before the point of 
resonance. From (4.31) and (4.32) follows that this effect can take place when the delay r„ is 
greater than one-quarter of the period r and smaller than three-quarters of this period. 

In spite of this reduction the difference between the levels before and after the region of 
resonance is still large. In terms of decibels this difference reads 20fi(\ - a)n log e dB. 

A second possibility to modify the pressure near the point of resonance is to put y = iß. 
Then, when ß is positive and the dipole distance is small, the dipole term can tend to 
suppress resonance. On the contrary, when ß is negative the pressure is enhanced especially 
near the point of resonance. These effects are the counterpart of what we discussed in the 
previous section. In the next section we will incorporate consequences of the additional terms 
in filter characteristics. 

4.4.3.2 Active filters 

The poles in (4.34) are the poles of (4.33). This last expression gives the relative change of 
the pressure along the membrane. Because the poles determine the point of resonance at the 
membrane, this change has been expressed in terms of resonance. 

Let us reintroduce the original co-ordinates (4.12) in (4.33) and (4.34). Then it is easy to 
see that a variation of the frequency results in a shift of the point of resonance along the 
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membrane. In the model of the previous section the point of resonance is the 'epicentre' of a 

region of activity. Thus, when the frequency varies, this region shifts together with its centre 

along the membrane. In order to describe effects in the frequency domain, it is convenient to 

assume again that the frequency-to-place map is linear. 

Let us first focus our attention to the relative variation of the pressure along the membrane. 

in the passive case this behaviour follows from equation (4.33). In this expression the poles in 

the right-hand member determine all essential properties. The image of these poles in the s 

plane consists of the points s = ±i of the frequency axis of this plane. From (4.24) follows 

hat these points obey the relation 

with 

d In pis) 
— ^ ^ - = in 

ds \ s — s. 

• i and 

(4.44) 

The points si2 =±i are first order poles of the right member of (4.44) and are points at the 

frequency axis a = 0 of the complex s = a + ia) axis. These poles determine 'passive' 

esonance in the frequency domain. 

We extended in the place domain the 'passive' equation (4.33) with an additional term. 

The extended equation is (4.41). The right member of this expression consists of two terms. 

The first term expresses the passive membrane properties. The second one is caused by 

activity. In this last term the influence of the organ of Corti plays an essential role. 

Let us imagine that in a (re-scaled) model of the cochlea the frequency varies slightly. 

Then the mean value of the poles in the place domain is translated into a mean value of the 

corresponding poles in the frequency domain. This implies that the way in which we propose 

to introduce activity in the present section can be similar to the method that we applied in the 

previous section. In that section we conceived a dipole as the mean value of a pole over a 

region in the place domain. In this section we will do this again but this time in the frequency 

domain. For the sake of convenience we will again denote the width of the 'region of activity' 

with 2c. This implies that we omit all scaling factors that could stretch out or contract this 

region. The constant c will be determined by numerical experiments. In consequence of this, 

the constant includes effectively the main scaling factors. When the method from the previous 

section is applied to the problem of this section, the extended version of (4.44) reads 

d In p{s) _.J _ ^ ^ , n s-s, y_ | n s \ 
_ + .J— In "—^- - -!— In — 

ds \s~s\ s-s2 lie s-s4 He

rn which 

s, = i s2 = -i 
53= i(\ + c) s4= i(\-c) (4.45) 

s< = -i (1-c) * 6=-i( l + c ) . 



The number y = a + iß has been defined by (4.32). Integration over s yields 

\np(s) = +i/j\n 
s-s2 

+ M^-((s-s,)\n{s-Si)-{s-s,)ln(s-s4)) 2c (4.46) 

-M~((s-s5)ln(s-s5)-(s-S4)ln(s~S6)). 

We neglected here again the constant of integration. In order to develop the amplitude and 

phase characteristics at the frequency axis, terms that depend on arguments of the kind s - s 

will be expressed in local polar co-ordinates (see for instance Fig. 4.2). Let us put 

s - s ,. = r y e x p ( j > . ) , ; = !,....,6 

and insert this expressions in (4.46). The real part of the resulting expression is the amplitude 

characteristic, the imaginary part the phase characteristic. Then, in the lossless case and when 

/ is real valued, i.e. y = a , the amplitude characteristic is given by the expression 

\n\p(a)\=+ju{ç>2-ipl) 

-a 
2c 

((û>-Û>3)ç!>3-(û>-û>4)ç>4) 

where 

+a Yc ^ " Cû^(pi ~^CÙ~~W^ ta ) 

(4.47) 

1 û ) 2 = - \ 

1 + c <w4 = 1 - C 

-\ + c (a, = -\-c 

The arguments <pp j = 1,...6 are given by 

<Pj=\ 

K 

2 

71 

2 

for 

for 

co > a>, 

axco, 

; = ] 

The first term in the right member of the expression for Inj p{co)\ is the 'passive' term of 
the characteristic. This term has been discussed in section 4.3. The remaining terms are 
additional ones due to activity. 
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Figure 4.14. Amplitude and phase characteristics for the pressure at a point of the membrane. The upper two 
plots are the amplitude and phase characteristics in absence of activity. The middle part shows the plots of the 
activity terms. The lower part gives the amplitude and the phase as follow from (4.43). For the two plots in this 
last part holds that (e)=(a)-(c) and ((f)=(b)-(d). The dipole distance is 0.8 and a equals -0.4. All singularities 
have been shifted over a distance 0.05 to the left. This corresponds to a usual value for the damping. The units of 
lnlpl are Nepers. Units of arg(p) are radians. 
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Figure 4.15. Impulse response of the filter described by the characteristics (4.47) and (4.48). The 
parameter values are the same as in Fig. 4.14. One hundred units of time correspond to the pseudo front 
delay time. 

The phase characteristic that follows from (4.46) is 

<ag(p(co)) = +/dn co-co, 

co-co„ 

-ex — ((ö - co^)\n\co - fi)3| -(co- coA)\n\co - coA\ ) 
2c 

(4.48) 

+a — ((co-cos)\n\co-co5\-(co-co6)\n\co-co6\ ) 

The phase of the pressure again consists of two parts. The first term is the phase in absence 

of activity. The other two terms are the correction in consequence of the presence of activity. 

Figure 4.14 is a plot of (4.47) and (4.48). In the present shape the influence of activity on the 

impulse response is rather large. When activity is absent, i.e. when a = 0, the impulse 

response for the pressure has been given in Fig. 4.7. Figure 4.15 gives the response for the 

pressure according to (4.47) and (4.48). Parameter values are 2c = 0.8 and a = 0.4. 

Figure 4.16 shows spectral properties for the velocity according to (4.30), (4.47) and (4.48) as 

well as the corresponding impulse responses for different values of the constant a. Here we 

used again the distance 2c = 0.8. The differences between the present responses and the 

responses from Fig. 4.9 are not negligible. It is interesting to compare the present responses 

with the measured velocity responses from Fig. 4.10b. It appears that low level responses 

from measurements can be modelled very well when a sufficiently large amount of activity is 

introduced. This means that the ratio of the magnitude of the active and the passive term tends 

to increase when the level of the sound stimulus decreases. Clearly, the relation between the 

level of activity and the level of the sound stimulus is non-linear. This is not surprising. Hair 

cells can be considered as 'living beings' with a capacity to exert a force at the membrane. 

However, the power of the little one is limited. Because of this limitation, all effects in 
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consequence of hair cell activity will gradually loose their meaning when the level of the 

external sound stimulus increases. 

In summary: the frequency characteristics for the pressure that underlay the velocity 

responses from Fig. 4.16 consist of two different parts. The first part is the solution of a 

problem that we solved in section 4.2. This is the passive part of the pressure. This pressure is 

the cause of a velocity wave that in a region near the point of resonance initiates motility of 

hair cells. The second part consists of forces (per unit of area of the membrane) that are the 

result of this motility. 

The forces can be relatively large. Here the word 'relative' means: in relation to the order 

of magnitude of the original pressure. However, when a low level of the initiating pressure 

increases, the level of forces in consequence of motility does not grow at the same rate. 

These forces will soon reach a constant level. This must be caused by intrinsic limitations of 

hair cells. Then, when the level of the original pressure continues to grow, the relative 

importance of the hair cell activity diminishes. When this process proceeds, ultimately cell 

activity will be snowed under the violence of the original pressure. This explains why at 

medium and high levels measured velocity responses resemble calculated responses with low 

values of a better than low level responses. 

4.5 Discussion and conclusions 

In section 3.4.3 we studied some properties of the membrane condition in the lossy case. In 

that section we showed that in equation (3.24) the coefficient of the normal derivative has 

zeros. These zeros are the singularities of the problem and determine the points of resonance 

in the place domain. 

In mathematics it is common knowledge that the behaviour of a solution for a problem in 

which singularities are present follows from the characteristics of the problem near those 

Doints. This is an indication to restrict ourselves to only those singular points that are close to 

the basilar membrane. In consequence of this we paid attention to a simplified version of the 

problem so that the properties that follow from the point of resonance near the membrane can 

be easily found. This approximation corresponds to the notion that these points are the 

physically relevant points of resonance of the problem. 

The place of a point of resonance near the membrane depends on both frequency and 

damping. The latter parameter is responsible for the distance of the mathematical point of 

resonance to the basilar membrane. However, the sign of the frequency under consideration 

determines whether the point of resonance is found at the upper side of the membrane or at 

the lower side. Therefore, in order to study near-resonance effects adequately in the place 

domain, we have to distinguish between positive and negative frequencies and in consequence 

of this to an upper-plane or a lower-plane approximation to the problem. In the lossless case 

the points of resonance coincide at the membrane axis. However, because the lossless case is 

the limiting case of the lossy one, the distinction between an upper- and a lower-plane 

approximation must remain conserved. The upper-plane and the lower-plane approach to the 

membrane axis yield expressions for the complex amplitudes for harmonic vibrations 

proportional to exp(+ ia>t) and exp ( - /o f ) . The respective amplitudes are complex conjugate 
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to each other. This is an indication that the proposed distinction is the only correct way to 

solve our problem. 

In the main part of this chapter we considered the membrane condition for the pressure as 

an equation in the lossless case. In our analysis, we distinguished systematically between 

positive and negative frequencies. The necessity for this follows from section 3.4.3. As far as 

we know no author yet has paid attention to this point. 

From our analysis follows that the effective distance from the stapes to the point of 

resonance is a scaled length parameter. The scaling factor is the frequency under 

consideration. This follows from the singularities of the problem. When the normal to the 

membrane is chosen in agreement with this behaviour, it follows that the membrane condition 

can be straightforwardly integrated. 

In the last few decades, only Siebert (1974) and De Boer (1979; 1984) paid attention to 

properties of the basilar membrane condition that are related to the present approach. Siebert 

(1974) started to study this problem, partially in a numerical way. De Boer (1979) considered 

the lossless and the lossy case. After the application of some analytical means, he argued that 

in the direct vicinity of the point of resonance the solution for the pressure represents a wave 

that travels towards the point of resonance. 

There is no clear evidence whether the pressure after resonance must represent a wave that 

travels towards the point of resonance or not. In general, the amplitude of the membrane 

motion after the point of resonance is very small. In consequence of this, it is almost 

impossible to make hard decisions on this question. The current opinion is that beyond the 

point of resonance, all points of the basilar membrane perform a motion in almost the same 

phase. In that case it is as if the analytical solutions of this chapter bear the intrinsic 

imperfection of a travelling wave after resonance. However, very recent measurements (de 

Boer and Nuttall, personal communication) seem to confirm that at both sides of the point of 

resonance there exist travelling waves. In that case the point of resonance is actually a sink. 

The analytical solution of the membrane condition shows that after the point of resonance 

the level of the pressure is small. This behaviour can be approximated effectively when we 

assume that the pressure between the point of resonance and the helicotrema is zero. Then it is 

impossible to express the pressure both at the membrane and in the plane in terms of 

analytical functions. This is a typical property of an analytical function that follows from the 

principle of analytical continuation (see for instance Spiegel, 1965). 

In section 4.2 we solved this problem in terms of 'almost' analytical functions. As an 

interesting additional result, it appeared that the non-analytical solution is odd with respect to 

the y -direction of the problem. This offers the opportunity to construct strip-like models of 

the cochlear scalae by application of the method of images. We applied this method and 

determined properties of the pressure at the membrane. It appears that the level difference 

between the levels before and after the point of resonance is about half the same difference in 

the analytical case. In spite of this reduction, the difference is still very large. Beyond the 

point of resonance the phase function tends towards a constant value. This effect depends on 

both the number of images that is applied and the height of the strip. When a limited number 

of images is applied or when the (scaled) height is sufficiently small the slope of the phase is 

negative. Then there is a wave that travels to the point of resonance. 
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It holds that before the point of resonance the amplitude of the pressure and its phase are 

comparable with the same quantities in the analytical case. Therefore, for numerical 

applications it is sufficient to restrict ourselves to the original analytical solution of the 

membrane condition. 

The present approach is appropriate to describe scaled amplitude and phase characteristics 

for an arbitrary point on the membrane. This has been done in section 4.3. We first derived an 

explicit expression for the pressure at the membrane. In this expression the complex 

frequency s has been scaled with respect to the resonance frequency co0{x) of a point x of 

;he membrane. In the resulting expression the singular points are points at the frequency axis 

of the complex s plane. In the lossy case these points have been shifted over a small distance 

to the left. In consequence of this, there are no singular points in the right half-plane. 

Therefore, the inverse of the pressure is regular in the right half-plan. The same holds true for 

explicit expressions for the deflection and the velocity. Those functions belong to the class of 

minimum phase functions (see for instance: Papoulis, 1984). De Boer (1997) and De Boer and 

\Tuttall (1996) argued that responses from points of the basilar membrane can be matched by 

responses from minimum phase filter functions. 

We determined the impulse responses from the characteristics that directly follow from the 

analytical approach. It is as if the response at a point x has been delayed over a characteristic 

ime r(x). This time is proportional to the density of the fluid and inversely proportional to 

the square of the mass of the membrane and the stiffness. A better analysis shows that the 

delay time that follows from the model can be conceived as the front delay time for the 

pressure wave at the membrane. 

Theoretical delay times have been determined and compared with observed nerve delay 

limes according to Ruggero (1987). In order to make a comparison fair and square we first 

corrected the measured delay times for an intrinsic latency time of 1 ms (Ruggero, 1987). The 

resulting difference can be ascribed to the travel time of a wave along the basilar membrane. 

When typical parameters are used, it appears that the theoretical expression for the delay time 

iead to times that are twice the observed results. This holds true in the passive case. In the 

active case, the slope of the phase near the origin can diminish considerable. Then the 

theoretical delay times tend to approach measured ones. 

We determined impulse responses for the velocity for different values of the damping. 

Independent of the magnitude of the damping holds that all impulses are chirp-like signals. 

Responses have been compared with observed velocity responses (Ruggero, 1992). For usual 

values of the damping the calculated responses only resemble measured high level responses. 

For other values of the damping calculated responses do not resemble results of 

measurements at all. In consequence of this it holds that responses that have been measured at 

low values of sound stimuli cannot be modelled by simple variations of the damping. More 

specifically, it is as if in the theoretical characteristics there is a disproportion between the 

amplitudes of low frequency components and near resonance components. 

In the literature several investigators pointed to the impossibility to model the well-defined 

observed sharp low level responses without additional forces. De Boer (1983) noted that when 

in models for the cochlea a standard passive impedance is used, it is impossible to describe 

results of measurements from that time. Moreover, he reported that he was not able to 
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approximate revcor spectra responses with those models. For recent observations the same 
notions are still valid (De Boer and Nuttall, 1997, 2000a, 2000b). It appears that the 
approximation of spectral observations can be satisfactory only if the real part of the 
impedance is negative over a part of the length of the basilar membrane. This means that in 
this part of the basilar membrane additional forces are present. Effectively, a force at the 
basilar membrane can be written as the product of a constant and the velocity of the 
membrane. Therefore, it might happen that this leads to a negative 'damping' constant. 
However, the counterpart of those models in the time domain lead to beautiful examples of 
'exploding' dynamical systems. This means that this is not the right way to introduce 
additional forces in a model of the cochlea. Therefore, the nineteen eighty-three challenge to 
modellers is still an actual one. 

Several investigators took up the gage. Neely and Kim (1986) proposed to replace every 
single harmonic oscillator of the basilar membrane by a system of coupled oscillators. The 
extension is a second oscillator that should model properties of the tectorial membrane 
combined with the stiffness of the hairs at the hair cells. Forces generated at the level of the 
hairs are fed back to the basilar membrane. The impulse responses that result from this model 
do not correspond to observed responses. 

Nobili and Mammano (1996) propose a different way of modelling. They introduced outer 
hair cell forces in a model of the cochlea and ascribe the coupling between those cells and 
membrane fibres to the internal viscosity of supporting cells in the organ of Corti. The 
additional forces have been introduced in an equation of motion for the basilar membrane as 
local happenings. Essentially, they extended the equation of motion from Mammano and 
Nobili (1993) with an additive term that models the influence of the outer hair cells. In order 
to solve the equation of motion, the availability of some numerical power is a necessary 
condition. Their spectral results are promising. 

In the present work we introduced additional forces directly in the equation for the pressure 
at the membrane. The influence of this 'activity' term is controlled by a complex parameter. 
We solved the equation analytically. The real part of this parameter controls the level of the 
pressure uniformly. The imaginary part controls an in- or decreasing level of the pressure 
towards the point of resonance. An increasing level of the pressure has been observed recently 
by Olson (1999). Impulse responses that follow from this method seem to agree with the 
recent observations of De Boer and Nuttall (1997, 2000a, 2000b). 

In section 4.4 we introduced a possible effect of lateral stiffness in consequence of the 
presence of the organ of Corti. The additional term has the shape of a dipole and represents 
the mean value of the admittance over a region with length 2c. The centre point of this region 
is the point of resonance. We used this term to model 'activity'. The influence of activity is 
again controlled by only one parameter. The solution of this equation shows that outside the 
region of resonance the pressure of the original passive model has been repressed uniformly. 
Near resonance the repression diminishes. This behaviour modifies the original characteristics 
for the pressure significantly. The amplitude characteristic of the pressure shows near the 
point of resonance peak and valley behaviour. The level of the valley just after resonance is 
extremely low. Therefore, from a numerical point of view it holds that the peak behaviour just 
before resonance is the characteristic cue. 
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The present approach is attractive because it contributes to solve the quest for freedom in 
modelling. 

In the second part of section 4.4 we determined characteristics for the velocity of an 
arbitrary point of the membrane. It appears that even at usual values for the damping, sharp 
frequency characteristics can be modelled. The shape of these characteristics is closely related 
to both mechanical tuning curves for the velocity according to Sellick et al. (1982, 1983) and 
the early neural tuning curves as has been measured by Kiang et al. (1970). It is as if those 
curves are the reflection of characteristics from Fig. 4.15. In addition to this, the impulse 
responses for the velocity from this figure resemble Ruggero's low-level responses (Fig. 
4.10b) and have a lot of properties in common with De Boer and Nuttall(1997, 2000a, 2000b). 

In chapter 6 we will apply results from the present chapter to model a system of coupled 
filters. Before this is done, we will first modify the first order equation for the pressure of this 
chapter to a second order one and study thoroughly properties of its solution. This is the 
subject of the next chapter. 
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