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ARTICLE INFO ABSTRACT
MSC: Let J(-) be a compound Poisson process with rate A > 0 and a jumps distribution G(-)
60J65 concentrated on (0, o). In addition, let V' be a random variable which is distributed according
28;721 to G(-) and independent from J(-). Define a new process W (1) = W, () =V + J(t) -1, 1 > 0 and

let 7, be the first time that W (-) hits the origin. A long-standing open problem due to Iglehart

91830 (1971) and Cohen (1979) is to derive the moments of the functional /OT W (r)dr in terms of the
Keywords: moments of G(-) and 4. In the current work, we solve this problem in much greater generality,
Subordinators

i.e., first by letting J(-) belong to a wide class of spectrally positive Lévy processes and secondly,
by considering more general class of functionals. We also supply several applications of the
existing results, e.g., in studying the process x — /OT* W, (1) dt defined on x € [0, ).

Brownian motion

Lévy process with secondary jump input
First passage area

Regenerative method

Area in red

1. Introduction

Lévy processes form a class of stochastic processes that start from zero, that have cadlag sample-paths, and that have stationary
independent increments; see e.g. the general surveys [4,8]. They play a prominent role across various subdisciplines of applied
probability, such as ruin theory [6,39] and queueing theory [16], but they are also extensively used in mathematical finance [44].

The current work aims to analyze the area under the graph of the Lévy process until a stopping time. More specifically, in the
setting considered we give the process an initial push ¥ > 0 at time 0, and record the Lévy process (assumed to have a negative
drift) until the first time 7 that the level 0 is hit. The main object of study is the joint distribution of the area under the graph of the
Lévy process in the interval between 0 and z, the number of jumps of the Lévy process in the same interval, and the hitting time
7 itself. The objective is to characterize this joint distribution through a constructive scheme via which a family of joint moments
can be recursively identified.

7 The research of RJ and MM was supported by the European Union’s Horizon 2020 research and innovation programme under the Marie Sktodowska-Curie
grant agreement no. 945045, and by the NWO Gravitation project NETWORKS under grant no. 024.002.003. - RJ also acknowledges the support of the Israel
Science Foundation, Grant #3739/24.
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Our model is formally introduced as follows. We let J(-) denote a Lévy process which is a superposition of a subordinator (i.e., a
nondecreasing Lévy process) and a drifted Brownian motion (BM). For this specific subclass of spectrally positive Lévy processes it
is well-known (see, e.g., [39, Theorem 2.1, Lemma 2.14]) that the Laplace exponent of J(-) necessarily takes the form

2.2
ﬂ—/ e =1udy) , a>0, )
(0,00)

(@) = @, (a) = —log Ee M = ¢q — 5

where ¢ €R, 6 > 0 and v is a Borel measure on (0, co) such that
/ (IAy)v(dy) < co. (2)
(0,00)

This means that J(-) could for instance be a compound Poisson process (CPP) with nonnegative jumps (by taking ¢ = 0 and
v{(0,00)} < o0) or BM (by taking v{(0,0)} = 0). Importantly, however, our class of Lévy processes also includes processes with
P-a.s. infinitely many jumps over finite time intervals (i.e., v{(0, )} = o0), such as the Gamma process and the inverse Gaussian
process. For an account of some other examples, see e.g. [16, Section 2.2] and [39, Section 1.2]. In the sequel we denote by

OEEJ(1)=¢’(0+)=C+/ yV(dy)=C+/ v{(y,c0)}dy 3)
(0.00) 0

the process’ asymptotic drift, which we throughout assume to be negative. In addition, we let V' denote the initial push given to the
process J(-), defined as a positive random variable that is independent from J(-). The resulting process is, for ¢ > 0,

W =W,()=V +J(@), (€]
which we consider between 0 and the stopping time
t=r,=inf {r>0: W, »)=0}. (5)

where we note that under ¢ < 0 and EV < oo we have Er < o (see, e.g., [38, Section 2]). We proceed by stating the main objectives
of this paper. With Borel function f : R, — R,, we define the following four functionals associated to the process W(-):

Aszf(V)z/ foW(t)th/ fWwwyde (6)
0 0
D;=D,(V)= D foW(t-) = D FW (=) .

t€[0,7): W (1—)<W (1) t€[0,7): W (1—)<W (1)

Special cases include: (1) if f = 1, then A, equals the stopping time 7, (2) if f is the identity Id, then A, equals the area under the
graph of J(-) until 7, (3) if f = 1, then D, counts the number of jumps of J(-) until 7, (4) if f = Id, then D, represents the aggregate
of the values of the left-limit of W (-) at the jump epochs happening until 7.

Our concrete research question concerns joint moments of the functionals A, and D, for given Borel functions fi, f, 8. &-
More specifically, we wish to derive explicit expressions of the high-order moments of the random vector

(4,47, D, Dy, ) @)

in terms of (i) the moments of V, (ii) the moments corresponding to the measure v(-), and (iii) the parameters ¢ and ¢. Our findings
demonstrate how this can be done for the case that f|, f,, g, and g, are all of a polynomial form, the main result being a recursive
scheme via which the joint expectation

ki gka n?1 nt2
E {Af] A% gl D } (8)
can be evaluated for any combination of nonnegative integers (k,, k,,¢,,¢,) and polynomials f;, f,, g, and g,. For instance when
picking f, =1 and f, = Id, we obtain joint moments pertaining to the stopping time r and the area under the graph of J(-) until .
An important special case, particularly from a queueing-theory perspective, is the one in which the process J(-) is of CPP type

and V has the same distribution as the jumps of J(-). We stress, though, that our results by no means do not require this choice;
see also Remark 1.

1.1. Existing literature

Thus far, only in very specific cases explicit expressions (or computation schemes) have been developed for the high-order
moments of (7). We proceed by providing a succinct overview, where we subsequently discuss the settings with spectrally positive
Lévy input, CPP input, and BM input.

Spectrally positive 1évy input
In the case when J(-) is a Lévy process with nonnegative jumps (i.e., a spectrally positive Lévy process), it is well-known [39,
Section 8.1] that the Laplace-Stieltjes transform (LST) of r is given by
EeFf7 = Ee“"_](ﬂ)v, 9

with @~!(-) the right inverse of the Laplace exponent ¢(-). Thus, conceptually, the high order moments of the hitting time 7 (i.e., A
with f = 1) can be computed via repeated differentiation of this LST. The paper [2] focuses on the characterization of the LST for
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a more general class of functionals. That is, consider some nonnegative real-valued measurable function f(-) and assume that V'
equals to a constant x € (0, o). Then, [2, Theorem 2.3] states that

Mf(A)EMf(/l;x)EIEexp{—/l/xf[x+J(t)]dt} , A>0 10)
0

is a solution of certain functional equation (equipped with boundary conditions) which is phrased in terms of the generator of J(-).
This characterization of M /(1) was shown to be helpful in specific examples, e.g.:

(1) When ¢ > 0 and there are no jumps, M4(-) is a solution of a Schrédinger equation which can be expressed in terms of Airy

functions.
(2) When ¢ =0 and the jump process is a Poisson process with rate 6 € (0, 1) (i.e., all jump sizes are equal to one), it was shown
that
0[x]+1
Myh)=—2 | ¥i>0

Hﬁﬂo [0+ Ax — j]

where [x] is the integer part of x.

We note that, as stated in [2, Example 5], the application of this approach to the more general case in which there are Brownian
motions and jumps together will not yield any explicit solution even when considering the relatively simple functions f = 1 or

f=1d.

Compound Poisson input

Assume that J(-) is a CPP with rate 1 € (0, ), nonnegative jumps (that are distributed as the initial push V) minus a unit drift.
In addition, denote N = D, with g =1, i.e., N is equal to the number of jumps that J(-) has during the time interval (0, 7). For the
case that f = 1 as well, [14, Section II.4.4] provides the joint LST of N + 1 and z in terms of a fixed point relation. In a similar
fashion, we can derive the following fixed point relation for the joint LST of N and z: for a, > 0,

r(@, f)=EeeN-F7 = E o~ {p+A[l=e*r@p)|} vV 11

Suppose that we wish to compute Ez¥ N?. To this end, apply the Faa di Bruno’s formula in combination with the general Leibniz
rule in order to differentiate both sides of (11), k times with respect to f, £ times with respect to «, and then take (a, #) | (0,0).
For every k,# € Z., this yields an equation from which one can isolate Ez* N and get an expression in terms of 4, the first £ + k
moments of G(-) and EN‘¢/ for i € {1,...£}, j € {1,...,k}. As a result, we can recursively determine all the joint moments of N
and 7.

Consider the case where V' has the distribution G} (-) which is not the same as the jump distribution of J(-). In this case, denote
the time until W), (-) hits the origin by 7;, and the number of jumps it has until 7, by N},.. In this case, we know that given V, the
number of records in the (decreasing) ladder process until = has a Poisson distribution with rate AV'. Thus, by the strong Markov
property of J(-) we shall apply the LST of a compound Poisson distribution in order to get, for a, # > 0,

v(@, p; Gy) = Be *Nv i (12)
= Eexp {—V [ﬂ + A (1 - IEe_["(N+l)+ﬁT])]} = e V{p+ali-eTr@pl}

This means that the high-order moments of the random vector (Ny,, 7;,) will all be linear combinations of the moments of V' with
coefficients determined by the high-order moments of (N, 7).

Complications arise, however, when considering functionals of W (-) for which we lack a fixed-point relation for the LST, entailing
that one cannot apply the procedure described above to recursively compute the corresponding moments. For example, in the case
that f(-) = Id, in which A, represents the area beneath the sample path of W(-) until 7, no fixed-point relation for the relevant LST
is known. Following other techniques, a few partial results were found though. More specifically, with y; denoting the ith moment
of the jump distribution of J(-), and f(-) =1d,

(1) Iglehart [24] showed that, applying the time normalization ¢ = 1,

_
21— p2’
where p = 1+EJ(1) = AEV < 1. In addition, he stated the challenge of finding the other moments of A, as an open problem.

EA, = 13)

(2) Cohen [13] applied a level-crossing technique to derive that

2,3
EA2 M4 4Apops Ay
7oA -pP 301 -pt AP
Concerning moments of order greater than two, to our knowledge, the only relevant existing references are:

(14)

(1) Borovkov, Boxma and Palmowski [11], who showed that when the jump distribution of J(-) is exponential, the LST of A f
(with f(-) still the identity Id) can be written in terms of Whittaker functions.

(2) As mentioned above, Abundo [2] assumed that the jumps seize are all equal to one, and provided an explicit formula of the
LST of A, (with f(-) still the identity Id).
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Thus, even when considering the simpler setup with J(-) being a CPP, the computation of EA’} for k = 3,4, ... remained an open
problem.

Another related work concerning the instance that J(-) is a CPP with nonnegative jumps, is by Glynn [20], relating ED,(x) to an
associated Poisson’s equation. A consequence of the findings in [20] is that when g(-) is a polynomial, then ED,(x) is a polynomial
in x. To the best of our knowledge, there is no additional literature regarding ]ED§ (x) when ¢ > 2.

Brownian motion input

We proceed by considering the case where V' = x for some x € (0,00) and J(r) = ct + B(t) for every ¢+ > 0 such that B(-) is a
standard BM and ¢ < 0. Abundo and Del Vescovo [3] derived a computational scheme to derive the precise expression of the joint
moments

Ty ¢
I o (x) = Ed¥ </0 [x — J ()] dt) . ktEZ,. (15)

They showed how this scheme produced the expressions of I, ,(x) for small values of k and ¢#. Furthermore, they proved [3,
Proposition 2.5] that I, ,(x) is a polynomial in x with a degree equal to k + 27. Note that when V is a positive random variable
independent of B(-) and has a cdf G, /0°° I} /(x)dG(x) is a linear combination of the first k + 27 moments of V.

More results on the joint distribution of the first passage time 7, and the so-called first passage area fofx [x — J(1)]dt appear in
several works motivated by certain applications in physics (see, e.g., [32-34] and the references therein).

1.2. Motivations

The computation of high-order joint moments of the type (8) has applications across various domains. In this subsection we
subsequently point out how our results are relevant in the context of Lévy fluctuation theory, in the context of insurance/risk
models, and in a queueing setting.

Lévy processes with secondary jump input

Consider a probability space (£, F,PP) equipped with a filtration F = (F,) which is right-continuous increasing sequence of P-
complete sub-o-fields of F. In addition, assume that X(-) = {X () : ¢ > 0} is the right-continuous version of a Lévy process with
respect to F, i.e., it is adapted to F, and for every 0 < s < t we have that X (¢ — s) is distributed as X () — X(s) and X(r) — X(s) is
independent of F,. Let @)X, be a strictly increasing sequence of stopping times in F such that 7, = 0, and define a counting process

N(I)Esup{neN: Tngt}, e)

fort > 0. If (U,)32, is a sequence of random variables adapted to the filtration (Fe s then a general description of a Lévy processes
with secondary jump input is given via
N@®)
YO =Xt + Y U,, a7)
n=0
for ¢ > 0. For more details regarding this class of processes and their applications in the applied probability literature, see e.g. the
seminal papers [37,38] and some consecutive works such as [26,28,35,36].

Now, consider a regenerative process {Y (¢) : t > 0} with independent cycles that are distributed as {WV(I) 0<t< r}. The thus
constructed process is a special case of a Lévy processes with secondary jump input, as introduced in the preceding paragraph. Since
the distribution of r is non-arithmetic, we can use the classical theory regarding regenerative processes; see, e.g., [5, Chapter VI]
for a detailed account. It specifically implies that as ¢ < 0, there exists a random variable Y* such that Y(r) -4 Y* as t - o and
Bf (V") = ot

f ( ) - Er
for any nonnegative Borel function f(-). A popular approach to quantify the steady-state mean Ef (Y*) is via stochastic simulation,
where a frequently used class of algorithms is of the regenerative type; see, e.g., [7, Chapter IV, Section 4]. In the study of the
probabilistic properties of the resulting estimators, one greatly benefits from the availability of high-order moments of (A f 7) (e.g.
when constructing confidence intervals, or upper bounds on the tail distribution).

(18)

Insurance/risk model
For a given 6 > 0, we define the process

XgH=0+r1—J@), (19)

for t > 0, where J(-) is a subordinator (for simplicity assumed to have zero drift) and r € (0, ) such that EJ(1) < r. In particular,
when J(-) is a CPP with nonnegative jumps, the resulting process describes the evolution of the surplus level of an insurance company
in the classical Cramér-Lundberg model [6,41].
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Xp(t)
0
Gy .
0 g
/ Time
N
Fig. 1. An illustration of X,(-) when r = 1 and J(-) is a CPP with nonnegative jumps. Note that conditionally on an undershoot which equals 5, the mirror

image of {Xg(r) HEZR S {9} with respect to the horizontal axis is distributed as 6 + J(r) —t, revealing the relation to the current work.

Let 7, be the ruin time, i.e., the first time when the surplus process X,(-) becomes negative. A traditional objective in ruin theory
concerns the evaluation of the ruin probability P {zy < oo}, but recently attention shifted to the analysis of more general classes of
functionals of X,(-) conditionally on the event {7, < c0}. One could for instance consider functionals of the type

o
Cy(h) = / h[-X, (zp +1)] dr (20)
0
for some nondecreasing right-continuous function # : R, — R; here
Gp=inf {t>0: X, (zp+1) =0}, 21

so that ¢, defines the length of the interval that starts at time 7z, and that ends at the first time the surplus level hits a nonnegative
value again. Two examples of relevant functionals 4 are:

(1) The choice h =1 yields ¢, itself, in the literature referred to as the so called time to recovery. This quantity was analyzed by
e.g. Dos Reis [18,19] in the framework of the classical Cramér-Lundberg model.

(2) The choice h(x) = x yields the so called area in red. This functional was analyzed by Picard [42] in the Cramér-Lundberg
model. Later, Lkabous and Wang [40] derived the first moment of the area in red in a more general Lévy-driven setup in
terms of scale functions [39, Chapter 8].

We proceed by illustrating how the current results can be used to analyze the quantities defined above. Choosing h(x) = x* for some
k € Z,, we have, for any ¢ € N,
Ty < oo} . (22)

P S0 P ‘
po(k, ) =EC)(h) =E [/0 [-Xp (zg +1)] dt]

Then, as illustrated in Fig. 1, conditioning and un-conditioning on the undershoot 4, = —X,(z,), combined with the strong Markov
property of the driving Lévy process, yields

~ 4
to(k, €) =/ E{ [/ ’ 6+ J(t) —ri] dt] } P {4, €ds} , (23)
(0,00) 0

where, for 6 > 0,

Ts=inf{(r=>0:6+J(@0)—rt=0} . (24)

This reveals the relation to the current work in which we provide an expression of the expectation inside the integral in (23). In
our paper we show that this expression is a polynomial in 6, i.e., in order to evaluate u,(k,¢) it is left to derive the moments of
the distribution of 4,. For example, when J(-) is a CPP with nonnegative jumps, the transform which appears in [41, Exercise 1.2]
might be particularly useful for that purpose.

M/g/1 queue
The Skorohod reflection [5, Chapter IX, Section 2] of Wy, (-) is defined, for ¢ > 0, by

Wt =Wy@) =Wy - ot Wy ()] . (25)
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where ¢~ = min{—a,0} for any a € R.

Consider the case that J(-) is a CPP with nonnegative jumps minus a unit drift. In addition, let V be a random variable which
is independent of J(-) and distributed as the jumps of J(-). In that case WX(-) describes the evolution of the workload in an M/G/1
queue with an initial workload level of x. A detailed account of this type of storage systems can be found in, e.g., [5, Chapters VIII
& X1, [14,43]. Note, that the process W y(-) stochastically regenerates whenever it hits the origin and the regeneration epochs have
a non-arithmetic distribution. Therefore, by the regenerative-process theory, as found in e.g. [5, Chapter VI], under the evident
stability condition, there exists a random variable W* such that Wo(t) —g W*ast - .

Let N(-) be the arrival process of the jumps in J(-), and suppose we observe the process WO(-) according to N(-) during the time
window [0, T]. When trying to estimate E g(W*) for some Borel function g : R, — R, we can use ideas similar to the ones we
discussed above in the context of Lévy processes with secondary jumps. By the pasta property [49, Theorem 11,

E g™ = oot 26
WH= —.

sWhH =g D, (26)

Eq. (26) suggests that a consistent estimator can be constructed via the regenerative method [7, Section IV.4]. To assess the statistical

properties of this estimator (in the regime that T — ), such as its asymptotic variance and asymptotic tail probabilities, it is of

great help to have expression for the high-order moments of (Dg, Dy).

1.3. Organization

The remainder of this paper is organized as follows. Section 2 presents the results about the computation of the first moment of
(7), which leads to recursive computation schemes when f(-) is polynomial. Then, Section 3 points out how to utilize the Markov
property of the underlying Lévy process, jointly with the results regarding the first moment of (7), so as to derive high-order moments
of (7). Section 4 includes some applications of the results from the former sections, aiming to prove structural properties of the
functional A/(x), to be interpreted as a stochastic process in the initial level x.

In Section 5 we consider the area beneath the workload process in an M/G/1 queue until an independent exponentially distributed
time Tj; with mean p~L. It is explained how its LST can expressed in terms of the joint LST of (A, ) (with Id denoting the identity
function on R, ). This translation formula, relating the area until hitting time 7 to its counterpart until Ty, is particularly useful, as
we have access to the joint LST of Ajy and r via the expressions for the joint moments presented in Section 3.

Section 6 demonstrates how the existing results in [13,24], as given by (13)—(14), are easily reproduced by applying our results,
and how explicit expression for other (joint) moments can be found. Finally, Section 7 presents a collection of open problems related
to the research presented in this paper.

2. First moment

In this section, we first derive an expression for the first moment EA, in Theorem 1, and use this to characterize its counterpart
ED/ in Theorem 2. In the second subsection we point out how these expressions can be made explicit in the case of polynomial f,
with Theorem 4 providing a recursive algorithm.

2.1. General expressions
In our analysis we denote, for each i € Z,, with Gy, (-) the cumulative distribution function of the initial push V,

= / ¥y dGy (). @27
0

We in addition observe that ¢, as defined in (3), is negative and finite. As follows from, e.g., [38, Section 2], we thus have that the
expected cycle length, given by
M

e
is finite. The following theorem provides a constructive method to compute the first moment EA, for a given Borel function f.

Er = (28)

Theorem 1. Assume that U and ¢ are nonnegative random variables such that

(1) V, U and ¢ are independent.
(2) U is distributed uniformly on [0, 1].
(3) The LST of ¢ is given by

a¢’(0+)

—Ee —
wio) = Ee o(a)

a>0. (29)
Then, for any Borel function f : R, - R,,

EAp =2 / " XE/ (¢ +xU)dGy (). (30)
0
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Proof. First it is observed that it suffices to provide the proof under the assumption that V' = x, P-a.s. for a given x > 0. Then, the
claim follows via an integration with respect to dGy (-).
Since Er = —x /0 < o0, there is a probability measure on (R + BR +)) which is defined by, for any given E € BR,),

- =1 ’
P*(E} = E1E[/O Lwiwerd] - 31
In addition, we note that, with E* denoting expectation with respect to P*,
T *
EA, = E[/ foW(t)dt] - _XES (32)
0 4

Now, let ¢ be a random variable such that P{¢é € E} = P* {E} for every E € B (R +). Then [37, Theorem 5.1] implies that, for any
a>0,
et _ 09/ (0+) 1—e™
e — s —
@(a) ax
Hence, ¢ is distributed as the sum of a ‘Pollaczek-Khinchine distributed random variable’ (having LST a¢’(0+)/¢(), that is; see
e.g. [37, Theorem 4.2]) and an independently sampled uniformly distributed random variable on [0, x]. This finishes the proof. []

E (33)

Remark 1. The proof of Theorem 1 reveals that we can actually work with the initial push V' being a given, deterministic level: if
V = x>0, P-a.s., then

EA,:-éfo(me). (34)

Along the same lines, we wish to emphasize that all main results presented in this paper thus cover the case of starting at a given,
deterministic level x (the exception being the M/G/1-specific results of Section 5). It is noted though that (11), (13) and (14), all
results from the existing literature that we discussed in the M/G/1 context, require that the initial level be distributed as the jumps
of the driving compound Poisson process.

Remark 2. In (29), w(-) is expressed in terms of the generalized Pollaczek-Khinchine formula [37, Theorem 4.2]. In fact, if the
driving process is a CPP, then the density of ¢ can be written as the solution to an integral equation [12, Subsection 1.7].

Remark 3. Consider a regenerative process Y (-) in which the cycles have the distribution of {W () : 0 <t < z}. This process has a
finite expected cycle length, so that the probability measure P* which was defined in (31) has multiple appealing interpretations.
(1) The renewal reward theorem implies that for every set E € B(R), P* assigns to E the long-run average time that the process Y (-)
attains values in E. (2) P* is the distribution in a stationary version of Y(-), as constructed in [48]. (3) Since 7 has a non-arithmetic
distribution, the probability measure P* also defines the limiting distribution of Y (¢) as t - oo [5, Chapter VI].

The second main result of this section concerns the relation between the first moment of A, and the first moment of D,. When
the jump intensity 4 = v{(0,c0)} is finite, it follows immediately from the pasta property [49]. In the case this jump intensity is
infinite, however, our proof reveals that a considerably more delicate argumentation is needed.

Theorem 2. Let f(-) be a nonnegative Borel function on R,. Then,
ED, = AEA, (35)
with the convention that 0 - co = 0.

Remark that in the case of drifted Brownian motion, as discussed in the introduction, we have that, in (35), A is to be taken
equal to 0.

The proof of Theorem 2 (as well as proof of other claims in this section) is based on the Lévy-It6 decomposition [39, Theorem
2.1] which states that J(-) can be expressed as the superposition of four independent processes:

(1) A deterministic drift process ¢ — ¢t with ¢ < 0.

(2) B, () = oB(-) which is a driftless Brownian motion with a volatility ¢ > 0.

(3) ¥,(-) which is a CPP with an arrival rate 4, = v {[1, )} and jump distribution Ao‘l v(dy).

(4) A sum of a sequence of independent processes ¥, (-), ?,(-), ... such that for each i € N, ¥;(-) is a CPP which has an arrival rate
4 = v{[270*D, 27} and jump distribution 4,~' v(dy).

Note that in the above-mentioned description of the decomposition, we apply the convention that whenever 4; = 0, then ¥;(:) =0,
P-a.s. In addition, A = Y70, 4;.

The proof of Theorem 2 is based on the main result of [49], a classical finding in the applied probability literature that has
become known as the Poisson arrivals see times averages (pasTA) property. Morally, the pasta result provides us with conditions under
which a system’s stationary distribution at Poisson epochs coincides with the system’s long-run distribution. For convenience and
completeness, we are now providing its precise statement.
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Theorem 3 (pasta). Consider a probability space (€2, F,P) with the following objects:

o F=(F)y is an increasing right-continuous sequence of P-complete sub-c-fields of F.

o X()={X(®: O} is a cadlag stochastic process.
o N()={N(@) : 0} is a simple cadlag counting process, which is adapted to F and which has stationary increments.

o Forany t,h > 0, the increment N (t + h) — N(¢) is independent of F,.
For every n > 0 denote
=inf{reN: N >n}. (36)
Then, the (continuous-time) process {X(t) : t > 0} and the (discrete-time) process {X(T,—) : n = 0,1,2,...} have the same ergodic
distribution and hence for any nonnegative Borel function f(-), the limits

t n
lim 1/ foX(s)ds , lim lZfoX (T,-
0 n—oo n =

t—oo

), Hm N(t)/ foX(s—)dN(s),

exist (possibly infinite) and they are equal P-a.s.

In what follows, we apply this theorem with X(-) corresponding to a compound Poisson process with nonnegative jumps, and
N(-) corresponding to the underlying Poisson process that defines the jumps epochs in X(-). Now we are ready to provide the proof
of Theorem 2.

Proof. If A = 0, the result is trivial, so that it is left to provide a proof for the case A > 0 (possibly infinite). For any i € N, let
N;(-) be the arrival process corresponding to the jumps in ¥,(-), i.e., whenever 4; > 0, N;(-) is a Poisson process with rate A, and
otherwise it equals zero P-a.s. This entails that the superposition

o0
No=Y Nmn= Y N, 120 (37)
i=0 ieNy:4;>0
coincides with the arrival process of the jumps in J(-).
Now, let {Y(r) : t > 0} be a regenerative process with independent cycles that are distributed as {W(r) : 0 < ¢t < 7} such that
Y (1) = W) for every 0 < ¢ < 7 and note that Y(-) is cadlag. Then, as 7 is positive and has a finite mean, the ergodic theorem for
regenerative processes implies that

1 ! t—oo ]EAf
- / foY(s)ds—— —— , P-a.s. (38)
t 0 Er
As a result, due to the pasta property [49], for any i € N, such that 4; > 0,
Y(s=)dN, Ep 39
N(t)/fo (s=) (S)—)E , P-as. (39)

In addition, for each i € N, such that 4; > 0, it is known that N;(r)/(4;1) — 1 as t - oo, P-a.s. (by the law of large numbers for
renewal processes), and hence for that case the renewal reward theorem leads to

N(t) /on(s ) AN, (5)— —]E/ foY(s=)dN(s)

= —E W(s—)dN; P-a.s.
3 Er /0 foW (s=)dN;(s) , a.s
Thus, because this limit is unique, we conclude that, for any i € N,
T
E / foW(t—)dN,() = 4, EA, . (40)
0

Then, a summation of both sides of (40) over all indices i € N such that 4; > 0 yields
ED, = Z 1E/0 oW (t-)dN,() = AEA, . (41)
i=0
This completes the proof. []
2.2. Polynomial functionals

The first moment EA /, as identified in Theorem 1, can be made explicit when the functional f(-) is a polynomial. The expression
for f(-) = Py(-) with P,(y) = y* for k € Z, and y > 0, is presented in the next corollary. Recall the objects ¢(-) and y(-) that were
defined in respectively (1) and (29). For simplicity of notation, for any k € Z,, we define
d~ d~

LD pzehon= B2 (42)

k
al0 da* | 19

Yy = y®O0+) =
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Corollary 1. Forany ke Z,,

k
1 k\ Hi-it1 i
EAp =—— ——(-D'y;. 43
7, 0§)<i)k_i+1< 7 “43)
Proof. The proof follows immediately by inserting f = P, into the expression given in Theorem 1, in combination with a
straightforward application of the binomial theorem. []

From a practical standpoint it is clear that, in order to apply Corollary 1, it is necessary to know how to compute the first &
right-derivatives of w(-) at zero. Our model primitives, however, relate to right-derivatives of ¢(-) at zero; recall our ambition to
express the moments of interest in terms of the moments of ¥, the moments associated to v(-) and the parameters ¢ and o2. This
means that we require a procedure to express the right-derivatives of w(-) in terms of those of ¢(-). One special case in which an
explicit solution can be found is that of J(-) corresponding to a drifted Brownian motion. Then, w(-) is the LST of an exponential
random variable with rate t = t(c, 6?) = —2¢/6? > 0 (see, e.g., [16, Example 3.1]). This means that the coefficients (—1)’ y; are given
by i!t™, leading to

1 < k!'u
* Hk—it1 i
EAp =—= Y —— kil i 44
P cl_z::‘)(k—i)!(k—i+1) (44)
When J(-) is a CPP minus a drift with rate one, Takacs’ recurrence relation [47, Theorem 5] could be applied in order to recursively
compute the coefficients y;, for i € {1, ..., k}, in terms of the right-derivatives of ¢(-) at 0. The following result is a generalization of
Takacs’ recursion. To streamline the flow of the exposition, we first provide in Section 2.2.1 an intuitive explanation of this result

and point out its inherent complications, after which we give a formal proof in Section 2.2.2.

Theorem 4. Let ¢ be defined as in Theorem 1. For any i € N, denote

n; E/ yv(dy). (45)
(0,00)
If ;. < o0, for k €N, then
1 Q (k+1
IRk =y, = — : - 46
(=DES" =y *+ Do, gé( ; )w,rpk+1_, (46)

Otherwise, E¢¥ = (—=1)Fy, = co.

Remark 4. Notice that (46) can be equivalently written as

k—1

k_ kL 1 k+1 V(1Y )
B = D= - o ;( l. )( Dy (=D g (47)

k-1 k—i
==Y <k> L Petoig
o S \i k+1—i

from which it directly follows that Theorem 4 is a generalization of [47, Theorem 5].
Recall that
0y=0, @ =o=c+n, @y=—(c*+m). @ =Dy . ie{34,. ..} (48)

In particular, for any i € N, this implies that #; < oo if and only if ¢; < co. As a result, the next corollary follows.

Corollary 2. For any k € N, E¢k = (-1)*y,, < oo if and only if ., < co.

2.2.1. Takacs’ recursion: informal derivation
Before providing the formal proof of Theorem 4, we first present a more intuitive treatment. The starting point is the following
evident identity: by (29), for any a > 0,

y(a) p(a) = ag; . (49)
Differentiating both sides of (49) once leads to w"(a) p(a)+ @™ () w(a) = @,, while for k € {2,3,...} we obtain, by the Leibniz rule,

for any a > 0,

k

> <’§>w<”(a>rp<k*"><a> =0. (50)

i=0
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As @(-) is either increasing or decreasing in a right neighborhood of zero, it is possible to isolate y®)(a) in (50), i.e., for every « in
a right neighborhood of zero we have

k—1
y®(a) = - —— <'.‘>w<">(a>(p<k-">(a) . 1)
o) S5\

Now, @(a) tends to zero as a | 0. Thus, if the sum in (51) also tends to zero, we would want to take the limit of y®(a) as a | 0
according to ’Hopital’s rule from which the recursive scheme (46) follows.

When trying to rigorize this argument, the difficulty is that is not clear how to justify the convergence of the sum in (51) towards
zero as « | 0. In order to resolve this issue, we rely on the following construction. For any i € Ny and m € N, define ¥, ,,(-) as a CPP
(with nonnegative jumps) such that ¥; ,(0) = ¥;(0) and A%, (1) = m A A¥,(?) for all ¢ > 0. Note that the jumps of ¥, ,(-) occur at the
same times as in ¥;(-), and that the jumps sizes in ¥; , () are truncated values of the corresponding jumps sizes in ¥;(-). Then, it is
possible to define a sequence (in m) of spectrally positive Lévy processes

) = —ct + B, () + ¥, (1) , 1320, (52)

where ¥ () = Y, ¥ (). Importantly, for each ¢ > 0, J,,(-) 1 J(-) as m 1 oo. Furthermore, for each m € N, the analogues of ®(0+)
in the model with J,,(-) replacing J(-) are finite for every k € N. Thus, we first prove (46) under the assumption that J(-) = J,,(-),
after which we let m 1 co. Appealing to the appropriate convergence theorems then completes the proof for the general case. In
Section 2.2.2 we make these steps formal.

2.2.2. Takacs’ recursion: proof
The proof of Theorem 4 consists of several steps, which are described in the next lemmas. We start by providing sufficient
conditions under which (46) is valid.

Lemma 1. If for k € N we have that E{**! < oo, then (46) is valid.

Proof. Differentiating both sides of (49) (k + 1) times with respect to a yields, according to the general Leibniz rule,

k+1

)y <"T 1>w(f><a>(p““-“<a> =0, (53)

i=0

for every a > 0. As ¢(-) is either increasing or decreasing in a right neighborhood of zero, we can isolate y*D(a) in (53), i.e., for
any «a in a right neighborhood of zero,

1yl K
(~1y* gt () = —% 3 ("f l)w(”(a) o++1(a). (54)
i=0

It is given that E¢¥*! < co and recall that g(a) — 0 as a | 0. Therefore, it must be that the sum in (54) vanishes as « | 0, i.e.,

k

> (kf 1)% Pinroi = 0. (55)

i=0

Finally, the result follows by isolating v, in (55). [

The next lemma, proved in the Appendix, is needed to show that the sufficient condition stated in Lemma 1 is satisfied under
the assumption that J(-) = J,,(-). For what follows, we need to define IT/m(-) =V Am+ J,(-) with V' having the jump distribution of
J (), and in addition, for any m € N we let 7(m) be the first time that Wm(-) hits the origin. In addition, v, (m) is the analogue of v,
in the model where ¥,,(-) replaces the jump process associated with J(-).

Lemma 2. For any m,k € N, y,(m) is finite.

The main idea behind the next two lemmas is the following. We consider (46) for the model in which the jumps are bounded by
m, i.e., we assume that the jumps are uniquely generated by the process J,,(-). We then show that when taking m — oo, both sides
of (46) actually converge to their counterparts corresponding to the jump process J(-) with unbounded jumps.

Lemma 3. For any k,m € N, let y,(m) be the analogue of vy, in the model with W (-) replaced by Wm(-). Then, for every k € N,
v (m) >y, as m1 oo. (56)
Proof. By construction, we have that

(1) 7(m) 1 = as m 1 o0, P-a.s.;
(2) forany t >0 and k €N,

0 < WX Lz ) T W D L (1) as m1 oo, P-as. (57)

10
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As a result, by the monotone convergence theorem,
ET(m) 1 Er as m 1 o, (58)

and

(m) __ o
E Wk di=E / W () g ) d1 (59
0 0

0 T
T]E/O Wk(t)l[o’r)dt=]E/O W@ dt as m1 .

Combining the above with the definitions of y; (m) and vy, yields the claim. []

Lemma 4. For any m € N, denote by ¢, (m) the analogue of ¢, in the model with W (-) replaced by Wm(~). If g, < o0, then @y (m) > @4y
as m1 oo.

Proof. Note that for each u € N, K, = (=1)**' ¢, (resp. K,(m) = (=1)*+'¢p,(m), with m € N) is the uth cumulant of J(1) (resp. J,,(1),
with m € N). In addition, for each u € N denote J, = E[J(1)]" (resp. J,(m) = E [Jm(l)]", with m € N). The following recursive
relations are well known:

u—1
) (”; 1)lcu_aJa (60)

and
u—1
K,=J.- 2 <u; 1>1Cu7a'~7a (61)
a=1

with the initial condition J; = K;; see, e.g., [46, Equations (5) and (6)].

By assumption we have 5, < o0, and hence 5, < oo for any i = 1,2, ..., k. Therefore, (48) implies that the cumulants K|, K5, ..., K}
are all finite. Thus, a recursive application of (60) gives us that J,,J,, ..., J, are all finite.

Observe that the Brownian motion B(-) and the nonnegative jump process ¥(-) = Zfio ¥,(-) are independent, so that, for any
u € N we have

u

J, =ElcB)+c+¥D)]" =) <Z>IE [6B(1) + c]* BP“~4(1). (62)

a=0

Note that 7,7, ..., J, are finite, the moments of ¢ B(1) + ¢ are finite, and therefore E¥*(1) < oo for any u = 1,2, ..., k. Also, in a
similar fashion, for any m,u € N we find that

p— u U u —uU—a

Jm)=E [63(1) +e+ Y’m(l)] =y <a>E [6B(1) + cIEF", “(1). 63)
a=0

By construction, we have 0 < Wm(l) 1 ¥(1) as m 1 oo and hence for any j = 1,2,...,k we have 0 < ?Z_J(l) 1t ¥k-i(1) as m 1 oo,

i.e., monotone convergence implies that E?Z_J(l) 1 E¥*=i(1) as m 1 . Thus, since 6 B(1) + ¢ has finite moments and E¥*(1) < oo

for any u = 1,2,...,k, standard limit arithmetic as m 1 oo implies that J,(m) > J, as m 1 oo for any u = 1,2, ...,k + 1 such that

Ji.Jos ..., Ty are finite and J;, is infinite iff EP*+!(1) = co. This means that for any u = 1,2, ... .k,

u

Tur1 = 2 (Z)Icmfﬂa = lim [Jm(m) -2 (Z)Icu+1a<m>Ja<m>] (64)

a=1 a=1

and the limit is finite for any u = 1,2, ...,k —1 and for u = k it is infinite iff J, | = . Then, the claim follows recursively (by taking
u=1,2,...,k) from the following equation, obtained by combining (61) with (64):

(_1)u+2(pu+l = Ku+l = Ju+l - Z <Z>Ku+l—a']a (65)

a=1

= }111120 I:Ju+1(m) - Z <Z>Ku+l—a(m)t7a(m):|

a=1

= lim Ky (m) = (=12 lim @, (m).
where for u = 0 we have
@, =K, =, = lim J,(m) = lim K (m) = lim ¢, (m). (66)
mtoo mtoo mfoo
This concludes the proof. []

By applying the previous lemmas, we conclude the validity of the first part of Theorem 4.

11
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Lemma 5. If , < oo, then (46) is valid.

Proof. For each j,m € N, Lemmas 1 and 2 imply that

Jj-1

Sa— <j * 1)!//,-(m)<p,-+1_,-(m). (67)

Vi = = G D &

In addition, 7, < oo implies that 5, < oo for any i € {1, ..., k}. Therefore, by taking m 1 oo on both sides of (67) (for any i € {1, ...,k}),

appealing to Lemmas 3 and 4 implies the required result. []

The second part of Theorem 4 follows from the next lemma.
Lemma 6. If 1, = oo, then B¢ = (=) 'y, = .

Proof. Recall (48) which states that ¢ = ¢ + 7y, i.e., as o is finite so is #,. In addition, n, = « is given and therefore there is some
ko € {1,...,k — 1} such that iy < 0 and fiy+1 = 0. Lemma 5 implies that

ko—1
1 ko +1
—_DkoEcko = . S E 0 : . 68
(DR = vy (ko + Doy & < i )Wl(pkoﬂ_l ©8)

Note that ¢ is a nonnegative random variable whose distribution is not fully concentrated at zero and therefore its moments are
positive, i.e., y, # 0 for any u € N. In addition, kg1 = © and hence (48) implies that Pyl is infinite. Consequently, the right-hand
side of (68) is infinite which means that E¢%0 = co. Therefore, as k > k, it follows that E¢* = co. []

3. High-order moments

Where the previous section considered the first moment of the vector <A 71>A% Dg,» Dy, ), we now extend the analysis to high-
order moments. The main result is Theorem 5, providing a useful representation. Again, it leads to an explicit computation scheme
in the case of polynomial f(-).

We start by introducing some convenient notation. Let f(-) be a nonnegative Borel function on R, and denote

ILf(x)=EA;(x) , I;f(x)=ED;(x), (69)

where A £(0) and D,(x) are defined in (6). In particular, note that Theorem 2 implies that I', f(x) = A I, f(x). Let g(-) be a nonnegative
Borel function on R, and for i € {a,d} define a new function grI; f(-) via

glifx)=gx)- I f(x) , Vx=0. (70)
Furthermore, observe that for i € {a,d} and a constant ¢ > 0, the linearity of expectation implies that

gli(ef)=eglf. 7D
As a result, due to Theorem 2,

glhylef) =gl (ef) = €Al f . (72)

for any ¢ > 0. A recursive application of this identity leads to Lemma 7 below. Notice that for i = 1,2, j; € {a,d} and Borel
functions f; : [0, c0) — [0, 00) we apply the notation I f, I, f» = I, ( iy, f2>. Importantly, note that there is a difference between

AT and (1, 1,) (1,5).

Lemma?7. Letk e {2,3,...}. Assume that f|, f5, ..., f; are nonnegative Borel functions on R_. Then, for any j = (j;, jo,....Jx) € {a,d}*,

L (T, ol fa o Dy fu S XA ol - o Tafies 73)
where u; = |me (1,...,k} : j,=d|
Lemma 7 is crucial in order to prove the following theorem. In the sequel we denote the set of all permutations of {1,2,3, ..., k}

by [l : k.

Theorem 5. Let 2,k € N, such that k + ¢ € N. In addition, assume that f|, f,, ..., fy,, are nonnegative Borel functions on R,. Then,

k ¢

E[HHA‘/»I,D/HI_] > / TofasTaf e Taf sy T - TaFrrey () 4Gy (). (74)

i=1 j=1 ren[l:k+£]70

12
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Proof. It is enough to provide the proof under the assumption that V = x, P-a.s, i.e.,

1 >
Gv(y)E{ YZE wyer (75)
0 y<x

for some constant x € (0, ), as the more general case will follow via conditioning and un-conditioning on V. For brevity, we denote
the expectation under the assumption (75) by E,. In addition, for i € {1, ...,k + £}, we denote, for t > 0,

ie{l,...,k},
F@) = . { } (76)
N(t) ielk+1,... . k+¢},
where N(-) is defined in (37) as the arrival process of the jumps of the process W (-). We also introduce, for i € {1,...,k+ ¢},
, 1,...,k},
o =4 1€l ) 77)
d, ielk+1,....k+7}.

Now, observe that

[HHAL fkﬂ] = ) E. (78)

i=1 j=1 rex[l k+£]

where
k+¢ k+¢

E,=E, / / / / Hf,,(,)oW(z)®dF,,(,)(z) (79)
Tktt-1 i=

for each = € z[1 : k + ¢]. Consider some = € z[l : k +¢] and since W () is a Markov process, conditioning on W (t,,,_,) reveals
that E_ is equal to

k+£-2 k+£-1

T T T T
Ex/o / / / S rere-1 e,r(k+/)f/r(k+f)°W(tk+f D H SFr@eW @) ® dF,;@). (80)
o Jn Tk+t-2

Therefore, by conditioning on W (,,_,), we find that E, is equal to

T T T T
E, /0 / / /t Tatere=2Teppoy Frtere—1)Leppoy Pty W Uaap—2)
1 2 k+£-3

k+¢-3 k+¢-2

H FroW (@) ® dF (1)) (81)

Along the same lines, we can condition sequentially on W (r,,,_3), W (t;,/_4) ..., W(t,), so as to eventually obtain
E; =E, / Jr@ ey f23) Tena) -+ Tegposry Sty W =) fryo W (D) dF 1) (1) (82)

= Lo, F2) f 2@ T Fr) Tensy ++ Leprey frthrey)
= X Lo fayfr Taf e Ta - Tal aerey ()

where the last equality follows by applying Lemma 7. []
Remark 5. In particular, if f;(-) = f(-) forall i = 1, ...,k + ¢, then (74) is equal to
E[A% Df] = )f(k+f)!/ T f L fTf T, ... T,f(x)dGy(x), (83)
0

where the integrand on the right-hand side is a (k + #)-fold composition.

Remark 6. Note that in practice, to apply Theorem 5, one must know how to compute I} f(x) for every i € {a,d} and x. The tools
needed for these computations have been provided in Section 2. A demonstration of these tools, in the context of Theorem 5, is
provided in Section 6.

As before, when specializing to polynomial f(-), the objects of interest simplify drastically. In order to compute I, P, I, Py ...
I Py, (x), Corollary 1 can be applied recursively. Indeed, Corollary 1 implies that

ky —Dity,

1 k\ DMy »

szfapkl(x) = _Z ZU <i1>—kl = +11xk1+k2+l i 84
i =

and hence an additional application of Corollary 1 yields that I', Py, I', Py (x) equals

i K+ +1-i ) 12y,
Z - Yo 22 l ky+ky+1-1i ( —1) iy ski+ky—ip—ir+2 (85)
2”_0 ky—ip+1 = iy ky+hky—ij—ip+2

Iterating this computation gives the following more general result.

13
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Corollary 3. Let m € N and consider k|, k,, ..., k,, € Ny. Then, for x > 0,
[Py TP .. TPy (%) (86)

is equal to

k i ky+ky—ig+1 i
o)™ 2‘: k) DMy, i" ky +ky — iy + 1 (=12, &
SN/ ki -+l i ky+ky—i;—ip+2

K+ XM e +1-i)) 1 ) )
J Z/ J (km + Z;."zl (kj +1-— lj)> (=1) Yi, xz7zl(k1+l_i/)'
in=0 im Z;'rl:l(kj +1-1i))
Remark 7. Importantly, Theorem 5 and Corollary 3 are also useful in order to compute joint moments of polynomial functionals.
For example, in Section 6, it is demonstrated how to apply them (with f; =1 and f, = Id) in order to compute the joint moments

of rand A = fOT W (t)dt when J(-) is a CPP with nonnegative jumps and V has the jump distribution of J(-).
4. The process x — Ap(x)

The functional A r(x) is determined by the choice of f(-) together with the value of the initial condition x > 0. In this section, we
fix f(-) and analyze the sensitivity of A ,(x) with respect to x. Put differently, for given f we study the properties of the stochastic
process x = A /(x). A specific motivation for this sensitivity analysis lies in a storage system in which:

(1) W () is the amount of stored work at time 0 <7< 7,
(2) f(w) and is the holding cost of w > 0 workload units per an infinitesimal unit of time.

In addition, let this storage system have a controller who knows at time ¢ = 0 that the initial workload has the value x; > 0. Suppose
that this controller needs to decide whether or not to accept a new ‘external’ job of size x, > 0 at time 1 = 0. We assume that it
is impossible to introduce new external jobs during a busy period and hence the decision should be based on the distribution of
the difference A,(x; +x,) — A;(x;) representing the expected additional holding cost which is due to accepting the new job. For a
few examples of papers on similar functionals, playing a pivotal role in the context of solving various types of social optimization
problems in service systems, we refer to e.g., [21-23,25].

This example illustrates the relevance of studying the process x +— A (x). Note that this process has a clear economic
interpretation: for each x > 0, A,(x) represents the total holding cost accumulated during the time interval [0, z,], i.e., during the
first busy period. This interpretation explains that in the sequel we refer to it as the cost process. For other examples of related cost
processes associated with the workload process in an M/G/1 queue, along with their motivations and analysis, we refer to [29-31].
For a recent work on such cost processes in a more general framework, along with additional application areas, see [10].

The objective of this section is to apply results from the previous sections to prove that for any polynomial f(-) the corresponding
cost process has sample paths which are P-a.s. Lipschitz continuous on R,. We also provide a method to compute the high-order
moments of the finite-dimensional distributions of the cost process. Lastly, we discuss an integro-differential equation which is
related to the infinitesimal generator of x — A (x) when f(-) = 1d, giving rise to alternative ways to evaluate the corresponding
moments.

In the first step of our analysis of A,(-) we derive the following decomposition of A ;(x + y) (for some y > 0):

Af(x+y):/xf[Wx(t)+y]dt+/ "
0

-7,

’ flx+y+T (z,+1)]dr. (88)
0
The validity of this decomposition can be seen via the following line of reasoning. First notice that [0,7,,,] = [0,7,] U [7,, 7,,,] and
by definition W, (1) = y + W,(t) for every t € [0, 7,]. Therefore, deduce that

/ s Wity 0] dt = / " F Wi+ ] dr. (89
0 0

In addition, 7,,, — 7, > y and W, (z,) = y. Thus, as W, (t) = x + y + J(?) for every € [0,7,,,] and J(z,) = —x, then a standard
change in the integration variable implies that

Tx+y x4y~ Tx
/ foW,,,()dt = /0 flx+y+ T +0]dr, (90)
thus concluding (88).

Importantly, due to the strong Markov property of J(-) and the fact that W, ,(z,) = y (i.e., x+J(z,) = 0), the first term and the
second term are independent entailing that the second term is distributed as A,(y). In the sequel, we restrict our attention to the
case where f(-) is a polynomial; for simplicity of notation, for any k € Z, we denote (with mild abuse of notation) A,(-) = Ap ().
For this f(-), by the binomium, the first term in (88) simplifies to

k
> (’j)y"*fA,(x) . x>0. (o1)

i=0
As it turns out, this representation has several applications which are presented in the next subsections.
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Remark 8. In our setup A,(-) is a cost process which is based on the cost functional Ap (). As is readily checked, all of the analysis
to follow for A,(-) can be translated to an analogue cost process D, (-) which is based on the cost functional Dy, ().

4.1. Auto-covariance function

If #340 < o0, then Corollary 2, in combination with (85), implies that the auto-covariance function of the process A, (-) is well
defined. It is given by
Cov [Ay(x)), Ap(xp)] = E[A(x DA ()] = BA (xDEAL(xy) . 0<% <xp (92)

where the second term can be computed by applying Corollary 1. Now, it is to be explained how to utilize the previous results in
order to compute the joint moment appearing in (92).

To this end, we introduce a random variable A,(x, — x,) which is distributed as A, (x, — x,) and which is independent from
Ay (x)). Then, the decomposition (88) implies that

k
E[A;(xD)Ar(x)] =E [Ak(xl)<z <Il.€>(x2 —x)F A () + A (xy — X1)>] (93)
i=0

k
= Z (l:> (e = %) TEIAR (o)A ()] + BAL (x5 = X)) EAg(x) .
i=0

Note that all of the expectations in the right-hand side of (93) can be computed by the method which was developed in the previous
sections. More generally, such an approach is useful in order to compute all the joint moments of the finite-dimensional distributions
of A, (-), i.e., the high-order moments of the coordinates of the random vector

(Ap(x1)s Ap(xp)s ... Ag(x,)) (94)
for0<x; <xp <+ <x, <ocoand m=2,3,....
4.2. Lipschitz continuity
The next theorem states that the cost functional is locally Lipschitz continuous with respect to the initial workload x > 0.

Theorem 6. Let k € N, and assume that ;| < co. Then, x = A;(x) is P-a.s. locally Lipschitz continuous on R,.

Proof. Let x be an arbitrary positive number. Also, notice that, for any 0 < x, < x,

A + — A Txo+y~ Tx k
lim sup Ao +9) = Ai(xo) = kA;_1(xq) + limsup 1 / ‘ 0 [xo +y+J (TXO + t)] dr. (95)
y10 y yio YJo

In order to show that the lim sup in right-hand side of (95) is IP-a.s. finite, consider the event

) 1 [Tt k
Exp) =< w 11msup—/ [xo +y+J(rX0+t)] df = 00 (96)
yio Y Jo

and its complement by £¢(x,). Notably, for every w € £(x), there is a sequence y, = y,(, x,) with n € N such that y, | 0 as n - o
and

0 —

1 Txg+yn ~Txq
< [
Yn Jo

k
x0+y,,+J(TX0+t)] dt 1 0 as n— . 97)

Therefore, if P {g(xo)} > 0, the monotone convergence theorem yields that

1 Txo+yn ~Fxq k
E[— / [xo +y,+Jd (TXO + t)] dz] (98)
Yn Jo
1 Txg+yn ~Fx k
ZE[ﬂ/ o 0[x0+y,,+J(rX0+t)] dt]—>oo as n— .
Yn 0
On the other hand, the assumption #;,; < o0, in combination with Corollaries 1 and 2, imply that, for any x,y > 0,
Taay~Tx EA
E[%/ [x+y+J(rx+t)]kdz]=# (99)
0

k k—i k+1
1 K\ »! oo (D) yy
== z —_—(-Dy,— ——— <
0 &~ <i>k—i+1( i 0 ©
i=0

As a result, a contradiction to (98) is obtained, and hence P{£(x,)} = 0. Therefore, there exists (random) Ky, 05, € (0,00) such that
P-a.s.,

[Ax(z)) — Ap(20)] < K125 = 2] (100)
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for every z, and z, which belong to a set B(x,) = B% (x) = (xg — x + d,)- Now, notice that U, cqnjo,«B(x) is an open cover

8y,
of [0, x]. Therefore, the Heine-Borel theorem implies that there are m € N and ¢, ¢,, ..., q,, in Q N [0, x] such that Ul'."= B(g;) = 0, x].
In addition, let § be the Lebesgue number of the open cover U B(g;). Now, for every 0 < z; < z, < x there are numbers
s € {2,3,...} and z; = u; < u, < u3 < - < uy = z, such that u;y —u; < g for every j € {1,...,5 — 1}. As a result, with
K = max {K(qi) ciefl,... ,m}}, on the event € = n;’;lSC(qi) we have

s—1

s—1
Ap(z2) = A(z) € Y [Ayy) = Ap@)] <K Y (g — 1)) < K(zp - 2)). (101)
Jj=1 j=1

Therefore, as P{£} = 1, we know that A, (-) is Lipschitz continuous on [0, x], P-a.s. Finally, the result follows since R, = use,[0,x]. O

Since Lipschitz continuity implies differentiability a.e., the following corollary is an immediate consequence of Theorem 6.

Corollary 4. P-a.s. the limit
1 [T k
L(x)sly%l;/o [x+y+J (z,+1)] dr (102)
exists a.e. on R,. Furthermore, wherever this limit exists, A;(-) is P-a.s. differentiable with the derivative satisfying

AL(x) = kA () + L(x). (103)

Remark 9. Note that A,_,(-) is nondecreasing, and that the distribution of L(x) does not depend on x. Therefore, it is tempting
to conclude that the sample paths of A,(-) are P-a.s. convex. This conclusion is, however, incorrect since it is possible to have a
sequence of stochastically increasing random variables that with positive probability will not have increasing values. For an example
of a slightly different cost process in an M/G/1 setup which has convex sample paths, we refer to [31, Corollary 2]. More examples
of convex stochastic processes which arise in various applied probability models are found in [27].

4.3. Differential equation

In this subsection we discuss a specific (ordinary) differential equation by which we can characterize moments of A,(x) in the
case f(-) = Id. For simplicity, we introduce it for the special case in which k& = 1 and under the assumption that #;, < oo for all i € N.
We conclude this section by pointing out possible interpretations which may lead to possible directions for future research.

For u € N we introduce the set

Z(u)z{iEN":i J—1+Za,;e .,u} and ZzJ—Zu—l} (104)

Jj=1

which is not empty because (0,0, ...,0,2u — 1) € Z(u). Also, define

I AN GV
0w = ul(=p)™ Y H( J Do ”)—. (105)

i€l(u) j=1 lj 2/ T Lig=1 'a

Theorem 7. Assume that n; < oo for all i € N. Then, the following recursion in ¢ applies:

[

EAf(x)=Z<f>0(f—i)/o EAl(y)dy , x>0. (106)

i=0

Proof. Applying Theorem 5 and Corollary 3, one can verify that, for any such u,

. EA{()
O(u) = lim . (107)
10 y
Now, for an integer ¢ the decomposition (88) yields that, for any x,y > 0,
~ ¢
EAf(x+y)=E [Al(x) oy + Al(y)] . (108)
As a consequence,
EA (x+y)—EAT(x) '3 /¢ . i
! Rl <.>E[A3(x) [y + 100 ] (109)
y y &\

=1 ¢6—i E - —J(y)
= <f)< >y’E[A’ 7] ———.
i=0 j=0 \! Y
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Thus, by taking the limit as y | 0 from both sides of (109), we thus obtain the differential equation

£-1
d

—EAl(x)= )} <f> 0(¢ — HEA! (x). (110)

dx =

An integration of both sides, using the initial condition Af (0) = 0, yields the recursion. []

Remark 10. Eq. (110) is particularly intriguing as it provides an expression for the infinitesimal generator of the process Af (-) in
terms of the processes A"l(-) fori e {1,...,¢—1}. This argument may be repeated for each of the processes A’i(-) forie{l,...,£—1},
indicating that there is an ‘integro-differential relation’ between the underlying infinitesimal generators. Backed by the findings
of [20], one may anticipate that there is a relation to a corresponding Poisson’s equation. In this respect, it is noticed that (88)
shows that x — (Al(x), TX) is a Markov process, even though A,(-) is not a Markov process on its own.

Remark 11. The ‘integro-difference equation’ (106) allows an explicit assessment in the transform domain. Defining a,(x) =
EA{ (x)/¢! and 8(¢) = 6(¢)/ ¢, multiplying the entire Eq. (106) by fe~?* and integrating over the positive halfline yields (by swapping
the order of the two integrals)

-1
af(ﬁ)Eﬂ/ af(x)dx—ﬁ/ ”*ZW—:)/ a(y)dydx—Zé’(f—t)a(ﬂ) ain
0
Now multiplying (111) by z* (with |z| < 1) and summing over # € N, denoting 6(z) = Y5, 2/ 0(¢),
) o0 -1
d@p= Y Lap)= 2 Y 0 ~Da(p) (112)
=1 =1 i=0

=) ( > e - i)> Z'a;(f) = O(2) ((z,B) + ay(P)) .

i=0 \¢=i+1
We conclude that the double transform 7(z, §) satisfies
O(z)
1-06(z)
for |z| < 1. Here ay(B) = p [, e~ P* Er, dx = —1/(Bo).

A(z,p) =

ay(p) (113)

5. The area beneath WV(-) until an exponential time

In this paper, we devised an algorithm to evaluate (joint) high-order moments of A, D,, and 7, in the general Lévy-driven setup
that we discussed. In this section we provide a potential application of this result. Namely, consider the case when: (1) J(-) is a
CPP with an arrival rate A and nonnegative Jumps having cdf G(-) minus a unit drift. (2) V is distributed according to G(-). Recall
the definition of the Skorokhod-reflected process W (-) = W (-) from (25). We now show that the main results of this paper can be
applied in order to identify the LST of

_ Ty Ty oo __
Ay(T)) = / W, (tdt = / / W () dG(x) dt, 114)
0 o Jo

where T} is an exponentially distributed random variable with rate § which is independent from both V" and J(-). By first dividing
this quantity by #, and then (numerically) inverting it with respect to g, we obtain access to the distribution of A (). Algorithms
for numerical inversion can be found in e.g. [1].

The line of reasoning is as follows.

o Our goal is to identify the LST of (114), i.e.,

- (o] —_
Qa,p) =Ee ATy = / Ee %00 4G (x). 115)
0

o For every x,t > 0 define A (t) = /0 W,(s)ds and Ax(t) = fo w +(s)ds. In particular, observe that

E(a, p) = / Ee*Axr] (r,<1,)dG(x) = E emaApT (116)
0

where A = /OT W), (t)dr. Observe that we (in principle) have access to =(a, ), as, by applying the results of the previous sections,
we have an algorithm to compute the joint moments of A and r in terms of the model primitives; note that

E(a, p) = Z 2 E A™7", 117)

mOnO
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In practical terms, if one were able to numerically evaluate =(a, ), a pragmatic approach is to approximate it by a truncated
Taylor series, e.g.,

Ea, f) ~ Epya, p) = L EAmen (118)

m,n€Ny :m+n<M

for some M € N chosen such that a given accuracy level is achieved.
o In Theorem 8 we succeed in expressing £2(«, #) in terms of =(a, f). We have thus developed a way to evaluate the transform

(a, ).
In our analysis, we also use the transform
M(a,p)= / L dG(x) = / B G(as) e~ P=0@)s g (119)
o ax+p—o) 0

where @(a) = /01 @(at)dt and G(-) is the LST of G(-). Especially, notice that the equality in (119) follows by first writing (in the
rightmost expression, that is) G(as) as an integral and then swapping the order of the two integrals.

Theorem 8. For any a,f > 0,

G+ P)IT @)+ = (a.p) (1 - %)
Qap)= Ry ] : (120)

Proof. First, for every x > 0, write
Ee—an(Tp) — Ee_an(Tﬂ)1(1x<Tﬁ) + Ee_an(Tﬂ)l(rx>Tp)~ (121)

Owing to the underlying Markovian structure, and distinguishing between the scenario that a second busy period starts before the
killing epoch T, and the scenario that it does not, we can rewrite the first term on the right-hand side to
iy . B
Ee lex(Tﬂ)l (re<y) = =Ee aA. (Tx)l (re<Ty) <}L ﬁg(a P+ _ﬂ (122)

The second term on the right-hand side of (121) equals

Ee*AxTp1 (o7, =E e~ AxTpy (57 =E e~ ATy _ e~ ATp)q

{zx<Tp}*
Then,
o0 N
Ee~%A:<Tp) = / pe P Eexp <—a / [x + J(®)] dt) ds (123)
0 0
— /oo ﬂe—(ax+ﬂ)x e(};(a)s ds = s _ ,
0 ax + f — p(a)

where in the penultimate equality [9, Equation (4)] has been used. Also, using the memoryless property of the exponential
distribution,

_r
R R
Upon combining the above, we can express £2(a, ) in itself. Indeed, by integrating the full expression with respect to dG(-),

i = B
Qa,p) = E(a, p) <—ﬂ!2(0t B+ m) + (. p) - (. f) ——— =@

—aA (T, —aA. —aAy(T, —aA.
DEN ﬁ)l(rx<T/;} =Ee™ X(Tx)l{rx<Tp)IEe ) =B X(Tx)l(

(124)

This finishes the proof. []
6. Demonstration

To demonstrate our method producing expression for moments, we show that it provides us with an easy derivation of the
existing results (13) and (14). Consider the special case when ¢ =0 and J(-) is a CPP with arrival rate A and nonnegative jumps
with the distribution function G(-), minus a drift of rate one. In addition, the initial push V is distributed according to the distribution
function G(-) as well, and it is assumed that ¢ = p — 1 = Ay, — 1 <0 to ensure stability.

It is easy to verify that —p,; = —o = 1 — p and (=1)¥g, = Ay, for any k € {2,3, ...}, with (as before) y; denoting the ith moment
of the jump distribution of J(-). Consequently, Theorem 4 (with (47)) implies that, for every k € N,

1k __; k+1
D= - g ;( , )( DT (125)
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it is instructive to compare (125) with [47, Theorem 5]. In particular, we obtain that

[ Apy
= ——2 = . (126)
Y1772, T 20-9)
Therefore, an insertion of this expression into Corollary 1 (with k = 1) implies that
1 (M ) Ha
Ap =—= == == 127
P o ( 5 T H¥ 20— p2 127

which is in line with (13).
The next goal is to compute the second moment of Ap . To this end, apply (125) in order to compute (=1)%y, and (—1)%ys;.
Specifically,
1

Dy, = 3(1‘ > Z( )( Diwimz; (128)
o N T i
T31-p ["3+3”2 2(1_,,>] T30-p 202
and
2
3 i
—D’y; = 4(1_p)§< )( D'yig (129)
2/1142/43 + 2y 3K
4(1—p> -0 1-p  (1-pp

Now, an application of Theorem 5 and an integration of both sides of (85) (when k, = k, = 1) with respect to dG(x) imply that

Dy (3-0) EDw
2= 125 5 () SR L (7 ) 130

=0

Thus, an insertion of (126), (128) and (129) into (130) yields the same result as in (14):

3 .
1 Dy
(1 - pPEA ——2y/12< >( Yvi 3,,.+2.%Z<?>(4i‘:",,44 (131)
i=0
_ M M3 A PH3 Apii3
= W—p " 3-p 2= pp

By | Apps  uspy | 3EH
2(1-p)  2(1—p)  4(1-p)?
3
p u 2paps | 2y 3AH
A=p) |7 1=p " 1=p T (1-pP
3
__Ha Apy s SA%u3
41-p) 3(1-p? 41-p3’

We can recover known results, but also derive new ones. Motivated by the regenerative method for Lévy processes with a secondary
jump input (as discussed in Section 1), we compute the joint moment of A and z in a similar fashion. Namely, observe that

2 _1\i — 11y, 2-01 . _1)i2
5 B 2\ (=D2y;, =Dy, 2 -1 ( Yi,
(I =p)EAp Ap, = Z <i2 TM? i T Z e Z . m’h i) —ip

ir=0 =0 2-h A3\ b

us A Lo, pAM2
2= =5 AT
(=D Viy Apto (- ])’21,/12
- 122_6 ( > ~7 H3—iy + 20-p) ,2_6 s Hai
_3 [ H3 Aﬂ% :| /1;42 o /lll%
2

3-p 202 | TH-p2  2-p U2

and hence
EAr=EAp Ay = —10 4 M2 (132)
PR A= T =t
To the best of our knowledge, the identity (132) is new. The above computation demonstrates that it is straightforward to obtain
expressions of moments. We in addition note that the underlying recursive structure lends itself well for being evaluated by means
of symbolic software.

19



P. Glynn et al. Stochastic Processes and their Applications 190 (2025) 104726

7. Discussion and directions for follow-up research

In this work we solved the problem of identifying the high-order moments of the vector (7). Specifically, we developed a recursive
procedure that easily produces these moments in terms of the model primitives. Our findings in particular provide a solution for a
long-standing problem posed by Iglehart [24] and Cohen [13] about existence of a constructive algorithm yielding the moments of
A/ for the case that f(-) = Id. As it was pointed out in Section 1, being able to solve this open problem is relevant in the context of
various applied probability models, e.g., (1) the computation of the conditional moments of the ‘area in red’ in a Lévy-driven model
given the undershoot, and (2) the estimation of functionals of the limiting distribution of a Lévy process with secondary jump input.

We believe that our results, and the approach followed, naturally give rise to several follow-up questions. A few particularly
interesting ones are:

o The current results may be applied to approximate the LST of A,(x). We expect this approximation to be useful when assessing
the tail probability P {Ak(x) > u} as u — oo. For some existing works in this direction, see e.g. [9,11,15]. In case x is sampled
according to the distribution function Gy (-), a large deviation of the area can be due to a non-trivial interplay between the
secondary jump attaining an unusually high value and the driving Lévy process J(-) being after time 0 systematically higher
than usual.

o More generally, let f(-) be a nonnegative continuous function. The Weierstrass approximation theorem states that f(-) can be
approximated arbitrarily closely by polynomials (e.g., Bernstein polynomials). This suggests that our approach could be used
in order to approximate the moments of A, for any f(-) (under some regularity conditions).

o Another natural question concerns the identification of conditions under which the sequence

A(x) —EA(x)

v/ Var A (x)

converges as x — oo (for given k) to some limiting distribution.
o Consider a sequence of cost processes

(AP0 i nen}.

x>0 (133)

If ¢, (-) is the Lévy exponent corresponding to the nth model, what should be assumed on the sequence ¢, (-) in order to ensure,
in a proper space of functions, the weak convergence Aﬁ(”)(-) to some limiting process A(-)? For a similar analysis of a related
process, we refer to [30, Section 7] and [31, Section 6].

o Note that in the current work, we only consider the case that the driving Lévy process is a superposition of a drifted Brownian
motion and a subordinator, which is a special case of the broader class of spectrally positive Lévy processes. When trying to
extend our results to the spectrally positive Lévy case, a major bottleneck concerns the generalization of the Takacs’ recursion
of Theorem 4; recall that in our proofs we intensively used that our driving Lévy process was the aggregate of a drifted
Brownian motion and a subordinator.

o In the context of Section 5, one may be curious to know whether the relation (120) which appears in Theorem 8 can be
generalized by considering classes of processes that are richer than just CPP. Furthermore, Theorem 8 is valid only if f(-) = Id,
but one could pursue analogous results for more general classes of functionals.
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Appendix. Proof of Lemma 2

Fix m, k € N. Note that ¢ + E?m(l) < 0 and, therefore, it is possible to decompose ¢ into ¢ + ¢, such that ¢; < 0 is negative and
¢, satisfies ¢, < ¢, + E¥ (1) < ¢, + E¥). (1) < 0. Define two stochastic processes:

(1) P(t) = oB() + ¢t for every t > 0.
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(2) Q) =0, )=V Am+W¥,(t) + c,t for every 1 > 0;

i.e., P(-) is a drifted Brownian motion starting at zero and Q(-) is a CPP with drift starting at V' A m. Denote y* = max{y,0} for y € R
and define two random times:

o The last exit time of Q(-) from the set (0, o), i.e.,
vp =sup{r>0: Q@) >0} (134)
o The first time after v, that P*(-) hits the set {0}, i.e.,

vpo =inf {r> vy : PY(1) =0} . (135)

As IE?,,,(I) + ¢, <0and E P(1) < 0, it holds that Q(I)i —oo and P(t)i —o0, P-a.s. and hence vy < o0 and vpy < oo, P-a.s.
Observe also that at each time 0 < ¢ < 7(m), we have P(r) > 0 or Q(7) > 0 (or both). Thus, since P(vp o) = 0 and Q(vp o) < 0, we
have that 7(m) < vp o.

Notice that for every 0 < 7 < 7(m) we have that 0 < Wm(t) = P(t) + O(t) and hence

0 WrEn < [PHo +0*0]* , Vi €10, m)]. (136)

Thus, by applying the Minkowski inequality, it follows that

T(m) __ % vp, 1
[IE / w,f(r)m] < {E / " [P+(t)+Q+(t)]kdt}k
0 0
Q T o T
op, k v k
< {E/ [P+(t)]"dz} +{IE/ [Q+(t)]kdt} : (137)
0 0

The goal of the remainder of the proof is to point out why both terms in the upper bound (137) are finite. We start by studying the
second term. Recall that E Q(1) < 0 and hence Q(t)H—m> —co. Let 7 be the first time that Q(-) hits the level 0 and also define

0 70
1) = / 0 (ndr = / [o*®)]" ar. (138)
0 0
Thus, by applying the strong Markov property of Q(-) (see [39, Theorem 3.1]), we have that
UQ o) TQ
/0 [o*()] dr - 1,(0) = /0 [0 )] dr - /0 [0t (0] ar (139)

has a compound geometric distribution, i.e., is distributed as a geometric number of independent and identically distributed
increments (with the sizes of these increments being independent of the geometric number of terms). This compound geometric
distribution is characterized as follows:

o The probability of success is equal to the probability that O(-) will not hit (0, c0) in the future, given that its current state is
zero. Keeping in mind that Q(t)ﬂ —o0, P-a.s., and recalling that Q(-) is a CPP, this probability is positive and less than one.
o To represent the distribution that defines the increments, let TIQ be the first time after 7z, that O(:) hits (0, o). In addition, let

rg be the first time after /) in which Q(-) hits zero. Note that z/, (and hence also 7”/) may be infinity with a probability strictly
between zero and one. Then, the underlying distribution of the increments is the conditional distribution of the integral

L) = / , ¢ o) ar, (140)

[¢]

given the event {T’Q < o}.

To construct the stochastic upper bound on the quantity I,(Q), recall that the jumps of Q(-) are bounded by m. In addition,
denote the first time that # = m+ Q(?) hits zero by 7, and recall that Q(-) is a strong Markov process. Thus, if V has the distribution
of the overshoot Q(T’Q given the event {T’Q < oo} and it is independent from Q(-), then I,(Q) is distributed like Ié(Q) which is given
by

’ D/Q v k ;k k
B@= [ °[F-v+on| a<o,mNg+1) (141)
0
where u’Q is the first time that r — ¥ —V +Q() hits zero and Ny is the number of jumps that Q(-) has during the time interval (0, v'Q).

Thus, by the discussion provided in the introduction regarding (11) and (12), we observe that all the joint moments of (U’Q, Ny) are
finite, i.e., we find that

) ELO) (7 <) EI(Q)
E[1©) | 7)< o] = P < < Fi<e < (142)
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as required. The proof that EI;(Q) < « follows via the same arguments which were used to justify that ]EI;(Q) < co.

It is left to show that the first term in (137) is finite. To this end, as ¢, < 0, we have that P(r) < ¢ B(¢) for any 7 > 0, which implies
that P*(t) < 6B*(t) < o|B()| for any ¢t > 0. Noting that vo and the process B(-) are independent, we conclude that, conditional
on vy, the random time vp , is a stopping time determined by B(-). Therefore, [45, Theorem 2.1] implies that there is a constant
number ; € (0, 00) such that

E I:/I)P,Q [P+(t)]k dr
0

Up.Q
<o'E [E/ |B()|* dr
0

DQ] (143)

k

1+%
uQ] =1-0F 'IEDP’QZ.

1+%
k . 2
<o IE[! EDPQ

The first step in showing that vp o has finite moments is to show that v, has finite moments. Note that vy = 75 + (vg — 7p). As
explained in the introduction (see, the discussion about (12)), 7, has finite moments. In addition, due to the strong Markov property
of t = ¥, (1) +c,t, conditionally on 7, the difference vy —7, has a compound geometric distribution, that is characterized as follows:

o The probability of success which is equal to the probability that O(-) will not hit zero in the future given the initial state is
zero. Note that as the driving process is of CPP type, this probability is strictly between zero and one.
o The distribution of the increments corresponds to a convolution of two distributions:

The distribution of the time to ruin (given that ruin happens) in a Cramér-Lundberg model with: (i) Initial capital 0.
(i) Premium rate —c, (where it is kept in mind that ¢, < 0). (iii) The claim distribution is the distribution of V' A m.
(iv) The claim arrival rate is equal to the arrival rate of the jumps in ¥ . Importantly, the arrival rate is finite and the
claim sizes are all bounded by m. Therefore, the main result of [17] implies that all moments of this distribution are
finite.

The distribution of the first busy period in a FCFS M/G/1 queue with an initial workload which is distributed like the
overshoot of O(-) at the first moment that it hits (0, o) after z,. Importantly, as the jumps of Q(-) are all bounded by
m (and so is the overshoot), by the discussion provided in relation to (12), we conclude that all the moments of this
distributions are finite.

Since the probability of success lies in (0, 1) and all the moments of the increments are finite, it follows that the moments of vy, are
all finite as well. Thus, it is enough to prove that v = vp o — v has finite moments. To this end, recall that v, is the first time after
vy that P*(-) hits the origin, which implies that

T<inf{t20: 0|B(vg)|+0[B{t+uvy)— Bloy)| +¢t =0} =7° (144
Therefore, by conditioning on vy, which is independent of B(-), we obtain that, for any s € N,
E[1<E[@)] =E[E[@)

In particular, the strong Markov property of B(-) implies that the inner (conditional) expectation is equal to the sth moment of

vo. {B® : 0 <1<} (145)

inf {1>0:U+0B@)+c;1=0}

where U is a random variable having the distribution of ¢ |B(vy)|, being independent of B(:). Thus, [3, Proposition 2.5] implies
that, for any positive integer s, E[(°)'] is a linear combination of the first s moments of |B(vp)|. Note that v, and B(:) are

independent, i.e., by proper conditioning and un-conditioning for any w = 1,2,...,s we have E|B(vp)|" = Evg/ 2IEI|Z | where

Z is a standard univariate Gaussian random variable. Hence, the required property follows from the fact that both | Z| and v, have
finite moments. []
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