
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Mechanical aspects of hearing

van Dijk, J.S.C.

Publication date
2001

Link to publication

Citation for published version (APA):
van Dijk, J. S. C. (2001). Mechanical aspects of hearing. [, Universiteit van Amsterdam]. in
eigen beheer.

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/mechanical-aspects-of-hearing(1c4c58b1-da61-43c8-93bc-833a37d272b6).html


Generalisation and results 

Abstract. The first part of this chapter gives a generalisation of the main results from chapter 3. 
In this part it holds too that the presence of singular points sets bounds to the general validity 
of the methods used. The generalisation offers the opportunity to incorporate additional forces 
in the equation of motion for the basilar membrane from a quite general point of view. Some 
proposals for additional forces from the literature will be discussed. In the second part 
examples of systems of coupled filters will be given. This part is closely related to results from 
chapter 4 and 5. We applied the classical technique of conformai mapping. This yields, both in 
the analytical and in the approximate case, a system of filters that is applicable in practice. The 
chapter ends with examples of known sound stimuli in terms of peripheral activity patterns. 
These patterns are a natural spectro-temporal image of the stimulus of the auditory nerve. 

6.1 Introduction 

In chapter 3 we showed that the motion of the basilar membrane obeys an integral equation. 

The kernel in this equation is a function of Green that follows from the membrane condition 

for the pressure. This condition can be conceived as an inhomogeneous radiation condition or 

an inhomogeneous mixed boundary condition in a boundary value problem for the pressure in 

the cochlea. The inhomogeneous term in this condition is determined by the stiffness of the 

membrane. When the membrane is in motion an arbitrary membrane oscillator exerts an 

influence on all oscillators. This influence is caused by the presence of the surrounding fluid. 

The function of Green determines the spatial extent of this influence. 

In chapter 5 we approximated the boundary condition for the pressure at the membrane. 

This led to the appearance that the function of Green had been modified to a shape that is 

relatively easy to handle. However, the general concept of the integral equation approach was 

conserved. 

In this final chapter we will first return to the integral equation approach. The reason for 

this follows from the last sections of chapters 4 and 5. There we showed that in models of the 

cochlea the inclusion of additional forces at the membrane due to hair cell activity 

considerable enlarges the scope of those models. In those sections we introduced additional 

forces in the frequency domain representations of the equations for the pressure. The task to 

incorporate equivalent forces in detail into the equations of motion in the time domain is 

beyond the scope of this work. However, an outline of a generalisation that offers the 

opportunity to incorporate those forces will be given in section 6.2.1. Some ideas of other 

investigators in this field will be discussed from this more general point of view. 

In section 6.3 examples will be given that directly follow from previous parts of the present 

work. We first start with a description of a system of coupled filters according to the methods 

that have been pointed out in chapter 4. In that system the well-known exponential place-to-

frequency map will be used. Similar considerations can be applied to the approximations of 

the previous chapter. After that, examples of space-time patterns of peripheral activity will be 

shown. The patterns follow from the integral equation approach from chapter 5 and have been 

restricted to models in absence of hair cell activity. Some known stimuli from the field of 

psychoacoustics and speech perception will be translated in those patterns. Here we will 

frequently use the phrase 'peripheral activity pattern', an expression that we borrowed from 
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Whightman (1973). It is likely that the proposed patterns are closely related to the image of 
motion of the membrane in the auditory nerve. 

6.2 Generalisation 

6.2.1 The basic equations 

In chapter 3 we derived an equation of motion for the motion of the basilar membrane. This 
equation is an Euler equation that has been modified slightly. The modifications are the result 
of the notion to conceive of the membrane as a discontinuity in a fluid like environment. 
When the effective stiffness at a point x of the membrane is given by ®0

2 (x), and the mass at 
that point by m and both quantities are expressed per unit of area of the membrane, the 
equation of motion reads 

d2u 2 / N 

-^T = -a)0(x)u-pm . (6 1) 

The symbol pm has been introduced for the sake of convenience and is given by 

2 
Pm = — P • 

m 

The factor 2p is the pressure difference across the membrane. This term results from the 
hydrodynamic pressure in the surrounding fluid. At the membrane the pressure p has to obey 
an inhomogeneous radiation condition of the kind 

dp 2p 2, , 
p = pû)0(x)u . 

on m 

When both members of this equation are multiplied by 21 m , the result can be written as 

^ _ 
an 

in which 

2p 

aPm =aû)l(x)u , (6.2) 

a = 
m 

Essentially, the equation for the pressure p or pm expresses the difference between the 
equation of motion for the surrounding fluid normal to the membrane and the equation of the 
motion for the basilar membrane itself. The pressure in this equation is the limiting value of 
the pressure in the scalae at the membrane. Because of this, the pressure depends on the 
normal direction at the membrane. Therefore, it is not without sense that in expressions for the 
pressure at the membrane the normal derivative is used. The same holds true for other 
physical quantities such as the deflection, the velocity and the acceleration at the membrane. 



Because the motion of the membrane follows the motion of the fluid, this motion fulfils a 

standard equation of Euler. Thus, the deflection, the velocity and the acceleration of the 

membrane must be considered as quantities that depend on the spatial properties of the 

problem too. In most descriptions of the present chapter we shall restrict ourselves only to 

properties of physical quantities at the membrane. In that case we shall only denote the 

dependency of these quantities along the membrane. The dependency on a co-ordinate normal 

to the membrane will be neglected. 

Until now, the equation of motion of the basilar membrane is limited to the presence of 

stiffness and of course to the presence of mass. For apart from the hydrodynamic pressure 

difference 2p and the mass m, the only force that contributes to the equilibrium (6.1) is the 

effective stiffness a>l(x)u. In general, this force can be taken up as a typical example of a 

broad spectrum of possibilities. This suggests that the present equations can be extended to a 

more general shape. The generalisation is the topic of the next section. 

6.2.2 General properties 

Let us reconsider the equation of motion of the basilar membrane (6.1). Assume that the 

function g(u,u,x,t) represents the sum of all external forces, apart from hydrodynamic ones, 

that have any influence on the motion of the basilar membrane. All forces are given per unit 

of mass and may depend on the deflection, the velocity, the place at the membrane and the 

time. The forces may include linear as well as non-linear effects. In general, it is not necessary 

to exclude any kind of force from the present description. However, all forces exerted by the 

surrounding fluid are comprised in the term pm . Then, the shape of the equation of motion for 

me basilar membrane is easily found when in (6.1) the term a>l{x)u is replaced by 

g(u,ü,x,t). Therefore, in general terms, the equation of motion for the basilar membrane 

reads 

du , . -, 
- ^ = -g[u,u,x,t)- pm . (6.3) 

In this case too, the inhomogeneous radiation condition for the pressure is readily found. 

To this end it is sufficient to replace in (6.2) the stiffness force œ%(x)u by the general 

expression g(u,ù,x,t). This leads to the generalisation of this condition being 

"Vs- ~aPm= ag(u> ù'x-1) • (6.4) 
on 

It is customary to subject the motion of the ends of the membrane to boundary conditions. 

Here, we again assume that the helicotrema coincides with the point x = 0 of the system and 

that the entrance is found at the point x = n of the membrane. The pressure at the stapes will 

be considered as prescribed and as usual we shall assume that the pressure at the helicotrema 

vanishes. 
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Thus, again the solution of this problem for the pressure is subjected to the boundary 
conditions 

2 
pm = 0 at x = 0 and pm = — ƒ (r) at x = n . 

m 

Both in section 3.5 and 3.6 and in chapter 5 it appeared to be fruitful to describe the 

pressure at the membrane as the sum of a known and an unknown part. The known part 

which we called the particular solution, has been given by (3.41) and comprises all effects in 

consequence of the prescribed pressure at the stapes. In addition to this, this part of the 

solution obeys the homogeneous radiation condition at the membrane. Although this 

expression is restricted to the simple geometry of a rectangular or block-like model, there is 

no reason at all to assume that in models with a complex geometry, such special solutions 

could not be found. Therefore, in this chapter we shall accept that there always exists - at least 

in a numerical form - a particular solution with the just mentioned properties. 

Here again we will denote this known part, the particular solution, by the expression 

PÏ,a"{x, y't)- At this place we note that, as a result of our assumption, this particular solution 

fulfils the homogeneous counterpart of (6.4). That means p^" obeys the equation 

an1'"" 
ap»> -ap^n=0, an 

at every point of time and along the whole membrane. 

We again write the pressure as the superposition of a particular part and a remaining pari 
•?m(x' y»0 throughout the fluid of a model. Thus 

Pm(x.y,t)=P!T(x,y,t)+qm(x,y,t). 

Because the particular solution obeys the homogeneous radiation condition at the membrane, 
the remaining part at the membrane, qm(x,0,t), has to fulfil the equation 

"' -«<?,„ =ag(u,ù,x,t) 
on 

at the boundary of our problem, i.e. the place where the membrane is found. This expression 
shows that the second part qm(x,0,t) depends on the inhomogeneous term in the radiation 
condition; that means on the term g(u,ù,x,t). 

The particular solution already fulfils the boundary condition at the stapes and the 
condition at the helicotrema. In consequence of this, the boundary conditions for qm(x,0,t) at 
the ends of the membrane are homogeneous ones. Therefore, we subject qm(x,0,t) to the 
boundary conditions 

qm = 0 at x = 0 and qm = 0 at x = K . 
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Both in the sections 3.5 and 3.6 as well as in chapter 5 it appeared to be attractive to 
express the solution for qm{x,0,t) as an integral. This could be done by application of an 
appropriate function of Green. In this section we will again profit from the same notion. 
However, in this chapter, it is not necessary to know this function explicitly. Therefore, we 
will not work out any involved boundary value problem in order to find that function. We will 
simply assume that a function of Green for our problem exits and complies with all formal 
.erms. This function is denoted by G(x,Ç,a). 

For a simple geometry of a cochlear model an explicit shape of a function of Green has 
been given in section 3.5.1 or 3.6.2. Here we again assume that this function describes the 
influence of a point source on the pressure at the membrane. The source is placed at the point 
x = E, of the membrane. Its density is - 1 . Consequently, this function then must obey the 
equation 

ÔG 

an 
aG = -ô{x-Ç) { 6 5 ) 

at the membrane. In addition to this, G has to vanish at the ends of the membrane. Therefore 
we have 

G = 0 at x = 0 and x = n . 

•'hen this function is used, the solution for qm at the membrane can be written as 

qm{x,0,t) = -a JG{x,Ç,a)g{u{Ç,t),ù(Ç,t),Ç,t)dÇ . 
0 

Now, both pi™' and qm are known. This means that the complete pressure at the 
membrane equals 

pm(JC,0,t) = pp
n
an(x,0,t)+qm(JC,0,t) . 

Let us insert this pressure in (6.3). Then we arrive at the integral equation 

K 

u(x,t) = -g(u(x,t),ù{x,t),x,t) + aJG{x,Ç,a)g(u(4,t),ù(Ç,t),Ç,t)dÇ + F(x,t). (6.6) 
0 

The function F(XJ) represents a known term that is present at the point x of the 
membrane and equals the particular solution pp

m
a"{x,Q,t) at that point. The shape of equation 

(6.6) is similar to the shape of equation (3.51), (3.79) and (5.19). At an arbitrarily point of 
time this equation is a second order Fredholm equation for the deflection of the basilar 
membrane. From the theory of differential equations it is known that an integral equation is 
equivalent to a differential equation with appropriately chosen boundary conditions. Because 
this integral is the solution of the boundary value problem under consideration, these last 
conditions have been comprised in the integral representation 
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In our case, the integral equation is an equation for the deflection of the membrane. In the 
remaining part of this section we will derive the equivalent differential equation for the 
deflection from (6.6) and the properties of the function of Green. For that purpose we firs 
introduce the expression 

L(x)=-JG(x,Ç,a)<!>(4)dÇ . 
0 

The function of Green obeys the expression (6.5). Therefore, the formal shape of thi 
differential equation with vanishing boundary conditions at the ends of the membrane is 

aL = -O(JC) ; 0 < x < n , 

an 

with boundary conditions i§ 7, 

L = 0 at x = 0 and x = n . 

Next we introduce a function d>(x) so that at a fixed point of time t holds 

0(x)= -ag(u(x,t),ù(x,t),x,t) . 

The integral equation can be written as 

L(x)= u(x,t)+ g{u(x, t),ù(x, t), x,t)- F(x, t) . 

When L(x) and O(x) are inserted in the condition (6.7) we arrive at 

an 

in which 

{g{u{x,t\ii(x,t),x,t))~ aii(x,t) = H(x,t) 

H(x,t) = ^M-aF(x,t). 
on 

This equation replaces the original inhomogeneous radiation condition for the basila; 
membrane by a differential equation for the deflection u(x,t). The ends of the membrane aa 
the helicotrema at the point x = 0 and the stapes at x = n. From the boundary conditions for 
L{X) at these ends follows 

u(0,t)+ g{u{0,t),u(0j),0,t)= F{0j) 

and 

ü{n:,t)+ g{u{7[,t),ù{jr,t),K,t)= F{K,t) 
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In the present description the function F(x,t) obeys the homogeneous version of the 

radiation condition. Therefore, it holds that H(x,t) = 0 at every point of time. In consequence 

of this, the differential equation for the deflection reduces to the homogeneous equation 

— (ii(x,t)+ g(u(x,t),u(x,t),x,t))-aii(x,t) = 0 , 0 < x < n , (6.8) 

on 

with boundary conditions 

w(0, t) + g(u(0, t), ti(0, r),0, r ) = 0 at x = 0 

ü{K, t) + g[u(n:, t), ii(;r, f), ;r, f) = ~f(t) at JC = /r . 

Again the boundary conditions are equations of motion for the membrane oscillators at the 

ends of the membrane. At the point x = 0 and in absence of activity at this point, this 

condition can be replaced by a deflection that vanishes at every point of time. The solution of 

the equation at x = n, the end of the membrane near the stapes, can be found independently of 

the solution of the pressure along the membrane. Therefore, we shall assume that this solution 

is known and given by the function u =h(t). Then, the boundary conditions that belong to 

(6.8) can be replaced by u(0,t) = 0 at the end x = 0 of the membrane and u{nj) = h{t) near 

the stapes. 

In the next section we will show that the present model (6.8) can be straightforwardly 

found from the basic equations of motion that we discussed in chapter 3. It is worth to do this 

oecause this shows that seemingly different models are (almost) equivalent to each other. 

6.2.3 The direct approach 

In this section we will show that the model (6.8) from the preceding section can be found 

almost immediately from the basic Euler equation for the fluid motion near the membrane. 

The Euler equations for the surrounding fluid have been given in chapter 3. In this section, it 

is sufficient to restrict ourselves to normal components of the fluid motion at the membrane. 

The equation of motion for these components is (3.3). In absence of external forces this 

..quation can be written as 

d2u _ dp 
P~d?~~~~dn ' 

Here, u is the deflection of the fluid normal to the membrane. This deflection coincides with 
the deflection of the membrane. The pressure p is the pressure at the membrane. When both 
members in this equation are multiplied by 21 m, an equivalent form is 

dpm du 

an dt 
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in which 

2/? 
a • 

m 

The general form of the equation of motion for the basilar membrane is given by (6.3). Let 
us substitute the pressure pm according to (6.3) in the present equation. This yields 

— (ü{x,t)+g(u(x,t),u(x,tlx,t))-aü(x,t)=0 , ( 6_1 0 , 

which is indeed equation (6.8). Boundary conditions at the ends of the membrane and 
appropriate initial conditions can complete this equation as a well-defined mathematical 
model for the deflection of the basilar membrane. 

Well defined? Not yet. In equation (6.10) one of the unknown quantities is the normal n. 

In practice it is common usage to replace the normal n by y. However, there are no special 

arguments for that option. A method to decide on this uncertainty is to analyse the expression 

ü(x,t)+ g(u(x,t),ù(x,t),x,t) . 

When g(u,ù,x,t) comprises a stiffness term of the kind co^(x)u, or when a local 

expansion leads to a term similar to this, it is useful to investigate the resulting expression 

with complex oscillations. In that case the complex amplitudes of the deflection possess zeros 

in the place domain. These points determine the point of resonance at the membrane. 

In chapter 4 we argued to select the normal n to the membrane so that this direction, ai 

least near the point of resonance, corresponds to the properties that directly follow from this 

point. However, this is not the only possibility. Because the height h of the cochlear scalae is 

rather small, there is reason to replace the normal derivative at the membrane by a second 

order derivative in the length direction so that 

d u d ' 
dn âx' 

In chapter 5 we argued that this approach cannot be validated near resonance from a 

mathematical point of view. In spite of this, the equation that follows from this approach is 

still popular in the field of auditory physics. A reason for this is that the resulting equation can 

be solved independent of a boundary value problem for the surrounding fluid. When this 

approximation is used, it follows from (6.10) that the net result is a second order differential 

equation for the deflection of the membrane. This equation has the shape 

â1 

T(ü(x,t)+g(u(x,t),u(x,t),xj))-a2ü(xj) = 0 . âx 
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Note that here the constant a follows from 

2 2p 
a = -1— . 

mh 

Special cases of this equation are found in the literature and have been applied for quite 

different purposes. First of all, in chapter 5 we discussed properties of this equation in the 

case that g(u,u,x,t) represents the stiffness force a>l(x)u . Secondly, we note that Deng and 

Geisler (1987) and Deng (1992, 1998) propose to incorporate, in addition to the standard 

stiffness term, a second term that models tension in the length direction of the membrane. In 

that case the function g(u,ù,x,t) takes the shape 

g(u,ü,x,t) = col(x)u -cx—— . 
ox 

When this term is introduced in (6.3), the equation for the motion of the membrane becomes 

d'u du i( \ 
ox' at' 

This equation is the model for a string with a linear tension c, that has been loaded at 

every point by an elastic force with an effective stiffness col(x)u . This image holds true as 

far as pm does not depend on the deflection or velocity of the membrane. 

In section 3.3 we mentioned that there are some physical arguments to support this 

extension. However, when the tension dominates, specific string properties will determine the 

motion of the system. On the other hand, when the tension c, is small, a straightforward 

application of perturbation theory shows that the zeroth order term corresponds to equation 

(6.1). 

In view of the classical description of the membrane that has been given in chapter 2, we 

expect that the constant c, must be considered as a small parameter. Numerical exercises also 

point in the same direction. The same notes hold true when the second order term is replaced 

by a fourth order term that directly models the influence of bending stiffness. Therefore, 

according to our opinion, the addition of a very small amount of longitudinal tension or some 

bending stiffness to the equation of motion does neither change the observed numerical 

behaviour nor improve these results. However, when the tension or the stiffness is not a small 

quantity it is known from literature (Morse and Ingard, 1986) that the frequency selectivity 

has been diminished considerably. 

The way in which observed activity of the cochlea must be modelled and introduced in 

models of the cochlea is still a point of discussion. In chapter 4 we discussed our opinion on 

this topic. Here we will pay attention to other proposals. 

Some authors ( Duifhuis et ai. 1985; Jones et ai, 1986; Diependaal et al, 1987; Talmadge 

et al, 1990; Talmadge and Tubis, 1993) propose to comprise in the expression g(u,ù,x,t) a 

damping term proportional to the velocity in which the damping coefficient depends on the 

deflection, for instance a coefficient of the kind e(u2 - l ) . 
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The parameter e is positive. In that case g(u,ù,x,t) takes the shape 

g(u,u,x,t) = wl\x)u + e\u2 -ljù . 

When the deflection u is very small, the coefficient of the velocity is negative. In that case 
there is supply of energy. When the deflection is sufficiently large the coefficient of the 
velocity becomes positive and there is loss of energy in the classical way. The equilibrium 
between the lossy case and the supply of energy leads to the concept of a limit cycle. In this 
way of modelling negative damping is used as a provider for energy. Until now there is no 
evidence that this way of modelling is the right way to introduce activity in a model of the 
cochlea. 

However, when this notion is accepted and introduced in (6.3) the equation for the motion 
of the basilar membrane becomes 

—r- = -col(x)u + £\u' - 1 )ii - p . 

The non-linear damping term makes this equation equal to the equation of Van der Pol. This 
way of modelling is proposed by several investigators in this field. The meaning of this model 
can be sensible as far as it is the purpose to model spontaneous activity as a result of 
permanent hair cell activity. This is beyond the scope of this work. For a short discussion on a 
possible meaning of non-linear damping in cochlear models in the field of speech research we 
refer to Duifhuis (1992). 

There are at least two reasons why it is not attractive to apply the Van der Pol oscillator in 
models of the cochlea. The first one is that 'low-level' frequency characteristics that follow 
from this equation are completely unfit to contribute to a description of the observed 
sharpness of measurements. For. an overview of this kind and other analytical properties of 
this equation we refer to Jordan and Smith (1983). A second argument is that the behaviour of 
the damping term for large deflections is comparable with that of a usual damping term. Then 
it is needless to say that the introduction of non-linearities in models is not very attractive. 

An opinion that is closely related to this way of modelling is the notion that a visco-elastic 
coupling between hair cells and the basilar membrane can transfer energy from a hair cell to 
the basilar membrane. Ideas about this topic are found in the work of Nobili and Mammano 
(1996). This work is based on Mammano and Nobili (1993). In these last investigations the 
authors propose to solve the fluid dynamical problem in a way that differs from the way that 
we pointed out in this work. They studied an alternative reading of a Neumann problem for 
the pressure in the cochlear fluid. Well defined (anti)symmetry properties are the guarantees 
for the unicity of the solution of this problem. In this problem it is assumed that the normal 
derivative of the pressure at the boundary of a cochlear scala is a prescribed function. They 
expressed the pressure of this problem in terms of a function of Green for the problem. In this 
way they followed quite formally some of the original proposals of Allen (1977). The 
equation of motion of the membrane does not make part of the model and is considered as an 
independent equation that has to be solved. From the formal shape of the pressure and this 
equation there results an integral equation that they solved numerically. Mammano and Nobili 
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have spent much effort on the development of a function of Green for their problem. The 
geometry of the cochlear scalae in their model is rather realistic. Therefore, we expect that in 
the solution of this problem some quantitative aspects are better represented than in the box
like approximations of the seventies. However, from a qualitative point of view there is no 
différence between this and the earlier proposals for integral equations. 

Mammano and Nobili introduced outer hair cell forces in their model. In a first attempt 
they modelled these forces proportional to the local stiffness of the membrane. However, at 
the same time Mammano and Ashmore (1993) argued that this assumption might be doubtful 
and only holds true as far as the viscosity of outer hair cells and Deiter cells is negligible with 
respect to their stiffness. Nobili and Mammano (1996) changed their mind and proposed an 
additional formulation for the forces that should follow from hair cell behaviour. They 
.ombined results from hair cell physiology with effects in consequence of a viscous coupling 
between the reticular lamina, the upper side of the organ of Corti, and the basilar membrane. 
The ultimate additional force was inserted in their integral equation. 

Effectively, the additional force tends to diminish the damping in the equation of motion of 
the membrane. In consequence of this they used the word 'undamping'. Some of their 
numerical results are promising. Therefore, it seems to be useful to combine properties of this 
biophysical approach with the descriptive geometrical method from chapter 4. 

6.3 Examples 

6.3.1 Introduction 

In chapter 4 we studied properties of the equation for the pressure at the basilar membrane. 
This equation, which holds true for oscillating membrane behaviour, follows from the 
boundary condition for the pressure at the membrane in model (3.15) and the Euler equation 
(3.17). We studied the solution of this equation from a classical point of view, namely that the 
point of resonance as a mathematical singularity completely determines the behaviour of the 
nressure. The results from chapter 4 were derived in the special case that the place-to-
frequency map is linear. In the next section of this chapter we will return to the approach from 
:hapter 4 and assume that the so-called place-to-frequency map is an exponential function 
along the membrane. We will argue that in this special case the pressure at the membrane can 
be found easily from the solution of the model in chapter 4. 

In chapter 5 we studied consequences of an approximation of the equation for the pressure. 
However, we are not able to justify the approximation near a point of resonance. Therefore, 
from a pure theoretical point of view this approximation is 'sinful' in the sense of 
questionable. It is worth to note that the word 'sinful' resembles the Dutch word 'zinvol' and 
this word means significant or meaningful. This suggests that there are circumstances in 
which committing sins is sensible. In mathematics this notion is known and widely accepted. 
For instance, evidence for this is found when such terms as 'improper' are used (the usage of 
this term is related to the existence of special integrals). What is more, it appears that in 
practice sometimes the application of those ideas is fruitful. Therefore, it is common sense to 
profit from this kind of 'wisdom'. This is the reason why we will pay attention to 
consequences of the 'improper' approach in the following sections. 
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6.3.2 Coupled filters 

Properties of a model for the pressure at the membrane have been studied extensively in 
chapter 4. In that chapter we solved the pressure from an equation that makes allowance for 
the coupling between subsequent oscillators. The solution was given in terms of analytical 
functions. In that chapter we assumed that the resonance frequency varies linearly along the 
membrane according to 

coa (x) = -x , - co < x < 0 , 

and that the membrane coincides with the negative real axis of the complex z plane. Because 
the mass is constant, the stiffness is a second order function along the membrane. 

In most textbooks on hearing theory, the stiffness along the membrane is modelled as an 
exponentially decreasing function of the distance to the stapes. That is the reason why we in 
this section pay attention to this special case. Again we restrict ourselves to the special case in 
which the mass is constant along the membrane. Consequently, the resonance frequency is 
proportional to the root of the stiffness. 

In the present section we return to the complex z plane. The membrane is found at the real 
axis of this plane. Along this axis the stiffness is proportional to the function exp(- bx). The 
constant b is positive. Then, resonance takes place at points for which holds 

co0(x)=Qexp(-bx/2) , -co<x<+oo. (6.11) 

Q is a positive constant. It is our aim to derive in the present section a solution to the 
equation for the pressure at the membrane under the condition that the place-to-frequency 
map is given by (6.11 ). 

In the linear case frequency characteristics of single membrane points have been given in 
section 4.3. One of the results of that section is that frequency properties for arbitrary points 
of the membrane follow from only one expression. In that expression the complex frequency 
s has been scaled with the resonance frequency of that point. In chapter 4 the scaling factor is 
the linear varying resonance frequency along the membrane. In the present section we will 
make it plausible that the scaling factor can be replaced by the exponential function (6.11). 

In chapter 4 we mainly considered the lossless case. In the present section we will 
introduce damping in the model. We will do this in the classical way, namely by taking into 
account effects of a term proportional to the velocity of the membrane. 

Our starting point is the equation for the pressure at the membrane in the form (3.24). This 
equation can be written as 

â\n p _2p s 
dn m s2 + X2s + a>l{x) 

(6.12) 

The constant Â2 is the damping constant. In section 3.4.3 we proposed to select this constant 
proportional to the resonance frequency at the point x. In addition to this, it appeared to be 
very fruitful to choose the constant of proportionality equal to 2sin£. The number s is a 
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small positive constant that effectively controls the magnitude of the damping. In the present 

chapter we will again make this choice. Therefore, we write the constant A2 as 

Â2 = 2 s in£« 0 (x ) (6.13) 

Let us introduce A2 in (6.12) and let us again make the substitution (4.8) w = is 

Application of elementary algebraic operations affirms that equation (6.12) can be written as 

â\x\p 

an a>0 (x) + wexp(- is) co0 (x) - wexp(+ is) 

in which 

mcos£ 

The present expression is the counterpart of (4.9) in the lossy case. When the damping e is 

zero, this equation reduces to (4.9). Because in applications the constant s is small, there is 

no essential difference between the present value of /u and /j. according to (4.7). 

The next step is to insert (6.11) in the last expression. This yields 

d\vi p 

an 
1 

ßexp(- bx/2) 
exp(- is) 

w 
exp(- is) 

ßexp(-fcc/2) 
-exp(+;^ ; 

(6.14) 

Here, -co < x < +co, y = 0. Let us replace x by z in this expression. Then the singular 

points of (6.14) are points in the complex z plane. These points are the poles of the terms 

between the brackets. For a complete description of these points, we refer to section 3.4.3. At 

this moment it is sufficient to recall that the place of these points in the plane depends on the 

sign of the frequency under consideration. 

In the present case we have to reckon with both positive and negative values of w. For 

positive values of w, the 'main' singular point of equation (6.14) is just below the membrane 

axis, i.e. the real axis of the z plane. This enforces us to introduce an upper-plane 

approximation to the membrane axis when equation (6.14) must be solved. 

Inspection of this equation shows that it is useful to scale w with the constant Q. Thus, we 

replace in (6.14) the quotient wlQ by w or, which is equivalent to this, we put 2 = 1 in 

(6.14). In order to simplify matters slightly, it is sensible to introduce in the resulting 

expression the elementary mapping 

z, = — Z . 
' 2 

This function scales the complex z plane to the z, = .*, + iy2 plane. The new membrane 

axis is the real axis - oo < xt < +co, y, = 0 of the z, plane. The unknown normal in the 
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equation for the pressure is called n,. At the real axis of the z, plane equation (6.14) takes the 
shape 

â\n p 
an, = M exp(- x, ) , . > exp(- jc, ] , * 

— ^ — ^ + exp(-jf) —^—^-exp(+ùr) 

- co < x, < oo (6.15) 

Note that in (6.15) the normal «, is still unspecified. Next we introduce the complex 
function 

C = -exp(-z,) . 

This function maps the upper half-plane of the complex ^ plane on the strip -oo<x, <oo. 
0 < >', < n of the z, plane. For our application it is sufficient to verify that, as a result of this 
mapping, the membrane axis y, =0 in the z, plane is the image of the negative real axis in 
the Ç plane. The mapping can be written out in components. When Ç = Ç + irj, the result is 

£ = -exp(-x,)cos;y, and T]= exp(-x,)sin y . 

At the axis y, =0 of the z, plane, equation (6.15) can be written as 

(6.16) 

d\x\p 

an. 
zMi 

1 1 
exp ra 

H' 

osy, / . % exp(- x. )cos y. , . N 

— + exp(-(£-J — ^ — u il_eXp(+f£) 

(6.17) 

Here, - oo < x, < oo . We first replace exp(- x, )cos y, by - £. In the resulting expression the 
abscissa £ is weighted for w. In addition to this, we propose to choose the normal direction 
n, proportional to the rj - direction so that 

ô 
an. 

d 

*1 
u' 

This means we again accept the idea that the normal direction follows from the behaviour 
of the poles near resonance. This information is only present in an indirect way, because the 
equation for the pressure is given at the real axis of a complex plane. This implies that all 
essential properties of the present equation are conceived as the image of a simpler equation 
in the Ç plane. It will be clear that this original equation has the shape 

â\n p 

d 
= M 

— + exp(+ is) — -exp(- is) 
- c o < £ < 0 , 77 = 0 (6.18) 



In this equation too, the place of the singular points depends on the sign of w. For positive 

alues of w, both singularities are points below the real axis. This again makes that the 

present equation must be conceived as the limiting case of an upper-plane approximation to 

• he real axis. Then, in the way that has been pointed out in section 4.2, the integration can be 

.arried out immediately. This yields 

Ç -wexp ( - (£ J 

at the negative real axis of the Ç plane. 

The constant C, is the constant of integration and can be used to fit the pressure to a 

prescribed value at a point of the membrane axis, for instance at the stapes. However, at this 

•tage it is not interesting to profit from this opportunity. 

When w is negative it is useful to write w = —|w|. In consequence of this the singular 

joints of (6.18) are found at the upper-side of the membrane axis. Then, integration can be 

carried out directly only if we conceive of this equation as the limiting case of a lower plane 

approximation to the real axis. When this is done the solution of the equation reads 

ilnp(c}-
C +|w|exp(+!£) 

^ l n - ( + C, . (6.20) 
Ç - |w |exp(- i£ j 

The constant C2 is the constant of integration. For the time being we will neglect both C, 

and C2. The solution (6.19) is the counterpart of (4.13) in the lossy case. The same holds true 

for (6.20) and (4.19). Because of the present procedure, the solution in the exponential case is 

the mapping of the pressure in the linear case. For positive values of w the pressure is given 

by (6.19). At the membrane axis holds rj = 0 . The abscissa S, is given by (6.16). Let us insert 

these values in (6.19). Then, as a last step, we will replace w by the original quotient w/Q. 

When this is done the pressure at the real axis of the z plane reads 

, _ , Qexp( - fc t72) - wexpl+ie) 
In p = -iju In ^ — ^ ( V) { . 

Q c\Tp{-bx / 2) + vvexp(-/£) 

It is useful to rewrite the present solution slightly. Let us first insert (6.11) in the present 

expression. Then, when again (6.13) is applied, we arrive readily at the more general form of 

the pressure 

co0(x)-isexp(+i£) 
\np = -iju\n °) ! . f-r^ . 

co0{xj+isexp{-i£) 

Now it is obvious to scale the complex s plane with co0(x), the resonance frequency at an 

arbitrary point x of the membrane. When, in addition to this, some algebraic exercises are 

applied, it appears that the pressure can be written as 

, - • , s-izxp(+is) , , - , , 
\n p = i/j In £-} {+ const , (6.21 ) 

s + iexp{-i£) 
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Figure 6.1. The singularities of the Laplace transform of the 
pressure in the scaled complex j plane. The scaling factor is 
the mathematical resonance frequency of an arbitrary point of 
the membrane. The points sl2 are the singular point of the 
pressure according to (6.21). These points determine resonance 
in the passive case as well as in the active case (section 4.4.2). 
When in the model the presence of lateral stiffness is combined 
with activity, poles at s12 are modified to dipoles at the pairs 
s3A and s56, respectively. The method that leads to these 
modifications has been discussed in section 4.4.3. The distance 
of the singular points to the frequency axis is determined by the 
damping. Note that the frequency at which resonance takes 
place in a physical sense, is slightly lower than the modulus of 
the singular points. This latter quantity represents the 
resonance frequency in the lossless case. 

Ims 

1 \ E 

1 / e 
I 

S, Jf 

St • 

R e i 

m which the constant equals rfx + s) . This constant is of minor importance and can be 
included in any normalisation procedure. The essential point here is that in the lossless case 
(e = 0) the expression (6.21) reduces to (4.24). Thus (6.21) is the counterpart of (4.24) in the 
lossy case. The singular points of (6.21) are the scaled resonance frequencies of the problem. 
These points are 

:exp n 

Figure 6.1 shows the place of these points in the complex s plane. The distance of these 
points to the imaginary axis is sin e . This distance models the damping. A usual values for a 
is 0.05. 

The purpose of this section is to describe a parallel system of membrane filters that is 
applicable in practice. However, until now we have only paid attention to the pressure at the 
membrane. In view of applications a description in terms of the deflection or velocity is more 
interesting because it is believed that the stimulus of a(n inner) hair cell depends on one of 
these quantities. In this section we will restrict ourselves to the velocity. 
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In order to find that description we first return to (6.12) and re-write this expression as 

dp _ 2/7 s2 -

an m s1 + Â2s + (OQ(X) 

Here we assume that the relation between the membrane velocity and the normal derivative of 

the pressure must obey the linear counterpart of the Euler equation (3.3). In absence of 

external forces, this equation reads 

âv 

dt an 

The Laplace transform of the equation is 

psv = 
an 

from which follows that the transformed velocity can be written as 

2 s 

m s' + AT s + CùQ(X) 

Next we apply again the expression (6.13) for the damping coefficient A2. Let us insert 

this coefficient in the expression for v . When in the resulting expression the denominator is 

resolved into factors and the complex s plane is scaled with a>0(x), it appears that the 

velocity obeys 

2 s 
too\x)v=—( w \P • (6.22) 

m [s — st )[s - s2) 

The singularities si2 have been shown in Fig. 6.1. In the passive case the velocity is found 

from (6.21) and (6.22). In the active case (section 4.4.2) the pressure obeys (4.38). Therefore, 

m that case the pressure follows from (4.38) and (6.22). 

In section 4.4.3 we introduced the influence of lateral stiffness into the term that models 

activity. In that section the pressure has been given by (4.46). It appeared that pairs of 

singularities -s34 and s56 occur in the solution for the pressure (see Fig. 6.1). These points 

originate from dipoles. Terms that depend on these points can affect the pressure 

considerably. The parameter that controls this influence is y = a + iß and has been defined by 

(4.31) and (4.32). In order to determine the velocity we inserted (4.46) in (6.22). In the 

resulting expression we again introduced 'cat' co-ordinates according to 

s-Sj =rje\p(iç>j), ;' = !,...,6 

A small circle around a singular point is like a saucer with hot porridge. It is well known that on the north 
hemisphere of the earth every cat turns counter-clockwise around such points. Local co-ordinates according to 
this walk are called 'cat' co-ordinates. 
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F-gure 6.2. Impulse responses for successive po.nts of the bas.lar membrane after (4.46) and (6.22) The input of 
he sy tern ,s a un.t pressure a, the stapes. The plot shows the velocity multiplied by the resonance frequency fo 

several vaiues of the parameter y = a. Thts parameter controls the tnfluence of activity and has been dTcusse 

h^s;=::r AAI- The case a - °—- p ~ - -—> - - j r 
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An example of these co-ordinates was given in Fig. 4.5. At the imaginary axis of the s 
plane it holds s = ±ia>. Insertion of these values into (6.22) and (4.46) yields the amplitude 
and the phase characteristics of the right member of (6.22) as a function of the frequency. 
Scaled characteristics for the velocity that include activity have been given in Fig. 4.13. These 
characteristics are appropriate to determine the impulse response of the quantity eo0(x)v for a 
usual time scale. 

When in the characteristics the time t is replaced by aQ(x)t, the ultimate response for 
û)0(x)v at the point x of the membrane is found. Formula (6.22) shows that the velocity and 
the pressure are proportional to each other. Then it is legal to multiply both members of (6.22) 
with a constant. This constant can be chosen so that the pressure or the velocity at a point of 
the membrane equals a prescribed value. In our case we assumed that the complex pressure at 
the input of the system equals the unity. 

Impulse responses for ten successive points of the membrane have been shown in Fig. 6.2. 
In this figure we only used real values for the constant y = a + iß,so that y = a . The point 
with the lowest ordinal number is near the helicotrema. This point shows a low frequency 
impulse response. As the ordinal number increases, the frequency of the impulse responses 
increases too. The point with the highest ordinal number is close to the stapes. 

6.3.3 Approximate coupled filters 

In section 5.7 we solved the second order equation for the pressure (5.49) numerically. The 
solution has been subjected to the standard boundary conditions p(-2)=l and p(o) = O.The 
equation is an extension of the second order equation for the pressure at the membrane in the 
passive case. The influence of the extension on the solution is controlled by the complex 
parameter y . From the numerical result(s) we determined responses in the frequency domain. 
When these results are combined with (6.22), the response for the velocity is readily found. 
This response is again a function of the scaled frequency. The scaling factor is the resonance 
frequency of an arbitrary point on the membrane. This agrees with the previously applied 
procedures. Therefore, the velocity responses from Fig. 5.7 are the prototypes of responses for 
successive points of the basilar membrane. In Fig. 6.3 re-scaled plots for a0{x)v have been 
shown for ten successive points of the membrane. The direction in which the ordinal numbers 
of successive points diminish corresponds to the classical positive length direction along the 
membrane. Each plot shows results corresponding to a real value of the parameter y. In this 
case too it holds that y = a. 

6.3.4 Responses in the time domain 

For some applications it is attractive to work directly in the time domain. Therefore, we 
developed a discrete version of the integral equation (5.19). In section 5.4 we showed that the 
solution of problem (5.12) up to and including (5.14) in the time domain is equivalent to the 
classical Zwislocki equation. This is the restriction of this section. 
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Figure 6.3. Velocity responses for ten successive points of the basilar membrane after the method from section 
5.7. The input of the system is a unit pressure at the stapes. The velocity of each point has been multiplied by the 
resonance frequency at that point. The parameter / determines the influence of activity. Its meaning has been 
discussed in the sections 4.4.1 and 4.4.2. When there is no activity, the parameter / equals zero. Other values ol 
y are -0.15 and -0.3. The parameter values are the same as were used in Fig. 5.7. The direction in which 
ordinal numbers of successive points diminish corresponds to the usual positive length direction along the 
membrane. , „ , 



Let us write the integral equation (5.19) as 

ü(x,t) = -ü>o{x)u{x,t)+pm(x,t)+F(x,t) 

with (6.23) 

Pm(x,t) = a2\G{x,i;,a)col{ç)u{Çj)di; 

We divided the interval of integration in n equal steps with length AÇk = ÇM - Çk ; 
fc = 0 , l , . . .n- l . The points £0 and £„ are the endpoints of this interval. Then, pm{x,t) can 

be written as 

B-i &_• 
P „ M = 2 > 2 ]G(x,C,a)a>fä)u(C,t)dC . 

in the sum of (6.24) the integral can be approximated by 

Ç]G{x,Ç,a)œ2
0{ç)u{4,t)dt * a>fâk)u($k,t) jG{x,Ç,a)d4 

(6.24) 

in which 

j = 4 ± Ü ± L fe=o,l,...n-l . 
ht 2 

In our application the discrete points at the *-axis always coincide with the mean values 
f4. Then, in order to develop the integral of the Green's function over a region AÇk, we have 
to distinguish between the following three cases: x < Çk ; x = Çk and x > Çk. The function of 
Green is known and given by (5.17). Thus in each of these three cases the integration can be 
carried out explicitly. The result can be written as 

jG(x,C,a)di; = GIk(x) ; k=0,l,...n-\ , 

in which 

Asmhaxsmha\}-Çk)AkÇ
 x<4t 

G/,.(x)==<|ß(sinha(x-/)sinha|t' + sinn ax sinh a(z -4k
2))AkÇ x = Çk 

A sinh a(l - jc)sinh a£, Ak£, *<<?* 
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• h
aA*4 

, sinh — — 
2 A = *— ; S = 2 

a sinh a/ ßA t£ aA.,f 
2 cosh—— 

2 4 

Next we define the matrix G with elements 

G^a'GI^x,) i,j = \,2,-,n ( 6 2 6 ; 

at the points xt = Ç. , i = 1,2,..., n . In consequence of (6.25) and (6.26) the approximation foi 
p,„(.x,r) at the point xi can be written as 

Pm{^i't)«YJGijû)ljuj . ( 6 27) 

Here, w;. = u(xjtt) and o^.= fö0
2(ry). Let us introduce the notatie ion 

Pm, = Pm{*ij) • 

Then the integral equation (6.24) can be replaced in a condensed shape that is an extension oi 
the autonomous system (2.30). At the point xi this system reads 

jij = v 

V,. =-Û>liU;+Pm.+Fi , ( 6 2 8 ) 

t = \ 

i - l , 2, ... , « and F, =F(xjtt) is the prescribed force at the i-th point. The pressure pm 

describes the influence of the moving membrane at the point xi due to the presence of the 
surrounding fluid. 

The solution for this system can be found in the following way. Let us assume that the 

deflection is known at the time t. Then, pm, can be evaluated according to (6.27) at that point 

of time. Because F, is known at the time t, the sum of both quantities represents a known 

force at that point in time. Then the system can be integrated over a small time step Ar. This 

yields the deflection at the time t + At. Then the process can be repeated over the next time 

step. When this process is started from appropriate initial conditions, the system can be 

integrated in the time domain. In our model we again introduced in every membrane oscillator 

a small amount of damping proportional to both the velocity and the resonance frequency of 

that oscillator. 
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Figure 6.4. Four successive stages of the motion of the basilar membrane according to the Zwislocki 
model. This figure illustrates the classical travelling wave along the membrane. The wave travels from 
the stapes to the point of resonance. After that point the wave has changed its character and represents in 
this model an almost in phase motion of the membrane. After the point of resonance the deflection of the 
membrane motion becomes very small. 

The shape of this term is ea0{xi )vl. The parameter £ is a small positive constant and controls 
the magnitude of the damping. In this case we have to replace in (6.27) and (6.28) terms of 
"ïekind coljuj by £a>0jvj +a>ljuj. 

The expression (6.27) defines a matrix vector multiplication. This multiplication must be 
carried out at every discrete point in time. Therefore, the procedure consumes a relatively 
large amount of computer time. The purpose of this procedure is to find the pressure pm 

j long the membrane at the point in time t from the knowledge on the motion of the 
membrane at this time. 

The pressure can also be found from a finite difference approach to model (5.12). Then the 
second order derivative for the pressure must be replaced by a term similar to (5.50). This 
again leads to a tridiagonal system of equations for the pressure pm that can be solved very 
fast. 

The inverted matrix of coefficients is a numerical approximation of the matrix that follows 
Vom the function of Green. The same holds true for the reversed process. Therefore, both 
methods are equivalent. The function of Green describes the coupling between membrane 
oscillators due to the presence of the surrounding fluid directly. The application of this 
function is attractive from a physical point of view. For computational reasons the fastest 
method is attractive. Figure 6.4 is an example of results from system (6.28). The pressure is 
found by application of the function of Green. In the next section we will derive sound 
patterns from a model of the type (6.28). 

189 



500 

400 

300 

scaled 
time 

0.4 0.6 

basilar membrane 

0.8 

Figure 6.5. Spectro-temporal pattern of the motion of the basilar membrane. A measure of greyness is 
used to represent the velocity of the basilar membrane towards the scala tympani. When the velocity is in 
the opposite direction the greyness has the measure zero. The travelling wave from Fig. 6.4 and the 
present pattern are results from the same model. 

6.3.5 Sound patterns 

In the last two decades work of several investigators contributed to the evidence that the main 
cues of the vibration pattern of the basilar membrane are represented precisely in the primary 
nerve fibre. Recently, Narayan et al. (1999) discuss the leading measurements on this subject 
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from the past and (again) show that there is evidence to focus the attention on the velocity of 
the basilar membrane. 

More than twenty five years ago Zwislocki and Sokolich (1973) noted that in a primary 

fibre of the auditory nerve the maximum firing rate is related to the maximum velocity of the 

basilar membrane. This holds true when the membrane moves towards the scala tympani. 

Moreover, it appeared that a velocity in the opposite direction inhibits neural activity. Results 

f Ruggero (1987) support these observations. 

We combined both observations and represented only the 'negative' velocity of the 

successive points of the membrane as a space-time pattern. In our view such patterns are 

c iosely related to the density of spikes in small bundles of fibres. 

Delgutte (1987) and Sachs et al. (1986) have measured discharge rates of neural activity as 

a function of the sound level of short tone bursts. These rates show a usual grow-behaviour. 

We shall assume that similar behaviour governs the relation between the magnitude of the 

negative velocity of the membrane and the firing density of (small bundles of) nerve fibres. 

Therefore, as a rough approach to this behaviour, we will use a non-linear strictly increasing 

unction of the membrane velocity that tends to a saturation level. 

In the next figures we will use a measure of greyness to indicate the magnitude of the 

negative' membrane velocity. A positive membrane velocity will be coded with a zero value 

for the greyness. Figure 6.5 is the image of a series of patterns at successive points in time. 

The ultimate pattern is the result from the numerical model that has been discussed in the 

previous section. In this figure the pattern has been composed of results from hundreds of 

successive time steps. Abscissae correspond to points on the basilar membrane. The ordinates 

.onstitute the time axis. The figure shows responses to the same stimulus that has been used 

in Figure 6.4. The region at the membrane in which resonance occurs is clearly visible. In a 

•ertical strip that corresponds to this region, the greyness tends to be black. In this strip the 

lime intervals between successive centres of darkness correspond to the period of the 

timulus. Each centre is the end of a band of increasing greyness. The time difference between 

successive bands equals this period too. 

The time axis starts at t = 0 . Note that it costs some time before the wave along the 

membrane reaches the region of resonance. This time contributes to the measured delay 

between the start of a stimulus and the moment at which spike initiation takes place in a nerve 

fibre. 

The present representation is an example of a natural spectro-temporal pattern. Those 

patterns can be conceived as rudimentary templates or 'Gestalts' of acoustical phenomena. 

It is self-evident to look also at patterns from complex stimuli. A well-known example is a 

.omplex tone composed of several harmonics of equal strength. Here the words 'of equal 

strength' need an explanation. In our applications the input of a model consists of a prescribed 

pressure at the stapes. Consequently, the notion of 'equal strength' means that the magnitude 

of the pressure for different components is the same. 

We applied a complex stimulus with eight harmonics of equal strength. The components 

are in phase at t = 0. In the time domain the stimulus is a periodic signal. The period 

corresponds to the period of the component with the lowest frequency. 
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Figure 6.6. a. The envelope of the velocity along the basilar membrane. The length of the membrane has been 
normalised to the unit. The stapes is found near zero, the helicotrema near the point one. The complex stimulus 
consists of eight successive harmonics of equal strength, b. Space-time pattern of the membrane velocity towards 
the scala tympani. The stimulus is the same complex tone as has been used in Fig. 6.6a. 
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Figure 6.6a shows the envelope of the velocity of the basilar membrane. Because the 

stimulus consists of eight components there are eight regions of resonance at the membrane. 

A peak in the envelope marks a region of resonance at the basilar membrane. Between the 

peaks the depth of the valleys diminishes as the frequency increases. This partly depends on 

the choice of the place-to-frequency map. In the present case we used an exponential map. 

The height of the peak mainly depends on the damping. The present example followed from a 

model of the kind (6.28) in which we introduced some damping. We applied the usual value 

of the damping {s = 0.05). Both the height and the local shape of the peak will be effected 

considerable when activity is introduced in the model. 

The envelope of the pattern resembles masking patterns from experiments in which the 

masker is a complex signal (see for instance Zwicker and Fasti, 1990; Plomp, 1964). This 

underlines that effects measured in masking experiments, at a high degree, follow from the 

velocity distribution of stimuli along the membrane. Here we meet, from a different point of 

view, one of the notions of Zwicker (1983), namely: Masking, a peripheral effect! 

Fig. 6.6b is a space-time pattern of the magnitude of the 'negative' velocity of the 

membrane in terms of greyness. The figure shows an overall regular pattern with a well-

defined periodicity. The periodicity corresponds to the period of the original sound stimulus 

or, which is the same, to the period that is observed in the region of resonance of the first 

component of the complex. 

From the long history of pitch perception experiments it is known that listeners can 

attribute a pitch to the periodicity of the stimulus. This periodicity is an important overall cue 

of the pattern. Even in the absence of the first component, the periodicity in the pattern has 

been conserved. Therefore, it is not surprising that a listener can attribute the same pitch to 

this signal too. For an overview of classical pitch perception experiments and theories we 

refer to de Boer (1976) and Plomp (1976). 

When in the complex stimulus the frequencies of the successive components deviate from 

harmonic behaviour, both the periodicity in the original stimulus and the global regularity in 

the resulting space-time pattern will be disturbed. However, what remains is that the lowest 

components of the signal are approximately resolved. Then the time behaviour of these 

components can be used to make a guess for a periodic approximation of the disturbed 

periodicity. 

Let us assume that the unknown period of the approximation is T. When the period of a 

resolved component is Tr and this period is 'close' to the period TI n of the n-th harmonic of 

the unknown approximation, the relative deviation from the periodicity T can be written as 

T-nT 

nTr 

When all resolved components are considered as approximations for the successive harmonics 

of the approximation, the sum of the squared relative deviations is a measure for how well the 

approximation fits. This measure is a quadratic equation in T and can be minimised 

theoretically. The theoretical value Tmn (n) still depends on H . 
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Figure 6.7. The envelope of the velocity along the basilar membrane (a) and the peripheral activity pattern (b) 
for a stimulus composed of two groups of components. Both groups consist of four components. Components in 
the first group are the first four successive harmonics, from the signal. The second group consists of the next four 
harmonics. The frequencies of the components in the last group have been multiplied by 1.06. The membrane 
has been normalised to the unit. The stapes is found near zero, the helicotrema near one. 
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When this expression is inserted in this measure and n is varied, it will appear that there is 

at least one value for n that minimises this measure. The inverted value of the period 7 ^ («) 

for an appropriate value of n can be considered as a predictor for the pitch. The present way 

of working is the analogue in the time domain of Goldstein's (1973; 1978) 'central processor' 

pitch theory. 

In our view this method is a heuristic method to find a least square estimate for the period 

of a signal in which the periodicity has been slightly disturbed. It is difficult to relate this way 

of processing to a known physiological mechanism. Therefore it is much more difficult to lay 

a claim to the name 'central processor'. However, an amazing property of a least square 

approach is the success of the method in a broad class of applications. In general it holds: the 

method works. Thanks to Gauss, Laplace, Legendre and many others. 

In the preceding example the frequencies of the eight components are integral multiples of 

the lowest one, the fundamental frequency. In the next example the eight harmonics have 

been split up in two groups of components. The first group comprises the first four 

components; the second one the remaining four components. However, the frequencies of 

components in the second group have been multiplied by a factor 1.06. 

In other words, the fundamental frequency of the first group of harmonics is six percent 

lower than the fundamental frequency of the second group. Groups that have been composed 

in this way resemble parts of stimuli that have been used in dominance experiments (Plomp, 

!967;Ritsma, 1967). 

Suppose that the first group is the stimulus in an experiment on pitch perception. This 

group represents a purely periodic signal. The pitch that follows from the greatest common 

divisor of the components frequencies can match the pitch of this group. The periodicity 

according to this frequency is found back in the peripheral activity pattern and runs over 

almost the whole length of the basilar membrane. Now we assume that the second group is 

the stimulus in the experiment. After the region of resonance that belongs to the component 

with the lowest frequency, the motion of the membrane is negligibly small. Thus, effectively 

the motion takes place in only the first part of the membrane. Next we suppose that both 

groups are presented simultaneously. Then the periodicity of the motion in the first part of the 

membrane has been changed. All 'lower' frequency components carry out a non-negligible 

influence in the high frequency region of the membrane. However, the contrary does not hold 

true. 

Quite formally, the motion in the first part of the membrane is periodic also. This is 

because the motion is the result of the superposition of two periodic processes with a 

frequency ratio 106/100 = 53/50 . This ratio is rational. In consequence of this, the result is a 

periodic motion. The 'new' period is rather long, namely 50 times the period of the lowest 

component in the whole complex. We expect that in general this periodicity is outside the 

region of interest. 

Figure 6.7 is a plot of the activity pattern of the combined stimulus. The activity pattern in 

the first part of the membrane is considerably more complex compared with the pattern in the 

remaining part. In the high frequency part the periodicity of the motion caused by only the 

first group of components has been disturbed by the presence of components from the second 

group. In addition to this, these components are (partly) unsolved. 
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Figure 6.8. Amplitude (a) and phase (b) characteristic of the spectrum of a damped harmonic vibration. The 
dashed lines are the samples in the frequency domain that follow from the periodic continuation of this vibration. 
The resulting signal is shown in (c). The period of this signal is T0. The distance between successive samples in 
the frequency domain is a>0 = 2xlTa. 
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In the low frequency part of the membrane, the motion leads to a well-defined periodic 
activity pattern. Within that pattern it is not difficult to observe the periodicity in the pattern 
as well as almost complete resolved harmonics. When in a pitch detection experiment stimuli 
of this kind are presented, the judgements of most subjects point to a pitch attribution that is 
related to the periodicity properties of the first group of components. This suggests that 
listeners prefer to focus their attention to, properties of, the relatively simple part of the 
activity pattern. 

In psycho-acoustical terms this implies roughly that components up to (and including) the 
critical band determine a relatively simple activity pattern and therefore can dominate in the 
process of pitch attribution. When extreme values for the fundamental frequency are used, the 
present considerations can fail. However, from the classical pitch attribution experiments 
there is sufficient evidence that in the range in which pitch in speech is perceived the present 
notes holds true. The order of magnitude of the mean pitch in Dutch male speech corresponds 
to the pitch of a pure tone of 100 Hz. In female speech this value is 200 Hz. In most textbooks 
on psychophysics and hearing research much attention is paid to the image of speech in the 
auditory nerve. Often motives for this are the interest in the development of and the 
application of aids for speech and hearing impaired. Because activity patterns that follow 
from our models are the input of a neural network that starts at the inner hair cells, those 
patterns can contribute to develop and to understand those neural images. Therefore, we will 
close this section with a basic example from the field of speech. 

Let us conceive the larynx as a popgun. In mathematical terms, a pop can be modelled by a 
delta function. Each pop or delta function represents a pat on the end of an air column 
enclosed by the vocal tract. This column starts at the larynx and ends effectively near the 
opening of the mouth. The actual shape of the vocal tract determines the shape of the column. 
From theory it is known that the vibration properties of the column follow from the actual 
shape of the column combined with appropriately chosen boundary conditions at the ends. 
The reaction of the system near the mouth on one pop at the larynx is the impulse response of 
the system. This response is the superposition of classical damped harmonic vibrations. The 
actual shape of the tract and the boundary conditions determines the frequencies of these 
vibrations. Thus, the spectrum of the reaction is the sum of the spectra of damped harmonic 
vibrations. 

When the gun fires at evenly distributed points in time and the difference between 
successive pops is T0, the resulting signal is the periodic continuation of the original signal 
with period T0. In that case we are in the comfortable position to profit from an important 
property of Fourier theory, namely the summation formula of Poisson (see for instance 
Papoulis, 1984). The formula states that the spectrum of the periodic continuation equals the 
series with components at the frequencies na>0 =2xn/T0; n = . . .- l ,0, + l,... . The 
coefficients of the components are the numbers \IT0 multiplied by the sampled transform of 
the original spectrum at the frequencies nco0. It then follows that the magnitude of the 
spectrum of the impulse response, apart from a multiplicative constant, determines the 
envelope of the amplitude spectrum of the series. In addition to this, the phase spectrum of the 
series equals the sampled phase characteristic of the spectrum of the impulse response. This is 
essentially how the spectrum of a vowel has been composed. 
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Figure 6.9. a. Envelope of the velocity of the basilar membrane caused by the stimulus from Fig. 6.8. This signal 
is a one formant vowel-like stimulus. This signal can be described by a truncated Fourier series that consists of 
ten (real) terms, b. Activity pattern for the long-term behaviour of the same stimulus. 
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In mathematical terms the starting point is only one damped harmonic vibration. We shall 
assume that this vibration is causal and given by 

P(t) = 

cxp(-at) sin a>tt , r > 0 

0 . r < 0 

The constant a (a > 0) is a measure for the damping. The Fourier transform of this function, 
the spectrum of the signal, is defined as 

P(a>) = [p(t)e\p(-icot)dt . 

In this special case the spectrum reads 

ƒ>(«) = — y ^ - , . 
a + a>; -co + liaco 

The magnitude of P(co) yields the amplitude spectrum of the signal and its argument the 
phase. A straightforward calculation shows that the amplitude spectrum has a maximum when 

cor = a>^\-(al co, f . 

The frequency cor is a resonance frequency of the vocal tract. Because in practice it holds that 
a « ft),, the frequency cor is close to the co,. In the lossless case both frequencies are equal 
to each other. Quite formally, co, can be found when in the lossless case a classical boundary 
value problem for the vocal tract is solved (see for instance Ungeheuer, 1962; Vieregge, 
1970). Therefore, effectively oor and &>, are the same. In the science of speech the frequency 
cor is often called a formant frequency. 

According to Poisson's summation formula, the periodic continuation of this signal with 
period T0 can be written as the series 

£ pit + nT0)=— YJP{nw0)exp(mo0f) , 

in which co0=27r/T0. Both the magnitude and argument of P(co) as well as the sampled 
values of P(co) at na0 ; «=...-1,0, + 1,... , are shown in Fig. 6.8. A truncated version of this 
formula is an approximation for a one-formant vowel-like stimulus of long duration. We used 
this complex to construct an activity pattern for long time behaviour of this kind of stimuli. 
The result is Fig. 6.9. The example shows that in general properties of the original formant 
frequency recur only approximately in an activity pattern. Formant frequencies are carriers of 
information about the shape of the vocal tract. Clearly, the availability of only slovenly 
information of this quantity is an indication that in natural speech the features for the 
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recognition of vowels follow from a class of approximately similar properties rather than from 
precisely well defined ones. 

6.4 Conclusions and discussion 

In chapter 3 we studied properties of an equation of motion for the basilar membrane. This 

equation comprises the minimal number of mechanical quantities that are necessary to 

develop models for the motion of the membrane successfully. In this equation the stiffness 

and the inertial resistance of the basilar membrane are responsible for resonance. The 

presence of the surrounding fluid leads to a special term for the pressure at the membrane. 

This term consists of two parts. The first part is known and originates from a prescribed 

pressure at the stapes. The second one follows from the presence of the surrounding fluid. 

This part describes the coupling between membrane oscillators. The form of this term is an 

integral over the whole length of the basilar membrane. The integrand is a function of Green 

multiplied by stiffness forces of the moving membrane. Ultimately, it appears that the 

equation of motion is an integral equation in the place domain that must be solved at every 

point in time. 

In the first part of this chapter we generalised the integral equation. This can be done when 

the stiffness term is replaced by a general term that can comprise forces of any kind. The 

kernel of the integral equation is a function of Green for the membrane condition of a 

hydrodynamical problem for the pressure in the cochlear scalae. Different geometrical forms 

of the scalae lead to functions of Green that differ slightly from each other. The best one of 

these functions depends on the readiness to invest efforts into this part of the problem. In spite 

of these differences all those functions possess one essential common property, namely: they 

obey the inhomogeneous boundary condition for the pressure at the membrane in which the 

inhomogeneous term is a delta function. Because of this property a function of Green 

describes the 'strength' of the coupling between membrane oscillators. 

In this work we only considered relatively simple functions of Green. The simplest 

function of Green follows when the approximation from chapter 5 is applied. In the present 

chapter we showed that this function is applicable in time domain models. The function of 

Green from chapter 3 belongs to the class of modified delta functions. However, this function 

can be integrated easily. Therefore, it holds that the techniques from the present chapter are 

also applicable to the approach from chapter 3. In the present chapter we used this function 

only quite formally to derive several formal properties of the problem. Until now we have 

little experience with the application of this function as a tool in numerical time domain 

models. 

We again inverted the integral equation to an equation for the pressure at the membrane 

and prescribed boundary conditions. It appeared that this equation readily follows from an 

elementary Euler equation at the membrane and the usual form of the equation of motion for 

the membrane. The equivalence of the different forms offers the opportunity to compare 

seemingly different models with each other. 

Several investigators propose to model activity in the cochlea by the application of a 

composed damping term in their models. One of those terms is found in the well-known Van 
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der Pol oscillator. In our view it is impossible to model the observed sharp low-level 

frequency responses with characteristics that follow from those models. Therefore, this way 

of modelling is not very promising. 

In chapter 3 we showed that the problem for the pressure at the basilar is not free from 

singular points. However, in chapter 3 we determined, both in the two-dimensional case and 

in the three-dimensional case, a function of Green as if the spatial problem for the pressure in 

the cochlear scalae is free from singular points. In general this is not the case. Therefore, this 

procedure can never be justified from a mathematical point of view. This imperfection can be 

used as an objection against the validity of that method and against all methods that are 

equivalent to this. For the same reason it holds that this shortcoming can also limit the 

generalisation that we proposed in the present chapter. 

In our view functions of Green that are found from spatial cochlear problems in which 

singular points are neglected, essentially belong to the same class of 'influence functions'. 

The application of members from this family yields always a transmission line description. 

However, that description can never be conceived as a solution derived from a spatial problem 

for the pressure in the cochlea in which resonance is present. 

In chapter 4 we considered the membrane condition as an equation in the complex plane. 

In that chapter we solved that equation analytically for a linear place-to-frequency map. In the 

present chapter we showed that this solution is the basic constituent for a system of coupled 

filters. We conceived the resonance frequency of an arbitrary point of the membrane as a 

function that maps the basic solution for the pressure at the basilar membrane to a more 

practical form. This notion is rather classical and corresponds to well-known ideas of the 

theory of conformai mapping. We applied those notions and constructed a system of coupled 

filters. The systems can comprise additional terms in consequence of the presence of hair cell 

behaviour. 

In the last part of this chapter we showed examples of spectro-temporal peripheral activity 

patterns. These patterns are the result of a time domain model according to the integral 

equation approach from chapter 5. Only the membrane velocity towards the scala tympani 

was shown. This velocity corresponds to a putative stimulus for inner hair cells. The patterns 

clearly show the spectral and the temporal structure of the input for a neural net that starts at 

the primary fibres of the auditory nerve. The model that we used is an example of a passive 

model. We expect that the incorporation of hair cell forces will enhance the frequency 

selectivity of those models considerably. Evidence for this is found in section 5.7. 

From a technical point of view the way in which a models works is not important. Only the 

result counts. In that case scaled filter characteristics from chapter 4 are appropriate tools to 

apply in models for filter banks. 

In the field of speech and hearing a natural spectro-temporal representation of sound 

stimuli is of great importance. Therefore we propose to incorporate those characteristics in the 

model for the recursive Fourier transform (Papoulis, 1984). However, this is beyond the 

limitations of the present work. 
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